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About Larson Algebra 1 


The content of Algebra 1 is organized around families of functions, 
with special emphasis on linear and quadratic functions. As you study 
each family of functions, you will learn to represent them in multiple 
ways—as verbal descriptions, equations, tables, and graphs. You will 
also learn to model real-world situations using functions in order to 
solve problems arising from those situations. 


In addition to its algebra content, Algebra 1 includes lessons on 
probability and data analysis as well as numerous examples and 
exercises involving geometry. These math topics often appear on 
standardized tests, so maintaining your familiarity with them is 
important. To help you prepare for standardized tests, Algebra 1 
provides instruction and practice on standardized test questions in a 
variety of formats—multiple choice, short response, extended response, 
and so on. Technology support for both learning algebra and preparing 
for standardized tests is available at classzone.com. 
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and Functions 


Making Sense 

of Chapter 1 1.1 Evaluate Expressie | 
Throughout your 1.2 Apply Order of Operations 

Buy н aget dedo 1.3 Write Expressions 

will be working with 

functions. By the end 1.4 Write Equations and Inequalities 

ӨШ BUS pier youll 1.5 Use a Problem Solving Plan 

be able to represent y 

simple functions as 1.6 Represent Functions as Rules and Tables 
тата! EIUS be ells 1.7 Represent Functions as Graphs 


tables, and graphs. 


C Before ` 


Previously, you learned the following skills, which you'll use in Chapter 1: 
using fractions and percents, and finding area. 


VOCABULARY CHECK 
Copy and complete the statement. 


1. Inthe fraction =) ? isthenumeratorand ? is the denominator. 


2. Two fractions that represent the same number are called ? fractions. 


» 


3. The word percent (96) means “divided by. ? . 


SKILLS CHECK 


Perform the indicated operation. (Prerequisite skill for 1.1, 1.2) 
3, 2 1,3 1.5 .3 
4. 2X3 9. Xe 6.278 "671 


Write the percent as a decimal. (Prerequisite skill for 1.5) 


8. 496 9. 2396 10. 1.596 11. 2.5% 


12. Find the area of the rectangle. 
(Prerequisite skill for 1.5) 45 in. 


11 in. 


lomeTutor Prerequisite skills practice at classzone.com 


In Chapter 1, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 52. You will also use the key vocabulary listed below. 


(Y) Writing and evaluating algebraic expressions 
€ Using expressions to write equations and inequalities 
© Representing functions as verbal rules, equations, tables, and graphs 


KEY VOCABULARY 
* variable, p. 2 * rate, unit rate, p. 17 • formula, p. 30 


* algebraic expression, p. 2 * open sentence, p. 21 • function, p. 35 

e power, exponent, base, р. З * equation, inequality, p. 27 * domain, range, p. 35 

* order of operations, p. 8 e solution of an equation or «independent variable, p. 36 
e verbal model, p. 16 inequality, p. 22 * dependent variable, p. 36 


You can use multiple representations to describe a real-world situation. 
For example, you can solve an equation, make a table, or draw a diagram 
to determine a running route. 


The animation illustrated below for Example 1 on page 28 helps you 
answer this question: How does the number of blocks you run affect the 
total distance? 


EEES 
E ras Е 3 EN | 
[E Eus eee "Gee E] 

O (58 ol ЕЛЫ Быз 65 ЕЕ esl 


| CEA ! = ME] A LET] -— 

EJE 44. Е pz Lis ES es - 
=~) 5 Bic Р Г] ER, LES ушщ ТЕТЕ 

Co КЧ ww [Ё JA ea mi ny 

Actaal Prechcied 

ЕЛУ ет 2 eat = LXX ЕЗГЕ. 


! Your goal is to find a 2 ui? running жез la Click on a point on the graph to move the 
around the long and short city blocks. ly runner and see the distance covered. 


at classzone.com 


Other animations for Chapter 1: pages 7, 9, 14, 21, 37, 50, and 52 


1 Evaluate Expressions 
o 


You used whole numbers, fractions, and decimals. 
| Now ) You will evaluate algebraic expressions and use exponents. 
Why So you can calculate sports statistics, as in Ex. 50. 


| Wm - 


: Of equality are the 


; І = 2 Subtract. 

: reflexive property 

: (a = a) and the dn+8=3-+8 Substitute 3 for n. 
: symmetric property 

: (ifa = b, then b = a). = 11 Add. 


GUIDED PRACTICE for Example 1 


Evaluate the expression when y = 2. 

8 

1. 6 2, eu 
T y 


2 Chapter 1 Expressions, Equations, and Functions 


3. y * 4 


Key Vocabulary A variable is a letter used to represent one or more numbers. The 
«variable numbers are the values of the variable. Expressions consist of 
e algebraic numbers, variables, and operations. An algebraic expression, or 
expression variable expression, is an expression that includes at least one variable. 

e power 
e base 
* exponent 

. 5(n) 5en 5n 

14 
Addition 
To evaluate an algebraic expression, substitute a number for each variable, 
perform the operation(s), and simplify the result, if necessary. 
Evaluate algebraic expressions 
Evaluate the expression when n = 3. 

HA а. 13-n —13-3 Substitute 3 for n. 
: Part (a) of Example 1 
: illustrates the transitive — 39 Multiply. 
: property of equality: If А 
: а= Бапа b = c, then b. = = Substitute 3 for п. 
: а = c. Because 
: 13 •п = 13 • З and = 3 Divide. 
: 13 •3 = 39, 13 • п = 
: 39. Two other properties c n—1-3-1 Substitute 3 for n. 


4. l1 - y 


| EXAMPLE 2 | Evaluate an expression 


MOVIES The total cost of seeing a movie at a theater can be represented by 
the expression a + r where ais the cost (in dollars) of admission and r is the 
cost (in dollars) of refreshments. Suppose you pay $7.50 for admission and 
$7.25 for refreshments. Find the total cost. 


Solution 
Total cost = a + r Write expression. 
= 7.50 + 7.25 Substitute 7.50 for a and 7.25 for r. 
= 14.75 Add. 
» The total cost is $14.75. 


EXPRESSIONS USING EXPONENTS A power is an expression that represents 
repeated multiplication of the same factor. For example, 81 is a power of 3 
because 81 = 3 • 3 • 3 • 3. А power can be written in a form using two 
numbers, a base and an exponent . The exponent represents the number 
of times the base is used as a factor, so 81 can be written as 3“. 


y exponent 
Y 
34 =3+3-3-+3 


power 4 factors of 3 


| EXAMPLE 3 | Read and write powers 


Write the power in words and as a product. 


Power Words Product 
: WRITE EXPONENTS 1 . 
RIDE P> a. 7 seven to the first power 7 
: For a number raised to 
: the first power, you " 
: usually do not write b. 5 five to the second power, 5.5 
: the exponent 1. For or five squared 
: instance, you write 7! 113 jt d 
: simply as 7. с. (5) one half to the third power, E 


or one half cubed 


d. 2? z to the fifth power Z*Z*Z*Z*Z 


y | GUIDED PRACTICE | for Examples 2 and з 


5. WHAT IF? In Example 2, suppose you go back to the theater with a friend 
to see an afternoon movie. You pay for both admissions. Your total cost 
(in dollars) can be represented by the expression 2a. If each admission 
costs $4.75, what is your total cost? 


Write the power in words and as a product. 


6. 9? 7. Эб 8. n^ 


1.1 Evaluate Expressions 


Evaluate the expression. 


: USE A PROPERTY a. x* when x = 2 b. n? when п = 1.5 


: Example 4 illustrates the 
: substitution property of Solution 
: equality: If a — b, then 


4. . 94 3. 3 

; а сап be substituted for а. х = 2 b. n = 1.5 

: bin any expression or —2.2.2.2 — (1.5)(1.5)(1.5) 
: equation. Because 

ixc2,4 = 2", | = 16 = 3.375 


Y GUIDED PRACTICE for Example 4 


Evaluate the expression. 


9. х? when x = 8 10. k* when k = 2.5 11. d* whend = i 


: REVIEW AREA 


Lid нена a AREA AND VOLUME Exponents are used in the formulas for the area of a 


: For help with area 
: and volume, 


square and the volume of a cube. In fact, the words squared and cubed 


: see pp. 922 and 925. come from the formula for the area of a square and the formula for 


4 


the volume of a cube. 


$ 
А = $? $ V= 5? 
$ 
$ $ 


| STORAGE CUBES Each edge of the medium-sized pop-up storage cube shown 
is 14 inches long. The storage cube is made so that it can be folded flat when 
not in use. Find the volume of the storage cube. 


Solution 
Vg Write formula for volume. 
= 14° Substitute 14 for s. 
= 2744 Evaluate power. 


» The volume of the storage cube is 
2744 cubic inches. 


СА GUIDED PRACTICE | for Example 5 


12. WHAT IF? In Example 5, suppose the storage cube is folded flat to form a 
square. Find the area of the square. 
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11 EXERCISES —— "tr О-у 
ө КЕҮ: оп р. WS1 for Exs. 19, 35, and 51 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 44, 45, 52, and 54 


' SKILL PRACTICE 


1. VOCABULARY Identify the exponent and the base in the expression 6L. 


2. ж WRITING Describe the steps you would take to evaluate the expression 
n? when n = 3. Then evaluate the expression. 


: EXAMPLE 1 EVALUATING EXPRESSIONS Evaluate the expression. 


: опр. 2 | 8. l5xwhenx=4 4. 0.4r when r = 6 5. w — 8 when ш = 20 
: for Exs. 3-15 
6. 1.6 — gwhen g = 1.2 7. 5 + mwhen т = 7 8. 0.8 + h when й = 3.7 
9. = when f = 8 10. z when t= 4.5 11. 2.5m when m = 4 
1 _2 _1 _5 1 ai 
12. z k when К 3 13. y z When y 6 14. h + 3 When h 13 


15. Ж MULTIPLE CHOICE What is the value of 2.5m when m = 10? 


(D 0.25 2.5 © 12.5 D 25 
: EXAMPLE3 | WRITING POWERS Write the power in words and as a product. 
: on p. 3 5 3 2 4 
orbe quus | 10.12 iz. 7 18. (3.2) (0.3) 
8 
20. (5) 21. п? 22. уб 23. 1“ 


ERROR ANALYSIS Describe and correct the error in evaluating the power. 


25. 
(0.4)? = 2(0.4) = 0.8 od 5=4+.40.4.4.4=1024 X 


: EXAMPLE 4 EVALUATING POWERS Evaluate the power. 


: on p. 4 2 3 : : 
: for Exs. 26-37 26. 3 27. 10 28. 1 29. 11 
30. 5° 31. 3° 32. 2° 33. 6! 


м.) SI se. (3) 37. (5) 


EVALUATING EXPRESSIONS Evaluate the expression. 


38. x^ when x — Н 39. p^ when p = 1.1 
40. x + y when x = 11 and y = 6.4 41. kn when k = 9 and n = 4.5 
42. w — z when w = 9.5 and z = 2.8 43. P when b = 24 and c = 2.5 


44. Ж MULTIPLE CHOICE Which expression has the greatest value when 
x = 10 and y = 0.5? 


(000 xy ® x-y © 5 ©) x 


1.1 Evaluate Expressions 5 


45. ж MULTIPLE CHOICE Let b be the number of tokens you bought at 
an arcade, and let u be the number you have used. Which expression 
represents the number of tokens remaining? 


(А) b+u (В) b-u © bu ® ? 


46. COMPARING POWERS Let x and y be whole numbers greater than 0 
with y > x. Which has the greater value, 3* or 3”? Explain. 


47. CHALLENGE For which whole number value(s) of x greater than 0 is the 
value of x? greater than the value of 2*? Explain. 


PROBLEM SOLVING 


: EXAMPLE2 | 48. CSS GEOMETRY The perimeter of a square with 
; опр. з а side length of sis given by the expression 45. 7.5 т 
: for Exs. 48-50 What is the perimeter of the square shown? 


‚@НотетТиїог \ for problem solving help at classzone.com 


49. LEOPARD FROG You can estimate the distance (in centimeters) that 
a leopard frog can jump using the expression 134 where £ is the frog's 
length (in centimeters). What distance can a leopard frog that is 
12.5 centimeters long jump? 


_@Homelutor ) for problem solving help at classzone.com 


50. MULTI-STEP PROBLEM Jen was the leading scorer on her soccer team. 
She scored 120 goals and had 20 assists in her high school career. 


a. The number n of points awarded for goals is given by 2g where gis 
the number of goals scored. How many points did Jen earn for goals? 


b. The point total is given by n + a where ais the number of assists. Use 
your answer from part (a) to find Jen's point total. 


: EXAMPLE 5 (61) MULTI-STEP PROBLEM You are buying a tank for three fish. You have a 

: on p. 4 flame angel that is 3.5 inches long, a yellow sailfin tang that is 5.5 inches 

: for Exs. 51-52 long, and a coral beauty that is 3 inches long. The area (in square inches) 

of water surface the fish need is given by the expression 12f where fis the 
sum of the lengths (in inches) of all the fish in the tank. 


a. What is the total length of the three fish? 
b. How many square inches of water surface do the fish need? 


52. Ж MULTIPLE CHOICE For a snow sculpture contest, snow is 
packed into a cube-shaped box with an edge length of 
8 feet. The box is frozen and removed, leaving a cube of 
snow. One cubic foot of the snow weighs about 30 pounds. 
You can estimate the weight (in pounds) of the cube using 
the expression 30V where Vis the volume (in cubic feet) of 
the snow. About how much does the uncarved cube weigh? 


CA) 240 pounds 1920 pounds 
(С) 15,360 pounds (D> 216,000 pounds 
O = WORKED-OUT SOLUTIONS * - STANDARDIZED 


6 on p. WS1 TEST PRACTICE 


53. FOOTBALL A football team's net score for the regular season is given 
by the expression a — b where ais the total number of points the team 
scored and bis the total number of points scored against the team. 
The table shows the point totals for the 2003 National Football League 
Conference Champions. Which team’s net score was greater? 


304 


54. ж EXTENDED RESPONSE A manufacturer produces three different sizes 
of cube-shaped stacking bins with edge lengths as shown. 


-— С 
SIDA » Y 1 
1 К 12 n. 
) , 
( T 
OK) NN 
MM 


a. Evaluate Find the volume of each bin. 


b. Compare How many times greater is the edge length of bin B than 
the edge length of bin A? How many times greater is the volume of 
bin B than the volume of bin A? 


c. Compare Answer the questions in part (b) for bin A and bin C. 


d. CHALLENGE Explain how multiplying the edge length of a cube bya 
number n affects the volume of the cube. Justify your explanation. 
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CHALLENGE You purchase a set of 100 cube-shaped miniature magnets, 


each with an edge length of 5 inch. You arrange the cubes to form larger 


cubes, each one with a different edge length. How many cubes can you 
form? What is their total volume? 


: PREVIEW Perform the indicated operation. 
: Prepare for 13 1 3 xl 4,7 3.95 
Terrie 56. 35 — g (p. 914) 57. 7 + = (p.914) 58. = X 9 (p.915) 59. 25 + g (P-915) 
: Exs. 56-59. . | е 

Write the percent as a decimal and as a fraction. (р. 916) 

60. 37% 61. 15% 62. 125% 63. 0.2% 


Find the perimeter of the rectangle or square. (p. 922) 


64. 65. 
3.5m 14 in. 


9.1m 14 in. 
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You evaluated algebraic expressions and used exponents. 
You will use the order of operations to evaluate expressions. 


So you can determine online music costs, as in Ex. 35. 


Key Vocabulary Mathematicians have established an order of operations to 
e order of operations evaluate an expression involving more than one operation. 


KEY CONCEPT For Your Notebook 


Order of Operations 
STEP 7 Evaluate expressions inside grouping symbols. 
STEP 2 Evaluate powers. 
STEP 3 Multiply and divide from left to right. 
STEP 4 Add and subtract from left to right. 


Evaluate expressions 


Evaluate the expression 27 + 3° x 2—3. 
STEP? There are no grouping symbols, so go to Step 2. 
STEP 2 Evaluate powers. 


27 +3*X2-3=27+9X2-3 Evaluate power. 
STEP 3 Multiply and divide from left to right. 
27+ 9х2 3-80 х2 —– 38 Divide. 
3x2-3=6-3 Multiply. 


STEP 4 Add and subtract from left to right. 


6-3=3 Subtract. 
> The value of the expression 27 + 3% х 2 — 3 is 3. 


GUIDED PRACTICE for Example 1 


Evaluate the expression. 


1. 20 4° 2.2.32 +4 3. 32-2? + 6 4. 15 +62 — 4 
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GROUPING SYMBOLS Grouping symbols such as parentheses () апа 
brackets [ ] indicate that operations inside the grouping symbols should be 
performed first. For example, to evaluate 2 * 4 + 6, you multiply first, then 
add. To evaluate 2(4 + 6), you add first, then multiply. 


[ EXAMPLE 2 | Evaluate expressions with grouping symbols 


Evaluate the expression. 


a. 7(13 — 8)= 7(5) Subtract within parentheses. 
= 35 Multiply. 
b. 24— (37+ 1) = 24 – (9 + 1) Evaluate power. 
= 24 — 10 Add within parentheses. 
= 14 Subtract. 


: AVOID ERRORS 
орао анне: » с. 2[30 — (8 + 13)| = 2[30 — 21] Add within parentheses. 
: When grouping 


: symbols appear — 2[9] Subtract within brackets. 
: inside other grouping 

: symbols, work from 

: the innermost grouping 
: symbols outward. 


= 18 Multiply. 


FRACTION BARS A fraction bar can act as a grouping symbol. Evaluate the 
numerator and denominator before you divide: 


StS = (8+4) + (5 – 2) = 12+3=4 


[ EXAMPLE 3 ] Evaluate an algebraic expression 


Evaluate the expression when х = 4. 


9x 9-4 


3x12 34072 Substitute 4 for x. 
|. 9*4 Р 
ETT Add within parentheses. 
— 36 ; 
=8 Multiply. 
=2 Divide. 
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КА GUIDED PRACTICE | for Examples 2 and 3 


Evaluate the expression. 


5. 4(3 + 9) 6. 3(8 — 2%) 7. 2[(9 + 3) +4] 
Evaluate the expression when y = 8. 
2_ a 10у + 1 
8. y, —3 g. 12—у—1 10. Уч 1 


1.2 Apply Order of Operations 


* | EXAMPLE 4 ] Standardized Test Practice 


A group of 12 students volunteers to collect litter 

for one day. A sponsor provides 3 juice drinks and 

2 sandwiches for each student and pays $30 for trash 
bags. The sponsor's cost (in dollars) is given by the 
expression 12(3j + 2s) + 30 where jis the cost of a 
juice drink and sis the cost of a sandwich. A juice 
drink costs $1.25. A sandwich costs $2. What is the 


sponsor's cost? 
: ELIMINATE CHOICES 
ЖИТТИ > (Д) $79 $123 © $129 @ $210 


: You сап eliminate 
: choices A and р by 
: estimating. When j is 


: about 1 and s is 2, the Solution 
: value of the expression 12(3j + 2s) + 30 = 12(3 + 1.25+2+2)+30 Substitute 1.25 for j and 2 for s. 
: is about 12(3 + 4) + 30, 
: or $114. = 12(3.75 + 4) 30 Multiply within parentheses. 
= 12(7.75) + 30 Add within parentheses. 
= 93 +30 Multiply. 
= 123 Add. 


> The sponsor's cost is $123. The correct answer is B. (A © (D. 


GUIDED PRACTICE for Example 4 


11. WHAT IF? In Example 4, suppose the number of volunteers doubles. Does 
the sponsor's cost double as well? Explain. 


1.2 EXERCISES "О орото 
o KEY: on p. WS1 for Exs. 16 and 35 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 19, 31, 37, 39, and 40 


' SKILL PRACTICE 


1. VOCABULARY According to the order of operations, which operation 
would you perform first in simplifying 50 — 5 x 4^ + 2? 


2. * WRITING Describe the steps you would use to evaluate the expression 
2(3x + 1)* when x = 3. 


: EXAMPLES EVALUATING EXPRESSIONS Evaluate the expression. 


: aoe ARAN 4. 8 — 22 Б. 3-B-4 6. 5:2347 
: on pp. 8-9 | 
: for Exs. 3-21 7. 48 +4? +3 8. 1+ 52-50 9. 24.4—2-+8 10. 44-8+8 
11. (12 + 72) +4 12. 24+ 4(3 + 1) 13. 12(6 — 3.5)? — 1.5 14. 24 + (8 + 4?) 
1 2 1 E" Sm 2 ER À 
15. 1 (21 + 22) (16) k6 +18) -2 17. 313 — (2+ 3)? 18 8[20 — (9 5) 
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: EXAMPLE 3 


: on p. 9 
: for Exs. 22-31 


19. Ж MULTIPLE CHOICE What is the value of 3[20 — (7 — 5)2]? 


СА) 48 56 (С) 192 D 972 


ERROR ANALYSIS Describe and correct the error in evaluating the 
expression. 


20. (1413)27+7=1427+7 21. 20-1. 62 =20 – 3? 
2 
= 14 + 14 x = 20-9 x 


=] = 11 


EVALUATING EXPRESSIONS Evaluate the expression. 


22. 4n — 12 when n=7 23. 2 + Зх? when х= 3 24. 61% — 13 when t = 2 
25. 11+r9—2rwhenr=5 26. 5(w— 4) when ш = 7 27. 3(m* — 2) when m = 1.5 
2 _ 3 __ 
28. 2X +4 whenx=7 29. К —lwhenk-5 30. 221 when b = 3 
Зх +1 k+3 5b+9 


2. 
31. Ж MULTIPLE CHOICE What is the value of a + 3x when x = 10? 
(А) 26 34 O 43 © 105 


CHALLENGE Insert grouping symbols in the expression so that the value of 
the expression is 14. 


32. 9 + 39 + 22 11 – 9-3 33. 2х2 +32- 4+3 х5 


рр 
- PROBLEM SOLVING 


> EXAMPLE 4 
: on p. 10 
: for Exs. 34-37 


34. SALES Your school's booster club sells school T-shirts. Half the 
T-shirts come from one supplier at a cost of $5.95 each, and half from 
another supplier at a cost of $6.15 each. The average cost (in dollars) of 


a T-shirt is given by the expression 259539. Find the average cost. 


 QHomelutor 


for problem solving help at classzone.com 


| (85) MULTI-STEP PROBLEM You join an online music service. The total cost 


(in dollars) of downloading 3 singles at $.99 each and 2 albums at $9.95 
each is given by the expression 3 • 0.99 + 2 + 9.95. 


a. Find the total cost. 
b. You have $25 to spend. How much will you have left? 


_@Homelutor _ for problem solving help at classzone.com 


| 36. PHYSIOLOGY If you know how tall you were at the age of 2, you can 


estimate your adult height (in inches). Girls can use the expression 

25 + 1.17h where h is the height (in inches) at the age of 2. Boys can use 
the expression 22.7 + 1.37h. Estimate the adult height of each person to 
the nearest inch. 


a. A girl who was 34 inches tall at age 2 
b. A boy who was 33 inches tall at age 2 
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37. Ж OPEN-ENDED Write a numerical expression including 
parentheses that has the same value when you remove the parentheses. 


38. ONLINE SHOPPING The regular shipping fee (in dollars) for an online 
computer store is given by the expression 0.5w + 4.49 where wis the 
weight (in pounds) of the item. The fee (in dollars) for rush delivery is 
given by 0.99w + 6.49. You purchase a 26.5 pound computer. How much 
do you save using regular shipping instead of rush delivery? 


39. Ж SHORT RESPONSE You make and sell flags for $10 each. Each flag 
requires $4.50 worth of fabric. You pay $12.99 for a kit to punch holes to 
hang the flags. Your expenses (in dollars) are given by the expression 
4.50m + 12.99 where т is the number of flags you make. Your income is 
given by the expression 10s where s is the number of flags you sell. Your 
profit is equal to the difference of your income and your expenses. 


a. You make 50 flags and sell 38 of them. Find your income and your 
expenses. Then find your profit. 


b. Explain how you could use a single expression to determine 
your profit. 


40. Ж EXTENDED RESPONSE Each year Heisman Trophy voters select 
the outstanding college football player. Each voter selects three 
players ranked first to third. A first place vote is worth 3 points, 
a second place vote is worth 2 points, and a third place vote is 
worth 1 point. Let f, s, and t be, respectively, the number of first 
place, second place, and third place votes a player gets. The 
table shows the votes for the winner and the runner-up in 2003. 


ne 


a. Analyze Explain why the expression 3f + 2s + trepresents 
a player's point total. 


b. Calculate Use the expression in part (a) to determine how many 
more points Jason White got than Larry Fitzgerald got. 


с. CHALLENGE Can you rearrange the order of the votes for each player 
in such a way that Larry Fitzgerald would have won? Explain. 


: PREVIEW Copy and complete. (p. 927) 
ficos 41. 360in.=_? ft 42. 250g=_? kg 43. 8ft?= ? in? 44. 80L= ? mL 
: Lesson 1.3 in 
С Find the value of the expression when х = 5. (р. 2) 
45. x + 47 46. 19.3 — х 47. ix 48. х— Н 


Evaluate the power. (р. 2) 
49. 6? 50. 104 51. (0.2)? 52. Gi 
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„иза ACTIVITY Use after lesson 1.2 Tutor 


classzone.com 
Keystrokes 


. Use Order of Operations 


You can use a graphing calculator to evaluate an expression. When you enter 
the expression, it is important to use grouping symbols so that the calculator 
performs operations in the correct order. 


Use a graphing calculator to evaluate an expression. 


Lean body mass is the mass of the skeleton, muscles, and organs. Physicians 
use lean body mass to determine dosages of medicine. 


Scientists have developed separate formulas for the lean body masses of men 
and women based on their mass т (in kilograms) and height h (in meters). 
Lean body mass in measured in units called BMI (Body Mass Index) units. 


2 2 
mE Women: 1.07m — 49m. 
10,0007 10,0007 


Find the lean body mass (in BMI units) of a man who is 1.8 meters tall and 
has a mass of 80 kilograms. 


Men: 1.107 — 


Solution 


Enter the expression for men in the calculator. Substitute 80 for т and 1.8 
for h. Because the fraction bar is a grouping symbol, enter the denominator 
using parentheses. 


Use the following keystrokes. 


1.10 ÆJ 80 БЕ 128 EJ 50 EJ EJ КЕ: 0000 EI 1.5 EJEN | 1.10480-128«*802/ | 


(10000*1.82) 
The lean body mass of a man who is 1.8 meters tall and has a mass 62.71604938 


of 80 kilograms is about 62.7 BMI units. 


U 


i : b 


Ж 


Use a calculator to evaluate the expression for п = 4. Round to the nearest 
thousandth. 
1.3+5+n+10 À з. 25—13 
зп 
14.2n 


; 6. 5n? + An + 1 
84 n 3 


7. Find the lean body mass (to the nearest tenth of a BMI unit) of a 
woman who is 1.6 meters tall and has a mass of 54 kilograms. 


1.2 Apply Order of Operations 


mera ACTIVITY Use before lesson 113 ps 


VE } —-——Ó 
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Patterns and Expressions 


MATERIALS : graph paper 


LIII ITI E 
AL ЕЛ 
Г E 
E | 
ТТЕ 
Г E 
анана: 
ОТТЕ 
ишийшнишиш 
ЕТЕТ ЕЕ 
a LEIL OLI. 
ANII 


TT S 


ERASE 
Pe ааа RR eee eR PI || || ||] 
HA AAA A AAA 1144] | ela 4] |1+4+4#ҥ4|_ 


Draw a figure Draw a unit square on graph Write expressions For each figure, write a 
paper. Then draw a unit square against each numerical expression that describes the 
side of the first square to form figure 1. number of squares in the figure. 


Copy figure 1 and draw a square on each “arm” 
to form figure 2. Use the same method to form 
figure 3. 


Г > 
(i i | 
Ж 


In Exercises 1-3, use the pattern in Steps 1 and 2 above. 


1. Howis the figure number related to the number of times 4 is added in 
the numerical expression? Predict the number of squares in the fourth 
figure. Create figure 4 and check your prediction. 


2. Describe how to calculate the number of squares in the nth figure. 


3. Write an algebraic expression for the number of squares in the nth 
figure. (Hint: Remember that repeated addition can be written as 
multiplication.) 


. a. Write an algebraic expression for the number of squares in the nth figure of 
the pattern shown. 


b. Explain why the expression и? is not an appropriate answer to part (a). 
Create a pattern that can be described by the expression л. 


o; m B f 


Figure 1 Figure 2 Figure 3 Figure 4 
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1 2 Write Expressions 
© 


Before You evaluated expressions. 


You will translate verbal phrases into expressions. 
So you can find a bicycling distance, as in Ex. 36. 


To translate verbal phrases into expressions, look for words that indicate 
mathematical operations. 


erate 
e unit rate 


KEY CONCEPT For Vour Wotebook 


Translating Verbal Phrases 


< 
- 
< 
ә 


ALAS 


ә 


F Operation Verbal Phrase Expression 

: Addition: sum, plus, total, арх 

more than, increased by at? 

|: Subtraction: difference, n-—6 

1° less than, minus, n and 6 

Жыш y-5 
: Multiplication: times, 12y 

k product, multiplied by, of 1 
Division: quotient, The quotient of a number k k 


|: divided by, dividedinto | and2 


Order is important when writing subtraction and division expressions. For 
instance, “the difference of a number n and 6" is written n — 6, not 6 — n, 


and “the quotient of a number k and 2” is written К, ПОЇ х, 


Translate verbal phrases into expressions 


: AVOID ERRORS 


erectos MARA Verbal Phrase Expression 
: When you translate | | 

: verbal phrases, the а. 4 less than the quantity 6 times a number n 6n — 4 

: words “the quantity” tell b. 3 times the sum of 7 and a number y 3(7 + y) 

: you what to group. In 

: part (а), you write c. The difference of 22 and the square of a number m 22 — т? 


: 6n — 4, not (6 — 4)n. 


- GUIDED PRACTICE for Example 1 


1. Translate the phrase “the quotient when the quantity 10 plus a number x 
is divided by 2” into an expression. 


1.3 Write Expressions 


15 


( EXAMPLE 2 ] Write an expression 


: CHOOSE A VARIABLE 


: To write an expression 

: for a real-world 

: problem, choose a letter 
: that reminds you of the 
: quantity represented, 

: such as £ for length. 


CUTTING A RIBBON A piece of ribbon £ feet long is cut from a ribbon 8 feet 
long. Write an expression for the length (in feet) of the remaining piece. 
Solution 

Draw a diagram and use a specific case to help you write the expression. 


Suppose the piece cut is 2 feet Suppose the piece cut is / feet 
long. long. 


| | 
| (8 — 2) t— 2 ft | (8 — 4) t———~ 2 ft 


The remaining piece is The remaining piece is 
(8 — 2) feet long. (8 — 2) feet long. 


> The expression 8 — £ represents the length (in feet) of the remaining piece. 


VERBAL MODEL A verbal model describes a real-world situation using words 
as labels and using math symbols to relate the words. You can replace the 
words with numbers and variables to create a mathematical model, such as 
an expression, for the real-world situation. 


[ EXAMPLE 3 | Use a verbal model to write an expression 


: AVOID ERRORS 


: Read the statement of 
: the problem carefully. 
: The number of people 
: Sharing tips is 6. 


TIPS You work with 5 other people at an ice cream stand. All the workers put 
their tips into a jar and share the amount in the jar equally at the end of the 
day. Write an expression for each person's share (in dollars) of the tips. 


Solution 
STEP 7 Write a verbal model. Amount Number 
in jar + of people 
STEP 2 Translate the verbal model Е 
into ап algebraic expression. 4 Я bi 


Let a represent the amount (in 
dollars) in the jar. 
a 


» An expression that represents each person's share (in dollars) is G 


/ | GUIDED PRACTICE | for Examples 2 and 3 


2. WHAT IF? In Example 2, suppose that you cut the original ribbon into 
p pieces of equal length. Write an expression that represents the length 
(in feet) of each piece. 


3. WHAT IF? In Example 3, suppose that each of the 6 workers contributes an 
equal amount for an after-work celebration. Write an expression that 
represents the total amount (in dollars) contributed. 
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RATES A rate is a fraction that compares two quantities measured in 
different units. If the denominator of the fraction is 1 unit, the rate is 
called a unit rate. 


[ EXAMPLE 4 | Find a unit rate 


: READING A car travels 120 miles in 2 hours. Find the unit rate in feet per second. 


: Per means “for each” or | 
: “for every” and сап also 120 miles _ 120 mites , 5280 feet , 1heur  , 1minute _ 88 feet 


Ге represented using 2 hours 2 hours 1 mite 60 minutes 60 seconds 1 second 


: the symbol /, as in mi/h. | >The unit rate is 88 feet per second. 


[ EXAMPLE 5 ] Solve a multi-step problem 


TRAINING For a training program, each day you run a given 
distance and then walk to cool down. One day you run 

2 miles and then walk for 20 minutes at a rate of 0.1 mile 
per 100 seconds. What total distance do you cover? 


Solution 
STEP? Convert your walking rate to miles per minute. 


0.1 mile , 60seconds |  6miles _ 0.06 mile 


100 secends 1 minute 100 minutes 1 minute 


$ТЕР 2 Write a verbal model and then an expression. 
Let m be the number of minutes you walk. 


Distance Walking Time spent 
run + rate ° walking 
(miles) (miles/minute) (minutes) 

Y Y Y 

2 + 0.06 ° m 
: USE UNIT ANALYSIS Use unit analysis to check that the expression 2 + 0.06m 
: You expect the answer is reasonable. 
i to be a distance in " 
: miles. You can use unit miles + "6. . minutes = miles + miles = miles 
: analysis, also called 
: dimensional analysis, Because the units are miles, the expression is reasonable. 
: to check that the | 
: expression produces STEP 3 Evaluate the expression when m = 20. 
: an answer in miles. 34 0.06(20) = 3.2 


> You cover a total distance of 3.2 miles. 


GUIDED PRACTICE for Examples 4 and 5 
4. WHAT IF? In Example 5, suppose tomorrow you run 3 miles and then 


walk for 15 minutes at a rate of 0.1 mile per 90 seconds. What total 
distance will you cover? 
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1.3 EXERCISES "у aca 
a KEY: on p. WS1 for Exs. 11, 21, and 33 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 13, 14, 34, and 37 


_ SKILL PRACTICE 


1. VOCABULARY Copy and complete: A(n) _? is a fraction that compares 
two quantities measured in different units. 


2. Ж WRITING Explain how to write 20 miles as a unit rate. 


: EXAMPLE 1 TRANSLATING PHRASES Translate the verbal phrase into an expression. 


: опр. 15 3. 8 more than a number x 4, The product of 6 and a number y 
: for Exs. 3-14 

5. > of a number т 6. 50 divided by a number h 

7. The difference of 7 and a number n 8. The sum of 15 and a number x 


9. The quotient of twice a number £and 12 10. 3 less than the square of a number р 


(п) 7 less than twice a number К 12. 5 more than 3 times a number w 


13. Ж MULTIPLE CHOICE Which expression represents the phrase “the 
product of 15 and the quantity 12 more than a number x”? 


QD 15+12.х (15 + 12)х (С) 15(x +12) D 15:-12+x 


14. * MULTIPLE CHOICE Which expression represents the phrase “twice the 
quotient of 50 and the sum of a number y and 8”? 


qo 225048 q] (б) с Ф) E FW + 8) 


у 8 у+8 


: EXAMPLES WRITING EXPRESSIONS Write an expression for the situation. 
Ti | 15. Number of tokens needed for v video games if each game takes 4 tokens 
: for Exs. 15-21 / 16. Number of pages of a 5 page article left to read if you've read p pages 

17. Each person's share if p people share 16 slices of pizza equally 

18. Amount you spend if you buy a shirt for $20 and jeans for j dollars 

19. Number of days left in the week if d days have passed so far 

20. Number of hours in m minutes 


(21) Number of months in y years 


: EXAMPLE 4 UNIT RATES Find the unit rate in feet per second. 


POUR d 300 yards 


240 yards i j 
for EXS. 22-27 | 22. 23. У 24, 180 miles gp, LL miles 


] minute 1 hour 2 hours "3 hours 


ERROR ANALYSIS Describe and correct the error in the units. 


26. 2. 
$2 _ $48 , Sfeet , $2 _ $54 
foot id = Fi? x 9 yards lyard foot ft x 
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COMPARING RATES In Exercises 28 and 29, tell which rate is greater. 


28. 11 miles in 2 minutes and 4 seconds, or Е miles іп 1 minute and 55 seconds 
29. $1.60 for 5 minutes, or $19.50 for 1 hour 


30. CHALLENGE Look for a pattern in the expressions shown below. Use the 
pattern to write an expression for the sum of the whole numbers from 1 
to n. Then find the sum of the whole numbers from 1 to 50. 


1+2= 2-3 1+2+3= 2+ 1+2+3+4 = 2:3 


қүс 
- PROBLEM SOLVING 


3 я Er 
: for Exs. 31-34 


31. TICKET PRICES Tickets to a science museum cost $19.95 each. There is a 
$3 charge for each order no matter how many tickets are ordered. Write 
an expression for the cost (in dollars) of ordering tickets. Then find the 
total cost if you order 5 tickets. 


Tutor for problem solving help at classzone.com 


32. FOSSIL FUELS Fossil fuels are produced by the decay of organic material 
over millions of years. To make one gallon of gas, it takes about 98 tons of 
organic material, roughly the amount of wheat that could be harvested 
in a 40 acre field. Write an expression for the amount (in tons) of organic 
material it takes to make g gallons of gas. How many tons would it take to 
make enough gas to fill a car’s 20 gallon gas tank? 


. for problem solving help at classzone.com 


(з) MULTI-STEP PROBLEM А 48 ounce container of juice costs $2.64. 
A 64 ounce container of the same juice costs $3.84. 
a. Find the cost per ounce of each container. 
b. Which size container costs less per ounce? 


c. You want to buy 192 ounces of juice. How much do you save using 
the container size from your answer to part (b)? 


34. ж OPEN-ENDED Describe a real-world situation that can be modeled 
by the rate 30 where xis a period of time (in hours). Identify 


the units for 30. Choose a value for x and find the unit rate. 


35. WILDLIFE EDUCATION A wildlife center presents a 
program about birds of prey. The center charges a basic 
fee of $325 and an additional fee for each bird exhibited. 
If 5 birds are exhibited, the additional fee is $125. What is 
the total cost if 7 birds are exhibited? 


36. CYCLING To prepare for a bicycling event, you warm up 
each day at a moderate pace and then you ride hard for a 
number of miles. One day, you warm up for 15 minutes at 
a rate of 0.1 mile per 25 seconds and then you ride hard for 
12 miles. What total distance do you cover? 


1.3 Write Expressions 
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37. ж EXTENDED RESPONSE A national survey —— Crown spread — 
determines the champion tree in a species. The | 
champion is the tree with the greatest score, based 
on the tree's girth, its height, and its crown spread 
as shown. 


A tree’s score is the sum of the girth in inches, the Height ¡A 


height in feet, and 2 the crown spread in feet. The 


data for three champion trees are given. Note that 
the girth is given in feet. 


Species | Girth(f | Heightifü | Crown spread (ft) 
Майо ыны 
Greenah SHH 


a. Write Write an expression for a tree's score. 


b. Evaluate Find the score for each tree in the table. 


C. CHALLENGE Let n be any number greater than 0. Which change would 
have the greatest effect on a tree's score, an increase of n feet in the 
girth, in the height, or in the crown spread? Explain your reasoning. 


MIXED REVIEW 


Find the area of the rectangle. (p. 922) 


38. 39. 40. 
5 in. 2cm 1.5m 


12 in. 3.5 cm 2.1 т 
: PREVIEW. Evaluate the expression. 
: Prepare for Е Е Е 
: Lesson 14 41. 18x when x = 5 (p. 2) 42. y — 6 when y = 22 (p. 2) 43. 5+ zwhenz = 11 (р. 2) 
: in Exs. 41-46. g а+ 9 


44. = + 2 when g = 35 (р. 100) 45. 5 – 2y* when у = 1 (р. 10) 46. when a = 4 (р. 10) 


2 


- QUIZ for Lessons 1.1-1.3 


Evaluate the expression. 


1. y + 10 when y = 43 (p.2) 2. 15 – b when b = 9 (p.2) 3. t^ when t = 20 (p.2) 


4. 3n — 5 when n = 8 (p. 8) 5. 2у^— 1 when y = 5 (р. 8) 6. 3x — when x = 8 (p. 8) 
Translate the verbal phrase into an expression. (p. 15) 
7. 7 less than a number y 8. 5morethananumbert 9. Twice a number k 


10. CAMPING The rental cost for a campsite is $25 plus $2 per person. Write 
an expression for the total cost. Then find the total cost for 5 people. (p. 15) 
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1.4 


Key Vocabulary 

• equation 

«inequality 

• open sentence 

«solution of an 
equation 

«solution of an 
inequality 


Write Equations 
and Inequalities 


You translated verbal phrases into expressions. 
You will translate verbal sentences into equations or inequalities. 


So you can calculate team competition statistics, as in Ex. 41. 


An equation is a mathematical sentence formed by placing the symbol — 
between two expressions. An inequality is a mathematical sentence formed 
by placing one of the symbols <, <, >, or > between two expressions. 


An open sentence is an equation or an inequality that contains an algebraic 
expression. 


KEY CONCEPT For Your Notebook 
Symbol Meaning Associated Words 
= is equal to the same as 
< is less than fewer than 
< is less than or equal to at most, no more than 
> is greater than more than 
> is greater than or equal to at least, no less than 


COMBINING INEQUALITIES Sometimes two inequalities are combined. 
For example, the inequalities x > 4 and x< 9 can be combined to form the 
inequality 4 < x< 9, which is read “х 15 greater than 4 and less than 9.” 


Write equations and inequalities 


Verbal Sentence Equation or Inequality 
а. The difference of twice a number k and 8 is 12. 2k-8=12 
b. The product of 6 and a number n is at least 24. 6n > 24 
с. A number y is no less than 5 and no more than 13. 5<у< 13 


(Gimatea algebra) at classzone.com 


GUIDED PRACTICE | for Example 1 


1. Write an equation or an inequality: The quotient of a number р and 12 is 
at least 30. 
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SOLUTIONS When you substitute a number for the variable in an open 
sentence like x + 2 = 5 or 2y > 6, the resulting statement is either true or false. 
If the statement is true, the number is a solution of the equation or a 
solution of the inequality. 


[ EXAMPLE 2 | Check possible solutions 


Check whether 3 is a solution of the equation or inequality. 


Equation/Inequality Substitute Conclusion 


| | ——--—— а. 8 — 2x=2 8—2(3 £2 | 222 

: A question mark above 3 is a solution. 
: a symbol indicates a 
: question. For instance, b.4x-5=6 4(3)-526 7=6X 


8 — 2(3) = 2 means “Is 3 is not a solution. 
8 — 2(3) equal to 2?” 


с. 22+ 5>12 2(3) +5> 12 11» 12X 
3 is not a solution. 


| ii 


d. 5 + 3n<20 5 + 3(3) € 20 14 x 20 
3 is a solution. 


USING MENTAL MATH Some equations are simple enough to solve using 
mental math. Think of the equation as a question. Once you answer the 
question, check the solution. 


| EXAMPLE З | Use mental math to solve an equation 


Equation Think Solution Check 


a. X - 4 = 10 What number plus 4 6+4=10V 
equals 10? 

b. 20-y=8 20 minus what 12 20— 12-28 
number equals 8? 

c. 6n = 42 6 times what number 6(7) =42 Y 
equals 42? 


d. = = 9 What number divided 45 = 97 
by 5 equals 9? 


GUIDED PRACTICE for Examples 2 and 3 


Check whether the given number is a solution of the equation or inequality. 
2.9-x=4;5 3. b+5<15; 7 4. 2n+ 3221; 9 
Solve the equation using mental math. 


5. т+б= 11 6. 5x = 40 7. 


> |< 
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| EXAMPLE 4 | Solve a multi-step problem 


MOUNTAIN BIKING The last time you and 3 friends went 
to a mountain bike park, you had a coupon for 

$10 off and paid $17 for 4 tickets. What is the regular price 
of 4 tickets? If you pay the regular price this time and 
share it equally, how much does each person pay? 


Solution 


STEP Y Write a verbal model. Let p be the regular price 
of 4 tickets. Write an equation. 


Regular Amount — Amount 
price of coupon ` paid 
y y y 
р Е 10 = 17 


STEP 2 Use mental math to solve the equation p — 10 = 17. Think: 10 less 
than what number is 17? Because 27 — 10 = 17, the solution is 27. 


» The regular price for 4 tickets is $27. 


$27 
4 people 


STEP 3 Find the cost per person: = $6.75 per person 


» Each person pays $6.75. 


| EXAMPLE 5 ] Write and check a solution of an inequality 


BASKETBALL A basketball player scored 351 points last year. If the player 
plays 18 games this year, will an average of 20 points per game be enough to 
beat last year's total? 


Solution 


STEP Y Write a verbal model. Let p be the average number of points per 
game. Write an inequality. 


: USE UNIT ANALYSIS Number Points per Total points 
Unit analysis shows that ofgames ` вате > lastyear 

: games • рат = points, y y y 

: so the inequality is 18 o р > 351 

: reasonable. 


$TEP 2 Check that 20 is a solution of the inequality 18p > 351. Because 
18(20) = 360 and 360 > 351, 20 is a solution. 


* An average of 20 points per game will be enough. 


r4 GUIDED PRACTICE | for Examples 4 and 5 


8. WHAT IF? In Example 4, suppose that the price of 4 tickets with a half-off 
coupon is $15. What is each person's share if you pay full price? 


9. WHAT IF? In Example 5, suppose that the player plays 16 games. Would 
an average of 22 points per game be enough to beat last year's total? 
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1.4 EXERCISES HOMEW kev О = np St fac Es and di 


Ж - STANDARDIZED TEST PRACTICE 
Exs. 2, 16, 37, 44, 45, and 46 


' SKILL PRACTICE 


1. VOCABULARY Give an example of an open sentence. 
2. * WRITING Describe the difference between an expression and an equation. 


: EXAMPLE 1 WRITING OPEN SENTENCES Write an equation or an inequality. 


3 E : : Et r 


: for EXS. 3-16 3. The sum of 42 and a number n is equal to 51. 


4. The difference of a number z and 11 is equal to 35. 
5. The difference of 9 and the quotient of a number t and 6 is 5. 
6. The sum of 12 and the quantity 8 times a number k is equal to 48. 
(7) The product of 9 and the quantity 5 more than a number tis less than 6. 
8. The product of 4 and a number wis at most 51. 
9. The sum of a number b and 3 is greater than 8 and less than 12. 
10. The product of 8 and a number k is greater than 4 and no more than 16. 


11. The difference of a number t and 7 is greater than 10 and less than 20. 
STORE SALES Write an inequality for the price p (in dollars) described. 


12. Cale | a ; 13. 


2 Nothing over $10! 


ERROR ANALYSIS Describe and correct the error in writing the verbal 
sentence as an equation or an inequality. 


14. The sum of a number n and 4isno 15. The quotient of a number t and 4.2 
more than 13. is at most 15. 


n+4<ta X Ho X 


16. Ж MULTIPLE CHOICE Which inequality corresponds to the sentence “The 
product of a number b and 3 is no less than 12"? 


СА) 3b«12 3b < 12 (С) 3b> 12 (D> 3b>12 


: EXAMPLE 2 ^ | CHECK POSSIBLE SOLUTIONS Check whether the given number is a solution 


: On p. 22 of the equation or inequality. 
: for Exs. 17-28 


17. x+9=17;8 18. 9 + 4у = 17; 1 19. 6/— 7 = 29; 5 
20. 5-9 = 11;10 21. 2-4 = 4; 12 22, 22>2.8;11 
23. 15 — 4y>6; 2 24. у —3.5«6;9 25. 2+ 3x $8;2 
26. 2р – 1273 27. 42— 5 <3; 2 28. 32 + 7» 20; 4 
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EXAMPLE 3 


3 TCR: poA A 
: for Exs. 29-34 


cIAu——X—————-»!3OA;AX€———— —————— 
' PROBLEM SOLVING 


: EXAMPLES 


: for Exs. 39-43 


| ECO-CHALLENGE Eco-Challenge Fiji was a competition 


| MENTAL MATH Solve the equation using mental math. 


29. x+ 8 = 13 30. y + 16 = 25 3l.z— 11 - I1 
32. 5w — 20 33. 8b — 72 34.7 =4 


EQUATIONS AND INEQUALITIES In Exercises 35 and 36, write an open 


sentence. Then check whether 35 is a solution of the open sentence. 


35. 2 less than the product of 3 and a number x is equal to the sum of x and 5. 


36. 4 more than twice a number kis no greater than the sum of k and 11. 
37. Ж MULTIPLE CHOICE Which equation has the same solution as z — 9 = 3? 


Ф) z—4- 16 ® iz-7 O 2+ 15=27 D 52 = 45 


38. CHALLENGE Use mental math to solve the equation 3x + 4 = 19. Explain your 


thinking. 


39. CHARITY WALK You are taking part in a charity walk, and you have 
walked 12.5 miles so far. Your goal is to walk 20 miles. How many more 
miles do you need to walk to meet your goal? 


_(QOHomelutor 
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40. COMPACT DISCS You buy a storage rack that holds 40 CDs. You have 
27 CDs. Write an inequality that describes how many more CDs you can 
buy and still have no more CDs than the rack can hold. You buy 15 CDs. 
Will they all still fit? 


 (Q)Homelüutor © for problem solving help at classzone.com 
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that included jungle trekking, ocean swimming, 
mountain biking, and river kayaking. In 2002, the -— 
U.S. team finished second about 6 hours after the = 
winning team from New Zealand. The U.S. team finished 
in about 173 hours. What was the winning team’s time? 
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42. BAKING MEASUREMENTS You are baking batches of < 
cookies for a bake sale. Each batch takes 2.5 cups of flour. == = 
You have 18 cups of flour. Can you bake 8 batches? Explain. = = 


43. EMPLOYMENT Your friend takes a job cleaning up a neighbor's yard and 
mowing the grass, and asks you and two other friends to help. Your friend 
divides the amount the neighbor pays equally among all the members of 
the group. Each of you got $25. How much did the neighbor pay? 


| 44. ж OPEN-ENDED Describe a real-world situation you could model 


using the equation 5x = 50. Use mental math to solve the equation. 
Explain what the solution means in this situation. 
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25 


45. Ж SHORT RESPONSE You have two part-time jobs. You earn $6 per 
hour running errands and $5 per hour walking dogs. You can work a 
total of 10 hours this weekend and hope to earn at least $55. Let r be the 
number of hours you spend running errands. 


a. Write an inequality that describes the situation. Your inequality 
should involve only one variable, r. 


b. If you spend the same amount of time at each job, will you meet your 
goal? Explain. 


c. Can you meet your goal by working all 10 hours at only one job? 
Explain. 


46. Ж EXTENDED RESPONSE Your school’s service club is sponsoring 
a dance in the school gym to raise money for a local charity. The 
expenses will be $600. The club members will sell tickets for $10. They 
hope to raise enough money to cover the expenses and have enough left 
to donate $1000 to the charity. 


a. How many tickets must they sell to cover their expenses? 


b. How many tickets must they sell to cover their expenses and meet 
their goal? 


с. The school allows no more than 200 students in the gymnasium for 
a dance. Can the club members sell enough tickets to exceed their 
goal? What is the greatest possible amount by which they can exceed 
their goal? Explain your reasoning. 


47. CHALLENGE You and your friend are reading the same series of science 
fiction books. You tell your friend, “I’ve read 3 times as many books as 
you have.” Your friend replies, “You've read only 4 more books than I 
have.” How many books have each of you read? 


48. CHALLENGE Each of the long sides of a rectangle has a length of 
x inches. Each of the other sides is 1 inch shorter than the long sides. The 
perimeter of the rectangle is 22 inches. Find the length and the width of 
the rectangle. Justify your answer. 


MIXED REVIEW 

; PREVIEW Write the percent as a decimal. (p. 916) 
: Prepare for 
: Lesson 1.5 49. 3% 50. 3.5% 51. 5.25% 
> іп Exs. 49-54. 

Find the perimeter of the triangle or rectangle. (p. 922) 

53. 54. 
0.9 m 7 ft 
12 іп. 1.6 т 45 ft 
Evaluate the expression. (p. 8) 
55. 9.3? — 2 56. 4-22 +2 57. 5 + 0.25 •3 
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MIXED HEVIEW. OF Problem Solving | я D STATE TEST PRACTICE 


J classzone.com 


Lessons 1.1-1.4 


1. MULTI-STEP PROBLEM You are making a 4. OPEN-ENDED Describe a real-world situation 


photo quilt by transferring photos to squares 
of fabric. Each square should be big enough 


so that you can turn over an edge > inch long 
on each side and have a finished square with 
a side length of 53 inches. 


a. What are the dimensions of each fabric 
square? 


b. How many square inches of fabric do you 
need if you want to include 48 squares? 


c. The fabric you buy is 36 inches wide. How 
long a piece of fabric do you need? 


d. You buy a piece of fabric that has the 
length you found in part (c). Once you've 
cut all the squares, how many square 
inches of fabric are left over? 


. MULTI-STEP PROBLEM А rule of thumb 
states that the ideal weight (in ounces) of 

a baseball bat for a high school baseball 
player is 5 ounces more than one third of the 
player’s height (in inches). 


a. Write an expression that 
describes the ideal weight 
(in ounces) of a bat for a 
high school baseball player 
who is h inches tall. 


b. One player was 66 inches 
tall last year. This year the 
player is 69 inches tall. How 
much heavier should the 
player’s new bat be than 
the bat used last year? 


3. SHORT RESPONSE You collect miniature cars 


and display them on shelves that hold 20 cars 
each. 


a. Which expression would you evaluate to 
find the number of shelves you need for 
x cars: 20x, 20 Or 20 ? Justify your choice. 


b. Find the number of shelves you need to 
display 120 cars. 


that you could model with the inequality 
3x « 15. Explain what a solution of the 
inequality means in this situation. 


. SHORT RESPONSE You pay $7.50 for 3 quarts 


of strawberries. You realize that you need 
more strawberries for your recipe. You return 
to the store with $4.50. Will you have enough 
money to buy 2 more quarts of strawberries? 
Explain your reasoning. 


. EXTENDED RESPONSE The number of 


calories in one serving of any food is the 

sum of the calories from fat, protein, and 
carbohydrate. The table shows the calories in 
1 gram of each of the three food components. 


Component Calories in 1 gram 
Fat 9 
Protein 4 
Carbohydrate 4 


a. Write an expression for the total number 
of calories in a serving of food that 
contains fgrams of fat, p grams of protein, 
and c grams of carbohydrate. 


b. A serving of cheddar cheese contains 
14 grams of fat, 11 grams of protein, and 
1 gram of carbohydrate. How many 
calories are in a serving of cheddar 
cheese? 


c. A 100 pound teenager requires about 
45 grams of protein per day. If the 
teenager tried to get all the required 
protein for one day from cheddar cheese, 
how many calories would the teenager 
consume? Explain. 


. GRIDDED ANSWER You are comparing 


two dorm-size refrigerators, both with 
cube-shaped interiors. One model has 

an interior edge length of 14 inches. 
Another model has an interior edge length 
of 16 inches. How many more cubic inches 
of storage space does the larger model have? 


Mixed Review of Problem Solving 27 


1 Use a Problem 
e Solving Plan 


You used problem solving strategies. 
GLE You will use a problem solving plan to solve problems. 
So you can determine a route, as in Example 1. 


Key Vocabulary 


KEY CONCEPT For Your Notebook 


F AProblem Solving Plan 


STEP Y Read and Understand Read the problem carefully. Identify what 
you know and what you want to find out. 


STEP 2 Make a Plan Decide on an approach to solving the problem. 


STEP 3 Solve the Problem Carry out your plan. Try a new approach if the 
first one isn't successful. 


STEP 4 Look Back Once you obtain an answer, check that it is reasonable. 


Read a problem and make a plan 


RUNNING You run in a city. Short blocks are north-south | 
and are 0.1 mile long. Long blocks are east-west and are 
0.15 mile long. You will run 2 long blocks east, a number 
of short blocks south, 2 long blocks west, and back to 
your start. You want to run 2 miles at a rate of 7 miles 
per hour. How many short blocks must you run? 


Solution 


ана еы STEP? Read and Understand 


: For an alternative 

: method for solving the 
: problem in Example 

: 1, turn to page 34 for 

: the Problem Solving 

: Workshop. 


What do you know? 


You know the length of each size block, the number of long blocks you 
will run, and the total distance you want to run. 


You can conclude that you must run an even number of short blocks 
because you run the same number of short blocks in each direction. 


What do you want to find out? 


You want to find out the number of short blocks you should run so 
that, along with the 4 long blocks, you run 2 miles. 


STEP 2 Make a Plan Use what you know to write a verbal model that 
represents what you want to find out. Then write an equation and 
solve it, as in Example 2. 
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e. [| EXAMPLE 2 | Solve a problem and look back 


Solve the problem in Example 1 by carrying out the plan. Then check 
your answer. 


Solution 
: IDENTIFY STEP 3 Solve the Problem Write a verbal model. Then write an equation. 
: IRRELEVANT Let s be the number of short blocks you run. 
: INFORMATION 
: The rate at which Length of Number of Length of Number of Total 
| JOU Tur в given, but short block , short blocks , longblock , longblocks .. distance 
: it is not needed to (miles/block) (blocks) (miles/block) (blocks) (miles) 


: solve the problem. 


: That information is 

: irrelevant. All other 

: given information 

: is relevant, and no 

: information needed to 
: solve the problem is 


0.1 e $ + 0.15 e 4 = 2 


The equation is 0.1s + 0.6 = 2. One way to solve the equation is to use the 
strategy guess, check, and revise. 


: missing. 
Guess an even number that is easily multiplied by 0.1. Try 20. 


Check whether 20 is a solution. 
0.1s+06=2 Write equation. 
0.1(20)+ 0.6 = 2 Substitute 20 for s. 
2.6 = 2 Х Simplify; 20 does not check. 
Revise. Because 2.6 » 2, try an even number less than 20. Try 14. 
Check whether 14 is a solution. 
0.1s+06=2 Write equation. 
0.1(14)+ 0.6 2 Substitute 14 for s. 
2—2/ Simplify. 


* To run 2 miles, you should run 14 short blocks along with the 4 long 
blocks you run. 


STEP 4 Look Back Check your answer by making a table. You run 0.6 mile on 
long blocks. Each two short blocks add 0.2 mile. 


The total distance is 2 miles when you run 4 long blocks and 14 short 
blocks. The answer in Step 3 is correct. 
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r4 GUIDED PRACTICE for Examples 1 and 2 


1. WHAT IF? In Example 1, suppose that you want to run a total distance of 
3 miles. How many short blocks should you run? 
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FORMULAS A formula is an equation that relates two or more quantities. You 
may find it helpful to use formulas in problem solving. 


KEY CONCEPT For Your Notebook 


: REVIEW FORMULAS T Formulas 


: For additional formulas, 4 
: see pp. 924—928 and > Temperature 


: the Table of Formulas 1: (C=%2(F-— 32) where F = degrees Fahrenheit and С = degrees Celsius 
: on pp. 952-953. > 9 


Simple interest 

I = Prt where I = interest, P = principal, r = interest rate (as a decimal), 
and t = time 

Distance traveled 

d = rt where d = distance traveled, r = rate (constant or average speed), 
and t = time 

Profit 

P = I — E where P = profit, I = income, and E = expenses 


* | EXAMPLE 3 ] Standardized Test Practice 


You are making a leather book cover. You need 
a rectangular piece of leather as shown. 

Find the cost of the piece if leather costs 

$.25 per square inch. 


11 in. 


: ELIMINATE CHOICES 
С deeceeessessecusseenccesesssoeeses > (СА) $14.50 $49.50 18 in. 


: You can eliminate 
: choices A and D by (С) $58.00 (D> $198.00 
: estimating. The area 
: Of the piece of leather 
: is about 200 square 


: inches, and $.25200) 15 | Use the formula for the area of a rectangle, A = 4w, with £ = 18 inches and 
: about $50. w = 11 inches. 


Solution 


A = lw Write area formula. 
= 18(11) Substitute 18 for 2 and 11 for w. 
= 198 Simplify. 
The area is 198 square inches, so the total cost is $.25(198) = $49.50. 
> The correct answer is B. (А) © Фф 


v GUIDED PRACTICE | for Example 3 


2. GARDENING А gardener determines the cost of planting daffodil bulbs to 
be $2.40 per square foot. How much will it cost to plant daffodil bulbs in a 
rectangular garden that is 12 feet long and 5 feet wide? 


СА) $40.80 $60 (C) $81.60 D) $144 
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1.5 EXERCISES "T Оооо 
o KEY: on p. WS2 for Exs. 5 and 17 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 11, 12, 20, and 22 


: ey = MULTIPLE REPRESENTATIONS 
: Ех. 21 


' SKILL PRACTICE 


1. VOCABULARY Give an example of a formula. 

2. `Ж WRITING Describe how you can use a formula to solve the following 
problem: The inner edges of a cube-shaped pot have a length of 1.5 feet. 
How much does it cost to fill the planter if soil costs $4 per cubic foot? 


: EXAMPLES READING AND UNDERSTANDING In Exercises 3-5, identify what you 


: 1and2 — know and what you need to find out. Identify any missing or irrelevant 
: on pp. 28-29 information. You do not need to solve the problem. 
: for Exs. 3-5 


3. CRAFT SHOW You make dog collars and anticipate selling all of them at 
a craft fair. You spent $85 for materials and hope to make a profit of $90. 
How much should you charge for each collar? 


4. DISTANCE RUNNING One day Paul ran at a rate of 0.15 mile per minute for 
40 minutes. The next day Paul and Jen ran together at a rate of 
0.16 mile per minute for 50 minutes. How far did Paul run altogether? 


(5:) TEMPERATURE One day, the temperature in Rome, Italy, was 30°C. The 
temperature in Dallas, Texas, was 83°F. Which temperature was higher? 


ERROR ANALYSIS Describe and correct the error in solving the problem. 


A town is fencing a rectangular field that is 200 feet long and 150 feet wide. 
At $10 per foot, how much will it cost to fence the field? 


6. r? 
Р = 200 + 150 = 350 xX A = (200) (150) = 30,000 
$10(350) = $3500 $10(30,000) = $300,000 
: EXAMPLE 3 CHOOSING A FORMULA In Exercises 8-10, state the formula that is needed to 
: on p. 30 solve the problem. You do not need to solve the problem. 
: for Exs. 8—12 


8. The temperature is 68°F. What is the temperature in degrees Celsius? 
9. A store buys a baseball cap for $5 and sells it for $20. What is the profit? 
10. Find the area of a triangle with a base of 25 feet and a height of 8 feet. 


11. Ж MULTIPLE CHOICE What is the interest on $1200 invested for 2 years in 
an account that earns simple interest at a rate of 5% per year? 


QD $12 $60 © $120 D $240 


12. Ж MULTIPLE CHOICE A car travels at an average speed of 55 miles per 
hour. How many miles does the car travel in 2.5 hours? 


СА) 22 miles 57.5 miles СС) 110 miles (D> 137.5 miles 


13. CHALLENGE Write a formula for the length £ of a rectangle given its 
perimeter P and its width w. Justify your thinking. 
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PROBLEM SOLVING 


: EXAMPLES 14. DVD STORAGE А stackable storage rack holds 22 DVDs and costs $21. How 


: 1,2, and 3 much would it cost to buy enough racks to hold 127 DVDs? 
: on pp. 28-30 SENITI 


: @ HomeTutor for problem solving help at classzone.com 
: for Exs. 14-18 ! 


15. FRAMING For an art project, you make a square print with a side length 


of 8 inches. You make a frame using strips of wood i inches wide. What 
is the area of the frame? 


for problem solving help at classzone.com 


16. MOUNTAIN BOARDS You have saved $70 to buy a mountain 
board that costs $250. You plan to save $10 each week. 
How many weeks will it take to save for the mountain board? 


(7) HIKING You are hiking. The total weight of your backpack 
and its contents is 13 > pounds. You want to carry no more than 
15 pounds. How many extra water bottles can you add to your 


backpack if each bottle weighs Н роцпа? 


18. PIZZA Thick crust pizza requires about 0.15 ounce of dough 
per square inch of surface area. You have two rectangular 
pans, one that is 16 inches long and 14 inches wide, and one 
that is 15.5 inches long and 10 inches wide. How much more 
dough do you need to make a thick crust pizza in the larger 
pan than in the smaller one? 


19. SONAR A diver uses a sonar device to determine the distance to her 
diving partner. The device sends a sound wave and records the time it 
takes for the wave to reach the diving partner and return to the device. 
Suppose the wave travels at a rate of about 4800 feet per second. 


a. The wave returns 0.2 second after it was sent. How far did the 
wave travel? 


b. How far away is the diving partner? 


20. Ж EXTENDED RESPONSE A gardener is reseeding a city park that has the 
shape of a right triangle with a base of 150 feet and a height of 200 feet. 
The third side of the park is 250 feet long. 


a. One bag of grass seed covers 3750 square feet and costs $27.50. How 
many bags are needed? What is the total cost? 


b. Wire fencing costs $23.19 for each 50 foot roll. How much does it 
cost to buy fencing to enclose the area? 


с. Fence posts cost $3.19 each and should be placed every 5 feet. How many 
posts are needed, and how much will they cost altogether? Explain. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED = MULTIPLE 
32 on p. WS1 TEST PRACTICE REPRESENTATIONS 


21. > MULTIPLE REPRESENTATIONS Homeowners are building a square 
closet in a rectangular room that is 24 feet long and 18 feet wide. They 
want the remaining floor area to be at least 400 square feet. Because they 
don’t want to cut any of the 1 foot by 1 foot square floor tiles, the side 
length of the closet floor should be a whole number of feet. 


a. Making a Table Make a table showing possible side lengths of the 
closet floor and the remaining area for each side length. 


b. Writing an Inequality Write an inequality to describe the situation. Use 
your table to find the greatest possible side length of the closet floor. 


22. Ж SHORT RESPONSE A farmer plans to build a fence around a 
rectangular pen that is 16 feet long. The area of the pen is 80 square feet. 
Is 40 feet of fencing enough to fence in the pen? Explain. 


23. CHALLENGE You and your friend live 12 miles apart. You leave home at 
the same time and travel toward each other. You walk at a rate of 4 miles 
per hour and your friend bicycles at a rate of 11 miles per hour. 


a. How long after you leave home will you meet? How far from home 
will each of you be? 


b. Suppose your friend bicycles at a rate of 12 miles per hour. How 
much sooner will you meet? How far from home will each of you be? 


: PREVIEW 


; Prepare for 
: Lesson 1.6 in 
: Exs. 29-32. 


Write the decimal as a fraction and as a percent. (p. 916) 


24. 0.85 25. 1.25 26. 0.245 27. 0.007 


28. Find the surface area and volume of 


the rectangular prism. (p. 925) E 


4 ft 


3ft 
Translate the verbal phrase into an expression. (p. 15) 
29. i multiplied by a number v 30. 22 divided by a number h 
31. 7 more than twice a number m 32. Twice the sum of a number y and 3 


c-———————————————" 
' QUIZ for Lessons 1.4-1.5 


Write an equation or an inequality. (p. 21) 


1. 4 more than twice a number п is equal to 25. 


2. The quotient of a number x and 2 is no more than 9. 


Check whether the given numberis a solution of the equation or inequality. (p. 21) 
3. 13-2x=5;4 4. 5d — 4 2 16; 4 5. 4y + 3 2 15;3 


6. CAR TRAVEL One car travels about 28.5 miles on each gallon of gas. 
Suppose the average price of gas is $2 per gallon. About how much would 
the gas for a 978 mile trip cost? (p. 28) 
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Using ALTERNATIVE METHODS 


Another Way to Solve Example 1, page 28 


MULTIPLE REPRESENTATIONS In Example 1 on page 28, you saw how to solve 
a problem about running using an equation. You can also solve the problem 
by using the strategy draw a diagram. 


4 > 
x. 4 
Y y 
ч y 
Ww 
V 


RUNNING You run in a city. Short blocks are north-south and are 
0.1 mile long. Long blocks are east-west and are 0.15 mile long. You will 
run 2 long blocks east, a number of short blocks south, 2 long blocks 


PROBLEM 


per hour. How many short blocks must you run? 


west, and back to your start. You want to run 2 miles at a rate of 7 miles 


METHOD Drawing a Diagram You can draw a diagram to solve the problem. 


STEP 7 Read the problem carefully. It tells you the lengths of a short block and 
a long block. You plan to run 4 long blocks and a distance of 2 miles. 


STEP 2 Draw a pair of rectangles to represent running 1 short block in each 


direction. The total distance is 4(0.15) + 2(0.1) = 0.8 mile. Continue 
adding pairs of rectangles until the total distance run is 2 miles. 


sE EEES 


You should run 14 short blocks. 


TM. O N 
¿Auimatea Algebra) at classzone.com 


PRACTICE 


1. BAKING A cake pan is 9 inches wide and 11 3. ERROR ANALYSIS Describe and correct the 
inches long. How many 3 inch by 3 inch error in solving Exercise 2. 
square pieces can you cut? Solve this 
problem using an equation. Then draw a 4x +6 = 12 
diagram. Explain why a diagram is useful. 4(1.5) + 6 =12 


The floats are 1.5 feet apart. 
2. SWIMMING A 12 foot rope strung through 


4 floats marks off the deep end of a pool. 


Each end of the rope is 3 feet from a float. 4. (ES GEOMETRY The length of a rectangle is 
The floats are equally spaced. How far apart twice its width. The perimeter is 72 inches. 
are they? Solve this problem using two What is its length? Solve this problem using 
different methods. two different methods. 
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1.6 


You wrote algebraic expressions and equations. 
Г Now ] You will represent functions as rules and as tables. 


Key Vocabulary 

«function 

e domain 

e range 

«independent 
variable 

e dependent variable 


Represent Functions 
as Rules and Tables 


So you can describe consumer costs, as in Example 1. 


When you pump gas, the total cost depends on the number of gallons 
pumped. The total cost is a function of the number of gallons pumped. 


A function consists of: 


e A set called the domain containing numbers called inputs, and 
a set called the range containing numbers called outputs. 


e A pairing of inputs with outputs such that each input is paired with 
exactly one output. 


Identify the domain and range of a function 


The input-output table shows the cost of various amounts 
of regular unleaded gas from the same pump. Identify the 
domain and range of the function. 


THIS SALE $ 


GALLONS 


" PRICE PER GALLON $ 
Solution ALL TAXES INCLUDED 


* The domain is the set of inputs: 10, 12, 13, and 17. The 
range is the set of outputs: 19.99, 23.99, 25.99, and 33.98. 


GUIDED PRACTICE | for Example 1 


1. Identify the domain and range 
of the function. 


MAPPING DIAGRAMS А function may be represented by Input Output 
a mapping diagram. Notice that an output may be paired 1 
with more than one input, but no input is paired with more Ü 


than one output. 


= бә N 
[| 
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| EXAMPLE 2 | Identify a function 


Tell whether the pairing is a function. 


= input Output B. 


The pairing is not a function The pairing is a function 
because the input 0 is paired because each input is paired 
|, with both 2 and 3. with exactly one output. 


r4 GUIDED PRACTICE for Example 2 


: READING 


: Function rules typically 
: give the dependent 

: variable in terms of the 
: independent variable. 
: In an equation like 

: у = х 3, you know 

: that y is the dependent 
: variable. 


Tell whether the pairing is a function. 


FUNCTION RULES A function may be represented using a rule that relates one 
variable to another. The input variable is called the independent variable. 
The output variable is called the dependent variable because its value 
depends on the value of the input variable. 


KEY CONCEPT For Vour Wotebook 


Functions 

Verbal Rule Equation Table 

morethenthe CL Apu о 1) 2 8 | 
input ошрщу 3 4 5 ео 


[ EXAMPLE З ] Make a table for a function 


The domain of the function y = 2x is 0, 2, 5, 7, and 8. Make a table for the 
function, then identify the range of the function. 


Solution 


02 5 7 в 


ERN 
26) = 16 


The range of the function is 0, 4, 10, 14, and 16. 
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1.6 EXERCISES "и O conos 
5 KEY : on p. WS2 Tor Exs. 7 and 23 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 11, 12, 13, 26, and 27 


E e = MULTIPLE REPRESENTATIONS 
: Exs. 23 and 24 


_ SKILL PRACTICE 


1. VOCABULARY Copy and complete: A(n) ? is a number in the domain of a 
function. A(n) ? is a number in the range of a function. 


2. Ж WRITING In the equation Р = a — 2, which variable is the independent 
variable and which is the dependent variable? Explain. 


: EXAMPLES DOMAIN AND RANGE Identify the domain and range of the function. 


on pp. 35-36 3. 4. Input Output 9. 
: for Exs. 3-11 3 
ai 
mi 
mi 
| IDENTIFYING FUNCTIONS Tell whether the pairing is a function. 
6. (7) Input Output 8. 
ia 
| 
' ERROR ANALYSIS In Exercises 9 and 10, 
describe and correct the error related 
to the function represented by the table. Output, y FEIEREREJES 
B. 10. 
The pairing is not a function. One The pairing is a function. The 
output ie paired with two inputs. range is 1, 2, 5, 4, and 5. 
11. ж OPEN-ENDED Draw a mapping diagram for a function with 
6 inputs. Then make a table to represent the function. 
: EXAMPLES 12. Ж MULTIPLE CHOICE The domain of the function y = 5x — 1 is 1, 3, 4, 5, 
: 3 and оо. and 6. Which number is in the range of the function? 
: ON pp. 36-37 
: for Exs. 12-21 А) 0 A SE D 15 


13. Ж MULTIPLE CHOICE Each output of a function is 0.5 less than the 
corresponding input. Which equation is a rule for the function? 


(А) y=x-0.5 (В) y=x+0.5 © y=05-x D y=0.5x 
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TABLES Make a table for the function. Identify the range of the function. 


14. y=x-3 15. у= х + 3.5 16. у= 3x + 4 
Domain: 12, 15, 22, 30 Domain: 4, 5, 7, 8, 12 Domain: 0, 5, 7, 10 
=1 24,1 _ 0.5x +1 
17. y=5xt3 18. y gt *3 19. y 2 
Domain: 4, 6, 9, 11 Domain: 4, 6, 8, 12 Domain: 0, 2,4,6 


FUNCTION RULES Write a rule for the function. 


22. CHALLENGE Fill in the table in such a way that 
when fis the independent variable, the pairing 
is a function, and when tis the dependent variable, 
the pairing is not a function. 


21. 


' PROBLEM SOLVING 


: ев Ec ИРЕ 
: for Exs. 23-26 


(23) e MULTIPLE REPRESENTATIONS You have 10 quarters that you can use 
for a parking meter. 


a. Describing in Words Copy and complete: Each time you put 1 quarter 
in the meter, you have 1 less quarter, so ? is a function of 2. 


b. Writing a Rule Write a rule for the number y of quarters that you have 
left as a function of the number x of quarters you have used so far. 
Identify the domain of the function. 


с. Making a Table Make a table and identify the range of the function. 


\ @Homelutor > for problem solving help at classzone.com 


24. ey MULTIPLE REPRESENTATIONS Ata yard sale, you find 5 paperback 
books by your favorite author. Each book is priced at $.75. 


a. Describing in Words Copy and complete: For each book you buy, you 
spend $.75, so ? is a function of 2. 


b. Writing a Rule Write a rule for the amount (in dollars) you spend as a 
function of the number of books you buy. Identify the domain of the 
function. 


c. Making a Table Make a table and identify the range of the function. 
GHomelutor. 


for problem solving help at classzone.com 


25. SAVINGS You have $100 saved and plan to save $20 each month. Write 
a rule for the amount saved (in dollars) as a function of the number of 
months from now. Identify the independent and dependent variables, the 
domain, and the range. How much will you have saved altogether 
12 months from now? 


26. Ж OPEN-ENDED Write a function rule that models a real-world 
situation. Identify the independent variable and the dependent variable. 
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: PREVIEW 


: Prepare for 
: Lesson 1.7 in 
: EXS. 30-33. 


AQ 


27. 


28. 


29. 


"MIXED REVIEW 


Plot the point in a coordinate plane. (p. 919) 
30. 


Ж SHORT RESPONSE Consider a pairing of the digits 2 through 9 
on a telephone keypad with the associated letters. 


a. Make a table showing the pairing with the digits as inputs 
and the letters as outputs. Is the pairing a function? Explain. 


b. Make a table showing the pairing with the letters as inputs 
and the digits as outputs. Is the pairing a function? Explain. 


MULTI-STEP PROBLEM The table shows the fuel efficiency of 
four compact cars from one manufacturer for model year 2004. 


a. Write a Rule Use the table to write a rule for the cars' highway fuel 
efficiency as a function of their city fuel efficiency. 


b. Predict Another of the manufacturer's compact cars has a city fuel 
efficiency of 30 miles per gallon. Predict the highway fuel efficiency. 


с. Calculate A study found that if gas costs $2 per gallon, you can use the 
expression ——— x = + — to estimate a car’s annual fuel cost (in dollars) 
for a typical drfver Evaluate the expression for the car in part (b). 


CHALLENGE Each week you spend a total of 5 hours exercising. You 
swim part of the time and bike the rest. 


300 calories per hour 440 calories per hour 


a. Write a rule for the total number of calories you burn for the whole 
5 hours as a function of the time you spend swimming. 


b. One week you spend half the time swimming. How many calories do 
you burn during the whole 5 hours? 


A(1, 3) 31. B(3, 1) 32. C(2, 4) 33. D(6, 2) 


Write an equation or an inequality. (p. 21) 


34. 
39. 


36. 


The difference of 13 and a number wis 5. 
The quotient of 21 and a number dis no less than 7. 
TRAVEL On a 1375 mile flight, an airplane's average speed is 550 miles 


per hour. The flight is within a single time zone and leaves at 
10 A.M. What time will the airplane arrive at its destination? (p. 28) 
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hi 
calcdlatoe ACTIVITY Use after Lesson 1.6 


Tutor 
classzone.com 
Keystrokes 


Make a Table 


You can use a graphing calculator to create a table for a function when you 
want to display many pairs of input values and output values or when you 
want to find the input value that corresponds to a given output value. 


In the example below, you will make a table to compare temperatures in 
degrees Celsius and temperatures in degrees Fahrenheit for temperatures 
at or above the temperature at which water freezes, 32°Е. 


| E | | 


The formula C = 2(F — 32) gives the temperature in degrees Celsius as a 


function of the temperature in degrees Fahrenheit. Make a table for the 
function. 


STEP 1| Enter equation 


Rewrite the function using x 
for F and y for C. Press Ё) 
and enter 2(x — 32). 


Set up table 

Go to the TABLE SETUP screen. 
Use a starting value (TblStart) 
of 32 and an increment 

(АТЫ) of 1. 


View table 


Display the table. Scroll down to 
see pairs of inputs and outputs. 


| ү18(5/9) (Х-32) | TABLE SETUP 
Y2= TblStart=32 
Ys- ATbl=1 
Үү = Indpnt : П Ask 
Ys= | Depend : П Ask 
Y6= 
Y7= 


C 


1. You see a sign that indicates that the outdoor temperature is 10°C. Find the 
temperature in degrees Fahrenheit. Explain how you found your answer. 


2. Water boils at 100°C. What is the temperature in degrees Fahrenheit? 


Make a table for the function. Use the given starting value and increment. 


3. y= Ax +3 
TbiStart = 0, ATbl = 1 


5. y= 7.5x — 0.5 
TblStart = 1, ATbl = 1 


4. у=4х+2 
TblStart = 0, ATbl = 0.5 


6. у = 0.5х +6 
TbiStart = 3, АТЫ = 3 


1.6 Represent Functions as Rules and Tables 


Investigating ACTIVITY cs serore lesson 7.7 


Scatter Plots and Functions 


MATERIALS - tape measure + graph paper 


A scatter plot is a type of display for paired data. Each data pair 
is plotted as a point. In this activity, you will work in a group to 
make a scatter plot. You will measure the height of each student 
in your group and the length of his or her forearm. The length of 
the forearm is the distance from the elbow to the wrist. 


Г | 1 


STEP 1| Collect data Measure the height of each student Height Forearm length 
in your group and the length of his or her forearm. (inches) | (inches) 


Record the results for each student in one row of a table 
. 63 10 
like the one shown. | 


? ? 
VANE hà VV NN „МХ 


Make a scatter plot Use graph paper to 

draw axes labeled as shown. Then plot the data 
pairs (height, forearm length). For example, plot 
the point (63, 10) for a student with a height of 

63 inches and a forearm length of 10 inches. 


| "E 0 60 62 64 66 68 
The symbol i on an axis ` Height (in.) 
represents a break in the axis. 


E Forearm length (in.) 


Ii AW IS | 


1. Examine your scatter plot. What does it suggest about the relationship between 
a person’s height and the person’s forearm length? 


2. Compare your table with those of the other groups in your class. Determine 
which of the tables represent functions and which do not. 


3. Is it possible to determine whether a table represents a function by looking at 
the corresponding scatter plot? Explain. 
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1 7 Represent Functions 
as Graphs 


You represented functions as rules and tables. 


шг 


You will represent functions as graphs. 


So you can describe sales trends, as in Example 4. 


Key Vocabulary You can use a graph to represent a function. Given a table that represents 
e function, p. 35 a function, each corresponding pair of input and output values forms an 
ordered pair of numbers that can be plotted as a point. The x-coordinate is 


e domain, p. 35 
the input. The y-coordinate is the output. 


• range, p. 35 

Table Ordered Pairs 
: REVIEW THE ; 
: COORDINATE PLANE E Output,y | Unput output) 
Lis dam 1,2) 
: coordinate plane, (2, 3) 
: see p. 919. | 

(4, 5) 


The horizontal axis of the graph is labeled with the input variable. The 
vertical axis is labeled with the output variable. 


Graph a function 


Graph the function y = lx with domain 0, 2, 4, 6, and 8. 


Solution 
STEP? Make an input-output STEP 2 Plot a point for each 
table. ordered pair (x, y). 
хој 2)4/ 6) 8 ¡APRA 
mee EIE 


et Tp | TT 


0 2 4 6 8 х 


GUIDED PRACTICE for Example 1 


1. Graph the function y = 2x — 1 with domain 1, 2, 3, 4, and 5. 


1.7 Represent Functions as Graphs 


43 


| EXAMPLE 2 ] Graph a function 


SAT SCORES The table shows the average score s on the mathematics section 
of the Scholastic Aptitude Test (SAT) in the United States from 1997 to 2003 as 
a function of the time tin years since 1997. In the table, 0 corresponds to the 
year 1997, 1 corresponds to 1998, and so on. Graph the function. 


Cola Та а е |e 


Years since 1997, t 


Solution 
: READING STEP 7 Choose a scale. The scale should 
: The symbol 4 on the allow you to plot all the points on a 
: vertical number line graph that is a reasonable size. = 
: represents a break in Ө 
: the axis. e The t-values range from 0 to 6, © ФТ 
so label the /-ахіѕ from 0 to 6 in m NEBESEENE 
increments of 1 unit. a INES 
e The s-values range from 511 to 519, 
so label the s-axis from 510 to 520 
in increments of 2 units. Years since 1997 


44, 


STEP2 Plot the points. 


r4 GUIDED PRACTICE for Example 2 


2. WHAT IF? In Example 2, suppose that you use a scale on the s-axis from 0 
to 520 in increments of 1 unit. Describe the appearance of the graph. 


| EXAMPLE З | Write a function rule for a graph 


Write a rule for the function represented by the graph. 
Identify the domain and the range of the function. 


Solution 
STEP? Make a table for the graph. 


STEP 2 Find a relationship between the inputs and the outputs. Notice from 
the table that each output value is 1 more than the corresponding 
input value. 


STEP 3 Write a function rule that describes the relationship: y = x + 1. 


> A rule for the function is y = x + 1. The domain of the function is 1, 2, 3, 4, 
and 5. The range is 2, 3, 4, 5, and 6. 
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СА GUIDED PRACTICE for Example 3 


Write a rule for the function represented by the graph. Identify the 
domain and the range of the function. 


3. y 4. y 
4 20 
2 10 
d 2 4 6 x 00 2 4 б + 


GUITAR SALES The graph shows guitar sales ye ү | ү 
(in millions of dollars) for a chain of music E 45 рф 
stores for the period 1999-2005. Identify the g` 

independent variable and the dependent е © - 

variable. Describe how sales changed over as 

the period and how you would expect sales in г: 5 T 


2006 to compare to sales in 2005. 


Solution 0 2 4 вх 


The independent variable is the number of Years since 1999 
years since 1999. The dependent variable is 

the sales (in millions of dollars). The graph shows that sales were increasing. 
If the trend continued, sales would be greater in 2006 than in 2005. 


r4 GUIDED PRACTICE for Example 4 


5. REASONING Based on the graph in Example 4, is $1.4 million a reasonable 
prediction of the chain's sales for 2006? Explain. 


CONCEPT SUMMARY For Vour Wotebook 


: Waysto Represent a Function 


: You can use a verbal rule, an equation, a table, or a graph to represent a function. 


Verbal Rule 
> The output is 1 less 


> than twice the input. 


Equation Table 
у=2х—1 
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1.7 EXERCISES HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
T KEY: on p. WS2 for Exs. 3 and 17 


Ж - STANDARDIZED TEST PRACTICE 
Exs. 2, 13, 18, 19, and 20 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: Each point on the graph of a function 
corresponds to an ordered pair (x, y) where xis in the ? ofthe function 
and yisinthe ? ofthe function. 


2. Ж WRITING Given the graph of a function, describe how to write a rule 
for the function. 


: EXAMPLE 1 GRAPHING FUNCTIONS Graph the function. 


: on p. 43 (з) _ ‚ 2 i | u 
: for Exs. 3-9 | y = х + 3; domain: 0, 1, 2, 3, 4, and 5 4. y= 5х + 1; domain: 0, 1, 2, 3, 4, and 5 
5. y = 2x + 2; domain: 0, 2, 5, 7, and 10 6. у = Зх — 1; domain: 1, 2, 3, 4, and 5 


7. y =x + 5; domain: 0, 2, 4, 6, 8, and 10 8. y= 2.5x; domain: 0, 1, 2, 3, and 4 


9. ERROR ANALYSIS Describe and correct the error 
in graphing the function y = x — 1 with domain 
1, 2, 3, 4, and 5. 


PI pp]. 
BLERNNEEST 
АФТИ 
ttt yt N 
lof {| | ttt 


v 


: EXAMPLE 3 WRITING FUNCTION RULES Write a rule for the function represented by the 


: on p. 44 graph. Identify the domain and the range of the function. 
: for Exs. 10—12 


Ф) y-à*3 у=х+5 


EE 1 _ 1 
© y-5xt5 D y=2x+5 
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14. CHALLENGE The graph represents a function. y 


a. Write a rule for the function. 4 
b. Find the value of y so that (1.5, y) is on 

the graph of the function. 2 

0 


' PROBLEM SOLVING 


: EXAMPLE 2 


: Dd erred ВА 
: for Exs. 15—17 


3 WEE а 
: for Exs. 18-19 


15. ADVERTISING The table shows the cost C (in millions of dollars) of a 
30 second Super Bowl ad on TV as a function of the time f (in years) since 
1997. Graph the function. 


Years since 1997, t о [та 


Cost (millions of dollars), С 1.2 1.3 


_@Homelutor 


for problem solving help at classzone.com 


16. CONGRESS The table shows the number r of U.S. representatives for Texas 
as a function of the time t (in years) since 1930. Graph the function. 


| @HomeTutor ) for problem solving help at classzone.com 


ELECTIONS The table shows the number v of voters in U.S. presidential 
elections as a function of the time t (in years) since 1984. First copy 
and complete the table. Round to the nearest million. Then graph the 
function represented by the first and third columns. 


Werne na | voters | voters (minions) ` 
о | шею |; _ 
са | CN 
osas | 


18. X WRITING The graph shows the number 
of hours of daylight in Houston, Texas, 
on the fifteenth day of the month, with 
1 representing January, and so on. 
Identify the independent variable and 
the dependent variable. Describe how the 
number of hours of daylight changes over 
a year. 


Hours of daylight 
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19. Ж SHORT RESPONSE А field biologist collected апа 
measured alligator snapping turtle eggs. The graph 
shows the mass m (in grams) of an egg as a function 
of its length £ (in millimeters). 


a. Describe As the lengths of the eggs increase, what 
happens to the masses of the eggs? 


b. Estimate Is 27.5 g a reasonable estimate for the 
mass of an egg that is 38 mm long? Explain. 


20. Ж SHORT RESPONSE Women first officially ran 
in the Boston Marathon in 1972. The graph shows 
the winning time ¢ (in minutes) for both men and 
women as a function of the number n of years since 
1972 for that year and every five years thereafter. 


a. CHALLENGE Explain how you can estimate the 
difference in the men’s and women’s winning time 
for any year shown. 


b. CHALLENGE Compare any trends you 
see in the graphs. 


: PREVIEW Copy and complete the statement using <, >, or =. (p. 909) 

i Prepare for әу 0.53 2.0.5 22. 3.9 ? 4.0 23. 1.64 ? 1.66 
: Lesson 2.1 in 

: Exs. 21—24. 


Solve the equation using mental math. (p. 21) 


25. x+ 12 = 20 26. 12z = 480 


Write a rule for the function. (p. 35) 


Tell whether the pairing is a function. (p. 35) 


Graph the function. (p. 43) 
4. y = 2x — 5; domain: 5, 6, 7, 8, and 9 


на a nn — A __ A ————————— 


MIXED REVIEW | 


27. х-8 = 5 


1. The domain of the function y = 12 — 2x is 0, 2, 3, 4, and 5. Make a table 
for the function, then identify the range of the function. (p. 35) 


28 32 36 404 
Length (mm) 


0 
0 10 20 30 7" 
Years since 1972 


24. 0.80 ? 0.8 
п _ 
28. 27 32 


5. y= 7 — x; domain: 1, 2, 3, 4, and 5 


48 EXTRA PRACTICE for Lesson 1.7, p. 938 2) ONLINE QUIZ at classzone.com 


Determine Whether a Relation 


Use after Lesson 1.7 


Key Vocabulary 
e relation, p. 49 


Is a Function 


Ге ТИ Determine whether a relation is a function when the relation is represented 
by a table or a graph. 


A relation is any pairing of a set of inputs with a set of outputs. Every 
function is a relation, but not every relation is a function. A relation is a 
function if for every input there is exactly one output. 


Determine whether a relation is a function 


Determine whether the relation is a function. 
b. 


a. The input 4 has two different outputs, 0 and 1. So, the relation is 
not a function. 


Solution 


b. Every input has exactly one output, so the relation is a function. 


USING THE GRAPH OF ARELATION You can use the vertical line test to 
determine whether a relation represented by a graph is a function. When a 
relation is not a function, its graph contains at least two points with the same 
x-coordinate and different y-coordinates. Those points lie on a vertical line. 


KEY CONCEPT For Your Notebook 


Vertical Line Test 
Words 


A relation represented by a graph is a function provided that no vertical 
line passes through more than one point on the graph. 


> Graphs 


A 


AA 


0666660 


E. ЧИП. ЧИ! ЧИП ЧИП: 


Function Function Nota function 


0000009506560 


AAA ANA 
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ЭТТЕР Use the vertical line test 


Determine whether the graph represents a function. 
а. y b. y 
4 4 
| 2 2 
0 0 
0 2 4 6 х 0 2 4 6 х 
You can draw a vertical line through No vertical line can be drawn 
the points (1, 2) and (1, 4). The graph through more than one point. 
does not represent a function. The graph represents a 
function. 


primates Algebra at classzone.com 


_ PRACTICE 


: EXAMPLE 1 IDENTIFYING FUNCTIONS Determine whether the relation is a function. 


: on p. 49 1 
: for Exs. 1-3 ° 


: EXAMPLE 2 IDENTIFYING FUNCTIONS Determine whether the graph represents a function. 


T A sc | m - є 
: for Exs. 4—6 j > dix 
4 4 4 
| 2 2 2 
0 0 0 

0 2 4 6 х 0 2 4 6 х 


REASONING Tell whether the pairing of x-values and y-values is necessarily 
a function. Explain your reasoning. 


7. A teacher makes a table that lists the number x of letters in the first name 
and the number y of letters in the last name of each student in the class. 


0 2 4 б + 


8. Your doctor records your height x (in inches) and your weight y (in 
pounds) each time you have a medical exam. 


9. You have a record of your age x (in years) and your height y (in inches) on 
each of your birthdays since you were born. 
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MIXED REVIEW of problem solving PO) 


Lessons 1.5-1.7 
1. MULTI-STEP PROBLEM A pizza shop charges 


$7 for a large cheese pizza plus $.95 for each 

topping. 

a. Use a verbal model to write an equation 
for the total cost C (in dollars) of a pizza 
with n toppings. 


b. The pizza shop offers 10 toppings. Write 
an input-output table for the total cost 
(in dollars) of a pizza as a function of the 
number п of toppings. Explain why the 
table represents a function and describe 
the domain and range of the function. 


c. You have $15 to spend on a large pizza. 
What is the greatest number of toppings 
you can afford? 


. SHORT RESPONSE 


Your class is planning 

a car wash. You need б А АЕ 
$75 worth of materials. As 
a. Use a verbal model to we рег саг 
write ап equation that 

relates your profit to the number 

of cars you wash. Find your profit 

if you wash 120 cars. 


b. Does doubling the number of cars you 
wash double your profit? Explain. 


. MULTI-STEP PROBLEM You are painting a 
room in a community center. The room has 
four walls that are each 9 feet high and 

25 feet long. There are two rectangular 
windows and two rectangular doors that do 
not need to be painted. Each window is 

3.5 feet wide and 4 feet high. Each door is 
3.5 feet wide and 7 feet high. 


a. Find the combined area of the windows 
and doors. 


b. Find the combined area of all four walls, 
excluding the windows and the doors. 


с. A gallon of paint covers about 400 square 
feet. How many one-gallon cans of paint 
will you need in order to give the room 
one coat of paint? 


d. The paint costs $24.95 per gallon. How 
much will it cost for one coat of paint? 
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. GRIDDED ANSWER You consider 68°F 


to be a comfortable room temperature. 
The temperature in a room is 18°С. How 
many degrees Celsius should you raise the 
temperature so that it will be 68°F? 


. SHORT RESPONSE Your family is driving 


from Charleston, South Carolina, to 
Jacksonville, Florida, a total distance of 
about 250 miles. You leave Charleston at 
1:00 р.м. You travel at an average speed of 
55 miles per hour without stopping. Will 
you get to Jacksonville before the 5:00 р.м. 
rush hour? Explain. 


. GRIDDED ANSWER А person invests $1200 


in an account earning 3% simple annual 
interest. How much will be in the account 
after 2 years? 


. OPEN-ENDED Write a problem that involves 


a real-world situation and that can be solved 


STATE TEST PRACTICE 


using the formula for distance traveled. Solve 


the problem and explain what the solution 
means in the situation. 


. EXTENDED RESPONSE You pay $40 per hour 


for windsurfing lessons and rent equipment 
for $20 per hour. The cost (in dollars) of 


lessons and the cost (in dollars) of rentals are 


both functions of the time (in hours). 


a. Write a rule for each 
function. 


b. Let the domains of 
the functions be the 
whole numbers from 
0 to 6. Graph each 
function. 


c. You rent equipment 
for every lesson you 
take. What function 
gives your total cost? 
How would the graph 
of this function 
compare with the 
graphs in part (b)? 
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Big 


Big 


Big 


CHAPTER SUMMARY f 


PT | 
(Animated Algebra 
classzone.com 
Electronic Function Library 


BIG IDEAS For Your Notebook 


Writing and Evaluating Algebraic Expressions 


The cost of admission for one student at a planetarium is $6. You can use a 
verbal model to write an expression for the total cost of admission for any 
number of students. 


Price per Number of 
student . students 
(dollars/student) (students) 
6 . $ 


An expression is 65. Because dollars = * students = dollars, the expression 


produces an answer in dollars. The expression is reasonable. 


Using Expressions to Write Equations and Inequalities 


You can use symbols to write an equation or inequality that compares the 
expression 6s to another expression. 


The total cost of admission to the planetarium for s students at a rate of 
$6 per student is $150. 


6s = 150 Equation 


The total cost of admission to the planetarium for s students at a rate of 
$6 per student is no more than $150. 


6s € 150 Inequality 


Representing Functions as Verbal Rules, Equations, Tables, and Graphs 


You can use a verbal description, an equation, a table, or a graph to represent a 
function. 


Words The total cost (in dollars) of admission to the planetarium is 6 times 
the number of students. 


Equation Table Graph 

C = 6s C 
Input, s | Output, C 18 

0 0 Б 
1 5 12 

1 6 = 

а 
2 12 З 6 

| 
3 18 0 
0 2 4 5 


Students 
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e Multi-Language Glossary 
. * Vocabulary practice 
e variable, р. 2 • verbal model, p. 16 • formula, р. 30 
e algebraic expression, р. 2 * rate, unit rate, p. 17 e function, p. 35 
• evaluate an algebraic * equation, inequality, p. 27 e input, output, p. 35 
expression, p. 2 * open sentence, р. 21 * domain, range, p. 35 
* power, exponent, base, p. 3 • solution of an equation or * independent variable, p. 36 
* order of operations, p. 8 inequality, p. 22 - dependent variable, p. 36 
VOCABULARY EXERCISES 


In Exercises 1-3, copy and complete the statement. 


1. In the power 7^, ? is the base and ? is the exponent. 


2. A(n) ? isa statement that contains the symbol =. 
3. A(n) ? is an expression that includes at least one variable. 
4 


. WRITING Describe how you can tell by looking at the graph of a function 
which variable is the input variable and which is the output variable. 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding of 
the concepts you have learned in each lesson of Chapter 1. 


Evaluate Expressions pp. 2-7 


: EXAMPLES 


i for Exs. 5-12 


Evaluate 6 — n when n = 4. 


6-n=6-4 Substitute 4 for n. 


=2 Simplify. 
EXERCISES 
Evaluate the expression. 
5. 3+ x when x = 13 6. y — 2 when y = 18 7. T when k=2 
8. 40w when ш = 0.5 9. 2? when z = 20 10. и when ш = 0.1 


11. DVD STORAGE A DVD storage sleeve has the shape of a square with an 
edge length of 5 inches. What is the area of the front of the sleeve? 


12. NOTEPAPER You store square notepaper in a cube-shaped box with an 
inside edge length of 3 inches. What is the volume of the box? 
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: EXAMPLES 
: 1,2, апа з 


: for Exs. 13—21 


CHAPTER REVIEW 


Apply Order of Operations pp. 8-12 


Evaluate (5 + 3)? +2 x 3. 
(B-3)—2xX328^—2X3 Add within parentheses. 


—64—2x3 Evaluate power. 


= 32 х3 Divide. 

= 96 Multiply. 
EXERCISES 
Evaluate the expression. 
13. 12-6+2 14. 1+2.92° 15. 3+2°-6+2 
16. 15 — (4 + 32) 17. с 7: 18. 50 — [7 + (32 + 2)] 
Evaluate the expression when x = 4. 
19. 15x — 8 20. 3х? + 4 21. 2(х— 1)° 


1.3 Write Expressions pp. 15-20 | 


: EXAMPLES 
: 1, 2, and 3 


3 Dn pH ise МА 
: for Exs. 22-27 


Write an expression for the entry fee in a jazz band competition if there is 
a base fee of $50 and a charge of $1 per member. 


Write a verbal model. Then translate the verbal model into an algebraic 
expression. Let n represent the number of band members. 


Base fee Cost per member Number of members 
(dollar) + (dollars/memben * (members) 

Y Y gv 

50 + 1 ° n 


> An expression for the entry fee (in dollars) is 50 + n. 


EXERCISES 

Translate the verbal phrase into an expression. 

22. The sum of a number k and 7 23. 5 less than a number z 

24. The quotient of a number k and 12 25. 3 times the square of a number x 


26. TOLL ROADS A toll road charges trucks a toll of $3 per axle. Write an 
expression for the total toll for a truck. 


27. SCHOOL SUPPLIES You purchase some notebooks for $2.95 each and a 
package of pens for $2.19. Write an expression for the total amount (in 
dollars) that you spend. 
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Write Equations and Inequalities pp. 21-26 | 


Write an inequality for the sentence “The sum of 3 and twice a number k is 
no more than 15”. Then check whether 4 is a solution of the inequality. 


An inequality is 3 + 2k< 15. 
To check whether 4 is a solution of the inequality, substitute 4 for К. 
3 + 2(4) < 15 Substitute 4 for К. 


11<15Y The solution checks. So, 4 is a solution. 


EXERCISES 
: EXAMPLES Write an equation or an inequality. 
: Тапа 2 . 
Жест 28. The product of a number z and 12 is 60. 
: On pp. 21-22 


: for Exs. 28-32 29. The sum of 13 and a number fis at least 24. 


Check whether the given number is a solution of the equation or inequality. 
30. 3x — 4 = 10; 5 31. 4у – 22233 32. 2d + 4<9d — 7; З 


Ё 5] Use a Problem Solving Plan pp. 28-33 | 


A rectangular banner is 12 feet long and has an area of 60 square feet. What 
is the perimeter of the banner? 


STEP 7 Read and Understand You know the length of the rectangular banner 
and its area. You want to find the perimeter. 


STEP 2 Make a Plan Use the area formula for a rectangle to find the width. 
Then use the perimeter formula for a rectangle. 


STEP 3 Solve the Problem Substituting 12 for £ in the formula A = Zw, 
60 = 12w. Because 12 • 5 = 60, ш = 5. Then substituting 12 for 2 and 
5 for win the formula P = 24 + 2w, P = 2(12) + 2(5) = 34 feet. 


STEP 4 Look Back Use estimation. Since 2 = 10 and A = 60, w= 6. Then 
P= 2(10) + 2(6) = 32 feet, so your answer is reasonable. 


EXERCISES 
: EXAMPLES 33. U.S.HISTORY The flag that inspired the national anthem was a rectangle 
: 1,2,and з 30 feet wide and 42 feet long. Pieces of the flag have been lost. It is now 
: on p. 28-30 30 feet wide and 34 feet long. How many square feet have been lost? 


: for Exs. 33-34 
34. PATTERNS A grocery clerk stacks three rows of cans of fruit for a display. 
Each of the top two rows has 2 fewer cans than the row beneath it. There 
are 30 cans altogether. How many cans are there in each row? 
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: EXAMPLES 
:1,3,апаа 
: on p. 35-37 

: for Exs. 35-38 


1.7 


: EXAMPLES 
: 1,3, and 4 


: on pp. 43-45 - 
: for Exs. 39-40 


EXAMPLE] y 
Write a rule for the function represented by the graph. * 
Identify the domain and the range of the function. ; 
Make a table for 
the graph. NB. 0 


CHAPTER REVIEW 
Ё |, a Represent Functions as Rules and Tables pp. 35-40 | 


The domain of the function y = 3x — 5 is 2, 3, 4, and 5. Make a table for the 
function, then identify the range of the function. 


008 41 3 4 48 | 8 


The range of the function is 1, 4, 7, and 10. 


EXERCISES 
Make a table for the function. Identify the range of the function. 
35. у= x —5 36. y=3x+ 1 
Domain: 10, 12, 15, 20, 21 Domain: 0, 2, 3, 5, 10 


Write a rule for the function. 


o Jaja ]s] (imma ola «6 
Compay a| 61819] ошау o (15 2 30. 


Represent Functions as Graphs pp.43-48. 


Each y-value is 2 less than the corresponding x-value. A rule for the function is 
у = x — 2. The domain is 2, 3, 4, 5, and 6. The range is 0, 1, 2, 3, and 4. 


EXERCISES 
39. Graph the function y = 4x — 3 with domain 1, 2, 3, 4, and 5. 
40. Write a rule for the function represented by the 


graph. Identify the domain and the range of the 
function. 
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CHAPTER TEST 


Evaluate the expression. 


l. 7+3°.2 2. (5^ + 17) +7 3. (24 — 11) – (3+ 2) +4 
4. = when x = 30 5. п when п = 20 6. 15 — twhent= 11 
7 12 + 4x when x = 15 8. 322 — 7when z= 6 9. 2(4n + 5) when n = 2 


Write an expression, an equation, or an inequality. 
10. The sum of 19 and the cube of a number x 
11. The product of 3 and a number y is no more than 21. 


12. Twice the difference of a number z and 12 is equal to 10. 


Check whether the given number is a solution of the equation or 
inequality. 


13. 2 + Зх = 10; 2 14. 8 + 3р > 15; 2 15. Пу – 5 <30; 3 


16. Refer to the graph. 
a. Explain why the graph represents a function. 
b. Identify the domain and the range. 
c. Write a rule for the function. 


17. FOOD PREPARATION You buy tomatoes at 
$1.29 per pound and peppers at $3.99 per pound 
to make salsa. Write an expression for the total 
cost of the ingredients. Then find the total cost of 
5 pounds of tomatoes and 2 pounds of peppers. 


18. CAR EXPENSES A family determined the average cost of maintaining 
and operating the family car to be about $.30 per mile. On one trip, the 
family drove at an average rate of 50 miles per hour for a total of 
6.5 hours. On a second trip, they drove at an average rate of 55 miles 
per hour for a total of 6 hours. Which trip cost more? How much more? 


19. SHOE SIZES A man’s size 6 shoe is the same size as a woman's size 72. 


The table shows other corresponding sizes of men's and women's shoes. 


1 1 1 
LI |s |; 4e ajo 


"M 1 1 1 1 
F^ g o eg o Log o oag 


a. Using the data in the table, write a rule for women’s shoe size as a 
function of men’s shoe size. Identify the domain and the range. 


b. Graph the function. 
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Scoring Rubric 


Full Credit 
• solution is complete 
and correct 


Partial Credit 

• solution is complete 
but has errors, 
or 

• solution is without 
error but incomplete 


No Credit 

* no solution is given, 
or 

e solution makes no 
sense 


—————— » 
The function rules are 


correct. The tables and 
explanation show how 
the problem was solved. 


e0060000000000000000000000009000€ р> 
The solution is correct. 


————— > 
The reasoning and the 


function rule are correct. 


TEE OTE RR T р> 
The solution is incorrect. 


The student substituted 
30 for t instead of for Р. 


58 


SHORT RESPONSE QUESTIONS 
PROBLEM 


Р 


ROBLEM > 


Mike and Aaron are inflating helium balloons for a graduation party. Mike 
can inflate 3 balloons per minute, and Aaron can inflate 2 balloons per 
minute. If Mike and Aaron start inflating balloons at the same time, how 


many minutes will it take them to inflate a total of 30 balloons? Explain 
your answer. 


Below are sample solutions to the problem. Read each solution and the 
comments on the left to see why the sample represents full credit, partial 
credit, or no credit. 


SAMPLE 1: Full credit solution 


For each person, the number of balloons inflated is a function of the 
number of minutes. Let t be the time (in minutes) that Mike and Aaron 
have been inflating balloons, and let b be the number of balloons inflated. 


Mike: b = 3t | t | 1 | 2 | 3 | 4 5 6 
b| 3 | 6 | 9 12 | 15 | 18 
b 4 | 6 | 8 | 10 | 12 


2 


The tables show that in 6 minutes Mike will have inflated 18 balloons, and 
Aaron will have inflated 12 balloons. 


Since 18 + 12 = 30, it will take Mike and Aaron 6 minutes to inflate a total 
of 30 balloons. 


SAMPLE 2: Partial credit solution 
Since Mike can inflate 3 balloons per minute and Aaron can inflate 
2 balloons per minute, together they can inflate 5 balloons per minute. 


Use the function b = 5t where tis the time (in minutes) and bis the 
number of balloons inflated. 


b — 5t 
— 5(30) 
— 150 
So, it will take 150 minutes, or 2.5 hours, to inflate 30 balloons. 
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$66090000000060000000000009000000899 > 
The solution is without 


error but incomplete. 
There is no explanation 
of how the graph was 
used to find the answer. 


T"—————— » 
The solution makes no 


sense. Each boy takes 
less time working alone. 


SAMPLE 3: Partial credit solution 


Mike can inflate 3 balloons per minute, and 
Aaron can inflate 2 balloons per minute. Let £ 
represent the time in minutes and Р represent 
the total number of balloons the friends 
inflate. Graph the function Р = 5t. 


It will take 6 minutes to inflate 
30 balloons. 


ww 
a > 


N 
о 


— 
c 


Number of balloons 


© 


0 2 4 6! 
Time (minutes) 


SAMPLE 4: No credit solution 


Mike takes 30 + 3 = 10 minutes to inflate 30 balloons. Aaron takes 
30 = 2 = 15 minutes to inflate 30 balloons. Because 10 + 15 = 25, it will 
take Mike and Aaron 25 minutes to inflate 30 balloons. 


PRACTICE Apply the Scoring Rubric 


Score the solution to the problem below as full credit, partial credit, or no 
credit. Explain your reasoning. 


PROBLEM Jessica and Graciela start exercising at the same time. Jessica 
jogs at a rate of 600 feet per minute. Graciela walks in the same direction 


at a rate of 400 feet per minute. If the girls start at the same time, in how 
many minutes will they be 4000 feet apart? Explain. 


1. 


Because 4000 + 200 = 20, Jessica and Graciela will be 4000 feet apart 
after 20 minutes. 


t be time (in minutes) and d be distance (in feet). Then d = 10OOt, and 
when t = 4, d = 4000. The answer ie 4 minutes. 


For every minute they exercise, the girls travel a total of 10OO feet. Let | 


= WR — = AZ E = = = —_ - —! 


Let t be the time (in minutes) and d be the distance (in feet). For 
Jessica, d = 600+. For Graciela, d = 4OOt. 


5 | 10 | 15 | 20 ||| 5 | 10 | 15 | 20 
| 30900 | 6000 | 9000 | 


| 12000 | | d | 2000 | 4000 | 6000 | 8000 | 


When t = 20, GOOt = 12,000 and 400t = 000, so the girls are 
4000 feet apart. The answer is 20 minutes. 
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SHORT RESPONSE 


1. A punch recipe uses 2 parts pineapple juice 
to 3 parts apple juice. The table shows the 
number of calories in each type of juice. 


Juice Calories in one cup 
[ 
pineapple 140 
| | 
apple 120 | 


Would you expect there to be fewer than 

120 calories, between 120 and 140 calories, or 
more than 140 calories in 1 cup ofthe punch? 
Exactly how many calories are there in 1 cup 
of the punch? Explain. 


2. Ming has saved $340 to spend on an MP3 
player and music. Music for the MP3 player 
costs $.99 per song, and Ming wants to buy at 
least 100 songs. Which models of MP3 player 
should she consider purchasing? Explain 
your reasoning. 


[s UU DILE] 
| Model | Price (dollars) | 
A | 230 


| C 275 

EN 299 

3. An animal shelter has 200 calendars to sell at 
a fair as a fundraiser. Each of the calendars 


costs $3 to make. The shelter hopes to sell all 
the calendars and make a total profit of $1800. 


a. What should the selling price of each 
calendar be? 


b. Ifthe shelter hopes to make a profit of 
$2000, what should the selling price of 
each calendar be? Explain your reasoning. 


4. Mark works at a grocery store where 
employees make one and a half times their 
regular hourly wage when they work on a 
Saturday or a Sunday. Mark works an 8 hour 
shift 5 days per week, sometimes including 
weekends. His regular hourly wage is $8.50. 
What is the maximum amount that he could 
earn in one week? Explain your reasoning. 
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5. The Ruizes offer each of their children two 


different options for increasing the child's 
weekly allowance. 


Option 1: Increase the allowance by one half 
of the current allowance. 


Option 2: Increase the allowance by $3 per 
week. 


Describe under what conditions each option 
is preferable. Justify your answers. 


6. A pizzeria charges $11 for a large cheese 


pizza. The pizzeria is offering a special deal. 
If you buy 3 large cheese pizzas, you can 
choose to get a fourth cheese pizza free. 


a. Make a table showing the cost (in dollars) 
of 1, 2, 3, or 4 pizzas. 

b. Is the cost of the pizzas a function of the 
number of pizzas purchased? Explain. 


c. Isthe number of pizzas purchased a 
function of the cost (in dollars)? Explain. 


7. You buy 5 feet of ribbon to decorate the edge 


of a rectangular placemat. You have 6 inches 
of ribbon left over after you decorate the 
placemat. What is the width of the placemat? 
Explain your method. 


Xin. 


16 in. 


. Two buses leave the same stop at the same 


time and travel the same route. One is an 
express bus and doesn’t make any stops 
along the way. The other is a local bus and 
makes stops along the way. 


The express bus travels at an average speed 
of 40 miles per hour, and the local bus travels 
at an average speed of 30 miles per hour. 

The route is 10 miles long and the local 

bus makes 5 two-minute stops. How many 
minutes do you save by taking the express 
bus instead of the local bus? Explain. 


| 7 ) ЅТАТЕ ТЕЅТ РВАСТІСЕ 
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MULTIPLE CHOICE GRIDDED ANSWER 
9. Which is a rule for the function given bythe 12. What is the value of the expression 
input-output table? 202 — 2(2 + 3)?? 


ШЕННЕ — |... |... |... | 2 _ е 
Input, x 8 > | 14 13. What is the value of x^ — 2x + 7 when x = 3? 


| j| | i = 9x? 
Output,y 5 7 9 11 14. What is the solution of the equation 54 = 9x? 


QD y=x-3 (В) y=x-2 
(С) y=x+3 D у=х+2 - 


15. What is the volume (in cubic 
inches) of the cube? 


. Arectangular field is twice 
as long as it is wide. A golf 
cart traveling at 12 miles per 
hour takes 7.5 minutes to 
travel the perimeter of the field. 

What is the length (in miles) of the field? 


10. The number of adult tickets sold at a school 
talent show is 5 less than 3 times the number 
c of children's tickets sold. Which expression 
represents the number of adult tickets sold? 


(А) 3c+5 С 17. The table represents a function that can also 
© 5c+3 (D 3с—5 be represented by a rule. What is the missing 
value in the table? 


11. The function y = 2x + 4 has a domain of 2, 3, 


5, 7, and 8. Which number is not in the range 7 8 11 12 
ion? 
of the function? 0 н 4 5 
@ 8 12 
© 18 (D> 20 
EXTENDED RESPONSE 


18. Mario deposits $140 in an account that earns simple interest at a rate of 
5% per year. On the same day, Andy deposits $150 in an account that earns 
simple interest at a rate of 3% per year. Mario and Andy plan to keep the 
accounts for at least 5 years, but make no additional deposits. 


a. For each account, write a rule for the the amount / (in dollars) of interest 
as a function of the time t (in years) that the account has been open. 


b. Let the domain of each function in part (a) be 1, 2, 3, 4, and 5. Make a 
table for each function. 


c. After how many years will the total amount in each account be the same? 
How much will be in each account? Justify your answer. 


19. A dance floor is made from square wooden tiles with a side length of 1 foot. 
The floor can be laid out as a square or as a rectangle. The width of the 
rectangular floor is 10 feet less than the width of the square floor, and its S 
length is 15 feet greater than the length of the square floor. 


a. How much greater is the length of the rectangular dance floor than the 
width? Justify your answer. 


b. The perimeter of the rectangular dance floor is 130 feet. What are the 
length and width of the dance floor? Explain your reasoning. 


c. How many square tiles make up the dance floor? 
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Properties of Real 
Numbers 


of Chapter 2 2.1 Use Integers and Rational Numbers 


In this chapter you will 2.2 Add Real Numbers 
learn the properties of 2.3 
real numbers and of d 
operations, as well as 2.4 Multiply Real Numbers 
the basics of logical 2.5 
reasoning. By the end н 
of this chapter, you will 2.6 Divide Real Numbers 
have the tools you need 27 
to solve equations. ч 


Subtract Real Numbers 
Apply the Distributive Property 


Find Square Roots and Compare Real Numbers М 


( Before ` 
Previously, you learned the following skills, which you'll use in Chapter 2: 


comparing and ordering numbers, evaluating expressions, and applying the 
order of operations. 


VOCABULARY CHECK 
E In Exercises 1 and 2, copy and complete the statement. 
= bm 1. Theleast common denominator of the fractions 2 and > is 2. 
am > 2. The variable in the expression 5x — 3is_? . 


3. According to the order of operations, what is the first step in simplifying 
the expression (3 + 4)? — 8? 


SKILLS CHECK 
Copy and complete the statement using <, >, or =. (Prerequisite skill for 2.1, 2.7) 
4. 26.70_? 29.69 5. 15.09_? 15.1 6. 0.333 ? 0.34 7.2.5 ? 2.500 


Evaluate the expression when x — 5. (Prerequisite skill for 2.2—2.4, 2.6) 


8. 52— x 9. 17x 10. x + 39 p == 
Evaluate the expression. (Prerequisite skill for 2.5) 
12. 5m — 9 when m = 6 13. 16 — r— 3 when r= 10 
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= 


In Chapter 2, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 120. You will also use the key vocabulary listed below. 


©) Performing operations with real numbers 
© Applying properties of real numbers 
© Classifying and reasoning with real numbers 


KEY VOCABULARY 
* whole numbers, integers, p. 64 + multiplicative identity, p. 89 * square root, radicand, 


e rational number, p. 64 e equivalent expressions, p.96 Р. 110 

* opposites, absolute value, p. 66 * distributive property, p. 96 * perfect square, p. 111 

e conditional statement, p. 66 +term, coefficient, constant • irrational number, p. 111 
e additive identity, р. 76 term, like terms, p. 97 • real numbers, p. 112 

* additive inverse, p. 76 * multiplicative inverse, p. 103 


a 


You can use multiple representations to solve a problem about a real-world 
situation. For example, you can write an equation and make a table to find a 
skydiver’s altitude over time. 


я 


LC y LN 


Ye —— 
The animation illustrated below for Exercise 54 on page 93 helps you answer 
this question: How does the time spent in free fall after a skydiver reaches 


terminal velocity affect the altitude of the skydiver? 


Whee Animation 


a : "A P i—— i — 
|! A skydiver in freefall wants to open the | | Move the sliders to determine when the |, 
parachute atan altitude of 2500 feet. ¡| parachute should open. 


at classzone.com 


Other animations for Chapter 2: pages 73, 80, 90, and 98 


Use Integers апа 
Rational Numbers 


2 o 

You performed operations with whole numbers. 
| Now ) You will graph and compare positive and negative numbers. 
So you can compare temperatures, as in Ex. 58. 


Key Vocabulary Whole numbers are the numbers 0, 1, 2, 3, . . . and integers are the numbers 
e whole numbers ..., 59, —2, 1,0, 1, 2, 3, . . . . (The dots indicate that the numbers continue 
* integers without end in both directions.) Positive integers are integers that are greater 
e rational number than 0. Negative integers are integers that are less than 0. The integer 0 is 
e opposites neither negative nor positive. 
• absolute value 
* conditional < Negative integers Positive integers 
statement 


a -5 -4 -3 -2 =] 0 1 2 3 4 5 6 


Zero is neither negative nor positive. 


Graph and compare integers 


Graph —3 and —4 on a number line. Then tell which number is greater. 


> On the number line, —3 is to the right of —4. So, —3 > —4. 


RATIONAL NUMBERS The integers belong to the 
set of rational numbers. A rational number is a 


; Where a and bare integers and b + 0. For Rational numbers 


‘Integers — 


Real numbers 


number 


: READING 


жыра --»> example, = is arational number because it can be 
: Although you can write 2 


: anegative fractionin written аѕ 21 or 1. The rational numbers belong to 
: different ways, you 2 —2 

: usually write it with the the set of numbers called the real numbers. 

: negative sign in front of 

: the fraction. 


GUIDED PRACTICE for Example 1 


Graph the numbers on a number line. Then tell which number is greater. 


1. 4and0 2. 2and -5 3. —l and -6 
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DECIMALS In decimal form, a rational number either terminates or repeats. 


: REVIEW FRACTIONS . . . : Е 
AIDE DID »-For example, 3=0.75isa terminating decimal, and 1 -0.333...isa 
: For help with writing 4 3 

: fractions as decimals, repeating decimal. 

: see p. 916. 


| EXAMPLE 2 | Classify numbers 


Tell whether each of the following numbers is a whole number, an 


integer, or a rational number: 5, 0.6, 2%, and —24. 


Whole number? | Integer? Rational number? 


: JUSTIFY AN ANSWER 


МЕ ов ою 
: rational number 
: because it can be 


: written as a quotient 

| з —24 

: of two integers: 5 

| EXAMPLE 3 | Order rational numbers 


ee 
ee 


ASTRONOMY A star’s color index is a measure of the temperature of the star. 


The greater the color index, the cooler the star. Order the stars in the table 
from hottest to coolest. 


зш mg | лге | Denetora | shau | 


l Colorindex соз ол | ою | соз 


Solution 


Begin by graphing the numbers on a number line. 
—0.22 —0.03 0.09 0.21 


—0.3 —0.2 —0.1 0 0.1 0.2 0.3 


Read the numbers from left to right: —0.22, —0.03, 0.09, 0.21. 


» From hottest to coolest, the stars are Shaula, Rigel, Denebola, and Arneb. 


GUIDED PRACTICE for Examples 2 and з 


Tell whether each number in the list is a whole number, an integer, or a 
rational number. Then order the numbers from least to greatest. 


4. 3, 12, 2,0 5. 4.5, e —2.1, 0.5 


6. 3.6, —1.5, —0.31, —2.8 7. L 1.76, -t 0 


2.1 Use Integers and Rational Numbers 
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OPPOSITES Two numbers that are the same distance from 0 on a number line 
but are on opposite sides of 0 are called opposites. For example, 4 and —4 are 
opposites because they are both 4 units from 0 but are on opposite sides of 0. 
The opposite of 0 is 0. You read the expression —a as “the opposite of a.” 


4 units 4 units 


| EXAMPLE 4 ] Find opposites of numbers 


a. If a = —2.5, then -a = —(—2.5) = 2.5. 


_3 la A 
b. Ifa = 7, then а = –7. 


: READING. — ABSOLUTE VALUE The absolute value of a number a is the distance between 
: The absolute value a and 0 on a number line. The symbol |а| represents the absolute value of a. 
: of a number is also 


: called its magnitude. 


KEY CONCEPT For Vour Wotebook 


Absolute Value of a Number 


Words If a is positive, then |а| = a. Example |2| -2 
Words If a is 0, then |a| = 0. Example |0| = 0 
Words If a is negative, then |a| = —a. Example |-2| = -(-2) = 2 


| EXAMPLE 5 | Find absolute values of numbers 
: AVOID ERRORS 


: 2 2 2 2 
Жат түтү ҮҮ ЕЕЕ P» а. If a = —— then al = =| - -(-2)=2 
: The absolute value 3 al 3 3 


q atu number ls never b. Ifa = 32, then |а| = |3.2| = 3.2. 
: negative. If a number 


: a is negative, then its 

: absolute value, —a, 

: is positive. CONDITIONAL STATEMENTS А conditional statement has a hypothesis 
and a conclusion. An if-then statement is a form of a conditional statement. 
The if part contains the hypothesis. The then part contains the conclusion. 


conditional statement 
————— ——————— 4 
If ais a positive number, then lal = а. 
00 — 
hypothesis conclusion 


In mathematics, if-then statements are either true or false. An if-then 
statement is true if the conclusion is always true when the hypothesis 

is satisfied. An if-then statement is false if for just one example, called a 
counterexample, the conclusion is false when the hypothesis is satisfied. 
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| EXAMPLE 6 ] Analyze a conditional statement 


Identify the hypothesis and the conclusion of the statement “If a number is a 
rational number, then the number is an integer.” Tell whether the statement 
is true or false. If it is false, give a counterexample. 


Solution 
Hypothesis: a number is a rational number 
Conclusion: the number is an integer 


The statement is false. The number 0.5 is a counterexample, because 0.5 is a 
rational number but not an integer. 


СА GUIDED PRACTICE | for Examples 4, 5, and 6 


For the given value of a, find —a and la | А 


8. а = 5.3 9. а= —7 10. a = — 


epe 


Identify the hypothesis and the conclusion of the statement. Tell whether 
the statement is true or false. If it is false, give a counterexample. 


11. If a number is a rational number, then the number is positive. 


12. If the absolute value of a number is positive, then the number is positive. 


21 EXERCISES "0" О-оо 
ө KEY: on p. WS3 for EXS. 7, 29, and 53 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 3, 4, 39, 50, 56, and 59 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: A number is a(n) ? if it can be written 


in the form > where a and Р are integers and Р = 0. 


2. VOCABULARY What is the opposite of —2? 


3. Ж WRITING Describe the difference between whole numbers and 
positive integers. 


4. Ж WRITING For a negative number x, is the absolute value of x a positive 
number or a negative number? Explain. 


: EXAMPLE 1 GRAPHING AND COMPARING INTEGERS Graph the numbers on a number 


: on p. 64 line. Then tell which number is greater. 
клн 5. Oand 7 6. Oand —4 ©- 5 and —6 
8. —2 апа —3 9. 5and —2 . —12апа8 
11. —l and —5 12. Запа —13 13. —20 and —2 
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: EXAMPLES 


: for Exs. 14-22 


: EXAMPLES 


: for Exs. 23-34 


: EXAMPLE 6 


3 cgi E A 
: for Exs. 35-38 
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CLASSIFYING AND ORDERING NUMBERS Tell whether each number in the 
list is a whole number, an integer, or a rational number. Then order the 
numbers from least to greatest. 


M. 3, 5, 24,1 15. 1.6, 1, 4,0 16. 0.25, —0.5, 0.2, —2 
2 _ 1 _ __1 Е 5 _ 

17. —§, -0.6, -1,4 18. —0.01, 0.1, 0, -+ 19. 16, -1.66, 2, —1.6 

20. —2.7, 1, 0.3, —7 21. —4.99, 5, 16, 81 22, ==, —0.4, —1, —0.5 


FINDING OPPOSITES AND ABSOLUTE VALUES For the given value of a, find 
—aand |а|. 


23. a=6 24. а = —3 25. a = —18 26. а=0 

27. а= 13.4 28. a=2.7 а = —6.1 30. а = —7.9 
= qt m. — 3 — 11 

31. а= 15 32. а 6 33. a 1 34. а 13 


ANALYZING CONDITIONAL STATEMENTS Identify the hypothesis and the 
conclusion of the conditional statement. Tell whether the statement is true 
or false. If it is false, give a counterexample. 


35. If a number is a positive integer, then the number is a whole number. 
36. If a number is negative, then its absolute value is negative. 
37. If a number is positive, then its opposite is positive. 


38. If a number is an integer, then the number is a rational number. 
39. A MULTIPLE CHOICE Which number is a whole number? 
18 4 
® |-> -3 © 16 (D —(—7.963) 
ERROR ANALYSIS Describe and correct the error in the statement. 


40. 41. 
The numbers —(—2), —4, The numbers | —5.4 |, —(—2); 


- |a|, and —0.3 are - | —0.2 |, and 0.87 
negative numbers. are positive numbers. 


EVALUATING EXPRESSIONS Evaluate the expression when x = —0.75. 
42. —х 43. |x| +0.25 44. |x| — 0.75 45. 1+ |-x| 
46. 2.(—х) 47. (—x) * 3 48. |x| + |x| 49. =x + |x| 


50. Ж MULTIPLE CHOICE Which number is a solution of |x| + 1 = 1.3? 
СА) -2.3 —0.3 © 1.3 (D> 2.3 


51. CHALLENGE What can you conclude about the opposite of the opposite of 
a number? Explain your reasoning. 


52. CHALLENGE For what values of a is the opposite of a greater than a? less 
than a? equal to a? 


©) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 


on p. WS1 TEST PRACTICE 


К ЖАЧҲУ 35 ҤС 
' PROBLEM SOLVING 


: EXAMPLE 3 GEOGRAPHY The map shows various locations in Imperial County, CA 
: on p. 65 Imperial County, California, and their elevations 
: for Exs. 53, 57 above or below sea level. Order the locations from 


lowest elevation to highest elevation. 


©@НотеТиёог 


for problem solving help at classzone.com 


54. SPORTS In golf, the goal is to have the least score 
among all the players. Which golf score, —8 or —12, 
is the better score? 


_CHomelutor 


М, 


for problem solving help at classzone.com 


: EXAMPLE 5 55. MUSIC A guitar tuner is a device that tunes a guitar string to its exact 

: On p. 66 | pitch. Some tuners use the measure cents to indicate how far above or 

: for EXs. 55-56 below the exact pitch, marked as 0 cents, the string tone is. Suppose that 
one string tone measures —3.4 cents, and a second string tone measures 
—3.8 cents. Which string tone is closer to the exact pitch? Explain. 


56. Ж MULTIPLE CHOICE The change in value of a share of a stock was 
—$.45 on Monday, —$1.32 on Tuesday, $.27 on Wednesday, and $1.03 
on Thursday. On which day was the absolute value of the change the 
greatest? 


СА) Monday Tuesday СС) Wednesday | (D) Thursday 


57. MULTI-STEP PROBLEM An equalizer on a stereo system is used to increase 

or decrease the intensity of sounds at different frequencies. The intensity is 
measured in decibels (dB), and the frequencies are measured in hertz (Hz). 

The table shows the intensity at different frequencies on a stereo system. 


Frequency (Hz) | 32 | 64 | 125 | 250 | 500 | 1000 | 2000 | 4000 | 8000 


a. Which frequency has the least sound intensity? 


b. Describe the change in sound intensity as the frequency increases 
from 32 hertz to 8000 hertz. 


58. WEATHER А wind chill index describes 
how much colder it feels outside when 
wind speed is considered with air 
temperature. The table shows the wind 
chill temperatures for given pairs of air 
temperature and wind speed. 


Wind Chill Temperatures (?F) 


Air temperature (?F) 


Wind speed 
(mi/h) 


w| 10 | o | -10/ -20 
0 (3 w ojia 
ЕСЛИ a 6 as a 
(0m a 9 3 as 


b. Analyze How does the wind chill temperature change under constant 
wind speed and decreasing air temperature? under constant air 
temperature and increasing wind speed? 


a. Compare Which feels colder, an 
air temperature of 0°F with a wind 
speed of 30 miles per hour, or an 
air temperature of —10°F with a wind 
speed of 10 miles per hour? 
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59. Ж EXTENDED RESPONSE А star’s apparent magnitude measures how 
bright the star appears to a person on Earth. A star’s absolute magnitude 
measures its brightness if it were a distance of 33 light-years, or about 
194 trillion miles, from Earth. The greater the magnitude, the dimmer 


the star. 
—26.72 


Lu Е Е 


Absolute 
magnitude 


a. Order Order the stars in the table from brightest to dimmest when Constellation 
viewed from Earth. Then order the stars from brightest to dimmest 
if they were 33 light-years from Earth. 


Orion 


b. Compare The star Rigel has an apparent magnitude of 0.12 and an 
absolute magnitude of —8.1. Compare its brightness with the Sun's 
brightness using both apparent magnitude and absolute magnitude. 


c. Analyze Can you use the apparent magnitudes of two stars to predict 
which star is brighter in terms of absolute magnitude? Explain your 
answer using a comparison of the apparent and absolute magnitudes 
of two stars in the table. 


60. CHALLENGE In an academic contest, the point values of the questions 
are given by the expression 50x where x = 1, 2, 3, and 4. You earn 
50x points for a correct answer to a question and — (50x) points for an 
incorrect answer. Order from least to greatest all the possible points you 
can earn when answering a question. 


: Prepare for 
: Lesson 2.2 in 
: Exs. 61-66. 
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Add. (p. 914) 

1 Spd 1 3 
61. 5+3 62. 5^ 8 63. 2, t 1 
Find the perimeter of the triangle or rectangle. (p. 922) 
64. 65. 1 1 ft 21 ft 66. 

5.8 cm 4.2 cm 3.7m 
3 ft 
6.3 cm 5.1m 


Check whether the given number is a solution of the inequality. (p. 21) 
67. х+2<3;2 68. y —8«6; 13 69. 9 – 2z<3;3 
70. 2y + 3214;5 71. 3« 7x —4;1 72. 2а> 15; 7 


Make a table for the function. Identify the range of the function. (p. 43) 


73. у= х —3 74. у = 1.5х 75. у = 2х —3 
Domain: 5, 8, 14, 30 Domain: 0, 2, 6, 10 Domain: 2, 4,7, 11 


EXTRA PRACTICE for Lesson 2.1, p. 939 Ж) ONLINE QUIZ at classzone.com 


Apply Sets to Numbers 


Use after Lesson 2.7 and Functions 


Ге ТИ Apply set theory to numbers and functions. 


Key Vocabulary A set is a collection of distinct objects. Each object in a set is called an 

e set element or member of the set. You can use set notation to write a set by 

. element enclosing the elements of the set in braces. For example, if A is the set of 
empty set whole numbers less than 6, then A = (0, 1, 2, 3, 4, 5). 

«universal set Two special sets are the empty set and the universal set. The set with no 
eunion elements is called the empty set and is written as Ø. The set of all elements 
«intersection under consideration is called the universal set and is written as U. 


KEY CONCEPT For Vour Wotebook 


Union and Intersection of Two Sets 


The union of two sets A and B The intersection of two sets A and B 
> is the set of all elements in either is the set of all elements in both A 
T A or B and is written as A U B. and B and is written as A AN B. 


890] co 
AUB AnB 


Find the union and intersection of two sets 


Let U be the set of integers from 1 to 9. Let A = (2, 4, 6, 8) and 
B= (2,3,5, 7}. Find (a) AU B and (b) AN B. 


Solution 
a. The union of A and B consists b. The intersection of A and B 
of the elements that are in consists of the elements that 
either set. are in both sets. 


PAU B= (2, 3, 4, 5, 6, 7, 8} PAN B= {2} 
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FUNCTIONS AND SETS You can write the domain and range of a function as 
sets of input values and output values and the function as a set of ordered 
pairs, as illustrated for the mapping diagram below. 


Function 


Input Output 


Domain 
D=(1,2,3,5) 


Range 
R = (2, 3, 4) 


f = 101, 2), (2, 3), (3, 3), (5, 4) 


[| EXAMPLE 2 ] Write a function and its range as sets m 


Consider the function y = x + 2 with domain D = (0, 1, 2, 3}. Write the range 
and function using set notation. 


Solution 


хо 0 1 0 E 


> The range is R = (2, 3, 4, 5]. 
The function is f= {(0, 2), (1, 3), (2, 4), (3, 5)). 


' PRACTICE 


: EXAMPLE 1 | Let Ube the set of whole numbers from 0 to 10. Find AU B and A N B for the 
: on p. 71 specified sets A and B. 
ы 1. А = (1,3,5, 7, 9} апа B = {3, 6, 9} 
2. А = (1, 2, 3, 4, 5, 6} апав = (4, 5, 6, 7, 8} 
3. А = {0, 2, 4, 6, 8, 10} апав = {1, 3, 5, т, 9} 
4. A= 10, 5, 10} and B = (1, 4, 7, 10} 
: EXAMPLE2 | In Exercises 5-8, consider the specified function and domain. Write the 
: on p. 72 range and function using set notation. 
: for Exs. 5-8 i : 
5. у = 2x with domain D = (1, 2, 3, 4, 5} 


.y7^x-1with domain D = (2, 4, 6, 8, 10} 
‚ у= х +3 with domain D = 1, 5, 9, 13, 17} 
. у = Зх + 2 with domain D = (1, 2, 3, 4, 5] 


о © - Фф 


. Let A be the set of positive integers, and let B be the set of negative 
integers and 0. Find A U B and A N B. 


10. Let A be the set of integers, and let B be the set of rational numbers. 
Find A U B and A П B. 
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дерт ACTIVITY Use before Lesson 2.2 TS 


Addition of Integers 


MATERIALS - algebra tiles 


| С H 


You can use algebra tiles to model addition of integers. Each + represents 1, 


and each ES represents —1. Pairing a F with a [ES results in a sum of 0. 


L I F 


Find the sum —7 + 4. 
STEP 1| Model —7 and 4 using algebra tiles. 


4 


STEP 2| Group pairs of positive and negative tiles. Count the remaining tiles. 


asumofo. [7 > 
ЕЕЕ 


STEP 3| Copy and complete the statement: -7 + 4 = _? . 


{ 
| а а | 
UE 


Use algebra tiles to find the sum. 

1.3 +8 2, b + (-1) 3. -9+6 4. —2 + (—3) 

5. —4 +4 б. — +3 785+ (7) 8. —6+ 0 
REASONING In Exercises 9-13, answer the question and give an example 
from Exercises 1—8 to support your answer. 

9. Is the sum of two positive integers positive or negative? 

10. Is the sum of two negative integers positive or negative? 

11. Is the sum of a positive integer and a negative integer always positive? 
12. What is the sum of an integer and its opposite? 

13. What is the sum of an integer and 0? 


14, In Exercises 6 and 7, the two integers being added are the same, 
but the order is reversed. What does this suggest about the sums 
a+ band b+ awhere a and bare integers? 


2.2 Add Real Numbers 


2 2 Add Real Numbers _ 


J 
You added positive numbers. 


| Now ) You will add positive and negative numbers. 
So you can calculate a sports score, as in Ex. 57. 


Key Vocabulary One way to add two real numbers is to use a number line. Start at the first 
eadditive identity number. Use the sign of the second number to decide whether to move left or 
e additive inverse right. Then use the absolute value of the second number to decide how many 


units to move. The number where you stop is the sum of the two numbers. 


To add a positive number, move to the right. 


4 То add a negative number, move to the left. 


Add two integers using a number line 


Use a number line to find the sum. 
a. -3+6 


Start at —3. b" Move | 6 | units to the right. "a End at 3. 


— —1—————4———————————— 
—— -5 —4 =g —2 =] 0 1 2 3 4 5 6 


» The final position is 3. So, —3 + 6 = 3. 
b. —4 + (55) 
End at —9. ^N < Move | —5 | units to the left. e Start at —4. 
— ==> 


=12 —11 —10 -8 -8 -7 -G -5 -4 -3 -2 ~=] 0 


> The final position is —9. So, —4 + (—5) = —9. 


GUIDED PRACTICE for Example 1 


Use a number line to find the sum. 


14+ (4) 2. 8 + (-11) 3. -8+4 4. —1 + (74) 
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[ EXAMPLE 2 ] Add real numbers 


| Find the sum. 


KEY CONCEPT For Your Notebook 


Rules of Addition 


Words To add two numbers with the same sign, add their absolute values. 
The sum has the same sign as the numbers added. 


Examples 8 + 7 = 15 —6 + (-10) = —16 


Words То ааа two numbers with different signs, subtract the lesser absolute 
value from the greater absolute value. The sum has the same sign as the 
number with the greater absolute value. 


Examples -12+7=-5 18 + (+4) = 14 


a. —5.3 + (-4.9) = -( |—5.3| Jd |—4.9|) Rule of same signs 


= —(5.3 + 4.9) Take absolute values. 
= —10.2 Add. 

b. 19.3 + (712.2) = 119.3| = \—12.2/ Rule of different signs 
= 19.3 — 12.2 Take absolute values. 
= 7.1 Subtract. 


PROPERTIES OF ADDITION Notice that both 3 + (—2) and —2 + 3 have the same 
sum, 1. So, 3 + (-2) = —2 + 3. This is an example of the commutative property of 
addition. The properties of addition are listed below. 


iio 


< 


KEY CONCEPT For Your Notebook 


Properties of Addition 


COMMUTATIVE PROPERTY The order in which you add two numbers 
does not change the sum. 


Algebra a+b=b+a Example 3 + (-2) = -2 + 3 


ASSOCIATIVE PROPERTY The way you group three numbers in a sum 
does not change the sum. 


Algebra (a+ b)+c=a+(b+c) Example (—3 + 2) +1 = —3 + (2 + 1) 


IDENTITY PROPERTY The sum ofa number and 0 is the number. 
Algebra a+0=0+a=a Example —5 + 0 = —5 


INVERSE PROPERTY The sum ofa number and its opposite is 0. 
Algebra a + (—a) = -a+a=0 Example -6 + 6 = 0 


2.2 Add Real Numbers 
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The identity property states that the sum of a number а and 0 is a. The 
number 0 is the additive identity. The inverse property states that the sum of 
a number a and its opposite is 0. The opposite of ais its additive inverse. 


[ EXAMPLE 3 | Identify properties of addition 


Statement Property illustrated 


a. (x+9+2=x+(9+2) Associative property of addition 
b. 8.3 + (-8.3) = 0 Inverse property of addition 
с. —y + 0.7 = 0.7 + (—y) Commutative property of addition 


[ EXAMPLE 4 | Solve a multi-step problem 


BUSINESS The table shows the annual profits of two piano 
manufacturers. Which manufacturer had the greater total 
profit for the three years? 


vear Profit (millions) for 
manufacturer A manufacturer B 


Solution 


STEP 1 Calculate the total profit for each manufacturer. 


! CHECK Manufacturer A: Manufacturer B: 

: REASONABLENESS Total profit = —5.8 + 8.7 + 6.8 | Total profit = —6.5 + 7.9 + 8.2 

; Use estimation to check = —5.8 + (8.7 + 6.8) = —6.5 + (7.9 + 8.2) 
: reasonableness. 

: Manufacturer A: about = —5.8 + 15.5 = —6.5 + 16.1 

> —6 + 9 + 7, or 10. 

: Manufacturer B: about = 9.7 = 9.6 

FB Ors. STEP2 Compare the total profits: 9.7 > 9.6. 

: Because 10 > 9, the 

: solution is reasonable. > Manufacturer A had the greater total profit. 


GUIDED PRACTICE for Examples 2, 3, апа 4 


Find the sum. 
5. —0.6 + (—6.7) 6. 10.1 + (—16.2) 7. o—15.l + 8.7 
Identify the property being illustrated. 
8. 7 + (-7) = 0 9. —12 +0 = -12 10. 4+8=8 + 4 
11. WHAT IF? In Example 4, suppose that the profits for year 4 are —$1.7 million for 


manufacturer A and —$2.1 million for manufacturer B. Which manufacturer 
has the greater total profit for the four years? 
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2.2 EXERCISES 


HOMEWORK: 
KEY: 


= WORKED-OUT SOLUTIONS 
on p. WS3 for Exs. 13, 35, and 55 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 50, 56, 57, and 58 


_ SKILL PRACTICE 


: EXAMPLE 1 


: on p. 74 
: for Exs. 3-11 


: EXAMPLE 2 


: on p. 75 
: for Exs. 12-25 


: EXAMPLE 3 


: on p. 76 
: for Exs. 26—31 


: EXAMPLE 4 


: on p. 76 
: for Exs. 32-37 


1. VOCABULARY What number is called the additive identity? 


2. Ж WRITING Without actually adding, how can you tell if the sum of two 
numbers will be zero? 


USING A NUMBER LINE Use a number line to find the sum. 


3. 11 4 3 4. 148 E 1844 

6. 5 + (—10) 7. —9 + (—4) 8. —8 + (22) 

9. -14+8 10. 6 + (212) 11. —11 + (29) 
FINDING SUMS Find the sum. 

12. -2.4 + 3.9 (1з) —87+42 14. 4.3 + (—10.2) 
15. 9.1 + (—2.5) 16. —8.5 + (—7.1] 17. —114 + (23.8) 

1 ol 24 | 78 _193 9 

18. al + | 9l 19. 8? +( 13) 20. -123 + 62 


_4 


9 23. 


4 33 4 [743 71 | (197 
21. -4 +11 22. 33+| 142) 7i; + ( 137) 


ERROR ANALYSIS Describe and correct the error in finding the sum. 


24. 


13 + (-15) = 28 xX 17 + (—31) = -48 X 


IDENTIFYING PROPERTIES Identify the property being illustrated. 


26. -3+3=0 27. (-6+ 1) +7 = -6 + (19 7) 
28. 9 + (—1) = -1 + 9 29. —8 + 0 = —8 
30. (x+ 2) +3 = x + (2 + 3) 31. y + (-4)= -4 + y 


FINDING SUMS Find the sum. 
32. —13 + 5 + (7) 
34. 0.47 + (-1.8) + (-3.8) 


33 —18 + [123 + (219) 


(65) —2.6 + (73.4) + 7.6 


36. -31 + (—72) + (9%) 37. 82 +(-63) + 31 


EVALUATING EXPRESSIONS Evaluate the expression for the given value of x. 
38. 3+x+(-7);x=6 39. x + (-5)+5;x=-3 
40. 9.6 + (х) + 2.3; x = —8.5 41. —1.7 + (—5.4) + (—x); x = 2.4 


42. 11 + |x| + |31); x = -82 43. |х| + (31) + (73) х= -з1 
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FINDING SOLUTIONS Solve the equation using mental math. 

44. x+ (-9)+9=8 45. (-8) + x + (22) = -10 

46. x + (-2.8)+9.2=0 47. —8.7+x4+1.3=0 
TRANSLATING PHRASES In Exercises 48 and 49, translate the verbal phrase 
into an addition expression. Then find the sum. 


48. The sum of the absolute value of —4 and the additive identity 


49. The sum of the opposite of —18 and its additive inverse 


50. Ж MULTIPLE CHOICE If a + bis negative, which statement must be true? 
(СА) a<0,b<0 а<0 (С) a<0,b>0 D) a< -b 
51. CHALLENGE Consider the expression |х| + (—x). Write a simplified 


expression for the sum if x is positive. Then write a simplified expression 
for the sum if x is negative. Give examples to support your answers. 


52. CHALLENGE Evaluate —50 + (—49) + (—48) + ---+ 48 + 49 + 50. Explain 
how you can use the properties of addition to obtain the sum. 


' PROBLEM SOLVING 


: EXAMPLE1 | 53. WEATHER The temperature in your city at 6 A.M. was —8°F and 
: on p. 74 increased by 15?F by noon. What was the temperature at noon? 
3 Tor Ex. 5З | @HomeTutor for problem solving help at classzone.com 

: EXAMPLE2 | 54. PARKING GARAGES The bottom level of a parking garage has 

: on p. 75 an elevation of —45 feet. The top level of the garage is 

: for Exs. 54-55 100 feet higher. What is the elevation of the top level? 


utor ог problem solving help at classzone.com 


MULTI-STEP PROBLEM In optometry, the strength of an eyeglass 
lens is measured in diopters. Two lenses can be combined to create a 
new lens, and the sum of their strengths is the strength of the new lens. 


a. Alens of —4.75 diopters is combined with a lens of 6.25 diopters 
to form a new lens. What is the strength of the new lens? 


b. Alens of —2.5 diopters is combined with a lens of —1.25 diopters 
to form a new lens. What is the strength of the new lens? 


c. The greater the absolute value of the strength of a lens, the stronger 
the lens. Which new lens is stronger, the one in part (a) or in part (b)? 


: EXAMPLE 4 56. * MULTIPLE CHOICE The table shows the profits for a company from 


: on p. 76 1999 to 2004. Which three-year period had the greatest total profit? 


: for Exs. 56—57 
1999 2000 | 2001 2002 2003 2004 


Profit (millions | _ Е Е 
of dollars) 13.76 54.91 38.54 21.33 123.90 14.82 


СА) 1999-2001 2000-2002 СС) 2001-2003 (D> 2002-2004 


O = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
78 on p. WS1 TEST PRACTICE 


57. Ж SHORT RESPONSE In golf, your score on a hole is the number of strokes 
above or below an expected number of strokes needed to hit a ball 
into the hole. As shown in the table, each score has a name. When you 
compare two scores, the lesser score is the better score. 


[sw EN 


a. Compare For three holes, you score an eagle, a double bogey, and 
a birdie. Your friend scores a double eagle, a bogey, and a par. 
Who has the better total score? 


b. Explain Your friend scores a double eagle and an eagle for the next 
two holes. Is it possible for you to have a better score on all five 
holes after your next two holes? Explain your reasoning. 


58. Ж EXTENDED RESPONSE Atoms consist of protons, electrons, and 
neutrons. A group of x protons has a charge of x. A group of x electrons 
has a charge of —x. Neutrons have a charge of 0. 


a. Calculate The total charge of an atom is the sum of the charges of its 
protons and electrons. Find the total charge of an atom that has 
13 protons, 10 electrons, and 14 neutrons. 


b. Interpret An atom is an ion only when it has a positive or a negative total 
charge. Is the atom in part (a) an ion? 


c. Explain In an atom, only the number of electrons can change. Suppose 


an atom has a total charge of 5. For the atom not to be an ion, how should 
the number of electrons change? Your answer should include an algebraic 
equation that models the situation and an explanation of how you solved 

the equation. 


59. CHALLENGE You sold three items in an Internet Profit 
auction. The table shows the profit earned for (dollars) 
each item. You now plan to sell a floor lamp. What Mantel clock 
is the least profit that you can earn on the lamp | 
and have a positive total profit for the four items? 10.65 
Explain your answer. Use estimation to check that Wetal tunch hux 


your answer is reasonable. 


: Prepare for 
: Lesson 2.3 in 
: Exs. 60-63. 


Evaluate the expression. 


60. 1 — 7 when f = 21 (р. 2) 61. 1.7 — y when y = 0.8 (p. 2) 
62. —a when а = —13.5 (p. 64) 63. lel when c = —9.6 (p. 64) 
State the formula that is needed to solve the problem. Then solve the 
problem. (p. 28) 


64. What is the interest on $800 invested for 3 years in an account that earns 
simple interest at a rate of 1.5% per year? 


65. Find the perimeter of a rectangle that is 28 feet wide and 40 feet long. 


66. The temperature is 50°F. What is the temperature in degrees Celsius? 
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2 3 Subtract Real Numbers 
© 


You added real numbers. 
| Ми ) You will subtract real numbers. 


So you can find a change in temperature, as in Ex. 43. 


Key Vocabulary Because the expressions 12 — 3 and 12 + (-3) have the same value, 9, you 
* opposites, p. 66 can conclude that 12 — 3 = 12 + (-3). Subtracting 3 from 12 is equivalent to 
adding the opposite of 3 to 12. This example illustrates the subtraction rule. 


KEY CONCEPT For Your Notebook 


To 


Subtraction Rule 


F Words To subtract b from a, add the opposite of b to a. 
: Algebra a- b= a+ (—b) Example 14 — 8 = 14 + (—8) 


Subtract real numbers 


Find the difference. 
a. —12 — 19 = —12 + 19) b. 18 — (7-7) = 18 + 7 
= —31 = 25 
¿Jinimatea Algebra at classzone.com 


GUIDED PRACTICE | for Example 1 


Find the difference. 


1. Rr a LL£—(—5) 3. 


Evaluate a variable expression 


Evaluate the expression y — x + 6.8 when x = —2 and y = 7.2. 
y— x + 6.8 = 7.2 — (-2) + 6.8 Substitute —2 for x and 7.2 for y. 
= 7.2 +2 + 6.8 Add the opposite of —2. 
= 16 Add. 
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EVALUATING CHANGE You can use subtraction to find the change in a 
quantity, such as elevation or temperature. The change in a quantity is the 
difference of the new amount and the original amount. If the new amount is 
greater than the original amount, the change is positive. If the new amount is 
less than the original amount, the change is negative. 


[ EXAMPLE З | Evaluate change 


: AVOID ERRORS 


: When a quantity 

: decreases, the change is 
: negative. So, the change 
: found in Example 3 

: should be a negative 

: number. 


TEMPERATURES One of the most extreme temperature changes in United 
States history occurred in Fairfield, Montana, on December 24, 1924. At noon, 
the temperature was 63°F. By midnight, the temperature fell to —21°F. What 
was the change in temperature? 


Solution 


The change C in temperature is the difference of the temperature m at 
midnight and the temperature лп at noon. 


STEP Y Write a verbal model. Then write an equation. 


Changein | . Temperature Temperature 
temperature ^ atmidnight ` at noon 
Ww b d Ww 
C = т = n 


STEP 2 Find the change in temperature. 
C=m-n Write equation. 
= —21 — 63 Substitute values. 
= —21 + (-63) Add the opposite of 63. 
= —84 Add —21 and —63. 


> The change in temperature was — 84°F. 


USING A CALCULATOR To enter a negative number — 
on a calculator, use the Ў key. To enter a | ОТОО 


subtraction sign, use the Ю key. You can use a сз 
calculator to check your answer in Example 3 using 
the following keystrokes. | | 


Im 21 - o» ENTER | 


GUIDED PRACTICE for Examples 2 and з 


Evaluate the expression when x = —3 and y = 5.2. 


4 х-у+8 S. YH =2) 6. (y-4)-x 


7. CAR VALUES A new car is valued at $15,000. One year later, the car is 
valued at $12,300. What is the change in the value of the car? 
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2.3 EXERCISES "t Озше 
ө КЕҮ: on p. WS4 for Exs. 3, 21, and 43 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 38, 39, 40, and 46 


| os = MULTIPLE REPRESENTATIONS 
Ex. 45 


' SKILL PRACTICE 


| 1. VOCABULARY Use the subtraction rule to rewrite the expression —3 — 6 
as an addition expression. 


2. Ж WRITING Without actually subtracting, how can you tell whether a 
change in a quantity will be negative? 


: EXAMPLE 1 | FINDING DIFFERENCES Find the difference. 


: on p. 80 | e) a Е ENS E 
и 18 — {—5Б] 4. 16—32 El —11 — [—%) 6. —15—29 
7. —35.9 — (—50) 8. 14.7 — (-2.3) 9. —3.6 — 222 10. —18.2 — (—15.4) 
1 5 -5 B | v 528 - -5-(-2 
п. 1-2 12, -2-8 13. 1 | L м. –55 = 


: EXAMPLE2 | ERROR ANALYSIS Describe and correct the error іп evaluating the 


: on p. 80 expression when x = 3 and у= —8. 
: for Exs. 15-25 15. 16. 
х-у+2= 5-5 + 2 x — (-4 + у) = 3 – [-4 + (-9)] 
=3+(-8) +2 = 3 — (-12) 


| =-5+2 X =3-12 x 
| = —% = —9 


EVALUATING EXPRESSIONS Evaluate the expression when x = 7.1 and y = —2.5. 


17. x — (-y) 18. y —x — 12 19. x — (-6) + y 
20. x —(y — 13) (21) -y - (1.9 — x) 22. -y= x 
dd. 4—y—2 24. 5.3 — (y — x) 25. tP- 28 


: EXAMPLE 3 EVALUATING CHANGE Find the change in temperature or elevation. 


: on p. 81 _ po 490 _ ARO o 
: for Exs. 26-31 26. From —5°C to —13°C 27. From —45°F to 62°F 
28. From —300 feet to —100 feet 29. From 1200 meters to —80 meters 


30. From 4.8°F to —12.6°F 31. From —90.7 miles to 36.4 miles 


EVALUATING EXPRESSIONS Evaluate the expression when x = 3.6, y = 6.6, 


andz — —11. 
32. (x — y) — |z| 33. (x - |-yl)- = 34. x— |y- z| 
an. (—x—y)—z-—85 36. x -y—-z1 12.9 d —-y—x-—(—-24) 


38. ж MULTIPLE CHOICE If the value of the expression a — bis negative, 
which statement must be true? 


(СА) a>b (В) а=0 (С) а<Ь (DD b=0 
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: Add half 
: the distance 
: between 
: aand b to b. 


39. Ж WRITING Tell whether the associative property and the commutative 
property hold for subtraction. Give examples to support your answers. 


40. ж WRITING Ifa > b, then the expression a — b gives the distance between 
a and b on a number line. What expression gives the distance between a 
and b regardless of whether a > b or b > a? Explain your thinking. 


41. CHALLENGE Let a > b. Explain why © > P lies between a and bona 


number line for any two numbers a and b. 


-—R 04-—————————————Tá 
- PROBLEM SOLVING 


: EXAMPLE 3 


: for Exs. 42-43 


42. VOLCANOES Mahukona is a Hawaiian volcano whose summit has an 
elevation of —3600 feet. The summit once had an elevation of 800 feet. 
What was the change in elevation of the volcano's summit? 


(Homelutor > for problem solving help at classzone.com 


CAVES The temperature inside Mammoth Cave in Kentucky is about 
12.2°С year round. If the temperature outside the cave is —2.4°С, 
what is the change in temperature from outside to inside the cave? 


_@Homelutor | for problem solving help at classzone.com 


44. FOOTBALL In four plays a football team gains 3 yards, 
loses 7 yards, loses 2 yards, and gains 15 yards. How many 
yards did the team gain after four plays? 


45. ey MULTIPLE REPRESENTATIONS In order to qualify for a 
girls’ regional 1500 meter race, an athlete’s personal best 
time for the season must be under the qualifying time of 
5 minutes 42 seconds. 


a. Writing an Equation Write an equation that expresses 
d as the difference of the athlete's personal best time t 
(in seconds) and the qualifying time (in seconds). 


b. Making a Table Make a table that gives the values of d for t = 341.7, 
343.8, 340.9, and 342.7. Which values of tin the table are under the 
qualifying time? How can you tell from the differences? 


46. * SHORT RESPONSE A trade surplus or deficit is the difference of the 
value of all exports and the value of all imports. A positive difference is a 
surplus, and a negative difference is a deficit. The table shows the values 
of the United States’ imports and exports for the period 2000-2003. 


Value of exports (trillions of dollars) 1.071 1.007 0.976 1.021 


Value of imports (trillions of dollars) 1.449 1.369 1.398 1.517 


a. Calculate Find the trade surplus or deficit for each year. 


b. Describe Describe any trends in the surplus or deficit over the years. 
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47. SNOWBOARDS Snowboarders can rotate the shoe bindings on their 
snowboards. The binding setup shown below is written +24°/—18°. This 
means that the front angle is 24° counterclockwise from vertical, and the 
rear angle is 18° clockwise from vertical. 


Front Rear 


a. An instructor suggests a binding setup of +30°/+15° for beginners. 
Your setup is initially +24°/—4°. Find the changes in angle measures 
needed to match the instructor’s suggestion. 


b. A mirror setup is a setup of +n°/—n° where n is between 0 and 90. Your 
setup is initially +13°/—6°. You change the front angle measure by —3*. 
Find the change in the rear angle measure needed for a mirror setup. 


48. CHALLENGE Greenwich Mean Time (GMT) is the time at the Royal 
Observatory in Greenwich, England. A location that is +n hours from GMT 
is n hours ahead of GMT, and a location that is ^7 hours from GMT is п hours 
behind GMT. Costa Rica is —6 hours from GMT, and India is +5.5 hours 
from GMT. If it is 7:45 A.M. in India, what time is it in Costa Rica? 


MIXED REVIEW E ME | 


Evaluate the expression. 


49. 20x when x = 15 (p. 2) 50. 3x + 8 when x = 12 (p. 8) 
51. 15.5 + x when x = —30.2 (p. 74) 52. —x + 19.4 when x = 8.2 (p. 74) 
: PREVIEW | Identify the property illustrated. (p. 74) 
= Prepare Tor 53. 14 7=7 41 54. —48 + 48 —0 
: Lesson 2.4 in 
: Exs. 53-56. |. 55. 0 + (-9) = —9 56. (2+3)+4=2+(3+4) 


QUIZ for Lessons 2.1-2.3 


1. Tell whether each of the following numbers is a whole number, an integer, 


or a rational number: => —8.2, 0, —9. Then order the numbers from least 


to greatest. (p. 64) 


Find the sum or difference. 


2. 5 + (-36) (p. 74) 3. —8.2 + (—2.3) (p. 74) 4. 35 + (—2) (p. 74) 


5. —18 — (—9) (p. 80) 6. —11.2 — 21.7 (p. 80) 7. A, = [- d (p. 80) 


Evaluate the expression when x = 2.5 and y = —3.4. (p. 80) 


8. x -y — 9 g. Xx—iy— 51) 10. 12.1 — ty — x) 
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Spreadsheet ACTIVITY Use after Lesson 2.3 


Tutor 
classzone.com 
Keystrokes 


| Subtract Real Numbers 


In a spreadsheet, the columns are identified by letters, and the rows are 
identified by numbers. Each cell has a name that is made up of a letter 
and a number. For example, B2 is the cell in column B and row 2. A cell 
can contain a label, a number, or a formula. 


V i | 
, 
A 


A manufacturing company is making foam hand grips for bicycles and jump 
ropes. The ideal length of a hand grip is 5 inches. In a batch of ten hand grips, 
the actual lengths (in inches) are 4.878, 4.902, 5.115, 5.13, 4.877, 4.874, 4.799, 
4.819, 4.879, and 5.124. Create a spreadsheet to find the difference of the 
actual length and the ideal length for each hand grip. 


Solution 


Enter data Calculate differences 

Enter the labels in the first row of the spreadsheet. For each hand grip, enter the formula for the 
Then enter the grip numbers and grip lengthsin difference of the actual and ideal lengths in the 
successive rows. appropriate cell in column C. 


QA | B | C B povera 
_1 |Grip — — |Length (inches) 1 |бір —  |Length (inches) 
21 1 488| |) [2] 1l 4.878 
L3] 2 492] | DBU Žž 2 4.902 


After you enter a formula, the cell should display the difference of the length 
of the grip and the ideal length. For example, C2 should display —0.122, 
and C3 should display —0.098. 


1. The manufacturer will consider a hand grip acceptable if the absolute 
value of the difference of the actual length and the ideal length is at most 
0.125 inch. How many hand grips from the batch are acceptable? 


2. What are the least and greatest possible lengths that a hand grip can have 
and still be acceptable? Explain your reasoning. 


. For which of the ten hand grips is the length closest to the ideal length? 
How can you tell from the differences in column C? 


‚ In another batch of ten hand grips, the actual lengths (in inches) are 
4.871, 5.019, 5.112, 4.987, 5.067, 4.899, 4.859, 5.132, 5.126, and 5.093. Create 
a spreadsheet to find the difference of the actual length and the ideal 
length for each hand grip. 
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MIXED REVIEW 0f Problem Solving РЭ, 


Lessons 2.1-2.3 
1. MULTI-STEP PROBLEM The table shows the 


4. 


record low temperatures for several states in 
the United States. 


Alaska —80 
Arkansas —29 
California —45 
Hawaii 12 
Kentucky —37 


a. Order the temperatures from least 
to greatest. 


b. The record low temperature in Arizona 
is —40°F. Which states in the table have 
record low temperatures less than —40?F? 


. MULTI-STEP PROBLEM Your bank account 


incurs a $35 fee for each withdrawal that 
either results in a negative balance or occurs 
while your account balance is negative. You 
have a balance of $150. You withdraw $165. 


a. What will the balance in your account be 
after the fee is charged? 


b. How much money do you need to deposit 
into the account so that the balance is $0? 


. GRIDDED ANSWER At the close of trading on 


the New York Stock Exchange on Monday, 
the value of a share of a certain stock was 
$10.65. Over the next three days, the change 
in value of a share was —$.56, then —$1.09, 
and then $.89. What was the value of a share 
of the stock at the end of the three days? 


OPEN-ENDED Describe a real-world situation 
that can be modeled by the expression 
—35.50 + (—12.43) + 50.43. Then find the 
value of the expression. 


Chapter 2 Properties of Real Numbers 


STATE TEST PRACTICE 
3 classzone.com 


5. SHORT RESPONSE Net migration flow is the 


difference of the number of people migrating 
into a place and the number of people 
migrating out of a place. The table shows the 
number of people who migrated into and out 
of a certain city during the period 2001-2005. 


3302 


2001 3316 
2002 3179 3623 
2003 3053 3632 
2004 3180 3695 
2005 3174 3396 


Find the net migration flow for each year. 
Then describe any trends in the city's net 
migration flow during this period. 


. EXTENDED RESPONSE In meteorology, the 


lifted index measures the likelihood of a 
thunderstorm. The greater the lifted index, 
the less likely a storm will occur. The table 
shows the lifted index for two cities at 
various times during a day. 


12 A.M. —5.6 —0.8 
4 A.M. —4.3 —1.8 
8 A.M. —3.8 —2.3 

12 Р.М. 23 —2.6 
4 P.M. —3.0 —1.4 
8 P.M. 4.5 0.8 


a. At what time during that day is a storm 
least likely to occur in city A? 


b. Compare the likelihood of a storm 
between 12 A.M. and 8 P.M. for the two 
cities on that day. 


c. Would you expect a storm in city B but not 
in city A at 8 P.M. that day? Explain. 


теда Ду CTIVITY Use before lesson 2.4 


4+ Multiplication by —1 


MATERIALS : paper and pencil 


Q 1 


You can rewrite a multiplication expression as repeated addition. For 
example, 3 • 8 can be rewritten as 8 + 8 + 8. Because the sum is 24, you can 
conclude that 3 • 8 = 24. 


[ ` 


STEP 1| Copy and complete the table. 


Multiplication Addition 
Expression Expression 


5. (-1) —1 + (71) + (71) + (71) + (71) 
4 « (—1) p 
3 + (-1) ? 
2. (-1) ? 


Copy and complete the multiplication equations below. 
5. (—1) = 1 
4 +. (—1) = 1 
3 + (-1) = 2 
2+ (=D) = 2 
l. (+1) = 2 
0• (+1) = 2 


—1.(—1) = 2 Complete by extending the pattern in the 
first four products. 


Complete using the table from Step 1. 


—2°(-l) = + 
Ew 


1. Copy and complete: For any integer a, а, (—1) = 2. 


Find the product. 
2, 12»„{(—1) 3. 10 + (—1) 4. —23 • (-1) 
5. —47 • (-1) 6. —18 + (-1) 7. 15 • (—1) 


2.4 Multiply Real Numbers 


2 4 Multiply Real Numbers 


You added and subtracted real numbers. 


Now ] You will multiply real numbers. 


Why So you can calculate an elevation, as in Example 4. 


Key Vocabulary In the activity on page 87, you saw that a • (—1) = —a for any integer a. This 
e multiplicative rule not only lets you write the product of a and —1 as —a, but it also lets you 
identity write —a as (—1)a and a(—1). Using this rule, you can multiply any two real 


numbers. Here are two examples: 


—2(3) = —1(2)(3) (-2)(-3) = —2(3)(—1) 
= —1(6) = —6(—1) 
= —6 =6 


KEY CONCEPT For Your Notebook 


The Sign of a Product 


Words The product of two real numbers with the same sign is positive. 


Examples 3(4) = 12 —6(—3) = 18 


Words The product of two real numbers with different signs is negative. 


Examples 2(—5) = —10 —7(2) = —14 


Multiply real numbers 
Find the product. 
: MULTIPLY 
: NEGATIVES a. —3(6) = —18 Different signs; product is negative. 


: * A product is negative b. 2(—5)(—4) = (-10)(—4) Multiply 2 and —5. 
if it has an odd 
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number of negative — 40 Same signs; product is positive. 
: numbers. 1 1 
: © A product is positive if c. —5(-4)(-3) = 2(-3) Multiply —5 and —4. 
: it has an even number 
of negative numbers. = —6 Different signs; product is negative. 


GUIDED PRACTICE for Example 1 


Find the product. 
1. —2(-7) 2. —0.5(—4)(—9) 3. $C3)0) 


Chapter 2 Properties of Real Numbers 


PROPERTIES OF MULTIPLICATION Notice that both 4(—5) and —5(4) have 
a product of —20, so 4(—5) = —5(4). This equation is an example of the 
commutative property of multiplication. Properties of multiplication are 
listed below. 


AA Aa 
ó 6 Ж, 


KEY CONCEPT For Your Notebook 


Properties of Multiplication 


i: COMMUTATIVE PROPERTY The order in which you multiply two numbers 
: does not change the product. 
: Algebra a b = р • а Example 4 + (-5) = —5 • 4 

F ASSOCIATIVE PROPERTY The way you group three numbers іп a product 
: does not change the product. 
: Algebra (a-b)-c— a-(b*c) Example (-2+7)+4=-2+(7+4) 


IDENTITY PROPERTY The product of a number and 1 is that number. 


: Algebra a-1=1l1-a=a Example (—5),1=—5 
: PROPERTY OF ZERO The product of a number and 0 is 0. 
> Algebra a-0=0+-a=0 Example -3 • 0 = 0 


PROPERTY OF —1 The product of a number апа —1 is the opposite 
of the number. 


: Algebra a-(-1 = -1-a- -a Example -2+ (-1) = 2 


The identity property states that the product of a number a and 1 is a. 
The number 1 is called the multiplicative identity. 


| EXAMPLE 2 | Identify properties of multiplication 


Statement Property illustrated 
a. (х•7) • 0.5 = х (7 + 0.5) Associative property of multiplication 
b.8-0=0 Multiplicative property of zero 
с. -6*y-y*(-6) Commutative property of multiplication 
d. 9° (—1) = -9 Multiplicative property of —1 
е. lev=v Identity property of multiplication 


GUIDED PRACTICE for Example 2 


Identify the property illustrated. 


4. —1 8 = —8 5. 12*x^x* 12 
6. (y: 4)*9— у (4* 9) 7. 0* (—41) =0 
8. —5 « (—6) = —6 • (—5) 9. —13* (-1) = 13 
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| EXAMPLE 3 | Use properties of multiplication 


: JUSTIFY STEPS | 

EA Find th duct (—4x) • 0.25. Justi teps. 

: To justify a step, you ind the product (—4x) Justify your steps 

: name the property |. (—4х) + 0.25 = 0.25 * (-4x) Commutative property of multiplication 
: used. Sometimes a step M" 2 

: is а calculation, as when = [0.25 • (—4)]x Associative property of multiplication 

: you multiply 0.25 and =-1+.x Product of 0.25 and —4 is —1. 


: —4 in Example 3. 
= —x Multiplicative property of —1 
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[ EXAMPLE 4 | Solve a multi-step problem 


: READING LAKES In 1900 the elevation of Mono Lake in California 
: The average rate of | was about 6416 feet. From 1900 to 1950, the average rate 
: change in elevation of change in elevation was about —0.12 foot per year. 

: is the total change in From 1950 to 2000, the average rate of change was about 


: elevation divided by the | —0,526 foot per year. Approximate the elevation in 2000. 
: number of years that 


: have passed. Solution 


STEP? Write a verbal model. 


New Original Average rate Time 
elevation = elevation + of change ° passed 
(feet) (feet) (feet/year) (years) 


STEP 2 Calculate the elevation in 1950. Use the elevation in 1900 as the 
original elevation. The time span is 1950 — 1900 = 50 years. 


New elevation = 6416 + (—0.12)(50) Substitute values. 


= 6416 + (—6) Multiply —0.12 and 50. 
: CHECK 
: REASONABLENESS = 6410 Add 6416 and —6. 
: In Step 2, note that | $T€P3 Calculate the elevation in 2000. Use the elevation in 1950 as the 


: —0.12(50) = —0.1(50) = 


: 5 and 6416 + (5) = original elevation. The time span is 2000 — 1950 = 50 years. 


: 6411, so 6410 is New elevation = 6410 + (—0.526) (50) Substitute values. 

: reasonable. In Step 3, . 

: —0.526(50) = —0.5(50) = 6410 + (—26.3) Multiply —0.526 and 50. 
: = —25, and 6410 + = 6383.7 Add 6410 and —26.3. 

: (—25) = 6385, so 6383.7 | 

: is reasonable. > The elevation in 2000 was about 6383.7 feet above sea level. 


Y GUIDED PRACTICE | for Examples 3 and 4 


Find the product. Justify your steps. 
10. = (5y) 11. 0.8(—х)(—1) 12. (—y)(—0.5)(—6) 


13. Using the data in Example 4, approximate the elevation of Mono Lake in 
1925 and in 1965. 
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2.4 EXERCISES 


HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
KEY: on р. WS4 for Exs. 11, 31, and 51 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 48, 52, 53, and 55 


i e = MULTIPLE REPRESENTATIONS 
Ex. 54 


: 
' SKILL PRACTICE 


: EXAMPLE 1 


: on p. 88 
: for Exs. 3-18 


: EXAMPLE 2 


: on p. 89 
: for Exs. 19-27 


: EXAMPLE 3 


3 ET hacen Н 
: for Exs. 28-36 


22. —1,(—6)=6 
| 25. 1* (ab) = ab 


_ 94. —5t(—1) 


1. VOCABULARY What number is called the multiplicative identity? 


2. ж WRITING Describe the difference between the identity property of 
multiplication and the multiplicative property of —1. 


FINDING PRODUCTS Find the product. 


3. —4(7) 4. 11(-2) 5. —9(—10) 6. —8(-11) 


Te 31,2) 


(1) —1.9(3.3)(7) 


15. —8(—4)(-2.5) 


8. (-2.5)(-1.3) ө. -42(-1 | 10. —1(-32) 


12. 0.5(-20)(-3) 13. -2(712)C-4) 14. - 32-6) 


moa Du) qu 


IDENTIFYING PROPERTIES Identify the property illustrated. 
19. -5-0-0 20. 0.3- (-3) = -3- 0.3 


16. —1.6(—2)(—10) 


21. —143* 1 = —143 


23. (-2*5)*4— —2 • (5-4) 
26. (3x)y = 3(xy) 


24. 0 • (76.3) = 0 
27. se (-1) = ^s 


USING PROPERTIES Find the product. Justify your steps. 


28. у(—2)(—8) 


(61) 2073) 


29. —18(—x) 30. 2(-5q) 


32. —5(—4)(—2.1)(—z) 33. -1C10)4)(-50 


35. —6r(—2.87) зв. 1 (mem) 


3 


EVALUATING EXPRESSIONS Evaluate the expression when x = —2 


and y = 3.6. 
37. 2X + y 38. —x — Зу 39. xy — 5.4 
40. |y| — 4x 41. L5x – |-y| 42. х? — у? 


ERROR ANALYSIS Describe and correct the error in finding the product. 


= —1(7)(—3)(—2x) = 7(-3)(-2x) *^ (-82)(-8)(z) = (-8)(-52(2) 
= —21(—2x) = (—5)(—5)(2)(2) 
X = [-21 • (-2)]x < = —40(z* 2) 
= 42x = —40z* 
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REASONING In Exercises 45-47, tell whether the statement is true or false. ТЇ 
it is false, give a counterexample. 


45. If xis negative, then x’ is positive. 
46. Ifthe product abc is positive, then a, b, and c are all positive. 


47. If the product of four numbers is 0, then at least one of the numbers is 0. 


48. Ж MULTIPLE CHOICE If a < 0 and abc > 0, which statement must be true? 
(СА) bc>0 (В) bc«0 (С) ac>0 (D ар<0 
49. CHALLENGE For x + 0, compare the values of the expressions for each 
case described. Give examples to support your answers. 


a. |x| and |kx| when —1 < k < 1, when k < -1, and when k > 1 
b. хапа x* when x < 0, when 0 < x< 1, and when x > 1 


- PROBLEM SOLVING 


: EXAMPLE 4 50. DEAD SEA In 1940 the surface area of the Dead Sea was about 


: on p. 90 | 980 square kilometers. From 1940 to 2001, the average rate of change in 
: for Exs. 50-53 surface area was about —5.7 square kilometers per year. Find the surface 
area of the Dead Sea ір 2001. 


@НотетТиїог 
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(51) STOCKS An investor purchases 50 shares of a stock at $3.50 per share. 
The next day, the change in value of a share of the stock is —$.25. What is 
the total value of the shares the next day? 


_@Homelutor — 
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52. Ж SHORT RESPONSE In 1913 the total 
volume of glaciers on Mount Rainier was 
5.62 km?. The table shows the average rate of 


change in the volume for two time periods. 1913-1971 > 0.02241 
a. Find the total volume of the glaciers in 1971-1994 —0.00565 


1971 and in 1994. Use estimation to check 
that your answer is reasonable. 


Time Rate of change 
period (km?/yr) 


b. About one third of the change in volume during the period 
1913-1994 took place in the northeastern glaciers. Find the change 
in the volume of the northeastern glaciers. Explain your steps. 


53. Ж MULTIPLE CHOICE The Rialto Bridge in Venice, 
Italy, is a footbridge built in the late 16th century. The 
maximum clearance between the water and the bridge 
is about 7.32 meters. Because of a rising sea level and 
a gradual sinking of the city, the clearance changes 
at an average rate of about —2 millimeters per year. 
Approximate the clearance after 15 years. 


CA) 5.32 meters 7.02 meters 
(С) 7.29meters (D) 7.318 meters 


= WORKED-OUT SOLUTIONS Ж = STANDARDIZED Фә = MULTIPLE 
92 on p. WS1 TEST PRACTICE REPRESENTATIONS 


54. e MULTIPLE REPRESENTATIONS A skydiver 
in free fall will eventually reach a constant 
velocity, called terminal velocity. A skydiver 
reaches a terminal velocity of —160 feet per 
second at an altitude of 3200 feet. 


a. Writing an Equation Write an equation for 
the altitude a (in feet) of the skydiver as a 
function of the time t (in seconds) after 
reaching terminal velocity. 


b. Making a Table Make а table of values for t = 1, 2, 3, 4, and 5 seconds. 
The skydiver wants to open the parachute after reaching an altitude 
of about 2500 feet. After how many seconds should the skydiver open 
the parachute? 
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3200 feet: Skydiver reaches 
terminal velocity. 


2500 feet: Parachute opens. 


55. ж EXTENDED RESPONSE The 


Fuel capacity Rate of change 


table shows the fuel capacities (gal) (gal/h) 
of two ferries in Puget Sound, | 
Washington, and the average Rhododendron 11,250 | -30 


rates of change in tank fuel when Spokane 135,000 —240 
the ferries are burning fuel. 


a. Model For each ferry, write an equation that gives the amount of tank 
fuel f (in gallons) as a function of the time t (in hours) that fuel is burned. 


b. Calculate Both ferries start with a full tank. How many gallons of fuel 
will each ferry have left after 3 hours? 


c. Explain If both ferries continue to burn fuel without refueling, which 
ferry will run out of fuel first? How many gallons will the other ferry 
have at that time? Your answer should include the following: 


e the number of hours that each ferry will take to burn all of its fuel 
e an explanation of how you used the equations in part (a) 


56. CHALLENGE Due to soil erosion, the surface area of Dongting Lake in 
China is decreasing. Its surface area was about 2626.5 square kilometers 
in 1995. From 1950 to 1995, the average rate of change in surface area was 
about —38.3 square kilometers per year. From 1825 to 1950, the average 
rate of change was about —13.2 square kilometers per year. Approximate 
the surface area in 1825. 


MIXED REVIEW - E 


; PREVIEW Evaluate the expression for the given value of the variable. (р. 8) 

: Prepare for 

: енн 25 57. 1 + 9y* when y = 3 58. z^-2whenz = 6 

: in Exs. 57—60. 59. 2(x — 19) when x = 24 60. 9(17 + w) when w= 8 


Find the sum or difference. 


61. —3 + (6) (p. 74) 62. 7.8 + (—6.4) + (—9.4) (p. 74) 
Е = m 3 
63. —19.4 — (—6.4) (p. 80) 64. —5 — = (p.80) 
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Perform Matrix Addition, 


pS Subtraction, Scalar Multiplication 


(eT) Perform operations on matrices. 


Key Vocabulary A matrix is a rectangular arrangement of numbers in rows and columns. If a 
e matrix matrix has 7m rows and n columns, the dimensions of the matrix are written 
e dimensions of a as m X n. For example, matrix A below has two rows and three columns. The 
matrix dimensions of matrix A are 2 X 3 (read "2 by 3"). Each number in a matrix is 
e element called an element, or entry. In matrix A, the element in the first row and second 
e scalar column is 4. 
multiplication 
• scalar ax | 0 4 H — 
-3 2 Б 
3 columns 


MATRIX ADDITION AND SUBTRACTION To add or subtract matrices (the 
plural of matrix), you add or subtract corresponding elements. You can add or 
subtract matrices only if they have the same dimensions. 


Add or subtract two matrices 


Perform the indicated operation, if possible. 
" 0 4 -l " 2 137 _ 0+2 4+1 -1+3 
-3 2 5 —2 -6 4 —3 +t 1—47 2tt-6) 474 


|2 52 
1-5 -4 9 


—10 2 9 -2 —10 — Y 212) 

b —4 </> 4 8 | = —4—4 1-8 
т —13 —D. = 7— (—5) —13 — (—11) 

—10 + (—9 2+2 


—4 + (-4) 7+ (-8) 
#+5 -—13+ll 


—19 4 
=| -8 -1 
12 — 
1 
c. You can't perform the subtraction [6 —4 —8]— | 12 | because the 
—6 


first matrix is a 1 X 3 matrix and the second matrix is a 3 X 1 matrix. 
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SCALAR MULTIPLICATION In scalar multiplication, every element in a matrix is 


multiplied by a real number called a scalar. 


ЄТ) Perform scalar multiplication 


—2(0.5) 


—2(8.1) 


| Perform the indicated operation. 
-7 -1| | 6-7) 6-3) 0.5 
a. 6 | = | b. —2| —3.2 | = | —2(—3.2) 
lon 6(3) 601) 8.1 
|| 
_ Б "i "E 
Ж... —16.2 


A  Q__—e _>»pan o Ó € DOpQo————— 
_ PRACTICE 


: EXAMPLES 


on pp. EET 
: for Exs. 1-10 


Perform the indicated operation, if possible. 
i 7 6 " 9 —2 5 
“13 2 5 10 " 
-8 -1 -9 т 30 
-2 Ni 


p 
r——34 
A 
ds 
N 


5. [-9.1 54 3.7]+[1.3 -6.7] 6. 


ч ie „a 15 -6 
` 4 "1-45 0 


i 

2 

12 18 —26 D 
9. —6| —3.4 10. -i А 

_07 -£ 20 -2 


11. NUTRITION The matrix shows the amounts (in milligrams) of calcium 
and potassium in one ounce of different types of milk. Write a matrix 
for the amounts of calcium and potassium in 8 ounces of each type of milk. 


Calcium Potassium 
(mg) (mg) 
Lowfat milk 32.940 36.295 
Reduced fat milk | 33.855 42.700 
Whole milk 30.805 40.565 


CHALLENGE Perform the indicated operations. 


1-12 8 з -3 -7 -6 -8 5 13 
+ 13. -7 
E 10 4| Ё —21 bl | 8 4| Е. Б 


12. 9 


Extension: Perform Matrix Addition, Subtraction, Scalar Multiplication 
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2 5 Apply the Distributive 


Property 


You used properties to add and multiply real numbers. 


| Now ] You will apply the distributive property. 
So you can find calories burned, as in Example 5. 


Key Vocabulary The models below show two methods for finding the area of a rectangle that 
• equivalent has a length of (x + 2) units and a width of 3 units. 


expressions 


e distributive 
property 
e term 


2 


Area = 3(x) + 3(2) 


• coefficient 
e constant term x+ | 
«like terms Area = 3(x + 2) 


The expressions 3(x + 2) and 3(x) + 3(2) are equivalent because they 
represent the same area. Two expressions that have the same value for 
all values of the variable are called equivalent expressions. The equation 
3(x + 2) = 3(x) + 3(2) illustrates the distributive property, which can be 
used to find the product of a number and a sum or difference. 


For Your Notebook 


KEY CONCEPT 


F The Distributive Property 


Let a, b, and c be real numbers. 


> Words 
The product of a and (b + c): 


The product of a and (b — c): 


Algebra 
a(b + c) = ар + ac 
(b + с)а= ba + ca 
ар — c) = ab — ac 
(b — c)a = ba — ca 


Examples 
3(4 2) = 3(4) + 3(2) 
(3 + 5)2 = 3(2) + 5(2) 


5(6 — 4) — 5(6) — 5(4) 
(8 — 6)4 — 8(4) — 6(4) 


Apply the distributive property 


: AVOID ERRORS 


—— DevUs9 Use the distributive property to write an equivalent expression. 


: Be sure to distribute the 

: factor outside of the 

: parentheses to all of a. 4(у +3) = 4y + 12 
: the numbers inside the 

: parentheses, not just to 

: the first number. c. n(n — 9) = n? — 9n 
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KY ys, 
b. (y + 7)y = у? + ту 


Ky y^ 
d. (2 — п)8 = 16 — 8n 


| EXAMPLE 2 | Distribute a negative number 


Use the distributive property to write an equivalent expression. 


а. 2 (xx +7) = 2 + (—2)(7) Distribute —2. 
— —2x — 14 Simplify. 
b. (5 — y)(—3y) = 5(—3y) — yC-3y) Distribute —3y. 
= —15у + зу? Simplify. 
c. —(2x — 11) = (—1)(2x — 11) Multiplicative property of —1 
= (-1)(2x) — (—D (11) Distribute —1. 
= —2x + 11 Simplify. 


TERMS AND COEFFICIENTS The parts of an expression that are added together 
are called terms. The number part of a term with a variable part is called the 
coefficient of the term. 


: READING Terms 

: Note that -xhasa — / yx 

: coefficient of —1 even —=x + 2х + 8 

: though the 1 isn't 

: written. Similarly, x Coefficients are —1 and 2. 


: has a coefficient of 1. | 
A constant term has a number part but no variable part, such as 8 in the 


expression above. Like terms are terms that have the same variable parts, such 
as —x and 2x in the expression above. Constant terms are also like terms. 


| EXAMPLE 3 | Identify parts of an expression 


Identify the terms, like terms, coefficients, and constant terms of the 
expression Зх — 4 — 6x + 2. 
Solution 
Write the expression as a sum: 3x + (—4) + (-6x) + 2 
Terms: 3x, —4, —6x,2 Like terms: 3x and —6x; —4 and 2 


Coefficients: 3, —6 Constant terms: —4, 2 


Y GUIDED PRACTICE for Examples 1, 2, and 3 


Use the distributive property to write an equivalent expression. 
1. 2(x + 3) 2. —(4 — y) 3. (m—5)(-3m) — 4. (2n + ei 


5. Identify the terms, like terms, coefficients, and constant terms of the 
expression —7y + 8 — 6y — 13. 


COMBINING LIKE TERMS The distributive property allows you to combine 

like terms that have variable parts. For example, 5x + 6x = (5 + 6)x = 11x. A 
quick way to combine like terms with variable parts is to mentally add the 
coefficients and use the common variable part. An expression is simplified it it 
has no grouping symbols and if all of the like terms have been combined. 
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Simplify the expression 4(n + 9) — 3(2 + п). 
AA о a tes (СА) 5n+ 30 (В) n+30 (С) 5n+3 D n+3 


: In Example 4, you can 
: rewrite the expression 
: A(n + 9) — 3(2 + п) аѕ 4(п + 9) – 3(2 + п) = 4n + 36 – 6 – 3n Distributive property 
: A(n + 9) + (—3)(2 + n) 


; and then distribute —3 


= n + 30 Combine like terms. 


: tothetermsin2 +n. | > Тһе correct answer is B. Ф © Ф) 


: ANOTHER WAY . 
= —Á——À— 6000000000000 > Solution 
: For an alternative 


: method for solving the The workout lasts 50 minutes, and your running time is 


: problem in Example 5, r minutes. So, your swimming time is (50 — r) minutes. 
: turn to page 102 for | 


[ EXAMPLE 5 | Solve a multi-step problem 


EXERCISING Your daily workout plan involves a total of 
50 minutes of running and swimming. You burn 15 calories 
per minute when running and 9 calories per minute when 
| swimming. Let г be the number of minutes that you run. Find 
| the number of calories you burn in your 50 minute workout if 
you run for 20 minutes. 


: the Problem Solving STEP? Write a verbal model. Then write an equation. 
: Workshop. | 
Amount Burning rate Running Burning rate Swimming 
burned = when running - time + when swimming • time 
(calories) (calories/minute) (minutes) (calories/minute) (minutes) 
y v v y b d 
C = 15 . r + 9 e (50-r) 
C= 15r + 9(50 — r) Write equation. 
= 15r + 450 — 9r Distributive property 
= 6r + 450 Combine like terms. 


98 


STEP2 Find the value of C when r = 20. 
C = 6r + 450 Write equation. 
= 6(20) + 450 = 570 Substitute 20 for r. Then simplify. 


> You burn 570 calories in your 50 minute workout if you run for 20 minutes. 
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Y GUIDED PRACTICE | for Examples 4 and 5 


| 6. Simplify the expression 5(6 + n) — 2(n — 2). 
| 
7. WHAT IF? In Example 5, suppose your workout lasts 45 minutes. How many 
calories do you burn if you run for 20 minutes? 30 minutes? 
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2.5 EXERCISES 


HOMEWORK: 


: (O) = WORKED-OUT SOLUTIONS 
KEY: 


on р. WS4 for Exs. 9, 23, and 51 


* = STANDARDIZED TEST PRACTICE 
EXS. 2, 27, 52, and 54 


- SKILL PRACTICE 


1. VOCABULARY What are the coefficients of the expression 4x + 8 — 9x + 2? 


: EXAMPLES 


: on pp. 96-97 
: for Exs. 5-20 


: EXAMPLE 3 


: on p. 97 
: for Exs. 21-26 


: EXAMPLE 4 


: on p. 98 
: for Exs. 28-39 


2. Ж WRITING Are the expressions 2(x + 1) and 2x + 1 equivalent? Explain. 


ERROR ANALYSIS Describe and correct the error in simplifying the 
expression. 


3. 4. 
бу — (2y — 8) = бу — 2y- & 


= Зу — 6 


O + 2(4 + 3x) = 5 + 6 + бх 
= 22x 


USING THE DISTRIBUTIVE PROPERTY Use the distributive property to write 
an equivalent expression. 


5. 4(x + 3) 6. 8(y + 2) т. (m + 5)5 8. (n + 6)3 
| Or — 3)(-8) 10. —4(q — 4) 11, 2127 — 3) 12, ($ — 9)9 
13. 6v(v + 1) 14. —w(2w + 7) 15. —2x13 — x) 16. 3y(y — 6) 
1/1 3 2 5 
17. Hlm = 4) 18. -3(р – 1) 19. 2(6n — 9) 20. 2r(r — 1) 


| IDENTIFYING PARTS OF AN EXPRESSION Identify the terms, like terms, 


coefficients, and constant terms of the expression. 
2l. -7 + 135+ 25 + 8 22. 9 + Ty- 2 — by 
(23) 7x? — 10 - 23? +5 24. —3y* + 3y? -7 +9 


25. 2+ 3xy – 4ху + 6 26. бху — 11ху + 2xy — 4xy + 7xy 


27. Ж MULTIPLE CHOICE Which two terms are like terms? 


QD —2,—5х 4x, —X © -2, —2y (D) 5x, —3y 
SIMPLIFYING EXPRESSIONS Simplify the expression. 
AB. 7x + (—11х) 29. бу-у 30. 5+2n+2 
31. (4a4— 1)2 +a 32% А 001—0 33. 6r + 2(r + 4) 
34. 15t — (t — 4) 35. 3(m 5) — 10 36. —6(v+ 1) +v 
37. 7(w — 5) + 3w 38. 6(5 — z) + 2z 39. (s — 3)(-2) + 17s 


(СО GEOMETRY Find the perimeter and area of the rectangle. 


40. | 41. | 42. 


8 — 12w x + 0.6 


2.5 Apply the Distributive Property 
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USING MENTAL MATH In Exercises 43-46, use the example below to find 
the total cost. 


¡391 14938) Use the distributive property and mental math 


Use the distributive property and mental math to find the total cost of 
5 picture frames at $1.99 each. 


Total cost = 5(1.99) Write expression for total cost. 
= 5(2 — 0.01) Rewrite 1.99 as 2 — 0.01. 
= 5(2) — 5(0.01) Distributive property 


= 10 — 0.05 Multiply using mental math. 

= 9.95 Subtract. The total cost is $9.95. 
43. 3 CDs at $12.99 each 44. 5 magazines at $3.99 each 
45. 6 pairs of socks at $1.98 per pair 46. 25 baseballs at $2.98 each 


TRANSLATING PHRASES In Exercises 47 and 48, translate the verbal phrase 
into an expression. Then simplify the expression. 


47. Twice the sum of 6 and x, increased by 5 less than x 
48. Three times the difference of x and 2, decreased by the sum of x and 10 


49. CHALLENGE How can you use a(b + с) = ab + acto show that 
(b + с)а = ba + cais also true? Justify your steps. 


. PROBLEM SOLVING 


: EXAMPLE 5 50. SPORTS An archer shoots 6 arrows at a target. Some arrows hit 


: on p. 98 the 9 point ring, and the rest hit the 10 point bull's-eye. Write an 
: for Exs. 50-52 equation that gives the score s as a function of the number a of 
arrows that hit the 9 point ring. Then find the score if 2 arrows 
hit the 9 point ring. 
_@Homelutor © for problem solving help at classzone.com 


(©) MOVIES You have а coupon for $2 off the regular cost per movie 
rental. You rent 3 movies, and the regular cost of each rental is 9 points | 
the same. Write ап equation that gives the total cost С (in dollars) 10 points 
as a function of the regular cost г (in dollars)of a rental. Then find 
the total cost if a rental regularly costs $3.99. 
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52. * SHORT RESPONSE Each day you use your pay-as-you-go cell phone 
you pay $.25 per minute for the first 10 minutes and $.10 per minute 
for any time over 10 minutes. Write an equation that gives the daily 
cost C (in dollars) as a function of the time f (in minutes) when usage 
exceeds 10 minutes. Which costs more, using the phone for 10 minutes 
today and 15 minutes tomorrow, or using the phone for 25 minutes 
today? Explain. 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
100 on p. WS1 TEST PRACTICE 


53. DIVING In a diving competition, a diver’s score is the product of the 
difficulty level d of a dive and the sum of the scores x, y, and z of 3 judges. 
Write a simplified expression that represents the diver’s score. 


54. Ж EXTENDED RESPONSE During the summer you give one hour 
saxophone lessons to 20 students each week. Use the information in 
the advertisement. 


a. Model Write an equation that gives your weekly 
earnings y (in dollars) as a function of the number 


x of beginning students that you teach. SaxoP? ODE 


b. Calculate Find your weekly earnings if 15 of your LESSONS 
20 students are beginners. $ 20 per hour 

c. Explain Suppose that you plan to teach for 10 weeks Ш 
апа want to earn $4000 for the summer. How many $ 3 5 pee 
advanced students should you teach? Your answer 
should include the following: Learn from the best! 


e a table of values generated by the equation in part (a) 


e an explanation of your method for answering the 
question 


55. CHALLENGE A drama club plans to sell 100 tickets to a school musical. 
An adult ticket costs $6, and a student ticket costs $4. Students who 
attend the school get a $1 discount. The club expects two thirds of the 
student tickets to be discounted. Write an equation that gives the total 
revenue r (in dollars) as a function of the number a of adult tickets sold. 


: PREVIEW Multiply or divide. (p. 915) 

: Prepare for 

1,2 4.1 2,23 

: e » 56. 2'5 57. 7'8 58. 13 219 

: in Exs. 56—61. 

' 1.3 2.4 З. 1H 
59. 5 * 10 60. 3 * 9 61. 22 2 15 


Find the sum, difference, ог product. 
62. —7 + (—4) (p. 74) 63. 8 + (—11) (p. 74) 64. 12 — 23 (p. 80) 
65. —9 — 6 (p. 80) 66. (—11)(—2.1) (p. 88) 67. 15(3.5) (p. 88) 


' QUIZ for Lessons 2.4-2.5 


Find the product. (p. 88) 
i. -5+ 25) 2. 18. 3 3. 8-4. (10) 4. 9.(—7).(—12) 


5. (—3x) « (—4) 6. I 15 2. X* LB « (в) 8. (—2)(13x) 


Use the distributive property to write an equivalent expression. (p. 96) 


9. 7(x + 14) 10. —4(5х + 9) 11. —5(2x — 6) 12. (3 — x)6 
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Using ALTERNATIVE METHODS 


Another Way to Solve Example 5, page 98 


MULTIPLE REPRESENTATIONS In Example 5 on page 98, you saw how to solve 
a problem about exercising using a verbal model and an equation. You can 
also solve the problem by breaking it into parts. 


EXERCISING Your daily workout plan involves a total of 50 minutes of 
running and swimming. You burn 15 calories per minute when running 
and 9 calories per minute when swimming. Find the number of calories 
you burn in your 50 minute workout if you run for 20 minutes. 


Breaking into Parts You can solve the problem by breaking it into parts. 


STEP 1 Find the number of 
calories you burn when 15 calories 


| а d 20 minutes = 300 calories 
running. per пли? 


аа ыда STEP 2 Find the calories you 


20 minut | i Е ‘ 
м jJ burn when swimming. 9 calories 
| per minute 


e 30 minutes = 270 calories 


SWIMME 


50 — 20 = 30 minutes. 

STEP 3 Add the calories you 
burn when doing each 
activity. You burn a total 
of 570 calories. 


ema o o 


300 calories + 270 calories = 570 calories 


1. VACATIONING Your family is taking a 3. FLORIST During the summer, you work 
vacation for 10 nights. You will spend some 35 hours per week at a florist shop. You get 
nights at a campground and the rest of the paid $8 per hour for working at the register 
nights at a motel. A campground stay costs and $9.50 per hour for making deliveries. 
$15 per night, and a motel stay costs $60 per Find the total amount you earn this week if 
night. Find the total cost of lodging if you you spend 5 hours making deliveries. Solve 
stay at a campground for 6 nights. Solve this this problem using two different methods. 


problem using two different methods. 
4. ERROR ANALYSIS Describe and correct the 


2. WHAT IF? In Exercise 1, suppose the vacation i И 
error in solving Exercise 3. 


lasts 12 days. Find the total cost of lodging 
if you stay at the campground for 6 nights. 
Solve this problem using two different $8 per hour * 5 hours = $40 


methods. $9.50 per hour * 30 hours = $285 yA 
$40 + $285 = $325 
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2 6 Divide Real Numbers 
© 


You multiplied real numbers. 
Now ] You will divide real numbers. 


So you can calculate volleyball statistics, as in Ex. 57. 


Key Vocabulary Reciprocals like 2 апа > have the property that their productis 1: 
e multiplicative 2 3_ 
inverse 32 - 


e reciprocal, р. 915 


The reciprocal of a nonzero number a, written 1 , is called the 
e mean, p. 918 


multiplicative inverse of a. Zero does not have a multiplicative inverse 
because there is no number a such that 0 • a = 1. 


KEY CONCEPT For Vour Wotebook 


Inverse Property of Multiplication 


Words The product of a nonzero number and its multiplicative inverse is 1. 


l-l, 
а а 


: READING A > T Algebra а. 


: The symbol + is read 
: “is not equal to.” 


a=1,a#0 Example 8. = 1 


Find multiplicative inverses of numbers 


a. The multiplicative inverse of -i is —5 because -i e (—5) = 1. 


: WRITE INVERSES 


I: OE b. The multiplicative inverse of -5 15 -í because -$ . 1-2) = 1. 
: You can find the inverse 


: of 5 as follows: 


4 = 4, е Z DIVISION Because the expressions 6 + З and 6 * 5 have the same value, 2, you 
5 _6 


7 
7 can conclude that 6 + 3 = 6* 5 This example illustrates the division rule. 
6 


KEY CONCEPT For Your Notebook 


Division Rule 


Words To divide a number a by a nonzero number b, multiply a by the 
multiplicative inverse of b. 


Algebra a+b=a=,b+0 Example 5+2=5.2 
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SIGN OF A QUOTIENT Because division can be expressed as multiplication, 
the sign rules for division are the same as the sign rules for multiplication. 


KEY CONCEPT For Your Notebook 


The Sign of a Quotient 
: AVOID ERRORS 


: You cannot divide a real 4° + The quotient of two real numbers with the same sign is positive. 
: number by 0, because <: 
: O does not have a T 
: multiplicative inverse. 4: • The quotient of 0 and any nonzero real number is 0. 


• The quotient of two real numbers with different signs is negative. 


| EXAMPLE 2 | Divide real numbers E | Е 


Find the quotient. 
— = = — e Д. — — _3 = — e _3 
а. -16-4- -16.1 b. 20 =| 3) = 20 (E) 
= —4 = 12 
vo GUIDED PRACTICE | for Examples 1 and 2 
Find the multiplicative inverse of the number. 
_ = _4 1 
1, —27 2. —8 3. > 4. 3 
| Find the quotient. 
—64 = (= a3 .[- + {4 —2 4 
5. -64+ (4 6, -3 + (3) 7. 18 + (-2) в. -2 + 18 


TEMPERATURES The table gives the daily minimum 
temperatures (in degrees Fahrenheit) in Barrow, Alaska, 
for the first 5 days of February 2004. Find the mean daily 
minimum temperature. {| 


‚ Point Barrow 
: CHECK Solution Observatory 
: REASONABLENESS | To find the mean daily minimum temperature, find the sum of the 
: The sum of the minimum temperatures for the 5 days and then divide the sum by 5. 
: temperatures is about 91 + (—29) + (-39) + (-39) + (—22 
: 20 + (30) + Mean = (—29) + ( > (339) + (222) 
: (40) + (-40) + n 
: (-20) = —150, and = ~~ = —30 
: —150 + 5 = —30, so the 
: solution is reasonable. | » The mean daily minimum temperature was —30°F. 
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Simplify an expression 


Simplify the expression ml, 
: ANOTHER WAY 36x — 24 à; тт 
: You can simplify азиза Es t» — 6 7 (36x — 24) + 6 Rewrite fraction as division. 
: the expression by Е 1 -— 
: first rewriting it as a = (36x — 24)* 6 Division rule 
: difference of two 1 1 
: fractions: 38X — 24 — = 36x • 6 24 + 6 Distributive property 
: | 6 
¡E 6x — 4. = 6x —4 Simplify. 


r4 GUIDED PRACTICE for Examples 3 and 4 


9. Find the mean of the numbers —3, 4, 2.8, and —1.5. 


10. TEMPERATURES Find the mean daily maximum temperature (in degrees 
Fahrenheit) in Barrow, Alaska, for the first 5 days of February 2004. 


a Га [а 


TE 
Maximum temperature (°F) —22 —18 


Simplify the expression. 


2x – 8 


ale —38 dm > 


OPERATIONS ON REAL NUMBERS In this chapter, you saw how to find the sum, 
difference, product, and quotient of two real numbers a and b. You can use the 
values of a and b to determine whether the result is positive, negative, or 0. 


CONCEPT SUMMARY For Vour Wotebook 


Rules for Addition, Subtraction, Multiplication, and Division 


Let a and b be real numbers. 


Positive if... the number a and b have a and b have the 
with the greater the same sign same sign 


absolute value is (a  0,b = 0). (a  0,b = О). 
positive. 


Negative if... the number a and b have a and b have 
with the greater different signs different signs 


absolute value (а= 0, b = 0). (a # 0, Б # 0). 
is negative. 


i a and b are a=00rb=0. a=Oandb #0. 
Г. additive inverses. 
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2.6 EXERCISES HOMEWORK: Ç) = WORKED-OUT SOLUTIONS 
и KEY: on р. WS4 for Exs. 13, 35, and 53 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 23, 48, 49, 55, 56, and 57 


- SKILL PRACTICE 


1. VOCABULARY Copy and complete: The product of a nonzero number and 
its ? isl. 
2. * WRITING How can you tell whether the mean of n numbers is negative 
without actually dividing the sum of the numbers by п? Explain. 
: EXAMPLE 1 | FINDING INVERSES Find the multiplicative inverse of the number. 
: on p. 103 Е _ _ A 
: for Exs. 3-10, 23 ъ= oe » —1 O. 77 
3 _3 _41 _92 
Le = 4 8. 9 9. 42 10. 25 
: EXAMPLE2 | FINDING QUOTIENTS Find the quotient. 
: for EXS. 11-22 IL —21-3 12. —18 + (—8) І = 7 14. 15 + (-3 
a. [gl 2 -lal al ns e 
15. 13 + | 43) 16. -2+2 12. 1+1 18. 1 + (-6) 
4. 3 + |8 х & 1..3 
19. 2 + (-2) 20. 1+ 1-6) 21. 8 + (4) 22. -1 +? 
_ 23. Ж MULTIPLE CHOICE If —2x = 1, what is the value of x? 
® -12 ® 5 O 1 D 2 
: EXAMPLE3 | FINDING MEANS Find the mean of the numbers. 
: on p. 104 EN де B _ 
: for EXS. 24—32 24. —10, -8,3 25, 12, —8, —9 26. 18, —9, 0, —5 
27. —,9, -3,5 28. —1, —4, —5, 10 29. 7, —4, 1, —9, —6 
30. —5.3, -2, 1.3 31. 0.25, —4, —0.75, —1, 6 32. —0.6, 0.18, —2, 5, —0.5 
: EXAMPLE 4 | SIMPLIFYING EXPRESSIONS Simplify the expression. 
: on p. 105 m 12у – 8 = 
: for Exs. 33-43 33. аа 34. y 1 = 2 
—6p + 15 5 — 294 —18 — 217 
36. — $5 37. 10 38. —5 
—8 —b 9 
ERROR ANALYSIS Describe and correct the error in simplifying the 
expression. 
ze (0 -485x — 10 1 
= 1 —15x — 
La = (12 — 18x) • (-5) -p = (—15х — 10) • (-3) 
1 1 = Б Та 
X = 21-5) = өх(—&) X = 15x( 5) 10( 5) 
= —2 + 3x =3x-2 
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EVALUATING EXPRESSIONS Evaluate the expression. 


44. 


46. 


48. 


49. 


50. 


51. 


2y — х = _ Ax _ a 
when х = land y= -4 45. So 8 

—9x = — = — Fo = — = — 

Poi when x 3 and y 2 47. ху when х 6 and y 2 


Ж WRITING Tell whether division is commutative and associative. 


Give examples to support your answer. 


Ж MULTIPLE CHOICE Let a and bbe positive numbers, and let cand d be 
negative numbers. Which quotient has a value that is always negative? 


a. 
(D 7b 


CHALLENGE Find the mean of the integers from —410 to 400. Explain how 


you got your answer. 


CHALLENGE What is the mean of a number and three times its opposite? 
Explain your reasoning. 


Dee ee 
. PROBLEM SOLVING 


: EXAMPLE 2 


: on p. 104 
: for Ex. 52 


: EXAMPLE 3 


: on p. 104 
: for Exs. 53-54 


52. SPORTS Free diving means diving without the aid of breathing 
equipment. Suppose that an athlete free dives to an elevation of 
—42 meters in 60 seconds. Find the average rate of change in the 


diver's elevation. 
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WEATHER The daily mean temperature is the mean of the high and 
low temperatures for a given day. The high temperature for Boston, 
Massachusetts, on January 10, 2004, was —10.6*C. The low temperature 
was —18.9°С. Find the daily mean temperature for that day. 


54. MULTI-STEP PROBLEM The table shows the changes in the values of 
one share of stock A and one share of stock B over 5 days. 


Change in share value 


for stock A (dollars) 


a. Find the average daily change in share value for each stock. Use 
estimation to check that your answers are reasonable. 


b. Which stock performed better over the 5 days? How much more 
money did the better performing stock earn, on average, per day? 


с. Can you conclude that the stock that performed better over all 
5 days also performed better over the first 4 days of the week? 


Explain your reasoning. 
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: PREVIEW 


: Prepare for 
: Lesson 2.7 in 
: Exs. 63-64. 


108 


55. Ж MULTIPLE CHOICE In a trivia competition, your team earned 60, —100, 
300, 120, and —80 points on 5 questions. The sixth question has a value of 
300 points. By how many points will your team’s mean score per question 
change if you answer the sixth question correctly? 


СА) 40 points 50 points ©) 60 points (D> 100 points 


56. Ж SHORT RESPONSE The South Aral Sea in Russia was about 57 meters 
above sea level in 1965. Scientists once predicted that the elevation would 
be about 34 meters above sea level in 2002. 


a. Estimate the average rate of change in 
elevation for the period 1965-2002 using 
the scientists’ prediction. Round to the 
nearest hundredth of a meter per year. 


b. More recent research suggests that 
the elevation decreased to about 
30.5 meters above sea level in 2002. 
Use this information to predict the t 
elevation in 2010. Explain the steps South Aral Sea, 1973 South Aral Sea, 2000 
of your solution. 


57. Ж EXTENDED RESPONSE In volleyball, an ace is a serve that the 
opponent doesn't hit. Ace efficiency is a measure of a player's ability to 
hit aces while minimizing service errors. The ace efficiency fis given by 


i = ё where a is the number of aces, e is the number of 


the formula f= 


service errors, and sis the total number of serves. 


a. Calculate Find the ace efficiency for a player who has 108 aces and 
125 service errors in 500 serves. 


b. Compare If the player makes 30 more aces and 20 more service errors 
in the next 100 serves, will the ace efficiency improve? Explain. 


с. Justify Under what conditions would a player's ace efficiency be 0? 1? 
—1? Justify your answers algebraically. 


58. CHALLENGE The average daily balance of a checking account is the sum 
of the daily balances in a given period divided by the number of days 
in the period. Suppose that a period has 30 days. Find the average daily 
balance of an account that has a balance of $110 for 18 days, —$300 for 
10 days, and $100 for the rest of the period. 


~ MIXED REVIEW = | | 


Evaluate the expression. 

59. 6x when x = 15 (p. 2) 60. 4x + 2y when x = 3 and y = 7 (р. 8) 

61. x y — 2 when x = 3 and y = —4 (p.80) 62. —4xy when x = —2 and y = —1.4 (p. 88) 
Identify the hypothesis and the conclusion of the statement. Tell whether 

the statement is true or false. If it is false, give a counterexample. (p. 64) 

63. If a number is a whole number, then the number is a rational number. 


64. Ifanumber is a rational number, then the number is an integer. 
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in Дер АС TIVITY Use before Lesson 2.7 


Writing Statements in If-Then Form 


MATERIALS : paper and pencil 


|. | Te 


STEP T | Answer questions Copy the questions below and write your answers 
beside them. 


1. Do you play an instrument? 2. Do you participate in a school sport? 


3. Are you taking an art class? 4. Do you walk to school? 


Write if-then statements Each of the all or none statements below 
can be written in if-then form. Copy each statement and complete its 
equivalent if-then form. The first one is done for you as an example. 
1. All of the students in our group play an instrument. 
If a student is in our group, then the student plays an instrument. 


. None of the students in our group participates in a school sport. 
If ? ,then ? . 


. None of the students in our group is taking an art class. 
If ? then ?. 


. All of the students in our group walk to school. 
If ? ,then_? . 


STEP 3| Analyze statements Form a group with 2 or 3 classmates. Tell 
whether each if-then statement in Step 2 is true or false for your group. If the 
statement is false, give a counterexample. 


1. Describethe similarity and difference in the if-then forms of the 
following statements: 


АП of the students in our group listen to rock music. 
None of the students in our group listens to rock music. 


Rewrite the given conditional statement in if-then form. Then tell whether 
the statement is true or false. If it is false, give a counterexample. 


2. All of the positive numbers are integers. 
3. All of the rational numbers can be written as fractions. 
4. None of the negative numbers is a whole number. 


5. None of the rational numbers has an opposite equal to itself. 
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2 7 Find Square Roots and 
*^ Compare Real Numbers 


You found squares of numbers and compared rational numbers. 
[ Now ) You will find square roots and compare real numbers. 
So you can find side lengths of geometric shapes, as in Ex. 52. 


Key Vocabulary Recall that the square of 4 is 44 = 16 and the square of —4 is (—4)* = 16. 

• square root The numbers 4 and —4 are called the square roots of 16. In this lesson, 

e radicand you will find the square roots of nonnegative numbers. 

* perfect square 

"irrational number ARI For Your Notebook 
e real numbers 


A pa. +V36 = +6 The positive and negative square roots of 36 


: The symbol + is read 
: as “plus or minus” 


110 


Chapter 2 


Square Root of a Number 


Words If b^ = a, then bis a square root of a. 


Example 3^ = 9 and (—3)* = 9, so 3 and —3 are square roots of 9. 


All positive real numbers have two square roots, a positive square root (or 
principal square root) and a negative square root. A square root is written with 
the radical symbol V . The number or expression inside a radical symbol is 
the radicand. 


radical 


——=> Va -«——— radicand 
symbol 


Zero has only one square root, 0. Negative real numbers do not have real 
square roots because the square of every real number is either positive or 0. 


Find square roots 


Evaluate the expression. 


are 6 and —6. 


: and refers to both the b. V49 = 7 The positive square root of 49 is 7. 

: positive square root VA | А 

: and the negative square с. —V4 = —2 The negative square root of 4 is —2. 
: root. 


GUIDED PRACTICE for Example 1 


Evaluate the expression. 


1. —V9 2. V25 3. +V64 4. —V81 


Properties of Real Numbers 


PERFECT SQUARES The square of an integer is called a perfect square. As 
shown in Example 1, the square root of a perfect square is an integer. As 
you will see in Example 2, you need to approximate a square root if the 
radicand is a whole number that is not a perfect square. 


e (EXAMPLE 2 | Approximate a square root 


FURNITURE The top of a folding table is a square whose area is 
945 square inches. Approximate the side length of the tabletop 
to the nearest inch. 


Solution 


You need to find the side length s of the tabletop such that s* = 945. This 
means that s is the positive square root of 945. You can use a table to 
determine whether 945 is a perfect square. 


CE EE 
Square of number 784 | 841 | 900 - 961 1024 


As shown in the table, 945 is not a perfect square. The greatest perfect square 
less than 945 is 900. The least perfect square greater than 945 is 961. 


900 « 945 « 961 Write a compound inequality that compares 945 with 
both 900 and 961. 


V900 « V945 « V961 Take positive square root of each number. 
30 « V945 < 31 Find square root of each perfect square. 


The average of 30 and 31 is 30.5, and (30.5)? = 930.25. Because 
945 » 930.25, V945 is closer to 31 than to 30. 


* The side length of the tabletop is about 31 inches. 


ц 


USING A CALCULATOR In Example 2, you can use | 
a calculator to obtain a better approximation of 0945) о те | 
the side length of the tabletop. | 


E] ЕШ 945 ШШ ENTER | | 


The value shown can be rounded to the nearest 
hundredth, 30.74, or to the nearest tenth, 30.7. In b J 
either case, the length is closer to 31 than to 30. 


GUIDED PRACTICE for Example 2 


Approximate the square root to the nearest integer. 


5. V32 6. V103 7 —V48 8. —V350 


IRRATIONAL NUMBERS The square root of a whole number that is nota 
perfect square is an example of an irrational number. An irrational number, 
such as V945 = 30.74085. . . is a number that cannot be written as a quotient 
of two integers. The decimal form of an irrational number neither terminates 
nor repeats. 


2.7 Find Square Roots and Compare RealNumbers 111 


REAL NUMBERS The set of real numbers is the set of all rational and 
irrational numbers, as illustrated in the Venn diagram below. Every point 
on the real number line represents a real number. 


REAL NUMBERS 
Rational add Irrational Numbers 
3 — 05 —0.333.. 
V2 = 1.414213... 
: READING —V14 = —3.74165... 
: If you exclude 0 from | | 
: the whole numbers, the | | e 77 = 3.14159... 


: resulting set is called 
: the natural numbers. 


| EXAMPLE З | Classify numbers 


Tell whether each of the following numbers is a real number, a rational 
number, an irrational number, an integer, or a whole number: V24, V100, 


—\/81. 
Real Rational Irrational Whole 
number? number? number? Integer? number? 


[ EXAMPLE 4 ] Graph and order real numbers 


Order the numbers from least to greatest: 2 —V5, V13, —2.5, V9. 


Solution 


Begin by graphing the numbers on a number line. 
—Rh LA loss E 3 V9 Ү13 ~ 3.61 


—3 —2 =] 0 1 2 3 4 


> Read the numbers from left to right: —2.5, —V5, > V9, V13. 


GUIDED PRACTICE for Examples 3 and 4 


9. Tell whether each of the following numbers is a real number, a rational 


number, an irrational number, an integer, or a whole number: => 5.2, 0, 
V7, 4.1, -V20. Then order the numbers from least to greatest. 
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CONDITIONAL STATEMENTS In the activity on page 109, you saw that а 
conditional statement not in if-then form can be written in that form. 


| EXAMPLE 5 | Rewrite a conditional statement in if-then form 


Rewrite the given conditional statement in if-then form. Then tell whether 
the statement is true or false. If it is false, give a counterexample. 


Solution 
a. Given: No fractions are irrational numbers. 
If-then form: If a number is a fraction, then it is not an irrational number. 
The statement is true. 
b. Given: All real numbers are rational numbers. 
If-then form: If a number is a real number, then it is a rational number. 


The statement is false. For example, V2 is a real number but nota 
rational number. 


r4 GUIDED PRACTICE for Example 5 


Rewrite the conditional statement in if-then form. Then tell whether the 
statement is true or false. If it is false, give a counterexample. 


10. All square roots of perfect squares are rational numbers. 
11. All repeating decimals are irrational numbers. 


12. No integers are irrational numbers. 


HOMEWORK: (7)- WORKED-OUT SOLUTIONS 
KEY: on p. WS5 for Exs. 9, 19, and 47 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 23, 41, 42, 48, and 51 


: 49 = MULTIPLE REPRESENTATIONS 
Ex. 52 


27 EXERCISES 


- SKILL PRACTICE 


1. VOCABULARY Copy and complete: The set of all rational and irrational 
numbers is called the set of ? . 


2. ж WRITING Without calculating, how can you tell whether the square 
root of a whole number is rational or irrational? 


: EXAMPLE 1 EVALUATING SQUARE ROOTS Evaluate the expression. 


ROTE. MH 3. V4 4. —V49 5. —\9 6. +V1 

: for Exs. 3-14 | 
7. V196 8. +V121 (э) + 2500 10. —V256 
11. —V225 12. V361 13. +V169 14. —V1600 
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: EXAMPLE 2 


: on p. 111 
: for Exs. 15—22 


: EXAMPLES 


: for Exs. 24—29 


: EXAMPLE 5 


3 ere n РЯ 
: for Exs. 30-33 
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APPROXIMATING SQUARE ROOTS Approximate the square root to the 
nearest integer. 


15. V10 16. —V18 17. -V3 18. V150 
—V86 20. V40 21. V200 22. —V65 


23. Ж MULTIPLE CHOICE Which number is between —30 and —25? 
СА) —V1610 (в) -V680 (C -VA10 (D -v27 


CLASSIFYING AND ORDERING REAL NUMBERS Tell whether each number 
in the list is a real number, a rational number, an irrational number, an 
integer, or a whole number. Then order the numbers from least to greatest. 


24. V49, 8, —V4, —3 25. —V12, —3.7, V9, 2.9 
26. —11.5, —V121, —10, 25 | V144 27. V8, -$ 1, Б” 
28. ==, —V5, 2.6, me 29. —8.3, —V80, ——, —8.25, —V100 


ANALYZING CONDITIONAL STATEMENTS Rewrite the conditional statement 
in if-then form. Then tell whether the statement is true or false. If it is false, 
give a counterexample. 


30. All whole numbers are real numbers. 
31. All real numbers are irrational numbers. 
32. No perfect squares are whole numbers. 


33. No irrational numbers are whole numbers. 


EVALUATING EXPRESSIONS Evaluate the expression for the given value of x. 


34. 3+ Vx when x = 9 35. 11 — Vx when x = 81 
36. 4 • Vx when x = 49 37. —7 + Vx when x = 36 
38. -3 + Vx – 7 when x= 121 39. 6* Vx + 3 when х = 100 


40. REASONING Tell whether each of the following sets of numbers has 
an additive identity, additive inverses, a multiplicative identity, and 
multiplicative inverses: whole numbers, integers, rational numbers, real 
numbers. Use a table similar to the one on page 112 to display your results. 


41. Ж MULTIPLE CHOICE If x = 36, the value of which expression is a perfect 
square? 


(А) Vx + 17 (В) 87 - Vx (С) 5-Vx (D 8-Vx-2 


42. * WRITING Let x» 0. Compare the values of x and Vx for 0 « x « 1 and for 
x » 1. Give examples to justify your thinking. 


43. CHALLENGE Find the first five perfect squares x such that 2 * Vx is also a 
perfect square. Describe your method. 


44. CHALLENGE Let n be any whole number from 1 to 1000. For how many 
values of nis Vn a rational number? Explain your reasoning. 


Q — WORKED-OUT SOLUTIONS Ж = STANDARDIZED 


on p. WS1 TEST PRACTICE 


Г PROBLEM SOLVING 


: EXAMPLE 1 45. ART The area of a square painting is 3600 square inches. Find the side 


: on p. 110 length of the painting. 
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: EXAMPLE 2 46. SOCCER Some soccer drills are practiced in a square section of a field. If 


: оп р. 111 | the section of a field for a soccer drill is 1620 square yards, find the side 
: for Exs. 46, 48 length of the section. Round your answer to the nearest yard. 
\ @НотетТиїог > for problem solving help at classzone.com 


MAZES The table shows the locations and areas 
of various life-size square mazes. Find the side lengths 
of the mazes. Then tell whether the side lengths are 
rational or irrational numbers. 


Dallas, Texas 


Corona, New York 
Waterville, Maine | 90 — 


San Francisco, California 


Maze at Corona, New York 


48. ж SHORT RESPONSE You plan to use a square section of a park for a small 
outdoor concert. The section should have an area of 1450 square feet. You 
have 150 feet of rope to use to surround the section. Do you have enough 
rope? Explain your reasoning. 


49. STORAGE CUBES If /? = a, then bis called the cube root of a, written Va. 
For instance, in Example 5 on page 4, 14? — 2744, so 14 is the cube root 
of 2744, or 14 = V2744. Suppose a storage cube is advertised as having a 
volume of 10 cubic feet. Use a calculator to approximate the edge length 
of the storage cube to the nearest tenth of a foot. 


50. MULTI-STEP PROBLEM The Kelvin temperature scale was invented 
by Lord Kelvin in the 19th century and is often used for scientific 
measurements. To convert a temperature from degrees Celsius (°C) to 
kelvin (K), you add 273 to the temperature in degrees Celsius. 


a. Convert 17?C to kelvin. 


b. The speed s (in meters per second) of sound in air is given by the 
formula s = 20.1 • VK where Kis the temperature in kelvin. Find the 
speed of sound in air at 17°С. Round your answer to the nearest meter 
per second. 


51. Ж SHORT RESPONSE A homeowner is building a square patio and will 
cover the patio with square tiles. Each tile has an area of 256 square 
inches and costs $3.45. The homeowner has $500 to spend on tiles. 


a. Calculate How many tiles can the homeowner buy? 


b. Explain Find the side length (in feet) of the largest patio that the 
homeowner can build. Explain how you got your answer. 
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52. oy MULTIPLE REPRESENTATIONS The diagram shows the approximate 
areas (in square meters) of the square bases for the pyramids of Giza. 


Mankaira 
MN j CHIF . C 
11,772 


a. Making a Table Make a table that gives the following quotients 
(rounded to the nearest tenth) for each of the З pairs of pyramids: 


e (area of larger base) + (area of smaller base) 
e (side length of larger base) + (side length of smaller base) 
For each pair of pyramids, how are the two quotients related? 


b. Writing an Equation Write an equation that gives the quotient g of the 
side lengths as a function of the quotient r of the areas. 


53. CHALLENGE Write an equation that gives the edge length £ of acube asa 
function of the surface area A of the cube. 


MIXED REVIEW E 


Evaluate the expression. (p. 8) 


54. 11+6-3 55. 18 — 3* 56. 9 • 22 — 1 57. 6(42 + 4) 
58. 12-3415 59. 6:4+7+5 60. 9(15 — 2 • 4) 61. 52 — 2° 
: PREVIEW Solve the equation using mental math. (р. 21) 
: Preparefor | 65 8+ х= 13 63. x — 20 = 15 64. 4х = 32 65. = 5 
: Lesson 3.1 in Fi 
nb dcn 66. х— 14 — 30 67. x+ 11 = 27 68. * = 10 69. 6x — 48 


. QUIZ for Lessons 2.6-2.7 


Find the quotient. (p. 103) 


1. —20 + (—5) 2. —12 + 3, 4+ CE 4. —18.2 + (-3) 


5. Simplify the expression 22 

6. Tell whether each of the following numbers is a real number, a rational 
number, an irrational number, an integer, or a whole number: —3, —\/5, 
—3.7, V3. Then order the numbers from least to greatest. (p. 110) 


7. Rewrite the following conditional statement in if-then form: “No irrational 
numbers are negative numbers.” Tell whether the statement is true or false. 
If it is false, give a counterexample. (p. 110) 
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Use after Lesson 2.7 


Key Vocabulary 

e inductive reasoning 
° conjecture 

e closure 


e deductive 
reasoning 


Use Logical Reasoning 


(eT) Use inductive and deductive reasoning. 


When you make a conclusion based on several examples, you are using 
inductive reasoning. A conclusion reached using inductive reasoning is an 
example of a conjecture. A conjecture is a statement that is believed to be true 
but not yet shown to be true. 


Use inductive reasonin 


Let a and b be even integers. Make a conjecture about the product ab. 


Solution 


Consider pairs of integer values of a and b, including combinations of 
positive, negative, and 0 values. 


Conjecture: For even integers a and b, the product ab is an even integer. 


CLOSURE The conjecture in Example 1 is true. The product of any two even 
integers is an even integer. The set of even integers has closure or is closed 
under multiplication. 


KEY CONCEPT For Your Notebook 


Closure 


A set has closure or is closed under a given operation if the number that 
results from performing the operation on any two numbers in the set is 
also in the set. 


Example: The product of any two integers is an integer. The set of integers 
is closed under multiplication. 


Non-example: The quotient of two integers is not necessarily an integer. 
The set of integers is not closed under division. 
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a 
- PRACTICE 


: EXAMPLE 1 


: on p. 117 for 
: Exs. 1-3 


: EXAMPLE 2 


: on p. 118 for 
: Exs. 4, 7 


DEDUCTIVE REASONING When you make a conclusion based on statements 
that are assumed or shown to be true, you are using deductive reasoning. 
An argument based on deductive reasoning is called a proof. The following 
example gives a proof, or proves, that the set of even integers is closed under 
multiplication. It uses the fact that an even integer is an integer that can be 
written as the product of 2 and another integer. 


[ EXAMPLE 2 ] Use deductive reasoning o 


Prove that the set of even integers is closed under multiplication. 


Solution 


Let x and y be even integers. Then x = 2m for some integer m, and y = 2n for 
some integer 7. 


xy = (2m) (2n) Substitution property of equality 
= 2[m(2n)] Associative property of multiplication 


Because the set of integers is closed under multiplication, т (2n) is an integer, 
and xy is the product of 2 and another integer. By definition, xy is an even 
integer. So, the set of even integers is closed under multiplication. 


Make a conjecture about the number. In Exercises 2 and 3, use the fact 
that an odd integer is an integer that can be written as the sum of an even 
integer and 1. That is, the integer x is odd if x = 2m + 1 for some integer т. 


1. The sum of two even integers x and y 
2. The sum of an odd integer x and an even integer y 
3. The sum of two odd integers x and y 


4. REASONING Prove your conjecture from Exercise 1. 


Tell whether the set is closed under the indicated operation. 
5. The set of negative integers; multiplication 
6. The set of whole numbers; addition 


7. REASONING The following is a proof that for any real number a, a + 
à * (-1) = 0, which shows that a • (-1) is the opposite of a. Justify each 
step. The proof uses the addition property of equality: If a — b, then 
а + c= b + с. You will learn about this property in Lesson 3.1. 

a=ael ? 


at+ae(-l)=ael1l+as(-l) Addition property of equality 


а+а• (1) = all + (-1)] 2 
at+ae(-l)=a-0 2 
at+ae(-l) = 0 2 


118  Chapter2 Properties of Real Numbers 


MIXED КЕМЕЛ. of Problem Solving 2) ЅТАТЕ ТЕЅТ РВАСТІСЕ 


Lessons 2.4-2.7 


1. MULTI-STEP PROBLEM The modern 
pentathlon consists of 5 events, including 
a distance run. For the men's run, every 
athlete starts with 1000 points. The athlete 
earns 2 points for every 0.5 second under a 
finishing time of 10 minutes and —2 points 
for every 0.5 second over 10 minutes. 


a. An athlete finishes the race in 9 minutes 
34 seconds. How many points does he 
have now? 


b. His competitor finishes in 11 minutes 
2.5 seconds. How many more points 
than his competitor does he have? 


2. MULTI-STEP PROBLEM The troposphere is 
the lowest layer of the atmosphere. It extends 
to a height of 11,000 meters. On average, 
the temperature is 15°С at the bottom of 
the troposphere and changes by about 
—0.0065°C for every meter of increase 
in elevation. 


a. Write an equation that gives the 
temperature T (in degrees Celsius) as 
a function of the elevation e (in meters) 
within the troposphere. 


b. Find the temperature at the top of 
the troposphere. 


3. GRIDDED ANSWER The table shows the areas 
of two square rugs that a store sells. How 
many inches longer is the sorrel rug than the 
shaw rug? 


Sorrel rug 8281 
Shaw rug 7744 


4. SHORT RESPONSE Your friend is comparing 
two 6-sided cubic storage bins. The yellow 
bin has a surface area of 9600 square 
centimeters and costs $25. The blue bin has a 
surface area of 7350 square centimeters and 
costs $20. 


a. Find the edge length of each bin. 


b. Which bin costs less per cubic centimeter? 
Explain your reasoning. 


8.90 + (—2.34) + (—1.15) 
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5. SHORT RESPONSE The table shows the costs 


of three items at a baseball stadium in 2002 
and 2004. 


Ticket $20.44 $17.90 
Soda $2.75 $2.00 
Hot dog $2.75 $2.75 


a. Write an equation that gives the change 
cin the total amount spent from 2002 to 
2004 when buying x of each item. Then 
find the value of c when x = 4. 


b. Suppose that from 2004 to 2006 the cost 
of a ticket decreases, and the costs of 
the other two items increase. Can you 
conclude that the change in the total 
amount spent from 2004 to 2006 is 
positive? Explain. 


. EXTENDED RESPONSE A farmer is planting 


corn and soybeans in the rectangular field 

shown. The farmer spends $.09 per square 

yard to plant corn and $.07 per square yard 
to plant soybeans. 


xyd 


soybeans 200 yd 


H—— 400 yd ——— 


a. Write an equation that gives the cost C 
of planting the field as a function of the 
length x (in yards) of the corn section. 


b. How much money will the farmer spend 
on planting the field if the corn section 
has a length of 100 yards? 


c. Suppose that the farmer has $6500 to 
plant the entire field. Will the farmer have 
enough money if the soybean section has 
a length of 250 yards? Explain. 


. OPEN-ENDED Describe a real-world situation 


that can be modeled by the expression 
3 . Then find the value of 
the expression. 
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CHAPTER SUMMARY 


: BIG IDEAS For Your Notebook 


> Performing Operations with Real Numbers 


: To add or multiply two real numbers a and b, you can use the following rules: 


Ps : Rule when a and b have the | Rule when a and b have 


a+b Add |a| and |b|. The sum Subtract the lesser absolute 
М has the same sign asa and b. | value from the greater absolute 
: value. The sum has the same 


sign as the number with the 
greater absolute value. 


> ab The product is positive. The product is negative. 


~ You can use these rules to subtract or divide numbers, but first you rewrite 
> the difference or quotient using the subtraction rule or the division rule. 


Е Applying Properties of Real Numbers 


You can apply the properties of real numbers to evaluate and simplify 
expressions. Many of the properties of addition and multiplication are 


> similar. 

: Property Addition Multiplication 

> | Commutative property a+b=b+a ab = ba 
Associative property (a+ р) + с=а+ (Б + о (ab)c = a(bc) 
Identity property  а+0=0+а=а a:l=1.a=a 
Inverse property а + (-а) = -а+а = 0 а-1=1.а=1,а%0 


Distributive property a(b + с) = ab + ac (and three variations) 


: Classifying and Reasoning with Real Numbers 


Big 
> Being able to classify numbers can help you tell whether a conditional 


> Statement about real numbers is true or false. For example, the following 
> statement is false: “All real numbers are integers.” A counterexample is 3.5. 


Numbers Description 
Whole numbers The numbers 0, 1, 2, 3, 4,... 


Integers The numbers ..., —3, -2, —1, 0, 1, 2, 3,... 


a 


Rational numbers Numbers of the form b 


where a and b are integers and b + 0 


Irrational numbers Numbers that cannot be written as a quotient of two integers 


Real numbers All rational and irrational numbers 
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* Multi-Language Glossary 
* Vocabulary practice 


REVIEW KEY VOCABULARY 


* whole numbers, integers, positive • additive identity, p. 76 • multiplicative inverse, p. 103 


integer, negative integer, p.64 —  . additive inverse, p. 76 * square root, radicand, p. 110 
* rational number, p. 64 • multiplicative identity, p. 89 • perfect square, p. 111 
e opposites, absolute value, p.66 — , equivalent expressions, p. 96 • irrational number, p. 111 
conditional statement, p. 66 e distributive property, p. 96 • real numbers, p. 112 
• if-then statement, p. 66 e term, coefficient, constant term, • closure, p. 117 
* counterexample, p. 66 like terms, p. 97 
VOCABULARY EXERCISES 
Identify the terms, coefficients, constant terms, and like terms of the 
expression. 
L -24—5—1Ix4—9 2, 06-6 - € 


Tell whether the number is a real number, a rational number, an irrational 
number, an integer, or a whole number. 


3. 0.3 4. —V8 5. —15 6. V49 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding of 
the concepts you have learned in each lesson of Chapter 2. 


Use Integers and Rational Numbers pp.64-67 | 


Order the following numbers from least to greatest: t — 0.10, 0.25, -i 


1 
Е 20.10 5 0.25 From least to greatest, the numbers 
EUO —3À——1 ———— 1 1 
-02 -01 0 01 02 03 are —g —0.10, =, and 0.25. 
EXERCISES 
: EXAMPLES Order the numbers in the list from least to greatest. 
: 3, 4, and 5 А i m А 
: оп pp. 65-66 A 52,9 6,03, 8. 2.1,0, 3 71.38, 5 


: for Exs. 7—12 


For the given value of a, find —a and |a 


— _ E _ E 
9. a= —0.2 10. а=3 П. а= 2 12. а = 11 
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: EXAMPLES 
: 1,2, and4 


- for Exs. 13-19 


Add Real Numbers pp. 74-76 
Find the sum. 
а. —3.6 + (—5.5) = —( | —3.6 | T | —5.5 | ) Rule of same signs 
= (50 F359) Take absolute values. 
= —9.1 Add. 
b. 16.1 + (—9.3) = |16.1| — |-9.3| Rule of different signs 
= 16.1 — 9.3 Take absolute values. 
= 6.8 Subtract. 
EXERCISES 
Find the sum. 
13. -2+5 14. —6 + (-4) 15. 6.2 + (—9.7) 
z - A] 3 A dl 
16. —4.61 + (-0.79) 17. —2 + | 2) +1 


(2.3 Subtract Real Numbers pp. 80-81 | 


: EXAMPLES 


: for Exs. 20-28 
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CHAPTER REVIEW 


19. BUSINESS A company has a profit of $2.07 million in its first year, 
—$1.54 million in its second year, and —$.76 million in its third year. 


Find the company’s total profit for the three years. 


Find the difference. 


a. 12 — 19 = 12 + (—I9) 


= -7 


b. 8.2 = (—1.6) = 8.2 + 1.6 


= 9.8 


EXERCISES 
Find the difference. 


20. -8-3 


23. —20.3 — (-14.2) 


Add the opposite of 19. 
Simplify. 


Add the opposite of —1.6. 


Simplify. 

21, l— ll 
7 

24. 3 3 


Evaluate the expression when x = 2 and y = —3. 


26. (х= 7) + y 


S y 
27. > xy 


28, 7.7 — 16,3 
m NE 
25. —0—+» 


28. y — (2.4 — x) 


CHomelutor 
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Chapter Review Practice 
Multiply Real Numbers pp. 88-90 
Find the product. 
a. —4(12) = —48 Different signs; product is negative. 
b. 2(-6)(73) = —3(-3) Multiply I and —6. 
—9 Same signs; product is positive. 
EXERCISES 
: EXAMPLES Find the product. 
: 1,3, and 4 2 
| оп рр. 88—90 29. 15(—4) 30. —7.5(—8) 31. x 5)(-9) 
: for Exs. 29-35 
Find the product. Justify your steps. 
32. —4(—у)(—7) 33. -ix - (-18) 34. 2.5(—4z)(—2) 


35. SWIMMING POOLS The water level of a swimming pool is 3.3 feet and 
changes at an average rate of —0.14 feet per day due to water evaporation. 
What will the water level of the pool be after 4 days? 


(2.5 Apply the Distributive Property pp. 96-98 | 


Use the distributive property to write an equivalent expression. 


a. 5(% + 3) = 5) + 515) Distribute 5. 
=5x+ 15 Simplify. 
b. (7 — y)(-2y) = 7(-2y) - y(-2y) Distribute —2y. 
= —]4y + 2y* Simplify. 
EXERCISES 
: EXAMPLES Use the distributive property to write an equivalent expression. 
: 1,2, 4, and 5 
о өөөөөөөөөөөөөөөөөөөөө 36. 8(5 - x) 37. —3(y + 9) 38. (z — 4)(—Z) 


: On pp. 96-98 
: for Exs. 36-42 А . " 
Simplify the expression. 


39. 3(x — 2) + 14 40. 9.1 — A(m + 3.2) 4l. 5n + ¿(Bn A 


42. PARTY COSTS You are buying 10 pizzas for a party. Cheese pizzas cost 
$11 each, and single topping pizzas cost $13 each. Write an equation that 
gives the total cost C (in dollars) as a function of the number p of cheese 
pizzas that you buy. Then find the total cost if you buy 4 cheese pizzas. 
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CHAPTER REVIEW 


[ 2. 3 Divide Real Numbers pp. 103-105 | 


Find the quotient. 
a. 196 + (—7) = 196 + (5) b. ene mE 
= —28 = = 
EXERCISES 
: EXAMPLES Find the quotient. 
EXE 56+ Ca “ cer is. -$ (75) 


: for Exs. 43-49 mE | o. oer 
е 46. SCIENCE А scientist studies the diving abilities of three seals and records the 


elevations they reach before swimming back up to the surface. Find the mean 
of the following elevations (in meters) recorded: —380, —307, —354. 


Simplify the expression. 


24x — 40 -36m + 18 -18n – 9 
ат, EE 48. а ODE 


[2.7 | Find Square Roots and Compare Real Numbers pp. 110-113 | 


Order the following numbers from least to greatest: У 25, —V18, —4, 3.2. 
—\18 —4 32 V5 From least to greatest, the 


YA e> numbers are —V18, —4, 3.2, 


—5 —4 —3 —2 -1 0 1 2 3 4 5 6 and V25. 


EXERCISES 
: EXAMPLES Evaluate the expression. 
: 1,2, 4, and 5 
ESL Ve ee 50. V121 51. —V36 52. +V81 53. +V225 


: on pp. 110-113 
: for Exs. 50-60 А " 
Approximate the square root to the nearest integer. 


54. V97 55. —V48 56. —V142 57. V300 


Order the numbers in the list from least to greatest. 
58. —V49, —6.8, 2, ҮЗ, 1.58 59. 1.25, V11, —0.3, 0, - V4 
60. Rewrite the following conditional statement in if-then form: "All real 


numbers are irrational numbers." Tell whether the statement is true or 
false. If it is false, give a counterexample. 
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Tell whether the number is a real number, a rational number, an 
irrational number, an integer, or a whole number. 
1. — 2. V90 3. —V144 4. 8.95 


Order the numbers in the list from least to greatest. 


Б, => 9.3, » —1.07 6. V15, —43, 4.2, 0, — V25 


Find the sum, difference, product, or quotient. 


= = Ed р. LA 
Ya —G+2 8. 1.3 + (-10.4) 9. 3^6 10. 7 14 
11. —41 — 32 12. 7.2 — (—11.6) 13. —11(—7) 14. —4.5(20)(2) 
1 = fH PA . [10 
15. 120-5) 16. -36 + (-6) 17, -2 +12 18. 5 +(—77| 
Evaluate the expression when x = —6 and у= —10. 
19. —x 20. |yl 21. 8 — (x — y) 22. —Ax + y 
Simplify the expression. 
23. —9(y — 7) 24.8(x—4)- 0х 25,2 26. 16/1 8 


In Exercises 27 апа 28, rewrite the conditional statement іп if-then 
form. Then tell whether the statement is true or false. If it is false, give a 
counterexample. 


27. No rational numbers are integers. 


28. All irrational numbers are real numbers. 


29. MUSIC The revenue from sales of digital pianos in the United States 
was $152.4 million in 2001 and $149.0 million in 2002. Find the change 
in revenue from 2001 to 2002. 


30. ELEVATORS An elevator moves at a rate of —5.8 feet per second from a 
height of 300 feet above the ground. It takes 3 seconds for the elevator to 
make its first stop. How many feet above the ground is the elevator now? 


31. SUMMER JOBS You plan to work a total of 25 hours per week at two 
summer jobs. You will earn $8.75 per hour working at a cafe and 
$10.50 per hour working at an auto shop. Write an equation that gives 
your weekly pay p (in dollars) as a function of the time t (in hours) 
spent working at the cafe. Then find your weekly pay if you work 
10 hours at the cafe. 


32. TEMPERATURES The low temperatures for Montreal, Quebec, in Canada 


on February 12 for each year during the period 2000-2004 are —6.7°F, 
—4,2°F, 4.1°F, —3.6°F, and 0.3°F. Find the mean of the temperatures. 
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Scoring Rubric 


Full Credit 
• solution is complete 
and correct 


Partial Credit 

• solution is complete 
but errors are made, 
or 

* solution is without 
error but incomplete 


No Credit 

* no solution is given, 
or 

e solution makes no 
sense 


126 


v00000c0c0000000900090900000090909 Р» 


EXTENDED RESPONSE QUESTIONS 


‚ PROBLEM — 


The Alvin is an HOV (human-operated vehicle) used to explore the ocean. 
A new HOV is being built that will carry explorers deeper and faster. The 
table shows the capabilities of the two vehicles. 


Vehicle Lowest elevation(m) | Velocity (m/sec) 
Alvin —4500 —30 
New HOV —6500 


—44 


. For each vehicle, write an equation that gives the elevation e (in 
meters) to which the vehicle dives as a function of the elapsed time £ 
(in seconds) of the dive. 


. If both vehicles begin diving from the surface of the ocean at the same 
time, what will their elevations be after 90 seconds? 


. If both vehicles continue diving, which vehicle will reach its lowest 
elevation first? Explain how you can use the equations you wrote in 
part (a) to find the answer. 


Below are sample solutions to the problem. Read each solution and the 
comments on the left to see why the sample represents full credit, partial 
credit, or no credit. 


Full credit solution 


The correct equations are 


given. 


The correct calculations 
are performed, and the 
correct elevations are 
given. 


a. Alvin: e = —30t New HOV: e = —44t 

b. Alvin: e = —30t New HOV: е = —44t 
= —30(90) = —44(90) 
= —2700 = —3960 


C. 


 ———— M » 


The reasoning is correct, 
and it includes use of the 
equations. The answer is 


correct. 


Alvin will be at an elevation of —2700 meters, and the new HOV will be 
at an elevation of —3960 meters. 


t (sec) Elevation of Alvin (m) Elevation of new HOV (m) 
100 e = —30(100) = —3000 e — —44(100) = —4400 
125 e = —30(125) = —3750 e = —44(125) = —5500 
150 e = —30(150) = —4500 e = —44(150) = —6600 


After 150 seconds, Alvin reaches its lowest elevation, —4500 feet. Because 
—6600 « —6500, the new HOV has reached its lowest elevation in less than 
150 seconds. So, the new HOV reaches its lowest elevation first. 
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Partial credit solution 


a. Alvin: e = —30t New HOV: е = —44t 
———————— >» b. Alvin: е = —30(90) New HOV: e — —44(90) 
The correct equations 
and elevations are given. = —2700 = —3960 


Alvin will be at an elevation of —2700 meters, and the new HOV will be 
at an elevation of —3960 meters. 


ERE » с. The velocity of Alvin is —30 meters per second, and the velocity of the 
The answer is correct, new HOV is —44 meters per second. So, each second the new HOV 
but the reasoning is descends 14 meters more than Alvin. This means that the new HOV will 


incorrect. The lowest reach its lowest elevation first. 
elevations were not 


considered. 
No credit solution 
——— Ma X € > а. Alvin: e = UNS New HOV: e — E 
The equations are 
Incorrect and the b. Alvin: e = 74% -= 50 Мем НОМ: e = 9500 ~ —72 
elevations are incorrect. 90 90 


Alvin will be at an elevation of —50 meters, and the new HOV will be at 
an elevation of about —72 meters. 


eene нинин » с. Alvin has to travel only to —4500 meters, while the new HOV has to 


The student's reasoning travel to —6500 meters. So, Alvin will reach its lowest elevation first. 
is incorrect and does not 


use the equations. The 


answer is incorrect, PRACTICE Apply the Scoring Rubric 


1. A student’s solution to the problem on the previous page is given below. 
Score the solution as full credit, partial credit, or no credit. Explain your 
reasoning. If you choose partial credit or no credit, explain how you would 
change the solution so that it earns a score of full credit. 


a. Alvin: e = —30t New HOV: e = —44t 
р. Alvin: e = —30(90) New HOY: e = —44(90) 
= —2700 meters = —5960 meters 


c. The time it takes Alvin to reach its lowest elevation can be found 
by solving —4500 = —30t. Using mental math, | found that 
t = 150 seconds. 


The time it takes the new HOV to reach its lowest elevation can be 
found by solving —6500 = —44t, 


Try t = 145: —44(145) = —6580 
Try t = 150: —44(150) = —6600 


The new HOV reaches ite lowest elevation, —6500 feet, after more 
than 145 seconds but less than 150 seconds. So, the new HOV will 
reach its lowest elevation first. 
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EXTENDED RESPONSE 


1. Your friend owns a business designing and selling personalized greeting 


cards. The table shows the pronta for the first five years of the business. 


| | | | | 
Profit (dollars) —1259 —963 2795 1507 


a. Find the total profit for the five years. Then tell whether the profit was a 
gain or a loss. 


b. In which year did the business have the least profit? the greatest profit? 


c. Can you use the table to determine the year with the greatest expenses 
and the year with the greatest income? Justify your answer. 


. The area of the playing region of a checkerboard has 64 small 


squares of equal size arranged as shown. 


a. Write an equation that gives the side length s of the playing 
region as a function of the area A of the playing region. 


b. The area of the playing region of a certain checkerboard is 
256 square inches. What is the side length of a small square 
on the checkerboard? Explain your answer. 


c. You want to make a checkerboard out of a rectangular piece 
of wood that measures 16 inches by 25 inches. Each small square will 
have a side length of 2.5 inches. Can you cut 64 whole small squares 
from the piece of wood? Justify your answer using a diagram. 


. The table shows the changes in elevation from one mile marker to the 


next mile marker on each of two trails. Trail A is 6 miles long, and trail B 
is 8 miles long. 


| Milemarkers | 0to1 | 1102. markers EI to ETTM 1 to 2 2 to 3 
Elevation change 
| on trail A (ft) | 
Elevation change Е Е | Е | 
on trail B (ft) 135 410 | 390 | 60 i 405 


a. Find the total change in elevation for each trail. Which trail has the 
greater total change in elevation? 


b. The average trail grade is the total elevation change (in feet) divided by 
the trail length (in feet). The lesser the average trail grade is, the easier 
it is to hike the trail. Which is easier to hike, trail A or trail B? Explain. 


c. If trail B is extended by 1 mile, is it possible for trail B to have the same 
average trail grade as trail A? Your answer should include the following: 


e a table of values that gives the average trail grade of trail B for various 
elevation changes from mile 8 to mile 9 


e an explanation of how you used the table to answer the question 


Chapter 2 Properties of Real Numbers 


MULTIPLE CHOICE 


4. 


6. 


Which description does not apply to — V9? 
СА) Real number Whole number 
(C> Integer 


. Which list of numbers is in order from least 


to greatest? 

Go -—, -V16, -V20, -4.5 
-4.5, 3, -V16, — V20 
© -4.5, -V20, -V16, 10 
(D -V20, 4.5, -V16, 3 


Which statement illustrates the associative 
property of multiplication? 

(А) E5+3)+7=7+(-5+3) 

8 + (9 + 10) = (8 + 9) + 10 

СС) 4-(2*12) = (2*12)*4 

(D 11*(4*7)-(11*4)*7 


SHORT RESPONSE 


9. A homeowner is dividing a rectangular room into two rooms as shown. 
The homeowner plans to install carpet in the living room and wood 
flooring in the dining room. Carpet costs $2.50 per square foot, and 


wood flooring costs $4.25 per square foot. 


a. Write an equation that gives the total cost C (in dollars) of the 
project as a function of the width w (in feet) of the dining room. 


b. How much money will the homeowner save by making the width 


(D> Rational number 


9» STATE TEST PRACTICE 
A dasszone.com 


GRIDDED ANSWER 


7. The table shows the change in the balance 


of your bank account when you withdraw 
money from an automated teller machine 
(ATM). 


Change in Balance after Withdrawal of $x 


Another bank's ATM 


——À 


Your bank's ATM 


—x — 1.50 


You have $230 in your bank account. You 
make 8 ATM withdrawals of $20 each, 4 of 
which are made from your bank's ATM. 
What is the amount (in dollars) in your 
account now? 


. The table shows the scores earned by two 


teams in each of three rounds of an academic 
contest. What is the difference of the greater 
total score and the lesser total score? 


Team B's score 


1 —125 100 
2 300 mi 


| 30 ft ——— 


living 


room 


w ft— 


of the dining room 12 feet instead of making the rooms the same size? 


Explain your answer. 


10. A certain swimming pool contains 22,900 gallons of water when full. Due 
to evaporation, the amount of water in the pool changes at a rate of about 


—160 gallons per week. 


a. If water is not added to the pool, find the approximate amount of water 


that will be left in the pool after 12 weeks. 


b. A garden hose adds 2 gallons of water to the pool per minute. Estimate 
the time (in minutes) each day that the hose would need to add water in 
order to make up for the daily loss of water. Explain how you estimated 


the time. 
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Solving Linear 


Equations ` 


3.1 Solve One-Step Equations 
3.2 Solve Two-Step Equations 
3.3 Solve Multi-Step Equations M. 
3.4 Solve Equations with Variables on Both - | 
3.5 Write Ratios and Proportions 

3.6 Solve Proportions Using Cross Products 
3.7 Solve Percent Problems 


3.8 Rewrite Equations and Formulas 


Previously, you learned the following skills, which you'll use in Chapter 3: 
simplifying expressions, writing percents as decimals, and using formulas. 


Prerequisite Skills 


Copy and complete the statement. 
1. Inthe expression 3x + 7 + 7x, ? and. ? arelike terms. 


2. The reciprocal of 2 ів 2. 


Simplify the expression. (Prerequisite skill for 3.2-3.6 
3. 5х-— (6 — x) 4. 3(x—9)— 16 5. 23+4(х+2) 6. x(7 +x) + 9x? 


Write the percent as a decimal. (Prerequisite skill for 3.7 
7. 54% 8. 99% 9. 12.5% 10. 150% 


Find the perimeter of the rectangle. (Prerequisite skill for 3.8) 
BEEN i a i | | 
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( Now | 


In Chapter 3, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 191. You will also use the key vocabulary listed below. 


(2 Solving equations in one variable 
Ө Solving proportion and percent problems 
©) Rewriting equations in two or more variables 


KEY VOCABULARY 
e inverse operations, р. 134 * proportion, p. 163 * scale, p. 170 


* equivalent equations, р. 734 • cross product, p. 168 * literal equation, p. 184 
* identity, p. 156 * scale drawing, p. 170 
* ratio, p. 162 * scale model, p. 170 


€ 
Knowing how to solve a linear equation can help you solve problems involving 
distance, rate, and time. For example, you can solve an equation to find the 
time it takes a jellyfish to travel a given distance at a given rate. 


T. um 
у  - 


The animation illustrated below for Exercise 59 on page 139 helps you answer 
this question: How long does it take the jellyfish to travel 26 feet? 


You have to find the time it takes for the ; Click the up or down arrows until you 
jellyfish to travel 26 feet. < reach the desired distance. 


at classzone.com 


Other animations for Chapter 3: pages 133, 154, 176, 185, and 187 


Investigating N C TIVITY. 
Aig ерга A ©. | | Use before lesson 9:7. 


3.1 Modeling One-Step Equations 


MATERIALS - algebra tiles 


и X34). How can you use algebra tiles to solve one-step equations? 


You can model one-step equations using algebra tiles. 


1-tile x-tile 
A 1-tile represents the number 1. An x-tile represents the variable x. 


EXPLORE 1 ] Solve an equation using subtraction 


Solve x + 2=5. 


| 

| 

| 

Model x + 2 = 5 using algebra ae] В = а E 
| tiles. = 

и шш 
| 

| To find the value of x, isolate the 
x-tile on one side of the equation. ШШ - uj = 
| E 


You can do this by removing two 
1-tiles from each side. 


STEP 3| The x-tile is equal to three 1-tiles. EN E N 
So, the solution of x + 2 = 5 15 3. = 


PRACTICE 


Write the equation modeled by the algebra tiles. 


LEO БЕВ Иа EES 
B BEN EB ae 


Use algebra tiles to model and solve the equation. 
3. x+3=39 4. x+2=7 5. x+8=8 6. x 13-27 
7. X - 2 = 12 8. x+ 7 = 12 9. 15=x>+5 10. 13 = x+ 10 
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CTD Solve an equation using division 


Solve 2x = 12. 
Model 2x = 12 using algebra tiles. m E 


Б 
MONA 
There are two x-tiles, so divide the Eg E m E В E B 


x-tiles and 1-tiles into two equal | ---C-C-z------------ 


groups. иш EBENEN 


An x-tile is equal to six 1-tiles. So, the КИЕЗ — а um B3 B E 


solution of 2x = 12 is 6. 


PRACTICE 


Write the equation modeled by the algebra tiles. 


"Il NIME 


Use algebra tiles to model and solve the equation. 
13. 2x = 10 14. Зх = 12 15. Зх = 18 16. 4х = 16 
17. 6 = 2х 18. 12 = 4х 19. 20 = 5х 20. 21 = 7x 


AIN MATIAS E Use your observations to complete these exercises 


21. An equation and explanation that correspond to each step in 
Explore 1 are shown below. Copy and complete the equations and 


explanations. 
x+2=5 Original equation 
х+2—_? =5- ? Subtract ? from each side. 
g= ? _ Simplify. Solution is ? . 


22. Write an equation that corresponds to the algebra tile equation in each 
step of Explore 2. Based on your results, describe an algebraic method 


that you can use to solve 12x = 180. Then use your method to find the 
solution. 
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Key Vocabulary 
«inverse operations 


• equivalent 
equations 


• reciprocal, р. 915 


: AVOID ERRORS 


9 ea 54se0sesássevesveseveesceceeecssebevesc р> x+ 7-7 =4-?7 


: To obtain an equivalent 
: equation, be sure to 

: subtract the same 

: number from each side. 


Solve One-Step 
Equations 


You solved equations using mental math. 
You will solve one-step equations using algebra. 


So you can determine a weight limit, as in Ex. 56. 


Lf AN e 
з py 


Inverse operations are two operations that undo each other, such as addition 
and subtraction. When you perform the same inverse operation on each side 
of an equation, you produce an equivalent equation. Equivalent equations 
are equations that have the same solution(s). 


KEY CONCEPT For Your Notebook 


Addition Property of Equality 


Words Adding the same number to each side of an equation produces an 
equivalent equation. 


Algebra If x а = b,thenx-— a+ a=b+a,orx= b+ a. 


Subtraction Property of Equality 


Words Subtracting the same number from each side of an equation 
produces an equivalent equation. 


Algebra lfx+ а = b,thenx+ a-—a=b-a,orx= b- а. 


Solve an equation using subtraction 


Solve x + 7 = 4. 


x+7=4 Write original equation. 


Use subtraction property of equality: 
Subtract 7 from each side. 


x= —3 Simplify. 


> The solution is —3. 


CHECK Substitute —3 for xin the original equation. 


x+7=4 Write original equation. 
-3+724 Substitute -3 for x. 


4=4Y Simplify. Solution checks. 
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| EXAMPLE 2 ] Solve an equation using addition 


: USE HORIZONTAL Solve x — 12 = 3. 
: FORMAT, |... 
: In Example 2, both Horizontal format Vertical format 


: horizontal and vertical 


: formats are used. In x—1223 Write original equation. x— 12 = 3 
: the rest ofthe book, | —12+12=3+12 Add12to each side. +12 +12 
: equations will be solved ————————— 
: using the horizontal x — 15 Simplify. x = 5 
: format. 


MULTIPLICATION AND DIVISION EQUATIONS Multiplication and division are 

inverse operations. So, the multiplication property of equality can be used to 
solve equations involving division, and the division property of equality can 

be used to solve equations involving multiplication. 


KEY CONCEPT For Your Notebook 


Multiplication Property of Equality 


|: Words Multiplying each side of an equation by the same nonzero number 
produces an equivalent equation. 


Algebra If= = banda + 0, thena. Žž =a: b, or x = ab. 


Division Property of Equality 
: Words Dividing each side of an equation by the same nonzero number 
I: produces an equivalent equation. 


D _ ах b _b 
|> Algebra If ax = banda + 0, then = 5, or x = 2. 


| EXAMPLE З | Solve an equation using division 


| Solve —6x = 48. 
—6x = 48 Write original equation. 


-6x _ 48 


-6 —6 Divide each side by —6. 


x=-8 Simplify. 


GUIDED PRACTICE | for Examples 1, 2, and 3 


Solve the equation. Check your solution. 
1. у+7 = 10 2.x-5=3 3. q-11=-5 4. 6=1t-2 
5. 4x = 48 6. —65 = —5y 7. бш = —54 8. 24 = —8n 
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[ EXAMPLE 4 | Solve ап equation using multiplication 


х _ 
Solve т = 5. 
Solution 
" = 5 Write original equation. 
4 + A —4*5 Multiply each side by 4. 
x — 20 Simplify. 


Y Gume PRACTICE | for Example 4 


Solve the equation. Check your solution. 


9, 1-9 10. 6— 11. 13= 


c E 
—3 Т —2 


USING RECIPROCALS Recall that the product of a number and its reciprocal 
is 1. You can isolate a variable with a fractional coefficient by multiplying 
each side of the equation by the reciprocal of the fraction. 


[ EXAMPLE 5 | Solve an equation by multiplying by a reciprocal 


Solve -2x = ^ 


: REVIEW Solution 
: RECIPROCALS - "E 2i. 4 
: For help with finding » The coefficient of x is —5. The reciprocal of —7 is —>. 
: reciprocals, see p. 915. -y = 4 Write original equation. 
"| 2 \_ 7 i . А 7 
-3 | 25 = =) Multiply each side by the reciprocal, —5. 
x=-14 Simplify. 


* The solution is —14. Check by substituting —14 for x in the original equation. 


CHECK Ex =4 Write original equation. 
-$ (-14) £4 Substitute —14 for x. 


4=4/ Simplify. Solution checks. 


r4 GUIDED PRACTICE | for Example 5 


Solve the equation. Check your solution. 


"HEN. 
m 16. —8 = 50 


[о 


13. aw = 10 14. SP = 14 15. 9=— 
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[ EXAMPLE 6 | Write and solve an equation 


OLYMPICS In the 2004 Olympics, Shawn Crawford won the 
200 meter dash. His winning time was 19.79 seconds. 
Find his average speed to the nearest tenth of a meter 
per second. 


Solution 


Let r represent Crawford’s speed in meters per second. 
Write a verbal model. Then write and solve an equation. 


Distance Rate Time 
(meters) = (meters/second) ° (seconds) 
| y Y Y 
| 200 = r ° 19.79 
200 _ 19.79r 
19.79 19.79 
10.1 = г 
> Crawford's average speed was about 10.1 meters per second. 


v GUIDED PRACTICE | for Example 6 


17. WHAT IF? In Example 6, suppose Shawn Crawford ran 100 meters at the 
same average speed he ran the 200 meters. How long would it take him to 
run 100 meters? Round your answer to the nearest tenth of a second. 


31 EXERCISES HOMEWORK: Ç) = WORKED-OUT SOLUTIONS 
j KEY: on p. WS5 for Exs. 13 and 55 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 16, 57, 58, and 61 


i e = MULTIPLE REPRESENTATIONS 
: Ex. 59 


- SKILL PRACTICE 


: EXAMPLES 


: on pp. 134-135 
: for Exs. 3-14 


1. VOCABULARY Copy and complete: Two operations that undo each other 
are called. ? . 


2. ж WRITING Which property of equality would you use to solve the 
equation 14x — 35? Explain. 


SOLVING ADDITION AND SUBTRACTION EQUATIONS Solve the equation. 
Check your solution. 


3. x - 5-8 4. т+9 = 2 5. 11 =f+6 6. 13 =7 +z 
7. 6=9+h 8. -3=5+a 9. y—4-3 10. t-5=7 
11. 14=k-3 12. 6=w-7 (13) -2=n-6 14. -11 - b- 9 
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: EXAMPLES 


: on pp. 134-135 
: for Exs. 15, 16 


: EXAMPLES 


: оп рр. 135-136 
: for Exs. 17-30 


: for Exs. 40-48 


138 


15. Ж MULTIPLE CHOICE What is the solution of —8 = d — 13? 


(А) -21 =5 O 5 © 21 
16. ж MULTIPLE CHOICE What is the solution of 22 + v = —65? 
CA) —87 —43 (С) 43 (D> 87 
SOLVING MULTIPLICATION AND DIVISION EQUATIONS Solve the equation. 
Check your solution. 
17. 5g = 20 18. —4q = 52 19. 48 = 8c 
20. —108 = 9j 21. 15 = —h 22. 187 = —17r 
P e m _ =X 
23. з = 5 24. 2 14 25. 8 6 
26. 7= 27. -1=2% 28. -3- 4 
° = —2 14 
In Exercises 29 and 30, refer to the method Y X 
shown, which a student used to write a Let x = 0.65. Then 10Ox = 65.65. 
repeating decimal as a fraction. Subtract: 100x = 65.656265... 
29. Explain the student's method. —x = -0.636363. .. 
30. Write the repeating decimal as a fraction. 99x = 63 
a. 0.7 b. 0.18 y бш 
99 1 
SOLVING EQUATIONS Solve the equation. Check your solution. 
31. b — 0.4 = 3.1 32. 3.2 + 2 = —74 33. —5.7 = ш — 4.6 
34. —6.1 = р + 2.2 35. 8.2 = —4g 36. —3.3a = 19.8 
3-1 SÉ el -042 = — 
37. 17g V 38. 75 2.5 39. —0.12 T 
40. Іт = 21 41. 1с = 32 42. -7 = lx 
s 3 5 
Зу _ 91-2 23 e. 
43. 5K = 18 44. —2] = БЇ 45. 50 = 16 
By=% 1—1 _%—_2 
46. 5* = 15 47. 3/ = = 48. 3737 
(ES GEOMETRY The rectangle or triangle has area A. Write and solve an 
equation to find the value of x. 
49. А = 54 in.” 50. А = 72 cm? 
X 
12 in. 16 cm 
CHALLENGE Find the value of b using the given information. 
51. 4a=6andb=a-2 52. a — 6.7 = 3.1 and b = 5a 
(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED e = MULTIPLE 
on p. WS1 TEST PRACTICE REPRESENTATIONS 


3 ME cr РИА 
: for Exs. 53-57 


54. 


56. 


97. 


98. 


99. 


PROBLEM SOLVING 


53. 


THE DEAD SEA For the period 1999-2004, the maximum depth of the 
Dead Sea decreased by 9.9 feet. The maximum depth in 2004 was 
1036.7 feet. What was the maximum depth in 1999? 


 QHomelüutor _ for problem solving help at classzone.com 
CRAFTS You purchase a cane of polymer clay to make pendants for 


necklaces. The cane is 50 millimeters long. How thick should you make 
each pendant so that you will have 20 pendants of uniform thickness? 


@Homelutor ) for problem solving help at classzone.com 


TRAMPOLINES A rectangular trampoline has an area of 187 square feet. 
The length of the trampoline is 17 feet. What is its width? 


WHEELCHAIRS The van used to transport patients to and from a 
rehabilitation facility is equipped with a wheelchair lift. The maximum 
lifting capacity for the lift is 300 pounds. The wheelchairs used by the 
facility weigh 55 pounds each. What is the maximum weight of 

a wheelchair occupant who can use the lift? 


* SHORT RESPONSE In Everglades National Park in Florida, there are 


200 species of birds that migrate. This accounts for - of all the species 
of birds sighted in the park. 


a. Write an equation to find the number of species of birds that have 
been sighted in Everglades National Park. 


b. There are 600 species of plants in Everglades National Park. Are 
there more species of birds or of plants in the park? Explain. 


Ж OPEN-ENDED Describe a real-world situation that can be modeled 
by the equation 15x — 135. Solve the equation and explain what the 
solution means in this situation. 


e MULTIPLE REPRESENTATIONS А box jellyfish can travel 
at a rate of 6.5 feet per second. 


a. Making a Table Make a table that shows the distance d 
the jellyfish can travel after 1, 2, 3, 4, and 5 seconds. 


b. Drawing a Graph Graph the ordered pairs from the 
table in a coordinate plane. How long does it take the 
jellyfish to travel 26 feet? 


c. Writing an Equation Write and solve an equation to find 
the time it takes the jellyfish to travel 26 feet. 
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60. MULTI-STEP PROBLEM Tatami mats are a floor covering 
used in Japan. Tatami mats are equal in size, unless they 
are cut in half. The floor shown has an area of 81 square feet 
and is covered with 4.5 tatami mats. 


a. What is the area of one tatami mat? 


b. What is the length of one tatami mat if it has a width 
of 3 feet? 


61. Ж EXTENDED RESPONSE In baseball, a player's batting average is 
calculated by dividing the number of hits by the number of at bats. 


a. Calculate Use the information in the table to find the number of hits 
Bill Mueller had in the 2003 Major League Baseball regular season. 
Round your answer to the nearest whole number. 


Bill Mueller Boston Red Sox 0.326 


b. Calculate The number of hits Bill Mueller had was 44 less than the 
number of hits Vernon Wells of the Toronto Blue Jays had in the 2003 
regular season. How many hits did Vernon Wells have? 


C 


Compare In the 2003 regular season, Mueller had a higher batting 
average than Wells. Did Wells have fewer at bats than Mueller? 
Explain your reasoning. 


62. AMERICAN FLAGS An American flag has a length that is 1.9 times its 
width. What is the area of a flag that has a length of 9.5 feet? 


63. CHALLENGE At a farm where you can pick your own strawberries, the 
cost of picked strawberries is calculated using only the weight of the 
strawberries. The total weight of a container full of strawberries is 
2.1 pounds. The cost of the strawberries is $4.68. The weight of the 
container is 0.3 pound. What is the cost per pound for strawberries? 


Translate the verbal phrase into an expression. (p. 15) 


64. 4 more than a number К 65. The product of 8 and a number x 
66. 40 divided by a number y 67. 10 less than twice a number w 
: PREVIEW _ A verbal description for a function and its domain are given. Write an 
: Prepare for equation for the function. Then describe the range. (p. 35) 
: oe n 68. The output is 9 more than the input. 69. The output is 3 times the input. 
S. Domain: —1, 0, 1, 2 Domain: —4, —2, 0, 2 


Simplify the expression. (p. 103) 
70. —9x + 15x 71. 5x — 4x 72. 12 + 3x — 3x 
73. 5x+8-x-2 74. 7.lx — 2.6x 75. —0.7x + 11.3x 
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3 2 Solve Two-Step 
- 


You solved one-step equations. 
Г Now ] You will solve two-step equations. 


So you can find a scuba diver's depth, as in Example 4. = 


Key Vocabulary 
e like terms, p. 97 
einput, p. 35 
‘output, р. 35 


Equations 


x 
2 
by 2 and addition by 5. You typically solve such an equation by applying 
the inverse operations in the reverse order of the order of operations. This 
is shown in the table below. 


The equation 5 + 5 = 11 involves two operations performed on x: division 


Operations performed on x Operations to isolate x 


1. Divide by 2. 1. Subtract 5. 
2. Add 5. 2. Multiply by 2. 


Solve a two-step equation 


Solve 5 + 5 = П. 
5 +5=11 Write original equation. 


a +5—-5=11-5 Subtract 5 from each side. 


3 =6 Simplify. 
2° 5 =2°6 Multiply each side by 2. 
x=12 Simplify. 


» The solution is 12. Check by substituting 12 for xin the original equation. 


CHECK S +5= 11 Write original equation. 
= +511 Substitute 12 for x. 


11 =11Y Simplify. Solution checks. 


GUIDED PRACTICE | for Example 1 


Solve the equation. Check your solution. 


1. 5x +9 = 24 2. 4y—4=16 3. —1= 
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[ EXAMPLE 2 | Solve a two-step equation by combining like terms 


: REVIEW Solve 7x — 4x = 21. 
| Mores wi compie J 7X — 4x = 21 Write original equation. 
: like terms, see p. 97. 3x=21 Combine like terms. 
K — Е; Divide each side by 3. 
x=" Simplify. 


Г EXAMPLE 3 | Find an input of a function 


The output of a function is 3 less than 5 times the input. Find the input 
when the output is 17. 


Solution 
STEP Y Write an equation for the function. Let x be the input and y be 
the output. 
y=5x-3 y is З less than 5 times x. 


STEP 2 Solve the equation for x when у = 17. 
у = 5х – З Write original function. 
17 = 5х – З Substitute 17 for y. 
17 +3 = 5х-3 + З Add 3 to each side. 


20 = 5x Simplify. 
2 = ax Divide each side by 5. 
4=x Simplify. 


> An input of 4 produces an output of 17. 
CHECK у= 5х – З Write original function. 
172 5(4)-3 Substitute 17 for y and 4 for x. 
17220-3 Multiply 5 and 4. 
17 = 17 Y Simplify. Solution checks. 


r4 GUIDED PRACTICE for Examples 2 and 3 


Solve the equation. Check your solution. 
4. 4ш + 2ш = 24 5. 8t — 3t = 35 6. —16 = 5d — 9d 


7. The output of a function is 5 more than —2 times the input. Find the 
input when the output is 11. 


8. The output of a function is 4 less than 4 times the input. Find the input 
when the output is 3. 
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| ExAMPLE 4 sove a multi-step problem o 


SCUBA DIVING As a scuba diver descends 
into deeper water, the pressure of the water 
on the diver’s body steadily increases. 


The pressure at the surface of the water is 
2117 pounds per square foot (Ib/ft^). The 
pressure increases at a rate of 64 pounds 
per square foot for each foot the diver 
descends. Find the depth at which a diver 
experiences a pressure of 8517 pounds 
per square foot. 


: ANOTHER WAY " 

qi »- Solution 

: For an alternative 

: method for solving STEP? Write a verbal model. Then write an equation. 

: Example 4, turn to 

: page 147 for the Pressure at Pressure at Rate of change Diver's 

: Problem Solving given depth = surface + of pressure - depth 

: Workshop. (lb/ft?) (lb/ft?) (lb/ft? per foot of depth) (ft) 
P = 2117 + 64 ° d 


STEP2 Find the depth at which the pressure is 8517 pounds per square foot. 


P = 2117 + 64d Write equation. 
8517 = 2117 + 64d Substitute 8517 for P. 
8517 — 2117 = 2117 — 2117 + 64d Subtract 2117 from each side. 
6400 = 64d Simplify. 
210 = Std Divide each side by 64. 
100 =d Simplify. 
> A diver experiences a pressure of 8517 pounds per square foot at a 
depth of 100 feet. 
CHECK P = 2117 + 64d Write original equation. 
8517 = 2117 + 64(100) Substitute 8517 for P and 100 for d. 
8517 £ 2117 + 6400 Multiply 64 and 100. 
8517 = 8517 Y Simplify. Solution checks. 


Y GUIDED PRACTICE for Example 4 


9. WHAT IF? In Example 4, suppose the diver experiences a pressure of 
5317 pounds per square foot. Find the diver’s depth. 


10. JOBS Kim has a job where she makes $8 per hour plus tips. Yesterday, 
Kim made $53 dollars, $13 of which was from tips. How many hours did 
she work? 
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3.2 EXERCISES "он O- vomer oursoumon 
ө КЕҮ: оп р. WS5 for Ех$. 13, 19, and 39 
: Ж = STANDARDIZED TEST PRACTICE 


Exs. 2, 21, 40, 41, and 44 


: e = MULTIPLE REPRESENTATIONS 
: Ех. 43 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: To solve the equation 2x + 3x = 20, 
you would begin by combining 2x and Зх because they аге _? . 


2. Ж WRITING Describe the steps you would use to solve the equation 


4x + 7 = 15. 
: EXAMPLE 1 | SOLVING TWO-STEP EQUATIONS Solve the equation. Check your solution. 
: on p. 141 n ъй = —1-2 
: for EXS. 3-14 3. 3x - 7 = 19 4. 5h +4 = 19 5. 7d — 1 = 13 
6. 25 — 13 = 3 7. 10=7- m 8. 11= 12-9 
а д — ш b g-— 
9. ¿+4=6 10. 17 5 +13 11. 5 9 = 11 
12. -6=2-3 (2)7 = 3c - в 14. 10 = 2n +4 
: EXAMPLE2 | COMBINING LIKE TERMS Solve the equation. Check your solution. 
Aui odiis 15. 8y + 3y — 44 16. 2p + 7p = 54 17. 11х — 9x = 18 


: for Exs. 15-23 
18. 36 — 9x — 3x -32 = —5k + 13k 20. 6 = —7f + 4f 
21. Ж MULTIPLE CHOICE What is the first step you can take to solve 

the equation 6 + a = —2? 


СА) Subtract 2 from each side. Add 6 to each side. 
СС) Divide each side by 3. (D> Subtract 6 from each side. 


ERROR ANALYSIS Describe and correct the error in solving the equation. 


22. 23. 
7—3x=12 —2x +x=10 


4x = 12 —2x +x _ 10 
“СЖ Es 
x= -5 


: EXAMPLE 3 FINDING AN INPUT OF A FUNCTION Write an equation for the function 


: on p. 142 | described. Then find the input. 
: for Exs. 24-26 


24. The output of a function is 7 more than 3 times the input. Find the input 
when the output is —8. 


25. The output of a function is 4 more than 2 times the input. Find the input 
when the output is —10. 


26. The output of a function is 9 less than 10 times the input. Find the input 
when the output is 11. 
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AAA 
- PROBLEM SOLVING 


: for Exs. 37-40 


SOLVING EQUATIONS Solve the equation. Check your solution. 


27. 56 = 11p + 1.2 28. 7.2y + 4.7 = 62.3 29. 1.2] 4.3 = 1.7 
30. 16 – 2.44 = —8 31. 144m — 5.1 = 2.1 32. —5.3 = 2.2v — 8.6 
с — x 192% _ 

33. -5 + 8.3 = 11.3 34. 3.2 + = 4.6 35. -1.2 = -2.7 


36. CHALLENGE Solve the equations 3x + 2 = 5, 3x + 2 = 8, and 3x + 2 = 11. 
Predict the solution of the equation 3x + 2 = 14. Explain. 


37. DANCE CLASSES A dance academy charges $24 per class 
and a one-time registration fee of $15. A student paid a 
total of $687 to the academy. Find the number of classes 
the student took. 


_@HomeTutor 


for problem solving help at classzone.com 


38. CAR REPAIR Tyler paid $124 to get his car repaired. 
The total cost for the repairs was the sum of the amount 
paid for parts and the amount paid for labor. Tyler was 
charged $76 for parts and $32 per hour for labor. Find the 
amount of time it took to repair his car. 


@Homelutor 


for problem solving help at classzone.com 


ADVERTISING A science museum wants to promote an upcoming exhibit 
by advertising on city buses for one month. The costs of the two types of 
advertisements being considered are shown. The museum has budgeted 
$6000 for the advertisements. The museum decides to have 1 full bus wrap 
advertisement. How many half-side advertisements can the museum have? 


Full bus wrap advertisement Half-side advertisement 
$2000 for one month $800 for one month 


40. * MULTIPLE CHOICE A skateboarding park charges $7 per session to skate 
and $4 per session to rent safety equipment. Jared rents safety equipment 
every time he skates. During one year, he spends $99 for skating charges 
and equipment rentals. Which equation can be used to find x, the 
number of sessions Jared attended? 


СА) 99 = 7х (В) 99 = 7х + 4х (0) 99 = тх + 4 D) 99 = 4х +7 
41. * SHORT RESPONSE A guitar store offers a finance plan where you give a 
$50 down payment on a guitar and pay the remaining balance in 6 equal 


monthly payments. You have $50 and you can afford to pay up to $90 per 
month for a guitar. Can you afford a guitar that costs $542? Explain. 


3.2 Solve Two-Step Equations 
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42. MULTI-STEP PROBLEM The capacity of a landfill —=_ 
is 4,756,505 tons. The landfill currently holds a pocket called a cell. 
2,896,112 tons. A cell is added to the landfill every 
day, and each cell averages 1600 tons. 


a. Write an equation that gives the amount y (in 
tons) in the landfill as a function of the 
number x of days from now. 


b. After how many days will the landfill reach 
capacity? Round your answer to the nearest day. 


с. Use estimation to check your answer to part (b). Cells are separated ' 
by layers of soil. 


43. e MULTIPLE REPRESENTATIONS Two computer technicians are 
upgrading the software on the 54 computers in a school. On average, 
Marissa upgrades 5 computers in 1 hour and Ryan upgrades 7 computers 
in 1 hour. 


a. Writing an Equation Write an equation that gives the total number y of 
computers upgraded as a function of the number x of hours worked. 


b. Making a Table Make a table that shows the number of computers 
upgraded by each technician and the total number of computers 
upgraded after 1, 2, 3, 4, and 5 hours. 


c. Drawing a Graph Graph the ordered pairs that represent the total 
number y of computers upgraded after x hours. Use the graph to 
estimate the number of hours it took to upgrade all of the computers. 


44. * SHORT RESPONSE Ata restaurant, customers can dine inside the 
restaurant or pick up food at the take-out window. On an average day, 
400 customers are served inside the restaurant, and 120 customers pick 
up food at the take-out window. After how many days will the restaurant 
have served 2600 customers? Explain. 


45. CHALLENGE During a 1 mile race, one runner is running at a rate of 
14.6 feet per second, and another runner is running at a rate of 11.3 feet 
per second. One lap around the track is 660 feet. After how many seconds 
will the faster runner be exactly one lap ahead of the other runner? 


MIXED REVIEW | = 


Find the sum, difference, or product. 
| 46. 14 + (6) (p. 74) 47. —7 + (-13) (p. 74) 48. 16 — 21 (p. 80) 
| 49. —9 — (—10) (p. 80) 50. (3a)(—3a)(a) (p. 88) 51. —2(-12)(28) (p. 88) 


Use the distributive property to write an equivalent expression. (p. 96) 


52. 2(9z + 4) 53. —3(5b — 8) 54. (2k — 7)(—5) 
: PREVIEW | Solve the equation. Check your solution. (p. 134) 
porc 55. х+9= 2 56. т+2 = 5 57. y — 18 = 12 
; Lesson 3.3 
In Хб. 99°80. | 58, 7r = 56 59. 30s — 1200 60. —сс=—8 
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Using ALTERNATIVE METHODS 


Another Way to Solve Example 4, page 143 


MULTIPLE REPRESENTATIONS In Example 4 on page 143, you saw how to 
solve a problem about scuba diving by using an equation. You can also 
solve the problem using a table. 


d 
d 
d 
y 
7 ^ 
z 
Ҹ i 
Ҹ 
ч 
Ҹ 
ч 
М, 


PROBLEM SCUBA DIVING As a scuba diver descends into deeper water, the 
pressure of the water on the diver's body steadily increases. The 
pressure at the surface of the water is 2117 pounds per square foot 
(Ib/ft^). The pressure increases at a rate of 64 pounds per square 
foot for each foot the diver descends. Find the depth at which a diver 
experiences a pressure of 8517 pounds per square foot. 


METHOD Making a Table An alternative approach is to make a table. 


STEP 7 Make a table that shows the pressure 
as the depth increases. Because 
you are looking for a fairly high 2117 
pressure, use larger increments 2181 
in depth, such as 20 feet. 
» 2245 


Depth (ft) Pressure (Ib/ft?) 


А A Y РЕ І в 1 
J ~ | огу ity p" yt "ч rg 
ау OATH Ва "wé3c€anc € 
6) iare | | || PASOS ° 
t ЫЛА мм CD Ul A HANA 64.2 4..2 € 


STEP 2 Look for the depth at which the 
pressure reaches 8517 pounds per 
square foot. This happens at a 


depth of 100 feet. 

1. BASKETBALL A sports club offers an 2. WHAT IF? In Exercise 1, suppose you are on 
organized basketball league. A team a team, but not a club member. The $600 
pays $600 to join the league. In addition cost is divided equally among the team 
to paying their share of the $600, team members. How many players must there be 
members who are not members of the on your team for you to pay $100 to play? 
sports club must pay a $25 fee to play. Make a table to find the answer. 


A team pays a total of $775. How many 
team members who are not club members 
are on the team? Solve this problem using 
two different methods. 


3. FURNITURE You have $370 to spend on a 
dining table and chairs. A table costs $220, 
and each chair costs $35. How many chairs 
can you buy in addition to the table? Solve 
this problem using two different methods. 
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3 3 Solve Multi-Step 
= Equations 


You solved one-step and two-step equations. 


| Now ) You will solve multi-step equations. 


So you can solve a problem about lifeguarding, as in Ex. 40. 


Key Vocabulary Solving a linear equation may take more than two steps. Start by simplifying 
e like terms, p. 97 one or both sides of the equation, if possible. Then use inverse operations to 
e distributive isolate the variable. 


property, p. 96 
• reciprocal, p. 915 


Solve an equation by combining like terms 


Solve 8x — 3x — 10 = 20. 


8x — 3x — 10 = 20 Write original equation. 
ox — 10 = 20 Combine like terms. 
ox — 10 + 10 = 20 + 10 Add 10 to each side. 
5x = 30 Simplify. 
X = 2 Divide each side by 5. 
x=6 Simplify. 


Solve an equation using the distributive property 
Solve 7x + 2(x + 6) = 39. 


Solution 


When solving an equation, you may feel comfortable doing some steps 
mentally. Method 2 shows a solution where some steps are done mentally. 


: REVIEW METHOD 1 Show All Steps METHOD 2 Do Some Steps Mentally 
(иие » T7x+2(x+ 6) = 39 7x + 2(x + 6) = 39 
: For help with using the s P i = i Е 
: distributive property, 7х + 2х + 12 = 39 7х + 2х + 12 = 39 
: see р. 96. 
9x + 12 = 39 9х + 12 = 39 
9x + 12 — 12 = 39 – 12 9x = 27 
9x = 27 x=3 
9x _ 27 
9 9 
x=3 
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* [ EXAMPLE 3 | Standardized Test Practice 


: ELIMINATE CHOICES 


: You can eliminate 

: choices B and C 

: because —4 has not 
: been distributed to 
: both terms in the 

: parentheses. 


Which equation represents Step 2 in the solution process? 
Step 1 5x — 4(x — 3) = 17 
Step2 [| 


Step 3 x+ 12 = 17 
Step 4 > y 
+» (A) 5x—4x— 12 = 17 5x — 4x — 3 = 17 
(С) 5x- 4x+3=17 (D 5x- 4x + 12 = 17 
Solution 


In Step 2, the distributive property is used to simplify the left side of the 
equation. Because —4(x — 3) = —4x + 12, Step 2 should be 5x — 4x + 12 = 17. 


> The correct answer is Р. @ © D 


GUIDED PRACTICE for Examples 1, 2, and 3 


Solve the equation. Check your solution. 


1. 9d — 2d + 4 = 32 2. 2w + 3(w + 4) = 27 3. 6x — 2(x — 5) = 46 


USING RECIPROCALS Although you can use the distributive property to solve 
an equation such as 3x + 5) = —24, itis easier to multiply each side of the 


equation by the reciprocal of the fraction. 


[ EXAMPLE 4 ] Multiply by a reciprocal to solve an equation 


Solve 5(3х + 5) = —24. 
5(3х + 5) = —24 Write original equation. 


5 o 33x + 5) = 524) Multiply each side by 5, the reciprocal of >. 


3x + 5 = —16 Simplify. 
3x = —21 Subtract 5 from each side. 
x=-7 Divide each side by 3. 


GUIDED PRACTICE for Example 4 
Solve the equation. Check your solution. 


4. д E IM 5. 2(3r +4) = 10 6. a — 1) =28 


3.3 Solve Multi-Step Equations 
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[ EXAMPLE 5 ] Write and solve an equation 


SUMMER CAMP You are planning a scavenger hunt 

for 21 campers. You plan to have 5 teams. One camper 
from each team will be the recorder and the rest will be 
searchers. How many searchers will each team have? 


Solution 


| Lets be the number of searchers on each team. Then 
1 + sis the total number of campers on each team. 


Number of Number of Number of campers 
campers teams on each team 
21 = 5 ° (1 +s) 

2l = 5(1 + $) Write equation. 

21=5+5s Distributive property 
: CHECK 16 = 5s Subtract 5 from each side. 
: REASONABLENESS 
: APRA 0090€ ge 3255 Divide each side by 5. 
: The number of 
: searchers must be a » Because 4 searchers per team would require a total of 5(1 + 4) = 
: whole number. 25 campers, 4 teams will have 3 searchers and 1 team will have 4 searchers. 


3.3 EXERCISES 


: EXAMPLE 1 


3 е sd 
: for Exs. 3-11 
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GUIDED PRACTICE | for Example 5 


7. WHAT IF? In Example 5, suppose you decide to use only 4 teams. How 
| many searchers should there be on each team? 


HOMEWORK 


: (O) = WORKED-OUT SOLUTIONS 
KEY: 


on p. WS6 for Exs. 17 and 39 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 18, 35, 36, and 41 


: ey = MULTIPLE REPRESENTATIONS 
Ex. 42 


' SKILL PRACTICE 


1. VOCABULARY What is the reciprocal of the fraction in the equation 
=(2x + 8) = 18? 


2. ж WRITING Describe the steps you would use to solve the equation 

3(4y — 7) = 6. 
COMBINING LIKE TERMS Solve the equation. Check your solution. 
3. p+2p-3=6 4. 12v+ 14 + 10v = 80 5. 1lw-9-"7w= 15 
6. 5а + 3 – За = -7 7. 6c 8 – 2с = —16 8. 9 = 72 — 132 — 21 
9. —2 = 3y – 18 — 5y 10. 23 = –4т +2 + т 11. 35 = —5 + 2x — 7x 


Chapter З Solving Linear Equations 


: EXAMPLES USING THE DISTRIBUTIVE PROPERTY Solve the equation. Check your 
: 2 and з solution. 


: on pp. 148-149 
: for Exs. 12—18, 25 


18. Ж MULTIPLE CHOICE What is the solution of 7v — (6 — 21) = 12? 
СА) -3.6 =й © 2 (D> 3.6 


: EXAMPLE 4 MULTIPLYING BY A RECIPROCAL Solve the equation. Check your solution. 


: on p. 149 for | 3 4 
: Exs. 19-24, 26 19. 3d +3)=5 20. 3 — 5)=—6 21. 3 — п) = 12 


22. 4 = (ду - 2) 23. —32 = =(Su -1) 24. —14 = 209 — 2b) 


ERROR ANALYSIS Describe and correct the error in solving the equation. 


25. 26. 1 
бх — 3(x — 6) = 2 2(2х — 10) = 4 


бх — 3x — 15 = 2 2х – 10 = 2 
2х — 18 = 2 2х = 12 * 
mu х= 6 
x = 10 


SOLVING EQUATIONS Solve the equation. Check your solution. 

27. 8.9 + 1.2(3a — 1) = 14.9 28. —11.2 + 4(2.1 + q) = —0.8 
29. 1.3t + 3(t + 8.2) = 37.5 30. 1.6 = 7.6 — 5(k + 1.1) 

31. 0.5 = 4.1x — 2(1.3x — 4) 32. 8.7 = 3.5m — 2.5(5.4 — 6m) 
: REVIEW (E3 GEOMETRY Find the value of x for the triangle or rectangle. Be sure to 


: CONVERTING | use the same units for the side lengths and the perimeters. 
: UNITS 


НА 33. Perimeter = 288 inches 34. Perimeter = 2600 centimeters 
: For help with 
: converting 
: units of 
| erieasurement (x + 4) ft Ax ft (2x — 6) m 
: see p. 927. 
Tx — 1} didici 


35. * WRITING The length of a rectangle is 3.5 inches more than its width. 
The perimeter of the rectangle is 31 inches. Find the length and the width 
of the rectangle. Explain your reasoning. 


36. Ж SHORT RESPONSE Solve each equation by first dividing each side of 
the equation by the number outside the parentheses. When would you 
recommend using this method to solve an equation? Explain. 


a. 9(x — 4) = 72 b. 8(x + 5) = 60 


37. CHALLENGE An even integer can be represented by the expression 2л. 
Find three consecutive even integers that have a sum of 54. 


3.3 Solve Multi-Step Equations 


12. 3 + 4(2 + 5) = 31 13. 14 + 2(4g — 3) = 40 14. 5m + 2(m + 1) = 23 
15. 5h + 2(11 — h) = —5 16. 27 = Зс — 3(6— 20) (iz) —3 = 12y – 5Qy - 7) 
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' PROBLEM SOLVING 


: EXAMPLE5 | 38. BASKETBALL A ticket agency sells tickets to a professional basketball 
: on p. 150 game. The agency charges $32.50 for each ticket, a convenience charge of 
: for Exs. 38-40 | $3.30 for each ticket, and a processing fee of $5.90 for the entire order. The 


total charge for an order is $220.70. How many tickets were purchased? 


. QHomeTutor > for problem solving help at classzone.com 


HANGING POSTERS You want to hang 3 equally-sized 
travel posters on the wall in your room so that the 
posters on the ends are each 3 feet from the end of = | 
the wall. You want the spacing between posters to | EE 
be equal. How much space should you leave between 
the posters? 


_@HomelTutor 


for problem solving help at classzone.com 13.5 ft 


40. LIFEGUARD TRAINING To qualify for a lifeguard training course, you 
have to swim continuously for 500 yards using either the front crawl 
or the breaststroke. You swim the front crawl at a rate of 45 yards per 
minute and the breaststroke at a rate of 35 yards per minute. You take 
12 minutes to swim 500 yards. How much time did you spend swimming 
the front crawl? Use the verbal model below. 


Rate for Time Bate for Total Time 
Distance = front e forfront + gamme merge "mme for front 
crawl crawl crawl 


41. Ж EXTENDED RESPONSE The Busk-Ivanhoe Tunnel on the Colorado 
Midland Railway was built in the 1890s with separate work crews 
starting on opposite ends at different times. The crew working from 


n E 
mr. Esa d 
"a^ Be ЕЕ m e 


1l E 
14... un NE- >= 


Mi ivanhoe crews co pleted 15 feet per month. Je ў 
Mi Busk crews completed 137 feet per month. 


Cutaway of Busk-Ivanhoe Tunnel 


a. Starting at the time construction began on the Busk end, find the 
time it took to complete a total of 8473 feet of the tunnel. Round 
your answer to the nearest month. 


b. After 8473 feet were completed, the work crews merged under the 
same supervision. The combined crew took 3 months to complete 
the remaining 921 feet of the tunnel. Find the rate at which the 
remainder of the tunnel was completed. 


с. Was the tunnel being completed more rapidly before or after the 
work crews merged? Explain your reasoning. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED ф = MULTIPLE 
152 on р. WS1 TEST PRACTICE REPRESENTATIONS 


42. e MULTIPLE REPRESENTATIONS 4A roofing contractor gives estimates 
for shingling a roof in cost per square, where a square is a 10 foot by 
10 foot section of roof. The contractor estimates $27.50 per square for 
materials, $17 per square for labor, $30 per square for overhead and 
profit, and a total of $750 for miscellaneous expenses. 


a. Writing an Equation Write an equation that gives the estimate y (in 
dollars) as a function of the number x of squares of a roof. The 
contractor gives an estimate of $2314.50. About how many squares 
does the roof have? 


b. Making a Table Make a table that shows the estimates for shingling a 
roof that has 5, 10, 15, 20, or 25 squares. Use your table to check your 
answer to part (a). 


43. CHALLENGE Jan says that she has quarters and dimes that total $2.80, 
and that the number of dimes is 8 more than the number of quarters. 
Demonstrate algebraically that Jan must be mistaken. 


MIXED REVIEW | = | 


: PREVIEW 


: Prepare for 
: Lesson 3.4 in 
: Exs. 48-56. 


Evaluate the expression for the given value(s) of the variable(s). 


44. x — y when x = —7 and y = 2 (p. 80) 45. x — (—y) when x = —4 and y = 5 (p. 80) 


when y = 5 (p. 103) 


_ Ay +7 
46. 29 when x = 9 (p. 103) 47. > A 


Solve the equation. Check your solution. (p. 141) 


48. 5x + 1— 26 49. —x 4 = 13 50. 3x — 5 = —14 
51. 3—2x= 19 52, Ž-4=1 53. 8+%=-— 
54. llx 4 5x — 48 55. —4x + 11х = —28 56. Ex Exc -7 


' QUIZ for Lessons 3.1-3.3 


Solve the equation. Check your solution. 


1. x+ 9 = 7 (p. 134) 2. y— 5 = —11 (p. 134) 

3. —7b — —56 (p. 134) 4. а = 6 (р. 134) 

5. —at = —12 (p. 134) 6. 9w — 4 = 14 (p. 141) 

7. 23 = 1 — d (p. 141) 8. 66 — 4m + 7m (p. 141) 

9. —104 = —5p — 3p (p. 141) 10. 2v + 5v — 8 = 13 (p. 148) 
11. 2a — 6(a — 4) = —4 (p. 148) 12. 25 — 4g) = —18 (p. 148) 


13. INTERNET SHOPPING Dan purchases DVDs from a website. Each DVD 
costs $11, and the shipping and handling fees are $6.95. Dan is charged a 
total of $50.95. How many DVDs did he purchase? (p. 141) 
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Key Vocabulary 
e identity 


3.4 


You solved equations with variables on one side. 
| Ми ] You will solve equations with variables оп both sides. 


Solve Equations with 
Variables on Both Sides 


So you can find the cost of a gym membership, as in Ex. 52. 


Some equations have variables on both sides. To solve such equations, 
you can collect the variable terms on one side of the equation and the 
constant terms on the other side of the equation. 


Solve an equation with variables on both sides 


: ANOTHER WAY 


: You could also begin 

: solving the equation 

: by subtracting 4x from 
: each side to obtain 

: 7 — 12x = -17. When 
: you solve this equation 
: for x, you get the same 
: solution, 2. 


Solve 7 — 8x = Ax — 17. 


7 — 0x = 4х — 17 Write original equation. 


7 — 8х + 8x = 4х – 17 + 8x Add 8xto each side. 


Т = 12х — 17 Simplify each side. 
24 = 12x Add 17 to each side. 
2=x Divide each side by 12. 


» The solution is 2. Check by substituting 2 for xin the original equation. 
CHECK 7— 8x = Ax — 17 Write original equation. 
7 — 8(2) = 4(2) – 17 Substitute 2 for х. 
—9 £ 4(2) — 17 Simplify left side. 
—92-9 Y Simplify right side. Solution checks. 
(Animatea Algebra) at classzone.com 


Solve an equation with grouping symbols 


Solve 9x – 5 = 46x + 60). 


9x 5 = x (16x 60) Write original equation. 


9x —5 = Ax t 15 Distributive property 
5x-5=15 Subtract 4x from each side. 
5х = 20 Add 5 to each side. 
х= 4 Divide each side by 5. 
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Y GUIDED PRACTICE for Examples 1 and 2 


Solve the equation. Check your solution. 


1. 24 — 3m = 5m 2. 20+c=4c- 7 3. 9 – ЗК = 17 — 2k 


4. 5z — 2 = 2(8z — 4) 5. 3 — 4a = 5(а — 3) 6. By — 6 = £(6y + 15) 


e | EXAMPLE 3 ] Solve a real-world problem 


CAR SALES A car dealership sold 78 new cars and 67 used cars this year. The 
number of new cars sold by the dealership has been increasing by 6 cars each 
year. The number of used cars sold by the dealership has been decreasing by 
4 cars each year. If these trends continue, in how many years will the number 
of new cars sold be twice the number of used cars sold? 


Solution 


Let x represent the number of years from now. So, 6x represents the increase 
in the number of new cars sold over x years and —4x represents the decrease 
in the number of used cars sold over x years. Write a verbal model. 


New cars Increase in Used cars Decrease in 
sold this + new cars sold = 2 sold this + used cars sold 
year Over x years year Over x years 
78 + 6x = 2( 67 + (—4x) ) 


78 + 6x = 2(67 — 4x) | Write equation. 
78 + 6x = 134 — 8x Distributive property 


78 + 14x = 134 Add 8x to each side. 
14x = 56 Subtract 78 from each side. 
x=4 Divide each side by 14. 


* The number of new cars sold will be twice the number of used cars sold in 
4 years. 


CHECK You can use a table to check your answer. 


Der 7] 0 |1 | 2 | з | 4 | тетте 
Used cars sold cal E 
the number of used 


Y GUIDED PRACTICE for Example З 


7. WHAT IF? In Example 3, suppose the car dealership sold 50 new cars this 
year instead of 78. In how many years will the number of new cars sold be 
twice the number of used cars sold? 
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NUMBER OF SOLUTIONS Equations do not always have one solution. Ап 
equation that is true for all values of the variable is an identity. So, the 
solution of an identity is all real numbers. Some equations have no solution. 


( EXAMPLE 4 | Identify the number of solutions of an equation 


Solve the equation, if possible. 


a. 3x = 3(x + 4) b. 2x + 10 = 2(x + 5) 


Solution 
a. 3x — 3(x + 4) Original equation 
3x = 3x + 12 Distributive property 


The equation 3x = 3x + 12 is not true because the number 3x cannot be 
equal to 12 more than itself. So, the equation has no solution. This can be 
demonstrated by continuing to solve the equation. 


3x — 3x = 3x + 12 – 3x Subtract Зх from each side. 
0-12 X Simplify. 
* The statement 0 — 12 is not true, so the equation has no solution. 
b. 2x + 10 = 2(x + 5) Original equation 
2х + 10 = 2х + 10 Distributive property 


> Notice that the statement 2x + 10 = 2x + 10 is true for all values of x. 
So, the equation is an identity, and the solution is all real numbers. 


GUIDED PRACTICE for Example 4 


Solve the equation, if possible. 


8. 9z + 12 = 9(z + 3) 9. 7W+1=8w+w 1 10. 3(2a + 2) = 2(3a + 3) 


SOLVING LINEAR EQUATIONS You have learned several ways to transform 
an equation to an equivalent equation. These methods are combined in the 
steps listed below. 


: CONCEPT SUMMARY For Your Wotebook 
Steps for Solving Linear Equations 
> STEPT Use the distributive property to remove any grouping symbols. 


STEP2 Simplify the expression on each side of the equation. 


STEP 3 Use properties of equality to collect the variable terms on one 
side of the equation and the constant terms on the other side of 
the equation. 


STEP 4 Use properties of equality to solve for the variable. 


STEP 5 Check your solution in the original equation. 
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3.4 EXERCISES HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
° КЕҮ: on p. WS6 for Exs. 13 and 51 


Ж - STANDARDIZED TEST PRACTICE 


Exs. 2, 15, 16, 17, 29, and 53 


: ey = MULTIPLE REPRESENTATIONS 
: Ex. 52 


' SKILL PRACTICE | 


1. VOCABULARY Copy and complete: An equation that is true for all values 
of the variable is called a(n) _?_. 


2. ж WRITING Explain why the equation 4x + 3 = 4x + 1 has no solution. 


: EXAMPLES SOLVING EQUATIONS Solve the equation. Check your solution. 


: 1and 2 

аунау е шша 3. 8+5 = 6+ 1 4. k+1=3k- 1 5. 8C+5=4c- 11 

: on p. 154 

: for Exs. 3-17 6. 8-4m = 9m — 7 7. 10b + 18 = 8р + 4 8. 19 – 13р = -17p— 5 
9. 9а = 6(a + 4) 10. 5h- 7=2(h + 1) 11. 3(d + 12) = 8 – 4d 
12. 7(r + 7) = 5r + 59 (13) 40 + 14] = 2(—4j — 13) 14. 5(n +2) = 365 + 10n) 


15. Ж MULTIPLE CHOICE What is the solution of the equation 
8x + 2x = 15x — 10? 


СА) —2 (В) 04 © 2 Фф) 5 


16. ж MULTIPLE CHOICE What is the solution of the equation 
4y+y+1=7(y- 1)? 
(А) —4 -3 O 3 D 4 


17. Ж WRITING Describe the steps you would use to solve the equation 
3(2z — 5) = 22+ 13. 


: EXAMPLE 4 SOLVING EQUATIONS Solve the equation, if possible. 


: on p. 156 = - — 

: for Ех, 18-28 18. ш +3 = ш + 6 19. 164 = 22 + 5а 20. 82 = 4(2z + 1) 
21. 12 + 5v = 2р – 9 22. 22x + 70 = 17x — 95 23. 2 — 15n = 5(-3n + 2) 
24. 12у + 6 = 6(2y + 1) 25. 5(1 + 4m) = 2(3 + 10m) 26. 2(3g + 2) = ¿(128 + 8) 


ERROR ANALYSIS Describe and correct the error in solving the equation. 


27. 28. 
O(x + 5) = 3x + 15 6(2y + 6) = 4(9 + 3y) 
3x +5 = Зх + 15 12у + 56 = 56 + 12у 
5 = 15 12у = 12у 


Тһе equation has Ж O=0 
no solution. 


The solution is y = O. 


29. Ж OPEN-ENDED Give an example of an equation that has no 
solution. Explain why your equation does not have a solution. 
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SOLVING EQUATIONS Solve the equation, if possible. 


30. 8w — 8 — бш = 4ш — 7 31. 3x — 4 = 2x + 8 — 5x 
Е —~Q_ $a 34-4, 1 
32. —150c + Te + 1 52 3 — 8c 33. 5 + 7a qa 2 
C ү PRI _10=3n=7-1 
34. ¿M 8 т * g 35. n — 10 c" T gn 
36. 3.7b + 7 =8.1b-— 19.4 37. 6.2h + 5 — 1.4h = 4.8h + 5 
38. 0.7z + 1.9 + 0.15 = 5.5 — 0.42 39. 5.4t + 14.6 — 10.11 = 12.8 — 3.5t — 0.6 
40. ay + 64) = 2(20 + 2y) 41. 14 — al j- 10) = £(25 +) 
42. 5(1.2k + 6) =7.1k + 34.4 43. —0.25(4v — 8) = 0.5(4 — 2v) 


(E3 GEOMETRY Find the perimeter of the square. 


44. 45. 46. 
8x — 10 5x 3x +7 


6x Зх + 6 Дх — 2 


CHALLENGE Find the value(s) of a for which the equation is an identity. 
47. а(2х + 3) = 9x + 12 – x 48. 10x — 35 + Зах = 5ax — "a 


: PROBLEM SOLVING 


: EXAMPLE 3 
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49. CAMPING The membership fee for joining a camping association is $45. 
A local campground charges members of the camping association $35 per 
night for a campsite and nonmembers $40 per night for a campsite. After 
how many nights of camping is the total cost for members, including the 
membership fee, the same as the total cost for nonmembers? 
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50. HIGH-SPEED INTERNET Dan and Sydney are getting high-speed Internet 
access at the same time. Dan's provider charges $60 for installation and 
$42.95 per month. Sydney's provider has free installation and charges 
$57.95 per month. After how many months will Dan and Sydney have 
paid the same amount for high-speed Internet service? 


E А E М 
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LANGUAGES Information about students who take Spanish and students 
who take French at a high school is shown in the table. If the trends 
continue, in how many years will there be 3 times as many students 
taking Spanish as French? 


Language | Students enrolled this year Average rate of change 


Spanish 33 more students each year 


French 2 fewer students each year 


О = WORKED-OUT SOLUTIONS Ж = STANDARDIZED es = MULTIPLE 


on p. WS1 TEST PRACTICE REPRESENTATIONS 


52. e MULTIPLE REPRESENTATIONS For $360, a rock-climbing gym 
offers a yearly membership where members can climb as many days as 
they want and pay $4 per day for equipment rental. Nonmembers pay 
$10 per day to use the gym and $6 per day for equipment rental. 


a. Writing an Equation Write an equation to find the number of visits 
after which the total cost for a member and the total cost for a 
nonmember are the same. Then solve the equation. 


b. Making a Table Make a table for the costs of members and 
nonmembers after 5, 10, 15, 20, 25, 30, and 35 visits. Use the table to 
check your answer to part (a). 


53. Ж EXTENDED RESPONSE Flyball is a relay race for dogs. In each of the 
four legs of the relay, a dog jumps over hurdles, retrieves a ball from a 
flybox, and runs back over the hurdles. The last leg of a relay is shown 
below. The collie starts the course 0.3 second before the sheepdog. 


a. Let t represent the time (in seconds) it takes the collie to run the last 
leg. Write and solve an equation to find the number of seconds after 
which the sheepdog would catch up with the collie. 


b. How long does it take the collie to run the last leg? 


c. Use your answers from parts (a) and (b) to determine whether 
the sheepdog catches up and passes the collie during the last leg of 
the relay. Explain your reasoning. 


CHALLENGE Find the length and the width of the rectangle described. 


54. Thelength is 12 units more than the width. The perimeter is 7 times 
the width. 


55. The length is 4 units less than 3 times the width. The perimeter is 
22 units more than twice the width. 


MIXED REVIEW 


: PREVIEW | Write the fraction in simplest form. (p. 912) 
: Prepare for 
: Lesson 3.5 56. 2 57. 5 58. m 59. » 
: in Exs. 56—64. 
Solve the equation. (p. 134) 
Ш — х = 11 = ” = ®. 
60. 7—6 61. 7, =2 62. 11-7 63. 12- — 


64. FOOTBALL The average rushing yards per game for a football player is 
found by dividing the total rushing yards for the season by the number 
of games played. How many total rushing yards did a player have if he 
played in 12 games and averaged 22 yards per game? (p. 134) 
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Жиза ACTIVITY Use after Lesson 3.4 Jutor 


classzone.com 
Keystrokes 


Solve Equations Using Tables 


You can use a spreadsheet to solve an equation with variables on both sides 
by evaluating the left side of the equation and the right side of the equation 
using the same value of the variable. If the left side and right side are equal, 
then the value of the variable is a solution. 


Solve 19(x — 1) — 72 = 6x. 


ul 
uU 
MS 


160 


STEP 1| Enter data and formulas T 
Label columns for possible solutions, 


left side, and right side in row 1. _ 1 [Possible solutions Right side 
Enter the integers from 0 through 2| O| =19*(A2-1)-72 
10 as possible solutions in column A. (3| 11| =19*(A3-1)-72 


Then enter the formulas for the EA 


left side and the right side of the "i| 10|-19512-1-72| -6*A12- 


equation in columns B and C. 


STEP 2| Compare columns zm 
Compare the values of the left side 


C ПИРЕ EE КЕЕ EG s Сн 
and the values of the right side. The |.1 [Possible solutions Right side 


left side and right side values are 
equal when x = 7. So, the solution is 7. 


In Exercises 1-3, use a spreadsheet to solve the equation. 
1. 15x + 6 = 6x + 24 2. 0x — 17 = 5x + 70 3. 18—2(x +3) = х 


4. Not all equations have integer solutions. Consider the equation 
4.9 + 4.8(7 — x) = 6.2x. 


a. Follow Step 1 above using 4.9 + 4.8(7 — x) = 6.2x. 


b. Add a fourth column that shows the difference of the value of the left 
side and the value of the right side. Find consecutive possible solutions 
between which the differences of the values of the left side and right side 
change sign. 


. Repeat Step 1. This time use the lesser of the two possible solutions from 
part (b) as the first possible solution, and increase each possible solution 
by 0.1. Can you identify a solution now? If so, what is it? 
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MIXED REVIEW orrroviem sowing ринен 


Lessons 3.1-3.4 


1. MULTI-STEP PROBLEM A phone company 
charges $.25 for the first minute of a long- 
distance call and $.07 for each additional 
minute. 


a. Write an equation that gives the cost C of 
a long-distance call as a function of the 
length ¢ (in minutes) of the call. 


b. Find the duration of a long-distance call 
that costs $2. 


2. GRIDDED ANSWER A veterinary assistant 
steps on a scale while holding a cat. The 
weight of the cat and assistant is 175 pounds. 
The assistant weighs 162 pounds. Find the 
weight (in pounds) of the cat. 


3. EXTENDED RESPONSE A bowling alley 
charges $1.50 for bowling shoes and $3.75 for 
each game. Paul and Brandon each have $15 
to spend at the bowling alley. 


a. Paul brings his own bowling shoes. How 
many games can he bowl? 


b. Brandon needs to pay for bowling shoes. 
How many games can he bowl? Round 
your answer down to the nearest whole 
number. 


c. Both Paul and Brandon decide to bowl the 
number of games that Brandon can afford 
to bowl. Does Paul have enough money to 
buy a slice of pizza and a soda that cost a 
total of $3.25? Explain your reasoning. 


4. GRIDDED ANSWER The triangle has a 
perimeter of 82 inches. What is x? 


5. SHORT RESPONSE You are folding origami 
cranes that will be used as decorations at 
a wedding. If you make cranes for 1 hour 
without a break, you can make 40 cranes. 


During a3 hour period, you make 100 cranes. 


How much time did you spend not making 
cranes? Explain your reasoning. 


6. SHORT RESPONSE 


3 classzone.com 


A ski resort offers a 
super-saver pass for 
$90. The lift ticket 
rates with and without 
the super-saver pass 
are listed below. 


With $22.50 $36.00 
Without $45.00 $48.00 


Suppose a skier skis only on weekdays. After 
how many visits to the ski resort will the cost 
for the super-saver pass and the lift tickets 
be equal to the cost of the lift tickets without 
the pass? Explain your reasoning. 


. SHORT RESPONSE The eruption of Mount 


St. Helens in 1980 decreased its elevation by 
1313 feet. The current elevation is 8364 feet. 
What was the elevation of the volcano before 
the eruption? Explain your reasoning. 


. EXTENDED RESPONSE А garden supply store 


sells daffodil bulbs for $.60 per bulb. 


a. Jen spends $24 on daffodil bulbs. How 
many daffodil bulbs did she purchase? 


b. Jen decides to plant the daffodil bulbs 
along one side of her house that is 30 feet 
long. How many inches apart should she 
plant the bulbs so that they are equally 
spaced? 


c. Jen thinks that the daffodils will look 
better if the bulbs are planted 6 inches 
apart. How many more bulbs does she 
need? Explain your reasoning. 


. OPEN-ENDED Describe a real-world 


situation that can be modeled by the 
equation 4x + 15 = 47. Then solve the 
equation and explain what your solution 
means in this situation. 


Mixed Review of Problem Solving 161 


Write Ratios and 
Proportions 


3. 


You solved equations involving division. 
[ Now ) You will find ratios and write and solve proportions. 


So you can find a ratio involving a contest, as in Ex. 46. 


Key Vocabulary Throughout this book you have been using rates, such as 50 miles per hour. 
e ratio A rate is a special type of ratio. 

e proportion 

" "D^ ши) [2 KEY CONCEPT For Your Notebook 


Ratios 


t+ Aratio uses division to compare two quantities. You can write the ratio of 
1; two quantities a and b, where bis not equal to 0, in three ways. 


ato b a:b E 
b 
Each ratio is read “the ratio of ato b.” Ratios should be written in simplest 
form. 


Write a ratio 


VOLLEYBALL A volleyball team plays 14 home matches and 10 away matches. 
a. Find the ratio of home matches to away matches. 


b. Find the ratio of home matches to all matches. 


Solution 


home matches _ 14 _ 7 


` awaymatches 10 5 


home matches _ 14 14 rj 


all matches 14+ 10 24 12 


GUIDED PRACTICE for Example 1 


Derek and his brother decide to combine their CD collections. Derek has 
44 CDs, and his brother has 52 CDs. Find the specified ratio. 


1. The number of Derek's CDs to the number of his brother's CDs 


2. The number of Derek's CDs to the number of CDs in the entire collection 
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: READING 


0000900009090000009099990000900000990090090909 > a = 
: This proportion is read 


: “ais to bas cis to d. 


PROPORTIONS A proportion is an equation that states that two ratios are 
equivalent. The general form of a proportion is given below. 


© where b + 0,4 £0 
b a 
If one of the numbers in a proportion is unknown, you can solve the 
proportion to find the unknown number. To solve a proportion with a 
variable in the numerator, you can use the same methods you used to 
solve equations. 


( EXAMPLE 2 ] Solve a proportion 


«0 1l — X 
Solve the proportion жат 
Hox Write original proportion. 
6 30 
30 H = 30 • T Multiply each side by 30. 
220 =X Simplify. 
55 =x Divide. 


Y GUIDED PRACTICE | for Example 2 


: AVOID ERRORS 


: You cannot write 
: a proportion that 
: compares pints to 
: tomatoes and 

: tomatoes to pints. 


: _ pints tomatoes 
; tomatoes pints 


Solve the proportion. Check your solution. 


w_4 9_m Z 
3. 35 7 de 2 12 m 54 


SETTING UP A PROPORTION There are different ways to set up a proportion. 
Consider the following problem. 


A recipe for tomato salsa calls for 30 tomatoes to make 12 pints of salsa. 
How many tomatoes are needed to make 4 pints of salsa? 


The tables below show two ways of arranging the information from the 
problem. In each table, x represents the number of tomatoes needed to 
make 4 pints of salsa. The proportions follow from the tables. 


С понаша [Pinte 
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e | EXAMPLE З ] Solve a multi-step problem 


ELEVATORS The elevator that takes passengers from the lobby of the 

John Hancock Center in Chicago to the observation level travels 150 feet 

in 5 seconds. The observation level is located on the 94th floor, at 1029 feet 
above the ground. Find the time it takes the elevator to travel from the lobby 
to the observation level. 


Solution 


STEP? Write a proportion involving two ratios that compare the amount 
of time the elevator has ascended with the distance traveled. 


.9 . X  <— seconds 
150 1029 « feet 


$TEP2 Solve the proportion. 


ð —. x " " 
150 ^ 1029 Write proportion. 
ds o Ж : ; 
1029 150 ^ 1029 1029 Multiply each side by 1029. 
5145 _ r А 
350 ^ Simplify. 
34.3 =x Use a calculator. 


» The elevator travels from the lobby to the observation level in 34.3 seconds. 


CHECK You can use a table to check the reasonableness of your answer. 


| GENERATETABIE о тошу | s | 0 | 15 | 20 | 25 | 39 | as 
: As the amount of 
0 | a50 өю 


25 
750 


Distance traveled (ft) 


: traveled increases by The solution, 34.3 seconds, is slightly less than 35 seconds, and 1029 feet is 
; 150 feet, slightly less than 1050 feet. So, the solution is reasonable. 


: time increases by 
: 5 seconds, the distance 


СА GUIDED PRACTICE | for Example 3 


6. WHAT IF? In Example 3, suppose the elevator travels 125 feet in 
5 seconds. Find the time it will take for the elevator to travel from 
the lobby to the observation level. 


7. ASTRONOMY When two full moons appear in the same month, 
the second full moon is called a blue moon. On average, 2 blue moons 
occur every 5 years. Find the number of blue moons that are likely to 
occur in the next 25 years. 


164  Chapter3 Solving Linear Equations 


35 EXERCISES "у Оооо 
Я КЕҮ: on p. WS6 for Exs. 17 and 49 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 19, 20, 43, and 54 


: СЯ = MULTIPLE REPRESENTATIONS 
: Ех. 52 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: A proportion is an equation that states 
that two ? аге equivalent. 


2. * WRITING Write a ratio of two quantities in three different ways. 


SIMPLIFYING RATIOS Tell whether the ratio is in simplest form. If not, write 
it in simplest form. 


3. 14 to 18 4. 5:13 5. 2 6. 28 to 32 
: EXAMPLE 2 | SOLVING PROPORTIONS Solve the proportion. Check your solution. 
Jona 7. 2= 8. 1= 2. 9, f= 1 10. 33-2 

n 16 = т 12. E= 10 13. 5= 2. 14. = 80. 


19. ж MULTIPLE CHOICE What is the value of x in the proportion : zi 


20 ` 

QD 2 23 ( 32 D 40 
20. Ж MULTIPLE CHOICE What is the value of zin the proportion E = 28 ? 

СА) 8 12 СС) 18.75 (D> 425 
ERROR ANALYSIS Describe and correct the error in solving the proportion. 
21. um 22. E: 

4 6 10 20 
5 = x < m = 50 X 


WRITING AND SOLVING PROPORTIONS Write the sentence as a proportion. 
Then solve the proportion. 


23. 3isto 8 as xis to 32. 
25. xisto 4 as8 is to 16. 
27. bis to 10 as 7 is to 2. 
29. 12is to 18as d is to 27. 


24. 5isto7 as ais to 49. 
26. yis to 20 as 9 is to 5. 
28. 4is to 12 as м is to З. 
30. fis to 21 as 40 is to 28. 
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SOLVING PROPORTIONS Solve the proportion. Check your solution. 


б _ 9 114 21. v 36 _ 2x 
las 05 2.5 "А, 12 3.6 нь. 717 8.8 le 54 6 

За _ 36 10h _ 5 6r _ 36 12 _ 4w 
а 4 1 ovat 108 9 ate 10 15 ae 42 56 

m>+3 _ 40 5_k-4 T _E-3 6+n_ 15 
on 8 64 = 13 39 os 112 8 58 60 90 


43. * SHORT RESPONSE Is it possible to write a proportion using the 
numbers 3, 4, 6, and 8? Explain your reasoning. 


44, CHALLENGE Е? = = for nonzero numbers а, b, c, and d, is it also true 


that Е = 2.2 Explain. 


PROBLEM SOLVING 


: EXAMPLE 1 45. GOVERNMENT There are 435 representatives in the 


: on p. 162 U.S. House of Representatives. Of the 435 representatives, 

: for Exs. 45—49 6 are from Kentucky. Find the ratio of the number of 
representatives from Kentucky to the total number of 
representatives. 


_@Homelutor for problem solving help at classzone.com 


46. CONTEST Of the 30 champions of the National Spelling Bee 
from 1974 to 2003, 16 are boys. Find the ratio of the number 
of champions who are girls to the number who are boys. 


@НотетТиїог — 
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PIZZA SALES The table shows the number of pizzas sold at a pizzeria during 
a week. Use the information to find the specified ratio. 


47. Small pizzas to large pizzas 


48. Medium pizzas to large pizzas 


Large pizzas to all pizzas 


: EXAMPLE 3 50. READING A student can read 7 pages of a book in 10 minutes. How many 


: on p. 164 | pages of the book can the student read in 30 minutes? 
: for Exs. 50—52 


51. SOCCER In the first 4 games of the season, a soccer team scored a total of 
10 goals. If this trend continues, how many goals will the team score in 
the 18 remaining games of the season? 


52. ey MULTIPLE REPRESENTATIONS A movie is filmed so that the ratio of 
the length to the width of the image on the screen is 1.85: 1. 


a. Writing a Proportion Write and solve a proportion to find the length 
of the image on the screen when the width of the image is 38 feet. 


b. Making a Table Make a table that shows the length of an image when 
the width of the image is 20, 25, 30, 35, and 40 feet. Use your table to 
check the reasonableness of your answer to part (a). 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED = MULTIPLE 
166 on p. WS1 TEST PRACTICE REPRESENTATIONS 


53. MULTI-STEP PROBLEM One day, the ratio of skiers to snowboarders on 
the mountain at a ski resort was 13:10. The resort sold a total of 253 lift 
tickets during the day. 


a. Find the ratio of snowboarders on the mountain to all of the skiers 
and snowboarders on the mountain. 


b. Use the ratio from part (a) to find the number of lift tickets sold to 
snowboarders during the day. 


с. During the same day, the ratio of snowboarders who rented 
snowboards to snowboarders that have their own snowboards is 
4:7. Find the number of snowboarders who rented a snowboard. 


54. ж EXTENDED RESPONSE You and a friend are waiting in separate lines 
to purchase concert tickets. 


a. Interpret Every 10 minutes, the cashier at the head of your line 
helps 3 people. There are 11 people in line in front of you. Write a 
proportion that can be used to determine how long you will have to 
wait to purchase tickets. 


b. Interpret Every 5 minutes, the cashier at the head of your friend’s 
line helps 2 people. There are 14 people in line in front of your 
friend. Write a proportion that can be used to determine how long 
your friend will have to wait to purchase tickets. 


c. Compare Will you or your friend be able to purchase concert tickets 
first? Explain. 


55. CHALLENGE A car traveling 50 miles per hour goes 15 miles farther in 
the same amount of time as a car traveling 30 miles per hour. Find the 
distance that each car travels. 


MIXED REVIEW 


: PREVIEW 


: Prepare for 
: Lesson 3.6 
: in Exs. 61-66. 


Tell whether the pairing is a function. (p. 35) 
56. 


Write a rule for the function represented by the graph. Identify the domain 
and range of the function. (p. 43) 


58. y 59. y 60. у 
4 4 4 
2 2 2 
d 2 4 6 ^ 00 2 4 6 x 00 2 4 B^ 


Solve the equation. Check your solution. 
61. —2y = 18 (p. 134) 62. 20x — 40 (p. 134) 63. 56 = 7(z + 5) (p. 148) 
64. 16(r + 3) = —48 (p. 148) 65. 5(c — 12) = 2c (p. 154) 66. b+ 11 = 3(b — 1) (p. 154) 
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3 6 Solve Proportions 
* * Using Cross Products 


You solved proportions using the multiplication property of equality. 
| Now ] You will solve proportions using cross products. 
So you can find the height of a scale model, as in Ex. 39. 


Key Vocabulary In a proportion, a cross product is the product of the numerator of 

e cross product one ratio and the denominator of the other ratio. The following 

«scale drawing property involving cross products can be used to solve proportions. 

e scale model 

escale : KEY CONCEPT For Your Notebook 


Cross Products Property 


Words The cross products of a proportion are equal. 


ЕЕС) 


Algebra If _ = “where b + 0 and d + 0, then ad = bc. 


© 
d 


The proportion 2 ө can be written as 3:4 = 6:8. In this form, 4 and 6 are 


called the means of the proportion, and 3 and 8 are called the extremes of 


the proportion. This is why the cross products property is also called the 
means-extremes property. 


Use the cross products property 


‚„8_ 6 
Solve the proportion тк 
86 tl | 
xB Write original proportion. 
8 • 15 = х6 Cross products property 
120 = 6x Simplify. 
20=x Divide each side by 6. 


» The solution is 20. Check by substituting 20 for xin the original proportion. 


8 2? 6 i 
CHECK 20 15 Substitute 20 for x. 


8-15%20+6 Cross products property 
120 = 120v Simplify. Solution checks. 
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* | EXAMPLE 2 | Standardized Test Practice 


What is the value of x in the proportion i se B 3 ? 
QD —6 -3 © 3 D 6 
Solution 
pou  —-e-e-—w n ^— 8 write original ti 
$ Because 8 is twice 4, x x-3 ila а э. дайан 
: you can reason that ah =a 
i x — 3 must be twice x: A(x —3)7x*8 Cross products property 
x—3=2x 4x — 12 = 8x Simplify. 
E da: —12 = 4х Subtract 4х from each side. 
—3 = х Divide each side by 4. 
» The value of x is —3. The correct answer is В. (А) © Ф) 
| EXAMPLE З | Write and solve a proportion 
SEALS Each day, the seals at an aquarium are each fed 8 pounds of food 
for every 100 pounds of their body weight. A seal at the aquarium weighs 
280 pounds. How much food should the seal be fed per day? 
Solution 
STEP Y Write a proportion involving two ratios that compare the 
amount of food with the weight of the seal. 
8 _ x ~<— amount of food 
100 280 <— weight of seal 
STEP 2 Solve the proportion. 
08) ИИИ И "а 8 x Writ ti 
: You can also solve 100 280 eee 
: the proportion by Е 
: multiplying each side of 8 • 280 = 100 ° x Cross products property 
: the equation by 280. 2240 = 100x Simplify. 
22.4— х Divide each side by 100. 


» A280 pound seal should be fed 22.4 pounds of food per day. 


Y | GUIDED PRACTICE | for Examples 1, 2, and 3 


Solve the proportion. Check your solution. 


4 _24 3.2 
i 30 P" x—6 


4. WHAT IF? In Example 3, suppose the seal weighs 260 pounds. How much 
food should the seal be fed per day? 
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3.6 Solve Proportions Using Cross Products 


SCALE DRAWINGS AND SCALE MODELS The floor plan below is an example 
of a scale drawing. A scale drawing is a two-dimensional drawing of an 
object in which the dimensions of the drawing are in proportion to the 
dimensions of the object. A scale model is a three- dimensional model of 
an object in which the dimensions of the model are in proportion to the 
dimensions of the object. 


а 2а | 


Ranch House 
Floor Plan 


2 Bedroom/ 
1 Bath 


2 Car Garage ~ scale measure: 
~ | actual measure. 


Scale is 1 in. : 12 +. 


A scale should 
be written as 


The scale of a scale drawing or scale model relates the drawing's or model's 
dimensions and the actual dimensions. For example, the scale 1 in.:12 ft 
on the floor plan means that 1 inch in the floor plan represents an actual 
distance of 12 feet. 


[ EXAMPLE 4 | Use the scale on a map 


MAPS Use a metric ruler and the map of Ohio 
to estimate the distance between Cleveland 
and Cincinnati. 


Solution 


From the map's scale, 1 centimeter represents 
85 kilometers. On the map, the distance between 
Cleveland and Cincinnati is about 4.2 centimeters. 


Write and solve a proportion to find the distance d 
between the cities. 


1 _ 4.2 <— centimeters 


85 d <— kilometers 


1*«d —85*4.2 Cross products property 


d — 357 Simplify. 


» The actual distance between Cleveland and 
Cincinnati is about 357 kilometers. 


Y GUIDED PRACTICE | for Example 4 


5. Use a metric ruler and the map in Example 4 to estimate the distance 
(in kilometers) between Columbus and Cleveland. 


6. MODEL SHIPS The ship model kits sold at a hobby store have a scale of 


1 ft: 600 ft. A completed model of the Queen Elizabeth IT is 1.6 feet long. 
Estimate the actual length of the Queen Elizabeth П. 
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3.6 EXERCISES 


HOMEWORK: 


: (С) = WORKED-OUT SOLUTIONS 
KEY: 


on p. WS7 for Exs. 13 and 39 


Ж - STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 16, 41, and 42 


¡ Ф = MULTIPLE REPRESENTATIONS 
: Ех. 40 


' SKILL PRACTICE 


: EXAMPLES 


: on pp. 168-169 
: for Exs. 3-18 


1. VOCABULARY Copy and complete: In a proportion, a(n) _? isthe 
product of the numerator of one ratio and the denominator of the 
other ratio. 


2. ж WRITING A scale drawing has a scale of 1 cm:3 m. Explain how 
the scale can be used to find the actual distance between objects in 
the drawing. 


SOLVING PROPORTIONS Solve the proportion. Check your solution. 


2_4 а 13 _ 52 100 
* 3 x * y 35 E к 6. 45 — 27 
5т _ 10 3k 2 -49 а+7 6 42 
fg 1 8. 27 3 ДЕ 6 Mia 
8_ r n 9 1 33 18 | 6 
Mei yI a er w ш+24 l +з 4—13 
15. Ж MULTIPLE CHOICE What is the value of ір the proportion = — > ? 
(СА) -36 -18 © 18 D 36 
16. Ж MULTIPLE CHOICE What is the value of s in the proportion : E: ms 21. ? 
(А) —48 -16 © 3 ® 30 
ERROR ANALYSIS Describe and correct the error in solving the proportion. 
17. 18. 
5 х 1 b 
4.16—4*x 18b = 14b + 2 
64 = 4х X 4b=2 yq 
16 — x b = 0.5 


SOLVING PROPORTIONS Solve the proportion. Check your solution. 


Т. 2273 a _1 24 _ 4 c-8. 11— 4c 
18 3 x ave 943—2 8 eh Bz--À 2—1 m —2 11 

k-8_-1 2 _ 4u+4 m+1_3m+6 6 _ -2 
= 7+k 5 xus —3 2v4+14 mue 4 7 26. TF 2w w — 10 

+0.3 _ 9 —8_ 5-h 4 2 16.5+3t_0.9-t 
27. ” == 28. — = 29. === MI эле сте шш = 
f n-32 2 B 11 h+1A4 b-3.9 р+1 3 —5 
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31. REASONING The statements below justify the cross products property. 
Copy and complete the justification. 


& t е 
„п Сїмеп 
„#— . С 2 
bd p bd d a. 
bd*a. bd+c 2 
b d р 
аа = ср c. ? 


32. CHALLENGE In the proportion ? = 5, 


h as the value of k increases? Explain. 


what happens to the value of 


AAA 
- PROBLEM SOLVING 


: EXAMPLE 3 33. RECIPES A recipe that yields 12 buttermilk biscuits calls for 2 cups of 


: on p. 169 flour. How much flour is needed to make 30 biscuits? 


: for Exs. 33-34 


-@Homelutor . for problem solving help at classzone.com 


34, DIGITAL PHOTOGRAPHS It took 7.2 minutes to upload 8 digital 
photographs from your computer to a website. At this rate, how long will 
it take to upload 20 photographs? 


"S 


НотеТиёог | for problem solving help at classzone.com 


: EXAMPLE 4 MAPS A map has a scale of 1 cm :15 km. Use the given map distance to find 


: on p. 170 the actual distance. 
: for Exs. 35-39 
35. 6cm 36. 3.2 cm 37. 0.5cm 38. 4.7 cm 


SCALE MODEL An exhibit at Tobu World Square in Japan includes a scale 
model of the Empire State Building. The model was built using a scale of 
1 m:25 m. The height of the actual Empire State Building is 443.2 meters. 
What is the height of the model? 


40. es MULTIPLE REPRESENTATIONS The diameter of the burst 
of a firework is proportional to the diameter of the shell of 
the firework. 


a. Writing a Proportion Use the information in the diagram 
to find the burst diameter for a 4.75 inch shell. 


b. Making a Table Make a table of burst diameters for 
2, 3, 4, 5, and 6 inch shells. Use the table to check your 
answer to part (a). 


41. Ж SHORT RESPONSE The ratio of the length of a soccer field 
to the width of the field is 3:2. A scale drawing of a soccer 
field has a scale of 1 in.:20 yd. The length of the field in the 
drawing is 6 inches. What is the actual width of the field? 
Explain your reasoning. 


О = WORKED-OUT SOLUTIONS Ж = STANDARDIZED e = MULTIPLE 
172 on p. WS1 TEST PRACTICE REPRESENTATIONS 


42. K EXTENDED RESPONSE A mole is a unit of — Element - Mass of 1 mole 
measurement used in chemistry. The masses of 
one mole of three elements are in the table. Hydrogen 1.008 grams 


a. A 100 gram sample of ascorbic acid contains Carbon 12.011 grams 
4.58 grams of hydrogen. To the nearest tenth, 
find the number of moles of hydrogen. 


Oxygen 15.999 grams 


b. A 100 gram sample of ascorbic acid contains 54.5 grams of oxygen. 
To the nearest tenth, find the number of moles of oxygen in the 
sample. 


с. The ratio of moles of hydrogen to moles of carbon in ascorbic acid is 
4:3. How does this ratio compare with the ratio of moles of hydrogen 
to moles of oxygen in ascorbic acid? Explain. 


43. CHALLENGE In one high school, there are 90 seniors, 142 juniors, 
175 sophomores, and 218 freshmen. Ideally, in the apportionment of the 
30 seats on the student council, the number of seats each class has is 
proportional to the number of class members. Assign a number of seats 
on the council to each class. Explain your reasoning. 


Evaluate the expression for the given value of x. (p. 110) 


44. 16 + Vx when x= 16 45. 27 — Vx when x= 81 
46. —3 • Vx when x = 25 47. 2* Vx + 11 when x= 144 
: PREVIEW Solve the proportion. Check your solution. (p. 162) 


: Prepare for 


: 2.— x m. 9 z  —10 12 b 
: Lesson 3.7 in 48. = == 49. === 50. = === 51. == = — 
eae 3 21 6 2 n 22 5 25 
12 _ Ze 9 _3w m—-2_ 6 4 _at4 
92. 36 6 Shi a oa 94. "50 730 95. 13 7 39 


' QUIZ for Lessons 3.4-3.6 


Solve the equation, if possible. (p. 154) 
Ll у-2=у+2 2. 2x — 14 = —3x + 6 3. 102— 4 = 2(5z — 2) 
4 6m+5-3m=7Ym-1 5. 2(7 – 0) = 98+ 14- Пе 6. 13k+3(k+ 11) =8k- 7 


7. (8j – 3)= 2j- З 8. 8—4ш= т (бш — 12) 9. =(10t — 50)= 4(9 — 61) 


Solve the proportion. Check your solution. (pp. 162, 168) 


24 _ x 6 _ 3z 14 _ш+11 
WW: re tie 12. 15 T 

18. 3 10. k h-1_2h+1 
19. ва 5 14. 17 2k-3 ug 9 


16. ES GEOMETRY The ratio of the length to the width of a rectangle is 5:4. 
The length of the rectangle is 60 inches. What is the width? (p. 168) 
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Use after Lesson 3.6 


Key Vocabulary 
e congruent figures 
e similar figures 


e corresponding 
parts 


: NAME SIMILAR 
: FIGURES 


: When naming similar 
: figures, list the letters 
: Of the corresponding 

: vertices (corner points) 
: in the same order. 


: NAME LENGTHS 
: OF SIDES 


| AB represents the length 
: of the side whose 
: endpoints are A and B. 


174 


Apply Proportions to Similar 
Figures 


Ге ТИ Use similar figures to solve problems. 


Two figures are congruent figures if they have the same 
shape and size. The symbol = indicates congruence. Of 
the triangles shown, AABC = A DEF. 


Two figures are similar figures if they have the same 
shape but not necessarily the same size. The symbol ~ 
indicates that two figures are similar. All the triangles 
shown are similar; in particular, AABC ~ AJKL. 


The sides or angles that have the same relative 


position within two figures are called K L 
corresponding parts. 
KEY CONCEPT For Your Notebook 
Properties of Similar Figures A 
In the diagram, A ABC ~ A DEF. 41 N Я 


1. Corresponding angles of similar 
figures are congruent. C 3 B 10 


LA=ZD,ZB=ZE, ZC=ZF 


2. The ratios of the lengths of corresponding sides 
of similar figures are equal. 


Find an unknown side length 


Given A KL ~ A QRS, find QR. 


Solution 


Use the ratios of the lengths of corresponding sides to write a proportion. 


JK _ KL ‚ -— А 

QR RS Write proportion involving QR. J 18 cm K 

есе Substitute. ап 

x 12 L 

216 —8x Cross products property Q x R 

27 = х Divide each side by 8. 
. А 12 ст 

> QRis 27 centimeters. 
S 
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INDIRECT MEASUREMENT You can use similar figures to find lengths that аге 
difficult to measure directly. 


[ EXAMPLE 2 | Use similar figures to measure indirectly o 


CAPE HATTERAS LIGHTHOUSE A man stands next 
to the Cape Hatteras Lighthouse in North Carolina. 
The lighthouse and the man are perpendicular to 
the ground. The sun's rays strike the lighthouse 
and the man at the same angle, forming two 
similar triangles. Use indirect measurement to 
approximate the height of the lighthouse. 


|. Solution 


Write and solve a proportion to find the 
height Л (in feet) of the lighthouse. 


Not drawn to scale 2.5 ft 


p UN height —> 5.8 _ 2.5 <— length of shadow 
: You can also use the height —> h 83.2 <— length of shadow 
: proportion below to | 
: find the height of the 2.5h = 5.8 • 83.2 Cross products property 
p ишене 2.5h = 482.56 Multiply. 
5.8 _ 
25 83.2 һ = 193.024 Divide each side by 2.5. 


> The height of the lighthouse is about 193 feet. 


gn 
_ PRACTICE 


: EXAMPLE 1 


: on p. 174 
: for Exs. 1-4 


: EXAMPLE 2 


1. Given AJKL ~ AMNP, find JL. 2. Given A EFG ~ A UVW, find UV. 
d 18 in. K V 
X 
X 
: Е 
М 24 in. М JR E 
14 cm 
32 in 
P E 21 cm G 
3. Given ABCD ~ FGHJ, find AD. 4. Given JKLM ~ QRST, find QT. 
C D H J L T x Q 


36 ft Bz 
$ 


5. FLAGPOLES A 5 foot tall student stands near a flagpole. The flagpole and 


the student are perpendicular to the ground. The sun's rays strike the 
flagpole and the student at the same angle, forming two similar triangles. 
The flagpole casts a 15 foot shadow, and the student casts a 2 foot 
shadow. Use indirect measurement to find the height of the flagpole. 
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3 Solve Percent 
°” Problems 


You solved proportions. 
| Now ) You will solve percent problems. 


So you can solve a problem about racing, as in Ex. 34. 


Key Vocabulary Recall that percent means “divided by 100." For example 27% = to 


100° 
* percent, p. 916 By writing a percent as a fraction, you can use a proportion to solve a 


* proportion, p. 163 — percent problem. 


KEY CONCEPT For Vour Wotebook 


Solving Percent Problems Using Proportions 


You can represent "a is p percent of Р” using the proportion 


where a is a part of the base b and — or p%, is the percent. 


Find a percent using a proportion 


What percent of 25 is 17? 


Solution 


Write a proportion where 25 is the base and 17 is a part of the base. 


a_ P А ; 
b 100 Write proportion. 
: AVOID ERRORS 17 P : 
: You can also solve for p » 25 100 Substitute 17 for a and 25 for b. 
: by multiplying each side _ 
: of the equation by 100. 1700 = 25р Cross products property 
68 = р Divide each side by 25. 
» 17 is 68% of 25. 
¿Animatea Algebra at classzone.com 


GUIDED PRACTICE for Example 1 


Use a proportion to answer the question. 


1. What percent of 20 is 15? 2. What number is 30% of 90? 
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THE PERCENT EQUATION In Example 1, the proportion  — Vu is used to 
find a percent. When you write P as p% and solve for a, you get the 


: 100 
equation a = p% • b. 


КЕҮ СОМСЕРТ For Your Notebook 


The Percent Equation 


You can represent “ais p percent of b” using the equation 
а= р% • р 


where a is a part of the base b and p% is the percent. 


Г Example 2 Finda percent using the percent equation _ 


What percent of 136 is 51? 


: DETERMINE a = р%• р Write percent equation. 

: THE BASE | Е | 

: When aprollem take өөө » 51 =p%-136 Substitute 51 for a and 136 for b. 
: about the percent of a 0.375 = р% Divide each side by 136. 

: number, the number : | 

: is the base b, which 37.5% = p% Write decimal as percent. 

; is multiplied by the > 51 is 37.5% of 136. 

: percent. 


CHECK Substitute 0.375 for p% in the original equation. 
51 = p% » 136 Write original equation. 
51 £ 0.375 • 136 Substitute 0.375 for p%. 
51 = 51 Y Multiply. Solution checks. 


CUE Find a part of a base using the percent equation 


What number is 15% of 88? 
a= р%°,Ь Write percent equation. 
= 15% • 88 Substitute 15 for p and 88 for b. 
= 0.15 • 88 Write percent as decimal. 
= 13.2 Multiply. 
» 13.2 is 15% of 88. 


v GUIDED PRACTICE | for Examples 2 and 3 


Use the percent equation to answer the question. 
3. What percent of 56 is 49? 4. What percent of 55 is 11? 
5. What number is 45% of 92? 6. What number is 140% of 50? 
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Find а base using the percent equation 


: CHECK 

: REASONABLENESS 20 is 12.596 of what number? 

: Use 10%, or 1 i s а= р% • р Write percent equation. 

: check your answer: 20 =12.5% • Р Substitute 20 for a and 12.5 for p. 
: 160 · is = 16 20 = 0.125 + b Write percent as decimal. 

E Because 16 is slightly 160 = b Divide each side by 0.125. 


: less than 20, the | 
: solution is reasonable. » 20 is 12.5% of 160. 


| EXAMPLE 5 | Solve a real-world percent problem 


Type of Pasta 

220 students to name their ур | 
favorite pasta dish. Find the Spaghetti 

the given pasta dish. 
Fettucine alfredo 
Baked ziti 

Y 

a y 


a. The survey results show that 33 of the 220 students == 
chose macaroni and cheese. : са 


а. macaroni and cheese 
b. lasagna 


Solution 


а= р% • р Write percent equation. 
33 = p% , 220 Substitute 33 for a and 220 for b. 
0.15 = p% Divide each side by 220. 
15% = p% Write decimal as percent. 


» 15% of the students chose macaroni and cheese as their favorite dish. 


b. The survey results show that 40 of the 220 students chose lasagna. 


a=p%+b Write percent equation. 
40 = p% • 220 Substitute 40 for a and 220 for b. 
0.18 = p% Divide each side by 220. 
18% = p% Write decimal as percent. 


» About 18% of the students chose lasagna as their favorite dish. 


Y GUIDED PRACTICE | for Examples 4 and 5 


In Exercises 7 and 8, use the percent equation to answer the question. 
7. 65 15 62.5% of what number? 8. 50 15 125% of what number? 


9. In Example 5, what percent of students chose fettucine alfredo? 
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CONCEPT SUMMARY For Your Notebook 


Types of Percent Problems 


Percent problem Example Equation 
K Find a percent. What percent of 136 is 51? 51 = p% • 136 
= Find part of a base. What number is 15% of 88? а = 15% • 88 
t Find a base. 20 is 12.5% of what number? 20 = 12.5% + b 


3.7 EXERCISES HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
° KEY: on p. WS7 for Exs. 13 and 35 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 19, 30, 31, 38, and 39 


' SKILL PRACTICE 


: EXAMPLE 1 


: for Exs. 3-8 


- EXAMPLES 
: 2, 3, and 4 


: ON pp. 177-178 
: for Exs. 9-21 


1. VOCABULARY Identify the percent, the base, and the part of the base in 
the following statement: 54 is 15% of 360. 


2. X WRITING Rewrite the statement “28 is 35% of 80" in the form 7 = — 


Explain how you identified the values of a, b, and p. 


USING PROPORTIONS Use a proportion to answer the question. 


3. What percent of 75 is 27? 4. What percent of 120 is 66? 
5. What number is 35% of 80? 6. What number is 60% of 85? 
7. 81 15 54% of what number? 8. 42 is 200% of what number? 


USING THE PERCENT EQUATION Use the percent equation to answer the 
question. 


9. What percent of 80 is 56? 10. What percent of 225 is 99? 
11. What percent of 153 is 9.18? 12. What number is 18% of 150? 
(13) What number is 115% of 60? 14. What number is 82% of 215? 
15. 7 15 28% of what number? 16. 189 is 90% of what number? 
17. 41.8 is 44% of what number? 18. 71.5 is 52% of what number? 


19. Ж MULTIPLE CHOICE What number is 87.5% of 512? 


СА) 5.85 448 СС) 585 (D> 4480 
ERROR ANALYSIS Describe and correct the error in answering the question. 
20. What percent of 95 is 19? 21. 153 is 76.5% of what number? 

95 = ph - 19 153 = 76.5% • b 


5 = ph < 153 = 76.5 + b X 
500% = p% 2=b 


3.7 Solve Percent Problems 
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SOLVING PERCENT PROBLEMS Answer the question when п = 25. 

22. What percent of 140 is (n + 94)? 23. What percent of (4n) is 96? 

24. What number is 52% of (2n + 15)? 25. 25.5 is (n — 8)% of what number? 
SOLVING PERCENT PROBLEMS Find the percent. Round your answer to the 

nearest whole percent, if necessary. 

26. $3.00 tip for a $18.70 taxi fare 27. $1.44 tax on an item priced at $24.00 
28. 90 rock CDs out of 125 CDs 29. 241 freshmen out of 804 students 


30. ж WRITING Would you use a proportion or the percent equation to solve 
the following problem: What number is 25% of 600? Explain. 


31. Ж SHORT RESPONSE The side length of a square is 40% of the side length 
of another square. Is the area of the smaller square 40% of the area of the 
larger square? Explain. 


32. CHALLENGE Let y be 10% of a number. What is 50% of the number? Write 
your answer in terms of y. 


- PROBLEM SOLVING 


: EXAMPLE 5 


3 soy: ы 
: for Exs. 33-36 


: REVIEW 
: CIRCLE 
: GRAPHS 


: For help with 
: using a circle 
: graph, see 

: р. 934. 
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33. SCHOOL TRANSPORTATION In a school transportation survey of 
225 students, 18 of the students surveyed said that they walk to school. 
What percent of the students surveyed walk to school? 


for problem solving help at classzone.com 


34. DAYTONA 500 After completing 10 laps in the Daytona 500, a driver 
has completed 596 of the race. How many laps does the race have? 


for problem solving help at classzone.com 


(85) MUSIC The circle graph shows the results of Radio Survey 
a radio survey in which 250 listeners were 
asked to rate a song. Em. Tired of 3696 


EE Like 26% 
Ww 
D 


a. How many of the listeners who participated 


in the survey are "tired of" the song? Love 1496 


Dislike 1396 
Not familiar with 1196 


b. How many of the listeners who participated 
in the survey "love" the song? 


36. HIKING The table gives data about the number of people who started 
hiking the Appalachian Trail in Georgia and the number of those people 
who completed the trail in Maine. Copy and complete the table. 


Y Hikers who | Hikers who Percent 
ear started — completion 


2001 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
on p. WS1 TEST PRACTICE 


37. ART The Louvre Museum, which is an art museum in France, has virtual 
tours of its exhibits on its website. The website can be viewed in four 
different languages. The table shows the number of hits received by each 
version of the website during one day. Find the percent of hits for each 
version of the website. 


Number of hits 4860 1350 1080 |^ 900 — 


38. Ж OPEN-ENDED Write a real-world percent problem that can be solved 
E . 19 
75 100 
the solution means in this situation. 


using the proportion Then find the value of x and explain what 


39. Ж EXTENDED RESPONSE Two different stores are selling a bicycle that 
you want to buy. 


a. Solve At one store, the bicycle is on sale for 20% off the original price 
of $240. How much money will you save by purchasing the bicycle 
on sale at this store? 


b. Solve At the other store, the bicycle is on sale for 2596 off the original 
price of $265. How much money will you save by purchasing the 
bicycle on sale at this store? 


c. Compare Which bicycle should you buy? Explain. 


40. CHALLENGE Julia deposits 20% of her paycheck in her savings account. 
Then she deposits 6096 of the remaining money in her checking account. 
She deposits $108.24 in her checking account. How much money did she 
deposit in her savings account? 


: PREVIEW Find the area of the triangle or rectangle. (p. 922) 


: Prepare for 


: Lesson 3.8 in 41. 42. 
: Ех. 41-46. тош 13 in. 


15 cm - 
22 in. 


Make a table for the function. Identify the range of the function. (p. 35) 


43. у= x — 7 44. у= х +4 

Domain: —5,—2, 1, 4 Domain: —6, —4, —2, 0 
45. y =6x +3 46. у=5х— 5 

Domain: —1, 1, 3, 5 Domain: —2, —1, 0, 1 


Find the sum or difference. 


47. —65 + (—27) (p. 74) 48. 33 + (—58) (p. 74) 
49. —43.9 + 89.4 (p. 74) 50. 91.2 — (—20.3) (p. 80) 
51. —13 — 78 (p. 80) 52. 28 — (—35) (p. 80) 
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Use after Lesson 3.7 


Key Vocabulary 

* percent of change 

* percent of increase 
* percent of decrease 


: CHECK 
: REASONABLENESS 


; Because 50 is one third 
: (about 33%) of 150, it 

: is reasonable that 49 is 
: 35% of 140. 


Find Percent of Change 


Ге Т Solve percent of change problems. 


A percent of change indicates how much a quantity increases or decreases 
with respect to the original amount. If the new amount is greater than the 
original amount, the percent of change is called a percent of increase. If the 
new amount is less than the original amount, the percent of change is called 


a percent of decrease. 


KEY CONCEPT 


Percent of Change 


For Vour Wotebook 


The percent of change is the ratio of the amount of increase or decrease to 


the original amount. 


Percent of change, p% = 


_ Amount of increase or decrease 


Original amount 


The amount of increase is the new amount minus the original amount. 
The amount of decrease is the original amount minus the new amount. 


Find a percent of change 


Identify the percent of change as an increase or decrease. Then find the 


percent of change. 


a. Original: 140 
New: 189 


Solution 


a. Because the new amount is 
greater than the original 
amount, the percent of change 
is an increase. 


_ Amount of increase 
Original amount 


_ 189 — 140 
140 


p% 


= 35% 


> The percent of increase is 35%. 
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b. Original: 70 
New: 59.5 


b. Because the new amount is 
less than the original amount, 
the percent of change 
is a decrease. 


Amount of decrease 
Original amount 


p% = 


= 15% 


* The percent of decrease is 15%. 


FINDING A NEW AMOUNT If you know the original amount and the percent 
of change, you can find the new amount. 


e For a p% increase, multiply the original amount by (100% + p%). 
e For a p% decrease, multiply the original amount by (100% — p%). 


GUITARS rinda nemamount __ 


SHOPPING Find the sale price of the pair of 
| jeans described in the table. 


40% 


| Solution 


: ANOTHER WAY mE o 
К págs e a Pals » The sale price is a decrease from the original 

: price by first finding the price, so multiply the original price by 

: change in price: (100% — p%). 

: 0.4 • 48 = 19.2. Sale price = Original price • (100% — р%) 

: Then subtract the change 

: in price from the original = 48, (100% — 40%) Substitute. 

: nm — $19.20 — $28.80 | = 48 • 0.6 Subtract percents. Then write as a decimal. 


— 28.8 Multiply. 


. > The sale price of the pair of jeans is $28.80. 


D C 
· PRACTICE 


: EXAMPLE 1 Identify the percent of change as an increase or decrease. Then find the 


: on p.182 percent of change. 
pr 1. Original: 16 2. Original: 35 3. Original: 80 
New: 20 New: 49 New: 44 
4. Original: 120 5. Original: 360 6. Original: 170 
New: 78 New: 241.2 New: 283.9 


: EXAMPLE 2 Find the new amount. 
7. Increase 14 by 4596. 8. Increase 78 by 8096. 
9. Decrease 44 by 20%. 10. Decrease 108 by 9096. 


: on p. 183 
: for Exs. 7-14 


11. SUBWAY The price for a token to ride a city's subway system is changing 
from $1.25 to $1.50. Find the percent of change. 


12. DVDS The average price of a new DVD in 1998 was $24. In 2003, the 
average price was $21.12. Find the percent of change. 


13. POPULATION In Arizona, the population increased by — 
48.6% from 1990 to 2002. Use the information in the Year 
е е Ф e . . ensity 
table to find the population density in Arizona in 2002. 


| 32.3 people per 

14. DEPRECIATION A new car is valued at $14,500. In one square mile 
year, the car's value will depreciate, or decrease, by 
15%. Find the value of the car after one year. 
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2 8 Rewrite Equations 
e and Formulas 


You wrote functions and used formulas. 


| Ми ] You will rewrite equations and formulas. 


So you can solve a problem about bowling, as in Ex. 33. 


Key Vocabulary The equations 2x + 5 = 11 and 6x + 3 = 15 have the general form ax + b = с. 
* literal equation The equation ax + b = cis called a literal equation because the coefficients 
• formula, p. 30 and constants have been replaced by letters. When you solve a literal equation, 


you can use the result to solve any equation that has the same form as the 
literal equation. 


Solve a literal equation 


Solve ax + b= cfor x. Then use the solution to solve 2x + 5 = 11. 


Solution 
STEP Y Solve ax + b= cfor x. 
ax+b=c Write original equation. 


ax=c—b Subtract b from each side. 


$— Assume а + 0. Divide each side by a. 


STEP 2 Use the solution to solve 2x + 5 = 11. 


х= н 2 Solution of literal equation 
= L Substitute 2 for a, 5 for b, and 11 for c. 
=3 Simplify. 


> The solution of 2x + 5 = 11153. 


VARIABLES IN DENOMINATORS In Example 1, you must assume that a + 0 іп 
order to divide by a. In general, if you have to divide by a variable when solving 
a literal equation, you should assume that the variable does not equal 0. 


GUIDED PRACTICE for Example 1 


Solve the literal equation for x. Then use the solution to solve the specific 
equation. 


1. a— bx=c;12-5x= -3 2. ax = bx + c; 11x = 6x + 20 
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TWO OR МОНЕ VARIABLES Ап equation in two variables, such as 3x + 2y = 8, 
or a formula in two or more variables, such as A = 5 bh, can be rewritten so 


that one variable is a function of the other variable(s). 


[ EXAMPLE 2 | Rewrite an equation 


Write 3x + 2y = 8 so that yis a function of x. 
Зх + 2у = 8 Write original equation. 


2у = 8 – Зх Subtract 3x from each side. 


y =4- Sx Divide each side by 2. 


| EXAMPLE З | Solve and use a geometric formula 


: USE UNIT ANALYSIS 


: When area is measured 
: in square meters and 

: the base is measured in 
: meters, dividing twice 

: the area by the base 

: gives a result measured 
: in meters. 


The area A of a triangle is given by the formula A = bh where bis the 
base and his the height. 

a. Solve the formula for the height h. 

b. Use the rewritten formula to find the height of the 


triangle shown, which has an area of 64.4 square meters. 14m 
Solution 
a A= bh Write original formula. 
2A = bh Multiply each side by 2. 
"5 =h Divide each side by b. 


b. Substitute 64.4 for A and 14 for bin the rewritten formula. 


һ = A Write rewritten formula. 
= 2 са Substitute 64.4 for А and 14 for Б. 
= 9.2 Simplify. 


> The height of the triangle is 9.2 meters. 
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GUIDED PRACTICE for Examples 2 and 3 


3. Write 5x + 4y = 20 so that y is a function of x. 


4. The perimeter P of a rectangle is given by the formula Р = 24 + 2w where 
/ is the length and wis the width. 


a. Solve the formula for the width и. 
b. Use the rewritten formula to find the width of - 
the rectangle shown. 7.2 ft 
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41,1293: Solve a multi-step problem 


TEMPERATURE You are visiting Toronto, Canada, over the weekend. A 
website gives the forecast shown. Find the low temperatures for Saturday 


and Sunday in degrees Fahrenheit. Use the formula C = Э(Е — 32) where С 


is the temperature іп degrees Celsius and Fis the temperature in degrees 
Fahrenheit. 


3 Day Forecast for Toronto 


Sunny A Sunny y Partly Cloudy 
High 21°С Г High 22°С High 16°С 
Low 13°С Low 14°C | — Low 10°С 

: REWRITE Solution 

: FORMULAS 


When une a tormaa ^|? ТЕРТ Rewrite the formula. In the problem, degrees Celsius are given and 
: for multipl E ки ини degrees Fahrenheit need to be calculated. The calculations will be 
: you may find it easier in easier if the formula is written so that F is a function of C. 


: rewrite the formula first. 


С= (F = 82) Write original formula. 
2 “C= ° Э(Е — 32) Multiply each side by > the reciprocal of А 
2C = F — 32 Simplify. 
2C + 32 =F Add 32 to each side. 


» The rewritten formula is F = 2C + 32. 


STEP 2 Find the low temperatures for Saturday and Sunday in 
degrees Fahrenheit. 


Saturday (low of 14°С) Sunday (low of 10°С) 

_ 9 — # 

= 5C +32 5C + 42 

= 904) + 32 = 2(10) + 32 
5 5 

= 25.2+32 = 18 + 32 

= 57.2 = 50 

* The low for Saturday is 57.2°F. » The low for Sunday is 50°F. 


Y GUIDED PRACTICE for Example 4 


5. Use the information in Example 4 to find the high temperatures for 
Saturday and Sunday in degrees Fahrenheit. 
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зв EXERCISES —— "t Om orcos 
ө КЕҮ: on p. WS7 for Exs. 17 and 33 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 23, 29, 35, and 36 


: e = MULTIPLE REPRESENTATIONS 
: Ex. 34 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: When you write the equation 
3x + 2 = 8 as ax + b = с, the equation ax + b = cis called a(n) _? 
because the coefficients and constants have been replaced by letters. 


2. ж WRITING Describe the steps you would take to solve J = prt for t. 


: EXAMPLE 1 LITERAL EQUATIONS Solve the literal equation for x. Then use the solution 


: on p. 184 | to solve the specific equation. 
: TOFEXS. 3710 | 3 ax = bx — c; 8x = Зх — 10 4. ax - b) = с;20х+1 =9 
5. C= р 52 7 6. y E 
7. q +b=c;7+6=13 8. ах + b = сх – 1; 2х + 9 = 7х – 1 


ERROR ANALYSIS Describe and correct the error іп solving the equation for х. 


ax+b=0 10. c = ax — bx 


ax=b c = (a — b)x 
x= X cla — В) =x X 


: EXAMPLE 2 REWRITING EQUATIONS Write the equation so that y is a function of x. 


: on p. 185 


: for Ех. 11-19 11. 2X - y - 7 12. 5x + 4y= 10 13. 12 = 9x + 3y 
14. 18x — 2y = 26 15. 14 = 7y — 6x 16. 8x — 8у = 5 
(17) 30 = 9x — 5y 18. 3 + 6x = 11 — 4y 19. 2+ 6y =3x+4 


: EXAMPLE З REWRITING FORMULAS Solve the formula for the indicated variable. 


: for Exs. 20-23 | 2 Volume of a rectangular prism: V = £wh. Solve for w. 
21. Surface area of a prism: S = 2B + Ph. Solve for h. 


22. Length of movie projected at 24 frames per second: £ = 24f. Solve for f. 
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23. Ж MULTIPLE CHOICE The formula for the area of a trapezoid is 
A= 506, + b,)h. Which equation is not equivalent to the formula? 


_ 2А _ 2А _ _ 2A _ — 2A _ 
CA) Шалт b, h b, © b, b, h D b, h b, 


REWRITING EQUATIONS Write the equation so that y is a function of x. 
24. 4.2x — 2y = 16.8 25. 9 — 0.5y = 2.5x 26. 8x — 5x + 21 = 36 — 6y 
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(СУ GEOMETRY Solve the formula for the indicated variable. Then evaluate 
the rewritten formula for the given values. (Use 3.14 for 7.) 


27. Surface area of a cone: 
S = arl + ar’. 
Solve for £. Find £ when 
S = 283 cm? and r = 5 cm. 


28. Area of a circular ring: 


A = 4qpw. 
Solve for p. Find p when S 
A = 905 ft^ and w = 9 ft. 


29. ж OPEN-ENDED Describe а real-world situation where you would 
want to solve the distance traveled formula d = rt for f. 


CHALLENGE Solve the literal equation for a. 


- PROBLEM SOLVING 


3 m oca a B 
: for Exs. 32-34 
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32. CARPENTRY The penny size d of a nail is given by d = 4n — 2 Еос 


where n is the length (in inches) of the nail. 


— — 


b. Use the new formula to find the lengths of nails with the following 
penny sizes: 5, 12, 16, and 20. 


ZW : p as e 
@Homelutor 


a. Solve the formula for n. 
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(63) BOWLING To participate in a bowling league, you pay a $25 sign-up 


fee and $12 for each league night that you bowl. So, the total cost C (in 
dollars) is given by the equation С = 12x + 25 where x is the number of 
league nights you bowled. 


a. Solve the equation for x. 


b. How many league nights have you bowled if you spent a total of $145? 
$181? $205? 
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34. «f» MULTIPLE REPRESENTATIONS An athletic facility is building 
an indoor track like the one shown. The perimeter P (in feet) of 
the track is given by P = 27r + 2x. 


a. Writing an Equation Solve the formula for x. L— x —] 


b. Making a Table The perimeter of the track will be 660 feet. Use the 
rewritten formula to make a table that shows values of x to the nearest 
foot when т is 50 feet, 51 feet, 52 feet, and 53 feet. (Use 3.14 for т.) 


c. Drawing a Graph Plot the ordered pairs from your table. Look for a 
pattern in the points. Use the pattern to find x when r is 54 feet. 


35. Ж WRITING You work as a server at a restaurant. During your shift, you 
keep track of the bills that you give the tables you serve and the tips you 
receive from the tables. You want to calculate the tip received from each 
table as a percent of the bill. Explain how to rewrite the percent equation 
to make it easier to calculate the percent tip from each table. 


- WORKED-OUT SOLUTIONS Ж = STANDARDIZED «ә = MULTIPLE 
on p. WS1 TEST PRACTICE REPRESENTATIONS 


| 36. Ж EXTENDED RESPONSE One type of stone 


formation found in Carlsbad Caverns in 
New Mexico is called a column. This 
cylindrical stone formation is connected 
to the ceiling and the floor of a cave. 


a. Rewrite the formula for the circumference 
of a circle, С = 27r, so that you can easily 
calculate the radius of a column given its 
circumference. Stalactite 


b. What is the radius, to the nearest tenth of a Stalagmite 
foot, of a column that has a circumference 


of 7 feet? 8 feet? 9 feet? (Use 3.14 for 7.) 


c. Explain how you can find the area of a 
cross section of a column if you know its 
circumference. 


37. CHALLENGE The distance d (in miles) traveled by a car is given by 
d = 55t where fis the time (in hours) the car has traveled. The distance 
d (in miles) traveled is also given by d = 20g where gis the number of 
| gallons of gasoline used by the car. Write an equation that expresses gas 
a function of f. 


< Column 


: Prepare for 
: Lesson 4.1 in 
: Exs. 38-39. 


Graph the function. (p. 43) 
38. y = x + 4; domain: 0, 2, 4, 6, and 8 39. y = 2x — 1; domain: 1, 2, 3, 4, and 5 


Use the distributive property to write an equivalent expression. (p. 96) 


40. 3(2x + 3) 41. —2(x + 5) 42. (3x — 5)(—5) 43. (7x + 6)2 


Use the percent equation to answer the question. (p. 176) 


| 44. What percent of 80 is 64? 45. What number is 9596 of 120? 


' QUIZ for Lessons 3.7-3.8 


Use the percent equation to answer the question. (p. 176) 
1. What percent of 150 is 72? 2. What percent of 310 is 93? 
3. 31 is 5% of what number? 4. What number is 46% of 55? 


Write the equation so that y is a function of x. (p. 184) 
5. 5x —3y =9 6. Зх + 2y + 5x = 12 7. 4(2х— y) = 6 
8. GS GEOMETRY The volume V of a cylinder is given by the formula 


V = ar*h where r is the radius of the cylinder and h is the height of the 
cylinder. Solve the formula for Л. (р. 184) 


EXTRA PRACTICE for Lesson 3.8, p. 940 @) ONLINE QUIZ at classzone.com 
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Lessons 3.5-3.8 


1. MULTI-STEP PROBLEM The table below 
shows the results of a survey in which 
students at a school were asked to name their 
favorite sport to watch on TV. 


Sport Students 
Baseball 7 
Basketball 6 
Football 10 
Other 8 


a. There are 1209 students at the school. 
Write a proportion that you can use to 
predict the number of students at the 
school who would name baseball as their 
favorite sport to watch on TV. 


b. Solve the proportion. 


2. MULTI-STEP PROBLEM The ratio of male 
students to female students in the freshman 
class at a high school is 4:5. There are 
216 students in the freshman class. 


a. Find the ratio of female students to all 
students. 


b. Use the ratio to find the number of female 
students in the freshman class. 


3. SHORT RESPONSE During a vacation, your 
family’s car used 7 gallons of gasoline to 
travel 154 miles. Your family is planning 
another vacation in which you will travel 
770 miles by car. If gasoline costs about 
$2 per gallon, how much money should 
your family budget for gasoline for this 
vacation? Explain your reasoning. 


4. SHORT RESPONSE In biology, the surface- 
area-to-volume quotient Q of a single 
spherical cell is given by the formula О = 5 
where r is the radius of the cell. Suppose you 
need to calculate the diameters of cells given 
the surface-area-to-volume quotients of the 
cells. Given that d — 2r, explain how to write 
a formula for the diameter d of a cell given its 
surface-area-to-volume quotient. 
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MIXED REVIEW of Problem Solving m 9?» STATE TEST PRACTICE 
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5. GRIDDED ANSWER А basketball player made 


6096 of his free-throws during a season. The 
player made 84 free-throws. How many 
free-throw attempts did he have? 


. EXTENDED RESPONSE When a real estate 


agent sells a house, the agent receives 676 of 
the sale price as a commission. The agent 
lists the sale price for a house as $208,000. 


a. How much of a commission should the 
agent expect to receive for selling this 
house at full price? 


b. The house actually sells for $205,000. 
How much of a commission does the 
agent receive? 


c. The real estate agent gives 1096 of her 
commission to her assistant. What 
percent of the selling price does the 
agent's assistant receive? Explain your 
reasoning. 


. SHORT RESPONSE The area A of a rhombus 


is given by the formula A = аа, where d, 


and d, are the lengths of the diagonals. 


es rm 
М 


Suppose you need to find 4, for different 
values of A and d,. Explain how to rewrite 
the area formula to make it easier to find 
values for d,. 


. OPEN-ENDED Describe how the dimensions 


of the rectangular garden below can be 
altered to increase the area of the garden 
by 2596. 


l Mew] а de и 
om) " a а, ak дун 


а 
CCS os Ne RU o ia 


10 ft 


CHAPTER SUMMARY 


BIG IDEAS For Your Notebook 


> Solving Equations in One Variable 


> You can solve equations in one variable by adding, subtracting, multiplying 
T by, or dividing by the same number on each side. 


Addition Property of Add the same number If x — a = b, then 
Equality to each side. x-a+a=b+ao0rx=b+a. 


Subtraction Property | Subtract the same If x + a = b, then 
of Equality number from each side. | х+а-а= Б ~ a, 
ох = р ~ a. 


Multiplication Multiply each side by If 4 = b and a + 0, then 


Property of Equality the same nonzero Ө 
number. a » g7 4- b, orx = ab. 


E Division Property of Divide each side by the If ax = b anda = O, then 
ы Equality same nonzero number. 


Big : Solving Proportion and Percent Problems 

5 When solving a proportion, you can take the cross products, then use 
> properties of equality. 

x-3 _4 


—m Original proportion 


5(x — 3) = 40 • 4 Cross products property 


ox — 15 = 160 Simplify. 
ox = 175 Addition property of equality: Add 15 to each side. 
x = 35 Division property of equality: Divide each side by 5. 


> Rewriting Equations in Two or More Variables 


> Ifyou have an equation in two or more variables, 
> you can solve for one variable in terms of the P=20 +2w w 
; others using properties of equality. For example, 


> the formula for the perimeter P of a rectangle can 7 
> be solved for the length 4. 


Big 


Р = 2] + 2и Original formula 


Subtraction property of equality: 


P= аше ы Subtract 2w from each side. 
P-2w _ y Division property of equality: 
2 Divide each side by 2. 
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CHAPTER REVIEW (e 


classzone.com 
* Multi-Language Glossary 
* Vocabulary practice 

* inverse operations, p. 134 * proportion, p. 163 * scale model, p. 170 

* equivalent equations, p. 134 • cross product, р. 168 * scale, p. 170 

* identity, p. 156 * scale drawing, p. 170 * literal equation, p. 184 

* ratio, p. 162 

VOCABULARY EXERCISES 


1. Copy and complete: A(n) _? isatwo-dimensional drawing of an object in 
which the dimensions of the drawing are in proportion to the dimensions 
of the object. 


2. Copy and complete: When you perform the same inverse operation on 
each side of an equation, you produce a(n). ? equation. 


3. Explain why the equation 2x + 8x = 3x + 7x is an identity. 


4. Copy and complete: In the proportion £ = > 7+32and8-28are_? . 


5. Describe the steps you would take to write the equation 6x — 2y = 16 
in function form. 


REVIEW EXAMPLES AND EXERCISES 


: EXAMPLES 
: 1,2,3,4 and 5 


: On pp. 134-136 
: for Exs. 6-12 


Use the review examples and exercises below to check your understanding of 
the concepts you have learned in each lesson of Chapter 3. 


Solve One-Step Equations pp. 134-140 


> = 14 Write original equation. 


5 • Г = 5,14 Multiply each side by 5. 


x = 70 Simplify. 
EXERCISES 
Solve the equation. Check your solution. 
6. x-4=3 7. 8+4=9 8. 4m = —84 
9. —5z = 75 10. 11-7 11. -27 = Sw 


12. PARKS A rectangular city park has an area of 211,200 square feet. 
If the length of the park is 660 feet, what is the width of the park? 
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(3.2 Solve Two-Step Equations pp. 141-146 | 


: EXAMPLES 


: on pp. 141-142 
: for Exs. 13-18 


(3.3 Solve Multi-Step Equations pp. 148-153 | 


: EXAMPLES 
: 1,2, 3 and 4 


: on pp. 148-149 
: for Exs. 19—28 


@Homelutor 
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Solve 4x — 9 = 3. 


4x — 9 = 3 Write original equation. 


Ax-9+9=33+9 Add 9 to each side. 


4x = 12 Simplify. 

2x a Divide each side by 4. 

4 4 

x=3 Simplify. 
EXERCISES 
Solve the equation. Check your solution. 
13. 9b + 5 = 23 14. 11=5у—4 15. 3 -4=2 
16. Žv + 2 = 20 17. 3t + 9t = 60 18. —110 = —4c — 6c 


Solve 5x — 2(4х + 3) = 9. 


5x 2(4х + 3) = 9 Write original equation. 
5x-8x-6=39 Distributive property 
—3x =b= 6 Combine like terms. 


—3x = 15 Add 6 to each side. 
x=-5 Divide each side by —3. 


EXERCISES 

Solve the equation. Check your solution. 

19. 3w + 4w —2 = 12 20. 2+5 – 42 = 8 21. c+2c-5-5c=7 
22. 4y — (y — 4) = —20 23. 8a — 3(2a + 5) = 13 24. 16h — 4(5h – 7) = 4 
25. b+ 1) =3 26. “(2x — 1) = -12 27. 2(8k + 2) = —36 


28. FOOTBALL You purchase 5 tickets to a football game from an Internet 
ticket agency. In addition to the cost per ticket, the agency charges 
a convenience charge of $2.50 per ticket. You choose to pay for rush 
delivery, which costs $15. The total cost of your order is $352.50. What is 
the price per ticket not including the convenience charge? 
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CHAPTER REVIEW 


Solve the equation, if possible. 


Solve Equations with Variables on Both Sides 


а. 2%- 5) = 7 = 24 Original equation 
=2x + 10 = 7 — Zx Distributive property 
—2х+з3=-—2ў Subtract 7 from each side. 


pp. 154-159 


* The equation —2х + 3 = —2x is not true because the number —2x cannot 


be equal to 3 more than itself. So, the equation has no solution. 


b. 5(3 – 2x) = —(10x— 15) Original equation 


15 — 10x = —10х + 15 Distributive property 


15 — 10x = 15 — 10x Rearrange terms. 


> The statement 15 — 10x = 15 — 10x is true for all values of x. So, the 


equation is an identity. 


EXERCISES 


: EXAMPLES Solve the equation, if possible. 
: 1,2, and4 


enitn di REN 29, —3z — 1 = 8 — 3z 


: on pp. 154-156 
: for Exs. 29-37 31 2.9w + 5 = 4.7ш — 7.6 
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33. 4(x — 3) = —2(6 — 2x) 


35. 48 + 24b) = 2(17 — 4b) 


30. 16 - 2m = 5m+9 


32 
34 


36 


37. GS GEOMETRY Refer to the square shown. 


a. Find the value of x. 


b. Find the perimeter of the square. 


. 2y + 11.4 = 2.6 — 0.2y 
. 6(2a + 10) = 5(a + 5) 


‚ 1.5(n + 20) = 0.5(3n + 60) 


8x —3 


6x + 5 


13.5 Write Ratios and Proportions pp. 162-167 | 


You know that 5 pizzas will feed 20 people. How many pizzas do you need 


to order to feed 88 people? 


5 _ x <— number of pizzas 


20 88 <— number of people 


I ur 4 > ; 
88 TAE 88 88 Multiply each side by 88. 


22 = х Simplify. 


» You need to order 22 pizzas. 
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: EXAMPLES 


: on pp. 163-164. 
: for EXs. 38-44 


: EXAMPLES 
: 1,3, and 4 


: on pp. 168-170 
: for Exs. 45—52 


@Homelutor 
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EXERCISES 
Solve the proportion. Check your solution. 
56 _ x У _ 25 2 т 
38. 16 2 39. 9715 40. 779] 
5z _ 105 9 _ За c+2_8 
41. 4 6 42. 1 0 43. 15 5 


44. PAINTING The label on a can of paint states that one gallon of the paint 
will cover 560 square feet. How many gallons of that paint are needed to 
cover 1400 square feet? 


Solve Proportions Using Cross Products pp. 168-173 


is. _ 12 
Solve the proportion a r 
3-12 — 
TE Write original proportion. 
3*x-—10*12 Cross products property 
3x — 120 Simplify. 
x — 40 Divide each side by 3. 


A map has a scale of 1 cm:15 km. The distance between two cities on the 
map is 7.2 centimeters. Estimate the actual distance between the cites. 


1 _ 72 <— centimeters 
15 4 <— kilometers 
1*d-—15*7.2 Cross products property 
d — 108 Simplify. 


> The distance between the two cities is about 108 kilometers. 


EXERCISES 
Solve the proportion. Check your solution. 

5 _ 20 6 _ 12 126 _ 9 
45. 357 46. Z 5 47. 56 4D 

10 _ -5 n+8 3 5-с. 2c*2 
48. 3m 6 49. 5-2 8 = —4 


51. TYPING RATES A student can type 65 words in 2 minutes. How many 
words can the student type in 20 minutes? 


52. MAPS А map has a scale of 1 cm: 12 km. The distance between two cities on 
the map is 6.8 centimeters. Estimate the actual distance between the cities. 
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: EXAMPLES 

: 2,3, 4, and 5 
: on pp. 177-179 
: for Exs. 53-57 


: EXAMPLES 


: for Exs. 58—61 


CHAPTER REVIEW 


Solve Percent Problems pp. 176-181 


42 is 40% of what number? 


a=p%-b Write percent equation. 
42 = 40% • Р Substitute 42 for a and 40 for p. 


42=04-b Write percent as decimal. 


105 = b Divide each side by 0.4. 
» 42 is 40% of 105. 
EXERCISES 
Use the percent equation to answer the question. 
53. What number is 30% of 55? 54. 117 is 78% of what number? 
55. What percent of 56 is 21? 56. What percent of 60 is 18? 


57. CONCERTS There were 7500 tickets sold for a concert, 20% of which were 
general admission tickets. How many general admission tickets were sold? 


Rewrite Equations and Formulas pp. 184-189 


Write 5x + 4y — 7 = 5so that yis a function of x. 
5x + 4у- 7 = 5 Write original equation. 
5x + 4y = 12 Add 7 to each side. 


4y = 12 — 5x Subtract 5x from each side. 


y=3- Ax Divide each side by 4. 


EXERCISES 
Write the equation so that y is a function of x. 
58. x + 7y = 0 59. 3x = 2y — 18 60. 4y—x —20—y 


61. AQUARIUMS А pet store sells aquariums that are rectangular prisms. The 
volume V of an aquarium is given by the formula V = Lwh where £ is the 
length, wis the width, and Л is the height. 


a. Solve the formula for A. 


b. Use the rewritten formula to find the 
height of the aquarium shown, which has 
a volume of 5850 cubic inches. 


196  Chapter3 Solving Linear Equations 


CHAPTER TEST 


Solve the equation. Check your solution. 


1. 5+r= —18 2. z— 8 = -12 3. —llx = —77 
А. GE 5. 15q — 17 = 13 6. 3y + 2 = 26 
7. ?+5=14 8. 2-6 = 20 9. 6j + 5j = 33 
10. 4k — 9k = 10 11. 14c — 8c + 7 = 37 12. 40 — 21 + 5w = 51 


13. —19.4 — 15d + 22d = 4.4 14. -12h + 39 = —4h — 17 15. —5.7v — 44.2 = —8.3v 


16. —6.5t + 15 = —9.7t + 43.8 17. 3(3n + 4) = 54 + 6n 18. 2024р — 66) = Зр + 43 


Solve the proportion. Check your solution. 


9.4 72.8 К _ 63 
19. 1 16 20. 45 10 21. 9 1 

—5n _ 15 34. 2x+1 —4a—1_ 3 
E E ud 3 24. 10а 8 
Use the percent equation to answer the question. 
25. What percent of 84 is 21? 26. What percent of 124 is 93? 
27. What number is 15% of 64? 28. What number is 4496 of 24.5? 
29. 90 is what percent of 250? 30. 79.8 is what percent of 95? 


Write the equation so that y is a function of x. 


31. 8x + y = 14 32. —9x + 3y = 18 33. 4x = —2y + 26 


34. MOVIES The ticket prices at a movie theater are shown | Ticket | Price 
in the table. A family purchases tickets for 2 adults and 
3 children, and the family purchases 3 boxes of popcorn 


of the same size. The family spent a total of $40.25. How Children $5.50 
much did each box of popcorn cost? Children | $5.50 — 


35. ICE SKATING To become a member of an ice skating rink, you have to 
pay a $30 membership fee. The cost of admission to the rink is $5 for 
members and $7 for nonmembers. After how many visits to the rink is 
the total cost for members, including the membership fee, the same as 
the total cost for nonmembers? 


36. SCALE DRAWING You are making a scale drawing of your classroom 
using the scale 1 inch:3 feet. The floor of your classroom is a rectangle 
with a length of 21 feet and a width of 18 feet. What should the length 
and width of the floor in your drawing be? 


37. SURVEYS A survey asks high school seniors whether they would be 


willing to pay $5 for their yearbook. Out of the 225 seniors surveyed, 
198 said “yes.” What percent of the seniors said “yes”? 
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MULTIPLE CHOICE QUESTIONS 


If you have difficulty solving a multiple choice problem directly, you may be 
able to use another approach to eliminate incorrect answer choices and obtain 


the correct answer. 


Sid's car gets 34 miles per gallon when driven on the highway and 
26 miles per gallon when driven in the city. If Sid drove 414 miles on 
13 gallons of gas, how many highway miles and how many city miles 


did Sid drive? 

СА) 91 highway miles, 323 city miles 
182 highway miles, 232 city miles 
СС) 232 highway miles, 182 city miles 
(D> 323 highway miles, 91 city miles 


METHOD 1 


SOLVE DIRECTLY Write and solve an equation for 
the situation. 


STEP Y Write an equation. Let x represent the 
amount of gas (in gallons) used for highway 
driving. Then 13 — x represents the amount of 
gas used for city driving. 


414 = 34x + 26(13 — x) 
STEP 2 Solve the equation. 
414 = 34x + 338 — 26x 


414 = 8x + 338 
76 = 8x 

9.5 = х 
STEP 3 Calculate the number of highway miles 
driven. 

34(9.5) = 323 
STEP 4 Calculate the number of city miles 
driven. 


26(13 — 9.5) = 91 
Sid drove 323 highway miles and 91 city miles. 
The correct answer is D. (А) O O 
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METHOD 2 


ELIMINATE CHOICES Another method is to 
consider the extremes to eliminate incorrect 
answer choices. 


STEP 7 Consider driving all highway miles and 
all city miles. 


: | 34 ті _ . 
All highway: 13 gal lga 442 mi 
A .26mi _ А 
All city: 13 gal TET 338 mi 


Because 414 is closer to 442 than to 338, you 
know that more highway miles were driven than 
city miles. So, you can eliminate choices A and B. 


STEP 2 Calculate the gallons of gas that would be 
used for the remaining choices. 


1 
Choice С: 232 mi + gal 
34 mi 


= 6.8 gal 


. 1gal _ 
182 mi • sm 7 881 


1 gal 


Choice О: 323 mi • "rre m 9.5 gal 
. lga _ 
9] mi* du 3.5 gal 


In choice D, the total number of gallons of gas 
is 13. 


The correct answer is D. СА) O Ф) 


What is the value of x in the proportion ——MÓ 


DD cO 
СА) 4 (В) 6 Cry 


D> 8 


METHOD 1 METHOD 2 
SOLVE DIRECTLY Find the value of x by usingthe | ELIMINATE CHOICES Substitute each answer 
cross products property to solve the proportion. choice for x in the proportion and simplify. 
3 12 ena 8 2 12 
ЕТЕУ Choice А: 20—10 4+9 
3(x + 9) = (2x — 10) - 12 а 10, 
E E 13 
3x + 27 = 24x — 120 
a 3 > 12 
147 = 21x Choice В: 5737 ок 
(=X 3.4 X 
The correct answer is C. (А) © 0 e = 
cop. 3 2 12 
Choice C: 20-10 7+9 
3_3 
4 4 й 
The correct answer is С. СА) D) 


PRACTICE 


Explain why you can eliminate the highlighted answer choice. 


1. What is the solution of the equation 5(x + 13) = 8(4 + x)? 


(А) -ll —4 (X0 ® п 
2. 45 is 80% of what number? 
Qo K 36 56.25 © 60 D 64.5 


3. A grocery store sells apples by the pound. A 3 pound bag of apples costs 
$2.99. About how much does a 5 pound bag of apples cost? 


СА) $3.24 $3.45 (С) $4.98 D У $5.98 


4. The surface area S of a cylinder is given by the formula S = 2arh + 2«r* 
where r is the radius and h is the height of the cylinder. Which of the 
given formulas is not equivalent to the original formula? 


(А) S=2ar(h+n h = 2тт5 + 2тт” 
(1 _ S—2ar Ss 
Oy D h= $ -r 
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MULTIPLE CHOICE 


1. How many solutions does the equation 
3(x — 3) = 3x — 6 have? 


CA) None 1 
(С) 2 D> Infinitely many 


2. A karate studio offers a 6 week session for 
$175. How much would you expect to pay for 
a 9 week session? 


CA) $117 $200 
СС) $229 (D> $262.50 


3. Andrew decides to get cable TV for $43 per 
month. Doug buys a satellite dish for $104 
and pays $30 per month for satellite TV. After 
how many months will Andrew and Doug 
have paid the same amount for their TV 


services? 
СА) 7 8 
© 9 D 10 


4. The rates for using a swimming facility 
are given below. After how many visits 
will a family of 4 save money by having a 
membership rather than paying for all 
4 family members for each visit? 


Admission Prices 


One-day visit $3 per person 


Family membership $150 
(unlimited visits) 


(А) 12 (В) 13 
© 38 D 50 


5. The record for the longest distance and 
longest time ever flown by a model airplane 
was set in 2003 by Maynard Hill. The 
airplane flew 1888 miles from Canada to 
Ireland in 38 hours and 53 minutes. What 
was the plane’s average speed? 


CA) About 36 mi/h About 45 mi/h 
(С) About49 mi/h (D) About 71,744 mi/h 
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6. The perimeter of the triangle shown is 


16.5 inches. What is the length of the shortest 
side? 


(x — 5) in. 
7 in. 
8 in 
(А) 3.5 in. 4 in. 
(С) 4.5in. D) 9 in. 


. Jeanie completed a 27 mile duathlon (a race 


that is a combination of running and biking) 
in exactly 2 hours. She ran an average speed 
of 8.5 miles per hour and biked an average 
speed of 16 miles per hour. For how long did 
Jeanie bike during the race? 


CA) 1 hour 20 minutes 
1 hour 15 minutes 
(С) 45 minutes 
(D> 40 minutes 


8. A model of the Gateway Arch in St. Louis, 


Missouri, was built using a scale of 
1 ft: 500 ft. The model is 1.26 feet tall. What 
is the actual height of the Gateway Arch? 


CA) 75.6 ft 396.8 ft 
(С) 630 ft (D> 7560 ft 


9. A mountain biking park has a total of 48 


trails, 37.5% of which are beginner trails. The 
rest are divided evenly between intermediate 
and expert trails. How many of each kind of 
trail is there? 


СА) 12 beginner, 18 intermediate, 18 expert 
18 beginner, 15 intermediate, 15 expert 
СС) 18 beginner, 12 intermediate, 18 expert 
(D> 30 beginner, 9 intermediate, 9 expert 


10. What percent of 256 is 140.8? 


СА) 45% 
©) 52.5% 


50% 
Q> 55% 


GRIDDED ANSWER 


11. The circumference of a circle is 12 feet. What 
is the radius (in feet) of the circle? Round 
your answer to the nearest tenth. 


12. Whatis the value of x in the equation 
75 = 15x — 6(x + 7)? 


13. The perimeter of the rectangle shown is 


41 centimeters. What is the value of x? 


(2x + 3) cm 


5x cm 


16. 


14. Chris pays $.29 for each digital photo he 

has printed. Debbie buys a photo printer for 
$180. It costs $.14 per photo for ink and paper 
to print a photo using the printer. After how 
many prints will Chris and Debbie have paid 


the same amount? 


EXTENDED RESPONSE 


| 7 ) ЅТАТЕ ТЕЅТ РВАСТІСЕ 
A dasszone.com 


SHORT RESPONSE 
15. 


Kendra is painting her dining room white 
and her living room blue. She spends a total 
of $132 on 5 cans of paint. The white paint 
costs $24 per can, and the blue paint costs 
$28 per can. 


a. Write and solve an equation to find the 
number of cans of each color paint that 
Kendra bought. 


b. How much would Kendra have saved by 
switching the colors of the dining room 
and living room? Explain. 


Kim and Sandy are each knitting a scarf. Kim 
can knit 3 rows in 5 minutes. Sandy can knit 
4 rows in 6 minutes. They start knitting at 
the same time and do not take any breaks. 
Kim wants her scarf to be 84 rows long. 
Sandy wants her scarf to be 88 rows long. 
Who will finish her scarf first? Explain. 


17. You are shopping for tools. You find two stores at which the regular prices 
of the tools are the same. Store A is currently offering $30 off any purchase 
of $100 or more. Store B is currently offering 12% off any purchase. 


a. Compare the costs of buying $200 worth of tools from each store. 


b. Compare the costs of buying $300 worth of tools from each store. 


с. Let x be the regular price (in dollars) of your purchase, and assume that 
х 15 greater than 100. Write an equation you could use to find the value 
of x for which the costs of the tools after the discounts are the same. 


Explain how you wrote the equation. 


d. Solve the equation from part (c). How can the solution help you to 
decide from which store you should buy the tools? Explain. 


18. 


a. How many people said that they get directions from the 


Internet? 


b. Suppose 15 more people were surveyed, and all 15 said that 
they get directions from the Internet. Calculate the new 
percent for the “From the Internet” category. Explain how 


you found your answer. 


The circle graph shows the results of a survey that asked 
225 randomly selected people how they get driving directions. | 


Г 


Driving Directions 


From the 
Internet 60% 


Ask someone 29% 
Use a map 11% 


c. Instead of 15 more people, suppose x more people are surveyed and 
they all said that they get directions from the Internet. What value of 
x would make the percent for the “From the Internet” category be 70%? 
Your response should include a proportion and an explanation of how 


you used the proportion to find your answer. 
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Test Practice 


CUMULATIVE REVIEW 


Evaluate the expression. (p. 8) 


1. 3• 42 — 21 2.4448 3. 77 + (11 — 4) 


4. 5(8 . 6) — 42 5. 3150 — (13 — 7)2] 6. =1(6 + 4)? — 40] 


Check whether the given number is a solution of the equation or 
inequality. (p. 21) 


7. 71 —11 =52;9 8. 3b 2 = 2р + 3; 4 9. 82 — 11> 21; 4 


10. 5а +3 <13; 2 11. 5 – у> 5;3 12. 8х — 15 < 8; 7 


Find the sum or difference. 


13. —2} + (45) (p. 74) 14. 2.5 — (-2.05) (p. 80) 15. —24.6 — (—5.5) (p. 80) 


Find the product or quotient. 


16. 5(—8)(—5) (p.88) 17. 9 + E (p. 103) 18. — +; (р. 103) 


Evaluate the expression for the given value of the variable(s). 


19. 32 — 2 when ш = 4 (p. 8) 20. 7 + 3m* — 8m when m — 5 (p. 8) 

21. 32 - y when y — 3 (p. 8) 22. 5.15 + ( —h) + 6.6 when h = 4.3 (p. 74) 
23. 174 — |-p| when p = 3.5 (p. 80) 24. k? — 12.2k when К = —1.6 (p. 88) 

25. 8.3x - (Cy when x = 6 and y = 9 (p.88) 26. ву g When x —2andy - 4 (p. 103) 


Solve the equation. Check your solution. 


27. m + 16 = 5 (p. 134) 28. —4 = 7 (p. 134) 

29. 5 + 3x = 23 (p. 141) 30. z — 4 = 29 (p. 141) 

31. —4 = —2b — 18 + 5b (p. 148) 32. 3(16n + 48) = 72. (p. 148) 

33. —8z 18 = 2(2z — 9) (p. 154) 34. (15c + 30) = ¿(102 — 120) (p. 154) 


Solve the proportion. (p. 168) 


6 _ 12 4_20 1.5 3.12 
ы ll f-1 : atl 35 ы 8 3 = 9 2+10 
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43. 


44. 


45. 


46. 


47. 


48. 


49. 


GARDENS You want to put edging around a rectangular 
flower garden that is 15 feet long and 12 feet wide. The ABBA 
edging comes in 3 foot pieces, as shown. How many 

pieces of edging do you need to buy? (p. 28) 3 ft ——1 


MUSIC The table shows the amount of time m (in hours per person per 
year) that adults listened to recorded music as a function of the time 
t (in years) since 1996. Graph the function. (p. 43) 


STOCKS The daily change in the price of a share of stock is the 
difference of the price of a share when trading closes and the price of a 
share when trading opened earlier that day. The table shows the prices 
of a share of stock during a 5 day period. Find the change in price for 
each day. (p. 80) 


Opening price (dollars) 39.16 38.82 | 38.37 38.12 39.14 


Closing price (dollars) 38.82 38.37 38.12 39.14 39.22 


CRAFTS You want to make a square mirror by applying silver leaf to a 
piece of glass. You have enough silver leaf to cover 854 square inches. 
Determine the side length of the square piece of glass you need to have 
cut for this project. Round your answer to the nearest inch. (p. 110) 


BANQUETS The senior class at your high school has its prom at a 
banquet facility. The banquet facility charges $15.95 per person for a 
dinner buffet and $400 to rent the banquet hall for an evening. The 
class paid the banquet facility a total of $2633 for the dinner buffet and 
use of the banquet hall. How many people attended the prom? (p. 141) 


TELEVISIONS The ratio of the 
length to the width of two 
different television screens 

is shown. The width of each 
screen is 16.2 inches. Find the 


length of each screen. (p. 162) Standard Wide screen 
BASKETBALL The circle graph shows the positions 
of the 20 players on a basketball team. (p. 176) 

a. How many players on the team play center? 72 — Center 10% 

b. How many players on the team play guard? c |- Guard 35% 

c. How many players on the team play forward? X » 7 — Forward 55% 
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Graphing Linear 
Equations and Fu 


4.1 Plot Points in a Coordinate Plane 


of Chapter 4 

In this chapter you will 4.2 Graph Linear Equations 

graph linear equations 4.3 Graph Using Intercepts 

and functions. By the 

end of this chapter, 4.4 Find Slope and Rate of Change 

you will be able to use 4.5 Graph Using Slope-Intercept Form 
slopes and y-intercepts | ЭИА 

to compare graphs 4.6 Model Direct Variation 

of families of linear 4.7 Graph Linear Functions 


functions. 


Previously, you learned the following skills, which you'll use in Chapter 4: 
graphing functions and writing equations and functions. 


VOCABULARY CHECK 
Copy and complete the statement. 


1. The set of inputs of a function is called the. ? of the function. The set of 
outputs of a function is called the ? of the function. 


2. A(n)? uses division to compare two quantities. 


SKILLS CHECK 
Graph the function. (Prerequisite skill for 4.1—4.7) 
3. y=x+6;domain:0,2,4,6,and8 4. у= 2х + 1; domain: 0, 1, 2, 3, апа 4 


5. у= ox; domain: 0, 3, 6, 9, апа12 6. y=x-— > domain: 1, 2, 3, 4, and 5 » 
7. у= х – 4; 5, 6, 7, and 9 8. у= 5х + 1;2,4,6,апаё 


Write the equation so that y is a function of x. (Prerequisite skill for 4.5) 
9. 6x + 4у = 16 10. x+2y=5 11. —12x + 6y = –12 


Tutor Prerequisite skills practice at classzone.com 


In Chapter 4, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 270. You will also use the key vocabulary listed below. 


(2 Graphing linear equations and functions using a variety of methods 
О Recognizing how changes in linear equations and functions affect their 


graphs 
©) Using graphs of linear equations and functions to solve real-world 
problems 
KEY VOCABULARY 
e quadrant, р. 206 * slope, p. 235 e constant of variation, 
¢ standard form of a linear e rate of change, p. 237 p. 253 
equation, p. 216 * slope-intercept form, * function notation, p. 262 
* linear function, p. 217 p. 244 * family of functions, p. 263 
• x-intercept, р. 225 * parallel, p. 246 * parent linear function, 
e y-intercept, p. 225 * direct variation, p. 253 p. 263 


„т тнщ 


You can graph linear functions to solve problems involving distance. For 
example, you can graph a linear function to find the time it takes and in-line 
skater to travel a particular distance at a particular speed. 


атт». 


Arima 

The animation illustrated below for Exercise 41 on page 267 helps you answer 
this question: How can you graph a function that models the distance an 
in-line skater travels over time? 


dit 


Chey Е йа par 


You want to graph а function that gives the ¿| | | Click on the table to enter an appropriate | 
| | distance traveled by an in-line skater. | 


| E 
— 


т 


| 


¿GE 


* Jg ESTEE at classzone.com 


Other animations for Chapter 4: pages 207, 216, 226, 238, 245, and 254 


Key Vocabulary 
e quadrants 


Plot Points in a 
Coordinate Plane 


You graphed numbers on a number line. 


You will identify and plot points in a coordinate plane. 


So you can interpret photos of Earth taken from space, as in Ex. 36. 


In Chapter 1, you used a coordinate plane to graph ordered pairs whose 
coordinates were nonnegative. If you extend the x-axis and y-axis to include 


«coordinate plane, negative values, you divide the coordinate plane into four regions called 


p. 921 
e ordered pair, р. 921 


coordinate. 
jREADING |... For example, point Pis in Quadrant 
: The x-coordinate of IV and has an x-coordinate of 3 and a 


: a point is sometimes  y-coordinate of —2. A point on an axis, 
: Called the abscissa. The such as point Q, is not considered to be 


: y-coordinate of a point in any of the four quadrants. 
: is sometimes called the 


: ordinate. 
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quadrants, labeled I, II, III, and IV as shown. 


y-axis 


ИЕ | Quadrant | — 
a rud 


Points in Quadrant I have two positive 
coordinates. Points in the other three 
quadrants have at least one negative 


Give the coordinates of the point. ITITI ZEEEN 
a. А b. B Ар tt 
ШЕШШ ttt 


Solution 


a. Point Ais 3 units to the left of the origin 
and 4 units up. So, the x-coordinate 
is —3, and the y-coordinate is 4. The 
coordinates are (—3, 4). 


b. Point Bis 2 units to the right of the origin 
and 3 units down. So, the x-coordinate 
is 2, and the y-coordinate is —3. The 
coordinates are (2, —3). 


GUIDED PRACTICE for Example 1 


1. Use the coordinate plane in Example 1 to give the coordinates of points 
C, D, and E. 


2. What is the y-coordinate of any point on the x-axis? 
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[| EXAMPLE 2 | Plot points in a coordinate plane 


Plot the point in a coordinate plane. Describe the location of the point. 


a. A(—4, 4) b. B(3, —2) c. C(0, —4) 


Solution 


a. Begin at the origin. First move 
4 units to the left, then 4 units up. 
Point A is in Quadrant II. 


b. Begin at the origin. First move 
3 units to the right, then 2 units 
down. Point B is in Quadrant IV. 


c. Begin at the origin and move 4 units 
down. Point C is on the y-axis. 
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[ EXAMPLE 3 ] Graph a function 


Graph the function y = 2x — 1 with domain —2, —1, 0, 1, and 2. 
Then identify the range of the function. 


Solution 
STEP? Make a table by STEP 2 List the ordered pairs: (—2, —5), 
substituting the domain (—1, —3), (0, —1), (1, 1), (2, 3). 
values into the function. Then graph the function. 
: ANALYZE A 
: FUNCTION ES o 


: The function in 

: Example 3 is called a 
: discrete function. To 

: learn about discrete 
: functions, see p. 223. 


STEP 3 Identify the range. The range consists of the y-values from the table: 


—5, —3, —1, 1, and 3. 


= 
m 


GUIDED PRACTICE for Examples 2 and з 


Plot the point in a coordinate plane. Describe the location of the point. 


3. A(2, 5) 4. B(-1, 0) 5. C(—2, —1) 6. D(—5,3) 


7. Graph the function y — d x + 2 with domain —6, —3, 0, 3, and 6. 


Then identify the range of the function. 
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< [ EXAMPLE 4 | Graph a function represented by a table , "T 


VOTING In 1920 the ratification of the 19th amendment to 
the United States Constitution gave women the right to 
vote. The table shows the number (to the nearest million) 
of votes cast in presidential elections both before and 
since women were able to vote. 


—4 means 4 years O represents 
before 1920, or 1916. the = 1920. 


Presidential 
campaign button 


a. Explain how you know that the table represents a function. 
b. Graph the function represented by the table. 
c. Describe any trend in the number of votes cast. 


Solution 


a. The table represents a function because 
each input has exactly one output. 


b. To graph the function, let x be the number ry; yeu TT] 
of years before or since 1920. Let y be the LL | Type | |) 
number of votes cast (in millions). IT LT PLT el 
The graph of the function is shown. LLLI 1 

c. In the three election bef HITILTIT] 

: years before 1920, I** | I1 11] 
the number of votes cast was less than ГГ ҮГҮТ 
20 million. In 1920, the number of votes ЕЕЕ шшш 
cast was greater than 20 million. The ШШШ 4 BEN 
number of votes cast continued to increase NEBEENENE 


in the three election years since 1920. 


v GUIDED PRACTICE | for Example 4 


8. VOTING The presidential election in 1972 was the first election in which 
18-year-olds were allowed to vote. The table shows the number (to the 
nearest million) of votes cast in presidential elections both before and 
since 1972. 


Years before or 
since 1972 -12 12 
73 | 78 | в; | вт 8B 


ТСИ 


а. Explain how you know the graph represents a function. 


b. Graph the function represented by the table. 
c. Describe any trend in the number of votes cast. 
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41 EXERCISES —— "t Ores 
e KEY: on p. WS7 for Exs. 15, 25, and 37 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 13, 23, 33, and 41 


: e = MULTIPLE REPRESENTATIONS 
Ex. 40 


_ SKILL PRACTICE 


1. VOCABULARY What is the x-coordinate of the point (5, —3)? What is the 
y-coordinate? 


2. ж WRITING One of the coordinates of a point is negative while the other 
is positive. Can you determine the quadrant in which the point lies? 
Explain. 


: EXAMPLE 1 NAMING POINTS Give the coordinates of the point. 
: on p. 206 


: for Exs. 3-13 Ba a de d jel | | | pt | | jel | 
5. C 6. D ||| || ||| 

и - Sild к gg lll. 

i ' | үү 

9. С 10. H [| | ICAA 

р — NHEBEBEBEBRBSNE 


13. Ж MULTIPLE CHOICE A point is located 3 units to the left of the origin and 
6 units up. What are the coordinates of the point? 


: EXAMPLE 2 PLOTTING POINTS Plot the point in a coordinate plane. Describe the 
: on p. 207 location of the point. 


forbs 14722 | aa, PS, 5) (15) Q(-1, 5) 16. R(-3, 0) 17. S(0, 0) 
18. T(—3, —4) 19. U(0, 6) 20. V(1.5, 4) 21. W(3, —2.5) 
22. ERROR ANALYSIS Describe and correct 
the error in describing the location Point W(6, —6) is 6 unite 
of the point W(6, —6). to the left of the origin and 
6 units up. 


: EXAMPLE3 | 23. X MULTIPLE CHOICE Whichnumberis | | | | Ay] | | | 


: on p. 207 in the range of the function whose ITIITI] 

: for Exs. 23—27 graph is shown? BENENNENN 
e , TIL 
O 0 D 2 
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GRAPHING FUNCTIONS Graph the function with the given domain. Then 
identify the range of the function. 


24. у= —х + 1; domain: —2, —1, 0, 1, 2 (25) y = 2x — 5; domain: —2, —1, 0, 1, 2 


26. у= -2 x — 1; domain: —6, —3, 0, 3, 6 27. y = УХ + 1; domain: —6, —4, —2, 0, 2 


28. GS GEOMETRY Plot the points W(—4, —2), X(-4, 4), Y(4, 4), and Z(4, —2) 
in a coordinate plane. Connect the points in order. Connect point Z to 
point W. Identify the resulting figure. Find its perimeter and area. 


REASONING Without plotting the point, tell whether it is in Quadrant I, II, 
Ш, or IV. Explain your reasoning. 


29. (4, —11) 30. (40, —40) 31. (—18, 15) 32, 1—32, Za) 


33. Ж WRITING Explain how can you tell by looking at the coordinates of a 
point whether the point is on the x-axis or on the y-axis. 


34. REASONING Plot the point /(—4, 3) in a coordinate plane. Plot three 
additional points in the same coordinate plane so that each of the four 
points lies in a different quadrant and the figure formed by connecting 
the points is a square. Explain how you located the points. 


35. CHALLENGE Suppose the point (a, b) lies in Quadrant IV. Describe the 
location of the following points: (b, a), (2a, —2b), and (—b, —a). Explain 
your reasoning. 


PROBLEM SOLVING 


36. ASTRONAUT PHOTOGRAPHY Astronauts use a coordinate system to 
describe the locations of objects they photograph from space. The x-axis 
is the equator, 0? latitude. The y-axis is the prime meridian, 0? longitude. 
The names and coordinates of some lakes photographed from space are 
given. Use the map to determine on which continent each lake is located. 


Lake Saint Clair: (—83, 43) f. Starnberger Lake: (12, 48) 


T AEN”. ^ иии 
" " _ | з МАЙЫ | |, | | 
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БЕШ | | PP 
ZU NEL NN NU RON 
=E MS | ool 2и 
Ж | | | | | Jk 
a. Lake Kulundinskoye: (80, 53) b. Lake Champlain: (—73, 45) 
c. Lake Van: (43, 39) d. Lake Viedma: (—73, —50) 
e. 
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: ЕХАМРГЕ 4 


: : on p. 208 
: for Exs. 37-39 


38. 


39. 


40. 


RECORD TEMPERATURES The table shows the record low temperatures 
(in degrees Fahrenheit) for Odessa, Texas, for each day in the first week of 
February. Explain how you know the table represents a function. Graph 
the data from the table. 


EE C 


Record low 11 
(degrees Fahrenheit) 


STOCK VALUE The table shows the change in value (in dollars) of a stock 
over five и 


а. Explain how you know the table represents a function. Graph the 
data from the table. 


b. Describe any trend in the change in value of the stock. 


MULTI-STEP PROBLEM The difference between what the federal 
government collects and what it spends during a fiscal year is called the 
federal surplus or deficit. The table shows the federal surplus or deficit (in 
billions of dollars) in the 1990s. (A negative number represents a deficit.) 


Years since 
Surplus or 7 Е B E Е 


а. Graph the function represented by the table. 


b. What conclusions can you make from the graph? 


^ MULTIPLE REPRESENTATIONS Low-density lipoproteins (LDL) 
transport cholesterol in the bloodstream throughout the body. A high 
LDL number is associated with an increased risk of cardiovascular disease. 
A patient's LDL number in 1999 was 189 milligrams per deciliter (mg/dL). 
To lower that number, the patient went on a diet. The annual LDL 
numbers for the patient in years after 1999 are 169, 154, 145, 139, and 136 


Years since 1999 


E IE 


a. Making a Table Use the given information to copy and complete the 
table that shows the annual change in the patient's LDL number 
since 1999. 


b. Drawing a Graph Graph the ordered pairs from the table. 


c. Describing in Words Based on the graph, what can you conclude 
about the diet's effectiveness in lowering the patient's LDL number? 
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41. Ж EXTENDED RESPONSE In a scientific study, researchers asked men 
to report their heights and weights. Then the researchers measured the 
actual heights and weights of the men. The data for six men are shown in 
the table. One row of the table represents the data for one man. 


Height (inches) Weight (pounds) 
CAES 


L—ms | m 


a. Calculate Copy and complete the table. 


b. Graph For each participant, write an ordered pair (x, y) where x is 
the difference of the reported and measured heights and y is the 
difference of the reported and measured weights. Then plot the 
ordered pairs in a coordinate plane. 


c. CHALLENGE What does the origin represent in this situation? 


d. CHALLENGE Which quadrant has the greatest number of points? 
Explain what it means for a point to be in that quadrant. 


MIXED REVIEW Se 1 2 


Evaluate the expression. 
42. 4 + 2x? when x = 6 (p. 2) 43. 6 • 2a? when a = 3 (р. 2) 
44. 4 + 2(—7) + 3 (p.8) 45. 3(35 — 18) (p. 8) 


Use the distributive property to write an equivalent expression. (p. 96) 


46. 6(x + 20) 47. 3x(x +9) 48. —(4 — 5y) 


49. TRAVEL You are traveling on the highway at an average speed of 
55 miles per hour. How long will it take you to drive 66 miles? (p. 168) 


: PREVIEW Write the equation so that y is a function of x. (p. 184) 

: Prepare for _ _ Е Е 

: Lesson 4.2 50. 4х+у= 6 51. x + 7y ^ 14 52. 4(y — 6x) = 12 
: in Exs. 50—54. 


Tell whether the pairing is a function. (p. 35) 
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Use after lesson 4.1 


Key Vocabulary 
e transformation 
e translation 


evertical stretch or 
shrink 


e reflection 


Perform Transformations 


Се Т Perform and describe transformations in a coordinate plane. 


For a given set of points, a transformation produces an image by applying 
a rule to the coordinates of the points. Some types of transformations are 
translations, vertical stretches, vertical shrinks, and reflections. 


A translation moves every point in a figure the same distance in the same 
direction either horizontally, vertically, or both. You can describe translations 
algebraically. 


Horizontal translation: (x, y) > (x + h, y) Vertical translation: (x, y) > (x, y + К) 


Perform a translation 


: READ 
: TRANSFORMATIONS 


: Ifa transformation is 
: performed on a point 
: A, the new location of 
: point A is indicated by 
: A’ (read “A prime’). 


The transformation (x, y) > (x, y + 3) moves 
A ABC up З units. 


Original Image 


A(3, 0) — A'(3, 3) 
B(4, 2) => B'(4, 5) 
C(5, 0) > C'(5, 3) 


The result of the transformation is A A'B'C'. 


A vertical stretch or shrink moves every point in a figure away from the 
x-axis (a vertical stretch) or toward the x-axis (a vertical shrink), while 
points on the x-axis remain fixed. A reflection flips a figure in a line. You 
can describe vertical stretches and shrinks with or without reflection in 
the x-axis algebraically. 


Vertical stretch: Vertical shrink: 

(x, y) > (x, ay) where a> 1 (x, y) > (х, ay) where0 «a «1 
Vertical stretch with reflection Vertical shrink with reflection 

in the x-axis: in the x-axis: 

(x, у) > (x, ay) where a< —1 (x, y) > (x, ay) where -1«a«0 


Perform a vertical stretch with reflection 


The transformation (x, y) > (x, —2y) vertically 
stretches A ABC and reflects it in the x-axis. 


Original Image 
A(3, 0) > A'(3, 0) 
B(4, 2) > B'(4, —4) 


C(5, 0) > С'(5, 0) 


The result of the transformation is ^A'B'C'. 
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j: CONCEPT SUMMARY For Your Notebook 


> Identifying Transformations 


Translation Vertical stretch or shrink 
Horizontal Vertical Without reflection With reflection 
(х, y) > (x+h, y) (x y > (х, y + К) (x, y) > (x, ay) (x, y) > (x, ay) 
where a > 0 wherea <0 


E 
L 
a 
L. 
L. 
L3 


- 


po 
_ PRACTICE 


1. VOCABULARY Does a translation or a vertical stretch always produce a figure that is 
the same size and shape as the original figure? Explain. 


2. ж WRITING Describe the vertical shrink (x, y) > (х, y) in words. 


; EXAMPLES DESCRIBING TRANSFORMATIONS Use words to describe the transformation 
: Тапа 2 of the blue figure to the red figure. 


gs es al a LA 
IN |||] 
пиш 


КЕ 


@ 
| ESO 
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PERFORMING TRANSFORMATIONS Square ABCD has vertices at (0, 0), 
(0, 2), (2, 2), and (2, 0). Perform the indicated transformation. Then give the 
coordinates of figure A'B'C'D'. 


6. (х, у) > (x, y — 5) 7. (х,у) — (х,у + 1) 8. (x, y) > (x,y — 7) 
9. (x, y) > (x, —y) 10. (x, y) (x, 4y) 11. (x, y) (x, -iy 
12. (x, y) > (x +2, y +3) 13. (x, y) > (x— 1, y + 4) 14. (x,y) > (x + 3, y) 


15. ж WRITING A square has vertices at (0, 0), (0, 3), (3, 3), and (3, 0). 
Tell how you could use a transformation to move the square so 
that it has new vertices at (0, 0), (0, —3), (3, —3), and (3, 0). 


214 Chapter 4 Graphing Linear Equations and Functions 


4 2 Graph Linear Equations 
© 


Key Vocabulary 


e standard form of 
a linear equation 


e linear function 


* 


You plotted points in a coordinate plane. 
You will graph linear equations in a coordinate plane. 


So you can find how meteorologists collect data, as in Ex. 40. 


An example of an equation in two variables is 2x + 5y = 8. A solution of an 
equation in two variables, x and y, is an ordered pair (x, y) that produces a 
true statement when the values of x and y are substituted into the equation. 


Standardized Test Practice 


Which ordered pair is a solution of 3x — y = 7? 


Solution 
Check whether each ordered pair is a solution of the equation. 
Test (3, 4): 3x-—y=7 Write original equation. 
3(3) -4 27 Substitute 3 for x and 4 for y. 
5=7X Simplify. 
Test (1, —4): 3x — y = 7 Write original equation. 
3(1) — (-4) 2 7 Substitute 1 for x and —4 for y. 
1=7Y — Simplify. 
So, (3, 4) is not a solution, but (1, —4) is a solution of 3x — y = 7. 
> The correct answer is B. @ © а» 


GUIDED PRACTICE for Example 1 


1. Tell whether (4, EJ is a solution of x + 2y = 5. 


GRAPHS The graph of an equation in two variables is the set of points in a 
coordinate plane that represent all solutions of the equation. If the variables 
in an equation represent real numbers, one way to graph the equation is to 
make a table of values, plot enough points to recognize a pattern, and then 
connect the points. When making a table of values, choose convenient values 
of x that include negative values, zero, and positive values. 
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215 


e [| EXAMPLE 2 | Graph an equation 


: DRAW A GRAPH 


: Ifyou continued to 

: find solutions of the 
: equation and plotted 
: them, the line would 
: fill in. 


Graph the equation —2x + y= —3. 


Solution 
STEP 7 Solve the equation for y. 
—2x t y = —3 
-2x4 y=-3 


E 
IIA 
Ty 


y =2x-3 


STEP 2 Make a table by choosing a few values 
for x and finding the values of y. 


STEP 3 Plot the points. Notice that the points appear to lie on a line. 


STEP 4 Connect the points by drawing a line through them. Use arrows to 
indicate that the graph goes on without end. 


LINEAR EQUATIONS A linear equation is an equation whose graph is a line, 
such as the equation in Example 2. The standard form of a linear equation is 


Ax + Ву = С 
where А, В, апа С are real numbers апа A and В are not both zero. 


Consider what happens when A = 0 or when B = 0. When A = 0, the equation 
becomes By = C, or y = ©, Because = is a constant, you can write у = Р. 
Similarly, when B = 0, the equation becomes Ax = C, or x = S and you can 


write x = а. 


: FIND A SOLUTION 


: The equations y = 2 

: and Ox + 1y = 2 are 

: equivalent. For any 

: value of x, the ordered 
: pair (x, 2) is a solution 
: ofy = 2. 


Graph (a) y = 2 and (b) x= —1. 


Solution 
a. For every value of x, the value of b. For every value of y, the value 
yis 2. The graph of the equation of xis —1. The graph of the 
y = 2 is a horizontal line 2 units equation x = —1 is a vertical line 
above the x-axis. 1 unit to the left of the y-axis. 
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КЕҮ СОМСЕРТ For Your Notebook 


Equations of Horizontal and Vertical Lines 


The graph of y = bis a horizontal The graph of x = ais a vertical 
line. The line passes through the line. The line passes through the 
point (0, b). point (a, 0). 


СА GUIDED PRACTICE | for Examples 2 and 3 


Graph the equation. 
2. y +3x= -2 3. y=2.5 4. х= —4 
: IDENTIFY A 
: FUNCTION LINEAR FUNCTIONS In Example 3, y = 2 is a function, while x = —1 is nota 


: The function y = 2isa function. The equation Ax + By = C represents a linear function provided 
: constant function. The B + 0 (that is, provided the graph of the equation is not a vertical line). If the 
: graph of a constant domain of a linear function is not specified, it is understood to be all real 


: ind is a horizontal numbers. The domain can be restricted, as shown in Example 4. 
: line. 


[ EXAMPLE 4 ] Graph a linear function 


Graph the function y — -5 x + 4 with domain x > 0. Then identify the range 


of the function. 


Solution 
STEP? Make a table. 


: ANALYZE A 
: FUNCTION 


: The function in 

: Example 4 is called a 
: ' | ыч 

: continuous function. TO | — erep2 plot the points. Lett A A 
: learn about continuous 

: functions, see p. 223. STEP 3 Connect the points with a ray because the domain is restricted. 


STEP 4 Identify the range. From the graph, you can see that all points have 
a y-coordinate of 4 or less, so the range of the function is y < 4. 


СА GUIDED PRACTICE for Example 4 


5. Graph the function y = —3х + 1 with domain x < 0. Then identify the range 
of the function. 
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| EXAMPLE 5 | Solve a multi-step problem 


RUNNING The distance d (in miles) that a runner travels is given by the 
function d = 6t where fis the time (in hours) spent running. The runner 
plans to go for a 1.5 hour run. Graph the function and identify its domain 
and range. 


Solution 


STEP? Identify whether the problem specifies the domain or the range. 
You know the amount of time the runner plans to spend running. 
Because time is the independent variable, the domain is specified 
in this problem. The domain of the function is 0 < t< 1.5. 


: ANALYZE GRAPHS 
: In Example 2, the — STEP 2 Graph the function. Make a table of 
: domain is unrestricted, values. Then plot and connect the points. 


: and the graph is a 

: line. In Example 4, the 

: domain is restricted to 

: x> 0, and the graph is a 
: ray. Here, the domain is 
: restricted to 0 < t < 1.5, 

: and the graph is a line STEP 3 Identify the unspecified domain or range. From the table or graph, 
: segment. you can see that the range of the function is 0 € d x 9. 


| EXAMPLE 6 | Solve a related problem 


WHAT IF? Suppose the runner in Example 5 instead plans to run 12 miles. 
Graph the function and identify its domain and range. 


Solution 


STEP? Identify whether the problem specifies the domain or the range. 
You are given the distance that the runner plans to travel. Because 
distance is the dependent variable, the range is specified in this 
problem. The range of the function is 0 € d < 12. 


STEP2 Graph the function. To make a table, you 
can substitute d-values (be sure to include 
: SOLVE FOR £ О and 12) into the function d = 6t and 


:Tofindihetimeit ^^ е 


: takes the runner to 

: run 12 miles, solve the 
: equation 6t = 12 to get 
TE! 


STEP 3 Identify the unspecified domain or range. From the table or graph, 
you can see that the domain of the function is 0 < £ € 2. 


GUIDED PRACTICE for Examples 5 and 6 


6. GAS COSTS For gas that costs $2 per gallon, the equation С = 2g gives 
the cost C (in dollars) of pumping g gallons of gas. You plan to pump 
$10 worth of gas. Graph the function and identify its domain and range. 
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42 EXERCISES "== O-wonan aroun 
а КЕҮ: оп р. 58 ТОР Ех$. 3, 11, and 37 
: Ж = STANDARDIZED TEST PRACTICE 


Exs. 2, 10, 32, 33, 39, and 41 


e = MULTIPLE REPRESENTATIONS 
Ex. 40 


: EXAMPLE 1 


: on p. 215 
: for Exs. 3-10 


: EXAMPLES 


: for Exs. 11-25 


: EXAMPLE 4 


: on p. 217 
: for Exs. 26—31 


' SKILL PRACTICE 


1. VOCABULARY The equation Ax + By = C represents a(n) ? provided 
B = 0. 


2. `Ж WRITING Is the equation у = 6x + 4 in standard form? Explain. 


CHECKING SOLUTIONS Tell whether the ordered pair is a solution of the equation. 


© + x= 4; (-2, 3) 4. Зх — 2y = —5; (C1, 1) 5. x = 9; (9, 6) 
6. y = —7; (-7, 0) 7. —7x — Ay = 1; (-3, —5) 8. —5y — 6x = 0; (—6, 5) 
9. ERROR ANALYSIS Describe and correct 
the error in determining whether (8, 11) y-x--$ 
is a solution of y — x= —3. 8 — 11 = -3 


=3=-3 (8,11) is a solution. 


10. Ж MULTIPLE CHOICE Which ordered pair is a solution of 6x + 3y = 18? 


GRAPHING EQUATIONS Graph the equation. 

(1) y+x=2 12. y-2x=5 13. y-3x=0 14. y + 4x= 1 
15. 2y — 6x = 10 16. 3y + 4x = 12 17. x-2y=3 18. Зх + 2у = 8 
19. х= 0 20. у= 0 21. y= —4 22. x=2 


MATCHING EQUATIONS WITH GRAPHS Match the equation with its graph. 


GRAPHING FUNCTIONS Graph the function with the given domain. Then 
identify the range of the function. 


26. y = 3x — 2; domain: x 2 0 27. y = —5x + 3; domain: x x 0 
28. y = 4; domain: x x 5 29. y= —6; domain: x2 5 
30. y = 2x + 3; domain: -4<x<0 31. y= —x — 1; domain: -1<x<3 


32. Ж OPEN-ENDED Graph x — y = 3 and 2x — 2y = 6. Explain why the 
equations look different but have the same graph. Find another equation 
that looks different from the two given equations but has the same graph. 
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33. Ж MULTIPLE CHOICE Which statement is true 
for the function whose graph is shown? 


СА) The domain is unrestricted. 
The domain is x < -2. 

(CO The range is y x —2. 

(D> Therange is y2 —2. 


34. CHALLENGE If (3, n) is a solution of Ax + Зу = 6 and (n, 5) is a solution of 
| 5x + y = 20, what is the value of A? 


OO ва 
' PROBLEM SOLVING 


: EXAMPLES | 85. BAKING The weight ш (in pounds) of a loaf of bread that a recipe yields is 


T ——— | given by the function w — i f where f is the number of cups of flour used. 


: On p. 218 

: for Exs. 35-39 You have 4 cups of flour. Graph the function and identify its domain and 
range. What is the weight of the largest loaf of bread you can make? 
@HomeTutor for problem solving help at classzone.com 


36. TRAVEL After visiting relatives who live 200 miles away, your family 
drives home at an average speed of 50 miles per hour. Your distance d (in 
miles) from home is given by d = 200 — 50t where tis the time (in hours) 
spent driving. Graph the function and identify its domain and range. 
What is your distance from home after driving for 1.5 hours? 


 (QHomelutor ` for problem solving help at classzone.com 


EARTH SCIENCE The temperature T (in degrees Celsius) of Earth’s crust 
can be modeled by the function T = 20 + 25d where d is the distance (in 
kilometers) from the surface. 


a. A scientist studies organisms in the first 4 kilometers of Earth's crust. 
Graph the function and identify its domain and range. What is the 
temperature at the deepest part of the section of crust? 


b. Suppose the scientist studies organisms in a section of the 
crust where the temperature is between 20°C and 95°C. 
Graph the function and identify its domain and range. 
How many kilometers deep is the section of crust? 


38. MULTI-STEP PROBLEM A fashion designer orders fabric 
that costs $30 per yard. The designer wants the fabric to 
be dyed, which costs $100. The total cost C (in dollars) 
of the fabric is given by the function 

C = 30f + 100 
where fis the number of yards of fabric. 


a. The designer orders 3 yards of fabric. How much does 
the fabric cost? Explain. 


b. Suppose the designer can spend $500 on fabric. How 
many yards of fabric can the designer buy? Explain. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED o> = MULTIPLE 
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: PREVIEW 


: Prepare for 
- Lesson 4.3 
: in Exs. 48-55. 


- MIXED REVIEW > 


39. Ж SHORT RESPONSE An emergency cell phone charger requires you to 
turn a small crank in order to create the energy needed to recharge the 
phone's battery. If you turn the crank 120 times per minute, the total 
number r of revolutions that you turn the crank is given by 


r= 120t 
where tis the time (in minutes) spent turning the crank. 
a. Graph the function and identify its domain and range. 


b. Identify the domain and range if you stop turning the crank after 
4 minutes. Explain how this affects the appearance of the graph. 


40. es MULTIPLE REPRESENTATIONS The National 
Weather Service releases weather balloons twice daily 
at over 90 locations in the United States in order to 
collect data for meteorologists. The height h (in feet) 
of a balloon is a function of the time t (in seconds) after 
the balloon is released, as shown. 


a. Making a Table Make a table showing the height of 
a balloon after t seconds for t = 0 through t = 10. 


b. Drawing a Graph A balloon bursts after a flight of 
about 7200 seconds. Graph the function and identify 
the domain and range. 


41. Ж EXTENDED RESPONSE Students can pay for lunch at a school in one 
of two ways. Students can either make a payment of $30 per month or 
they can buy lunch daily for $2.50 per lunch. 


a. Graph Graph the function y — 30 to represent the monthly payment 
plan. Using the same coordinate plane, graph the function y = 2.5x 
to represent the daily payment plan. 


b. CHALLENGE What are the coordinates of the point that is a solution 
of both functions? What does that point mean in this situation? 


c. CHALLENGE A student eats an average of 15 school lunches per month. 
How should the student pay, daily or monthly? Explain. 


Solve the equation. 

42. 12x — 144 (p. 134) 43. —4x = 30 (p. 134) 

44. 5.7x — 2x — 14.8 (p. 141) 45. x — A(x + 13) = 26 (p. 148) 

46. 6x — 4x + 13 = 27 — 2x (p. 154) 47. 5x — 7(24 + 8x) = 2x — 5 (p. 154) 


Plot the point in a coordinate plane. Describe the location of the point. (p. 206) 


48. (3,5) 49. (—3,2) 50. (0, —2) 51. (—5, 0) 
52. (—2, —2) 53. E 0) 54. (5 3) 55. (0, 6.2) 
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сер ипа ACTIVITY Use after lesson 4.2 Tutor 


classzone.com 
Keystrokes 


Graphing Linear Equations 


| E | 


The formula to convert temperature from degrees Fahrenheit to degrees 
Celsius is C = Э(Е — 32). Graph the equation. At what temperature аге 


degrees Fahrenheit and degrees Celsius equal? 


STEP 1| Rewrite and enter equation 


Rewrite the equation using x for F and y for C. Enter the \1@(‹5/9)(Х-32) 


equation into the Ё) screen. Put parentheses around Var 


Y4- 
Y5= 
Y6= 
Y7= 


* 


the fraction 2. 


STEP 2| Set window 


The screen is a “window” that lets you look at part of Xmin=-94 
a coordinate plane. Press 7 to set the borders Xna 
of the graph. A friendly window for this equation is reo ule 


—94 € x < 94 and —100 < у < 100. Ymax-100 
Yscl=10 


Graph and trace equation 

Press and use the left and right arrows to move 
the cursor along the graph until the x-coordinate and 
y-coordinate are equal. From the graph, you can see that 
degrees Fahrenheit and degrees Celsius are equal at —40. 


| г 
L 
v8 


Graph the equation. Find the unknown value in the ordered pair. 
1. y = 8 — x; (2.4, 2 2. y = 2x + 3; (2, 0.8) 3. y= —4.5x + 1; (1.4, 2) 


4. SPEED OF SOUND The speed s (in meters per second) of sound in air 
can be modeled by s = 331.1 + 0.61T where Tis the air temperature 
in degrees Celsius. Graph the equation. Estimate the speed of 
sound when the temperature is 20°C. 
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Use after lesson 4.2 


Identify Discrete and 
Continuous Functions 


Ге ТӘ Graph and classify discrete and continuous functions. 


Key Vocabulary The graph of a function can consist of individual points, as in the graph in 

e discrete function Example 3 on page 207. The graph of a function can also be a line or a part 

econtinuous of a line with no breaks, as in the graph in Example 4 on page 217. 
function 


2 KEY CONCEPT For Vour Notebook 


; > Identifying Discrete and Continuous Functions 


+. A discrete function has a graph A continuous function has a 
: that consists of isolated points. graph that is unbroken. 


y 


Graph and classify a function 


Graph the function y — 2x — 1 with the given domain. Classify the function 
as discrete or continuous. 


a. Domain: х = 0, 1, 2, 3 b. Domain: х> 0 


|i ptt Al 
ЕФТА 
ТЕТ 


ЕАД 
И 
_tiAtI (I, 
ү! || |» 


The graph consists of individual The graph is unbroken, so 
points, so the function is discrete. the function is continuous. 


GRAPHS As а general rule, you can tell that a function is continuous if you do 
not have to lift your pencil from the paper to draw its graph, as in part (b) of 
Example 1. 
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EXAMPLE 2 | Classify and graph а real-world function 


Tell whether the function represented by the table is discrete or 
continuous. Explain. If continuous, graph the function and find the 
value of y when x = 1.5. 


DO ENTRE 


Although the table shows the amount of 
rain that has fallen after whole numbers of 
hours only, it makes sense to talk about the 
amount of rain after any amount of time 
during the storm. So, the table represents a 
continuous function. 


The graph of the function is shown. To find 
the value of y when x = 1.5, start at 1.5 on 
the x-axis, move up to the graph, and move 
over to the y-axis. The y-value is about 0.75. 
So, about 0.75 inch of rain has fallen after 
1.5 hours. 
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Duration of storm (hours) 


' PRACTICE 


: EXAMPLE 1 


3 pae на РЗ 
: for Exs. 1-6 


: EXAMPLE 2 


3 TAY o NR 
: for Exs. 7-9 


Graph the function with the given domain. Classify the function as discrete 
or continuous. 


1. у= -2x + 3; domain: -2, —1, 0, 1, 2 2. у= x; domain: all real numbers 
3. у= -ix + 1; domain: —12,-6,0,6,12 4. у= 0.5x; domain: —2, —1, 0, 1,2 


5. у = Зх — 4; domain: x x 0 6. y = ox + 5 domain: x > —2 


Tell whether the function represented by the table is discrete or continuous. 
Explain. If continuous, graph the function and find the value of y when 
x = 3.5. Round your answer to the nearest hundredth. 


Cost of rentals (dollars), y 4.50 9.00 13.50 18.00 
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4.3 


You graphed a linear equation using a table of values. 


Г Now ] You will graph а linear equation using intercepts. 
Why 


Key Vocabulary 
e x-intercept 
* y-intercept 


Graph Using 
Intercepts 


So you can find a submersible's location, as in Example 5. 


You can use the fact that two points determine a line 
to graph a linear equation. Two convenient points 
are the points where the graph crosses the axes. 


An x-intercept of a graph is the x-coordinate of 

a point where the graph crosses the x-axis. A 
y-intercept of a graph is the y-coordinate of a point 
where the graph crosses the y-axis. 


To find the x-intercept of the graph of a linear 
equation, find the value of x when y = 0. To find the 
y-intercept of the graph, find the value of y when 

х = 0. 


Find the intercepts of the graph of an equation 
Find the x-intercept and the y-intercept of the graph of 2x + 7y = 28. 


Solution 


To find the x-intercept, substitute 0 for y and solve for x. 


2x + 7y = 28 Write original equation. 
2x + 7(0) = 28 Substitute O for y. 
x= = = 14 Solve for x. 


To find the y-intercept, substitute 0 for x and solve for y. 
2x + 7y = 28 Write original equation. 
2(0) + 7y = 28 Substitute 0 for x. 


y= = =4 Solve for y. 


» The x-intercept is 14. The y-intercept is 4. 


GUIDED PRACTICE for Example 1 


Find the x-intercept and the y-intercept of the graph of the equation. 
1. 3x+2y=6 2. Ax — 2y = 10 3. —3x + 5y = —15 
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[ EXAMPLE 2 ] Use intercepts to graph an equation 


Graph the equation x + 2y = 4. 


Solution 
STEP? Find the intercepts. 
x+2y=4 x+2y=4 
x + 2(0) = 4 0+2y=4 
х = 4 < x-intercept у= 2 < y-intercept 

: СНЕСК А СВАРН STEP2 Plot points. The x-intercept is 4, so plot 
: Be sure to check the the point (4, 0). The y-interceptis 2, so 
: graph by finding a third plot the point (0, 2). Draw a line through 
: solution of the equation the points. 


: and checking to see 
: that the corresponding 
: point is on the graph. 


¿Animated Algebra at classzone.com 


[ EXAMPLE 3 ] Use a graph to find intercepts 


The graph crosses the x-axis at (2, 0). The x-intercept 
is 2. The graph crosses the y-axis at (0, —1). The 
y-intercept is —1. 


GUIDED PRACTICE for Examples 2 and 3 


4. Graph 6x + 7y = 42. Label the points where the line 
crosses the axes. 


5. Identify the x-intercept and the y-intercept of the 
graph shown at the right. 


KEY CONCEPT 


Relating Intercepts, Points, and Graphs 


Intercepts Points 
> Thexinterceptofa The graph crosses the 
graph is a. x-axis at (a, 0). 


: They-interceptofa The graph crosses the 
graph is b. y-axis at (0, b). 
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( EXAMPLE 4 ] Solve a multi-step problem 


EVENT PLANNING You are helping to plan an awards banquet for your school, 
and you need to rent tables to seat 180 people. Tables come in two sizes. 
Small tables seat 4 people, and large tables seat 6 people. This situation can 
be modeled by the equation 


: DRAW A GRAPH 


: Although x and y 

: represent whole 

: numbers, it is 

: convenient to draw an 
: unbroken line segment 
: that includes points 

: whose coordinates are 
: not whole numbers. 


: FIND SOLUTIONS 


: Other points, such as 

: (12, 22), are also on the 
: graph but are not as 

: obvious as the points 

: shown here because 

: their coordinates are 

: not multiples of 5. 


4x + бу = 180 


where x is the number of small tables апа y is the number of large tables. 


e Find the intercepts of the graph of the equation. 


e Graph the equation. 


e Give four possibilities for the number of each size table you could rent. 


Solution 


STEP 1 


STEP 2 


GUIDED PRACTICE 


Find the intercepts. 
4x + 6y = 180 4х + 6y = 180 
4x + 6(0) = 180 4(0) + 6y = 180 
x= 45 c x-intercept y = 30 < y-intercept 
Graph the equation. 


The x-intercept is 45, so plot the 
point (45, 0). The y-intercept is 30, 
so plot the point (0, 30). 


EJGNEENENENEENNE 
oso | || || || 


Since x and y both represent 
numbers of tables, neither x nor 

y can be negative. So, instead of 
drawing a line, draw the part of the 
line that is in Quadrant I. 


INCA 
POD 


Find the number of tables. For 
this problem, only whole-number 
values of x and y make sense. 

You can see that the line passes 
through the points (0, 30), (15, 20), 
(30, 10), and (45, 0). 


RUBBER A ш 
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Ro 
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ln. 0 4x + бу = 180 


So, four possible combinations 

of tables that will seat 180 people 
are: 0 small and 30 large, 15 small 
and 20 large, 30 small and 10 large, 
and 45 small and 0 large. 


Е 
Е 
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| for Example 4 


6. WHAT IF? In Example 4, suppose the small tables cost $9 to rent and the 
large tables cost $14. Of the four possible combinations of tables given in 
the example, which rental is the least expensive? Explain. 
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: NAME INTERCEPTS 


: Because t is the 

: independent variable, 

: the horizontal axis 

: is the taxis, and you 

: refer to the "t-intercept 
: of the graph of the 

: function. Similarly, the 

: vertical axis is the 

: e-axis, and you refer to 
: the “e-intercept.” 


Y GUIDED PRACTICE | for Example 5 


| EXAMPLE 5 | Use a linear model 


SUBMERSIBLES A submersible designed to 

explore the ocean floor is at an elevation of 
—13,000 feet (13,000 feet below sea level). The 
submersible ascends to the surface at an average 
rate of 650 feet per minute. The elevation e (in feet) 
of the submersible is given by the function 


e = 6501 — 13,000 


where tis the time (in minutes) since the submersible 
began to ascend. 


e Find the intercepts of the graph of the function and 
state what the intercepts represent. 


e Graph the function and identify its domain and range. 


Solution 
STEP 7 Find the intercepts. 
0 = 650£ — 13,000 | e= 650(0) — 13,000 
13,000 = 650 e = —13,000 < e-intercept 
20 = f < t-intercept 


The t-intercept represents the number of minutes the submersible takes 
to reach an elevation of 0 feet (sea level). The e-intercept represents the 
elevation of the submersible after 0 minutes (the time the ascent begins). 


STEP 2 Graph the function using the intercepts. 


Elevation of a Submersible 


Time (minutes) 
4 8 12 16 


PI PILA 
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Elevation (feet) 


The submersible starts at an elevation of —13,000 feet and ascends to 
an elevation of 0 feet. So, the range of the function is —13,000 x e x 0. 
From the graph, you can see that the domain of the function is 0 < t < 20. 


7. WHAT IF? In Example 5, suppose the elevation of a second submersible 


is given by e = 5001 — 10,000. Graph the function and identify its domain 
and range. 


Chapter 4 Graphing Linear Equations and Functions 


аз EXERCISES "и O- wonko oursoumons 
а KEY: on p. WS8 for Exs. 21 and 47 
: Ж - STANDARDIZED TEST PRACTICE 
Exs. 2, 37, 41, 49, and 50 


: e = MULTIPLE REPRESENTATIONS 
Ex. 44 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: The ? ofthe graph of an equation is 
the value of x when y is zero. 


2. * WRITING What are the x-intercept and the y-intercept of the line 
passing through the points (0, 3) and (—4, 0)? Explain. 


3. ERROR ANALYSIS Describe and correct the error in finding the intercepts 
of the line shown. 


The x-intercept is 1, 
and the y-intercept is —2. 


: EXAMPLE 1 | FINDING INTERCEPTS Find the x-intercept and the y-intercept of the graph 


: on p. 225 , ofthe equation. 


pout ana 4. 5x — y = 85 5. 3x — 3y - 9 6. —3x + 9y = -18 
7. Ax+y=4 8. 2x - y = 10 9. 2x — 8y — 24 
10. 3x + 0.5y = 6 11. 0.2x + 3.2y = 12.8 12. y — 2x +24 
13. у= -14x +7 14. y= -4.8x + 1.2 15. y = 2x - 12 


: EXAMPLE 2 GRAPHING LINES Graph the equation. Label the points where the line 


: опр. 226 | crosses the axes. 
: for Exs. 16-27 
iocos 16. у= х + З 17. у= х -2 18. у = 4х – 8 
19. у= 5 + 10х 20. y= -2 + 8x (21) y=-4x+3 
| 22. 3x+y= 15 23. x — 4у = 18 24. 8x — 5y = 80 
25. —2x + 5y = 15 26. 0.5х + Зу = 9 27. у= Lx xti 


: EXAMPLE 3 USING GRAPHS TO FIND INTERCEPTS Identify the x-intercept and the 


: on p. 226 y' intercept of the graph. 
: for Exs. 28-30 
28. 


EP. AA 
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USING INTERCEPTS Draw the line that has the given intercepts. 


31. x-intercept: 3 32. x-intercept: —2 33. x-intercept: —5 
y-intercept: 5 y-intercept: 4 y-intercept: 6 

34. x-intercept: 9 35. x-intercept: —8 36. x-intercept: —2 
y-intercept: —1 y-intercept: —11 y-intercept: —6 


37. Ж MULTIPLE CHOICE The x-intercept of the graph of Ax + 5y = 20 is 2. 


What is the value of A? 

(А) 2 5 (С) 7.5 D 10 
MATCHING EQUATIONS WITH GRAPHS Match the equation with its graph. 
38. 2x — бу= 6 39. 2x — 6y = —6 40. 2x — 6y = 12 


"w T E 


41. * WRITING Is it possible for a line not to have an x-intercept? 
Is it possible for a line not to have a y-intercept? Explain. 


42. REASONING Consider the equation 3x + 5y = k. What values could k have 
so that the x-intercept and the y-intercept of the equation’s graph would 
both be integers? Explain. 


43. CHALLENGE Ifa + 0, find the intercepts of the graph of y = ax + bin 
terms of a and b. 


D CO Қ >С 
_ PROBLEM SOLVING 


: EXAMPLES | 44. €» MULTIPLE REPRESENTATIONS The perimeter of a rectangular park is 
: 4 and 5 72 feet. Let x be the park's width (in feet) and let y be its length (in feet). 


: on pp. 227-228 a. Writing an Equation Write an equation for the perimeter. 
: for Exs. 44-47 . | . . 
b. Drawing a Graph Find the intercepts of the graph of the equation 


you wrote. Then graph the equation. 


(9 Homelutor > for problem solving help at classzone.com 


45. RECYCLING In one state, small bottles have a refund value of $.04 each, 
and large bottles have a refund value of $.08 each. Your friend returns 
both small and large bottles and receives $.56. This situation is given by 
4x + 8y = 56 where x is the number of small bottles and y is the number 
of large bottles. 


a. Find the intercepts of the graph of the equation. Graph the equation. 


b. Give three possibilities for the number of each size bottle your friend 
could have returned. 


\ @Homelutor for problem solving help at classzone.com 
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46. MULTI-STEP PROBLEM Before 1979, there was no 3-point 
shot in professional basketball; players could score only 
2-point field goals and 1-point free throws. In a game 
before 1979, a team scored a total of 128 points. This 
situation is given by the equation 2x + y = 128 where x 
is the possible number of field goals and y is the possible | N 
number of free throws. 1979-present З point line 


a. Find the intercepts of the graph of the equation. 
Graph the equation. 


b. What do the intercepts mean in this situation? 


с. What are three possible numbers of field goals and 
free throws the team could have scored? 


d. Ifthe team made 24 free throws, how many field 
goals were made? 


COMMUNITY GARDENS A family has a plot in a community garden. The 
family is going to plant vegetables, flowers, or both. The diagram shows the 
area used by one vegetable plant and the area of the entire plot. The area 
f (in square feet) of the plot left for flowers is given by f= 180 — 1.5v 
where vis the number of vegetable plants the family plants. 


Area - 1.5 ft? | 


Area = 180 ft? 


+ 


am 


a. Find the intercepts of the graph of the function and state what the 
intercepts represent. 


b. Graph the function and identify its domain and range. 


c. The family decides to plant 80 vegetable plants. How many square 
feet are left to plant flowers? 


48. CAR SHARING A member of a car-sharing program can use a car for $6 
per hour and $.50 per mile. The member uses the car for one day and is 
charged $44. This situation is given by 


6t + 0.54 = 44 


where tis the time (in hours) the car is used and d is the distance (in 
miles) the car is driven. Give three examples of the number of hours the 
member could have used the car and the number of miles the member 
could have driven the car. 


49. Ж SHORT RESPONSE A humidifier is a device used to put moisture into 
the air by turning water to vapor. A humidifier has a tank that can hold 
1.5 gallons of water. The humidifier can disperse the water at a rate 
of 0.12 gallon per hour. The amount of water w (in gallons) left in the 
humidifier after t hours of use is given by the function 


ш = 1.5 — 0.121. 


After how many hours of use will you have to refill the humidifier? 
Explain how you found your answer. 
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50. Ж EXTENDED RESPONSE You borrow $180 from a friend who doesn't 
charge you interest. You work out a payment schedule in which you will 
make weekly payments to your friend. The balance B (in dollars) of the 
loan is given by the function B = 180 — pn where pis the weekly payment 
and n is the number of weeks you make payments. 


a. Interpret Without finding the intercepts, state what they represent. 
b. Graph Graph the function if you make weekly payments of $20. 


c. Identify Find the domain and range of the function in part (b). 
How long will it take to pay back your friend? 


d. CHALLENGE Suppose you make payments of $20 for three weeks. Then 
you make payments of $15 until you have paid your friend back. How 
does this affect the graph? How many payments do you make? 


MIXED REVIEW 
: REVIEW In Exercises 51-53, use the line graph, which shows 32 
: GRAPHS — the number of points Alex scored in five basketball ER 
: For help with games. (p. 933) 9 
: line graphs, see | | | a 16 
: p. 933. 51. How many points did Alex score in game 4? E в 
52. In which game did Alex score the most points? = q ET TE 
53. How many more points did Alex score in game 5 Game 


: PREVIEW 


: Prepare for 
: Lesson 4.4 in 
: Exs. 54-56. 


than in game 1? 


Solve the proportion. (p. 168) 


3 x х 1-3 21-2 
54. = = 2 55. 2 56. 


C2 
DIN 
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Plot the point in a coordinate plane. Describe the location of the point. (p. 206) 
L. (7,2) 2. (0, —5) 2 (2,—B) 


Graph the equation. (p. 215) 
4. —4x — 2y = 12 5. у= —5 6. х=6 


Find the x-intercept and the y-intercept of the graph of the equation. (р. 225) 


T. Y=x +7 8. y=x-3 9. у= —5x + 2 
10. x + 3y = 15 11. 3x — 6y = 36 12. —2x — 5y = 22 


13. SWIMMING POOLS 4A public swimming pool that holds 45,000 gallons of 
water is going to be drained for maintenance at a rate of 100 gallons per 
minute. The amount of water w (in gallons) in the pool after t minutes is 
given by the function w = 45,000 — 1001. Graph the function. Identify its 
domain and range. How much water is in the pool after 60 minutes? How 
many minutes will it take to empty the pool? (p. 225) 


EXTRA PRACTICE for Lesson 4.3, p. 941 EZ) ONLINE QUIZ at classzone.com 


MIXED 


Lessons 4.1-4.3 


1. MULTI-STEP PROBLEM An amusement park 


REVIEW of! bf Problem Solving 


2» STATE TEST PRACTICE 
P classzone.com 


4. SHORT RESPONSE You can hike at an average 


charges $20 for an all-day pass and $10 

for a pass after 5 P.M. On Wednesday the 
amusement park collected $1000 in pass 
sales. This situation can be modeled by the 
equation 1000 = 20x + 10y where x is the 
number of all-day passes sold and y is the 
number of passes sold after 5 P.M. 


a. Find the x-intercept of the graph of the 
equation. What does it represent? 


b. Find the y-intercept of the graph of the 
equation. What does it represent? 


c. Graph the equation using a scale of 10 
on the x- and y-axes. 


. MULTI-STEP PROBLEM А violin player who 
plays every day received a violin with new 
strings. Players who play every day should 
replace the strings on their violins every 

6 months. A particular brand of strings costs 
$24 per pack. The table shows the total 
spent a (in dollars) on replacement strings 
with respect to time t (in months). 


6 24 
12 48 
18 72 
24 96 
30 120 


a. Explain how you know the 
table represents a function. 


b. Graph the function. 


3. OPEN-ENDED Create a table that shows the 


number of minutes you think you will spend 
watching TV next week. Let Monday be 

day 1, Tuesday be day 2, and so on. 

Graph the data. Does the graph represent a 
function? Explain. 


rate of 3 miles per hour. Your total hiking 
distance d (in miles) can be modeled by the 
function d = 3t where t is the time (in hours) 
you hike. You plan on hiking for 10 hours this 
weekend. 


a. Is the domain or range specified in the 
problem? Explain. 


b. Graph the function and identify its 
domain and range. Use the graph to find 
how long it takes to hike 6 miles. 


. EXTENDED RESPONSE The table shows the 


departure d (in degrees Fahrenheit) from 
the normal monthly temperature in New 
England for the first six months of 2004. For 
example, in month 1, d = —3. So, the average 
temperature was 3 degrees below the normal 
temperature for January. 


a. Explain how you know the table 
represents a function. 


b. Graph the function and identify its 
domain and range. 


c. What does a point in Quadrant IV mean 
in terms of this situation? 


. GRIDDED ANSWER The graph shows the 


possible combinations of T-shirts and tank 
tops that you can buy with the amount of 
money you have. If you buy only T-shirts, 
how many can you buy? 


7 
6 
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їп iri ating ACTIVITY Use before Lesson 4.4 


1.4 Slopes of Lines 


MATERIALS «several books • two rulers 


га IN | 


You can use the ratio of the vertical rise 
to the horizontal run to describe the 


slope of a ramp. 


Make a ramp Make a stack of 
three books. Use a ruler as a 
ramp. Measure the rise and run 
of the ramp, and record them in 
a table. Calculate and record the 
slope of the ramp in your table. 


| DRAV | | 
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A 


Change the run Without 
changing the rise, make three 
ramps with different runs by 
moving the lower end of the 
ruler. Measure and record the 
rise and run of each ramp. 
Calculate and record each slope. 


Change the rise Without 
changing the run, make three 
ramps with different rises by 
adding or removing books. 
Measure and record the rise and 
run of each ramp. Calculate and 
record each slope. 


Describe how the slope of the ramp changes given the following conditions. 
Give three examples that support your answer. 


1. The run of the ramp increases, and the rise stays the same. 


2. The rise of the ramp increases, and the run stays the same. 


In Exercises 3-5, describe the relationship between the rise and the run 


of the ramp. 
3. Aramp with a slope of 1 


. Aramp with a slope greater than 1 


4 
5. Aramp with a slope less than 1 
6 


. Ramp A has arise of 6 feet and a run of 2 feet. Ramp B has a 
rise of 10 feet and a run of 4 feet. Which ramp is steeper? 


How do you know? 


Chapter 4 Graphing Linear Equations and Functions 


4 4 Find Slope and 
* ™ Rate of Change 


You graphed linear equations. 


Now ] You will find the slope of a line and interpret slope as a rate of change. 


So you can find the slope of a boat ramp, as in Ex. 23. 


Key Vocabulary The slope of a nonvertical line is the ratio of the vertical change (the rise) 
e slope to the horizontal change (the run) between any two points on the line. The 
e rate of change slope of a line is represented by the letter m. 


KEY CONCEPT For Your Notebook 


Finding the Slope of a Line 


Words Symbols Graph 


The slope m of the "m а 
1; nonvertical line passing E Mir 
: READING + 

түт нөө. Tn through the two points 

: Read x, as ‘x sub one” 4° (ху, у) and (x, y,) is the 


: Think “x-coordinate of ratio of the rise (change in 


(х, у») 


: the first point.” : 
: Read y, E “у sub one.’ y) to the run (change in x). (ху, yi) 
: Think “y-coordinate of  * > ne rise  changeiny 
: the first point.” < p n run n change inx 
Find a positive slope 
Find the slope of the line shown. 
Let (x,, yj) = (—4, 2) and (x,, у,) = (2, 6). 
: AVOID ERRORS У, – у; 
: Be sure to keep те = E Write formula for slope. 
М 2 1 
: X- and y-coordinates 
: in the same order іп —. 6-2 substitute. 
: both the numerator 2 — (4) 
: and denominator when A 2 mE 
: calculating slope. 2673 Simplify. 


The line rises from left to right. 
The slope is positive. 


Y GUIDED PRACTICE for Example 1 


Find the slope of the line that passes through the points. 
1. (5,2) and (4, —1) 2. (-2, 3) and (4, 6) з. (2,5) and |}, -3) 


4.4 Find Slope and Rate of Change 


235 


[ EXAMPLE 2 | Find a negative slope 


Find the slope of the line shown. 


: FIND SLOPE 
Prodi PR Let (х., y.) = (3, 5) and (x, y.) = (6, —1.. 
- In Example 2, if you е en y) l Jan xz Уз) ( 
: used two other points 327 X i 
: on the Tine, such as m X,— X, Write formula for slope. 
. (4, 3) and (5, 1), in the ETE 
: slope formula, the slope 6-3 Substitute. 
: would still be —2. 
| A quum 46-015 
з — pt tt JUANA) || 
EZNNBENNERENM 
The line falls from left to right. 
The slope is negative. 
[ EXAMPLE 3 | Find the slope of a horizontal line 
Find the slope of the line shown. TT TA] JT TT] 


Let (x,, уу) = (2, 4) and (x,, y,) = (4, 4). BÓ 
= A Write formula for slope. HH Шиши 


ж ы 
_ 4-4 ; 
“I C3 Substitute. 
_0_ 0 Simplif The line is horizontal. 
6 Р The slope is zero. 
[ EXAMPLE 4 ] Find the slope of a vertical line 
Find the slope of the line shown. TA TAT TT Td 
Let (x,, y,) = (3, 5) and (x,, y,) = (3, 1). | {| lesa | | | 
pi ' 02 
= = — = Write formula for slope. иш MON LTL] 
кч ft Bn, ||| 
= 1-5 Substitute. TIIT 
3-3 vy! y || |+ 
- — ‚ " The line is vertical. 
= E Division by zero is undefined. The slope is undefined. 


> Because division by zero is undefined, the slope of a vertical line 
is undefined. 


Y GUIDED PRACTICE for Examples 2, 3, and 4 


Find the slope of the line that passes through the points. 
4. (5, 2) and (5, —2) 5. (0, 4) and (—3, 4) 6. (0, 6) and (5, —4) 
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CONCEPT SUMMARY For Your Notebook 


Classification of Lines by Slope 


A line with positive A line with negative A line with zero slope A line with undefined 
slope (т > О) rises slope (m < 0) falls (m = 0) is horizontal. slope is vertical. 
from left to right. from left to right. 


FOR 


RATE OF CHANGE A rate of change compares a change in one quantity to a 
change in another quantity. For example, if you are paid $60 for working 

5 hours, then your hourly wage is $12 per hour, a rate of change that describes 
how your pay increases with respect to time spent working. 


| EXAMPLE 5 ] Find a rate of change 


INTERNET CAFE The table shows the cost of using 
a computer at an Internet cafe for a given amount 
of time. Find the rate of change in cost with respect 
to time. 


dbdd dd dd dd dd ¿dd ddd dddd бб E 


L—  ERENNE 


Solution 
ТАЕ UNIS ЖИ fch _ change in cost 
: Because the cost is Rate of change = change tn time 
: in dollars and time 
: is in hours, the rate 214-7 -7 -35 
: of change in cost 4-2 2 


: with respect to time 
: is expressed in 
: dollars per hour. 


» The rate of change in cost is $3.50 per hour. 


GUIDED PRACTICE for Example 5 


7. EXERCISE The table shows the 


distance a person walks for my ra 
exercise. Find the rate of change 
in distance with respect to time. E 
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SLOPE AND RATE OF CHANGE You сап interpret the slope of a line as a rate 
of change. When given graphs of real-world data, you can compare rates of 
change by comparing slopes of lines. 


[ EXAMPLE 6 | Use a graph to find and compare rates of change 


COMMUNITY THEATER A community 
theater performed a play each Saturday 

evening for 10 consecutive weeks. 

The graph shows the attendance for the 
performances in weeks 1, 4, 6, and 10. 
Describe the rates of change in 
attendance with respect to time. 


| 
LLL LL LS 


Attendance 


MENSEM 
fem 11 ТМ 
(1, 124) E 
паноа шш. 


4 6 8 10 ~ 


Find the rates of change using the Week of performance 
slope formula. 


Solution 


232 — 124 108 


Weeks 1-4: cx. e 36 people per week 
: INTERPRET RATE 
: OF CHANGE 204 — 232 _ —28 
$ 90000900090000000900000000009000009000 —о: ——— = — = — 14 1 
ЕЕ » Weeks 4-6 =. 2 people per week 
: change indicates a Е Е 
: decrease. Weeks 6-10: a = E = —33 people per week 


> Attendance increased during the early weeks of performing the play. Then 
attendance decreased, slowly at first, then more rapidly. 


Interpret a graph 


COMMUTING TO SCHOOL 4A student commutes 
from home to school by walking and by riding a 
bus. Describe the student's commute in words. 


LL LLLI I. 
pet? tilly 


Solution 


Distance (miles) 


The first segment of the graph is not very steep, 
so the student is not traveling very far with 
respect to time. The student must be walking. Time (minutes) 
The second segment has a zero slope, so the 

student must not be moving. He or she is waiting for the bus. The last 
segment is steep, so the student is traveling far with respect to time. The 
student must be riding the bus. 
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r4 GUIDED PRACTICE for Examples 6 and 7 


8. WHAT IF? How would the answer to Example 6 change if you knew that 
attendance was 70 people in week 12? 


9. WHAT IF? Using the graph in Example 7, draw a graph that represents the 
student's commute from school to home. 


238 Сһарќег4 Graphing Linear Equations and Functions 


4.4 EXERCISES 


HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
KEY: on p. WS9 for Exs. 11 and 37 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 17, 18, 34, and 40 


' SKILL PRACTICE 


; EXAMPLES 
: 1,2,3, and 4 
: on pp. 235-236 
: for Exs. 4-18 


1. VOCABULARY Copy and complete: The ? ofa nonvertical line is the 
ratio of the vertical change to the horizontal change between any two 
points on the line. 


2. Ж WRITING Without calculating the slope, how can you tell that the slope 
of the line that passes through the points (—5, —3) and (2, 4) is positive? 


3. ERROR ANALYSIS Describe and correct the error 3 
in calculating the slope of the line passing through a= Y 3 1 X 
the points (5, 3) and (2, 6). 


FINDING SLOPE Tell whether the slope of the line is positive, negative, zero, 
or undefined. Then find the slope if it exists. 


ot TT e 
(aa [||| 


кйш шш шш шш 
MON SESE EE 


7. ERROR ANALYSIS Describe and correct PAY? | | PSK TT EP dd 
the error in calculating the slope of the BRR. 2 | | | ||! 


line shown, 0 SEEEE 
E 0 in UE 
IP => 099% 
+ 
FINDING SLOPE Find the slope of the line that passes through the points. 
8. (—2, —1) and (4, 5) 9. (73, —2) and (23, 6) 10. (5, —3) and (—5, —3) 
(11) (1, 3) and (3, —2) 12. (3, 4) and (4, 1) 13. (1, -3) and (7, 3) 
14. (0, 0) and (0, —6) 15. (—9, 1) and (1, 1) 16. (—10, —2) and (-8, 8) 


17. Ж MULTIPLE CHOICE The slope of the line that passes through the 
points (—2, —3) and (8, -3) is. ? . 


СА) positive negative (С) zero (D? undefined 


18. Ж MULTIPLE CHOICE What is the slope of the line that passes through 
the points (7, —9) and (-13, —6)? 


d -2 ® 2 © } © 7 
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: опр. 237 movie before returning it and the total cost of renting the movie. Find the 
: for Exs. 19-20 rate of change in cost with respect to time and interpret its meaning. 


 Timeldays) 4 5 | 6 | 7 | 


: EXAMPLE 5 19. MOVIE RENTALS The table shows the number of days you keep a rented 


Total cost (dollars) | 600 | 825 10.50 12.75 


20. AMUSEMENT PARK The table shows the amount of time spent at an 
amusement park and the admission fee the park charges. Find the rate 
of change in the fee with respect to time spent at the park and interpret 
its meaning. 


mem «|= |. 


Admission fee (dollars) 34.99 34.99 34.99 


FINDING SLOPE Find the slope of the object. Round to the nearest tenth. 
21. Skateboard ramp 22. Pet ramp 23. Boat ramp 


In Exercises 24-32, use the example below to find the value of x or y so 
that the line passing through the given points has the given slope. 


¡301 17838) Find a coordinate given the slope of a line 


Find the value of x so that the line that passes through the points 
(2, 3) and (x, 9) has a slope of >, 


Solution 
Let (x,, y,) = (2, 3) and (x,, y,) = (x, 9). 


Write formula for slope. 


Substitute values. 


3(x — 2) = 2(9 — 3) Cross products property 


Зх — 6 = 12 Simplify. 


Solve for x. 


24. (x, 4), (6, —1); т — 


25. (0, у), 2, D; m = -8 26. (8, 1), (x, 7); m = => 


28. (—9, у), (0, -3); m = —L 


27. (5, 4), (—5, у); т = 9 29. (x, 9), (1, 19); m = 5 


30. (9, 3), (—6, 7); т = 3 31. (—3, y + 1), (0,4); т= 6 32. > 7) (10, 15);m= 4 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
240 on p. WS1 TEST PRACTICE 


33. REASONING The point (—1, 8) is on a line that has a slope of —3. Is the 
point (4, —7) on the same line? Explain your reasoning. 


34. ж WRITING Isa line with undefined slope the graph of a function? Explain. 


35. CHALLENGE Given two points (x,, y,) and (X5, у,) such that X 3X, 


“VU A-X 


— Xy X, — X5 


show that ^ . What does this result tell you about 


— the slope of a line? 


' PROBLEM SOLVING 


: EXAMPLE 6 36. OCEANOGRAPHY Ocean water levels are measured hourly at a 

: on p. 238 monitoring station. The table shows the water level (in meters) on 

: for Exs. 36-37 one particular morning. Describe the rates of change in water levels 
throughout the morning. 


Hours since 12:00 A.M. тз [а | т. 12 
Waterlevel(meters) | 2 14 | оз | 1 | 18 


_CHomeTlutor 
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(зт) MULTI-STEP PROBLEM Firing a piece of pottery 
in a kiln takes place at different temperatures for 
different amounts of time. The graph shows the 
temperatures in a kiln while firing a piece of 
pottery (after the kiln is preheated to 250°F). 


a. Determine the time interval 
during which the temperature 
in the kiln showed the greatest 
rate of change. 


b. Determine the time interval 
during which the temperature 
in the kiln showed the least 
rate of change. 


Temperature (°F) 


for problem solving help at classzone.com 


Time (hours) 


: EXAMPLE7 | 38. FLYING The graph shows the 39. HIKING The graph shows 
: on p. 238 altitude of a plane during 4 hours the elevation of a hiker walking on 
: for Exs. 38-39 of a flight. Give a verbal description a mountain trail. Give a verbal 


of the flight. description of the hike. 


y y 


Elevation (feet) 
Elevation (feet) 


Time (hours) 5 Time (minutes) ш 
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MIXED REVIEW 


40. * EXTENDED RESPONSE The graph shows the number (in thousands) 
of undergraduate students who majored in biological science, 
engineering, or liberal arts in the United States from 1990 to 2000. 


a. During which two-year period did 


the number of engineering students Undergraduate Students 


decrease the most? Estimate the rate 


70 


of change for this time period. © m Ld dl n 
b. During which two-year period did the 2 | LAT engineering} _ 

number of liberal arts students increase | 2 |" Biological science a 

the most? Estimate the rate of change 2 => Y 

for this time period. 2 liberal arts 

! 5 ERN 

c. How did the total number of students ә 0 

majoring in biological science, 1990 1992 1994 1996 1998 2000 


engineering, and liberal arts change in Year 
the 10 year period? Explain your thinking. 


41. CHALLENGE Imagine the containers below being filled with water 
at a constant rate. Sketch a graph that shows the water level for each 
container during the time it takes to fill the container with water. 


БАД 


: PREVIEW 


: Prepare for 
: Lesson 4.5 in 
: Exs. 57-62. 


242 


Check whether the given number is a solution of the equation or 
inequality. (p. 21) 


42. 4b-7=b+11;6 43. x-8=-2x- M; -1 44. 1+9 = 13; 16 


y+3 


45. a+9>20;3 46. 2 


« 13; 23 47. 2(p + 5) € 75; 4 


Evaluate the expression. Approximate the square root to the nearest 
integer, if necessary. (p. 110) 


48. V16 49. —V9 50. +ү45 
51. У136 52. +V64 53. —V33 
54. +V154 55. +V256 56. V4761 


Find the x-intercept and the y-intercept of the graph of the equation. (p. 225) 
57. у= x - Y 58. y=-x- 1 59. y = 8 — 2x 
60. у = 3х +5 61. у= 4х — 10 62. y = —9 + 6x 


EXTRA PRACTICE for Lesson 4.4, р. 941 ED) ONLINE QUIZ at classzone.com 


In уенда 9 A CTIVITY Use before Lesson 4.5 


Slope and y-Intercept 


Find ү when x = 0 
Copy the table below. Let 

x, = O and find y, for each 
equation. Use your answers to 
complete the second and fifth 
columns in the table. 


[STEP 2] Find y when x = 2 


Let x, = 2 and find y, for each 
equation. Use your answers to 
complete the third column in 
the table. 


3| Compute the slope 


Us the slope formula and the 
ordered pairs you found in the 
second and third columns to 
complete the fourth column. 


y-intercept 


do you notice? 


2. Compare the y-intercept of each line with the equation of the line. 


What do you notice? 


1. Compare the slope of each line with the equation of the line. What 


Predict the slope and the y-intercept of the line with the given equation. 
Then check your predictions by finding the slope and y-intercept as you did 


in the table above. 


3. y = —5x + 1 4. у = 


З 


x2 з doy — 1 


2 


6. REASONING Use the procedure you followed to complete the table 
above to show that the y-intercept of the graph of y = mx + bis b and 


the slope of the graph is m. 


4.5 Graph Using Slope-Intercept Form 


4 5 Graph Using 
e. Slope-Intercept Form 


You found slopes and graphed equations using intercepts. 


| Now ) You will graph linear equations using slope-intercept form. 
So you can model a worker's earnings, as in Ex. 43. 


Key Vocabulary In the activity on page 243, you saw how the slope and y-intercept of the 

* slope-intercept graph of a linear equation in the form y = mx + b are related to the equation. 
form 

“ae : KEY CONCEPT 


Finding the Slope and y-Intercept of a Line 


Words Symbols 
A linear equation of the y =mx+b 
form y = mx + bis written | \ 


in slope-intercept form 

> where mis the slope and 
bis the y-intercept of the | 
equation’s graph. 


slope  y-intercept 


=1 
y-gxt1 


Identify slope and y-intercept 


Identify the slope and y-intercept of the line with the given equation. 


а. у = Зх + 4 b. 3x + y=2 
: REWRITE Solution 
; EQUATIONS — .... a. The equation is in the form y = mx + b. So, the slope of the line is 3, and 
: When you rewrite a the y-intercept is 4. 


: linear equation in slope- 
: intercept form, you 


; are expressing y as a йх+у=2 Write original equation. 
: function of x. 


b. Rewrite the equation in slope-intercept form by solving for y. 


y = 3х + 2 Subtract Зх from each side. 


» The line has a slope of —3 and a y-intercept of 2. 


Y GUIDED PRACTICE for Example 1 


Identify the slope and y-intercept of the line with the given equation. 


l. y=5x-3 2. Зх — Зу = 12 3. x+4y=6 
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Graph the equation 2x + y = 3. 


Solution 


STEP? Rewrite the equation in slope-intercept form. 


: CHECK си 

: REASONABLENESS . STEP 2 Identify the slope and the y-intercept. 

: To check the line drawn | 

: in Example 2, substitute m= —2andb-3 

: the coordinates of STEP 3 Plot the point that corresponds to the 

: the second point into y-intercept, (0, 3). 

: the original equation. 

: You should get a true STEP 4 Use the slope to locate a second point on the line. Draw a line 
: statement. through the two points. 
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MODELING In real-world problems that can be modeled by linear equations, 
the y-intercept is often an initial value, and the slope is a rate of change. 


| EXAMPLE 3 | Change slopes of lines  —  — 


|. ESCALATORS То get from one floor to another at a library, 
you can take either the stairs or the escalator. You can climb 

| Stairs at a rate of 1.75 feet per second, and the escalator 

rises at a rate of 2 feet per second. You have to travel a 

vertical distance of 28 feet. The equations model the 

vertical distance d (in feet) you have left to travel after 

t seconds. 


| Stairs: d = —1.75t + 28 Escalator: d = —2t + 28 


a. Graph the equations in the same coordinate plane. 


b. How much time do you save by taking the escalator? 


Solution 


a. Draw the graph of d = —1.75t + 28 using the fact that 
the d-intercept is 28 and the slope is —1.75. Similarly, 
draw the graph of d = —2t + 28. The graphs make 
sense only in the first quadrant. 


b. The equation d = —1.75t + 28 has a t-intercept of 16. 
The equation d = —2t + 28 has a t-intercept of 14. So, 
you save 16 — 14 = 2 seconds by taking the escalator. 


v GUIDED PRACTICE | for Examples 2 and 3 


4. Graph the equation y = —2x + 5. 


5. WHAT IF? In Example 3, suppose a person can climb stairs at a rate of 
1.4 feet per second. How much time does taking the escalator save? 
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246 


[| EXAMPLE 4 | Change intercepts of lines 


TELEVISION A company produced two 30 second commercials, one for 
$300,000 and the second for $400,000. Each airing of either commercial on 

a particular station costs $150,000. The cost C (in thousands of dollars) to 
produce the first commercial and air it n times is given by С = 150n + 300. 
The cost to produce the second and air it n times is given by С = 150n + 400. 


a. Graph both equations in the same coordinate plane. 


b. Based on the graphs, what is the difference of the costs to produce each 
commercial and air it 2 times? 4 times? What do you notice about the 
differences of the costs? 


Solution Г T | WE 

C= 1500+ 400/ A | __ 

|| | 1891000 

|| YA | | 
Pa 


a. The graphs of the equations are shown. 


b. You can see that the vertical distance 
between the lines is $100,000 when n = 2 
and n = 4. 


The difference of the costs is $100,000 no 
matter how many times the commercials 
are aired. 


| AC 19100000 | 
fA | | | ft 
/ 1С= 1500+ 300 | | 


Cost (thousands of dollars) 


Airings 


PARALLEL LINES Two lines in the same plane are parallel if they do not 
intersect. Because slope gives the rate at which a line rises or falls, two 
nonvertical lines with the same slope are parallel. 


( EXAMPLE 5 | Identify parallel lines 


Determine which of the lines are parallel. 


Find the slope of each line. 


1 E „=й, A 
Line a: m 199—8 
__ 8-4-0. -2.2 
Line b: т = ———= = = Б 
A 
Line c: m = 274 6-3 


» Line a and line c have the same slope, so they are parallel. 


f GUIDED PRACTICE — for Examples 4 and 5 


6. WHAT IF? In Example 4, suppose that the cost of producing and airing a 
third commercial is given by C = 150n + 200. Graph the equation. Find the 
difference of the costs of the second commercial and the third. 


7. Determine which lines are parallel: line a through (—1, 2) and (3, 4); 
line b through (2, 2) and (5, 8); line c through (—9, —2) and (-3, 1). 


Chapter 4 Graphing Linear Equations and Functions 


45 EXERCISES HOMEWORK: () = WORKED-OUT SOLUTIONS 
и КЕҮ: on р. WS9 for Exs. 11, 21, and 41 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 9, 10, 36, 42, and 44 


' SKILL PRACTICE | 


1. VOCABULARY Copy and complete: Two lines in the same plane are ? if 
they do not intersect. 


| 2. ж WRITING What is the slope-intercept form of a linear equation? 
Explain why this form is called slope-intercept form. 


: EXAMPLE 1 SLOPE AND y-INTERCEPT Identify the slope and y-intercept of the line with 


: on p. 244 the given equation. 
: for Exs. 3-16 
icd З. y=¿x +1 4. y= -x 5. y=6- Зх 
6. y = -7 + 5x 7. у= х—1 8. у= —ix48 


9. Ж MULTIPLE CHOICE What is the slope of the line with the equation 


у= -18x — 9? 
СА) —18 —B © 9 (D> 18 
10. Ж MULTIPLE CHOICE What is the y-intercept of the line with the equation 
x — Зу = -12? 
СА) —12 -4 © 4 D 12 


REWRITING EQUATIONS Rewrite the equation in slope-intercept form. Then 
identify the slope and the y-intercept of the line. 


(11) 4x « y - 1 12. x- y^ 6 13. 6x — Зу = —9 
14. —-12x — 4у = 2 15. 2x + 5y = —10 16. —x — 10у = 20 


: EXAMPLE 2 MATCHING EQUATIONS WITH GRAPHS Match the equation with its graph. 


pu 17. 2x + Зу = 6 18. 2x + Зу = —6 19. 2х - 3y = 6 


: for Exs. 17-29 


ССС 


20. ERROR ANALYSIS Describe and 
correct the error in graphing 
the equation y = 4x — 1. 
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GRAPHING EQUATIONS Graph the equation. 


(2) y=-6x+1 22. y=3x+2 23. y=-x+7 

_ й "P _ 5 
24. у= =х 25. у= 15-5 26. у = 2х + 2 
27. (x —2y = —11 28. —8x — 2y = 32 29. —x — 0.5у= 2.5 


: EXAMPLE 5 PARALLEL LINES Determine which lines are parallel. 


Э ТТТ ГГ 


: on р. 246 


: for Exs. 30-35 | 30. TOE RA TE 
иш NN 


oa eg | | | | | 
A oN fit | | | |. 


иш М 
ТО IN WIT NY NEBNNEES TENNENENNE 


PARALLEL LINES Tell whether the graphs of the two equations are parallel 
lines. Explain your reasoning. 


32. y25x 9х+Уу= 7 33. у = 3x + 2, -7 + Зх = y 
34. y= —0.5x,x + 2y = 18 35. 4x + у= 3, х + 4у = З 
36. Ж OPEN-ENDED Write the equation of a line that is parallel to 


6x + y = 24. Explain your reasoning. 


REASONING Find the value of k so that the lines through the given points 


are parallel. 
37. Line 1: (—4, —2) and (0, 0) 38. Line 1: (—1, 9 and (—6, —6) 
Line 2: (2, 7) and (k, 5) Line 2: (—7, k) and (0, —2) 


39. CHALLENGE To show that the slope of a line is constant, let (x,, y,) and 
(x,, y,) be any two points on the line у = mx + b. Use the equation of the 
line to express y, in terms of x, and y, in terms of x,. Then show that the 
slope between the two points is m. 


—. 
- PROBLEM SOLVING 


: EXAMPLES 40. HOCKEY Your family spends $60 on tickets to a hockey 


: Запад | game and $4 per hour for parking. The total cost 
: On pp. 245-246 C (in dollars) is given by C = 60 + 4t where t is the 
: for Exs. 40-44 | time (in hours) your family's car is parked. 


a. Graph the equation. 


b. Suppose the parking fee is raised to $5.50 per hour so 
that the total cost of tickets and parking for t hours 
is C = 60 + 5.5t. Graph the equation in the same 
coordinate plane as the equation in part (a). 


c. How much more does it cost to go to a game for 
4 hours after the parking fee is raised? 
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(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
248 on p. WS1 TEST PRACTICE 


SPEED LIMITS In 1995 Pennsylvania changed its maximum speed limit 


42. 


43. 


44. 


on rural interstate highways, as shown below. The diagram also shows 
the distance d (in miles) a person could travel driving at the maximum 
speed limit for t hours both before and after 1995. 


Before 1995 


a. Graph both equations in the same coordinate plane. 


b. Use the graphs to find the difference of the distances a person could 
drive in 3 hours before and after the speed limit was changed. 


itor for problem solving help at classzone.com 


Ж SHORT RESPONSE A service station charges $40 per hour for labor 
plus the cost of parts to repair a car. Parts can either be ordered from 
the car dealership for $250 or from a warehouse for $200. The equations 
below give the total repair cost C (in dollars) for a repair that takes 

t hours using parts from the dealership or from the warehouse. 


Dealership: С = 40t + 250 Warehouse: C = 40t + 200 
a. Graph both equations in the same coordinate plane. 


b. Use the graphs to find the difference of the costs if the repair takes 
3 hours. What if the repair takes 4 hours? What do you notice about 
the differences of the costs? Explain. 


FACTORY SHIFTS Welders at a factory can work one of two shifts. 
Welders on the first shift earn $12 per hour while workers on the second 
shift earn $14 per hour. The total amount a (in dollars) a first-shift 
worker earns is given by а = 12t where tis the time (in hours) worked. 
The total amount a second-shift worker earns is given by a = 14t. 


a. Graph both equations in the same coordinate plane. What do the 
slopes and the a-intercepts of the graphs mean in this situation? 


b. How much more money does a welder earn for a 40 hour week if he or 
she works the second shift rather than the first shift? 


Ж EXTENDED RESPONSE Ап artist is renting a booth at an art show. A 
small booth costs $350 to rent. The artist plans to sell framed pictures for 
$50 each. The profit P (in dollars) the artist makes after selling p pictures 
is given by P = 50p — 350. 

a. Graph the equation. 


b. If the artist decides to rent a larger booth for $500, the profit is given 
by P = 50p — 500. Graph this equation on the same coordinate plane 
you used in part (a). 


c. The artist can display 80 pictures in the small booth and 120 in the 
larger booth. If the artist is able to sell all of the pictures, which 
booth should the artist rent? Explain. 
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45. CHALLENGE To use a rock climbing wall at a college, a person who does 
not attend the college has to pay a $5 certification fee plus $3 per visit. 
The total cost С (in dollars) for a person who does not attend the college 
is given by С = 3v + 5 where vis the number of visits to the rock climbing 
wall. A student at the college pays only an $8 certification fee, so the total 
cost for a student is given by С = 8. 


a. Graph both equations in the same coordinate plane. At what point do 
the lines intersect? What does the point of intersection represent? 


b. When will a nonstudent pay more than a student? When will a student 
pay more than a nonstudent? Explain. 


Simplify the expression. (p. 96) 
46. 3(x + 24) 47. 5(x — 5) 48. 8(x — 6) 
Solve the equation. 
| 49. 3x + x= 8 (p. 141) 50. 5(x — 3x) = 15 (p. 148) 51. 5 (8x — 3) = 16 (р. 148) 
: PREVIEW Find the slope of the line that passes through the points. (p. 235) 
; Prepare for 52. (3, 4) and (9, 5) 53. (4, —4) and (2, 2) 54. (-3, —7) and (0, —7) 
: Lesson 4.6 
PIED Solve the proportion. Check your solution. (p. 168) 
4 x 2x _8 717—2  8t—4 
| 99. Бб 96. 1-4 9 а 5 


AAA 
' QUIZ for Lessons 4.4-4.5 


Find the slope of the line that passes through the points. (p. 235) 
1. (3, —11) and (0, 4) 2. (2, 1) and (8, 4) 3. (—4, -1) and (—1, -1) 


Identify the slope and y-intercept of the line with the given equation. (p. 244) 


4. у= —x * 9 5. 2x + 9y = —18 6. —x + 6y = 21 


Graph the equation. (p. 244) 
7. у= —2x + 11 8. y-2x—8 9. —3x — 4y = —12 


10. RED OAKS Red oak trees grow at a rate of about 2 feet per year. You buy 
and plant two red oak trees, one that is 6 feet tall and one that is 8 feet 
tall. The height Л (in feet) of the shorter tree can be modeled by h = 2t + 6 
where f is the time (in years) since you planted the tree. The height of the 
taller tree can be modeled by h = 2t + 8. (p. 244) 


a. Graph both equations in the same coordinate plane. 


b. Use the graphs to find the difference of the heights of the trees 5 years 
after you plant them. What is the difference after 10 years? What do 
you notice about the difference of the heights of the two trees? 
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Solve Linear Equations by 


Use after Lesson 4.5 Gr aphin g 


Ге ТИ Use graphs to solve linear equations. 


In Chapter 3, you learned how to solve linear equations in one variable 
algebraically. You can also solve linear equations graphically. 


KEY CONCEPT For Your Notebook 


Steps for Solving Linear Equations Graphically 


Use the following steps to solve a linear equation in one variable 
graphically. 


STEP Y Write the equation in the form ax + b = 0. 
STEP 2 Write the related function y = ax + b. 
STEP 3 Graph the equation y = ax + b. 
The solution of ax + b = 0 is the x-intercept of the graph of y = ax + b. 


Solve an equation graphically 


Solve > x + 2 = Зх graphically. Check your solution algebraically. 


Solution 


STEP T Write the equationintheformax+b=0. | | 4»| | | | | |. 
HIP 
oN 


MEL 
ML у= —3X +t 2 

1 

-5x +2=0 Subtract 3x from each side. а ы LL 


NESNL AE 
le ELA 


Эх +2 = Зх Write original equation. 


STEP 2 Write the related function y = -5x +2, 
STEP 3 Graph the equation у = -ix t 2. The x-intercept is 4. 


» The solution of 2x + 2 = 3xis 4. 
CHECK Use substitution. 

2x + 2 = 3x Write original equation. 

2(4) + 2 2 3(4) Substitute 4 for x. 
10 + 2 = 12 Simplify. 


12=12Y Solution checks. 
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: SET THE WINDOW 


: Use the following 

: viewing window for 
: Example 2. 

: Xmin=—5 

: Xmax=60 

: Xscl=5 

: Ymin=-150 

: Ymax=10 

: Yscl=10 


[ EXAMPLE 2 ] Approximate a real-world solution 


POPULATION The United States population P (in millions) can be modeled 
by the function Р = 2.6831 + 213.1 where t is the number of years since 
1975. In approximately what year will the population be 350 million? 


Solution 
Substitute 350 for P in the linear model. You can answer the question by 
solving the resulting linear equation 350 = 2.6831 + 213.1. 
STEP 7 Write the equation in the form ax + b= 0. 
350 = 2.6831 + 213.1 Write equation. 
0 = 2.6831 — 136.9 Subtract 350 from each side. 
0 = 2.683x — 136.9 Substitute x for t. 


STEP 2 Write the related function: y = 2.683x — 136.9. 


STEP 3 Graph the related function on A 
u a graphing calculator. Use the | | 
trace feature to approximate the 
x-intercept. You will know that | | 
you ve crossed the x-axis when the 
y-values change from negative to С X251.010638 Y=-.038457 
positive. The x-intercept is about 51. a 


» Because x is the number of years since 1975, you can estimate that the 
population will be 350 million about 51 years after 1975, or in 2026. 


_ PRACTICE 


: EXAMPLE 1 | Solve the equation graphically. Then check your solution algebraically. 


: for Exs. 1-6 1. 


4. 


: EXAMPLE 2 7. 


: On p. 252 
: for Exs. 7—9 


6x+5=-7 2. —7x + 18 = —3 3. 2x —4— Зх 


2x—-8-2x 5. —4 + 9x = -3x + 2 6. 10x — 18x = 4x — 6 


CABLE TELEVISION The number s (in millions) of cable television 
subscribers can be modeled by the function s = 1.79t + 51.1 where tis the 
number of years since 1990. Use a graphing calculator to approximate the 
year when the number of subscribers was 70 million. 


. EDUCATION The number b (in thousands) of bachelor’s degrees in Spanish 


earned in the U.S. can be modeled by the function b = 0.281t + 4.26 
where tis the number of years since 1990. Use a graphing calculator to 
approximate the year when the number of degrees will be 9000. 


. TRAVEL The number of miles m (in billions) traveled by vehicles in New 


York can be modeled by m = 2.56t + 113 where tis the number of years 
since 1994. Use a graphing calculator to approximate the year in which 
the number of vehicle miles of travel in New York was 130 billion. 
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Model Direct Variation 


| © 
You wrote and graphed linear equations. 


Г Now ] You will write and graph direct variation equations. 
So you can model distance traveled, as in Ex. 40. 


Key Vocabulary Two variables x and y show direct variation provided y = ax and a + 0. The 
e direct variation nonzero number ais called the constant of variation, and y is said to vary 
* constant of directly with x. 

variation 


The equation y = 5x is an example of direct variation, and the constant of 
variation is 5. The equation y = x + 5is not an example of direct variation. 


291121893: 80 Identify direct variation equations 


_ Tell whether the equation represents direct variation. If so, identify the 
constant of variation. 


а. 2x – Зу = 0 b. -x+y=4 


Solution 
To tell whether an equation represents direct variation, try to rewrite the 
equation in the form y = ax. 

a. 2x — Зу = 0 Write original equation. 


—3y = —2x Subtract 2x from each side. 
_ 2 А , 
y=3X Simplify. 


» Because the equation 2x — Зу = 0 can be rewritten in the form y = ax, it 


represents direct variation. The constant of variation is Z, 


b. -x+ y=4 Write original equation. 


у=х+4 Add xto each side. 


» Because the equation —x + y = 4 cannot be rewritten in the form 
y = ax, it does not represent direct variation. 


GUIDED PRACTICE for Example 1 


Tell whether the equation represents direct variation. If so, identify the 
constant of variation. 


1. -x+y=1 2. 2х+у= 0 3. 4х — 5у = 0 
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DIRECT VARIATION GRAPHS Notice that a direct variation equation, у = ах, 
is a linear equation in slope-intercept form, y = mx + b, with m = aand 

b = 0. The graph of a direct variation equation is a line with a slope of a and 
a y-intercept of 0. So, the line passes through the origin. 


| EXAMPLE 2 ] Graph direct variation equations 


: DRAW A GRAPH 


: If the constant of 

: variation is positive, the 
: graph of y = ax passes 

: through Quadrants | 

: апа Ш. If the constant of 
: variation is negative, the 
: graph of y = ax 

: passes through 

: Quadrants II and IV. 


Graph the direct variation equation. 


а. y= 2х b. y= —3x 
Solution 


b. Plot a point at the origin. The 
slope is equal to the constant 
of variation, or —3. Find and 
plot a second point, then draw 
a line through the points. 


a. Plot a point at the origin. The slope 
is equal to the constant of variation, 


Or £, Find and plot a second point, 


then draw a line through the points. 
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| EXAMPLE 3 | Write and use a direct variation equation 


v GUIDED PRACTICE 


254 


The graph of a direct variation equation is shown. 
a. Write the direct variation equation. 


b. Find the value of y when x = 30. 


Solution 


a. Because y varies directly with x, the equation has 
the form y = ax. Use the fact that y = 2 when x = —1 to find a. 


y = ax Write direct variation equation. 
2 = а(—1) Substitute. 
—2 = а Solve for а. 


» A direct variation equation that relates x and y is y = —2x. 


b. When x = 30, y = —2(30) = —60 


| for Examples 2 and 3 


4. Graph the direct variation equation y = 2x. 


5. The graph of a direct variation equation passes through the point (4, 6). 
Write the direct variation equation and find the value of y when x = 24. 


Chapter 4 Graphing Linear Equations and Functions 


: ANOTHER WAY 


: For alternative methods 
: for solving Example 4, 

: turn to page 260 for 

: the Problem Solving 

: Workshop. 


: RECOGNIZE RATE 
: OF CHANGE 


: The value of a in 

: Example 4 is a rate of 
: change: 5 tablespoons 
: of sea salt per gallon 

: of water. 


KEY CONCEPT For Vour Wotebook 


Properties of Graphs of Direct Variation Equations 
• The graph of a direct variation equation y y 
is a line through the origin. 
• The slope of the graph of y = ax is а. T X 
a>0 а<0 


ЕХАМРІЕ 4 Solve a multi-step problem 


| SALTWATER AQUARIUM The number s of 
tablespoons of sea salt needed in a saltwater 
fish tank varies directly with the number w 
of gallons of water in the tank. A pet shop 
owner recommends adding 100 tablespoons 
of sea salt to a 20 gallon tank. 


e Write a direct variation equation that 
relates w and s. 


• How many tablespoons of salt should be 
added to a 30 gallon saltwater fish tank? 


Solution 


STEP? Write a direct variation equation. Because s varies directly with w, 
you can use the equation s = aw. Also use the fact that s = 100 when 
w = 20. 


S = aw Write direct variation equation. 


100 = a(20) Substitute. 


= 5=a Solve for a. 


» A direct variation equation that relates w and sis s = 5w. 


STEP 2 Find the number of tablespoons of salt that should be added to a 
30 gallon saltwater fish tank. Use your direct variation equation 
from Step 1. 


5 = 50 Write direct variation equation. 
5 = 5(30) Substitute 30 for и. 
s= 150 Simplify. 
» You should add 150 tablespoons of salt to a 30 gallon fish tank. 


GUIDED PRACTICE for Example 4 


6. WHAT IF? In Example 4, suppose the fish tank is a 25 gallon tank. 
How many tablespoons of salt should be added to the tank? 
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Y - 
X 

x * 0. So, in a direct variation, the ratio of y to x is constant for all nonzero 
data pairs (x, y). 


| EXAMPLE 5 | Use a direct variation model 


ONLINE MUSIC The table shows the cost C 
я и Cost, С 
of downloading s songs at an Internet music site. (dollars) 


RATIOS The direct variation equation y = ax can be rewritten as a for 


a. Explain why C varies directly with s. 


b. Write a direct variation equation that 
relates s and C. 


: CHECK RATIOS Solution 

: For real-world data, 

: the ratios may not be a. To explain why C varies directly with s, compare the ratios С for all data 
: exactly equal. You may 297 495 693 

: still be able to use a pairs (s, С): 32 = 232 = 272 = 0.99. 


: direct variation model 
: when the ratios are 
: approximately equal. | b. Adirect variation equation is C = 0.995. 


Because the ratios all equal 0.99, C varies directly with s. 


Y  GUIDEDPRACTICE for Example5 - 


7. WHAT IF? In Example 5, suppose the website charges a total of $1.99 for 
the first 5 songs you download and $.99 for each song after the first 5. Is it 
reasonable to use a direct variation model for this situation? Explain. 


46 EXERCISES "ttt Озот 
ө КЕҮ: оп р. WS9 for Exs. 7, 21, and 43 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 9, 28, 38, 43, 44, and 46 


: es = MULTIPLE REPRESENTATIONS 
Ex. 45 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: Two variables x and у show ? 
provided y = ax and a = 0. 


2. ж WRITING A line has a slope of —3 and a y-intercept of 4. Is the 
equation of the line a direct variation equation? Explain. 


: EXAMPLE 1 IDENTIFYING DIRECT VARIATION EQUATIONS Tell whether the equation 


: on p. 253 represents direct variation. If so, identify the constant of variation. 
Ime | а 4. y=5x-1 5. 2х +у= 3 
6. x – Зу = 0 (78x + 2y - 0 8. 2.4х + 6 = 12у 
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: EXAMPLE 2 


: on p. 254 
: for Exs. 11-22 


: EXAMPLE 3 


: on p. 254 
: for Exs. 23-25 


9. Ж MULTIPLE CHOICE Which equation is a direct variation equation? 
QD y27-3x | (BD 3x-7y=1 © 3x-7y=0 | QD 3y=7x-1 


10. ERROR ANALYSIS Describe and correct 


the error in identifying the constant of —бх+5у=0 
variation for the direct variation equation Зу = 5x 
—5x + 3y = 0. The constant of variation is 5. 


GRAPHING EQUATIONS Graph the direct variation equation. 


ll.y=<x 12. y= 3x 13. y = —4x 14. y = 5x 
_ 4 ail __l = 2 
15. y= 3X 16. y= 4x 17. y = 3* 18. y = -5x 
19. 12y = —24х 20. 10y = 25x Q1)4x +y=0 22. y — 1.25x = 0 


WRITING EQUATIONS The graph of a direct variation equation is shown. 
Write the direct variation equation. Then find the value of y when x — 8. 


IDENTIFYING DIRECT VARIATION EQUATIONS Tell whether the table 
represents direct variation. If so, write the direct variation equation. 


26. 27. 
12 apa 6 x 
y s w s 2) 0 
28. * WRITING A student says that 
à n ‘ 2 16 
a direct variation equation can be used 
to model the data in the table. Explain yy 12) 46 


why the student is mistaken. 


WRITING EQUATIONS Given that y varies directly with x, use the specified 
values to write a direct variation equation that relates x and y. 


29. x=3,y=39 30. x = 2, y = 26 3l. х= 14,y=7 
32. x = 15,y = —5 33. х= —2, y = —2 34. x= —18, y = —4 
35. x=4,y=1 36. x= —6,y = 15 37. x = —5.2, y = 1.4 


38. * WRITING Ify varies directly with x, does x vary directly with y? If so, 
what is the relationship between the constants of variation? Explain. 


39. CHALLENGE The slope of a line is =>, and the point (—6, 2) lies on the line. 


Use the formula for the slope of a line to determine if the equation of the line 
is a direct variation equation. 
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' PROBLEM SOLVING 


: EXAMPLE 4 40. BICYCLES The distance d (in meters) you travel on a bicycle varies 


: on p. 255 | directly with the number r of revolutions that the rear tire completes. You 
: for Exs. 40-42 | travel about 2 meters on a mountain bike for every revolution of the tire. 


1 revolution 2 meters 


a. Write a direct variation equation that relates r and d. 


b. How many meters do you travel in 1500 tire revolutions? 


_@Homelutor for problem solving help at classzone.com 


41. VACATION TIME At one company, the amount of vacation v (in hours) an 
employee earns varies directly with the amount of time t (in weeks) he or 
she works. An employee who works 2 weeks earns 3 hours of vacation. 


a. Write a direct variation equation that relates t and v. 
b. How many hours of vacation time does an employee earn in 8 weeks? 


for problem solving help at classzone.com 


42. LANDSCAPING Landscapers plan to spread a layer of stone on a path. 
The number s of bags of stone needed depends on the depth d (in inches) 
of the layer. They need 10 bags to spread a layer of stone that is 2 inches 
deep. Write a direct variation equation that relates d and s. Then find the 
number of bags needed to spread a layer that is 3 inches deep. 


: EXAMPLES | * SHORT RESPONSE At a recycling center, computers ] 
: 0€090900900000000000000000| : Weight, Ww Fee, f 
: on p. 256 and computer accessories can be recycled for a fee f goannas} 


(dollars) 


: for Exs. 43-44 based on weight w, as shown in the table. 
a. Explain why f varies directly with w. 2.50 


10 
b. Write a direct variation equation that relates w and 
f, and identify the rate of change that the constant 


of variation represents. Find the total recycling fee 
for an 18 pound computer and a 10 pound printer. 

44. ж SHORT RESPONSE You can buy gold chain by the inch. The table shows 

the price of gold chain for various lengths. 


Length, (inches) | 7 | 9 | 16 | 18 


Price, p (dollars) 11.25 | 20.00 | 22.50 


a. Explain why p varies directly with 4. 


b. Write a direct variation equation that relates £ and p, and identify the 
rate of change that the constant of variation represents. If you have 
$30, what is the longest chain that you can buy? 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED ф = MULTIPLE 
258 on p. WS1 TEST PRACTICE REPRESENTATIONS 


45. e MULTIPLE REPRESENTATIONS The total cost of riding 
the subway to and from school every day is $1.50. 


a. Making a Table Make a table that shows the number d 
of school days and the total cost C (in dollars) for 
trips to and from school for some values of d. Assume 
you travel to school once each school day and home 
from school once each school day. = 


таг. 


b. Drawing a Graph Graph the ordered pairs from the 
table and draw a ray through them. 


c. Writing an Equation Write an equation of the graph 
from part (b). Is it a direct variation equation? Explain. 
If there are 22 school days in one month, what will it cost 
to ride the subway to and from school for that month? 


46. * EXTENDED RESPONSE The table shows the average number of 
field goals attempted £ and the average number of field goals made 
т per game for all NCAA Division I women's basketball teams for 
9 consecutive seasons. 


25.7 256 256 | 25.2 | 24.5 | 246 | 24.5 | 24.3 | 24.0 


a. Write Why is it reasonable to use a direct variation model for this 
situation? Write a direct variation equation that relates t and т. 
Find the constant of variation to the nearest tenth. 


b. Estimate The highest average number of attempted field goals in one 
season was 66.2. Estimate the number of field goals made that season. 


c. Explain If the average number of field goals made was increasing 
rather than decreasing and the number of attempted field goals 
continued to decrease, would the data show direct variation? Explain. 


47. CHALLENGE In Exercise 40, you found an equation showing that the 
distance traveled on a bike varies directly with the number of revolutions 
that the rear tire completes. The number r of tire revolutions varies 
directly with the number p of pedal revolutions. In a particular gear, you 
travel about 1.3 meters for every 5 revolutions of the pedals. Show that 
distance traveled varies directly with pedal revolutions. 


: PREVIEW 


: Prepare for 
: Lesson 4.7 
: in Exs. 57—62. 


Graph the equation. 

48. у= —8 (p.215) 49. x — 6 (p. 215) 50. 2x + y = 4 (p.225) 
51. —2x + 5y = —30 (p. 225) 52. 0.4x + 2y = 6 (p. 225) 53. y — 2x — 5 (p.244) 
54. у= ax (p. 244) 55. у= —x + 3 (p. 244) 56. y — -5y + 2 (p. 244) 


Identify the slope and y-intercept of the line with the given equation. (p. 244) 
57. y=3x+5 58. y = —3x 59. у=2х—5 
60. у= 4х – 11 61. у= 2x - 3 62. у= 2x + 3.1 
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WORKSHOP | 
—LESSON 4.6 


Y 
< 


using а graph or a proportion. 


STEP 1 Read the problem. It tells you an 
amount of salt for a certain size fish 
tank. You can also assume that if a 
fishtank has no water, then no salt 
needs to be added. Write ordered 
pairs for this information. 


STEP 2 Graph the ordered pairs. Draw a line 
through the points. 


The coordinates of points 
on the line give the amounts 


of salt that should be added 
to fish tanks of various sizes. 


STEP 3 Find the point on the graph that 
has an x-coordinate of 30. The 
y-coordinate of this point is 150, 
so 150 tablespoons of salt should 
be added to a 30 gallon tank. 


| 260  Chapter4 Graphing Linear Equations and Functions 


METHOD 1 Using a Graph An alternative approach is to use a graph. 


Salt (tablespoons) 


Salt (tablespoons) 


Another Way to Solve Example 4, page 255 


PROBLEM SALTWATER AQUARIUM The number s of tablespoons of sea salt 


[PROBLEM needed in a saltwater fish tank varies directly with the number w of 
gallons of water in the tank. A pet shop owner recommends adding 
100 tablespoons of sea salt to a 20 gallon tank. How many tablespoons 


of salt should be added to a 30 gallon saltwater fish tank? 


Tablespoons 


Toa) Using ALTERNATIVE METHODS 


MULTIPLE REPRESENTATIONS In Example 4 on page 255, you saw how to 
solve the problem about how much salt to add to a saltwater fish tank by 
writing and using a direct variation equation. You can also solve the problem 


of salt 


(20, 100) 


(0, 0) ш 


ET у Le | 


20 


Water (gallons) 


METHOD 2 Writing a Proportion Another alternative approach is to write and solve а 


proportion. 


STEP Y Write a proportion involving two ratios that each compare the 
amount of water (in gallons) to the amount of salt (in tablespoons). 


20 _ 30 <——— amount of water (gallons) 


100 5 <— amount of salt (tablespoons) 


STEP 2 Solve the proportion. 


20 30 " : 
100 P Write proportion. 


205 = 100 • 30 Cross products property 
205 = 3000 Simplify. 
$ = 150 Divide each side by 20. 
» You should add 150 tablespoons of salt to a 30 gallon tank. 


CHECK Check your answer by writing each ratio in simplest form. 


20 _ land 30 


1 
100 5 150 5 


Because each ratio simplifies to = the answer is correct. 


1. WHAT IF? Suppose the fish tank in the 5. ERROR ANALYSIS A student solved the 
problem above is a 22 gallon tank. How many problem in Exercise 4 as shown. Describe and 
tablespoons of salt should be added to the correct the error made. 
tank? Describe which method you used to 
solve this problem. Let x = the number of milligrams of 

2. ADVERTISING A local newspaper charges by saatim in a екы 
the word for printing classified ads. A 2 = r 
14 word ad costs $5.88. How much would a 576 = 10x 
21 word ad cost? Solve this problem using 57.6 =x 


two different methods. 


3. REASONING In Exercise 2, how can you 
quickly determine the cost of a 7 word ad? 
Explain how you could use the cost of a 
7 word ad to solve the problem. 


6. SLEEPING You find an online calculator 
that calculates the number of calories you 
burn while sleeping. The results for various 
sleeping times are shown. About how many 

4. NUTRITION A company sells fruit smoothies more calories would you burn by sleeping 
in two sizes of bottles: 6 fluid ounces and for 9.5 hours than for 8 hours? Choose any 
10 fluid ounces. You know that a 6 ounce 
bottle contains 96 milligrams of sodium. 
How many milligrams of sodium does a 
10 ounce bottle contain? 


Using Alternative Methods 


261 


4 7 Graph Linear Functions 
O 


You graphed linear equations and functions. 
| Ми ) You will use function notation. 


So you can model an animal population, as in Example 3. 


Key Vocabulary You have seen linear functions written in the form y = mx + b. By naming a 
«function notation function f, you can write it using function notation. 

* family of functions f(x) =mx+b Function notation 

e parent linear 


function The symbol f(x) is another name for y and is read as “the value of fat x,” or 


simply as “fof x." It does not mean f times x. You can use letters other than f, 
such as g or h, to name functions. 


Standardized Test Practice 


What is the value of the function f(x) = 3x — 15 when x = —3? 


СА) -24 -6 (o -2 D 8 
Solution 
f(x) = Зх — 15 Write original function. 
№3) =3(-3)- 15 Substitute —3 for x. 
— —24 Simplify. 


> The correct answer is A. @ © D 


GUIDED PRACTICE for Example 1 


1. Evaluate the function h(x) = —7x when x = 7. 


Find an x-value 


For the function f(x) = 2x — 10, find the value of x so that f(x) = 6. 
f(x) =2x-—10 Write original function. 
6=2x-10 Substitute 6 for f(x). 
8=x Solve for x. 
» When x = 8, f(x) = 6. 
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DOMAIN AND RANGE The domain of a function consists of the values of x for 
which the function is defined. The range consists of the values of f(x) where x 
is in the domain of f. The graph of a function fis the set of all points (x, f(x)). 


 Ехлмрі З craphatunction __ 


GRAY WOLF The gray wolf population in central 
Idaho was monitored over several years for a 
project aimed at boosting the number of wolves. 

: INTERPRET MODELS | The number of wolves can be modeled by the 
ЧҮҮ Р ҮРҮҮ TT | function f(x) = 37x + 7 where x is the number of 
pru oreet years since 1995. Graph the function and identify 


: the wolf population i 
: actually varied over its domain and range. 


: time. The model | 
: simplifies the situation Solution 
: by assuming a steady 
: rate of change. 


To graph the function, make a table. 


x i 
E 


{ 


Gray Wolf Population MW 


37(0) + 7 = 7 


37(1) + 7 = 44 
37(2) + 7 = 81 


_ The domain of the function 

is x> 0. From the graph or table, 
you can see that the range of the 
. function is f(x) > 7. 


Number of wolves 


1 2 3 x 
Years since 1995 


r4 GUIDED PRACTICE | for Examples 2 and 3 


2. WOLF POPULATION Use the model from Example 3 to find the value of x 
so that f(x) = 155. Explain what the solution means in this situation. 


: IDENTIFY FAMILIES OF FUNCTIONS А family of functions is a group of functions 
: PARAMETERS. with similar characteristics. For example, functions that have the form 
: Particular members f(x) = mx + b constitute the family of linear functions. 


: of the family of 
: linear functions are 


: determined by the : KEY CONCEPT For Vour Notebook 
: values of m and b, ] 

: Called parameters, in гг Parent Function for Linear Functions 

: the general form н 

: y = тх + b. T The most basic linear function in the 


family of all linear functions, called the 
parent linear function, 15: 


f(x) =x 


The graph of the parent linear function 
is shown. 
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[| EXAMPLE 4 | Compare graphs with the graph f(x) = 


Graph the function. Compare the graph with the graph of f(x) = 


a. g(x) 2 x - 3 


Solution 


|| YI 
|| Yt fe 
LAA 


Because the graphs of g and f 
have the same slope, m = 1, 
the lines are parallel. Also, the 
y-intercept of the graph of gis 
3 more than the y-intercept of 
the graph of f. 


GUIDED PRACTICE | for Example 4 


3. Graph h(x) = 


- CONCEPT SUMMARY 


b. h(x) = 2x 


w TITTI PIA 
| hae MÀ so 


NENL LEA 
ЫИ 


ИД 
tt | Куу | |_ 


Because the slope of the graph of 
his greater than the slope of the 
graph of f, the graph of h rises 
faster from left to right. The 
y-intercept for both graphs is 0, so 
both lines pass through the origin. 


—3x. Compare the graph with the graph of f(x) = x. 


For Your Notebook 


Comparing Graphs of Linear Functions with the Graph of f(x) = 


: Changing m or b in the general linear function g(x) 


= mx + b creates families 


> Of linear functions whose graphs are related to the graph of f(x) = 


gix) = x + b 


инш 
ишш 
AO 
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A 
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• The graphs have the same 
Slope, but different y-intercepts. 


* Graphs of this family are same y-intercept. 


vertical translations of the 
graph of f(x) = 
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g(x) = mx where m > 0 


VIS 


• The graphs have different 
(positive) slopes, but the 


* Graphs of this family are 
vertical stretches or shrinks 
of the graph of f(x) = 


g(x) = mx where m < 0 
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• The graphs have different 
(negative) slopes, but the 
same y-intercept. 


• Graphs of this family are 
vertical stretches or shrinks 
with reflections in the x-axis 
of the graph of f(x) — 


| EXAMPLE 5 ] Graph real-world functions 


: REVIEW 
: TRANSFORMATIONS 


Pas : ir EE 
: transformations, see 
: pp. 922-923. 


4.7 EXERCISES 


| CABLE A cable company charges new customers $40 for installation and 


$60 per month for its service. The cost to the customer is given by the 
function f(x) = 60x + 40 where x is the number of months of service. To 
attract new customers, the cable company reduces the installation fee to 


| $5. A function for the cost with the reduced installation fee is g(x) = 60x + 5. 


Graph both functions. How is the graph of g related to the graph of f? 


Solution 


The graphs of both functions 
are shown. Both functions 
have a slope of 60, so they are 
parallel. The y-intercept of the 
graph of gis 35 less than the 
graph of f. So, the graph of gis 


Cost (dollars) 


| i Y glx) =60x +5] | 
a vertical translation of the LA gx) = 60x + 5 
graph of f. Att, 


Months of service 


Y GUIDED PRACTICE for Example 5 


4. WHAT IF? In Example 5, suppose the monthly fee is $70 so that the cost 
to the customer is given by h(x) = 70x + 40. Graph f and h in the same 
coordinate plane. How is the graph of /; related to the graph of f? 


HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
KEY: on p. WS10 for Exs. 3, 17, and 39 


Ж - STANDARDIZED TEST PRACTICE 
Exs. 2, 13, 22, 35, 36, 44, and 45 


' SKILL PRACTICE 


1. VOCABULARY When you write the function y = 3x + 12 as 
f(x) = 3x + 12, you are using ? . 


2. ж WRITING Would the functions f(x) = —9x + 12, g(x) = —9x — 2, and 
h(x) = —9x be considered a family of functions? Explain. 


: EXAMPLE 1 | EVALUATING FUNCTIONS Evaluate the function when x = —2, 0, and 3. 


: On p. 262 
TL e OS = 12x41 4. g(x) =-3x +5 5. p(x) = -8x — 2 
6. h(x) = 2.25x 7. m(x) = —6.5х 8. f(x) = -0.75x — 1 
9. s(x) = Ex +3 10. d(x) = -x +5 11. h(x) = 5х 6 
12. ERROR ANALYSIS Describe and correct 
the error in evaluating the function а(—5) = —5(—5) + 5 
g(x) = —5х + 3 when x = —3. —3g = 18 
g=—6 
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1З. X MULTIPLE CHOICE Given f(x) = —6.8x + 5, what is the value of f(—2)? 


СА) -18.6 —8.6 (C) 8.6 (D) 18.6 
: EXAMPLE2 | FINDING X-VALUES Find the value of x so that the function has the given 
: on p. 262 value. 
Su ee | ia fo Ses 15. g(x) = —x + 5; 2 
16. h(x) = —7x + 12; -9 (17) jw = 4x + 11; —13 
18. m(x) = 9x — 5; -2 19. n(x) = —2x — 21; —6 
20. р(х) = —12х— 36; -3 21. q(x) = 8x — 32; —4 


22. Ж MULTIPLE CHOICE What value of x makes f(x) = 5 if f(x) = —2х + 25? 


CA) -15 —10 СС) 10 (D> 15 
: ЕХАМРІЕ4 | TRANSFORMATIONS OF LINEAR FUNCTIONS Graph the function. Compare 
: on p. 264 the graph with the graph of f(x) = x. 
: for Exs. 23—34 
23. g(x) =x+5 24. h(x) =6+x 25. 400) =x-1 
26. т(х) ^ x—6 27. а(х) =x +7 28. t(x) = x – 3 
29. r(x) = 4x 30. w(x) = 5x 31. h(x) = —3x 
32. К(х) = —6х 33. g(x) = zx 34. m(x) — E 
35. Ж MULTIPLE CHOICE The graph of 
which function is shown? 
СА) /(х)=Зх+8 
{QH=3x—8 
(С) f(x) =8x+3 
D f(x) = 8x – 3 


36. * OPEN-ENDED In this exercise you will compare the graphs of 
linear functions when their slopes and y-intercepts are changed. 


a. Choose a linear function of the form f(x) = mx + bwhere m # 0. 
Then graph the function. 


b. Using the same m and b values as in part (a), graph the function 
g(x) = 2mx + b. How are the slope and y-intercept of the graph of 
g related to the slope and y-intercept of the graph of f? 


c. Using the same m and b values as in part (a), graph the function 
h(x) = mx + (b — 3). How are the slope and y-intercept of the graph 
of h related to the slope and y-intercept of the graph of f? 


37. REASONING Howis the graph of g(x) = 1 related to the graph 
of h(x) = —1? 


38. CHALLENGE Suppose that f(x) = 4x + 7 and g(x) = 2x. What is a rule for 
g(f(x))? What is a rule for f(g(x))? 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
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— тҤт-—- 
- PROBLEM SOLVING 


3 mere oli 
: for Exs. 39—41 


3 m on 
: for Exs. 42—43 


40. 


41. 


42. 


43. 


44. 


зә) MOVIE TICKETS The average price of a movie ticket in the United States 


from 1980 to 2000 can be modeled by the function f(x) = 0.10x + 2.75 
where xis the number of years since 1980. 


a. Graph the function and identify its domain and range. 


b. Find the value of x so that f(x) = 4.55. Explain what the solution 
means in this situation. 


for problem solving help at classzone.com 


DVD PLAYERS The number (in thousands) of DVD players sold in the 
United States from 1998 to 2003 can be modeled by f(x) = 4250x + 330 
where x is the number of years since 1998. 


a. Graph the function and identify its domain and range. 


b. Find the value of x so that f(x) = 13,080. Explain what 
the solution means in this situation. 


for problem solving help at classzone.com 


IN-LINE SKATING An in-line skater’s average speed is 
10 miles per hour. The distance traveled after skating 
for x hours is given by the function d(x) = 10x. Graph 
the function and identify its domain and range. How 
long did it take the skater to travel 15 miles? Explain. 


En nimatea nated Al; | 'ebra at classzone.com 


HOME SECURITY A home security company charges new customers $155 
for the installation of security equipment and a monthly fee of $40. To 
attract more customers, the company reduces its installation fee to $75. 
The functions below give the total cost for x months of service: 


Regular fee: f(x) = 40x + 155 Reduced fee: g(x) = 40x + 75 
Graph both functions. How is the graph of g related to the graph of f? 


THEATERS A ticket for a play at a theater costs $16. The revenue 

(in dollars) generated from the sale of x tickets is given by s(x) = 16x. The 
theater managers raise the cost of tickets to $20. The revenue generated 
from the sale of x tickets at that price is given by r(x) = 20x. Graph both 
functions. How is the graph of r related to the graph of s? 


Ж EXTENDED RESPONSE The cost of supplies, such as mustard and 
napkins, a pretzel vendor needs for one day is $75. Each pretzel costs the 
vendor $.50 to make. The total daily cost to the vendor is given by 

C(x) = 0.5x + 75 where x is the number of pretzels the vendor makes. 


a. Graph Graph the cost function. 


b. Graph The vendor sells each pretzel for $3. The revenue is given by 
R(x) = 3x where x is the number of pretzels sold. Graph the function. 


c. Explain The vendor's profit is the difference of the revenue and the 
cost. Explain how you could use the graphs to find the vendor's 
profit for any given number of pretzels made and sold. 
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45. MW EXTENDED RESPONSE The number of hours of daylight in Austin, 
Texas, during the month of March can be modeled by the function 
L(x) = 0.03x + 11.5 where x is the day of the month. 


a. Graph Graph the function and identify its domain and range. 


b. Graph The number of hours of darkness can be modeled by the function 
d(x) = 24 — £(x). Graph the function on the same coordinate plane as you 
used in part (a). Identify its domain and range. 


c. CHALLENGE Explain how you could have obtained the graph of d 
from the graph of £ using translations and reflections. 


d. CHALLENGE What does the point where the graphs intersect mean 
in terms of the number of hours of daylight and darkness? 


- MIXED REVIEW p — 


Solve the equation or proportion. 


46. y — 7 — —3 (p. 134) 47. 4.5m = 49.5 (p. 134) 48. 42 + 52 = —36 (p. 141) 
49. 5(x — 4) — 20 (p. 148) 50. » + 4 + 5t = —4 (p. 148) 51. _58— = 3(g — 8) (р. 154) 
52. 9п = 4(2п + 1) (p. 154) 53. Le pe 168) 54. 2= 2 (р. 168) 

: PREVIEW Write the equation in slope-intercept form. Then graph the equation. (р. 244) 

: Prepare for _ == — 2y = 

: Lesson 5.1 in 55. x + 6y = 12 56. 5x + y 10 57. 2х — 2у = З 

: Exs. 55-60. 58. —2х — Зу = 21 59. —4x — Зу = —18 60. 2x - y = 10 


' QUIZ for Lessons 4.6-4.7 


Given that y varies directly with x, use the specified values to write a direct 
variation equation that relates x and y. (p. 253) 


1. х=5,у= 10 2x=4,y=6 3. Xx -2,y-— 


Evaluate the function. (p. 262) 
4. g(x) = 6x — 5 when x = 4 5. h(x) = 14x + 7 when x = 2 


6. j(x) = 0.2x + 12.2 when x = 244 7. k(x) = z + 3 when x =4 


Graph the function. Compare the graph to the graph of f(x) = x. (p. 262) 
8. g(x) = —4х 9. h(x) =x-2 


10. HOURLY WAGE The table shows the Hours — | 12 | 16 |14 
number of hours that you worked for 
each of three weeks and the amount Pay (dollars) (84 12 | 98 


that you were paid. What is your 
hourly wage? (p. 253) 
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MIXED REVIEW of Problem Solving a STATE TEST PRACTICE 


| classzone.com 


Lessons 4.4-4.7 


1. MULTI-STEP PROBLEM The amount of drink 


5. EXTENDED RESPONSE A central observatory 


mix d (in tablespoons) that you need to add 


to w fluid ounces of water is given by d = qu, 


a. Graph the equation. 


b. Use the graph to find the amount of drink 
mix you need if you want to make enough 
drinks to serve 4 people. Assume 1 serving 
is 8 fluid ounces. 


. MULTI-STEP PROBLEM A water park charges 
$25 per ticket for adults. Let s be the amount 
of money the park receives from adult 

ticket sales, and let t be the number of adult 


" B tickets sold. 


a. Write a direct variation 
equation that relates 
t and s. 


b. How much money does 
the park earn when 
90 adult tickets are sold? 


c. The park collected $3325 
in adult ticket sales in one 
day. How many tickets did 
the park sell? 


3. SHORT RESPONSE You and your friend are 


each reading an essay that is 10 pages long. 
You read at a rate of 1 page per minute. Your 


friend reads at a rate of = page per minute. 


The models below give the number p of 
pages you and your friend have left to read 
after reading for m minutes. 


You: p = -m + 10 


Your friend: p = -m + 10 


Graph both equations in the same coordinate 
plane. Explain how you can use the graphs 

to find how many more minutes it took your 
friend to read the essay than it took you to 
read the essay. 


. OPEN-ENDED Draw a graph that represents 
going to a movie theater, watching a movie, 
and returning home from the theater. Let 
the x-axis represent time and the y-axis 
represent your distance from home. 


averages and then reports the number of 
sunspots recorded by various observatories. 
The table shows the average number of 
sunspots reported by the central observatory 
in years since 1995. 


of sunspots 


17.5 


a. Draw a line graph of the data. 


b. During which two-year period was the 
increase in sunspots the greatest? Find the 
rate of change for this time period. 


c 


During which two-year period was the 
increase in sunspots the least? Find the 
rate of change for this time period. 


d. Explain how you could find the overall 
rate of change for the time period shown. 


‚ GRIDDED ANSWER To become a member at 


a gym, you have to pay a sign-up fee of $125 
and a monthly fee of $40. To attract new 
customers, the gym lowers the sign-up fee to 
$75. The function f gives the total cost with 
the regular sign-up fee. The function g gives 
the total cost with the reduced sign-up fee. 
The graphs of f and g are shown. The graph 
of gis a vertical translation of the graph of f 
by how many units down? 


y 
300 
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CHAPTER SUMMARY gr 


Big Idea @ + 


> 4 miles at the new rate than at the old rate. 


а classzone.com 
Electronic Function Library 


i: BIG IDEAS For Your Notebook 


Graphing Linear Equations and Functions Using a Variety of Methods 


You can graph a linear equation or function by making a table, using 
> intercepts, or using the slope and y-intercept. 


> A taxi company charges a $2 fee to pick up a customer plus $1 per mile 
> to drive to the customer's destination. The total cost C (in dollars) that a 
: customer pays to travel d miles is given by C = d + 2. Graph this function. 


: Method: Make a table. Method: Use slope and C-intercept. 


Recognizing How Changes in Linear Equations and Functions Affect 
> Their Graphs 


: When you change the value of m or bin the equation y = mx + b, you produce 
: anequation whose graph is related to the graph of the original equation. 


> Suppose the taxi company raises its rate to B/ CI 


C = 
: $1.50 per mile. The total amount that a customer „= E 
> pays is given by C = 1.54 + 2. Graph the function. DONA 
> | l=d+2 | | 


WILLLLI 


You can see that the graphs 


have the same C-intercept, but 
different slopes. 


| Using Graphs of Linear Equations and Functions to Solve Real-world 
~ Problems 


> You can use the graphs of C= d + 2and C = 1.5d + 2 
> to find out how much more a customer pays to travel 


A customer pays $2 moreto | ~ 
travel 4 miles at the new rate. 
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• Multi-Language Glossary 
REVIEW KEY VOCABULARY “ee 
• quadrant, p. 206 • standard form of a linear e slope-intercept form, р. 244 
• solution of an equation in two equation, p. 216 • parallel, p. 246 
variables, p. 215 • linear function, p. 217 - direct variation, p. 253 
• graph of an equation in two • x-intercept, p. 225 


iabl * constant of variation, p. 253 
Variantes, р. 215 • y-intercept, р. 225 


* slope, p. 235 


| e function notation, p. 262 
* linear equation, p. 216 


* family of functions, p. 263 


• rate of change, p. 237 * parent linear function, p. 263 


VOCABULARY EXERCISES 


1. Copy and complete: The ? of a nonvertical line is the ratio of vertical 
change to horizontal change. 


2. Copy and complete: When you write y = 2x + 3 as f(x) = 2x + 3, you 
use f, 


3. WRITING Describe three different methods you could use to graph the 
equation 5x + Зу = 12. 


4. Tell whether the equation is written in slope-intercept form. If the 
equation is not in slope-intercept form, write it in slope-intercept form. 


а. 3x+y=6 Б. у= 5х + 2 с. х= 4у – 1 а. у= —x +6 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding of 
the concepts you have learned in each lesson of Chapter 4. 


Plot Points in a Coordinate Plane pp. 206-212 


Plot the points A(—2, 3) and B(0, —2) in a coordinate 
plane. Describe the location of the points. 


Point A(-2, 3): Begin at the origin and move 2 units to 
the left, then 3 units up. Point A is in Quadrant II. 


Point B(0, —2): Begin at the origin and move 2 units 


2): ТТТ 

down. Point Bis on the y-axis. || [| | -2 | || 
| | | | | [o-a] 
||| [|+ | 


EXERCISES 
: ае Plot the point іп a coordinate plane. Describe the location of the point. 
: on p. 
: for Exs. 5—7 5. A(3, 4) 6. B(—5, 0) 7. C(—7, —2) 
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CHAPTER REVIEW 
Ё A | Graph Linear Equations pp. 215-221 | 


EXAMPLE 
Graph the equation y + 3x = 1. 
STEP 7 Solve the equation for y. 
y+3x=1 
у= 
$ТЕР 2 Make a table by choosing a few values 


Y 
for x and finding the values for y. atl 
PAUL | TT 
DNS 
— "=! yt 3x=1 | 
air 
STEP 3 Plot the points. TT TY] [4 
STEP 4 Connect the points by drawing a line through them. _ |+ | I | 
EXERCISES 
: Bund i Graph the equation. 
: On p. 216 
: for Exs. 8-10 8. y + 5x = —5 9. 2x + 3y - 9 10. 2y — 14=4 


Graph Using Intercepts 


pp. 225-232 
L EXAMPLE] 
Graph the equation —0.5x + 2y = 4. AX yA 
STEP? Find the intercepts. 1—10 
—0.5х + 2у = 4 —0.5х + 2y = 4 A 
—0.5x + 2(0) = 4 —0.5(0) + 2y = 4 
x = —8 «x-intercept у = 2 < y-intercept 


STEP2 Plot the points that correspond to the intercepts: (—8, 0) and (0, 2). 
STEP 3 Connect the points by drawing a line through them. 


EXERCISES 
: EXAMPLES Graph the equation. 
: 2and 4 
HT 11. —x + oy — 15 12. Ax + 4у = —16 13. 2x — бу = 


: on pp. 226-227 

: for Exs. 11-14 14. CRAFT FAIR You sell necklaces for $10 and bracelets for $5 at a craft 
fair. You want to earn $50. This situation is modeled by the equation 
10n + 5b = 50 where n is the number of necklaces you sell and bis 
the number of bracelets you sell. Find the intercepts of the graph of 
the equation. Then graph the equation. Give three possibilities for the 
number of bracelets and necklaces that you could sell. 
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@HomelTutor 
classzone.com 
Chapter Review Practice 


£ l | Find Slope and Rate of Change pp. 235-242 | 


: EXAMPLES 
: 1,2,3, and 4 


: on pp. 235-236 
: for Exs. 15-17 


: EXAMPLES 


E for Exs. 18-21 


Find the slope of the line shown. Ay] ] II] TIT] 
Let (х,у) = (2, —3) and (x,, y,) = (4, -4). ap 
de didi SS SUNDENE 
Ya У 2 
Hiec ul Write formula for slope. 
2 1 
Шш. Шай m ; 
Tm Substitute values. 
--i Simplif 
EE implify. 
EXERCISES 
Find the slope of the line that passes through the points. 
15. (—1, 11) and (2, 10) 16. (—2, 0) and (4, 9) 17. (—5, 4) and (1, —8) 


£ 5 | Graph Using Slope-Intercept Form pp. 244-250 | 


Graph the equation 2x + y = —1. 
STEP 7 Rewrite the equation in slope-intercept form. May] a 
утуе 
STEP 2 Identify the slope and the y-intercept. 
m = —2and b = -1 


STEP 3 Plot the point that corresponds to the 
y intercept, (0, —1). 


STEP 4 Use the slope to locate a second point on the line. 
Draw a line through the two points. 


EXERCISES 
Graph the equation. 
18. 4x - у= 3 19. 3x — 6y = 9 20. -3x + 4у — 12 = 0 


21. RUNNING Опе athlete can run а 60 meter гасе at an average rate of 
7 meters per second. A second athlete can run the race at an average rate 
of 6 meters per second. The distance d (in meters) the athletes have left 
to run after t seconds is given by the following equations: 


Athlete 1: d — —7t + 60 Athlete 2: d — —6t + 60 


Graph both models in the same coordinate plane. About how many seconds 
faster does the first athlete finish the race than the second athlete? 
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CHAPTER REVIEW 


£ , Al Model Direct Variation pp. 253-259 | 


Graph the direct variation equation y — -x. 


Plot a point at the origin. The slope is equal to the 


constant of variation, -£ Find and plot a second 


point, then draw a line through the points. 


EXERCISES 
: EXAMPLES Tell whether the equation represents direct variation. If so, identify the 
: 1,2,and4 constant of variation. 
: on pp. 253-255 BEN _ n 
: for EXS. 22-28 22. X—y—3 23. x + 2y = 0 24. 8x — 2y = 0 


Graph the direct variation equation. 


25. y = 4х 26. —5y = 3x 27. 4x + Зу = 0 


28. SNOWSTORMS The amount s (in inches) of snow that fell during a 
snowstorm varied directly with the duration d (in hours) of the storm. In 
the first 2 hours of the storm 5 inches of snow fell. Write a direct variation 
equation that relates d and s. How many inches of snow fell in 6 hours? 


Graph Linear Functions pp. 262-268 


Evaluate the function f(x) = —6x + 5 when x = 3. 


f(x) = —6х +5 Write function. 


f(3) =-63)+5 Substitute З for x. 
= —13 Simplify. 
EXERCISES 
: EXAMPLES Evaluate the function. 
: Тапа з 
м aan ——— 29. g(x) —2x—3 when x = 7 30. һ(х) — Ll, - 7 when x = —6 


: ON pp. 262-263 
: for Exs. 29-34 


2 
Graph the function. Compare the graph with the graph of f(x) = x. 
31. jx) =x-—6 32. k(x) = —2.5х 33. t(x) =2x +1 


34. MOUNT EVEREST Mount Everest is rising at a rate of 2.4 inches per year. The 
number of inches that Mount Everest rises in x years is given by the function 
f(x) = 2.4x. Graph the function and identify its domain and range. Find the 
value of x so that f(x) = 250. Explain what the solution means in this situation. 
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Plot the point in a coordinate plane. Describe the location of the point. 


1. А(7,1) 2. B(-4,0) 3. C(3, —9) 


Draw the line that has the given intercepts. 


4. x-intercept: 2 5. x-intercept: —1 6. x-intercept: —3 
y-intercept: —6 y-intercept: 8 y-intercept: —5 


Find the slope of the line that passes through the points. 
7. (2, 1) and (8, 4) 8. (—2, 7) and (0, —1) 9. (3, 5) and (3, 14) 


Identify the slope and y-intercept of the line with the given equation. 


10. у= —-Žx — 10 11. 7x + 2y = —28 12. 3x — 8y = 48 


Tell whether the equation represents direct variation. If so, identify the 
constant of variation. 


13. х + 4y = 4 14. -ix-y-0 15. 3x – Зу = 0 
Graph the equation. 
16. х= 3 17. y - x 6 18. 2x + 8y = —32 


Evaluate the function for the given value. 


19. f(x) = —4x when x = 2.5 20. g(x) = 2x — 6 when x = —2 


21. BUSINESS To start a dog washing business, you invest $300 in supplies. 
You charge $10 per hour for your services. Your profit P (in dollars) for 
working t hours is given by Р = 10f — 300. Graph the equation. You will 
break even when your profit is $0. Use the graph to find the number of 
hours you must work in order to break even. 


22. PEDIATRICS The dose d (in milligrams) of a particular medicine that 
a pediatrician prescribes for a patient varies directly with the patient's 
mass 7n (in kilograms). The pediatrician recommends a dose of 150 mg 
of medicine for a patient whose mass is 30 kg. 


a. Write a direct variation equation that relates m and d. 


b. What would the dose of medicine be for a patient whose mass is 50 kg? 


23. SCISSOR LIFT The scissor lift is a device that 
can lower and raise a platform. The maximum 
and minimum heights of the platform of a 
particular scissor lift are shown. The scissor lift 
can raise the platform at a rate of 3.5 inches per 
second. The height of the platform after t seconds 48 in. = 


252 in. 


is given by h(t) = 3.5t + 48. Graph the function and 


identify its domain and range. Raised Lowered 
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CONTEXT-BASED 
MULTIPLE CHOICE QUESTIONS 


Some of the information you need to solve a context-based multiple choice 
question may appear in a table, a diagram, or a graph. 


| PROBLEM 1 


—— 


A recipe from a box of pancake mix is shown. 2 cups pancake mix 
The number p of pancakes you can make 


varies directly with the number m of cups сир milk 

of mix you use. A full box of pancake mix 2 e995 

contains 9 cups of mix. How many pancakes Combine ingredients. Pour 

can you make when you use the full box? batter on hot greased 
griddle. Flip when edges are 

(AD ss 65 dry. Makes 14 pancakes. 


(С) 126 D 131 


Plan 


INTERPRET THE INFORMATION Use the number of pancakes and the 
number of cups of mix given in the recipe to write a direct variation 
equation. Then use the equation to find the number of pancakes that you 
can make when you use 9 cups of mix. 


Solution 


TEE AJ Because the number p of pancakes you can make varies directly with the 
Use the values given in . . . _ 
number т of cups of mix you use, you can write the equation р = am. From 


the recipe to find a direct | à » 
variation equation. the recipe, you know that p = 14 when m = 2. 


p = ат Write direct variation equation. 
14 = a(2) Substitute. 
774a Solve for a. 
So, a direct variation equation that relates p and m is p — 7m. 


РНР y Use the direct variation equation to find the number of pancakes you can 


Substitute 9 for minthe make when you use a full box of mix. 
direct variation equation 
and solve for p. р = тт Write direct variation equation. 
p=7(9) Substitute 9 for m. 
p = 63 Simplify. 
You can make 63 pancakes when you use a full box of mix. 


The correct answer is A. CA) (С) D) 
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( PROBLEM 2 


At a yard sale, Jack made $54 selling 
cassettes for $1 each and CDs for $3 
each. This situation is modeled by 
the equation x + 3y = 54 where x 

is the number of cassettes and y is 
the number of CDs that Jack sold. 
The graph of the equation is shown. 
Which is a possible combination of 0 0 12 24 36 = 60 х 
cassettes and CDs that Jack sold? 


CDs sold 


Cassettes sold 


СА) 12 cassettes, 4 CDs 4 cassettes, 12 CDs 
(C) 18 cassettes, 12 CDs (D> 28.5 cassettes, 8.5 CDs 
Plan 


INTERPRET THE INFORMATION Each point on the line represents a solution 
of the equation. Identify the answer choice that describes a point on the 
graph shown and that makes sense in the context of the problem. 


Solution 
STEPI "vs : — -— 
Write an deret pair lor e answer choices correspon О e IO owing oraere pairs. 
each answer choice. СА) (12,4) (В) (4,12) (C (18, 12) (D> (28.5, 8.5) 
STEP 2 


rear You can eliminate answer choices A and B because the points do not lie 
Eh Wis ы on rà ря on the graph shown. You can also eliminate answer choice D because only 
able da ici whole number solutions make sense in this situation. Check that (18, 12) 
Check ordered pairs not is a solution of the equation. 
мее ш to find the x + 3y = 54 Write original equation. 
solution. 

18 + 3(12) = 54 Substitute. 


54 = 544 Solution checks. 
The correct answer is С. (А) © D 


PRACTICE 


1. In Problem 2, what is the greatest number of CDs Jack could have sold? 
(А) 3 18 © 36 D 54 

2. The table shows the total cost for a certain 
number of people to ice skate at a particular Number of Cost 
rink. What is the cost per person? people (dollars) 
(А) $.20 $1 


O $5 ® $10 са | æ 
6 | 30 
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MULTIPLE CHOICE 


In Exercises 1 and 2, use the graph below. 


“Ha х 


1. The graph represents а function. Which 
number is in the domain of the function? 


(А) 22 (В) -1 
© 1 D 4 


2. The graph would no longer represent a 
function if which point were included? 


СА) (-4, -2) (—2, 0) 

© (1,3) ® (3, –1) 
In Exercises 3 and 4, use the graph below, which 
shows a traveler’s movements through an 


airport to a terminal. The traveler has to walk 
and take a shuttle bus to get to the terminal. 


Sel 


Distance (feet) 
= 
= 


‘oop 10 
AT Е 
J'AI 


0 4 8 12 16 * 
Time (minutes) 


3. For how many minutes does the traveler wait 


for the shuttle bus? 
(СА) 1min 2 min 
(CO 4min (D 8 min 


4. For about what distance does the traveler 
ride on the shuttle bus? 


(AD 100 ft 100 ft 
© 2000 ft D 3000 ft 
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In Exercises 5-7, use the following information. 
At a yoga studio, new members pay a sign-up 

fee of $50 plus a monthly fee of $25. The total 
cost C (in dollars) of anew membership is 

given by C = 25m + 50 where m is the number 

of months of membership. The owner of the 
studio is considering changing the cost of a new 
membership. A graph of four different options for 
changing the cost is shown. 


Cost (dollars) 


Number of months 


5. For which option are the sign-up fee and 
monthly fee kept the same? 


СА) Option 1 Option 2 
© Option 3 (D> Option 4 


6. For which option is the sign-up fee kept the 
same and the monthly fee raised? 


СА) Option 1 Option 2 
© Option 3 (D> Option 4 


7. For which option is the monthly fee kept the 
same and the sign-up fee raised? 


СА) Option 1 Option 2 
© Option 3 (D> Option 4 


8. The table shows the cost of a therapeutic 
massage for a given amount of time. What is 
the cost per minute? 


Cost (dollars) 42.00 63.00 84.00 


СА) $.71 $1.40 
СС) $2.80 (D> $14.00 


9» STATE TEST PRACTICE 
A dasszone.com 


GRIDDED ANSWER SHORT RESPONSE 
9. What is the slope of the line shown? 13. Patricia takes a bus to and from her job. 
= = aa She can either pay $1.75 each way or get a 


below give the costs C (in dollars) of riding 
the bus n times in one month. The graphs of 
the functions are shown. 


| А monthly bus pass for $58 and ride the bus ап 
~ ~ tA ТГ Г unlimited number of times. The functions 
| ET | 


Monthly pass: C — 58 
10. What is the y-intercept of the graph of the Pay per ride: C = 1.75n 


equation 4x + 8y = 16? E 
11. What is the value of f(x) = —1.8x — 9 when * C — 58 
x= —5? = 40 T 
3 
12. The number w of cups of water varies z C= 1.75n| 
directly with the number u of cups of 5 20 | 
uncooked rice. Use the table to find the value 


of the constant of variation a in the direct 0 
variation equation ш = аи. 


0 6 12 18 24 30 36" 
Number of bus rides 


Uncooked rice, u 


How many days in a month would Patricia 
(cups) 


| need to take the bus to and from work to 
Water, w (cups) Mui buying a monthly pass worth the cost? 
xplain. 


EXTENDED RESPONSE 


14. Afog machine has a tank that holds 32 fluid ounces of fog fluid and has 
two settings: low and high. The low setting uses 0.2 fluid ounce of fluid 
per minute, and the high setting uses 0.25 fluid ounce per minute. The 
functions below give the amount f (in fluid ounces) of fluid left in the tank 
after t minutes when the machine starts with a full tank of fluid. 


Low setting: f = —0.2t + 32 High setting: f = —0.25t + 32 
a. Identify the slope and y-intercept of each function. 
b. Graph each function in the same coordinate plane. 


c. How much longer can the machine be run on the low setting than on 
the high setting? Explain how you found your answer. 


15. Ata pizzeria, a cheese pizza costs $9. Toppings cost $1.50 each. 


a. The cost of a pizza is given by the function f(x) = 1.5x + 9 where x is the 
number of toppings. Graph the function. 


b. You have $14 and buy only a pizza. How many toppings can you get? 


c. The pizzeria's owner decides to change the price of toppings to $2 each. 
The new cost of a pizza is given by the function g(x) = 2x + 9. Graph the 
function in the same coordinate plane you used in part (a). 


d. Can you get the same number of toppings at the new price as you did in 
part (b)? Explain. 
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5.1 Write Linear Equations in Slope-Intercept Form 
5.2 Usel плей juations in Slope-Intercept Form 


l ar Equations in Point-S Had i 
5.4 М i> Есте ш; in Sal orm 


NA D Dc 
Predić t with L uit inear Л 


Previously, you learned the following skills, which you'll use in Chapter 5: 
evaluating functions and finding the slopes and y-intercepts of lines. 


Prerequisite Skills 


Copy and complete the statement. 


1. For the graph of the equation y = mx + b, the value of mis the ? | 
2. For the graph of the equation y = mx + b, the value of bis the _? | 


3. Two lines are ? if their slopes are equal. 
SKILLS CHECK 


Identify the slope and the y-intercept of the line with the equation. 


4. у=х+1 5. у=ўх—6 6. у= –ёх- 2 


Tell whether the graphs of the two equations аге parallel lines. 


f] р РР, УР, runcito cinili Lay К E ) 


7. у=3х+5 8. у= x= 1 9. y= 
y=3x-2 y=4x+3 y= 
Evaluate the function when x = —2, 0, and 4. (Prerequisite skill for 5.7) 
10. f(x) =x- 10 11. f(x) =2x +4 12. 0] = —5x —7 


QHomeTu F Prerequisite skills practice at dasszone.com - 


In Chapter 5, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 344. You will also use the key vocabulary listed below. 


© Writing linear equations іп a variety of forms 
€ Using linear models to solve problems 
Ө Modeling data with a line of fit 


KEY VOCABULARY 


* point-slope form, p. 302 * correlation, p. 324 • interpolation, p. 335 

* converse, p. 318 * line of fit, p. 325 • extrapolation, p. 336 

* perpendicular, p. 319 * best-fitting line, p. 335 * Zero of a function, p. 337 
* scatter plot, p. 324 * linear regression, p. 335 


: ==. т 


» a 
І i 
te 


You can use linear equations to solve problems involving a constant rate of 
change. For example, you can write an equation that models how traffic delays 
affected excess fuel consumption over time. 


The animation illustrated below for Exercise 40 on p. 307 helps you to answer 
the question: In what year was a certain amount of excess fuel consumed? 


| | E5 135% qaibas al anaal тосем fuel mam 
засл 7—9 оныгын pes регин Le the piant 1 


Страв 
z om e Á ee mj 


| Find the year in Hh the given amount | Click on the table in order to fill in the F 
of excess fuel was consumed. | missing information. r 


ES 
| 


(Animated эга at classzone.com 


Other animations for Chapter 5: pages 283, 303, 307, 311, 321, 326, 
and 335 


In eeb A CTIVITY Use hefore Lesson 5.7 


Modeling Linear Relationships 


MATERIALS * 8.5 inch by 11 inch piece of paper + inch ruler 


( L 
u | 
A 


You know that the perimeter of a rectangle is given by 
the formula Р = 24 + 2w. In this activity, you will find 
a linear relationship using that formula. 


i ) 


T | BE Width of fold Perimeter of 
STEP T | Find perimeter (inches) | rectangle (inches) 


Find the perimeter of a piece of paper that is 0 
8.5 inches wide and 11 inches long. Record the 1 
result in a table like the one shown. 


Change paper size 


Measure 1 inch from a short edge of the paper. 
Fold over 1 inch of the paper. You now have a 
rectangle with the same width and a different 
length than the original piece of paper. Find the 
perimeter of this new rectangle and record itin 
your table. 


STEP 3| Find additional perimeters 


Unfold the paper and repeat Step 2, this time 
folding the paper 2 inches from a short edge. 
Find the perimeter of this rectangle and record 
the result in your table. Repeat with a fold of 

3 inches and a fold of 4 inches. 


. What were the length and the width of the piece of paper before 
it was folded? By how much did these dimensions change with 
each fold? 


. What was the perimeter of the piece of paper before it was folded? By 
how much did the perimeter change with each fold? 


. Use the values from your table to predict the perimeter of the piece of 
paper after a fold of 5 inches. Explain your reasoning. 


. Write a rule you could use to find the perimeter of the piece of paper 
after a fold of n inches. Use the data in the table to show that this rule 
gives accurate results. 


282 Chapter5 Writing Linear Equations 


1 Write Linear Equations 
* * іп Slope-Intercept Form 


You graphed equations of lines. 


You will write equations of lines. 


So you can model distances in sports, as in Ex. 52. 


Key Vocabulary Recall that the graph of an equation in slope-intercept form, y = mx + b, isa 
* y-intercept, р. 225 line with a slope of m and a y-intercept of b. You can use this form to write an 
e slope, р. 235 equation of a line if you know its slope and y-intercept. 


e slope-intercept 


form, p. 244 е е ; 
id Use slope and y-intercept to write an equation 
Write an equation of the line with a slope of —2 and a y-intercept of 5. 
y= mx + b Write slope-intercept form. 
y=-2x+5 Substitute —2 for m and 5 for b. 
* Standardized Test Practice 
Which equation represents the line shown? 
Ф) у=-—х+3 (D y=-30+3 
: ELIMINATE CHOICES 


е 2 2 
о 0€9060909000000000000000000000000000000€400 = —— -- 1 = Es 2 
: In Example 2, you can > O y 5* (D y=3x E 


; eliminate choices С 
: and О because the 

: y-intercepts of the 

: graphs of these 

: equations are not 3. 


rise —2_ 2 


The slope of the line is iin = 5 p. 


The line crosses the y-axis at (0, 3). So, the y-intercept is 3. 


у= mx + b Write slope-intercept form. 
y= Ex +3 Substitute -2 for m and 3 for b. 


> The correct answer is A. @ (CORO) 


¿Animatea Algebra) at classzone.com 


f GUIDED PRACTICE for Examples 1 and 2 
Write an equation of the line with the given slope and y-intercept. 


1. Slope is 8; y-intercept is —7. 2. Slope is =; y-intercept is —3. 
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USING TWO POINTS If you know the point where a line crosses the y-axis and 
any other point on the line, you can write an equation of the line. 


( EXAMPLE З | Write an equation of a line given two points 


Write an equation of the line shown. 


Solution 
STEP? Calculate the slope. 


hA. c9 4 У 
» MATHIE 
STEP2 Write an equation of the line. The line crosses i 

the y-axis at (0, —5). So, the y-intercept is —5. Ayi li iil 


y=mx+b Write slope-intercept form. 


у= ax — 5 Substitute 3 for m and —5 for b. 


WRITING FUNCTIONS Recall that the graphs of linear functions are lines. You 
can use slope-intercept form to write a linear function. 


: REVIEW [ EXAMPLE 4 ] Write a linear function 


Forest ы » Write an equation for the linear function f with the values f(0) = 5 


: For help with using ы 
: function notation, see and f(4) = 17. 
: p. 262. 
i Solution 
STEP? Write f(0) = 5 as (0, 5) and f(4) = 17 as (4, 17). 


STEP 2 Calculate the slope of the line that passes through (0, 5) and (4, 17). 


STEP 3 Write an equation of the line. The line crosses the y-axis at 
(0, 5). So, the y-intercept is 5. 


y=mx+b Write slope-intercept form. 


y=3x+5 Substitute 3 for m and 5 for b. 


» The function is f(x) = 3x + 5. 


СА GUIDED PRACTICE for Examples 3 and 4 


3. Write an equation of the line shown. 
Write an equation for the linear 
function f with the given values. 

4. f(0) = —2, f(8) = 4 

5. f(-3) = 6, f(0) = 5 


284 Сһарїег5 Writing Linear Equations 


: READING MODELING REAL-WORLD SITUATIONS When a quantity y changes ata 


: The value b is a starting constant rate with respect to a quantity x, you can use the equation 
: Value in a real-world y = mx + bto model the relationship. The value of mis the constant rate of 


: Situation modeled by change, and the value of bis an initial, or starting, value for y. 
: у = mx + b, because 


: when х = 0, the 


: value of y is b. | EXAMPLE 5 ] Solve a multi-step problem 


RECORDING STUDIO А recording studio charges 
musicians an initial fee of $50 to record an album. 
Studio time costs an additional $35 per hour. 


a. Write an equation that gives the total cost of 
an album as a function of studio time (in hours). 


b. Find the total cost of recording an album that 
takes 10 hours of studio time. 


Solution 


a. The cost changes at a constant rate, so you can 
write an equation in slope-intercept form to 
model the total cost. 


STEP 7 Identify the rate of change and the starting value. 


Rate of change, m: cost per hour 
Starting value, b: initial fee 


STEP 2 Write a verbal model. Then write the equation. 


€ = a e ч . Studio time Initial fee 
(dollars) hour) (hours) (dollars) 
5 35 t + 50 


CHECK Use unit analysis to check the equation. 


dollars = dollars e hours + dollars Y 


> The total cost C is given by the function С = 35t + 50 where tis the 
studio time (in hours). 


b. Evaluate the function for t = 10. 
C = 35(10) + 50 = 400 Substitute 10 for t and simplify. 
> The total cost for 10 hours of studio time is $400. 


v/ GUIDED PRACTICE Тог Example 5 


6. WHAT IF? In Example 5, suppose the recording studio raises its initial fee 
to $75 and charges $40 per hour for studio time. 


a. Write an equation that gives the total cost of an album as a function of 
studio time (in hours). 


b. Find the total cost of recording an album that takes 10 hours of 
studio time. 


5.1 Write Linear Equations in Slope-Intercept Form 
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51 EXERCISES "ш cios 
ө KEY: on p. WS10 for Exs. 11, 19, and 47 
| Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 9, 40, 43, 48, and 50 


: es = MULTIPLE REPRESENTATIONS 
: Ex. 49 


г SKILL PRACTICE 


1. VOCABULARY Copy and complete: The ratio of the rise to the run 
between any two points on a nonvertical line is called the ?. 


2. * WRITING Explain how you can use slope-intercept form to write an 
equation of a line given its slope and y-intercept. 


: EXAMPLE 1 | WRITING EQUATIONS Write an equation of the line with the given slope and 
€ өөәөөөөөәөөөөөөөөөөөөөө y-intercept. 


: on p. 283 
: for Exs. 3-9, 16 3. slope: 2 4. slope: 1 5. slope: —3 
y-intercept: 9 y-intercept: 5 y-intercept: 0 
6. slope: —7 7. slope: £ 8. slope: 3 
y-intercept: 1 y-intercept: —9 y-intercept: —6 


9. Ж MULTIPLE CHOICE Which equation represents the line with a slope 
of —1 and a y-intercept of 2? 


@My=-x+2 (By-2x-1 (QOy-x-2 Dy=2x+1 


: EXAMPLE 2 WRITING EQUATIONS Write an equation of the line shown. 


ORS 


jonp28 10. LTT PTT И 
: for Exs. 10-15 ЗИ 3* 
eT AL 

[lA A| ||| 


EES | | tt 
_ 4070 || 


I. | |, м. ANP] 
P| | | ae | М, |» MEN ANTE ME 

A | | tN | | 

иши» шнш 
ptt tw | 


"| [e| L- 
NEF oP Ae 
С 
ПИР =8) | | 


16. ERROR ANALYSIS Describe and correct the error in writing an 
equation of the line with a slope of 2 and a y-intercept of 7. 


: EXAMPLE3 | 17. ERROR ANALYSIS Describe and 


е 069000000000000000090009 | а меи О = 4 = —4 - 4 
: on p. 284 correct the error in writing an slope = a ue 
: for Exs. 17-29 equation of the line shown. 4 

y =* + 4 


piv¥il | | Ne 
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USING А GRAPH Write an equation of the line shown. 


22. 


USING TWO POINTS Write an equation of the line that passes through the 
given points. 


24. (=, 1), (0, —8) 25. (2, = (0, =) 26. (2, —4), (0, —4) 
27. (0, 4), (8, 3.5) 28. (0, 5), (1.5, 1) 29. (—6, 0), (0, —24) 

: EXAMPLE 4 WRITING FUNCTIONS Write an equation for the linear function f with the 

| ре ipn iem Sive values. 

: for Exs. 30-38 E к " г _ Е 
30. f(0) = 2, f(2) = 4 31. f(0) 2 7, f(3) = 1 32. f(0) = —2, f(4) = -3 
33. f(0) = —1, f(5) = —5 34. f(—2) = 6, f(0) = —4 35. f(-6) = -1,f(0) = 3 
36. f(4) = 13, f(0) = 21 37. f(0) = 9, f(3) =0 38. f(0.2) = 1, f(0) = 0.6 


39. VISUAL THINKING Line £ passes through the points (0, 1) and 
(3, 0). What change(s) in the parameters m and bin the slope- 
intercept equation of k occurred to produce the 
slope-intercept equation of £? 


40. * OPEN-ENDED Describe a real-world situation that can 
be modeled by the function y = 4x + 9. 


USING A DIAGRAM OR TABLE Write an equation that represents 
the linear function shown in the mapping diagram or table. 


43. * WRITING A line passes through the points (3, 5) and (3, —7). Is it 
possible to write an equation of the line in slope-intercept form? 
Justify your answer. 


44. CHALLENGE Show that the equation of the line that passes through the 


points (0, b) and (1, b + m) is y = mx + b. Explain how you can be sure 
that the point (—1, b — т) also lies on the line. 
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: EXAMPLE 5 45. WEB SERVER The initial fee to have a website set up using a server is $48. 


: on p. 285 It costs $44 per month to maintain the website. 


: for Exs. 45—49 a. Write an equation that gives the total cost of setting up and 


maintaining a website as a function of the number of months it is 
maintained. 


b. Find the total cost of setting up and maintaining the website for 
6 months. 


@Homelutor хог problem solving help at classzone.com 


46. PHOTOGRAPHS А camera shop charges $3.99 for an enlargement of a 
photograph. Enlargements can be delivered for a charge of $1.49 per 
order. Write an equation that gives the total cost of an order with delivery 
as a function of the number of enlargements. Find the total cost of 
ordering 8 photograph enlargements with delivery. 


@Homelutor ) for problem solving help at classzone.com 


(47) AQUARIUM Your family spends $30 for tickets to an aquarium and 
$3 per hour for parking. Write an equation that gives the total cost of your 
family’s visit to the aquarium as a function of the number of hours that 
you are there. Find the total cost of 4 hours at the aquarium. 


48. ж SHORT RESPONSE Scientists found that the number of ant species in 
Clark Canyon, Nevada, increases at a rate of 0.0037 species per meter of 
elevation. There are approximately 3 ant species at sea level. 


a. Write an equation that gives the number of ant species as a function 
of the elevation (in meters). 


b. Identify the dependent and independent variables in this situation. 


c. Explain how you can use the equation from part (a) to approximate 
the number of ant species at an elevation of 2 meters. 


49. es MULTIPLE REPRESENTATIONS The timeline shows the approximate 
total area of glaciers on Mount Kilimanjaro from 1970 to 2000. 


Ag чый Year 1970 1980 1990 2000 
М; NS Area 5.2 кт? 4.1 km? 3.0 km? 1.9 km? 


а. Making a Table Make а table that shows the number of years х since 
1970 and the area of the glaciers y (in square kilometers). 


b. Drawing a Graph Graph the data in the table. Explain how you know 
the area of glaciers changed at a constant rate. 


c. Writing an Equation Write an equation that models the area of 
glaciers as a function of the number of years since 1970. By how much 
did the area of the glaciers decrease each year from 1970 to 2000? 


С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED e = MULTIPLE 
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50. 


51. 


52. 


Ж EXTENDED RESPONSE The Harris Dam 


Time Release rate 
in Maine releases water into the Kennebec interval (gallons per hour) 


River. From 10:00 A.M. to 1:00 P.M. during 
each day of whitewater rafting season, water 
is released at a greater rate than usual. 


12:00 A.M. to 
10:00 A.M. 


a. On a day during rafting season, how 


y :00 P.M. 
much water is released by 10:00 A.M.? x 


b. Write an equation that gives, for a day during rafting season, the 
total amount of water (in gallons) released as a function of the 
number of hours since 10:00 A.M. 


c. What is the domain of the function from part (b)? Explain. 


FIREFIGHTING The diagram shows the time a firefighting aircraft takes 
to scoop water from a lake, fly to a fire, and drop the water on the fire. 


И 0.7 min per mile of — . 


distance to fly to fire 


без. 


0.2 min to 
scoop water 
a. Model Write an equation that gives the total time (in minutes) that 


the aircraft takes to scoop, fly, and drop as a function ofthe distance 
(in miles) flown from the lake to the fire. 


b. Predict Find the time the aircraft takes to scoop, fly, and drop if it 
travels 20 miles from the lake to the fire. 


CHALLENGE The elevation at which a baseball game is played affects 
the distance a ball travels when hit. For every increase of 1000 feet in 
elevation, the ball travels about 7 feet farther. Suppose a baseball travels 
400 feet when hit in a ball park at sea level. 


a. Model Write an equation that gives the distance (in feet) the baseball 
travels as a function of the elevation of the ball park in which it is hit. 


b. Justify Justify the equation from part (a) using unit analysis. 


с. Predict If the ball were hit in exactly the same way at a park with an 
elevation of 3500 feet, how far would it travel? 


8.1 million 


130 million 


: PREVIEW 


: Prepare for 
: Lesson 5.2 іп 
: Exs. 59-64. 


Solve the equation. Check your solution. 


53. x + 11 = 6 (p. 134) 54. x — 7 = 13 (p. 134) 55. 0.2x = —1 (p. 134) 
56. 3x + 9 = 21 (p. 141) 57. 2X — 3 — 25 (p. 141) 58. 4x — 8 = —10 (p. 141) 


Find the slope of the line that passes through the points. (p. 235) 


99. (—4, 6), (0, —2) 60. (3, m (0, 1) 61. (5, 6), (—1, 3) 
62. (—9, 3), (7, —1) 63. (3, —12), (5, —7) 64. (10, 4), (—8, 2) 


EXTRA PRACTICE for Lesson 5.1, p. 942 
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Grapmng Aq r 
'e calculator L [AA ТАЛТ V Hl i] E Use after Lesson 5.7 


3.1 Investigate Families of Lines 


QUESTION 


Recall from Chapter 4 that you can create families of lines by varying the 
value of either m or bin y = mx + b. The constants m and b are called 
parameters. Given the value of one parameter, you can determine the value 
of the other parameter if you also have information that uniquely identifies 
one member of the family of lines. 


( EXAMPLE 1] Find the slope of a line and write an equation 


In the same viewing window, display the four lines that have slopes of 
—1, —0.5, 0.5, and 1 and a y-intercept of 2. Then use the graphs to determine 
which line passes through the point (12, 8). Write an equation of the line. 


STEP T | Enter equations ж | 
Press and enter the four equations. Because the | Be 1,-.5,.5,13X«2 


lines all have the same y-intercept, they constitute a 
family of lines and can be entered as shown. 


How can you use a graphing calculator to find equations of 
lines using slopes and y-intercepts? 


2] Display graphs 

em the equations in an appropriate viewing window. 
Press and use the left and right arrow keys to 
move along one of the lines until x = 12. Use the up 
and down arrow keys to see which line passes through 
(12, 8). 


Find tke line 


The line that passes through (12, 8) is the line with a 
slope of 0.5. So, an equation of the line is y = 0.5x + 2. 


PRACTICE ! 


Display the lines that have the same y-intercept but different slopes, as 
given, in the same viewing window. Determine which line passes through 
the given point. Write an equation of the line. 


1. Slopes: —3, —2, 2, 3; y-intercept: 5; point: (-3, 11) 
2. Slopes: 4, —2.5, 2.5, 4; y- intercept: —1; point: (4, —11) 
3. Slopes: —2, —1, 1, 2; y-intercept: 1.5; point: (1, 3.5) 
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GIUUUD Find the y-intercept of a line and write an equation 


In the same viewing window, display the five lines that have a slope of 
0.5 and y-intercepts of —2, —1, 0, 1, and 2. Then use the graphs to determine 
which line passes through the point (—2, —2). Write an equation of the line. 


Enter equations Display graphs Find the line 

Press and enter the five Graph the equations in an The line that passes through 
equations. Because the lines appropriate viewing window. (-2, —2) is the line with a 

all have the same slope, they Press and use the left y-intercept of —1. So, an equation 
constitute a family oflines and апа right arrow keys to move of the line is y = 0.5x — 1. 


can be entered as shown below. along one of the lines until 
x = —2. Use the up and down 
arrow keys to see which line 
passes through (-2, -2). 


[Y1B.5x*€-2,21,0,1,22 
IITE 


PRACTICE 


Display the lines that have the same slope but different y-intercepts, as 
given, in the same viewing window. Determine which line passes through 
the given point. Write an equation of the line. 


4. Slope: —3; y-intercepts: —2, —1, 0, 1, 2; point: (4, —13) 

5. Slope: 1.5; y-intercepts: —2, —1, 0, 1, 2; point: (-2, —1) 

6. Slope: —0.5; y-intercepts: —3, —1.5, 0, 1.5, 3; point: (—4, 3.5) 
7. Slope: 4; y-intercepts: —3, —1, 0, 1, 3; point: (2, 5) 

8. Slope: 2; y-intercepts: —6, —3, 0,3, 6; point: (—2, —7) 


DRAW CONCLUSIONS 


9. Ofall the lines having equations of the form y = 0.5x + b, which 
one passes through the point (2, 2)? Explain how you found your 
answer. 


10. Describe a process you could use to find an equation of a line that 
has a slope of —0.25 and passes through the point (8, —2). 
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A 2 Use Linear Equations in 
* ^" Slope-Intercept Form 


You wrote an equation of a line using its slope and y-intercept. 
| Now ) You will write ап equation of a line using points on the line. 
Why So you can write a model for total cost, as in Example 5. 


Key Vocabulary 


KEY CONCEPT For Your Notebook 
• y-intercept, p. 225 
* slope, p. 235 > Writing an Equation of a Line in Slope-Intercept Form 
e slope-intercept 1: 
form, p. 244 ] STEP? Identify the slope m. You can use the slope formula to calculate 


the slope if you know two points on the line. 


$TEP2 Find the y-intercept. You can substitute the slope and the 
coordinates of a point (x, y) on the line in y = mx + b. Then 
solve for b. 


STEP3 Write an equation using y = mx + b. 


Write an equation given the slope and a point 


Write an equation of the line that passes through the point (—1, 3) and 
has a slope of —4. 
Solution 

STEP 7 Identify the slope. The slope is —4. 


STEP 2 Find the y-intercept. Substitute the slope and the coordinates of the 
given point in y = mx + b. Solve for b. 


y=mx+b Write slope-intercept form. 
: AVOID ERRORS 
: €000000000000000000006 o discal: ) 3 = —4(-1) -+ b Substitute —4 for m, —1 for X, and 3 for y. 
; When you substitute, 
: be careful not to mix up —1 = р Solve for Б. 


: the x- and y-values. | ‚ ‚ 
STEP 3 Write an equation of the line. 


y=mx+b Write slope-intercept form. 


y=-4x-1 Substitute —4 for m and —1 for b. 


Y | GUIDED PRACTICE for Example 1 


1. Write an equation of the line that passes through the point (6, 3) and has 
a slope of 2. 
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[ EXAMPLE 2 | Write an equation given two points 


Write an equation of the line that passes through (—2, 5) and (2, —1). 


Solution 
STEP? Calculate the slope. 
-B ho AE A we 
4474 Z—[-2 4 2 
: ANOTHER WAY . : i 
! SUA pen pags anc а J> STEP 2 Find the y-intercept. Use the slope and the point (—2, 5). 
: y intercept using the у= тх + р Write slope-intercept form. 


: coordinates of the other 
: given point, (2, —1): 

: y=mx+b 

: —1 = 2) + b mn 
225b 


5 = -5(—2) tb Substitute =5 for т, —2 for x, and 5 for y. 


Solve for b. 
STEP 3 Write an equation of the line. 
y=mx+b Write slope-intercept form. 


у= -àx T2 Substitute -i for m and 2 for b. 


Ж | EXAMPLE З ] Standardized Test Practice 


Which function has the values f(4) = 9 and f(—4) = —7? 


QD f(x) =2x +10 (В) fo =2x+1 
© f(x) = 2х – 13 D fix) =2x- 14 
: pect bela da ll STEP Y Calculate the slope. Write f(4) = 9 as (4, 9) and f(—4) = —7 
: You can also 
: as (-4, —7). 
: evaluate each 
: function when x = 4 mata 91. 5-9, —16_„ 
: and x = —4. Eliminate X,—X, -4-4  —8 
; any choices for which P , . 
: f(4) 9 or f(—4) + —7. STEP 2 Find the y-intercept. Use the slope and the point (4, 9). 
y=mx+b Write slope-intercept form. 


9 = 2(4) + b Substitute 2 for m, 4 for x, and 9 for y. 
1= р Solve for Б. 
STEP 3 Write an equation for the function. Use function notation. 
f(x) = 2х + 1 Substitute 2 for m and 1 for b. 
* The answer is B. (А) © ® 


GUIDED PRACTICE for Examples 2 and 3 


2. Write an equation of the line that passes through (1, —2) and (—5, 4). 


3. Write an equation for the linear function with the values f(—2) = 10 and 


Ка) = 2. 
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CONCEPT SUMMARY For Your Notebook 


d d d d УУ. 


How to Write Equations in Slope-Intercept Form 


Given slope m and y-intercept b Given slope m and one point Given two points 
y y y 
(0, b) 
X X X 
Substitute m and b in the Substitute m and the coordinates Use the points to find the slope 
equation y = mx + b. of the point in y = mx + b. Solve m. Then follow the same steps 
for b. Write the equation. described at the left. 


MODELING REAL-WORLD SITUATIONS You can model a real-world situation that 
involves a constant rate of change with an equation in slope-intercept form. 


Solve a multi-step problem 


GYM MEMBERSHIP Your gym membership costs $33 per month after 
an initial membership fee. You paid a total of $228 after 6 months. 
Write an equation that gives the total cost as a function of the length of 
your gym membership (in months). Find the total cost after 9 months. 
Solution 

STEP 1 Identify the rate of change and starting value. 


Rate of change, m: monthly cost, $33 per month 
Starting value, b: initial membership fee 


STEP 2 Write a verbal model. Then write an equation. 


Total _ Monthly , Number , Membership 
cost cost of months fee 
С = 33 . t + b 


STEP 3 Find the starting value. Membership for 6 months costs $228, so you 
can substitute 6 for t and 228 for Cin the equation С = 331 + b. 


228 = 33(6) + b Substitute 6 for t and 228 for C. 
30 = b Solve for b. 
STEP 4 Write an equation. Use the function from Step 2. 
C = 331 + 30 Substitute 30 for Б. 
STEP 5 Evaluate the function when t = 9. 
С = 33(9) + 30 = 327 Substitute 9 for t. Simplify. 
» Your total cost after 9 months is $327. 
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| EXAMPLE 5 ] Solve a multi-step problem 


: ANOTHER WAY 


ocre IA +2 Solution 


: For alternative methods 
: for solving the problem 
: in Example 5, turn 

: to page 300 for the 

: Problem Solving 

: Workshop. 


BMX RACING In Bicycle Moto Cross (BMX) racing, 
racers purchase a one year membership to a track. 
They also pay an entry fee for each race at that 
track. One racer paid a total of $125 after 5 races. 
A second racer paid a total of $170 after 8 races. 
How much does the track membership cost? 

What is the entry fee per race? 


STEP? Identify the rate of change and starting value. 


Rate of change, m: entry fee per race 
Starting value, b: track membership cost 


STEP 2 Write a verbal model. Then write an equation. 


Total Entry fee Races Membership 
cost = per race e entered + cost 
y y v y 
C = m o r + b 


STEP 3 Calculate the rate of change. This is the entry fee per race. Use 
the slope formula. Racer 1 is represented by (5, 125). Racer 2 is 
represented by (8, 170). 


m = = lI 


STEP 4 Find the track membership cost b. Use the data pair (5, 125) for 
racer 1 and the entry fee per race from Step 3. 


C=mr+b Write the equation from Step 2. 
125 = 15(5) + b Substitute 15 for m, 5 for r, and 125 for С. 
50 = b Solve for b. 
* The track membership cost is $50. The entry fee per race is $15. 


СА GUIDED PRACTICE for Examples 4 and 5 


4. GYM MEMBERSHIP A gym charges $35 per month after an initial 
membership fee. A member has paid a total of $250 after 6 months. 
Write an equation that gives the total cost of a gym membership as a 
function of the length of membership (in months). Find the total cost of 
membership after 10 months. 


5. BMX RACING A BMX race track charges a membership fee and an entry 
fee per race. One racer paid a total of $76 after 3 races. Another racer paid 
a total of $124 after 7 races. 


a. How much does the track membership cost? 
b. What is the entry fee per race? 


c. Write an equation that gives the total cost as a function of 
the number of races entered. 
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5.2 EXERCISES и О-оо 
e KEY: on p. WS11 for Exs. 5, 11, and 49 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 29, 34-37, 41, and 49 


E eo = MULTIPLE REPRESENTATIONS 
Ex. 53 


' SKILL PRACTICE 


1. VOCABULARY What is the y-coordinate of a point where a graph 
crosses the y-axis called? 


2. Ж WRITING Ifthe equation y = mx + bis used to model a quantity y as 
a function of the quantity x, why is b considered to be the starting value? 


: EXAMPLE 1 WRITING EQUATIONS Write an equation of the line that passes through 


: on p. 292 the given point and has the given slope m. 
: for Exs. 3-9 
3. (1,1); т= 3 4. (5,1); т= 2 (s) 7; т = —5 
6. (5, -5; m = —2 7. (8, —4); m = - 8. (-3, —11); m => 
9. ERROR ANALYSIS Describe and correct the error in 
finding the y-intercept of the line that passes through у= mx + b 
the point (6, —3) and has a slope of —2. 6 = —2(-3) + b 


O=6+b 
O=b 


: EXAMPLE 4 10. ERROR ANALYSIS An Internet service provider charges $18 


: on p.294 per month plus an initial set-up fee. One customer paid a C=mt+b 
: for Ex. 10 total of $81 after 2 months of service. Describe and correct 61 = m(2) + 18 
the error in finding the set-up fee. 63 = m(2) 
31.50 = m 


: EXAMPLE 2 USING TWO POINTS Write an equation of the line that passes through 


: On p. 293 the given points. 
Е (п) (1, 4), (2, 7) 12. (3, 2), (4, 9) 13. (10, 5), (—5, 1) 


14. (2, 8), (-6, 0) 15. B 1) (4 7) ie. (-5,2) (-2, 2 


USING A GRAPH Write an equation of the line shown. 


can a, E IR O ЛИШ 
MI UIN 
+ IIA] |» 
AS 
(118-35 || |. 
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: EXAMPLE 3 WRITING LINEAR FUNCTIONS Write an equation for a linear function f 


: On p. 293 that has the given values. 

: for Exs. 23-33 23. f(-2) = 15, f) = 9 24. f(-2) = —2, f(4) = —8 
25. f(2) = 7, fd) = 6 26. f(-4) = -8, f(-8) = -11 
27. f(3) = 1, f(6) = 4 28. f(-5) = 9, f(11) = —39 


29. Ж MULTIPLE CHOICE Which function has the values f(4) = —15 and 


f(7) = 57? 
СА) f(x) = Mx = 71 f(x) = 24x — 1361 
СС) f(x) = 24x + 360 (DD f(x) = 24x — 111 


USING A TABLE OR DIAGRAM Write an equation that represents the linear 
function shown in the table or mapping diagram. 


Ж SHORT RESPONSE Tell whether the given information is enough to 
write an equation of a line. Justify your answer. 


34. Two points on the line 35. The slope and a point on the line 


36. The slope of the line 37. Both intercepts of the line 


USING A GRAPH In Exercises 38-41, use the graph at the right. 


38. Write an equation of the line shown. 


39. Write an equation of a line that has the same y-intercept as 
the line shown but has a slope that is 3 times the slope of 
the line shown. 


40. Write an equation of a line that has the same slope as the line 
shown but has a y-intercept that is 6 more than the y-intercept 
of the line shown. 


41. Ж WRITING Which of the lines from Exercises 38-40 
intersect? Which of the lines never intersect? Justify your 
answers. 


REASONING Decide whether the three points lie on the same line. Explain 
how you know. If the points do lie on the same line, write an equation of 
the line that passes through all three points. 


42. (—4, =, (2, 2,9], (8, 7) 43. (2, 2), (—4, 5), (6, 1) 
44. (—10, 4), (—3, 2.8), (—17, 6.8) 45. (—5.5, 3), (—7.5, 4), (—4, 5) 


46. CHALLENGE A line passes through the points (—2, 3), (2, 5), and (6, K). 
Find the value of k. Explain your steps. 
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LPROBLEM SOLVING Cl 


: EXAMPLES 47. BIOLOGY Four years after a hedge maple tree was planted, its height 


: 4A and 5 was 9 feet. Eight years after it was planted, the hedge maple tree's 
: on pp. 294-295 height was 12 feet. What is the growth rate of the hedge maple? What 
: for Exs. 47-50 was its height when it was planted? 


\ @Homelutor ) for problem solving help at classzone.com 


48. TECHNOLOGY You have a subscription to an online magazine that 
allows you to view 25 articles from the magazine’s archives. You are 
charged an additional fee for each article after the first 25 articles 
viewed. After viewing 28 archived articles, you paid a total of $34.80. 
After viewing 30 archived articles, you paid a total of $40.70. 


а. What is the cost per archived article after the first 25 articles viewed? 
b. What is cost of the magazine subscription? 


\ GHomeTutor — for problem solving help at classzone.com 


Ж SHORT RESPONSE You are cooking a roast beef until it is well-done. 
You must allow 30 minutes of cooking time for every pound of beef, 
plus some extra time. The last time you cooked a 2 pound roast, it was 
well-done after 1 hour and 25 minutes. How much time will it take to 
cook a3 pound roast? Explain how you found your answer. 


: I —Ó— 50. TELEPHONE SERVICE The annual household cost of telephone service 
: In part (b), let in the United States increased at a relatively constant rate of $27.80 per 
q ^ represent the year from 1981 to 2001. In 2001 the annual household cost of telephone 


: number of years 
: since 1981. service was $914. 
a. What was the annual household cost of telephone service in 1981? 


b. Write an equation that gives the annual household cost of telephone 
service as a function of the number of years since 1981. 


c. Find the household cost of telephone service in 2000. 


51. NEWSPAPERS Use the information in the article 


about the circulation of Sunday newspapers. Sunday Edition c9 


a. About how many Sunday newspapers were in SUNDAY PAPERS INCREASE 
circulation in 1970? From 1970 to 2000, the number of 

b. Write an equation that gives the number of Sunday newspapers in circulation 
Sunday newspapers in circulation as a function increased at a relatively constant rate 


of 11.8 newspapers per year. In 1997 
there were 903 Sunday newspapers 
c. About how many Sunday newspapers were in in circulation. 


circulation in 2000? 


of the number of years since 1970. 


52. AIRPORTS From 1990 to 2001, the number of airports in the 
United States increased at a relatively constant rate of 175 airports 
per year. There were 19,306 airports in the United States in 2001. 


a. How many U.S. airports were there in 1990? 


b. Write an equation that gives the number of U.S. airports as a function 
of the number of years since 1990. 


c. Find the year in which the number of U.S. airports reached 19,200. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED ф = MULTIPLE 
298 on p. WS1 TEST PRACTICE REPRESENTATIONS 


53. ey MULTIPLE REPRESENTATIONS A hurricane is traveling at a constant 
speed on a straight path toward a coastal town, as shown below. 


Hurricane 


Hurricane position at 1:00 P.M. 


osition at 5:00 P.M. 


a. Writing an Equation Write an equation that gives the distance (in 
miles) of the hurricane from the town as a function of the number of 
hours since 12:00 P.M. 


b. Drawing a Graph Graph the equation from part (a). Explain what the 
slope and the y-intercept of the graph mean in this situation. 


c. Describing in Words Predict the time at which the hurricane will reach 
the town. Your answer should include the following information: 


e an explanation of how you used your equation 
e a description of the steps you followed to obtain your prediction 


54. CHALLENGE An in-line skater 
practices at a race track. In two 
trials, the skater travels the same 
distance going from a standstill 


travels at his top racing speed for NONE T 


to his top racing speed. He then 
different distances. 


Time at top Total distance 
racing speed traveled 
(seconds) (meters) 


a. Model Write an equation that gives the total distance traveled (in 
meters) as a function of the time (in seconds) at top racing speed. 


b. Justify What do the rate of change and initial value in your equation 
represent? Explain your answer using unit analysis. 


c. Predict One lap around the race track is 200 meters. The skater starts 
at a standstill and completes 3 laps. Predict the number of seconds the 
skater travels at his top racing speed. Explain your method. 


MIXED REVIEW 


Solve the equation. Check your solution. 


55. 3x + 2x — 3 = 12 (p. 148) 56. —2(q + 13) — 8 = 2 (p. 148) 
57. —3a + 15 = 45 + 7a (p. 154) 58. 7c + 25 = —19 + 2c (p. 154) 

: PREVIEW Write an equation of the line that has the given characteristics. (p. 283) 

: Prepare for i 2.3 

| und 53 59. Slope: —5; y-intercept: —2 60. Slope: 7 y-intercept: -3 

: in Exs. 59—64. 61. Slope: 1; passes through (0, —4) 62. Slope: 9; passes through (0, 14) 
63. Passes through (0, 6), (5, 2) 64. Passes through (-12, 3), (0, 2) 
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PROBLEM SOLVING Using ALTERNATIVE METHODS 


WORKSHOP | 


1 
S 


Another Way to Solve Example 5, page 295 


СУ MULTIPLE REPRESENTATIONS In Example 5 on page 295, you saw how to 
Фф o solve a problem about BMX racing using an equation. You can also solve 
<> this problem using a graph ог a table. 


PROBLEM BMX RACING In Bicycle Moto Cross (BMX) racing, racers purchase a 
one year membership to a track. They also pay an entry fee for each race 
at that track. One racer paid a total of $125 after 5 races. A second racer 
paid a total of $170 after 8 races. How much does the track membership 
cost? What is the entry fee per race? 


METHOD 1 Using a Graph One alternative approach is to use a graph. 


STEP 7 Read the problem. It tells you 
the number of races and amount 
paid for each racer. Write this Racer 2: (8, 170) 
information as ordered pairs. 


Racer 1: (5, 125) 


STEP 2 Graph the ordered pairs. 
Draw a line through the points. 


The y-interceptis50. = |. > 
So, the track membership is $50. 


Amount paid (dollars) 


STEP 3 Find the slope of the line. 
This is the entry fee per race. 


45 dollars 


Fee = 3 races 


= $15 per race 


Amount paid (dollars) 


Number of races 
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METHOD 2 Using a Table Another approach is to use a table showing the amount paid 


for various numbers of races. 


STEP 7 Calculate the race entry fee. 


STEP 2 Find the membership cost. 


+3 


The number of races increased by 
3, and the amount paid increased 
by $45, so the race entry fee is 


$45 +3 = $15. 


Number Amount 
ofraces paid 
9 | #50 D — $15 
1 $65 T IE 
|+ $45 | > $80 | 
| D - $15 
3 $95 "— 


4 $110 p "m 


The membership cost is the cost with 
no races. Use the race entry fee and 
work backwards to fill in the table. 
The membership cost is $50. 


em» — 0 ll 1 


1. CALENDARS A company makes calendars 
from personal photos. You pay a delivery 
fee for each order plus a cost per calendar. 
The cost of 2 calendars plus delivery is $43. 
The cost of 4 calendars plus delivery is $81. 
What is the delivery fee? What is the cost 
per calendar? Solve this problem using two 
different methods. 


2. BOOKSHELVES А furniture maker offers 
bookshelves that have the same width and 
depth but that differ in height and price, 
as shown in the table. Find the cost of a 
bookshelf that is 72 inches high. Solve this 
problem using two different methods. 


36 56.54 
48 77.42 
60 98.30 


3. WHAT IF? In Exercise 2, suppose the price of 
the 60 inch bookshelf was $99.30. Can you 
still solve the problem? Explain. 


4. CONCERT TICKETS АП tickets for a concert 
are the same price. The ticket agency adds a 
fixed fee to every order. A person who orders 
5 tickets pays $93. A person who orders 
3 tickets pays $57. How much will 4 tickets 
cost? Solve this problem using two different 
methods. 


5. ERROR ANALYSIS A student solved the 
problem in Exercise 4 as shown below. 
Describe and correct the error. 


Let p = price paid for 4 tickets 


57_Р 

5 4 
228 = 3p 

e= X 


Using Alternative Methods 301 


Б 


You wrote linear equations in slope-intercept form. 


| Now ) You will write linear equations in point-slope form. 
So you can model sports statistics, as in Ex. 43. 


Key Vocabulary 


e point-slope form 


: USE POINT-SLOPE 


: FORM 


°=” in Point-Slope Form 


Write Linear Equations 


e 


Consider the line that passes through the point (2, 3) with a slope of 5 


Let (x, y) where x + 2 be another point on the line. You can write an equation 
relating x and y using the slope formula, with (x,, y,) = (2, 3) and 
(х, у») = (x, y). 


m= RA Write slope formula 
X3 — 9 Р | 
p EP Substitute | for т, 3 for y,, and 2 for x 
2 x _ 2 2 y 1 1° 
5 ( x—2)=y-3 Multiply each side by (x — 2). 


° . è " 1 
qoi PET » The equation in point-slope form is y — 3 = =(x — 2). 
: When an equation is d p pe f y zl ) 


: in point-slope form, 


: you can read the 


: x- and y-coordinates 


: of a point on the 


: line and the slope of 


: the line. 


KEY CONCEPT For Vour Wotebook 


Point-Slope Form y 


The point-slope form of the equation 
of the nonvertical line through a given 
point (x,, yj) with a slope of m is 

y — y, = mQ- x. 


(x1, у) 


Write an equation in point-slope form 


Write an equation in point-slope form of the line that passes through 
the point (4, —3) and has a slope of 2. 


y-y,7^m(x—x,) Write point-slope form. 


yt 3-2(x — 4) Substitute 2 for m, 4 for x,, and —3 for y,. 


GUIDED PRACTICE for Example 1 


1. Write an equation in point-slope form of the line that passes through 
the point (—1, 4) and has a slope of —2. 
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| EXAMPLE 2 ] Graph an equation in point-slope form 


Graph the equation y + 2 = zx — 3). 


Solution 

Because the equation is in point-slope form, you 
know that the line has a slope of $ and passes 
through the point (3, —2). 


Plot the point (3, —2). Find a second point on 
the line using the slope. Draw a line through 
both points. 


r4 GUIDED PRACTICE | for Example 2 


2. Graph the equation y — 1 = – (х — 2). 


( EXAMPLE 3 | Use point-slope form to write an equation 


Write an equation in point-slope form of the 
line shown. 


Solution 


STEP? Find the slope of the line. 
Ya" Yi 3-1 


X54 — Xi =j- 1 —2 


m = 


STEP2 Write the equation in point-slope form. You can use either given point. 


Method 1 Use (-1, 3). Method 2 Use (1, 1). 
y — y, = mx- xy) y- y, = т(х — xy) 
y-3=-—(x+1) y-1=-(x-1) 


CHECK Check that the equations are equivalent by writing them in 
slope-intercept form. 


y-3=-x-1 y—-l=-x+1 
y= -t2 yexT2 
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GUIDED PRACTICE for Example 3 


3. Write an equation in point-slope form of the line that passes through the 
points (2, 3) and (4, 4). 
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[| EXAMPLE 4 | Solve a multi-step problem 


STICKERS You are designing a sticker to advertise your band. A company 
charges $225 for the first 1000 stickers and $80 for each additional 

1000 stickers. Write an equation that gives the total cost (in dollars) of stickers 
as a function of the number (in thousands) of stickers ordered. Find the cost 
of 9000 stickers. 


Solution 


STEP? Identify the rate of change and a data pair. Let C be the cost (in 
dollars) and s be the number of stickers (in thousands). 


Rate of change, m: $80 per 1 thousand stickers 
Data pair (s,, C,): (1 thousand stickers, $225) 


STEP 2 Write an equation using point-slope form. Rewrite the equation 
in slope-intercept form so that cost is a function of the number of 


stickers. 
C—C,=m(s — sy) Write point-slope form. 
C — 225 = 80(s — 1) Substitute 80 for т, 1 for s,, and 225 for С,. 
: AVOID ERRORS seven C = 80s + 145 Solve for C. 
: Remember that s is 
: given in thousands. STEP 3 Find the cost of 9000 stickers. 
: To find the cost of С = 80(9) + 145 = 865 Substitute 9 for s. Simplify. 
: 9000 stickers, substitute 
: 9 for s. > The cost of 9000 stickers is $865. 


| EXAMPLE 5 ] Write a real-world linear model from a table 


WORKING RANCH The table shows the cost of visiting a 
working ranch for one day and night for different numbers of 
people. Can the situation be modeled by a linear equation? 
Explain. If possible, write an equation that gives the cost as a 
function of the number of people in the group. 


Банана a | s | s o| 


Solution 
STEP 7 Find the rate of change for consecutive data pairs in the table. 


350 — 250 
6—4 


450 — 350 
8—6 


550 — 450 


_ 650 — 550 _ 
inc ас" 50 


= 30, 12 — 10 


= 50, 
Because the cost increases at a constant rate of $50 per person, the 
situation can be modeled by a linear equation. 


STEP 2 Use point-slope form to write the equation. Let C be the cost (in 
dollars) and p be the number of people. Use the data pair (4, 250). 


C — C, — m (p — p,) Write point-slope form. 
C — 250 = 50(p — 4) Substitute 50 for т, 4 for p,, and 250 for С,. 
C = 50р + 50 Solve for C. 
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GUIDED PRACTICE | for Examples 4 and 5 


4. WHAT IF? In Example 4, suppose a second company charges $250 for the 
first 1000 stickers. The cost of each additional 1000 stickers is $60. 


a. Write an equation that gives the total cost (in dollars)of the stickers 
as a function of the number (in thousands) of stickers ordered. 


b. Which company would charge you less for 9000 stickers? 
5. MAILING COSTS The table shows the cost (in dollars) of sending a single 
piece of first class mail for different weights. Can the situation be modeled 


by alinear equation? Explain. If possible, write an equation that gives the 
cost of sending a piece of mail as a function of its weight (in ounces). 


Weight (ounces) 


КЕК 


5.3 EXERCISES "Tx O- emere 

e KEY: on p. WS11 for Exs. 3 and 39 
| Ж = STANDARDIZED TEST PRACTICE 

Exs. 2, 12, 30-34, 38, and 41 


' SKILL PRACTICE 


1. VOCABULARY Identify the slope of the line given by the equation 
y — 5 = —2(x + 5). Then identify one point on the line. 


2. Ж WRITING Describe the steps you would take to write an equation in 
point-slope form of the line that passes through the points (3, —2) 


and (4, 5). 
: EXAMPLE1 | WRITING EQUATIONS Write an equation in point-slope form of the line 
: on p. 302 that passes through the given point and has the given slope m. 
O 4. (3,5), т = –1 5. (7, -D, m= -6 
6. (5, C, m = -2 7. (8, 2), т = 5 8. (—6, 6), т = 3 
9. (—11, —3), m — -9 10. (—3, —9), m =! 11. (5, —12), т — -£ 


12. Ж MULTIPLE CHOICE Which equation represents the line that passes 
through the point (—6, 2) and has a slope of —1? 


Œ y + 2 = -(x + 6) В) у+2 = -(x- 6) 
(O у-2 = -(x + 6) (D y + 1= –2(х + 6) 
13. ERROR ANALYSIS Describe and correct the 
error in writing an equation of the line that y — 5 = —2(x — 1) X 


passes through the point (1, —5) and 
has a slope of -2. 
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: EXAMPLE 2 


3 —— RI 
: for Exs. 14—19 


: EXAMPLE 3 


: үт ip ИМА 
: for Exs. 20-30 
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GRAPHING EQUATIONS Graph the equation. 
14. y-5=3(x- 1) 15. y +3 = —2(x — 2) 16. у— 1=3(x + 6) 
17. y+8=-(x+4) 18. у—1=З(х+1) 19. у+4 = —5(х—3) 


USING A GRAPH Write an equation in point-slope form of the line shown. 


"ЕКЕ 
la 


WRITING EQUATIONS Write an equation in point-slope form of the line 
that passes through the given points. 


23. (7, 2), (2, 12) 24. (6, —2), (12, 1) 25. (-4, —1), (6, —7) 

26. (4, 5), (74, —5) 27. (—3, —20), (4, 36) 28. (—5, —19), (5, 13) 

29. ERROR ANALYSIS Describe and correct the error 
in writing an equation of the line shown. 


_ dei m 


2 
m cri Утта ЕИ X 


30. Ж MULTIPLE CHOICE The graph of which equation is 
shown? 


QD у+4= -3(х+2) | (BD y-4=-3(x-2) 
© y-4=-3(x + 2) D y+4=-3(x-2) 


Ж SHORT RESPONSE Tell whether the data in the table can be modeled by 
a linear equation. Explain. If possible, write an equation in point-slope 
form that relates y and x. 


CHALLENGE Find the value of k so that the line passing through the given 
points has slope m. Write an equation of the line in point-slope form. 


35. (k, 4k), (k + 2, 3k), m = —1 36. (—k + 1, 3), (3, Е + 3), м = З 


©) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 


on p. WS1 TEST PRACTICE 


Г PROBLEM SOLVING 


3 s Mosis 
: for Exs. 37, 39, 
: 40 


: EXAMPLE 5 


: On p. 304 
: for Exs. 38, 41 


. TELEVISION In order to use an excerpt from a movie in a new television 


show, the television producer must pay the director of the movie $790 
for the first 2 minutes of the excerpt and $130 per minute after that. 


a. Write an equation that gives the total cost (in dollars) of using the 
excerpt as a function of the length (in minutes) of the excerpt. 


b. Find the total cost of using an excerpt that is 8 minutes long. 
_OHomelutor 


for problem solving help at classzone.com 


. Ж SHORT RESPONSE A school district pays an installation fee and 


a monthly fee for Internet service. The table shows the total cost 
of Internet service for the school district over different numbers 
of months. Explain why the situation can be modeled by a linear 
equation. What is the installation fee? What is the monthly service fee? 


мла 2 | à | e | s [a Jr 


Total cost (dollars) | 9,378 12,806 16,234 | 19662 | 23,090 | 26,518 


@НотеТиїог ` for problem solving help at classzone.com 
N oe” 


COMPANY SALES During the period 1994-2004, the annual sales of 


40. 


41. 


a small company increased by $10,000 per year. In 1997 the annual 
sales were $97,000. Write an equation that gives the annual sales as a 
function of the number of years since 1994. Find the sales in 2000. 
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TRAFFIC DELAYS From 1990 to 2001 in Boston, Massachusetts, 

the annual excess fuel (in gallons per person) consumed due to ! 
traffic delays increased by about 1.4 gallons per person each year. $ 
In 1995 each person consumed about 37 gallons of excess fuel. a 


a. Write an equation that gives the annual excess fuel 
(in gallons per person) as a function of the number of years 
since 1990. 


b. How much excess fuel was consumed per person in 2001? 
¿Animatea Algebra at classzone.com 


Ж EXTENDED RESPONSE The table shows the cost of ordering sets of 
prints of digital photos from an online service. The cost per print is the 
same for the first 30 prints. There is also a shipping charge. 


CA | 2 | |а 


a. Explain why the situation can be modeled by a linear equation. 


b. Write an equation in point-slope form that relates the total cost (in 
dollars) of a set of prints to the number of prints ordered. 


с. Find the shipping charge for up to 10 prints. 


d. The cost of 15 prints is $9.14. The shipping charge increases after the 
first 10 prints. Find the shipping charge for 15 prints. 
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42. AQUACULTURE Aquaculture is the farming of fish and other aquatic 
animals. World aquaculture increased at a relatively constant rate from 
1991 to 2002. In 1994 world aquaculture was about 20.8 million metric 
tons. In 2000 world aquaculture was about 35.5 million metric tons. 


a. Write an equation that gives world aquaculture (in millions of 
metric tons) as a function of the number of years since 1991. 


b. In 2001 China was responsible for 70.2% of world aquaculture. 
Approximate China's aquaculture in 2001. 


43. MARATHON The diagram shows a marathon runner’s speed at several 
outdoor temperatures. 


75°F 16.7 ft/sec 


17.0 ft/sac EE — | 


17.3 ft/sec 


70°F 


= 


17.6 ft/sec 


Not drawn to scale 


a. Write an equation in point-slope form that relates running speed 
(in feet per second) to temperature (in degrees Fahrenheit). 


b. Estimate the runner’s speed when the temperature is 80°F. 


44, CHALLENGE The number of cans recycled per pound of aluminum 
recycled in the U.S. increased at a relatively constant rate from 1972 to 
2002. In 1977 about 23.5 cans per pound of aluminum were recycled. In 
2000, about 33.1 cans per pound of aluminum were recycled. 


a. Write an equation that gives the number of cans recycled per pound 
of aluminum recycled as a function of the number of years since 1972. 


b. In 2002, there were 53.8 billion aluminum cans collected for 
recycling. Approximately how many pounds of aluminum were 
collected? Explain how you found your answer. 


Evaluate the expression. 


45. |-3.2| — 2.8 (p. 80) 46. —6.1 — (-8.4) (p. 80) 47. V196 (p. 110) 

Graph the equation. 

48. x = 0 (p.215) 49. y = 8 (p.215) 50. Ax — 2y = 7 (p.225) 

51. —x + 5y = 1 (p. 225) 52. y = 2x — 7 (p.244) 53. у= — Sx + 2 (p. 244) 
: PREVIEW Write an equation of the line that has the given characteristics. 
: Prepare 107 54. Slope: —3; y-intercept: 5 (р. 283) 55. Slope: 8; passes through (2, 15) (р. 292) 
: in Exs. 54—57. 56. Passes through (0, —3), (6, 1) (p. 283) 57. Passes through (3, 3), (6, —1) (p. 292) 
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Key Vocabulary 
e sequence 


e arithmetic 
sequence 


e common difference 


Use after lesson 5.3 


Relate Arithmetic Sequences 
to Linear Functions 


Ге ТИ Identify, graph, and write the general form of arithmetic sequences. 


A sequence is an ordered list of numbers. The numbers in a sequence are 
called terms. In an arithmetic sequence, the difference between consecutive 


terms is constant. The constant difference is called the common difference. 
An arithmetic sequence has the form a,, a, + d, a, + 2d, ... where a, is the 
first term and d is the common difference. For instance, if a, = 2 and d = 6, 


then the sequence 2, 2 + 6, 2 + 2(6),...or2, 8, 14,...is arithmetic. 


Identify an arithmetic sequence 


Tell whether the sequence is arithmetic. If it is, find the next two 
terms. 


a. —4, 1,6, LL, 16... By Dy AA A 


Solution 

a. The first term is a, = —4. Find the differences of consecutive terms. 
a,—a,=1-—(-4)=95 a,—@,=6—1=5 
a,—a,=11—-6=5 a,—a@,=16—11=5 

» Because the terms have a common difference (d = 5), the sequence is 

arithmetic. The next two terms are a, = 21 and a, = 26. 

b. The first term is a, = 3. Find the differences of consecutive terms. 
a,—a,=5—3=2 a,—a,=9—-—5=4 
а, – а; = 15 – 9 = 6 а. – а, = 23 – 15 = 8 


* There is no common difference, so the sequence is not arithmetic. 


GRAPHING A SEQUENCE To graph a sequence, let a term's position number in 
the sequence be the x-value. The term is the corresponding y-value. 


Graph a sequence 


Graph the sequence —4, 1, 6, 11, 16,.... 
Make a table pairing each term with its position number. 


Position, х - 1 | 2 | 3 | 4 
а тов n 


Term, у 


Plot the pairs in the table as points іп a coordinate plane. 
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FUNCTIONS Notice that the points plotted in Example 2 appear to lie on a 

line. In fact, an arithmetic sequence is a linear function. You can think of the 
common difference d as the slope and (1, a,) as a point on the graph of the 
function. An equation in point-slope form for the function is а, — a, = d(n — 1). 
This equation can be rewritten as a, = a, + (n — 1)d. 


KEY CONCEPT For Vour Wotebook 


Rule for an Arithmetic Sequence 


The nth term of an arithmetic sequence with first term a, and common 


difference d is given bya, = a, + (n — Dd. 


1 


Write a rule for the nth term of a sequence 


Write a rule for the nth term of the sequence —4, 1, 6, 11, 16,... . 
Find a, pp: 
Solution 
The first term of the sequence is a, = —4, and the common difference 
is d = 5. 
a, = a, + (n — Dd Write general rule for an arithmetic sequence. 
a, = —4 + (п – 1)5 Substitute —4 for a, and 5 for d. 
Find a, ¿y by substituting 100 for n. 


a, — —4 + (n — 1)5 Write the rule for the sequence. 
Bigg = —4 + (100 — YS Substitute 100 for n. 


Asoo = 491 Evaluate. 


a J£. ET] ?£21111111:111:1:::£:$, . LE EEEEEZTZ'IZTÉETTÉTTIZIZTÍZSSGSS F[[]1 T 111111] EGEZGGSR 


' PRACTICE 

: EXAMPLE 1 | Tell whether the sequence is arithmetic. If it is, find the next two terms. 
: on p. 309 Ifitis not, explain why not. 
: for Exs. 1-3 

1. 17, 14, 11, 8, 5... 2. 1,4, 16, 64, 256,... 3. —B, —15, —22, —29, —35,... 
: EXAMPLE2 | Graph the sequence. 
puro 4. 14, 7, 11, 14, ... 5. 4, -3, -10, 17, -24,... 6. 1, 7, -18, -19,... 
: for Exs. 4-9 

7. 2,85, 5,61, 8,... 8. 0,2,4,6,8,... 9. —3, —4, —5, —6, —7,... 
; EXAMPLE3 ^| Write a rule for the nth term of the sequence. Find ago 
: on p. 310 ae y Е Е 
: for Exs. 10-15 10. -14 —5, 2, 9, 1Б,... 11. 51, 72, 83, 114, 135,... 12, 0.25, —D. 405. — Lr P os 

13153 um E lu wl 
13. TEgDPBAUU 14. 0, —5, —10, -15, -20,... 15. 1, 12, 15, 2, La XH 


16. REASONING For an arithmetic sequence with a first term of a, and a 
common difference of d, show that 1.17 4, = d. 
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Key Vocabulary 
estandard form, 


Write Linear Equations 
in Standard Form 


You wrote equations in point-slope form. 


You will write equations in standard form. 


So you can find possible combinations of objects, as in Ex. 41. CE A | 
Vou c te 


Recall that the linear equation Ax + By = Cis in standard form, where A, B, and 
C are real numbers and A and B are not both zero. All linear equations can be 
written in standard form. 


Write equivalent equations in standard form 


Write two equations in standard form that are equivalent to 2x — бу = 4. 


Solution 
To write one equivalent equation, To write another equivalent equation, 
multiply each side by 2. multiply each side by 0.5. 

4x – 12у = 8 х – 3у = 2 


Write an equation from a graph 


Write an equation in standard form of the line shown. 


Solution 
STEP 7 Calculate the slope. 
_ 1- (2) 3. 
2-1-2 7-773 


STEP 2 Write an equation in point-slope form. Use (1, 1). 
У-уу = т(х – х) Write point-slope form. 
y-1=-—3(x- 1) Substitute 1 for y,, —3 for m, and 1 for x,. 
STEP 3 Rewrite the equation in standard form. 


3x +y=4 Simplify. Collect variable terms on 
one side, constants on the other. 
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GUIDED PRACTICE | for Examples 1 and 2 


1. Write two equations in standard form that are equivalent to x — y = 3. 


2. Write an equation in standard form of the line through (3, —1) and (2, —3). 


5.4 Write Linear Equations in Standard Form 


HORIZONTAL AND VERTICAL LINES Recall that equations of horizontal lines 
have the form y = a. Equations of vertical lines have the form x = b. You 
cannot write an equation for a vertical line in slope-intercept form or point- 
slope form, because a vertical line has no slope. However, you can write an 
equation for a vertical line in standard form. 


[ EXAMPLE 3 ] Write an equation of a line 


Write an equation of the specified line. 


a. Blue line b. Red line 
Solution 
: ИКЕ Lo MN » a. The y-coordinate of the given point on the blue line 
: Using the slope- 


is —4. This means that all points on the line have a 


: intercept form to find y-coordinate of —4. An equation of the line is y — —4. 


: an equation of the 


: horizontal line gives b. The x-coordinate of the given point on the red line is 4. This means that 
: YOU y A Ox — 4, or all points on the line have an x-coordinate of 4. An equation of the line is 
: у= —4. х= 4. 


| EXAMPLE 4 ] Complete an equation in standard form 


Find the missing coefficient in the equation of the TIITII] DM 
line shown. Write the completed equation. || ] | (1,0) AT 


soluti NENNEN EE 
еа || ү 
STEP 7 Find the value of A. Substitute the Sieger H- 


coordinates of the given point for x and y 
in the equation. Solve for A. 


Ax + 3y =2 Write equation. 
А(—1) + 3(0) = 2 Substitute —1 for x and 0 for y. 
-А = 2 Simplify. 
A=-2 Divide by —1. 
STEP 2 Complete the equation. 
—2x + 3y = 2 Substitute —2 for A. 


GUIDED PRACTICE for Examples 3 and 4 


Write equations of the horizontal and vertical lines that pass through the 
given point. 


3. (—8, —9) 4. (13, —5) 


Find the missing coefficient in the equation of the line that passes through 
the given point. Write the completed equation. 


5. —4x + By = т, (-1, 1) 6. Ax + y= —3, (2, 11) 


312  Chapter5 Writing Linear Equations 


e ( EXAMPLE 5 | Solve a multi-step problem 


LIBRARY Your class is taking a trip to the public library. 
You can travel in small and large vans. A small van holds 
8 people and a large van holds 12 people. Your class could 
fill 15 small vans and 2 large vans. 


a. Write an equation in standard form that models the 
possible combinations of small vans and large vans 
that your class could fill. 


b. Graph the equation from part (a). 


с. List several possible combinations. 


Solution 


a. Write a verbal model. Then write an equation. 


Capacity Number Capacity Number People 
of small • ofsmall +  oflarge . oflarge =  ontrip 
van vans van vans 
8 o 5 + 12 : Г = р 


Because your class could fill 15 small vans and 2 large vans, use 
(15, 2) as the s- and £-values to substitute in the equation 
85 + 124 = pto find the value of p. 


8(15) + 12(2) =p X Substitute 15 for s and 2 for /. 
144 =p Simplify. 
Substitute 144 for p in the equation 8s + 12£ = p. 
> The equation 8s + 124 = 144 models the possible combinations. 
b. Find the intercepts of the graph. 


Substitute 0 for s. Substitute 0 for 2. 
8(0) + 122 = 144 8s + 12(0) = 144 
£=12 s=18 

: LISTING Plot the points (0, 12) and (18, 0). Connect 
: COMBINATIONS them with a line segment. For this problem 
: Other combinations of only nonnegative whole-number values of 
: small and large vans s and £ make sense. 
: are possible. Another 
: way to find possible с. The graph passes through (0, 12), (6, 8),(12, 4), 
: combinations is by and (18, 0). So, four possible combinations are 
: substituting values for s 0 small and 12 large, 6 small and 8 large, 12 small 
: Or іп the equation. and 4 large, 18 small and 0 large. 


Y GUIDED PRACTICE | for Example 5 


7. WHAT IF? In Example 5, suppose that 8 students decide not to go on 
the class trip. Write an equation that models the possible combinations 
of small and large vans that your class could fill. List several possible 
combinations. 
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5.4 EXERCISES "Omm 
a KEY: on p. WS11 for Exs. 17 and 39 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 4, 30, 40, and 42 


: e = MULTIPLE REPRESENTATIONS 
: Ex. 41 


_ SKILL PRACTICE 


VOCABULARY Identify the form of the equation. 


1. 2x + 8y = —3 2. у= —5x + 8 3. y+ 4 — 2(x — 6) 


4. * WRITING Explain how to write an equation of a line in standard form 
when two points on the line are given. 


: EXAMPLE 1 EQUIVALENT EQUATIONS Write two equations in standard form that are 


: on p. 311 equivalent to the given equation. 
И 5. X + y= —10 6. 5x + 10y = 15 7. х + 2y = 9 
8. —9x — 12у = 6 9. 9x — 3y = —12 10. —2x + 4y = —5 


: EXAMPLE2 | WRITING EQUATIONS Write an equation in standard form of the line that 


: on p. 311 passes through the given point and has the given slope m or that passes 
: for Exs. 11-22 through the two given points. 


11. (-3,2,m-71 12. (4, -1, m = 3 13. (0, 5), m = —2 

14. (-8,0, m = —4 15. (-4, -4, m = -5 16. (-6, -10, m = 2 
(17) (—8, 4), (4, -4) 18. (5,2), (-4,3) 19. (0, 1), 6, —9) 
20. (3,9), (1, 1) 21, (10, б), (12, —5) 22. (-0, —2), 1-1, 2) 


: EXAMPLE 3 HORIZONTAL AND VERTICAL LINES Write equations of the horizontal and 


: on p. 312 _ vertical lines that pass through the given point. 
: for Exs. 23-28 
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23. (3, 2) 24. (—5, —3) 25. (—1,3) 
26. (5, 3) 27. (—1, 4) 28. (—6, —2) 
: EXAMPLE4 | 29. ERROR ANALYSIS Describe and correct the error in finding 
: on p. 312 the value of A for the equation Ax — 3y = 5, if the graphof  A(-4)-3(1) = 5 
: for Exs. 29-36 the equation passes through the point (1, —4). A —2 


30. * WRITING The intercept form of the equation of a line with an 


x-intercept of a and a y-intercept of Р is х + 2 = 1, Write the equation 


b 
2x + 3y = 12 in intercept form. Describe your method. 


COMPLETING EQUATIONS Find the missing coefficient in the equation of the 

line that passes through the given point. Write the completed equation. 

31. Ax + Зу = 5, (2, -1) 32. Ax — 4y = —1, (6, 1) 33. —x + By = 10, (-2, -2) 
34. 8x + By = 4, (-5, 4) 35. Ax — 3y = —5, (1, 0) 36. 2x + By = -4, (23,7) 


37. CHALLENGE Write an equation in standard form of the line that passes 
through (0, a) and (b, 0) where a + 0 and b = 0. 


Chapter 5 Writing Linear Equations 


"PROBLEM SOLVING 


: EXAMPLE5 | 38. GARDENING The diagram shows the prices of two types of ground cover 


: on p. 313 plants. Write an equation in standard form that models the possible 
: for Exs. 38-41 combinations of vinca and phlox plants a gardener can buy for $300. List 
three of these possible combinations. 


1“ 
ы a 5. 


E 


a 


| 
^u 
n 
AX > 


| NUTRITION A snack mix requires a total of 120 ounces of some corn 
cereal and some wheat cereal. Corn cereal comes in 12 ounce boxes. 


a. The last time you made this mix, you used 5 boxes of corn cereal and 
4 boxes of wheat cereal. How many ounces are in a box of wheat cereal? 


b. Write an equation in standard form that models the possible 
combinations of boxes of wheat and corn cereal you can use. 


с. List all possible combinations of whole boxes of wheat and corn 
cereal you can use to make the snack mix. 
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40. Ж SHORT RESPONSE A dog kennel charges $20 per night to board your 
dog. You can also have a doggie treat delivered to your dog for $5. Write 
an equation that models the possible combinations of nights at the 
kennel and doggie treats that you can buy for $100. Graph the equation. 
Explain what the intercepts of the graph mean in this situation. 


41. es MULTIPLE REPRESENTATIONS As the student council treasurer, you 
prepare the budget for your class rafting trip. Each large raft costs $100 to 
rent, and each small raft costs $40 to rent. You have $1600 to spend. 


a. Writing an Equation Write an equation in standard form that models 
the possible combinations of small rafts and large rafts that you can rent. 
b. Drawing a Graph Graph the equation from part (a). 


с. Making a Table Make a table that shows several combinations 
of small and large rafts that you can rent. 


42. Ж SHORT RESPONSE One bus ride costs $.75. One subway ride costs 
$1.00. A monthly pass can be used for unlimited subway and bus rides 
and costs the same as 36 subway rides plus 36 bus rides. 


a. Write an equation in standard form that models the possible 
combinations of bus and subway rides with the same value as the pass. 


b. You ride the bus 60 times in one month. How many times must you 
ride the subway in order for the cost of the rides to equal the value of 
the pass? Explain your answer. 
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43. (ES GEOMETRY Write an equation in standard form that models the 
possible lengths and widths (in feet) of a rectangle having the same 
perimeter as a rectangle that is 10 feet wide and 20 feet long. Make a table 
that shows five possible lengths and widths of the rectangle. 


44. CHALLENGE You are working in a chemistry lab. You have 1000 milliliters 
of pure acid. A dilution of acid is created by adding pure acid to water. A 
40% dilution contains 40% acid and 60% water. You have been asked to 
make a 40% dilution and a 60% dilution of pure acid. 


a. Write an equation in standard form that models the possible 
quantities of each dilution you can prepare using all 1000 milliliters 
of pure acid. 


b. You prepare 700 milliliters of the 40% dilution. How much of 
the 60% dilution can you prepare? 


с. How much water do you need to prepare 700 milliliters of the 
40% dilution? 


: PREVIEW Tell whether the graphs of the two equations are parallel lines. Explain your 


: Prepare for —— reasoning. (p. 244) 
: Lesson 5.5 in үа A de 99 E 
: Exs. 45-46. 45. 1 — у= 4х, -6— —Ax — y 46. 4х = 2y — 6,4 + у= —2x 


Write an equation in point-slope form of the line that passes through the 
given point and has the given slope т. (p. 302) 


47. (3, —4), т = 1 48. (—6, 6), m = -2 49. (-8,-1)m=5 


[= 
' QUIZ for Lessons 5.1-5.4 


Write an equation in slope-intercept form of the line that passes through 
the given point and has the given slope m. 


1. (2,5), m = 3 (р. 292) 2. (-1, 4), т = —2 (p. 292) 3. (0, —7), т = 5 (p. 283) 
Write an equation in slope-intercept form of the line that passes through 
the given points. 

4. (0, 2), (9, 5) (р. 283) 5. (5, 7), (19, 14) (р. 292) 6. (4, 24), (—11, 19) (p. 292) 


Write an equation in (a) point-slope form and (b) standard form of the line 
that passes through the given points. (pp. 302, 311) 


7. (—a, 21, (—4, 3) 8. (0, "Lo (—6, —9) 9. (3, 9), (1; 1) 


10. DVDS The table shows the price per DVD for different quantities of 
DVDs. Write an equation that models the price per DVD as a function of 
the number of DVDs purchased. (p. 302) 


Банга | | [2 | 3 a [so 
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MIXED REVIEW of Problem Solving | 2 STATE TEST PRACTICE 


| classzone.com 


Lessons 5.1—5.4 


1. MULTI-STEP PROBLEM 4A satellite radio 4. SHORT RESPONSE You use a garden hose to 


company charges a monthly fee of $13 for 
service. To use the service, you must first buy 
equipment that costs $100. 


a. Identify the rate of change and starting 
value in this situation. 


b. Write an equation that gives the total cost 
of satellite radio as a function of the 
number of months of service. 


c. Find the total cost after 1 year of satellite 
radio service. 


. MULTI-STEP PROBLEM You hike 5 miles 


before taking a break. After your break, you 
continue to hike at an average speed of 
3.5 miles per hour. 


fill a Swimming pool at a constant rate. The 
pool is empty when you begin to fill it. The 
pool contains 15 gallons of water after 

5 minutes. After 30 minutes, the pool 
contains 90 gallons of water. Write an 
equation that gives the volume (in gallons) of 
water in the pool as a function of the number 
of minutes since you began filling it. Explain 
how you can find the time it takes to put 

150 gallons of water in the pool. 


. EXTENDED RESPONSE А city is paving a bike 


path. The same length of path is paved each 
day. After 4 days, there are 8 miles of path 
remaining to be paved. After 6 more days, 
there are 5 miles of path remaining to be 


PN ы а. Write an equation that gives paved. 
76 Wi the distance (in miles) that a. Explain how you know the situation can 
E > you hike as a function of the be modeled by a linear equation. 

7 time (in hours) since your b 


break. 


b. You hike for 4 hours after 
your break. Find the total 
distance you hike for the day. 


. Write an equation that gives the distance 
(in miles) remaining to be paved as a 
function of the number of days since the 
project began. 


mi E 
dx ; 
СЫ 


r Ж 
ы | 
= 1 
| 
J 
ET 
> ] 


q 


c. In how many more days will the entire 
path be paved? 


a, 


3. EXTENDED RESPONSE The table shows the 6. OPEN-ENDED Write an equation in standard 
cost of a catered lunch buffet for different 


form that models the possible combinations 
numbers of people. 


of nickels and dimes worth a certain amount 
of money (in dollars). List several of these 
possible combinations. 


12 192 
7. GRIDDED ANSWER You are saving money to 

m aoe buy a stereo system. You have saved $50 so 
24 384 far. You plan to save $20 each week for the 

next few months. How much money do you 
au in expect to have saved in 7 weeks? 
36 576 
45 — 8. GRIDDED ANSWER The cost of renting a 


moving van for a 26 mile trip is $62.50. The 
cost of renting the same van for a 38 mile trip 
is $65.50. The cost changes at a constant rate 
with respect to the length (in miles) of the 
trip. Find the total cost of renting the van for 
a 54 mile trip. 


a. Explain why the situation can be modeled 
by alinear equation. 


b. Write an equation that gives the cost of 
the lunch buffet as a function of the 
number of people attending. 


с. What is the cost of a lunch buffet for 
120 people? 
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5 Write Equations of Parallel 
and Perpendicular Lines 


You used slope to determine whether lines are parallel. 
GLAD You will write equations of parallel and perpendicular lines. 
So you can analyze growth rates, as in Ex. 33. 


Key Vocabulary averse of a conditional statement interchanges the hypothesis and 
e BERE a The converse of a true statement is not necessarily true. 


e perpendicular lines In Chapter 4, you learned that the statement “If two nonvertical lines have 


• conditional the same slope, then they are parallel" is true. Its converse is also true. 
statement, p. 66 


KEY CONCEPT For Vour Wotebook 


Parallel Lines 


e If two nonvertical lines in the same plane have the same slope, then they 
are parallel. 


e If two nonvertical lines in the same plane are parallel, then they have the 
same slope. 


Write an equation of a parallel line 


Write an equation of the line that passes through (—3, —5) and is parallel to 
the line y = 3x - 1. 


Solution 


STEP? Identify the slope. The graph of the given equation has a slope of 3. 
So, the parallel line through (—3, —5) has a slope of 3. 


STEP 2 Find the y-intercept. Use the slope and the given point. 
y=mx+b Write slope-intercept form. 


—5 =3(-3)+b Substitute 3 for m, —3 for x, and —5 for y. 
: CHECK 


: REASONABLENESS 


: You can check that your 
: answer is reasonable by 
: graphing both lines. 


4=b Solve for b. 
STEP 3 Write an equation. Use y = mx + b. 
у= 3х + 4 Substitute 3 for т and 4 for Б. 


GUIDED PRACTICE for Example 1 


1. Write an equation of the line that passes through (—2, 11) and is parallel 
to the line y = —x + 5. 
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: USE FRACTIONS 


: The product of a 
: nonzero number m 
: and its negative 
: reciprocal is —1: 


: m|-L | = —1. 


PERPENDICULAR LINES Two lines in the same plane are perpendicular 
if they intersect to form a right angle. Horizontal and vertical lines are 
perpendicular to each other. 


Compare the slopes of the perpendicular lines shown below. 


ABER ORGS 
EERE 


about the origin to 
find a perpendicular 
line. 


E АҺЧИШИШИШ 
LAS Т 
Ne 
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da | | IN | 


[EE EN m 


reciprocals, then the lines are perpendicular. 


> ¢Iftwo nonvertical lines in the same plane are perpendicular, then their 
1 slopes are negative reciprocals. 


Determine which lines, if any, are parallel or perpendicular. 


Line a: y = 5х – 3 Line b: x + 5y=2 Line c: -10y — 2x = 0 


Solution 
Find the slopes of the lines. 

Line a: The equation is in slope-intercept form. The slope is 5. 
Write the equations for lines b and c in slope-intercept form. 


Line b: x + 5y=2 Line с: -10y — 2x = 0 


5y = -x +2 —10y = 2x 
1 2 1 


> Lines b and c have slopes of — =, so they are parallel. Line a has a slope 


of 5, the negative reciprocal of -i so it is perpendicular to lines b and c. 
GUIDED PRACTICE for Example 2 


2. Determine which lines, if any, are parallel or perpendicular. 


Line a: 2x + 6y = —3 Line b: y = Зх — 8 Line c: —1.5y + 4.5x = 6 


5.5 Write Equations of Parallel and Perpendicular Lines 


[ EXAMPLE 2 | Determine whether lines are parallel or perpendicular 


319 


| EXAMPLE 3 | Determine whether lines are perpendicular 


STATE FLAG The Arizona state flag is shown 
in a coordinate plane. Lines a and b appear 
to be perpendicular. Are they? 


Line a: 12y = —7x + 42 
Line b: 11y = 16x — 52 


Solution 


Find the slopes of the lines. Write the 
equations in slope-intercept form. 


Line а: 12у = —7x + 42 Line b: 11y = 16x — 52 
ed 4 — 16, 52 
=p то УС Үү” n 


> The slope of line ais очу The slope of line bis B The two slopes are not 


negative reciprocals, so lines a and b are not perpendicular. 


| EXAMPLE 4 ] Write an equation of a perpendicular line 


Write an equation of the line that passes through (4, —5) and is 
perpendicular to the line y = 2x + 3. 


Solution 


STEP 7 Identify the slope. The graph of the given equation has a slope of 2. 
Because the slopes of perpendicular lines are negative reciprocals, 


the slope of the perpendicular line through (4, —5) is -}. 


STEP 2 Find the y-intercept. Use the slope and the given point. 


y=mx+b Write slope-intercept form. 
=5 = 54) tb Substitute -3 for m, 4 for x, and —5 for y. 


—3=b Solve for b. 
STEP 3 Write an equation. 


y=mx+b Write slope-intercept form. 


у= E — 3 Substitute -i for m and —3 for b. 


/ GUIDED PRACTICE | for Examples 3 and 4 


3. Is line a perpendicular to line b? Justify your answer using slopes. 
Line a: 2y + x = —12 Line b: 2y = Зх — 8 


4. Write an equation of the line that passes through (4, 3) and is 
perpendicular to the line y = 4x — 7. 
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EXERCISES "i Оооо 
5 5 KEY: on p. WS12 for Exs. 19 and 33 
i Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 16, 17, 28, 30, 34, and 36 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: Two lines in a plane are ? if they 
intersect to form a right angle. 


2. ж WRITING Explain how you can tell whether two lines are 
perpendicular, given the equations of the lines. 


: EXAMPLE 1 PARALLEL LINES Write an equation of the line that passes through the given 


: on p. 318 point and is parallel to the given line. 

: for Exs. 3-11 5 3 
3 11,9), у = 25+ 2 . (6, 8), у = —5x + 10 5. (5, -1), y = “5x — З 
6. (-1,2),y=5x+4 7. (1,7), -6x+y=-1 8. (18, 2), 3y = x — 12 
9. (C2, 5), 2y = Ax — 6 10. (9, 4), y - x ^3 11. (—10, 0), -y + 3x = 16 


: EXAMPLE2 | PARALLEL OR PERPENDICULAR Determine which lines, if any, are parallel or 


: on p. 319 perpendicular. 
: for Exs. 12-16 


12. Line a: y = 4x — 2, Line b: y = -ix, Line c: y = —4x + 1 
13. Linea: y = =x + 1, Line Р: 5y = 3x — 2, Line с: 10x — 6y = —4 


14. Line a: y = 3x + 6, Line b: 3x + y = 6, Line c: 3y = 2x + 18 
15. Line a: 4x — Зу = 2, Line b: 3x + 4y = —1, Line c: 4y — 3x = 20 


16. ж MULTIPLE CHOICE Which statement is true of the given lines? 
Line a: 2х + y = 4 Line b: 2x + 5y = 2 Line c:x + 2y=4 
СА) Lines aand bare parallel. Lines a and с are parallel. 


СС) Lines a and bare perpendicular. Ф? Lines a and c are perpendicular. 


17. Ж SHORT RESPONSE Determine which of the CLAS [Axl A |] | 
| lines shown, if any, are parallel or perpendicular. | | NLK ва /\ | 
as 


Justify your answer using slopes. | | | Ww3bu3|||/ 
SL / 
¿Animatea Algebra at classzone.com EBEN", NI 


E Calo 
„||| AN 
М”ЛШШЕ ИШЕ ДАША: ЧЕ 


: EXAMPLE 4 PERPENDICULAR LINES Write an equation of the line that passes through 


: on p. 320 | the given point and is perpendicular to the given line. 

pior bxs, B-37 | Dp yo 5 (9, 2), y = 3x — 12 20. (5,1), y=5x-—2 
21. (7,10), y = 0.5x — 9 22. (2,4), y= -Źx+1 23. (C4, 3, y= ix +6 
24. (3, 3), 2y = 3x — 6 25. (—5, 2), y +3 = 2x 26. (8, —1), 4y + 2x = 12 
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27. ERROR ANALYSIS Describe and correct the error in 


finding the y-intercept of the line that passes through у= mx +b 
(2, 1) and is perpendicular to the line y = E +3. я _ ae tb 


28. Ж MULTIPLE CHOICE Which equation represents the line that passes 
through (0, 0) and is parallel to the line passing through (2, 3) and (6, 1)? 


1 
(А) у= эх ® у= 5х © y=-2x D у= 2х 


29. REASONING Is the line through (4, 3) and (3, —1) perpendicular to the 
line through (—3, 3) and (1, 2)? Justify your answer using slopes. 


30. * OPEN-ENDED Write equations of two lines that are parallel. Then 
write an equation of a line that is perpendicular to those lines. 


31. CHALLENGE Write a formula for the slope of a line that is perpendicular 
to the line through the points (xi, у,) and (X55 у). 


_ E....I A oooooeEuiaiiL.-EALUUCLLÓÁCLCCQECECELEUIULEALILELUE?CLELLLLCHERdCQROAXÁCÁQIGECQOGOENLLNLE?CEEQEEOAG 
_ PROBLEM SOLVING 


: EXAMPLES 32. HOCKEY A hockey puck leaves the blade of a hockey stick, 
:3and4 — — bounces off a wall, and travels in a new direction, as shown. 


: on p. 320 


: a. Write an equation that models the path of the puck from 
: for Exs. 32, 34 


the blade of the hockey stick to the wall. 


b. Write an equation that models the path of the puck after it 
bounces off the wall. 


c. Does the path of the puck form a right angle? 
Justify your answer. 


Tutor | for problem solving help at dasszone.com 


| (зз) BIOLOGY While nursing, blue whale calves сар gain weight at a rate 
of 200 pounds per day. Two particular calves weigh 6000 pounds and 
6250 pounds at birth. 


a. Write equations that model the weight of each calf as a function of 
the number of days since birth. 


b. How much is each calf expected to weigh 30 days after birth? 
с. How are the graphs of the equations from part (a) related? 
Justify your answer. 


(QHomeTutor ` for problem solving help at classzone.com 


34. Ж SHORT RESPONSE The map shows several 
streets in a city. Determine which of the streets, 
if any, are parallel or perpendicular. Justify your 
answer using slopes. 


Park: 3y — 2x = 12 Main: y = —6x + 44 
2nd St.: Зу = 2х —13 Sea: 2y = —3x + 37 
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35. SOFTBALL А softball training academy charges students 
a monthly fee plus an initial registration fee. The total 
amounts paid by two students are given by the functions 
f(x) and g(x) where x is the numbers of months the students 
have been members of the academy. The graphs of fand g 
are parallel lines. Did the students pay different monthly 
fees or different registration fees? How do you know? 


Fees (dollars) 


36. Ж EXTENDED RESPONSE If you are one of the first 
100 people to join a new health club, you are charged a 
joining fee of $49. Otherwise, you are charged a joining fee 
of $149. The monthly membership cost is $38.75. 


a. Write an equation that gives the total cost (in dollars) of membership 
as a function of the number of months of membership if you are one 
of the first 100 members to join. 


Months 


b. Write an equation that gives the total cost (in dollars) of membership 
as a function of the number of months of membership if you are not 
one of the first 100 members to join. 


c. How are the graphs of these functions related? How do you know? 


d. After 6 months, what is the difference in total cost for a person who 
paid $149 to join and a person who paid $49 to join? after 12 months? 


37. CHALLENGE You and your friend have gift cards to a shopping mall. Your 
card has a value of $50, and your friend's card has a value of 
$30. If neither of you uses the cards, the value begins to decrease at 
a rate of $2.50 per month after 6 months. 


a. Write two equations, one that gives the value of your card and 
another that gives the value of your friend's card as functions of the 
number of months after 6 months of nonuse. 


b. How are the graphs of these functions related? How do you know? 


c. What are the x-intercepts of the graphs of the functions, and what do 
they mean in this situation? 


Solve the equation or proportion. 


38. 52+ 6z = 77 (p. 141) 39. —8n = 4(3n + 5) (p.148) 40. : = Z p. 162) 
: PREVIEW 41. CAMPING The table shows the cost 
: Prepare for C (in dollars) for one person to stay 
: Lesson 5.6 in at a campground for n nights. (p. 253) 
: Ex. 41. Cost, C 
a. Explain why C varies directly (in dollars) 135 
with n. 


b. Write a direct variation equation that relates C and л. 


42. Write an equation in standard form of the line that passes through the 
points (3, —9) and (12, 9). (p. 311) 
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Fit a Line to Data 
.6 


You modeled situations involving a constant rate of change. 
Г Now ) You will make scatter plots and write equations to model data. 


So you can model scientific data, as in Ex. 19. 


Key Vocabulary A scatter plot is a graph used to determine whether there is a relationship 


• scatter plot between paired data. Scatter plots can show trends in the data. 


e correlation 
e line of fit 


Ifytendstoincreaseas Ify tends to decreaseas  Ifxand y have no 
xincreases, the paired xincreases, the paired apparent relationship, 
data are said to have a data are said to have a the paired data are said 
positive correlation. negative correlation. to have relatively no 
correlation. 


Describe the correlation of data 


Describe the correlation of the data graphed in the scatter plot. 


EC жининин э 
т $e] 
ишишклишиш 


Test scores 
Test scores 


0 2 4 6 g + 


Hours of studying Hours of television watched 
a. The scatter plot shows a b. The scatter plot shows a 
positive correlation between negative correlation between 
hours of studying and test scores. hours of television watched 
This means that as the hours of and test scores. This means 
studying increased, the test scores that as the hours of television 
tended to increase. watched increased, the test 


scores tended to decrease. 


GUIDED PRACTICE for Example 1 


1. Using the scatter plots in Example 1, predict a reasonable test score 
for 4.5 hours of studying and 4.5 hours of television watched. 
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| EXAMPLE 2 ] Make a scatter plot 


SWIMMING SPEEDS The table shows the lengths (in centimeters) and 
swimming speeds (in centimeters per second) of six fish. 


‚ Red Norway 


‚шшш | xs | эз | mà | 252 | заа 


a. Make a scatter plot of the data. 


b. Describe the correlation of the data. 


Solution Fish Swimming Speeds 


a. Treat the data as ordered pairs. Let x y 
represent the fish length (in centimeters), mmm NR 
ENNNENMENN 


and let y represent the speed (in centimeters 
per second). Plot the ordered pairs as points 
in a coordinate plane. 


Speed (cm/sec) 


b. The scatter plot shows a positive 
correlation, which means that longer 
fish tend to swim faster. 


Length (cm) 


СА GUIDED PRACTICE for Example 2 


2. Make a scatter plot of 
the data in the table. 
Describe the correlation 
of the data. 


MODELING DATA When data show a positive or negative correlation, you can 
model the trend in the data using a line of fit. 


KEY CONCEPT For Your Notebook 
Using a Line of Fit to Model Data 


STEP Y Make a scatter plot of the data. 
lI: §TEP2 Decide whether the data can be modeled by a line. 


STEP 3 Draw a line that appears to fit the data closely. There should be 
approximately as many points above the line as belowit. 


STEP 4 Write an equation using two points on the line. The points do 
not have to represent actual data pairs, but they must lie on the 
line of fit. 
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Refer to the model for the number of woodpecker clusters in Example 3. 
a. Describe the domain and range of the function. 


b. At about what rate did the number of active woodpecker clusters change 
during the period 1992-2000? 


|. Solution 


a. The domain of the function is the the period from 1992 to 2000, 
or 2 < x < 10. The range is the the number of active clusters given by the 
function for 2 € x < 10, or 20 < y x 49.3. 


b. The number of active woodpecker clusters increased at a rate of - L or 


about 3.7 woodpecker clusters per year. 


r4 GUIDED PRACTICE | for Example 4 


4. In Guided Practice Exercise 2, at about what rate does y change with 
respect to x? 


5.6 EXERCISES HOMEWORK’ Ç) = WORKED-OUT SOLUTIONS 
° KEY: on p. WS12 for Exs. 7 and 17 


Ж - STANDARDIZED TEST PRACTICE 


Exs. 2, 8, 11, 12, and 16 


С SKILL PRACTICE | 


1. VOCABULARY Copy and complete: When data have а positive correlation, 
the dependent variable tends to ? as the independent variable increases. 


2. ж WRITING Describe how paired data with a positive correlation, a 
negative correlation, and relatively no correlation differ. 


DESCRIBING CORRELATIONS Tell whether x and y show a positive 
correlation, a negative correlation, or relatively no correlation. 


E EMEN FEOT RETA ТП 
ү тт» LLLLIT шш AA 
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: EXAMPLES FITTING LINES TO DATA Make a scatter plot of the data in the table. Draw a 
:2and3 — — line of fit. Write an equation of the line. 


: on pp. 325-326 | 
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328 


8. Ж MULTIPLE CHOICE Which equation best models 
the data in the scatter plot? 


db у=-х—6 ® y-x-6 
(Сб) y=-x+8 D y=x+8 


9. ERROR ANALYSIS Describe and correct 10. ERROR ANALYSIS Describe and correct 
the error in fitting the line to the the error in describing the correlation of 
data in the scatter plot. the data in the scatter plot. 


The independent 
variable decreases 
as x increases. 


11. Ж OPEN-ENDED Give an example of a data set that shows a 
negative correlation. 


12. X SHORT RESPONSE Make a scatter plot of the data. Describe the 
correlation of the data. Is it possible to fit a line to the data? If so, write 
an equation of the line. If not, explain why. 


Ala] a] ja 


MODELING DATA Make a scatter plot of the data. Describe the correlation of 
the data. If possible, fit a line to the data and write an equation of the line. 


13. 
Wl [5 | 20 | 30 |as | e0 | o 
yl a s w zls] ee 


15. CHALLENGE Which line shown is a ИУ 
better line of fit for the scatter plot? 222778 
Explain your reasoning. mm 

e| | 

шин 

BEE 

BEN 

шиш 
СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 


оп р. WS1 TEST PRACTICE 


: EXAMPLE2 | 16. 


: on p. 325 өөөөөөөөө 
: for Exs. 16 


: EXAMPLES 
a | 
: опрр. 326—327 | 
: for Exs. 17-18 


(17) EARTH SCIENCE The mesosphere is a layer 


PROBLEM SOLVING 


* SHORT RESPONSE The table shows the approximate home range size 
of big cats (members of the Panthera genus) in their natural habitat and 
the percent of time that the cats spend pacing in captivity. 


a. Make a scatter plot of the data. 


b. Describe the correlation of the data. 


с. The snow leopard's home range size is about 39 square kilometers. It 
paces about 7% of its time in captivity. Does the snow leopard fit the 
pacing trend of cats in the Panthera genus? Explain your reasoning. 


-@Homelutor © for problem solving help at classzone.com 


of atmosphere that lies from about 50 | Mesosphere 
kilometers above Earth's surface to about Altitude Temperature 


90 kilometers above Earth's surface. The (km) ec) 
diagram shows the temperature at certain 86 —— —86 
altitudes in the mesosphere. 80 —65 
a. Make a scatter plot of the data. 15 —- —54 
b. Write an equation that models the an 
temperature (in degrees Celsius) as a 65 
function of the altitude (in kilometers) | 60 


above 50 kilometers. a 
с. At about what rate does the temperature 


change with increasing altitude in the 
mesosphere? 


for problem solving help at classzone.com 


. ALLIGATORS The table shows the weights of two alligators at various 


times during a feeding trial. Make two scatter plots, one for each alligator, 
where x is the number of weeks and y is the weight of the alligator. Draw 
lines of fit for both scatter plots. Compare the approximate growth rates. 


кеев a [o [5 we [ о[и [а Га 


. GEOLOGY The table shows the duration of several eruptions of the geyser 


Old Faithful and the interval between eruptions. Write an equation that 
models the interval as a function of an eruption's duration. 


Duration (minutes) 2.5 3.5 EUM 4.5 5.0 


Iervalímimute) | so | s7 6s |71 | 7e | в | s8 | o5 
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20. DAYLIGHT The table shows the number of hours and minutes of daylight 
in Baltimore, Maryland, for ten days in January. 


уана s |6 о [а [ә Гога 


Daylight (hours | | | | | 
9:30 | 9:31 | 9:32 | 9:34 | 9:35 | 9:36 9:37. | 9:38 9:41 


a. Write an equation that models the hours of daylight (in minutes in 
excess of 9 hours) as a function of the number of days since January 5. 


b. At what rate do the hours of daylight change over time in early January? 


c. Do you expect the trend described by the equation to continue 
indefinitely? Explain. 


21. CHALLENGE The table shows the estimated amount of time and the 
estimated amount of money the average person in the U.S. spent on the 
Internet each year from 1999 to 2005. 


1999 2000 2001 2002. 2003 2004 2005 


Internet time 
a sos 


Internet spending 
(dollars) 40.55 | 4964 | 6870 | 8473 | 9776 | 110.46 | 122.67 


a. Write an equation that models the amount of time h (in hours) spent 
on the Internet as a function of the number of years y since 1999. 


b. Write an equation that models the amount of money m spent on the 
Internet as a function of the time Л (in hours) spent on the Internet. 


с. Substitute the expression that is equal to h from part (a) in the 
function from part (b). What does the new function tell you? 


d. Does the function from part (c) agree with the data given? Explain. 


. MIXED REVIEW 3 - 


: PREVIEW č Evaluate the function when x = —2, 5, and 0. (p. 262) 

: Prepare for Бу E = 14 — 

: Lesson 5.7 in 22. f(x) = 5х – 8 23. g(x) 10x 24. v(x) = 14 — 5x 
: EXS. 22-24. 


Write an equation of the line shown. (p. 283) 
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28. Determine which lines, if any, are parallel or perpendicular. (p. 318) 


Line а: у = 2х – 5 Line b: 2x + у= —5 Line с: 4х — 2y = 3 
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5.6 Perform Linear Regression 


How can you model data with the best-fitting line? 


The line that most closely follows a trend in data is the best-fitting line. 

The process of finding the best-fitting line to model a set of data is called 
linear regression. This process can be tedious to perform by hand, but you can 
use a graphing calculator to make a scatter plot and perform linear regression 
on a data set. 


(EXAMPLE 1 | Create a scatter plot 


The table shows the total sales from women’s clothing stores in the 
United States from 1997 to 2002. Make a scatter plot of the data. 
Describe the correlation of the data. 


Enter data Choose plot settings 

Press and select Edit. Enter years Press ER and select Plotl. Turn 
since 1997 (0, 1, 2, 3, 4, 5) into List 1 (L,). Plot1 On. Select scatter plot as the type 
These will be the x-values. Enter sales of display. Enter L, for the Xlist and L, for 
(in billions of dollars) into List 2 (L,). the Ylist. 


These will be the y-values. 


| GIR Plot2 Plot3 

О off | 

Type HL dh 
| Hh- HIH 


| XList:L4 
||Ү15%®:12 
Mark: E + 


E 


STEP 3 | Make a scatter plot STEP 4 | Describe the correlation 
Press Д9 to display the scatter plot so Describe the correlation of the data in the 
that the points for all data pairs are visible. scatter plot. 


The data have a positive 
correlation. This means that 
with each passing year, the 
sales of women's clothing 


tended to increase. | 
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MODELING DATA The correlation coefficient т for a set of paired data 
measures how well the best-fitting line fits the data. You can use a 
graphing calculator to find a value for r. 


For r close to 1, the data have a strong positive correlation. For r close 
to —1, the data have a strong negative correlation. For r close to 0, 
the data have relatively no correlation. 


(EXAMPLE 2 ) Find the best-fitting line 


Find an equation of the best-fitting line for the scatter plot from Example 1. 
Determine the correlation coefficient of the data. Graph the best-fitting line. 


STEP 1 | Perform regression EM 
Press ГІ . From the CALC menu, | LinReg 
choose LinReg(ax+b). The a- and b-values d 
a=1.357142857 
given are for an equation of the form y = ax + b. b=27.72380952 
Rounding these values gives the equation r2=.9764850146 


y = 1.36x + 27.7. Because r is close to 1, the OS 


data have a strong positive correlation. 


STEP 2| Draw the best-fitting line 
Press and enter 1.36x + 27.7 for y,. 


Press 728. 


PRACTICE 


In Exercises 1-5, refer to the table, which shows the total sales from men's 
clothing stores in the United States from 1997 to 2002. 


1997 1998 1999 2000 2001 2002 


1. Make a scatter plot of the data. Describe the correlation. 


2. Find the equation of the best-fitting line for the data. 
3. Draw the best-fitting line for the data. 


DRAW CONCLUSIONS 


4. What does the value of r for the equation in Exercise 2 tell you 
about the correlation of the data? 


5. PREDICT How could you use the best-fitting line to predict future 
sales of men's clothing? Explain your answer. 


Chapter 5 Writing Linear Equations 


Correlation апа Causation 


Use after Lesson 5.6 


Ге ТИ Understand the difference between causation and correlation. 


Key Vocabulary In Graphing Calculator Activity 5.6, you saw that paired data have a strong 

• correlation, p. 324 positive correlation if the correlation coefficient ris close to 1 and a strong 
negative correlation if r is close to —1. But a strong correlation does not 
necessarily imply cause and effect, or causation, between the paired variables. 


Analyze a set of data 


COMPUTERS The table shows the number (in millions) of music album 
downloads and the number (in millions) of individual federal income tax 
returns filed electronically each year from 2004 to 2008. Analyze the data in 
terms of correlation and causation. 


Year 


Album downloads (millions), x 


Electronic tax returns (millions), y 


Solution 

First, find the correlation coefficient. Because ELS 

r is close to 1, there is a strong positive y-ax*b 

correlation. However, an increase in album a=.4942477768 
; b=59.84704456 

downloads does not cause an increase in r2=.974307673 


electronic tax returns. These increases are both r=.9870702472 
a result of other factors, such as advances in 
technology and increased computer usage. 


- PRACTICE 


: EXAMPLE 1 In Exercises 1 and 2, analyze the data in terms of correlation and causation. 


1. BASKETBALL The table shows the number of minutes played and the 
number of points scored by 6 college basketball players. 


2. SALES The table shows the numbers of cold drinks and hot drinks sold at an 
outdoor concession stand from June through November. 


Hot drinks, x 150 200 | 230 
Cold drinks, y 210 | 175 | 165 


3. REASONING You want to analyze annual data for music downloads and CD 
sales for the period 2000-2010 in terms of correlation and causation. What 
would you expect to find? Explain. 
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in eeb A CTIVITY Use before Lesson 5.7 


Collecting and Organizing Data 


MATERIALS + metric ruler 


| | 


A student in your class draws a rectangle with a short side that is 
4 centimeters in length. Predict the length of the long side of the rectangle. 


STEP 7 | Collect data 


Ask each of 10 people to draw a rectangle. Do not let anyone drawing 
a rectangle see a rectangle drawn by someone else. 


STEP 2 Organize data A d MM MM 


Measure the lengths (in centimeters) of the short and long sides of the 3 
rectangles you collected. Create a table like the one shown. 


Р ——— | 


Short side (cm) | 27 |27 | 18 | 26 


| Long side (cm) 4.4 | 6.5 | 3.4 | 6 


Graph data 


Make a scatter plot of the data where each point represents a 
rectangle that you collected. Let x represent the length of the short 
side of the rectangle, and let y represent the length of the long side. 


[STEP 4] Model data 


Draw a line of fit. 


[STEP 5] Predict 

Use the line of fit to find the length of the long side that 
corresponds to a short side with a length of 4 centimeters. In this 
case, the long side length predicted by the line of fit has a length of 
about 7 centimeters. 


су j! 
Ul 


ee зз 
РЕА 
PIAL TE TTT 
¡Ye | | | 
||| 
ШИШИШИ ШЕН 
I PA 
ШИШИШИ YEN 
oq UN 
ME [LL LL LAN | 


- 
^ 
> 


| | )N | 
Y 


1. COMPARE What is the slope of your line of fit? How does this slope 
compare with the slope of the line shown above? 


2. PREDICT Suppose a student in your class draws a rectangle that has 
a long side with a length of 5 centimeters. Predict the length of the 
shorter side. Explain how you made your prediction. 


. EXTEND The golden ratio appears frequently in architectural structures, 
paintings, sculptures, and even in nature. This ratio of the long side of 
a rectangle to its short side is approximately 1.618. How does this ratio 
compare with the slopes of the lines you compared in Exercise 1? 
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Predict with Linear 
*^ Models 


You made scatter plots and wrote equations of lines of fit. 


[ Now ) You will make predictions using best-fitting lines. 
So you can model trends, as in Ex. 21. 


Key Vocabulary The line that most closely follows a trend in data is called the 

* best-fitting line best-fitting line. The process of finding the best-fitting line to model a set 

* linear regression of data is called linear regression. You can perform linear regression using 
* interpolation technology. Using a line or its equation to approximate a value between two 


e extrapolation known values is called linear interpolation. 


e zero of a function 


Interpolate using an equation 


CD SINGLES The table shows the total number of CD singles shipped (in 
millions) by manufacturers for several years during the period 1993-1997. 


Year 1993 | 1995 | 1996 | 1997 


CD singles shipped (millions) 67 


: REVIEW a. Make a scatter plot of the data. 


: REGRESSION 


: For help with 

: performing a linear 

: regression to find the 
: best-fitting line, 

: See p. 331. 


» b. Find an equation that models the number of CD singles shipped 
(in millions) as a function of the number of years since 1993. 


c. Approximate the number of CD singles shipped in 1994. 


Solution 


a. Enter the data into lists on a graphing 
calculator. Make a scatter plot, letting the 
number of years since 1993 be the x-values 
(0, 2, 3, 4) and the number of CD singles 
shipped be the y-values. 


b. Perform linear regression using the paired 
data. The equation of the best-fitting line is 
approximately y = 14x + 2.4. 


obe yc. Graph the best-fitting line. Use the trace 


feature and the arrow keys to find the value 
of the equation when x - 1. 


: You can also estimate 

: the number of CDs 

: shipped in 1994 by 

: evaluating y = 14x + 2.4 


* About 16 million CD singles were shipped in 
: when x = 1. 


1994. 


QffnimeteaA]gebra | at classzone.com 
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EXTRAPOLATION Using a line or its equation to approximate a value outside 
the range of known values is called linear extrapolation. 


[ EXAMPLE 2 | Extrapolate using an equation 


CD SINGLES Look back at Example 1. 


a. Use the equation from Example 1 to approximate the number of CD 
singles shipped in 1998 and in 2000. 


b. In 1998 there were actually 56 million CD singles shipped. In 2000 there 
were actually 34 million CD singles shipped. Describe the accuracy of the 
extrapolations made in part (a). 


Solution 
a. Evaluate the equation of the best-fitting ; 
line from Example 1 for x = 5 and x = 7. | Y1(5) к | 
The model predicts about 72 million Ms 


CD singles shipped in 1998 and about 
100 million CD singles shipped in 2000. 


b. The differences between the predicted e J 
number of CD singles shipped and the 
actual number of CD singles shipped in 1998 and 2000 are 16 million 
CDs and 66 million CDs, respectively. The difference in the actual and 
predicted numbers increased from 1998 to 2000. So, the equation of the 
best-fitting line gives a less accurate prediction for the year that is farther 
from the given years. 


ACCURACY As Example 2 illustrates, the farther removed an x-value is from 
the known x-values, the less confidence you can have in the accuracy of the 
predicted y-value. This is true in general but not in every case. 


GUIDED PRACTICE | for Examples 1 and 2 


1. HOUSE SIZE The table shows the median floor area of new single-family 
houses in the United States during the period 1995-1999. 


Year 1995 1996 1997 1998 1999 


Median floor area 
(square feet) 1920 1950 1975 2000 2028 


a. Find an equation that models the floor area (in square feet) 
of a new single-family house as a function of the number of 
years since 1995. 


b. Predict the median floor area of a new single-family house in 
2000 and in 2001. 


c. Which of the predictions from part (b) would you expect to 
be more accurate? Explain your reasoning. 


336  Chapter5 Writing Linear Equations 


Predict using an equation 


SOFTBALL The table shows the number of participants in U.S. youth softball 
during the period 1997-2001. Predict the year in which the number of youth 
softball participants reaches 1.2 million. 


Year 1997 1998 1999 2000 2001 
Participants (millions) 1.411 1.355 


Solution 


STEP? Perform linear regression. Let x represent 
the number of years since 1997, and let 
yrepresent the number of youth softball 
participants (in millions). The equation for 
the best-fitting line is approximately 
y = —0.02х + 1.435. 


: ANOTHER WAY STEP 2 Graph the equation of the best-fitting 
: You can also predict the line. Trace the line until the cursor 

: year by substituting 1.2 reaches y = 1.2. The corresponding 

: for y in the equation and x-value is shown at the bottom of the 
: solving for x: calculator screen. 


y = —0.02x + 1.435 
1.2 = —0.02x + 1.435 » There will be 1.2 million participants about 


Х = 11.75 12 years after 1997, ог in 2009. 


GUIDED PRACTICE for Example 3 


2. SOFTBALL In Example 3, in what year will there be 1.25 million 
youth softball participants in the U.S? 


ZERO OF A FUNCTION A zero of a function y — f(x) is an x-value for which 
f(x) = 0 (or y = 0). Because y = 0 along the x-axis of the coordinate plane, a 
zero of a function is an x-intercept of the function's graph. 


: KEY CONCEPT For Your Notebook 


Relating Solutions of Equations, x-Intercepts of Graphs, and Zeros of Functions 


15 In Chapter 3 you learned to In Chapter 4 you found the Now you are finding the zero of 
Т» solve an equation like x-intercept of the graph of a a function like f(x) = 2x — 4: 

Te 2x-4=0: function like y — 2x — 4: 

E i fix) = 0 

q di i 2x-4=0 

T 2X —4 x=? 

| х=2 ' 

+ The zero of f(x) = 2x — 4 is 2. 

1» The solution of 

FP 2x-4=0i1s2. 
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[ EXAMPLE 4 ] Find the zero of a function 


SOFTBALL Look back at Example 3. Find the zero of the function. 
Explain what the zero means in this situation. 
Solution 
Substitute 0 for y in the equation of the best-fitting line and solve for x. 
y = —0.02x + 1.435 Write the equation. 
0 = —0.02x + 1.435 Substitute 0 for y. 
x 72 Solve for x. 


| > The zero of the function is about 72. The function has a negative slope, 
which means that the number of youth softball participants is decreasing. 
According to the model, there will be no youth softball participants 

72 years after 1997, or in 2069. 


f GUIDED PRACTICE | for Example 4 


3. JET BOATS The number y (in thousands) of jet boats purchased in the 
U.S. can be modeled by the function y = —1.23x + 14 where x is the 
number of years since 1995. Find the zero of the function. Explain what 
the zero means in this situation. 


5.7 EXERCISES "ш cines 
e KEY: on p. WS13 for Exs. 3 and 19 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 14, 16, and 21 


: $» = MULTIPLE REPRESENTATIONS 


Exs. 22 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: Using a linear function to 
approximate a value within a range of known data values is called. ? . 


2. ж WRITING Explain how extrapolation differs from interpolation. 


: EXAMPLE 1 LINEAR INTERPOLATION Make a scatter plot of the data. Find the equation 


: on p. 335 of the best-fitting line. Approximate the value of y for x — 5. 
: for Exs. 3-4 


: EXAMPLE 2 LINEAR EXTRAPOLATION Make a scatter plot of the data. Find the equation 


: on p. 336 of the best-fitting line. Approximate the value of y for x — 10. 
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: EXAMPLE 4 ZERO OF A FUNCTION Find the zero of the function. 


: on p. 338 7 
: for Exs. 7-13 ° 
10. 
13. 


14. 


15. 


16. 


17. 


f(x) = 7.5x — 20 8. f(x) = -x+7 9. f = ix +2 

f(x) = 17x — 68 11. f(x) = —0.5x + 0.75 12. f(x) = 5х- 7 

ERROR ANALYSIS Describe and correct the error made B 

in finding the zero of the function y = 2.3x — 2. y= D E X 
y >= 

Ж MULTIPLE CHOICE Given the function y = 12.6x + 3, for what x-value 

does y = 66? 

СА) 0.2 5 ©) 5.5 D> 78.6 


ERROR ANALYSIS Describe and correct the error 
in finding an equation of the best-fitting line 
using a graphing calculator. 


Equation of the best-fitting line is | г2= зоа p 
у= 23.1x + 4.47. 


Ж OPEN-ENDED Give an example of a real-life situation in which 
you can use linear interpolation to find the zero of a function. Explain 
what the zero means in this situation. 


CHALLENGE A quantity increases rapidly for 10 years. During the next 
10 years, the quantity decreases rapidly. 


a. Can you fit a line to the data? Explain. 


b. How could you model the data using more than one line? Explain the 
steps you could take. 


PROBLEM SOLVING 


: EXAMPLE 1 18. 


3 — OR NEN 
: for Ex. 18 


SAILBOATS Your school's sailing club wants to buy a sailboat. The table 


shows the lengths and costs of sailboats. 


14 
1900 1700 3500 6500 6000 


a. Make a scatter plot of the data. Let x represent 
the length of the sailboat. Let y represent the 
cost of the sailboat. 


b. Find an equation that models the cost (in 
dollars) of a sailboat as a function of its length 
(in feet). 


c. Approximate the cost of a sailboat that is 
20 feet long. 


Lg tM ONDE D» . 
пе ' for problem solving help at classzone.com 
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3 acc ы 
: for Ex. 19 


: EXAMPLE 3 


: T c ON 
: for Ex. 20 


: EXAMPLE 4 


3 go. ы 
: for Exs. 21-22 


340 


19) FARMING The table shows the living space recommended for pigs of 
certain weights. 


Wagpos | о | во | во 100 | 120 


"OC | 25 3 зз a| з | 6 а 


a. Make a scatter plot of the data. 


b. Write an equation that models the recommended living space (in 
square feet) as a function of a pig's weight (in pounds). 


c. About how much living space is recommended for a pig weighing 
250 pounds? 


 QHomelutor ) for problem solving help at classzone.com 


20. TELEVISION STATIONS The table shows the number of UHF and VHF 
broadcast television stations each year from 1996 to 2002. 


1996 1997 1998 1999 2000 2001 


1551 1563 1583 1616 1730 1686 


a. Find an equation that models the number of broadcast television 
stations as a function of the number of years since 1996. 


b. Approximate the year in which there were 1790 television stations. 
21. Ж SHORT RESPONSE The table shows the People in High Noise Areas 
number of people who lived in high noise 4000 
areas near U.S. airports for several years 
during the period 1985-2000. 


a. Find an equation that models the number 
of people (in thousands) living in high 
noise areas as a function of the number 
of years since 1985. 


3000 


2000 


1000 


People (thousands) 


b. Find the zero of the function from part (a). 
Explain what the zero means in this 1985 1990 1995 2000 
situation. Is this reasonable? Year 


22, e MULTIPLE REPRESENTATIONS An Internet search for used cars of a given 
make, model, and year in your local area found cars with different mileages 
and different selling prices, as shown. 


a. Making a Graph Draw two scatter plots of the data, one by hand and one 
using a graphing calculator. 


b. Writing an Equation Draw a line of fit on your hand-drawn scatter plot. Use 
the line to write an equation that models the selling price as a function of the 
mileage. Then use a graphing calculator to find the best-fitting line. Compare 
your models. 


c. Describing in Words Identify the slope and y-intercept of the best-fitting line. 
Explain their meanings in the context of the situation. 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED ф = MULTIPLE 
on p. WS1 TEST PRACTICE REPRESENTATIONS 


23. CHALLENGE The table shows the estimated populations of mallard ducks апа 
all ducks in North America for several years during the period 1975-2000. 


1975 | 1980 | 1985 | 1990 | 1995 | 2000 
Mallards 1 
(thousands) 7727 7707 4961 5452 8269 
All ducks 
(thousands) 37,790 | 36,220 | 25,640 | 25,080 | 35,870 


Make two scatter plots where x is the number of years since 1975 and 
y is the number of mallards (in thousands) for one scatter plot, 

while y is the number of ducks (in thousands) for the other scatter 
plot. Describe the correlation of the data in each scatter plot. 


b. Can you use the mallard duck population to predict the total duck 
population? Explain. 


41,840 ' 


a 


MIXED REVIEW — 


: PREVIEW 


: Prepare for 
: Lesson 6.1 
: in Exs. 30—32. 


Find the sum, difference, product, or quotient. 
24. —19 + (—8) (p. 74) 25. —7.3 + 5 (p.74) 26. —4.03 + (—3.57) (p. 74) 
27. —2.8 — (—2.3) (p. 80) 28. —4(5)(—5.5) (p. 88) 29. —25 = (—5) (p. 103) 


Solve the equation. Check your solution. 


30. x — (-9) = 8 (p. 134) 31. 3x 4 = — 4 (p. 141) 32. 4x + 10x = 98 (p. 148) 


' QUIZ for Lessons 5.5-5.7 


1. PARALLEL LINES Write an equation of the line that passes through 
(—6, 8) and is parallel to the line y = 3x — 15. (p. 318) 


PERPENDICULAR LINES Write an equation of the line that passes through 
the given point and is perpendicular to the given line. (p. 318) 


2. (5,5),у=—х+2 3. (10, —3), y= 2x + 24 4. (2,3),x+ 2y = —7 


5. CASSETTE TAPES The table shows the number of audio cassette tapes 
shipped for several years during the period 1994-2002. (pp. 324, 335) 


a. Write an equation that models the number of tapes shipped (in 
millions) as a function of the number of years since 1994. 


b. At about what rate did the number of tapes shipped change over time? 
с. Approximate the year in which 125 million tapes were shipped. 


d. Find the zero of the function from part (a). Explain what the zero 
means in this situation. 
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Internet ACTIVITY Use after Lesson 5.7 Tutor 


classzone.com 
Keystrokes 


Model Data from the Internet 


Find data for the total U.S. voting-age population over several years. 
Use an equation that models the data to predict the total U.S. voting-age 
population in 2010. 


STEP 1| Find a data source 


Reliable data about the U.S. population can be found in the online iuc 
Statistical Abstract. Go to the address shown below. Click on a link to Voting-Age Population 


the most recent version of the Statistical Abstract. Total (mil.) 
Address | http://www.census.gov 


Find an appropriate data set 


Choose the most recent “Elections” document. In this document, 
find the table of data entitled “Voting-Age Population.” 


Find a model 


Use a graphing calculator to make a scatter plot. Let x represent the 
number of years since 1980. Let y represent the total U.S. voting-age 
population (in millions). Find an equation that models the total U.S. 
voting-age population (in millions) as a function of the number of 
years since 1980. 


y = 2.23x + 159 


STEP 4| Predict 


Use the model to predict the total voting-age population in 2010. 
You can either evaluate the equation for x = 30 or trace the graph of 
the equation, as shown. 


The total U.S. voting-age population will be about 225.9 million 
in 2010. 


1. In the online Statistical Abstract, find data for the total value of 
agricultural imports over several years beginning with 1990. 


2. Make a scatter plot of the data you found in Exercise 1. Find an equation 
that models the total value of agricultural imports (in millions of dollars) 
as a function of the number of years since 1990. 


3. Predict the year in which the total value of agricultural imports will be 
$45,000 million. Describe the method you used. 
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MIXED REVIEW os Problem Solving | a STATE TEST PRACTICE 


| classzone.com 


Lessons 5.5-5.7 


1. MULTI-STEP PROBLEM The table shows the 
value of primary and secondary schools built 


4. SHORT RESPONSE The table shows the 
heights and corresponding lengths of horses 


in the U.S. each year from 1995 to 2000. 


Year Value (millions of dollars) 
1995 1245 
1996 1560 
1997 2032 
1998 2174 
1999 2420 
2000 2948 


a. Make a scatter plot of the data. 


b. Write an equation that models the value 
(in millions of dollars) of the schools 
built as a function of the number of years 
since 1995. 


c. At approximately what rate did the value 
change from 1995 to 2000? 


d. In what year would you predict the 
value of the schools built in the U.S. 
to be $3,600,000,000? 


. GRIDDED ANSWER A map ofa city shows 
streets as lines on a coordinate grid. State 
Street has a slope of =>. Park Street runs 


perpendicular to State Street. What is the 
slope of Park Street on the map? 


. OPEN-ENDED The y 
graph represents 60 
the cost for one 
kayak owner 40 
for storing a 
kayak at a marina 20 


over time. The 

total cost includes 

a standard initial 
fee and a monthly 
storage fee. Suppose 
a different kayak owner pays a lower initial 
fee during a special promotion. Write an 
equation that could give the total cost as a 
function of the number of months of storage 
for this kayak owner. 


in a stable. Make a scatter plot of the data. 
Describe the correlation of the data. 


Height Length 
(hands) (inches) 


17.0 76 
16.0 72 
16.2 74 
15.3 71 
15.1 69 
16.3 75 


. EXTENDED RESPONSE The table shows 


the percent of revenue from U.S. music 
sales made through music clubs from 1998 
through 2003. 


Year Percent of revenue 
1998 9 
1999 7.9 
2000 7.6 
2001 6.1 
2002 4 
2003 4.1 


a. Find an equation that models the percent 
of revenue from music clubs as a function 
of the number of years since 1998. 


b. At approximately what rate did the 
percent of revenue from music clubs 
change from 1998 to 2003? 


с. Find the zero of the function. Explain 
what the zero means in this situation. 


. SHORT RESPONSE The cost of bowling 


includes a $4.00 fee per game and a shoe 
rental fee. Shoes for adults cost $2.25. Shoes 
for children cost $1.75. Write equations that 
give the total cost of bowling for an adult 
and for a child as functions of the number 
of games bowled. How are the graphs of the 
equations related? Explain. 
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CHAPTER SUMMARY 


BIG IDEAS For Your Notebook 


: Writing Linear Equations in a Variety of Forms 


5 Using given information about a line, you can write an equation of the line in 
> three different forms. 


Form Equation Important information 


Slope-intercept form у= тх + Б • The slope of the line is т. 
* The y-intercept of the line is b. 


1 


Point-slope form y- y,=m(x-x,) | • Тһе slope of the line is m. 
* The line passes through (x,, y,). 


Standard form Ax + By = C * A, B, and C are real numbers. 
* A and B are not both zero. 


: Using Linear Models to Solve Problems 


= You can write a linear equation that models a situation involving a constant 
> rate of change. Analyzing given information helps you choose a linear model. 


Choosing a Linear Model 


If this is what you know ... Е then use this equation form 
constant rate of change and initial value slope-intercept form 

constant rate of change and one data pair | slope-intercept form or point-slope form 
two data pairs and the fact that the rate slope-intercept form or point-slope form 
of change is constant 

the sum of two variable quantities is standard form 

constant 


Modeling Data with a Line of Fit 


> You can use a line of fit to model data that have a positive or negative 
> correlation. The line or an equation of the line can be used to make 
> predictions. 


Step 1 Make a scatter plot of the data. 

Step 2 Decide whether the data can be modeled by a line. 

Step 3 Draw aline that appears to follow the trend in data closely. 
Step 4 Write an equation using two points on the line. 


Step 5 Interpolate (between known values) or extrapolate 
(beyond known values) using the line or its equation. 
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* Multi-Language Glossary 
* Vocabulary practice 


REVIEW KEY VOCABULARY 


„ point-slope form, р. 302 * positive correlation, * best-fitting line, p. 335 
negative correlation, 
relatively no correlation, p. 324 


* line of fit, p. 325 
* causation, p. 333 


* converse, p. 318 * linear regression, p. 335 
e interpolation, р. 335 


• extrapolation, p. 336 


* perpendicular, p. 319 
* scatter plot, p. 324 
* Zero of a function, p. 337 


VOCABULARY EXERCISES 


1. Copy and complete: If a best-fitting line falls from left to right, then the 
data have a(n) _? correlation. 


2. Copy and complete: Using a linear function to approximate a value 
beyond a range of known values is called _? . 


3. WRITING What is the zero of a function, and how does it relate to the 
function's graph? Explain. 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding of 
the concepts you have learned in each lesson of Chapter 5. 


Write an equation of the line shown. 


y=mx+ b Write slope-intercept form. 


y= -2x +4 Substitute -2 for m and 4 for b. 


EXERCISES 
: EXAMPLES Write an equation in slope-intercept form of the line with the given slope 
A ao and y-intercept. 
: On pp. 283, 285 | 4 2 
: for Exs. 4-7 4. slope: 3 5. slope: 9 6. slope: —11 
y-intercept: —10 y-intercept: 5 y-intercept: 7 


7. GIFT CARD You have a $25 gift card for a bagel shop. A bagel costs $1.25. 
Write an equation that gives the amount (in dollars) that remains on the 
card as a function of the total number of bagels you have purchased so 
far. How much money is on the card after you buy 2 bagels? 
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CHAPTER REVIEW 


Use Linear Equations in Slope-Intercept Form pp. 292-299 


Write an equation of the line that passes through the point (—2, —6) and 
has a slope of 2. 


STEP 1 Find the y-intercept. 
y =mx+b Write slope-intercept form. 
—6 = 2(—2)+ b Substitute 2 for m, —2 for x, and —6 for у. 
—2=b Solve for b. 
STEP 2 Write an equation of the line. 


у= тх + Б Write slope intercept form. 
y=2x-2 Substitute 2 for m and —2 for b. 


EXERCISES 
: EXAMPLE 1 Write an equation in slope-intercept form of the line that passes through 
: on p. 292 the given point and has the given slope т. 
: for Exs. 8-10 8. (-3, -D; m — 4 9. (-2,1);m=1 10. (8, 4); m = -3 


CEJ Write Linear Equations in Point-Slope Form pp. 302-308 | 


Write an equation in point-slope form of the line shown. 
STEP 7 Find the slope of the line. 


bic HH 
STEP2 Write an equation. Use (3, 4). 

un СВД 

у-у, = т(х – х) Write point-slope form. НЕЕ ЕЕЕ 


y - 4 = 3(х – 3) Substitute 3 for m, 3 for ху, and 4 for y,. 


EXERCISES 
: EXAMPLES Write an equation in point-slope form of the line that passes through the 
a an given points. 
: on pp. 303, 304 Е Е _ SN 
: for Exs. 11-14 11. (4, 7), (5, 1) 12, (8, 2), (23, 2] 13. (B, —8), 1—3, 2) 


14. BUS TRIP A bus leaves at 10 A.M. to take students on a field trip to a 
historic site. At 10:25 A.M., the bus is 100 miles from the site. At 11:15 A.M., 
the bus is 65 miles from the site. The bus travels at a constant speed. 
Write an equation in point-slope form that relates the distance (in miles) 
from the site and the time (in minutes) after 10:00 A.M. How far is the bus 
from the site at 11:30 A.M.? 
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Write Linear Equations in Standard Form pp. 311-316 


Write an equation in standard form of the line shown. 


y — y, = т(х– xy) Write point-slope form. 
y— 1 = —2(x — (—1)) Substitute 1 for y,, —2 for m, and 
—1 for x,. 
= he Distributive property 
2x+y=-l Collect variable terms on one side, 
constants on the other. 
EXERCISES 
: EXAMPLES Write an equation in standard form of the line that has the given 
j2ands characteristics. 
Ion ppeen ere 15. Slope: —4; passes through (-2, 7) 16. Passes through (—1, —5) and (3, 7) 


: for Exs. 15-17 
17. COSTUMES You are buying ribbon to make costumes for a school play. 
Organza ribbon costs $.07 per yard. Satin ribbon costs $.04 per yard. 
Write an equation to model the possible combinations of yards of 
organza ribbon and yards of satin ribbon you can buy for $5. List several 
possible combinations. 


EN Write Equations of Parallel and Perpendicular Lines pp. 318-323 | 


Write an equation of the line that passes through (—4, —2) and is 
perpendicular to the line y = 4x — 7. 


The slope of the line y = 4x — 7 is 4. The slope of the perpendicular line 
through (-4, —2) is d Find the y-intercept of the perpendicular line. 
y =mx+b Write slope-intercept form. 
—2 = —4(-4) tb Substitute —1 for m, —4 for x, and —2 for y. 
=3 = р Solve for Б. 


An equation of the perpendicular line through (-4, —2) is y = -ix = 


EXERCISES 
: EXAMPLES Write an equation of the line that passes through the given point and is 
: 1and4 (a) parallel to the given line and (b) perpendicular to the given line. 
: on pp. 318, 320 
: for Exs. 18-20 | 18. (0, 2), y = —4x + 6 19. (2, -3, y = -2x - 3 20. (6,0), у= 3x — + 
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CHAPTER REVIEW 


E o | Fit a Line to Data pp. 324-330 | 


The table shows the time needed to roast turkeys of different weights. Make 
a scatter plot of the data. Describe the correlation of the data. 


"weed | s | s |e 


Treat the data as ordered pairs. Let x represent the 
turkey weight (in pounds), and let y represent the time 
(in hours) it takes to roast the turkey. Plot the ordered 
pairs as points in a coordinate plane. 


The scatter plot shows a positive correlation, which 
means that heavier turkeys tend to require more time 


to roast. 
Weight (pounds) 
EXERCISES 
: EXAMPLE2 | 21. AIRPORTS The table shows the number of airports in the Unites States 
: : on p. 325 for several years during the period 1990-2001. Make a scatter plot of the 
: for EX. 21 data. Describe the correlation of the data. 


EXA Predict with Linear Models pp. 335-341 | 


Use the scatter plot from the example for Lesson 5.6 


above to estimate the time (in hours) it takes to roast a е 
10 pound turkey. £ 
Draw a line that appears to fit the points in the scatter E 
plot closely. There should be approximately as many p 
points above the line as below it. = 
Find the point on the line whose x-coordinate is 
| : Weight (pounds) 
10. At that point, you can see that the y-coordinate 
is about 3.25. 
» It takes about 3.25 hours to roast a 10 pound turkey. 
EXERCISES 
: EXAMPLE2 | 22. COOKING TIMES Use the graph in the Example above to estimate the 
: : on p. 336 time (in hours) it takes to roast a turkey that weighs 30 pounds. Explain 
: for Ex. 22 how you found your answer. 
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CHAPTER TEST 


Write an equation in slope-intercept form of the line with the given slope 
and y-intercept. 


1. slope: 5 2. slope: 2 3. slope: 2 


y-ntercept: —7 y-intercept: —2 y-intercept: 1 


Write an equation in slope-intercept form of the line that passes through 
the given point and has the given slope m. 


4. (-2, -8);m=3 5. (1, D; m = -4 6. (—1, 3); m = —6 
Write an equation in point-slope form of the line that passes through the 
given points. 

7. (4, 5), (2, 9) 8. (—2, 2), (8, —3) 9. (3, 4), (1, —6) 
Write an equation in standard form of the line with the given 
characteristics. 
10. Slope: 10; passes through (6, 2) 11. Passes through (-3, 2) and (6, —1) 


Write an equation of the line that passes through the given point and is 
(a) parallel to the given line and (b) perpendicular to the given line. 


12. (2,0), y= -5x +3 13. (-1,4), у= -x — 4 14. (4, -9, у= ix + 2 


Make a scatter plot of the data. Draw a line of fit. Write an equation of the line. 


тхо 1,2 3 4 ^7 
y (05 (35 (53 74 94. EMITEN 


17. FIELD TRIP Your science class is taking a field trip to an observatory. 
The cost of a presentation and a tour of the telescope is $60 for the 
group plus an additional $3 per person. Write an equation that gives 
the total cost Cas a function of the number of people p in the group. 


18. GOLF FACILITIES The table shows the number of golf facilities 
in the United States during the period 1997-2001. 


a. Make a scatter plot of the data where x is the number 
| Wa Year | Golffacilities 
of years since 1997 and y is the number of golf facilities — 


(in thousands). 


1997 M6 6 
b. Write an equation that models the number of golf 
facilities (in thousands) as a function of the number 1998 
of years since 1997. 1999 
c. At about what rate did the number of golf facilities 2000 
change during the period 1997-2001? i; 


d. Use the equation from part (b) to predict the number 


of golf facilities in 2004. 


e. Predict the year in which the number of golf facilities 
reached 16,000. Explain how you found your answer. 
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Scoring Rubric 


Full Credit 
• solution is complete 
and correct 


Partial Credit 

• solution is complete 
but has errors, 
or 

• solution is without 
error but incomplete 


No Credit 

* no solution is given, 
or 

e solution makes no 
sense 


A verbal model shows 
how the equation is 


obtained. 


Calculations are 


performed correctly. 


v» 


v» 


SHORT RESPONSE QUESTIONS 
| PROBLEM | 


PROBLEM 


The average monthly cost of basic cable increased by about $1.47 each 
year from 1986 to 2003. In 1986 the average monthly cost of basic cable 
was $10.67. Write an equation that gives the monthly cost (in dollars) of 


basic cable as a function of the number of years since 1986. In what year 
was the monthly cost of basic cable $31.25? Explain your reasoning. 


Below are sample solutions to the problem. Read each solution and the 
comments on the left to see why the sample represents full credit, partial 
credit, or no credit. 


SAMPLE T: Full credit solution 


Let y be the average monthly cost x years since 1986. 
cost 1986 per year 1986 
y = 10.67 + 1.47 ° x 
To find the year when the monthly cost was $31.25, substitute 31.25 for y 
and solve for x. 
y = 10.67 + 1.47x 
31.25 = 10.67 + 1.47x 
14=x 
The monthly cost was $31.25 fourteen years after 1986, or in 2000. 


The question is answered 


correctly. 


explained what the 
variables represent. 


The equation is correct, 


and the student has 


e o o < 


SAMPLE 2: Partial credit solution 


Let y be the monthly cost. Let x be the number of years since 1986. 


Monthly | — Cost in + | Costincrease | , | Years since 
cost 1986 per year 1986 


y 10.67 + 1.47 e x 


To find the year when the cost was $31.25, substitute 31.25 for x. 


350 


The answer is incorrect, 
because the student 
mistakenly substituted 
the cost for the variable 
that represents the years 
since 1986. 


y = 10.67 + 1.47x 
= 10.67 + 1.47(31.25) == 56.61 
The cost was $31.25 about 57 years after 1986, or in 2042. 
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SAMPLE 3: Partial credit solution 


/——— » E 

The equation and answer ЕБИ 
are correct. There are по 31.25 = 10.67 + 1.47x 
explanations to support 

the student's work. 14=х 


The monthly cost was $31.25 fourteen years after 1986, or in 2000. 


SAMPLE 4: No credit solution 


acp ain "PPP Ш> Year when cost is $31.25 == $31.25 He 1.47 
The student's reasoning 


is incorrect, and the y = 31.25 + 1.47 = 21.25 
equation is incorrect. 


The answer is incorrect The year is about 21 years after 1986, or in 2007. 


PRACTICE Apply the Scoring Rubric 


Score the solution to the problem below as full credit, partial credit, or no 
credit. Explain your reasoning. 


PROBLEM A hot air balloon is flying at an altitude of 870 feet. It descends 
at a rate of 15 feet per minute. Write an equation that gives the altitude (in 
feet) of the balloon as a function of the time (in minutes) since it began its 


descent. Find the time it takes the balloon to reach an altitude of 12 feet. 
Explain your reasoning. 


1. Let y be the altitude (in feet) after x minutes. 


Final — | Starting + Decrease in А Minutes 
altitude altitude altitude per minute 


у= 870 + (—15)х = 870 — 15(12) = 690 
The balloon will take 690 minutes to reach an altitude of 12 feet. 


2. Let ybe the altitude (in feet) after x minutes. 


Final — | Otarting + Decrease in В Minutes 
altitude altitude altitude per minute 


y = 870 + (—15)x 
12 = 870 — 15x 
57.2 =x 
The balloon will take about 57 minutes to reach an altitude of 12 feet. 


з. 270 + 16 = 55 
The balloon will take 56 minutes to reach an altitude of 12 feet. 
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Ж Standardizec 


SHORT RESPONSE 


1. 


You have $50 to spend on pretzels and juice 
drinks for a school dance. A box of pretzels 
costs $3.50, and a package of juice drinks costs 
$5.00. Write an equation in standard form that 
models the possible combinations of boxes of 
pretzels and packages of juice drinks that you 
can buy. What is the greatest number of boxes 
of pretzels you can buy? Explain. 


. You and your family are traveling home in a 


car at an average speed of 60 miles per hour. 

At noon you are 180 miles from home. 

a. Write an equation that gives your distance 
from home (in miles) as a function of the 
number of hours since noon. 


b. Explain why the graph of this equation is a 
line with a negative slope. 


. Robyn needs $2.20 to buy a bag of trail mix. 


Write an equation in standard form that 
models the possible combinations of nickels 
and dimes she could use to pay for the mix. 
How many nickels would she need if she 
used 14 dimes? Explain your reasoning. 


. On a street map, Main Street and Maple Street 


can be modeled by the equations y = ax + 6 
and x + 2y = 4. For what value of а are the 
streets parallel? For what value of a are the 
streets perpendicular? Justify your answers. 


. The table shows the projected dollar amount 


spent per person in the U.S. on interactive 
television for several years during the period 
1998-2006. 


Spending per person 
(dollars) 


0 


a. Make a scatter plot of the data. 


b. Predict the year in which spending per 
person in the U.S. on interactive television 
will reach $20. Explain how you found 
your answer. 
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6. You are mountain biking on a 10 mile trail. 


You biked 4 miles before stopping to take a 
break. After your break, you bike at a rate of 
9 miles per hour. 


a. Write an equation that gives the length (in 
miles) of the trail you have completed as 
a function of the number of hours since 
your break ended. 


b. How much time (in minutes) after your 
break will it take you to complete the 
entire trail? Explain. 


7. A guide gives dogsled tours during the winter 


months. The guide charges one amount 

for the first hour of a tour and a different 
amount for each hour after the first. You paid 
$55 for a 2 hour dogsled tour. Your friend 
paid $70 for a 3 hour tour. 


a. Explain why this situation can be modeled 
by a linear equation. 


b. Write an equation that gives the cost (in 
dollars) of a dogsled tour as a function of 
the number of hours after the first hour of 
the tour. 


. The scatter plot shows the total carbon 


dioxide emissions throughout the world for 
several years during the period 1950-1995. 


C0; emissions 
(billions of 
metric tons) 


Years since 1950 


a. Write an equation that models the carbon 
dioxide emissions (in billions of metric 
tons) as a function of the number of years 
since 1950. 


b. At about what rate did the amount of 


carbon dioxide emissions increase from 
1950 to 1995? Explain how you found your 
answer. 


MULTIPLE CHOICE 


9. Which equation represents the line that 
passes through (0, 8) and (2, 0)? 


(А) y=4x+2 (В) y=-4x+2 
(С) y=4x+8 D у= -4x+8 


10. Which equation represents the line with a 
slope of 5 and a y-intercept of 2? 


D y=2x+5 (В) y=2x-5 
© y=5x+2 (D y-5x-2 


11. Which function has the values f(1) = 8 and 
f) = -10? 


СА) f(x) = -3x+ 11 
(O) f(x) = —3х +25 


fa) = —2х + 10 
(DD f(x) 3x — 24 


EXTENDED RESPONSE 


9» STATE TEST PRACTICE 
— WE classzone.com 


GRIDDED ANSWER 


12. 


13. 


14. 


15. 


16. 


What is the slope of a line that is 
perpendicular to the line y = —2x — 7? 


What is the y-intercept of the line that has a 
slope of i and passes through (5, 4)? 
What is the y-intercept of the line that is 


parallel to the line y = 2x — 3 and passes 
through the point (6, 11)? 


What is the zero of the function 
fix) = Ex + 92 
The graph of the equation Ax + у = 2 is a line 


that passes through (—2, 8). What is the value 
of A? 


17. The table shows the time several students spent studying for an exam and 
each student’s grade on the exam. 


Study time 
eee 


Grade — 90 | 60 | 70 | 72 | 80 | вв | 89 


a. Make a scatter plot of the data. 


b. Write an equation that models a student's exam grade as a function of 
the time (in hours) the student spent studying for the exam. 


c. How many hours would you need to study in order to earn a grade of 
93 on the exam? Justify your answer using the data above. 


18. The scatter plot shows the number of FM radio stations in the United 


States for several years during the period 1994-2000. 


a. Describe the correlation of the data. 


b. Write an equation that models the number of FM radio stations in 
the United States as a function of the number of years since 1994. 


c. At about what rate did the number of radio stations change 


during the period 1994—2000? 


d. Find the zero of the function from part (b). Explain what the zero 


means in this situation. 


FM radio stations 
сл 
гч 
е 


0 2 4 6 х 
Years since 1994 
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Linear Inequalities 


of Chapter 6 6.1 Solve Inequalities Using Addition and Subtraction 

In previous lessons 6.2 Solve Inequalities Using Multiplication and Division | " 
you focused on linear 2. pe 

eqúafions. Bytha ando! 6.3 Solve Multi-Step Inequalities 


this chapter, you will be 6.4 Solve Compound Inequalities ETT 
Е 
ble to write and gre pn 6.5 Solve Absolute Value Equations | 
linear inequalities > 
as well as absolute 6.6 Solve Absolute Value Inequalities 
S J $. 
шее 6.7 Graph Linear Inequalities in Two Variables 


inequalities. 
4 


Previously, you learned the following skills, which you'll use in Chapter 6: 
solving equations, graphing equations, and comparing rational numbers. 


VOCABULARY CHECK 
1. Identify one ordered pair that is a solution of 8x — 5y — -2. 


2. Are 7x — 4 = 10 and x = 3 equivalent equations? Explain. 


3. The absolute value of a numbera is the distance between a and ? ona 
number line. 


SKILLS CHECK 
Solve the equation. Check your solution. (Prerequisite skill for 6.1-6.6) 
4. m+8=-20 5. 7x+3= 38 6. -9r-4-25 7 4t-—7t=9 


Graph the number on a number line. (Prerequisite skill for 6.1—6.4, 6.6) 
8. 6 9. —8 10. —2.1 11. 4.5 


Copy and complete the statement using <, >, or =. (Prerequisite skill for 6.1-6.3, 6.7) 
12. 21.7? ? 21 13. 13.08. ? 13.2 14. 0.1. ? 0.04 15. 0.517 ? 0.52 


Graph the equation. (Prerequisite skill for 6.7) 
16. y= —7x + 3 17. 6х + Зу = —5 18. x= —8 19. у= 4 
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In Chapter 6, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 414. You will also use the key vocabulary listed below. 


© Applying properties of inequality 
€ Using statements with and or or 
©) Graphing inequalities 


KEY VOCABULARY 
• graph of an inequality, * compound inequality, * linear inequality in two 
p. 356 p. 380 variables, p. 405 


* equivalent inequalities, * absolute value equation, • graph of an inequality 
р. 357 р. 390 in two variables, р. 405 


* absolute deviation, p. 392 


% 
Lg 
E 


a 
= 


You can use inequalities to solve problems in sound amplification. For 
example, you can solve an inequality to determine whether an amplifier 
provides enough amplification for a given number of people in an audience. 


ШШЕН» 


ES 
* 


g р n 


The animation illustrated below for Exercise 45 on page 387 helps you 
answer this question: Is a 2900 watt amplifier adequate for an audience of 
350 people? 


n | Р 
= | | Paral etort of apitar promded Er tha ampli: МР | ZEN walls 
М = | | и 
| Gre ol the mises — (m (boe 
] | 
, à 


——— M — — M — X сш A M 


! You need to decide whether the amplifier |a | Click on the boxes to enter the Г 
is adequate for 350 people. = | appropriate values. Is 
- | 


(Animated га at classzone.com 


Other animations for Chapter 6: pages 358, 364, 382, 390, 391, 399, and 407 


o T Solve Inequalities Using 
* " Addition and Subtraction 


You solved equations using addition and subtraction. 
[_ Now ) You will solve inequalities using addition and subtraction. 
Why So you can describe desert temperatures, as in Example 1. 


Key Vocabulary On a number line, the graph of an inequality in one variable is the set of points 
«graph of an that represent all solutions of the inequality. To graph an inequality in one 
inequality variable, use an open circle for « or > and a closed circle for < or >. The graphs 
* equivalent of x <3 and x2 —1 are shown below. 
inequalities 
2d А аана E ——— rr > 
EH -1 0 1 2 3 4 -3 -2 -1 0 1 2 


inequality, p. 22 Graph of x<3 Graph of x> -1 


Write and graph an inequality 


DEATH VALLEY The highest temperature recorded in the United States was 
134°F at Death Valley, California, in 1913. Use only this fact to write and graph 
an inequality that describes the temperatures in the United States. 


Solution 


Let T represent a temperature (in degrees Fahrenheit) in the United States. 
The value of T must be less than or equal to 134. So, an inequality is T < 134. 


Ев ao o... 
129 130 131 132 133 134 135 136 


Write inequalities from graphs 


Write an inequality represented by the graph. 


—6.5 
a. AAA AA  _ an ae b. ee Ht doom 
-8 —7 —6 -5 —4 —3 1 2 3 4 5 6 
Solution 
a. The open circle means that b. The closed circle means that 4 
—6.5 is not a solution of the is a solution of the inequality. 
inequality. Because the arrow Because the arrow points to the 
points to the right, all numbers left, all numbers less than 4 are 
greater than —6.5 are solutions. solutions. 
» An inequality represented by » An inequality represented by 
the graph is x > —6.5. the graph is x <4. 
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r4 GUIDED PRACTICE | for Examples 1 and 2 


1. ANTARCTICA The lowest temperature recorded in Antarctica was —129°F 
at the Russian Vostok station in 1983. Use only this fact to write and 
graph an inequality that describes the temperatures in Antarctica. 


Write an inequality represented by the graph. 
—2.5 


2. a 3. MÀ ———————— 
5 6 7 8 9 10 —4 —3 -2 -—] 0 1 


EQUIVALENT INEQUALITIES Just as you used properties of equality to produce 
equivalent equations, you can use properties of inequality to produce 
equivalent inequalities. Equivalent inequalities are inequalities that have the 
same solutions. 


KEY CONCEPT For Your Notebook 


Addition Property of Inequality 


: Words Adding the same number to each side of an inequality produces an 


equivalent inequality. 
> Algebra Ifa» b, then a + c» b + c. Ifa2b,thena + c2 b«c. 
> Ifa«b,thena + c«b- c. Ifa€b,thena + с<р + c. 


[ EXAMPLE 3 | Solve an inequality using addition 


Solve x — 5 >—3.5. Graph your solution. 
x—b»-—35 Write original inequality. 


x-54+5>-3.54+5 Add 5 to each side. 


х> 1.5 Simplify. 
» The solutions are all real numbers 15 
greater than 1.5. Check by substituting «*—L—1—1—r erm 
a number greater than 1.5 for x in the -2-1 0 1 2 3 


original inequality. 
CHECK x — 5 > —-3.5 Write original inequality. 
6-53 -3.5 Substitute 6 for x. 
1>-35 Y Solution checks. 


GUIDED PRACTICE for Example 3 


Solve the inequality. Graph your solution. 


4. x-9<3 5. p-32<-3 6. —1>т— 
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For Your Notebook 


KEY CONCEPT 
Subtraction Property of Inequality 


Words Subtracting the same number from each side of an inequality 
produces an equivalent inequality. 


Algebra If a > b,thena-—c>b-c. If a2 р, епа – c2b-c. 
Ifa«b,thena—- c«b-— с. Ifa<b,thena—c<b-c. 


[ EXAMPLE 4 | Solve an inequality using subtraction 


Solve 9 > x + 7. Graph your solution. 


G2xX+7 Write original inequality. 
9-72>x+7-7 Subtract 7 from each side. 


2 Xx Simplify. 
> You can rewrite 2 > xas x < 2. The solutions <4 


are all real numbers less than or equal to 2. 


p7—— 


ebra at classzone.com 


| EXAMPLE 5 | Solve a real-world problem 


. LUGGAGE WEIGHTS You are checking a bag at an airport. Bags can weigh 
: READING | . f : 

: The phr кайнамдан лар нин » no more than 50 pounds. Your bag weighs 16.8 pounds. Find the possible 
: har frídicates that уво weights w (in pounds) that you can add to the bag. 
: use the x symbol. 


Solution 
Write a verbal model. Then write and solve an inequality. 


Weight Weight you Weight 
ofbag + сапада = limit 
ww ww Y 
16.8 + w < 50 
16.8 + w <50 Write inequality. 


16.8 + w — 16.8 < 50 — 16.8 Subtract 16.8 from each side. 
w < 33.2 Simplify. 


> You can add no more than 33.2 pounds. 


Y GUIDED PRACTICE | for Examples 4 and 5 


7. Solve y + 5.5 > 6. Graph your solution. 


8. WHAT IF? In Example 5, suppose your bag weighs 29.1 pounds. Find the 
possible weights (in pounds) that you can add to the bag. 
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6.1 EXERCISES HOMEWORK: Ç) = WORKED-OUT SOLUTIONS 
° KEY: on p. WS13 for Exs. 7, 15, and 33 


Ж = STANDARDIZED TEST PRACTICE 
EXS. 2, 29, 34, 35, and 38 


: e = MULTIPLE REPRESENTATIONS 
Ex. 37 


' SKILL PRACTICE 


: EXAMPLE 1 
: on p. 356 
: for Exs. 3-5 


: EXAMPLE 2 
: on p. 356 
: for Exs. 6-9 


: EXAMPLES 


: On pp. 357-358 
: for Exs. 10-23 


1. VOCABULARY Copy and complete: To graph x « —8, you draw a(n) _? 
circle at —8, and you draw an arrow to the. ? . 


2. Ж WRITING Are x + 7 218 and x > 25 equivalent inequalities? Explain. 
WRITING AND GRAPHING INEQUALITIES Write and graph an inequality 
that describes the situation. 

3. The speed limit on a highway is 60 miles per hour. 

4. You must be at least 16 years old to go on a field trip. 


5. A child must be taller than 48 inches to get on an amusement park ride. 


WRITING INEQUALITIES Write an inequality represented by the graph. 
6. 


=B -§ —4 —3 —2 =] 7 —20 -10 0 10 20 30 


8. 


EXE --- A es es eee ll 
—2 0 2 4 6 8 —4 —g —2 —] 0 1 


SOLVING INEQUALITIES Solve the inequality. Graph your solution. 


10. х+4<5 11. -8<8+ y 12. -lism +3 13. п + 17 «162 
14. 8.2 + v» —L6 (15) w + 14.9 > —2.7 16. r-4<-5 17. 1285-86 
1 1 1 1 


ERROR ANALYSIS Describe and correct the error in solving the inequality 
or in graphing the solution. 


22. 23. 

x +t ô< —3 —17 < x — 14 
x+68-6< -3+8 —17 + 14 € x — 14 + 14 
x«b —3<x 
<q) —_|+—_+— x< ———ф—|—{—»> 
ó 4 5 6 7 -5 -4 -3 -2 -1 


TRANSLATING SENTENCES Write the verbal sentence as an inequality. 
Then solve the inequality and graph your solution. 


24. The sum of 11 and m is greater than —23. 
25. The difference of n and 15 is less than or equal to 37. 


26. The difference of с and 13 is less than —19. 
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(ES GEOMETRY Write and solve an inequality to find the possible values of x. 


27. Perimeter « 51.3 inches 28. Perimeter x 18.7 feet 
4.1 ft 
„ xin. 
14.2 in. 4.9 ft xft 
15.5 in. 6.4 ft 


29. ж WRITING 15 it possible to check all the numbers that are solutions 
of an inequality? Does checking one solution guarantee that you have 
solved an inequality correctly? Explain your answers. 


30. CHALLENGE Write and graph an inequality that represents the numbers 
that are not solutions of x — 12 2 5.7. 


' PROBLEM SOLVING 


: EXAMPLE 5 31. INTERNET You earn points from buying items at an Internet shopping 


: on p. 358 | site. You would like to redeem 2350 points to get an item for free, but you 
: for Exs. 31-35 | want to be sure to have more than 6000 points left over. What are the 
possible numbers of points you can have before making a redemption? 
" @HomeTutor у for problem solving help at classzone.com 


32. SPORTS RECORDS In 1982 Wayne Gretsky set a new record for the 
greatest number of hockey goals in one season with 92 goals. Suppose 
that a hockey player has 59 goals so far in a season. What are the 
possible numbers of additional goals that the player can make in order 
to match or break Wayne Gretsky's record? 


‚шиш, 


бз) MULTI-STEP PROBLEM In aerial ski 
competitions, athletes perform two 
acrobatic ski jumps, and the scores 
on both jumps are added together. 
The table shows your competitor's first 
and second scores and your first score. 


for problem solving help at classzone.com 
Competitor's 2 | 
score | 


a. Write and solve an inequality to find the scores s that you can earn in 
your second jump in order to beat your competitor. 


b. Will you beat your competitor if you earn 128.13 points? 
126.78 points? 127.53 points? Justify your answers. 


34. A MULTIPLE CHOICE You want to buy a jacket at a clothing store, and 
you can spend at most $30. You have a coupon for $3 off any item at 
the store. Which inequality can you use to find the original prices p of 
jackets that you can buy? 


(А) 34 р>30 (B 30+р<3 (С) p-3<30 (DD p- 3023 
35. Ж OPEN-ENDED Describe a real-world situation that can be 


modeled by the inequality x + 14 > 17. Explain what the solution of the 
inequality means in this situation. 


С) = WORKED-OUT SOLUTIONS * = STANDARDIZED ә = MULTIPLE 
360 on p. WS1 TEST PRACTICE REPRESENTATIONS 


36. VEHICLE WEIGHTS According to a state law for vehicles traveling on 
state roads, the maximum total weight of the vehicle and its contents 
depends on the number of axles the vehicle has. 


= 


Maximum Total Weights 


a; e a a 


2 axles 3 axles 4 axles 5 axles 
34,000 Ih 54,000 Ib 69,000 Ib 80,000 Ih 


For each type of vehicle, write and solve an inequality to find the 
possible weights w (in pounds) of a vehicle when its contents weigh 
14,200 pounds. Can a vehicle that has 2 axles and weighs 20,000 pounds 
hold 14,200 pounds of contents? Explain. 


37. t MULTIPLE REPRESENTATIONS Your friend is willing to spend no 
more than $17,000 for a new car. The car dealership offers $3000 cash 
back for the purchase of a new car. 


a. Making a Table Make a table of values that gives the final price y of 
a car after the cash back offer is applied to the original price x. Use 
the following values for x: 19,459, 19,989, 20,549, 22,679, 23,999. 


b. Writing an Inequality Write and solve an inequality to find the 
original prices of the cars that your friend will consider buying. 


38. Ж SHORT RESPONSE А 4-member track team is trying Е 
to match or beat last year's winning time of 3 minutes 
41.1 seconds for a 1600 meter relay race. The table shows 53.34 


the 400 meter times for the first three athletes. 


a. Calculate What are the possible times that the last 
athlete can run 400 meters in order for the team to 5746 
match or beat last year's time? 


b. Decide So far this season the last athlete's fastest 400 meter time is 
53.18 seconds, and his average 400 meter time is 53.92 seconds. In this 
race the last athlete expects to run faster than his slowest time this 
season. Is it possible for the team to fail to meet its goal? Explain. 


39. CHALLENGE А public television station wants to raise at least $72,000 in 
a pledge drive. The station raised an average of $5953 per day for the first 
3 days and an average of $6153 per day for the next 3 days. What are the 
possible additional amounts that the station can raise to meet its goal? 


Find the sum, difference, product, or quotient. 


40. —18 + (-27) (p. 74) 41. 15 — (—23) (p. 80) 42. 7 • (—9) (р. 88) 
43. —11 • (-12) (p. 88) 44. —27 + (—3) (p. 103) 45. —30 + (—5) (p. 103) 
: PREVIEW. Solve the equation. (p. 134) 
Жашы 46. 6х = 48 47. —5y = —35 48. 400 = —48m 
: Lesson 6.2 
: in Exs. 46—51. n. Fo EI. 
49 =ш 50. 5 = 13 51. == 15 
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їп ipe AC TIVITY Use before Lesson 6.2 


. Inequalities with Negative Coefficients 


MATERIALS + index cards 


STEP 7 | Write integers Write the integers from —5 to 5 on index cards. Place the 
cards face up as shown. 


-5 -4 -3 -2 1 0 


STEP 2| Check solutions Determine whether each integer is a solution of 4x > 8. 
If the integer is not a solution, turn over the card. 


2 5 4 5 


STEP 3| Check solutione Turn all the cards face up. Repeat Step 2 for —4x > 8. 


5 -4 -3 -2 


. State an operation that you can perform on both sides of 4x > 8 to obtain the 
solutions found in Step 2. Then solve the inequality. 


. Copy and complete the steps below for solving —4x > 8. 
—4x28 Write original inequality. 
Add 4x to each side. 
Subtract 8 from each side. 
Divide each side by 4. 
Rewrite inequality with x on the left side. 


. Does dividing both sides of —4x > 8 by —4 give the solution found in Exercise 2? 
If not, what else must you do to the inequality when you divide by —4? 


. Do you need to change the direction of the inequality symbol when you divide 
each side of an inequality by a positive number? by a negative number? 


Solve the inequality. 


5. 20x25 6. —9x<45 7. —8x > 40 8. 7x< 21 
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You solved inequalities using addition and subtraction. 
Г Now ] You will solve inequalities using multiplication and division. 
So you can find possible distances traveled, as in Ex. 40. 


6 2 Solve Inequalities Using 
© 


Multiplication and Division ME 


Key Vocabulary Solving an inequality using multiplication is similar to solving an 
e inequality, p. 21 equation using multiplication, but it is different in an important way. 
«equivalent 

cdi KEY CONCEPT For Your Notebook 


Multiplication Property of Inequality 


Words Multiplying each side of an inequality by a positive number 
produces an equivalent inequality. 


Multiplying each side of an inequality by a negative number and reversing 
the direction of the inequality symbol produces an equivalent inequality. 


1° Algebra If a « band с> 0, then ac < bc. If a « band c « 0, then ac > bc. 
If а> band c> 0, then ac > bc. If a» band c< 0, then ac < bc. 


This property is also true for inequalities involving < and >. 


Solve an inequality using multiplication 


Solve 1 « 5. Graph your solution. 
<5 Write original inequality. 


4 + " «4*5 Multiply each side by 4. 


x « 20 Simplify. 


* The solutions are all real numbers less 
than 20. Check by substituting a number —10 0 10 20 30 40 
less than 20 in the original inequality. 


GUIDED PRACTICE for Example 1 
Solve the inequality. Graph your solution. 


x 
1. 528 2. 


E 


y 
© — » — 
= ou 3. 25? 4 
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| EXAMPLE 2 ] Solve an inequality using multiplication 


Solve = < 7. Graph your solution. 


E <7 Write original inequality. 
: AVOID ERRORS x i А " i 
: Sonae Be sae? M h side bv —6. R lit bol. 
| Because you are pe = ultiply each side by everse inequality symbo 
: multiplying by a —: 
: negative number, be | „йш ишь 
: Sure to reverse the » The solutions are all real numbers greater - 
: inequality symbol. than —42. Check by substituting a number e 

greater than —42 in the original inequality. —50 —40 —30 —20 —10 0 
CHECK x « 7 Write original inequality. 
0 ? ; 
m Т Substitute 0 for х. 


0<7Y Solution checks. 


USING DIVISION The rules for solving an inequality using division are similar 
to the rules for solving an inequality using multiplication. 


KEY CONCEPT For Your Notebook 


Division Property of Inequality 


Words Dividing each side of an inequality by a positive number produces 
an equivalent inequality. 


Dividing each side of an inequality by a negative number and reversing the 
direction of the inequality symbol produces an equivalent inequality. 


Algebra If a « b and c » 0, then 2 < P. Ifa<bandc<0O, then 4>2. 
> If a» b and с> 0, then > P. If a» b and c « 0, then 2 « P. 
: This property is also true for inequalities involving < and >. 


| EXAMPLE 3 ] Solve an inequality using division 


Solve —3x > 24. 
—3x > 24 Write original inequality. 


—3х „24 


33 Divide each side by —3. Reverse inequality symbol. 


x<-8  Simplify. 
¿Animatea Algebra at classzone.com 
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Y GUIDED PRACTICE | for Examples 2 and 3 


_ Solve the inequality. Graph your solution. 


4. => 12 5. =< 1.6 6. 5v>45 7. —6n < 24 


* | EXAMPLE 4 | Standardized Test Practice 


A student pilot plans to spend 80 hours on flight training to earn 

a private license. The student has saved $6000 for training. Which 
inequality can you use to find the possible hourly rates rthat the student 
can afford to pay for training? 


СА) 80r > 6000 80r<6000 СС) 6000r280 Ф) 6000r<80 


Solution 


The total cost of training can be at most the amount of money that the 
student has saved. Write a verbal model for the situation. Then write an 


inequality. 
: ELIMINATE CHOICES < 
ент ТТС ИИВ Pee» Training time | Hourly rate < Amount saved 
: (hours) (dollars/hour) > (dollars) 
: the hourly rate and the 
: number of hours, which | * * - 
: is 80, not 6000. So, you 
: can eliminate choices C 80 ° r < 6000 
: and D. 


> The correct answer is B. ® © ® 


(EXAMPLE 5 | Solve a real-world problem 


PILOTING In Example 4, what are the possible hourly 
rates that the student can afford to pay for training? 


Solution 


80 -r<6000 Write inequality. 


80r — 6000 ИР . 

WE COME 

80 = 80 Divide each side by 80. 
г < 75 Simplify. 


» The student can afford to pay at most $75 per hour for training. 


r4 GUIDED PRACTICE | for Examples 4 and 5 


8. WHAT IF? In Example 5, suppose the student plans to spend 90 hours on 
flight training and has saved $6300. Write and solve an inequality to find 
the possible hourly rates that the student can afford to pay for training. 
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2 EXERCISES "0 О-оо 
6. KEY: on p. WS14 for Exs. 5, 9, and 39 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 27, 34, and 41 


: eo = MULTIPLE REPRESENTATIONS 
Ex. 38 


' SKILL PRACTICE 


1. VOCABULARY Which property are you using when you solve 5x 2 30 by 
dividing each side by 5? 


2. MW WRITING Are = « —9 and x « 36 equivalent inequalities? Explain 
your answer. 


: EXAMPLES SOLVING INEQUALITIES Solve the inequality. Graph your solution. 
: 1, 2, and 3 


: оп рр. 363-364) 3. 2p2 14 4. —« 10 (5)-ву < —36 6. 40» V 
° —3 5 
: for Exs. 3-29 
q < (9.)8 Е ET 
7. «7 8. 72<9r (9.)2 > 20 10. —llm< —22 
11. —90>4t 12. 26 —9 13. 60 < —12s 14. == —8 
15. —8.4f> 2.1 16. -Ż < 18.6 17. 9.6 < —16с 18. 0.07> E 
19. —1.5 2 62 20. 3 < -7.5 21. 1.02 < —3j 22. 52-10 
23. «1.8 24. 1.9 € —5p 25. > —40 26. —2t» —1.22 
-80 0.6 
27. Ж WRITING How is solving ax > b where a > 0 similar to solving ax > b 
where a < 0? How is it different? 


ERROR ANALYSIS Describe and correct the error in solving the inequality. 


28. 29. 
—15х > 45 = =7 
—1bx 45 x 
-45 ? —15 9.5 


> У 
x> —ő5 x2 —65 


TRANSLATING SENTENCES In Exercises 30-33, write the verbal sentence 
as an inequality. Then solve the inequality and graph your solution. 


30. The product of 8 and x is greater than 50. 
31. The product of —15 and y is less than or equal to 90. 
32. The quotient of v and —9 isless than —18. 


33. The quotient of w and 24 is greater than or equal to -$ 


34. Ж OPEN-ENDED Write an inequality in the form ax « b such that 
the solutions are all real numbers greater than 4. 
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35. CHALLENGE For the given values of a апа Р, tell whether the solution of 
ax > b consists of positive numbers, negative numbers, or both. Explain. 


a. a<0,b>0 b. a>0,b>0 c. a>0,b<0 d. a<0,b<0 


_ PROBLEM SOLVING 


: EXAMPLES 


: on p. 365 for 
: Exs. 36-39 


36. MUSIC You have $90 to buy CDs for your friend’s party. The CDs cost 
$18 each. What are the possible numbers of CDs that you can buy? 


 QHomelüutor for problem solving help at classzone.com 


37. JOB SKILLS You apply for a job that requires the ability to type 40 words 
per minute. You practice typing on a keyboard for 5 minutes. The 
average number of words you type per minute must at least meet the 
job requirement. What are the possible numbers of words that you can 
type in 5 minutes in order to meet or exceed the job requirement? 


| @HomeTutor © for problem solving help at classzone.com 


38. es MULTIPLE REPRESENTATIONS You are stacking books on a shelf 
that has a height of 66 centimeters. Each book has a thickness of 
4 centimeters. 


a. Using a Model Use a concrete model to find the possible numbers of 
books that you can stack as follows: Cut strips of paper 4 centimeters 
wide to represent the books. Then place the strips one above the 
other until they form a column no taller than 66 centimeters. 


b. Writing an Inequality Write and solve an inequality to find the 
possible numbers of books that you can stack. 


c. Drawing a Graph Write and graph an equation that gives the height y 
of stacked books as a function of the number x of books. Then graph 
у = 66 in the same coordinate plane. To find the possible numbers 
of books that you can stack, identify the integer x-coordinates of the 
points on the first graph that lie on or below the graph of y = 66. 


d. Choosing a Method Suppose the shelf has a height of 100 centimeters. 


Which method would you use to find the possible numbers of books, 
a concrete model, solving an inequality, or drawing a graph? Explain. 


MANUFACTURING A manufacturer of architectural moldings 
recommends that the length of a piece be no more than 15 times its 
minimum width w (in inches) in order to prevent cracking. For the 
piece shown, what could the values of w be? 


A н аиииинвниннииниининининини анн 


APPAR 


88 n H 


40. RECREATION A water-skiing instructor recommends that a boat pulling 
a beginning skier have a speed less than 18 miles per hour. Write and 
solve an inequality that you can use to find the possible distances d (in 
miles) that a beginner can travel in 45 minutes of practice time. 
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41. Ж EXTENDED RESPONSE A state agency that offers wild horses for 
adoption requires that a potential owner reserve 400 square feet of 
land per horse in a corral. 


a. Solve A farmer has a rectangular corral whose length is 80 feet 
and whose width is 82 feet. Write and solve an inequality to find 
the possible numbers h of horses that the corral can hold. 


b. Explain If the farmer increases the length and width of the corral 
by 20 feet each, will the corral be able to hold only 1 more horse? 
Explain your answer without calculating the new area of the corral. 


с. Calculate The farmer decides to increase the length and width of 
the corral by 15 feet each. Find the possible numbers of horses that 
the corral can hold. Your answer should include the following: 


e a calculation of the new area of the corral 


e a description of your steps for solving the problem 


42. CHALLENGE An electronics store is selling a laptop computer for 
$1050. You can spend no more than $900 for the laptop, so you wait for 
it to go on sale. Also, you plan to use a store coupon for 5% off the sale 
price. For which decreases in price will you consider buying the laptop? 


MIXED REVIEW | — | 


Write an expression for the situation. (р. 15) 
43. Total cost of t movie tickets if each ticket costs $7.50 


44. Distance left to travel on a 500 mile trip if you have traveled m miles 


: PREVIEW _ Solve the equation or inequality. 

: Prepare for _ fe _ 

: Lesson 6.3 in 45. 9x + 6 = 7 (p. 141) 46. 3y — 8 = 5y + 2y (p. 154) 47. 4(z + 1) = 62 (p. 154) 
: Exs. 45-50. 48. p + 8> 10 (p. 356) 49. q + 6 < —5 (p. 356) 50. Tr — 2 > —9 (p. 356) 


Write an equation in slope-intercept form of the line that has the given 
slope and y-intercept. (p. 283) 


51. slope: —3; y-intercept: 4 52. slope: -8; y-intercept: + 53. slope: $; y-intercept: -2 


- QUIZ for Lessons 6.1-6.2 


Solve the inequality. Graph your solution. 


1. x + 82 —5 (p. 356) 2. y + 6< 14 (p. 356) 3. —8 < v — 5 (p. 356) 
| 4. w— 11» 2 (p.356) 5. —40 « —5r (p. 363) 6. —93 « 3s (p. 363) 
7. —2m 2 26 (p. 363) 8. EP] > —7 (p. 363) 9. E —8 (p. 363) 


10. FOOD PREPARATION You need to make at least 150 sandwiches for a 
charity event. You can make 3 sandwiches per minute. How long will it 
take you to make the number of sandwiches you need? (p. 363) 
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6 3 Solve Multi-Step 
© 


You solved one-step inequalities. 
Г Ми ) You will solve multi-step inequalities. 


So you can compare animal habitats, as in Ex. 39. 


Key Vocabulary 


Inequalities 


The steps for solving two-step and multi-step equations can be applied to 


* inequality, p. 21 linear inequalities. For inequalities, be sure to reverse the inequality symbol 


when multiplying or dividing by a negative number. 


Solve a two-step inequality 


Solve 3x — 7 « 8. Graph your solution. 
3x —7«8 Write original inequality. 
3x«15  Add7 to each side. 
х<5 Divide each side by 3. 
» The solutions are all real numbers less than 5. Check by substituting a 
number less than 5 in the original inequality. 
=] 0 1 2 3 4 5 6 
CHECK 3x-7<8 Write original inequality. 
3(0)-7<8 Substitute 0 for x. 
—7<8/ Solution checks. 


Solve a multi-step inequality 


Solve —0.6(x — 5) < 15. 


—0.6(x — 5) < 15 Write original inequality. 
—0.6x+3<15 Distributive property 
—0.6x < 12 Subtract 3 from each side. 


x2 —20 Divide each side by —0.6. Reverse inequality symbol. 


GUIDED PRACTICE | for Examples 1 and 2 


Solve the inequality. Graph your solution. 


1. 2x 5<23 2. —6y + 5€ —16 з. —7(p — 12) > 2 
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| EXAMPLE 3 ] Solve a multi-step inequality 


: ANOTHER WAY Solve 6x — 7 > 2x + 17. Graph your solution. 
: You can also solve the | Lu | 
: inequality by subtracting бх — т >2e +17 Write original inequality. 
{ТУ ЫП Б rar ERR 6x>2x + 24 Add7 to each side. 
: side, as follows: 
6x — 7>2x + 17 4x>24 Subtract 2x from each side. 
бх – 24>2 
х 24> s x>6 Divide each side by 4. 
6 <x > The solutions are all real numbers greater than 6. 
: The inequality 6 < xis 
: equivalent to x > 6. el 


—2 0 2 4 6 8 10 12 


NUMBER OF SOLUTIONS If an inequality is equivalent to an inequality that is 
true, such as —3 < 0, then the solutions of the inequality are all real numbers. If 
an inequality is equivalent to an inequality that is false, such as 4 < —1, then the 
inequality has no solution. 


———— se я t 
—2 —] 0 1 2 3 —2 —1 0 1 2 3 
Graph of an inequality whose Graph of an inequality 
solutions are all real numbers that has no solution 


[ EXAMPLE 4 ] Identify the number of solutions of an inequality 


Solve the inequality, if possible. 


a. 14x + 5 < 7(2х — 3) b. 12x — 1» 6(2x - 1) 


Solution 
а. 14x + 5«72x —3) Write original inequality. 
14x + 5 < 14x — 21 Distributive property 
D< —21 Subtract 14x from each side. 


* There are no solutions because 5 « —21 is false. 


b. 12x — 1 >6(2x— 1) Write original inequality. 
12x —1»12x —6 Distributive property 
—1>—6 Subtract 12x from each side. 


» All real numbers are solutions because —1 > —6 15 true. 


СА GUIDED PRACTICE | for Examples 3 and 4 


Solve the inequality, if possible. Graph your solution. 


А. 5х- 12<3x— 4 5. 5(m + 5) «bm + 17 6. 1 — 8s < —4(2s — 1) 
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Ф, 
e, 


: ANOTHER WAY 


E tantas » Solution 


: For an alternative 

: method for solving the 
: problem in Example 5, 
: turn to page 375 for 

: the Problem Solving 

: Workshop. 


| EXAMPLE 5 | Solve a multi-step problem 


CAR WASH Use the sign shown. А gas station 
charges $.10 less per gallon of gasoline if a customer 
also gets a car wash. What are the possible amounts 
(in gallons) of gasoline that you can buy if you also 
get a car wash and can spend at most $20? 


Because you are getting a car wash, you will 

pay $2.09 — $.10 = $1.99 per gallon of gasoline. 

Let g be the amount (in gallons) of gasoline that you 
buy. 


STEP Y Write a verbal model. Then write an inequality. 


Gasoline 


E--— i 
- Car Wash 
ip 


Price of Amount of Price of Maximum 
gasoline е gasoline + car wash < amount 
(dollars/gallon) (gallons) (dollars) (dollars) 
v v y v 
1.99 . g t 8 < 20 
STEP 2 Solve the inequality. 
1.99g + 8 € 20 Write inequality. 
1.99g < 12 Subtract 8 from each side. 
g < 6.03015... Divide each side by 1.99. 


> You can buy up to slightly more than 6 gallons of gasoline. 


CHECK You can use a table to check the 
reasonableness of your answer. 


The table shows that you will 
pay $19.94 for exactly 6 gallons 
of gasoline. Because $19.94 is 
less than $20, it is reasonable 
to conclude that you can buy 
slightly more than 6 gallons of 


i 


Gasoline Total amount spent 
(ga (dollars) 


11.98 


13.97 


gasoline. 


r4 GUIDED PRACTICE | for Example 5 


7. WHAT IF? In Example 5, suppose that a car wash costs $9 and gasoline 
regularly costs $2.19 per gallon. What are the possible amounts (in 


gallons) of gasoline that you can buy? 


8. CAMP COSTS You are saving money for a summer camp that costs $1800. 
You have saved $500 so far, and you have 14 more weeks to save the total 
amount. What are the possible average amounts of money that you can 
save per week in order to have a total of at least $1800 saved? 
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6.3 EXERCISES HOMEWORK: (O) = WORKED-OUT SOLUTIONS 
е KEY: on р. WS14 for Exs. 5, 19, and 39 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 33, 39, 40, and 42 


: eo = MULTIPLE REPRESENTATIONS 
Ex. 41 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: The inequalities 3x — 1 « 11, 3x « 12, 
and x< 4 are called. ? . 


2. ж WRITING How do you know whether an inequality has no solutions? 
How do you know whether the solutions are all real numbers? 


: EXAMPLES SOLVING INEQUALITIES Solve the inequality. Graph your solution. 


: 1,2, and з | 

© өөөөөөөөөөөөөөөөөөөөөө — < = Y Y — 

: on pp. 369-370] З. 2®-3>{ 4. 5у+9<4 Ө 32-—]l 

: for Exs. 3-16 6. З(ш + 12) «0 7. T(r — 3) 2 —13 8. 2(s+ 4) € 16 
9. 4—2m» 7 — 3m 10. 8n — 2> 17п + 9 11. —10p>6p – 8 
12. 4-4<33 -q 13. 5d -2«1d48 14. 8- É f> -14 — 2f 


ERROR ANALYSIS Describe and correct the error in solving the inequality. 


15. 16. 
17 — 3x 2 56 —4(2x — 3) « 28 
—óx2 59 — ôx — 12 < 28 
x2 —15 X —Óx < 40 
x> —3 
: EXAMPLE 4 | SOLVING INEQUALITIES Solve the inequality, if possible. 
: on p. 370 _ _ —8H—A«-— © _дү> = 
опр 320 | I SP 5>2p+p 7 18. 5d—8d—4<-4+3d (19) 3(s—4) >2(s — 6) 
20. 2(£— 3»21—8B 21. 5(b+ 9) €& 5b + 45 22. 2(4c- 7) 2 8(c — 3) 


23. 6(1+3)<5x+18+x 24. 4+9y-3>3(3y+2) 25. 22h + 0.4 €2(L1R — 0.1) 


26. 9.5] — 6 + 5.5j23(5j —2) 27. ¿Um + 10) < т +2 28. =(8n — 4) < -3ü — 2n) 


TRANSLATING PHRASES Translate the verbal phrase into an inequality. 
Then solve the inequality and graph your solution. 


29. Four more than the product of 3 and x is less than 40. 
30. Twice the sum of x and 8 is greater than or equal to —36. 
31. The sum of 5x and 2x is greater than the difference of 9x and 4. 


32. The product of 6 and the difference of 6x and 3 is less than or equal to 
the product of —2 and the sum of 4 and 8x. 


33. Ж MULTIPLE CHOICE For which values of a and b are all the solutions of 
ax + р> 0 positive? 


(СА) a>0,b>0 a<0,b<0 (С) a>0,b<0 (DD a<0,b=0 


372  Chapter6 Solving and Graphing Linear Inequalities 


(ES GEOMETRY Write and solve an inequality to find the possible values of x. 


34. Area > 81 square feet 35. Area < 44 square centimeters 


9 ft 8 cm 
(x + 2) ft (x+ 1) cm 


36. CHALLENGE For which value of a are all the solutions of 
2(x — 5) 2 3x + a less than or equal to 5? 


' PROBLEM SOLVING 


: EXAMPLE 5 37. CD BURNING A blank CD can hold 70 minutes of music. So far you have 


: on p. 371 | burned 25 minutes of music onto the CD. You estimate that each song 
: for Exs. 37-40 lasts 4 minutes. What are the possible numbers of additional songs that 
you can burn onto the CD? 


«же 
ыш. 


@Homelutor . for problem solving help at classzone.com 


38. BUSINESS You spend $46 on supplies to make wooden ornaments and 
plan to sell the ornaments for $8.50 each. What are the possible numbers 
of ornaments that you can sell in order for your profit to be positive? 


ае, 
ТУ EMEN 


Eo —— : 
(UHomelutor . for problem solving help at classzone.com 


| Ж SHORT RESPONSE А zookeeper is designing a rectangular habitat for 
swans, as shown. The zookeeper needs to reserve 500 square feet for 
the first 2 swans and 125 square feet for each additional swan. 


20 ft 


50 ft 


a. Calculate What are the possible numbers of swans that the habitat 
can hold? Explain how you got your answer. 


b. Compare Suppose that the zookeeper increases both the length and 
width of the habitat by 20 feet. What are the possible numbers of 
additional swans that the habitat can hold? 


40. * MULTIPLE CHOICE A gym is offering a trial membership for 3 months 
by discounting the regular monthly rate by $50. You will consider joining 
the gym if the total cost of the trial membership is less than $100. Which 
inequality can you use to find the possible regular monthly rates that 
you are willing to pay? 


СА) 3x — 50« 100 Зх — 50 > 100 
СС) 3(x — 50) < 100 (D> 3(x — 50) > 100 
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41. e MULTIPLE REPRESENTATIONS A baseball pitcher makes 53 pitches in 
the first four innings of a game and plans to pitch in the next 3 innings. 


a. Making a Table Make a table that gives the total number t of pitches 
made if the pitcher makes an average of p pitches per inning in the 
next 3 innings. Use the following values for p: 15, 16, 17, 18, 19. 


b. Writing an Inequality The baseball coach assigns a maximum of 
105 pitches to the pitcher for the game. Write and solve an inequality 
to find the possible average numbers of pitches that the pitcher can 
make in each of the next three innings. 


42. ж EXTENDED RESPONSE A state imposes a sales tax 
on items of clothing that cost more than $175. The 
tax applies only to the difference of the price of 
the item and $175. 


a. Calculate Use the receipt shown to find the tax rate 
(as a percent). Explain how you got your answer. 


b. Apply A shopper has $400 to spend on a winter 
coat. Write and solve an inequality to find the 
prices p of coats that the shopper can afford. 
Assume that p > 175. 


c. Compare Another state imposes a 4% sales tax on the entire price 
of an item of clothing. For which prices would paying the 4% tax be 
cheaper than paying the tax described above? Your answer should 
include the following: 


e writing and solving an inequality that describes the situation 


e checking the reasonableness of your answer using one of the 
solutions of the inequality 


43. CHALLENGE Your scores in four bowling league tournaments are 
157, 161, 149, and 172. After the next game, you want your average score 
to be at least 167. What are the possible scores that you can earn in your 
next tournament in order to meet your goal? 


AA) 


44. Using the positive integers less than 10, draw a Venn diagram where 
set A consists of factors of 30 and set B consists of odd numbers. Then 
tell whether this statement is true or false: “If a positive integer less 
than 10 is odd, then it is a factor of 30.” Explain your reasoning. (p. 929) 


Simplify the expression. 


45. 11(—у)(—у) (p. 88) 46. $i. (—16y) (p. 88) 47. —2(x + 1) — 7x (p. 96) 
48. 5x + 4 — 3x (p. 96) 49. 8(x + 6) — 5 (p. 96) 50. Lx (p. 103) 

: PREVIEW. Solve the inequality. Graph your solution. 

: Prepare for Е Е 

pu 51. x + 7 <8 (p. 356) 52. y — 42 —2 (p. 356) 53. 9 « z + 13 (p. 356) 

П Exs. 51-56. | 54, 4.8» T — 7.4 (p. 356) 55. #< —1 (p.363) 56. Ap > 52 (p. 363) 
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Using ALTERNATIVE METHODS 


Another Way to Solve Example 5, page 371 


MULTIPLE REPRESENTATIONS In Example 5 on page 371, you saw how to solve 
a problem about buying gasoline using an inequality. You can also solve the 
problem by working backward or by using a graph. 


CAR WASH Use the sign shown. A gas station 
charges $.10 less per gallon of gasoline ifa 
customer also gets a car wash. What are the 
possible amounts (in gallons) of gasoline 
that you can buy if you also get a car wash 
and can spend at most $20? 


STEP 1 Read the problem. It gives you the following information: 


• amount you can spend: up to $20 

e price of a car wash: $8 

e regular price per gallon of gasoline: $2.09 

e discount per gallon of gasoline when you get a car wash: $.10 
Because you are getting a car wash, gasoline costs $2.09 — $.10, or 
$1.99, per gallon. 


STEP 2 Work backward. 
e Start with the amount you have to spend: $20. 
e Subtract the cost of a car wash: $20 — $8 = $12. 


e Make a table of values showing the amount of money you have left 
after buying various amounts of gasoline. 


0 $12.00 3 ша 
1 $10.01 | 


su a SLA 
"ER 
$4.04 2 — $1.99 
$2.05 » — $1.99 
$.06 2 = $1.99 


> You can buy up to slightly more than 6 gallons of gasoline. 


QO л FP Uu N 
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METHOD 2 Using a graph Another alternative approach is to use a graph. 


STEP 7 Write a verbal model. Then write an equation that gives the total 
amount of money y (in dollars) that you spend as a function of the 
amount x (in gallons) of gasoline that you buy. 


Total Price of Amount of Price of 
spent = gasoline e gasoline + carwash 
(dollars) (dollars/gallon) (gallons) (dollars) 
y = 1.99 ° x + 8 
STEP 2 Graph y = 1.99x + 8. 
y 
STEP 3 Graph y = 20 in the same 
coordinate plane. This equation 20 | 
gives the maximum amount of | 
money that you can spend for 15 | 
gasoline and a car wash. l5 | 
| 
STEP 4 Analyze the graphs. The point of | 
intersection shows that you can 5 | 
buy slightly more than 6 gallons 
of gasoline when you spend $20. О 0.2 4 6 8 Хх 


Because you can spend at most 


$20, the solutions are the 


x-coordinates of the points on 
the graph of y = 1.99x + 8 that lie 
on or below the graph of y — 20. 


* You can buy up to slightly more than 6 gallons of gasoline. 


wem» o— — ll 


1. BAKING You need to bake at least 100 cookies 4. MONEY You need to have at least $100 


for a bake sale. You can bake 12 cookies 
per batch of dough. What are the possible 
numbers of batches that will allow you to 
bake enough cookies? Solve this problem 
using two different methods. 


2. VIDEO GAMES А video game console costs 
$259, and games cost $29 each. You saved 
$400 to buy a console and games. What are the 
possible numbers of games that you can buy? 
Solve this problem using two different methods. 


3. WHAT IF? In Exercise 2, suppose that 
you saved $500 and decide to buy a video 
game console that costs $299. What are the 
possible numbers of games that you can buy? 
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9. 


in your checking account to avoid a low 
balance fee. You have $247 in your account, 
and you make withdrawals of $20 per 
week. What are the possible numbers of 
weeks that you can withdraw money and 
avoid paying the fee? Solve this problem 
using two different methods. 


RUNNING TIMES You are running a 

10 mile race. You run the first 3 miles in 
24.7 minutes. Your goal is to finish the 
race in less than 1 hour 20 minutes. What 
should your average running time (in 
minutes per mile) be for the remaining 
miles? 


Solve Linear Inequalities 


Use after Lesson 6.3 


: COMPARE 
: FUNCTION VALUES 


: If you think of the 

: equation у = ax + b 

: as a function, the 

: solutions of ax + b>0 

: and ax + b < O tell you 

: where the values of the 
: function are positive or 
: negative. 


by Graphing 
Ге ТӘ Use graphs to solve linear inequalities. 


So far in Chapter 6 you have seen how to solve linear inequalities algebraically. 
You can also solve linear inequalities graphically. 


KEY CONCEPT For Your Notebook 


Solving Linear Inequalities Graphically 


STEP? Write the inequality in one of the following forms: ax + b < 0, 
ах + b<0,ax+ Б> 0, or ax + Б> 0. 


STEP2 Write the related equation у = ax + b. 
STEP 3 Graph the equation y = ax + b. 


• The solutions of ax + р> 0 are the x-coordinates of the points 
on the graph of y = ax + bthat lie above the x-axis. 


• The solutions of ax + b < 0 are the x-coordinates of the points 
on the graph of y = ax + b that lie below the x-axis. 


e Ifthe inequality symbol is < or >, then the x-intercept of the 
graph is also a solution. 


Solve an inequality graphically 


Solve 3x + 2 > 8 graphically. 


Solution 
STEP? Write the inequality in the form ax + b» 0. 
3x+2>8 Write original inequality. 
3x-6>0 Subtract 8 from each side. 
STEP 2 Write the related equation y = Зх — 6. 
STEP 3 Graph the equation y = 3x — 6. 


The inequality in Step 1 is in the form ax + b>0, and 
the x-intercept of the graph in Step 3 is 2. So, x> 2. 


» The solutions are all real numbers greater than 2. Check by substituting a 
number greater than 2 in the original inequality. 


CHECK = 3x - 258 Write original inequality. 
3(4) +2 38 Substitute 4 for x. 
14>8Y Solution checks. 
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CUED Approximate a real-world solution —— 


CELL PHONES Your cell phone plan costs $49.99 per month for a given number 
of minutes. Each additional minute or part of a minute costs $.40. You 
budgeted $55 per month for phone costs. What are the possible additional 
minutes x that you can afford each month? 


| Solution 


STEP Y Write a verbal model. Then write an inequality. 


Rate for Additional Cost of Amount 
additional time • time + phone plan < budgeted 
(dollars/minute) (minutes) (dollars) (dollars) 

0.40 = x + 49.99 < 55 


Write the inequality in the form ax + b x 0. 
0.40x + 49.99<55 Write original inequality. 
0.40x — 5.01 <0 Subtract 55 from each side. 
STEP2 Write the related equation y = 0.40x — 5.01. 
STEP 3 Graph the equation y = 0.40x — 5.01 on a graphing calculator. 


Use the trace feature of the graphing calculator to find the 
x-intercept of the graph. 


= " " 
| 

| | 

| 

| 

| 

| te 
| 

| | 

| 


| х=12.525 ү=0 | 


The inequality in Step 1 is in the form ax + b<0, and the x-intercept is about 
12.5. Because a part of a minute costs $.40, round 12.5 down to 12 to be sure 
that you stay within your budget. 


| » You can afford up to 12 additional minutes. 


' PRACTICE 


: EXAMPLES Solve the inequality graphically. 

: Tand 2 | 

: оп pp. 377-378 1. 2x t5» 1l 2. 5x +6<13 3. 0.2x — 15.75 < 27 
: for Exs. 1-4 


4. CABLE COSTS Your family has a cable television package that costs $40.99 
per month. Pay-per-view movies cost $3.95 each. Your family budgets 
$55 per month for cable television costs. What are the possible numbers 
of pay-per-view movies that your family can afford each month? 
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in едан A CTIVITY Use before Lesson 6.4 


. Statements with And and Or 


MATERIALS : paper and pencil 


STEP T | Answer questions Copy the questions below and write your 
answers beside them. 


1. Are you taking an art class? 
2. Are you taking a foreign language class? 


Complete o, Venn diagram Form a group with 3 or 4 classmates. 
Draw a Venn diagram, like the one shown below, where set A consists 
of students taking an art class, and set B consists of students taking a 
foreign language class. Then write the name of each student in the 
appropriate section of the diagram. 


i | | 
б 


In Exercises 1—3, use your Venn diagram to list the students who belong in 
the given set. 


1. Set A 2. Set B 3. Set A and set B 


4. The students who belong in set A or set B are all of the students 
who belong only in set A, only in set B, or in set A and set B. List the 
students in your group who belong in set A or set B. 


. OPEN-ENDED Write a statement with and so that the statement is 
true for all students in your group. 


. OPEN-ENDED Write a statement with or so that the statement is 
true for all students in your group. 
REASONING Tell whether the statement is true or false. 


7. Ifa student belongs in set A and set B, then the student belongs in 
set А or set B. 


8. If a student belongs in set A or set B, then the student belongs in 
set A and set B. 


6.4 Solve Compound Inequalities 


6 4 Solve Compound 
* * Inequalities 


You solved one-step and multi-step inequalities. 


Now ] You will solve compound inequalities. 


So you can describe possible heights, as in Example 2. 


Key Vocabulary A compound inequality consists of two separate inequalities joined by and 
• compound or or. 
inequalit ' , ' 
4 y The graph of a compound inequality The graph of a compound inequality 
with and is the intersection of the with or is the union of the graphs of 
graphs of the inequalities. the inequalities. 
x>-2 «emo x20 '--=-—— pp 
— —1 0 1 =2 =[ 0 1 
xsl tj x<-1 <p 
-2 -1 8 1 —2 -1 0 1 
-2«xandxs1  -«—q—1d1—dLBÉ-—34— x«-lorx20 -<p 
=2<x<1 —2 —1 9 1 -2 -1 0 1 
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Write and graph compound inequalities 


Translate the verbal phrase into an inequality. Then graph the inequality. 
a. All real numbers that are greater than —2 and less than 3 
Inequality: -2 < x < 3 
Graph: 4—1—4$—1——-—-——31—4——— 
—3 -2 —1 0 1 2 3 4 B 
b. All real numbers that are less than 0 or greater than or equal to 2 
Inequality: x <0 or x 2 2 


Graph: -«-1—1—31—$—1—4—1———7* 
-3 -2-1 0 12 3 4 B 


GUIDED PRACTICE for Example 1 


Translate the verbal phrase into an inequality. Then graph the inequality. 
1. All real numbers that are less than —1 or greater than or equal to 4 


2. All real numbers that are greater than or equal to —3 and less than 5 
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EXT Write and graph a real-world compound inequality 


CAMERA CARS A crane sits on top of a 
camera car and faces toward the front. The 
crane's maximum height and minimum 
height above the ground are shown. Write 
and graph a compound inequality that 
describes the possible heights of the crane. 


Solution 


Let Л represent the height (in feet) of the crane. 
All possible heights are greater than or equal to 
4 feet and less than or equal to 18 feet. So, the 
inequality is 4 < h < 18. 


SOLVING COMPOUND INEQUALITIES А number is a solution of a compound 
inequality with and if the number is a solution of both inequalities. A number 
is a solution of a compound inequality with or if the number is a solution of 
at least one of the inequalities. 


[ EXAMPLE 3 | Solve a compound inequality with and 


Solve 2 « x + 5 « 9. Graph your solution. 


Solution 
Separate the compound inequality into two inequalities. Then solve each 
inequality separately. 

2ex+5 and x+5<9 Write two inequalities. 


2—Bext+5—-8 and x+5—-8<0—5 Subtract 5 from each side. 
—3<% and x<4 Simplify. 
The compound inequality can be written as —3 « x « 4. 


» The solutions are all real numbers greater than —3 and less than 4. 


GUIDED PRACTICE for Examples 2 and 3 


3. INVESTING An investor buys shares of a stock and will sell them if the 
change c in value from the purchase price of a share is less than —$3.00 
or greater than $4.50. Write and graph a compound inequality that 
describes the changes in value for which the shares will be sold. 


Solve the inequality. Graph your solution. 


4. —«x—5«4 5. 10<2у+4<24 6. —7<—2-— 1<3 
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ANOTHER WAY In Example 3, you could solve 2 « x + 5 « 9 by subtracting 

5 from 2, x + 5, and 9 without first separating the compound inequality into 
two separate inequalities. To solve a compound inequality with and, you 
perform the same operation on each expression. 


[| EXAMPLE 4 ] Solve a compound inequality with and 


Solve —5 € —x — 3 < 2. Graph your solution. 
$5 3454 Write original inequality. 


-5 F3S dl +352 +95 Add 3 to each expression. 


—2&—Х®5 Simplify. 
—](—2) > -1(—x) > —1(5) Multiply each expression by —1 
and reverse both inequality symbols. 
2>х>—5 Simplify. 
=h) e252 Rewrite in the form a < x < b. 
* The solutions are all real numbers q O a yg O O N N ON O O 
greater than or equal to —5 and —6 -5-4-3-2-1 0 1 2 3 


less than or equal to 2. 


[ EXAMPLE 5 ] Solve a compound inequality with or 


Solve 2x + 3 < 9 or 3x — 6 > 12. Graph your solution. 


Solution 


Solve the two inequalities separately. 


24 +349 or 3x — 6» 12 Write original inequality. 
2X Td—8«9-8 or 3Ix-6+6>12+6 Addition or subtraction 
property of inequality 
2x <6 or 3x > 18 Simplify. 
A d or ee Division property 
2 2 3 3 i ; 
of inequality 
x«3 or x>6 Simplify. 


> The solutions are all real numbers less than З or greater than 6. 


012 3 4 5 6 7 8 9 


¿AnimateaAlgebra at classzone.com 


GUIDED PRACTICE | for Examples 4 and 5 


Solve the inequality. Graph your solution. 
7 -14<x-8<-1 8. —-1<-5t+ 2x4 
9. 3h+1<-50r2h-5>7 10. 4c + 1< —3 or 5c — 3 > 17 
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| EXAMPLE 6 ] Solve a multi-step problem 


ASTRONOMY The Mars Exploration Rovers Opportunity 
and Spirit are robots that were sent to Mars in 2003 in 
order to gather geological data about the planet. 

The temperature at the landing sites of the robots 
can range from —100°C to 0°C. 


e Write a compound inequality that describes the 
possible temperatures (in degrees Fahrenheit) 
at a landing site. 


e Solve the inequality. Then graph your solution. 


e Identify three possible temperatures (in degrees 
Fahrenheit) at a landing site. 


Solution 
Let F represent the temperature in degrees Fahrenheit, and let C represent 


the temperature in degrees Celsius. Use the formula С = 2(F = a]. 


STEP Y Write a compound inequality. Because the temperature at a landing 
site ranges from —100°C to 0°C, the lowest possible temperature is 
—100*C, and the highest possible temperature is 0°С. 


—100x Cx0 Write inequality using C. 
—100< Э(Е — 32) <0 Substitute 2 (F — 32) for C. 


STEP 2 Solve the inequality. Then graph your solution. 
: ANOTHER WAY 


5 . i 
Жүүнү түн pm ТЕ” —100 < 3(F — < | 
: You can solve the J 100 < gu 32) <0 Write inequality from Step 1 
À compound inequality —180<F-32<0 Multipl h o b 9 
: by multiplying through i i "——— а B 
: by9: —148 < Е< 32 Add 32 to each expression. 
: 100 < 2(F – 32) < 0 
— 148 32 
: —740 < 5Е < 160 | ‚ 
: STEP 3 Identify three possible temperatures. 
: —148 < F < 32 


The temperature at a landing site is greater than or equal to 
—148°F and less than or equal to 32°F. Three possible temperatures 
are —115°F, 15°F, and 32°F. 


GUIDED PRACTICE for Example 6 


11. MARS Mars has a maximum temperature of 27°C at the equator and a 
minimum temperature of —133°C at the winter pole. 


e Write and solve a compound inequality that describes the possible 
temperatures (in degrees Fahrenheit) on Mars. 


e Graph your solution. Then identify three possible temperatures (in 
degrees Fahrenheit) on Mars. 
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HOMEWORK: С) = WORKED-OUT SOLUTIONS 
6.4 EXERCISES KEY, onp WSIAforExs.7, 1 and 41 


' SKILL PRACTICE 


: EXAMPLE 1 


3 one a0 cl ORA 
: for Exs. 3-6 


: EXAMPLE 2 


3 par 5-7-4 MA 
: for Exs. 7-8 


: EXAMPLES 

: 3, 4, and 5 

: on pp. 381-382 
: for Exs. 9—22 
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Ж = = STANDARDIZED TEST PRACTICE 
Exs. 2, 27, 39, and 45 


: es = MULTIPLE REPRESENTATIONS 
Ex. 43 


1. VOCABULARY Copy and complete: A(n) _?_ is an inequality that consists 
of two inequalities joined by and or or. 


2. ж WRITING Describe the difference between the graphs of —6 < x < —4 
and x< —6 or x? —4. 


TRANSLATING VERBAL PHRASES Translate the verbal phrase into an 
inequality. Then graph the inequality. 
3. All real numbers that are less than 6 and greater than 2 
4. All real numbers that are less than or equal to —8 or greater than 12 
5. All real numbers that are greater than or equal to —1.5 and less than 9.2 
6. All real numbers that are greater than or equal to 75 or less than or 
equal to —10 
WRITING AND GRAPHING INEQUALITIES Write and graph an inequality that 
describes the situation. 


The minimum speed on a highway is 40 miles per hour, and the 
maximum speed is 60 miles per hour. 


8. The temperature inside a room is uncomfortable if the temperature is 
lower than 60°F or higher than 75°F. 


SOLVING COMPOUND INEQUALITIES Solve the inequality. Graph your 
solution. 


9. 6<x+5<11 10. -7>y-8>-12 
© —1<—4т<16 12. -6<3n+9<21 
3. —15<5(3p — 2) < 20 14. 7 > (6а + 18) > —9 
15. 2r+ 3<тог г +9 < 2 16. 16 <-s – 60г25 + 5211 
17. v + 13 <8 or —8v < —40 18. -—-14>w+3orb5w- 13>w + 7 
19. 9g— 6>128 + 10r4>-¿g+8 20. -2h - 7» h + 5 ога + 8) 29 


ERROR ANALYSIS Describe and correct the error in solving the inequality or 
in graphing the solution. 


21. 22. 
4<-2x+3<9 x—-2>5 0rxt+6<-2 
4 < —2x«0 х> 7 or х < —10 
=2>x>-3 10 7 
-4 -53 -2 s -15 -10 -5 O 5 10 


Solving and Graphing Linear Inequalities 


TRANSLATING SENTENCES Write the verbal sentence as ап inequality. Then 
solve the inequality and graph your solution. 


23. Five more than x is less than 8 or 3 less than x is greater than 5. 
24. Three less than x is greater than —4 and less than —1. 


25. Three times the difference of x and 4 is greater than or equal to —8 and 
less than or equal to 10. 


26. The sum of —2x and 8 is less than or equal to —5 or 6 is less than —2x. 
27. Ж MULTIPLE CHOICE Consider the compound inequality a > 3x + 8 or 


a> —4x — 1. For which value of a does the solution consist of numbers 
greater than —6 and less than 5? 


CA) 16 19 СС) 23 (D> 26 
REASONING In Exercises 28 and 29, tell whether the statement is true or 
false. If it is false, give a counterexample. 

28. If ais a solution of x < 5, then ais also a solution of x < 5 and x > —4. 
29. If ais a solution of x > 5, then ais also a solution of x > 5 or x < —4. 

30. Is the converse of the statement in Exercise 28 true or false? Explain. 
31. Is the converse of the statement in Exercise 29 true or false? Explain. 


32. GS GEOMETRY The sum of the lengths of any two sides 
of a triangle is greater than the length of the third side. 


a. Write and solve three inequalities for the triangle shown. 


b. Use the inequalities that you wrote in part (a) to 
write one inequality that describes all the possible values of x. 


c. Give three possible lengths for the third side of the triangle. 


CHALLENGE Solve the inequality, if possible. Graph your solution. 
33. —18 < x — 23 and x — 16 < —22 34. -3y+7<1ll and y + 4>11 
35. 2m — 125 or 5m > —25 36. n + 19 2 10 or —5n + З > 33 


" PROBLEM SOLVING 


: EXAMPLE 2 


: for Exs. 37, 39, 
: 40 


: EXAMPLE 6 


: on p. 383 
: for Exs. 38, 
: 41-43 


37. SLITSNAILS Slitsnails are large mollusks that 
live in deep waters. Slitsnails have been found at 
elevations from —2600 feet to —100 feet. Write and 
graph a compound inequality that represents the 
elevations at which slitsnails have been found. 
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38. ICEBERGS The temperature inside an iceberg 
off the coast of Newfoundland, Canada, ranges from -20°C to —15°С. 
Write and graph a compound inequality that describes the possible 
temperatures (in degrees Fahrenheit) of the iceberg's interior. 


a. ree . 
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39. Ж MULTIPLE CHOICE The euro is the currency in several countries in 
Europe. In 2003, the dollar value of one euro ranged from $1.0361 to 
$1.2597. Which inequality represents the dollar values v that the euro was 
not worth during the year? 


СА) 1.0361 « v « 1.2597 v < 1.0361 or v > 1.2597 
( 1.0361 < v x 1.2597 (D v<1.0361 or v> 1.2597 


40. CURRENCY On October 25, 1865, the steamship S.S. Republic sank along 
with a cargo of gold and silver coins. The list gives the prices of several 
recovered gold coins. Use the least price and greatest price to write a 
compound inequality that describes the prices p of the coins. 


Prices of Recovered Gold Coins 


$9,098 $20,995 $9,798 $33,592 $12,597 
$16,796 $9,798 $10,498 $5,319 $73,486 
$11,897 $32,895 $7,349 $6,578 $29,395 


(41) ANIMALS A deer can eat 2% to 4% of its body weight in food per day. The 
percent p of the deer’s body weight eaten in food is given by the equation 


p= f q Where fis the amount (in pounds) of food eaten and dis the weight 


(in Ирр of the deer. Find the possible amounts of food that а 
160 pound deer can eat per day. 


42. SKIS A ski shop sells recreational skis with lengths ranging from 
150 centimeters to 220 centimeters. The shop recommends that 
recreational skis be 1.16 times the skier’s height (in centimeters). For 
which heights of skiers does the shop not provide recreational skis? 


43. es MULTIPLE REPRESENTATIONS Water can exist as either a solid, a 
liquid, or a gas. The table shows the temperatures (in degrees Celsius) at 
which water can exist in each state. 


L7 {| жш | шш | as 


Temperatures (°С) Less than O Oto100 | Greater than 100 


a. Writing an Inequality Write and solve a compound inequality to 
find the temperatures (in degrees Fahrenheit) at which water is 
not a liquid. 


b. Making a Table Make a table that gives the temperature (in degrees 
Celsius) when the temperature (in degrees Fahrenheit) of water is 
23°F, 86°F, 140°F, 194°F, and 239°F. For which temperatures in the 
table is water not a liquid? 


44, WEATHER Wind chill temperature describes how much colder it feels 
when the speed of the wind is combined with air temperature. At a wind 
speed of 20 miles per hour, the wind chill temperature w (in degrees 
Fahrenheit) can be given by the model w = —22 + 1.3a where ais the 
air temperature (in degrees Fahrenheit). What are the possible air 
temperatures if the wind chill temperature ranges from —9°F to —2.5°F at 
a wind speed of 20 miles per hour? 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED = MULTIPLE 
386 on p. WS1 TEST PRACTICE REPRESENTATIONS 


45. 


46. 


Ж EXTENDED RESPONSE Some musicians use audio amplifiers so that 
everyone in the audience can hear the performance. The amount y of 
amplification per person is given by the equation y = > where wis 

the total amount (in watts) of amplification provided by the amplifier 
and pis the number of people in the audience. 


a. Solve Each person requires 8 watts to 10 watts of amplification. 
Write and solve an inequality to find the possible total amounts of 
amplification that an amplifier would need to provide for 300 people. 


b. Decide Will an amplifier that provides 2900 watts of amplification be 
strong enough for an audience of 350 people? 400 people? Explain. 


c. Justify Your band usually performs before an audience of 500 to 
600 people. What is the least amount of amplification that your 
amplifier should provide? Justify your answer. 


¿Animatea Algebra at classzone.com 


CHALLENGE You and three friends are planning to eat at a restaurant, 
and all of you agree to divide the total cost of the meals and the 15% tip 
equally. Each person agrees to pay at least $10 but no more than $20. How 
much can you spend altogether on meals before the tip is applied? 


MIXED REVIEW — 


Evaluate the expression. 
47. 14x when x = 3 (p.2) 48. 6d* when d = 4 (p.8) 
49. |m| when m = —1 (p. 64) 50. —8t when t = —5 (р. 88) 
: PREVIEW Solve the equation. 
: Prepare for 4 + 8 + 5y = — 
Lesson 6.5 51. 8x — 14 16 (p. 134) 52. 2y + 8 + 5y 1 (p. 141) 
: іп Exs. 51—54. 53. A(f — 3) = —28 (р. 148) 54. 6r — 2 = br — 3 (p. 154) 
55. MUSEUMS You and some friends are taking a trip to a museum. Parking 
costs $15, and the price of a ticket is $14.50. Write an equation that gives 
the total cost C (in dollars) of the trip as a function of the number p of 


people who are going. (p. 283) 


' QUIZ for Lessons 6.3-6.4 


1. 
3. —4r + 7 <r + 10 (p. 369) 
5. 
7 


- Solve the inequality, if possible. Graph your solution. 


-i(x— 5) > x — 9 (p. 369) ‚ SY — 82 -2y + 3 (p.369) 
. —2(s + 6) € —2s + 8 (p. 369) 
a— 42 -l or 3a < —24 (p. 380) 


—27 < 9m < —18 (p. 380) 


. 22 > —3c + 4» 14 (p. 380) 


eo O N 


. 9n + 2» —18 or —3(n + 4) > 21 (p. 380) 
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Calculat itor А OY | Use after Lesson 6.4 


6.4 Solve Compound Inequalities 


How can you use a graphing calculator to display the solutions of a 
compound inequality? 


( EXAMPLE | Display the solutions of a compound inequality on a graphing calculator 


Display the solutions of 12 x 3x x 21 on a graphing calculator. 
STEP T | Rewrite inequality 
Rewrite 12 < 3x < 21 as two separate inequalities joined by and. 
12= 32% 21 Write original inequality. 


12<3xand3x<21 Write as two inequalities joined by and. 


Enter inequalities 3| Display solutions 

Press and enter the two inequalities, as = ХЛИ to display the solutions of 12 < Зх 
shown. Inequality signs can be found in the and 3x < 21. For each value of x that makes the 
TEST menu, and and and or can be found in inequality true, the calculator assigns a value of 
the LOGIC menu. 1 to yand plots the point (x, 1). For each value of 


x that makes the inequality false, the calculator 
assigns a value of 0 to y and plots the point (x, 0). 


Y1B12<3X and 3X< 
24 | 


Lbs 
Үз= 
Y4= 
Y5- 

Ye- 


The screen in Step 3 shows the graph of y = 1 over the interval 4€ x x 7. This 
suggests that the solutions are all real numbers greater than or equal to 4 and 
less than or equal to 7. 


DRAW CONCLUSIONS 


1. Display the solutions of 12 « 3x « 21 on a graphing calculator. Then compare 
the graph of 12 < 3x « 21 with the graph of 12 < 3x x 21. 


2. When displaying the solutions of an inequality on a graphing calculator, 
how do you know which inequality symbols you should use in your solution? 


Display the solutions of the inequality on a graphing calculator. 


3. 9 <3х < 21 4. 4<4x<8 5. 2«ix«12 


6. —6x> 18 or 9x > 45 7. 4х< 18 or5x225 8. 8x< 16 or 3x 2 30 


388  Chapter6 Solving and Graphing Linear Inequalities 


MIXED REVIEW of. Problem Solving 2 STATE TEST PRACTICE 


Lessons 6.1-6.4 


1. MULTI-STEP PROBLEM A nanotube 
thermometer is so tiny that it is invisible 
to the human eye. The thermometer can 
measure temperatures from 50°C to 500°C. 


a. Write and solve a compound inequality 
to find the temperatures (in degrees 
Fahrenheit) that the thermometer can 
measure. 


b. Graph your solution of the inequality. 


c. Can the thermometer measure a 
temperature of 1000°F? Explain. 


2. SHORT RESPONSE You earned the following 
scores on five science tests: 75, 82, 90, 84, and 
71. You want to have an average score of at 
least 80 after you take the sixth test. 


a. Write and solve an inequality to find the 
possible scores that you can earn on your 
sixth test in order to meet your goal. 


b. The greatest score that you can earn on 
a test is 100. Is it possible for you to have 
an average score of 90 after the sixth test? 
Explain your reasoning. 


3. GRIDDED ANSWER You need at least 
34 eggs to make enough chiffon cakes for a 
bake sale. Your grocery store sells cartons of 
eggs only by the dozen. Of all the possible 
numbers of cartons that you can buy, which 
is the least number? 


4. MULTI-STEP PROBLEM You have a $300 gift 
card to use at a sporting goods store. 


a. You want to use your card to buy 2 pairs 
of shoes for $85 each and several pairs of 
socks. Write and solve an inequality to 
find the possible amounts of money that 
you can spend on socks using your card. 


b. Suppose that socks cost $4.75 per pair. 
Write and solve an inequality to find the 
possible numbers of socks that you can 
buy using the card. 


5. OPEN-ENDED Describe a real-world situation 
that can be modeled by the inequality 
17x < 240. Explain what the solution of the 
inequality means in this situation. 


| classzone.com 


6. SHORT RESPONSE А rafting guide plans to 


take 6 adults on a rafting trip. The raft can 
hold up to 1520 pounds. The guide weighs 
180 pounds and estimates that each adult 

will bring 10 pounds of baggage. 


a. Write and solve an 
inequality to find the 
possible average 
weights of an adult 
such that the raft 
will not exceed its 
maximum weight 
capacity. 


b. Suppose that the w — 
weights of the adults = 
range from 105 pounds | 
to 200 pounds. Can the raft ЧЕ 
accommodate all the people and the 
baggage at one time? Justify your answer. 


7. EXTENDED RESPONSE In 1862 the United 


States imposed a tax on annual income in 
order to pay for the expenses of the Civil War. 
The table shows the tax rates for different 


Greater than 3% of the first $10,000 plus 
$10,000 5% of income over $10,000 


incomes. 


a. Write a compound inequality that 
represents the possible taxes paid by a 
person whose annual income was at least 
$600 but not greater than $10,000. 


b. For people whose taxes ranged from $400 
to $750, tell whether their annual incomes 
were greater than $10,000 or less than 
$10,000. Explain how you know. Then 
find the possible annual incomes of those 
people. 


c. Suppose that the tax rate had been 4% of 
the total income for people whose annual 
incomes were greater than $10,000. For 
which incomes would paying the 4% rate 
have resulted in less taxes than paying the 
tax rate described above? Explain. 
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6 Solve Absolute Value 
* Equations 


You solved linear equations. 
| Ми ) You will solve absolute value equations. 


So you can analyze rules of a competition, as in Ex. 43. 


a A 
r a 


Key Vocabulary The absolute value of a number a, written la | , is the distance between a and 0 
e absolute value on a number line. An absolute value equation, such as |x| = 4, is an equation 
equation that contains an absolute value expression. The equation |x| = 4 means that 
e absolute deviation the distance between x and 0 is 4. The solutions of the equation are 4 and —4, 
e absolute value, because they are the only numbers whose distance from 0 is 4. 

p. 66 4 units 4 units 


Solve an absolute value equation 
Solve |x| = 7. 


Solution 
The distance between x and 0 is 7. So, x = 7 or x = —7. 


» The solutions are 7 and —7. 
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GUIDED PRACTICE for Example 1 


1. Solve (а) |х| = Зара (b) |х| = 15. 


SOLVING ABSOLUTE VALUE EQUATIONS In Example 1, notice that the 
expression inside the absolute value symbols equals 7 or the opposite of 7. 
This suggests the following rule for solving an absolute value equation. 


KEY CONCEPT For Vour Wotebook 


Solving an Absolute Value Equation 


The equation lax + b| = c where c= 0 is equivalent to the statement 
ах + b=c от ax t b = —-c. 
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| EXAMPLE 2 ] Solve an absolute value equation 


Solve La = 3| = 8. 


Solution 


Rewrite the absolute value equation as two equations. Then solve each 
equation separately. 
: AVOID ERRORS 


: m » |x — 3| =8 Write original equation. 

: the equation x-3=8 orx-3=-8 Rewrite as two equations. 
: [x - 3| = 8 by adding 

: 3 to each side because = 11 or х= 5  Add3 to each side. 


: |x— 3/ +3 + |х|. » The solutions are 11 and —5. Check your solutions. 


CHECK |х—3|=8 lx—3|=8 Write original inequality. 
|11 -3|28 |-5 — 3| 2 8 Substitute for х. 
l8| 28 |—8| 28 Subtract. 
8-8 8=8/ Simplify. The solution checks. 


REWRITING EQUATIONS To solve an absolute value equation, you may first 
need to rewrite the equation in the form lax + bl = с. 


| EXAMPLE З | Rewrite an absolute value equation 


Solve 3|2x— 7|- 5= 4. 


Solution 
First, rewrite the equation in the form |ах + b| = с. 
3|2х = 7| =5=4 Write original equation. 
3|2х = 7| =9 Add 5 to each side. 
|2x—7|=3 Divide each side by 3. 


Next, solve the absolute value equation. 


|2х = 7| — 3 Write absolute value equation. 
2x —7—-3 or 2x—7-7 —3 Rewrite as two equations. 
2х = 10 or 2x=4 Add 7 to each side. 
х=5 or x=2 Divide each side by 2. 


> The solutions are 5 and 2. 
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r4 GUIDED PRACTICE | for Examples 2 and 3 


Solve the equation. 


2. |r—7|=9 3. 2|s| + 4.1 = 18.9 4. 4t 9| - 5 = 19 


6.5 Solve Absolute Value Equations 391 


NO SOLUTIONS The absolute value of a number is never negative. So, when an 
absolute value expression equals a negative number, there are no solutions. 


[ EXAMPLE 4 ] Decide if an equation has no solutions 


Solve |3x + 5| + 6 = —2, if possible. 
|3x Р 5| +6= -2 Write original equation. 
|3x gn 5| = —8 Subtract 6 from each side. 


_ > The absolute value of a number is never negative. So, there are no solutions. 


ABSOLUTE DEVIATION The absolute deviation of a number x from a given 
value is the absolute value of the difference of x and the given value: 
absolute deviation = |x — given value |. 


| EXAMPLE 5 | Use absolute deviation 


BASKETBALLS Before the start of a professional 

| basketball game, a basketball must be inflated to an 
air pressure of 8 pounds per square inch (psi) with an 
absolute error of 0.5 psi. (Absolute error is the absolute 
deviation of a measured value from an accepted value.) 
Find the minimum and maximum acceptable 
air pressures for the basketball. 


Solution 


Let p be the air pressure (in psi) of a basketball. Write 
a verbal model. Then write and solve an absolute value equation. 


Absolute — — Measured Accepted 
error ~ | airpressure ^ air pressure 
y y v 
0.5 = | p - 8 | 
0.5 — | p- 8 | Write original equation. 


05=p-8 or —0.5—-p-—8 Rewrite as two equations. 
8.5 =p or V7.5=p Add 8 to each side. 


| > The minimum and maximum acceptable pressures аге 7.5 psi and 8.5 psi. 


GUIDED PRACTICE | for Examples 4 and 5 


| Solve the equation, if possible. 


5. 2|m—5|+4=2 6. -3|n - 2| - 7 = –10 


7. The absolute deviation of x from 7.6 is 5.2. What are the values 
of x that satisfy this requirement? 
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6.5 EXERCISES HOMEWORK: Ç) = WORKED-OUT SOLUTIONS 
° КЕҮ: on p. WS14 for Exs. 11, 23, and 45 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 32, 44, 48, and 49 


' SKILL PRACTICE 


: EXAMPLES 
: 1, 2, and 3 


: on pp. 390-391 
: for Exs. 3-20 


: EXAMPLE 4 


: on p. 392 
: for Exs. 23—31 


: EXAMPLE 5 


: on p. 392 
: for Exs. 33-36 


1. VOCABULARY Copy and complete: The equation |x — 7| = 0.15 is an 
example ofa(n). ? . 


2. * WRITING Given |x — 9| = 5, describe the relationship between x, 9, 
and 5 using absolute deviation. 


SOLVING EQUATIONS Solve the equation. 


3. |x| = 5 4. ly| = 36 5. |}| = 0.7 
_ _1 _7 
9. |n - 3| - 7 10. |4n — 5| = 18 (11) |3p +7|=4 
12. lg +8|=2 13. |24+7| = 11 14. |f-8|=14 
15. 3113 — 2¢| = 15 16. 4|b-1|-7=17 17. 12c-5| «3-7 
18. 2 [37+ 5| c1 = 15 19. 4|2k - 3| -2- 6 20. -3|5g + 1| - 6 = -9 


ERROR ANALYSIS Describe and correct the error in solving the absolute 
value equation. 


21. 22. 


|x + 4| = 15 |x- e| = -2 
x+4=13 X Bi 
x=9 x=4 or x=0 


SOLVING EQUATIONS Solve the equation, if possible. 


(3) |х-1|+5=2 24. |)у\—4|+8=6 25. Im+5|+15=2 
26. —4|8 — 5n| = 13 27. -3|1 - 2j = —9 28. -5|4w + 6| = —10 
29. —10|14 — r| - 2 = -7 30. -2| 4 -5|+3=8 31. —9|4p + 2| - 8 = -35 


32. Ж MULTIPLE CHOICE Which number is a solution of |4x — 1| + 2 = 1? 
СА) —5 0 (С) 1 (D> There is no solution. 


USING ABSOLUTE DEVIATION Find the values of x that satisfy the definition 
of absolute deviation for the given value and the given absolute deviation. 


33. Given value: 5; 34. Given value: 20; 
absolute deviation: 8 absolute deviation: 5 

35. Given value: —9.1; 36. Given value: —3.4; 
absolute deviation: 1.6 absolute deviation: 6.7 
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37. SOLVING AN EQUATION Interpreted geometrically, the equation 
Ix — a| = b means that the distance between x and a on a number line 
is b. Solve |x — 3| = 7 both geometrically and algebraically. Compare 
your solutions. 


TRANSLATING SENTENCES In Exercises 38 and 39, write the verbal sentence 

as an absolute value equation. Then solve the equation. 

38. Four more than the absolute deviation of x from 3 is 8. 

39. Five times the absolute deviation of 2x from —9 is 15. 

40. REASONING Is a|x| equivalent to |ax| when a is positive? when а is 
negative? when a is 0? Give examples to support your answers. 


41. CHALLENGE How many solutions does the equation a|x + b| + c = d have 
ifa» 0andc- d?ifa«O0andc» d? 


T -——— ———————— —— ám — ———— € 


_ PROBLEM SOLVING 
: EXAMPLE5 | 42. GUARDRAILS A safety regulation requires that the height of a guardrail 
: on p. 392 be 42 inches with an absolute deviation of 3 inches. Find the minimum 
: for Exs. 42-46 and maximum heights of a guardrail. 
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43. CHEERLEADING A cheerleading team is preparing a dance program for a 
competition. The program must last 4 minutes with an absolute deviation 
of 5 seconds. Find the least and greatest possible times (in seconds) that 
the program can last. 
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44. A MULTIPLE CHOICE The diameter of a billiard ball must be 2.25 inches 
with an absolute error of 0.005 inch. What is the maximum possible 4m 
diameter that a billiard ball can have? ST 


CA) 2.2 inches 2.245inches ©) 2.255inches ©) 2.3inches | fi 


SPORTS In gymnastics meets last year, the mean of 
your friend's least and greatest scores was 54.675 points. 
The absolute deviation of his least and greatest scores 
from the mean was 2.213 points. 


a. What were the least and greatest scores that 
he earned? 


b. This year the mean of his least and greatest 
scores is 56.738 points, and the absolute deviation 
of the least and greatest scores from the mean is 
0.45 point. How many points more than last year's 
greatest score is this year's greatest score? 


46. JEWELRY A jewelry store advertisement states that 
a certain diamond bracelet weighs 12 carats, but the actual 
weight can vary by as much as 5% of the advertised weight. 
Find the minimum and maximum possible weights of the bracelet. 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
394 on p. WS1 TEST PRACTICE 


47. CONTESTS You currently have 450 points in an academic contest. You 
choose the value p of the question you want to answer. The value 
p represents the absolute deviation of your new score s from 450. 


a. Write an absolute value equation that gives p in terms of s. 


b. If you choose a question worth 150 points, what are the possible new 
scores that you can have after answering the question? 


48. * EXTENDED RESPONSE The percent p of United States residents who 
were foreign born, or born outside of the United States, during the period 
1910-2000 can be modeled by the equation p = 0.165 It — 60| + 4.8 where 
t is the number of years since 1910. 


a. Approximate During the period 1910-2000, in approximately what 
year did foreign-born residents account for 1396 of all residents? 


b. Predict If the model holds for years after 2000, predict the year in 
which foreign-born residents will again account for 1396 of all residents. 


c. Decide According to the model, did foreign-born residents account 
for 4% of all residents at any time during the period 1910-2000? 
Explain your answer. 


49. * SHORT RESPONSE A stock's average price p (in dollars) during the 
period February 2005 to October 2005 can be modeled by the equation 
р = 2.3 Im — 7| + 9.57 where m is the number of months since 
February 2005. 


a. Approximate In approximately what month and year was the average 
price $16.15? If the model holds for months after October 2005, predict 
the month and year in which the average price will again be $16.15. 


b. Justify Is it possible to use the model to estimate the stock's lowest 
average price during this period? Justify your answer. 


50. CHALLENGE In a recent Olympics, swimmers in a men's 200 meter 
butterfly event finished with times from 1 minute 54.04 seconds 
to 1 minute 57.48 seconds. Let t represent the slowest or fastest time (in 
seconds). Write an absolute value equation that describes the situation. 


М ap 
tM tl, 


: PREVIEW ž Solve the inequality. Graph your solution. 

: Prepare for | 

: Lesson 6.6 54. r+ 7 2 28 (p. 356) 55. 58 > —8 (p. 363) 56. —6f+ 7 € 15 (p. 369) 
: in Exs. 54-59. 


57. —5(v — 2) < —16 (p. 369) 58. —14 < 1 — 5w < 12 (p.380) 59. —3x > 9 or 4x 2 8 (p.380) 
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Use after Lesson 6.5 


Key Vocabulary 


e absolute value, 
p. 66 


Graph Absolute Value Functions 


(eT) Graph absolute value functions. 


The function f(x) = |x|is an example of an absolute value function and is the 
parent function for all absolute value functions. You can graph absolute value 
functions by using a table of values, as shown below for f(x) = |х|. 


KEY CONCEPT 


For Your Notebook 


1: The domain of the 
1° parent absolute 


1: The range is 


Graph of Parent Function for Absolute Value Functions 


> value function is 
all real numbers. 


y20. 


= |x - h| and g(x) = 


ALIT PIII 


The graph consists of 
two rays with a 
common endpoint 
called the vertex of the 
graph. The minimum 
value of the function 
occurs at the vertex. 


Ix| + К 


: APPLY 
: TRANSFORMATIONS 


: The two graphs in 

: Example 1 are translations 
: of the graph of f(x) = Ix]. 

: The graph in part (a) is 

: a horizontal translation. 

: The graph in part (b) is a 

: vertical translation. 
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Graph each function. Compare the graph with the graph of f(x) — E 


а. g(x) = [x - 2| 
STEP 7 Make a table of values. 


leis. 
w 2 1912 


2 
0 


STEP 2 Graph the function. 


"Kar AA 
/ gd =|x-2] 


NI Ах) = = rl 


ARA 


IM 
|| || 
eae oe шч 


STEP 3 Compare the graphs of g 
and f. The graph of 
g(x) = |x- 2|i is 2 units 
to the right of the graph 
of f(x) = 


Graphing Linear Inequalities 


b. g(x) = Ed = 1 
STEP 7 Make a table of values. 


| AA | 
TAY 
COBRA 


| | 4 
ш 


Ах) = |х| 


AS 
NENNN 


STEP 3 Compare the graphs 
of g and f. The graph of 
g(x) = |x| — l is 1 unit 
below the graph of 
fix) = |x]. 


: APPLY 
: TRANSFORMATIONS 


: The graph in part (a) of 
: Example 2 15 a vertical 
: stretch of the graph of 
: f(x) = |x|. The graph 

: in part (Б) is a vertical 

: Shrink with a reflection 
: in the x-axis of the 

: graph of f(x) = |х|. 


Graph g(x) = a|x| 


|х|. 


Graph each function. Compare the graph with the graph of f(x) = 
b. g(x) = —0.5 | x| 
STEP 7 Make a table of values. 


a. g(x) = 4|х| 


STEP 7 Make а table of values. 


STEP 2 Graph the function. 


|| Мр 


|| N= 
T% UN Pt | | AIN 3 LI 
_|| М \ f fimi ү ы 
„|| МИ | БУ | | [^h 
Мишин ишШишшЕ: икашшишш 
STEP 3 Compare the graphs of g STEP 3 Compare the graphs 
and f. The graph of of g and f. The graph of 
g(x) = 4|x| opens up g(x) = la opene 
and is narrower than the down and is wider than 
graph of f(x) = |x|. the graph of f(x) = |х|. 


For Your Notebook 


KEY CONCEPT 


: Comparing Graphs of Absolute Value Functions with the Graph of 


TS 
TO 


: Дх) = |x 


g(x) = |x| +k 

If k > 0, the graph of 
gis |k| units above 
the graph of f(x) = |х|. 
If k < 0, the graph of 
gis |k| units below the 


g(x) = |x- h| g(x) = a|x| 


If h > 0, the graph of 
gis In| units to the 
right of the graph of 
f(x) = 


If h < 0, the graph of 


If |a| > 1, the graph of 
gis narrower than the 
graph of f(x) = |x|. 

If 0 < la| « 1, the graph 
of g is wider. 


gis |h| units to the graph of f(x) = |x|. | If a > 0, the graph of g 
left of the graph of opens up. If a « 0, the 
fo) = graph opens down. 


—————————————— o 
" PRACTICE 


: EXAMPLES Graph the function. Compare the graph with the graph of f(x) — lx . 

1 and 2 
: on pp. 396-397 1. g(x) = lx + 3| 2. g(x) = Ix| +5 3. g(x) = |х| — T 
: for Exs. 1-6 4. g(x) = 2|x| 5. g(x) = 0.6|x| 6. g(x) = —3|x| 


7. For the absolute value function g(x) = — Ix| + 1, identify the function's 
domain and range, the vertex of the function's graph, and the function's 
minimum or maximum value. 
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б Solve Absolute Value 
°™ Inequalities 


You solved absolute value equations. 


| Now ) You will solve absolute value inequalities. 


Why So you can analyze softball compression, as in Ex. 38. 


Key Vocabulary Recall that |x| = 3 means that the distance between x and 0 is 3. The 
• absolute value, inequality |x| < 3 means that the distance between x and 0 is less than 3, and 
p. 66 |x| > З means that the distance between x and 0 is greater than 3. The graphs 
• equivalent of |x| <3 and |x| > 3 are shown below. 
inequalities, p. 357 
* compound а D a a S S S S A 
inequality, p. 380 —4 —3 -2 —1 0 1 2 3 4 —4-3-2-1 0 1 2 3 4 
• absolute deviation, Graph of |x|« 3 Graph of |x|>3 
p. 392 


• mean, р. 918 


Solve absolute value inequalities 


Solve the inequality. Graph your solution. 


a. Ix| > 6 b. |x| < 0.5 


Solution 


a. The distance between x and 0 is greater than or equal to 6. 
So, xx —60rx2 6. 


> The solutions are all real numbers -< 
less than or equal to —6 or -9 6 3 0 3 6 9 


greater than or equal to 6. 


b. The distance between x and 0 is less than or equal to 0.5. 
So, —0.5 < x < 0.5. 


> The solutions are all real numbers «—— T — HR ———À——- 
greater than or equal to —0.5 and -1 -05 0 05 1 
less than or equal to 0.5. 


GUIDED PRACTICE | for Example 1 


Solve the inequality. Graph your solution. 
А Ix| < 8 2. lu| «3.5 a. |v| >< 


SOLVING ABSOLUTE VALUE INEQUALITIES In Example 1, the solutions of 
|х > бара |x| x 0.5 suggest that you can rewrite an absolute value inequality 
as a compound inequality. 


398 = Chapter 6 Solving and Graphing Linear Inequalities 


КЕҮ СОМСЕРТ For Your Notebook 


< 
Bhd 
ad 
EJ 
ә 


: READING | | т 
: Vou can use the words 4; Solving Absolute Value Inequalities 
: between and beyond + 
: to describe absolute 

: value inequalites. For 


: example, |x| < 2 means Б e Тһе inequality lax + b| > c where с> 0 is equivalent to the compound 


; that x is between —2 inequality ax + b < —corax + b»c. 
: and 2; |x| » 2 means 


: that xis beyond -20r < > In the inequalities above, < can be replaced by < and > can be replaced 
: beyond 2. 1° bye. 


e The inequality lax + b| < c where c > 0 is equivalent to the compound 
inequality —c < ax + b < с. 


[| EXAMPLE 2 | Solve an absolute value inequality 


Solve |x — 5|» 7. Graph your solution. 


Ix ES 5| > 7 Write original inequality. 
x—5<-7 or x—0=f Rewrite as compound inequality. 
x<-2 or x212 Add 5 to each side. 


» The solutions are all real numbers less than or equal to —2 or greater than 
or equal to 12. Check several solutions in the original inequality. 


| EXAMPLE 3 | Solve an absolute value inequality 


Solve |—4x — 5| + 3 < 9. Graph your solution. 


|—4x = 5| +30 Write original inequality. 
| —4x — 5| <6 Subtract 3 from each side. 
—6<—4х—5<6 Rewrite as compound inequality. 
—] < —4x < 11 Add 5 to each expression. 


0.25 > x» —2.75 Divide each expression by —4. 
Reverse inequality symbol. 


—2.75 < x < 0.25 Rewrite іп the form a < x « b. 
> The solutions are all real numbers —2.75 0.25 
greater than —2.75 and less than 0.25. E GNU EU CERE E MN 
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GUIDED PRACTICE for Examples 2 and з 


Solve the inequality. Graph your solution. 


4. x 4 3| 58 5. |2ш—1|<11 6. 315m - 6| - 8 < 13 
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[| EXAMPLE 4 | Solve a multi-step problem 


COMPUTERS You are buying a new computer and find 10 models in a store 
advertisement. The prices are $890, $750, $650, $370, $660, $670, $450, $650, 
$725, and $825. 


e Find the mean of the computer prices. 

e You are willing to pay the mean price with an absolute deviation of at most 
$100. How many of the computer prices meet your condition? 

Solution 
STEP? Find the mean by dividing the sum of the prices by 10. 


; REVIEW MEAN — Mean — 890 + 750 + 650 + 370 + 660 + 670 + 450 + 650 + 725 + 825 
: For help with finding a кн 10 
: теап, ѕее р. 918. _ 6640 . 

= 10 ~ 004 


STEP 2 Write and solve an inequality. An absolute deviation of at most $100 
from the mean, $664, is given by the inequality |x — 664| < 100. 


Ix = 664| < 100 Write absolute value inequality. 
—100 < х — 664 < 100 Write as compound inequality. 
564 < x < 764 Add 664 to each expression. 


> The prices you will consider must be at least $564 and at most $764. Six 
prices meet your condition: $750, $650, $660, $670, $650, and $725. 


r4 GUIDED PRACTICE for Example 4 


7. WHAT IF? In Example 4, suppose that you are willing to pay the mean 
price with an absolute deviation of at most $75. How many of the 
computer prices meet this condition? 


i: CONCEPT SUMMARY For Vour Wotebook 


- Solving Inequalities 
1- One-Step and Multi-Step Inequalities 


© «Follow the steps for solving an equation, but reverse the inequality 
= symbol when multiplying or dividing by a negative number. 


F Compound Inequalities 


> elf necessary, rewrite the inequality as two separate inequalities. Then 
solve each inequality separately. Include and or or in the solution. 


1 : Absolute Value Inequalities 


+ e If necessary, isolate the absolute value expression on one side of 
1: the inequality. Rewrite the absolute value inequality as a compound 
inequality. Then solve the compound inequality. 
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EXERCISES "н ca 
6.6 КЕҮ: on p. WS15 for Exs. 9, 15, and 37 
: Ж = STANDARDIZED TEST PRACTICE 
: Exs. 2, 21, 22, 37, and 40 


: e = MULTIPLE REPRESENTATIONS 
: Ex. 38 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: The inequalities |x| » 8 and 
x>8orx<-8are_? . 


2. X WRITING Describe the difference between solving |х| < 5 and solving 
|х| e. 


: EXAMPLES SOLVING INEQUALITIES Solve the inequality. Graph your solution. 


: 1,2, and 3 | 
: on pp. 398-399 3. Ix| «4 4. |у 23 9. [h| > 4.5 
oaaae | ge Dicis 7. 143 в. 11213 
(9) |4+4|>з 10. |b- 5| « 10 11. |14- m| 56 
12. |2s- 7| «1 13. |4c + 5| 37 14. |9 – 4n| «5 
(5) 5| 47+ 3] >5 16. [4s-7|-8>3 17. -3|2 - 3u| < -18 
2 3 4 
18. 2|3w + 8| - 13« —5 19. 2| 1v- 5| –4>3 20. 2 |4f+ 6|- 22 10 


21. Ж MULTIPLE CHOICE Which inequality is equivalent to x < 1 or x > 5? 
(А) |х+8|—2>10 3|6 — 2x| > 12 
© |5х+9|<10 (б) |7-4x|-9«8 


22. X WRITING How can you tell whether an absolute value inequality 
is equivalent to a compound inequality with and or to a compound 
inequality with or? 


ERROR ANALYSIS Describe and correct the error in solving the inequality. 


23. 24. 
Ix + 4|» 15 Ix — 5|« 20 


13>x+4> —13 X x—5«20 yq 
9>x> —17 x« 25 


TRANSLATING SENTENCES Write the verbal sentence as an inequality. Then 
solve the inequality and graph your solution. 


25. The absolute deviation of x from 6 is less than or equal to 4. 
26. The absolute deviation of 2x from —7 is greater than or equal to 15. 
27. Three more than the absolute deviation of —4x from 7 is greater than 10. 


28. Four times the absolute deviation of x from 9 is less than 8. 
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REASONING Tell whether the statement is true or false. If it is false, give а 
counterexample. 


29. Ifais a solution of |x + 3| <8, then ais also a solution of x + 3> 8. 
30. Ifais a solution of Ix + 3| > 8, then a is also a solution of x + З >8. 
31. Ifaisa solution of Ix T 3| > 8, then a is also a solution of x + 3 < —8. 


32. Ifais a solution of x + 3 < —8, then a is also a solution of |x + 3| 2 8. 
33. CHALLENGE Solve |x — 3| «4 and |x + 2| > 8. Describe your steps. 


34. CHALLENGE If lax + b| « c where c « 0, what is the solution of the 
inequality? If |ax + b| > c where c « 0, what is the solution of the 
inequality? Explain your answers. 


id 
. PROBLEM SOLVING 


: EXAMPLE 4 | 35. ESSAY CONTEST An essay contest requires that essay entries consist of 


: on p. 400 500 words with an absolute deviation of at most 30 words. What are the 
: for Exs. 35-38 possible numbers of words that the essay can have? 


| @Homelutor ) for problem solving help at classzone.com 


36. SWIMMING POOL The saturation index for a pool measures the balance 
between the acid level and the amount of minerals in pool water. 
Balanced water has an index value of 0. Water is highly corrosive or 
highly scale forming if the absolute deviation of the index value from 0 
is greater than 0.5. Find the index values for which pool water is highly 
corrosive or highly scale forming. 


_CHomelutor 


for problem solving help at classzone.com 


67) Ж SHORT RESPONSE You are preheating an 
oven to 350°F before you bake muffins. Several 
minutes later, the oven thermometer reads 
346”F. The measured temperature has an 
absolute deviation of at most 2°Е. Write and 
solve an inequality to find the possible 
temperatures in the oven. Should you continue 
to preheat the oven, or should you start baking 
the muffins? Explain your choice. 


38. ey MULTIPLE REPRESENTATIONS Softball compression measures the 
hardness of a softball and affects the distance that the softball can 
travel upon contact with a bat. A softball organization requires that the 
compression of a softball be 350 pounds but allows an absolute deviation 
of at most 50 pounds. 


a. Making a Table Make a table that shows the absolute deviation from the 
required compression when the measured compression of a softball is 
p pounds. Use the following values for p: 275, 325, 375, 425, 475. 


b. Writing an Inequality Write and solve an inequality to find the 
softball compressions that the organization will allow. Which values 
of pin the table are solutions of the inequality? 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED ф = MULTIPLE 
402 on p. WS1 TEST PRACTICE REPRESENTATIONS 


39. MULTI-STEP PROBLEM In a physics class, 7 groups of students 
experimentally determine the acceleration (in meters per second 
per second) of an object in free fall. The table below shows the value 
calculated by each group. 


Calculated value 10.50 9.52 9.73 9.86 
(m/sec?) 


a. Calculate Find the mean of the measured values given in the table. 
Round to the nearest hundredth. 


b. Solve When writing up their lab reports, the students wanted to state 
that the absolute deviation of each measured value x from the mean 


was at most d. What is the value of d in this situation? 


40. Ж EXTENDED RESPONSE Relative absolute deviation of a 
number from a given value is the absolute deviation 
expressed as a percent of the given value. A wildlife 
biologist estimates that the number of pronghorn antelope 
in Nevada is 18,000 with a relative absolute deviation of at 
most 20%. 


a. Calculate Find the absolute deviation from the estimated 
population of pronghorn antelope by multiplying the 
estimated population by the relative absolute deviation. 


b. Solve Write and solve an inequality to find the possible 
numbers of pronghorn antelope in Nevada. 


c. Explain If the relative absolute deviation were 25%, could you 
conclude that the actual population is necessarily greater 
than if the relative absolute deviation were 20%? Explain 
your reasoning. 


41. CHALLENGE According to the rules for a women’s figure skating event, a 
skater should finish a routine in an ideal time of 3 minutes 30 seconds. 
The skater receives a 0.1 point penalty if the absolute deviation of the 

finishing time from the ideal time is greater than 10 seconds and less 


than or equal to 20 seconds. Write and solve an inequality to find the 
finishing times for which the skater receives a 0.1 penalty point. 


"MIXED REVIEW E a 


; PREVIEW | Graph the equation. (p. 215) 

: Prepare for TN = = 

: Lesson 6.7 42. y 5.5 43. x= 10 44. Зх + у = З 
ЕЕРЕЕ, 46. у= —5x + 2 47. 5 = —5х- у 


Check whether the ordered pair is a solution of the equation. (р. 215) 
48. х – у = 1; (2,1) 49. —х + 2y = —12; (3, 0) 50. x = —9; (9, 3) 
51. у= —1; (—1, 10) 52. —4y — x = -1;(-2,-8) 53. 6y + 5х = 10; (-4, 8) 


EXTRA PRACTICE for Lesson 6.6, р. 943 2) ONLINE QUIZ at classzone.com 403 


Investigating 


Algebra ACTIVITY Use before Lesson 6.7 


Linear Inequalities in Two Variables 


MATERIALS - set of tangram pieces • 4 tangram puzzles • stopwatch 


To solve a tangram puzzle, you use seven pieces to create a figure. Each piece 
must lie flat and touch at least one other piece, and the pieces cannot overlap. 


STEP 1| Predict a time 


Have your partner give you a tangram 
puzzle, such as the dog shown below. 
Predict how long it will take you to create 
the figure. 


Predicted time: 
50 seconds 


STEP 3 | Record times 


Record the actual time x and the predicted 
time yin a table, as below. Repeat Steps 1-3 
for three more puzzles. Then switch roles 
with your partner. 


Actual time x | Predicted time y 
(sec) (sec) 


STEP 2| Create figure 


Use the tangrams to create the figure. Your 
partner will use a stopwatch to record the 
actual time it takes you to finish. 


Actual time: 
73 seconds 


Plot points 


Graph y = xin Quadrant I. Then plot the 
points (x, y) from the table. 


30 | 60 | 90 | + 
| | | | | Actualtime(sec) | | 
ENNEENENENNWEEN 


1. Describe the points that represent an overestimate of the actual finishing 
time. Then write an inequality that describes the location of the points in 


the coordinate plane. 


2. Describe the points that represent an underestimate of the actual finishing 
time. Then write an inequality that describes the location of the points in 


the coordinate plane. 
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Key Vocabulary 
e linear inequality 
in two variables 


«graph of an 
inequality in two 


variables | 


6.7 


You graphed linear equations in two variables. 
| Now ) You will graph linear inequalities in two variables. 
So you can analyze a music competition, as in Ex. 56. 


Graph Linear Inequalities 
in Two Variables 


A linear inequality in two variables, such as x — Зу < 6, is the result of replacing 
the = sign in a linear equation with <, <, >, or >. A solution of an inequality in 
two variables x and y is an ordered pair (x, y) that produces a true statement 
when the values of x and y are substituted into the inequality. 


341 14488) Standardized Test Practice 


Which ordered pair is not a solution of x — 3y< 6? 


Solution 


Check whether each ordered pair is a solution of the inequality. 


| Test (0, 0): x— 3у<6 Write inequality. 
0 — 3(0) <6 Substitute 0 for x and 0 for y. 
0O<6Y Simplify. 
Test (6, —1): x —3ys6 Write inequality. 
6 — 3(-1) <6 Substitute 6 for x and —1 for y. 


9<6 X Simplify. 
So, (0, 0) is a solution of x — 3y < 6 but (6, —1) is not a solution. 
> The correct answer is B. ® © ® 


GUIDED PRACTICE for Example 1 


Tell whether the ordered pair is a solution of —x + 2y < 8. 


1. (0, 0) 2. (0, 4) 3. (3, 3) 


GRAPH OF AN INEQUALITY In a coordinate plane, the graph of an inequality in 
two variables is the set of points that represent all solutions of the inequality. 
The boundary line of a linear inequality divides the coordinate plane into 

two half-planes. Only one half-plane contains the points that represent the 
solutions of the inequality. 
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КЕҮ СОМСЕРТ For Your Notebook 


ч 
^ 
B 
= 
гә 
ә 

ә 


, > $ТЕРТ Graph the boundary line. Use a dashed line for < or >, and use a 
solid line for < or 2. 


Graphing a Linear Inequality in Two Variables 


STEP 2 Testa point not on the boundary line by checking whether the 
ordered pair is a solution of the inequality. 


STEP 3 Shade the half-plane containing the point if the ordered pair 
is a solution of the inequality. Shade the other half-plane if the 
ordered pair is not a solution. 


[ EXAMPLE 2 | Graph a linear inequality in two variables 


Graph the inequality y > 4x — 3. 


Solution 


STEP7 Graph the equation y = 4x — 3. The 
inequality is >, so use a dashed line. 


STEP2 Test (0, 0) in y > 4x — 3. 


; 
0> 4(0) - 3 ff 
0»-3/ |. . SEE 
See | | 
STEP 3 Shade the half-plane that contains (0, 0), 


because (0, 0) is a solution of the inequality. 


| EXAMPLE З | Graph a linear inequality in two variables 


Graph the inequality x + 2y<0. 


Solution 


STEP Y Graph the equation x + 2y = 0. 
The inequality is <, so use a solid line. 


ni  STÉP2 Test (1, 0) in x + 2y<0. 
: Be sure to test a 


: point that is not on 1 + 2(0) <0 

: the boundary line. In 

: Example 3, you can’t 1<0Х 

: test (0, 0) because it lies STEP 3 Shade the half-plane that does not 


: on the boundary line 


: contain (1, 0), because (1, 0) is not a 
¿Xx+2y=0. 


solution of the inequality. 


GUIDED PRACTICE | for Examples 2 and 3 


4. Graph the inequality x + 3y> —1. 
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LINEAR INEQUALITIES IN ONE VARIABLE The steps for graphing a linear 
inequality in two variables can be used to graph a linear inequality in one 
variable in a coordinate plane. 


The boundary line for an inequality in one variable is either vertical or 
horizontal. When testing a point to determine which half-plane to shade, do 
the following: 


e [fan inequality has only the variable x, substitute the x-coordinate of the 
test point into the inequality. 


e Ifan inequality has only the variable y, substitute the y-coordinate of the 
test point into the inequality. 


[ EXAMPLE 4 | Graph a linear inequality in one variable 


Graph the inequality y > —3. 


Solution 


STEP? Graph the equation y = —3. ENE AMINO E 
The inequality is >, so use a solid line. ME MATAS 


STEP 2 Test (2, 0) in y > —3. You substitute only тшш ШИ 
the y-coordinate, because the inequality ++ EXE 


does not have the variable x. 
02-3 


STEP 3 Shade the half-plane that contains 
(2, 0), because (2, 0) is a solution of 
the inequality. 


| EXAMPLE 5 | Graph a linear inequality in one variable 


Graph the inequality x < —1. 


Solution 


STEP Y Graph the equation x = —1. ENNEEZBEB 
The inequality is «, so use a dashed line. al EBEN 

STEP 2 Test (3, 0) in x< —1. You substitute only E 
the x-coordinate, because the inequality 
does not have the variable y. 


——H- 
eda O BEBBE 
ш o EBENE 
STEP 3 Shade the half-plane that does not 
contain (3, 0), because (3, 0) is nota 
solution of the inequality. 
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GUIDED PRACTICE | for Examples 4 and 5 


Graph the inequality. 
5. у>1 6. y<3 Y. 1-5%: 
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ee | EXAMPLE 6 ] Solve a multi-step problem 


JOB EARNINGS You have two summer jobs at a youth 
center. You earn $8 per hour teaching basketball and 
$10 per hour teaching swimming. Let x represent the 
amount of time (in hours) you teach basketball each 
week, and let y represent the amount of time (in hours) 
you teach swimming each week. Your goal is to earn at 
least $200 per week. 


e Write an inequality that describes your goal in terms 
of x and у. 


e Graph the inequality. 


• Give three possible combinations of hours that will 
allow you to meet your goal. 


Solution 


STEP? Write a verbal model. Then write an inequality. 


Basketball Basketball Swimming Swimming Total 
pay rate e time + pay rate . time > earnings 
(dollars/hour) (hours) (dollars/hour) (hours) (dollars) 
ww v w w y 
8 ° x + 10 ° y > 200 
STEP2 Graph the inequality 8x + 10y 2 200. = 
: AVOID ERRORS = 
ЖҮРҮҮ өөө > First, graph the equation 8x + 10y = 200 E 
: The variables can't | drant L That iss e 
: represent negative in мч · The inequality is >, so use = 
: numbers. So, the graph a solid line. = 
: of the inequality does Next, test (5, 5) in 8x + 10y > 200: E 
: not include points in 
: Quadrants II, Ш, or IV. 8(5) + 10(5) 2 200 о 0 20 30% 


90 > 200 X Basketball (hours) 


Finally, shade the part of Quadrant I that does not contain (5, 5), 
because (5, 5) is not a solution of the inequality. 


STEP 3 Choose three points on the graph, such as (13, 12), (14, 10), and (16, 9). 
The table shows the total earnings for each combination of hours. 


 Smimmingtmetours | 12 | 10 | o 


Total earnings (dollars) 


GUIDED PRACTICE | for Example 6 


8. WHAT IF? In Example 6, suppose that next summer you earn $9 per hour 
teaching basketball and $12.50 per hour teaching swimming. Write and 
graph an inequality that describes your goal. Then give three possible 
combinations of hours that will help you meet your goal. 
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67 EXERCISES —— "tt Озот 
e KEY: on p. Ws15 for Exs. 5, 19, and 57 
Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 16, 39, 56, 59, and 60 


: e = MULTIPLE REPRESENTATIONS 
Ex. 55 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: The ordered pair (2, —4) isa(n). ? of 
эх — y». 


2. ж WRITING Describe the difference between graphing a linear inequality 
in two variables and graphing a linear equation in two variables. 


: EXAMPLE 1 | CHECKING SOLUTIONS Tell whether the ordered pair is a solution of the 
: on p. 405 inequality. 
E TOT Exs, 9—19 3. x + y< —4; (0, 0) 4. x— y<5; (8, 3) OA x> — 0—1, 4) 
6. 2x + 3y 2 14; (5, 2) 7. Ax — Ty > 28; (—2, 4) 8. —3y — 2x < 12; (5, —6) 
9. 2.8x + 4.ly < 1; (0, 0) 10. 0.5y — 0.5x > 3.5; (6, 2) 11. x2 —3; (—4, 0) 
12. y x8; (-9, —7) 13. x — sy < 6; (—8, 12) 14. 2x + y>2; (1, 2) 
15. Ж MULTIPLE CHOICE Which ordered pair is not a solution of x + 5y < 15? 


(А) EL -3) (—1, 3) © (1,3) D (3, 2) 


: EXAMPLES 16. Ж MULTIPLE CHOICE The graph of which inequality is shown? ША |, 
азд AMO Ф) х+у<-1 is ae 
on pp. 406-407 anys ult ia 


: for Exs. 16-38 © x-yz-1 D x-y>-1 


GRAPHING INEQUALITIES Graph the inequality. 
17. y» x * 3 18. у<х—2 (19) y «3x +5 


21. X - y« —8 22, Xx — ys —11 23. x + 8y» 16 24. 5х — y21 
25. 2(x - 2) » Ty 26. y—4<x-6 27. —4y< 16x 28. 6(2x) 2 —24y 
29. y« —3 30. x25 31. х>—2 32. y X4 


33. 3(x-2)>y+8 34. x - A€ —2(y + 6) 35. lx + 2) + 3y«8 36. 2(х + 1)24y- 1 


ERROR ANALYSIS Describe and correct the error in graphing the inequality. 
37. 2y - x22 38. х<—3 


o US 
ШЕНЕ | 
O BENER 
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39. Ж WRITING Can you use (0, 0) as a test point when graphing 2x > —5y? 
Explain your reasoning. 


TRANSLATING SENTENCES Write the verbal sentence as an inequality. 
Then graph the inequality. 

40. Four less than x is greater than or equal to y. 

41. The product of —2 and y is less than or equal to the sum of x and 6. 
42. The quotient of y and 2 is greater than the difference of 7 and x. 
43. The sum of x and the product of 4 and y is less than —3. 


USING A GRAPH Write an inequality of the graph shown. 


Aa 
END" | 
A Es 
PI pp] 
ишишикииш 


WRITING INEQUALITIES Write an inequality whose graph contains only the 
points in the given quadrants. 


47. Quadrants l and Il 48. Quadrants Il апа Ш 
49. Quadrants Ш and IV 50. Quadrants Тапа IV 


Ж |e 
ШШ ~~ 
104 


|» CHALLENGE In Exercises 51 and 52, write and graph an inequality whose 
graph is described by the given information. 


51. The points (2, 5) and (—3, —5) lie on the boundary line. The points (6, 5) 
and (—2, —3) are solutions of the inequality. 


52. The points (—7, — 16) and (1, 8) lie on the boundary line. The points (—7, 0) 
and (3, 14) are not solutions of the inequality. 


— áÉ'I'—?——————À—Hss 
' PROBLEM SOLVING 


: EXAMPLE6 | 53. BOBSLEDS In a two-man bobsled competition, the sum „с. ee ET ae 
: on p. 408 | of the weight x (in pounds) of the bobsled and the ¡ 2 1 oe 
: for Exs. 53-57 combined weight y (in pounds) of the athletes must кена жетек уа 


пої exceed 860 pounds. Write and graph an inequality 
that describes the possible weights of the bobsled and 
the athletes. Identify and interpret one of the solutions. 


for problem solving help at classzone.com 


54. ELEVATORS The number y of passengers riding an 
elevator can be no greater than the elevator’s maximum 
weight capacity x (in pounds) divided by 150. Write and graph an 
inequality that relates the number of passengers to the maximum weight 
capacity. Identify and interpret one of the solutions. 


COHomelutor 


for problem solving help at classzone.com 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED = MULTIPLE 
410 on р. WS1 TEST PRACTICE REPRESENTATIONS 


55. e MULTIPLE REPRESENTATIONS You tutor Spanish for $15 per hour 
and French for $10 per hour. You want to earn at least $100 per week. 


a. Writing an Inequality Write an inequality that describes your goal 
in terms of hours spent tutoring Spanish and hours spent tutoring 
French. 


b. Drawing a Graph Graph the inequality. Then give three possible 
combinations of hours that meet your goal. 


c. Making a Table Make a table that gives the amount of money that you 
will earn for each combination of hours given in part (b). 


56. ж MULTIPLE CHOICE To compete in a piano competition, you need to 
perform two musical pieces whose combined duration is no greater than 
15 minutes. Which inequality describes the possible durations x and y (in 
minutes) of the pieces? 


QD х+у<15 (В) х+у<15 (С) x+y>15 (DD х+у>15 


бт) MULTI-STEP PROBLEM You are making muffins and loaves of bread 
for a bake sale. You need 2 batch of batter рег muffin and 5 batch of 


batter per loaf of bread. You have enough ingredients to make up to 
12 batches of batter. 


a. Write and graph an inequality that describes the possible 
combinations of muffins m and loaves £ of bread that you can make. 


b. You make 4 loaves of bread. What are the possible numbers of muffins 
that you can make? 


58. NUTRITION A nutritionist recommends that the fat calories y consumed 
per day should be at most 30% of the total calories x consumed per day. 


a. Write and graph an inequality that relates the number of fat calories 
consumed to the total calories consumed. 


b. Use the nutrition labels below. You normally consume 2000 calories 
per day. So far today you have eaten 6 crackers and 1 container of 
yogurt. What are the possible additional fat calories that you can 
consume today? 


utrition Facts 


N 
Serving Size 3 crackers 


59. MW SHORT RESPONSE You need to bring a duffel and a bedroll for a trip in 
the mountains. The sum of the weight x (in pounds) of the duffel and the 
weight y (in pounds) of the bedroll cannot exceed 30 pounds. 


a. Graph and Apply Write and graph a linear inequality that describes the 
possible weights of the duffel and bedroll. Then give three possible 
combinations of weights of the duffel and bedroll. 


b. Interpret Are (0, 30) and (30, 0) solutions of the inequality in 
part (a)? Do these ordered pairs make sense for this situation? Explain. 


6.7 Graph Linear Inequalities in Two Variables 


60. Ж EXTENDED RESPONSE A financial advisor suggests that if a person is 
an aggressive investor, the percent y of money that the person invests in 
stocks should be greater than the difference of 110 and the person's age x. 


a. Graph Write and graph a linear inequality that relates the percent of 
money invested in stocks to an aggressive investor's age. 


b. Calculate If an aggressive investor is 30 years old, what are the possible 
percents that the investor can invest in stocks? Explain your answer. 


c. Justify Are there any ages for which none of the solutions of the 
inequality makes sense for this situation? Justify your answer. 


61. CHALLENGE The formula m = dV gives the mass m of an object in terms 
of the object's density d and its volume V. Water has a density of 1 gram 
per cubic centimeter. An object immersed in water will sink if its density 
is greater than the density of water. An object will float in water if its 
density is less than the density of water. 


a. For an object that sinks, write and graph an inequality that relates 
its mass (in grams) to its volume (in cubic centimeters). For an 
object that floats, write and graph an inequality that relates its mass 
(in grams) to its volume (in cubic centimeters). 


b. A cylindrical can has a radius of 5 centimeters, a height of 
10 centimeters, and a mass of 2119.5 grams. Will the can sink or float 
in water? Explain your answer. 


MIXED REVIEW a o | 


Solve the equation or inequality. 
62. —4a = 20 (p. 134) 63. 3c + 8 = 17 (p. 141) 64. 6m — 5 = —8m + 2 (p. 154) 
65, Z= 7 1 (p. 168) 66. p — 92 —15 (p. 356) 67. —25 + 3 < —4 (p. 369) 


68. 2x280r5x«10(p380 69. —2 < 9y — 2 < 5 (p.380) 70. |g—7| >15 (p.398) 


: PREVIEW | Graph the equation. (p. 225) 

: Prepare for gum Е __ и 
Í Lesson 71 in 71. x - y - 8 72. —6x + 2у 12 73. 12x + 3y 9 
: Exs. 71-76. | 74. у=—7х+1 75. y =5x+2 76. y 2 0.5x — 5 


' QUIZ for Lessons 6.5-6.7 


Solve the equation. (p. 390) 
1. |x| =5 2. |c- 8| =24 з. —2|r - 5| = —6 
Solve the inequality. Graph your solution. (p. 398) 


4. |у|>4 5. |2t-5| <3 6. 4|3s+7| -527 


Graph the inequality. (p. 405) 


Ta PY 8. 2x « 10 9. 2у—х<8 
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Lessons 6.5-6.7 


1. MULTI-STEP PROBLEM You gathered 4. OPEN-ENDED Describe a real-world situation 
36 apples from your backyard apple tree in that can be modeled by the equation 
order to make apple pies and applesauce. |x — 50| = 10. Explain what the solution of 
You use 7 apples to make one apple pie and the equation means in this situation. 


5 apples to make one pint of applesauce. 

5. EXTENDED RESPONSE 4A tour operator 
recommends that a river rafter wear a 
protective suit under the temperature 
conditions described below. 


a. Write an inequality that describes the 
possible numbers of apple pies and pints 
of applesauce that you can make. 


b. Graph the inequality. 


(eoe (&) River Rafting Tours с) 
Васк Foi rd Stop R Home Print Mail 


c. Give three possible combinations of apple 
pies and pints of applesauce that you can 


make. NE arte 
Specials «5 
Tours 
2. SHORT RESPONSE You are scooping ice cream Dirgerions 
е е ° Gallery “~ | 
as part of your training at an ice cream shop. HERT, Air Water | 
The weight of a scoop must be 4 ounces with BE Temperature + Temperature < 100 || 
an absolute deviation of at most 0.5 ounce. ey Protective suit required 


a. Write an inequality to find the possible AN RIVER RAFTING TOURS 
weights (in ounces) of each scoop. -——— аьаа | 


b. You make 10 scoops. You can start working 


at the shop if at least 8096 of the scoops a. Write and graph an inequality that 
meet the weight requirement. The list shows describes the possible air temperatures and 
the weights (in ounces) of your scoops. water temperatures for which a protective 


3.8, 4.2, 3.9, 4.5, 3.7, 4.6, 4.1, 3.3, 4.3, 4.2 suit is recommended. 


Can you start working at the shop? Explain 
your reasoning. 


b. If the water temperature is 40°F for which 
air temperatures is a protective suit 
recommended? 


c. How would you change the graph in 
part (a) in order to describe the situations 
in which a protective suit is required? 
Explain your answer. 


6. MULTI-STEP PROBLEM You are buying a new 
cell phone and see eight phones listed on a 
website. The prices of the phones are shown. 


$139, $249, $229, $199, $179, $359, $199, $209 
a. Find the mean price of the phones. 


b. You are willing to purchase a phone that 
has the mean price with an absolute 


3. GRIDDED ANSWER You will be making a deviation of at most $50. Write and solve an 
presentation in your history class. Your inequality to find the prices of phones that 
teacher gives you a time limit of 15 minutes you will consider. 


with an absolute deviation of 1.5 minutes. 
What is the maximum possible duration 
(in minutes) of your presentation? 


c. How many of the phones on the website 
will you consider buying? 
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CHAPTER SUMMARY 


: BIG IDEAS For Your Notebook 


* Applying Properties of Inequality 


5 Youcan apply the properties of inequality to solve inequalities. The 
* properties listed below are also true for inequalities involving < and >. 


Addition property of inequality a+c<b+cC. 
Subtraction property of inequality d-tab—ít 


"uu |! | ac « bcif c » О. ac » bcif c » O. 
Multiplication property of inequality | | 
ac>bcifc<0. | ac<bcifc<O. 


9 bic. 
Division property of inequality 


9 «Pte. o, 


Big > Using Statements with And or Or 

: An absolute value equation can be rewritten as two equations joined by or. 

> An absolute value inequality can be rewritten as a compound inequality 

5 with and or or. In the statements below, < can be replaced by <, and > can be 


= replaced by 2. 


Absolute value equation or inequality | Equivalent statement with and or or 


lax + b| »6c20 ax + b = cor ax + b = =c 


lax + b| <c c20 —c<axt+b<c 


lax + b| >сс>0 ах + b<-corax+b>c 


Big > Graphing Inequalities 

: You use a number line to graph an inequality in one variable. Similarly, you 

> use a coordinate plane to graph a linear inequality in two variables (including 
> cases where one of the variables has a coefficient of 0, such as 0х + y « 1, 

> Ory<l). 


Graphing inequalities in one variable | Graphing linear inequalities in two 
variables 


Graph simple inequalities: 1. Graph the boundary line. Use a 
1. Solve for the variable. solid line for < or > and a dashed 
2. Draw an open circle for < or > and line for < or >. 
a closed circle for < or >. Draw an . Test a point that does not lie on the 
arrow in the appropriate direction. boundary line. 
. Shade the half-plane containing 
the point if the ordered pair is a 
solution of the inequality. Shade the 
other half-plane if the ordered pair 
is not a solution. 


Graph compound inequalities: 

1. Solve the compound inequality. 

2. Use the union of graphs of simple 
inequalities for or. Use the 
intersection for and. 
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classzone.com 
* Multi-Language Glossary 
* Vocabulary practice 


REVIEW KEY VOCABULARY 


* graph of an inequality, р. 356 e absolute value equation, p.390 «solution of an inequality in two 
variables, p. 405 


* equivalent inequalities, p. 357 * absolute deviation, p. 392 

: ‚ ; АГ — ; * graph of an inequality in two 
compound inequality, p. 380 s inequality in two variables, variables, half-plane, p.45 

VOCABULARY EXERCISES 


1. Translate the verbal sentence into an absolute value equation: "The absolute 
deviation of x from 19 is 8." 


2. Identify three ordered pairs that are solutions of 2x — 3y > —10. 


3. WRITING When you graph a linear inequality in two variables, how do you 
know whether the boundary line is a solid line or a dashed line? How do you 
know which half-plane to shade? 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding of 
the concepts you have learned in each lesson of Chapter 6. 


Solve Inequalities Using Addition and Subtraction pp. 356-361 


Solve x — 2.1 < 1.4. Graph your solution. 
X-—2lsL4 Write original inequality. 
x— 2.1] +2.1<1.4+ 2.1 Add 2.1 to each side. 
L=3.5 Simplify. 


» The solutions are all real numbers less than or equal to 3.5. 
3.5 


EXERCISES 


: EXAMPLES 4. GEOGRAPHY The lowest elevation in Mexico is —10 meters at Laguna 
:1,2,3,and4 — Salada. Write and graph an inequality that describes all elevations in 


: on pp. 356-358 Mexico that are greater than the lowest elevation. 
: for EXs. 4—7 


Solve the inequality. Graph your solution. 


5. x+5>-13 6. m— 9> —4 7St+3.7<1 
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CHAPTER REVIEW 


Solve Inequalities Using Multiplication and Division рр. 363-368 


: EXAMPLES 
: 1,2, 3, 4, and 5 


: on pp. 363-365 
: for Exs. 8-12 


Solve +, < 9. Graph your solution. 


ES < 9 Write original inequality. 
—4* 2a > —4 • 9 Multiply each side by —4. Reverse inequality symbol. 
х>=—56 Simplify. 
» The solutions are all real numbers greater than —36. 
—36 
| _>——-—— 
50 —40 -30 -20 —10 
EXERCISES 
Solve the inequality. Graph your solution. 
8. 555 9. Z< -8 10. —3x > 27 11. 2у>18 


12. GYMNASTICS In men's gymnastics, an athlete competes in 6 events. Suppose 
that an athlete’s average score per event is at most 9.7 points. Write and solve 
an inequality to find the possible total scores for the athlete. 


6.3 Solve Multi-Step Inequalities pp. 369-374 | 


: EXAMPLES 
¡112,3 and4 
: on pp. 369-370 
: for Exs. 13—19 


Solve —4x + 7 > —13. Graph your solution. 
=4Ax +72 =13 Write original inequality. 
—4x 2 —20 Subtract 7 from each side. 
х<5 Divide each side by —4. Reverse inequality symbol. 


> The solutions are all real numbers 


less than or equal to 5. тке гг ——— 


EXERCISES 

Solve the inequality, if possible. Graph your solution. 

13. 22+ 11 < 25 14. 57—421 15. 1 — 3х< —14 + 2x 
16. 3(q + 1) <39+7 17. 8(£— 1) > -8 + 8t 18. —3(2п—1)>1—8п 


19. TICKET PURCHASES You can order discount movie tickets from а website for 
$7 each. You must also pay a shipping fee of $4. You want to spend no more 
than $40 on movie tickets. Find the possible numbers of movie tickets that 
you can order. 
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Solve Compound Inequalities pp. 380-387 
Solve —1 < —2x + 7 < 9. Graph your solution. 


—] <—2x+7<9 Write original inequality. 


=B 2-212 Subtract 7 from each expression. 
4>x>-l Divide each expression by —2. Reverse both inequality symbols. 
=1<x<4 Rewrite in the form a < x< b. 


» The solutions are all real numbers ОР ЕЕЕ 4 ЕЕ ЕЕ 


greater than —1 and less than 4. 9-1 0 1 2 3 4 5 
EXERCISES 
: EXAMPLES Solve the inequality. Graph your solution. 
Iso nici 20. -6 <2t- 5 < —3 21, —3<—-3х+8<11 
: on pp. 381-382 7 7 
: for Exs. 20-23 22. 95 —6<120r3s+1>13 23. —4w + 122 10 or 5w — 14» —4 


£ X Solve Absolute Value Equations pp. 390-395 | 


Solve 4|5x — 3| + 6 = 30. 


First, rewrite the equation in the form lax $ b| = с. 


4|5х = 3| +6=30 Write original equation. 
4 | bx-—3 | — 24 Subtract 6 from each side. 
|5x m | = 6 Divide each side by 4. 


Next, solve the absolute value equation. 


5х-3=6 or 5x-3=-6 Rewrite as two equations. 
5x=39 or 5x = —3 Add 3 to each side. 
х= 1.8 or x = —0.6 Divide each side by 5. 


» The solutions are —0.6 and 1.8. 


EXERCISES 
: EXAMPLES Solve the equation, if possible. 
: 1,2,3, 4, and 5 
: ón pp. 390-392 24. [r] =7 25. la + 6| = 2 26. |2с ТЕ 5 | = 21 
: for Exs. 24-30 | 27. 2lx-3|+1=5 28. 3|2q 4 1| -5=1 29. 4|3p - 2| +5= 11 


30. BOWLING In tenpin bowling, the height of each bowling pin must be 15 inches 
with an absolute deviation of 0.03125 inch. Find the minimum and maximum 
possible heights of a bowling pin. 
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б 5. 3 Solve Absolute Value Inequalities pp. 398-403 | 


: EXAMPLES 

: 1,2,and3 — 
: on pp. 398-399 
: for Exs. 31-36 


Solve 3 | 2х + 11| + 2 < 17. Graph your solution. 


3 |2x T 11| qos TT Write original inequality. 
3 |2x PI | < 15 Subtract 2 from each side. 
|2х + 11 | <5 Divide each side by 3. 
052% I ез Rewrite as compound inequality. 
—16s2x s —6 Subtract 11 from each expression. 
—BSXxsS =3 Divide each expression by 2. 


» The solutions are all real numbers greater than 
= t A2%2%%2% l 
or equal to —8 and less than or equal to —3. Le Se Se 


EXERCISES 

Solve the inequality. Graph your solution. 

31. |m| >8 32. |6k+1| 22 33. |3g - 2| <5 

34. 6|3x + 5| <14 35. |2j- 9| - 2» 10 36. 5|d 4 8| — 7» 13 


f 5.7 Graph Linear Inequalities in Two Variables pp. 405-412 | 


: EXAMPLES 

: 1,2, 3, 4, and 5 
: on pp. 405-407 
: for Exs. 37-44 


EXAMPLE] 


Graph the inequality y « 3x — 1. 


STEP Y Graph the equation y = 3x — 1. The inequality 
is «, so use a dashed line. 


STEP2 Test (0, 0) iny « 3x — 1. 
0 3(0) – 1 
0<-1X 


STEP 3 Shade the half-plane that does not contain 
(0, 0), because (0, 0) is not a solution of the 


inequality. 
EXERCISES 
Tell whether the ordered pair is a solution of —3x + 2у> 16. 
37. (—2, 8) 38. (—1,—1) 39. (-2, 10) 40. (9, —5) 


Graph the inequality. 
41. у>2х +3 42. y<5x—1 43. 3x — 2y < 12 44. y>3 
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CHAPTER TEST 


Translate the verbal phrase into an inequality. Then graph the inequality. 


1. All real numbers that are less than 5 


2. All real numbers that are greater than or equal to —1 


3. All real numbers that are greater than —2 and less than or equal to 7 


4. All real numbers that are greater than 8 or less than —4 


Solve the inequality, if possible. Graph your solution. 


т i 6, —2>5Б-+у 7. 
8. 5т > 35 ü ced 10. 
11. —4s<6s+ 1 12. 4£— 7 € 13 13. 
14. 3(5w + 4) « 12w — 11 15. 4p - 3» 202p + 1) 16. 
17. —2 <4 — За < 13 18. —7<2с— 1 < 104 19. 
20. |(2d+8l>3 21. 2137-7 +5<11 22. 


Solve the equation, if possible. 


23. -3]x - 3] - 1 24. |3y +1 — 6 = -2 25. 


Check whether the ordered pair is a solution of the inequality. 


26. 2x — y «4; (2, -1) 275. Y + 3x2 —5; 1-3, —4) 28. 


Graph the inequality. 


29. y<x+4 30. y22x —5 31. 


—0.8 € z + 7.7 
r 

Ed. 
—8>5 – р 


9q — 122 3(3q — 4) 
—5«2- hor6h + 5 > 71 


r— 7| — 5 
|[—7| -183 
4|22+5| 4 9-25 


y2-6 


32. BUSINESS Your friend is starting a small business baking and decorating 
cakes and wants to make a profit of at least $250 for the first month. The 
expenses for the first month are $155. What are the possible revenues 


that your friend can earn in order to meet the profit goal? 


33. BICYCLES A manufacturer of bicycle parts requires that a bicycle chain 
have a width of 0.3 inch with an absolute error of at most 0.0003 inch. 
Find the possible widths of bicycle chains that the manufacturer 


will accept. 


34. HORSES You are planning to ride a horse to a campsite. The sum of your 
weight x (in pounds) and the combined weight y (in pounds) of your 
camping supplies can be at most 20% of the weight of the horse. 


a. Suppose that the horse weighs 1000 pounds. Write and graph an 
inequality that describes the possible combinations of your weight 


and the combined weight of the camping supplies. 


b. Identify and interpret one of the solutions of the inequality in part (a). 
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Scoring Rubric EXTENDED RESPONSE QUESTIONS 


Full Credit | 
• solution is complete PROBLEM _ 
and correct NA — 
Partial Credit Your school chess club is selling chess sets for $9 each to raise funds for a 


• solution is complete 
but errors are made, 


regional tournament. The club wants to sell at least 100 of them. The table 
shows the number of chess sets sold so far by each member of the club. 


Or 
e solution is without = | | 
error but incomplete _ Member {1 |2 | 3 4 | 5 | 6 
No Credit Chess sets sold 17 16 12 13 16 10 
* no solution is given, i : | : 
or a. Find the possible numbers a of additional chess sets that the club 


• solution makes no 


can sell in order to meet its goal. 
sense 


b. If the club raises more than $1000, it will donate the amount that 
exceeds $1000 to a charity. Find the possible total numbers t of 
chess sets that the club can sell in order to donate at least $100 to 
the charity. 


c. Suppose the club has 61 chess sets left to sell. Write an inequality 
that describes the possible amounts that the club can donate to the 
charity. Explain your answer. 


Below are sample solutions to the problem. Read each solution and the 
comments on the left to see why the sample represents full credit, partial 
credit, or no credit. 


SAMPLE T: Full credit solution 


—— aaa > a. 17 + 16 + 12 + 13 + 16 + 10 +a2 100 
The correct inequality 

is given. The solution is 84 + а> 100 
correct. а> 16 


The club will meet its goal if it sells at least 16 more chess sets. 


——— € > b. 9t— 1000 » 100 
The correct inequality 
is given. The student 9: 2 1100 
rounded correctly so that [> 122.22... 
the answer makes sense. 
The club can donate only $9(122) — $1000 = $98 if it sells 122 sets. 
So, the club can donate at least $100 if it sells at least 123 sets. 


К J> c. Ifthe club doesn’t sell any more chess sets, it will have raised a total 


The student’s calculation of $9(84) = $756. Because the club will not have raised at least $1000, 
of the least and greatest its donation to the charity would be $0. If the club sells the remaining 
values is correct. The 61 chess sets, it will have raised a total of $756 + $9(61) = $1305. So, 
ататегін COTTECL, {һе club's donation to the charity would be $1305 — $1000 = $305. 


The inequality is 0 < d < 305 where d is the donation in dollars. 
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SAMPLE 2: Partial credit solution 


—— E. > а. 84+a>100 
The correct inequality 

is given. The solution is а> 16 
сое The club must sell at least 16 chess sets. 


/———— > b. 9£ — 1000 > 100 

The student solved the 

inequality correctly but 9t > 1100 

gave the wrong answer. t> 122.22... 


The club can donate at least $100 if it sells at least 122 sets. 


LE p» c. If the club doesn't sell any more chess sets, it will raise $0 more. So, 
The reasoning doesn't the donation would be $0. If the club sells the remaining 61 sets, it 
make sense, and the will raise $9(61) — $549 more. So, the donation would be at most $549. 
inequality is incorrect. The inequality is 0 < d € 549 where d is the donation. 


SAMPLE 3: No credit solution 


—————— » a. 84 + a € 100 
The inequalities in parts 


(a) and (b) are incorrect, a & 16 
апы the answers are The club will meet its goal if it sells up to 16 chess sets. 
incorrect. 
b. 9t= 1000 
t2 D p ss 


The club can donate at least $100 if it sells at least 112 chess sets. 


E » с. The donation would be $0 if the club raised up to $1000. But the 
The student didn't donation would be greater than $0 if the club raised more than $1000. 


consider the number The inequality is d 2 0 where d is the donation. 
of chess sets the club 


can sell. 


PRACTICE Apply the Scoring Rubric 


1. A student's solution to the problem on the previous page is given below. 
Score the solution as full credit, partial credit, or no credit. Explain your 
reasoning. If you choose partial credit or no credit, explain how you would 
change the solution so that it earns a score of full credit. 


a. Because a 2 100 — А, the club must sell at least 16 sets to meet ite goal. 


b. The total amount raised is 9t. In order to donate at least $100, the club 
needs to raise a total of at least $1100. 


Ot > 1100, sot > 122.22... 


c. If the club sells the remaining 61 sets, then it will have raised 
$9(61) = $549 more. The inequality is d < 549 where d is the donation. 


Test Preparation 421 


422 


EXTENDED RESPONSE 


1. You plan to work a total of 20 hours per week at two part-time jobs. 
The table shows the hourly wage at each job. 


After-school 
tutoring 


Working at a 
sandwich shop 


Job 


T 


Hourly wage (dollars) 5.50 7.00 


. You want to earn from $100 to $120 per week. What are the possible 


numbers of hours that you can work at the sandwich shop so that you 
can meet your earnings goal? 


. Suppose you need to reduce the total number of hours you work each 


week to 18 hours. Can you still meet your earnings goal? If so, what 
are the least and greatest numbers of hours that you can work at the 
sandwich shop? If not, explain why not. 


. Show that it is not possible to earn more than $150 after working 


20 hours in one week by writing and solving an inequality that 
describes the situation and showing that the solutions do not make 
sense for the situation. 


2. You plan to spend up to $30 on flower bulbs for a garden. The table shows 
the prices of tulip bulbs and daffodil bulbs. 


| Flower bulb | lp | Daffodil І 


| Price (dollars) | 


. Write and graph an inequality that describes the possible combinations 


of tulip bulbs and daffodil bulbs that you can buy. 


. Give three possible combinations of tulip bulbs and daffodil bulbs that 


you can buy. 


. Suppose you plan to spend up to $40 on flower bulbs. How would you 


change the graph in part (a) in order to describe this situation? Explain 
your answer. 


3. The average number of hits h per day that your website received during 
the period January 2001 to February 2004 can be modeled by the equation 
h = —16|m — 30| + 500 where mis the number of months since 
January 2001. 


а. 


In what month and year did your website receive an average of 100 hits 
per day? Ifthe model holds for months after February 2004, predict the 
month and year in which your website will again receive an average of 
100 hits per day. 


. According to the model, did your website receive an average of 600 hits 


per day at any time during the period January 2001 to February 2004? 
Explain your answer. 


. Can you use the model to find the month and year in which the average 


number of hits per day was the greatest? Justify your answer. 


Chapter 6 Solving and Graphing Linear Inequalities 


MULTIPLE CHOICE 


4. Ina piano competition, a pianist must 
perform a sonata that lasts no less than 
8 minutes and no more than 10 minutes. 
Which inequality represents the durations 
d (in minutes) of sonatas that can be 


performed? 
(СА) 8«d«10 d<8ord>10 
(С) 8<d<10 D> d<8ord>10 


5. Which ordered pair is a solution of the 
inequality 4x — y > 3? 


СА) (0, 0) (—1, 2) 
© (11D © (0, -2) 


6. You are designing an obstacle course for 
a dog agility event. The course includes a 
tunnel that must have a height of 24 inches 
with an absolute deviation of 2 inches. 
Which equation can you use to find the 
minimum and maximum heights of the 


tunnel? 
(А) |х+24|=2 lx — 24| =2 
© |x+2|=24 D |x-2|=24 


SHORT RESPONSE 


| 7 ) ЅТАТЕ ТЕЅТ РВАСТІСЕ 
A dasszone.com 


GRIDDED ANSWER 


7. You scored the following points in 


10. 


four basketball games: 16, 24, 32, and 22. 
You want to score an average of more than 
25 points per game after your fifth game. 
Of all the possible points you can score in 
your fifth game in order to meet your goal, 
which is the least? 


. In men's weightlifting, the bar that holds 


the weights must have a length of 2.2 meters 
with an absolute deviation of 1 millimeter. Of 
all the possible lengths that the bar can have, 
which is the greatest length (in millimeters)? 


. Of all the numbers that are solutions of 


the inequality |—3х + 4 < 2, which is the 
least number? 

The perimeter of the rectangle shown is at 
least 47 inches and at most 52 inches. Find 
the greatest value of x that satisfies the 
condition. 


2x in. 


(х + 11) in. 


11. You and 4 friends each order a three course dinner at a restaurant, and all 
of you agree to divide the total cost equally. The table shows the range of 


prices for each of the three courses. 


Dinner course 


Price range (dollars) | 2-4 


| Appetizer Main course 
12-20 


Dessert | 
3-6 


a. Find the least and greatest possible total costs С (in dollars). Then write 
an inequality that describes the possible total costs. 


b. Your share s (in dollars) of the total cost is given by s = = You chose 


a $3 appetizer, a $15 main course, and a $4 dessert. Explain why your 
share could be greater than or less than $3 + $15 + $4 = $22. 


12. A family is planning a vacation and is willing to spend no more than $2000 
for 4 airplane tickets and 5 nights at a hotel. Write and graph an inequality 
that describes the combinations of prices x (in dollars) of an airplane ticket 
and prices y (in dollars) of a night at a hotel. If the family spends $275 per 
airplane ticket, is the family willing to spend $200 per night at a hotel? 


Explain your answer using the graph. 
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Systems of Equations 
and Inequalities 


7.1 Solve Linear Systems by Graphing 


7.2 Solve Linear Systems by Substitution A 
73 Solve Linear Systems by Adding or Subtracting - 

7.4 Solve Linear Systems by Multiplying First 
7.5 Solve Special Types of Linear Systems a 


7.6 Solve Systems of Linear Inequalities 


Previously, you learned the following skills, which you'll use in Chapter 7: 
graphing linear equations, solving equations, and graphing inequalities. 


Prerequisite Skills 


Copy and complete the statement. 
1. The least common multiple of 10 and 15is_?_. 
2. Two lines in the same plane are _? if they do not intersect. 
ILLS CHECK 
Graphi the equation. (P isite skill for 7.1) 
3. х- у= 4 4. 6х- у= —1 5. Ax + 5у = 20 6. 3x- 2у = -12 


Solve the equation. (Prere 7.2=7.4) 
7. 5m +4 — m = 20 8. 10(2+5)+Z=6 


Tell whether the graphs of thet two equations are parallel lines. Explain your 
reasoning. ( ог 7.5) 


ye oda 10. y—5x=-l,y-5x=1 


11. y=x+10,x- у= —9 12. 6x- у= 4, 4х- у= 6 


Solve the inequality. Graph the solution. (Prer: 
13. m+4>9 14. —6t 2 24 15. 2x-5<13 16. -5y 4 1<—14 


Prerequisite skills practice at classzone.com 


Now 


In Chapter 7, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 474. You will also use the key vocabulary listed below. 


afar Га 4*9 2 
s LY) | =» A 
э] Pauw Cliu sh 


iS E | "n ч 


ӨО Solving linear systems by graphing 

d е e. е 

Ө Solving linear systems using algebra 
( Solving systems of linear inequalities 


KEY VOCABULARY 


e system of linear equations, «inconsistent system, р. 459 • solution of a system of 
p. 427 • consistent dependent linear inequalities, p. 466 
: мы • solution of a system of system, p. 459 • graph of a system of 
А linear equations, р. 427 • system of linear linear inequalities, p. 466 
$3 * consistent independent inequalities, p. 466 
cM. system, p. 427 


NIA mm 


You can use a system of linear equations to solve problems about traveling 
with and against a current. For example, you can write and solve a system of 
linear equations to find the average speed of a kayak in still water. 


The animation illustrated below for Example 4 on page 446 helps you answer 
this question: What is the average speed of the kayak in still water? 


Ply аш thee biiga halo tà bap pai tole Thee pistes od eqaariera. 


You have to find the speed of the kayak Click the button that will produce an a) | 
| in still water. _ Е: |} equation in one variable. І | 


“Ялт он mem AEN 
САпітаѓеа Algebra at classzone.com 


Other animations for Chapter 7: pages 428, 435, 441, 446, 452, 459, 
and 466 


ЕЙ | in (f els wi i 
ebra ir | Г] V Y { 17 PY E Use Lu) kesson 7.1 


7.1 Solving Linear Systems Using Tables 


MATERIALS : pencil and paper 


IESU How can you use a table to solve a linear system? 


A system of linear equations, or linear system, consists of two or more linear 
equations in the same variables. A solution of a linear system is an ordered 
pair that satisfies each equation in the system. You can use a table to find a 
solution to a linear system. 


( EXPLORE ] Solve a linear system 


Bill and his brother collect comic books. Bill currently has 15 books and adds 


2 books to his collection every month. His brother currently has 7 books and 
adds 4 books to his collection every month. Use the equations below to find 
the number x of months after which Bill and his brother will have the same 
number y of comic books in their collections. 


у= 2х + 15 Number of comic books in Bill's collection 


у= 4х+7 Number of comic books in his brother's collection 


STEP 1| Make a table 


Copy and complete the table of values shown. 


STEP 2| Find a solution 


Find an x-value that gives the same y-value for 
both equations. 


STEP 3| Interpret the solution 


Use your answer to Step 2 to find the number of 
months after which Bill and his brother have the 
same number of comic books. 


э] Ж АЖ ЛАШТЕ Use your observations to complete these exercises 


1. When Bill and his brother have the same number of books in their 
collections, how many books will each of them have? 


2. Graph the equations above on the same coordinate plane. What do 
you notice about the graphs and the solution you found above? 


Use a table to solve the linear system. 


3. y-2x * 3 4. у= — t 1 5. у=—3х+1 
y= —3x + 18 y=2x-5 y= 5х – 31 
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1 


You graphed linear equations. 


Key Vocabulary 


e system of linear 
equations 


esolution of a 
system of linear 
equations 

e consistent 
independent 
system 


Solve Linear Systems „@ а 
by Graphing ы. 


You will graph and solve systems of linear equations. 


So you can analyze craft fair sales, as in Ех. 33. 


A system of linear equations, or simply a linear system, consists of two or 
more linear equations in the same variables. An example is shown below. 


x+2y=7 Equation 1 
3x – 2у = 5 Equation 2 


A solution of a system of linear equations in two variables is an ordered pair 
that satisfies each equation in the system. 


One way to find the solution of a linear system is by graphing. If the lines 
intersect in a single point, then the coordinates of the point are the solution 
of the linear system. A solution found using graphical methods should be 
checked algebraically. 


Check the intersection point 


Use the graph to solve the system. Then er] | | A] | | tf 
check your solution algebraically. ы | 


x+2y=7 Equation 1 Lit a7 | 


3x —2y-5 Equation 2 БА A 
[2 ~ 
Vf 3x-2y=5 | | | > 


Solution 
The lines appear to intersect at the point (3, 2). 


CHECK Substitute 3 for x and 2 for yin each equation. 


х+2у=7 Зх – 2у = 5 
3 + 2(2) 27 3(3) – 2(2) + 5 
т= т 5Б=5// 


» Because the ordered pair (3, 2) is a solution of each equation, itis a 
solution of the system. 


TYPES OF LINEAR SYSTEMS In Example 1, the linear system has exactly one 
solution. A linear system that has exactly one solution is called a consistent 
independent system because the lines are distinct (are independent) and 
intersect (are consistent). You will solve consistent independent systems in 
Lessons 7.1-7.4. In Lesson 7.5 you will consider other types of systems. 


7.1 Solve Linear Systems by Graphing 


427 


i: KEY CONCEPT For Your Notebook 
: Solving a Linear System Using the Graph-and-Check Method 


STEP Y Graph both equations in the same coordinate plane. For 
ease of graphing, you may want to write each equation in 
slope-intercept form. 


STEP 2 Estimate the coordinates of the point of intersection. 


STEP 3 Check the coordinates algebraically by substituting into each 
equation of the original linear system. 


es [ EXAMPLE 2 | Use the graph-and-check method 


Solve the linear system: —x--y- -7 Equation 1 
х + 4y = —8 Equation 2 


Solution 
STEP 7 Graph both equations. 


NEZJNENNERBE ER 

Ия 
-L ILL LL 
LI LT I I ш 


ИШНИ" ШИШ 
| | Y xt 4y= в > 
pT TA} | i tt | а 
|| аа | | || 


ae Tt и 


STEP 2 Estimate the point of intersection. The two lines appear to intersect 
at (4, —3). 


STEP 3 Check whether (4, —3) is a solution by substituting 4 for x and 
—3 for y in each of the original equations. 


Equation 1 | Equation 2 
-x+y= -7 х + 4y = -8 
—(4) + (-3) = 7 4 + 4(-3) = —8 
1 = —1 4 —8 = -8Y 


» Because (4, —3) is a solution of each equation, it is a solution of 
the linear system. 


¿Animateg Algebra at classzone.com 


Y GUIDED PRACTICE for Examples 1 and 2 


|. Solve the linear system by graphing. Check your solution. 


1. —5х+у=0 2. —х+2у=3 d.X—y—35 
ox + у= 10 2x+y=4 3x+y=3 
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: ELIMINATE CHOICES 


: You can eliminate 

: choice A because 

: neither of the equations 
: include the cost of a 

: season pass. 


Standardized Test Practice 


The parks and recreation department in your town 
offers a season pass for $90. 


• As aseason pass holder, you pay $4 per session 
to use the town's tennis courts. 


• Without the season pass, you pay $13 per 
session to use the tennis courts. 


Which system of equations can be used to find 
the number x of sessions of tennis after which 
the total cost y with a season pass, including 
the cost of the pass, is the same as the total 
cost without a season pass? 


O у= 4x O у= 4x 
y ^ 13x y = 90 + 13x 
(С) y=13x D у= 90 + 4x 
у= 90 + 4х у= 90 + 13х 
Solution 


Write a system of equations where y is the total cost (in dollars) for 


x sessions. 
EQUATION 1 
Total ^ Cost per Number of 
cost = session ° sessions 
(dollars) (dollars/session) (sessions) 
y y y 
y = 13 ° x 
EQUATION 2 
Total Cost for Cost per Number of 
cost = season pass + session : sessions 
(dollars) (dollars) (dollars/session) (sessions) 
y y y + 
y = 90 T 4 e x 


> The correct answer is С. Ф © D 


GUIDED PRACTICE for Example З 


4. Solve the linear system in Example 3 to find the number of sessions 


after which the total cost with a season pass, including the cost of the 
pass, is the same as the total cost without a season pass. 


5. WHAT IF? In Example 3, suppose a season pass costs $135. After how 


many sessions is the total cost with a season pass, including the cost of 
the pass, the same as the total cost without a season pass? 
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CIID solve a multi-step problem 


RENTAL BUSINESS A business rents in-line skates and 
bicycles. During one day, the business has a total of 
25 rentals and collects $450 for the rentals. Find the 
number of pairs of skates rented and the number 

of bicycles rented. 


=RENTALS | 


In-line $1 
skates per day |, 


|| Bicycles $30 


Solution per day | 


STEP? Write a linear system. Let x be the number of pairs of skates 
rented, and let y be the number of bicycles rented. 
х + у=25 Equation for number of rentals 
15x + 30y = 450 Equation for money collected from rentals 


STEP 2 Graph both equations. | [ITIITI 
STEP 3 Estimate the point of intersection. The “М ]| 


two lines appear to intersect at (20, 5). _| Net = | ||| 
| | а tt ttf 
STEP 4 Check whether (20, 5) is a solution. sH- Т oy dep 
| x + 30y = 
20 +5 225 15(20) + 30(5) 2 450 FESS 


ft eRe 


25 = 25/4 | 450 = 450 Y 


* The business rented 20 pairs of skates and 5 bicycles. 


v GUIDED PRACTICE | for Example 4 


6. WHAT IF? In Example 4, suppose the business has a total of 20 rentals 
and collects $420. Find the number of bicycles rented. 


71 EXERCISES — "нок © -wonsen-oursoumons 
» KEY: on p. WS16 for Exs. 15 and 31 
: Ж = STANDARDIZED TEST PRACTICE 


Exs. 2, 6, 7, 27, 28, 29, and 32 


: & = MULTIPLE REPRESENTATIONS 
i Ex. 35 


- SKILL PRACTICE | 


1. VOCABULARY Copy and complete: A(n) _?_ ofa system of linear 
equations in two variables is an ordered pair that satisfies each equation 
in the system. 


2. ж WRITING Explain how to use the graph-and-check method to solve a 
linear system of two equations in two variables. 


| CHECKING SOLUTIONS Tell whether the ordered pair is a solution of the 
| linear system. 


3. [—3, 1); 4. (5, 2) 9. (>, 1); 
х+ү==—2 2х – Зу = 4 6x + 5y = —7 
x+ 5у = 2 2х + 8y = 11 x—2y = 0 
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: опр.427 
: for Exs. 6-11 


: n cos ANE 
: for Exs. 12-26 


6. Ж MULTIPLE CHOICE Which ordered pair is a solution of the linear system 


x + у= —2 апа тх — 4y = 8? 


7. Ж MULTIPLE CHOICE Which ordered pair is a solution of the linear 


system 2x + Зу = 12 and 10x + Зу = —12? 


SOLVING SYSTEMS GRAPHICALLY Use the graph to solve the linear system. 
Check your solution. 
8. х- у= 4 10. х+у= 5 
4x+y=1 -2x + y = —4 


11. 


BFEZNENENCE 

NEN NR 
МИ te 
И 


Shi. ЕЕЕ ae 
|| AAT | Tt 
a | ET 


ERROR ANALYSIS Describe 
and correct the error in solving 
the linear system below. 


LL AA rar by te х 6-1). 


TAY | | | JLA] | The solution is 


х Зу = 6 Equation 1 Шык Ae 
2х – Зу= З Equation 2 f priere || | 
uL. LI LIII LU 


Ple ll yi tt 


GRAPH-AND-CHECK METHOD Solve the linear system by graphing. Check 


your solution. 

12. у= —x * 3 13. y =-x+4 14. у= 2х + 2 
у=к+ 1 y=2x-8 y=4x+6 

(15) x — y =2 16. x+2y=1 17. 3x+y=15 
x+y=-8 —2x + y = —4 y= -15 

18. 2x — 3y = —1 19. 6x + y = 37 20. 7x + 5y = —3 
5x + 2y = 26 Ax + 2y = 18 -9x + y = -11 

21. 6x + 12y = —6 22. 2x+y=9 23. —5x + Зу = 3 
2x + 5y = 0 2x + 3y = 15 4x + 3y = 30 

24. xtp 2 25. БХ — БУ 5 26. E it й 24 

_3 _ 13 _3 _ OX В y = 

x= 5 + y=3 

27. ж OPEN-ENDED Find values for т and b so that the system у = =x =l 


28. 


and y = mx + b has (5, 2) as a solution. 
* WRITING Solve the linear system shown y=4x—1.5 Equation 1 


by graphing. Explain why it is important to у= —2х+ 1.5 Equation 2 
check your solution. 


7.1 Solve Linear Systems by Graphing 
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29. Ж EXTENDED RESPONSE Consider the equation -iy +6= Ix t 3. 
a. Solve the equation using algebra. 
b. Solve the linear system below using a graph. 


у= -x +6 Equation 1 
у= 5x +3 Equation 2 


с. Howis the linear system in part (b) related to the original equation? 


d. Explain how to use a graph to solve the equation —£x +5= ax + 2. 


30. CHALLENGE The three lines given below form a triangle. Find the 
coordinates of the vertices of the triangle. 


Line 1: —3x + 2у = 1 Line 2: 2x + y= 11 Line 3: х + 4у = 9 


' PROBLEM SOLVING 


: EXAMPLES 
: 3 and 4 

: on pp. 429-430 
: for Exs. 31-33 


D TELEVISION The graph shows a projection, from 
1990 on, of the percent of eighth graders who 
watch 1 hour or less of television on a weekday 
and the percent of eighth graders who watch more 
than 1 hour of television on a weekday. Use the 
graph to predict the year when the percent of 
eighth graders who watch 1 hour or less will equal 
the percent who watch more than 1 hour. 


ptt tt ty 
1 hourorless | | | 


0 
~ 


Percent of 
eighth graders 


0 40 60 


Years since 1990 


" for problem solving help at classzone.com 

32. Ж MULTIPLE CHOICE А car dealership is offering interest-free car loans 
for one day only. During this day, a salesperson at the dealership 
sells two cars. One of his clients decides to pay off his $17,424 car in 
36 monthly payments of $484. His other client decides to pay off his 
$15,840 car in 48 monthly payments of $330. Which system of equations 
can be used to determine the number x of months after which both 
clients will have the same loan balance y? 


СА) у= —484х у = —484х + 17,424 
у = —330х у = —330х + 15,840 

(С) у= —484х + 15,840 (Do y = 484x + 17,424 
y = —330х + 17,424 у = 330х + 15,840 

\ @Homelutor for problem solving help at classzone.com 


33. CRAFTS Kirigami is the Japanese art of making paper designs 
by folding and cutting paper. A student sells small and large ааа 
greeting cards decorated with kirigami at a craft fair. AN 
The small cards cost $3 per card, and the large cards cost | AMAMA 
$5 per card. The student collects $95 for selling — ^ AE - 

a total of 25 cards. How many of each type — À 
of card did the student sell? 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED ф = MULTIPLE 
432 on p. WS1 TEST PRACTICE REPRESENTATIONS 


34. FITNESS You want to burn 225 calories while exercising at а gym. The 
number of calories that you burn per minute on different machines at 
the gym is shown below. 


Elliptical trainer Stationary bike 


You burn 5 Cal/min. You burn 8 Cal/min. You burn 6 Cal/min. 


a. Suppose you have 40 minutes to exercise at the gym and you want 
to use the stair machine and stationary bike. How many minutes 
should you spend on each machine so that you burn 225 calories? 


b. Suppose you have 30 minutes to exercise at the gym and you want 
to use the stair machine and the elliptical trainer. How many minutes 
should you spend on each machine so that you burn 225 calories? 


35. e MULTIPLE REPRESENTATIONS It costs $15 for a yearly membership to 
a movie club at a movie theater. A movie ticket costs $5 for club members 
and $8 for nonmembers. 


a. Writing a System of Equations Write a system of equations that you 
can use to find the number x of movies viewed after which the total 
cost y for a club member, including the membership fee, is the same 
as the cost for a nonmember. 


b. Making a Table Make a table of values that shows the total cost for a 
club member and a nonmember after paying to see 1, 2, 3, 4, 5, and 
6 movies. 


c. Drawing a Graph Use the table to graph the system of equations. 
Under what circumstances does it make sense to become a movie 
club member? Explain your answer by using the graph. 


36. CHALLENGE With a minimum purchase of $25, you can open a credit 
account with a clothing store. The store is offering either $25 or 20% off 
of your purchase if you open a credit account. You decide to open a credit 
account. Should you choose $25 or 20% off of your purchase? Explain. 


- MIXED REVIEW | | — pas 


: PREVIEW 


: Prepare for 
: Lesson 7.2 
: in Exs. 43-48. 


Solve the equation. 


37. x +5 = —14 (p. 134) 38. —5x + 6 = 21 (p. 141) 
39. 3(x + 2) = —6 (p. 148) 40. 11x + 9 = 13x — З (p. 154) 
41. 3x — 8 = 11x + 12 (p. 154) 42. A(x + 1) = —2x — 18 (p. 154) 


Write the equation so that y is a function of x. (p. 184) 
43. 5y + 25 — 3x 44. 7x=y+9 45. 4y + 11 = Зу + 4x 
46. 6х + Зу = 2х + 3 47. y -2x +6 = —1 48. 4х — 12 = 5х + 2y 
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hi 
caledlatoe ACTIVITY Use after lesson 7.7 Tutor 


classzone.com 
Keystrokes 


Solving Linear Systems 
by Graphing 


(i | 


Solve the linear system using a graphing calculator. 


5x+2y=6 Equation 1 
x—3y=-—5 Equation 2 


STEP 1| Rewrite equations STEP 2| Enter equations 


Solve each equation for y. Press Ё] and enter the equations. 


Equation 1 Equation 2 i GE GI2XT3 
Бх + 2y=6 x—3y=-5 128(1/3)X+(5/3) 


2y = —5x + 6 —Sy = =x = 6 


_ -3 _ 1 5 
у= 2x + 5 У= =х+ 5 


Display graph Find point of intersection 


Graph the equations using a standard Use the intersect feature to find the 
viewing window. point where the graphs intersect. 


X=.47058824 Y=1.8235294 


The solution is about (0.47, 1.8). 


[ | y 


Solve the linear system using a graphing calculator. 


1. y=x+4 2. 5x + y = —4 3. —0.45x — y = 1.35 4. —0.4x + 0.8y = —16 
yec-ax-3s e e —1.8х + y = -1.8 1.2x + 0.4y = 1 
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7 2 Solve Linear Systems 
* ^" by Substitution 


You solved systems of linear equations by graphing. SEMEN. um. rod 
Г Now ) You will solve systems of linear equations by substitution. " BE pe a | MT le b u- 


So you can find tubing costs, as in Ex. 32. Ew 


Key Vocabulary 
e system of linear 


equations, р. 427 + Solving a Linear System Using the Substitution Method 


ji: KEY CONCEPT For Your Notebook 


STEP 7 Solve one of the equations for one of its variables. When possible, 
solve for a variable that has a coefficient of 1 or —1. 


STEP 2 Substitute the expression from Step 1 into the other equation and 
solve for the other variable. 


STEP 3 Substitute the value from Step 2 into the revised equation from 
Step 1 and solve. 


Use the substitution method 


Solve the linear system: y=3x+2 Equation 1 
х + 2у= 11 Equation 2 


Solution 
STEP? Solve for y. Equation 1 is already solved for y. 
STEP 2 Substitute Зх + 2 for y in Equation 2 and solve for x. 
x+2y=11 Write Equation 2. 
x+2(3x + 2) = 11 Substitute 3x + 2 for y. 
/(x+4=l1l Simplify. 
ТХ = 7 Subtract 4 from each side. 
x=1 Divide each side by 7. 
STEP 3 Substitute 1 for x in the original Equation 1 to find the value of y. 
y=3x+2=3()+2=3+2=5 
> The solution is (1, 5). 


CHECK Substitute 1 for x and 5 for y in each of the original equations. 


y =3x+2 x+2y=1l 
5 = 3(1) +2 1+ 2(5) 2 11 
о=5У/ 11 =11 Y (Animateg Algebra at classzone.com 
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436 


| EXAMPLE 2 | Use the substitution method 


Solve the linear system: x —2y = -6 Equation 1 
4х T бу=4 Equation 2 


: CHOOSE AN Solution 

: EQUATION 

: EQ AAA > STEP? Solve Equation 1 for x. 

: Equation 1 was chosen 

: in Step 1 because x has x— 2y = —6 Write original Equation 1. 

: a coefficient of 1. So, | . 

: only one step is needed x=2y-6 Revised Equation 1 

: bs solve Equation 1 $TEP2 Substitute 2y — б for x in Equation 2 and solve for y. 
: TOF X. 


4x + 6у = 4 Write Equation 2. 
4(2y — 6) + 6y = 4 Substitute 2y — 6 for x. 
8y — 24 + 6y = 4 Distributive property 
14у – 24 = 4 Simplify. 
14у —28 Add 24 to each side. 
y=2 Divide each side by 14. 
STEP 3 Substitute 2 for y in the revised Equation 1 to find the value of x. 
x=2y-6 Revised Equation 1 
x = 2(2) — 6 Substitute 2 for y. 
x= -2 Simplify. 
> The solution is (—2, 2). 
CHECK Substitute —2 for x and 2 for y in each of the original equations. 


Equation 1 Equation 2 
x— 2y = —6 4x + 6y =4 
—2 — 2(2) Ё —6 4(—2) + 6(2) 54 
—6 = -6V 4 =4yY 


CHECK REASONABLENESS When solving 

a linear system using the substitution 
method, you can use a graph to check 

the reasonableness of your solution. For 
example, the graph at the right verifies that 
(—2, 2) is a solution of the linear system in 
Example 2 


GUIDED PRACTICE for Examples 1 and 2 


Solve the linear system using the substitution method. 


1. y=2x+5 2. x-y=3 3. 3x + y = -7 
3x t у= 10 x+2y=-6 —2x + 4у = 0 
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| EXAMPLE 3 | Solve a multi-step problem 


: ANOTHER WAY WEBSITES Many businesses pay website hosting companies to store and 

: For an alternative. — maintain the computer files that make up their websites. Internet service 

: method for solving the providers also offer website hosting. The costs for website hosting offered by 
: problem in Example 3, a website hosting company and an Internet service provider are shown in 

: turn to page 442 for the table. Find the number of months after which the total cost for website 


: the Problem Solving 


: hosting will be the same for both companies. 
: Workshop. 


Set-upfee | Costper month 
(dollars) (dollars) 


Internet service provider 
Website hosting company ^ Noe | 


Solution 


STEP? Write a system of equations. Let y be the total cost after x months. 


Equation 1: Internet service provider 


Total Set-up Cost per Number 
cost = fee + month * of months 
Y Y Y Y 

y = 10 : 21.95 . х 


Equation 2: Website hosting company 


Total Cost per Number 
cost = month ° of months 
Y Y Y 
y = 22.45 a x 


The system of equations is: у = 10 + 21.95x Equation 1 
y = 22.45х Equation 2 


STEP 2 Substitute 22.45x for y in Equation 1 and solve for x. 
y = 10 + 21.95x Write Equation 1. 
22.45x = 10 + 21.95x Substitute 22.45x for y. 
0.5x = 10 Subtract 21.95x from each side. 
x = 20 Divide each side by 0.5. 


> The total cost will be the same for both companies after 20 months. 


r4 GUIDED PRACTICE for Example 3 


4. In Example 3, what is the total cost for website hosting for each company 
after 20 months? 


5. WHAT IF? In Example 3, suppose the Internet service provider offers 
$5 off the set-up fee. After how many months will the total cost for website 
hosting be the same for both companies? 
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[| EXAMPLE 4 | Solve a mixture problem 


ANTIFREEZE For extremely cold temperatures, an automobile manufacturer 
recommends that a 70% antifreeze and 30% water mix be used in the 
cooling system of a car. How many quarts of pure (100%) antifreeze and a 
50% antifreeze and 50% water mix should be combined to make 11 quarts of 
a 70% antifreeze and 30% water mix? 


Solution 


STEP Y Write an equation for the total number of quarts and an equation 
for the number of quarts of antifreeze. Let x be the number of 
quarts of 100% antifreeze, and let y be the number of quarts of a 
50% antifreeze and 50% water mix. 


Equation 1: Total number of quarts 


х+у= 11 
Equation 2: Number of quarts of antifreeze 
x quarts of y quarts of 11 quarts of 
100% antifreeze 50%-50% mix 70%-—30% mix 


: DRAW A DIAGRAM » 100% + 
o өөөөөзөөөөөөөөөвеөөөөөөөөөвеөөөөөө.ө { UU 70 

: Each bar shows the 

: liquid in each mix. The 


: green portion shows the 


: percent of the mix that lex + 0.5 - y = 0.7(11) 
: is antifreeze. x + 0.5y = 7.7 
The system of equations is: x + y= 11 Equation 1 


x+0.5y= 7.7 Equation 2 
STEP 2 Solve Equation 1 for x. 
х+у= 11 Write Equation 1. 
x=11-y Revised Equation 1 
STEP 3 Substitute 11 — y for x in Equation 2 and solve for y. 


x + 0.5у = 7.7 Write Equation 2. 
(11-у) + 0.5y = 7.7 Substitute 11 — y for x. 
y= 6.6 Solve for y. 


STEP 4 Substitute 6.6 for y in the revised Equation 1 to find the value of x. 
x= 11 — y = 11 — 6.6 = 4.4 


> Mix 4.4 quarts of 100% antifreeze and 6.6 quarts of a 50% antifreeze and 
50% water mix to get 11 quarts of a 70% antifreeze and 30% water mix. 


GUIDED PRACTICE for Example 4 


6. WHAT IF? How many quarts of 100% antifreeze and a 50% antifreeze and 
50% water mix should be combined to make 16 quarts of a 70% antifreeze 
and 30% water mix? 
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72 EXERCISES "н О-у 
o KEY: on p. WS16 for Exs. 13 and 33 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 18, 29, 33, and 37 


' SKILL PRACTICE 


1. VOCABULARY Give an example of a system of linear equations. 


2. ж WRITING If you are solving the linear system 


shown using the substitution method, which 2X — Зу = 24 Equation 1 
equation would you solve for which variable? 2x+y=8 Equation 2 
Explain. 


: EXAMPLE 1 SOLVING LINEAR SYSTEMS Solve the linear system using substitution. 
: On p. 435 


: _ 3. х= 17 — 4y 4. y-2x- 1 5. X=y+3 
РЕ yex-2 2x -y-3 2x у= 5 
6. 4x — 7y = 10 7. x= 16 — 4y 8. —5x + Зу = 51 
y=x-7 Зх + 4у = 8 y = 10х – 8 
: EXAMPLE2 | 9. 2х = 12 10. 2x — y = 23 11. х+у= 0 
: опр. 436 | х — 5y = —29 х-9=-—1 х-2у=6 
кшн, IA. | dà Seq (13) 5x + 2y = 9 14. 5x + 4y = 32 
4х — у= —15 x+y=- 9x — у = 33 
15. l1x- 7y = —14 16. 20x — 30y = —50 17. 6x+y=4 
x— 2y = —4 x+2y=1 х — 4у = 19 


18. ж MULTIPLE CHOICE Which ordered pair is a solution of the linear system 
4x — y = 17 and —9x + 8y = 2? 


СА) (6, 7) (7, 6) ©) (7, 11) D (11, 7) 


19. ERROR ANALYSIS Describe and correct the error in solving the linear 
system 4x + 2y = 6 and 3x + y = 9. 


Step 1 Step 2 Step 5 The solution 
3x + y=9 4x + 2(9 — 3x) =6 у= 9— Эх is (6, 1). 
у= 9 – 3x 4x + 18 — бх = 6 6 = 9 – 3x 


—2х=—12 | -3=-3x xX 
x=6 1= х 


SOLVING LINEAR SYSTEMS Solve the linear system using substitution. 


20. 4.5x + 1.5y = 24 21. 35x + y= 20 22. Зх —2y = 8 
х- у= 4 1.5х — 0.1у = 18 0.5x + y = 17 

23. 0.5x + 0.6y = 5.7 24. x — 9 = 0.5у 25. 0.2x + y = —1.8 
2X — y —] 2.2X — 3.ly = —0.2 1.8y + 5.5x = 27.6 
l,l, е = 3,4 Зу = 

26. gt tay 79 27. xt A 28. 8х + a 12 
x= 3y 1 8х 3) 4 3х + 3 13 
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29. Ж WRITING Suppose you solve a linear system using substitution. 
Explain how you can use a graph to check your solution. 


30. CHALLENGE Find values of a and b so that the ах + ру = —16 Equation 1 


linear system shown has a solution of (—9, 4). ах — by = —56 Equation 2 


HS EP ———————+—+ 
P 


ROBLEM SOLVING 


: EXAMPLE3 | 31. FUNDRAISING During a football game, the parents of the football players 
: : on p. 437 | sell pretzels and popcorn to raise money for new uniforms. They charge 
: for Exs. 31-33 $2.50 for a bag of popcorn and $2 for a pretzel. The parents collect $336 

| in sales during the game. They sell twice as many bags of popcorn as 
pretzels. How many bags of popcorn do they sell? How many pretzels do 


they sell? 


for problem solving help at classzone.com 


32. TUBING COSTS А group of friends takes a day-long tubing trip down a 
river. The company that offers the tubing trip charges $15 to rent a tube 
for a person to use and $7.50 to rent a "cooler" tube, which is used to carry 
food and water in a cooler. The friends spend $360 to rent a total of 
26 tubes. How many of each type of tube do they rent? 


_@Hometutor 


for problem solving help at classzone.com 


(6з) Ж SHORT RESPONSE In the mobile shown, objects are 
attached to each end of a dowel. For the dowel to balance, 
the following must be true: 


Weight hanging _ Weight hanging 
°  frompointa “Y” from point B 

The weight of the objects hanging from point A is 1.5 pounds, 
and the weight of the objects hanging from point Bis 

1.2 pounds. The length of the dowel is 9 inches. How far from 
point A should the string be placed? Explain. 


34. MULTI-STEP PROBLEM Two swimming teams are competing in a 
400 meter medley relay. During the last leg of the race, the swimmer in 
lane 1 has a 1.2 second head start on the swimmer in lane 2, as shown. 


Sing, at 1. 8 m/sec 


1 — — _ A — ——__ 
with a 1. 2 sec head start 


-1 Шиа" ИШ 


J| m — —mN-— —— ФКМ: at 1.9m/sec 


a. Let tbe the time since the swimmer in lane 2 started the last leg. After 
how many seconds into the leg will the swimmer in lane 2 catch up to 
the swimmer in lane 1? 


b. Does the swimmer in lane 2 catch up to the swimmer in lane 1 before 
the race ends? Explain. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
440 on p. WS1 TEST PRACTICE 


: EXAMPLE 4 


: on p. 438 
: for EX. 35 


35. CHEMISTRY In your chemistry lab, you have a bottle of 1% hydrochloric 
acid solution and a bottle of 5% hydrochloric acid solution. You need 
100 milliliters of a 3% hydrochloric acid solution for an experiment. How 
many milliliters of each solution do you need to mix together? 


36. MONEY Laura has $4.50 in dimes and quarters. She has 3 more dimes 
than quarters. How many quarters does she have? 


37. Ж SHORT RESPONSE A gazelle can run 73 feet per second for several 
minutes. A cheetah can run 88 feet per second, but it can sustain this 
speed for only 20 seconds. A gazelle is 350 feet from a cheetah when 
both animals start running. Can the gazelle stay ahead of the cheetah? 
Explain. 


¿Animatea Algebra | at classzone.com 


38. CHALLENGE A gardener needs 6 bushels of a potting medium of 40% peat 
moss and 60% vermiculite. He decides to add 100% vermiculite to his 
current potting medium that is 50% peat moss and 50% vermiculite. The 
gardener has 5 bushels of the 50% peat moss and 50% vermiculite mix. 
Does he have enough of the 50% peat moss and 50% vermiculite mix to 
make 6 bushels of the 40% peat moss and 60% vermiculite mix? Explain. 


: PREVIEW 


: Prepare for 
: Lesson 7.3 
: in Exs. 45—50. 


Solve the proportion. Check your solution. 


LA 
" 30 


39. 2=% эт 0. 162) => fp. 162) 41. <= 22 (p. 162) 


35_5 3_-6 4 _ 
42. q73 (p. 168) 43. 2r 16 (p. 168) 44. 3 


Write two equations in standard form that are equivalent to the 

given equation. (p. 311) 

45. x — 4y = 0 46. —3x + 9y = 6 47. —їх – у = 1 
48. 5х — 10у = 5 49. —2x — 12у = 8 50. 6х + 15у = —3 


' QUIZ for Lessons 7.1-7.2 


Solve the linear system by graphing. Check your solution. (p. 427) 


1. x+y=-—2 2. х- у= 0 3. x —2y = 12 
—х+у=6 ox + 2y = —7 —3x + y = –] 


Solve the linear system using substitution. (p. 435) 


4. y=x-4 5. у= 4 – Зх 6. х= у+9 
—2x + y = 18 5x — у = 22 5x — 3у = 7 

7. 2y +t x= –4 8. 5x — 4y = 27 9. 3x — 5y = 13 
y-x--5 —-2x+y=3 x+4y= 


EXTRA PRACTICE for Lesson 7.2, p. 944 2 ONLINE QUIZ at classzone.com 441 


Using ALTERNATIVE METHODS 


Another Way to Solve Example 3, page 437 


MULTIPLE REPRESENTATIONS In Example 3 on page 437, you saw how 
to solve the problem about website hosting by solving a linear system 
algebraically. You can also solve the problem using a table. 


PROBLEM 


WEBSITES Many businesses pay website hosting companies to store 
and maintain the computer files that make up their websites. Internet 
service providers also offer website hosting. The costs for website 
hosting offered by a website hosting company and an Internet service 
provider are shown in the table. Find the number of months after which 
the total cost for website hosting will be the same for both companies. 


Company Set-up fee Cost per month 


Internet service provider $10 $21.95 


Website hosting company None $22.45 


METHOD Making a Table An alternative approach is to make a table. 


STEP 7 Make a table for the total Internet Website 
cost of website hosting for Months | service hosting 
both companies. provider сорау 

d 1p $31.95 $22.45 
cost for the first month. 2 $53.90 $44.90 
3 75.85 67.35 

STEP 2 Look for the month in 2 : 
which the total cost of the 
service from the Internet 19 $427.05 $426.55 
service provider and the 
website hosting company 20 $449.00 $449.00 
is the same. This happens 21 $470.95 $471.45 


after 20 months. 


«ex» 0 0 00 0 0 1 1. 


1. TAXIS A taxi company charges $2.80 for the 
first mile and $1.60 for each additional mile. 
Another taxi company charges $3.20 for the 
first mile and $1.50 for each additional mile. 
After how many miles will each taxi cost the 
same? Use a table to solve the problem. 


2. SCHOOL PLAY An adult ticket to a school 
play costs $5 and a student ticket costs $3. A 
total of $460 was collected from the sale of 
120 tickets. How many student tickets were 
purchased? Solve the problem using algebra. 
Then use a table to check your answer. 
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riera ACTIVITY Use before Lesson 7.3 


Linear Systems and Elimination 


MATERIALS - algebra tiles 


| О 1H 


You can use the following algebra tiles to model equations. 
1-tiles x-tiles y-tiles 


+ E = = ЭШИ 


Solve the linear system: 3х – у = 5 Equation 1 
x+y=3 Equation 2 


STEP 1| Model equations t t t 
Model each equation using algebra 28 БЕГЕЙ Era — Em EE 


tiles. Arrange the algebra tiles so that 


one equation is directly below the other 
i E = + + + 


equation. 


STEP 2| Add equations 

Combine the two equations to form one 

equation. Notice that the new equation has EE EM ELS 
one positive y-tile and one negative y-tile. 

The y-tiles can be removed because the pair 

of y-tiles has a value of 0. 


STEP 3| Solve for x 


Divide the remaining tiles into four equal 
groups. Each x-tile is equal to two 1-tiles. 
SO, X = 2. 


+++ 


Solve for y 


To find the value of y, use the model for Equation 2. 
Because x = 2, you can replace the x-tile with two 
1-tiles. Solve the new equation for y. So y = 1, and 
the solution of the system is (2, 1). 


e 


Use algebra tiles to model and solve the linear system. 


1. x+3y=8 2. 2х+у= 5 3. 5x — 2y = —2 4. х + 2у = 3 
4х — Зу = 2 —2x + 3y 7 x+2y= 14 =x + 3у = 2 


5. REASONING Is it possible to solve the linear system 3x — 2у = 6 and 
2x + y = 11 using the steps shown above? Explain your reasoning. 


7.3 Solve Linear Systems by Adding or Subtracting 


7 3 Solve Linear Systems by 
*— Adding or Subtracting 


You solved linear systems by graphing and using substitution. 


[ Now ) You will solve linear systems using elimination. =P 
So you can solve a problem about arranging flowers, as in Ex. 42. Wee | 


Key Vocabulary When solving a linear system, you can sometimes add or subtract the 
* system of linear equations to obtain a new equation in one variable. This method is called 
equations, p. 427 elimination. 


KEY CONCEPT For Your Notebook 


F Solving a Linear System Using the Elimination Method 
> «ТЕРТ Add or subtract the equations to eliminate one variable. 
STEP 2 Solve the resulting equation for the other variable. 


STEP 3 Substitute in either original equation to find the value of the 
eliminated variable. 


Use addition to eliminate a variable 


Solve the linear system: 2x + Зу = 11 Equation 1 
—2x + 5y = 13 Equation 2 


Solution 
: чы гар Кез, ычкы, Mies өө STEP? Add the equations to 2x + Зу = 11 
: edad ч а eliminate one variable. —2х + 5y = 13 
: Of one variable are 
: opposites, add the STEP2 Solve for y. 8y = 24 
: equations to eliminate 
: the variable. y=3 


STEP 3 Substitute З for y in either equation and solve for x. 
2х + Зу = 11 Write Equation 1. 
2x + 3(3) = 11 Substitute 3 for y. 
x=1 Solve for x. 
> The solution is (1, 3). 


CHECK Substitute 1 for x and 3 for y in each of the original equations. 


2х + Зу = 11 —2х + 5у = 13 
201) + 3(3) Ż 11 —2(1) + 5(3) £ 13 
11 =11Y 13 = 13 Y 
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[ EXAMPLE 2 ] Use subtraction to eliminate a variable 


: SUBTRACT 
: EQUATIONS 


: When the coefficients 
: of one variable are 

: the same, subtract the 
: equations to eliminate 
: the variable. 


Solve the linear system: 4х + 3y = 2 Equation 1 
5x + 3y = —2 Equation 2 
Solution 
STEP Y Subtract the equations to Ax + Зу = 2 
eliminate one variable. 5x + 3y = -2 
STEP 2 Solve for x. =y — 
х= —4 
STEP 3 Substitute —4 for x in either equation and solve for y. 


4х + Зу = 2 Write Equation 1. 
4(-4) + Зу = 2 Substitute —4 for х. 
y=6 _ Solve for y. 


> The solution is (—4, 6). 


[ EXAMPLE 3 ] Arrange like terms 


: AVOID ERRORS 


: Make sure that the 

: equal signs are in the 
: same column, just as 
: the like terms are. 


Equation 1 
Equation 2 


Solve the linear system: 8х — 4y = —4 


4y = 3x + 14 


Solution 


STEP? Rewrite Equation 2 so that the like terms are arranged in columns. 


8x — 4у = —4 8x — 4у = —4 

4у = Зх + 14 ш) o, sy = 14 
STEP 2 Add the equations. IX = 10 
STEP 3 Solve for x. x=2 


STEP 4 Substitute 2 for x in either equation and solve for y. 


4y — 3x + 14 Write Equation 2. 
4y = 3(2) +14 Substitute 2 for x. 
y=5 Solve for y. 


» The solution is (2, 5). 


GUIDED PRACTICE | for Examples 1, 2, and 3 


Solve the linear system. 


1. 4x — Зу = 5 2. —5x — 6y = 8 3. 6x — 4y= 14 
—2x + 3y = -7 ox + 2y=4 —3x + 4у = 1 
4. 7х – 2у = 5 5. 3x + 4y = —6 6. 2х + 5y = 12 
тх – Зу = 4 2у = Зх + 6 5y = 4x + 6 


7.3 Solve Linear Systems by Adding or Subtracting 


445 


| EXAMPLE 4 ] Write and solve a linear system 


KAYAKING During a kayaking trip, a kayaker travels 12 miles upstream 

(against the current) and 12 miles downstream (with the current), as shown. 

The speed of the current remained constant during the trip. Find the average 
| speed of the kayak in still water and the speed of the current. 


Upstream: 3 hours 


——— C -— 


| LI DIRECTION OF CURRENT 
PF тун” EN 


STEP? Write a system of equations. First find the speed of the kayak 
going upstream and the speed of the kayak going downstream. 


Upstream: d - rt Downstream: d = rt 
12 =» 3 12 = г 2 
4 = г 6=r 


Use the speeds to write a linear system. Let x be the average speed 
of the kayak in still water, and let y be the speed of the current. 


: COMBINE SPEEDS 


Pertenencia ame. > Equation 1: Going upstream 
: When you go upstream, 
: the speed at which Speed of kayak Speed of Speed of kayak 
: you can travel in still in still water current = going upstream 
: water is decreased 
: by the speed of the Ф v v 
: current. The opposite x = y = 4 
: is true when you go 
: downstream. Equation 2: Going downstream 
Speed of kayak Speed of Speed of kayak 
in still water + current =  goingdownstream 
w y Y 
x + у = 6 


$ТЕР 2 Solve the system of equations. 


х-у= 4 Write Equation 1. 
x+y=6 Write Equation 2. 


2X = 10 Add equations. 
х= 5 Solve for х. 
Substitute 5 for xin Equation 2 and solve for y. 
5+y=6 Substitute 5 for x in Equation 2. 
y=1 Subtract 5 from each side. 


» The average speed of the kayak in still water is 5 miles per hour, and the 
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GUIDED PRACTICE for Example 4 


7. WHAT IF? In Example 4, suppose it takes the kayaker 5 hours to travel 
10 miles upstream and 2 hours to travel 10 miles downstream. The speed 
of the current remains constant during the trip. Find the average speed of 
the kayak in still water and the speed of the current. 


on p. WS16 for Exs. 17 and 41 


7.3 EXERCISES e O) = WORKED-OUT SOLUTIONS 


' SKILL PRACTICE 


1. VOCABULARY Give an example of a linear system in two variables that 
can be solved by first adding the equations to eliminate one variable. 


: EXAMPLE 1 


: on p. 444 
: for Exs. 3-8 


: EXAMPLE 2 


: on p. 445 
: for Exs. 9—15 


: EXAMPLE 3 


: On p. 445 
: for Exs. 16-22 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 22, 36, and 44 


: es = MULTIPLE REPRESENTATIONS 
: Ex. 42 


2. Ж WRITING Explain howto solve | 2x-y-2 Equation 1 
the linear system shown usingthe 2х + Зу = 22 Equation 2 
elimination method. 


USING ADDITION Solve the linear system using elimination. 


3. x+2y= 13 4. 9х+у=2 5. —3x — у= 8 
—x+y=5 —4x — y = -17 7X + y= —12 
6. Зх – y = 30 7. —9x + 4y = -17 8. —3x — 5y = —7 

—3x + 7y = 6 9x — 6y = 3 —4x + 5y = 14 


USING SUBTRACTION Solve the linear system using elimination. 


9. х+у= 1 10. x— у= —4 11. 2х-у= 7 
—2x+y=4 x+3y=4 2x + 7y = 31 
12. 6x + y = —10 13. 5x + 6y = 50 14. 4x — 9y = —21 

5x + y= —10 —x + 6y = 26 4х + Зу = —9 


15. ж MULTIPLE CHOICE Which ordered pair is a solution of the linear 
system 4х + 9y = —2 and 11x + 9y = 26? 


ARRANGING LIKE TERMS Solve the linear system using elimination. 

16. 2x — у = 32 —8y + 6x = 36 18. 2x— y= -1l 
y — 5x = 13 6x- y= 15 y= —2х— 13 
19. -x-y=14 20. lly — Зх = 18 21. —5x + y = —23 
x = 5y — 38 —3x = —16y + 33 -y = 3x— 9 


22. Ж MULTIPLE CHOICE Which ordered pair is a solution of the linear 
system 2x + y = 10 and 3y = 2x + 6? 


7.3 Solve Linear Systems by Adding or Subtracting 


447 


ERROR ANALYSIS Describe and correct the error in finding the value of one 
of the variables in the given linear system. 


23. 5x — 7y = 16 24. Зх — 2y = —3 
=x — 7y = 8 5y = 60 — 3x 

5x — 7y = 16 öx — 2y = —5 

—x — 7y = 8 —3x + by = 60 

4x = 24 Зу = 57 

х= 6 у = 19 


SOLVING LINEAR SYSTEMS Solve the linear system using elimination. 


-x + ły = — Ly — 20 = -€— 
25, —x + SY 19 26. 4* 3) 7 27. 8x > 38 

x= у= 12 Lu 4 2y = n oe ЭЕ 

aX + 3Y 4 4 Y Т 

28. 5.2х + 3.5y = 54 29. 1.3x — Зу = —17.6 30. —2.6x — 3.2у = 4.8 

—3.6х + 3.5у = 10 —1.3х + 4.5у = 25.1 1.9х — 3.2y = —4.2 
31. ax + су = 14 32. 2.7х + 1.5у = 36 33. 4 — 4.8х = L.7y 

2 1 3.5y = 2.7x — 6 12.8 + 1.7y = —13.2x 


34. WRITING AN EQUATION OF A LINE Use the following steps to write an 
equation of the line that passes through the points (1, 2) and (—4, 12). 


a. Write a system of linear equations by substituting 1 for x and 2 for y 
in y = mx + band —4 for x and 12 for y in y = mx + b. 


b. Solve the system of linear equations from part (a). What is the slope 
of the line? What is the y-intercept? 


c. Write an equation of the line that passes through (1, 2) and (—4, 12). 


35. CS GEOMETRY The rectangle has a perimeter 
P of 14 feet, and twice its length / is equal to 1 P=14ft 
less than 4 times its width w. Write and solve 
a system of linear equations to find the length 7 
and the width of the rectangle. 


Ww 


36. Ж SHORT RESPONSE Find the solution of the system of linear equations 
below. Explain your steps. 


х + Зу = 8 Equation 1 
x — 6y = —19 Equation 2 
5x — Зу = —14 Equation 3 


37. CHALLENGE For a = 0, what is the solution of the system ax + 2y = 4 
and ax — Зу = —6? 


38. CHALLENGE Solve for x, y, and zin the system of equations below. 
Explain your steps. 


x + 7y + 3z = 29 Equation 1 
32 + х – 2у = —7 Equation 2 
oy = 10 — 2x Equation 3 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED ф = MULTIPLE 
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 РВОВГЕМ SOLVING 


: — e 
: for Exs. 39—41 


39. ROWING During a practice, a 4 person crew team rows a rowing shell 
upstream (against the current) and then rows the same distance 
downstream (with the current). The shell moves upstream at a speed 
of 4.3 meters per second and downstream at a speed of 4.9 meters per 
second. The speed of the current remains constant. Use the models 
below to write and solve a system of equations to find the average speed 
of the shell in still water and the speed of the current. 


Upstream 
Speed of shell Speed of Speed 
in still water = current = of shell 
Downstream 
Speed of shell Speed of Speed 
in still water + current = of shell 


@Homelutor for problem solving help at classzone.com 


customer is charged a fee x (in dollars) for the oil change plus y dollars 
per quart of oil used. The oil change for the car that requires 5 quarts of 
oil costs $22.45. The oil change for the car that requires 7 quarts of oil 
costs $25.45. Find the fee and the cost per quart of oil. 


@HomelTutor 


40. OIL CHANGE Two cars get an oil change at the same service center. Each 


for problem solving help at classzone.com 


Y 


PHONES Cellular phone ring tones can be monophonic or polyphonic. 
Monophonic ring tones play one tone at a time, and polyphonic ring 
tones play multiple tones at a time. The table shows the ring tones 
downloaded from a website by two customers. Use the information 
to find the cost of a monophonic ring tone and a polyphonic ring 
tone, assuming that all monophonic ring tones cost the same and all 


polyphonic ring tones cost the same. 

LK A A И 
ring tones ring tones (dollars) 

Ue | 1 | а 899 — 


42. es MULTIPLE REPRESENTATIONS For a floral arrangement class, Alicia 
has to create an arrangement of twigs and flowers that has a total of 
9 objects. She has to pay for the twigs and flowers that she uses in her 
arrangement. Each twig costs $1, and each flower costs $3. 


a. Writing a System Alicia spends $15 on the twigs and flowers. Write 
and solve a linear system to find the number of twigs and the number 
of flowers she used. 


b. Making a Table Make a table showing the number of twigs in the 
arrangement and the total cost of the arrangement when the number 
of flowers purchased is 0, 1, 2, 3, 4, or 5. Use the table to check your 
answer to part (a). 
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43. MULTI-STEP PROBLEM On atypical day with light winds, the 1800 mile 
flight from Charlotte, North Carolina, to Phoenix, Arizona, takes longer 
than the return trip because the plane has to fly into the wind. 


N Em Y, d 


a. The flight from Charlotte to Phoenix is 4 hours 30 minutes long, and 
the flight from Phoenix to Charlotte is 4 hours long. Find the average 
speed (in miles per hour) of the airplane on the way to Phoenix and 
on the return trip to Charlotte. 


b. Let s be the speed (in miles per hour) of the plane with no wind, and 
let w be the speed (in miles per hour) of the wind. Use your answer 
to part (a) to write and solve a system of equations to find the speed 
of the plane with no wind and the speed of the wind. 


44. Ж SHORT RESPONSE The students in the graduating classes at the three 
high schools in a school district have to pay for their caps and gowns. 
A cap-and-gown set costs x dollars, and an extra tassel costs y dollars. 
At one high school, students pay $3262 for 215 cap-and-gown sets and 
72 extra tassels. At another high school, students pay $3346 for 221 cap- 
and-gown sets and 72 extra tassels. How much will students at the third 
high school pay for 218 cap-and-gown sets and 56 extra tassels? Explain. 


45. CHALLENGE A clothing manufacturer makes men's dress shirts. For the 
production process, an ideal sleeve length x (in centimeters) for each 
shirt size and an allowable deviation y (in centimeters) from the ideal 
length are established. The deviation is expressed as +y. For a specific 
shirt size, the minimum allowable sleeve length is 62.2 centimeters and 
the maximum allowable sleeve length is 64.8 centimeters. Find the ideal 
sleeve length and the allowable deviation. 


Graph the equation. 
46. x — 5y = —12 (p. 225) 47. —2x + Зу = —15 (p. 225) 
48. y + 9 = —(x + 2) (p. 302) 49. у-4= 4х + 1) (р. 302) 


Solve the linear system by graphing. Check your solution. (р. 427) 


50. y=x-3 51. y=2 52. 2х+у= 6 
= —х +1 2x — 3y = 6x — 2y = —12 
| PREVIEW И С T 
: Prepare tor Find the least common multiple of the pair of numbers. (p. 910) 
: Lesson 7.4 in 
: Exs. 53—55. 53. 9, 12 54. 18, 24 55. 15, 20 
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7 4 Solve Linear Systems 
* * by Multiplying First 


You solved linear systems by adding or subtracting. 
You will solve linear systems by multiplying first. 


So you can solve a problem about preparing food, as in Ex. 39. 


Key Vocabulary In a linear system like the one below, neither variable can be eliminated by 
e least common adding or subtracting the equations. For systems like these, you can multiply 
multiple, p. 910 one or both of the equations by a constant so that adding or subtracting the 


equations will eliminate one variable. 


equivalent to the 
Зх — 4y = 20 ==> 3x – 4y = 20 


5x+2y=16 x2 10x + 4y = 32 | The new systemis 
original system. 


Multiply one equation, then add 


Solve the linear system: бх + 5y = 19 Equation 1 
2x + Зу = 5 Equation 2 


Solution 


STEP? Multiply Equation 2 Бу —3 so that the coefficients of x are opposites. 


6x + 5y = 19 6x + 5y = 19 

| 2х + Зу = 5 mmm —6х—9у=—15 

: sevi rion E. өөө STEP2 Add the equations. —4y = 4 

: You can also multiply 

: Equation 2 by 3 and STEP 3 Solve for y. ye-l 

: subtract the equations. 

i STEP 4 Substitute —1 for y in either of the original equations and solve 

for x. 


2x+3y=5 Write Equation 2. 
2x+3(-1) = 5 Substitute —1 for у. 
2x + (-3) = 5 Multiply. 
2x —8 Subtract —3 from each side. 
x=4 Divide each side by 2. 
» The solution is (4, —1). 


CHECK Substitute 4 for x and —1 for yin each of the original equations. 


Equation 1 Equation 2 

6x + Sy = 19 2x + Зу = 5 

6(4) + 5(—1) = 19 2(4) + 3(—1) 25 
19 = 19 Y 5=5/ 
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MULTIPLYING BOTH EQUATIONS To eliminate one variable when adding or 
subtracting equations in a linear system, you may need to multiply both 
equations by constants. Use the least common multiple of the coefficients of 
one of the variables to determine the constants. 


2x — 9у = 1 x4 —. 8х – 36у = 4 


7x – 12у = 23 x8 —^ 21x- 36y = 69 
ч 


The least common multiple of —9 and —12 is —36. 


[ EXAMPLE 2 ] Multiply both equations, then subtract 


Solve the linear system: 4х + 5у = 35 Equation 1 
2y = 3х – 9 Equation 2 


Solution 
STEP? Arrange the equations so that like terms are in columns. 
4х + 5y = 35 Write Equation 1. 
—3x + 2y = —9 Rewrite Equation 2. 


: ANOTHER WAY 
А ШЕШЕН » STEP2 Multiply Equation 1 by 2 and Equation 2 by 5 so that the coeffcient 


: You can also multiply j "oce i 
: Equation 1 by З and of y in each equation is the least common multiple of 5 and 2, or 10. 


: Equation 2 by 4. 4x+5y=35 x2 > 8х+10у=70 

: Then add the revised 

: equations to eliminate x. —3x + 2y = B x 5 ш —15х + 10у = —45 
STEP 3 Subtract the equations. 239% = 115 
STEP 4 Solve for X. ЛТ КККК ee Y == 5 


STEP 5 Substitute 5 for x in either of the original equations and solve for y. 
4х + 5y = 35 Write Equation 1. 
4(5) + 5y = 35 Substitute 5 for x. 
у= 3З Solve for у. 
» The solution is (5, 3). 
CHECK Substitute 5 for x and 3 for y in each of the original equations. 


Equation 1 Equation 2 
4х + 5у = 35 2y =3x-9 
4(5) + 5(3) = 35 2(3) = 3(5) – 9 
35 = 35 6-6 


LS. _ l З 
(Animated Algebra © at classzone.com 


Y GUIDED PRACTICE for Examples 1 and 2 


Solve the linear system using elimination. 


1. 6х – 2у = 1 2. 2х + 5у = 3 3. 3x — 7у = 5 
—2x + 3y = —5 3x + 10у = —3 9y = 5x + 5 
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* | EXAMPLE 3 | Standardized Test Practice 


Darlene is making a quilt that has alternating stripes of regular quilting 
fabric and sateen fabric. She spends $76 on a total of 16 yards of the 

two fabrics at a fabric store. Which system of equations can be used to 
find the amount x (in yards) of regular quilting fabric and the amount 
y (in yards) of sateen fabric she purchased? 


Sateen fabric costs $6 per yard. 


Quilting fabric costs $4 per yard. 


: ELIMINATE CHOICES 

T I EDD (СА) х+у=16 (В) х+у= 16 

: You can eliminate Aap Ax 4 Gy = 76 

: Choice A because x + y СС ae AE 

: cannot equal both 16 (б) x+y=76 D x+y=16 

: and 76. Ax + бу = 16 6х + 4у = 76 
Solution 


Write a system of equations where x is the number of yards of regular quilting 
fabric purchased and y is the number of yards of sateen fabric purchased. 


Equation 1: Amount of fabric 


Amount Amount Total 
of quilting +  ofsateen = yards of 
fabric fabric fabric 
Y Y Y 

x + у = 16 


Equation 2: Cost of fabric 


Quilting Amount Sateen Amount Total 
fabric price . ofquilting +  fabricprice - ofsateen = cost 
(dollars/yd) fabric (yd) (dollars/yd) fabric (yd) (dollars) 

v w v hd v 

4 . x F 6 . y = 76 
The system of equationsis: x+ y= 16 Equation 1 
4х + бу= 76 Equation 2 


> The correct answer is B. @ © O 


GUIDED PRACTICE for Example З 


4. SOCCER A sports equipment store is having a sale on soccer balls. A 
soccer coach purchases 10 soccer balls and 2 soccer ball bags for $155. 
Another soccer coach purchases 12 soccer balls and 3 soccer ball bags 
for $189. Find the cost of a soccer ball and the cost of a soccer ball bag. 
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CONCEPT SUMMARY For Your Notebook 


оо o US 


Methods for Solving Linear Systems 
Method Example When to Use 


Table (p. 426) When x-values are integers, so that 


equal values can be seen in the table 


Graphing (p. 427) AR Att When you want to see the lines that the 


equations represent 


| Keyed — 
L NX + y=4 ш 
БИРЕР. 

Substitution (p. 435) у= 4 -– 2х When опе equation is already solved 
4x + 2y = 8 for x or y 

Addition (р. 444) 4x + Ту= 15 When the coefficients of one variable 
бх – 7y=5 аге opposites 

Subtraction (р. 445) Зх + 5у = —13 When the coefficients of опе variable 
3x + у= -5 are the same 

Multiplication (p. 451) 9x + 2y = 38 When no corresponding coefficients are 
3x — 5y=7 the same or opposites 


74 EXERCISES EN Ce 
е KEY: on p. WS17 for Exs. 15 and 39 
| Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 18, 34, 41, and 42 


: «0 = MULTIPLE REPRESENTATIONS 
Ex. 40 


' SKILL PRACTICE 


1. VOCABULARY What is the least common multiple of 12 and 18? 


2. ж WRITING Explain how to solve the linear 2х – Зу = —4 Equation 1 


system using the elimination method. 7х + 9у = —5 Equation 2 


: ЕХАМРІЕ 1 SOLVING LINEAR SYSTEMS Solve the linear system using elimination. 


: : on p. 451 


: _ 3. х+у=2 4. 3x-2y=3 5. 4x + 3y= 8 

какы 2x + 7у = 9 -х+у= 1 x —2y = 13 
6. 10x — 9у = 46 7. 8х — 5у = 11 8. 11х — 20у = 28 

—2x + Зу = 10 4х – Зу = 5 Зх + 4у = 36 
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: On p. 452 for 
: Exs. 9-20 


SOLVING LINEAR SYSTEMS Solve the linear system using elimination. 


9. 4х – Зу = 8 10. —2x —5y = 9 11. 7x — 6у = –1 
ox — 2y = -11 3x + Пу = 4 ox — 4у = 1 
12. 7x + Зу = —12 13. 9х — 8y = 4 14. 12x — 7y = -2 
2x + 5y = 38 2x — 3y = —4 —8x + Пу = 14 
(15) 9x + 2у=39 16. —7x + 10y = 11 17. —14x + 15у = 15 
6x + 13y = —9 —8x + 15y = 34 21x — 20y = —10 


18. Ж MULTIPLE CHOICE Which ordered pair is a solution of the linear system 
15x + 8y = 6and 25x + 12y = 14? 


ERROR ANALYSIS Describe and correct the error when solving the linear 

system. 

19. 20. x5 
2x — By = —9 X25 4x — ey = -18 Әх + By = 11 Хь 27% + 24у = 11 
5x — Gy = —9 5x — Gy = —9 7x + Gy =9 xa 28x + 24у = 9 


9x = —27 =% =2 
x=-—3 х= —2 


SOLVING LINEAR SYSTEMS Solve the linear system using апу algebraic 
method. 


21. 3x + 2y = 4 22. Ax — 5y = 18 23. 8x — 9y = —15 


2y = 8 – 5х 3x=y+ 1l —4x = 19 + y 
24. 0.3x + 0.ly = —0.1 25. 4.4x — 3.6y = 7.6 26. 3x — 2y = —20 

—x+y=3 х-у=1 x + 1.2y = 6.4 
27. 0.2x — 1.5y = —1 28. 1.5x — 3.5y = —5 29. 4.9x + 2.4у = 7.4 

x—45y=1 — 1,2 + 2.5y = 1 0.7x + 3.6y = —2.2 
30. x+y=0 31. Зх+у= 1 32. Зх - Зу = -3 

З 5 4 
г г _3y=8 А 
2* — 5 2 2x — 3y 3 px + gy 8 


зз. GS GEOMETRY A rectangle has a perimeter of 18 inches. 
A new rectangle is formed by doubling the width шапа 


tripling the length 4, as shown. The new rectangle has a 
perimeter P of 46 inches. 


a. Write and solve a system of linear equations to find 
the length and width of the original rectangle. 


b. Find the length and width of the new rectangle. 


34. Ж WRITING For which values of a can you solve the linear system 
ax + Зу = 2 апа 4x + 5y = 6 without multiplying first? Explain. 


CHALLENGE Find the values of a and b so that the 
linear system has the given solution. 


35. (4, 2) 


36. (2, 1) 


ах – by=4 
рх — ау = 10 


Equation 1 


Equation 2 
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- PROBLEM SOLVING 


: EXAMPLE 3 37. BOOK SALE A library is having a book sale to raise money. Hardcover 


: on p. 453 books cost $4 each and paperback books cost $2 each. A person spends 
: for Exs. 37-39 $26 for 8 books. How many hardcover books did she purchase? 
_CHomelutor - for problem solving help at classzone.com 


38. MUSIC A website allows users to download individual songs or an entire 
album. All individual songs cost the same to download, and all albums cost 
the same to download. Ryan pays $14.94 to download 5 individual songs and 
1 album. Seth pays $22.95 to download 3 individual songs and 2 albums. 
How much does the website charge to download a song? an entire album? 


| @НотетТиїог ) for problem solving help at classzone.com 


FARM PRODUCTS The table shows the number of apples needed to make 
the apple pies and applesauce sold at a farm store. During a recent apple 
picking at the farm, 169 Granny Smith apples and 95 Golden Delicious 
apples were picked. How many apple pies and batches of applesauce can 
be made if every apple is used? 


Type of apple 
Needed for a pie 0008 | è | 


Needed for a batch of applesauce | «а | 2 | 


40. es MULTIPLE REPRESENTATIONS Tickets for admission to a high school 
football game cost $3 for students and $5 for adults. During one game, 
$2995 was collected from the sale of 729 tickets. 


a. Writing a System Write and solve a system of linear equations to find 
the number of tickets sold to students and the number of tickets sold 
to adults. 


b. Drawing a Graph Graph the system of linear equations. Use the 
graph to determine whether your answer to part (a) is reasonable. 


41. * SHORT RESPONSE А dim sum 

restaurant offers two sizes of dishes: а оа Д CHECK 
small and large. All small dishes 
cost the same and all large dishes 
cost the same. The bills show the 
cost of the food before the tip is 
included. What will 3 small and 
2 large dishes cost before the tip 
is included? Explain. 


Table 


42. MW OPEN-ENDED Describe a 
real-world problem that can be solved 
using a system of linear equations. Then 
solve the problem and explain what the 
solution means in this situation. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED ф = MULTIPLE 
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43. INVESTMENTS Matt invested $2000 in stocks and bonds. This year 
the bonds paid 8% interest, and the stocks paid 6% in dividends. Matt 
received a total of $144 in interest and dividends. How much money did 
he invest in stocks? in bonds? 


44. CHALLENGE You drive a car 45 miles at an average speed r (in miles per 
hour) to reach your destination. Due to traffic, your average speed on the 


return trip is Sr, The round trip took a total of 1 hour 45 minutes. Find the 


average speed for each leg of your trip. 


. MIXED REVIEW | | 


: PREVIEW 


: Prepare for 
: Lesson 7.5 in 
с Exs. 51—52. 


Graph the equation. (pp. 215, 225, 244) 
45. x — 8y = —10 46. —2x + 5y = —15 47. ax 4 ly =8 


48. у=сх—1 49. у = -9x + 2 50. y-1=2x-—7 


Determine which lines are parallel. (p. 244) 


“ори ыа Рр ша | | 
шшш An РЕР ДЕ 
Haaa к ани 


ON S, 
PIPA. мы T 
+ Ы 1 NI 


m NENNEN 
"LAE eo 


Solve the linear system using any method. (pp. 427, 435, 444, 451) 


53. у= 4x — 9 54. y= —2x + 20 55. x + 2y = 0 
y= -8x + 15 y= —6x + 40 -x=y+3 

56. x + 2y = 2 57. 7x — 8y = —15 58. 8x + y=5 
=x + y= -ll 5х + 8y = З —2x + у= 0 


QUIZ for Lessons 7.3-7.4 


Solve the linear system using elimination. (pp. 444, 451) 


1. х+у= 4 2. 2х у= 2 3. х+у= 5 
—3x t y = —8 6x — y = —2 —x+y=-3 
4. x + 3y = —10 5. x + 3y = 10 6. x + 7y = 
—x + 5y = —30 Зх — у = 13 x + 2y = —8 
7. Ax у= 2 8. x+ 3y- 1 9. 3x+y=21 
3x + 2у = 7 5x + 6y = 14 x+y=1 
10. 2x — Зу = —5 11. 7x + 2y = 13 12. ax + 5у = — 
ox + 2y = 16 4х + Зу = ә 
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Lessons 7.1-7.4 
1. MULTI-STEP PROBLEM Flying into the wind, 


a helicopter takes 15 minutes to travel 
15 kilometers. The return flight takes 
12 minutes. The wind speed remains 
constant during the trip. 


a. Find the helicopter's average speed (in 


kilometers per hour) for each leg of the trip. 


b. Write a system of linear equations that 
represents the situation. 


c. What is the helicopter's average speed in 
still air? What is the speed of the wind? 


. SHORT RESPONSE At a grocery store, a 
customer pays a total of $9.70 for 1.8 pounds 
of potato salad and 1.4 pounds of coleslaw. 
Another customer pays a total of $6.55 for 

1 pound of potato salad and 1.2 pounds of 
coleslaw. How much do 2 pounds of potato 
salad and 2 pounds of coleslaw cost? Explain. 


. GRIDDED ANSWER During one day, two 


computers are sold at a computer store. The 
two customers each arrange payment plans 
with the salesperson. The graph shows the 
amount y of money (in dollars) paid for the 
computers after x months. After how many 
months will each customer have paid the 
same amount? 


Chapter 7 Systems of Equations and Inequalities 


MIXED REVIEW of Problem Solving ED, STATE TEST PRACTICE 


3 classzone.com 


4. OPEN-ENDED Describe a real-world problem 


that can be modeled by a linear system. 
Then solve the system and interpret the 
solution in the context of the problem. 


. SHORT RESPONSE А hot air balloon is 


launched at Kirby Park, and it ascends at 

a rate of 7200 feet per hour. At the same 
time, a second hot air balloon is launched 
at Newman Park, and it ascends at a rate of 
4000 feet per hour. Both of the balloons stop 
ascending after 30 minutes. The diagram 
shows the altitude of each park. Are the hot 
air balloons ever at the same height at the 
same time? Explain. 


Not drawn to scale 


. EXTENDED RESPONSE А chemist needs 


500 milliliters of a 2096 acid and 8096 water 
mix for a chemistry experiment. The chemist 
combines x milliliters of a 1096 acid and 

9096 water mix and y milliliters of a 3096 acid 
and 7096 water mix to make the 2096 acid and 
8096 water mix. 


a. Write a linear system that represents the 
situation. 


b. How many milliliters of the 1096 acid 
and 9096 water mix and the 3096 acid and 
7096 water mix are combined to make the 
2096 acid and 8096 water mix? 


c. The chemist also needs 500 milliliters of 
a 1596 acid and 8596 water mix. Does the 
chemist need more of the 1096 acid and 
9096 water mix than the 3096 acid and 
7096 water mix to make this new mix? 
Explain. 


ү o 
| Now ) You will identify the number of solutions of a linear system. 


So you can compare distances traveled, as in Ex. 39. 


Key Vocabulary 


e inconsistent system 


e consistent 
dependent system 


e system of linear 
equations, p. 427 


e parallel, р. 244 


Ф, 
d 


: REVIEW GRAPHING 


: For help with graphing 
: linear equations, see 
: pp. 215, 225, and 244. 


: IDENTIFY TYPES OF 
: SYSTEMS 


: The linear system in 

: Example 1 is called an 
: inconsistent system 

: because the lines do 

: not intersect (are not 
: consistent). 


Solve Special Types of 
Linear Systems 


You found the solution of a linear system. 


A linear system can have no solution or infinitely many solutions. A linear 
system has no solution when the graphs of the equations are parallel. 
A linear system with no solution is called an inconsistent system. 


A linear system has infinitely many solutions when the graphs of the 
equations are the same line. A linear system with infinitely many solutions 
is called a consistent dependent system. 


A linear system with no solution 


Show that the linear system has no solution. 


Зх + 2у = 10 Equation 1 
3x + 2у = 2 Equation 2 


Solution 


mc. e 
Graph the linear system. \ 

axt+ay=2\ М ana 

CLACES LILLE] 


Злу IN | LLLI 
[LIN 2 \3х+2у=10 


» The lines are parallel because they have the same slope but different 
y-intercepts. Parallel lines do not intersect, so the system has no solution. 

METHOD 2 Elimination 

Subtract the equations. 


3x + 2y = 10 
3x + 2у = 2 


0 = 8 <— This is a false statement. 


» The variables are eliminated and you are left with a false statement 
regardless of the values of x and y. This tells you that the system has 
no solution. 


LISAS е A 
Qfnimatea Algebra | at classzone.com 
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e. [ EXAMPLE 2 ] A linear system with infinitely many solutions 


Show that the linear system has infinitely many solutions. 
x — 2у = —4 Equation 1 
ў = 5x + 2 Equation 2 


Solution 
METHOD 1 Graphing 


Graph the linear system. 


BEENEEZESNBF' AE 
"ЕЕЕ ea 
ТТ 


> The equations represent the same line, so any point on the line is a 
solution. So, the linear system has infinitely many solutions. 


METHOD 2 Substitution 


А 1 : | 
== up 
: IDENTIFY TYPES OF Substitute aX 2 for yin Equation 1 and solve for x 


: ino RN x—2y=-4 Write Equation 1. 

: The linear system in 

: Example 2 is called a X 2(1x + 2) = —4 X Substitute Ix + 2 for y. 

: consistent dependent 2 

: system because the -4=-4 Simplify. 

: lines intersect (are | o | | 

: consistent) and the > The variables are eliminated and you are left with a statement that is 

: equations are equivalent | true regardless of the values of x and y. This tells you that the system has 
: (are dependent). infinitely many solutions. 


GUIDED PRACTICE | for Examples 1 and 2 


Tell whether the linear system has no solution or infinitely many solutions. 


Explain. 
1. 5x+3y=6 2. y=2x-4 
—5x — 3y = 3 —6x + 3y = —12 


IDENTIFYING THE NUMBER OF SOLUTIONS When the equations of a linear 
system are written in slope-intercept form, you can identify the number of 
solutions of the system by looking at the slopes and y-intercepts of the lines. 


One solution Different slopes 


, Same slope 
No solution Di | 


ifferent y-intercepts 


Infinitely many solutions 


Same slope 
Same y-intercept 
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| EXAMPLE З | Identify the number of solutions 


Without solving the linear system, tell whether the linear system has one 
solution, no solution, or infinitely many solutions. 


а. 5x + y= –2 Equation 1 b. бх + 2y = 3 Equation 1 
-10x— 2y = 4 Equation 2 6х + 2у = -5 Equation 2 
Solution 
a y=-5x-2 Write Equation 1 in slope-intercept form. 


y=-5bx-2 Write Equation 2 in slope-intercept form. 


» Because the lines have the same slope and the same y-intercept, 
the system has infinitely many solutions. 


b. у = —3x + = Write Equation 1 іп slope-intercept form. 


Write Equation 2 in slope-intercept form. 


» Because the lines have the same slope but different y-intercepts, 
the system has no solution. 


[ EXAMPLE 4 | Write and solve a system of linear equations 


ART An artist wants to sell prints of her 
paintings. She orders a set of prints for each of 
two of her paintings. Each set contains regular 
prints and glossy prints, as shown in the table. 
Find the cost of one glossy print. 


Solution 


STEP? Write a linear system. Let x be the cost (in dollars) of a regular print, 
and let y be the cost (in dollars) of a glossy print. 


45х + 30y =465 Cost of prints for one painting 
15x + 10y = 155 Cost of prints for other painting 


STEP 2 Solve the linear system using elimination. 


45x + 30y = 465 45x + 30y = 465 
15х + 10у = 155 . x(-3) –45х – 30у = —465 
0-0 


* There are infinitely many solutions, so you cannot determine the cost of 
one glossy print. You need more information. 


GUIDED PRACTICE for Examples 3 and 4 


3. Without solving the linear system, tell x— Зу = 15 Equation 1 
whether it has one solution, по solution, 2х – Зу = —18 Equation 2 
ог infinitely many solutions. 


4. WHAT IF? In Example 4, suppose a glossy print costs $3 more than a 
regular print. Find the cost of a glossy print. 
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j- CONCEPT SUMMARY 


Number of Solutions of a Linear System 


One solution 


y 


The lines intersect. 


The lines have 
different slopes. 


75 EXERCISES 


' SKILL PRACTICE 


No solution 


y 


The lines are parallel. 


The lines have the same 
slope and different 
y-intercepts. 


HOMEWORK: 
KEY : O- 


Ж = 


For Your Notebook 


Infinitely many solutions 


y 


The lines coincide. 


The lines have the same 
slope and the same 
y-intercept. 


WORKED-OUT SOLUTIONS 
on p. WS17 for Exs. 11 and 37 


= STANDARDIZED TEST PRACTICE 
Exs. 3, 4, 24, 25, 32, 33, and 40 


1. VOCABULARY Copy and complete: A linear system with no solution is 


called a(n) _? system. 


2. VOCABULARY Copy and complete: A linear system with infinitely many 
solutions is called a(n) _? system. 


3. Ж WRITING Describe the graph of a linear system that has no solution. 


4. Ж WRITING Describe the graph of a linear system that has infinitely 


many solutions. 


INTERPRETING GRAPHS Match the linear system with its graph. Then use 
the graph to tell whether the linear system has one solution, no solution, or 


infinitely many solutions. 


5. x— Зу = —9 
X—y--l 
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7. x+3y=-l 
—2x — 6y = 2 


ОИ 
И a 
TATA 
TT AJIA] 


TA PAE 
ZO 
MA ENNE 


: EXAMPLES INTERPRETING GRAPHS Graph the linear system. Then use the graph to tell 


: land2 — whether the linear system has опе solution, no solution, or infinitely many 
: on pp. 459-460 solutions. 
: for Exs. 8-25 
8. x -y-—2 9. 3x — 4y= 12 10. 3x у= —9 
y--x-5 _3,_3 3x + 5y = —15 
4 
(11) —2х + 2y = -16 12. —9х + 6y = 18 13. —3x + 4y = 12 
3x — 6y = 30 6x — 4y = —12 —3x + 4y = 24 


14. ERROR ANALYSIS Describe and 
correct the error in solving the 
linear system below. 


бу # | | |} | | The lines do not 
pf \ | | intersect, so there 
E 


|| 0 Y | deno solution. 


6x + y = 36 
Br— yc ах 
шишиши UN 
_|+# | tt iy 
SOLVING LINEAR SYSTEMS Solve the linear system using substitution or 
elimination. 
15. 2x + 5y= 14 16. —16x + 2y = -2 17. Зх — 2y = —5 
6x + 7y = 10 у= 8х – 1 4х + 5y = 47 
18. 5х — 5y = —3 19. х- у= 0 20. x —2y = 7 
у= х + 0.6 5х — 2у = 6 —х + 2у = 7 
21. —18х + 6y = 24 22. Ay + 5x = 15 23. 6х + Зу = 9 
3х- у= -2 х = 8у + З 2x + 9y = 27 
24. ж MULTIPLE CHOICE Which of the linear systems has exactly one 
solution? 
dO -х+у=9 -x+y=9 
(С) -x+y=9 (D x-y--9 
25. Ж MULTIPLE CHOICE Which of the linear systems has infinitely many 
solutions? 
СА) 15x + 5y = 20 15x — 5y = 20 
бх —2y = 8 6x — 2y = —8 
(С) 15x — 5y= —20 (DD 15x — 5y = 20 
бх — 2у = 8 6x — 2у = 8 


IDENTIFYING THE NUMBER ОЕ SOLUTIONS Without solving the linear 


: EXAMPLE 3 : в A 
: oH т. i system, tell whether the linear system has one solution, no solution, or 
: for EXS. 26-31 infinitely many solutions. 
26. y= —6x -2 27. у= 7x t 13 28. 4x + 3y = 27 
12x + 2y = —6 —21х + Зу = 39 4x — Зу = —27 
29. 9x — 15y = 24 30. 0.3x + 0.4y = 2.4 31. 0.9x — 2.1y = 12.3 
6x — 10y = 16 0.5x — 0.6y = 0.2 1.5x — 3.5y = 20.5 
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32. ж OPEN-ENDED Write a linear system so that it has infinitely many 
solutions, and one of the equations is y = Зх + 2. 


33. Ж OPEN-ENDED Write a linear system so that it has no solution and 
one of the equations is 7x — 8y = —9. 


34. REASONING Give a counterexample for the following statement: 
If the graphs of the equations of a linear system have the same slope, 
then the linear system has no solution. 


35. CHALLENGE Find values of p, q, and r that produce the solution(s). 
a. No solution 
рх + 4у = т Equation 1 


b. Infinitely many solutions 2x—3y=5 Equation 2 


c. One solution of (4, 1) 


cIA———————————————————— 
'" PROBLEM SOLVING 


: EXAMPLE4 | 36. RECREATION One admission to a roller skating rink costs x dollars and 

: on p. 461 renting a pair of skates costs y dollars. A group pays $243 for admission 

: for Exs. 36-38 for 36 people and 21 skate rentals. Another group pays $81 for admission 
for 12 people and 7 skate rentals. Is there enough information to 


determine the cost of one admission to the roller skating rink? Explain. 
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67) TRANSPORTATION A passenger train travels from New York City to 
Washington, D.C., then back to New York City. The table shows the 
number of coach tickets and business class tickets purchased for each 
leg of the trip. Is there enough information to determine the cost of one 
coach ticket? Explain. 


TT Coach Business class | Money collected 


New York City 170 100 27,280 
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38. PHOTOGRAPHY In addition to taking pictures on your digital camera, 
you can record 30 second movies. All pictures use the same amount of 
memory, and all 30 second movies use the same amount of memory. The 
number of pictures and 30 second movies on 2 memory cards is shown. 


a. Is there enough information given 
to determine the amount of memory 


used by a 30 second movie? Explain. Size of card 
| . (megabytes) 256 
b. Given that a 30 second movie uses 


50 times the amount of memory 


that a digital picture uses, can you 
| (Modes | 7 | æ 
determine the amount of memory 


used by a 30 second movie? Explain. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
A64 on p. WS1 TEST PRACTICE 


39. 


40. 


41. 


MULTI-STEP PROBLEM Two people are 
training for a speed ice-climbing event. 
During a practice climb, one climber starts 
15 seconds after the first climber. The rates 
that the climbers ascend are shown. 


a. Let d be the distance (in feet) traveled by 
a climber £ seconds after the first person 
starts climbing. Write a linear system that 
models the situation. 


b. Graph the linear system from part (a). 
Does the second climber catch up to the 
first climber? Explain. 


Climbs 5 feet 
A. every 15 seconds 


4 al 


Climbs 10 feet 
every 30 seconds 


Ж EXTENDED RESPONSE Two employees at a banquet facility are given 
the task of folding napkins. One person starts folding napkins at a rate of 
5 napkins per minute. The second person starts 10 minutes after the first 
person and folds napkins at a rate of 4 napkins per minute. 


a. Model Let y be the number of napkins folded x minutes after the first 
person starts folding. Write a linear system that models the situation. 


b. Solve Solve the linear system. 


c. Interpret Does the solution of the linear system make sense in the 
context of the problem? Explain. 


CHALLENGE An airplane has an average air speed of 160 miles per 

hour. The airplane takes 3 hours to travel with the wind from Salem to 
Lancaster. The airplane has to travel against the wind on the return trip. 
After 3 hours into the return trip, the airplane is 120 miles from Salem. 
Find the distance from Salem to Lancaster. If the problem cannot be 
solved with the information given, explain why. 


. MIXED REVIEW 1; “А 


: PREVIEW 


: Prepare for 
: Lesson 7.6 in 
: Exs. 46-61. 


Solve the equation, if possible. (p. 154) 


42. 
44. 


61 + 5с= 7 – 4c 43. Зт — 2 = тт — 50 + 8m 
112 + 3 = 10(2z + 3) 45. —6(1 — w) = 14(w — 5) 


Solve the inequality. Then graph your solution. 


46. 


48. 


50. 
52. 
54. 


x + 15 < 23 (p. 356) 47. x — 12 10 (p. 356) 

T> —2.5 (p. 363) 49. —7x < 84 (p. 363) 

2 — 5x > 27 (p. 369) 51. 3x — 9 > 3(x — 3) (p. 369) 
—2 < x + 3 < 11 (p.380) 53. —7 <5 — 2x € 7 (p. 380) 
|x — 3| > 5 (p. 398) 55. 2|2x — 1| — 9 < 1 (p. 398) 


Graph the inequality. (p. 405) 


56. 
59. 


x+y=<-—3 57. x—y21 58. 2x— y<5 
—2% — 3y=9 60. ys —4 61. x>6.5 
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7 6 Solve Systems of 
°™ Linear Inequalities 


You graphed linear inequalities in two variables. 
[ Now ) You will solve systems of linear inequalities in two variables. 
Why So you can find a marching band's competition score, as in Ex. 36. 


Key Vocabulary A system of linear inequalities in two variables, or simply a system of 

• system of linear inequalities, consists of two or more linear inequalities in the same 
inequalities variables. An example is shown. 

«solution of a X—y»7 inequality 1 
system of linear 2X -y«8 Inequality 2 
inequalities 

«graph ofa system А solution of a system of linear inequalities is an ordered pair that is a 
of linear solution of each inequality in the system. For example, (6, —5) is a solution 
inequalities of the system above. The graph of a system of linear inequalities is the 


graph of all solutions of the system. 


i- KEY CONCEPT For Your Notebook 


Graphing a System of Linear Inequalities 


тә 


STEP Т Graph each inequality (as you learned to do in Lesson 6.7). 


STEP 2 Find the intersection of the half-planes. The graph of the system 
is this intersection. 


341.1293]! Graph а system of two linear inequalities 


Graph the system of inequalities. у> —x—2 Inequality 1 
у<3х +6 Inequality 2 


: REVIEW GRAPHING Solution 

: INEQUALITIE ; "— 

XD t мыры ы cJ Graph both inequalities in the same coordinate "mm 
: For help with graphing 


plane. The graph of the system is the intersection 
of the two half-planes, which is shown as the 
darker shade of blue. 


CHECK Choose a point in the dark blue region, 
such as (0, 1). To check this solution, substitute 
0 for x and 1 for y into each inequality. 


130-2 150-46 
1>—2// 1<6Y 


: a linear inequality in 
: two variables, see 
: p. 405. 


EN. - 
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THE SOLUTION REGION In Example 1, the half-plane for each inequality is 
shaded, and the solution region is the intersection of the half-planes. From 
this point on, only the solution region will be shaded. 


( EXAMPLE 2 ] Graph a system of three linear inequalities 


Graph the system of inequalities. у> —1 Inequality 1 
> —2 Inequality 2 
x+2y<4 Inequality З 


Solution 


Graph all three inequalities in the same coordinate plane. The graph of the 
system is the triangular region shown. 


The region is to 
the right of the 
line x = -2. 


The region is on 
and below the 
line x + 2y = 4. 


The region is on 
and above the 
line y = —1. 


СА GUIDED PRACTICE for Examples 1 and 2 


Graph the system of linear inequalities. 


1. у<х—4 Za VENTA 3. y> -x 
yż-x+t3 y<4 у>х— 4 
ses у<5 


| EXAMPLE З | Write a system of linear inequalities 


Write a system of inequalities for the shaded region. 


: REVIEW EQUATIONS | Solution 


e MM. >> INEQUALITY Т: One boundary line for the shaded 


: For ыр iid od ih region is y = 3. Because the shaded region is 

: equation of a line, see piles | P 

: pp. 283, 302, and 311. above the solid line, the inequality is y 2 3. 
INEQUALITY 2: Another boundary line for the 
shaded region has a slope of 2 and a y-intercept 
of 1. So, its equation is y = 2x + 1. Because the 
shaded region is above the dashed line, the 
inequality is y » 2x + 1. 


* The system of inequalities for the shaded region is: 


y23 Inequality 1 
у> 2х + 1 Inequality 2 
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: WRITING SYSTEMS 
: OFINEQUALITIES 


: Consider the values 

: of the variables when 
: writing a system of 

: inequalities. In many 
: real-world problems, 
: the values cannot be 
: negative. 


| EXAMPLE 4 ] Write and solve a system of linear inequalities 


BASEBALL The National Collegiate Athletic Association (NCAA) 
regulates the lengths of aluminum baseball bats used by college 
baseball teams. The NCAA states that the length (in inches) of 
the bat minus the weight (in ounces) of the bat cannot exceed 3. 
Bats can be purchased at lengths from 26 to 34 inches. 


a. Write and graph a system of linear inequalities that 
describes the information given above. 


b. Asporting goods store sells an aluminum bat that is 31 inches 
long and weighs 25 ounces. Use the graph to determine if 
this bat can be used by a player on an NCAA team. 


Solution 


a. Let x be the length (in inches) of the bat, and let y be the weight 
(in ounces) of the bat. From the given information, you can write 
the following inequalities: 


x—ys3 The difference of the bat's length and weight can be at most 3. 


x > 26 The length of the bat must be at least 26 inches. 
х< 34 The length of the bat can be at most 34 inches. 
ZIP >» y20 The weight of the bat cannot be a negative number. 


Graph each inequality in the system. Then y \ A 
identify the region that is common to all of PO FA 
y 


the graphs of the inequalities. This region 
is shaded in the graph shown. HH BAN 
ШИШШИНШЕ ЛЫН Ba 
NENE? ARE NNN 
| | УГ ГЕ 
» Because the point falls outside the үү ү | d l4 
. | 5 E 
solution region, the bat cannot be used Х| ү ll 
by a player on an NCAA team. VA JON IE > 


b. Graph the point that represents a bat that 
is 31 inches long and weighs 25 ounces. 


Y  GUIDEDPRACTKE for Examples 3 and 4 


Write a system of inequalities that defines the shaded region. 


6. WHAT IF? In Example 4, suppose a Senior League (ages 10-14) player 
wants to buy the bat described in part (b). In Senior League, the length 
(in inches) of the bat minus the weight (in ounces) of the bat cannot 
exceed 8. Write and graph a system of inequalities to determine whether 
the described bat can be used by the Senior League player. 
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76 EXERCISES "ow O-womap-ovrsoumone 
ы KEY: on p. WS1 8 for Exs. 13 and 39 
Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 21, 22, 33, and 40 


бип PRACTICE 


1. VOCABULARY Copy and complete: A(n) _? ofa system of linear 
inequalities is an ordered pair that is a solution of each inequality in 
the system. 


2. Ж WRITING Describe the steps you would take to x—y<7 Inequality 1 
graph the system of inequalities shown. y23 Inequality 2 


CHECKING A SOLUTION Tell whether the ordered pair is a solution of the 
system of inequalities. 


3. (1, 1) 4. (0,6) 5. (3, —1) 


. | | | MEN 
SY] D EE Жш 
ll Lt "AEN 
ME EER 
NE  шшЕ 
"Am 


: EXAMPLE 1 MATCHING SYSTEMS AND GRAPHS Match the system of inequalities with 


: on p. 466 its graph. 
ан 6. x — 4y>-8 7. x— 4y>-8 
х>2 EL 
A Plt IL *® PT Г Lia © 
|| шу LL BERRE” 
aT tt PIP "MEN —— 


GRAPHING A SYSTEM Graph the system of inequalities. 


9. x» —5 10. yx 10 11. x>3 
x<2 y26 y>x 
12. y« —2x +3 (13) y20 14. y22x+ 1 
y24 у<4.Әхл— 1 y<-x+4 
15. x<8 16. у>—2 17. y - 2x «? 
x — 4у< —-8 2x + 3y» —6 jc  >==—1 
RN 1 eS 19. x20 20. x + y € 10 
: on p. 467 у> 1 у>0 X—yzA 
: for Exs. 18—21 y2—x-1 6x —y« 12 у>2 


21. Ж MULTIPLE CHOICE Which ordered pair is a solution of the system 
2x — y<5band x + 2y > 2? 
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: ЕХАМРГЕ 2 22. Ж MULTIPLE CHOICE The graph of which 


i : on p. 467 system of inequalities is shown? 
: for EXS. 22-23 Ф) у<2х y<2x 
2x + 3y<6 2х + 3y>6 
© у>2х (DD y>2x 
2x + 3y<6 2x + 3y>6 


23. ERROR ANALYSIS Describe and correct 
the error in graphing this system of 


inequalities: BS ШШ 

ша, ии 

х+у<3 Inequality 1 PAE UN 
x>-—1 Inequality 2 
x<3 Inequality 3 


: EXAMPLE 3 WRITING A SYSTEM Write a system of inequalities for the shaded region. 


: on р. 467 
: for Exs. 24-29 


MENHENNEM 
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GRAPHING A SYSTEM Graph the system of inequalities. 


30. x>4 3l. x+ y<4 32. x € 10 
x«9 +t y>- эх + 2у2 9 
у®2 х-)у<3 x—2ys6 
Уу» —2 х-у>—4 x+ys5 


33. Ж SHORT RESPONSE Does the system of inequalities have any solutions? 
Explain. 


x—y>5 Inequality 1 
x—y«l Inequality 2 
CHALLENGE Write a system of inequalities for the shaded region described. 


34. The shaded region is a rectangle with vertices at (2, 1), (2, 4), (6, 4), and 
(6, 1). 


35. The shaded region is a triangle with vertices at (—3, 0), (3, 2), and (0, —2). 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
470 on p. WS1 TEST PRACTICE 


' PROBLEM SOLVING | 


36. 


3 Eun den acsi ИА 
: for Exs. 36—38 


37. 


38. 


40. 


COMPETITION SCORES In a marching band competition, scoring is based 
on a musical evaluation and a visual evaluation. The musical evaluation 
score cannot exceed 60 points, the visual evaluation score cannot exceed 
40 points. Write and graph a system of inequalities for the scores that a 
marching band can receive. 
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NUTRITION For a hiking trip, you are making a mix of x ounces of 
peanuts and y ounces of chocolate pieces. You want the mix to have less 
than 70 grams of fat and weigh less than 8 ounces. An ounce of peanuts 
has 14 grams of fat, and an ounce of chocolate pieces has 7 grams of fat. 
Write and graph a system of inequalities that models the situation. 


 (QHomelüutor | for problem solving help at classzone.com 


FISHING LIMITS You are fishing in a marina for surfperch and rockfish, 
which are two species of bottomfish. Gaming laws in the marina allow 
you to catch no more than 15 surfperch per day, no more than 10 rockfish 
per day, and no more than 15 total bottomfish per day. 


a. Write and graph a system 
of inequalities that models 
the situation. 


b. Use the graph to determine 
whether you can catch 
11 surfperch and 9 rockfish 
in one day. 


HEALTH A person's maximum heart rate (in beats per minute) is given 
ру 220 — x where x is the person's age in years (20 < x < 65). When 
exercising, a person should aim for a heart rate that is at least 7096 of 
the maximum heart rate and at most 8596 of the maximum heart rate. 


a. Write and graph a system of inequalities that models the situation. 


b. A 40-year-old person's heart rate varies from 104 to 120 beats per 
minute while exercising. Does his heart rate stay in the suggested 
target range for his age? Explain. 


Ж SHORT RESPONSE A photography shop has a self-service photo center 
that allows you to make prints of pictures. Each sheet of printed pictures 
costs $8. The number of pictures that fit on each sheet is shown. 


a. You want at least 16 pictures 
of any size, and you are willing 
to spend up to $48. Write and 


graph a system of inequalities 

that models the situation. d b. d. ' 
b. Will you be able to purchase 

12 pictures that are 3 inches | | 

by 5 inches and 6 pictures d. 

that are 4 inches by 6 inches? Two 4 inch by 6 inch 


Explain. pictures fit on one sheet. 


Four 3 inch by 5 inch 
pictures fit on one sheet. 
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41. CHALLENGE You make necklaces and keychains to sell at a craft fair. The 
table shows the time that it takes to make each necklace and keychain, 
the cost of materials for each necklace and keychain, and the time and 
money that you can devote to making necklaces and keychains. 


"Keychain | available 
Cost to make (dollars) 120 


a. Write and graph a system of inequalities for the number x of 
necklaces and the number y of keychains that you can make under 
the given constraints. 


b. Find the vertices (corner points) of the graph. 


c. You sell each necklace for $10 and each keychain for $8. The revenue 
Ris given by the equation R = 10x + 8y. Find the revenue for each 
ordered pair in part (b). Which vertex results in the maximum revenue? 


Prepare for 
Lesson 8.1 in 
EXS. 42—47. 


Evaluate the expression. 


42. 13x? when x = 2 (p. 8) 43. 64 + 25 when z = 2 (р. 8) 
44. —| —c | - 3? when с = 8 (p.64) 45. —8 + 3y — 16 when y = —6 (p. 88) 
46. ' = a when ш = 5 (p. 103) 47. 21 + Vx when x = 144 (р. 110) 


Use any method to solve the linear system. (pp. 427, 435, 444, 451) 


48. y=4x- 1 49. y = —2x — 6 50. x + 2y = —1 
y= -8x + 23 y= —5x — 12 k=y-2 

51. 4x + y - 0 52. 2X у= —5 53. Зх + 2у = 2 
—x + у= 5 y=-x-5 =3x + y = -11 
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472 


Graph the linear system. Then use the graph to tell whether the linear 
system has one solution, no solution, or infinitely many solutions. (p. 459) 


1..х-у=1 2. 6x + 2y = 16 3. 3x — 3y = -2 
х-у= 6 2х – у = 2 —6x + 6y = 4 


Graph the system of linear inequalities. (р. 466) 


4. x» —3 5. ys2 6. 4x2y 
x<7 y<6x + 2 —X + 4у< 4 
7. х+у<2 8. y23x — 4 9. x» —5 
2x+y>-—3 y<x x<0 
y20 y=-—ox — 15 ys2x+7 
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MIXED REVIEW of Problem Solving | 2 STATE TEST PRACTICE 


Lessons 7.5-7.6 


1. MULTI-STEP PROBLEM A minimum of 
600 bricks and 12 bags of sand are needed 
for a construction job. Each brick weighs 
2 pounds, and each bag of sand weighs 
50 pounds. The maximum weight that a 
delivery truck can carry is 3000 pounds. 


a. Let x be the number of bricks, and let 
y be the number of bags of sand. Write a 
system of linear inequalities that models 
the situation. 


b. Graph the system of inequalities. 


c. Use the graph to determine whether 
700 bricks and 20 bags of sand can be 
delivered in one trip. 


2. MULTI-STEP PROBLEM Dana decides to 
paint the ceiling and the walls of a room. 
She spends $120 on 2 gallons of paint for the 
ceiling and 4 gallons of paint for the walls. 
Then she decides to paint the ceiling and the 
walls of another room using the same kinds of 
paint. She spends $60 for 1 gallon of paint for 
the ceiling and 2 gallons of paint for the walls. 


h a. Write a system of 
| linear equations 
that models the 
situation. 


b. Is there enough 
information given 
to determine the 
cost of one gallon of 
each type of paint? 
Explain. 


с. A gallon of ceiling paint costs $3 more 
than a gallon of wall paint. What is the 
cost of one gallon of each type of paint? 


3. SHORT RESPONSE During a sale at a music 
and video store, all CDs are priced the same 
and all DVDs are priced the same. Karen buys 
4 CDs and 2 DVDs for $78. The next day, while 
the sale is still in progress, Karen goes back 
and buys 2 CDs and 1 DVD for $39. Is there 
enough information to determine the cost of 
1 CD? Explain. 
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4. SHORT RESPONSE Two airport shuttles, 


bus A and bus B, take passengers to the 
airport from the same bus stop. The graph 
shows the distance d (in miles) traveled 
by each bus t hours after bus A leaves the 
station. The distance from the bus stop to 
the airport is 25 miles. If bus A and bus B 
continue at the same rates, will bus B ever 
catch up to bus A? Explain. 


d 
30 


20 


0 1 2! 


5. EXTENDED RESPONSE During the summer, 


you want to earn at least $200 per week. You 
earn $10 per hour working as a lifeguard, and 
you earn $8 per hour working at a retail store. 
You can work at most 30 hours per week. 


a. Write and graph a system of linear 
inequalities that models the situation. 


b. If you work 5 hours per week as a lifeguard 
and 15 hours per week at the retail store, 
will you earn at least $200 per week? 
Explain. 


c. You are scheduled to work 20 hours per 
week at the retail store. What is the range 
of hours you can work as a lifeguard to 
earn at least $200 per week? 


. OPEN-ENDED Describe a real-world situation 


that can be modeled by a system of linear 
inequalities. Then write and graph the 
system of inequalities. 


. GRIDDED ANSWER What is the area (in 


square feet) of the triangular garden defined 
by the system of inequalities below? 


y20 
x20 
4x + 5у< 60 
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Big 


Big 


: BIG IDEAS 


= Solving Linear Systems by Graphing 


One solution 


ә 
o 
њ y y y 
o 
ә 
ә X X X 
“ә 
“ә 
ә 
ə 
E 
ә 


* The lines intersect. 


Method 


No solution 


| Solving Linear Systems Using Algebra 


Procedure 


The lines are parallel. 


CHAPTER SUMMARY 


For Your Notebook 


= The graph of a system of two linear equations tells you how many solutions 
> the system has. 


Infinitely many solutions 


The lines coincide. 


> You can use any of the following algebraic methods to solve a system of linear 
> equations. Sometimes it is easier to use one method instead of another. 


When to use 


Substitution 


Addition 


Solve one equation for x or y. 
Substitute the expression for x 
or y into the other equation. 


Add the equations to eliminate 
х огу. 


When опе equation is 
already solved for x or y 


When the coefficients of 
one variable are opposites 


Subtraction 


Subtract the equations to 
eliminate x or y. 


When the coefficients of 
one variable are the same 


Multiplication 


Multiply one or both equations 
by a constant so that adding or 
subtracting the equations will 
eliminate x or y. 


> Solving Systems of Linear Inequalities 


When no corresponding 
coefficients are the same 
ог opposites 


> The graph of a system of linear inequalities is the intersection of the 
> half-planes of each inequality in the system. For example, the graph of 
> the system of inequalities below is the shaded region. 


x<6 Inequality 1 "EZENNENMEJRGE 
у<2 Inequality 2 ONPE EL] 
2x -3y26 Inequality 3 Cap NIC EEM ig 

Ek. En 


NEENNA ME 
|| | М 
LIE LLLI | WI 
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СНАР ТЕВ REVIEW @Homelutor 


classzone.com 
* Multi-Language Glossary 
* Vocabulary practice 


REVIEW KEY VOCABULARY 


* system of linear equations, p. 427 * inconsistent system, p. 459 • solution of a system of linear 


• solution of a system of linear * consistent dependent inequalities, p. 466 
equations, p. 427 system, p. 459 * graph of a system of linear 
* consistent independent system, * system of linear inequalities, inequalities, p. 466 
р. 427 p. 466 
VOCABULARY EXERCISES 


1. Copy and complete: A(n) ? consists of two or more linear inequalities 
in the same variables. 


2. Copy and complete: A(n) _? consists of two or more linear equations in 
the same variables. 


3. Describe how you would graph a system of two linear inequalities. 


4. Give an example of a consistent dependent system. Explain why the 
system is a consistent dependent system. 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding of 
the concepts you have learned in each lesson of Chapter 7. 


t || Solve Linear Systems by Graphing pp. 427-433 | 


Solve the linear system by graphing. Check your solution. 


у=х—2 Equation 1 
y=-3x+2 Equation 2 


Graph both equations. The lines appear to intersect at 


(1, —1). Check the solution by substituting 1 for x and М, ZA 
—1 for y in each equation. АГА 
P=E=2 | FSA RE 
-121-2 -1 = -3(0 +2 
—1=—1/ —1=—1/ 
| EXERCISES 
: —— Solve the linear system by graphing. Check your solution. 
: on pp. 427-428 | 5. y= —3х + 1 6. у= 3х + 4 7. х+ у= 3 
: for Exs. 5-7 y=x-7 y= —2х — 1 х- у= 5 
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CHAPTER REVIEW 


7.2 Solve Linear Systems by Substitution pp. 435-441 | 


[EXAMPLE 


Solve the linear system: 3x + у = -9 Equation 1 
y=5x+7 Equation 2 
STEP? Substitute 5х + 7 for y in Equation 1 and solve for x. 
3x + y=-9 Write Equation 1. 
3x + 5х+7=—9 Substitute 5x + 7 for y. 
x= 2 Solve for x. 
STEP 2 Substitute —2 for x in Equation 2 to find the value of y. 
y = 5x + 7 = 5(-2) + 7 = -10 + 7 = —3 


> The solution is (—2, —3). Check the solution by substituting —2 for x 
and —3 for y in each of the original equations. 


EXERCISES 
: EXAMPLES Solve the linear system using substitution. 
: 1,2, and 3 
: eecccccc0000900099909 8.y-2x—7 9. х+ 4у= 9 10. 2x + у= —15 
: опрр. 435-437 
for Exs. В-11 x + 2y = х-у=4 y-8x-6 
11. ART Kara spends $16 on tubes of paint and disposable brushes for an 
art project. Each tube of paint costs $3, and each disposable brush costs 
$.50. Kara purchases twice as many brushes as tubes of paint. Find the 
number of brushes and the number of tubes of paint that she purchases. 
(7.3 Solve Linear Systems by Adding or Subtracting pp. 444-450 | 


Solve the linear system: 5х — у = 8 Equation 1 


—5х + 4y = —17 Equation 2 
STEP? Add the equations to 


5х- y=8 
eliminate one variable. —5х + 4y = —17 
3y = —9 
STEP 2 Solve for y. y=-3 


STEP 3 Substitute —3 for y in either equation and solve for x. 
5х-у=8 Write Equation 1. 
5x — (—3)=8 Substitute —3 for y. 
x=1 Solve for x. 


» The solution is (1, —3). Check the solution by substituting 1 for x 
and —3 for y in each of the original equations. 
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: EXAMPLES 

: 1,2, апа з 

: оп pp. 444-445 
: for Exs. 12-17 


: EXAMPLES 


: On pp. 451-452 
: for Exs. 18-24 


(Homelutor 


classzone.com 
Chapter Review Practice 
EXERCISES 
Solve the linear system using elimination. 
12. х + 2у = 13 13. 4x — 5y = 14 14. x + 7y = 12 
x= 2yS i —4x + y= —6 —2x + 7y = 18 
15. 9x — 2y = 34 16. 3x=y+ 1 17. 4y = 11 — Зх 
5x — 2y = 10 2x-y=9 3x + 2y = —5 


CL | Solve Linear Systems by Multiplying First pp. 451-457 | 


Solve the linear system: x — 2y = -7 Equation 1 
3х- у= 4 Equation 2 


STEP 7 Multiply the first equation by —3. 
х-2у=-—7 x E) —3x + 6y = 21 


3х- у= 4 3x— у= 4 
$7ЕР2 Add the equations. 5y = 25 
STEP 3 Solve for y. y=5 


STEP 4 Substitute 5 for y in either of the original equations and solve for x. 
x—2y=-—7 Write Equation 1. 
х— 2(5) = -7 Substitute 5 for y. 
x=3 Solve for x. 
» The solution is (3, 5). 
CHECK Substitute 3 for x and 5 for y in each of the original equations. 


Equation 1 | Equation 2 
x—2y=-7 3x-y=4 
gm 5—7 34) E 
—7=-7TVv 4=4Y 
EXERCISES 
Solve the linear system using elimination. 
18. -x + y= -4 19. x + 6y = 28 20. 3x — 5y = —7 
2% YO 2X — 3y = —19 —4x + 7y = 8 
21. 8x — 7y = —3 22. 5x = Зу — 2 23. 11х = 2у - 1 
6x — 5y = -1 3x + 2y = 14 3y = 10 + 8x 


24. CAR MAINTENANCE You pay $24.50 for 10 gallons of gasoline and 1 quart 
of oil at a gas station. Your friend pays $22 for 8 gallons of the same 
gasoline and 2 quarts of the same oil. Find the cost of 1 quart of oil. 
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: EXAMPLES 
:1,2,апаз — 
: On pp. 459-461 
: for Exs. 25-27 


APTER REVIEW 


Solve Special es of Linear Systems pp. 459-465 


Show that the linear system has no solution. —2x + y= —3 Equation 1 
у= 2х + 1 Equation 2 


Graph the linear system. 


The lines are parallel because they have 

the same slope but different y-intercepts. 
Parallel lines do not intersect, so the system 
has no solution. 


EXERCISES 
Tell whether the linear system has one solution, no solution, or infinitely 
many solutions. Explain. 


25. x=2y-3 26. -x+y=8 27. 4х = 2у +6 
1.5х – 3y = 0 х+8 = у 4х + 2у = 10 


£i 5 | Solve Systems of Linear Inequalities pp. 466-472 | 


: EXAMPLES 

: 1,2,3,and 4 _ 
: On pp. 466-468 
: for Exs. 28—31 


Graph the system of linear inequalities. y«-2x-3 Inequality 1 
pou Inequality 2 


The graph of y < —2x + 3 is the half-plane below | E Вг tt ty 


the dashed line y = —2x + 3. 


The graph of у> x — 3 is the half-plane on and 
above the solid line y = x — 3. 


The graph of the system is the intersection of 


the two half-planes shown as the darker shade m ABI 
сш: E B 
EXERCISES 
Graph the system of linear inequalities. 
28. y«x + 3 28. у= —x— 2 30. y20 
y> —3X— 2 у> 4х + 1 хай 
y<x+4 


31. MOVIE COSTS You receive a $40 gift card to a movie theater. A ticket to a 
matinee movie costs $5, and a ticket to an evening movie costs $8. Write 
and graph a system of inequalities for the number of tickets you can 
purchase using the gift card. 
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CHAPTER TEST 


Solve the linear system by graphing. Check your solution. 


1. 3x-—y=-6 2. —2х+ у= 5 3. у= Ax +4 
x+y=2 x+y= -l 3x + 2y = 12 

4. 5x — 4y = 20 5. x+3y=9 6. 2x + 7y = 14 
x+2y=4 2x-y=4 5x + 7y = —7 


Solve the linear system using substitution. 


7. y-5x—7 8. x-y— 11 9. 3x + y = -19 
—4х + у= –] х- 3у = 1 х-у= 7 

10. 15x + y= 70 11. 3y + x = 17 12. 0.5x+ y =39 
Зх — 2y = —8 x+y=8 1.6x + 0.2y = 13 


Solve the linear system using elimination. 


13. 8x + 3y = —9 14. x — 5y = —3 15. Ax + y= 17 
—8x + у= 29 Зх — 5y = 11 ту = 4х — 9 
16. 3x + 2y = —5 17. Зу= х +5 18. 6x — 5у = 9 
х- у= 10 —3x + 8y = 8 9х — 7y = 15 


Tell whether the linear system has one solution, по solution, or infinitely 
many solutions. 


19. 15x — 3y = 12 20. Ax —y = —4 21. —12x + Зу = 18 
y=ox—-4 —8x + 2у = 2 4x+y=-6 

22. 6x — 7y = 5 23. 3x — 4y = 24 24. 10x — 2y = 14 
—12x + 14у = 10 3x t 4y — 24 15x — 3y = 21 


Graph the system of linear inequalities. 


25. у<2х+2 26. у<3х—2 27. у<3 
ye-x—1l y>x+4 х>—1 
у>3х—3 


28. TRUCK RENTALS Carrie and Dave each rent the same size moving truck 
for one day. They pay a fee of x dollars for the truck and y dollars per mile 
they drive. Carrie drives 150 miles and pays $215. Dave drives 120 miles 
and pays $176. Find the amount of the fee and the cost per mile. 


29. GS GEOMETRY The rectangle has a perimeter P of 
58 inches. The length £ is one more than 3 times the = 
width ш. Write and solve a system of linear equations 
to find the length and width of the rectangle. : 


30. COMMUNITY SERVICE A town committee has a budget of $75 to spend on 
snacks for the volunteers participating in a clean-up day. The committee 
chairperson decides to purchase granola bars and at least 50 bottles of 
water. Granola bars cost $.50 each, and bottles of water cost $.75 each. 
Write and graph a system of linear inequalities for the number of bottles 
of water and the number of granola bars that can be purchased. 
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.. MULTIPLE CHOICE QUESTIONS 


| If you have difficulty solving a multiple choice problem directly, you may be 
| able to use another approach to eliminate incorrect answer choices and obtain 
the correct answer. 


and 2x + 3y = —7? 


2, 1) (1, =з) 


Method 1 


SOLVE DIRECTLY Use substitution to solve the 
| linear system. 


STEP 7 Substitute 5x for y in the equation 
2x + Зу = —7 and solve for x. 


2% + 3y= —7 


| 1) 
| 2x + 325) 7 


AA 
AX + Хх = Т 
| p TRE 
| ш = —7 
- -2 
| STEP 2 Substitute —2 for x in y = ix to find the 
| value of y. 
у= 5х 
-l 
| E zí 2) 


The solution of the system is (—2, —1). 


The correct answer is С. (А) OD 
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| 


Which ordered pair is the solution of the linear system у = 5% 


© (—2, =1) 


1 


D (4, 2) 


Method 2 


ELIMINATE CHOICES Substitute the values 
given in each answer choice for x and y in both 
equations. 


Choice A: (2, 1) 
Substitute 2 for x and 1 for y. 


у= 5х 2х + 3y = —7 
1 2 (2) 2(2) + 3(1) 2—7 
lel 7=-7K 


Choice B: (1, —3) 
Substitute 1 for x and —3 for y. 


_l 
Y~ 5% 
921 
3-5) 
2g 1 
3 2 


Choice С: (-2, —1) 
Substitute —2 for x and —1 for y. 


у= ix 2x + 3y = —7 
12 5 (—2) 2(—2) + 3(—1) 2—7 


The correct answer is С. (А) © Фф) 


is 5. What are the numbers? 


(СА) –5апа4 ] and 6 


Method 1 


SOLVE DIRECTLY Write and solve a system of 
equations for the numbers. 


STEP 1 Write a system of equations. Let x and y 
be the numbers. 
x+y=-l 

х-у= 5 


Equation 1 
Equation 2 


STEP 2 Add the equations to eliminate one 


variable. Then find the value of the other variable. 


x+y=-l 
х-у=5 
2x=4,sox=2 


STEP 3 Substitute 2 for x in Equation 1 and solve 
for y. 


2+y=-l,soy=-3 
The correct answer is С. (А) © 0 


PRACTICE 


The sum of two numbers is —1, and the difference of the two numbers 


© 2and -3 


(D -2and3 


Method 2 


ELIMINATE CHOICES Find the sum and difference 
of each pair of numbers. Because the difference 
is positive, be sure to subtract the lesser number 
from the greater number. 


Choice A: —5 and 4 
Sum: —5 + 4 = -1 Y 
Difference: -5 — 4 = —9 X 


Choice В: 1 and 6 
Sum: 1+6=7 Х 


Сһоїсе С: 2 апа —3 

Sum: 2 + (-3) = -1Y 

Difference: 2 — (3) = 5 и 

The correct answer is С. СА) © Ф) 


Explain why you can eliminate the highlighted answer choice. 


1. The sum of two numbers is -27. One number is twice the other. What are 


the numbers? 


DXOI and 18 —3 and 24 


(С) -18and-9 © -14 and -13 


2. Which ordered pair is a solution of the linear system 5x + 2y = -11 


and x = -iy —4? 


2 (0-0) ec 


СС) (-3, 2) 


(БУХ (23, 213) 


3. Long-sleeve and short-sleeve T-shirts can be purchased at a concert. А 
long-sleeve T-shirt costs $25 and a short-sleeve T-shirt costs $15. During 
a concert, the T-shirt vendor collects $8415 from the sale of 441 T-shirts. 


How many short-sleeve T-shirts were sold? 


(AD 100 a» X180 © 261 


(D> 441 
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MULTIPLE CHOICE 


1. Which ordered pair is the solution of the 
linear system y = 5x + land y= 5х + 4? 


® (3,5) 
© 33 D (0,1) 


2. How many solutions does the linear system 
3x + 5y = 8 and 3x + 5y = 1 have? 


(СА) 0 1 
( 2 D> Infinitely many 


3. The sum of two numbers is —3, and the 
difference of the two numbers is 11. What are 
the numbers? 


(СА) 4and7 —3 and 8 
(С) Запа 14 (D> —7and4 


4. Which ordered pair is the solution of the 
system of linear equations whose graph 


-3-4 


is shown? 
|| 
_ | 
_ a 
SSA 
HR 
Pt | [ы E 
||| ү LT 
| [EL EL E EL LLL. 
панинин 
QD (3, –1) (В) (0, 0) 
© (0, 2) D [—3, 1) 
5. Which ordered pair is the solution of the 
linear system 3x + y = —1 and y = -ix = £9 
do (5—17 (1, 4) 


6. Which ordered pair is a solution of the 
system x + 2y < —2 and y < —3x + 4? 
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7. How many solutions does the system of 
linear equations whose graph is shown have? 


1 
(D> Infinitely many 


СА) 0 
© 2 


8. Ata bakery, one customer pays $5.67 for 
3 bagels and 4 muffins. Another customer 
pays $6.70 for 5 bagels and 3 muffins. 
Which system of equations can be used to 
determine the cost x (in dollars) of one bagel 
and the cost y (in dollars) of one muffin at 


the bakery? 

Ф) x+y=7 y = 3x + 5.67 
х+у=8 y = 5x + 6.7 
© 3x + 4y = 6.7 D) Зх + 4у = 5.67 

5х + 3y = 5.67 5х + 3y = 6.7 


9. The perimeter P (in feet) of each of the two 
rectangles below is given. What are the 
values of / and и? 


P=24ft |wtt 


4 ft (2 + 4) ft 


P= 42 2wft 


(СА) #=7апйш=5 
l=8andw=4 
(СС) /=1llandw=10 
D>) / = 12апаш = 9 


АЎ) STATE TEST PRACTICE 
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GRIDDED ANSWER SHORT RESPONSE 
10. What is the x-coordinate of the solution of 13. Is it possible to find a value for c so that the 


the system whose graph is shown? linear system below has exactly one solution? 
— — Explain. 


5x + Зу = 21 Equation 1 
у = -3y Té Equation 2 
14. Arental car agency charges x dollars per day 
plus y dollars per mile to rent any of the mid- 
sized cars at the agency. The total costs for 
two customers are shown below. 


11. What is the x-coordinate of the solution of 


| Distance | Cost 
(miles) | (dollars) | 


217.50 
148.00 


the system y = ix + 8 and 2x — y= 2? 


12. A science museum charges one amount for 
admission for an adult and a lesser amount 
for admission for a student. Admission to 
the museum for 28 students and 5 adults How much will it cost to rent a mid-sized car 
costs $284. Admission for 40 students and for 5 days and drive 250 miles? Explain. 

10 adults costs $440. What is the admission 
cost (in dollars) for one student? 


EXTENDED RESPONSE 


15. A baseball player's batting average is the number of hits the player has 
divided by the number of at-bats. At the beginning of a game, a player has 
a batting average of .360. During the game, the player gets 3 hits during 
5 at-bats, and his batting average changes to .375. 


a. Write a system of linear equations that represents the situation. 
b. How many at-bats has the player had so far this season? 


c. Another player on the team has a batting average of .240 at the 
beginning of the same game. During the game, he gets З hits during 
5 at-bats, and his batting average changes to .300. Has this player had 
more at-bats so far this season than the other player? Explain. 


16. A gardener combines x fluid ounces of a 20% liquid fertilizer and 
80% water mix with y fluid ounces of a 5% liquid fertilizer and 
95% water mix to make 30 fluid ounces of a 10% liquid fertilizer 
and 90% water mix. 


a. Write a system of linear equations that represents the situation. 
b. Solve the system from part (a). 


c. Suppose the gardener combines pure (100%) water and the 20% liquid 
fertilizer and 80% water mix to make the 30 fluid ounces of the 
10% liquid fertilizer and 90% water mix. Is more of the 20% liquid 
fertilizer and 80% water mix used in this mix than in the original mix? 
Explain. 
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CUMULATIVE REVIEW 


Evaluate the expression. 


1. 27 +2 — 4 + 2 р. 8) 2. 24 + 6 + (9 — 6) (p. 8) 3. 5[(6 — 2)? — 5] (р. 8) 
4. V144 (p. 110) 5. —V2500 (p. 110) 6. +V400 (p. 110) 


Check whether the given number is a solution of the equation or 
inequality. (p. 21) 


7. 7+3x=16;3 8. 2ly+1=1;0 9. 20 — 12h = 12; 1 
10. g- 3>2;5 11. 1024- х; 0 12. 30 — 4p 2 5; 6 


Simplify the expression. 
13. 5(y — 1) + 4 (p. 96) 14. 12w + (w — 2)3 (p. 96) 15. (g — 1)(—4) + 3g (p. 96) 


16. (p. 103) 17. 241 —*X (р, 103) 18. 2222 (р, 103) 


10h — 25 
5 —7 


Solve the equation. 


19. x — 8 = 21 (p. 134) 20. —1 = х + 3 (p. 134) 21. 6x = —42 (p. 134) 

22. & = 8 (p. 134) 23. 5 — 2x = 11 (p. 141) 24. T — 3 = 17 (p. 141) 

25. 3(x — 2) = —15 (р. 148) 26. 3(5x — 7) = 5x — 1 (p. 154) 27. —7(2x — 10) = Ax — 10 
(p. 154) 

Graph the equation. 

28. x + 2y = —8 (p. 225) 29. —2x + 5y = —10 (p. 225) 30. 3x — 4y = 12 (p. 225) 

31. y = 3x — 7 (р. 244) 32. у= x + 6 (p. 244) 33. у= —ix (p. 253) 


Write an equation of the line in slope-intercept form with the given slope 
and y-intercept. (p. 283) 


34. slope: 5 35. slope: —1 36. slope: —7 
y-intercept: —1 y-intercept: 3 y-intercept: 0 

Write an equation in point-slope form of the line that passes through the 

given points. (p. 302) 

37% (1, —10), [{—5,2) 38. (4, 7), (—4, 3) 39. (—0,—2),(—6,8) 


40. Ge 1), (1, —3) 41. (2, 4), (8, 2) 42. (—6, 1), (3, —5) 


Solve the inequality. Then graph your solution. 


43. x — 9 « —13 (p. 356) 44. 8€ x + 7 (p. 356) 45. 8x2 56 (p. 363) 

46. 2 > 7 (р. 363) 47. 1 — 2x < 11 (p. 369) 48. 8» —3x — 1 (p. 369) 
49. 4x — 10 < 7x + 8 (p. 369) 50. 7x — 5 «6x — 4 (p. 369) 51. —4 < 3x — 1 < 5(р. 380) 
52. 3<9 — 2x € 15 (p. 380) 53. |3x| < 15 (p. 398) 54. |4х— 2| > 18 (p. 398) 


Cumulative Review: Chapters 1—7 


Solve the linear system using elimination. (р. 451) 


55. Ax - y - 8 56. 3x — 5у = 5 57. 12х + ту = З 
5x — 2y = —3 x — 5y = —4 8x + 5y = 1 


58. ART PROJECT You are making a tile mosaic on the 
rectangular tabletop shown. A bag of porcelain tiles 
costs $3.95 and covers 36 square inches. How much will 
it cost to buy enough tiles to cover the tabletop? (p. 28) 


24 in. 


30 in. 


59. FOOD The table shows the changes in the price for a dozen grade A, 
large eggs over 4 years. Find the average yearly change to the nearest 
cent in the price for a dozen grade A, large eggs during the period 
1999-2002. (p. 103) 


Change in price for a dozen Е 


60. HONEY PRODUCTION Honeybees visit about 2,000,000 flowers to make 
16 ounces of honey. About how many flowers do honeybees visit to 
make 6 ounces of honey? (p. 168) 


61. MUSIC The table shows the price p (in dollars) for various lengths of 


speaker cable. (p. 253) 
Length, feet 


Price, p (dollars) 12.50 30.00 37.50 


a. Explain why p varies directly with /. 


b. Write a direct variation equation that relates £ and p. 


62. CURRENCY The table shows the exchange rate between the currency of 
Bolivia (bolivianos) and U.S. dollars from 1998 to 2003. (p. 335) 


Year 1998 1999 2000 2001 2002 2003 


a. Find an equation that models the bolivianos per U.S. dollar as a 
function of the number of years since 1998. 


b. Ifthe trend continues, predict the number of bolivianos per 
U.S. dollar in 2010. 


63. BATTERIES A manufacturer of nickel-cadmium batteries recommends 
storing the batteries at temperatures ranging from —20°С to 45°С. Use 
an inequality to describe the temperatures (in degrees Fahrenheit) at 
which the batteries can be stored. (p. 380) 
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Exponents and 


Exponential Functions 


Making Sense | d 
8.1 Apply Exponent Properties Involving Products 


of Chapter 8 
This chapter begins 8.2 Apply Exponent Properties Invólving Quotients 
your study of nonlinear 
relationships. By the 
end of this chapter, 8.4 Use Scientific Notation 
you will be able to 
use properties of 
exponents, and write 
rules for and graph 
exponential functions. 

= 


Previously, you learned the following skills, which you'll use in Chapter 8: 
using exponents, percents, and decimals, and writing function rules. 


8.3 Define and Use Zero and Negative Exponents 


8.5 Write and Graph — Functions 


8.6 Write and Graph Exponential Decay Functions 


VOCABULARY CHECK 


1. Identify the exponent and the base in the expression 138. 


2. Copy and complete: An expression that represents repeated multiplication 
of the same factor is called a(n) *. 


SKILLS CHECK 
Evaluate the expression. (Prerequisite skill for 8.1—8.3) 

3. x“whenx=10 4. aà?whena -3 5. r^whenr- 6. z when z = 5 
Order the numbers from least to greatest. (Prerequisite skill for 8.4) 

7 6.12, 6.2, 6.01 8. 0.073, 0.101, 0.0098 


Write the percent as a decimal. (Prerequisite skill for 8.5 and 8.6) 


9. 4% 10. 0.5% 11. 13.8% 12. 145% 
13. Write a rule for the function. nM | 0 | 1 
Graph the function akc NM 
(Prerequisite skill for 8.5 and 8.6) | Output 2 | 3 


Tutor Prerequisite skills practice at classzone.com 


~~ 


In Chapter 8, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 542. You will also use the key vocabulary listed below. 


Ө Applying properties of exponents to simplify expressions 
©) Working with numbers in scientific notation 
©) writing and graphing exponential functions 


KEY VOCABULARY 
* order of magnitude, p. 497 e exponential function, р. 520 • compound interest, p. 523 
* scientific notation, p. 512 * exponential growth, p. 522 * exponential decay, p. 533 
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You can use exponents to explore exponential growth and decay. For example, 
you can write an exponential function to find the value of a collector car 


over time. 


a > 


L3 


The animation illustrated below for Example 4 on page 522 helps you answer 
this question: If you know the growth rate of the value of a collector car over 
time, can you predict what the car will sell for at an auction? 


Zu. we The owner of a 1953. Hudson Hornet sold the car at an auction. 


С 


Initial value of the саг (а) = 


Growth rate (r) = 


Model: С = a(1 + д)“ 
ae e 
¡pre е ту Again 


! Click c on n the boxes to enter the initial value | E 
| and growth rate. 


ТЕТЯ the value ofthe collector Car over 
| time. 


r 


 frumeseseg at classzone.com 


Other animations for Chapter 8: pages 491, 505, 512, 534, and 536 


їп eebe A CTIVITY Use before Lesson 8.7 


Products and Powers 


MATERIALS · paper and pencil 


Expression Expression as repeated multiplication 


7+. 7? (7.7.7 •7)· (7:7 7+7 •7) 


(4)? • (4)? 164) · (-4)] - 1-4) - (-4) - (-4)] 


xl «x? ? 


STEP 2| Analyze results Find a pattern that relates the exponents of the 
factors in the first column and the exponent of the expression in the 
last column. 


STEP 1| Copy and complete Copy and complete the table. 


multiplication factors 


NN 
Expression Expanded expression Expression as repeated | Number of 


Simplified 
expression 


(53)? (5) . (53) (5.5.5). (5.5.5) б 


(—6)1' [8 - [68 - I-6?1 - [(—6)? ? ? 


(a?) | ? | ? | ? 


STEP 2| Analyze results Find a pattern that relates the exponents of the 


expression in the first column and the exponent of the expression in the 
last column. 


[ Л | 
Ж 


Simplify the expression. Write your answer using exponents. 
і. 6° + 5° 2. (-6)! - (—6)* 3. m9 - т“ 
4. (105)? 5. [(—2)°]* 6. (с2)® 

In Exercises 7 and 8, copy and complete the statement. 


7. If aisa real number and m and п are positive integers, then a” . a” = _? 


8. If ais a real number and m and n are positive integers, then (a”)” = ? . 
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1 Apply Exponent Properties 
* * Involving Products | 


You evaluated exponential expressions. 
You will use properties of exponents involving products. 


So you can evaluate agricultural data, as in Example 5. 


Key Vocabulary Notice what happens when you multiply two powers that have the same base. 
e order of magnitude 5 factors 
* DOWET, p. 3 —— 5 
* exponent, p. 3 а? • а = (аа) • (ааа) = а = аё 
ed — 
* base, p. 3 


2 factors 3 factors 


The example above suggests the following property of exponents, known as 
the product of powers property. 


KEY CONCEPT For Your Notebook 


Product of Powers Property 


Let a be a real number, and let m and n be positive integers. 
Words To multiply powers having the same base, add the exponents. 


Algebra a” + a” = a” +” Example 59.55 = 56+3 = 59 


Use the product of powers property 


: SIMPLIFY 

: atomi T" а. 73. 75 = 73 +5 = 78 

: When simplifying 

: powers with numerical b. 9-98.97 = 9!. 98. 9? 

: bases only, write _gl+8+2 

: your answers using 

: exponents, as in parts = gil 

: (a), (b), and (c). c. (—5)(—5)8 = (—5)! : (—5)® 
= (—5)! +6 
= (5) 

d хо x2 = НЗ у 


GUIDED PRACTICE for Example 1 


Simplify the expression. 


1. 3.3 2. 5,59 3. (—7)?(—7) dx. ox 
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POWER OF А POWER Notice what happens when you raise a power 
to a power. 


25 2 2 


-a aa = (a.a). (аа) · (аа) = а = а 


(а 


The example above suggests the following property of exponents, known as 
the power of a power property. 


KEY CONCEPT For Your Notebook 


Power of a Power Property 

Let a be a real number, and let m and n be positive integers. 
: Words To find a power of a power, multiply exponents. 
: Algebra (a”)” = a” 


: Example (35? = 34°? = 38 


ЄЛ) Use the power of a power property 


: AVOID ERRORS 


: In part (d), notice 

: that you can write 

: (у + JT as (y + 27, 
: but you cannot write 

: (у + 22 as y? + 212. 


а. (2°)? = 2°°3 b. (—6)3]5 = (-6)2*5 
= as - (—6)!0 

с. (7) = х? d. (у + 29? = (у + 2)8°? 
= x? - (y 4. qe 


СА GUIDED PRACTICE | for Example 2 


Simplify the expression. 
5. (42) 6. [(—2)*]? 7. (n3y? 8. [лт + 1)°]* 


POWER ОЕ А PRODUCT Notice what happens when you raise a product 
to a power. 


(ab)? = (ab) • (ab) • (ab) = (a- a » a) • (b-b-+ b) = аі? 


The example above suggests the following property of exponents, known as 
the power of a product property. 


С KEY CONCEPT For Your Notebook 


> Power of a Product Property 
> Let a and b be real numbers, and let m be a positive integer. 


: Words To find a power of a product, find the power of each factor and 
; multiply. 


> Algebra (ab)” = ab” 
: Example (23 + 17)? = 235 . 175 
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Use the power of a product propert 
: SIMPLIFY | EXAMPLE З ] dal p property 


: EXPRESSIONS (24 • 13)8 = 248. 138 


: When simplifying 


3 


: powers with numerical b. (9ху)? = (9. x +. у)? = 9 • х? • y = 8lx y” 
: and variable bases, be iii at dsd qs 
: sure to evaluate the AREY cea A se = De 
: numerical power, as in d. —(4z)* = –— (4 • z)? = – (42 + 22) = -16z 
: parts (b), (о, and (д). 
| EXAMPLE 4 ] Use all three properties 
Simplify (2х3)? - x’. 
(2x3)? e xt = 2°. (33)? e x* Power of a product property 
= 4 e xô e xt Power of a power property 
= 4g" Product of powers property 


(Animatea Algebra at classzone.com 


ORDER OF MAGNITUDE The order of magnitude of a quantity can be defined 
as the power of 10 nearest the quantity. Order of magnitude can be used to 
estimate or perform rough calculations. For instance, there are about 91,000 
species of insects in the United States. The power of 10 closest to 91,000 is 10°, 
or 100,000. So, there are about 10° species of insects in the United States. 


| EXAMPLE 5 ] Solve a real-world problem 


BEES In 2003 the U.S. Department of Agriculture (USDA) 
collected data on about 10° honeybee colonies. There 
are about 10* bees in an average colony during honey 
production season. About how many bees were in the 
USDA study? 


Solution 


To find the total number of bees, find the product 
of the number of colonies, 10°, and the number of 
bees per colony, 10*. 


10? • 10^ = 10? * ^ = 10 
| > The USDA studied about 10’, or 10,000,000, bees. 


r4 GUIDED PRACTICE | for Examples 3, 4, and 5 


Simplify the expression. 
9. (42 • 12)? 10. (—3n)* 11. (9m? n)* 12. 5 • (5x) 


13. WHAT IF? In Example 5, 102 honeybee colonies in the study were located in 
Idaho. About how many bees were studied in Idaho? 
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8.1 EXERCISES "н О-оо 
e KEY: on p. WS18 for Exs. 31 and 55 
Ж - STANDARDIZED TEST PRACTICE 
Exs. 2, 40, 41, 50, and 58 


| os = MULTIPLE REPRESENTATIONS 
Ex. 55 


' SKILL PRACTICE 
| 


1. VOCABULARY Copy and complete: The. ? ofthe quantity 93,534,004 
people is the power of 10 nearest the quantity, or 10? people. 


2. ж WRITING Explain when and how to use the product of powers property. 


: EXAMPLES SIMPLIFYING EXPRESSIONS Simplify the expression. Write your answer 
: 1,2,3, and 4 using exponents. 


p 489-491) 2 42. 48 4. 85.8? 5. 33.3 6. 9-95 
: for Exs. 3-41 
7. (—D)*(-7)? 8. (—6)9(—6) 9. 22.29.2 10. (—3)^(-3)!1(-3) 
11. (35)? 12. (79° 13. [(—5)3]* 14. [(—8)?]? 
15. (15 • 29)? 16. (17, 16)* 17. (132 • 9)® 18. ((—14) • 22)? 


SIMPLIFYING EXPRESSIONS Simplify the expression. 


19. x* • х? 20. у? • y 21. zeze z’ 22. а? аз • а! 
23. (х2)? 24. (y*)® 25. [(b — 2)2]® 26. Ка + 9)'? 
27. (—5x)? 28. —(5x)* 29. (7xy)* 30. (5рд)? 
| (81) (1010)? . x2 32. (-8m5? - m? 33. 6d? - (2d5)* 34. (—20x3)2(—x”) 
35. —(2p5%(-1.5p) 36. Ly ayy 37. (Зу (ау 38. (—10n)*(—4n°)° 


39. ERROR ANALYSIS Describe and correct 
the error in simplifying с • с“ • с. сес? с? =с • с • с? 


= с!°#°° X 
= (20 


40. Ж MULTIPLE CHOICE Which expression is equivalent to (—9)°? 


(А) NC aia" © [Ent O [Ey 
41. Ж MULTIPLE CHOICE Which expression is equivalent to 36x17? 

СА) (6x5) OE OS 
SIMPLIFYING EXPRESSIONS Find the missing exponent. 
42. x «x! = x? 43. (yb)! = у! 44. (22)? = 82% 45. (3a*)' • 2а? = 18a? 


46. POPULATION The population of New York City in 2000 was 8,008,278. 
What was the order of magnitude of the population of New York City? 


SIMPLIFYING EXPRESSIONS Simplify the expression. 
|. 47. (3x2N*(114%y)* 48. —(—xy?z))? (x*yz)* 49. (-2s)(-5r^st)? (-2r'st^)" 


492 Chapter 8 Exponents and Exponential Functions 


50. ж OPEN-ENDED Write three expressions involving products of powers, 
powers of powers, or powers of products that are equivalent to 122°. 


51. CHALLENGE Show that when a and b are real numbers and n is a positive 
integer, (ab)” = a"b". 


r 
PROBLEM SOLVING 


: EXAMPLE5 | 52. ICE CREAM COMPOSITION There are about 954,930 air bubbles in 1 cubic 
: on p. 491 centimeter of ice cream. There are about 946 cubic centimeters in 1 quart. 
: for Exs. 52-56 Use order of magnitude to find the approximate number of air bubbles in 


1 quart of ice cream. 


 HomeTlutor Э, for problem solving help at classzone.com 


53. ASTRONOMY The order of magnitude of the radius of our solar system is 
101% meters. The order of magnitude of the radius of the visible universe is 
10P times as great. Find the approximate radius of the visible universe. 


 QHomeTutor > for problem solving help at classzone.com 


54. COASTAL LANDSLIDE There are about 1 billion grains of sand in 1 cubic 
foot of sand. In 1995 a stretch of beach at Sleeping Bear Dunes National 
Lakeshore in Michigan slid into Lake Michigan. Scientists believe that 
around 35 million cubic feet of sand fell into the lake. Use order of 
magnitude to find about how many grains of sand slid into the lake. 


(65) e MULTIPLE REPRESENTATIONS There are about 10% atoms of gold in 
1 ounce of gold. 


a. Making a Table Copy and complete the table by finding the number 
of atoms of gold for the given amounts of gold (in ounces). 


1000 10,000 100,000 


‚|, |, 


b. Writing an Expression A particular mine in California extracted 
about 96,000 ounces of gold in 1 year. Use order of magnitude to 
write an expression you can use to find the approximate number 
of atoms of gold extracted in the mine that year. Simplify the 
expression. Verify your answer using the table. 

56. MULTI-STEP PROBLEM A microscope has two lenses, Eyepiece 4, 

the objective lens and the eyepiece, that work together i 

to magnify an object. The total magnification of the 


microscope is the product of the magnification ofthe Objective 
objective lens and the magnification of the eyepiece. lens 


a. Your microscope’s objective lens magnifies an object 
10° times, and the eyepiece magnifies an object 10 times. 
What is the total magnification of your microscope? 


b. You magnify an object that is 10° nanometers long. 
How long is the magnified image? 


8.1 Apply Exponent Properties Involving Products 493 


57. VOLUME OF THE SUN The radius of the sun is about 695,000,000 meters. 


The formula for the volume of a sphere, such as the sun, is V = imr. 


Because the order of magnitude of ат is 1, it does пої contribute to the 


formula in a significant way. So, you can find the order of magnitude of 
the volume of the sun by cubing its radius. Find the order of magnitude of 
the volume of the sun. 


58. MW EXTENDED RESPONSE Rock salt can be mined 
from large deposits of salt called salt domes. A 
particular salt dome is roughly cylindrical in 
shape. The order of magnitude of the radius of 
the salt dome is 10* feet. The order of magnitude 
of the height of the salt dome is about 10 times 
that of its radius. The formula for the volume of 
a cylinder is V = nr*h. 


a. Calculate What is the order of magnitude 
of the height of the salt dome? 


b. Calculate What is the order of magnitude 
of the volume of the salt dome? 


c. Explain The order of magnitude of the radius of a salt dome can be 
10 times the radius of the salt dome described in this exercise. What 
effect does multiplying the order of magnitude of the radius of the 
salt dome by 10 have on the volume of the salt dome? Explain. 


59. CHALLENGE Your school is conducting a poll that has two parts, one part 
that has 13 questions and a second part that has 10 questions. Students 
can answer the questions in either part with “agree” or “disagree.” 

What power of 2 represents the number of ways there are to answer the 
questions in the first part of the poll? What power of 2 represents the 
number of ways there are to answer the questions in the second part of 
the poll? What power of 2 represents the number of ways there are to 
answer all of the questions on the poll? 


: PREVIEW Find the product. (p. 88) 

: Prepare for lV 4 2\/7 6\/ 3 

‘Lesson 82in | 60. (21-5 ө. |—5 1 62. (—5)(—$) 

: Exs. 60—65. 
Evaluate the expression for the given value of the variable. (р. 2) 
63. x*whenx=3 64. х? when x = —2.2 65. х when x = = 
Graph the equation ог inequality. 
66. y = —4 (p. 215) 67. 3x — y = 15 (p. 225) 68. 7x — 6y = 84 (p. 225) 
69. y = —5x + 3 (p. 244) 70. у= 5x — 5 (p. 244) 71. x2 —3 (p. 405) 
72. y « 1.5 (p. 405) 73. x + y < 7 (p. 405) 74. 2х — y « 3 (p. 405) 
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8 2 Apply Exponent Properties 
* ^" Involving Quotients 


You used properties of exponents involving products. 


QUEUE You wil use properties of exponents involving quotients. 
So you can compare magnitudes of earthquakes, as in Ex. 53. 


Key Vocabulary Notice what happens when you divide powers with the same base. 

* power, p. 3 о -a-áÁ- de. — 

ex а .a-a-deded — qe q= g = а? 9 
ponent, p. 3 E ЖҮ ЛҮ; 

* base, p. 3 


The example above suggests the following property of exponents, known as 
the quotient of powers property. 


KEY CONCEPT For Your Notebook 


Quotient of Powers Property 


Let a be a nonzero real number, and let m and n be positive integers such 
that m>n. 


Words To divide powers having the same base, subtract exponents. 


m 7 
Algebra = =a"~",a#0 Example Zz =4 A 


Use the quotient of powers property 


10 
: SIMPLIFY аво = (=3)973 
: EXPRESSIONS 8 (—3) 
: When simplifying = 86 = (—3)6 
: powers with numerical 
: bases only, write " 55.58 _ 512 al. x 
: your answers using '" 568 mg Ud A 
: exponents, as in parts — - 
: (а), (b), and (о). = 5 = х 
= 5° =x 


GUIDED PRACTICE for Example 1 


Simplify the expression. 
o! (—4)° 1 
° 65 À (—4)2 À 92 y? 
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POWER ОЕ A QUOTIENT Notice what happens when you raise a quotient to 
a power. 


The example above suggests the following property of exponents, known as 
the power of a quotient property. 


KEY CONCEPT For Your Notebook 


Power of a Quotient Property 


Let a and b be real numbers with b + 0, and let m be a positive integer. 


Words To find a power of a quotient, find the power of the numerator and 
the power of the denominator and divide. 


Algebra A a^. pu. 


p) pm" 
37 8 
Example (5) = 57 


: SIMPLIFY 


: | 3 2 32 72 
: EXPRESSIONS | a. 5| = b. (2) 8 (=?) = — = 
: When simplifying | y 
: powers with numerical 
: and variable bases, 
: evaluate the " 
numerical роне, (ARTES) use properties of exponents 
: as in part (b). | 
3 3 
t = (ary Power of a quotient property 
оу (5у) 
43. (х2)? 
— Power of a product propert 
y p property 
_ 64x" Power of a power property 
125y° 
25 (а2)5 1 
Б. El. „—— Power of a quotient propert 
b 2 D 2a ч тире 
a" 1 f 
= ° Power of a power propert 
le: p property 
an Multiply fracti 
= ulti ractions. 
2a?b? д 
аё А 
= » Quotient of powers property 
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r4 GUIDED PRACTICE | for Examples 2 and 3 


Simplify the expression. 


s. (87-06 
| EXAMPLE 4 ] Solve a multi-step problem 


FRACTAL TREE To construct what is known as a fractal tree, begin with a 
single segment (the trunk) that is 1 unit long, as in Step 0. Add three shorter 


1 


segments that аге 2 unit long to form the first set of branches, as in Step 1. 


Then continue adding sets of successively shorter branches so that each new 
set of branches is half the length of the previous set, as in Steps 2 and 3. 


Í 


Step 0 Step 1 Step 2 Step 3 


a. Make a table showing the number of new branches at each step for 
Steps 1—4. Write the number of new branches as a power of 3. 


b. How many times greater is the number of new branches added at Step 5 
than the number of new branches added at Step 2? 


Solution 


Number of new branches 


b. The number of new branches added at Step 5 is 3°. The number of new 
branches added at Step 2 is 3*. So, the number of new branches added at 


5 
Step 5 is = = 3° = 27 times the number of new branches added at Step 2. 


r4 GUIDED PRACTICE | for Example 4 


9. FRACTAL TREE In Example 4, add a column to the table for the length of 
the new branches at each step. Write the lengths of the new branches as 


powers of > What is the length of a new branch added at Step 9? 
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| EXAMPLE 5 | Solve a real-world problem 


ASTRONOMY The luminosity (in watts) of a star is the 
total amount of energy emitted from the star per unit 
of time. The order of magnitude of the luminosity of 
the sun is 10% watts. The star Canopus is one of the 
brightest stars in the sky. The order of magnitude of 
the luminosity of Canopus is 10°° watts. How many 
times more luminous is Canopus than the sun? 


Solution 


Canopus 


Luminosity of Canopus (watts) _ 193° 


= = 1030 - 26 = 104 
Luminosity of the sun (watts) 1026 


> Canopus is about 10* times as luminous as the sun. 


GUIDED PRACTICE for Example 5 


10. WHAT IF? Sirius is considered the brightest star in the sky. Sirius is less 
luminous than Canopus, but Sirius appears to be brighter because it is 
much closer to Earth. The order of magnitude of the luminosity of Sirius 
is 10% watts. How many times more luminous is Canopus than Sirius? 


on p. WS18 for Exs. 33 and 51 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 19, 37, 46, and 54 
©, 


: «9 = MULTIPLE REPRESENTATIONS 
Ex. 49 


8.2 EXERC ISES KEY С) = WORKED-OUT SOLUTIONS 


" SKILL PRACTICE | 


1. VOCABULARY Copy and complete: In the power 4°, 4isthe_?_and 3 is 
the_? . 


2. * WRITING Explain when and how to use the quotient of powers 
property. 


: EXAMPLES SIMPLIFYING EXPRESSIONS Simplify the expression. Write your answer 
: Tand2 using exponents. 


: оп рр. 495—496 


e 6 11 9 —6 8 
: for Exs. 3-20 з. 2. 4. 2— 5. З. e. ! j 
2 2 3 (-6) 
_ay _19)9 5.105 7.4 
7 (—4) 8 (—12) 9. 10 10. 6*6 
(—4)* (12) 10 66 
iP зү 1-5) aj 
11. (2) 12. B 13. (—> м. (—2 
15. 7. L 16. 1 . 91 17 pi “= 18. 4°. (1 
° 72 ° 9° ° 3 ° 4 
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: EXAMPLES 

: 1,2,and з 

: on pp. 495-496 
: for Exs. 21-37 


19. Ж MULTIPLE CHOICE Which expression is equivalent to 16°? 


16” e mj 
qo 1 | 16 ig O li D li 
20. ERROR ANALYSIS Describe and correct A 
5.03 9" _9 _ o2 
the error in simplifying ч : E o^ o^ и 4 
SIMPLIFYING EXPRESSIONS Simplify the expression. 
111 
1, ys в„1 a? J 
1. y 22. 2.1, 23. B 24. | А 
р a? _4 _а\ 
25. EJ 26. (-1) 27. |- ay 28. | a) 
7\5 5\3 
2. (22) 30. |Z a. || ga, [2 
d 2b 3y? ту? 
2 3 413 2 42 
DIES „1 34. = el as, 2. |m se. (5). [2x 
2у] x y 6x? Вт? n x y 
2 
37. Ж MULTIPLE CHOICE Which expression is equivalent to a | ? 
у 
ré 49x? 49x 
В) 7x a 49x 
ES o O 25 a» ^9 
SIMPLIFYING EXPRESSIONS Find the missing exponent. 
(—8)'  , 3 TT _ ob ] ,?. 9 2! — 16c!? 
38. A 8) 39. са = ИЕ 41. di = y: 
SIMPLIFYING EXPRESSIONS Simplify the expression. 
m ГЕ 43, 2S9. , (8903 2т°п\? (т? д. D yx 
3fg soos 4m* on x oy 


46. * OPEN-ENDED Write three expressions involving quotients that 
are equivalent to 14’. 


47. REASONING Name the definition or property that justifies each step to 


а!" 1 
show that — = —— for т <и. 
a a 
Let 7n < n. Given 
ES 
a” _ ar a” 2 
g а"| 1 | 
а" 
_ 1 2 
em | 
ат 
_ 1 2 
gh m ——. 


X 
48. CHALLENGE Find the values of x and y if you know that p = р? and 
рх. b? й 
p 


= РЗ, Explain how you found your answer. 


8.2 Apply Exponent Properties Involving Quotients 


499 


: EXAMPLES 49. e MULTIPLE REPRESENTATIONS Draw a square with side lengths that 


: 4and5  — are 1 unit long. Divide it into four new squares with side lengths that are 
: on pp. 497-498 one half the side length of the original square, as shown in Step 1. Keep 
: for EXs. 49—51 dividing the squares into new squares, as shown in Steps 2 and 3. 


Step 0 Step 1 Step 2 


a. Making a Table Make a table showing the number of new squares 
and the side length of a new square at each step for Steps 1-4. Write 
the number of new squares as a power of 4. Write the side length of a 


new square as a power of > 


b. Writing an Expression Write and simplify an expression to find by how 
many times the number of new squares increased from Step 2 to Step 4. 


@Homelutor | for problem solving help at classzone.com 


50. GROSS DOMESTIC PRODUCT In 2003 the gross domestic product (GDP) 
for the United States was about 11 trillion dollars, and the order of 
magnitude of the population of the U.S. was 10°. Use order of magnitude 
to find the approximate per capita (per person) GDP. 


@Homelutor | for problem solving help at classzone.com 


(51) SPACE TRAVEL Alpha Centauri is the closest star system to Earth. Alpha 
Centauri is about 10! kilometers away from Earth. A spacecraft leaves 
Earth and travels at an average speed of 10* meters per second. About 
how many years would it take the spacecraft to reach Alpha Centauri? 


52. ASTRONOMY The brightness of one star 
relative to another star can be measured *-« Polaris 
by comparing the magnitudes of the stars. (magnitude 2) 
For every increase in magnitude of 1, the 
relative brightness is diminished by a 
factor of 2.512. For instance, a star of 
magnitude 8 is 2.512 times less bright 
than a star of magnitude 7. 


Eta Ursae > 
The constellation Ursa Minor (the Little Minoris 

Dipper) is shown. How many times less (magnitude 5) 
bright is Eta Ursae Minoris than Polaris? 


53. EARTHQUAKES The energy released by one earthquake relative to 
another earthquake can be measured by comparing the magnitudes (as 
determined by the Richter scale) of the earthquakes. For every increase 
of 1 in magnitude, the energy released is multiplied by a factor of about 
31. How many times greater is the energy released by an earthquake of 
magnitude 7 than the energy released by an earthquake of magnitude 4? 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED = MULTIPLE 
500 on p. WS1 TEST PRACTICE REPRESENTATIONS 


54. ж EXTENDED RESPONSE A byte is a unit used to measure computer 
memory. Other units are based on the number of bytes they represent. 
The table shows the number of bytes in certain units. For example, from 
the table you can calculate that 1 terabyte is equivalent to 2? gigabytes. 


a. Calculate How many kilobytes are there in 
1 terabyte? Unit — Number of bytes 
b. Calculate How many megabytes are there in Kilobyte EN GEN 
c. CHALLENGE Another unit used to measure ыт б] 
computer memory is a bit. There are 8 bits gaby 
in a byte. Explain how you can convert the Terabyte | O M, | 
number of bytes per unit given in the table веі oo m 
to the number of bits per unit. y 


MIXED REVIEW - | —— | 


: PREVIEW 


: Prepare for 
: Lesson 8.3 in 
: Exs. 55—60. 


Solve the equation. Check your solution. (p. 134) 


55. Šk = 9 56. == —4 57. —£y = 14 
58. 2y 35 59. -Lz = 60. -5z = —3 


Write an equation of the line that passes through the given points. (p. 292) 
61. 2, 1), (0, —5) 62. (0, 3), (4, 1) 63. (0, —3), (7, E 


| 64. (4, 3), (5, 6) 65. (4, 1), (72, 4) 66. (—1, —3), (+3, 1) 


_ QUIZ for Lessons 8.1-8.2 


Simplify the expression. Write your answer using exponents. 


1. 32 • 39 (p. 489) 2. (55)? (p. 489) 3. (32. 14)” (p. 489) 
2 6 9 T 

4. 72 • 78 • 7 (p. 489) 5. (—4)(—4)? (р. 489) 6. p 495) 

т, Y (р, 495) в. 3*3 9 PE 495) 

pu р. E eu) @ 


Simplify the expression. 


10. x^ • x? (p. 489) 11. (3x?)* (p. 489) 12. —(7x)* (p. 489) 
13. (63)? - x (p. 489) 14. (232) (7x7)? (p. 489) 15. =, - x?! (p, 495) 
X 
2 
16. (ay (p. 495) 17. ar (p. 495) 18. (=| (p.495) 


19. AGRICULTURE In 2004 the order of magnitude of the number of pounds of 
oranges produced in the United States was 101”. The order of magnitude of 
the number of acres used for growing oranges was 109. About how many 
pounds of oranges per acre were produced in the United States in 2004? 

(p. 495) 
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їп берги A CTIVITY Use before Lesson 8.3 


Zero and Negative Exponents 


MATERIALS : paper and pencil 


STEP T | Find a pattern 


Copy and complete the tables for the powers of 2 and 3. 


Exponent,n | Value of 2” Exponent,n | Value of 3" 


As you read the tables from the bottom up, you see that each time the 
exponent is increased by 1, the value of the power is multiplied by the base. 
What can you say about the exponents and the values of the powers as you 
read the table from the top down? 


STEP 2| Extend the pattern 
Copy and complete the tables using the pattern you observed in Step 1. 
Exponent,n | Power, 2” Exponent,n | Power, 3” 
27 


? 


1. Find 2” and 3” for n = —3, —4, and —5. 
2. What appears to be the value of a? for any nonzero number a? 


3. Write each power in the tables above as a power with a positive 


1 


exponent. For example, you can write 3 ! as —. 
3l 
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Define and Use Zero and 


= Negative Exponents 


Key Vocabulary 
ereciprocal, p. 915 


: SIMPLIFY 
: EXPRESSIONS 


: In this lesson, when 
: simplifying powers 
: with numerical bases, 


: evaluate the numerical 


: power. 


You used properties of exponents to simplify expressions. 
You will use zero and negative exponents. 


So you can compare masses, as in Ex. 52. 


In the activity, you saw what happens when you raise a number to a zero or 
negative exponent. The activity suggests the following definitions. 


KEY CONCEPT For Your Notebook 


Definition of Zero and Negative Exponents 


Words Algebra Example 
ato the zero power is 1. a?=1,a+0 5° = 

a "is the reciprocal of a”. й = x а=0 2—1 = i 
а” is the reciprocal of a”. q” = а=0 2 = 4 


a. 3? = = Definition of negative exponents 
= 5 Evaluate power. 
b. (—7)9=1 Definition of zero exponent 
1y2_ 1 те 
С. (5) “лу Definition of negative exponents 
5) 
= i Evaluate power. 
25 


— 25 Simplify by multiplying numerator and denominator by 25. 


d. 0? = (Undefined) a "is defined only for a nonzero number a. 


GUIDED PRACTICE for Example 1 


Evaluate the expression. 


2. (-8) * A. (—1)° 


8.3 Define and Use Zero and Negative Exponents 


PROPERTIES ОЕ EXPONENTS The properties of exponents you learned in 
Lessons 8.1 and 8.2 can be used with negative or zero exponents. 


KEY CONCEPT For Your Notebook 


Properties of Exponents 


Let a and b be real numbers, and let m and n be integers. 


аъды Product of powers property 
н ш Power of a power property 
(ab)" = a™b™ Power of a product property 
a” т-п . 

= ,a#0 Quotient of powers property 
a _ a” i 

n = рт р+ 0 Power of a quotient property 


а. 6 •6= 64714 . Product of powers property 


= 6° Add exponents. 
=] Definition of zero exponent 
baer —=4—®*^ Power of a power property 
=4 > Multiply exponents. 
= m Definition of negative exponents 
o 1 
= 256 Evaluate power. 
C. l "dm 31 Definition of negative exponents 
— 8l Evaluate power. 
-1 
d. ub mg Quotient of powers property 
= 6 * Subtract exponents. 
= a Definition of negative exponents 
= 5 Evaluate power. 
for Example 2 


5, 1_ 6. (573) 71 7. (—3)5.(—3)-5 8.6 
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| EXAMPLE З | Use properties of exponents 


Simplify the expression. Write your answer using only positive exponents. 


a. (2xy 9 = 23 e x’ • (y 9% Power of a product property 


= Bex. y" Power of a power property 
_ 8 — ' 
ae efinition of negative exponents 
у 
(2x) 2y? y? -— 
kh A а AA Definition of negative exponents 
—4x^y. | (2x)*(—4x*y*) 
y 
= AAA Power of a product property 
y 
= ete Product of powers property 
y 
= — TE Quotient of powers property 
x 
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* ( EXAMPLE 4 | Standardized Test Practice 


The order of magnitude of the mass of a 
polyphemus moth larva when it hatches is 

10 ? gram. During the first 56 days of its life, 
the moth larva can eat about 10? times its own 
mass in food. About how many grams of food 
can the moth larva eat during its first 56 days? 


QD 10 P gram 0.00000001 gram 
(C) 100grams (D) 10,000,000 grams 


Not to scale 


Solution 


To find the amount of food the moth larva can eat in the first 

56 days of its life, multiply its original mass, 107°, by 10°. 

10° » 107° = 10° + * 9 = 10° = 100 

The moth larva can eat about 100 grams of food in the first 56 days of its life. 
> The correct answer is C. ® © D 


Y | GUIDEDPRACTICE — for Examples 3 and 4 
| y 
Ay Write your answer using only positive 
y 


А : "m 

9. Simplify the expression 
exponents. d 
10. SCIENCE The order of magnitude of the mass of a proton is 10* times 


greater than the order of magnitude of the mass of an electron, which 
is 10 ^7 gram. Find the order of magnitude of the mass of a proton. 
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8.3 EXERCISES "т cos 
o KEY: on p. WS19 for Exs. 11 and 53 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 44, 45, 54, and 57 


i e = MULTIPLE REPRESENTATIONS 
i Ex. 55 


' SKILL PRACTICE 


1. VOCABULARY Which definitions or properties would you use to simplify 
the expression 3? • 3 ?? Explain. 


2. ж WRITING Explain why the expression 0 * is undefined. 


: EXAMPLE 1 | EVALUATING EXPRESSIONS Evaluate the expression. 


jon E " 3. 43 4. 7? 5. (-3) 1 6. (-2) © 
: TOT EXS. 5— 
| Ju j hif 
7.2 8. (4) 9. (3) 10. (= 
| 2\~ GN -8 -2 
G1) (2) 12. (2 13. 0 14. 0 
: EXAMPLE2 | 15.2%.2>* 16. 7 9. 7* I0. By 18. (3 2)? 
: on р. 504 -3 -3 
: for Exs. 15-27 | 19. + 20. 1. uu E 7 8 
37 6 3 6 
зү 27 NEN 2,(5 
2з. 43 24. 16 | 25. 6 Tm 26. 3 a 


27. ERROR ANALYSIS Describe and 
correct the error in evaluating -6:3=-6-0 
the expression —6 • 3°. 


: EXAMPLE 3 SIMPLIFYING EXPRESSIONS Simplify the expression. Write your answer 


: on p. 505 using only positive exponents. 
i IOT EKE. ME UN „4 29. 2y 2 30. (4g) ? 31. lim)? 
32. x^y З 33. 5m "n ^ 34. (6x ^y) ? 35. (-15fg^))? 
—2 —5 
36. — 7. 38. —_1— 39. —_1 
g” ў ау" 15x108 
3 —3, 4 12 8,,—7 
40. —l — а. — — аз, 2 аз, E 
(-22) (3d) -xy (ax ?y 6) 


44. ж MULTIPLE CHOICE Which expression simplifies to 2x*? 


D 2x 4 32 O 1 D 8 


(2x) 4 2x4 4x4 


45. Ж MULTIPLE CHOICE Which expression is equivalent to (—4 • 2° - 3) 2? 


Ф) -12 O ——,; © 0 DO чү 
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| 


CHALLENGE In Exercises 46-48, tell whether the statement is true for all 
nonzero values of a and b. If it is not true, give a counterexample. 
—3 1 b 


46. @— = 47. L = 


1 р 1 
at а b! a 


48. аі + рі = —— 
a+b 


49. CHALLENGE Compare the values of a” and a " when n < 0, when n = 0, 
and when л > 0 for (a) a» 1 and (D) 0 «a « 1. Explain your reasoning. 


: a eos i 
: for Exs. 50-54 


50. MASS The mass of a grain of salt is about 10 ^ gram. About how many 
grains of salt are in a box containing 100 grams of salt? 


_@Homelutor 


for problem solving help at classzone.com 


51. MASS The mass of a grain of a certain type of rice is about 10 * gram. 
About how many grains of rice are in a box containing 10° grams of rice? 


_(OHomeTutor ` for problem solving help at classzone.com 


52. BOTANY The average mass of the fruit of the wolffia angusta plant is 
about 10 ^ gram. The largest pumpkin ever recorded had a mass of about 
10* kilograms. About how many times greater is the mass of the largest 
pumpkin than the mass of the fruit of the wolffia angusta plant? 


(sa) MEDICINE А doctor collected about 10 ? liter of blood from a patient 
to run some tests. The doctor determined that a drop of the patient's 
blood, or about 1076 liter, contained about 10’ red blood cells. How 
many red blood cells did the entire sample contain? 


54. ж SHORT RESPONSE One of the smallest 
plant seeds comes from an orchid, and 
one of the largest plant seeds comes from 
a giant fan palm. A seed from an orchid 
has a mass of 10 ? gram and is 10% times 
less massive than a seed from a giant fan 
palm. A student says that the seed from 
the giant fan palm has a mass of about 
1 kilogram. Is the student correct? Explain. 


Orchid Giant fan palm 


55. es MULTIPLE REPRESENTATIONS Consider folding a piece of paper 
in half a number of times. 


a. Making a Table Each time the paper is folded, record the number of 
folds and the fraction of the original area in a table like the one shown. 


(Membeoffds от зз 
? ? 


Fraction of original area EER EVES 


b. Writing an Expression Write an exponential expression for the 


fraction of the original area of the paper using a base of > 
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56. SCIENCE Diffusion is the movement of molecules from one location to 
another. The time t (in seconds) it takes molecules to diffuse a distance 


2 
of x centimeters is given by t = D where D is the diffusion coefficient. 


a. You can examine a cross section of a drop of ink in water to see how 
the ink diffuses. The diffusion coefficient for the molecules in the 
drop of ink is about 10 ? square centimeter per second. How long 
will it take the ink to diffuse 1 micrometer (10 * centimeter)? 


b. Check your answer to part (a) using unit analysis. 


57. Ж EXTENDED RESPONSE The intensity of sound J (in watts per square 
meter) can be modeled by I = 0.08Pd ? where P is the power (in watts) of 
the sound's source and d is the distance (in meters) that you are from the 
source of the sound. 


Г= 10° watts per square meter (at hearers ear) 


——— 30 meters em 
Not to scale 


a. What is the power (in watts) of the siren of the firetruck shown in the 
diagram? 


c 


. Using the power of the siren you found in part (a), simplify the formula 
for the intensity of sound from the siren. 


О 


Explain what happens to the intensity of the siren when you double 
your distance from it. 


58. CHALLENGE Coal can be burned to generate energy. The heat energy 
in 1 pound of coal is about 10% BTU (British Thermal Units). Suppose 
you have a stereo. It takes about 10 pounds of coal to create the energy 
needed to power the stereo for 1 year. 


a. About how many BTUs does your stereo use in 1 year? 


b. Suppose the power plant that delivers energy to your home produces 


10 ! pound of sulfur dioxide for each 10° BTU of energy that it creates. 
How much sulfur dioxide is added to the air by generating the energy 
needed to power your stereo for 1 year? 


MIXED REVIEW 


: PREVIEW Evaluate the expression. 
: Prepare for 3. 103 2.105 10? 109 
керте 59. 10% • 10° (р. 489) 60. 10° • 10 (p.489) 61. m (p. 495) 62. 107 (p. 495) 
: Exs. 59-62. . 
Solve the linear system. Then check your answer. (pp. 427, 435, 444, 451) 
63. у = 3x — 6 64. y= —2x + 12 65. 5x + y= 40 
у= —7Х— 1 у= —5x + 24 =x + у= –8 
66. —х — 2y = —6.5 67. 3x + 4y = —5 68. 2х + бу = 5 
Зх — 6у = 16.5 х – 2у = 5 —2x — Зу = 2 
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Use after Lesson 8.3 


Key Vocabulary 
e cube root 


Define and Use Fractional 


Exponents 


Се ТИ Use fractional exponents. 


In Lesson 2.7, you learned to write the square root of a number using a radical 
sign. You can also write a square root of a number using exponents. 


For any a > 0, suppose you want to write Va as а“. Recall that a number b 
(in this case, a^) is a square root of a number a provided b^ = a. Use this 
definition to find a value for k as follows. 
рг =a Definition of square root 
(a*)? =a Substitute al for b. 
a^* = al Power of a power property 


k 


Because the bases are the same in the equation a** = al, the exponents must 


be equal: 
2k=1  Setexponents equal. 


k= 5 Solve for К. 


So, for a nonnegative number a, Va = а!?. 


You can work with exponents of 5 and multiples of 5 just as you work with 
integer exponents. 


Evaluate expressions involving square roots 


a. 161? = V16 b. 2572 = 1 
251/2 
7 E 
V25 
1 
5 
c. 99/2 — 91/2) “5 d. 473/2 _ 40/2) . (-3) 
= (91/2)5 _ ( 41/273 
= (va) =(v4)3 
= 3° — 9-3 
- ua. di 
— 243 E 
у! 
8 


FRACTIONAL EXPONENTS You can work with other fractional exponents 
just as you did with > 


Extension: Define and Use Fractional Exponents 509 


CUBE ROOTS If b? = a, then bis the cube root of a. For example, 2° = 8, so 2 is 
the cube root of 8. The cube root of a can be written as Ya or al, 


ЭСТЕР) Evaluate expressions involving cube roots 


-—————— 


а. 271/3 = Y27 b.g13=-1 
81/3 
ҮЗ = 
= 8 
— 1 
2 
C. 6443 — 6401/3) •4 а. 125 ?/3 _ 1250/3) e (—2) 
4 2 
= (64!) = (12513) 
4 2 
($ 64 ) = (3/125) 
— 44 = pg 
= 256 _ 1 
52 
— 1 
25 


PROPERTIES ОЕ EXPONENTS The properties of exponents for integer 
exponents also apply to fractional exponents. 


EXAMPLE З use exponents ——— 
| —1/2 „ 198/2 — 191-121 + (5/2) 643.6 _ 60/3 +1 
a. 12 12° = 12 b ET = Gus 

_ 194/2 
= 12 _ 673 
= 122 ETE 

= 144 — 607/3) — (1/3) 

= 36 


e—a M 


- PRACTICE 
: EXAMPLES Evaluate the expression. 
EP 1. 100? x. 1xp 3. 8157? 
: for Exs. 1-12 4. 2162/3 5. 27718 6. 343 ?/3 
7. 97/2 , 9-3/2 | | 1 K 1 Г" 9. 365/2 « E 
10. (2771/34 11. (64) 93(—64)*/3 12, (-8)9(—8) 791-8) 


13. REASONING Let x > 0. Compare the values of x! and x !^. Give examples 
| to support your thinking. 
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MIXED REVIEW of Problem Solving L STATE TEST PRACTICE 


Lessons 8.1-8.3 


І, 


3. 


GRIDDED ANSWER In 2004 the fastest 
computers could record about 10? bits per 
second. (A bit is the smallest unit of memory 
storage for computers.) Scientists believed 
that the speed limit at the time was about 
10*” bits per second. About how many times 
more bits per second was the speed limit 
than the fastest computers? 


. MULTI-STEP PROBLEM An office supply 


store sells cubical containers that can be 
used to store paper clips, rubber bands, 
or other supplies. 


a. One of the containers has a side length of 
4, inches. Find the container’s volume 


by writing the side length as an improper 
fraction and substituting the length into 
the formula for the volume of a cube. 


b. Identify the property of exponents you 
used to find the volume in part (a). 


SHORT RESPONSE Clouds contain millions 
of tiny spherical water droplets. The radius 
of one droplet is shown. 


a. Find the order of magnitude of the volume 
of the droplet. 


b. Droplets combine to form raindrops. The 
radius of a raindrop is about 10° times 
greater than the droplet’s radius. Find 
the order of magnitude of the volume 
of the raindrop. 


c. Explain how you can find the number 
of droplets that combine to form the 
raindrop. Then find the number 
of droplets and identify any properties 
of exponents you used. 


classzone.com 


4. GRIDDED ANSWER The least intense sound 


that is audible to the human ear has an 
intensity of about 10 !^ watt per square 
meter. The intensity of sound from a jet 
engine at a distance of 30 meters is about 10? 
times greater than the least intense sound. 
Find the intensity of sound from the jet 
engine. 


. EXTENDED RESPONSE For an experiment, 


a scientist dropped a spoonful, or about 
10^! cubic inch, of biodegradable olive 

oil into a pond to see how the oil would 
spread out over the surface of the pond. The 
scientist found that the oil spread until it 
covered an area of about 10? square inches. 


a. About how thick was the layer of oil that 
spread out across the pond? Check your 
answer using unit analysis. 


b. The pond has a surface area of 10/ square 
inches. If the oil spreads to the same 
thickness as in part (a), how many cubic 
inches of olive oil would be needed to 
cover the entire surface of the pond? 

c. Explain how you could find the amount 
of oil needed to cover a pond with a 
surface area of 10° square inches. 


. OPEN-ENDED The table shows units of 


measurement of time and the durations of 


the units in seconds. 
Duration 
(seconds) 


Gigasecond 


10? 


Megasecond 


Millisecond 


Nanosecond 


a. Use the table to write a conversion 
problem that can be solved by applying a 
property of exponents involving products. 


b. Use the table to write a conversion 
problem that can be solved by applying a 
property of exponents involving quotients. 
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9.4 


Key Vocabulary 
e scientific notation 


Use Scientific Notation 


You used properties of exponents. 
You will read and write numbers in scientific notation. 


So you can compare lengths of insects, as in Ex. 51. 


Numbers such as 1,000,000, 153,000, and 0.0009 are written in standard form. 
Another way to write a number is to use scientific notation. 


KEY CONCEPT For Your Notebook 


Scientific Notation 


A number is written in scientific notation when it is of the form c х 10” 
where 1 <c< 10 and nis an integer. 


Number Standard form Scientific notation 
Two million 2,000,000 2 x 10€ 
Five thousandths 0.005 5 x 10? 


Write numbers in scientific notation 


a. 42,590,000 = 4.259 x 107 Move decimal point 7 places to the left. 
o Exponent is 7. 


b. 0.0000574 = 5.74 х 107° Move decimal point 5 places to the right. 
XA Exponent is —5. 


Write numbers in standard form 


: READING 


: A positive number in 

: scientific notation is 

: greater than 1 if the 

: exponent is positive. 

: A positive number in 

: scientific notation is 

: between 0 and 1 if the 
: exponent is negative. 


a. 2.0075 x 10% = 2,007,500 Exponent is 6. 
A nai Move decimal point 6 places to the right. 


b. 1.685 х 10 * = 0.0001685  Exponentis —4. 
Ww Move decimal point 4 places to the left. 
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GUIDED PRACTICE for Examples 1 and 2 


1. Write the number 539,000 in scientific notation. Then write the number 
4.5 x 10 ^ in standard form. 
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| EXAMPLE 3 | Order numbers in scientific notation 


Order 103,400,000, 7.8 x 10°, and 80,760,000 from least to greatest. 


Solution 


STEP? Write each number in scientific notation, if necessary. 
103,400,000 = 1.034 x 10% 80,760,000 = 8.076 x 10’ 


STEP 2 Order the numbers. First order the numbers with different powers 
of 10. Then order the numbers with the same power of 10. 


Because 10’ < 10°, you know that 8.076 х 10’ is less than both 
1.034 x 10? and 7.8 x 10°. Because 1.034 « 7.8, you know that 
1.034 х 10? is less than 7.8 х 10°. 


So, 8.076 x 10’ « 1.034 x 10? « 7.8 x 108, 


STEP 3 Write the original numbers in order from least to greatest. 
80,760,000; 103,400,000; 7.8 x 10° 


Compute with numbers in scientific notation 


Evaluate the expression. Write your answer in scientific notation. 
a. (8.5 x 10°)(1.7 x 10°) 
= (8.5 + 1.7) х (10? • 10°) Commutative property and 


associative property 
ba = 14.45 х 10° Product of powers property 
: Notice that 14.45 x 10? 
Menot written in = (1.445 x 10!) x 108 Write 14.45 in scientific notation. 
: scientific notation = 1.445 X (10! x 108) Associative property 
: because 14.45 > 10. 
= 1.445 X 10° Product of powers property 
b. (1.5 x 1073)? = 1.5 x (1073)? Power of a product property 
= 2.25 X 10% Power of a power property 
° 4 4 
Е , 12x10 _12, 10 Product rule for fractions 
: For help with fractions, 16x10? 16 107? 
pe pala. = 0.75 x 107 Quotient of powers property 


= (7.5 X 107}) x 10” Write 0.75 in scientific notation. 
= 7.5 X (107! x 10°) Associative property 


= 7.5 X 108 Product of powers property 


GUIDED PRACTICE for Examples 3 and 4 
2. Order 2.7 х 10°, 3.401 x 10°, and 27,500 from least to greatest. 
Evaluate the expression. Write your answer in scientific notation. 


5 
3. (1.3 х 1075)? 4. oe 5. (1.1 х 107)(4.2 x 10?) 
JO X 
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| EXAMPLE 5 ] Solve a multi-step problem 


BLOOD VESSELS Blood flow is partially controlled by the cross-sectional area 
of the blood vessel through which the blood is traveling. Three types of blood 
vessels are venules, capillaries, and arterioles. 


e Venule P 


r=5.0x 10? mm r=1.0x 10? тт г= 5.0 х 10! mm 


a. Let г, be the radius of a venule, and let r, be the radius of a capillary. 
Find the ratio of r, to r,. What does the ratio tell you? 


b. Let A, be the cross-sectional area of a venule, and let A, be the 
cross-sectional area of a capillary. Find the ratio of A, to A,. What does 
the ratio tell you? 


c. What is the relationship between the ratio of the radii of the blood vessels 
and the ratio of their cross-sectional areas? 


Solution 


a. From the diagram, you can see that the radius of the venule г, 
is 1.0 x 10 ? millimeter and the radius of the capillary r, is 
5.0 x 107° millimeter. 


r —2 


» 650х105 50^193 
The ratio tells you that the radius of the venule is twice the radius 


of the capillary. 
: ANOTHER WAY | А . 
: SANTEE i —— »- b. To find the cross-sectional areas, use the formula for the area of a circle. 
: You can also find the 
: ratio of the cross- A, any MEM 
: sectional areas by A 2 Write ratio. 
Б s.s Р 2 TY 
: finding the areas using £ 
: the values for r, and r,, r’ 
: setting up a ratio, and be Divide numerator and denominator by т. 


: then simplifying. 


Power of a quotient property 


| 
qe 
mm 
o 
№ 


= 954 Substitute and simplify. 


The ratio tells you that the cross-sectional area of the venule is four times 
the cross-sectional area of the capillary. 


c. The ratio of the cross-sectional areas of the blood vessels is the square of 
the ratio of the radii of the blood vessels. 


Y GUIDED PRACTICE for Example 5 


6. WHAT IF? Compare the radius and cross-sectional area of an arteriole 
with the radius and cross-sectional area of a capillary. 
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8.4 EXERCISES 


: EXAMPLE 1 
: on p. 512 
: for Exs. 3-15 


: EXAMPLE 2 
: On p. 512 
: for Exs. 16-28 


: EXAMPLE 3 
: On p. 513 
: for Exs. 29-32 


HOMEWORK: 


: (С) =WORKED-OUT SOLUTIONS 
KEY: 


on p. WS19 for Exs. 3, 17, and 53 


Exs. 2, 15, 48, 49, 54, and 59 


: $ = MULTIPLE REPRESENTATIONS 
Ex. 58 


1. VOCABULARY Is 0.5 x 10° written in scientific notation? Explain. 
2. * WRITING Is 7.89 х 10° between 0 and 1 or greater than 1? Explain. 


WRITING IN SCIENTIFIC NOTATION Write the number in scientific notation. 


(3.)8.5 4. 0.72 5. 82.4 
6. 0.005 7. 72,000,000 8. 0.00406 
9. 1,065,250 10. 0.000045 11. 1,060,000,000 


12. 0.00000526 13. 900,000,000,000,000 14. 0.00000007008 


15. Ж MULTIPLE CHOICE Which number represents 54,004,000,000 written in 
scientific notation? 
C 54004 x 10° 
© 5.4004 x 10! 


54.004 х 10° 
D 0.54004 x 10! 


WRITING IN STANDARD FORM Write the number in standard form. 


16. 2.6 X 10° (iz) 7.5 x 107 18. 1.11 x 107 

19. 3.03 x 10* 20. 4.709 x 10° 21. 1.544 x 101% 
22. 6.1 X 1073 23. 44 x 10 19 24. 2.23 x 10 9 
25. 8.52 x 10 9 26. 6.4111 x 10% 27. 1.2034 x 10 9 


28. ERROR ANALYSIS Describe and correct the 
error in writing 1.24 х 10 ? in standard form. 


1.24 x 107? = 1240 X 


ORDERING NUMBERS Order the numbers from least to greatest. 

29. 45,000; 6.7 X 10°; 12,439; 2 x 10* 

30. 65,000,000; 6.2 х 10°; 3.557 х 10^; 55,004,000; 6.07 х 10° 

31. 0.0005; 9.8 x 10 9; 5 x 10 ?; 0.00008; 0.04065; 8.2 х 10 ? 

32. GRAPHING Draw a number line labeled with negative powers of 10. Then 
graph the numbers 0.00008, 5.1 x 10 9, and 2.4 х 10 °, and tell which 
number is greatest. 

COMPARING NUMBERS Copy and complete the statement using <, >, or =. 

33. 5.6 х 10° ? 56,000 34. 404,000.1 ? 4.04001 х 10° 

35. 9.86 x 10 ° ? 0.00986 36. 0.003309 ? 3.309 x 10 ? 

37. 2.203 x 10 ^ ? 0.0000203 38. 604,589,000 ? 6.04589 x 10” 
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Ж - STANDARDIZED TEST PRACTICE 


' SKILL PRACTICE 
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: EXAMPLE 4 | EVALUATING EXPRESSIONS Evaluate the expression. Write your answer in 
: on p. 513 scientific notation. 


: for Exs. 39-48 3 7 5 2 A 6 
39. (4.4 X 10°)(1.5 X 10 °“) 40. (7.3 X 10 7)(5.8 х 105) 41. (8.1 х 10 *)(9 X 10 °’) 


6 x10? 5.4 X 107° 4.1 x 104 
pa SS Hg tese Bi л„л ий 

8x 10% 1.8 x 10? 8.2 x 10? 
45. (5 x 10 9? 46. (7 х 10 54 47. (1.4 x 103)? 


4 
48. Ж MULTIPLE CHOICE Which number is the value of TIE 
әх 


(А) 0.13 x 10* 1.3 x10 4 (С) 1.3 x 10? (D> 0.13 x 10? 


49. Ж OPEN-ENDED Write two numbers in scientific notation whose 
product is 2.8 х 10*. Write two numbers in scientific notation whose 
quotient is 2.8 x 10*. 


50. CHALLENGE Add the numbers 3.6 x 10? and 6.7 x 10* without writing 
the numbers in standard form. Write your answer in scientific notation. 
Describe the steps you take. 


Г PROBLEM SOLVING 


EXAMPLE 3 51. INSECT LENGTHS The lengths of 


: EXAMPLE 3. | Д Length (millimeters 
: on p. 513 | several insects are shown in the table. Insect | Length (millimeters) 
: j =l 
: for Exs. 51—52 a. List the lengths of the insects Fringed ant beetle 2.5 x 10 
in order from least to greatest. Walking stick BB 
b. Which insects are longer than 14 x 1074 
the fringed ant beetle? 
Elephant beetle 1.67 x 10? 


.QHomelutor | 


for problem solving help at classzone.com 


52. ASTRONOMY The spacecrafts Voyager 1 and Voyager 2 were launched in 
1977 to gather data about our solar system. As of March 12, 2004, Voyager 1 
had traveled a total distance of about 9,643,000,000 miles, and Voyager 2 
had traveled a total distance of about 9.065 x 10? miles. Which spacecraft 
had traveled the greater distance at that time? 


|  HomeTlutor > for problem solving help at classzone.com 


: on p. 513 were produced in California. The cotton was planted on 

: for Ex. 53 | 6.9 x 10? acres of land. What was the average number of 
pounds of cotton produced per acre? Round your answer 
to the nearest whole number. 


: EXAMPLE 4 (53) AGRICULTURE In 2002, about 9.7 x 10? pounds of cotton 


: EXAMPLE 5 54. Ж SHORT RESPONSE The average flow rate of the Amazon 

: опр. 514. | River is about 7.6 х 10% cubic feet per second. The average 

: for Exs. 54-55 | flow rate of the Mississippi River is about 5.53 X 10° cubic 
| feet per second. Find the ratio of the flow rate of the Amazon 
to the flow rate of the Mississippi. Round to the nearest 


whole number. What does the ratio tell you? 


(С) = WORKED-OUT SOLUTIONS * - STANDARDIZED ф = MULTIPLE 
516 on p. WS1 TEST PRACTICE REPRESENTATIONS 


55. ASTRONOMY The radius of Earth and the radius of the moon are shown. 


r= 6.38 x 103 km r= 1.74 x 10? km 


a. Find the ratio of the radius of Earth to the radius of the moon. 
Round to the nearest hundredth. What does the ratio tell you? 


b. Assume Earth and the moon are spheres. Find the ratio of the 
volume of Earth to the volume of the moon. Round to the nearest 
hundredth. What does the ratio tell you? 


c. What is the relationship between the ratios of the radii and the 
ratios of the volumes? 


56. MULTI-STEP PROBLEM In 1954, 50 swarms of locusts were observed in 
Kenya. The largest swarm covered an area of 200 square kilometers. 
The average number of locusts in a swarm is about 5 х 10” locusts per 
square kilometer. 


a. About how many locusts were in Kenya's largest swarm? Write your 
answer in scientific notation. 


b. The average mass of a desert locust is 2 grams. What was the total 
mass (in kilograms) of Kenya's largest swarm? Write your answer in 
scientific notation. 


57. DIGITAL PHOTOGRAPHY When a picture is taken with a digital camera, 
the resulting image is made up of square pixels (the smallest unit that 
can be displayed on a monitor). For one image, the side length of a 
pixel is 4 х 10 ? inch. A print of the image measures 1 X 10? pixels by 
1.5 х 10? pixels. What are the dimensions of the print in inches? 


58. e MULTIPLE REPRESENTATIONS The speed of light is 
1.863 x 10? miles per second. 


a. Writing an Expression Assume 1 year is 365 days. Write an expression 
to convert the speed of light from miles per second to miles per year. 


b. Making a Table Make a table that shows the distance light travels in 
1, 10, 100, 1000, 10,000, and 100,000 years. Our galaxy has a diameter 
of about 5.875 х 10! miles. Based on the table, about how long 
would it take for light to travel across our galaxy? 


59. Ж EXTENDED RESPONSE When a person is at rest, approximately 
7 X 10 * liter of blood flows through the heart with each heartbeat. The 
human heart beats about 70 times per minute. 


a. Calculate About how many liters of blood flow through the heart 
each minute when a person is at rest? 


b. Estimate There are approximately 5.265 х 10? minutes in a year. Use 
your answer from part (a) to estimate the number of liters of blood 
that flow through the human heart in 1 year, in 10 years, and in 
80 years. Write your answers in scientific notation. 


c. Explain Are your answers to part (b) underestimates or 
overestimates? Explain. 
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60. CHALLENGE A solar flare is a sudden eruption of energy in 
the sun's atmosphere. Solar flares are classified according 
to their peak X-ray intensity (in watts per meter squared) 
and are denoted with a capital letter and a number, as 
shown in the table. For example, a C4 flare has a peak 
intensity of 4 X 10 ° watt per square meter. 


Peak intensity (w/m?) 


a. In November 2003, a massive X45 solar flare was observed. 
In April 2004, a C9 flare was observed. How many times greater 
was the intensity of the X45 flare than that of the C9 flare? 


b. A solar flare may be accompanied by a coronal mass ejection (CME), 
a bubble of mass ejected from the sun. A CME related to the X45 flare 
was estimated to be traveling at 8.2 million kilometers per hour. At 
that rate, how long would it take the CME to travel from the sun to 
Earth, a distance of about 1.5 x 10!! meters? 


- MIXED REVIEW 


: PREVIEW — Write the percent as a decimal. (p. 916) 

: Prepare tor | gj, 33% 62. 62.7% 63. 0.9% 64. 0.0496 

: Lesson 8.5 in 

: Exs. 61-68. 65. 3.9590 66. 190 67. 5% 68. 133% 
Graph the equation. 
69. x = —5 (p.215) 70. y — 4 (p. 215) 71. 3x — Ту = 42 (p. 225) 
72. y — 2x = 12 (p. 225) 73. у= —2x + 6 (p. 244) 74. у= 1.5x — 9 (p. 244) 


' QUIZ for Lessons 8.3—8.4 


Simplify the expression. Write your answer using only positive 
exponents. (p. 503) 


P 6 —2. 9 
1. (-49*- (-4) 9 2. (-3x/y 2)3 Et. a, 27 
(bz) 5 ey? 
Write the number in standard form. (p. 512) 
5. 6.02 x 10° 6. 5.41 x 10!! 7. 8.007 x 10? 8. 9.253 x 107 


9. DINOSAURS The estimated masses of 
several dinosaurs are shown in the table. 
(p. 512) 


a. List the masses of the dinosaurs in 1.06 x 10^ 


order from least to greatest. 


Mass (kilograms) 


29,900 


b. Which dinosaurs are more massive = 
than Brachiosaurus? Ultrasaurus 1.36 x 10 
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сара ACTIVITY Use after lesson 8.4 Tutor 


classzone.com 
Keystrokes 


. Use Scientific Notation 


Gold is one of many trace elements dissolved in seawater. There is about 
1.1 х 107? gram of gold per kilogram of seawater. The mass of the oceans is 
about 1.4 x 107! kilograms. About how much gold is present in the oceans? 


Write a verbal model 


Amount of gold in 
= 1 kilogram 
of seawater 
(gram/kilogram) 


Amount of 
seawater in oceans 
(kilograms) 


Amount of gold 
present in oceans 
(grams) 


STEP 2| Find product The product is (1.1 х 10 9) - (1.4 x 10%), 
КЕ. ES 10 ^ [COELO KS |. x 10 ^ 21 D | even 


STEP 3| Read result 


The calculator indicates that a number is in 
scientific notation by using “E.” You can read | (1.15+10^—8)(1.4*10 | 


the calculator's result 1.54E13 as 1.54 x 10%. ^21) | SE 


There are about 1.54 х 10? grams of gold 
present in the oceans. 


[ | 


Evaluate the expression. Write the result in scientific notation. 
1. (1.5 х 105 (1.8 x 10?) 2. (2.6 x 10 (14 х 10%) 
3. (7.0 x 10%) + (2.8 x 109) 4. (4.5 x 10) + (9.0 x 10 ^) 


5. GASOLINE A scientist estimates that it takes about 4.45 x 10” grams of 
carbon from ancient plant matter to produce 1 gallon of gasoline. In 2002 
motor vehicles in the U.S. used about 1.37 x 10!! gallons of gasoline. 


a. If all of the gasoline used in 2002 by motor vehicles in the U.S. came 
from carbon from ancient plant matter, how many grams of carbon 
were used to produce the gasoline? 


. There are about 5.0 х 10% atoms of carbon in 1 gram of carbon. How 
many atoms of carbon were used? 


8.4 Use Scientific Notation 


8 5 Write and Graph Exponential 
* Growth Functions : 


You wrote and graphed linear models. | 
[ Now ) You will write and graph exponential growth models. Y 
So you can find the value of a collector car, as in Example 4. 


Key Vocabulary An exponential function is a function of the form y = ab‘ where 
e exponential a + 0, р> 0, апар = 1. Exponential functions are nonlinear functions. 
function Observe how an exponential function compares with a linear function. 
• exponential growth Linear function: y = 3x + 2 Exponential function: y — 2 - 3* 
«compound interest 
+1 +1 +1 +1 +1 +1 +1 +1 


: ANALYZE RATE OF 
: CHANGE 


: Notice that for an 

: exponential function, 
: the rate of change in y Solution 
: with respect to x is not 


: constant as it is for a STEP? Tell whether the function is exponential. 

: linear function. For Tuo wh cL l 

: instance, E - 2, Here, the y-values are multiplied 
Bu by 2 for each increase of 1 in x, 

: while - E TN 4. so the table represents an 


exponential function of the form 
х2 х2 х2 х2 у = ab“ where р = 2. 


$TEP2 Find the value of a by finding the value of y when x = 0. When х = 0, 
y = ab? = а, 1 = a. The value of y when x = 0 is 8, so a = 8. 


STEP 3 Write the function rule. A rule for the function is y = 8 • 2”. 


GUIDED PRACTICE for Example 1 


1. Write a rule for the function. 
Aa Jae] 


520 Сһаріег8 Exponents and Exponential Functions 


«^ [| EXAMPLE 2 | Graph an exponential function 


Graph the function y = 2*. Identify its domain and range. 


Solution 
: READ A GRAPH STEP? Make a table by choosing a few values 
: Notice that the graph for x and finding the values of y. The 
: has a y-intercept of 1 domain is all real numbers. 


: and that it gets closer to 
: the negative x-axis as 
: the x-values decrease. 


STEP2 Plot the points. 


STEP 3 Draw a smooth curve through the points. From either the table or 
the graph, you can see that the range is all positive real numbers. 


e [ EXAMPLE 3 ] Compare graphs of exponential functions 


Graph the functions y = 3 • 2* and y = —3 + 2”. Compare each graph with 
the graph of y = 2”. 


Solution 


To graph each function, make a table of values, plot the points, and draw a 
smooth curve through the points. 


: DESCRIBE A 
: FUNCTION 


: An exponential growth 
: function has an 

: unbroken graph, so the 
: function is continuous, 

: as discussed on p. 223. 


pt] tt | | WN | 


Because the y-values for у = 3 * 2* are 3 times the corresponding y-values for 
у = 2*, the graph of y = 3 * 2” is a vertical stretch of the graph of y = 2”. 


Because the y-values for у = —3 • 2* are —3 times the corresponding y-values 
for у = 2*, the graph of y = —3 2” is a vertical stretch with a reflection in the 
x-axis of the graph of y = 2”. 


GUIDED PRACTICE for Examples 2 and з 
2. Graph y = 5” and identify its domain and range. 


3. Graph y = 5 * 2*. Compare the graph with the graph of y = 2”. 


4. Graph y = -i e 2*. Compare the graph with the graph of y = 2”. 


8.5 Write and Graph Exponential Growth Functions 
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EXPONENTIAL GROWTH When a > 0 and b> 1, the function у = ab” 
represents exponential growth. When a quantity grows exponentially, it 
increases by the same percent over equal time periods. To find the amount to 
which the quantity grows after t time periods, use the following model. 


С KEY CONCEPT For Your Notebook 
: REWRITE F Exponential Growth Model 

; EQUATIONS _ T. a is the initial amount. ris the growth rate. 

: Notice that you can 1; t 

: rewrite y = ab* as E у= а(1 +r) 


: y =a(1 + rf by 
: replacing b with 1 + r > 
: and x with t (for time). T 


1 + ris the growth factor. _ А tis the time period. 


Notice the relationship between the growth rate r and the growth factor 
1 + r. If the initial amount of a quantity is a units and the quantity is growing 
at a rate of r, then after one time period the new amount is: 


Initial amount + amount of increase =a+r+a=a( + р) 


[ EXAMPLE 4 ] Solve a multi-step problem 
: ANOTHER WAY 


e ед?” COLLECTOR CAR The owner of a 1953 Hudson 
: E кеа А > | Hornet convertible sold the car at an auction. 
: 5 ре The owner bought it in 1984 when its value 


: turn to page 528 for 
Tu sol iod Solving was $11,000. The value of the car increased 
: Workshop. at a rate of 6.9% per year. 


a. Write a function that models the value 
of the car over time. 


b. The auction took place in 2004. What 
was the approximate value of the car 
at the time of the auction? Round your 
answer to the nearest dollar. 


Solution 


а. Let C be the value of the car (in dollars), and let t be the time (in years) 
since 1984. The initial value a is $11,000, and the growth rate r is 0.069. 


С= а(1 + rf Write exponential growth model. 


= 11,000(1 + 0.069)’ Substitute 11,000 for a and 0.069 for г. 
: AVOID ERRORS 


ерене ERA Gd KE Cad — t i i 

: The growth rate in this T" d Mgr 

: example is 6.9%, or b. To find the value of the car in 2004, 20 years after 1984, substitute 20 for f. 
: 0.069. So, the growth 20 | 

factor is 1 + 0.069, or C= 11,000(1.069) Substitute 20 for t. 

: 1.069, not 0.069. = 41,778 Use a calculator. 


> In 2004 the value of the car was about $41,778. 


Qfinimatea algebra at classzone.com 


522 Сһаріег8 Exponents and Exponential Functions 


COMPOUND INTEREST Compound interest is interest earned on both an 
initial investment and on previously earned interest. Compounding of interest 
can be modeled by exponential growth where ais the initial investment, ris 
the annual interest rate, and tis the number of years the money is invested. 


* | EXAMPLE 5 ] Standardized Test Practice 


: ESTIMATE 
: You can use the simple 


: interest formula, / = prt, 


: to estimate the amount 
: of interest earned: 

: (250)(0.04)(5) = 50. 

: Compounding interest 
: will result in slightly 

: more than $50. 


You put $250 in a savings account that earns 4% annual interest 
compounded yearly. You do not make any deposits or withdrawals. 
How much will your investment be worth in 5 years? 


(А) $300 $304.16 © $1344.56 | (DD $781,250 
Solution 
у=а(1+т)* Write exponential growth model. 


= 250(1 + 0.04)? Substitute 250 for a, 0.04 for r, and 5 for t. 
= 250(1.04)° Simplify. 
= 304.16 Use a calculator. 

You will have $304.16 in 5 years. 

> The correct answer is B. @ сс) Ф) 


r4 GUIDED PRACTICE for Examples 4 and 5 


8.5 EXERCISES 


5. WHAT IF? In Example 4, suppose the owner of the car sold it in 1994. Find 
the value of the car to the nearest dollar. 


6. WHAT IF? In Example 5, suppose the annual interest rate is 3.5%. How 
much will your investment be worth in 5 years? 


HOMEWORK: () = wORKED-OUT SOLUTIONS 
KEY: on p. WS19 for Exs. 13 and 41 


* = STANDARDIZED TEST PRACTICE 
Exs. 3, 8, 35, 42, 43, 46, and 50 


: e = MULTIPLE REPRESENTATIONS 
: Exs. 34, 41 


' SKILL PRACTICE 


1. 


2, 


3. 


VOCABULARY In the exponential growth model y = a(1 + r)‘, the 
quantity 1 + ris called the _?_. 


VOCABULARY For what values of b does the exponential function 
y = ab” (where a > 0) represent exponential growth? 


Ж WRITING How does the graph of y = 2 * 5* compare with the graph of 
y = 5°? Explain. 
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: EXAMPLE 1 


WRITING FUNCTIONS Write a rule for the function. 


: on p. 520 
: Е 4 9. 
for Exs, 4-8 x 2 20/9 142,7 x2 11071101020 
yt 02 (4 вт 225 
EXERERENEN 
1 
iiid 
8. Ж WRITING Given a table of values, describe how can you tell if the table 
represents a linear function or an exponential function. 
: EXAMPLE2 | GRAPHING FUNCTIONS Graph the function and identify its domain and range. 
: on р. 521 — 4x — "7% — ox — ox 
: for Exs. 9-21 9. y —4 10. у= 7 11. у= 8 12. у= 9 
(з) y = (1.5)* 14. у= (2.5)* 15. y = (1.2)* 16. у= (4.3)* 
И -E -@ 
17. y=(5) 18. y =|> 19. у= [5 20. у= (5, 
21. ERROR ANALYSIS The price Р (in 
dollars) of a pound of flour was $.27 P=a(1+r)° 
in 1999. The price has increased = 0.27(1 + 2)? = 0.27(3) = 7.29 
by about 2% each year. Let t be the 
number of years since 1999. Describe In 2002 the price of a pound 
and correct the error in finding the of flour was $7.29. 
price of a pound of flour in 2002. 
: EXAMPLE3 | COMPARING GRAPHS OF FUNCTIONS Graph the function. Compare the graph 
: on p. 521 with the graph of у = 3*. 
: for Exs. 22-34 22. у= 2* 3* 23. у= 4 • 3* 24. у= 1+ 3* 25. у= =. 3" 
26. у = 0.5 + 3” 27. у = 2.5 • 3* 28. у= —2 • 3* 29. y= —4 • 3% 


30. у= -Ż. 3" 31. у= -2.3 32. y= —0.5 + 3* 33. у= —2.5 • 3" 
34. e MULTIPLE REPRESENTATIONS Given the function y a*, you can find 
x when y = k by solving the exponential equation К = a*. Use the following 


methods to solve 32 = 2”. 


a. Making a Table Make a table for the function using x = 0, 1, 2,..., 6. 


b. Graphing Functions Graph the functions y = 32 and y = 2* on the same 
coordinate plane. Identify the x-coordinate of the intersection point. 


c. Using Powers Write 32 as a power of 2. Then use the fact that powers 
with the same base are equal provided that their exponents are equal. 


35. Ж WRITING Ifa population triples each year, what is the population's 
growth rate (as a percent)? Explain. 


36. CHALLENGE Write a linear function and an exponential function whose 
graphs pass through the points (0, 2) and (1, 6). 


37. CHALLENGE Compare the graphs of the functions f(x) = 2* * ^ and 
g(x) = 4 * 2*. Use properties of exponents to explain your observations. 


Ж = STANDARDIZED 


O = WORKED-OUT SOLUTIONS 
TEST PRACTICE 


«f = MULTIPLE 
on p. WS1 


524 REPRESENTATIONS 


" PROBLEM SOLVING 


: EXAMPLES 38. INVESTMENTS You deposit $125 in a savings account that earns 596 
:4and5  — annual interest compounded yearly. Find the balance in the account 
: оп pp. 522-523 after the given amounts of time. 


GRAPHING CALCULATOR You may wish to use a graphing calculator to 
complete the following Problem Solving exercises. 


: for Exs. 38-41 
a. l year b. 2 years c. 5 years d. 20 years 


_CHomelutor | for problem solving help at classzone.com 


39. MULTI-STEP PROBLEM One computer industry expert reported that there 
were about 600 million computers in use worldwide in 2001 and that the 
number was increasing at an annual rate of about 1096. 


a. Write a function that models the number of computers in use 
over time. 


b. Use the function to predict the number of computers that will be in 
use worldwide in 2009. 


. QHomelutor. 


for problem solving help at classzone.com 


40. MULTI-STEP PROBLEM A research association reported that 3,173,000 
gas grills were shipped by various manufacturers in the U.S. in 1985. 
Shipments increased by about 796 per year from 1985 to 2002. 


a. Write a function that models the number of gas grills shipped 
over time. 


b. About how many gas grills were shipped in 2002? 


e MULTIPLE REPRESENTATIONS А tree's cross-sectional area taken at a 
height of 4.5 feet from the ground is called its basal area and is measured 
in square inches. Tree growth can be measured by the growth of the 
tree's basal area. The initial basal area and annual growth rate for two 
particular trees are shown. 


Growth rate: 6% Growth rate: 10% 


Initial basal Initial basal 
area: 154 in.’ 73 а area: 113 in. 


a. Writing a Model Write a function that models the basal area A of 
each tree over time. 


b. Graphing a Function Use a graphing calculator to graph the 
functions from part (a) in the same coordinate plane. In about how 
many years will the trees have the same basal area? 


8.5 Write and Graph Exponential Growth Functions 525 
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42. 


43. 


4d. 


45. 


46. 


* SHORT RESPONSE A company sells advertising blimps. The table 
shows the costs of advertising blimps of different lengths. Does the table 
represent an exponential function? Explain. 


Cost, c (dollars) 400.00 700.00 1225.00 2143.75 


* MULTIPLE CHOICE A weblog, or blog, refers to a website that contains a 
personal journal. According to one analyst, over one 18 month period, the 
number of blogs in existence doubled about every 6 months. The analyst 
estimated that there were about 600,000 blogs at the beginning of the 
period. How many blogs were there at the end of the period? 


СА) 660,000 1,200,000 © 4,800,000 (D> 16,200,000 


TELECOMMUNICATIONS For the period 1991-2001, the number 
y (in millions) of Internet users worldwide can be modeled by the 
function y = 4.67(1.65)* where x is the number of years since 1991. 


a. Identify the initial amount, the growth factor, and the growth rate. 
b. Graph the function. Identify its domain and range. 


с. Use your graph from part (b) to graph the line y = 21. Estimate the year 
in which the number of Internet users worldwide was about 21 million. 


GRAPHING CALCULATOR The frequency (in hertz) of a note played on a 
piano is a function of the position of the key that creates the note. The 
position of some piano keys and the frequencies of the notes created by 
the keys are shown below. Use the exponential regression feature on a 
graphing calculator to find an exponential model for the frequency of 
piano notes. What is the frequency of the note created by the 30"" key? 


Frequency 
(in hertz) 29.14 32.70 36.71 4120 46.25 51.91 5827 65.41 73.42 82.41 


Ж EXTENDED RESPONSE In 1830, the population of the United States 
was 12,866,020. By 1890, the population was 62,947,714. 


a. Model Assume the population growth from 1830 to 1890 was linear. 
Write a linear model for the U.S. population from 1830 to 1890. By 
about how much did the population grow per year from 1830 to 1890? 


b. Model Assume the population growth from 1830 to 1890 was 
exponential. Write an exponential model for the U.S. population 
from 1830 to 1890. By approximately what percent did the population 
grow per year from 1830 to 1890? 


c. Explain The U.S. population was 23,191,876 in 1850 and 38,558,371 
in 1870. Which of the models in parts (a) and (b) is a better 
approximation of actual U.S. population for the time period 
1850-1890? Explain. 


Ж = STANDARDIZED 
TEST PRACTICE 


COMPOUND INTEREST In Exercises 47-49, use the example below to find the 
balance of the account compounded with the given frequency. 


391 11838) Use the general compound interest formula 


FINANCE You deposit $1000 in an account that pays 3% annual interest. 
Find the balance after 8 years if the interest is compounded monthly. 


Solution 


t 
The general formula for compound interest is A = Pl 1+ ry . In this 


formula, P is the initial amount, called principal, in an account that pays 
interest at an annual rate r and that is compounded n times per year. The 
amount A (in dollars) is the amount in the account after t years. 


Here, the interest is compounded monthly. So, п = 12. 


nt 
A= Pl l + z) Write compound interest formula. 
0.0314) : 
= 1000( LF 2| Substitute 1000 for P, 0.03 for r, 12 for n, and 8 for t. 


= 1000(1.0025)% Simplify. 
= 1270.868467 Use a calculator. 
» The account balance after 8 years will be about $1270.87. 


47. Yearly 48. Quarterly 49. Daily (n = 365) 


50. ж WRITING Which compounding frequency yields the highest balance 
in the account in the example above: monthly, yearly, quarterly, or daily? 
Explain why this is so. 


51. CHALLENGE The value y (in dollars) of an investment of $1000 is given by 
y = 1000(1.05)' where t is the time in years. The doubling time is the value 
of t for which the amount invested doubles, so that 1000(1.05)' = 2000, 
or (1.05)' = 2. Graph the functions y = (1.05) and y = 2 on a graphing 
calculator. Estimate the doubling time. 


: PREVIEW 


: Prepare for 
: Lesson 8.6 
: in Exs. 52-59. 


Evaluate the expression. 


52. pi (p. 495) 53. ny (p. 495) 54. "i (p. 495) 55. "i (p. 495) 
56. ON (p. 503) 57. uN (р. 503) 58. ON (p. 503) 59. Hi (p. 503) 


Write an equation of the line shown. (p. 283) 
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PROBLEM ROM tea) Using ALTERNATIVE METHODS 


WORKSHOP | 


Another Way to Solve Example 4, page 522 


MULTIPLE REPRESENTATIONS In Example 4 on page 522, you saw how to 
solve a problem about the value of a collector car over time by using an 
exponential model. You can also solve the problem by using a spreadsheet. 


COLLECTOR CAR The owner of a 1953 Hudson Hornet convertible sold 
the car at an auction. The owner bought it in 1984 when its value was 
$11,000. The value of the car increased at a rate of 6.9% per year. 


PROBLEM 


a. Write a function that models the value of the car over time. 


b. The auction took place in 2004. What was the approximate value 
of the car at the time of the auction? Round your answer to 
the nearest dollar. 


METHOD Using a Spreadsheet An alternative approach is to use a spreadsheet. 


a. The model for the value of the car over time is C = 11,000(1.069)% as 
shown in Example 4 on page 522. 


b. You can find the value of the car in 2004 by creating a spreadsheet. 


STEP 7 Create а table showing the years since 1984 and the value of the 
car. Enter the car's value in 1984. To find the value in any year 
after 1984, multiply the car's value in the preceding year by the 
growth factor, as shown in cell B3 below. 


: FORMAT A S EE 
: SPREADSHEET БН! C B 
: Format the spreadsheet |. 1 |Years since 1984, t | Value, C (dollars) 
; so that calculations are [2|] «XJ 00| 11000 
тшшн tee HERI | T| -B2*1.069| 
[e ШЕШ В2*1.069 


STEP 2 Find the value of the car in 2004 by using the fill down feature 
until you get to the desired cell. 


NE REESE A, NNNM E, 
|. 1 |Years since 1984, t | Value, C (dollars) 
[2|] JDNO0| — 1000 


з Г  — 1| — 11759 
EN — 
(2|  19| 3908031 
Lz2| 0| 4177782 


* From the spreadsheet, you can see the value of the car was about $41,778 
in 2004. 
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PROBLEM WHAT IF? Suppose the owner decided to sell the car when it was worth about 


$28,000. In what year did the owner sell the car? 


METHOD Using a Spreadsheet To solve the equation algebraically, you need to 


substitute 28,000 for C and solve for £, but you have not yet learned how to 


solve this type of equation. An alternative to the algebraic approach is using 


a spreadsheet. 


STEP 7 Use the same spreadsheet as on the previous page. 


STEP 2 Find when the value of the car is about $28,000. 


O| А 1| B | 
| 1 [Years since 1984, t | Value, C (dollars) 
11000. 


_ ee] 
S| nB 26188.03 
16| 14| 27995.01| «- 


The value of the car 
is about $28,000 
when t = 14. 


> The owner sold the car in 1998. 


eun» — — | 


1. TRANSPORTATION In 1997 the average 


intercity bus fare for a particular state was 
$20. For the period 1997-2000, the bus fare 
increased at a rate of about 12% each year. 


a. Write a function that models the intercity 
bus fare for the period 1997-2000. 

b. Find the intercity bus fare in 1998. Use two 
different methods to solve the problem. 

c. In what year was the intercity bus fare 


$28.10? Explain how you found your 
answer. 


. ERROR ANALYSIS Describe and correct the 
error in writing the function for part (a) of 
Exercise 1. 


Let b be the bus fare (in dollars) 
and t be the number of years since 1997. 


р = 20(042)* X 


3. TECHNOLOGY A computer's Central 
Processing Unit (CPU) is made up of 
transistors. One manufacturer released 
a CPU in May 1997 that had 7.5 million 
transistors. The number of transistors in the 
CPUs sold by the company increased at a rate 
of 3.9% per month. 


a. Write a function that models the 
number Т (in millions) of transistors 
in the company’s CPUs t months after 
May 1997. 


b. Use a spreadsheet to find the number 
of transistors in a CPU released by the 
company in November 2000. 


4. HOUSING The value of a home in 2002 was 
$150,000. The value of the home increased 
at a rate of about 6.5% per year. 


a. Write a function that models the value of 
the home over time. 


b. Use a spreadsheet to find the year in 
which the value of the home was about 
$200,000. 
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їп eeb A CTIVITY Use before Lesson 8.6 


Exponential Models 


MATERIALS «yarn • scissors 


\ 
| 


Fold and cut Take about 1 yard 
of yarn and consider it to be 1 unit long. 
Fold it in half and cut, as shown. You are 
left with two pieces of yarn, each half 
the length of the original piece of yarn. 


2| Copy and complete Copy the table. Notice that the row for stage 1 has the 
e from Step 1. For each successive stage, fold all the pieces of yarn in half and 
cut. Then record the number of new pieces and the length of each new piece until 
the table is complete. 


Number | Length of each 
| of pieces | new piece 


1. Use the data in the first and second columns of the table. 
a. Do the data represent an exponential function? Explain how you know. 
b. Write a function that models the number of pieces of yarn at stage x. 
с. Use the function to find the number of pieces of yarn at stage 10. 
. Use the data in the first and third columns of the table. 
a. Do the data represent an exponential function? Explain how you know. 


b. Write a function that models the length of each new piece of yarn at 
stage x. 


с. Use the function to find the length of each new piece of yarn at stage 10. 
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8 6 Write and Graph Exponential 


Decay Functions 


You wrote and graphed exponential growth functions. 


Г Now ) You will write and graph exponential decay functions. 
So you can use a graph to solve a sports problem, as in Ex. 50. 


Key Vocabulary A table of values represents an exponential function y = ар“ 
e exponential decay provided successive y-values are multiplied by b each time 
the x-values increase by 1. 


Write a function rule 


Tell whether the table represents an exponential function. If so, write a rule 
for the function. 


The y-values are multiplied by 3 for 
each increase of 1 in x, so the table 
represents an exponential function 
of the form y = ab* with b = 3. 


The value of y when x = 0 is > SO a = 5 


The table represents the exponential function y = i . 3, 


The y-values are multiplied by; for 


each increase of 1 in x, so the table 
represents an exponential function of 


the form у = ab* with b = = 


The value of y when x = 0 is 1, soa = 1. 


The table represents the exponential function y — (+). 


GUIDED PRACTICE for Example 1 


1. Tell whether the table represents an 
exponential function. If so, write a rule 
for the function. 
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oo | EXAMPLE 2 ] Graph an exponential function 


Graph the function y = (5) and identify its domain and range. 


Solution 
: READ A GRAPH STEP 7 Make a table of values. The domain 


: Notice that the graph is all real numbers. 
: has a y-intercept of 1 

: and that it gets closer 

: to the positive x-axis as 
: the x-values increase. 


STEP 2 Plot the points. 


STEP 3 Draw a smooth curve through the points. From either the table or 
the graph, you can see the range is all positive real numbers. 


[ EXAMPLE 3 ] Compare graphs of exponential functions 


: _ 1\* a 1,1 
Graph the functions y = 3 · 5) and y = 3" (3 . Compare each 


Ф, 
ХА 


graph with the graph of y = "E 


Solution ARI RPE ИЕШЕ 
NANA 


: DESCRIBE A 
: FUNCTION 


: An exponential decay 

: function has an 

: unbroken graph, so the 
: function is continuous, 

: as discussed on p. 223. 


ALT TTT 
заи иии 
pt tte} Pt 


Because the y-values for y = 3 • "a are 3 times the corresponding y-values for 
ll" Lis ; 1\Х 
у= (5) , the graph of y = 3* (5) is a vertical stretch ofthe graph of y = (5) ! 
Because the y-values for y = — times the corresponding 
i is a vertical shrink with 


_ {1 _ 1l 
y-values for y = (5) , the graph of y = ~ | 


reflection in the x-axis of the graph of y = aj. 


r4 GUIDED PRACTICE | for Examples 2 and 3 


2. Graph y = (0.4)* and identify its domain and range. 
3. Graph у = 5 + (0.4)*. Compare the graph with the graph of y = (0.4)*. 
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COMPARE GRAPHS When а> 0 and О «b < 1, the function у = ab” represents 
exponential decay. The graph of an exponential decay function falls from left 


to right. In comparison, the graph of an exponential growth function y = ар“ 
where a > 0 and b > 1 rises from the left. 


[ EXAMPLE 4 | Classify and write rules for functions 


: ANALYZE GRAPHS 


: For the function y — ab*, 
: where x = 0, the value 

: of y is у = ax? = a. This 
: means that the graph of 
: y = ab* has a y-intercept 
: of a. 


Tell whether the graph represents exponential growth or exponential decay. 
Then write a rule for the function. 


MILLLRPLILLLLL 


AJ Sees 
pi i i yoa; | | | | | 
SERS IRE 
III (Agua, | | 
шишик NE TT 
1 ы, 
MANOR IONES 
Solution 
a. The graph represents exponential b. The graph represents exponential 
growth (y = ab* where b > 1). The decay (y = ab* where 0 « b « 1). 
y-intercept is 10, so a — 10. Find The y-intercept is 8, so a — 8. Find 
the value of b by using the point the value of b by using the point 
(1, 12) and a = 10. (1, 4) and a = 8. 

y = ар“ Write function. y = ab" Write function. 
12=10»b! Substitute. 4=8+Db! Substitute. 
1.2=b Solve. 0.5=b Solve. 

A function rule is y = 10(1.2)*. A function rule is y = 8(0.5)*. 


СА GUIDED PRACTICE for Example 4 


4. The graph of an exponential function passes through the points (0, 10) 
and (1, 8). Graph the function. Tell whether the graph represents 
exponential growth or exponential decay. Write a rule for the function. 


i- CONCEPT SUMMARY For Your Notebook 


: Exponential Growth and Decay 


+ Exponential Growth Exponential Decay 
F у= а, а>0апарБ> 1 y-ab,a»0andO«b«1 
: y 7 
(0, а) (0, а) 
X X 
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EXPONENTIAL DECAY When a quantity decays exponentially, it decreases by 
the same percent over equal time periods. To find the amount of the quantity 
left after t time periods, use the following model. 


С KEY CONCEPT For Your Notebook 
: REWRITE F Exponential Decay Model 
: EQUATIONS T> | 
: Notice that you can — P р > ais the initial amount. ris the decay rate. 


: rewrite y = ab* as 


1: = all - r 
: y = а(1 — r} by T | y ЛА 
: replacing b with 1 -r 4 1 — ris the decay factor. EE. tis the time period. 
: and x with t (for time). — ^ 


The relationship between the decay rate r and the decay factor 1 — r is 
similar to the relationship between the growth rate and growth factor in an 
exponential growth model. You will explore this relationship in Exercise 45. 


| EXAMPLE 5 | Solve a multi-step problem 


FORESTRY The number of acres of Ponderosa pine 
forests decreased in the western United States from 
1963 to 2002 by 0.5% annually. In 1963 there were 
about 41 million acres of Ponderosa pine forests. 


a. Write a function that models the number of 
acres of Ponderosa pine forests in the western 
United States over time. 


b. To the nearest tenth, about how many million 
acres of Ponderosa pine forests were there 
in 2002? 


Solution 


a. Let P be the number of acres (in millions), and let t be the time 
(in years) since 1963. The initial value is 41, and the decay rate is 0.005. 


P =aí(1 - р)! Write exponential decay model. 
: + тенет ИЙ ж pened » = 41(1 — 0.005) Substitute 41 for a and 0.005 for r. 
: The decay rate in this 
: example is 0.5%, or = 41(0.995)* Simplify. 
: 0.005. So, the decay : . : 
: factor is 1 — 0.005, or b. To find the number of acres in 2002, 39 years after 1963, substitute 
: 0.995, not 0.005. 39 for t. 


Р = 41(0.995)99 == 33.7 Substitute 39 for t. Use a calculator. 
* There were about 33.7 million acres of Ponderosa pine forests in 2002. 


D CER E NM 2 
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| 
r4 GUIDED PRACTICE | for Example 5 


5. WHAT IF? In Example 5, suppose the decay rate of the forests remains 
the same beyond 2002. About how many acres will be left in 2010? 
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86 EXERCISES —— "O" O- messem 
© КЕҮ: on p. WS19 for Exs. 7 and 49 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 19, 36, 45, and 49 


: e = MULTIPLE REPRESENTATIONS 
Ex. 50 


' SKILL PRACTICE 


1. VOCABULARY What is the decay factor in the exponential decay 
model y = a(1 — т)? 


2. ж WRITING Explain how you can tell if a graph represents exponential 
growth or exponential decay. 


: EXAMPLE 1 WRITING FUNCTIONS Tell whether the table represents an exponential 


: on p. 531 function. If so, write a rule for the function. 

: for Exs. 3-6 
oe 4. 
5. 6. 


: EXAMPLE 2 GRAPHING FUNCTIONS Graph the function and identify its domain and range. 


: on p. 532 


: for Exs. 7-18 Q - | 8. у= Hi 9, у= (8j 10. y — Aj 
11. у= Bl 12. у= Aj 13. у = (0.3) 14. у = (0.5) 
15. у = (0.1)* 16. y — (0.9)* 17. у = (0.7)* 18. y — (0.25)* 


: EXAMPLE 3 19. Ж MULTIPLE CHOICE The graph of 


: On p. 532 which function is shown? 
: for Exs. 19-31 D y = (0.25)* y — (0.5)* 
© у= 0.25 • (0.5)* D у= 4: (0.5) 


COMPARING FUNCTIONS Graph the function. Compare the graph with the 
x 
graph of y = (+) ‘ 


20. y=5 + (3) 21. y=3 (3) 22. y=>2*(4) 23. y=3* (5) 
ara aro al ml 
28. y=-3 (3)  28.у= 1:2) 30. у= -02:27 з. у= -15: 07 
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MATCHING Match the function with its graph. 
32. у = (0.2)* 33. y = 5(0.2)* 34. у= 2(0.2)* 


Al |{ ||| B у 
SRE eRe Sei LL LLLA 
ТРАЕ SE NENNEN 
NEN PRR 


a 
шшш Жш иш 


LL] ALL | tT 
pT TIN LL LL. 
МЦ 
BREESE 


35. POPULATION A population of 90,000 decreases by 2.5% per year. Identify 
the initial amount, the decay factor, and the decay rate. Then write a 
function that models the population over time. 


36. Ж MULTIPLE CHOICE What is the decay rate of the function у = 4(0.97)'? 


(А) 4 0.97 © 0.3 (DD 0.03 

37. ERROR ANALYSIS In 2004 a person purchased a car 
for $25,000. The value of the car decreased by 14% у= а(1 – r) 
annually. Describe and correct the error іп writing а = 25,000(0.14)* 
function that models the value of the car since 2004. 


: EXAMPLE 4 RECOGNIZING EXPONENTIAL MODELS Tell whether the graph represents 


: on p. 533 exponential growth or exponential decay. Then write a rule for the function. 
: for Exs. 38-40 


— at classzone.com 


41. REASONING Without graphing, explain how the graphs of the given 
functions are related to the graph of f(x) = (0.5)*. 


a. m(x) = i . (0.5)* b. n(x) = —4 • (0.5)* c. p(x) = (0.5)* + 1 


CHALLENGE Write an exponential function of the form у = ab" whose graph 
passes through the given points. 


42. (0, 1), (2, 1) 43. (1,20), (2, 4) 44. (1 2) 2, 3 


45. ж WRITING The half-life of a radioactive substance is the time required 
for half the substance to decay. The amount A (in grams) of a 100 gram 
sample of a radioactive substance remaining after t half-lives is given by 
A = 100(0.5)*. Suppose the substance has a half-life of 10 days. Explain 
how to find the amount left after 40 days. Then find the amount. 


46. A Compare the graphs of the functions f(x) = 4* ^ ^ and 


g(x) = — • 4’. Use properties of exponents to explain your observation. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED = MULTIPLE 
536 for on p. WS1 TEST PRACTICE REPRESENTATIONS 


Г PROBLEM SOLVING 


GRAPHING CALCULATOR You may wish to use a graphing calculator to 
complete the following Problem Solving exercises. 


: EXAMPLE 5 47. CELL PHONES You purchase a cell phone for $125. The value of the cell 
: on p. 534 phone decreases by about 20% annually. Write a function that models 
: for Exs. 47-50 the value of the cell phone over time. Then find the value of the cell 


phone after 3 years. 


@Homelutor _ for problem solving help at classzone.com 


48. ANIMAL POPULATION Scientists studied the population 
of a species of bat in some caves in Missouri from 1983 to 
2003. In 1983, there were 141,200 bats living in the caves. 
That number decreased by about 11% annually until 2003. 


a. Identify the initial amount, the decay factor, 
and the decay rate. 


b. Write a function that models the number of bats 
since 1983. Then find the number of bats in 2003. 


@Homelutor — for problem solving help at classzone.com 


Ж SHORT RESPONSE In 2003 a family bought a boat for $4000. The boat 
depreciates (loses value) at a rate of 7% annually. In 2006 a person offers 
to buy the boat for $3000. Should the family sell the boat? Explain. 


50. es MULTIPLE REPRESENTATIONS There are a total of 128 teams at the 
start of a citywide 3-on-3 basketball tournament. Half of the teams are 
eliminated after each round. 


a. Writing a Model Write a function for the number of teams left after 
x rounds. 


b. Making a Table Make a table for the function using x = 0, 1, 2, .. ., 7. 


c. Drawing a Graph Use the table in part (b) to graph the function. 
After which round are there 4 teams left in the tournament? 


51. GUITARS The frets on a guitar are the small metal bars that divide 
the fingerboard. The distance d (in inches) between the nut and the 
first fret or any two consecutive frets can be modeled by the function 
d = 1.516(0.9439)/ where fis the number of the fret farthest from the nut. 


a. Identify the decay factor and the decay rate for the model. 
b. What is the distance between the nut and the first fret? 


c. The distance between the 12th and 13th frets is about half the distance 
between the nut and the first fret. Use this fact to find the distance 
between the 12th and 13th frets. Use the model to verify your answer. 
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52. CHALLENGE A college student finances a computer that costs $1850. The 


53. 


financing plan states that as long as a minimum monthly payment of 
2.25% of the remaining balance is made, the student does not have to pay 
interest for 24 months. The student makes only the minimum monthly 
payments until the last payment. What is the amount of the last payment 
if the student buys the computer without paying interest? Round your 
answer to the nearest cent. 


MULTI-STEP PROBLEM Maximal oxygen consumption 
is the maximum volume of oxygen (in liters per minute) 
that the body uses during exercise. Maximal oxygen 
consumption varies from person to person and 
decreases with age by about 0.5% per year after 

age 25 for active adults. 


a. Model A 25-year-old female athlete has a maximal 
oxygen consumption of 4 liters per minute. Another 
25-year-old female athlete has a maximal oxygen 
consumption of 3.5 liters per minute. Write a 
function for each athlete that models the maximal 
consumption each year after age 25. 


b. Graph Graph the models in the same coordinate plane. 


с. Estimate About how old will the first athlete be when her 
maximal oxygen consumption is equal to what the second 
athlete's maximal oxygen consumption is at age 25? 


MIXED REVIEW а | 


: PREVIEW 


: Prepare for 
: Lesson 9.1 in 
: Exs. 54-62. 


Simplify the expression. (р. 96) 


54. —12x + (-3x) 55. 8x — 3x 56. 144+x+2x 
57. 7(2x+ 1) — 5 58. 13x + (x — 4)5 59. 3x + 6(x +9) 
60. (5 = х) +x 61. (3x — 4)7 + 21 62. —(х— 1) – x? 


Solve the equation. 
63. x + 14 = 8 (p. 134) 64. 8x — 7 = 17 (p. 141) 
65. Ax + 2x — 6 = 18 (p. 148) 66. 2x — 7(x + 5) = 20 (p. 148) 


" QUIZ for Lessons 8.5-8.6 
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Graph the function. 
1. у= SJ (p. 520) 2. y=3-+ "i (p. 531) 3. у= 2 • 8" (p. 520) 
4. у= (0.1)* (р. 531) 5. y = 10 + 5* (р. 520) 6. y = 7(0.4)* (p. 531) 
7. COINS You purchase a coin from a coin collector for $25. Each year the 


value of the coin increases by 8%. Write a function that models the value 
of the coin over time. Then find the value of the coin after 10 years. 
Round to the nearest cent. (p. 520) 
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Use after Lesson 8.6 


Key Vocabulary 


e geometric 
sequence 


e common ratio 


: REVIEW ARITHMETIC 
: SEQUENCES 


: For help with identifying 
: an arithmetic sequence 
: and finding a common 

: difference, see p. 309. 


: ANALYZE A GRAPH 


: Notice that the graph in 
: Example 2 appears to be 
: exponential. 


Relate Geometric Sequences to 


Exponential Functions 


Ге ТИ Identify, graph, and write geometric sequences. 


In a geometric sequence, the ratio of any term to the previous term is constant. 
This constant ratio is called the common ratio and is denoted by r. 


A geometric sequence with first term a, and common ratio r has the form q, 


аут, a r^, a T), .... For instance, if a, = 5 and r = 2, the sequence 5, 5 + 2,5 • 2°, 


5 + 2%,...,or5,10, 20, 40,..., is geometric. 


Identify a geometric sequence 


Tell whether the sequence is arithmetic or geometric. Then write the next 
term of the sequence. 


а. 3,6,9, 12, 15... b. 128, 64, 32, 16, 8, ... 


Solution 
a. The first term is a, — 3. Find the ratios of consecutive terms: 


йб 6_ Hs 8. Q1 4, 12. 


а 11 u qM C 
a, 3 a, 6 2 а 9 3 а 12 


Because the ratios are not constant, the sequence is not geometric. То see 
if the sequence is arithmetic, find the differences of consecutive terms. 
ad, -44=6-3=3 a, — 4,=9-6=3 
a,—@,=12-9=3 a¿-4a=15-12=3 


The common difference is 3, so the sequence is arithmetic. The next 
term of the sequence is a, = a. + 3 = 18. 


b. The first term is a, = 128. Find the ratios of consecutive terms: 


Because the ratios are constant, the sequence is geometric. The common 


ratio is > The next term of the sequence is a, = a, * > = 4, 


Graph a geometric sequence 


To graph the sequence from part (b) of Example 1, 
let each term's position number in the sequence be 
the x-value. The term is the corresponding 
y-value. Then make and plot the points. 


Positionx | 1 2 3 | 4 5. 


Temy (us eom o 9 
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FUNCTIONS The table shows that a rule for finding the nth term of a 
geometric sequence is a, = а" ~ l. Notice that the rule is an exponential 


function. 
+] +1 + 1 + 1 


For the nth term, 
you multiply a, 
by r (n — 1) times. 


KEY CONCEPT For Your Notebook 


General Rule for a Geometric Sequence 


The nth term of a geometric sequence with first term a, and common 
ratio ris given by: а, = aur" ~ 


EXAMPLE 3 rule for a geometric sequence 


Write a rule for the nth term of the geometric sequence in Example 1. 
Then find ao 


Solution 


To write a rule for the nth term of the sequence, substitute the values for 


a, and rin the general rule a, = ау" 1 Because a, = 128 andr = > 


a, = 128 1\"~ * The 10th term of the se i = 128 po 
n "i2 i quence is ау, = “la = 


PRACTICE 
: EXAMPLES | Tell whether the sequence is arithmetic or geometric. Then graph 
Tto - the sequence. 
: on pp. 539-540 
: for Exs. 1-10 1, 3, 12, 48, 192, ... 2. 7, 16, 25, 34,... З. 34, 28, 22, 16,... 
4. 1024, 128, 16, 2,... S, 9, —10, 2b, TL «i. B. 29, 45, 57, 11... 


Write a rule for the nth term of the geometric sequence. Then find a. 


Te 1, 5,25, —125,... 8. 13, 26, 52, 104, ... 9. 432, 72, lZ,- 


10. E-MAIL A chain e-mail instructs the recipient to forward the e-mail to 
four more people. The table shows the number of rounds of sending the 
e-mail and the number of new e-mails generated. Write a rule for the nth 
term of the sequence. Then graph the first six terms of the sequence. 


Number of rounds Number of rounds sending e-mail,n e-mail, n 1 2 3 
Number of new e-mails generated, а, 1 4 16 
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IMIXED REVIEW of Problem Solving 2 STATE TEST PRACTICE 


Lessons 8.4-8.6 


1. MULTI-STEP PROBLEM The radius of the sun 5. EXTENDED RESPONSE A 


is about 96,600,000 kilometers. The radius of 
Earth is about 6370 kilometers. 


a. Write each radius in scientific notation. 


b. The surface area S of a sphere with 
radius r is given by S = 4«r? Assume the 
sun and Earth are perfect spheres. Find 
their surface areas. Write your answers in 
scientific notation. 


c. Whatis the ratio of the surface area of the 
sun to the surface area of Earth? What 
does the ratio tell you? 


2. SHORT RESPONSE The graph shows the 
value of a truck over time. 


y 
30,000 


20,000 N 


10,000 


0 
0 4 8 12 16 20 * 


a. Write an equation for the function whose 
graph is shown. 


b. At what rate is the truck losing value? 
Explain. 


3. GRIDDED ANSWER A new laptop computer 
costs $2000. The value of the computer 
decreases over time. The value V (in dollars) 
of the computer after t years is given by the 
function V = 2000(0.82)*. What is the decay 
rate, written as a decimal, of the value of the 
computer? 


4. OPEN-ENDED The value of a house in Iowa 
increased, on average, at a rate of about 4% 
per quarter from the first quarter in 2001 
to the last quarter in 2004. Write a function 
that models the value of the house over time. 
Choose an initial value of the house and a 
quarter such that the value of the house is 
about $275,000. 


| 


musician is saving money 
to buy a new snare drum. 
The musician puts $100ina 4 
savings account that pays 396 
annual interest compounded 
yearly. 


a. Write a function that 
models the amount of 
money in the account 
over time. E 


b. Graph the function. 


c. The musician wants a drum that 
costs $149.95. Will there be enough 
in the account after 3 years? Explain. 


. MULTI-STEP PROBLEM The graph shows 


the value of a business over time. 


Let 


0 


y 
160,000 


80,000 
0 


4 6 8 10 х 


a. Does the graph represent exponential 
growth or exponential decay? 


b. Write a function that models the value 
of the business over time. 


c. How much is the business worth after 
4 years? 


. MULTI-STEP PROBLEM The half-life of 


a medication is the time it takes for the 
medication to reduce to half of its original 
amount in a patient's bloodstream. A certain 
antibiotic has a half-life of about 8 hours. 


a. A patient is administered 500 milligrams 
of the medication. Write a function that 
models the amount of the medication in 
the patient's bloodstream over time. 


b. How much of the 500 milligram dose 
will be in the patient's bloodstream after 
24 hours? 
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CHAPTER SUMMARY 


BIG IDEAS 


For Your Notebook 


Big ldea Ө + Applying Properties of Exponents to Simplify Expressions 


You can use the properties of exponents to simplify expressions. For the 
> properties listed below, a and b are real numbers, and m and п are integers. 


а" а" = а" 


+n Product of powers property 


(а")" = gr” Power of a power property 


(ab)™ = ать" Power of a product property 


=P "aso Quotient of powers property 


Big 


Power of a quotient property 


> Working with Numbers in Scientific Notation 


: You can write numbers in scientific notation. 


: Number Standard form Scientific notation 


Four billion 4,000,000,000 


Thirty-two thousandths 


> You can also compute with numbers in scientific notation. For example: 


Big 


: exponential decay. 


Exponential growth 
Function y = ab, а> 0andb»1 


Graph y 


(0, a) 


Model y = a(1 + д}: 


(4 х 109) x (3.2 x 1072) = 12.8 x 10’ = 1.28 x 108, or 128,000,000 


| Writing and Graphing Exponential Functions 


> You can write and graph exponential growth and decay functions. You 
> can also model real-world situations involving exponential growth and 


Exponential decay 


Function y = ab*,a>Oand0<b<1 


Graph y 


(0, a) 


Model у = a(1 – nf 
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* Multi-Language Glossary 
* Vocabulary practice 

* order of magnitude, p. 491 * exponential function, p. 520 * exponential decay, p. 533 

* Zero exponent, p. 503 * exponential growth, p. 522 * decay factor, decay rate, p. 534 

* negative exponent, p. 503 * growth factor, growth rate, p. 522 

• scientific notation, p. 512 • compound interest, p. 523 

VOCABULARY EXERCISES 


1. Copy and complete: The function у = 1200(0.3)‘ is an exponential ?- 
function, and the base 0.3 is called the ? . 


2. WRITING Explain how you can tell whether a table represents a linear 
function or an exponential function. 


Tell whether the function represents exponential growth or exponential 
decay. Explain. 


3. y = 3(0.85)* 4. y= ;(1.01)* 5. у= 2(2.1)* 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding of 
the concepts you have learned in each lesson of Chapter 8. 


' Products pp. 489-494 


Simplify (3y?)* - y. 

(зу?) у = 3. Cale *y' Power of a product property 
= 81 + у y? Power of a power property 
= 81у!” Product of powers property 

EXERCISES 
: EXAMPLES Simplify the expression. 

1, 2, 3, 4, A 43 7 3..5, Б 
and 5 6. 4*4 7. (—3)'(—3) 8 Z *Z *z 
: onpp.489-491| 9. (y)? 10. [(—7)*]^ 11. [(b + 2)9]? 
: for Exs. 6-15 4 5 2 24 .5 

12. (6° +» 31) 13. —(8xy) 14. (2x^) * x 


15. EARTH SCIENCE The order of magnitude of the mass of Earth's 
atmosphere is 10/? kilograms. The order of magnitude of the mass of 
Earth's oceans is 10? times greater. What is the order of magnitude of the 
mass of Earth's oceans? 
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CHAPTER REVIEW 


УД Apply Exponent Properties Involving Quotients — ^ — pp.495-501_ 


: 1,2, апа з 


: on pp. 495-496 | 16. 
: for Exs. 16-24 


: on pp. 503-505 


x | xo qus ug 
=] = = .= Power of a quotient propert 
E 2 
ix a Power of a power property 
y" up 
2x Multiply f 
= =— ulti ractions. 
_ оү . 
= — Quotient of powers property 
y 
EXERCISES 
: EXAMPLES Simplify the expression. 
eT 60:8 (—3)’ 52 " 54 m 3 1712 
= 17. E 18. (22) 19. 277 
1} eas 1 6 6 [E ў 
20 [-1] 21. 9 22, e р 23. 710 "is 


24. PER CAPITA INCOME The order of magnitude of the population of 
Montana in 2003 was 10? people. The order of magnitude of the total 
personal income (in dollars) for Montana in 2003 was 10/9, What was the 
order of magnitude of the mean personal income in Montana in 2003? 


Define and Use Zero and Negative Exponents pp. 503-508 


Evaluate (2х0у 5)*. 


[24 y зү d үз Power of a power property 


=8+1+ ү Definition of zero exponent 
= £ Definition of negative exponents 
Y 
EXERCISES 
: EXAMPLES Evaluate the expression. 
: 1,2,and 4 _ -3 Е 
RB oe 25. 14° 26. 3 4 27. (2) 28. 7.7 


: for Exs. 25-29 | 29. UNITS OF MEASURE Use the fact that 1 femtogram = 10 1? kilogram and 


544 


1 nanogram = 10 ! kilogram to complete the following statement: 
1 nanogram = ? femtogram(s). 
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Use Scientific Notation pp. 512-518 


Write the number in scientific notation. 
a. 2097 = 2.097 X 10° Move decimal point left 3 places. Exponent is 3. 
b. 0.00032 =32 x 10° Move decimal point right 4 places. Exponent is —4. 
Write the number in standard form. 
а. 4.3201 х 10? = 432,01 Exponent is 2. Move decimal point right 2 places. 
b. 2.068 x 10? = 0.002068 Exponent is —3. Move decimal point left 3 places. 


EXERCISES 


: EXAMPLES 30. Write 78,120 in scientific notation. 31. Write 7.5 х 10 ? in standard form. 
: 1,2, 4, and 5 


: on pp. 512-514 | Evaluate the expression. Write your answer in scientific notation. 


: for Exs. 30-34 Я 
3 6.5 x 10 


" 1.6 x 107^ 

34. MASS The mass m, of a gate of the Thames Barrier in London is about 
1.5 x 10° kilograms. The mass m, of the Great Pyramid of Giza is about 
6 x 10? kilograms. Find the ratio of m, to m,. What does the ratio tell you? 


32. (6.3 x 10°)(1.9 x 107°) 


"8.5 | Write and Graph Exponential Growth Functions pp. 520-527 | 


Graph the function y = 4” and identify its domain ERTER JEEE 
and range. 


| 
STEP 7 Make a table. The domain is all real numbers. ||| |] 
III IA LL. 
||| 


STEP 2 Plot the points. 
STEP 3 Draw a smooth curve through the points. 


STEP 4 Identify the range. As you can see from the graph, the range is all positive 
real numbers. 


: EXAMPLES EXERCISES 


:2and3 — — Graph the function and identify its domain and range. 
: on p. 521 " " Р 5\x 
ape cag | faeces 36. y = (1.1) 37. y = (3.5) 38. y = (3) 


39. Graph the function у = —5 • 2*. Compare the graph with the graph of y = 2”. 
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: EXAMPLES 


: оп pp. 533-534 
: for Exs. 40-42 


CHAPTER REVIEW 


8. 5 | Write and Graph Exponential Decay Functions pp. 531-538 | 


Tell whether the graph represents exponential 
growth or exponential decay. Then write a rule 
for the function. 


The graph represents exponential decay (y = ab* 
where 0 « b « 1). The y-intercept is 2, so a = 2. Find 
the value of b by using the point (1, 0.5) and a = 2. 


y-ab* Write function. 
05=2+b! Substitute. 
0.25 = b Solve for b. 

A function rule is y = 2(0.25)*. 


CAR VALUE A family purchases a car for $11,000. The car depreciates (loses 
value) at a rate of about 1696 annually. Write a function that models the value 
of the car over time. Find the approximate value of the car in 4 years. 


Let V represent the value (in dollars) of the car, and let t represent the time 
(in years since the car was purchased). The initial value is 11,000, and the 
decay rate is 0.16. 


V=a(l—- р)! Write exponential decay model. 
= 11,000(1 — 0.16)’ Substitute 11,000 for a and 0.16 for r. 
= 11,000(0.84)* Simplify. 
To find the approximate value of the car in 4 years, substitute 4 for f. 
V = 11,000(0.84)' = 11,000(0.84)* == $5477 


The approximate value of the car in 4 years is $5477. 


EXERCISES 


Tell whether the graph represents exponential growth or exponential decay. 
Then write a rule for the function. 


anak? ae 
AH 
шав A 


MOTA | | | | | 
edat 
минкЕтниш 


42. CAR VALUE The value of a car is $13,000. The car depreciates (loses 
value) at a rate of about 15% annually. Write an exponential decay model 
for the value of the car. Find the approximate value of the car in 4 years. 
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Simplify the expression. Write your answer using exponents. 


1. (62 + 17) 2. (-3)(-3)° 3. ae 4. (85 
15 . E310 
5. 27 6. 53. 50. 55 7. [(-4)3]2 8. з 


Simplify the expression. 

9. 12. É 10. (S) 11. -+ 12. —(6p)? 

2 

13. (5xy)? 14. 1.2 15. (xë) 16. (-2) 
& 


Simplify the expression. Write your answer using only positive exponents. 


(2d)* 
сЗ 


_2\4 
17. (27 18. n . 19. уй. (8хёу 3) 2 20. (55)? - r? 


3b 
Write the number in scientific notation. 
21. 423.6 22. 7,194,548 23. 500.32 24. 71.23884 


25. 0.562 26. 0.0348 27. 0.000123 28. 0.5603002 


Write the number in standard form. 

29. 4.02 x 10° 30. 5.3121 x 10* 31. 9.354 x 10% 32. 1.307 x 10” 
33. 1.3 x 10? 34. 3.32 x 10 * 35. 7.506 х 10? 36. 9.3119 x 107° 
37. Graph the function y = 4”. Identify its domain and range. 


38. Graph the function y = j * 4*, Compare the graph with the graph of y = 4". 


39. ANIMATION About 1.2 х 10’ bytes of data make up a single frame of an 
animated film. There are 24 frames in 1 second of a film. About how 
many bytes of data are there in 1 hour of an animated film? 


40. SALARY A recent college graduate accepts a job at a law firm. The job 
has a salary of $32,000 per year. The law firm guarantees an annual pay 
increase of 396 of the employee's salary. 


a. Write a function that models the employee's salary over time. Assume 
that the employee receives only the guaranteed pay increase. 


b. Use the function to find the employee's salary after 5 years. 


41. SCIENCE At sea level, Earth's atmosphere exerts a pressure of 1 atmosphere. 
Atmospheric pressure P (in atmospheres) decreases with altitude and can 
be modeled by Р = (0.99987)* where a is the altitude (in meters). 


a. Identify the initial amount, decay factor, and decay rate. 
b. Use a graphing calculator to graph the function. 


c. Estimate the altitude at which the atmospheric pressure is about 
half of what it is at sea level. 
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CONTEXT-BASED 
MULTIPLE CHOICE QUESTIONS 


Some of the information you need to solve a context-based multiple choice 
question may appear in a table, a diagram, or a graph. 


, PROBLEM 1 
A scientist monitors bacteria cell growth in an experiment. The scientist 


records the number of bacteria cells in a petri dish every 20 minutes, as 
shown in the table. 


Number of 20 minute time periods, t 0 1 2 


Number of bacteria cells, c 15 30 60 


How many bacteria cells will there be after 3 hours? 


(А) 7.69 x 10" 7680 (C) 270 D 120 


Plan 


INTERPRET THE TABLE Determine whether the table represents a linear or an 
exponential function. Use the information in the table to write a function. Then 
use the function to find the number of bacteria cells after 3 hours. 


STEP 1 Solution 


coo... ...o Е а d 1 + 1 + 1 4 1 
Determine whether the 


function is exponential. 


x ха ха x д 


Because the c-values аге multiplied by 2 for each increase of 1 in t, the table 
represents an exponential function of the form c — ab! where b — 2. 


STEP 2 TEE »- The value of c when t = 0 is 15, as shown in the table, so а = 15. Substitute the 


Write the function rule. values of a and b in the function c = ab’. 
A function rule is c = 15 + 2*. 


jd 4 — — y There are 180 minutes in З hours. So there are nine 20 minute periods in 


Find the number of cels 3 hours. Substitute 9 for tin the function rule you wrote in Step 2. 
after 3 hours. ; 
c=15+2 


= 1542? 
= 7680 
There are 7680 bacteria cells in the petri dish after 3 hours. 


The correct answer is B. CA) (С) D) 
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Solution 
STEP 1 | 
КЫНДАН » Use the formula for the volume of a rectangular prism. 
Find the order of 
magnitude of the volume V= lwh Write formula for volume of rectangular prism. 


of sand in the fish tank. 


STEP 2 


Find the order of 


magnitude of the number 


of grains of sand in the 
fish tank. 


-» Multiply the order of magnitude of the volume of sand in the fish tank by the 


| PROBLEM 2 


A fish tank is a rectangular prism and 
is partially filled with sand, as shown. 
The dimensions of the fish tank are 
given. The order of magnitude of the 
number of grains of sand in 1 cubic 
inch is 10°. Find the order of magnitude 
of the total number of grains of sand in 
the fish tank. 


СА) 102 grains 10% grains © 105 ргаіпѕ (D) 106 grains 


Plan 


INTERPRET THE DIAGRAM Use the information in the diagram to find the 
order of magnitude of the volume of sand in the fish tank. Multiply the volume 
by the order of magnitude of the number of grains of sand in 1 cubic inch. 


—30*12*3 Substitute given values. 
= 1080 Multiply. 


The order of magnitude of the volume of sand is 10? cubic inches. 


order of magnitude of the grains of sand in 1 cubic inch. 
10? - 10? = 10° * * = 108 


The order of magnitude of the total number of grains of sand in the 
fish tank is 10°. 


The correct answer is D. (А) O O 


PRACTICE 


1. In Problem 2, consider the section of the fish tank occupied by water 
only. The order of magnitude of the weight of water per cubic inch is 
107° pound. The tank is filled to the top. What is the order of magnitude 
of the weight of the water in the fish tank? 


(А) 10 ? pound 10 ? pound © 10 pounds @ 10° pounds 
2. What is the volume of the cylinder shown? 

СА) 9x? 3ax? MED X 

(С) 9лх? (р) 3тх° 
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MULTIPLE CHOICE 


. The table represents which function? 


QD y=3:5 
© у=3.5* 


O y=-5:5 
D y=-3:5* 


. What is the volume of the cube? 


12x? 
D 64x? 


QD Ax 
(C 16x? 


In Exercises 3 and 4, use the table below. 


3. List the elements in order from least 


concentration to greatest concentration. 


СА) Sulfur, sodium, magnesium, chloride 
Chloride, sodium, magnesium, sulfur 
СС) Sulfur, chloride, magnesium, sodium 


(D> Sulfur, magnesium, sodium, chloride 


4. About how many times greater is the 


concentration of chloride than the 
concentration of magnesium? 


СА) 0.066 0.66 
© 1.5 D 15 
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In Exercises 5-7, use the table below. 


Number 
of meters 


10? 


5. How many millimeters are in 1 kilometer? 


СА) 1 10 
© 10? D 10° 
6. How many nanometers are in a centimeter? 
QD 107! 107 
© 10’ D 10° 


7. Amicrometer is 10° times greater than 


a nanometer. How many meters are in a 
micrometer? 


(А) 10 
© 10° 


10-12 
@® 10° 


In Exercises 8 and 9, use the graph below. 


ШР: 
«АТ 
ee 


. The graph of which exponential function is 


shown? 
СА) y=3* je-8 
© у= 2:37 Ф) y=2-3" 


. How does the graph compare with the graph 


of y = 3°? 

CA) Itis a vertical stretch. 

Itis a vertical shrink. 

(С) Itis a reflection in the x-axis. 


(D> Itis the same graph. 


GRIDDED ANSWER 


10. If 


3 
= x" and x = 0, what is the value 


x 
x? 


of n? 


11. Write the number 7.8 x 10^! in standard 
form. 


12. What power of 10 is used when you write 
12,560,000 in scientific notation? 


13. The table shows the values for an 
exponential function. 


What is the missing value in the table? 


14. An initial investment of $200 is losing value 
at a rate of 1.596 per year. What is the value 
of the investment (in dollars) after 3 years? 
Round your answer to the nearest cent. 


15. What is the value of (2x)? • x when x = 52 


Write your answer as a fraction. 
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SHORT RESPONSE 


16. A female sockeye salmon lays about 10° eggs 


17. 


18. 


in one season. 


a. About how many eggs will 10* female 
sockeyes lay? 


b. Suppose about 10° of the eggs survive to 
become young salmon. What percent of 
eggs survive? Explain how you found your 
answer. 


You deposit $75 in a bank account that 

pays 3% annual interest compounded 

yearly. If you do not make any deposits or 
withdrawals, how much will your investment 
be worth in 3 years? Explain. 


Membership in an after-school athletic 
club declined at a rate of 5% per year for the 
period 2000—2005. There were 54 members 
in 2000. 


a. Identify the initial amount, the decay rate, 
and the decay factor. 


b. In what year did the club have 
44 members? Explain. 


19. Europa, one of Jupiter’s moons, is roughly spherical. The equatorial radius 


of Europa is 1.569 х 10° meters. 


a. Find the volume of Europa. Write your answer in scientific notation. 


b. Find the average density d (in kilograms per cubic meters) of Europa 


by using the formula d = T where m is the mass of Europa (about 


4.8 х 10° kilograms) and Vis the volume you calculated in part (a). 


с. Explain how you could have used order of magnitude to approximate 
the density of Europa. How would the approximation compare with the 


density you calculated in part (b)? 


20. A gardener is growing a water lily plant. The plant starts out with 4 lily 
pads and the number of lily pads increases at a rate of about 6.5% per day 


for the first 20 days. 


a. Write a function that models the number of lily pads the plant has over 


the first 20 days. 


b. Graph the model and identify its domain and range. 


с. On about what day did the plant have 10 lily pads? Explain how you 


found your answer. 
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Polynomials апа 
Factoring 


9.1 Add and Subtract Polynomials 

9.2 Multiply Polynomials 

9.3 Find Special Products of Polynomials 
9.4 Solve Polynomial Equations in Factored Form 4 | 
9.5 Factor x? + bx + c | 


9.6 Factor ax? + bx + c 2 iea 
9.7 Factor Special Products tide. | 
9.8 Factor Polynomials Completely BI 


( Before ) 


Previously, you learned the following skills, which you'll use 
in Chapter 9: using the distributive property, combining 
like terms, and using the properties of exponents. 


Prerequisite Skills чү "АНАМ 


VOCABULARY CHECK 
Copy and complete the statement. 
1. Terms that have the same variable part are called. ? . 


2. For a function f(x), a(n) ? is an x-value for which f(x) = 0. к! - _ 


SKILLS CHECK 
Simplify the expression. (Prerequisite skill for 9.1-9.8) 
3. 3x + (—6x) 4. 5+4x+2 5. 4(2x— 1) +х 6. —(x+4)-— 6x 


Simplify the expression. (Prerequisite skill for 9.2-9.8) 
7. (3xy)? 8. ху? • xy? 9. (x?) 10. (—? 


Find the greatest common factor of the pair of numbers. (Prerequisite skill for 9.4) 
11. 121, 77 12. 96, 32 13. 81, 42 14. 12,56 
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In Chapter 9, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 615. You will also use the key vocabulary listed below. 


© Adding, subtracting, and multiplying polynomials 
€ Factoring polynomials 
© writing and solving polynomial equations to solve problems 


KEY VOCABULARY 


e monomial, p. 554 e trinomial, p. 555 * perfect square trinomial, 
* degree, p. 554 * roots, p. 575 p. 601 

* polynomial, p. 554 e vertical motion model, * factor by grouping, 

* leading coefficient, p. 554 р. 577 p. 606 


* binomial, p. 555 * factor completely, p. 607 


You can use a polynomial function to model vertical motion. For example, you 
can use a polynomial function to model the height of a jumping animal as a 
function of time. 


p > 


The animation illustrated below for Exercise 62 on page 598 helps you to 
answer this question: How does changing the initial vertical velocity of a 
serval, an African cat, affect its jumping height? 


АКС 


Te гра could panda land an 


va Mie j des iake ale ae 


| 


| Your goal is to find the height of the serval А 


at different times. ; 


p i ee 
Click on the box to enter the time in which а 
| the serval lands on the ledge. Е 


СА nimateg at classzone.com 


Other animations for Chapter 9: pages 555, 582, 592, and 601 


1 Add and Subtract 
* * Polynomials 


You added and subtracted integers. 
You will add and subtract polynomials. 
So you can model trends in recreation, as in Ex. 37. 


Key Vocabulary A monomial is a number, a variable, or the product of a number and one or 
e monomial more variables with whole number exponents. The degree of a monomial is 
e degree the sum of the exponents of the variables in the monomial. The degree of a 
e polynomial nonzero constant term is 0. The constant 0 does not have a degree. 


* leading coefficient 


* binomial Not a 
mi 
e trinomial 
BHX A sum is not a monomial. 
2 A monomial cannot have a 
n variable in the denominator. 
4a A monomial cannot have a 
variable exponent. 
і The variable must have a 
whole number exponent. 
A polynomial is a monomial or a sum of monomials, each called a term ofthe 
polynomial. The degree of a polynomial is the greatest degree of its terms. 
When a polynomial is written so that the exponents of a variable decrease from 
left to right, the coefficient of the first term is called the leading coefficient. 
leading degree constant 
coefficient | Ш кепш 
2x) + x^ — 5x + 12 
Rewrite a polynomial 
Write 15x — x? + 3 so that the exponents decrease from left to right. Identify 
the degree and leading coefficient of the polynomial. 
Solution 
Consider the degree of each of the polynomial's terms. 
Degree is 1. Degreeis3. Degree is 0. 
Ibx—x° +3 
The polynomial can be written as —x° + 15x + 3. The greatest degree is 3, so 
the degree of the polynomial is 3, and the leading coefficient is —1. 
554 = Chapter 9 Polynomials and Factoring 


: ALIGN TERMS 


: If a particular power of 


: the variable appears 

: in one polynomial but 
: not the other, leave a 
: space in that column, 


BINOMIALS AND TRINOMIALS A polynomial with two terms is called a 
binomial. A polynomial with three terms is called a trinomial. 


| EXAMPLE 2 | Identify and classify polynomials 


Tell whether the expression is a polynomial. If it is a polynomial, find its 
degree and classify it by the number of its terms. Otherwise, tell why it is 
not a polynomial. 


Is it a polynomial? Classify by degree and number of terms 


ADDING POLYNOMIALS To add polynomials, add like terms. You can use a 
vertical or a horizontal format. 


| EXAMPLE 3 ] Add polynomials 


Find the sum. 


a. (2x° — 5x* + x) + (2x7 + x? — 1) b. (3х2 + x — 6) + (x? + 4х + 10) 
Solution 
--j> a. Vertical format: Align like terms in vertical 2х3 — 5x* +x 
columns. y da _1 


3x3 — 3x7 +x — 1 
b. Horizontal format: Group like terms and 


: or write the term with a simplify. 


: coefficient of О. 


(3x7 + x 6) + (x? + Ax + 10) = (3x? + x?) + (x + Ax) + (-6 + 10) 
=4x2+5x+4 
(Animatea Algebra at classzone.com 


GUIDED PRACTICE | for Examples 1, 2, and 3 


1. Write 5y — 2y” + 9 so that the exponents decrease from left to right. 
Identify the degree and leading coefficient of the polynomial. 


2. Tell whether y? — 4y + 3 is a polynomial. If it is a polynomial, find its 
degree and classify it by the number of its terms. Otherwise, tell why it is 
not a polynomial. 


3. Find the sum (5x? + 4x — 2x) + (4x? + 3x? — 6). 


9.1 Add and Subtract Polynomials 


555 


SUBTRACTING POLYNOMIALS To subtract a polynomial, add its opposite. To 
find the opposite of a polynomial, multiply each of its terms by —1. 


( EXAMPLE 4 ] Subtract polynomials 


Find the difference. 
а. (4n? + 5) — (—2п° + 2n — 4) b. (4х2 — Зх + 5) — (3х2 — x — 8) 
Solution 
a. (4n? +5) 4n? +5 
: AVOID ERRORS а | ә 
ылыы ыыы iio OO —(—2n? -2n —4 =» + 2n?-2n+4 
: Remember to multiply i RUE д... да...) = EA 
: each term in the биг — 2n + 9 
: polynomial by —1 
: when you write the b. (4х2 — 3x + 5) — (3х2 — x — 8) = Ax^ — 3x + 5 – 3x’ +x + 8 
: subtraction as addition. = (Ax? — 3x2) + (-3x + x) + (5 + 8) 
= x^ — 2x + 13 


| EXAMPLE 5 | Solve a multi-step problem 


BASEBALL ATTENDANCE Major League Baseball teams are 
divided into two leagues. During the period 1995-2001, 
the attendance N and A (in thousands) at National and 
American League baseball games, respectively, can be 
modeled by 


N = —488t? + 54301 + 24,700 and 
A = —318t? + 3040t + 25,600 


where tis the number of years since 1995. About how many 
people attended Major League Baseball games in 2001? 
Solution 


STEP Y Add the models for the attendance in each league to find a model 
for M, the total attendance (in thousands). 


M = (—488f? + 54301 + 24,700) + (—3181t? + 3040t + 25,600) 


= (—4881^ — 31817) + (5430г + 30402) + (24,700 + 25,600) 
: AVOID ERRORS 


| pnl өөө > = —8061* + 84701 + 50,300 

; represents thousands $TEP2 Substitute 6 for t in the model, because 2001 is 6 years after 1995. 
: of people, M = 72,100 9 

: represents 72,100,000 М = —806(6)* + 8470(6) + 50,300 = 72,100 

: people. |, > About 72,100,000 people attended Major League Baseball games in 2001. 


Y GUIDED PRACTICE | for Examples 4 and 5 


4. Find the difference (4х2 — 7x) — (5x* + 4x — 9). 


5. BASEBALL ATTENDANCE Look back at Example 5. Find the difference in 
attendance at National and American League baseball games in 2001. 
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91 EXERCISES "и O- wonen cursos 
a KEY: on p. WS20 for Exs. 21 and 39 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 9, 10, 39, and 41 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: A number, a variable, or the product 
of one or more variables is called a(n). ? . 


2. * WRITING Is 6 a polynomial? Explain why or why not. 


: EXAMPLE 1 REWRITING POLYNOMIALS Write the polynomial so that the exponents 


: on p. 554 decrease from left to right. Identify the degree and leading coefficient of 
: for Exs. 3-9 the polynomial. 
3. 9m? 4. 2 — 6y 5. 2x^y^ — 8xy 
6. 5n? + 2n — 7 7. 52 + 223 — 2? + 32° 8. —2h? + 2h* — hê 


9. ж MULTIPLE CHOICE What is the degree of —4x? + 6x* — 1? 


QD —4 3 © 4 D 6 
: EXAMPLE 2 10. Ж MULTIPLE CHOICE Which expression is not a monomial? 
[on p. Bos D -5x 0.2y4 © 3mn D 357 


: for Exs. 10-16 


IDENTIFYING AND CLASSIFYING POLYNOMIALS Tell whether the expression 
is a polynomial. If itis a polynomial, find its degree and classify it by the 
number of its terms. Otherwise, tell why it is not a polynomial. 


11. —4* 12. w*+1 13. 3x—5 


14, Ef? — sf + 2 15. 6 n? + 5r? 16. 10/4 — 3? + 11 


: EXAMPLES ADDING AND SUBTRACTING POLYNOMIALS Find the sum or difference. 
: 3and4 | 


: on pp. 555—556 | 17. (ba? — 3) + (8a? — 1) 18. (h? + Ah — 4) + (5h? — 8h + 2) 
: for Exs. 17-28 | 19. (Am? — m + 2) + (-3m^ + 10m + 7) 20. (7k? + 2k — 6) + (3k? — 11k — 8) 
| (1) (6c? + 3c + 9) — (3c — 5) 22. (3x2 — 8) — (4x3 + x? — 15x + 1) 
| 23. (-r? + 2n) - 2r? — i? + n + 12) 24. (9b? — 13b^ + b) — (-13b* — 5b + 14) 
25. (4d — 6d? + 3d^) — (9d? 7d — 2) 26. (9p^ — 6p? + 3 — 11р) + (тр? — Зр? + 4) 


ERROR ANALYSIS Describe and correct the error in finding the sum or 
difference of the polynomials. 


27. 28. 
х2 — 4х2 + 3 (6x? — 5x) — (2х2 + 3x — 2) 


+ —3x + 8x-2 = (бх? — 2x%) + (—5x + Зх) — 2 


—2х° + 4x? + 1 X = Axé — 2x — 2 x 


29. ORDERING POLYNOMIALS BY DEGREE Write the polynomials in 
decreasing order of degree: 1 — Зх + 5x%, 332, x + 22 + x^, 12x + 1. 
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@S GEOMETRY Write a polynomial that represents the perimeter of the figure. 
30. 2x +6 31. 3x — 2 


x T8 2x 2x +1 
9x —6 
5x — 2 
ADDING AND SUBTRACTING POLYNOMIALS Find the sum or difference. 
32. (3125 + 5rs + 3) + (-8rs? — 9rs — 12) 33. (x^ + 11xy — 3y%) + (-2x* — xy + 4y’) 
34. (bmn + 3m — 9n) — (13mn + 2m) 35. (8a^b — ба) — (2a*b — 4b + 19) 


36. CHALLENGE Consider any integer x. The next consecutive integer can be 
represented by the binomial (x + 1). 


a. Write a polynomial for the sum of any two consecutive integers. 


b. Explain how you can be sure that the sum of two consecutive integers 
is always odd. Use the polynomial from part (a) in your explanation. 


. PROBLEM SOLVING 


: EXAMPLE 5 37. BACKPACKING AND CAMPING During the period 1992-2002, 


: on p. 556 the participation B (in millions of people) in backpacking 
: for Exs. 37—39 and the participation C (in millions of people) in camping 
can be modeled by 


B = -0.0262% + 0.37612 — 0.574t + 9.67 and 
C = —0.0182f + 0.5221? — 2.59t + 47 


where tis the number of years since 1992. About how many 
more people camped than backpacked in 2002? 


for problem solving help at classzone.com 


38. CAR COSTS During the period 1990-2002, the average costs 
D (in dollars) for a new domestic car and the average costs 
I (in dollars) for a new imported car can be modeled by 


D = 442141 + 14,433 and I= —137.63t7 + 2705.2t + 15,111 


where fis the number of years since 1990. Find the difference in average 
costs E BOUES for a new imported car and a new domestic car in 2002. 


utor | for problem solving help at classzone.com 


Ж SHORT RESPONSE During the period 1998-2002, the number 
A (in millions) of books for adults and the number J (in millions) 
of books for juveniles sold can be modeled by 


A = 9.519 — 5812 + 661 + 500 and J= -151 + 64t + 360 


where tis the number of years since 1998. 


a. Write an equation that gives the total number (in millions) of books 
for adults and for juveniles sold as a function of the number of years 
since 1998. 


b. Were more books sold in 1998 or in 2002? Explain your answer. 


(С) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
558 on p. WS1 TEST PRACTICE 


40. SCHOOL ENROLLMENT During the period 1985-2012, the projected 
enrollment B (in thousands of students) in public schools and the 
projected enrollment R (in thousands of students) in private schools 
can be modeled by 


В = —18.53f? + 975.8t + 48,140 and R= 80.81 + 8049 


where tis the number of years since 1985. Write an equation that models 
the total school enrollment (in thousands of students) as a function of the 
number of years since 1985. What percent of all students is expected to be 
enrolled in public schools in 2012? 


41. Ж EXTENDED RESPONSE The award for the best pitchers 
in baseball is named after the pitcher Cy Young. During 
the period 1890-1911, the total number of Cy Young's 
wins W and losses L can be modeled by 


W= —0.441* + 34t + 4.7 and Г = 15t + 15 
where tis the number of years since 1890. 


a. A game credited to a pitcher as a win or a loss is called 
a decision. Write an equation that models the number 
of decisions for Cy Young as a function of the number 
of years since 1890. 


b. Cy Young's career in Major League Baseball lasted 
from 1890 to 1911. Approximately how many total 
decisions did Cy Young have during his career? 


c. About what percent of the decisions in Cy Young's Cy Young Award 


career were wins? Explain how you found your answer. 


42. CHALLENGE In 1970 the United States produced 63.5 quadrillion BTU 
(British Thermal Units) of energy and consumed 67.86 quadrillion BTU. 
From 1970 through 2001, the total U.S. energy production increased 
by about 0.2813 quadrillion BTU per year, and the total U.S. energy 
consumption increased by about 0.912 quadrillion BTU per year. 


a. Write two equations that model the total U.S. energy production and 
consumption (in quadrillion BTU) as functions of the number of 
years since 1970. 


b. How much more energy was consumed than produced in the U.S. 
in 1970 and in 2001? What was the change in the amount of energy 
consumed from 1970 to 2001? 


. MIXED REVIEW | | | | 


: PREVIEW Simplify the expression. 

: Prepare for Е NN 

P Lesson 9.2 in 43. 0.6(3 — x) (p. 96) 44. 4(y + 6) (p. 96) 45. 4(1 — b) — 5b (p. 96) 
: EXS. 43-48. 46. —4(16c — 8) (p. 96) 47. (6t^)* (p. 489) 48. n(2m^n) (p. 489) 


Graph the equation or inequality. 
49. y — —8 (p. 215) 50. x — Зу = 15 (p.215) 51. y= —5x — 14 (p. 215) 
52. х 2 —3 (p. 405) 53. x + y < 9 (р. 405) 94. 2x — y « 7 (p. 405) 
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БУШ ACTIVITY Use after Lesson 9.1 Tutor 


classzone.com 
Keystrokes 


1 Graph Polynomial Functions 


u | 


Tell whether the sum or difference is correct. 
а. (x* — 2х + 3) + (2х2 + Ax —5) 2 3х2 + 2x 2 
b. G + x+ D—6x-2x+72-4-x-6 


STEP 1| Enter expressions STEP 2| Graph expressions 


Let y, equal the original expression. For y,, choose a normal graph style. 
Let y, equal the sum. For у„, choose a thicker graph style. 


а. а. 


| үз ‹(х2^2-2Х+53)+(2Х2 ' 
+4X-5) 
Y28B3X2+2X-2 
Y3= 
Y4= 
Y5= 
Yó= 


L J 


b. 


| YIB(X3+X+1)=(5X3-= | 
2X7) 
Yez-4X5-X-6 
Y3= 
Y4= 
Y5= 
Y6= 


3 J U _) 
Analyze graphs 


a. The thick curve coincides with the thin curve, so the sum is correct. 
b. The thick curve deviates from the thin curve, so the difference is incorrect. 
(q | | 


Find the sum or difference. Use a graphing calculator to check your answer. 
1. (6х2 + Ax 1) + (x^ —2x c2) 2. (3x — 2x + 1) – (4° — 5x + 1) 


Tell whether the sum or difference is correct. Correct any incorrect 
answers. 


3. (3х2 — 2x + 4) + (~x? + 3x 2) 2 252 - x ^ 6 
4. (CAx^ — 5x — 1) — (—5x” + 6х + 3) 2 9x? + x + 2 
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in едан AC TIVIT Y Use before Lesson 9.2 


Multiplication with Algebra Tiles 


MATERIALS - algebra tiles 


| 
u | 
b A 3 


You can use the following algebra tiles to model polynomials. Notice that the 


value of each tile is the same as its area. 


T-tile x-tile 
1 


Find the product (x + 3) (2x + 1). 
STEP T | Model the rectangle's dimensions 


Model each binomial with algebra tiles. 
Arrange the first binomial vertically and 


STEP 2| Fill in the area 


Fill in the rectangle with the appropriate 
algebra tiles. 


the second horizontally, as shown. These 
polynomials model the length and width 
of a rectangle. 

2x +1 


x+3 


Find the product 


The rectangle you created represents the polynomial 2x* + 7x + 3. 
So, (x + 3)(2x + 1) = 2x* + 7x + 3. 


| AW | 


Use algebra tiles to find the product. Include a drawing of your model. 
1. (x+ ix +3) 2. (x + 5)(x + 4) 3. (2x + D(x + 2) 
4. (3x + 2)(x + 1) 5. (3x + 2)(2x + 1) 6. (Ax + 1)(2x +3) 


7. REASONING Find the product x(2x + 1) and the product 3(2x + 1). What is the 
sum of these two products? What do your answers suggest you can do to find 
the product (x + 3)(2x + 1)? 


9.2 Multiply Polynomials 


© 2 Multiply Polynomials 


You added and subtracted polynomials. 


QUEE You will multiply polynomials. 


So you can determine areas, as in Example 7. 


Key Vocabulary 
e polynomial, p. 554 
* binomial, p. 555 


The diagram shows that a rectangle with width x and 2x +3 
length 2x + 3 has an area of 2x* + 3x. You can also е ` 


х(2х + 3) = х(2х) + x(3) = 2x? + 3x 


1 
find this product by using the distributive property. БЕ]. 
X x? | 


In this lesson, you will learn several methods for 


| 1 


multiplying polynomials. Each method is based on 


the distributive property. 


Multiply a monomial and a polynomial 


: REVIEW 
: PROPERTIES OF 
: EXPONENTS 


: For help with using the - 
: properties of exponents, 
: see р. 489. 


Find the product 2x? (x? + 3x* — 2x + 5). 
2x* (x? + Зх? — 2x + 5) 
= 233 (x) + 2x2 (3x^) — 2x2 (2x) + 2x9 (5) 
= 2x8 + 6x? — Ax* + 10x? 


Write product. 
Distributive property 


Product of powers property 


Multiply polynomials using a table 


Find the product (x — 4)(3x + 2). 


Solution 


STEP? Write subtraction as addition in each polynomial. 


(x — 4)(3x + 2) = [x + (-4)](3x + 2) 
STEP2 Make a table of products. 
3X 2 


3x 2 


oe | | 013025 


al | 


apa] -8- 


> The product is 3x^ + 2x — 12x — 8, or 3x* — 10x — 8. 


GUIDED PRACTICE | for Examples 1 and 2 


Find the product. 
1. x(7x^ + 4) 2. (a  3)(2a + 1) 
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3. (4n — 1)(n + 5) 


| EXAMPLE З | Multiply polynomials vertically 


Find the product (b* + 6b — 7)(3b — 4). 


Solution 

: AVOID ERRORS. STEP? Multiply by -4.  S7EP2 Multiply by Зр. STEP 3 Add products. 
: Remember that the 2 2 2 
: terms of (3b — 4) are 3b b^ + 6р – 7 b^ + 6b – 7 b^ + 6b – 7 
: and —4. They are not x 3b —4 x 3b — 4 x 3b — 4 
: 3b and 4. q = ————————————— 

—4b* — 24b + 28 —Ab* — 24b + 28 —Ab* — 24b + 28 

3D? + 18b? — 21b зр? + 18b? — 21b 


3D? + 14р? — 45b + 28 


Multiply polynomials horizontally 


Find the product (2x? + 5x — 1) (4х — 3). 

(2х2 + 5х — 1) (4х — 3) Write product. 
= 2x^ (Ax — 3) + 5x(4x — 3) — 1(4x — 3) Distributive property 
= 8x? — 6x + 20x? — 15x — 4х +3 Distributive property 


= 8x? + 14x? — 19x +3 Combine like terms. 


FOIL PATTERN The letters of the word FOIL can help you to remember how to 
use the distributive property to multiply binomials. The letters should remind 
you of the words First, Outer, Inner, and Last. 


КА А. 


(2x + 3)(4х + 1) = 8х2 + 2x + 12x + 3 


First Outer Inner Last 


S 


| EXAMPLE 5 | Multiply binomials using the FOIL pattern 


Find the product (За + 4)(a — 2). 

(За + 4)(a — 2) 
= (За)(а) + (3a)(—-2) + (4)(a) + (4)(—2) Write products of terms. 
= За? + (—6a) + 4a + (—8) Multiply. 


= За? – 2a — 8 Combine like terms. 


GUIDED PRACTICE for Examples 3, 4, and 5 


Find the product. 
4. (x^ + 2x + D(x +2) 5. (3y? — у + 5)(2у – 3) 6. (4b — 5)(b — 2) 


9.2 Multiply Polynomials 
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* | EXAMPLE 6 ] Standardized Test Practice 


The dimensions of a rectangle are x + 3 and x 2. Which expression 
represents the area of the rectangle? 
: ELIMINATE CHOICES 


TTT TTT ere Tre ree À 2 2 2 А 
: When you multiply ^| ® * *6 х2 +5х+6 © х2+6х+6 (D х2 + 6x 
PX 3 and x + 2, the 

: product will have a Solution 


: constant term of 


: 3*2 = 6. So, you can Area = length • width Formula for area of a rectangle 
: eliminate choice D. 
= (x + 3)(x + 2) Substitute for length and width. 


=x°+2x+3x+6 Multiply binomials. 
= ҳ2 + 5х +6 Combine like terms. 
> The correct answer is В. @ © ® 


CHECK You can use a graph to check your answer. 
Use a graphing calculator to display the graphs | 
of y, = (x + 3)(x + 2) and y, = x^ + 5x + біп 
the same viewing window. Because the graphs | | 
coincide, you know that the product of x + 3 
and x + 2is x^ + 5x + 6. A | 


Solve a multi-step problem 


SKATEBOARDING You are designing a rectangular 
skateboard park on a lot that is on the corner of a 
city block. The park will have a walkway along 
two sides. The dimensions of the lot and the 
walkway are shown in the diagram. 


e Write a polynomial that represents the area 
of the skateboard park. 


e What is the area of the park if the walkway is 


3 feet wide? Not drawn 


to scale 
Solution 


STEP? Write a polynomial using the formula for the area of a rectangle. 
The length is 45 — x. The width is 33 — x. 


Area = length • width Formula for area of a rectangle 
= (45 — x)(33 — x) Substitute for length and width. 
= 1485 — 45x — 33x + x? Multiply binomials. 
= 1485 — 78x + x* Combine like terms. 

STEP2 Substitute З for x and evaluate. 

Area = 1485 — 78(3) + (3)* = 1260 

* The area of the park is 1260 square feet. 
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GUIDED PRACTICE for Examples 6 and 7 


7. The dimensions of a rectangle are x + 5 and x + 9. Which 
expression represents the area of the rectangle? 


(А) x* + 45x (В) x^- 45 
(C x^- 14x + 45 D x* + 45x + 45 


8. GARDEN DESIGN You are planning to build a 
walkway that surrounds a rectangular garden, 
as shown. The width of the walkway around 
the garden is the same on every side. 


a. Write a polynomial that represents 
the combined area of the garden and 
the walkway. 


b. Find the combined area when the width 
of the walkway is 4 feet. 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 26, 44, 52, and 53 


HOMEWORK: () = WORKED-OUT SOLUTIONS 
9.2 EXERCISES KEY: on p. WS20 for Exs. 23 and 51 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: The FOIL pattern can be used to 
multiply any two _? . 


2. * WRITING Explain how the letters of the word FOIL can help you 
multiply polynomials. 


: EXAMPLE 1 MULTIPLYING POLYNOMIALS Find the product. 


: on p. 562 


2 _ FP OT AM PUR M 
E m 3. x(2x^ — 3x + 9) 4. 4y(-y? — 2y — 1) 5. 22(42% + 2 — 112° — 6) 


6. 3c? (8c^ — c^ — Зс + 5) 7. —а?(—9а? + 5a + 13) 8. —5b? (AD? — 2I? + b — 11) 


: EXAMPLE 2 USING TABLES Use a table to find the product. 


: on p. 562 _ _ = = 
: or Exs. 9-15 9. (®*+2)(*—3) 10. (y — 5)(2y + 3) 11. (4b — 3)(b — 7) 
12. (5s + 2)(s + 8) 13. (8k — 1)(4k + 9) 14. (8n — 5)(3n — 6) 
: EXAMPLES ERROR ANALYSIS Describe and correct the error in finding the product of 
:3and4 a... the polynomials. 
: on p. 563 
: 15. 16. 
: for Exs. 16-26 (x = 5) (3x кз 1) 2x* —3x — 4 
x x+ 7 
OX 1 — 


14x? — 21x — 28 
¿Elo O 
2x5 + 11x? — 25x? — 28 


(x — 5)(3x + 1) = 2x* + 16x + 5 
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MULTIPLYING POLYNOMIALS Use a vertical or a horizontal format to find 


the product. 
17. (y + 6)(y — 5) 18. (5x — 8)(2x — 5) 19. (7w + 5)(11w — 3) 
20. (b — 2)(b? — b + 1) 21. (s + 4)(s* + 6s — 5) 22. (-r 7)(2r* — г — 9) 
@з) (5x + 2)(—3х° + 4x 1) 24. (у? + 8y — 6)(4y — 3) 25. (6z + z — 1)(9z — 5) 
26. Ж MULTIPLE CHOICE What is the product of 2x — 9 and 4x + 1? 
(А) 8x^—38x-9 (В) 8х° – 34х – 9 
(С) 8x* + 34х – 9 D) 8x* + 38x – 9 


: EXAMPLES | USING THE FOIL PATTERN Use the FOIL pattern to find the product. 
27. (2т— 1)(5r + 3) 28. (та — 2) (За — 4) 29. (4m + 9)(2m + 7) 


: on p. 563 
t for Exs. 27-32 
30. (8t + 11)(6t— 1) 31. (4x — 5)(12x — 7) 32. (Oz +t 3) (5z +4) 


SIMPLIFYING EXPRESSIONS Simplify the expression. 


33. p(2p — 3) + (p — 3)(р + 3) 34. x°(7x + 5) – (2x + 6)(x — 1) 

35. —3c^(c + 11) — (4c — 5) (3c — 2) 36. 2и^(2и^ — 7w — 1) + ш(5и? + 2ш) 
: EXAMPLES (E3 GEOMETRY Write a polynomial that represents the area of the shaded 
: бапа 7 region. 


: PI ка 
: for Exs. 37-42 


37. 38. 39. x 5 
x+5 2x x 
2x — 9 x 8 3 
40. 41. 
x+5 
x+6 
43. POLYNOMIAL FUNCTIONS Find the product f(x) * g(x) for the functions 
f(x) = х— П and g(x) = 2x + 12. 


44. ж MULTIPLE CHOICE Which polynomial represents f(x) • g(x) if 
f(x) = —2x* and g(x) = x? — 5x% + 2x — 1? 


CA) -2x — 10x* + 4x? — 2x? —2x° + 10x* — Ax? — 2x? 

(C) —2х? + 10x* — Ax? + 2x* D 2x° — 10x* + 4x? — 2x? 
45. REASONING Find the product (x? — 7x)(2x* + Зх + 1). Show that the 

product is correct by using a graphing calculator. Explain your reasoning. 
CHALLENGE Find the product. 
46. (x — y) (3x + 4y) 47. (x^y + 9y) (2x + Зу) 48. (x^ — 5xy + y )(4xy) 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
566 р. WS1 TEST PRACTICE 


' PROBLEM SOLVING 


3 n icon, РВА 
: for Exs. 49-50 


49. PICTURE FRAME You are designing a frame to surround 
a rectangular picture. The width of the frame around the 
picture is the same on every side, as shown. 


90. 


52. 


а. 


Ь. 


Write a polynomial that represents the total area 
of the picture and the frame. 


Find the combined area of the picture and the frame 
when the width of the frame is 4 inches. 
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SWIMMING POOL A rectangular swimming pool is bordered on one 
side by a deck. A contractor is hired to build a walkway along the 
remaining three sides of the pool. The width of the walkway is the 
same on every side, as shown. 


a. 


. Find the combined area of 


Write a polynomial that 
represents the total area of 
the pool and the walkway. 


the pool and the walkway 
when the width of the 
walkway is 5 feet. 


`©@НотеТиёог _ for problem solving help at classzone.com 


SOUND RECORDINGS During the period 1997-2002, the amount of 
money R (in millions of dollars) spent on sound recordings in the U.S. 
and the percent P (in decimal form) of this amount spent by people 
who are between 15 and 19 years old can be modeled by 


R= —3361^ + 1730t + 12,300 and P = 0.00351 — 0.0249t + 0.171 


where tis the number of years since 1997. 


a. 


b. 


Find the values of R and P for t = 0. What does the product R • Р 
mean for t = 0 in this situation? 


Write an equation that models the amount spent on sound 
recordings by people who are between 15 and 19 years old as a 
function of the number of years since 1997. 


. How much money did people between 15 and 19 years old spend on 


sound recordings in 2002? 


Ж SHORT RESPONSE During the period 1980-2002, the number Н (in 
thousands) of housing units in the U.S. and the percent P (in decimal 
form) of housing units that were vacant can be modeled by 


Н = 1570t + 89,000 and Р = 0.0013f + 0.094 


where tis the number of years since 1980. 


a. 


b. 


Write an equation that models the number (in thousands) of vacant 
housing units as a function of the number of years since 1980. 
Explain how you found this equation. 


How many housing units were vacant in 2002? 
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53. Ж EXTENDED RESPONSE The bar graph shows the number of households 
with a television for various years during the period 1990-2001. 


Households with Televisions 


=k 
со со 


1 


o _ 
=> 
2 5 
o: 
й= a 
о Е 
= == 


со 
со с 


1990 1995 1996 1997 1998 1999 2000 2001 


a. Find a linear equation that models the number of households T (in 
millions) with a television as a function of the number of years since 
1990. Explain how you found your model. 


b. During the period 1990-2001, the percent P (in decimal form) of 
television households that also have a VCR can be modeled by 


P = —0.0015 + 0.0327 + 0.069 
where fis the number of years since 1990. Write an equation that 


models the number of households V (in millions) with a VCR and a 
television as a function of the number of years since 1990. 


с. Use the equation from part (b) to predict the number of households 
that had a VCR and a television in 2002 and in 2005. 


54. CHALLENGE For the period 1990-2001, the total United States energy 
consumption С (in quadrillion British Thermal Units, or BTU) and the 
percent P of the total energy that was consumed in the United States for 
industrial purposes can be modeled by 


C= 1.51 + 84 
P= —0.05f? + 0.25t + 38 


where fis the number of years since 1990. 


a. Find the percent of total energy that was consumed in the 
United States for industrial purposes in 2000. 


b. Write an equation that gives the total energy (in quadrillion BTU) 
consumed in the United States for industrial purposes as a function 
of the number of years since 1990. To write the equation, you may 
need to rewrite one of the given equations. 


: PREVIEW Simplify the expression. (p. 96) 

: Prepare for — 55. 5(2x — 7) + 5x 56. 2x + 3(4x — 1) 57. 15x — 7(x + 3) 

: Lesson 9.3 in 

: Exs. 55-60. 58. 2x(x +1] +2 59. x(x — 4) — 9x 60. 11x + (х— 1)(8x) 


Solve the system. 


61. 2x + у= —5 62. x — 2y = —7 63. —2x + 4y = -2 
у= —3x + 2 (p. 435) x + 2y = 13 (p. 444) x — 2y = —1 (p. 451) 
64. —6x + 4y — 40 65. x2 —3 66. y 2x —5 
—3x + 2y = 20 (p. 451) y« 5 (p. 466) y» —3x + 1 (p. 466) 
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О 2 Find Special Products 
* of Polynomials 


You multiplied polynomials. 
Г Now ) You will use special product patterns to multiply polynomials. 
So you can make a scientific prediction, as in Example 4. 


Key Vocabulary The diagram shows a square with a side length of 
* binomial, р. 555 (a + b) units. You can see that the area of the square is 
etrinomial, p. 555 (a + Б)? = a? + 2ab + Ь?. a 


This is one version of a pattern called the square of a 
binomial. To find another version of this pattern, use b | ab |e 
algebra: replace b with —b. 


(a + (Cb)? = а? + 2a(—b) + (—b)* Replace b with —b in the pattern above. 


(a — р? = а? — 2ab + b’ Simplify. 


KEY CONCEPT For Vour Wotebook 


Square of a Binomial Pattern 


: Algebra Example 
> (а + b)? = a? + 2ab + b? (x + 5)? = x? + 10x + 25 
(a — by? = a? — 2ab + b? (2x — 3)? = Ax? — 12x + 9 


Use the square of a binomial pattern 


: USE PATTERNS Find the product. 

: When you use special +a = 2 ү y 42 i à; 

i pro duet айыт, a. (3x + 4) (3x) 2(3x)(4) + 4 Square of a binomial pattern 
: remember that a and = 9x^ + 24x + 16 Simplify. 


: b can be numbers, 
: variables, or variable 
: expressions. 


b. (5x — 2y)* = (5x)? — 2(5x)(2y) + (2y)? Square of a binomial pattern 
= 2552 — 20ху + Ay” Simplify. 


Y GUIDED PRACTICE for Example 1 


Find the product. 
1. (x + 3)? 2. (2x + D* 3. (Ax – у)? 4. (3m + п)? 
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SUM AND DIFFERENCE PATTERN To find the product (x + 2)(x — 2), you сап 
multiply the two binomials using the FOIL pattern. 


(AN 
EF Ae — 2) =x? —2x+2x—4  UseFOIL pattern. 
NA Я 


=x — 4 Combine like terms. 


This suggests a pattern for the product of the sum and difference of two terms. 


i- KEY CONCEPT For Your Notebook 


Sum and Difference Pattern 


Algebra Example 
(a + b)(a — b) = а? — b’ (x + 3)(х – 3) = х – 9 


СЭ Use the sum and difference pattern o 


Find the product. 
а. (t+ 5)(t-— 5) = t? —5* Sum and difference pattern 
= (> – 25 Simplify. 
b. (3x + y(3x — y) = (3x)? — y^ Sum and difference pattern 
= 9х? — у^ Simplify. 


r4 GUIDED PRACTICE | for Example 2 


| Find the product. 
5. (x + 10)(x — 10) а. (2x + D(2x — 1) 7. (x + 3y)(x — Зу) 


SPECIAL PRODUCTS AND MENTAL MATH The special product patterns сап 
help you use mental math to find certain products of numbers. 


| EXAMPLE З | Use special products and mental math 


Use special products to find the product 26 - 34. 


Solution 
, Notice that 26 is 4 less than 30 while 34 is 4 more than 30. 


26 • 34 = (30 — 4)(30 + 4) Write as product of difference and sum. 


= 307 — 42 Sum and difference pattern 
= 900 — 16 Evaluate powers. 
= 884 Simplify. 
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[| EXAMPLE 4 | Solve a multi-step problem 


BORDER COLLIES The color of the dark patches of a border collie's coat is 
determined by a combination of two genes. An offspring inherits one patch 
color gene from each parent. Each parent has two color genes, and the 
offspring has an equal chance of inheriting either one. 


The gene B is for black patches, and the gene Parent 
r is for red patches. Any gene combination 1 = 
with a B results in black patches. Suppose 4 

each parent has the same gene combination JIN 


Br. The Punnett square shows the possible B dl 


gene combinations of the offspring and the 
resulting patch color. 
Parent 


e What percent of the possible gene 
combinations of the offspring result 
in black patches? 


B 
2 
| 


e Show how you could use a polynomial 
to model the possible gene 
combinations of the offspring. 


r 


r 


Solution 


STEP Y Notice that the Punnett square shows 4 possible gene combinations 
of the offspring. Of these combinations, 3 result in black patches. 


>75% of the possible gene combinations result in black patches. 


STEP 2 Model the gene from each parent with 0.5B + 0.5r. There is an equal 
chance that the collie inherits a black or red gene from each parent. 


The possible genes of the offspring can be modeled by 
(0.5В + 0.57)*. Notice that this product also represents the area 
of the Punnett square. 


Expand the product to find the possible patch colors of 
the offspring. 


(0.5В + 0.57)? = (0.5B)* + 2(0.5B)(0.5r) + (0.57? 
= 0.25В° + 0.5Br + 0.2577 
Consider the coefficients in the polynomial. 


0.25B* + 0.5Br + 0.25r* 


25% BB, 50% Br, 25% rr, 
black patches black patches red patches 


The coefficients show that 25% + 50% = 75% of the possible gene 
combinations will result in black patches. 


GUIDED PRACTICE for Examples 3 and 4 


8. Describe how you can use special products to find 21°. 


9. BORDER COLLIES Look back at Example 4. What percent of the possible 
gene combinations of the offspring result in red patches? 
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9.3 EXERCISES —— "O" Omara 
e KEY: on p. WS21 for Exs. 11 and 41 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 17, 18, 42, and 44 


| os = MULTIPLE REPRESENTATIONS 
Ex. 41 


| 
' SKILL PRACTICE 


1. VOCABULARY Give an example of two binomials whose product you can 
find using the sum and difference pattern. 


2. ж WRITING Explain how to use the square of a binomial pattern. 


: EXAMPLE 1 SQUARE OF A BINOMIAL Find the product. 


; on p. 569 3. (х +8) 4. (a + 6)? 5. (2y + 5)2 
: for Exs. 3-10, 18 ( ( ) (2у + 5) 
6. (t = ТҮ 7. (n — 11)? 8. (6b _ 1)? 


ERROR ANALYSIS Describe and correct the error in multiplying. 


10. 
(6 5)2 = 2 + 9 P4 (24 — 10)? = 44? — 20d + 100 p 


: EXAMPLE2 | SUM AND DIFFERENCE PATTERN Find the product. 


: on p. 570 
inp a7 | (ERES) 12. (m — 6)(m + 6) 13. (2x + Dx — 1) 
14. (3x — D (3x + 1) 15. (7 + ш)(7 — ш) 16. (3s — 8)(3s + 8) 


17. Ж MULTIPLE CHOICE Find the product (7x + 3)(7x — 3). 
(А) 7x^—9 (B 49x^—9 (C 49x^-21x-9 D 49x? - 42х – 9 


18. Ж MULTIPLE CHOICE Find the product (5n — 3)?. 
(А) 5и? – 9 (В) 25и? – 9 © 25п? – 15п+9 © 25и? – 30n + 9 


: EXAMPLE 3 MENTAL MATH Describe how you can use mental math to find the product. 


: on p. 570 А ‚ P , 
i for Exs. 19-22 | 19. 16°24 20. 28 • 32 21. 17 22. 44 


| SPECIAL PRODUCT PATTERNS Find the product. 


_ 23. (r+ 95)? 24. (6x + 5)? 25. (3m + 11n)(3m — 11n) 
_ 26. (7a + 8b)(7a — 8b) 27. (3m — 7n)* 28. (13 — 2x)* 

29. (3f — 9)(3f + 9) 30. (9 — 4£)(9 + 40 31. (3x + 8у)? 
| 82. (~x — 2y* 33. (2a — 5b)(2a + 5b) 34. (6x + y)(6x — y) 


MULTIPLYING FUNCTIONS Perform the indicated operation using the 
. functions f(x) = Зх + 0.5 and g(x) = Зх — 0.5. 


35. f(x) - g(x) 36. (f(x))? 37. (g(x)? 


38. CHALLENGE Write two binomials that have the product x^ — 121. Explain. 


39. CHALLENGE Write a pattern for the cube of a binomial (a + b)*. 


572 Chapter 9 Polynomials and Factoring 


PROBLEM SOLVING A 


: for Exs. 40-42 | 


40. PEA PLANTS In pea plants, the gene G is for green pods, 


and the gene y is for yellow pods. Any gene combination 
with a G results in a green pod. Suppose two pea plants 
have the same gene combination Gy. The Punnett square 
shows the possible gene combinations of an offspring 
pea plant and the resulting pod color. 


a. What percent of possible gene combinations of the 
offspring plant result in a yellow pod? 


b. Show how you could use a polynomial to model the 
possible gene combinations of the offspring. 


@Homelutor > for problem solving help at classzone.com 


ey MULTIPLE REPRESENTATIONS In humans, the gene s is for straight 


42. 


43. 


thumbs, and the gene C is for curved thumbs. Any gene combination 
with a C results in a curved thumb. Suppose each parent has the same 
gene combination Cs. 


a. Making a Diagram Make a Punnett square that shows the possible 
gene combinations inherited by a child. 


b. Writing a Model Write a polynomial that models the possible gene 
combinations of the child. 


c. Interpreting a Model What percent of the possible gene combinations 
of the child result in a curved thumb? 
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Ж SHORT RESPONSE In ball pythons, the gene Nis for normal coloring, 
and the gene ais for no coloring, or albino. Any gene combination with 
an N results in normal coloring. Suppose one parent python has the gene 
combination Na and the other parent python has the gene combination 
aa. What percent of the possible gene combinations of the offspring 
result in an albino python? Explain how you found your answer. 


FOOTBALL STATISTICS During the 2004 


First Pass Attempt 
regular season, the San Diego Chargers 
Complete Incomplete 
quarterback Drew Brees completed 65.5% 34,5% 
65.5% of the passes he attempted. The | | 
area model shows the possible outcomes ' 1 | 
f two attempted passes Complete АТ compl 

a ped p ' үнө 1 incomplete 
a. What percent of the possible ~*~ 

outcomes of two attempted passes Second 

results in Drew Brees’s throwing at Pass 

least one complete pass? Explain how Attempt 

you found your answer using the 

area model. Incomplete 1 complete 2 incomplete 

34.5% 1 incomplete 


b. Show how you could use a polynomial 


to model the possible results of two 
attempted passes. 
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Find Special Products of Polynomials 


_ 44. Ж EXTENDED RESPONSE The iris of an eye surrounds the pupil. It 
regulates the amount of light entering the eye by opening and closing the 
pupil. For parts (a)- (c) below, leave your answers in terms of n. 


iris 


The iris of a human eye 
has a width w that varies 


from 0.5 millimeter to 
4 millimeters. 


pupil 
a. Write a polynomial that represents the pupil's radius. 


b. Write a polynomial that represents the pupil's area. 


c. What is the least possible area and the greatest possible area of the 
pupil? Explain how you found your answers. 


45. CHALLENGE You use 100 feet of fencing to form a square with a side 
length of 25 feet. You want to change the dimensions of the enclosed 
region. For every 1 foot you increase the width, you must decrease the 
length by 1 foot. Write a polynomial that gives the area of the rectangle 
after you increase the width by x feet and decrease the length by x feet. 
Explain why any change in dimensions results in an area less than that of 
the original square. 


: PREVIEW _ Find the greatest common factor of the pair of numbers. (p. 910) 

| tepate Tor 46. 25, 30 47. 36, 54 48. 14, 21 49. 36, 50 
: Lesson 9.4 in 

: Exs. 46—53. | 50. 65,39 51. 13,20 52. 77, 143 53. 24, 162 


Solve the equation. Check your solution. 
54. x + 11 = 6 (p. 134) 55. 11x + 8 = —14 (p. 141) 
| 56. 2x — 5(x — 13) = 35 (р. 148) 57. 9x + 4 — 4x = 6x + 7 (p. 154) 


' QUIZ for Lessons 9.1-9.3 


| Find the sum, difference, or product. 


1. (x? — 3x + 5) + (—2х^ + 11x+ 1) (p. 554) 2. (8) — 7y? + y) — (9y* — 5y + 7) (p. 554) 


3. (2r + 1D)(r — 6) (p. 562) 4. (m + 3)(-2m? + 5m — 1) (p.562) 
5. (2 + 8p)(2 — 10р) (p. 562) 6. (15 — 2s)? (p. 569) 
7. (bw + 9z)* (p. 569) 8. (bx — 4у)(5х + 4y) (p. 569) 


9. AREA The length of a rectangular rug is 2 times its width. The rug is 
centered in a rectangular room. Each edge is 3 feet from the nearest wall. 
Write a polynomial that represents the area of the room. (p. 564) 
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You solved linear equations. 
Г Now ) You will solve polynomial equations. 


Why 


О 4 Solve Polynomial Equations 
© | 


їп Factored Form 


So you can analyze vertical motion, as in Ex. 55. 


Key Vocabulary In Lesson 2.4, you learned the property of zero: For any real number a, 
e roots а, 0 = 0. This is equivalent to saying: 
e vertical motion For real numbers a and b, if a = 0 or b = 0, then ab = 0. 

model 


The converse of this statement is also true (as shown in Exercise 49), and it is 
called the zero-product property. 


KEY CONCEPT For Your Notebook 


> Zero-Product Property 


Let a and р be real numbers. If ар = 0, then a = 0 or b = 0. 


The zero-product property is used to solve an equation when one side is zero 
and the other side is a product of polynomial factors. The solutions of such an 
equation are also called roots. 


Use the zero-product property 


Solve (x — 4)(x + 2) = 0. 
(x— 4)(x + 2) = 0 Write original equation. 
x-4=0 or x+2=0 Zero-product property 
x=4 or x=-2  Solvefor x. 
* The solutions of the equation are 4 and -2. 
CHECK Substitute each solution into the original equation to check. 
(4—4)(4+ 2)40 (—2 — 4)(-2 + 2) £0 
0.620 —6°0=0 
0=0V 0= 0и 


GUIDED PRACTICE for Example 1 


1. Solve the equation (x — 5)(x — 1) = 0. 


9.4 Solve Polynomial Equations in Factored Form 


575 


: REVIEW ССЕ 


FACTORING To solve a polynomial equation using the zero-product property, 
you may need to factor the polynomial, or write it as a product of other 
polynomials. Look for the greatest common factor (GCF) of the polynomial's 
terms. This is a monomial with an integer coefficient that divides evenly 
into each term. 


[ EXAMPLE 2 ] Find the greatest common monomial factor 


Factor out the greatest common monomial factor. 
b. 4x* + 24x? 


: the GCF, see p. 910. 


a. 12x + 42y 


Solution 


a. The GCF of 12 and 42 is 6. The variables x and y have no common factor. 
So, the greatest common monomial factor of the terms is 6. 


> 12x + 42у = 6(2x + ту) 


b. The GCF of 4 and 24 is 4. The GCF of x* and x? is x. So, the greatest 
common monomial factor of the terms is 4x7. 


> 4x4 + 24x? = 4% (x + 6) 


r4 GUIDED PRACTICE | for Example 2 


2. Factor out the greatest common monomial factor from 14т + 35n. 


| EXAMPLE З | Solve an equation by factoring 


Solve 2x? + 8x = 0. 


25? + 8x =0 Write original equation. 
2x(x + 4) =0 Factor left side. 
2х=0 or x+4=0 Zero-product property 
x=0 or x=-4 Solve for x. 


> The solutions of the equation are 0 and —4. 


Solve an equation by factoring 


Solve 6n? = 15n. 
: AVOID ERRORS 


: eoorcrrrrnncsssSSSSsssssihoso 3 6n? — 15n = 0 Subtract 15n from each side. 
: To use the zero-product 

: property, you must 3n(2n — 5) = 0 Factor left side. 

: write the equation so 

: that one hr ic D. For 3n=0 or 2п-5=0 Zero-product property 

: this reason, 15n must 5 

: be subtracted from each n=0 от n=,  Solveforn. 


: side. 
> The solutions of the equation are 0 and z, 
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: UNDERSTAND 
: THE MODEL 


: The vertical motion 

: model takes into 

: account the effect of 
: gravity but ignores 

: other, less significant, 
: factors such as air 

: resistance. 


GUIDED PRACTICE | for Examples З and 4 


Solve the equation. 


3. а? + 5а = 0 4. 352 — 95 = 0 5. 4х2 = 2x 


VERTICAL MOTION А projectile is an object that is propelled into the air but has 
no power to keep itself in the air. A thrown ball is a projectile, but an airplane is 
not. The height of a projectile can be described by the vertical motion model. 


KEY CONCEPT For Your Notebook 


Vertical Motion Model 


The height Л (in feet) of a projectile can be modeled by 
h = -16 + vt ^ s 


where f is the time (in seconds) the object has been in the air, vis the 
initial vertical velocity (in feet per second), and s is the initial height 
(in feet). 


(TUE solve a multi-step problem mu _ 


: AVOID ERRORS 


: The solution t = 0 

: means that before 

: the armadillo jumps, 
: its height above the 
: ground is O feet. 


ARMADILLO А startled armadillo jumps straight into the 
air with an initial vertical velocity of 14 feet per second. 
After how many seconds does it land on the ground? 


Solution 


STEP 7 Write a model for the armadillo's height 
above the ground. 


h= –162 + vt+s Vertical motion model 


h = -16t^- 141+ 0 Substitute 14 for v and 0 for s. 
h = —16° + Mt Simplify. 


STEP 2 Substitute 0 for ^. When the armadillo lands, its height above the 
ground is 0 feet. Solve for f. 


0 = –16 + 14t Substitute O for h. 
0 = 21(—8t + 7) Factor right side. 
2t=0 or -—8t+7=0 Zero-product property 
t=0 or t = 0.875 Solve for t. 


| > The armadillo lands on the ground 0.875 second after the armadillo jumps. 


GUIDED PRACTICE | for Example 5 


6. WHAT IF? In Example 5, suppose the initial vertical velocity is 12 feet per 
second. After how many seconds does the armadillo land on the ground? 
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9.4 EXERCISES —— "и О от 
e KEY: on p. WS21 for Exs. 3 and 55 
Ж - STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 39, 53, and 56 


: $ = MULTIPLE REPRESENTATIONS 
E Ex. 58 


' SKILL PRACTICE 


| 
1. VOCABULARY What is the vertical motion model and what does each 
variable in the model represent? 


2. Ж WRITING Explain how to use the zero-product property to find the 
solutions of the equation 3x(x — 7) = 0. 


: EXAMPLE 1 ZERO-PRODUCT PROPERTY Solve the equation. 


: on p. 575 ту = = _ 
ju M Or 5)(x + 3) = 4. (y+ 9(y- D =0 5. (z— 13)(z — 14) = 0 


. (c + 6)(с + 8) = 7. (d—7)(d + 2) =0 8. (g-ig + 18) = 0 
9. (т – 3)(4т + 12) =0 10. 2n— 19(3n-9) 20 — 1. (Зп + 10(n- 2) =0 
12. (3x + Dx + 6 = 0 13. (2y + 5)(7у – 5) = 0 14. (82 — 6)(122 + 14) = 0 


15. Ж MULTIPLE CHOICE What аге the roots of the equation 
(y — 12)(y + 6) = 0? 


СА) —12 and —6 -12and6 © -6and12 Ф) 6andl12 


the error in solving (z — 15)(z + 21) =0. (z — 15)(z + 21) = 0 


16. ERROR ANALYSIS Describe and correct 
z= —15 or z = 21 X 


: EXAMPLE 2 FACTORING EXPRESSIONS Factor out the greatest common monomial factor. 


: on p. 576 2 _ 4 

: for Exs. 17-26 17. 2x + 2y 18. 6x^ — 15у 19. 35 + 16s 
20. 5d9 + 2d? 21. ти? — 35w* 22. 9m' — 3m? 
23. 151% + 25n 24. 12a? + 8a 25. > 6 — 5x! 


common monomial factor of 


26. ERROR ANALYSIS Describe and correct Я Р З Е ; 
the error in factoring out the greatest 18x” — 9x" — бх? = 3x(6x" — Эх? — 2x") x< 
18x? — 9x* — бх, 


: EXAMPLES SOLVING EQUATIONS Solve the equation. 
: 3 and 4 
qr 27. b? + 6b =0 28. 5и? – 5w = 0 29. —10n? + 35n = 0 
: опр. 576 
: for Exs. 27-39 | 30. 2x* + 15х = 0 31. 18c* + 6с = 0 32. —32y* – 24у = 0 
33. ЗК = 6k 34. 6h* = 3h 35. 45° = 10s 
36. —422 = 142 37. 28т? = —8m 38. —12p* = —30p 
39. Ж MULTIPLE CHOICE What are the solutions of 4x* = x? 
(СА) —4andO - and0 O 0 and + D> Oand4 
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: For help with 
: finding zeros 
: Of functions, 

: See p. 335. 


FACTORING EXPRESSIONS Factor out the greatest common monomial factor. 
40. 20x*y* — 4xy 41. 8a°b — 6ab* 42. 185% — 2531 
43. i? — 5v* + 9v 44. —2g^ + 14р? + 6g 45. 6q? — 21d* — 154° 


FINDING ZEROS OF FUNCTIONS Find the zeros of the function. 
46. f(x) = x^ — 15x 47. f(x) = -2x^ + x 48. f(x) = Зх? — 27x 


49. CHALLENGE Consider the equation ab = 0. Assume that a = 0 and solve 
the equation for b. Then assume аїр + 0 and solve the equation for a. 
What conclusion can you draw about the values of a and Р? 


50. CHALLENGE Consider the equation z = х? — xy. For what values of x and y 
does z — 0? 


A «Ж AAA 
- PROBLEM SOLVING 


3 XC. о ИРА 
: for Exs. 51-53 


51. MOTION A cat leaps from the ground into the air with an initial vertical 
velocity of 11 feet per second. After how many seconds does the cat land 
on the ground? 


@Homelutor . for problem solving help at classzone.com 


52. SPITTLEBUG A spittlebug jumps into the air with 
an initial vertical velocity of 10 feet per second. 


a. Write an equation that gives the height of 
the spittlebug as a function of the time (in 
seconds) since it left the ground. 


b. The spittlebug reaches its maximum height 
after 0.3125 second. How high can it jump? 


\ @Homelutor for problem solving help at classzone.com 


53. ж SHORT RESPONSE A penguin jumps out of the water while swimming. 
This action is called porpoising. The height h (in feet) of the porpoising 
penguin can be modeled by h = —161? + 4.5t where tis the time (in 
seconds) since the penguin jumped out of the water. Find the zeros of the 
function. Explain what the zeros mean in this situation. 


VERTICAL MOTION In Exercises 54 and 55, use the information below. 


The height h (in meters) of a projectile can be modeled by h = –4.9 + vt + s 
where f is the time (in seconds) the object has been in the air, vis the initial 
vertical velocity (in meters per second), and s is the initial height (in meters). 


54. SOCCER A soccer ball is kicked upward from the ground with an initial vertical 
velocity of 3.6 meters per second. After how many seconds does it land? 


RABBIT HIGH JUMP А rabbit in a high jump competition leaves the 
ground with an initial vertical velocity of 4.9 meters per second. 


a. Write an equation that gives the height of the rabbit as a function of 
the time (in seconds) since it left the ground. 


b. What is a reasonable domain for the function? Explain your answer. 
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56. 


97. 


58. 


59. 


* MULTIPLE CHOICE Two rectangular rooms in a building's 2w 
floor plan have different dimensions but the same area. The "NE NEM 
dimensions (in meters) are shown. What is the value of w? 


СА З т (В) 4m (СС) 6m D 8m Ium 


TABLETOP AREAS А display in your school library sits on top 
of two rectangular tables arranged in an L shape, as shown. W 
The tabletops have the same area. 


a. Write an equation that relates the areas of the tabletops. 10 ft 


b. Find the value of w. 


c. What is the combined area of the tabletops? 


e MULTIPLE REPRESENTATIONS An arch frames the entrance to a 
garden. The shape of the arch is modeled by the graph of the equation 

y = —2x* + 8x where x and y are measured in feet. On a coordinate plane, 
the ground is represented by the x-axis. 


a. Making a Table Make a table of values that shows the height of the 
arch for x = 0, 1, 2, 3, and 4 feet. 


b. Drawing a Graph Plot the ordered pairs in the table as points in a 
coordinate plane. Connect the points with a smooth curve that 
represents the arch. 


c. Interpreting a Graph How wide is the base of the arch? 
CHALLENGE The shape of an arched doorway is modeled by the graph of 


the function y = —0.5x(x — 8) where x and y are measured in feet. On a 
coordinate plane, the floor is represented by the x-axis. 


a. How wide is the doorway at its base? Justify your answer using the 
zeros of the function. 


b. The doorway's highest point occurs above the center of its base. How 
high is the highest point of the arched doorway? Explain how you 
found your answer. 


: Prepare for 
: Lesson 9.5 in 
: Exs. 60-71. 
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Find the product. 

60. 45(—x)(—x) (p. 88) 61. —9a(—6a)(-a) (p. 88) 62. —7(8n)(—4) (p. 88) 

63. (y — D(y + 7) (р. 562) 64. (m — 5)(m — 13) (p. 562) 65. (2b + 5)(b + 3) (p. 562) 
66. (3p + 8) (4p — 1) (p.562) 67. (bz — 2)(bz — 4) (p. 562) 68. (9t + 7)(4t + 5) (p. 562) 
69. (2c + 7)? (р. 569) 70. (9 — 5w)? (p. 569) 71. (3g — 4h) (p. 569) 


Graph the system of linear inequalities. (p. 466) 


72. 


Xl —3 73. x20 74. x<6 
x<3 —x + а! y>-4 

y20 y<2 

у<х 
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MIXED REVIEW of Problem Solving | L STATE TEST PRACTICE 


7 classzone.com 
Lessons 9.1-9.4 
1. MULTI-STEP PROBLEM You are making a 4. GRIDDED ANSWER During the period 
blanket with a fringe border of equal width 1996-2000, the total value T (in millions of 
on each edge, as shown. dollars) of toys imported to the United States 


can be modeled by 
T = 82.9? — 84827 + 3030t + 9610 


where tis the number of years since 1996. 
What is the degree of the polynomial that 
represents Т? 


5. EXTENDED RESPONSE During the period 
1992-2000, the number C (in millions) of 
people participating in cross-country skiing 
and the number S (in millions) of people 


a. Write a polynomial that represents the participating in snowboarding can be 
total area of the blanket with the fringe. modeled by 
b. Find the total area of the blanket with C = 0.0675 — 0.1071? + 0.27t + 3.5 
fringe when the width of the fringe is $ = 0A16t + 1.24 
4 inches. | ‚ 
where fis the number of years since 1992. 
2. OPEN-ENDED A horse with pinto coloring has a. Write an equation that models the 
white fur with patches of color. The gene Pis total number of people T (in millions) 
for pinto coloring, and the gene sis for solid participating in cross-country skiing 
coloring. Any gene combination with a P and snowboarding as a function of the 
results in pinto coloring. number of years since 1992. 
a. Suppose a male horse has the gene b. Find the total participation in these 
combination Ps. Choose a color gene activities in 1992 and 2000. 


combination for a female horse. Create a 
Punnett square to show the possible gene 
combinations of the two horses' offspring. 


c. What was the average rate of change in 
total participation from 1992 to 2000? 
Explain how you found this rate. 

b. What percent of the possible gene 


combinations of the offspring result in 6. SHORT RESPONSE 
pinto coloring? A circular rug has 
c. Show how you could use a polynomial an interior cir cle 
to model the possible color gene and two rings around 
combinations of the offspring. the circle, as shown. 
a. Writea 
3. SHORT RESPONSE One football is kicked into polynomial that 
the air with an initial vertical velocity of represents the total 
44 feet per second. Another football is kicked area of the rug. Leave 
into the air with an initial vertical velocity of your answer in terms of т. 


40 f d. 
0 teet per secon b. The interior circle of the rug has a 


a. Which football is in the air for more diameter of 3 feet. What is the area of 
time? the rug? Leave your answer in terms of т. 


b. Justify your answer to part (a). Explain how you found your answer. 
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їп иеа ий A CTIVIT Y Use before Lesson 9.5 


Factorization with Algebra Tiles 


MATERIALS - algebra tiles 


j 3 Г 

| | 
L 

vC 


You have seen that algebra tiles can be used to model polynomials and to 
multiply binomials. Now, you will use algebra tiles to factor trinomials. 


( 1 


Make a rectangle 


Model the trinomial with algebra tiles. You will need one x*-tile, six x-tiles, 
and eight 1-tiles. Arrange all of the tiles to form a rectangle. There can be no 
gaps or leftover tiles. The area of the rectangle represents the trinomial. 


E There is a gap. 
— ua 
ENS x 


Find the side lengths 


The side lengths of the rectangle represent the polynomials x + 2 and x + 4. 
So, x^ + 6x + 8 = (x + 2)(х + 4). 


x+4 


AAA 
х+ 2 1111 
= 


1. Use multiplication to show that x + 4 and x + 2 are factors of the 
polynomial x? + 6x + 8. 


Use algebra tiles to factor the trinomial. Include a drawing of your model. 
2. x? + 6х + 5 3. х? + 9x + 14 4. х? + 5x + 6 
5. x^ + 8x + 16 6. X^ + 5х + 4 7. x^ + 8x + 12 


8. REASONING The factors of the trinomial x^ + 6x + 8 have the form 
x + pand x + q, as shown above. How are p and q related to 
6 and 8? 


582 Chapter Y Polynomials and Factoring 


AZ - A 
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9 5 Factor x^ + bx + c 


You factored out the greatest common monomial factor. 8 
Г Now ] You will factor trinomials of the form х? + bx + с. 
Why So you can find the dimensions of figures, as in Ex. 61. 


Key Vocabulary From Lesson 9.2, you know that 
"ы =» (х + З)(х+4)=х + (4 + 3x + 4*3 = x? + 7х + 12. 


You will reverse this process to factor trinomials of the form x^ + bx + с. 


KEY CONCEPT For Your Notebook 


Factoring x? + bx + с 
Algebra x“+bx+c= (x + р)(х + q) provided p + q = band pq = c. 
Example х2 + 5х + 6 = (х + 3)(х + 2) because3+2=5and3+2=6. 


Factor when b and care positive 


Factor x? + 11x + 18. 


Solution 


Find two positive factors of 18 whose sum is 11. Make an organized list. 


18, 1 18 + 1 = 19 


The factors 9 and 2 have a sum of 11, so they are the correct values of р and q. 
> x? + 11х + 18 = (x + 9)(x + 2) 
CHECK (x + 9)(x + 2) = х + 2x + 9x +18 Multiply binomials. 


X 


= x^ + lix + 18 simplify. 


GUIDED PRACTICE for Example 1 


Factor the trinomial. 


1. х2 - 3x - 2 2. a* + та + 10 3. (^ + 9t 4- 14 
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FACTORING When factoring a trinomial, first consider the signs of р and q. 


(x + р)(х + q) Signs of band с 
ШЕП 
cae en 


(x + (—2))(x + 3) b is positive; c is negative. 
ЕТЕ 


Ву observing the signs of b and cin the table, you can see that: 


e band care positive when both p and q are positive. 
e bis negative and cis positive when both p and q are negative. 


e cis negative when p and q have different signs. 


[ EXAMPLE 2 ] Factor when b is negative and cis positive 


Factor n? — 6n + 8. 


Because bis negative and cis positive, p and q must both be negative. 


СЕЕ 


DIE 


> n?— 6n +8 = (п – 4)(n — 2) 


[ EXAMPLE 3 ] Factor when b is positive and cis negative 


Factor y? + 2y — 15. 


Because cis negative, p and q must have different signs. 


анна | затова. 


руг + 2у – 15 = (у + 5)(у – 3) 


КА GUIDED PRACTICE | for Examples 2 and 3 


Factor the trinomial. 


4. х2 — Ax + 3 5. t^ — 8t+ 12 6. m^ + m — 20 7. ш? + бш — 16 
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Solve a polynomial equation 


Solve the equation x^ + 3x = 18. 


х? + Зх = 18 Write original equation. 
х? + 3х – 18 = 0 Subtract 18 from each side. 
(x + 6)(x — 3) =0 Factor left side. 


x+6=0 or x-—3=0  Zero-product property 
x=-6 or x=3  Solve for x. 


» The solutions of the equation are —6 and 3. 


r4 GUIDED PRACTICE for Example 4 


8. Solve the equation s^ — 2s = 24. 


[ EXAMPLE 5 ] Solve a multi-step problem 


BANNER DIMENSIONS You are making banners 
to hang during school spirit week. Each banner 
requires 16.5 square feet of felt and will be cut 
as shown. Find the width of one banner. 


Ф, 
b d 


: ANOTHER WAY Solution 


: For alternative methods 
: for solving Example 5, 


: turn to page 590 for 
: the Problem Solving y 
: Workshop. 


4 ft Ww Aft 


STEP Y Draw a diagram of two banners together. 


STEP 2 Write an equation using the fact that the area of 2 banners is 
2(16.5) = 33 square feet. Solve the equation for w. 


A=L-w Formula for area of a rectangle 

33 = (4+ 0+ 4) • ш Substitute 33 for A and (4 + и + 4) for /. 
0 = и? + 8ш — 33 Simplify and subtract 33 from each side. 
0 = (w + 11)(w — 3) Factor right side. 


w+11=0 or ш-3 = 0  Zero-product property 
w=-ll or w=3 _ Solve for w. 


* The banner cannot have a negative width, so the width is 3 feet. 


СА GUIDED PRACTICE for Example 5 


9. WHAT IF? In Example 5, suppose the area of a banner is to be 10 square 
feet. What is the width of one banner? 
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95 EXERCISES 0 Ovens 

5 KEY: on p. WS21 for Exs. 7 and 61 
: Ж = STANDARDIZED TEST PRACTICE 

Exs. 2, 29, 42, 61, 62, and 63 


: eo = MULTIPLE REPRESENTATIONS 
Ex. 64 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: The. ? ofi? + 3f+ 2 агеѓ + 2 
and f + 1. 


2. ж WRITING If x^ — 8x + 12 = (x + р)(х + q), what are the signs of p 
and q? Justify your answer. 


: EXAMPLES FACTORING TRINOMIALS Factor the trinomial. 
: 1,2, and 3 


: on pp. 583-584 3. х2 + Ax + 3 4. а? + ба + 8 5. b^ — 17b + 72 
: for Exs. 3-19 6. s^ — 10s + 16 (722 + 8z — 48 8. w^ + 18w + 56 
9. y^ — 7y — 18 10. n^ — 9n + 14 11. х2 + 3x — 70 
12. f? + 4f— 32 13. m^ — тт — 120 14. d* — 20d + 99 
15. p* + 20p + 64 16. x^ + 6x — 72 17. c^ + 15c + 44 


ERROR ANALYSIS Describe and correct the error in factoring the trinomial. 


18. 19. 
62 — 176 — 60 = (s — 5)(s — 12) m? — 10m + 24 = (m — 12)(m + 2) 


X X 


: EXAMPLE 4 SOLVING EQUATIONS Solve the equation. 


: On p. 585 3 _ 2. 24 an — 2 _. - 

: for Ех. 20-29 20. x^ — 10x + 21 = 0 21. n^ — 7n — 30 = 0 22. и — 15w + 44 = 0 
23. а? + 5a = 50 24. r^ + 2r = 24 25. (^ + 9t = —20 
26. у? – 2у – 8 = 7 27. т? + 22 = —23т 28. b^ + 5 = 8b — 10 


29. MULTIPLE CHOICE What are the solutions of the equation x^ — 8x = 240? 


CA) -20 and -12 —20 and 12 
(С) 20and -12 (D 12 and 20 
| FINDING ZEROS OF FUNCTIONS Find the zeros of the polynomial function. 
30. f(x) = x^ + 11x + 18 31. g(x) = х^ + 5x + 6 32. h(x) = x^ — 18x + 32 
33. f(x) = x^ — 14x + 45 34. h(x) = x? — 5x — 24 35. g(x) = x^ — 14x — 51 
36. g(x) = x^ + 10x — 39 37. f(x) = -x° + 16x — 28 38. f(x) = —x* + 24x + 180 


J| SOLVING EQUATIONS Solve the equation. 
39. s(s+ 1) = 72 40. х? —10(x- 1) = -11 41. q(q + 19) = —34 
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: HINT 


: In Ex. 45, 

: convert the 

: given area 

: to square 

: yards. Use the 
: conversion 


$ factor "E 
. 9 ft 


42. Ж SHORT RESPONSE Write an equation of the form x^ + bx + c = 0 that 
has the solutions —4 and 6. Explain how you found your answer. 


(E3 GEOMETRY Find the dimensions of the rectangle or triangle that has 
the given area. 


43. Area: 100 square inches 44. Area: 34 square meters 
! Г xm 
xin. 
{ еке ннн »- 45. Area: 702 square feet 46. Area: 119 square feet 


vat) 
E] 


(х + 20) yd | (x + 6) ft 


FACTORING TRINOMIALS In Exercises 47-55, use the example below to 
factor the trinomial. 


DIN 12838 Factor a trinomial in two variables 


Factor х? + 9xy + 14y?. 


Solution 


To factor the trinomial, you must find factors of the form x + py and 
х + gy. 


First, consider the signs of the factors needed. In this example, bis 9, 
and cis 14. Because both b and c are positive, you must find two positive 
factors of 14 that have a sum of 9. 


Factors of 14 


The factors 7 and 2 have a sum of 9, so 7 and 2 are the correct values of 
pand q. 


bx? + 9xy + 14у? = (x + 7y (x + 2y) 


47. x^ — Axy + 4у? 48. y^ — 6yz + 52° 49. с? + 13cd + 36d* 
50. r^ + 15rs + 50s* 51. а?  2ab — 15b* 52. x^ + 8xy — 65у? 
53. m^ — mn — 42n* 54. и? — 3uv — 108v* 55. р? + Agh — 60h? 


CHALLENGE Find allinteger values of b for which the trinomial has factors 
of the form x + p and x + q where p and q are integers. 


56. х2 + bx+ 15 57. x? bx + 21 58. х2 + bx — 42 


9.5 Factor x^ + bx + c 
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PROBLEM SOLVING 


: EXAMPLE 5 59. CARD DESIGN You are designing a gift card that has a 


: on p. 585 border along one side, as shown. The area of the white 
: for Exs. 59—61 part of the card is 30 square centimeters. What is the area 5% 
of the border? 


Ca ees (5+1)ст 2cm 
@Homelutor | for problem solving help at classzone.com 


60. CONSTRUCTION A contractor is building a 
porch along two sides of a house. The house 
is rectangular with a width of 32 feet anda 
length of 50 feet. The porch will have the same 
width on each side of the house. 


a. Write a polynomial that represents the 
combined area of the first floor of the house 
and the porch. 


b. The owners want the combined area of the 
first floor and the porch to be 2320 square 
feet. How wide should the contractor build 
the porch? 


(OHomelutor ` for problem solving help at classzone.com 


— 5 in.— 

Ж SHORT RESPONSE You trimmed a large square 
picture so that you could fit it into a frame. You trimmed 
6 inches from the length and 5 inches from the width. 
The area of the resulting picture is 20 square inches. 
What was the perimeter of the original large square 
picture? Explain how you found your answer. 


62. Ж EXTENDED RESPONSE A town has a rectangular park. The parks 
department is planning to install two brick paths that will intersect at 
right angles. One path will be 130 feet long, and the other path will be 
500 feet long. The paths will have the same width. 


Not drawn to scale 


: HINT O a. Write a polynomial that represents the combined area of the two 
: Add the path paths. 
: areas, but 


b. The parks department can afford brick for 3125 square feet of path. 


tract Write and solve an equation to find the width of the paths. 

: overlap, so that 

: it is not counted c. In part (b) you used one solution of the equation to find your answer. 
: twice. Explain how you chose which solution to use. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED ф = MULTIPLE 
588 on p. WS1 TEST PRACTICE REPRESENTATIONS 


63. Ж MULTIPLE CHOICE A square quilt has a border that is 1 foot wide on 
each side. The quilt has an area of 25 square feet. What is the side length 
of the quilt without the border? 


CA) 2 feet 3 feet ©) 4 feet D) 5 feet 


64. e MULTIPLE REPRESENTATIONS You toss a set of keys to a friend who 
is standing at a window 20 feet above the ground in a building that is 
5 feet away from where you are standing. The path of the keys can be 
modeled by the graph of the equation y = —x^ + 8x + 5 where x and y are 
measured in feet. On a coordinate plane, the ground is represented by the 
x-axis, and you are standing at the origin. 


a. Making a Table Make a table of values that shows the height of the 
keys for x — 2, 4, 6, and 8 feet. 


b. Drawing a Graph Plot the ordered pairs in the table as points in a 
coordinate plane. Connect the points with a smooth curve. 


c. Interpreting a Graph Based on your graph, do you expect the keys to 
reach your friend? Explain your answer. 


d. Using an Equation Find the value of x when y = 20. (You may need to 
factor out a —1 in order to factor the trinomial.) What do you notice? 
Explain how the x-value justifies your answer from part (c). 


65. CHALLENGE A rectangular stage is positioned in the 
center of a rectangular room, as shown. The area of the 
stage is 120 square feet. 


a. Use the dimensions given in the diagram to find the 
length and width of the stage. (x + 10) ft 


b. The combined area of the stage and the surrounding 
floor is 360 square feet. Find the length and width of 
the room. 


(x + 8) ft 


MIXED REVIEW ( 


Solve the equation. 


66. x + 12 = 4 (p. 134) 67. 5y — 2 = 13 (p. 141) 
68. 6n + 4 = —M (p. 141) 69. 3a — 5a + 12 = —6 (р. 148) 
70. 3 — 2(w + 7) = —1 (p. 148) 71. —6 + 2(d — 9) = 8d (p. 154) 
72. (x — 8)(x + 3) = 0 (р. 575) 73. (3t + 5)(t + 2) = 0 (р. 575) 

! PREVEI M Find the product. 

: Prepare for Е Е Е 

: Lesson 9.6 In 74. (3x + 7)(x — 5) (p. 562) 75. (3a — 4)(2a — 9) (р. 562) 

: Exs. 74-81. 76. (c + 2)(c* + c— 4) (p. 562) 77. (7 + 3y)(7 — 5y) (p. 562) 
78. (2k — 8)(2k + 8) (p. 569) 79. (14 — 2n) (p. 569) 
80. (5x + 16y)* (р. 569) 81. (3x — 6y)(3x + 6y) (p. 569) 
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Crit) Using ALTERNATIVE METHODS 


WORKSHOP | 


= LESSON 9.5 -. 


| 590 


Another Way to Solve Example 5, page 585 


MULTIPLE REPRESENTATIONS In Example 5 on page 585, you saw how to 
solve the problem about a school banner by solving an equation. You can also 
solve the problem using a table or a graph. 


©, 
е, 


PROBLEM BANNER DIMENSIONS You are making 


banners to hang during school spirit 
week. Each banner requires 16.5 square 
feet of felt and will be cut as shown. 
Find the width of one banner. 


METHOD 1 Using a Table Consider the separate geometric figures that form one banner 


and find their areas in terms of w. Then find the total area of the banner 
for different values of w until you find a value that gives a total area of 
16.5 square feet. Use a table to organize your work. 


STEP Y Write equations for the area of the pieces and the total area. 


= 1,2 - Sy 
А = >м А = 4w А т” + 4w 


STEP 2 Organize your work in a table. 


Rectangle's area Total area 


(4w) E w? + aw) 


4.5 < 16.5, so try a 
greater value of w. 


10< 16.5, sotrya 
greater value of w. 


Correct area 


> The width of the banner is 3 feet. 
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METHOD 2 Using a Graph Another approach is to use a graph. 


STEP? Write an equation for the area of the banner. The area of the banner 
can be thought of as the area of a triangle plus the area of a rectangle. 


Area of banner = Area of triangle + Area of rectangle 


STEP 2 Graph the equation for the area of the 
banner using a graphing calculator. Graph 
y, = 0.5х^ + 4х. Because you are looking 
for the value of x that gives an area of 
16.5 square feet, you should display the 
graph of y, = 16.5 in the same viewing 


window. 


2 
w + 4w 
2 


STEP 3 Find the intersection of the graphs by using the intersect feature on 
your calculator. The graphs intersect at (3, 16.5). 


> The width of the banner is 3 feet. 


1. COUNTER DESIGN A contractor is building 
a counter in a kitchen using the diagram 
shown. The countertop will have an area of 
12 square feet. How wide should it be? Solve 
this problem using two different methods. 


И Att w 


“7 


2. ERROR ANALYSIS Describe and correct 
the error in using an equation to solve the 
problem in Exercise 1. 


1.2 1,2 
= 4w + — 4 
12 Ww g^ 2" 


O =w? + 4w — 12 
O = (w + 2)(w — 6) 
w+2=0 o w—6=0 


w = —2 or w=6 


The width is O feet. 


3. FOUNTAIN DESIGN A square fountain in a 


city plaza is surrounded by brick patios as 
shown. The combined area of the fountain 
and brick patios is 205 square feet. What is 
the side length of the fountain? Solve this 
problem using two different methods. 


. WHAT IF? You want to make a larger banner 


using the same pattern shown in the 
problem on page 585. The new banner will 
have an area of 24 square feet. Find the width 
of the new banner. Describe the method you 
used to find your answer. 
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9.6 More Factorization with Algebra Tiles 


MATERIALS - algebra tiles 


How can you factor a trinomial using algebra tiles? 


( EXPLORE | Factor the trinomial 2x? + 7x + 3 


Make a rectangle 


Model the trinomial with algebra tiles. Arrange all of the tiles to form a 
rectangle. You may have to try a few arrangements to make the rectangle. 
There can be no gaps or leftover tiles. 


SS ES E a [corse aangemen] 
There is a gap. o= E ХА 


Try again. 


Find the side lengths 


| 

| 

| 

| 

| 

| 

| 

The side lengths of the rectangle represent the polynomials x + 3 and 
| 2x + 1. So 2x? + 7x +3 = (x + 3)(2x + 1). 

2x + 1 


0 t 


+37 ишш 
ИШ es е 
ИШ ШШ 


AIN ЖААП ES. Use your observations to complete these exercises 


1. Use multiplication to show that x + 3 and 2x + 1 are factors of 
the polynomial 2x? + 7x + 3. 


Use algebra tiles to factor the trinomial. Include a drawing of your model. 
2. 252 + 5х + З 3. 314 + 5х + 2 4. 42? + 9x + 2 
5. 3x? + 13x + 4 6. 4х2 + 11x +6 7. 4х2 + 8x + 3 


8. REASONING Factor the trinomial 2x^ + 11x + 5 into two binomials. 
How is the leading coefficient of the trinomial related to the 
leading coefficients of its binomial factors? 
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б Factor ах? + bx + c 
O 


You factored trinomials of the form x? + bx + c. 
| Now ] You will factor trinomials of the form ax? + bx + с. 
So you can find the dimensions of a building, as in Ex. 61. 


Key Vocabulary When factoring a trinomial of the form ax* + bx + с, first consider the signs 
e trinomial, p. 555 of b and c, as in Lesson 9.5. This approach works when a is positive. 


Factor when b is negative and cis positive 


Factor 2x? — 7x + 3. 


Solution 
: REVIEW FACTORING 


: For help with 

: determining the signs 
: of the factors of a 

: trinomial, see p. 584. 


Because b is negative and c is positive, both factors of c must be negative. 
Make a table to organize your work. 


You must consider the order of the factors of 3, because the x-terms of the 
possible factorizations are different. 


Possible Middle term 
factorization when multiplied 
хэрх) — correc 


> 2x? — 7x + 3 = (x — 3)(2х— 1) 


Factor when b is positive and cis negative 


Factor 3n? + 14n — 5. 


Solution 


Because bis positive and cis negative, the factors of c have different signs. 


Possible Middle term 
factorization when multiplied 


x 
— cone 


> 3n? + 14п— 5 = (п + 5)(3п— 1) 
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GUIDED PRACTICE for Examples 1 and 2 


Factor the trinomial. 


1. 312 + 8t 4 2. 452 — 95 + 5 3. 2h? + 13h — 7 


FACTORING WHEN a IS NEGATIVE To factor a trinomial of the form 
ах? + bx + cwhen ais negative, first factor —1 from each term of the 
trinomial. Then factor the resulting trinomial as in the previous examples. 


( EXAMPLE З | Factor when a is negative 


Factor —4x^ + 12x + 7. 


9, 
ХА 


Solution 


STEP 7 Factor —1 from each term of the trinomial. 
—4x^ + 12x + 7 = —(4x* — 12x — 7) 


$TEP2 Factor the trinomial Ax? — 12x — 7. Because b and c are both 
negative, the factors of c must have different signs. As in the 
previous examples, use a table to organize information about the 
factors of а апа с. 


Factors Possible Middle term 
of 4 factorization when multiplied 
1, 
7, 


Ола emn a 
x 
1, —7 (2х + 1)2x — 7) <— Correct 
—— 
: AVOID ERRORS 


lira биш сс al Ё[ Ay? = _ 
: Remember to include I b Ax + 12x + 7 (2x + D(2x — 7) 


: the —1 that you factored CHECK You can check your factorization н ете, 
: Out in Step 1. using a graphing calculator. [ | 
Graph y, = —4x* + 12x + 7 and 
y, = —(2х + 1)(2x — 7). Because | | 
the graphs coincide, you know 
that your factorization is correct. 
L J 


Y GUIDED PRACTICE | for Example 3 


ЕЕЕ 
—1 


x х x 


Factor the trinomial. 


4. —2y* — 5у – 3 5. —5m* + бт – 1 6. -3x -x +2 
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FINDING A COMMON FACTOR In Lesson 9.4, you learned to factor out the 
greatest common monomial factor from the terms of a polynomial. 
Sometimes you may need to do this before finding two binomial factors of a 
trinomial. 


| EXAMPLE 4 | Write and solve a polynomial equation 


DISCUS An athlete throws a discus 
from an initial height of 6 feet and 
with an initial vertical velocity of 
46 feet per second. 


a. Write an equation that gives the 
height (in feet) of the discus as a 
function of the time (in seconds) 
since it left the athlete’s hand. 


b. After how many seconds does the 
discus hit the ground? 


Solution 
a. Use the vertical motion model to write an equation for the height 

: USE VERTICAL h (in feet) of the discus. In this case, v = 46 and s = 6. 
: MOTION MODEL 
: юрба ERU RON A IET TIDIIID > h = —]let? +ptt+s Vertical motion model 
: For help with using the 
: vertical motion model, h = —16t^ + 461 + 6 Substitute 46 for v and 6 for s. 
: See р. 577. 


b. To find the number of seconds that pass before the discus lands, 
find the value of t for which the height of the discus is 0. Substitute 
0 for ^ and solve the equation for f. 


0 = —16 + 46t +6 Substitute O for h. 
0 = —2(81% — 23t — 3) Factor out —2. 
0 = -2(8t + 1)(t — 3) Factor the trinomial. Find factors of 8 and —3 that 


produce a middle term with a coefficient of —23. 


81+1=0 ort-3=0 Zero-product property 


t= -$ or t=3 Solve fort. 


The solutions of the equation are -$ and 3. A negative solution does not 


make sense in this situation, so disregard -$ 


» The discus hits the ground after 3 seconds. 


v GUIDED PRACTICE | for Example 4 


7. WHAT IF? In Example 4, suppose another athlete throws the discus with 
an initial vertical velocity of 38 feet per second and releases it from a 
height of 5 feet. After how many seconds does the discus hit the ground? 


8. SHOT PUT Ina shot put event, an athlete throws the shot put from an 
initial height of 6 feet and with an initial vertical velocity of 29 feet per 
second. After how many seconds does the shot put hit the ground? 
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Ж GED standardized Test Practice 


A rectangle's length is 13 meters more than 3 times its width. The area is 
10 square meters. What is the width? 


СА) =m 3m © 5m (D 10m 


w(3w + 13) = 10 Write an equation to model area. 


Зи? + 13w – 10 = 0 Simplify апа subtract 10 from each side. 


(ш + 5)(3ш – 2) = 0 Factor left side. 
w+5=0 or 3w-2=0 Zero-product property 


w = —5 or w = = Solve for w. 


Reject the negative width. 
> The correct answer is A. @ © D 


Y GUIDED PRACTICE for Example 5 


9. Arectangle's length is 1 inch more than twice its width. The area 15 
6 square inches. What is the width? 


Ф) jin. > іп. © 2in. D ? in. 


96 EXERCISES HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
° КЕҮ: on р. WS22 for Exs. 5, 25, and 61 


* = STANDARDIZED TEST PRACTICE 
Ех. 2, 3, 22, 41, 51, and 60 


: «0 = MULTIPLE REPRESENTATIONS 
Ex. 62 


- SKILL PRACTICE 


1. VOCABULARY What is another word for the solutions of x^ + 2x + 1 = 0? 


2. ж WRITING Explain how you can use a graph to check a factorization. 


3. Жж WRITING Compare factoring 6x^ — x — 2 with factoring x^ — x — 2. 
: EXAMPLES FACTORING TRINOMIALS Factor the trinomial. 
: 1, 2, and 3 я O 3 
С eecseceecccoccceeecosoe| . + y+ —y* + -— = 
| on pp. 503-894 4. —x^ + x + 20 y^ + 2у + 8 6. —a? + 12a — 27 
: for Exs. 4—22 7. 5и? — 6w + 1 8. —3p* — 10р — 3 9. 652—5 – 5 
10. 21% + 5t — 63 11. 2с2 — 7с + 3 12. Зи? — 17п + 10 
13. —2h* + 5h + 3 14. —6k* — 13k — 6 15. 10x* — 3x — 27 
16. 4m? + 9m + 5 17. З + z — 14 18. 4a? + 9а — 9 
19. 4n? + 16n + 15 20. —5b? + 7b — 2 21. 6y* — 5y — 4 
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: EXAMPLES 


: on pp. 595-596 
: for Exs. 23-39 


22. ж MULTIPLE CHOICE What is the correct factorization of 8x^ — 10x + 3? 


QD (2x — 3)(4x — 1) (2x — D (4x — 3) 

© (4x + Dx – 3) D (8x — 3(x - 1) 
SOLVING EQUATIONS Solve the equation. 
23. 2x? — 3x — 35 = 0 24. Зи? + 2259 +7 = 0 Shi +1ls-3=0 
26. та? + 2а = 5 27. 81% — 21 = 3 . 6m? — 5m = 14 
29. b(20b-3)-2=0 30. 4(3y* — 7y + 4) = 1 31. p(3p + 14) = 5 
32. 4n* —2n — 90 = 0 33. 10c* — 14c+4=0 34. —16k? + 8k + 24 = 0 
35. 6r? — 15r = 99 36. 5622 + 2 = 222 37. 30x? + 25x = 20 


ERROR ANALYSIS Describe and correct the error in solving 
the equation. 


38. 39. х 
Бх2 + х= 4 12x? + 5x – 2 = О 
x(5x + 1) = 4 (3x — 1)(4x + 2) =O 
x=4or5x+1=4 3x—1=00r4x+2=0 
_ _3 _ 1 EM. 
x=40r X= x= or x= -7 


40. €3 GEOMETRY The length of a rectangle is 7 inches more than 5 times its 
width. The area of the rectangle is 6 square inches. What is the width? 


41. ж SHORT RESPONSE The length of a rectangle is 1 inch more than 
4 times its width. The area of the rectangle is 3 square inches. What is the 
perimeter of the rectangle? Explain how you found your answer. 


FINDING ZEROS OF FUNCTIONS Find the zeros of the polynomial function. 


42. р(х) = 2х2 +x-1 43. f(x) = —х^ + 12x — 35 44. h(x) = -3x^ + 2x + 5 


45. f(x) =3x + x — 14 46. g(x) = 8x* — 6x — 14 47. f(x) = 12x* — 24x — 63 


SOLVING EQUATIONS Multiply each side of the equation by an appropriate 
power of 10 to obtain integer coefficients. Then solve the equation. 


48. 0.3x% — 0.7x — 4.0 = 0 49. 0.8х2 — 1.8x — 0.5 = 0 50. 0.4x* — 0.4x = 9.9 


51. Ж MULTIPLE CHOICE What are the solutions of the equation 
0.4x^ — 11х = 2? 


CA) —12.5 and 40 —4and1.25 СС) -125and4 Фф) -0.125 and 0.4 


WRITING EQUATIONS Write a polynomial equation that has the given 
solutions. The equation must have integer coefficients. Explain your 
reasoning. 


52. —3 and 2 53. => and 5 54. - and -i 


CHALLENGE Factor the trinomial. 


55. 2x^ — 11xy + 5y* 56. 3x^ + 2xy — 8y* 57. 6х? — 10x%y — 56ху? 
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" PROBLEM SOLVING | 


: EXAMPLE 4 


: On p. 595 
: for Exs. 58, 60 


: EXAMPLE 5 


3 cde cd. РРР 
: for Exs. 59, 61 
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58. DIVING А diver dives from a cliff when her center of gravity is 46 feet 
above the surface of the water. Her initial vertical velocity leaving the cliff 
is 9 feet per second. After how many seconds does her center of gravity 

enter the water? 


for problem solving help at classzone.com 


59. SCRAPBOOK DESIGN You plan to make a 
scrapbook. On the cover, you want to show three 
pictures with space between them, as shown. Each 
of the pictures is twice as long as it is wide. 


a. Write a polynomial that represents the area of 
the scrapbook cover. 


b. The area of the cover will be 96 square 
centimeters. Find the length and width of the 
pictures you will use. 


for problem solving help at classzone.com 


60. Ж SHORT RESPONSE You throw a ball into the air with an initial vertical 
velocity of 31 feet per second. The ball leaves your hand when it is 6 feet 
above the ground. You catch the ball when it reaches a height of 4 feet. 
After how many seconds do you catch the ball? Explain how you can use 
the solutions of an equation to find your answer. 


PARTHENON The Parthenon in Athens, Greece, is an ancient structure 
that has a rectangular base. The length of the Parthenon's base is 
8 meters more than twice its width. The area of the base is about 
2170 square meters. Find the length and width of the Parthenon's base. 


62. e MULTIPLE REPRESENTATIONS An African cat 
called a serval leaps from the ground in an attempt 
to catch a bird. The serval's initial vertical velocity 
is 24 feet per second. 


a. Writing an Equation Write an equation that 
gives the serval's height (in feet) as a function 
of the time (in seconds) since it left the ground. 


b. Making a Table Use the equation from part (a) 
to make a table that shows the height of the 
serval for £ = 0, 0.3, 0.6, 0.9, 1.2, and 
1.5 seconds. 


c. Drawing a Graph Plot the ordered pairs in 
the table as points in a coordinate plane. 
Connect the points with a smooth curve. 
After how many seconds does the serval 
reach a height of 9 feet? Justify your answer 
using the equation from part (a). 


аға OQ, — J y e E E А 
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(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED ф = MULTIPLE 
on p. WS1 TEST PRACTICE REPRESENTATIONS 


63. CHALLENGE A bush cricket jumps from the ground into the air with ап 
initial vertical velocity of 4 feet per second. 


a. Write an equation that gives the cricket's height (in feet) as a 


function of the time (in seconds) since it left the ground. 


b. After how many seconds is the cricket 3 inches off the ground? 


с. Does the cricket jump higher than 3 inches? Explain your reasoning 
| using your answer from part (Б). 


MIXED REVIEW a = ——— 


64. b — 9 — 18; 3 (p. 21) 65 


67. 6t + 18 = 0; —3 (p.21) 
| 70. |у-2|+6 = 5; 1 (p. 64) 


68 
71 


; PREVIEW Find the product. (p. 569) 

: Prepare for Q2 

: Lesson 9.7 te (6—0) ve 

: in Exs. 73-81. 76. (m+ 4)(m — 4) 74 
| 79. (8 – Зу)? 80 


. 8 — 3h = 2; 2 (p.21) 


. 6c = 3c; 2 (p.21) 
. [37 - 11| < 1; 2 (p.64) 


. (k+ 12) 
. (2c + 1)(2c — 1) 
. (2s — 50° 


66. 


69. 
72. 


75. 
78. 
81. 


Check whether the given number is a solution of the equation or inequality. 


£8 2% < 5; 4 (p.21) 


lx + 3| = 2; —5 (p. 64) 
4|3a — 8| > 2; 3 (p. 64) 


(Зх — 2)? 
(bn — 3)(5n + 3) 
(x + 2у)(х — 2y) 


QUIZ for Lessons 9.4-9.6 


Factor out the greatest common 


1. 16a? — 40b 2. 
4. Зх? + бху — 3y* 5. 


Factor the trinomial. 


7. r^ + 15r + 56 (p. 583) 8. 
11. 
14. 


10. —a? + 9a + 22 (p. 593) 
13. 6h? — 19h + 3 (p. 593) 


Solve the equation. 
16. 
19. 
22. 


b^ — 11b = —24 (p. 583) 
31% — 11t + 10 = 0 (p. 593) 


25. 


height of 3 feet. (р. 593) 


(4p — 7)(p + 5) = 0 (р. 575) 17. 
20. 
23. 


monomial factor. (р. 575) 
9xy? + 6ex?y 


l2abc^ — 6a?c 


s? — 6s + 5 (p. 583) 
2x? — 9x + 4 (p. 593) 
—7y” — 23у — 6 (p. 593) 


—8u* + 28u = 0 (p. 575) 
m^ + 12m = —35 (p. 583) 
4y” + 3ly = 8 (р. 593) 


| time (in seconds) after it is hit. 


24. 


. 51x? = 
. 4 + 19 = —20q (p. 583) 


. дп — 22n? — 8n? 


. —3659 + 18s? — 545 


. ш? + 6w — 40 (p. 583) 
. 5m? + m — 6 (р. 593) 
. 18c + 12c — 6 (p. 593) 


—17х (p. 575) 


145% + 12s = 2 (p. 593) 


BASEBALL A baseball player hits a baseball into the air with an initial 
vertical velocity of 72 feet per second. The player hits the ball from a 


a. Write an equation that gives the baseball's height as a function of the 


b. After how many seconds is the baseball 84 feet above the ground? 


EXTRA PRACTICE for Lesson 9.6, p 


. 946 


ED) ONLINE QUIZ at classzone.com 
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О 7 Factor Special Products 
O 


You factored polynomials of the form ax? + bx + с. 


[ Now ) You will factor special products. 


So you can use a scientific model, as in Ex. 48. 


Key Vocabulary You can use the special product patterns you studied in Lesson 9.3 to factor 
e perfect square polynomials, such as the difference of two squares. 
trinomial 


KEY CONCEPT For Your Notebook 


Difference of Two Squares Pattern 


тә 


E Algebra Example 
R а2— = (а+Ь)(а— b) 4x? — 9 = (2x)? — 3° = (2x + 3)(2x — 3) 


Factor the difference of two squares 


Factor the polynomial. 


а. y – 16 = у? – 4? Write as a? — b?. 
= (y + 4)(y — 4) Difference of two squares pattern 

b. 25m* — 36 = (5m)* — 6° Write as a? – b?. 
= (5m + 6)(5m — 6) Difference of two squares pattern 

c. х^— 49y* = x — (7y)? Write as a? — b?. 
= (x + 7y)(x — 7y) Difference of two squares pattern 


Factor the difference of two squares 


Factor the polynomial 8 — 1877. 


8 — 18n? = 2(4 — 9n7) Factor out common factor. 
= 2[2° — (3n)?] Write 4 — 9n? as a? — b?. 


= 2(2 + 3n)(2 — 3n) Difference of two squares pattern 


GUIDED PRACTICE for Examples 1 and 2 


1. Factor the polynomial 4у? — 64. 
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PERFECT SQUARE TRINOMIALS The pattern for finding the square of a 
binomial gives you the pattern for factoring trinomials of the form 
a? + 2ab + р? and а? — 2ab + b^. These are called perfect square trinomials. 


KEY CONCEPT For Your Notebook 


Perfect Square Trinomial Pattern 

Algebra Example 

а? + 2ab + b? = (a + b)? 2+в6х+9 = x? + 2(х. 3) + 3? = (x + 3)? 
а? — 2ab + b° = (a — b)?  x2-10x+25=x2-2(x+5) + 52 = (х— 5)? 


| EXAMPLE З | Factor perfect square trinomials 


Factor the polynomial. 
a. n? — 12n + 36 = n? – 2(п • 6) + 62 Write as a? — 2ab + b?. 
= (n — 6)* Perfect square trinomial pattern 
b. 9х2 — 12x + 4 = (3)? — 2(3x 2) +22 Writeasa? — 2ab + b?. 
= (3x — 2)? Perfect square trinomial pattern 
c. 452 + 4st + Ё = (25)? + 20s 1) + Write as a? + 2ab + b?. 


= (2s + t)? Perfect square trinomial pattern 
(Animatea Algebra at classzone.com 


(EXAMPLE 4 | Factor a perfect square trinomial 


Factor the polynomial —3y* + 36y — 108. 
—3y? + 36y — 108 = -3(y? — 12у + 36) Factor out —3. 


—3[y* — 2(y • 6) + 67] Write y? — 12у + 36 as 
a? — 2ab + b°. 


= —3(y- 6)* Perfect square trinomial pattern 
CHECK Check your factorization using a | EN 
graphing calculator. Graph Í | 


y, = —3x° + 36x — 108 and 

y, = -3(x — 6)”. Because the graphs 
coincide, you know that your | | 
factorization is correct. 


r4 GUIDED PRACTICE | for Examples 3 and 4 


| Factor the polynomial. 


2. р - Ah * 4 3. 2y^ — 20y + 50 4. Зх? + 6xy + Зу? 
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| EXAMPLE 5 | Solve a polynomial equation 


Solve the equation х? + zx -- $ = 0. 


х? + ox + i — 0 Write original equation. 
9x? +6x+1=0 Multiply each side by 9. 
(3x)* + 2(3x * 1) + (D^ = 0 Write left side as a? + 2ab + Б?. 

ERR > (3х + 1)? = 0 Perfect square trinomial pattern 
: This equation has two 1 P 
: identical solutions, 3x+1=0 Zero-product property 
: because it has two 
: identical factors. x= -i Solve for x. 


* The solution of the equation is =>. 


[ EXAMPLE 6 | Solve a vertical motion problem 


FALLING OBJECT A window washer drops a wet 
sponge from a height of 64 feet. After how many 
seconds does the sponge land on the ground? 


Solution 


Use the vertical motion model to write an 
equation for the height Р (in feet) of the sponge 
as a function of the time £ (in seconds) after it is 
dropped. 


The sponge was dropped, so it has no initial 
vertical velocity. Find the value of t for which the 


height is 0. 
h = –16 + vt^ s Vertical motion model 
0 = —161% + (0)t + 64 Substitute 0 for h, 0 for v, and 64 for s. 
0 = —16(1% — 4) Factor out —16. 
0 = —16(1 — 2)(t + 2) Difference of two squares pattern 


t-2=0 or t+2=0 Zero-product property 
t=2 or t=-2 Solve for t. 


Disregard the negative solution of the equation. 
* The sponge lands on the ground 2 seconds after it is dropped. 


GUIDED PRACTICE for Examples 5 and 6 


Solve the equation. 
5. a^ + 6a+9=0 6. ш? — 14w + 49 = 0 7. п? – 81 = 0 


8. WHAT IF? In Example 6, suppose the sponge is dropped from a height of 
16 feet. After how many seconds does it land on the ground? 
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EXERCISES "н O- mouan usoumons 
9.7 KEY: on p. WS22 for Exs. 11 and 49 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 23, 24, 49, and 50 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: The polynomial 9n? + 6n + 1 is called 
a(n) ? trinomial. 


2. ж WRITING Explain how to factor the difference of two squares. 


: EXAMPLES DIFFERENCE OF TWO SQUARES Factor the polynomial. 


: Тапа 2 

: RR ИИИ | 83. x^ —25 4. n? — 64 5. 8lc^—4 

: on p. 600 

: for Exs. 3-8 6. 49 — 121р? 7. —3m^ + 48n* 8. 225x^ — 144y* 

: EXAMPLES PERFECT SQUARE TRINOMIALS Factor the polynomial. 

: Запа 4 2 2 

: on p. 601 нй 9. X —4x+4 10. y^ — 10y + 25 (1) 49a° + 14а + 1 
:forExs.9-14 | 12. 92—121+4 13. m? + т + Я 14. 212 + 12xy + 18y? 


: EXAMPLES FACTORING POLYNOMIALS Factor the polynomial. 


e 0000000000000000000000 | я — le — -- . — -- 
: On pp. 600-601 15. 4c^ — 400 16. 4f^ — 36f + 81 17. —9r? + 45 


: for Exs. 15-24 | 18. z^-- 122 + 36 19. 72 — 32y* 20. 45r* — 120rs + 805 


ERROR ANALYSIS Describe and correct the error in factoring. 


21. 22, 
56x* — 81 = 9(4x* — 9) Y — 6y + 9 = у? — 2(у• 5) + 3? 


= 9((2x)? – "E xX = (y — 3)(y + 3) 
= 9(2x — 3)? 


23. Ж MULTIPLE CHOICE Which is the correct factorization of —45x* + 20y*? 


СА) -53x + 2y)? 5(3х — 2y)? 
СС) —5(3х + 2у)(3х — 2y) D) 5(3х + 2y)(3x — 2y) 
24. Ж MULTIPLE CHOICE Which is the correct factorization of 16m* — 8mn + и? 
(А) (4т – п)? (4т + п)? 
( (8m – п)? D (Am — п)(4т + п) 
: EXAMPLE5 | SOLVING EQUATIONS Solve the equation. 
: on p. 602 2 _ 2 _ = 2 _ = 
: for EXS. 25-39 25. х + 8x + 16=0 26. 16а — 8a + 1=0 27. Аи — 36 = 0 
28. 32 — 18m* =0 29. 27c* + 108c + 108 = 0 30. —2h* — 28h — 98 = 0 
31. 6p* = 864 32. —3t = —108 33. 8k^ = 98 
E c NES 5,5 25 2 0.5 
34. —3x + 5 = —х 35. у? at = 5 36. 5 = 8n 
37. —9c^ = —16 38. —20s — 3 = 255 + 1 39. y – 2у? +y=0 
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CHALLENGE Determine the value(s) of k for which the expression is a 
perfect square trinomial. 


40. x? + kx + 36 41. Ax? + kx - 9 42. 16x + kx - 4 
43. 25x? + 10x + k 44. 49x? — 84x + k 45. 4x? — 48x + k 


"PROBLEM SOLVING Е 


: EXAMPLE 6 46. FALLING BRUSH While standing on a ladder, you drop a paintbrush from 
:onp.602 a height of 25 feet. After how many seconds does the paintbrush land on 


: for Exs. 46-48 the ground? 


for problem solving help at classzone.com 


47. FALLING OBJECT А hickory nut falls from a branch that is 100 feet above 
the ground. After how many seconds does the hickory nut land on the 
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48. GRASSHOPPER А grasshopper jumps straight up from the ground with an 
initial vertical velocity of 8 feet per second. 


a. Write an equation that gives the height (in feet) of the grasshopper 
as a function of the time (in seconds) since it leaves the ground. 


b. After how many seconds is the grasshopper 1 foot off the ground? 


Ж SHORT RESPONSE А ball is thrown up into the air from a height of 
5 feet with an initial vertical velocity of 56 feet per second. How many 
times does the ball reach a height of 54 feet? Explain your answer. 


50. Ж EXTENDED RESPONSE An arch of balloons decorates the stage at a 
high school graduation. The balloons are tied to a frame. The shape of 


the frame can be modeled by the graph of the equation y = e + Зх 
where x and y are measured in feet. 


a. Make a table of values that shows the height of the balloon arch 
for x = 0, 2, 5, 8, and 11 feet. 


b. For what additional values of x does the equation make sense? 
Explain. 


c. At approximately what distance from the left end does the arch 
reach a height of 9 feet? Check your answer algebraically. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
604 on p. WS1 TEST PRACTICE 


51. FRAMING A square mirror is framed with stained glass 
as shown. Each corner of the frame began as a square 
with a side length of d inches before it was cut to fit 
the mirror. The mirror has a side length of 3 inches. 
The area of the stained glass frame is 91 square inches. 


a. Write a polynomial that represents the area of the 
stained glass frame. 


b. What is the side length of the frame? 


52. CHALLENGE You have 120 folding chairs to set up in a park for an outdoor 
play. You want each row to have an odd number of chairs. You also want 
each row after the first to have 2 more chairs than the row in front of it. 
The first row will have 15 chairs. 


a. Copy and complete the table below. 


Sum of first n odd integers 
PCI ,;__ 


b. Describe the relationship between n and the sum of the first n odd 
integers. Then find the sum of the first 10 odd integers. 


c. Explain how to find the sum of the odd integers from 11 to 21. 


d. How many rows of chairs will you need for the outdoor play? Explain 
your thinking. 


: PREVIEW | Solve the equation. 

: Prepare for _ Er = = 

: Lesson 9.8 in 53. a+ 6 = 3 (p. 134) 54. 5y — 2 32 (p. 141) 55. 8m + 4 = 20 (p. 141) 

: Exs. 53-61. 56. 5b — 3b + 6 = 4 (p. 148) 57. (x —9)(x + 1) = 0 (p.575) 58. x^ + 17x = —66 (p. 583) 
59. x^ = —12x + 45 (p. 583) 60. 2y^ + y = 15 (p. 593) 61. 222 — 35 = 322 (p. 593) 


Graph the linear equation. 


62. y — —6 (p.215) 63. х = 14 (р. 215) 64. 2x + y = 8 (p. 225) 


= -2y — 9 (p. 225) 


65. —4x + 5y = —20 (p.225) 66. 0.6х + 0.2y = 3.6 (p.225) 67. y 
68. у= 3x (p. 244) 69. у= —12x + 3 (p. 244) 70. y= ax + 2 (p. 244) 
Find the product. 


71. (2a — 3)(5a — 2) (p.562) 72. (2x? + x + 3)(х — 1) (p.562) 73. (с + 3)(c + 5) (p. 562) 
74. (3x — 4)(2x — 7) (p.562) 75. (2k — 11)(2k + 11) (p.569) 76. (y — 7)? (p. 569) 
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© 8 Factor Polynomials 
© Completely 


You factored polynomials. 
| Ми ] You will factor polynomials completely. 
So you can model the height of a projectile, as in Ex. 71. 


> n ал 


Key Vocabulary You have used the distributive property to factor a greatest common 
e factor by grouping monomial from a polynomial. Sometimes, you can factor out a common 
e factor completely binomial. 


Factor out a common binomial 


Factor the expression. 


a. 2x(x + 4) — 3(х + 4) b. 3y^(y — 2) + 5(2 — y) 


Solution 
a. 2x(x + 4) — 3(x + 4) = (x + 4)(2x — 3) 


b. The binomials y — 2 and 2 — y are opposites. Factor —1 from 2 — y to 
obtain a common binomial factor. 


3y (y – 2) + 5(2 — у) = 3y/(y-2)—5(y-2) Factor -1 from (2 - y). 
= (y — 2)(3y* — 5) Distributive property 


GROUPING You may be able to use the distributive property to factor 
polynomials with four terms. Factor a common monomial from pairs of terms, 
then look for a common binomial factor. This is called factor by grouping. 


Factor by grouping 


Factor the polynomial. 


a. X? + 3x^ + 5х + 15 b. у + у+ух+х 
Solution 
: CHECK WORK а. X? + 3х2 + 5x + 15 = (x? + Зх?) + (5х + 15) Group terms. 
; Remember that you can _ +3) + + 
: check а factorization by x (x + 3) + 5(0 +3) Factor each group: 
: multiplying the factors. = (x + 3)(x* + 5) Distributive property 
b. y +у+ух+х= (y* + y) + (yx + x) Group terms. 
= y(y + 1) + x(y + 1) Factor each group. 
= (y + D(y + x) Distributive property 
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| EXAMPLE З | Factor by grouping 


Factor x? — 6 + 2x — 3x”. 


Solution 


The terms x? and —6 have no common factor. Use the commutative property 
to rearrange the terms so that you can group terms with a common factor. 


х — 6 + 2x – Зх? = x — 3x? +2x-6 Rearrange terms. 
= (x? — 3x*) (2x— 6) Group terms. 
= x*(x — 3) + 2(x— 3) Factor each group. 
= (x — 3)(x* + 2) Distributive property 


CHECK Check your factorization using | 
a graphing calculator. Graph [ 
у, =x – 6+ 2x — Зх? and 
y, = (x — 3)(x^ + 2). Because the 
graphs coincide, you know that | | 
your factorization is correct. 


r4 GUIDED PRACTICE for Examples 1, 2, and 3 


Factor the expression. 


1. x(x — 2) + (x 2) 2. аЗ + За? + а + З 3. y^ + 2x + yx + 2y 


: READING FACTORING COMPLETELY You have seen that the polynomial x^ — 1 can 


: If a polynomial has two be factored as (x + 1)(x — 1). This polynomial is factorable. Notice that the 

: or more terms and is polynomial x + 1 cannot be written as the product of polynomials with 

: unfactorable, it is called integer coefficients. This polynomial is unfactorable. A factorable polynomial 

: a prime polynomial. with integer coefficients is factored completely if it is written as a product of 
unfactorable polynomials with integer coefficients. 


= CONCEPT SUMMARY For Your Notebook 


Guidelines for Factoring Polynomials Completely 


: To factor a polynomial completely, you should try each of these steps. 


1. Factor out the greatest common monomial factor. Зх? + 6x = 3x(x + 2) 
(Lesson 9.4) 
2. Look for a difference of two squares or a perfect х? + 4x + 4 = (x + 2)? 


Square trinomial. (Lesson 9.7) 


3. Factor a trinomial of the form ax? + bx + cinto a product Зх? — 5x — 2 = (3x + 1)(х – 2) 
of binomial factors. (Lessons 9.5 and 9.6) 


4, Factor a polynomial with four terms by grouping. ХЗ +x- 4х2 — 4 = (х + 1)(х — 4) 
(Lesson 9.8) 
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Factor completely 


Factor the polynomial completely. 


a. n^ -2n— 1 b. 4x? — 44x? + 96x с. 50h* — 2h* 


Solution 


a. The terms of the polynomial have no common monomial factor. Also, 
there are no factors of —1 that have a sum of 2. This polynomial cannot 
be factored. 


b. 4x? — 44x? + 96x = Ax (x? — 11x + 24) Factor out 4x. 


= 4x(x — 3)(x — 8) Find two negative factors of 24 that 
have a sum of —11. 
c. 50h* — 2h? = 2k? (25h? — 1) Factor out 2/7. 
= 2h? (bh — 1)(5h + 1) Difference of two squares pattern 


GUIDED PRACTICE | for Example 4 


Factor the polynomial completely. 
4. 3x? — 12x 5. 2y? — 12y* + 18у 6. m? — 2т? — 8m 


[ EXAMPLE 5 ] Solve a polynomial equation 


Solve 3x? + 18x? = —24x. 


3x? + 18x? = —24x Write original equation. 
3x? + 18x^ + 24x = 0 Add 24x to each side. 
3x(x* + 6x + 8) =0 Factor out 3x. 
3x(x + 2)(x + 4) =0 Factor trinomial. 
3x =Oorx+2=O0orx+4=0 Zero-product property 
x=0 x=-2 х= —4 Solve for х. 


* The solutions of the equation are 0, —2, and —4. 


CHECK Check each solution by substituting it for x in the equation. 
One check is shown here. 


3(—2)? + 18(—2)* Ё —24(—2) 
—24 + 72 £48 
48 = 48 Y 


Y GUIDED PRACTICE for Example 5 


Solve the equation. 


7. и? — 8и? + 16w = 0 8. х? — 25x = 0 9. C — 7c? + 12с = 0 
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| EXAMPLE 6 ] Solve a multi-step problem 


TERRARIUM А terrarium in the shape 
of a rectangular prism has a volume of 
4608 cubic inches. Its length is more 
than 10 inches. The dimensions of the 
terrarium are shown. Find the length, 
width, and height of the terrarium. 


Solution 


STEP Y Write a verbal model. Then write an equation. 


Volume |... Length . Width . Height 

(cubic inches) ^ (inches) (inches) (inches) 
Y b d Y ww 

4608 =  (36—w) ° Ш e (w + 4) 


STEP2 Solve the equation for w. 


4608 = (36 — w) (ш) (ш + 4) Write equation. 
0 =32w* + 144w — и? — 4608 Multiply. Subtract 4608 from 
each side. 


0 = (-u? + 32w*) + (144w — 4608) Group terms. 


0 = —w“(w — 32) + 144(w — 32) Factor each group. 
0 = (ш — 32)(—u* + 144) Distributive property 
0 = —1(w — 32)(w* — 144) Factor —1 from —w? + 144. 
0 = —1(w — 32)(w — 12)(w + 12) Difference of two squares pattern 
w—32=0 ог w-12=0 ог ш + 12 = 0 Zero-product property 
ш = 32 ш = 12 w= —12 Solve for w. 


STEP 3 Choose the solution of the equation that is the correct value of w. 
Disregard w = —12, because the width cannot be negative. 


You know that the length is more than 10 inches. Test the solutions 
12 and 32 in the expression for the length. 


Length = 36 — 12=24Y or Length = 36 — 32 = 4 X 
The solution 12 gives a length of 24 inches, so 12 is the correct value of w. 
STEP 4 Find the height. 
Height = ш + 4 = 12 + 4 = 16 
» The width is 12 inches, the length is 24 inches, and the height is 16 inches. 


Y Gumrp PRACTICE - for Example 6 


10. DIMENSIONS OF A BOX A box in the shape of a rectangular prism has 
a volume of 72 cubic feet. The box has a length of x feet, a width of 
(x — 1) feet, and a height of (x + 9) feet. Find the dimensions of the box. 
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EXERCISES HOMEWORK: О = WORKED-OUT SOLUTIONS 
9.3 KEY: on p. WS23 for Exs. 13, 23, and 71 


Ж - STANDARDIZED TEST PRACTICE 
Exs. 2, 12, 41, 55, 71, and 73 


_ SKILL PRACTICE 


1. VOCABULARY What does it mean for a polynomial to be factored 
completely? 


2. ж WRITING Explain how you know if a polynomial is unfactorable. 


: EXAMPLE 1 BINOMIAL FACTORS Factor the expression. 


: on p. 606 Е _ Е 

: for Exs. 3-12 & x(x — 8) + (x-8) 4. 5y(y + 3) — 2(y + 3) 5. 6z(z — 4) — 7(z — 4) 
6. 10(a — 6) — 3a(a — 6) 7. b?(b + 5) — 3(b + 5) 8. 7c^(c + 9) + 2(c + 9) 
9. x(13 + x) — (х + 13) 10. y^(y — 4) + 5(4 — y) 11. 12(z — 1) — 5%(1 — 2) 


12. Ж MULTIPLE CHOICE Which is the correct factorization of 
x7(x — 8) + 5(8 — x)? 


QD (х^+5)(х— 8) (х2 + 5)(8 — x) 
(б) a- 5)(х – 8) (D (х2 — 5)(8 — x) 
: EXAMPLES FACTORING BY GROUPING Factor the polynomial. 
EPA +x2+2x+2 14. y - 9? * y- 9 15. z? — 42 + 32 — 12 
: for Exs. 13-22 | 16. с? + 7c^ + 5c + 35 17. а? + 13a? — 5a — 65 18. 25? — 352 + 18s — 27 
19. 5n? — An? + 25n — 20 20. x^ + 8x — xy — 8y 21. y? + y + 5xy + 5x 
22. ERROR ANALYSIS Describe Е " " 
and correct the error in а + ба” — ба — 45 = a (a + 8) + 6(a + 8) 
factoring. = (a + 8)(a? + 6) 


: EXAMPLE 4 FACTORING COMPLETELY Factor the polynomial completely. 


: pas A MA | (з) x* – x 24. 36a* — 4а? 25. 3n? — 48n? 
26. 4y? — 16y* 27. 75c? — 3c’ 28. 72p — 2p? 
29. 325° — 8s* 30. 80z? — 452% 31. т? — 5m — 35 
32. 6g? — 24р? + 24g 33. Зи/ + 24u? + 48и? 34. 317 + 3r* — 90r 
35. b? — 5b^ — Ab + 20 36. h? + 4h? — 25h — 100 37. 98 + 18t- 2 — 2 
38. 2x?y — 162x°y 39. 7a? b? — 63ab* 40. —4s°t? + 24s?t? — 36st 


41. ж MULTIPLE CHOICE What is the completely factored form of 3x? — 75x? 
(А) Зх“ — 25) 3x*(x-5)* © 3x*+5)* Ф) 3x'(x – 5)(х + 5) 


42. ERROR ANALYSIS Describe and x? — 6x? — 9x + 54 = Xx (x — 6) — 9(x — 6) 
correct the error in factoring a 
the polynomial completely. X = (x — 6)(х — 9) 
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SOLVING EQUATIONS Solve the equation. 


: on p. 608 


3 2 __ __ 3$. 2 __ - 3 __ " __ _ 
: for EXS. 43-54 43. X +x — 4x 4 = 0 44. a” —lla^ — 9а + 99 = 0 45. Ay — 7y” — 16у + 28 = 0 
46. 5n% — 30n* + 40n = 0 47. 3b? + 24b? + 45b = 0 48. 2P + 21 — M40 = 0 
49. 2? — 812 = 0 50. c^ — 100c* = 0 51. 12s — 39 = 0 
52. 23? — 10x* + 40 = 8x 53. 3p + 1 = p? + 3p? 54. m? — 3m = Am — 12 


: convert the 

: given volume to 
: cubic yards. Use 
: the conversion 
1 yd? 

27 f? 


: factor 


55. Ж WRITING 15 it possible to find three solutions of the equation 


X) + 2x* + 3x + 6 = 0? Explain why or why not. 
(ES GEOMETRY Find the length, width, and height of the rectangular prism 
with the given volume. 


56. Volume = 12 cubic inches 57. Volume: 2592 cubic feet 


xin. 


¿Se 1) in. (x + 8) yd 


(x= 4) in. 


FACTORING COMPLETELY Factor the polynomial completely. 


58. х? + 2x^y – x — 2y 59. 8b? — Ab^a — 18b + 9а 60. 4s^ — 5 + 12st — 3t 
FACTOR BY GROUPING In Exercises 61-66, use the example below to factor 
the trinomial by grouping. 


90114830) Factor a trinomial by grouping 


Factor 8x? + 10x — 3 by grouping. 


Solution 
Notice that the polynomial is in the form ax? + bx + c. 


STEP 7 Write the product ac as the product of two factors that have a 
sum of b. In this case, the product ac is 8(—3) = —24. Find two 
factors of —24 that have a sum of 10. 


—24 = 12 + (-2) and 12 + (-2) = 10 


STEP 2 Rewrite the middle term as two terms with coefficients 
12 and -2. 


8х? + 10x — 3 = 8x* + 12x - 2x - 3 
STEP 3 Factor by grouping. 
8х? + 12x — 2x — 3 = (8x% + 12x) + (-2x — 3) 
= Ax(2x + 3) — (2x + 3) 
= (2x + 3)(4x — 1) 


Group terms. 
Factor each group. 


Distributive 
property 


63. 12n? — 13n + З 
66. 15у — 3ly + 10 


62. 1052 + 195 + 6 
65. 21w* + 8w — 4 


61. 6х2 + 5x 4 
64. 16a? + 14а + 3 


67. CHALLENGE Use factoring by grouping to show that а trinomial of the 
form а? + 2ab + b^ can be factored as (a + Б)“. Justify your steps. 
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Г PROBLEM SOLVING 


3 is + 4 ЖИА 
: for Exs. 68—70 


612 


68. CYLINDRICAL VASE А vase in the shape of a cylinder has a height of 
6 inches and a volume of 247 cubic inches. What is the radius of the vase? 


utor . for problem solving help at classzone.com 


69. CARPENTRY You are building a birdhouse 
that will have a volume of 128 cubic inches. 
The birdhouse will have the dimensions shown. 


a. Write a polynomial that represents the volume КИЛ 4] in. 
of the birdhouse. 


b. What are the dimensions of the birdhouse? 


_@HomeTutor 
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70. BAG SIZE A gift bag is shaped like a rectangular prism 
and has a volume of 1152 cubic inches. The dimensions 
of the gift bag are shown. The height is greater than the 
width. What are the dimensions of the gift bag? 


(18 — w) in. 


win. 
(2w + 4) in. 


GD Ж SHORT RESPONSE A pallino is the small target ball that is tossed in 
the air at the beginning of a game of bocce. The height h (in meters) of 
the pallino after you throw it can be modeled by h = –4.9 + 3.9t + 1 
where tis the time (in seconds) since you released it. 


a. Find the zeros of the function. 


b. Do the zeros of the function have any meaning in this situation? 
Explain your reasoning. 


72. JUMPING ROBOT The path of a jumping robot 
can be modeled by the graph of the equation 
у = —10x* + 30x where x and y are both 
measured in feet. On a coordinate plane, the 
ground is represented by the x-axis, and the 
robot's starting position is the origin. 


a. The robot's maximum height is 22.5 feet. 
What is the robot's horizontal distance from 
its starting point when its height is 22.5 feet? 


b. How far has the robot traveled horizontally 
when it lands on the ground? Explain your 
answer. 


73. Ж EXTENDED RESPONSE The width of a box is 4 inches more than the 
height h. The length is the difference of 9 inches and the height. 


a. Write a polynomial that represents the volume of the box. 


b. The volume of the box is 180 cubic inches. What are all the possible 
dimensions of the box? 


c. Which dimensions result in a box with the smallest possible surface 
area? Explain your reasoning. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
on p. WS1 TEST PRACTICE 


MIXED REVIEW — Е 


: PREVIEW 


: Prepare for 
: Lesson 10.1 in 
: Exs. 75-86. 


74. CHALLENGE A plastic cube is used to display an autographed baseball. 
The cube has an outer surface area of 54 square inches. 


a. What is the length of an outer edge of the cube? 


b. What is the greatest volume the cube can possibly have? Explain why 
the actual volume inside of the cube may be less than the greatest 
possible volume. 


Graph the equation. (p. 244) 


75. y – 2х = 0 76. y + 2x = 3З 77. yt 5х = 2 78. 2y – 6x = 6 
79. —3y + 4х = 12 80. —4x + 2y = 8 81. x – 4у = 2 82. x — 2y = —10 
83. у= 5 84. у= 0 85. х= —4 86. х= 2 


Write an equation of the line shown. 


в. рл || 88 
шшш ш А шш шш 


ouam 
MORA MA 
(oo | 3 | | 


ШШЕ, 
BE ABENEME 
й+у] 


(р. 283) (р. 283) (р. 283) 


' QUIZ for Lessons 9.7-9.8 


Factor the polynomial. (p. 600) 
1. x^ — 400 2. 18 — 3222 З. 169x^ — 25у? 
4. n^ – 6п + 9 5. 1002? + 20a + 1 6. 8r^ — 40rs + 503° 


Factor the polynomial completely. (p. 606) 


7. Зх? — 751% 8. 72s* — 8s? 9. 3x*y — 300x^y 
10. à? — 4a? — 21a 11. 2h* + 28h? + 98h? 12. z? — Az? — 162 + 64 
Solve the equation. 
13. x^ + 10x + 25 = 0 (p. 600) 14. 48 — 27m? = 0 (p. 600) 
15. u? — ш? — Aw + 4 = 0 (p. 606) 16. 4x? — 28x? + 40x = 0 (p. 606) 
17. Зх? — 6x* — 45x? = 0 (p. 606) 18. x? — 121x = 0 (p. 606) 
19. VOLUME The cylinder shown has a volume of 727 cubic inches. (p. 600) r 


a. Write a polynomial that represents the volume of the cylinder. 
Leave your answer in terms of 7. 8 in. 


b. Find the radius of the cylinder. 
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MIXED REVIEW of Problem Solving 


Lessons 9.5-9.8 


1. MULTI-STEP PROBLEM A rectangular room 
has the dimensions shown. 


w ft 


(w + 5) ft 
a. Write a polynomial that represents the 
area of the room. 


b. The room has an area of 150 square feet. 
What are the length and width of the room? 


2. MULTI-STEP PROBLEM A block of clay has 
the dimensions shown. 


СР ААН 
Ш 


(x + 9) іп. 


а. Write а polynomial that represents the 
volume of the clay. 


b. The clay has a volume of 180 cubic inches. 
What are the length, width, and height of 
the block? 


3. MULTI-STEP PROBLEM You are making a 
wooden game board. You cut a square piece 
of wood, as shown. 


4 in. 


a. Write a polynomial that represents the 
area of the game board. 


b. The area of the game board is 100 square 
inches. What was the area of the original 
piece of wood? Explain how you found 
your answer. 


4. OPEN-ENDED Describe a situation that can 
be modeled using the vertical motion model 
h = —16 + 48t. Then find the value of t 
when Л = 0. Explain what this value of £ 
means in this situation. 
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. SHORT RESPONSE A 


D STATE TEST PRACTICE 
AL dasszone.com 


5. EXTENDED RESPONSE You hit a baseball 


straight up into the air. The baseball is hit 
with an initial vertical velocity of 80 feet per 
second when it is 3 feet off the ground. 


a. Write an equation that gives the height (in 
feet) of the baseball as a function of the 
time (in seconds) since it was hit. 


b. After how many seconds does the ball 
reach a height of 99 feet? 


с. Does the ball reach a height of 99 feet 
more than once? Justify your answer. 


. EXTENDED RESPONSE The length of a box is 


25 inches more than its height. The width of 
the box is 1 inch less than its height. 


a. Draw a diagram of the box. Label its 
dimensions in terms of the height h. 


b. Write a polynomial that represents the 
volume of the box. 


c. The box has a volume of 600 cubic inches. 
What is the area of its top? Explain. 


tennis player hits a 
ball with an initial 
vertical velocity of 
63 feet per second. 
Can you find the 
number of seconds 
the tennis ball is 

in the air? Explain 
why not or find the 
number of seconds. 


. GRIDDED ANSWER During an experiment in 


physics class, you drop a ball from a height 
of 144 feet. After how many seconds does the 
ball hit the ground? 


. SHORT RESPONSE A football is kicked toward 


a goal post that is 10 feet high. The path of 
the football is modeled by the graph of 

y = —0.005x* + 0.6x where x and y are 
measured in feet. On a coordinate plane, the 
x-axis represents the ground, and the ball 
leaves the ground at the origin. The ball hits 
the goal post on the way down. How far from 
the goal post is the kicker? Explain. 


CHAPTER SUMMARY 


с BIG IDEAS For Your Notebook 
Big (deo. (7) 1: Adding, Subtracting, and Multiplying Polynomials 
: You can perform operations with polynomials using the steps below. 


Operation | Steps 
Add Group like terms and add. 


Subtract First, rewrite subtraction as addition. 
Second, group like terms and add. 


Multiply First, multiply terms using the distributive property. 
Second, combine like terms. 


Big : Factoring Polynomials 


: When factoring a polynomial, you should use the following checklist so that 
> you can be sure you have factored the polynomial completely. 


STEP 7 Factor out the greatest common monomial factor. 
STEP 2 Look for special products to factor. 
STEP 3 Factor a trinomial into a pair of binomials, if possible. 


STEP 4 Factor a polynomial with four terms by grouping, if possible. 


Big (deo, O | : Writing and Solving Polynomial Equations to Solve Problems 


> You can write polynomials that model real-world situations in order to solve 
5 problems. For example, you can use the vertical motion model. 


Height (in feet) of a projectile: h = —161% + vt + s where tis the time (in 
seconds) the object has been in the air, v is the initial vertical velocity 
(in feet per second), and s is the initial height (in feet). 


The height of the ball 
can be modeled by 
h= —16 + 301+ 4. 


р т 
Н 15 ft 
: 134 When the ball lands 
WK К on the ground, h = 0. 
| af T "ii 
1 | „^ 


Time, t Osec 0.5 sec 1 sec 15sec  Zsec 


Height, 18 ft 
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* Multi-Language Glossary 
REVIEW KEY VOCABULARY — 
e monomial, p. 554 * leading coefficient, p. 554 e vertical motion model, p. 577 
* degree of a monomial, p. 554 * binomial, p. 555 * perfect square trinomial, p. 601 
e polynomial, p. 554 * trinomial, p. 555 * factor by grouping, p. 606 


* degree of a polynomial, p. 554 • roots, р. 575 * factor completely, p. 607 


VOCABULARY EXERCISES 


1. Copy and complete: The greatest degree of the terms in a polynomial is 
called the. ? . 


2. WRITING Is 2x ! a monomial? Explain why or why not. 


3. WRITING What does it mean for a polynomial to be factored completely? Give 
an example of a polynomial that has been factored completely. 


In Exercises 4—6, match the polynomial with its classification. 
4. 5x — 22 5. 1147 6. x +x+1 


A. Monomial B. Binomial C. Trinomial 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding of 
the concepts you have learned in each lesson of Chapter 9. 


Add and Subtract Polynomials pp. 554-559 


Find the difference (3x? + 2) — (Ax? — x — 9). 


_ Use a vertical format. 


3x2 T5 3x2 m 
| = ar yx 9) F А түтө 
Е Я 
EXERCISES 
: EXAMPLES Find the sum or difference. 
{eee 7. (9x + 6x? — 8x2) + (—5x3 + 6x) 8. (7à? — 4d? — 2a + 1) + (à) — 1) 
: On pp. 555-556 ` ` 
: for Exs. 7-12 9. (11у? + 3 — 4) + (y? - y + 1) 10. (3n? — 4n + 1) — (8n? — 4n + 17) 
11. (25 + 8) — (—3s° + 7s — 5) 12. (-k* + 7k + 5) — (2k* — ЗК — 6) 
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Solution 
a. Use a horizontal format. 


(х2 + Ax — 5)(2x — 1) 


= x7(2x — 1) + 4x(2x — 1) — 5(2x — 1) 
= 2x? — x? + 8x? — Ax — 10x + 5 


= 2 + 7х2 — Mx + 5 
b. Use a vertical format. 
STEP? Multiply by —3. 


5y+ 6 
x у=зЗ 
—15y — 18 


EXERCISES 
Find the product. 


13. (х2 — 2х + 1)(х — 3) 
16. (5b? — b — 7)(b + 6) 
19. (6n + 7)(3n + 1) 


: EXAMPLES 
:1,2,3,and4 
: on pp. 562-563 
: for Exs. 13-21 
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Chapter Review Practice 


€ P Multiply Polynomials pp. 562-568 | 


Find the product. 
a (x tix- 5)2x-— D 


b. (5y + 6)(y — 3) 


Write product. 
Distributive property 
Distributive property 


Combine like terms. 


STEP2 Multiply by y. 


oy t 6 oy t б 

X yo 3 X у= а 

—15у — 18 —15у — 18 
5y^ + 6y 5y? + 6y 

5у? — 9y — 18 


STEP 3 Add products. 


14. (у? + 5y + 4)(3у + 2) 
17. (z + 8)(z — 11) 
20. (4n — 5)(7n — 3) 


15. (x — 4)(x + 2) 
18. (2a — 1)(a — 3) 
21. (3x — 2) ix + 4) 


t EN Find Special Products of Polynomials pp. 569-574 | 


Find the product (3x + 2) (3х — 2). 


(Зх + 2)(3x — 2) = (3x)? – 2% Sum and difference pattern 


= 9x? — 4 Simplify. 
EXERCISES 
: EXAMPLES Find the product. 
1 and 2 9 2 2 
| on pp. 569-570 22. (x + 11) 23. (6y + 1) 24. (2x — y) 
: for Exs. 22-27 | 25. (4a — 3)? 26. (К + 7)(k — 7) 27. (3s + 5)(3s — 5) 
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Solve Polynomial Equations in Factored Form 


Solve 6х? + 42x = 0. 
бх? + 42x = 0 Write original equation. 
6x(x + 7) =0 Factor left side. 
6x=0 or x+7=0 Zero-product property 
x=0 or х= —7 Solve for x. 


» The solutions of the equation are 0 and —7. 


EXERCISES 
: EXAMPLES Solve the equation. 
3 and 4 9 
Ponp 576 7 28. 2a* + 26а = 0 29. 312 — 33t=0 
: for Exs. 28-33 | 31, m^ = 9m 32. 5y? = —50y 


рр. 575—580 


30. 8х2 — 4x =0 
33. 21h? = 7h 


С 5 Factor х2 + bx + с pp. 583-589 | 


Factor х? + 2x — 63. 


Find two factors of —63 whose sum is 2. One factor will be positive, and the 


other will be negative. Make an organized list of factors. 


Factors of —63 


2 
| ac M 9 + (-7) = 2 <— Correct sum 
ar ara 


х x X 


р х2 + 2х— 63 = (x + 9)(x — 7) 


EXERCISES 
: EXAMPLES Factor the trinomial. 
ik 34. п? + 15n + 26 35. 52 + 105 — 11 
: onpp.583-584| "^ "! ds d j 
: for Exs. 34-42 | 37. a? + 5a — 84 38. 1“ — 24t + 135 
40. р? + 9p + 14 41. c^ + 8с + 15 
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36. b^ — 5b — 14 
39. х2 + 4x — 32 
42. y^ — 10у + 21 


@Homelutor 
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Factor ax? + bx + с pp. 593-599 


THROWN BALL You throw a ball up into the air. At 4 feet above the ground, 
the ball leaves your hand with an initial vertical velocity of 30 feet per second. 


a. Write an equation that gives the height (in feet) of the ball as a function 
of the time (in seconds) since it left your hand. 


b. After how many seconds does the ball land on the ground? 


Solution 


a. Use the vertical motion model h = —161^ + vt + sto write an 
equation for the height h (in feet) of the ball as a function of the 
time t (in seconds). In this case, v = 30 and s = 4. 


h = —16t^ + vt^ s Vertical motion model 
h = —164 + 30t + 4 Substitute 30 for v and 4 for s. 


b. When the ball lands on the ground, its height is 0 feet. Substitute 0 for h 
and solve the equation for t. 


0 = –16 + 30t + 4 Substitute O for h. 
0 = —2(8t? — 15ft-— 2) Factor out -2. 


0 = -2(8t + 1)(t—2) Factor the trinomial. Find factors of 8 and —2 that 
produce a middle term with a coefficient of —15. 


81+1=0 or t-2=0  ZZero-product property 
t= -1 or t=2 Solve for t. 


The solutions of the equation are -4 and 2. A negative solution does not make 


sense in this situation, so disregard -i. 


» The ball lands on the ground after 2 seconds. 


EXERCISES 
: EXAMPLES Solve the equation. 
: 1,2, 3, and 4 2 2 9 
; on pp. 593-595 43. 7x^ — 8x = —1 44. An* +3 = 7n 45. 35 + 45 + 4 = 8 
: for Exs. 43-50 | 46. 62” + 132 = 5 47. —Ar* = 18r + 18 48. 9a^ = ба + 24 


49. THROWN BALL You throw a ball up into the air with an initial vertical 
velocity of 46 feet per second. The ball leaves your hand when it is 
6 feet above the ground. After how many seconds does the ball land on 
the ground? 


50. ES GEOMETRY The length of a rectangle is 1 inch less than twice the 
width. The area of the rectangle is 21 square inches. What is the length of 
the rectangle? 
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CHAPTER REVIEW 


Factor Special Products pp. 600-605 


Factor the polynomial. 


a. 100x^ — у? b. 2х — 36x + 81 
Solution 
a. 100x? — у? = (10x)? — у? Write as a? — b?. 
= (10x + y)(10x — y) Difference of two squares pattern 


b. 4x? — 36x + 81 = (230^ — 2(2x 9) + 9" Writeasa? — 2ab + b?. 


= (2x — 9)* Perfect square trinomial pattern 
EXERCISES 
: EXAMPLES Factor the polynomial. 
: 1, 2,3, 4, and 6 9 3 5 
: on pp. 600-602 51, e — 225 B2. @ — 16у? 53. 12 — 48n 
: for Exs. 51-57 | 54. х? + 20x + 100 55. 16р? — 8p + 1 56. —2y* + 32y — 128 


57. DROPPED OBJECT You drop а penny from a height of 16 feet. After how 
many seconds does the penny land on the ground? 


- 4:34 Factor Polynomials Completely 


pp. 606—613 


Factor the polynomial completely. 


а. y — 4y* + 8y — 32 b. 5x? — 40x? + 80x 


Solution 
a. y = Ay” + By — 32 = (y = Ay”) + (8y — 32) Group terms. 
=y (y — 4) + 8(y — 4) Factor each group. 


= (y — 4)(у? + 8) Distributive property 
b. 5x? — 40x^ + 80x = 5x(x* — 8x + 16) Factor out 5x. 
= 5x(x — 4)? Perfect square trinomial pattern 
EXERCISES 
: EXAMPLE 4 Factor the polynomial completely. 
: on p. 608 3 Bad 3 _ - _ 
: for Exs. 58-66 | 30: 4 + 60—54 — 30 59. y^ + Зу + yx + Зх 60. х? – 115 - х +11 
61. 5s* — 12552 62. 147m — Зп? 63. 22? + 222 — 602 
64. х? + 5x^—x—5 65. 2b? + Зр? — 8b — 12 66. х? + х? – 6х – 6 
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CHAPTER TEST 


Find the sum or difference. 


1. (a? — 4a + 6) + (3a* + 13a + 1) 2. (5x* — 2) + (8x? + 2x^ — x + 9) 
3. (15r? + 7n — 1) — (4n? — Зп — 8) 4. (9c? — 11c^ + 2c) — (—6c* — Зс + 11) 
Find the product. 
5. (2z + 9)(z — 7) 6. (bm — 8)(5m — 7) 7. (b + 2)(—b* + Ab — 3) 
8. (5 + 7у)(1 — 9y) 9. (2х2 — 3x + 5)(x — 4) 10. (5p — 6)(5p + 6) 
11. (12 — 3g* 12. (2s + 90 13. (11a — 4b)(11a + 4b) 


Factor the polynomial. 


14. х2 + 8x +7 15. 2n? — lln + 15 16. —12r + 5r+ 3 
17. t? — 107 + 25 18. —3n* + 75 19. 3х2 + 29x — 44 
20. x^ — 49 21. 2a* + 21а? + 49a? 22. y! + 2y^ — Bly — 162 


Solve the equation. 


23. 25a = 10a? 24. 2122 + 852 — 26 = 0 25. x? — 22x = —121 
26. а? – lla + 24 = 0 27. Р + 7t = 60 28. 4х2 = 22x + 42 
29. 5602 + р = 1 30. и? — 121п = 0 31. а? + а? = 64a + 64 


32. VERTICAL MOTION A cricket jumps off the ground with an initial 
vertical velocity of 4 feet per second. 


a. Write an equation that gives the height (in feet) of the cricket as a 
function of the time (in seconds) since it jumps. 


b. After how many seconds does the cricket land on the ground? 


33. POSTER AREA Two posters have the lengths and 
widths shown. The posters have the same area. 


a. Write an equation that relates the areas of the 
two posters. 


b. Find the length and width of each poster. 


A (w + 2) ft 


2wft 


34. CONSTRUCTION А construction worker is working on the roof of a 
building. A drop of paint falls from a rafter that is 225 feet above the 
ground. After how many seconds does the paint hit the ground? 


35. BOX DIMENSIONS А cardboard box that is a rectangular Lg | 
prism has the dimensions shown. (x = 1) in. 


a. Write a polynomial that represents the volume of (x+ Бп. (x — 2) in. 
the box. 


b. The volume of the box is 60 cubic inches. What are 
the length, width, and height of the box? 


Chapter Test 621 


Scoring Rubric 


Full Credit 
• solution is complete 
and correct 


Partial Credit 

solution is complete 
but errors are made, 

or 

• solution is without 
error but incomplete 


No Credit 

* no solution is given, 

Or 

e solution makes no 
sense 


SHORT RESPONSE QUESTIONS 
PROBLEM | 


PROBLEM | 


A rectangular photo has an area of 24 square inches. You trim the photo 
so that it fits into a square frame. You trim 3 inches from the length and 
1 inch from the width of the photo. Write and solve an equation to find 


the side length of the resulting square photo. Explain how you chose one 
solution of the equation to find the side length. 


Below are sample solutions to the problem. Read each solution and the 
comments on the left to see why the sample represents full credit, partial 
credit, or no credit. 


SAMPLE 1: Full credit solution 


+» Draw a diagram. Use the formula for the area of a rectangle. 
A diagram shows how 


the equation is obtained. А=1.ш 
=(*+3)40 +1) 3 in. x in. 
=x + 4х + 3 | 
x in. 
“КҮТҮҮ ГГ ГТКК ГГ ГГ pr Substitute 24 for A and solve. 
The correct calculations Lin 
24 = х + Ax +3 


are performed. 


б=х + 4х — 21 
0 = (x — + 7) 
O=x-3 or MS. Y 


x=3 or x ЕТ 


==> A solution represents the side length of the square photo. A negative side 


The question is answered | length does not make sense, so choose х = 3. The side length is З inches. 
correctly and includes an 


explanation. 


The equation is correct, 


and the student has 


explained how it was 


obtained. 


SAMPLE 2: Partial credit solution 
The length of the rectangular photo is x + 3. The width is x + 1. 


= A= wt 3+ 1) 


24 = х? + 4х + 3 
О= х2 + 4х – 21 
0 = (х – 3)(х + 7) 


The question is answered T= or 25 


correctly but does not 
include an explanation. 


The side length of the square photo is 3 inches. 
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SAMPLE 3: Partial credit solution 


ni TI es TT ) 24 — (x Е 3) (x 215 1) 
е equation апа Its TIC AN STI 


solutions are correct, but 
the student found the 0-ix— 3x +7) 
length and width of the х=3 огх=—7 
original photo instead of 


the trimmed photo. A negative solution does not make sense in the situation. The length is 


3 + 3 = 6 inches, and the width is 3 + 1 = 4 inches. 


SAMPLE 4: No credit solution 


ооееевеөөөөвөвеөевөөвөөөөвеөеөөөөөөө«в D> (х — 3)(x — 1) = 24 
The student's reasoning qup =o 


is incorrect, and the 
equation is incorrect. The ADUT 


answer is incorrect. x = —3 or 7, so the side length of the square is 7 inches. 


PRACTICE Apply the Scoring Rubric 


Score the solution to the problem below as full credit, partial credit, or no 
credit. Explain your reasoning. 


PROBLEM You are making a banner for a surprise birthday party. The 
banner will have the dimensions shown in the diagram. Its area will be 
6 square feet. Write and solve an equation to find the length and width of 


the banner. Explain your reasoning. 


Happy Girthdag |х тн 


(x— 2) ft 


L 6= (x — 2)(х— 7) In this problem, the solutions of the equation 
o-<- oxty ae & and 1. If x = 1, then the width of the 
= banner is x — 7 = —O. A width cannot be 
OSX—9x+0 negative, so disregard the solution x = 1. 
О = (x — X(x — 1) 


The length of the banner is O — 2 = O feet, and 
TOO K=] the width is 8 — 7 = 1 foot. 


2. 6= (х= 2(Х_ 7) The equation has two solutions. They are 5 and 
Aa See qa T30 the width of the banner is 5 feet, and the 
length of the banner is 4 feet. 
О = £ — Әх + 20 


О = (x — 5)(x — 4) 
x=borx=4 
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SHORT RESPONSE 


1. Acat jumps straight up from the ground 
with an initial vertical velocity of 10 feet per 
second. 


a. Write an equation that gives the height of 
the cat (in feet) as a function of the time 
(in seconds) since it left the ground. 


b. Find the zeros of the function from 
part (a). Explain what the zeros mean in 
this situation. 


2. A fish tank is shaped like a rectangular prism 
with a volume of 576 cubic inches. Its length 
is greater than 10 inches. The dimensions of 
the tank are shown in the diagram. 


(18 — w) in. 


a. Write a polynomial that represents the 
volume of the fish tank. 


b. Find the length, width, and height of the 
fish tank. Explain your reasoning using 
the solutions of the equation from 
part (a). 


. You throw a ball from an initial height of 
5 feet and with an initial vertical velocity of 
36 feet per second. 


a. Write an equation that gives the height of 
the ball (in feet) as a function of the time 
(in seconds) since it left your hand. 


b. How many times does the ball reach a 
height of 25 feet? Explain your reasoning 
using the function from part (a). 


4. A pencil falls off a shelf with a height of 


4 feet. 


a. Whatis the initial vertical velocity of the 
pencil? Explain your answer. 


b. After how many seconds does the pencil 
hit the ground? 


Chapter 9 Polynomials and Factoring 


5. During the period 1985-2000, the number 


5 (in thousands) of students enrolled in 
public school in the United States and the 
percent p (in decimal form) of the students 
enrolled in public school who are also 
enrolled in a foreign language class can be 
modeled by 


S = 27.5x* — 336x + 12,400 and 
p = 0.008x + 0.336 


where x is the number of years since 1985. 


a. Write an equation that models the number 
(in thousands) of public school students 
in the United States enrolled in a foreign 
language class as a function of the number 
of years since 1985. Explain how you found 
this equation. 


b. How many public school students in the 
United States were enrolled in a foreign 
language class in 2000? 


. Students in an environmental club are 
planning a garden with four rectangular 
plots of land separated by stone paths, as 
shown. The stone paths will have the same 
width. 


ft 
T 


| —18&——— 
a. The students plan to cover 80 square feet 


of path with stone. Write and solve an 
equation to find the width of the paths. 


b. In part (a) you used one solution of an 
equation to find your answer. Explain how 
you chose which solution to use. 


. The shape of an entrance to a tunnel can 


be modeled by the graph of the equation 
y = -0.2x(x — 20) where x and y are 
measured in feet. On a coordinate plane, 
the ground is represented by the x-axis. 
How wide is the tunnel at its base? 
Explain how you found your answer. 


АЎ) STATE TEST PRACTICE 
A dasszone.com 


MULTIPLE CHOICE GRIDDED ANSWER 
8. Which is the correct factorization of 11. The equation x* — 20x + 100 = 0 has two 
2552 — 144? identical solutions. What is the solution of 
ion? 
(К) (5x + 9)(5x — 16) the equation? 


занӣ 12. The square of the binomial x + 3 has the 
ис form x^ + bx + 9. What is the value of b? 


© (5х + 18)(5x — 8) 13. What is the degree of the polynomial 


D (5x — 12)(5x + 12) Gx^ — 3x* + 10x? 
9. What are the solutions of the equation 14. The function f(x) = 4x? — 36 has two zeros. 
(x + 4)(x— 12) = 02 What is the greater of the two zeros? 
CA) 4and -12 4 and 12 15. The area of a rectangle is 28 square inches. 
Е Е Е The length of the rectangle is З inches more 
© —4and -12 D —4and 12 than its width. What is the width (in inches) 
10. What are the solutions of the equation of the rectangle? 
2 _ 26 = ? 
disc н 16. A pine cone falls from a tree branch that is 
CA) -2and 13 2 and 13 144 feet above the ground. After how many 
seconds does the pine cone land on the 
(C -2and -13 (D 2and -13 «тоннд? 
EXTENDED RESPONSE 


17. The shape of a stone arch in a park can be modeled by the graph of the 
equation y = —x* + 6x where x and y are measured in feet. On a coordinate 
plane, the ground is represented by the x-axis. 


a. Make a table of values that shows the height of the stone arch for 
x=0,1,2,3,4,and 5 feet. 


b. Plot the ordered pairs in the table from part (a) as points in a coordinate 
plane. Connect the points with a smooth curve. 


с. How wide is the base of the arch? Justify your answer using the zeros of 
the given function. 


d. Athow many points does the arch reach a height of 9 feet? Justify your 
answer algebraically. 


18. A boxis a rectangular prism with a volume of 768 cubic inches. The length 
of the box is 4 inches more than its height. Its width is the difference of 
16 and its height. 


a. Draw a diagram of the box and label its dimensions in terms of 
its height. 


b. Write a polynomial that represents the volume of the box. 


c. Use the polynomial from part (b) to find two sets of possible 
dimensions of the box. 


d. Which set of dimensions results in a box with the least possible surface 
area? Explain your reasoning. 
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аг 1Fi In ictions | 


10.1 Graph y= ax + 4 
E p ^s = ах? + рх tc 


Ld 


Previously, you learned the following skills, which you'll use in Chapter 10: 
reflecting points in a line and finding square roots. 


Prerequisite Skills 
VOCABULARY CHECK 


Copy and complete the statement. 
1. The x-coordinate of a point where a graph crosses the x-axis is a(n) _? 


2. A(n)_? isafunction ofthe form y = a • Б where a + 0, b» 0, and b 1. 


SEUL EH C “ШЕШ al l4 
„ | | җе, И L- 4 
ОША. po) e We y Б ФӘ. AN 


Draw rth blue figure. T Then draw its image after a reflection in the red line. 


Г Г ЄЙ Le «i Fal fe Eso ya 
ЧАЧ 4111 F 


B. Te 


Evaluate the expression. (Prerequisite skill for 10.4-10.6) 


6. V81 7. —V25 8. V1 9. +V64 
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Now 


In Chapter 10, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 695. You will also use the key vocabulary listed below. 


Big Ideas 


Ө Graphing quadratic functions 
(2) Solving quadratic equations 
) Comparing linear, exponential, and quadratic models 


KEY VOCABULARY 
¢ quadratic function, р. 628 * vertex, p. 628 * quadratic equation, p. 643 
* parabola, p. 628 * axis of symmetry, p. 628 • completing the square, p. 663 
* parent quadratic function, * minimum value, p. 636 • quadratic formula, р. 671 
p. 628 maximum value, p. 636 • discriminant, p. 678 


You can use a quadratic model for real-world situations involving vertical 
motion. For example, you can write and solve a quadratic equation to find the 
time a snowboarder is in the air during a jump. 


Стаса Algebra 


The animation illustrated below for Exercise 50 on page 668 helps you 
answer this question: How many seconds is the snowboarder in the air during 
a jump? 


Now solve for t by completing the square. Use the buttons below to perform operations 
on both sides of the equation. 


First, simplify all of the terms. 


13.2= -16 + 24t + 16.4 


! You need to find the time that the А Click the buttons and enter expressions 4 


snowboarder is in the air. to solve the equation. 


(Animated Algebra at dasszone.com | 


Other animations for Chapter 10: pages 634, 636, 642, 662, 668, 
672, 684, and 695 


10.1 Graph у = ах? + c 


You graphed linear and exponential functions. 
| Now ) You will graph simple quadratic functions. 


So you can solve a problem involving an antenna, as in Ex. 40. 


Key Vocabulary A quadratic function is a nonlinear function that can be written in the 
e quadratic function Standard form y = ах? + bx + c where a = 0. Every quadratic function has a 
• parabola U-shaped graph called a parabola. In this lesson, you will graph quadratic 
e parent quadratic functions where b = 0. 
function 
жы : KEY CONCEPT For Your Notebook 


e axis of symmetry 
> Parent Quadratic Function 


The most basic quadratic function in the family of quadratic functions, 
called the parent quadratic function, is y = x^. The graph of y = x” is 
> shown below. 


| | hy Y | A |) The line that passes 
The lowest or ү | {7 | through the vertex and 
highest point ||. \| | | /yzx? | divides the parabola 


on a parabola is AL A into two symmetric 


the vertex. The parts is called the axis 


vertex of the of symmetry. The axis of 
graph of y = x? symmetry for the graph of 
is (0, 0). y = x’ is the y-axis, x = 0. 


STEP 2 Plot the points from the table. 


: DESCRIBE A STEP 3 Draw a smooth curve through the points. 


IE IS DT a STEP 4 Compare the graphs of y = 3x* and y = x*. 


| "bendi nd Both graphs open up and have the same 


Е] 
“$ 
| 


сые, М s 


: graph, so the function vertex, (0, 0), and axis of symmetry, х = 0. 
: is continuous, as The graph of у = 3x* is narrower than the 
: discussed on р. 223. graph of у = x^ because the graph of y = Зх? 


is a vertical stretch (by a factor of 3) of the 
graph of y = x°. 
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[| EXAMPLE 2 | Graph у = ах? where |а| <1 


: МАКЕ A TABLE 


M TT""""--—-—-—————— о > 


: To make the 

: calculations easier, 

: choose values of x that 
: are multiples of 2. 


Graph y = e. Compare the graph with the graph of y = х2. 


ШШЕ IEDR 
IN иши иш 
IA] би 
LEFT LE 10 1. 


[у Т ү NE 
[| Му 
STEP 2 Plot the points from the table. № 


_ _1 
y e 


STEP 3 Draw a smooth curve through the points. FERRE 


STEP 4 Compare the graphs of y = -ix and y = х^. Both graphs have the 
same vertex (0, 0), and the same axis of symmetry, x = 0. However, 
the graph of y = -ie is wider than the graph of y = х? and it opens 
down. This is because the graph of y — -ig is a vertical shrink 


by a factor of j with a reflection in the x-axis of the graph of y = x’. 


GRAPHING QUADRATIC FUNCTIONS Examples 1 and 2 suggest the following 
general result: a parabola opens up when the coefficient of x^ is positive and 
opens down when the coefficient of x^ is negative. 


: ANALYZE RATE OF 
: CHANGE 


: Notice that for a 

: quadratic function, 

: the rate of change in y 
: with respect to x is not 
: constant as it is for а 

: linear function. For 


P 6 – 
instance, AaA-C3^ 


| aum 5-8 __ 
PWA теге уш 1. 


Graph у = х? + 5. Compare the graph with the graph of y = x°. 
STEP 7 Make a table of values for y = x? + 5. 


ELMER Л ЛШ 
O аи 
STEP 2 Plot the points from the table. Steere 
= х + 5 
STEP 3 Draw a smooth curve through the points. Г ҮГҮТ 
STEP 4 Compare the graphs of y = x^ + 5 and y = x’. CIN NIZA fl || 
Both graphs open up and have the same axis үү ү 
of symmetry, х = 0. However, the vertex of the Pi ATT TAT 


graph of y = x^ + 5, (0, 5), is different than the 
vertex of the graph of y = X^, (0, 0), because 


EB 
the graph of y = x^ + 5 is a vertical translation INIA TA 
(of 5 units up) of the graph of y = х“. |] i] fyi lt | fe 


r4 GUIDED PRACTICE for Examples 1, 2, and 3 


Graph the function. Compare the graph with the graph of y = х^. 


2 


1. у= —4x 2. y- ix! 3. y=x°+2 
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Сгарһ у = lx? — 4. Compare the graph with the graph of y = x’. 


LS FN UN | Pee FT 
STEP? Make a table of values for y = 3X — 4. ABL 
у= 2 | 


ar] PERAH 
D + | -|-| 2 | 7 
| PLING ET} YI | 
STEP 2 Plot the points from the table. PT | NI] TI) 
1 
INS 1zi- 


STEP 3 Draw a smooth curve through the points. ry TT dT ANO 


STEP 4 Compare the graphs of y = e — 4 and y = х^. Both graphs open up 


and have the same axis of symmetry, x = 0. However, the graph of 
= e — 4 is wider and has a lower vertex than the graph of y = х? 
because the graph of y = e — 4is a vertical shrink and a vertical 


translation of the graph of y = x’. 


v GUIDED PRACTICE | for Example 4 


Graph the function. Compare the graph with the graph of y = х2. 
4. y -3x^— 6 5. y= —5x* +1 6. y= 5x? -2 


i- KEY CONCEPT For Your Notebook 
: y =ax,a>0 y = ах?,а<0 у= ж +c 


Compared with the Compared with the Compared with the 
graph of y = x^, the graph of y = x’, the graph of y = x^, the 
graph of y = ax? is: graph of y = ax? is: graph of y = х2 + cis: 
* a vertical stretch if e a vertical stretch with | • an upward vertical 
а> 1, a reflection in the translation if c » 0, 


І -— x-axis if a < —1 : 
e a vertical shrink if , e a downward vertical 


O<a<l. e a vertical shrink with translation if с < 0. 
a reflection in the 
x-axis if —1 « a « O. 
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* | EXAMPLE 5 | Standardized Test Practice 


How would the graph of the function y = x^ + 6 be affected if the 
function were changed to у = x^ + 2? 


СА) The graph would shift 2 units up. 
The graph would shift 4 units up. 


СС) The graph would shift 4 units down. 

- ARATE SEEE cid » (D> The graph would shift 4 units to the left. 
: You can eliminate 

: Choice Р because 

: changing the value Solution 


: of cin a function of : - 
: the form y = x2 + c The vertex of the graph of y — x^ + 615 6 units above the origin, or (0, 6). The 


: translates the graph up | Vertex of the graph of y = x* + 2is2 units above the origin, or (0, 2). Moving 
: or down. the vertex from (0, 6) to (0, 2) translates the graph 4 units down. 


> The correct answer is C. ® © DO 


SOLAR ENERGY A solar trough has a reflective parabolic surface that is used 
to collect solar energy. The sun’s rays are reflected from the surface toward 
a pipe that carries water. The heated water produces steam that is used to 


produce electricity. 
_ ү | |] | 
a | | | Z off 
A 
e ыш ашы lll аш 


: ANALYZE A GRAPH 
: ANALYZE A С pe. » The graph of the function 


с MER ше ine graph y = 0.09x* models the cross 


: to estimate the range of | : 
: the function. The lowest | Section of the reflective 


: point is at the origin. surface where x and y are 

: The two highest points measured in meters. Use ESTU IAN 

: are just above the line the graph to find the AT Ps | ial 

: у = 2. So, an estimate domain and range of the ——B AS 

: Of the range is function in this situation. "иштии иша 

: бжу=2, BP — 
Solution 


STEP 7 Find the domain. In the graph, the reflective surface extends 
5 meters on either side of the origin. So, the domain is —5 < xx 5. 


STEP 2 Find the range using the fact that the lowest point on the reflective 
surface is (0, 0) and the highest point occurs at x = 5 or x = —5. 


у = 0.09(5) = 2.25 Substitute 5 for x. Then simplify. 
The range is 0 < y < 2.25. 


GUIDED PRACTICE | for Examples 5 and 6 


7. Describe how the graph of the function y = x^ + 2 would be affected if 
the function were changed to y = x^ — 2. 


8. WHAT IF? In Example 6, suppose the reflective surface extends just 
4 meters on either side of the origin. Find the domain and range of the 
function in this situation. 
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10.1 EXERCISES "н О-оо 

e KEY: on p. WS23 for Exs. 7 and 41 
: Ж = STANDARDIZED TEST PRACTICE 
: Ех$. 2, 22, 33, 43, and 44 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: Every quadratic function has a 
U-shaped graph called a(n) _? . 


2. ж WRITING Explain how you can tell whether the graph of a quadratic 
function opens up or down. 


MATCHING Match the quadratic function with its graph. 
Md ol 
3. у = aX 4 


a ишкиш IN 
x жи 


\ j 


АСОС 


у у, 
| ALT tA | fe 
ШШЕ ЧЕ ЛЕШНЕ 
: EXAMPLES GRAPHING QUADRATIC FUNCTIONS Graph the function. Compare the graph 
A „ы with the graph of y = х^. 
: ON pp. 628-629 EP EE BEEN _ eJ 
for Exs. 6-23 6. y = 8x OY = —2x 8. у = —3x 9. y — 5x 
_ 11,2 _ 2, — Dz = dyf 
10. у = 2* 11. y ЗХ 12. у qe 13. y ge 
14. у= эх” 15 у= = 16. у= х? – 7 17. у= х? + 9 
18. у= 22+ 6 19. у= x2 —4 20. у= х2 – 1 21. у= 2+1 


22. Ж MULTIPLE CHOICE What is the vertex of the graph of the function 
у= 3, + 72 


23. ERROR ANALYSIS Describe and correct the error in drawing and 
comparing the graphs of y = x* and y = x^ – 2. 


A у f Both graphs open up and have the 
WTA same axis of symmetry. However, 


the vertex of the graph of y = “—2, 
(O, 2), is 2 units above the vertex of 
the graph of y = ж, (O, O). 


X 
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: EXAMPLE4 | GRAPHING QUADRATIC FUNCTIONS Graph the function. Compare the graph 
: on p. 630 with the graph of y = х2. 
: for Exs. 24-32 


24. y= 7х? +7 25. y= +5 26. y = 2x* — 12 

27. y =-2x* —1 28. y = -3x^ — 2 29. у = 3х2 – 3 
ERE slan _ 202 

30. у= x + 10 31. у= 5х D 32. у= —3X Pe 


: EXAMPLE 5 33. Ж MULTIPLE CHOICE How would the graph of the function у = x^ + 3 be 


: on p. 631 affected if the function were changed to y = x* + 9? 
: for Exs. 33-36 (А) The graph would shift 9 units to the right. 
The graph would shift 6 units up. 
(C> The graph would shift 9 units up. 
(D> The graph would shift 6 units down. 
COMPARING GRAPHS Tell how you can obtain the graph of g from the graph 
of fusing transformations. 
34. f(x) = х? — 5 35. f(x) = 3x^ – 11 36. f(x) = 
g(x) = х2 +8 g(x) = Зх? — 16 gx) = 2x^ 
CHALLENGE Write a function of the form y = ах? + c whose graph passes 
through the two given points. 


37. (—1, 9), (0, 3) 38. (2, 1), (5, —20) 39. (-2, —16.5), (1, 4.5) 


Г PROBLEM SOLVING | 


GRAPHING CALCULATOR You may wish to use a graphing calculator to 
complete the following Problem Solving exercises. 


: EXAMPLE 6 40. ASTRONOMY A cross section of the parabolic 
: on p. 631 surface of the antenna shown can be modeled 
: for Exs. 40-41 by the graph of the function y = 0.012x* where 


x and y are measured in meters. 


a. Find the domain of the function in this situation. 
b. Find the range of the function in this situation. 


RA 
mE er 


E. 
185 


_@Homelutor — for problem solving help at classzone.com 


(41) SAILING Sailors need to consider the speed of the wind when adjusting 
the sails on their boat. The force F (in pounds per square foot) on a sail 
when the wind is blowing perpendicular to the sail can be modeled by 
the function F = 0.004v* where vis the wind speed (in knots). 


a. Graph the function for wind speeds from 0 knots to 50 knots. 


b. Use the graph to estimate the wind speed that will produce a force of 
1 pound per square foot on a sail. 


c. Estimate the wind speed that will produce a force of 5 pounds per 
square foot on a sail. 


i CHomeTutor | for problem solving help at classzone.com 
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: REVIEW 
: VERTICAL 
: MOTION 


: For help with 

: the vertical 

: motion model, 
: see p. 575. 


42. 


43. 


44. 


45. 


FALLING OBJECTS Two acorns drop from an oak tree. One falls 45 feet, 
while the other falls 32 feet. 


a. For each acorn, write an equation that gives the height Л (in feet) of 
the acorn as a function of the time t (in seconds) it has fallen. 


b. Describe how the graphs of the two equations are related. 


* SHORT RESPONSE The breaking strength w (in pounds) 
of a manila rope can be modeled by the function 

ш = 8900d* where d is the diameter (in inches) 

of the rope. 


a. Graph the function. 


b. If a manila rope has 4 times the breaking strength 
of another manila rope, does the rope have 
4 times the diameter of the other rope? Explain. 


Ж EXTENDED RESPONSE For an engineering contest, you have to create 
a container for an egg so that the container can be dropped from a height 
of 30 feet without breaking the egg. 


a. The distance y (in feet) that the container falls is given by the function 
у= 1612 where t is the time (in seconds) the container has fallen. 
Graph the function. 


b. The height y (in feet) of the dropped container is given by the function 
y = —16¢ + 30 where tis the time (in seconds) since the container is 
dropped. Graph the function. 


с. How are the graphs from part (a) and part (b) related? Explain how 
you can use each graph to find the number of seconds after which the 
container has fallen 10 feet. 


(Animatea Algebra at classzone.com 


CHALLENGE The kinetic energy E (in joules) of an object in motion is 
given by E = ¿mv where mis the object's mass (in kilograms) and v 


is the object's velocity (in meters per second). Suppose a baseball has 
918.75 joules of energy when traveling 35 meters per second. Use this 
information to write and graph an equation that gives the energy E of the 
baseball as a function of its velocity v. 


“MIXED REVIEW  _ J 


: PREVIEW 


: Prepare for 
: Lesson 10.2 in 
: Exs. 46-51. 
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Evaluate the expression. (p. 8) 


46. х? + 5 when x = 2 47. 4у? + 1wheny=0 48. 16 + 3m* when m = 5 
49. 5b° + 11 when b = 10 50. 20 — 8w* when w = 1 51. 722 — 22 when z = 3 


Solve the linear system using substitution. (p. 435) 


52. x = 20 — 3y 53. y= 2x — 10 54. x= Пу +4 


2x-y=-4 11 = 3x — 2y 2x — 17y = 13 


Use the FOIL pattern to find the product. (p. 562) 
55. (2p + 3)(p + 2) 56. (7x + 5)(3x — 1) 57. (5n — 10)(5n — 9) 


EXTRA PRACTICE tor Lesson 10.1, p. 947 2) ONLINE QUIZ at classzone.com 


10.2 cor 


у= ах? + Бх + с 


You graphed simple quadratic functions. 


Г Now ) You will graph general quadratic functions. 
So you can investigate a cable's height, as in Example 4. 


Key Vocabulary You can use the properties below to graph any quadratic function. You will 
e minimum value justify the formula for the axis of symmetry in Exercise 38 on page 639. 
«maximum value 


KEY CONCEPT For Your Notebook 


Properties of the Graph of a Quadratic Function 


The graph of y = ах? + bx + cis a parabola that: 


1 • opens up if a > 0 and opens down if a < 0. у = ах? + bx+ca>0 
e is narrower than the graph of y = x? 
if |a| > 1 and wider if |a| < 1. 


e has an axis of symmetry of x = -2. 


e has a vertex with ап x-coordinate of 7 


e has a y-intercept of c. So, the point (0, c) is 
on the parabola. 


Find the axis of symmetry and the vertex 


Consider the function y = —2x* + 12x — 7. 
a. Find the axis of symmetry of the graph of the function. 


b. Find the vertex of the graph of the function. 


Solution 
a. For the function y = —2x* + 12x — 7,a = —2 апар = 12. 


b 12 


: IDENTIFY THE 3 Substitute —2 for a and 12 for b. Then simplify. 


: VERTEX 


: Because the vertex 

: lies on the axis of 

: symmetry, x = 3, the 
: x-coordinate of the 

: vertex is 3. 


b. The x-coordinate of the vertex is -x. or 3. 


To find the y-coordinate, substitute 3 for x in the function and find y. 
= —2(3)? + 12(3) – 7 = 11 Substitute 3 for х. Then simplify. 
» The vertex is (3, 11). 
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Graph у = 3x* — 6x + 2. 


STEP Y Determine whether the parabola opens up or down. Because a > 0, 
the parabola opens up. 
: AVOID ERRORS " : b 
© esccccccccccccccccccscccccccccseen | “x = —— = —— =], 
ee ee SU y dTEP2 Find and draw the axis of symmetry: x ча 2) 


: negative sign before STEP 3 


: the fraction when Find and plot the vertex. | 
: calculating the axis of The x-coordinate of the vertex is —5- , 
: symmetry. eT. 


To find the y-coordinate, substitute 
1 for x in the function and simplify. 
y = 3(1)? — 6(1) +2=-1 
So, the vertex is (1, —1). 

STEP 4 Plot two points. Choose two x-values 


less than the x-coordinate of the vertex. 
Then find the corresponding y-values. 


a 
xoja) AA emn 


: REVIEW lt 


: REFLECTIONS 
3 em em көөнө » STEPS Reflect the points plotted in Step 4 in the axis of symmetry. 


: reflections, see p. 922. STEP 6 Draw a parabola through the plotted points. 
¿Animateg Algebra. at classzone.com 


GUIDED PRACTICE for Examples 1 and 2 


1. Find the axis of symmetry and the vertex of the graph of the function 
2 
y"x*—2x—3. 


2. Graph the function y = 3x* + 12x — 1. Label the vertex and axis 
of symmetry. 


KEY CONCEPT For Your Wotebook 


: Minimum and Maximum Values 


> Fory = ax? + bx + c, the y-coordinate of the vertex is the minimum value 
> of the function if a > 0 or the maximum value of the function if a < 0. 


у= ах + bx+ca>0 у= ах? + bx+ca<0 


у 
maximum 
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Find the minimum or maximum value 


Tell whether the function f(x) = —3x* — 12x + 10 has a minimum value or a 
maximum value. Then find the minimum or maximum value. 


Solution 


Because a = —3 and —3 < 0, the parabola opens down and the function has a 
maximum value. To find the maximum value, find the vertex. 
b —12 


> b_ .— "E " a "NJ 
x= -za ^ ?(-3 ^ 2 The x-coordinate is —5 2. 


f(—2) = —3(-2)?—12(-2) + 10 = 22 Substitute —2 for x. Then simplify. 


> The maximum value of the function is f(—2) = 22. 


Find the minimum value of a function 


SUSPENSION BRIDGES The suspension cables between the two towers of the 
Mackinac Bridge in Michigan form a parabola that can be modeled by the 
graph of у = 0.000097x^ — 0.37x + 549 where x and y are measured in feet. 
What is the height of the cable above the water at its lowest point? 


Solution 


The lowest point of the cable is at the vertex of the parabola. Find the 
x-coordinate of the vertex. Use a = 0.000097 and b = —0.37. 


b —0.37 


ie 2(0.000097) = 1910 Use a calculator. 


х= 


Substitute 1910 for x in the equation to find the y-coordinate of the vertex. 
y = 0.000097(1910)* — 0.37(1910) + 549 = 196 


» The cable is about 196 feet above the water at its lowest point. 


GUIDED PRACTICE for Examples 3 and 4 


3. Tell whether the function f(x) = 6x* + 18x + 13 has a minimum value or a 
maximum value. Then find the minimum or maximum value. 


4. SUSPENSION BRIDGES The cables between the two towers of the Takoma 
Narrows Bridge form a parabola that can be modeled by the graph of the 
equation y = 0.000142? — 0.4x + 507 where x and y are measured in feet. 
What is the height of the cable above the water at its lowest point? Round 
your answer to the nearest foot. 
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EXERCISES HOMEWORK: () = WORKED-OUT SOLUTIONS 
1 0.2 KEY: on p. WS23 for Exs. 9 and 41 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 12, 27, 37, 42, and 44 


_ SKILL PRACTICE 


1. VOCABULARY Explain how you can tell whether a quadratic function has 
a maximum value or minimum value without graphing the function. 


2. ж WRITING Describe the steps you would take to graph a quadratic 
function in standard form. 


: EXAMPLE 1 FINDING AXIS OF SYMMETRY AND VERTEX Find the axis of symmetry and 


: on p. 635 the vertex of the graph of the function. 

: for Exs. 3-14 2 2 2 
3. y = 2х —8x +6 4. y =x*—6x+ 11 5. у= —3х“° + 24x — 22 
6. у= —x* — 10x 7. у= 6х? + 6x 8. у= 4х2 + 7 
(9.)y = -àx -1 10. y= 522 + 8x — 9 п. y= -4x + 3x-2 


12. Ж MULTIPLE CHOICE What is the vertex of the graph of the function 
у= -3x% + 18x — 13? 


ERROR ANALYSIS Describe and correct the error in finding the axis of 
symmetry of the graph of the given function. 


13. y= 2x? + 16x- 1 14. y= -3x + 18x — 5 
_ с tae ы г ШЕШШ 
К 2a 202) xX К aa 2/3) E ba 
The axis of symmetry is x = 4. The axis of symmetry is x = —6. 


: EXAMPLE 2 GRAPHING QUADRATIC FUNCTIONS Graph the function. Label the vertex 


: on p. 636 and axis of symmetry. 
: for Exs. 15—27 


15. у= х2 + 6х + 2 16. у= х? + 4х + 8 17. у= 2x^ + 7х + 21 
18. y = 5х? + 10х – 3 19. у = 4х“ + x — 32 20. у= —4Ax^ + Ax + 8 
21. у= -3x^ – 2х — 5 22. у= —8х°— 12x +1 23. у= -x° +2х+3 
24. у= 2х2 + 6x — 9 25. у= —53? 6x +3 26. y= -ix - x+] 


27. Ж MULTIPLE CHOICE Which function has the 
graph shown? 


D у= 21+8x+3 


y == 4 +2x+3 


© у= 522 +2х +3 


la Y 
A 
ae 
nu 
EN 
BN 
mE 


D у= 2х? + 8х + 3 
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3 — Кан 
: for Exs. 28-36 


|. MAXIMUM AND MINIMUM VALUES Tell whether the function has a minimum 


value or a maximum value. Then find the minimum or maximum value. 


28. fx) = х? – 6 29. f(x) = —5x^ +7 30. f(x) = 4x* + 32x 

31. f(x) = -3x^ + 12x 20 32. х) = x^ + 7x + 8 33. f(x) = -2x^ — x + 10 
_ 1,2 2,2 _ 1,2 

34. f(x) = 3X — 2x +5 35. f(x) = —gX* + 9х 36. f(x) = д^ + тх + 11 


37. MW WRITING Compare the graph of y = x^ + 4х + 1 with the graph of 
у= х2 – 4х +1. 


38. REASONING Follow the steps below to justify the equation for the axis 
of symmetry for the graph of y = ах? + bx + c. Because the graph of 
y = ax* + bx + cisa vertical translation of the graph of y = ax? + bx, 
the two graphs have the same axis of symmetry. Use the function 
y = ax’ + bxin place of y = ах? + bx + c. 


a. Find the x-intercepts of the graph of y = ах? + bx. (You can do this 
by finding the zeros of the function y = ax? + bx using factoring.) 


b. Because a parabola is symmetric about its axis of symmetry, the 
axis of symmetry passes through a point halfway between the 
x-intercepts of the parabola. Find the x-coordinate of this point. 
What is an equation of the vertical line through this point? 


39. CHALLENGE Write a function of the form y = ax” + bx whose graph 
contains the points (1, 6) and (3, 6). 


. PROBLEM SOLVING 


: for Exs. 40-42 


GRAPHING CALCULATOR You may wish to use a graphing calculator to 
complete the following Problem Solving exercises. 


40. SPIDERS Fishing spiders can propel themselves across water and leap 
vertically from the surface of the water. During a vertical jump, the 
height of the body of the spider can be modeled by the function 
y = —4500x* + 820x + 43 where x is the duration (in seconds) of the 
jump and y is the height (in millimeters) of the spider above the surface 
of the water. After how many seconds does the spider's body reach its 
maximum height? What is the maximum height? 


`©@НотеТиёог . for problem solving help at classzone.com 


ARCHITECTURE The parabolic arches that support the roof of the 
Dallas Convention Center can be modeled by the graph of the equation 
y = —0.0019x* + 0.71x where x and y are measured in feet. What is the 
height h at the highest point of the arch as shown in the diagram? 


| Pitt ty pp] 
|| ты | LLL 
HL AY 

| М 


20 
AMI PON, 
¡ys li (111/11 ]+ 


10.2 Graph y = ax? + bx + c 
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42. Ж EXTENDED RESPONSE Students are selling packages of flower bulbs 
to raise money for a class trip. Last year, when the students charged 
$5 per package, they sold 150 packages. The students want to increase 
the cost per package. They estimate that they will lose 10 sales for each 
$1 increase in the cost per package. The sales revenue R (in dollars) 
generated by selling the packages is given by the function 
= (5 + n)(150 — 10n) where n is the number of $1 increases. 


a. Write the function in standard form. 
b. Find the maximum value of the function. 


с. At what price should the packages be sold to generate the most sales 
revenue? Explain your reasoning. 


43. AIRCRAFT An aircraft hangar is a large 
building where planes are stored. The 
opening of one airport hangar is a 
parabolic arch that can be modeled by the 
graph of the equation y = —0.007x^ + 1.7x 
where x and y are measured in feet. Graph 
the function. Use the graph to determine 
how wide the hangar is at its base. 


44. Ж SHORT RESPONSE The casts of some Broadway shows go on tour, 
performing their shows in cities across the United States. For the period 
1990-2001, the number of tickets sold S (in millions) for Broadway road 
tours can be modeled by the function S = 332 + 1321 — 10.41 where t is 
the number of years since 1990. Was the greatest number of tickets for 
Broadway road tours sold in 1995? Explain. 


45. CHALLENGE During an archery competition, 
an archer shoots an arrow from 1.5 meters 
off of the ground. The arrow follows the ш | pverex(8,16) ^ ^ | | | 
parabolic path shown and hits the groundin | | ЕСУУ и 
front of the target 90 meters away. Use the 
y-intercept and the points on the graph to 
write an equation for the graph that models 
the path of the arrow. 


MIXED REVIEW -— 


: PREVIEW 


: Prepare for 
: Lesson 10.3 in 
: Exs. 55-58. 
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Graph the equation. (pp. 215, 225, 244) 


46. у = З 47. x — 5y = 15 48. у= -2x — 6 
Simplify. 

a —4 
49. —3(4 — 2x) — 9 (p. 96) 50. 2(1 — a) — 5a (p. 96) 51. (p. 103) 

3 

52. (—2тп)* (p. 489) 53. 5 • (7w')? (p. 489) 54. E. Lu 
Find the zeros of the polynomial function. 
55. f(x) = x^ — 4x — 21 (p. 583) 56. f(x) = x^ + 10x + 24 (p. 583) 
57. f(x) = 5х? + 18x + 9 (p. 593) 58. f(x) = 2x^ + Ax — 6 (p. 593) 


EXTRA PRACTICE for Lesson 10.2, p. 947 ED) ONLINE QUIZ at classzone.com 


Graph Quadratic Functions їп 


Intercept Form 


Use ofter Lesson 10.2 


(«719 Graph quadratic functions in intercept form. 


Key Vocabulary In Lesson 10.2 you graphed quadratic functions written in standard 

e intercept form form. Quadratic functions can also be written in intercept form, 
y = a(x — p)(x — q) where a = 0. In this form, the x-intercepts of the graph 
can easily be determined. 


KEY CONCEPT For Your Notebook 


: FIND ZEROS OF A 
: FUNCTION 


: Notice that the x-intercepts 
: of the graph are also the 
: zeros of the function: 
:0- —(x + 1)(x — 5) 
х+1=0огх-5=0 
X=-lorx=5 


Graph of Intercept Form y = a(x — р)(х — q) 


Characteristics of the graph of y = a(x — p)(x — q): 


* The x-intercepts are p and q. 

* The axis of symmetry is halfway between 
(p, 0) and (q, 0). So, the axis of symmetry 
|, Dt*d 
isx = == 


• The parabola opens up if a > 0 and opens 
down if a < 0. 


Graph a quadratic function in intercept form 


Graph y = — (x + D(x — 5). 


Solution 
» STEPT Identify and plot the x-intercepts. Because p = —1 and q = 5, 


the x-intercepts occur at the points (—1, 0) and (5, 0). 


STEP 2 Find and draw the axis of symmetry. 


STEP 3 Find and plot the vertex. 
The x-coordinate of the vertex is 2. 


To find the y-coordinate of the vertex, 
substitute 2 for x and simplify. 


у= -(2+ D(Q- 5) =9 
So, the vertex is (2, 9). 


STEP 4 Draw a parabola through the vertex 
and the points where the x-intercepts 
occur. 


Extension: Graph Quadratic Functions in Intercept Form 641 


| EXAMPLE 2 | Graph a quadratic function 


Graph у = 2х2 – 8. 


Solution 
STEP? Rewrite the quadratic function in intercept form. 
у= 2x* – 8 Write original function. 
= 2(x* — 4) Factor out common factor. 
= 2(х + ¿Mx — 2) Difference of two squares pattern 


STEP 2 Identify and plot the x-intercepts. Because p = —2 and q = 2, 
the x-intercepts occur at the points (—2, 0) and (2, 0). 


STEP 3 Find and draw the axis of symmetry. NEEUBRZEZENM 


y 2 EA | (-2,0]] PEN x 
PTE NTT PA || 

STEP 4 Find and plot the vertex. Pt | AP EEE 
The x-coordinate of the vertex is 0. -AHH 

The y-coordinate of the vertex is: LIN LELLLAÀ 


LLL LINZE LLLA 
| | oe | | 
пишини 


So, the vertex is (0, —8). 


STEP 5 Draw a parabola through the vertex and 
the points where the x-intercepts occur. 


¿Animateg Algebra) at classzone.com 


: EXAMPLE 1 


: on p. 641 for 
: Exs. 1-9 


: EXAMPLE 2 


: on p. 642 for 
: Exs. 10-12 


_ Graph the quadratic function. Label the vertex, axis of symmetry, and 


x-intercepts. 


1. 


у= (x + 2)(x — 3) 2. y = (x + 5)(x + 2) 3. y= (x + 9)? 
‚ у= —2(х — 5) (x+ 1) 5. у= —5(х + 7)(х +2) 6. у= 3(x — 6)(x — 3) 
y--5G + 4x 2) 8. у= (x — 0x — 3) 9. y — 2(x + 10)(x — 3) 
. у= -x° + 8x — 16 11. у= -x° — 9x — 18 12. у= 12x* — 48 


. Usefactoring to determine how many x-intercepts the graph of the function 


y = 3х2 — 12x + 12 has. 


. Follow the steps below to write an equation of the BENE CAN ү 
parabola shown. SAN 
a. Find the x-intercepts. i a 

he val f , а d th di f У HAHH 

b. Use the va ues of p and qan t е coor inates O EE it | tt SE 
the vertex to find the value of a in the equation FERIE 
у= а(х— р) – Ф. ССА 


с. Write a quadratic equation in intercept form. NANR TONO E 
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Solve Quadratic 
Equations by Graphing 


1 0 © 3 
You solved quadratic equations by factoring. 


Г Now ] You will solve quadratic equations by graphing. 
So you can solve a problem about sports, as in Example 6. 


Key Vocabulary A quadratic equation is an equation that can be written in the standard 
o quadratic equation form ах? + bx + с = 0 where a = 0. 


e x-intercept, p.225 тһ Chapter 9, you used factoring to solve a quadratic equation. You can also 


e roots, р. 575 use graphing to solve a quadratic equation. Notice that the solutions of the 
ezero ofa function, equation ax” + bx + с = 0 are the x-intercepts of the graph of the related 
p. 337 function y = ах? + bx + c. 
Solve by Factoring Solve by Graphing 


x7 -—6x+5=0 To solve x^ — 6x + 5 = 0, 


Е graph y = х? — 6х + 5. 
(х— D(x — 5) = 0 From the graph you сап 


x=lorx=5 see that the x-intercepts 
are l and 5. 
: READING To solve a quadratic equation by graphing, first write the equation in 


: In this course, solutions standard form, ах? + bx + с = 0. Then graph the related function 
: refers to realnumber у = ах? + bx + с. The x-intercepts of the graph are the solutions, or roots, 
: solutions. of ax’ + bx +c=0. 


Solve a quadratic equation having two solutions 


Solve x* — 2x = 3 by graphing. 


Solution 
STEP Y Write the equation in standard form. 
х? – 2х = 3 Write original equation. 
x^—2x—3-0 Subtract 3 from each side. 


STEP2 Graph the function y = x^ — 2x — 3. 
The x-intercepts are —1 and 3. 


> The solutions of the equation x^ — 2x = 3 are —1 and 3. 
CHECK You can check —1 and 3 in the original equation. 


х? – 2х = З х? – 2х = 3 Write original equation. 
(-1)* – 2(—1) 23 (3) — 2(3) 23 Substitute for x. 
3=3Y 3=3Y Simplify. Each solution checks. 


10.3 Solve Quadratic Equations by Graphing 643 


| EXAMPLE 2 | Solve a quadratic equation having one solution 


Solve —x* + 2x = 1 by graphing. 


Solution 
STEP Y Write the equation in standard form. 5 
—x? + 2х = 1 Write original equation. 
=x2+2x-1=0 Subtract 1 from each side. ш 


STEP2 Graph the function y = —x* + 2x — 1. 
The x-interceptis 1. 


> The solution of the equation —x^ + 2x = 1 is 1. 


| EXAMPLE 3 | Solve a quadratic equation having no solution 


Solve x* + 7 = 4x by graphing. 


Solution 
: AVOID ERRORS STEP Y Write the equation in standard form. 
: Do not confuse x*+7=4x Write original equation. 
: y-intercepts and 
: x-intercepts. Although x —4x+7=0 Subtract 4x from each side. 
: the graph has a , _ 2 
: y-Intercept, it does not STEP 2 Graph the function у=х - Ax +7. 
: have any x-intercepts. The graph has no x-intercepts. 


> The equation x^ + 7 = 4x has no solution. 


r4 GUIDED PRACTICE for Examples 1, 2, and 3 


Solve the equation by graphing. 
1. х2 – 6х +8 = 0 2. X - x 2-1 3. -x2 + 6x =9 


i: KEY CONCEPT For Your Notebook 
: Number of Solutions of a Quadratic Equation 
Ў > y 


> А quadratic equation A quadratic equation A quadratic equation 


has two solutions has one solution if has no real solution 
if the graph of its the graph of its if the graph of its 
related function has related function has related function has 
two x-intercepts. one x-intercept. no x-intercepts. 
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FINDING ZEROS Because а zero of a function is an x-intercept of the function's 
graph, you can use the function's graph to find the zeros of a function. 


[| EXAMPLE 4 ] Find the zeros of a quadratic function 


Find the zeros of f(x) = x^ + 6x — 7. 


: ANOTHER WAY . 
: You can find the ЭГ Solution 
: zeros of а function by Graph the function f(x) = x +6x— 7. 
: factoring: The x-intercepts are —7 and 1. 
° — y2 
gi ү: _ M М a _ 4 > The zeros of the function are —7 and 1. 
O = (x + 7)(x — 1) CHECK Substitute —7 and 1 in the original function. 


x=-7T0orx=1 
A=D) = (=D? + 6(-7) -7=0V 


f = ()* + 6() —7=0V 


APPROXIMATING ZEROS The zeros of a function are not necessarily integers. 
To approximate zeros, look at the signs of the function values. If two function 
values have opposite signs, then a zero falls between the x-values that 
correspond to the function values. 


es [ EXAMPLE 5 ] Approximate the zeros of a quadratic function 


Approximate the zeros of f(x) = x^ + Ax + 1 to the nearest tenth. 


Solution 


STEP 7 Graph the function f(x) = x^ + 4x + 1. There are 
two x-intercepts: one between —4 and —3 and 
another between —1 and 0. 


STEP2 Make a table of values for x-values between LIN LM LI A 
—4 and —3 and between —1 and 0 using an | | МА, 


increment of 0.1. Look for a change in the signs = х2 + 4x+1 
of the function values. 


: The function value that f l | ре m gu. m E. 


: is closest to 0 indicates 
jthexvaluethatbest | ШШ -09 ов | -07 | -o6 | -o5 | -o4 | -03 | -02 | -01 | 
: approximates a zero of 


» In each table, the function value closest to 0 is —0.11. So, the zeros of 
f(x) = x? + 4x + 1 are about —3.7 and about —0.3. 


r4 GuIDED PRACTICE for Examples 4 and 5 


4. Find the zeros of f(x) = x^ + x — 6. 


5. Approximate the zeros of f(x) = —x* + 2x + 2 to the nearest tenth. 


10.3 Solve Quadratic Equations by Graphing 645 


[ EXAMPLE 6 | Solve a multi-step problem 


SPORTS An athlete throws a shot put with an 
initial vertical velocity of 40 feet per second 
as shown. 


a. Write an equation that models the height 
h (in feet) of the shot put as a function of 
the time £ (in seconds) after it is thrown. 


b. Use the equation to find the time that the 
shot put is in the air. 


Solution 


a. Use the initial vertical velocity and the 
release height to write a vertical motion 
model. 


h= —16f + vt^ s Vertical motion model 
h = —16f? + 40t + 6.5 Substitute 40 for v and 6.5 for s. 


b. The shot put lands when Л = 0. To find the time £ 
when h = 0, solve 0 = —161% + 40t + 6.5 for t. 


: USE A GRAPHING | | | 
: CALCULATOR | To solve the equation, graph the related function лара 
: When entering — | h = —16 + 40t + 6.5 on a graphing calculator. { | 
? h = —16Ё + 40t + 6.5 Use the trace feature to find the f-intercepts. | | 


: in a graphing calculator, 
: use y instead of h and x 
: instead of t. 


> There is only one positive t-intercept. The shot | | 


put is in the air for about 2.6 seconds. - 
гасе 


X=2.648936 Y=.1864148 


_) 


L 


r4 GUIDED PRACTICE | for Example 6 mu | _ 


6. WHAT IF? In Example 6, suppose the initial vertical velocity is 30 feet 
| per second. Find the time that the shot put is in the air. 


CONCEPT SUMMARY For Your Notebook 


: Relating Solutions of Equations, x-Intercepts of Graphs, and 
: Zeros of Functions 


: Solutions of an Equation 
> The solutions of the equation —x? + 8x — 12 = 0 are 2 and 6. 


: x-Intercepts of a Graph 
: The x-intercepts of the graph of y = —x? + 8x — 12 occur 
: where у = 0, so the x-intercepts аге 2 and 6, as shown. 


> Zeros of a Function 
: The zeros of the function f(x) = —x* + 8x — 12 are the values of 
> X for which f(x) = 0, so the zeros are 2 and 6. 
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10.3 EXERCISES HOMEWORK: Ç) = WORKED-OUT SOLUTIONS 
KEY: on p. WS24 for Exs. 5 and 51 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 46, 53, and 54 


' SKILL PRACTICE 


: EXAMPLES 


: ON pp. 643-644 
: for Exs. 3-21 


: EXAMPLE 4 


: On p. 645 
: for Exs. 22-30 


: EXAMPLE 5 


: On p. 645 
: for Exs. 37-46 


1. VOCABULARY Write 2x^ + 11 = 9x in standard form. 
2. Ж WRITING Is 3x^ — 2 = 0 a quadratic equation? Explain. 


SOLVING EQUATIONS Solve the equation by graphing. 


3. X —5x - 4-0 4. X - 5x 46-0 (5.)x? + 6x = -8 
6. х2 – 4х = 5 7. x? — 16 = 6x 8. x? — 12x = —35 
9. х2 — 6x +9 = 0 10. x? + 8x + 16 = 0 11. x^ + 10x = —25 
12. х? + 81 = 18х 13. —x^ — 14x = 49 14. —x* + 16x = 64 
15. x? —5x * 7-20 16. x —2x- 3-20 17. ^x —2 
18. 142-5=0 19. 112 + 2х = 6 20. Ix? -8 =x 


21. ERROR ANALYSIS The graph of the function related to 
the equation 0 = x^ — 4x + 4 is shown. Describe and 
correct the error in solving the equation. 


The only solution of the equation 
O = х2 — 4x + 4is 4. 


FINDING ZEROS Find the zeros of the function. 


22. f(x) = х? + Ax 5 23. f(x) = х? x 12 24. f(x) = х? — 5х — 6 
25. f(x) = х? + 3x — 10 26. f(x) = —x* + 8x + 9 27. f(x) = х? + x — 20 
28. f(x) = —x^ — 7x + 8 29. f(x) = х? — 12x + 11 30. f(x) = —x* + Ax + 12 


SOLVING EQUATIONS Solve the equation by graphing. 
31. 2x^ - x —3 32. 4x^ — 5 = 8x 33. 4х2 — 4x - 1-0 


34. 2 - x - –! 35. 3x2 + 1- 2x 36. 5х2 +x+3=0 


4 


APPROXIMATING ZEROS Approximate the zeros of the function to the 
nearest tenth. 


37. f(x) = х^ + Ax * 2 38. f(x) = х? — 5х + 3 39. fx) = х? – 2х – 5 
40. f(x) = x^ – 3х + 3 Al. f(x) = —x^ + 7x – 5 42. f(x) = -x° - 5x - 2 
43. f(x) = 2х2 +х- 2 44. f(x) = -3x^ + 8x – 2 45. f(x) = 5x + 30x + 30 


46. * MULTIPLE CHOICE Which function has а zero between —3 and —2? 
(А) fix) = -3x + 4x + 11 f(x) = 4x* – Зх — 11 
© fix) = 3x + 4х – 11 D fla) = 3x + 11 


10.3 Solve Quadratic Equations by Graphing 647 


CHALLENGE Use the given surface area S of the cylinder to find the radius 
r to the nearest tenth. (Use 3.14 for 7.) 


47. S = 251 ft? 48. S = 716 m? 49. S — 1074 cm? 


PROBLEM SOLVING 


GRAPHING CALCULATOR You may wish to use a graphing calculator to 
complete the following Problem Solving exercises. 


: EXAMPLE G 50. SOCCER The height y (in feet) of a soccer ball after it is kicked can be 
: on p. 646 modeled by the graph of the equation y = —0.04x^ + 1.2x where x is the 
: for Exs. 50-52 horizontal distance (in feet) that the ball travels. The ball is not touched, 


and it lands on the ground. Find the distance that the ball was kicked. 


f 


(ENA UT AP i 
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| SURVEYING To keep water off a road, the road's surface is shaped like 

| a parabola as in the cross section below. The surface of the road can be 
modeled by the graph of y = —0.0017x* + 0.041x where x and y are 
measured in feet. Find the width of the road to the nearest tenth of a foot. 


52. DIVING During a cliff diving competition, a diver begins a dive with 
his center of gravity 70 feet above the water. The initial vertical velocity 
of his dive is 8 feet per second. 


a. Write an equation that models the height h (in feet) of the diver’s 
center of gravity as a function of time t (in seconds). 


b. How long after the diver begins his dive does his center of gravity 

reach the water? 

53. Ж SHORT RESPONSE An arc of water sprayed from 
the nozzle of a fountain can be modeled by the graph 

of y = —0.75x* + 6x where x is the horizontal distance 

(in feet) from the nozzle and y is the vertical distance 

(in feet). The diameter of the circle formed by the 

| arcs on the surface of the water is called the display 
diameter. Find the display diameter of the fountain. 
Explain your reasoning. 


(С) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
648 on p. WS1 TEST PRACTICE 


54. Ж EXTENDED RESPONSE Two softball players are practicing catching 
fly balls. One player throws a ball to the other. She throws the ball 
upward from a height of 5.5 feet with an initial vertical velocity of 
40 feet per second for her teammate to catch. 


a. Write an equation that models the height h (in feet) of the ball as a 
function of time t (in seconds) after it is thrown. 


b. If her teammate misses the ball and it lands on the ground, how 
long was the ball in the air? 


с. If her teammate catches the ball at a height of 5.5 feet, how long was 
the ball in the air? Explain your reasoning. 


55. CHALLENGE A stream of water from a fire hose can be modeled by the 
graph of y = —0.003x* + 0.58x + 3 where x and y are measured in feet. 
A firefighter is holding the hose 3 feet above the ground, 137 feet 
from a building. Will the stream of water pass through a window if the 
top of the window is 26 feet above the ground? Explain. 


РЕЧЕ. Evaluate the expression. (p. 110) 
: Prepare for 
: Lesson 10.4 in 


: Exs. 56-58. 


56. —V25 57. V400 58. +V625 
Simplify the expression. (p. 495) 

(-8)? 9? . 9 103 
59. a во. E 61. (2, 


Write the number in standard form. (р. 512) 


| 62. 44 x 1078 63. 1.7 х 10? 64. 6.804 x 108 


` QUIZ for Lessons 10.1-10.3 


_ Graph the function. Compare the graph with the graph of y = x”. (p. 628) 


1. у= –522 2. у= 25? – 5 3. у= —x^ + 3 


Graph the function. Label the vertex and axis of symmetry. 


4. у= x^ + 5 (p. 628) 5. у= —5x^ + 1 (p.628) 

6. у= x^ + Ax — 2 (p. 635) 7. у= 2x* — 12x + 5 (р. 635) 

8. у= -ie + 2x — 5 (p. 635) 9. у= —Ax? — 10x + 2 (p. 635) 
Solve the equation by graphing. (p. 643) 

10. х? — 7x = 8 11. xt + 6x - 9-0 12. x? + 10x = 11 
13. х2 — 7 = —6x 14. -x7+x-1=0 15. x2 — 4x - 9-0 


. Find the zeros of the function. (p. 643) 


16. f(x) = x^ + 3x — 10 17. f(x) = x? — 8x + 12 18. f(x) = -x° + 5x + 14 
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Calculator FAN Е Е 97:8 E (Use after Lesson 10.3 


10.3 Find Minimum and Maximum 
Values and Zeros 


How can you find the minumum or maximum value and the 
zeros of a quadratic function using a graphing calculator? 


(EXAMPLE 1) Find the maximum value of a function 


Find the maximum value of the function y = —2x* — 6x + 7. 


STEP 1| Enter the function STEP 2| Adjust the window 
Press and enter the function Display the graph. Adjust the viewing 
y= -2x!- 6х + 7. window as needed so that the vertex 


of the parabola is visible. 


WINDOW 


Y11B-2x2-6X+7 .— 


| |Ya- Xmin--6 
| |Үж= Хтах=10 | 
| Y4- || Xscl=1 | 
|^ Ysz Ymin--20 | 
| Ymax=20 

Yscl=2 


STEP 3| Use the maximum feature Find the maximum value 
The maximum feature is located Follow the graphing calculator's 
under the CALCULATE menu. procedure to find the maximum of 

the function. 


(CALCULATE 

^:value 

| 2:zero 

| S:minimum 

| Bnaximum 

5ilntersect 
6:dy/dx 


> The maximum value of the function y = —2x* — 6x + 715 11.5. 


Find the maximum or minimum value of the function. 


1. у= 3х2 – 8х +7 2. у= -x° + 3x + 10 
| 3. у= —4x° — 6x— 6 4. у= 5х? + 10x — 8 
| 5. у= 14x? + 3.8x — 6.1 6. у= 2.57x? — 8.45x — 5.04 


| 
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(EXAMPLE 2 ] Approximate the zeros of a function 


Approximate the zeros of the function у = 3x* + 2x — 4. 


STEP 7 | Enter the function 


Press and enter the function 


y = 3x* + 2x — 4. 


STEP 3 | Use the zero feature 


The zero feature is under the 


CALCULATE menu. 


| CALCULATE 
1:value 
Ё его 
|O$:minimum 
| 4:zmaximum 
2:intersect 
6:dy/dx 


Adjust the window 

Display the graph. Adjust the viewing 
window as needed so that the x-intercepts 
of the parabola are visible. 


INDOW 
Xmin=-5 
Xmax=5 
Xscl=1 
Ymin=-10 
Ymax=10 
| Yscl=1 


| м 


STEP 4| Find the zeros 


Follow the graphing calculator’s procedure to find a zero of 
the function. Then repeat the process to find the other zero. 


Zero 
.X-.86851709 Y=0 


Zero 
_X=-1.535184 Y=0 


> The zeros аге about —1.54 and about 0.87. 


PRACTICE 


Approximate the zeros of the quadratic function to the nearest hundredth. 


7. у= 22? — 5x – 8 
9. у= -x° + Ax * 9 


11. у= -2.5x* + 7.7x — 4.9 
13. y = —0.82x* — 4х + 12.4 


DRAW CONCLUSIONS 


8. y = -3x^ + 6x – 2 
10. у= 4х2 – 7х +1 
12. y = 1.56x* — 5.19x — 2.25 
14. y = 5.36x? + 17x + 2.67 


15. If a quadratic function has only one zero, what is the maximum or 
minimum value of the function? Explain. 


16. If a quadratic function has a maximum value that is greater than 0, 
how many zeros does the function have? Explain. 


10.3 Solve Quadratic Equations by Graphing 651 


1 0 4 Use Square Roots to Ú 
* * Solve Quadratic Equations - 


You solved a quadratic equation by graphing. 
MILI You will solve a quadratic equation by finding square roots. 


So you can solve a problem about a falling object, as in Example 5. 


Key Vocabulary To use square roots to solve a quadratic equation of the form ax* + c = 0, first 
e square root, isolate x^ on one side to obtain x^ = d. Then use the following information 
p. 110 about the solutions of x^ — d to solve the equation. 
e perfect square, 
. 111 
E KEY CONCEPT For Vour Notebook 
Solving x? = d by Taking Square Roots 
e Ifd > 0, then х? = d has two solutions: 
х= +Vd. 
: Ta niia 15 • Ifd=0, then x? = d has one solution: x = 0. 
: Recall that in this I 
: course, solutions | *Ifd«0,then x^ = d has no solution. 
: refers to real-number £ 
: solutions. 
Solve quadratic equations 
Solve the equation. 
а. 2x5— 8 b. m^ — 18 = —18 с. b^-12-5 

Solution 
: iei е аа — а. 2x*=8 Write original equation. 
: You can also use 
: factoring to solve Ж =4 Divide each side by 2. 
:2x-8=0: 
ы 2 27 8-0 х= +У4 = +2 Таке square roots of each side. Simplify. 
: 2(x* – 4) =0 > The solutions are —2 and 2. 
: 2(x - 2)(x + 2) = 0 
> x=20rx=-2 b. m^ — 18 = -18 Write original equation. 

m*=0 Add 18 to each side. 
m=0 The square root of 0 is 0. 


» The solution is 0. 


с. ^+ 12 = 5 Write original equation. 
b? = —7 Subtract 12 from each side. 


* Negative real numbers do not have real square roots. So, there is 
no solution. 
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SIMPLIFYING SQUARE ROOTS In cases where you need to take the square 
root of a fraction whose numerator and denominator are perfect squares, 


the radical can be written as a fraction. For example, Ve can be written 


as E because pii bu 
[ EXAMPLE 2 | Take square roots of a fraction 
Solve 4z? = 9. 
Solution 
Az? —9 Write original equation. 
= - Divide each side by 4. 


2 = A] Take square roots of each side. 


2 = +5 Simplify. 
» The solutions are = and = 


APPROXIMATING SQUARE ROOTS In cases where d in the equation x^ = d 
is not a perfect square or a fraction whose numerator and denominator are 
not perfect squares, you need to approximate the square root. A calculator 
can be used to find an approximation. 


[ EXAMPLE 3 | Approximate solutions of a quadratic equation 


Solve 3x? — 11 = 7. Round the solutions to the nearest hundredth. 


Solution 
3x^—11-27 Write original equation. 
3x* — 18 Add 11 to each side. 
x*28 Divide each side by 3. 
х= +V6 Take square roots of each side. 


x= + 2.45 Use a calculator. Round to the nearest hundredth. 


> The solutions are about —2.45 and about 2.45. 


GUIDED PRACTICE | for Examples 1, 2, and 3 


Solve the equation. 
1. с? – 25 = 0 2. Би? + 12 = -8 3. 2x2 +11 = 1H 
4. 25x* — 16 5. 9m* — 100 6. 49b* + 64 =0 
Solve the equation. Round the solutions to the nearest hundredth. 
7. X* c 4— 14 8. 3k^—1-0 9. 2p —7 —2 


10.4 Use Square Roots to Solve Quadratic Equations 
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34112942 Solve a quadratic equation 


| Solve 6(x — 4)? = 42. Round the solutions to the nearest hundredth. 


6(x — 4)* — 42 Write original equation. 
(х— 4)? =7 Divide each side by 6. 
x-4=4+V7 Take square roots of each side. 


x=4+V7 Add 4 to each side. 
> The solutions are 4 + V7 ~ 6.65 and 4 — V7 ~ 1.35. 


CHECK To check the solutions, first write 
the equation so that 0 is on one 
side as follows: 6(x — 4)* — 42 = 0. 
Then graph the related function 
y = 6(x — 4)* — 42. The x-intercepts 
appear to be about 6.6 and about 
1.3. So, each solution checks. 


Solve a multi-step problem 


Ly do A SPORTS EVENT During an ice hockey game, a 


; For alternative methods | vo ote controlled blimp flies above the crowd 


: ed po pralen and drops a numbered table-tennis ball. The 


: to page 659 for the number on the ball corresponds to a prize. 

: Problem Solving Use the information in the diagram to find the 

: Workshop. amount of time that the ball is in the air. 
Solution 


STEP Y Use the vertical motion model to write 
an equation for the height Р (in feet) 
of the ball as a function of time ¢ (in 


seconds). 
: DETERMINE h=-16t7+ vt + s Vertical motion model 
: VELOCITY 
: eececceececcececoeceoo ЕЕЕ ) h — —]et? + Of + 45 Substitute for v and s. - 
: When an object is i Not drawn to scale 


: d d, ith : ; e 

: led ме кта STEP 2 Find the amount of time the ball is in the 

: of O feet per second. air by substituting 17 for h and solving for t. 
h = —16 + 45 Write model. 


17 = —161 + 45 Substitute 17 for h. 


—28 = —161 Subtract 45 from each side. 
= =P Divide each side by —16. 
: INTERPRET 
: E ARM ИИИ 28 _ 4 Take positive square root. 
: Because the time 16 
: cannot be a negative 1.32 = £ Use а calculator. 
: number, ignore the 
: negative square root. > The ball is in the air for about 1.32 seconds. 
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GUIDED PRACTICE for Examples 4 and 5 


| Solve the equation. Round the solutions to the nearest hundredth, if necessary. 
10. 2(x — 2)* = 18 11. 4(q — 3)* = 28 12. 3(t + 5)? = 


13. WHAT IF? In Example 5, suppose the table-tennis ball is released 58 feet 
above the ground and is caught 12 feet above the ground. Find the amount 
of time that the ball is in the air. Round your answer to the nearest 
hundredth of a second. 


10.4 EXERCISES "и О отошло 
е KEY: on p. WS24 for Exs. 25 and 59 
| Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 16, 29, 51, 52, 57, and 60 


: = MULTIPLE REPRESENTATIONS 
Ex. 62 


" SKILL PRACTICE 


1. VOCABULARY Copy and complete: If b^ = a, then bis a(n) _?_ ofa. 


2. ж WRITING Describe two methods for solving a quadratic equation of the 
form ах? + c = 0. 


: EXAMPLES | SOLVING EQUATIONS Solve the equation. 


: 1 and 2 —— 3. 3x2-3=0 4. 2x7 — 32 – (0 5. Ax? — 400 = 0 
: on рр. 652-653, C" % 97 dau ш din = 
: for Exs. 3-16 6. 2m? — 42 = 8 7. 154 = 0 8. а2 +8 = 3 
9. 4р? + 10 = 11 10. 2и? + 13 = 11 11. 94? — 35 = 14 
12. 25b? + 11 = 15 13. 322 — 18 = -18 14. 5n? — 17 = -19 


15. ж MULTIPLE CHOICE Which of the following is a solution of the equation 
61 — 3n? = —14? 


(А) 5 (В) 10 (С) 25 D 625 


16. Ж MULTIPLE CHOICE Which of the following is a solution of the equation 
13 — 361% = —12? 


Ф) -È ® i © 2 ® 5 


: EXAMPLE 3 APPROXIMATING SQUARE ROOTS Solve the equation. Round the solutions to 


: on p. 653 the nearest hundredth. 
: for Exs. 17-29 


17. х? + 6 = 13 18. x^ + 11 = 24 19. 14 – x^ = 17 

20. 242 — 9 = 11 21. 4 к= 4 22. 5 + Зр? = 38 

23. 53 = 8 + 9m* 24. —21 = 15 – 22? Or- = 100 

26. 502 +2 = 6 27. 4b – 5 = 2 . 9n? — 14 = -3 


29. Ж MULTIPLE CHOICE The equation 17 — л? = 12 has a solution between 
which two integers? 


СА) land2 (В) 2and3 (С) 3and 4 (D> 4 and 5 
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: po caeso SERE 
: for Exs. 32-40 
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ERROR ANALYSIS Describe and correct the error in solving the equation. 


30. 2x^ — 54 = 18 31. 742 — 6 = —17 
2% — 54 = 18 74? —6 = —7 
2x? = 72 74? = 41 
x? = 36 pote 


Na. 
x= V36 
d = +1.25 
x=6 


me The solutions are about —1.25 
The solution is б. and about 125. 


SOLVING EQUATIONS Solve the equation. Round the solutions to the nearest 
hundredth. 


32. (x — 7)? = 6 33. 7(x — 3)? = 35 34. 6(x + 4)? = 18 
35. 20 = 2(m + 5)* 36. 5(a — 2)* = 70 37. 21 = 3(z + 14)? 
38. ic —8)2=3 39. S(n + 1)2 = 33 40. (К — 6)? = 20 


SOLVING EQUATIONS Solve the equation. Round the solutions to the nearest 
hundredth, if necessary. 


Al. 3x* — 35 = 45 — 2x? 42. 42 = 3(x* + 5) 43. 11x* + 3 = 5(4x* — 3) 


— 2 = 2 
44. 125) = 49 45. 1257) -20=101 46. (4m?- 6)? = 81 


© GEOMETRY Use the given area A of the circle to find the radius r or the 
diameter d to the nearest hundredth. 


47. А = 1447 in.” 48. A = 217 m? 49. A = 34m ft? 


O Q 


50. REASONING An equation of the graph shown is 
y= a(x — 2)* + 1. Two points on the parabola have 


y-coordinates of 9. Find the x-coordinates of these 
points. 


51. Ж SHORT RESPONSE Solve x^ = 1.44 without using a calculator. Explain 
your reasoning. 


52. Ж OPEN-ENDED Give values for a and c so that ax? + с = 0 has 
(a) two solutions, (b) one solution, and (c) no solution. 


CHALLENGE Solve the equation without graphing. 
53. x^ — 12x + 36 = 64 54. х? + 14x + 49 = 16 55. x^ + 18x + 81 = 25 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
on p. WS1 TEST PRACTICE 


: EXAMPLE 5 


: on р. 654 
: for Exs. 56-57 


PROBLEM SOLVING 


56. FALLING OBJECT Fenway Park is a Major League Baseball park in Boston, 
Massachusetts. The park offers seats on top of the left field wall. A person 
sitting in one of these seats accidentally drops his sunglasses on the field. 
The height Л (in feet) of the sunglasses can be modeled by the function 
h = —16t* + 38 where t is the time (in seconds) since the sunglasses 
were dropped. Find the time it takes for the sunglasses to reach the field. 
Round your answer to the nearest hundredth of a second. 
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57. * MULTIPLE CHOICE Which equation can be used to find the time it 
takes for an object to hit the ground after it was dropped from a height 
of 68 feet? 


(А) —16^°=0 (В) —16^°— 68-0 © –16г + 68 = 0 © –16г = 68 


Homelutor · for problem solving help at classzone.com 


58. INTERNET USAGE For the period 1995-2001, the number y (in 
thousands) of Internet users worldwide can be modeled by the 
function y = 12,697x* + 55,722 where x is the number of years since 
1995. Between which two years did the number of Internet users 
worldwide reach 100,000,000? 


69) GEMOLOGY To find the weight w (in carats) of round faceted gems, 
gemologists use the formula w = 0.0018Dds where D is the diameter (in 
millimeters) of the gem, d is the depth (in millimeters) of the gem, and 
sis the specific gravity of the gem. Find the diameter to the nearest tenth 
of a millimeter of each round faceted gem in the table. 


Weight Specific Diameter 
TT EE HN 


| Amethyst | 2, ^ 265 — 


a. 
х Gem (3 ни паа 
сау |1 | 45 аш | ›_ 


60. Ж SHORT RESPONSE In deep water, the speed s (in meters per second) 
of a series of waves and the wavelength L (in meters) of the waves are 
related by the equation 27s* = 9.8L. 


a. Find the speed to the nearest hundredth of a meter per second of a 
series of waves with the following wavelengths: 6 meters, 10 meters, 
and 25 meters. (Use 3.14 for 7.) 


b. Does the speed of a series of waves increase or decrease as the 
wavelength of the waves increases? Explain. 
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61. MULTI-STEP PROBLEM The Doyle log rule is a formula 
used to estimate the amount of lumber that can be 
sawn from logs of various sizes. The amount of lumber 

L(D — 4)? 

16 
the length (in feet) of a log and D is the small-end 
diameter (in inches) of the log. 


V (in board feet) is given by V = where Lis 


i) 
| 
1 | ы > 4i 
HALLO 


- 


a. Solve the formula for D. 


b. Use the rewritten formula to find the diameters, to the nearest tenth 
of an inch, of logs that will yield 50 board feet and have the following 
lengths: 16 feet, 18 feet, 20 feet, and 22 feet. 

62. e MULTIPLE REPRESENTATIONS A ride at an amusement 
park lifts seated riders 250 feet above the ground. Then 
the riders are dropped. They experience free fall until the 
brakes are activated at 105 feet above the ground. 


a. Writing an Equation Use the vertical motion model to 
write an equation for the height Р (in feet) of the riders 
as a function of the time t (in seconds) into the free fall. 


b. Making a Table Make a table that shows the height of 
the riders after 0, 1, 2, 3, and 4 seconds according to the 
model. Use the table to estimate the amount of time the 
riders experience free fall. 


c. Solving an Equation Use the equation to find the amount 
of time, to the nearest tenth of a second, that the riders 
experience free fall. 


63. CHALLENGE The height Л (in feet) of a dropped object on any planet 
can be modeled by h = -5p + s where gis the acceleration (in feet per 


second per second) due to the planet’s gravity, tis the time (in seconds) 
after the object is dropped, and sis the initial height (in feet) of the 
object. Suppose the same object is dropped from the same height on 
Earth and Mars. Given that gis 32 feet per second per second on Earth 
and 12 feet per second per second on Mars, on which planet will the 
object hit the ground first? Explain. 


MIXED REVIEW | = | 


; PREVIEW Evaluate the power. (р. 2) 

: Prepare for 512 912 312 7\2 
: Lesson 10.5in | 64. B 65. H 66. (3) 67. A 
: Exs. 64—67. 


Write an equation of the line with the given slope and y-intercept. (р. 283) 

68. slope: —9 69. slope: 7 70. slope: 3 
y-intercept: 11 y-intercept: —7 y-intercept: —2 

Write an equation of the line that passes through the given point and is 


perpendicular to the given line. (p. 318) 


71. (1, -1), y = 2x 72. (0, 8), у= 4х +1 73. (-9, -4), у = -3x + 6 
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PROBLEM SOLING UsngALTITERNATIVE METHODS 


WORKSHOP | 


Another Way to Solve Example 5, page 654 


MULTIPLE REPRESENTATIONS In Example 5 on page 654, you saw how to 


You can also solve the problem by using factoring or by using a table. 


PROBLEM SPORTS EVENT During an ice hockey 


game, a remote-controlled blimp flies 
above the crowd and drops a numbered 
table-tennis ball. The number on the 
ball corresponds to a prize. Use the 
information in the diagram to find the 


amount of time that the ball is in the air. 


< solve a problem about а dropped table-tennis ball by using a square root. 


Not drawn to scale 


METHOD 1 Using Factoring One alternative approach is to use factoring. 


STEP 7 Write an equation for the height Л (in feet) of the ball as a function of 
time í (in seconds) after it is dropped using the vertical motion model. 


h= —16t* + vt^ s Vertical motion model 


h = —16t* + Ot + 45 Substitute 0 for v and 45 for s. 


STEP 2 Substitute 17 for h to find the time it takes 


the ball to reach a 


height of 17 feet. Then write the equation so that 0 is on one side. 


17 = —16f? + 45 Substitute 17 for h. 


0 = —16 + 28 Subtract 17 from each side. 


STEP 3 Solve the equation by factoring. Replace 28 with the closest 
perfect square, 25, so that the right side of the equation is 


: USE AN factorable as a difference of two squares. 

: à anu а = 24 К өөө > 0 = —16f + 25 Use 25 as an approximation for 28. 
: By replacing 28 with 

: 25, you will obtain 0 = —(16t* — 25) Factor out —1. 


: an answer that is an 
: approximation of the 
: amount of time that the яғ Бен or 462520 
: ball is in the air. 


— 5 "E 
t= 1 or t 1 Solve for t. 


> The ball is in the air about 2, or 1.25, seconds. 


0 = —(4t — 5)(4f + 5) Difference of two squares pattern 
Zero-product property 


Using Alternative Methods 


659 


METHOD 2 Using a Table Another approach is to make and use a table. 


STEP 7 Make a table that shows the height 
h (in feet) of the ball by substituting 
values for time t (in seconds) in the function 
h = —161% + 45. Use increments of 1 second. 


Time t Height h 
(seconds) (feet) 


STEP 2 Identify the time interval in which the 
height of the ball is 17 feet. This happens 


between 1 and 2 seconds. 


Time t Height h 
| (seconds) (feet) 


STEP 3 Make a second table using increments of 1.0 29.00 


0.1 second to get a closer approximation. 


» The ball is in the air about 1.3 seconds. 


1.1 25.64 
1.2 | 21.96 
| 17.96 
13.64 


1. WHAT IF? In the problem on page 659, 
suppose the ball is caught at a height of 
10 feet. For how many seconds is the ball 
in the air? Solve this problem using two 
different methods. 


2. OPEN-ENDED Describe a problem about a 
dropped object. Then solve the problem and 
explain what your solution means in this 
situation. 


з. GS GEOMETRY The box below is a 
rectangular prism with the dimensions 
shown. 


Бх in. 


a. Write an equation that gives the volume 
V (in cubic inches) of the box as a 
function of x. 


b. The volume of the box is 83 cubic inches. 


Find the dimensions of the box. Use 
factoring to solve the problem. 


c. Makeatable to check your answer from 
part (b). 
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4. TRAPEZE You are learning how to perform 
on a trapeze. While hanging from a still 
trapeze bar, your shoe comes loose and falls 
to a safety net that is 6 feet off the ground. If 
your shoe falls from a height of 54 feet, how 
long does it take your shoe to hit the net? 
Choose any method for solving the problem. 
Show your steps. 


5. ERROR ANALYSIS A student solved the 
problem in Exercise 4 as shown below. 
Describe and correct the error. 


Let t be the time (in seconds) that the 
shoe is in the air. 


6 = —16t? + 54 
O = —16t? + 60 
Replace 60 with the closest perfect 


equare, 64. 


О = —16t* + 64 
О = -16(t — 2)(t + 2) 
t=2 or t=-2 


It takes about 2 seconds. 


MIXED REVIEW of Problem Solving 2 STATE TEST PRACTICE 


3 classzone.com 


Lessons 10.1-10.4 


1. MULTI-STEP PROBLEM A company's yearly 
profits from 1996 to 2006 can be modeled by 
the function y = x^ — 8x + 80 where y is the 
profit (in thousands of dollars) and x is the 
number of years since 1996. 


4. OPEN-ENDED Describe a real-world situation 
of an object being dropped. Then write an 
equation that models the height of the object 
as a function of time. Use the equation to 
determine the time it takes the object to hit 


a. In what year did the company experience the ground. 


its lowest yearly profit? 
5. SHORT RESPONSE А football player is 


attempting a field goal. The path of the 
kicked football can be modeled by the 

graph of y = —0.03x* + 1.8x where x is the 
horizontal distance (in yards) traveled by the 
football and y is the corresponding height 

(in feet) of the football. Will the football pass 
over the goal post that is 10 feet above the 
ground and 45 yards away? Explain. 


b. What was the lowest yearly profit? 


2. MULTI-STEP PROBLEM Use the rectangle 
below. 


a. Find the value of x that gives the greatest 


6. GRIDDED ANSWER The force F (in newtons) 
possible area of the rectangle. 


a rider feels while a train goes around a 
mv 
r 

mass (in kilograms) of the rider, v is the 
velocity (in meters per second) of the 

train, and r is the radius (in meters) of the 
curve. A rider with a mass of 75 kilograms 
experiences a force of 18,150 newtons, while 
going around a curve that has a radius of 

8 meters. Find the velocity (in meters per 
second) the train travels around the curve. 


7. SHORT RESPONSE The opening of the 
tunnel shown can be modeled by the graph 
of the equation y = —0.18x^ + 4.4x — 12 
where x and y are measured in feet. 


b. What is the greatest possible area of the 


where 7n is the 
rectangle? 


curve is given by F — 


3. EXTENDED RESPONSE You throw a lacrosse 
ball twice using a lacrosse stick. 


a. For your first throw, the ball is released 
8 feet above the ground with an initial 
vertical velocity of 35 feet per second. 
Use the vertical motion model to write an 
equation for the height Л (in feet) of the 
ball as a function of time t (in seconds). 


b. For your second throw, the ball is released 


7 feet above the ground with an initial 
vertical velocity of 45 feet per second. 
Use the vertical motion model to write an 
equation for the height h (in feet) of the 
ball as a function of time t (in seconds). 


с. If no one catches either throw, for which 


throw is the ball in the air longer? Explain. 


a. Find the maximum height of the tunnel. 


b. A semi trailer is 7.5 feet wide, and the top 
of the trailer is 10.5 feet above the ground. 
Given that traffic travels one way on one 
lane through the center of the tunnel, will 
the semi trailer fit through the opening of 
the tunnel? Explain. 
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Completing the Square Using Algebra Tiles 


MATERIALS - algebra tiles 


( ] L 


For an expression of the form x^ + bx, you can add a constant c to the 
expression so that the expression x* + bx + cis a perfect square trinomial. 
This process is called completing the square. 


i 
| 


Find the value of c that makes x^ + 4x + ca perfect square trinomial. 


Model expression 2| Rearrange tiles 3| Complete the square 


Use algebra tiles to model the peor the tiles to form a Determine the number of 

expression х? + Ax. You will square. The arrangement will 1-tiles needed to complete the 

need one x?-tile and four be incomplete in one of the square. The number of 1-tiles 

x-tiles for this expression. corners. is the value of c. So, the perfect 
square trinomial is x^ + 4x + 4 
or (x + 2)*. 


1. Copy and complete the table using algebra tiles. 


Number of 1-tiles needed Expression written 
to complete the square as a square 


Expression 
x? + Ax 4 x? + Ax +4 = (x + 2)? 
х? + 6x ? ? 
x? + 8x ? ? 
х? + 10x ? ? 
2. In the statement x^ + bx + c = (x + d)*, how are b and d related? 
How are c and d related? 


3. Use your answer to Exercise 2 to predict the number of 1-tiles 
you would need to add to complete the square for the 
expression x^ + 18x. 
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1 0 5 Solve Quadratic Equations 
*— by Completing the Square | 


You solved quadratic equations by finding square roots. 


Г Now ) You will solve quadratic equations by completing the square. 
So you can solve a problem about snowboarding, as in Ex. 50. 


Key Vocabulary For an expression of the form x^ + bx, you can add a constant c to the 
* completing the expression so that the expression x^ + bx + cis a perfect square trinomial. 
square This process is called completing the square. 


• perfect square 
trinomial, p. 601 


KEY CONCEPT For Vour Wotebook 


Completing the Square 


> Words To complete the square for the expression x? + bx, add the 
square of half the coefficient of the term bx. 


: Algebra x? + bx + (By = [x ы Al 


Complete the square 


Find the value of c that makes the expression x^ + 5x + ca perfect square 
trinomial. Then write the expression as the square of a binomial. 


STEP? Find the value of c. For the expression to be a perfect square 
trinomial, c needs to be the square of half the coefficient of bx. 


2 
с = B ET Find the square of half the coefficient of bx. 


STEP2 Write the expression as a perfect square trinomial. Then write 
the expression as the square of a binomial. 


х +5х+с=х + 5х + 5 Substitute 25 for C. 
5 2 
= E + 5) Square of a binomial 


GUIDED PRACTICE for Example 1 


Find the value of c that makes the expression a perfect square trinomial. 
Then write the expression as the square of a binomial. 


1. x +8x+c 2. X* — 12x ^ c 3. х2 + 3x ^ c 
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SOLVING EQUATIONS The method of completing the square can be used 
to solve any quadratic equation. To use completing the square to solve a 
quadratic equation, you must write the equation in the form x^ + bx = d. 


[ EXAMPLE 2 ] Solve a quadratic equation 


Solve x? — 16x = —15 by completing the square. 


Solution 
х? — 16x = —15 Write original equation. 
2 
: AVOID ERRORS х? — 16x + (-8)? = -15+(-8)? Add (=) ‚ ог (-8)?, to each side. 
: When completing the РРР h 
: square to solve ап (х — 8)? = —15 + (8)? wirite еп side as the square of 
: equation, be sure a binomial. 
; же add the term (x — 8)? = 49 Simplify the right side. 
: 2) to bath sides of the x-8=+7 Take square roots of each side. 
: equation. 
x=8+7 Add 8 to each side. 
> The solutions of the equation are 8 + 7 = 15 and 8 — 7 = 1. 
CHECK You can check the solutions in the original equation. 
Ifx = 15: If x = 1: 
(15)* — 16(15) 4 —15 (1)? — 16(1) 4 -15 
—15 = -15 Y —15 = -15 Y 
| EXAMPLE З | Solve a quadratic equation in standard form 
Solve 2х2 + 20x — 8 = 0 by completing the square. 
Solution 
2x^ + 20x -8=0 Write original equation. 
2x^ + 20x = 8 Add 8 to each side. 
x°+10x=4 Divide each side by 2. 
2 
: AVOID ERRORS х2 + 10x + 52 = 4 + 52 Add (10) ‚ or 52, to each side. 
: Be sure that the 2 А . : , 
: coefficient of x2 is 1 (x + 5)“ = 29 Write left side as the square of a binomial. 
: before you complete x+5= +ү29 Take square roots of each side. 
: the square. 


x= —5 + V29 Subtract 5 from each side. 
> The solutions are —5 + V29 = 0.39 and —5 — V29 = —10.39. 


GUIDED PRACTICE | for Examples 2 and 3 


Solve the equation by completing the square. Round your solutions to the 
nearest hundredth, if necessary. 


4. х2 – 2х = 3 5. т? + 10т = -8 6. 3g? — 24g + 27 = 0 
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ЄЛ) solve a multi-step problem —— 


: WRITE EQUATION 


: The width of the border й 


: is subtracted twice 

: because it is at the top 
: and the bottom of the 
: door, as well as at the 
: left and the right. 


CRAFTS You decide to use chalkboard paint to 
create a chalkboard on a door. You want the 
chalkboard to have a uniform border as shown. You 

| have enough chalkboard paint to cover 6 square feet. 
Find the width of the border to the nearest inch. 


Solution 


STEP Y Write a verbal model. Then write an 
equation. Let x be the width (in feet) of 


the border. 

Area of Length of 
chalkboard =  chalkboard 
(square feet) (feet) 

Y Y 
= (7 — 2x) 


STEP 2 Solve the equation. 


6 = (7 — 2x)(3 — 2x) 
6 = 21 — 20x + 4x? 
—15 = 4x* — 20x 
-2 = 2 — 5x 
15 +25 = у2 5x + 25 
20-3 
а) 
+2 =х-5 
24 12 = х 


Width of 
e chalkboard 
(feet) 
Y 
° (3 — 2x) 
Write equation. 
Multiply binomials. 


Subtract 21 from each side. 


Divide each side by 4. 


2 

Add (3) , Or 22 , to each side. 

Write right side as the square of a binomial. 
Simplify left side. 


Take square roots of each side. 


Add > to each side. 


The solutions of the equation are > + 'E = 4.08 and > — E = 0.92. 


It is not possible for the width of the border to be 4.08 feet because the 
width of the door is 3 feet. So, the width of the border is 0.92 foot. Convert 


0.92 foot to inches. 


12in. . . 
0.92 ft I 11.04 in. 


GUIDED PRACTICE for Example 4 — 


Multiply by conversion factor. 


| > The width of the border should be about 11 inches. 


7. WHAT IF? In Example 4, suppose you have enough chalkboard paint to 
cover 4 square feet. Find the width of the border to the nearest inch. 


10.5 Solve Quadratic Equations by Completing the Square 


Width of 
border, 
xft 


Chalkboard 
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105 EXERCISES —— "t О-о 
ө КЕҮ: оп р. WS24 for Exs. 19 and 47 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 24, 25, 42, and 49 


: e = MULTIPLE REPRESENTATIONS 
: Ex. 47 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: The process of writing an expression 
of the form x? + bx as a perfect square trinomial is called _?_. 


2. * WRITING Give an example of an expression that is a perfect square 
trinomial. Explain why the expression is a perfect square trinomial. 


: EXAMPLE 1 COMPLETING THE SQUARE Find the value of c that makes the expression 


: on p. 663 a perfect square trinomial. Then write the expression as the square of a 
: for Exs. 3-11 binomial. 
3. X^ + 6x + c 4. х? + 12x * c 5. X^ — 4x t c 
6. х2 — 8x + с 7. х? — 3x + € 8. х2 + 5x ^ c 
9. х2 + 24x * C 10. x? -ix +0 11. 2-х + с 
: ЕХАМРІЕЅ SOLVING EQUATIONS Solve the equation Бу completing the square. Round 
:2and3 — | your solutions to the nearest hundredth, if necessary. 
: on p. 664 2 _ 2 - 2 _ = 
: for Ех. 12-27 12. x^ + 2x = З 13. x^ + 10x = 24 14. c^ — 14c = 15 
15. n^ — 6n = 72 16. а? — 8а + 15 = 0 17. у? + 4у – 21 = 0 
- _ 11 2 _ _2l EP 
18. и? — Sw = т (19) z + Mz2= -3 20. g* =? 
21. à - 8k- 7 = 0 22. V — 7y £170 23. m^ + 3m + 2 = 


_1_9 _19 1_9 19 
СА) 773 TES (ORE Do 55 
25. Ж MULTIPLE CHOICE What are the solutions of x^ + 12x + 10 = 0? 
(А) -6+ V46 (B –6 + V26 (С) 6+V26 (D 6+\У46 


ERROR ANALYSIS Describe and correct the error in solving the given 


equation. 
26. x* — 14x=11 27. X —2x — 4-0 
х? — 14x = 11 х — 2x -4=0 
02 — 14x + 49 = 11 x – 2x= 4 
(х – 7)2 = 1 x – 2+1=4 + 1 
x—7= +v (х+1)2=5 
< x=7+V11 X x+1=+V5 
x=1+V5 
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SOLVING EQUATIONS Solve the equation by completing the square. Round 
your solutions to the nearest hundredth, if necessary. 


28. 2x* — 8x — 14 = 0 29. 2x* + 24x + 10-0 30. 3x* — 48x + 39 = 0 
31. 4? + 4y- 7 = 0 32. 9n* + 36n + 11 = 0 33. Зи? — 18w — 20 = 0 
34. Зр? – 30р — 11 = 6p 35. За? — 12a + 3 = —a^ — 4 36. 15c* — 51с — 30 = 9c + 15 


37. тт? + 24m – 2 = m^ – 9 38. р? + 2р + 0.4 = 0.902 +g 39. 1122 — 102-3 = -92 +3 


(ES GEOMETRY Find the value of x. Round your answer to the nearest 
hundredth, if necessary. 


40. Area of triangle = 108 m* 41. Area of rectangle = 288 іп. 


3x in. 


(x + 6) m (2x + 10) in. 
42. * WRITING How many solutions does x^ + bx = c have if c < — DÉ Explain. 


43. CHALLENGE The product of two consecutive negative integers is 210. Find 
the integers. 


44. CHALLENGE The product of two consecutive positive even integers is 288. 
Find the integers. 


: PROBLEM SOLVING 


: on p. 665 
: for Exs. 45-46 


45. LANDSCAPING You are building a rectangular brick patio 
surrounded by crushed stone in a rectangular courtyard as 
shown. The crushed stone border has a uniform width x (in 
feet). You have enough money in your budget to purchase 
patio bricks to cover 140 square feet. Solve the equation 
140 = (20 — 2x)(16 — 2x) to find the width of the border. 


_(OHomelutor ` for problem solving help at dasszone.com 


46. TRAFFIC ENGINEERING The distance d (in feet) that it takes a car to come 
to a complete stop on dry asphalt can be modeled by d = 0.05s* + 1.15 
where s is the speed of the car (in miles per hour). A car has 78 feet to come 
to a complete stop. Find the maximum speed at which the car can travel. 


for problem solving help at classzone.com 


es MULTIPLE REPRESENTATIONS For the period 1985—2001, the average 
salary y (in thousands of dollars) per season of a Major League Baseball 
player can be modeled by y = 7х? — 4x + 392 where x is the number of 
years since 1985. 


a. Solving an Equation Write and solve an equation to find the year 
when the average salary was $1,904,000. 


b. Drawing a Graph Use a graph to check your solution to part (a). 
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48. MULTI-STEP PROBLEM You have 80 feet of fencing to make 
a rectangular horse pasture that covers 750 square feet. A 
barn will be used as one side of the pasture as shown. 


a. Write equations for the perimeter and area of 
the pasture. 


b. Use substitution to solve the system of equations 
from part (a). What are the possible dimensions of 
the pasture? 


49. Ж SHORT RESPONSE You purchase stock for $16 per share, and you sell 
the stock 30 days later for $23.50 per share. The price y (in dollars) of a 
share during the 30 day period can be modeled by y = —0.025x* + x + 16 
where x is the number of days after the stock is purchased. Could you have 
sold the stock earlier for $23.50 per share? Explain. 


50. SNOWBOARDING During a “big air” competition, ESSE P 
snowboarders launch themselves from a half pipe, AM а. 
perform tricks in the air, and land back in the 
half pipe. | Initial vertical 
a. Model Use the vertical motion model to write velocity = 24 ft/sec 


an equation that models the height h (in feet) of 16.4ft 
a snowboarder as a function of the time t 
(in seconds) she is in the air. 


b. Apply How long is the snowboarder in the air if 
she lands 13.2 feet above the base of the half pipe? 
Round your answer to the nearest tenth of a Cross section of a half pipe 
second. 


at classzone.com 
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51. CHALLENGE You are knitting a rectangular scarf. The pattern you have 
created will result in a scarf that has a length of 60 inches and a width of 
4 inches. However, you happen to have enough yarn to cover an area of 
480 square inches. You decide to increase the dimensions of the scarf so 
that all of your yarn will be used. If the increase in the length is 10 times 
the increase in the width, what will the dimensions of the scarf be? 


"MIXED REVIEW — — Ж 


: PREVIEW _ Evaluate the expression for the given value of x. (p. 74) 
: Prepare for nm (р + Бе = — 
? Lesson 10.6 in 52. 3+x-6;¡x=8 53. I1—(—9 + I5zx 1 
; EXS. 52—57. 54. —x + 18 – 20; x = -10 55.32—x—5;x—5 
56. x + 14.7 — 16.2; x = 2.3 57. —9.2 — (-11.4) — x; x = —4.5 


Solve the proportion. (p. 168) 


Solve the equation. 
61. (x — 4)(х + 9) = 0 (p.575) 62. x^ — 15x + 26 = 0 (p. 583) 
63. 3x^ + 10x + 7 = 0 (p. 593) 64. 4х2 — 20x + 25 = 0 (p. 600) 
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Graph Quadratic Functions in 


Use after Lesson 10.5 Vertex Form 


CATS Graph quadratic functions in vertex form. 


Key Vocabulary In Lesson 10.2, you graphed quadratic functions in standard form. 


e vertex form Quadratic functions can also be written in vertex form, y — a(x — hy? +k 
where а = 0. In this form, the vertex of the graph can be easily determined. 


KEY CONCEPT For Your Notebook 


Graph of Vertex Form y = а(х — h}? + k 


1° The graph of y = a(x — h)? + kis the graph of y = ax” translated h units 
i horizontally and k units vertically. 


1: Characteristics of the graph of 
> у= а(х – №)? +k: 


e The vertex is (Л, К). 
e The axis of symmetry is x = h. 


• The graph opens up if a > 0, and 
the graph opens down if а « 0. 


Graph a quadratic function in vertex form 


Graph y = —(х + 2)? + 3. 


Solution 


STEP? Identify the values of a, h, and k: a = —1,h = —2, and k = 3. 
Because a< 0, the parabola opens down. 


STEP 2 Draw the axis of symmetry, x = —2. 
STEP 3 Plot the vertex (h, К) = (-2, 3). 


STEP 4 Plot four points. Evaluate the function 
for two x-values less than the 
x-coordinate of the vertex. 
x=-3: у= -(-3+2%+3=2 
х= —5: y=-(-5+2)%+3=-6 
Plot the points (—3, 2) апа (—5, —6) and 


their reflections, (—1, 2) and (1, —6), in 
the axis of symmetry. 


STEP 5 Draw a parabola through the plotted points. 


Extension: Graph Quadratic Functions in Vertex Form 669 


CAIB craph a quadratic function Е 


Graph у= x^ — 8x + 11. 


Solution 
STEP? Write the function in vertex form by completing the square. 
y=x*-8x+11 Write original function. 
y +0= (х — 8x + 0) + 11 Prepare to complete the square. 
y + 16 = (x? – 8х + 16) +11 Add(=2) =(-4? = 16 to each side. 


Write x? — 8x + 16 as a square of 
a binomial. 


= (x — 4)* — 5 Subtract 16 from each side. 


STEP 2 Identify the values of a, h, and К: а = 1, h = 4, and k = —5. 
Because а > 0, the parabola opens up. 


y + 16 = (x— 4) + 11 


STEP 3 Draw the axis of symmetry, х = 4. JAR [LA 
STEP 4 Plot the vertex (Л, К) = (4, —5). di luf 
STEP 5 Plot four more points. Evaluate the || E 
function for two x-values less than yo 
the x-coordinate of the vertex. 
x=3: y=(3-49%-5=-4 
Plot the points (3, —4) and (1, 4) | AEA | || 
and their reflections, (5, —4) and и 


(7, 4), in the axis of symmetry. 


STEP 6 Draw a parabola through the plotted points. 


. PRACTICE 


: EXAMPLE 1 | Graph the quadratic function. Label the vertex and axis of symmetry. 
1. у= (х + 2)? – 5 2. у= –(х– 4) +1 3. у= x^ + 3 


: On р. 669 
: for Exs. 1-6 


4. y=3(x- D*^—2 5. у= —2(х+5)^—2 6. у= – 2t 4° +4 


: EXAMPLE 2 Write the function in vertex form, then graph the function. Label the vertex 


: on p. 670 and axis of symmetry. 


nter Me 7. у= x? — 12x + 36 8. у= x? + 8x + 15 9. у= —? + 10х— 21 
10. у= 2x2 — 12x + 19 11. у= -32 - 6x- 1 12. y= -3x — 6x — 21 

13. Write an equation in vertex form of the и 

parabola shown. Use the coordinates of the N 

vertex and the coordinates of a point on the и 

graph to write the equation. [| 

= 


670 Chapter 10 Quadratic Equations and Functions 


Solve Quadratic Equations a» 
by the Quadratic Formula A 1 


10.6 


You solved quadratic equations by completing the square. 
Г Now ) You will solve quadratic equations using the quadratic formula. 


So you can solve a problem about film production, as in Example 3. 


Key Vocabulary By completing the square for the quadratic equation ах? + bx + с = 0, you 

e quadratic formula сар develop a formula that gives the solutions of any quadratic equation in 
standard form. This formula is called the quadratic formula. (The quadratic 
formula is developed on page 727.) 


KEY CONCEPT For Your Notebook 


The Quadratic Formula 


The solutions of the quadratic equation ах? + bx + c = 0 are 


: х= DEVE —4ac A — 4a where a + 0 and 2? — 4ac > 0. 


Standardized Test Practice 


What are the solutions of 3x? + 5x = 8? 
8 8 8 8 
(СА) -land = —1 апа = (С) land = (D> 1 and = 


: ANOTHER WAY 


: instead of solving the | Solution 
: equation, you can check Зх? + 5х = 8 Write original equation. 
: the answer choices in " 
: the equation. 3Ix"+5x-8=0 Write in standard form. 
ya CH VER — dn кош Quadratic formula 
ge —5 + V5* — 4(3)(-8) Substitute values in the quadratic formula: 
2(3) a=3,b=5,andc= —8. 
= Z9 = 0121 z3 121 Simplify. 
= M Simplify the square root. 


The solutions of the equation are == = land == == 


> The correct answer is C. Dd © а» 


10.6 Solve Quadratic Equations by the Quadratic Formula 671 


| EXAMPLE 2 ] Solve a quadratic equation 


Solve 2x? — 7 — x. 


2х — 76x Write original equation. 
2xY^ -х-7 = 0 Write in standard form. 
х= PE В — 4ac rb — 400 Quadratic formula 
|. -(-D + V(-1)* - 4(2)(-7) Substitute values in the quadratic 
i 2(2) formula: a = 2, b = —1, and c = —7. 
= mE Simplify. 
» The solutions are ас ~ 2.14 and + a = —1.64. 
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CHECK Write the equation in standard 
form, 2x^ — x — 7 = 0. Then graph —1.6 2.1 
the related function y = 2x^ — x — 7. | | 
The x-intercepts are about —1.6 and 2.1. 
So, each solution checks. * J 


GUIDED PRACTICE | for Examples 1 and 2 


Use the quadratic formula to solve the equation. Round your solutions to 
the nearest hundredth, if necessary. 


1. x —8x- 16-0 2. 3n? — 5n = —1 3. 422 = 72 + 2 


[ EXAMPLE 3 Use the quadratic formula 


FILM PRODUCTION For the period 1971—2001, the number y of films produced 
in the world can be modeled by the function y = 10x^ — 94x + 3900 where x is 
the number of years since 1971. In what year were 4200 films produced? 


Solution 
y = 10x” — 94x + 3900 Write function. 
4200 = 10x* — 94x + 3900 Substitute 4200 for y. 
0 = 10x* — 94x — 300 Write in standard form. 
—(—94) + V(-94? — 4(10)(—300) Substitute values in the quadratic 

*7— — — 200 formula:a = 10, b = –94, and c = —300. 
: INTERPRET 
: SOLUTIONS _ 94 + ү20,836 —: 
: The solution —3 can i 20 simplify. 


: be ignored because mae M rer 

* . e Ab ) ш › 

: —3 represents the year The solutions of the equation are а = 12 and —— e —3, 
: 1968, which is not in 


: the given time period. | » There were 4200 films produced about 12 years after 1971, or in 1983. 
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r4 GUIDED PRACTICE for Example З 


4. WHAT IF? In Example 3, find the year when 4750 films were produced. 


CONCEPT SUMMARY For Your Notebook 


: Methods for Solving Quadratic Equations 


: Method Lesson(s) When to Use 

: Factoring 9.4—9.8 Use when a quadratic equation can be 
factored easily. 

: Graphing 10.3 Use when approximate solutions are 

> adequate. 

: Finding square roots 10.4 Use when solving an equation that can 


be written in the form x? = d. 


: Completing the square 10.5 Can be used for any quadratic equation 
, ax? + bx + с = 0 but is simplest to apply 
when a = 1 and b is an even number. 


> Quadratic formula 10.6 Can be used for any quadratic equation. 


( EXAMPLE 4 ] Choose a solution method 


Tell what method you would use to solve the quadratic equation. Explain 


your choice(s). 
а. 10х2—7=0 b. х2 + 4x =0 с. 5x7 + 9x-4=0 
Solution 


a. The quadratic equation can be solved using square roots because 
the equation can be written in the form x* = d. 


b. The equation can be solved by factoring because the expression 
х? + 4x can be factored easily. Also, the equation can be solved by 
completing the square because the equation is of the form 
ах? + bx + с = 0 where a = 1 and bis an even number. 


c. The quadratic equation cannot be factored easily, and completing 
the square will result in many fractions. So, the equation can be 
solved using the quadratic formula. 


r4 GUIDED PRACTICE for Example 4 


Tell what method you would use to solve the quadratic equation. Explain 
your choice(s). 


5. X^-x—6-20 6. xX—9-0 7. X* + 6x = 5 
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10.6 EXERCISES "н O- messes 
e KEY: on p. WS25 for Exs. 19 and 47 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 12, 25, and 50 


: eo = MULTIPLE REPRESENTATIONS 
Ex. 49 


' SKILL PRACTICE 


1. VOCABULARY What formula can be used to solve any quadratic 
equation? 


2. ж WRITING What method(s) would you use to solve —x* + 8x = 1? 
Explain your choice(s). 


: EXAMPLES | SOLVING QUADRATIC EQUATIONS Use the quadratic formula to find the roots 


: land2  — of the equation. Round your solutions to the nearest hundredth, if necessary. 

: on pp. 671-672 2 Е Е Hu ee SA 

: for EXS. 3-27 3. x^ + 5x — 104 = 0 4. 4х x — 18 = 0 5. 6x" — 2x — 28 = 0 
6. m +Зт +1 = 0 7. -— +2 +14 = 0 8. —2n* —5n + 16 = 0 
9. 4и? + 20w + 25 = 0 10. 21 + 3t- 11 = 0 11. —6g? + 92+ 8 = 0 


12. Ж MULTIPLE CHOICE What аге the solutions of 10х2 — 3x — 1 = 0? 


e E _1 1 1 _1 1 1 
СА) = and a = and = © ¿and 7 (D) zand; 


SOLVING QUADRATIC EQUATIONS Use the quadratic formula to solve the 
equation. Round your solutions to the nearest hundredth, if necessary. 


13. х? — 5х = 14 14. 3х2 — 4 = 11х 15. 9 = 7х2 — 2x 

16. 27m? + 9m + 7 = З 17. -10 = r^ — 10r + 12 18. 302 — 6g — 14 = 3g 
(19) 62 = 227+ 72+ 5 20. 802+ 8 = 6 — 9h 21. 4? — 31= 5 — 32 
22. -4y-3y+3=2y+4 23. 7n+5=-3n*+2 24. 5w*+4=wt+6 


25. Ж MULTIPLE CHOICE What are the solutions of x^ + 14x = 2x — 11? 


CA) -2and —22 —] and -11 © landll (D> 2and 22 
ERROR ANALYSIS Describe and correct the error in solving the equation. 
26. 71 5x 1-0 27. -2x%+3x=1 
ВЕБЕ ЫЙ | —3 + V3? — 4(-2)(1) 
х= 2(7) = 2(—2) 
_ -5+V53 _ —3 + V17 


14 mh 
x = —0.8& and х= 0.16 x = —0.28 and x ~ 1.78 


: EXAMPLE 4 CHOOSING A METHOD Tell what method(s) you would use to solve the 


: on p. 673 quadratic equation. Explain your choice(s). 
+ Tor EXs. 28—33 | 98, 332 —27 — 0 29. 5x? = 25 30. 232 — 12x = 0 
31. m^ - 5m +6 = 0 32. 22 – 42+1= 0 33. —10g? + 13g = 4 
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SOLVING QUADRATIC EQUATIONS Solve the quadratic equation using апу 
method. Round your solutions to the nearest hundredth, if necessary. 


34. —2x* = —32 35. x^ — 8x = -16 36. х2 -2x— 6-0 
37. x? — 12x — 36 38. x? + Ax = 9 39. —Ax^ + x = —17 
40. 11x? — 1 = 6x? + 2 Al. —2x* + 5 = 3х2 — 10x 42. (x + 13)? = 25 


(ES GEOMETRY Use the given area A of the rectangle to find the value of x. 
Then give the dimensions of the rectangle. 


43. А = 91 т? 44. А = 209 ft” 
(x + 2) т (4x — 5) ft 
(2x + 3) m (4x + 3) ft 
45. CHALLENGE The solutions of the quadratic equation ах? + bx + с = 0 are 
х= IB +0 — 4ac "y — дас and x = 22 +0 —4ас = Find the mean of the solutions. 


How is the mean of the solutions related to the graph of y = ах? + bx + c? 
Explain. 


' PROBLEM SOLVING 


: EXAMPLE3 | 46. ADVERTISING For the period 1990—2000, the amount of money y (in 


: on p. 672 billions of dollars) spent on advertising in the U.S. can be modeled by 
: for Exs. 46-47 the function y = 0.93x* + 2.2x + 130 where x is the number of years since 
1990. In what year was 164 billion dollars spent on advertising? 


_(OHomelutor | for problem solving help at classzone.com 

CELL PHONES For the period 1985—2001, the number y (in millions) of 
cell phone service subscribers in the U.S. can be modeled by the function 
y = 0.7x* — 4.3x + 5.5 where x is the number of years since 1985. In what 
year were there 16,000,000 cell phone service subscribers? 


48. MULTI-STEP PROBLEM A football is punted from a height of 2.5 feet above 
the ground and with an initial vertical velocity of 45 feet per second. 


Not drawn to scale 


a. Use the vertical motion model to write an equation that gives 
the height h (in feet) of the football as a function of the time f (in 
seconds) after it has been punted. 


b. The football is caught 5.5 feet above the ground as shown in the 
diagram. Find the amount of time that the football is in the air. 
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49. e MULTIPLE REPRESENTATIONS For the period 1997-2002, the number 
y (in thousands) of 16- and 17-year-olds employed in the United States 


can be modeled by the function y = —46.7x* + 169x + 2650 where x is the 
number of years since 1997. 


a. Solving an Equation Write and solve an equation to find the year 
during which 2,500,000 16- and 17-year-olds were employed. 


b. Drawing a Graph Graph the function on a graphing calculator. Use 
the trace feature to find the year when 2,500,000 16- and 17-year-olds 
were employed. Use the graph to check your answer from part (a). 


50. * SHORT RESPONSE NASA creates a weightless h weightless 
environment by flying a plane in a series of 30,800 ft 
parabolic paths. The height h (in feet) of a plane 
after t seconds in a parabolic flight path can be 
modeled by the graph of h = —111% + 700г + 21,000. 

The passengers experience a weightless environment 

when the height of the plane is greater than or equal 

to 30,800 feet. Find the period of weightlessness on such 0 7 
a flight. Explain. 


51. CHALLENGE Mineral deposits have formed a uniform coating that is 
4 millimeters thick on the inside of a water pipe. The cross-sectional 
area of the pipe has decreased by 10%. What was the original diameter 
of the pipe (to the nearest tenth of a millimeter)? 


: Prepare for 
: Lesson 10.7 in 
: Exs. 52-55. 


Evaluate the expression. 


52. 9x* when x = 2 (р. 8) 53. 9ш when ш = 10 (р. 103) 

54. 2 + Vx when x = 121 (р. 110) 55. 8 — Vx when x = 49 (p. 110) 

Graph the equation. 

56. x = 8 (p. 215) 57. Зх — y = 2 (p. 225) 58. y— Ex — 6 (p.244) 

59. у = —7x^ (p. 628) 60. у = 8х2 — 2 (p. 628) 61. у= —x? — 6x + 5 (р. 635) 


— ——mn S ————————————————À—————— 
QUIZ for Lessons 10.4-10.6 


Solve the equation using square roots. (p. 652) 


1. 3х2 — 48 = 0 2, —6х° = —24 3. x^ +5 = 16 
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Solve the equation by completing the square. (р. 663) 


4. X* -2x - 6-0 5. x^ + 10x — 12-0 6. х2 — 8x = —6 
7. xX? — 12x = 30 8. х2 — 5x = -2 9. x? + x 2 —7.75 


Solve the equation using the quadratic formula. (p. 671) 


10. x + 4x - 1-0 11. —3x* + 3x = -1 12. 4х2 — 11x = 3 
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Í 
| 
UN 


їп eba A CTIVITY Use before Lesson 10.7 


The Discriminant 


b + Vb* — 4ac 


In the quadratic formula, x = — 
a Wm 2a 
the discriminant. 


STEP 7 | Find the number of solutions 


Find the number of solutions of the equations below 
by finding the number of x-intercepts ofthe graphs 
of the related functions. 


O=x*-6x-7 
0—-x^— 6x49 
0 = x^ — 6x + 12 


Find the value of  — 4ac 


For each equation in Step 1, determine whether the value of 
b* — 4ac is positive, negative, or zero. 


Make a table 


Organize your results from Steps 1 and 2 in a table as shown. 


Equation Number of solutions Value of b? — 4ac 
O =x? - 6x-7 ? ? 
О = х? – 6х + 9 ? ? 


0 = x? — 6x + 12 ? ? 


STEP 4| Make a conjecture 


Make a generalization about the value of the discriminant and 
the number of solutions of a quadratic equation. 


, the expression b° — 4acis called 
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1. Repeat Steps 1-3 using the following equations: x^ + 4x — 5 = 0, 
x^ + 4х + 4 = 0, and x^ + Ax + 6 = 0. Is your conjecture still true? 


2. Notice that the expression b^ — 4ac is under the radical sign in the 
quadratic formula. Use this observation to explain why the value of 


b* — 4ac determines the number of solutions of a quadratic equation. 


10.7 Interpret the Discriminant 


10./ 


a 


Key Vocabulary 
e discriminant 


: READING 


: Recall that in this 

: course, solutions 

: refers to real-number 
: solutions. 


: THE NUMBER i 


: The equation х? + 1 = 
: O has no real solutions. 
: In a future course, 

: you will learn that the 

: imaginary number i, 

: defined as V —1, and its 
с opposite are solutions. 
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Interpret the 
Discriminant 


You used the quadratic formula. 
You will use the value of the discriminant. 


So you can solve a problem about gymnastics, as in Ex. 49. 


In the quadratic formula, the expression b* — 4ac is called the discriminant 
of the associated equation ах? + bx + с = 0. 


_. =й E Vb? — 4ac <———— discriminant 
2a 


Because the discriminant is under the radical symbol, the value of the 
discriminant can be used to determine the number of solutions of a 
quadratic equation and the number of x-intercepts of the graph of the 
related function. 


X 


KEY CONCEPT For Your Notebook 
Using the Discriminant of ax? + bx + c- 0 


Value of the 


| 
iere ind b? – 4ac>0 b-4ac-0 | 2? – 4ас<0 
discriminant 
- IN 
T Numb er of Two solutions One solution No solution 
: solutions | 
ә | | 
; Graphof y y y 
> y=ax*+bx+c 
ә | 
s x x x 
: | Two x-intercepts | Опе x-intercept | No x-intercept 


minant 


341 119435 Use the discri 


Equation Discriminant Number of 
ax? + bx+c=0 b? — Aac solutions 
a. X^ - 1-0 0^ — 4(1)(1) = -4 No solution 
b.x2-7=0 0^ — 4(1)(—7) = 28 Two solutions 
с. 4x* — 12x +9=0 (—12)* — 4(4)(9) = 0 One solution 
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| EXAMPLE 2 | Find the number of solutions 


Tell whether the equation 3x* — 7 = 2x has two solutions, one solution, or 
no solution. 


Solution 
STEP? Write the equation in standard form. 
3xX^—7-—2x Write equation. 
Зх? – 25-7 = 0 Subtract 2х from each side. 
STEP 2 Find the value of the discriminant. 
b? — 4ac = (-2)? — 4(3)(—7) Substitute 3 for a, —2 for b, and —7 for с. 
= 88 Simplify. 


» The discriminant is positive, so the equation has two solutions. 


GUIDED PRACTICE for Examples 1 and 2 


Tell whether the equation has two solutions, one solution, or no solution. 


1. x2+4x+3=0 2. 2x7 5x - 6-0 3. —xX? -2x-]1 


| EXAMPLE З | Find the number of x-intercepts 


Find the number of x-intercepts of the graph of y = x^ + 5x + 8. 


Solution 


Find the number of solutions of the equation 0 = x^ + 5x + 8. 


b^ — 4ac 


(5) — 4(1)(8) Substitute 1 for a, 5 for b, and 8 for c. 
= —7 Simplify. 


» The discriminant is negative, so the equation has no solution. This means 
that the graph of y = x^ + 5x + 8 has no x-intercepts. 


CHECK You can use a graphing calculator to — 
check the answer. Notice that the graph | 
of y = x^ + 5x + 8 has no x-intercepts. 


GUIDED PRACTICE for Example 3 


Find the number of x-intercepts of the graph of the function. 


4. у= х? + 10х + 25 5. у= x? – 9х 6. у= —^ + 2х – 4 
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Solve a multi-step | 


EXAMPLE 4 J 


FOUNTAINS The Centennial Fountain in Chicago shoots a water arc that can 
be modeled by the graph of the equation у = —0.006x* + 1.2x + 10 where x is 
the horizontal distance (in feet) from the river’s north shore and yis the height 
(in feet) above the river. Does the water arc reach a height of 50 feet? If so, 
about how far from the north shore is the water arc 50 feet above the water? 


FERERFRERELLLLLULM 


— — 


Solution 


STEP? Write a quadratic equation. You want to know whether the water arc 
reaches a height of 50 feet, so let y = 50. Then write the quadratic 
equation in standard form. 


у = —0.006x^-- L2x + 10 Write given equation. 
50 = —0.006x? + 1.2x + 10 Substitute 50 for y. 
0 = —0.006x^-- 1.2x — 40 Subtract 50 from each side. 
$TEP2 Find the value of the discriminant of 0 = —0.006x^ + 1.2x — 40. 
b^ — Дас = (1.2)? — 4(-0.006)(-40) а = —0.006,b = 1.2,c = –40 
= 0.48 Simplify. 


STEP 3 Interpret the discriminant. Because the discriminant is positive, 
the equation has two solutions. So, the water arc reaches a height of 
50 feet at two points on the water arc. 


STEP 4 Solve the equation 0 = —0.006x* + 1.2x — 40 to find the distance 
from the north shore where the water arc is 50 feet above the water. 


же POETA ш Quadratic formula 
: USE A SHORTCUT | —1.2+V0.48 | | | 
Е Ge valie or | — »(-0006) _ Substitute values in the quadratic formula. 


: b? — 4ac was calculated 
: in Step 2, you can 

: substitute 0.48 for > The water arc is 50 feet above the water about 42 feet from the north shore 
: b^ – дас. and about 158 feet from the north shore. 


x= 42 or x= 158 Use a calculator. 


Y GUIDED PRACTICE | for Example 4 


7. WHAT IF? In Example 4, does the water arc reach a height of 70 feet? 
If so, about how far from the north shore is the water arc 70 feet above 
the water? 
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EXERCISES "s Оол 

1 0.7 KEY: on p. WS25 for Exs. 9 and 47 
: Ж = STANDARDIZED TEST PRACTICE 

Exs. 2, 18, 19, 40, 41, and 47 


' SKILL PRACTICE 


1. VOCABULARY Write the quadratic formula and circle the expression that 
represents the discriminant. 


2. ж WRITING Explain how the discriminant of ax? + bx + с = 0 is related 
to the graph of y = ах? + bx + с. 


: EXAMPLES USING THE DISCRIMINANT Tell whether the equation has two solutions, one 
: Тапа 2 solution, or no solution. 


: on pp. 678-679 


: 3. +х+1=0 4. 2x-5x-6=0 5. —2x*+ 8x-4=0 
: for Exs. 3-21 
6. 3m? —6m * 7-0 7. 902 — 6v - 1-0 8. —34? - 8-0 
O — 16р= 0 10. 2h? + 3 = 4h 11. 10 = xi — 5x 
12. 12 +2= 2 13. -3g? - 48 = 1 14. 8/2 + 10r 1 = 4г 
15. 3n? + 3 = 10n — 3n* 16. 8х2 + 9 = 4х2 — 4x ^8 17. u^ – тш + 29 = 4 — 7w 


18. Ж MULTIPLE CHOICE What is the value of the discriminant of the 
equation 5x? — 7x — 2 = 0? 


(А) —9 9 СС) 59 D 89 
19. Ж MULTIPLE CHOICE How many solutions does —x^ + 4x = 8 have? 
СА) None One (С) Two (D> Three 


ERROR ANALYSIS Describe and correct the error in finding the number of 
solutions of the equation. 


20. 4x7 + 12x - 9-0 21. 3x^ — 7x -4=-9 
b? — Дас = 12? — 4(4)(9) b? — Дас = (—7)* — 4(3)(-4) 
= 144 — 144 X = 49 — (-48) 
The equation has two solutions. The equation has two solutions. 


: EXAMPLE 3 FINDING THE NUMBER OF x-INTERCEPTS Find the number of x-intercepts of 


: on p. 679 the graph of the function. 
: for Exs. 22-30 


22. у= x – 2х – 4 23. у= 252 – x - 1 24. у= 4х? + Ax +1 
25. у= 2? – 5х + 5 26. у= х? – 6x + 9 27. у= 6x^ +х+ 2 
7932 _ 1,2 _ En _ 

28. y= —1Зх' + 2х + 6 29. y = 2х ox +9 30. y = 4x 5x + 12 


REASONING Give a value of c for which the equation has (a) two solutions, 
(b) one solution, and (c) no solution. 


31. x7 2x - c- 0 32. х2 —8x - c- 0 33. 4x + 12x - c- 0 


10.7 Interpret the Discriminant 681 


USING THE DISCRIMINANT Tell whether the vertex of the graph of the 
function lies above, below, or on the x-axis. Explain your reasoning. 


34. у= X — 3x + 2 35. у = 3X^ — 6x +3 36. у = 6x^ —2x + 4 
37. y = —15x% + 10x — 25 38. у = -3x^ — Ax + 8 39. y = 9x^ — 24x + 16 


40. Ж OPEN-ENDED Write a function of the form y = ах? + bx + c whose 
graph has one x-intercept. 


41. * EXTENDED RESPONSE Use the rectangular prism shown. 


a. The surface area of the prism is 314 square meters. Write 
an equation that you can solve to find the value of w. 


b. Use the discriminant to determine the number of values of 
w in the equation from part (a). 


c. Solve the equation. Do the value(s) of w make sense in the 


context of the problem? Explain. (w+ 4) т 


CHALLENGE Find all values of k for which the equation has (а) two solutions, 
(b) one solution, and (c) no solution. 


42. 2x2 - x + ЗК = 0 43. x? — 4kx + 36 = 0 44. kx? + 5x — 16 = 0 


 РВОВІЕМ SOLVING 


: cs iiL ERI 
: for Exs. 45-46 
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* SHORT RESPONSE The frame of the tent shown is 


45. BIOLOGY The amount y (in milliliters per gram of body mass per hour) 
of oxygen consumed by a parakeet during flight can be modeled by the 
function y = 0.06x^ — Ax + 87 where x is the speed (in kilometers per 
hour) of the parakeet. 


a. Use the discriminant to show that it is possible for a parakeet to 
consume 25 milliliters of oxygen per gram of body mass per hour. 


b. Find the speed(s) at which the parakeet consumes 25 milliliters of 
oxygen per gram of body mass per hour. Round your solution(s) to 
the nearest tenth. 


for problem solving help at classzone.com 


46. FOOD For the period 1950—1999, the average amount y (in pounds per 
person per year) of butter consumed in the United States can be modeled 
by y = 0.0051x^ — 0.37x + 11 where x is the number of years since 1950. 
According to the model, did the butter consumption in the United States 
ever reach 5 pounds per person per year? If so, in what year(s)? 


tutor . for problem solving help at classzone.com 


e " 


defined by a rectangular base and two parabolic arches 
that connect the opposite corners of the base. The graph 
of y = —0.18x* + 1.6x models the height y (in feet) of one 
of the arches x feet along the diagonal of the base. Can 

a child that is 4 feet tall walk under one of the arches 
without having to bend over? Explain. 


СО) = WORKED-OUT SOLUTIONS * - STANDARDIZED 


on p. WS1 TEST PRACTICE 


48. SCIENCE Between the months of April and September, the number y of 
hours of daylight per day in Seattle, Washington, can be modeled by 
y = —0.00046x* + 0.076x + 13 where x is the number of days since April 1. 


a. Do any of the days between April and September in Seattle have 
17 hours of daylight? If so, how many? 


b. Do any of the days between April and September in Seattle have 
14 hours of daylight? If so, how many? 


49. MULTI-STEP PROBLEM During a trampoline competition, a trampolinist 
leaves the mat when her center of gravity is 6 feet above the ground. She 
has an initial vertical velocity of 32 feet per second. 


a. Use the vertical motion model to write an equation 
that models the height h (in feet) of the center of 
gravity of the trampolinist as a function of the 
time f£ (in seconds) into her jump. 


b. Does her center of gravity reach a height of 24 feet 
during the jump? If so, at what time(s)? 


с. On another jump, the trampolinist leaves the mat 
when her center of gravity is 6 feet above the ground 
and with an initial vertical velocity of 35 feet per 
second. Does her center of gravity reach a height of 
24 feet on this jump? If so, at what time(s)? 


50. CHALLENGE Last year, a manufacturer sold backpacks for $24 each. 
At this price, the manufacturer sold about 1000 backpacks per week. 
A marketing analyst predicts that for every $1 reduction in the price of 
the backpack, the manufacturer will sell 100 more backpacks per week. 


a. Write a function that models the weekly revenue R (in dollars) that 
the manufacturer will receive for x reductions of $1 in the price of 
the backpack. 


b. Is it possible for the manufacturer to receive a weekly revenue 
of $28,000? $30,000? What is the maximum weekly revenue that 
the manufacturer can receive? Explain your answers using the 
discriminants of quadratic equations. 


: PREVIEW Graph the function. 
; Prepare for 51. y = 5x — 10 (p. 225, 52. у = Іх (p. 244 53. у= 2x — 5 (p. 244 
: Lesson 10.8 in d pol Аай ыы Y= and 
ее 54. y = 5* (р. 520) 55. у = (0.2)* (р. 531) 56. у = 6x? — 3 (p. 628) 
Solve the equation. 
57. a+ 5 = 2 (p. 134) 58. f — 6 = 13 (p. 134) 59. 4z — 3 = —7 (p. 141) 
60. 9w + 4 = —Al (p. 141) 61. 2b р — 6 = 8 (p.148) 62. 5 + 2(x — 4) = 9 (р, 148) 
Solve the equation by factoring. (р. 593) 
63. 2x° — 3x - 5 = 0 64. 4n* + 2n 6 = 0 65. 5а? + 21а +4 = 0 
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Compare Linear, Exponential, 
and Quadratic Models 


You graphed linear, exponential, and quadratic functions. 


You will compare linear, exponential, and quadratic models. 


So you can solve a problem about biology, as in Ex. 23. 


Key Vocabulary So far you have studied linear functions, exponential functions, and 
e linear function, quadratic functions. You can use these functions to model data. 
p. 217 


e exponential 
function, p. 520 


e quadratic function, +: 


KEY CONCEPT For Vour Wotebook 


Linear, Exponential, and Quadratic Functions 


p. 628 
Linear Function Exponential Function Quadratic Function 
у=тх+Ь += ab" у= ах? + рх + с 
у у у 
X 
X X 


Choose functions using sets of ordered pairs 


Use a graph to tell whether the ordered pairs represent a linear function, an 
exponential function, or a quadratic function. 


1 1 1 
а. [—4, 22) [-2, 5) (0, 5) (2, 2), (4, 8) 
b. (—4, 1), [-2, 2 (0, 3), (2, 4), (4, 5) 
с. (—4, 5), (=; 2), (0, 1), (2, 2), (4, 5) 


Solution 


а. | eA PA 
ACHT 


ХУ 


Exponential function Linear function Quadratic function 
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: ANALYZE FIRST 
: DIFFERENCES 


: The first differences 
: of a linear function are 

: constant, which is not 

: the case for quadratic 

: functions or exponential 
: functions. For instance, 

: the first differences for 

: the y-values shown for 

- y = 0.5(2)* are 

: 0.5 — 0.25 = 0.25, 

: 1— 0.5 = 0.5, and 
:2-1=1. 


»- Differences: 5 — 2 = 3 3 


DIFFERENCES AND RATIOS A table of values represents a linear function if the 
differences of successive y-values are all equal. A table of values represents an 
exponential function if the ratios of successive y-values are all equal. In both 

cases, the increments between successive x-values need to be equal. 


Linear function: у = 3x + 5 Exponential function: y = 0.5(2)* 


suu 0.5 
Ratios: 025 


| 
N 


You can use differences to tell whether a table of values represents a 
quadratic function, as shown. 


Quadratic function: y = x? — 2x + 2 


First find the differences of successive 


-———TU m" ! 
First differences: -3  —1 1 3 4" y-values, or first differences. 

Sl A NM Then find the differences of successive 
Second differences: 2 2 2 477 first differences, or second differences. 


The table of values represents a quadratic function if the second differences 
are all equal. 


[ EXAMPLE 2 | Identify functions using differences or ratios 


Use differences or ratios to tell whether the table of values represents a 
linear function, an exponential function, or a quadratic function. Extend 
the table to find the y-value for the next x-value. 


First differences: О 2 4 6 Differences: 3 3 3 3 
Second differences: 2 > \A b The table of values represents a 
linear function. When x = 3, 
» The table of values represents a у= 10 + 3 = 13. 
quadratic function. When x = 3, 
y=6+8=1. 


GUIDED PRACTICE for Examples 1 and 2 


1. Tell whether the ordered pairs represent a linear function, an exponential 
function, or a quadratic function: (0, —1.5), (1, —0.5), (2, 2.5), (3, 7.5). 


2. Tell whether the table of values represents 
a linear function, an exponential function, 
or a quadratic function. 
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WRITING АМ EQUATION When you decide that a set of ordered pairs 
represents a linear, an exponential, or a quadratic function, you can write 
an equation for the function. In this lesson, when you write an equation 
for a quadratic function, the equation will have the form y = ах“. 


| EXAMPLE 3 ] Write an equation for a function 


Tell whether the table of values represents a linear function, an exponential 
function, or a quadratic function. Then write an equation for the function. 


Solution 


STEP Y Determine which type of function the table of values represents. 


First differences: -15 —0.5 0.5 1.5 


Second differences: 1 1 1 


The table of values represents a quadratic function because the 
second differences are equal. 


STEP 2 Write an equation for the quadratic function. The equation has 
the form у = ax”. Find the value of a by using the coordinates of a 
point that lies on the graph, such as (1, 0.5). 


y= ах? Write equation for quadratic function. 
: AVOID ERRORS 
° 0000009000000009000009000000000000009 ZID Б> 0.5 = a(m? Substitute 1 for x and 0.5 for y. 
: In Example 3, do not 
: use (0, 0) to find the 0.5=a Solve for a. 


: value of a, even though mE : 
: (0, 0) lies on the graph » The equation is y = 0.5x*. 


: of y = ax?. If | 
: an We 2 el CHECK Plot the ordered pairs from the table. 
: undefined value for a. Then graph у = 0.5x^ to see that the 


graph passes through the plotted points. 


LAMA ON и 
Riis eee es 


/ ^ GUIDED PRACTICE for Example 3 


Tell whether the table of values represents a linear function, an exponential 
function, or a quadratic function. Then write an equation for the function. 
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e. Solve a multi-step problem 


: REVIEW 
: EXPONENTIAL 
: FUNCTIONS 


: For help with writing 
: an equation for an 

: exponential function, 
: see p. 520. 


CYCLING The table shows the breathing rates 

y (in liters of air per minute) of a cyclist traveling at 
different speeds x (in miles per hour). Tell whether 
the data can be modeled by a linear function, an 
exponential function, or a quadratic function. Then 
write an equation for the function. 


Solution 


STEP Y Graph the data. The graph has a slight 
curve. So, a linear function does not 
appear to model the data. 


STEP 2 Decide which function models the data. 


Breathing rate (L/min) 
= = АР 


In the table below, notice tha s = 1,11, 

63.3 _ 4 44 703 _ 444 780 _ 0 

57.1 1.11, 63.3 ы, 70.3 1.11, 0 20 22 24 x 
and 200 = 1.11. So, the ratios аге Speed of cyclist (mi/h) 


all approximately equal. An exponential 
function models the data. 


Speed of cyclist, 
x (mi/h) 2 21 22 23 24 25 


0 
Breathing rate 


‚чир 
Ratios: 1.11 1.11 1.11 1.11 1.11 


STEP 3 Write an equation for the exponential function. The breathing rate 
increases by a factor of 1.11 liters per minute, so b = 1.11. Find the 
value of a by using one of the data pairs, such as (20, 51.4). 


y = ab* Write equation for exponential function. 


51.4 — a(1.11)?9 Substitute 1.11 for b, 20 for x, and 51.4 for y. 


а = q Solve for а. 
(1.11) 


6.38 = a Use a calculator. 


> The equation is y = 6.38(1.11)*. 


r4 GUIDED PRACTICE | for Example 4 


5. In Example 4, suppose the cyclist is traveling at 15 miles per hour. 
Find the breathing rate of the cyclist at this speed. 
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10.8 EXERCISES 


HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
on p. WS25 for Exs. 7, 13, and 25 


: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 18, 26, and 27 


| os = MULTIPLE REPRESENTATIONS 


KEY : 


Ex. 25 


- SKILL PRACTICE 


: EXAMPLE 1 


: on p.684 | 
: for Exs. 3-11 


: EXAMPLES 


: on p. 685-686 _ 
: for Exs. 12—19 


1. VOCABULARY Copy and complete: A function that is of the form 
y-ab'isa(n) ? . 


2. ж WRITING Describe how you can tell whether a table of values 
represents a quadratic function. 


| MATCHING Match the function with the graph that the function represents. 


3. Linear function 4. Exponential function 5. Quadratic function 


pt tet tt SN 
ENEEFWEEN 
LLL LLL 
|| ]]/ [a 
ptt tT tT а 
BENEERERE 
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USING A GRAPH Use a graph to tell whether the ordered pairs represent a 
linear function, an exponential function, or a quadratic function. 


& (4, - 122 50), (0; 1), (2, D, (4, —7) Ejes, —1), (-3, 0), (1, 1), (1, 2), (3, 3) 


в. (-1,2)(0,2) a, D, 2, 4), (3, 16) 9. (1,8), 0,2), (3, £}, (5,1) (7. 2) 


10. (—4, —4), (-2, —3.5), (0, —3), (2, —2.5) 11. (—1, 0.5), (0, —0.5), (1, 0.5), (2, 3.5) 
USING DIFFERENCES AND RATIOS Tell whether the table of values represents 

a linear function, an exponential function, or a quadratic function. Then 

write an equation for the function. 


18. Ж MULTIPLE CHOICE Which function is represented by the following 
ordered pairs: (—1, 4), (0, 0), (1, 4), (2, 16), (3, 36)? 


QD у= 0.25x* (В) у=4* © у= ах D у= 4х 


Chapter 10 Quadratic Equations and Functions 


19. ERROR ANALYSIS Describe and correct the error in writing an equation 
for the function represented by the ordered pairs. 


(0, 0), (1, 2.5), (2, 10), (3, 22.5), (4, 40) 


The ordered pairs represent a 
quadratic function. 


у = ах“ 


First differences: 2.5 75 12.5 17.5 2 = a(10)? X 


MC ou 0.02=a 


Second differences: 5 5 


So, the equation is y = 0.02x!. 


20. REASONING Use the graph shown. 


a. Tell whether the graph represents an 
exponential function or a quadratic function 
by looking at the graph. 


b. Make a table of values for the points on the 
graph. Then use differences or ratios to check 
your answer in part (a). 


c. Write an equation for the function that the table 
of values from part (b) represents. 


21. Œ GEOMETRY The table shows the area A (in square centimeters) of an 
equilateral triangle for various side lengths s (in centimeters). Write an 
equation for the function that the table of values represents. Then find 
the area of an equilateral triangle that has a side length of 10 centimeters. 


Side length, s (cm) 


Area, A (cm?) 0.2 


22. CHALLENGE In the ordered pairs below, the y-values are given in terms 
of m. Tell whether the ordered pairs represent a linear function, an 
exponential function, or a quadratic function. 


(1, 3m — 1), (2, 10m + 2), (3, 26m), (4, 51m — 7), (5, 85m — 19) 


_ PROBLEM SOLVING 


: EXAMPLE 4 | 23. LIZARDS The table shows the body temperature B (in degrees 


: on p. 687 Celsius) of a desert spiny lizard at various air temperatures A 
: for EXS. 23-25 (in degrees Celsius). Tell whether the data can be modeled 
by a linear function, an exponential function, or a quadratic 
function. Then write an equation for the function. 


E | 
Esnd 


Body temperature, B (?C) 33.44 33.78 34.12 34.46 3480 |e 


жм Г? Tt is А 

) ] 4 д rrT 9" 

Homelutor 
= LL q "WA or 
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24. NAUTILUS A chambered nautilus is a marine animal that 
lives in the outermost chamber of its shell. When the nautilus 
outgrows a chamber, it adds a new, larger chamber to its 
shell. The table shows the volumes (in cubic centimeters) 
of consecutive chambers of a nautilus. Tell whether the 
data can be modeled by a linear function, an exponential 

T 


function, or a quadratic function. Then write an equation Р» 


for the function. | 
Chamber 1 | 2 | 3 | 4 | 5 — 
І ^ 0:945 - 1.005 1.068 1.135 


for problem solving help at classzone.com 
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e MULTIPLE REPRESENTATIONS In 1970, the populations of Troy and 
Union were each 3000. From 1970 to 2010, the population of Troy doubled 
every decade. The population of Union increased by 3000 every decade. 
For each town, consider the set of data pairs (л, P) where n is the number 
of decades since 1970 and P is the population. 


a. Describing in Words Tell whether the data for each town can be 
modeled by a linear function, an exponential function, or a quadratic 
function. Explain your reasoning. 


b. Making a Table Make a table for each town. Use the tables to justify 
your answers in part (a). 


c. Writing a Model For each town, do the following: Write an equation 
for the function that models the data. Suppose that the growth 
pattern continues. Predict the population in 2030. 


26. * MULTIPLE CHOICE The table shows the cost of a custom circular rug 
for various diameters (in feet). What is the approximate cost of a custom 
circular rug that has a diameter of 8 feet? 


_Diameter(f) | 2 з | 4 | 5 | 6. 


Cost (dollars) 28.40 63.90 113.60 177.50 255.60 


СА) $333.70 $411.80 (С) $454.40 (D> $908.80 


27. Ж EXTENDED RESPONSE The time it takes for a clock's pendulum 
to swing from one side to the other and back again, as shown in the 
back view of the clock, is called the pendulum's period. The table 
shows the period t (in seconds) of a pendulum of length / (in feet). 


a. Model Tell whether the data can be modeled by a linear 
function, an exponential function, or a quadratic function. 
Then write an equation for the function. 


b. Apply Find the length of a pendulum that has a period of 0.5 second. 


c. Analyze How does decreasing the length of the pendulum by 5096 
change the period? Justify your answer using several examples. 


(С) = WORKED-OUT SOLUTIONS * - STANDARDIZED ф = MULTIPLE 
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28. CHALLENGE The table shows the height h (in feet) that a pole vaulter’s 
center of gravity reaches for various running speeds s (in feet per 
second) at the moment the pole vaulter launches himself into the air. 


Running speed, 
5 (ft/sec) 


Height of center 
of gravity, h (ft) 


a. A pole vaulter is running at 315 feet per second when he launches 


himself into the air. Find the height that the pole vaulter’s center of 
gravity reaches. 


b. Find the speed at which the pole vaulter needs to be running when 
he launches himself into the air in order for his center of gravity to 
reach a height of 19 feet. Round your answer to the nearest foot per 
second. 


MIXED REVIEW 


: PREVIEW 


: Prepare for 
: Lesson 11.1 in 
: Exs. 29-43. 


Approximate the square root to the nearest integer. (p. 110) 


29. V32 30. V45 31. -V10 

32. —V60 33. —V79 34. V57 
Graph the function. Compare the graph with the graph of f(x) = x. (p. 262) 
35. g(x) =x-— 4 36. g(x) =x +1 37. g(x) = 8x 
38. g(x) = -x 39. g(x) = ax 40. g(x) = E 


Graph the function. Compare the graph with the graph of y = x^. (p. 628) 


41. y = 7x* 42. y — e 43. y= 2x7 + З 


- QUIZ for Lessons 10.7-10.8 


Tell whether the equation has two solutions, one solution, or no solution. (p. 678) 


l x7 +x+5=0 2. 5x*+4x-1=0 


Find the number of x-intercepts of the graph of the function. (p. 678) 
3. y= -3x^ + Ax — 2 4. у= 5х2 t Ax +9 


Tell whether the table of values represents a linear function, an exponential 
function, or a quadratic function. Then write an equation for the function. 


(p. 684) 
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Ul 


\ aa “Г WET 
| Е Г "ча VA | 
qu A L iu | | 1 3 ү Use after Lesson 10.8 


10.8 Perform Regressions 


How can you use a graphing calculator to find models for data? 


On page 335, you used a graphing calculator to perform linear regression on 
data to find a linear model for the data. A graphing calculator can also be 
used to perform exponential regression and quadratic regression. 


[ EXAMPLE 1 ] Use exponential regression to find a model 


The table shows the sales (in millions of | | | 

dollars) of organic milk, organic half i 
and half, and organic cream in the U.S. Sales (millions 

each year for the period 1996-2000. of dollars) 

Find an exponential model for the data. 

Enter data Make scatter plot 

Enter the data into two lists. Make a scatter plot of the data. Notice that 


Let x = 0 represent 1996. the points show an exponential trend. 


L2(4)=104 


STEP 3| Perform regression 4| Check model 
Use the exponential regression feature to mm how well the model fits the data by 
obtain the model у= 17.5(1.6)*. graphing the model and the data. 


ExpReg 
y-a*b^x 
a=17.50630541 
|| b=1.595405191 
| r2=.9855757858 
| (| r=.9927616964 


| PRACTICE 


1. The table shows the value of a car over time. Find an exponential model 
for the data. Use the model to estimate the value of the car after 7 years. 


Age of car (years) | 


| Value (dollars) 
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(EXAMPLE 2 ] Use quadratic regression to find a model 


The table shows the number of subscribers to the first U.S. digital satellite radio 
service for various months after its launch. Find a TRE model for the data. 


Months after 9 
launch 
Subscribers 31,000 76,000 135,500 ans 500 | 360,000 
STEP 1| Make scatter plot [STEP 2] Perform regression [STEP 3] Check model 
Enter the data into two lists and Use sera quadratic regression ere how well the model fits the 
make a scatter plot. Notice the feature to obtain the model data by graphing the model and 
quadratic trend in the data. y = 1440x* + 1010x + 8000. the data. 


|! QuadReg 
y-ax2*bx-*c 
a=1436.507937 
b=1009.52381 
c=8000 
R2=.9879946006 


PRACTICE 


2. The table shows the maximum weight that can be supported by a 16 foot floor 
beam of different depths. Find a quadratic model for the data. 


Depth (inches) | 


Weight (pounds) 389 586 | 838 


DRAW CONCLUSIONS 


3. The table shows the temperature (in degrees Fahrenheit) of a cup of hot 
chocolate over time. Find an exponential model and a quadratic model 
for the data. Make a scatter plot of the data and graph both models. 
Which model fits the data better? Explain. 


4. DATA COLLECTION For this exercise, you will need a collection of pennies. 
Use a compass to draw 7 or 8 circles with diameters d ranging in size 
from 8 centimeters to 20 centimeters. Count the number n of pennies 
you need to (a) surround each circle completely and (b) cover each circle 
completely. For each set of ordered pairs (d, n), find a linear model, an 
exponential model, and a quadratic model, and tell which model fits the 
data best. 
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MIXED REVIEW o of Problem Solving L STATE TEST PRACTICE 
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Lessons 10.5-10.8 


1. MULTI-STEP PROBLEM Different masses 5. SHORT RESPONSE For the period 


(in kilograms) are hung from a spring. The 
distances (in centimeters) that the spring 
stretches are shown in the table. 


Mass Distance 
(kilograms) (centimeters) 
1 2.6 
2 5.2 
3 7.8 
4 10.4 
5 13.0 


a. Tell whether the data can be modeled by a 
linear function, an exponential function, or 
a quadratic function. 


b. Write an equation for the function. 


. MULTI-STEP PROBLEM In slow-pitch softball, 
the ball is pitched in an underhand motion. 
A batter in a softball game is pitched a ball 
that has an initial height of 2 feet above the 
ground and an initial vertical velocity of 

35 feet per second. 


a. Write an equation for the height h (in feet) 
of the ball as a function of the time 
t (in seconds) after it is pitched. 


b. The batter hits the ball when it is 2.5 feet 
above the ground. How long after the 
ball is pitched is the ball hit? Round your 
answer to the nearest tenth of a second. 


. SHORT RESPONSE Part of a cheerleading 
routine involves throwing a flyer straight 

up into the air and catching her on the way 
down. The flyer begins this stunt with her 
center of gravity 4.5 feet above the ground, 
and she is thrown with an initial vertical 
velocity of 30 feet per second. Will her center 
of gravity reach a height of 20 feet? Explain. 


. OPEN-ENDED In Exercise 3, suppose the flyer 
wants to have her center of gravity reach a 
height of at least 25 feet above the ground. 
Give an initial vertical velocity that will 
accomplish this. Use the discriminant to 
show that your answer is correct. 
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1990-2000, the sales y (in billions of dollars) 
of computers, computer accessories, and 
computer software can be modeled by the 
function y = —0.05x^ + 2.2x + 7 where x is 
the number of years since 1990. 


a. Use the discriminant to determine the 
number of values of x that correspond 
to y — 24. 


b. Were there any years during the 
period 1990-2000 in which the sales 
reached 24 billion dollars? Explain. 


. GRIDDED ANSWER The trapezoid below 


has an area of 54 square inches. What is the 
value of x? 


(x + 3) in. 
(x + 1) in. 


2x in. 


. SHORT RESPONSE You have 24 feet of fencing 


that you are using to make a rectangular 
dog pen. You want the dog pen to enclose 
150 square feet. Is it possible for the 24 feet 
of fencing to enclose a rectangular area of 
150 square feet? Explain. 


. EXTENDED RESPONSE You are making a tiled 


tabletop with a uniform mosaic tile border 
as shown. 


EE 


| Bin 
—] 


| déin _ 


a. Write ап equation for the area А (in square 
inches) of the border. 


b. You have enough mosaic tiles to cover 
130 square inches. What should the width 
of the border be? Round your answer to 
the nearest inch. 


c. Explain why you could ignore one of the 
values of x in part (b). 
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BIG IDEAS For Your Notebook 


Graphing Quadratic Functions 


Big 
You can use the properties below to graph any quadratic function. 

The graph of у = ах? + bx + cis a parabola that: 

e opens up if a> 0 and opens down if a<0. у= ах? + bx+c,a>0 


e is narrower than the graph of y = x’ if 
|a| > 1 and wider if |а| <1. 


e has an axis of symmetry of x = -2. 


e has а vertex with an x-coordinate of 22, 


e has a y-intercept of с. So, the point (0, с) is 
on the parabola. 


Big Solving Quadratic Equations 


———— FT Y 7 7 
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You can use the following methods to solve a quadratic equation. Sometimes 
it is easier to use one method instead of another. 


Method | Lesson When to use 


Graphing 10.3 Use when approximate solutions are 
adequate. 


Finding square roots 10.4 Use when solving an equation that can 


be written in the form x? = d. 


Completing the square 10.5 Can be used for any quadratic equation 
y = ax* + bx + c but is simplest to apply 
when a = 1 and bis an even number. 


Quadratic formula | 10.6 Can be used for any quadratic equation 


Big Comparing Linear, Exponential, and Quadratic Models 


You can use linear, exponential, and quadratic functions to model data. 


Function Example x- and y-values 


Linear If the increments between successive 
x-values are equal, the differences of 
successive y-values are all equal. 


Exponential If the increments between successive 
x-values are equal, the ratios of successive 
y-values are all equal. 


Quadratic у = х^ – 4х + 6 | Ifthe increments between successive 
x-values are equal, the differences of 
successive first differences of y-values are 
all equal. 
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HAPTER REVIEW @Homelutor 
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* Multi-Language Glossary 

REVIEW KEY VOCABULARY — 

• quadratic function, р. 628 • minimum value, р. 636 * completing the square, p. 663 

e standard form of a quadratic • maximum value, p. 636 e vertex form of a quadratic 

function, p. 628 - intercept form of a quadratic function, p. 669 

* parabola, p. 628 function, p. 641 e quadratic formula, p. 671 

* parent quadratic function, р. 628 • quadratic equation, p. 643 * discriminant, p. 678 

e vertex of a parabola, p. 628 • standard form of a quadratic 


* axis of symmetry, p. 628 equation, p. 643 


VOCABULARY EXERCISES 


1. Copy and complete: The line that passes through the vertex and divides a 
parabola into two symmetric parts is called the. * . 


Tell whether the function has a minimum value or a maximum value. 


2. f(x) = 5x* — 4x 3. f(x) = —x^ + 6x + 2 4. f(x) = 0.3x^ — 7.7х + 1.8 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding 
of the concepts you have learned in each lesson of Chapter 10. 


Graph у = ax? + с pp. 628-634 


Graph у = —x? + 3. Compare the graph with the graph of y = х2. 


Make a table of values for y = —x* + 3. Then plot the points 
from the table and draw a smooth curve through the points. 


|| he 
= Г 
IATA | 


_ Both graphs have the same axis of symmetry, x = 0. 

- However, the graph of у = —x* + З has a different vertex 
than the graph of у = x^, and it opens down. This is because 
the graph of y = —x* + 3 is a vertical translation (of 3 units 
up) and a reflection in the x-axis of the graph of y = х? 


a KLAN ы 
NOTO tty fe 


: EXAMPLES EXERCISES 


: 1, 2, and 4 + Graph the function. Compare the graph with the graph of y = x’. 
: on pp. 628-630 
: for Exs. 5-7 5. y= —4xó 6. y= e 7. y =2x*- 1 
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Graph y = ax? + bx + с pp. 635-640 
Graph y = -x° + 2x+ 1. 


STEP 7 Determine whether the parabola opens up or down. Because а < 0, the 
parabola opens down. 


STEP 2 Find and draw the axis of symmetry: 


b 2 


са шеп 


X = 


STEP 3 Find and plot the vertex. The x-coordinate 
of the vertex is 2, or 1. The y-coordinate 
of the vertex is y = —(1)* + 2(1) + 1 = 2. 


STEP 4 Plot four more points. Evaluating the 
function for x = 0 and x = —1 gives the (=. ay | | 19-2 | 


points (0, 1) and (—1, —2). Plot these ERTES 
points and their reflections in the axis o | kil 
of symmetry. | iyi y | | IN | 


$ТЕР 5 Draw a parabola through the plotted points. 


| EXERCISES 

: we SE re Graph the function. Label the vertex and axis of symmetry. 

: for Exs. 8-10 8. у=х+4х+1 9. у= 25? – 4х – З 10. y= —2x7 + 8х + 5 
ЦД Solve Quadratic Equations by Graphing p. 643-649 


Solve x^ — 7x = —12 by graphing. 


STEP? Write the equation in standard form. 
x^ — 7x = —12 Write original equation. 
x°—7x+12=0 Add 12 to each side. 


STEP 2 Graph the related function y = x^ — 7x + 12. 
The x-intercepts of the graph are 3 and 4. 


> The solutions of the equation x^ — 7x + 12 = 0 are 
3 and 4. 


: EXAMPLES EXERCISES 


¡12 and3 Solve the equation by graphing. 
: on pp. 643-644 9 2 2 
: for Exs. 11—13 11. 4AxX^- x - 3-0 12. x° + 2x = —1 13. —x° + 8 = 7x 
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CHAPTER REVIEW 


Use Square Roots to Solve Quadratic Equations pp. 652-658 


Solve 5(x — 6)? = 30. Round the solutions to the nearest hundredth. 


> 6) = 30 Write original equation. 
De 6)? = 6 Divide each side by 5. 
x-6=+V6 Take square roots of each side. 


x=6+V6 Add 6 to each side. 
> The solutions of the equation are 6 + V6 ~ 8.45 and 6 — V6 ~ 3.55. 


CHECK To check the solutions, first rewrite the | — 
equation so that 0 is on the one side as | 
follows: 5(x — 6)? — 30 = 0. Then graph 
the related function y = 5(x — 6)? — 30. 

The x-intercepts are about 8.4 and | 3.5 8.4 | 
about 3.5. So, each solution checks. 


EXERCISES 
Solve the equation. Round your solutions to the nearest hundredth, 
: EXAMPLES if necessary. 
fa — 14. 6x2 — 54 =0 15. 3х2 +7= 4 16. 22+ 11 = 24 
: On p. 652-654 
: for Exs. 14-19 17. тп? + 5 = 9 18. 2(a + 7)? = 34 19. З(ш – 4)? = 5 


Solve Quadratic Equations by Completing the Square рр. 663-668 


Solve 3x? + 12x = 18 by completing the square. 


3x* + 12x = 18 Write original equation. 
x°+4x=6 Divide each side by 3. 
x°+4x+2*=6+4 22 Add (27, or 2?, to each side. 
(x + 2)? = 10 Write left side as the square of a binomial. 
x+2=+V10 Take square roots of each side. 


xc —2:5 VIO Subtract 2 from each side. 
> The solutions of the equation are —2 + V10 = 1.16 and —2 — V10 = —5.16. 
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: EXAMPLES 


: опр. 664 
: for Exs. 20-23 


: EXAMPLES 
: 1, 2, and 3 


: on p. 671-672 
: for Exs. 24—30 


10.6 Solve quations by the Quadratic Formula 


@Homelutor 
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Chapter Review Practice 


EXERCISES 


Solve the equation by completing the square. Round your solutions to the 
nearest hundredth, if necessary. 


20. х^— 14x = 51 21. 2а? + 12a-4=0 
22. 2n? + 4n+1=10n+9 23. 5g? — 3g+ 6 = 2g? +9 


pp. 671-676 | 


Solve 4x7 + 3x = 1. 


Ax? + Зх = 1 Write original equation. 
Ax? + 3x-1=0 Write in standard form. 
2 V p? — 
x= BA Quadratic formula 
—3 + V32 — 4(4)(-1) Substitute values in the quadratic formula: 
= зар Т а= 4, b = 3, and с = -1. 
= ESI Simplify. 
= c3 = З Simplify the square root. 
» The solutions of the equation are E = I and E 2=-1, 
CHECK You can check the solutions in the original equation. 
=l —[r 
If x — rt If x 1: 
4x? + Зх = 1 Ax’ + Зх = 1 
1}? l|? _1)2 a d 
a(t) ЕНЕ A(-D? + 3(-1) 21 
1=1Y l=lv 
EXERCISES 


Use the quadratic formula to solve the equation. Round your solutions to 
the nearest hundredth, if necessary. 


24. х? —2x — 15 = 0 25. 2m^ + 7m - 3 = 0 26. -w° + 5ш = З 
27. 5n — 7a = —1 28. 12 – 4 = 61 + 8 29. 2h – 1 = 10 – 9h* 
30. The area A of the rectangle shown is 500 square meters. 


Find the value of x. Then give the dimensions of the (2x + 6) m 
rectangle. 


(4x — 3) m 
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CHAPTER REVIEW 


10.7 Interpret the Discriminant pp. 678-683 | 


Equation Discriminant Number of 
ax? + bx+c=0 b* — 4ac solutions 
а. —16x° + 8x —1=0 82 — 4(—16)(—1) = 0 One solution 
b. 4x^ — 5x +2=0 (—5)? — 4(4)(2) = —7 No solution 
c. X + 3х = 0 3? — 4(1)(0) = 9 Two solutions 
EXERCISES 
: EXAMPLES Tell whether the equation has two solutions, one solution, or no solution. 
: 1 and 2 
„анча EA " M = = A _— 1 — 
i On pp. 678-679 31. X^ —2x - 2-0 32. 4р? + 12g - 9-0 33. 5ш – 40 —1-0 
К tor Exa 91-99 | g4, av? – 6 = 0 35. n^ — Зп = 4 — 2n* 36. 242 + 1 = 39 – 5 


10.8 Compare Linear, Exponential, and Quadratic Models pp. 684-691 | 


Use differences or ratios to tell whether the table of values represents 
a linear function, an exponential function, or a quadratic function. 


a. b. 
Differences: -2 -2 -2 First differences: 1 AA 
Second differences: -2  -—2 
» The table of values represents a > The table of values represents a 
linear function. quadratic function. 


EXERCISES 


Tell whether the table of values represents a linear function, an exponential 
: for Exs. 37-38 | function, or a quadratic function. 


: EXAMPLE 2 
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CHAPTER TEST 


Match the quadratic function with its graph. 
1. у= х2 – 2 2. у= х? + 2 


QUEE NEZE NEN 
LL NL Лү 
A IN | YI || 
ANA || 


al 
ett LIT ILI 
Pit tweet tle 


Graph the function. Label the vertex and axis of symmetry. 


4. y -2x^ + 6х – 5 5. у= —4x* — 8х + 25 6. y--x^—x-7 


Approximate the zeros of the function to the nearest tenth. 


7. f) =x°4+5x4+1 8. fx) = х? – 8х + З 9. f(x) = -3x^ – 2х + 5 


Solve the equation. Round your solutions to the nearest hundredth, if 


necessary. 
10. 3x* = 108 11. —5w*+51=6 12. -p?+2p+3=0 
13. —2 + 6t+9=0 14. 5т? ^m = 5 15. 2x? — 12x — 1 = —7x + 6 


Tell whether the equation has two solutions, one solution, or no solution. 
16. 3х2 — 4x + 9-0 17. 4g? — 12g + 11=0 18. —2n? + тп – 1 = 0 
19. -m° — 17m = 0 20. —6x-x-5=0 21. 10x^ — 13 = 0 


Tell whether the table of values represents а linear function, an 
exponential function, or a quadratic function. Then write an equation for 
the function. 


оков о тот 2 7 x а 0 а втш 
ул 8 2 о 2 в ит 2 зав 
24. TENNIS You are playing tennis with a friend. The path of the tennis 
ball after you hit the ball can be modeled by the graph of the equation 
y = —0.005x* + 0.17x + 3 where x is the horizontal distance (in feet) 


from where you hit the ball and y is the height of the ball (in feet) 
above the court. 


a. What is the maximum height reached by the tennis ball? Round your 
answer to the nearest tenth of a foot. 


b. Suppose you are standing 30 feet from the net, which has a height of 
3 feet. Will the ball clear the net? Explain your reasoning. 


с. Ifyour friend does not hit the ball back to you, how far from you 
does the ball strike the ground? 
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Scoring Rubric 
Full Credit 


• solution is complete PROBLEM _ 
and correct — 


Partial Credit 

• solution is complete 
but errors are made, 

or 

• solution is without 
error but incomplete 


No Credit 

* no solution is given, 

or 

e solution makes no 
sense 


————— > 
The correct equation is 


given. 


ccc ccccccccccccccccccccccccccccce [> 
The correct equation is 


given, and the answer 
that makes sense is 
given. 


ооооооооововоооооооовоооооооооововов р> 
The answer is correct, 


and it includes an 
explanation. 


EXTENDED RESPONSE QUESTIONS 


A skateboarder in a half pipe 
launches himself from the half pipe, 
performs a trick in the air, and lands 
back in the half pipe. The top of the 
half pipe is 12 feet above the base of 
the half pipe as shown. 


а. 


а. 


During his first run, the skateboarder leaves the half pipe with an 
initial vertical velocity of 17 feet per second. Write an equation that 
models the height h (in feet) of a skateboarder as a function of the 
time f£ (in seconds) after leaving the half pipe. 


. How long is the skateboarder in the air if he lands 5 feet above the 


base of the half pipe? Round your answer to the nearest hundredth 
of a second. 


. During his second run, the skateboarder leaves the half pipe with an 


initial vertical velocity that is greater than his initial vertical velocity 
during his first run. He again lands 5 feet above the base of the half 
pipe. During which run is his time spent in the air greater? Explain. 


Below are sample solutions to the problem. Read each solution and the 
comments on the left to see why the sample represents full credit, partial 
credit, or no credit. 


SAMPLE 1: Full credit solution 


h = =16г + 171 + 12 


b. 5 = —16f + 17t + 12 


0 = —16É + 17t+7 


_ -17 + V17? — 4(-16)(7) 


t = СҮ = —0.32 or 1.38 


The skateboarder is in the air for about 1.38 seconds. 


5 = —16f7 + 18t + 12 5 = —-16 + 20t + 12 

0 = —16f? + 18t +7 0 = -16f + 20t + 7 

EA IO EN 
2(—16) 2(-16) 


t =-ў$1 or t~ 143 t ~ —)69 or t~ 1.54 


The examples above show that the time the skateboarder spends in the 
air increases as the initial vertical velocity increases and the landing 
height remains constant. So, the skateboarder spends more time in the 
air during his second run. 
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SAMPLE 2: Partial credit solution 


/—————— > a h=-16 + 17t + 12 
The correct equation is 


given. b. 0= –16 + 17t - 7 
E 172 = A(— 

———————— р> [ = —17 + \ 17° - 4(—16)(7) = —1.38 or 0.32 
In parts (b) and (c), the 2(—16) 
reasoning is correct The skateboarder is in the air for about 0.32 second. 
but errors are made in 2 
calculating the values с. 0— —l6f + 19t + 7 
of t. So, the answers are 1/1 02 

í =19 = VIS-—4(0—16)07 
incorrect. і = ee = —1.48 or 0.3 


With an initial vertical velocity of 19 feet per second, the skateboarder 
is in the air for about 0.3 second, which is less than 0.32 second. So, the 
skateboarder spends more time in the air during his first run. 


SAMPLE 3: No credit solution 


————— E > а. h= —16 + 12t + 17 
The equation is incorrect. 
b. 0 = –16 + 12t + 17 


= EA 
p= == TA орат 


In parts (b) and (c), the 2(—16) 
incorrect equations аге c. 0=-—16 + 15t + 17 
solved, and no answers - 152416007) 
аге given. Puede mes лз 
t 2(—16) 0.66 or 1.6 


PRACTICE Apply Scoring Rubric 


1. A students solution to the problem on the previous page is given below. 
Score the solution as full credit, partial credit, or no credit. Explain your 
reasoning. If you choose partial credit от no credit, explain how you would 
change the solution so that it earns a score of full credit. 


a. h = —16t? + 17t + 12 
b. O = -16t? + 17 +7 


_ -17 + ү172 — 4(—16)(7) . 
The skateboarder is in the air for about 0.32 second. 


с. A greater initial vertical velocity means that the skateboarder will go 
higher. This means that he will be in the air longer. So, the skateboarder 
will be in the air longer during his second run. 
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EXTENDED RESPONSE 


1. A community garden is being planned in the town-owned 


field behind the housing development where you live. The шаа 
rectangular garden will border the development and extend 20x ft 
into the field. Each household that joins the project will have Garden (x + 10) ft 


a rectangular plot that is 20 feet wide. The town has already 
permitted the plots to extend 10 feet into the field, and 
promised another foot for every household that reserves a plot. 


a. Write an equation that gives the area A (in square feet) of the 
community garden as a function of the number x of households that 
reserve a plot. 


b. The housing association decides that the entire area of the garden 
cannot exceed 4000 square feet. What is the maximum number of plots 
there can be? Explain. 


c. The maximum number of plots is used. One of the residents decides to 
plant a uniform border of wildflowers around all four sides of her plot. 
She has enough wildflower seeds to cover 111 square feet. How wide 
should the border be? Explain. 


2. During a water-polo practice, a player positioned directly in front of the 
goal throws the ball at the goal. The ball follows a parabolic path that can 
be modeled by the graph of the equation y = —0.018x* + 0.25x + 0.7 where 
yis the height (in feet) of the ball above the surface of the water x feet from 
the player. 


a. What is the maximum height of the ball to the nearest tenth of a foot? 


b. The ball goes into the goal. The goal is bounded by the surface of the 
water and a crossbar that is 3 feet high above the surface of the water. 
Give a possible distance that the player is from the goal. Explain. 


c. Describe all possible distances that the player can be from the goal in 
order for the ball to go into the goal. Explain. 


3. Afarm machine called a planter plants multiple rows of seeds while 
being pulled by a tractor. Planters can be purchased in various sizes. The 
operation costs of a 6 row, 8 row, 12 row, 16 row, and 24 row planter are 
analyzed. The operation cost y (in dollars per acre) for a planter that plants 
x rows at once for two different sizes of fields is shown in the table. 


a. Which planter costs the least m бреганоп теи 
per acre to operate for planting planted (dollars per acre), y 
400 acres? : " 

b. Which planter costs the least € po T RT 
per acre to operate for planting y = 0.062x? — 1.6x + 20 
800 acres? 


c. Afarmer who is planting 800 acres uses the planter that costs the least 
per acre to operate. The operation cost function takes into account 
that a tractor operator is paid $.82 per acre to drive the tractor pulling 
the planter. The farmer drives the tractor, so he doesn't have to pay for 
labor. Does his planter still cost the least per acre to operate? Explain. 
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MULTIPLE CHOICE 


4. How would the graph of the function 
y = —3x* + 6 be affected if the function were 
changed to у= —3x* — 1? 


СА) The graph would shift 5 units up. 
The graph would shift 5 units down. 
СС) The graph would shift 7 units up. 
(D> The graph would shift 7 units down. 


5. A volleyball player serves the ball from a 
height of 6.5 feet above the ground with an 
initial vertical velocity of 21 feet per second. 
Which function models the height h (in feet) 
of the ball t seconds after it is served? 


| 7 ) ЅТАТЕ ТЕЅТ РВАСТІСЕ 
A dasszone.com 


GRIDDED ANSWER 


6. The value of the discriminant of the 


equation 7x* — 8x + c = 6 is —20. What is the 
value of c? 


. The area of the rectangle below is 170 square 


meters. What is the value of x? 


(x + 4)m 


(3x — 1) m 


‚ Across section of the glass lamp shade below 


can be modeled by the graph of the equation 
y = —0.625x* + 5x where x and y are 
measured in inches. How tall (in inches) is 


Ф) h=21t-2+65 the shade? 


h = -16 + 6.5 
(С) h= 161 + 21t 4 6.5 
D h=6.5+ 211 — 16 


y= —0.625x2 + 5x 


SHORT RESPONSE 


9. From January to May in 2003, the monthly snowfall y (in inches) recorded 
at the observatory at Mount Washington in New Hampshire can be 
modeled by the function y = —5.34x* + 17.4x + 21.2 where x is the number 
of months since January. Did the greatest monthly snowfall during the 
given time period occur in January? Explain. 


10. You throw a tennis ball upward from a height of 4 feet with an initial 
vertical velocity of 36 feet per second. 


a. Write an equation that models the height h (in feet) of the tennis ball as 
a function of the time f (in seconds) after it is thrown. 


b. Does the ball reach a height of 30 feet? Explain. 


11. A band wants to have customized stickers printed. The table shows the 
cost y (in dollars) for x customized stickers. 


3000 | 4000 
279 | 319 


| Stickers, х | 1000 | 2000 
Cost (dollars), y | 199 239 


a. Tell whether the data can be modeled by a linear function, an 
exponential function, or a quadratic function. Then write an equation 
for the function. 


b. If the number of stickers printed is doubled, does the price double? 
Explain. 
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CUMULATIVE REVIEW 


Evaluate the expression for the given value of x. (p. 64) 


1. —|x| +9 when x = —6 2. |-x| + 2.6 when x = 2 3. 07 — |x| when x = -0.5 
Solve the equation. 
4. 5 — 2а = 13 (p. 141) 5. 13y + 16 — у= 4 (p. 148) 6. —(w+ 1) = ш + 3 (р. 154) 


Graph the equation. (рр. 215, 225, 244, 253) 
7. х= —6 8. y - —3x 9. y — 6.5x 10. у= 3x — 8 


11. у= —3x * 9 12. y - x - 8 13. 2y - x=2 14. 2x + 5y = —40 


Write an equation of the line that passes through the given point and is 
perpendicular to the given line. (p. 319) 


15. (0,3, y= —5x +2 16. (2, 2), y= -x-7 17. (8, 3), y = ix +2 
Solve the inequality. Then graph the solution. 

18. m — 8 < —15 (p. 356) 19. з > 12 (р. 363) 20. 1 — 4n < —11 (p. 369) 
21. 5b — 7 € ?b — 5 (p. 369) 22. 12< 2 + 9 € 16 (p. 380) 23. 4x 2c + 7 € 21 (p. 380) 


Solve the linear system. (pp. 427, 435, 444, 451, 459) 


24. у= 5x — 4 25. x — 4y = —44 26. —Ax + 7y = —33 

—4Ax + y = -2 —3x + 12y = 132 —3x + 2y = —15 
Simplify the expression. 

4 
27. (—97)3 (p. 489) 28. (2р®)3. p’ (p. 489) 29. (p. 495) 
X 

Graph the function. 
30. y = (2.5)* (p. 520) 31. y = (0.8)* (p. 531) 32. y- 1- ni (p. 531) 
Find the sum or difference. (p. 554) 
33. (x^ — 3x + 8) + (-2x* + 15x + 4) 34. (bm? — 6) — (8m? + т? — 2m + 11) 
Find the product. 
35. (z + 9)(2z — 7) (p. 562) 36. (5b — 2)(8b — 7) (p. 562) 
37. (q + 2)(-3q * + 6q — 1) (p. 562) 38. (7 + y)? (p. 569) 
39. (2k — 11) (p. 569) 40. (12w — 5)(12w + 5) (p. 569) 
Factor the expression. 
4l. x^ + 6x — 72 (p. 583) 42. 2m* — 5mn — Зп? (p. 593) 
43. 254° + 60d + 36 (p. 600) 44. —2a* + 50b* (p. 600) 
45. z^(z — 6) + 4(6 — 2) (p. 606) 46. y? + 8y” — 9y — 72 (p. 606) 


Cumulative Review: Chapters 1—10 


Graph the function. Label the vertex and axis of symmetry. (р. 635) 


47. y =x*-4x+1 48. y = 3х? + 6х +4 49. у= —х^— 4x + 10 


Solve the equation. Round your solutions to the nearest hundredth, if 
necessary. (pp. 643, 652, 663, 671) 


50. 5x^ = 720 51. —x? + 12 = 1 52. х? + 6x — 13 = 0 
53. —2x^ + 7x 320 54. 4х2 – 9х = 9 55. —7x° + 7x +3 = 4х 1 


56. SPORTS Тһе Pan American Games is a sports event that is held every 
four years. Athletes from countries in North America, Central America, 
and South America compete in the games. The table shows the number c 
of countries that participated in each Pan American Games as a function 
of the time t (in years) since 1951. Graph the function. (p. 43) 


Wesen o | а | в [лг | 16] 20 | 2a | 2s | 32 


circ | 21 22 25| 22| 29| a2 |33 | 34 | 36 


57. INCOME A salesperson earns a 5% commission on the sales of 
computers. If the salesperson’s computer sales total $9500, how much is 
the commission? (p. 176) 


58. CUSTOM PRINTING You create a design for a T-shirt. The table shows 
the cost for printing your design on T-shirts at a printing company. The 
printing company requires that your design be printed on a minimum 
of 6 T-shirts. (p. 302) 


КЛЕЯ 


a. Explain why the situation can be modeled by a linear equation. 


b. Write an equation in point-slope form that gives the cost of the 
T-shirts as a function of the number of T-shirts printed. 


59. (ES GEOMETRY A rectangle has a perimeter of 54 inches. Its length is 3 
more than twice its width. Find the dimensions of the rectangle. (p. 435) 


60. SCHOOL ENROLLMENT In 1990, 5000 students were enrolled at a school. 
The number of students enrolled at the school increased by about 
296 per year from 1990 to 2005. Write a model for the number of 
students enrolled at the school over time. According to the model, how 
many students were enrolled at the school in 2005? (p. 520) 


61. LANDSCAPING An arc of water sprayed from a lawn sprinkler can be 
modeled by the graph of the equation y = —0.05x* + 0.9x where x is 
the distance (in feet) from the sprinkler and y is the height (in feet) of 
the arc. 


a. Graph the function. Label the vertex and axis of symmetry. (p. 635) 
b. How far from the sprinkler does the water hit the ground? (p. 643) 
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work with radical 
functions, expressions, Ny 1 
and equations. By the | 11:4 Apply the Pythagorean Theorem and Its Converse 
end of this chapter, you | y 
will be able to apply the | 
Pythagorean theorem 
and the midpoint and 


1 Y | 
of Chapter 11 | Ij Graph Square Root Functions 
In Chapter 11 you will | 11:2" Simplify Radical Expressions 
11:3 Solve Radical Equations РА 


2 t J Т , alo. pape 
11:5 Apply the Distance and Midpoint Forn ala ( 


797738 


Previously, you learned the following skills, which you'll use in Chapter 11: 
graphing functions, evaluating square roots, and factoring trinomials. 


VOCABULARY CHECK 


Copy and complete the statement. 
1. The number or expression inside a radical symbol is called the. ? _. 


2. If b^ = a, thenbisa(n) ? ofa. 


SKILLS CHECK 
3. Graph y = 3 • 2*. (Prerequisite skill for 11.1) 


Evaluate the expression. (Prerequisite skill for 11.2) 
4. V81 5. —V64 6. +V100 7. -V121 


Use the distributive property to write an equivalent expression. 
(Prerequisite skill for 11.2) 


8. 4(y — 3) 9. 2(x — 2) 10. —x(x + 11) 11. Ax(x — 9) 


— 


ii 
1 


"H 


y TT 
i 


Factor the trinomial. (Prerequisite skill for 11.3) 
12. x+4x+4 13. т'+9т+8 14. r+8r+7 15. b*+10b+ 16 


16. Evaluate a? when a = 7. (Prerequisite skill for 11.4-11.5) 


fa) ] a F. : Baa ^ 
4 = 
a 


5 p^ 
Qasr ee SEEE 
Ме TOII 


Tutor Prerequisite skills practice at classzone.com 


( Now 
In Chapter 11, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 753. You will also use the key vocabulary listed below. 


(2) Using properties of radicals in expressions and equations 
O Working with radicals in geometry 


KEY VOCABULARY - 


* radical expression, p. 710 * rationalizing the * Pythagorean theorem, 
* radical function, p. 710 denominator, p. 721 p. 737 - 
* square root function, р. 710. * radical equation, р. 729 * distance formula, p. 744 Р 
* parent square root e extraneous solution, р. 730 + midpoint, p. 745 E 
| = function, р. 710 * hypotenuse, р. 737 • midpoint formula, р. 745 | 
— = — | e simplest form of a radical * legs of a right triangle, P 
expression, p. 719 p. 737 | 


You can use radical equations to solve real-world problems. For example, 
you can find the length of a sailboat’s waterline given the hull speed of the 
sailboat. 


The animation illustrated below for Example 5 on page 731 helps you answer 
this question: What is the length of a sailboat’s waterline if the sailboat has a 
hull speed of 8 nautical miles per hour? 


How long is a sailboat's waterline, if it has a hull speed of 8 nautical miles per hour? 


Recall that the hull speed of a sailboat can be estimated using the formula s = 1.34/7. 


Subtract 


8=1.34/7 


both sides by 1.34 


You need to find the length ofthe 
sailboat's waterline. 


ro 2591 eu м m Y | 
4— Ani mated A lo nlar- 
ani ? Algebra at classzone.com 


Other animations for Chapter 11: pages 711, 719, 722, 737, 746, and 753 


Eo Sa кчы 
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Graph Square Root 
Functions 


You graphed linear, exponential, and quadratic functions. 
You will graph square root functions. 


So you can analyze the speed of an athlete, as in Ex. 45. 


Key Vocabulary A radical expression is an expression that contains a radical, such as a square 
e radical expression root, cube root, or other root. A radical function contains a radical expression 
e radical function with the independent variable in the radicand. For example, y = V2x and 

e Square root 


y = Vx + 2 are radical functions. Ifthe radical is a square root, then the 


function function is called a square root function. 


e parent square root 
function 


KEY CONCEPT For Your Notebook 


Parent Function for Square Root Functions 


The most basic square root function in the 
family of all square root functions, called the 
parent square root function, is: 


y = Vx 


The graph of the parent square root function 
is shown. 


esc Graph a function of the form y = avx 


Graph the function y = 3 Vx and identify its domain and range. Compare 
the graph with the graph of y = vx. 


Solution 


STEP? Make a table. Because the square root of 
a negative number is undefined, x must 
be nonnegative. So, the domain is x 2 0. 


: DESCRIBE A 
: FUNCTION 


: A radical function 

: has an unbroken 

: graph, so the function 
: is continuous, as 

: discussed on p. 223. 


STEP 2 Plot the points. 


STEP 3 Draw a smooth curve through the points. From either the table or 
the graph, you can see the range of the function is y 2 0. 


STEP 4 Compare the graph with the graph of y = Vx. The graph of y = 3Vx 
is a vertical stretch (by a factor of 3) of the graph of y — vx. 
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: ANALYZE ВАТЕ OF 


: CHANGE 


i Notice that for a radical 


: function, the rate of 


: change in y with respect 
: to x is not constant as it 


| EXAMPLE 2 | Graph a function of the form y = avx 


Graph the function у = —0.5vx and identify its domain and range. Compare 
the graph with the graph of y — vx. 


Solution 


To graph the function, make a table, plot the points, 
and draw a smooth curve through the points. The 
domain is x > 0. 


The range is y x 0. The graph of y = —0.5vx is a vertical shrink (by a factor of 
0.5) with a reflection in the x-axis of the graph of y = ух. 


GRAPHS OF SQUARE ROOT FUNCTIONS Examples 1 and 2 illustrate the 
following: 


e When |а > 1, the graph of y = a Vx is a vertical stretch of the graph of 
y = Vx. When 0 < |a| < 1, the graph of y = avx is a vertical shrink of the 
graph of y = vx. 


e When a « 0, the graph of y = avx is the reflection in the x-axis of the graph 
of y= |a| vx. 


[ EXAMPLE 3 | Graph a function of the form y = vx + К 


: is for a linear function. 


: while 


: А 3-2 
: For instance, 107 
34-3 _ 
2 = 1 — 0.4. 


1, 


Graph the function y = Vx + 2 and identify its domain and range. Compare 
the graph with the graph of y = ух. 
Solution 


To graph the function, make a table, then plot and 
connect the points. The domain is x> 0. 


The range is y 2 2. The graph of у = Vx + 2 is a vertical 
translation (of 2 units up) of the graph of y = vx. 


(Animateg Algebra at classzone.com 


GUIDED PRACTICE for Examples 1, 2, and з 


Graph the function and identify its domain and range. Compare the graph 
with the graph of y = vx. 


1. у= 2Vx 2. y= -2Vx 3. у = Vx -l 4. у = Vx +3 
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| EXAMPLE 4 ] Graph a function of the form у = Vx— h 


Graph the function y = Vx — 4 and identify its domain and range. Compare 
the graph with the graph of y = vx. 


Solution 


To graph the function, make a table, then plot 
and connect the points. To find the domain, 
find the values of x for which the radicand, 

x — 4, is nonnegative. The domain is x > 4. 


The range is y > 0. The graph of y = Vx — 4 is a horizontal translation 
(of 4 units to the right) of the graph of y = vx. 


: KEY CONCEPT For Your Notebook 


Graphs of Square Root Functions 


To graph a function of the form y = aVx — h + k, you can follow 
these steps. 


STEP 7 Sketch the graph of y = avx. The graph of y = avx starts at 
the origin and passes through the point (1, a). 


STEP 2 Shift the graph |h| units horizontally (to the right if h is 
positive and to the left if h is negative) and |k| units vertically 
(up if kis positive and down if k is negative). 


| EXAMPLE 5 | Graph a function of the form y = aVx— h + К 


Graph the function y = 2Vx + 4 – 1. 
STEP? Sketch the graph of y = 2 Vx. 


STEP 2 Shift the graph |h| units horizontally and 
|k| units vertically. Notice that 


y =2Vx+4-1=2Yx- (—4) + (-1). 


So, h = —4 and k = —1. Shift the graph 
left 4 units and down 1 unit. 


r4 GUIDED PRACTICE for Examples 4 and 5 


5. Graph the function y = Vx + 3 and identify its domain and range. 
Compare the graph with the graph of y = vx. 


6. Identify the domain and range of the function in Example 5. 
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| EXAMPLE 6 ] Solve a real-world problem 


MICROPHONE SALES For the period 1988-2002, the amount of sales y (in 
millions of dollars) of microphones in the United States can be modeled by 


the function y = 93Vx + 2.2 where x is the number of years since 1988. Graph 
the function on a graphing calculator. In what year were microphone sales 


about $325 million? 
po WAY ны Solution == 
: You can graph е s | 
: y = 93Vx + 2.2 and The graph of the function is shown. | ' 
¡Y > LE The т Using the trace feature, you can see that 
i iion де им i sl hs | X^ 325 when x = 10. So, microphone sales | | 
: dd ect repres € i e | Were about $325 million 10 years after 1988, == 
: year in which sales were | OF 1n 1998. L X-10 Y=324.8350 J 


: about $325 million. 


GUIDED PRACTICE for Example 6 


7. MICROPHONE SALES Use the function in Example 6 to find the year in 
which microphone sales were about $250 million. 


HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
KEY: on p. WS26 for Exs. 7, 23, and 45 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 16, 29, 39, 41, and 48 


111 EXERCISES 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: A function containing a radical 
expression with the independent variable in the radicand is called 
a(n) ?. 


2. ж WRITING Is the graph of y = 1.25Vx a vertical stretch or a vertical 
shrink of the graph of y = Vx? Explain your answer. 


: EXAMPLES GRAPHING FUNCTIONS Graph the function and identify its domain and 


: Tland2  ć range. Compare the graph with the graph of y — vx. 

: on pp. 710-711 _ Е _ _ 

Í for Exs. 3—16 3. y = AVx 4. y = Бух 5. y= 0.5Vx 6. у = 0.25Vx 
Ey =% vx 8. у= = Ух 9. y= -3Vx 10. y= —6Vx 
11. у= —0.8Vx 12. у= —0.75Ух 13. y =-—¿ Vx 14. у= -2 vx 


15. Ж MULTIPLE CHOICE The graph of which function is a vertical shrink of 
the graph of y = Vx? 


(А) у= -5Vx (8) у= -vx O у= 5х © у= 8vx 


16. ж WRITING The range of the function y = a Vx is у < 0. What can you 
conclude about the value of a? How do you know? 
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: EXAMPLES GRAPHING FUNCTIONS Graph the function and identify its domain and 


: 3and4 — — range. Compare the graph with the graph of y = vx. 

: on pp. 711-712 

: for Exs. 17-29 17. у= Vx +1 18. y - Vx +5 19. y = Vx — 
20. y= Vx -4 21. у= Vx +5 22. y= Vx – 
@3) y - Vx -1 24. у= Vx —6 25. у= Vx +2 
26. у= Vx + 4 27. у= Vx + 1.5 28. у = x-i 


29. * MULTIPLE CHOICE The graph of which function is a horizontal 
translation of 3 units to the right of the graph of y = Vx? 


QD у= Vx *3 y-vx-3 
© y=Vx+3 D у=ух- 
: EXAMPLE5 | GRAPHING FUNCTIONS Graph the function. 
: : on p. 712 = = = rum — 
: юг Exs. 30-39 30. y = Vx + 2 31. y =Vx-2+5 32. y =2Vx +1 
33. у= Vx+1+2 34. y= —3Vx — 6 35. y= AVX + 4 — 
36. y => Vx — =a 37. у= -5 Vx- 1-5 38. у= —уУх+ — 3 
39. Ж MULTIPLE CHOICE The graph ofwhich | | | 4| | | | > 
function is shown? CL LASTRA 
ib patties fae A 
PE ME p 
B) у=ух-1+2 AAA AAA EA 
D жей ЕТЕ 000% 
Ф) y-Vx-1-2 
40. ERROR ANALYSIS Describe and correct 
the error in explaining how to graph the To graph y = —5Vx — 9 — 10, 
function y = —5Vx — 9 — 10. sketch the graph of 
y = —5vx. Then shift the 


graph 9 units to the left 
and 10 units down. 


41. * MULTIPLE CHOICE How is the graph of g(x) = 4Vx — 3 related to the 
graph of h(x) = 4Vx + 3? 


СА) Itis a vertical stretch by a factor of 3 of the graph of h. 

It is a vertical translation of 3 units down of the graph of h. 

СС) Itis a vertical translation of 6 units down of the graph of h. 

(D> Itis a horizontal translation of 6 units to the left of the graph of h. 
42. CHALLENGE Write a rule for a radical function that has a domain of all 


real numbers greater than or equal to —5 and a range of all real numbers 
less than or equal to 3. 


(С) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
714 on p. WS1 TEST PRACTICE 


: EXAMPLE 6 


: on p. 713 
: for Exs. 43-45 


PROBLEM SOLVING 


43. 


44. 


46. 


GRAPHING CALCULATOR You may wish to use a graphing calculator to 
complete the following Problem Solving exercises. 


SUSPENSION BRIDGE The time t (in seconds) it takes an 
object dropped from a height Л (in feet) to reach the 


ground is given by the function f — AVR. 


a. Graph the function and identify its domain and range. 


b. The Royal Gorge Bridge in Colorado is the world's 
highest suspension bridge. It takes about 8 seconds 
for a stone dropped from the bridge to reach the 
 Borge below. About how high is the bridge? 


for problem solving help at classzone.com 


OCEANOGRAPHY Ocean waves can be shallow water, intermediate 
depth, or deep water waves. The speed s (in meters per second) of a 
shallow water wave can be modeled by the function s — 3.13Vd where d is 
the depth (in meters) of the water over which the wave is traveling. 


a. Graph the function and identify its domain and range. 


b. Atsunami is a type of shallow water wave. Suppose a tsunami has a 
speed of 200 meters per second. Over approximately what depth of 
water is the tsunami traveling? 


for problem solving help at classzone.com 


LONG JUMP А function for the speed at which a long jumper is running 


before jumping is s — 10.9Vh where s and h are defined in the diagram. 
Graph the function and identify its domain and range. To the nearest 
tenth, approximate the maximum height reached when the long jumper's 
speed before jumping is 10.25 meters per second. 


"d 
са PP 
h= maximum height (їп meters) um PAT 
/ e. m жаш HI—I— 
= » a 
s- speed (їп meters per second) == = 29 Ш 
_—_ A ЕА — ~ 


MULTI-STEP PROBLEM The reading age of written materials is the age 

at which an average person can read and understand the materials. A 
function that is sometimes used to identify the reading age r (in years) of 
written materials is г = Vw + 8 where wis the average number of words 
with 3 or more syllables in samples taken from the written materials. 


a. Graph the function and identify its domain and range. 


b. What is the average number of words with 3 or more syllables in 
samples taken from material that can be read and understood by 
a 10-year-old? 


11.1 Graph Square Root Functions 
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47. BIOLOGY Biologists studied two types of duck in the northern Great 
Plains of the United States from 1987 to 1990. The biologists found 
functions, given below, that model the number y of breeding pairs of 
each type of duck in wetlands with area x (in hectares). 


Blue-winged teal: y= 0.7Vx Northern pintail: y = 0.2Vx 


a. Graph the functions in the same coordinate plane. Identify the 
domain and range of each function. 


b. Find the area (to the nearest hectare) for 1 breeding pair of each type 
of duck. 


48. MW EXTENDED RESPONSE The amount of mozzarella cheese y (in pounds 
per person) consumed in the United States for the period 1980-2001 can 


be modeled by y = 2Vx + 1 where x is the number of years since 1980. 
a. Graph Graph the function and identify its domain and range. 


b. Apply In what year was the amount of mozzarella cheese consumed 
equal to 2 pounds per person? 


c. Explain In what year was the amount of mozzarella cheese consumed 
per person double the amount consumed per person in 1980? Explain. 


49. CHALLENGE The flowrate r (in gallons per minute) of water through a 
high-pressure water hose is given by г = 29.7d^/p where d is the nozzle 
diameter (in inches) and p is the nozzle pressure (in pounds per square 
inch). For what value of d would the graph of the function be identical to 
the graph of the parent square root function? For what values of d would 
the graph be a vertical stretch? a vertical shrink? 


- MIXED REVIEW EET 11. 


: Prepare for 
: Lesson 11.2 
: in Exs. 58—61. 
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Write the prime factorization of the number if it is not a prime number. If 
the number is prime, write prime. (p. 910) 


50. 7 51. 14 52. 18 53. 9 
54. 24 55. 13 56. 53 57. 72 


Evaluate the expression. (p. 110) 


58. V16 59. V64 60. V144 61. V900 
Factor the expression. 

62. x^ — 31x + 58 (p. 583) 63. 2x^ — 7x + 6 (p. 593) 

64. 7x% + 9x + 2 (p. 593) 65. 6x^ — 11х — 35 (р. 593) 

66. 400x* — 9у? (р. 600) 67. 25x? + 20xy + 4y” (p. 600) 


EXTRA PRACTICE for Lesson 11.1, p. 948 ED) ONLINE QUIZ at classzone.com 


hi 
colclllatag ACTIVITY Use after Lesson 11.7 Tutor 


classzone.com 
Keystrokes 


. Graph Square Root Functions 


Enter the function Graph the function 
Enter the function into a graphing Graph the function. Adjust the 
calculator. Use parentheses around viewing window if necessary. 
the radicand. 


YiB/(2Xx+3) 
Y2= 
Y3= 
Y4= 
| Ys- 
Y6= 
Y7= 


J 


Describe the domain and range 


From the graph, you can see that the domain is all real numbers greater than 
or equal to —1.5, or x 2 —1.5. The range is all nonnegative numbers, or y 0. 


Graph the function using a graphing calculator. Then describe the domain 
and range of the function. 


1. y= V4x 2. y= V9x 3. y= Vix 

4. y= —V10x 5. y= —3Vx 6. у = 1.5V3x 
7. у = AAN8x 8. у = Ү2х + 8 9. у = ҮЗх + 4 
10. y= —V2x—5 ll. у= –У4х — 6 12. у = 5V6 — 5х 


. ROLLER COASTER [f friction is ignored, the velocity v (in meters рег 
second) of a roller coaster when it reaches the bottom of a hill can 
be calculated using the formula v = V19.6h where h (in meters) is 
the height of the hill. 

a. Graph the function and describe its domain and range. 


b. Use the graph to find the height of a hill if the velocity of the 
roller coaster at the bottom of the hill is 55 meters per second. 


11.1 Graph Square Root Functions 
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теде roe A CTIVITY Use before Lesson 11.2 


Properties of Radicals 


MATERIALS + calculator 


( j 


STEP 7 | Find products of square roots 


Copy and complete the table without 
using a calculator. Compare the values 
in the second and third columns. 

Value of 


Values of Value of 


aand b 


a=4b=9 


а= 9, Б = 16 


а = 25, р = 4 


а = 16, b = 36 


а= 13,6 = 6 


Find quotients of square roots 
Copy and complete the table without 
using a calculator. Compare the values 
in the second and third columns. 


Values of 
aand b 


а= 4, Б = 16 
а= 9, Б = 25 


STEP 2 | Find products of square roots 


Use a calculator to copy and complete 
the table. Compare the values in 
the second and third columns. 


Values of Value of Value of 


aand b 


q=2,b=3 


a=10,b=5 


a=7,b=11 


STEP 4| Find quotients of square roots 


Use a calculator to copy and complete 
the table. Compare the values in 
the second and third columns. 


Values of Value of Value of 


a and b Va 
Vb 
a=1b=2 ? 


a=36,b=4 


а= 3, Б = 8 


а = 12,6 = 7 


а= 6, ВБ = 11 


In Exercises 1 and 2, copy and complete the statement. 


1. The product of two square roots is equal to _?_. 


2. The quotient of a square root and a nonzero square root is equalto _?_. 


3. REASONING Do you think that Va + Vb 


b = 02 Justify your answer. 
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= Va + b for any a= 0 and any 


Simplify Radical 
1 1 2 2 Expressions 


You found square roots. 
Г Now ] You will simplify radical expressions. 


So you can find the distance to the horizon, as in Ex. 68. 


Key Vocabulary A radical expression is in simplest form if the following conditions are true: 
° simplest form of A e No perfect square factors other than 1 are in the radicand. 

radical expression 
• rationalizing the e No fractions are in the radicand. 

denominator 


e No radicals appear in the denominator of a fraction. 


You can use the following property to simplify radical expressions. 


KEY CONCEPT For Your Notebook 


Product Property of Radicals 


Words The square root of a product equals the product of the square 
roots of the factors. 


Algebra Vab = Va + Vb Example V4x = V4 - Vx =2Vx 


where a>0 and b=0 


You can also use the fact that Va? = a, where a> 0, to simplify radical 
expressions. In this lesson, whenever a variable appears in the radicand 
assume that it has only nonnegative values. 


Use the product property of radicals 


: REVIEW SQUARE 


rr а V32=V16+2 Factor using perfect square factor. 


: For help finding square 
: roots of perfect squares, 
: see р. 110. 


= V16 * V2 Product property of radicals 
= 4V2 Simplify. 
b. V9? = V9.x^.x Factor using perfect square factors. 
=V9 » Ve * Vx Product property of radicals 
Simplify. 


Dra at classzone.com 


GUIDED PRACTICE | for Example 1 


1. Simplify (а) V24 and (b) V25x. 
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| EXAMPLE 2 | Multiply radicals 


| а. V6* V6 =V6+6 Product property of radicals 
= V36 Multiply. 
= 6 Simplify. 
b. V3x • 4Vx=4V3x»x Product property of radicals 
=4V 3x? Multiply. 


: WRITE RADICALS 


: When writing a product | 
: involving a radical, 

: write the radical last to 

: avoid confusion. For 

: instance, if you write 

: the product of x and V2 


: as V2x, it might be read 
: as V2x. | 


=4.ү3. V Product property of radicals 


= 4xV3 Simplify. 
с. Y 7xy* e 3Vx = зү 7xy* ex Product property of radicals 
= SV 7x*y" Multiply. 


=3 + V7 + Vx? ° үу? Product property of radicals 
= 3xyV7 Simplify. 


KEY CONCEPT For Your Notebook 


Y GUIDED PRACTICE | for Examples 2 and 3 


Quotient Property of Radicals 


Words The square root of a quotient equals the quotient of the square 
roots of the numerator and denominator. 


Algebra 1/4 =£ wherea>0andb>0 
" b Vp 
16 _V16_4 
Example 25 Vos 5 


Use the quotient property of radicals 


Quotient property of radicals 


Simplify. 


Quotient property of radicals 


Simplify. 


2. Simplify (а) V2x? • Vx and (b) |> 
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RATIONALIZING THE DENOMINATOR Example 4 shows how to eliminate 

a radical from the denominator of a radical expression by multiplying the 
expression by an appropriate form of 1. The process of eliminating a radical 
from an expression's denominator is called rationalizing the denominator. 


Rationalize the denominator 


0 A ИР 5 5 v7 iplv Бу У7 
: In part (a), notice uc V7 үт үт ширу Бут ] 
: V7 ; 
: that V7 Is equal to 1, = 5V7 Product property of radicals 
: so multiplying Бу it does 49 
: not change the value of БАЙТ "-— 
: the expression. HE инин. 
p. У2—_У?2.УЗР — Multiply by 432. 
3b УЗЬ УЗЬ V 3b 
= Véb. Product property of radicals 
9p* 
= _V6b_ Product property of radicals 
V9 . Vp? 
= v6b Simplify. 


SUMS AND DIFFERENCES You can use the distributive property to simplify 
sums and differences of radical expressions when the expressions have the 
same radicand. 


[ EXAMPLE 5 | Add and subtract radicals 


a. 4V10+V13 — 9/10 = 4V10 — 9V10 + V13 Commutative property 


= (4 — 9)V10 + V13 Distributive property 
= —5V 10+ V13 Simplify. 


b. 5V3 + V48 — 5V3 + V16 + 3 Factor using perfect square factor. 
=5V3 + V16 • V3 Product property of radicals 


=5V3 + 4V3 Simplify. 
= (5 + 4)V3 Distributive property 
= 9V3 Simplify. 


GUIDED PRACTICE | for Examples 4 and 5 


Simplify the expression. 


B. S 6. 2V7 + 3V63 


4. 
V2x 


3. 


gl- 


l 
V3 
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| EXAMPLE 6 ] Multiply radical expressions 


a. V5(4 — V20) = 4V5 — V5 • V20 Distributive property 


= 4V5 — V100 Product property of radicals 
= 4V5 — 10 Simplify. 
: REVIEW FOIL b. (V7 + V2\(V7 – 3V2) 
ОЕР АРЕ Ва irm = (V7) + УЙ-зУ2)+ V2 + V7 + V2(-3V2) Multiply 
и = 7 – 3V7 +2 + 7.2 — 3(v2) Product property of radicals 
= 7 – 3ү14 + V14 — 6 Simplify. 
=1-2V14 Simplify. 
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Solve a real-world problem 


ASTRONOMY The orbital period of a planet is the 
time that it takes the planet to travel around the 
sun. You can find the orbital period P (in 
Earth years) using the formula P = Vd? where d 
is the average distance (in astronomical units, 
abbreviated AU) of the planet from the sun. 

a. Simplify the formula. 


b. Jupiter's average distance from the sun is 
shown in the diagram. What is Jupiter's 


orbital period? Not drawn to scale 
Solution 
a. P— VÆ Write formula. 
= Va - а Factor using perfect square factor. 


= Væ - Vd Product property of radicals 


= ауа Simplify. 
b. Substitute 5.2 for d in the simplified formula. 
P=dVd = 5.2V5.2 


» The orbital period of Jupiter is 5.2V5.2, or about 11.9, Earth years. 


Y GUIDED PRACTICE | for Examples 6 and 7 


7. Simplify the expression (4 — V5)(1 — V5). 


8. ASTRONOMY Neptune's average distance from the sun is about 6 times 
Jupiter’s average distance from the sun. Is the orbital period of 
Neptune 6 times the orbital period of Jupiter? Explain. 
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EXERCISES HOMEWORK: () = WORKED-OUT SOLUTIONS 
1 1 A KEY: on p. WS26 for Exs. 9, 37, and 69 


Ж - STANDARDIZED TEST PRACTICE 
Exs. 2, 23, 25, 64, and 71 


: e = MULTIPLE REPRESENTATIONS 
Ex. 70 


' SKILL PRACTICE 


: EXAMPLES 

: 1,2, and 3 

: on pp. 719—720 
: for Exs. 3-25 


: EXAMPLE 4 


: on p. 721 
: for Exs. 26—33 


: EXAMPLES 
: on pp. 721-722 
: for Exs. 34—45 


1. VOCABULARY Copy and complete: The process of eliminating a radical 
from the denominator of a radical expression is called _?_. 


2. ж WRITING Is the expression VE written in simplest form? Explain why 
or why not. 


USING PRODUCT AND QUOTIENT PROPERTIES Simplify the expression. 


3. V20 4. V48 5. V96 6. V72 

7. V125b 8. VA? OmU 10. V32r? 

11. V5 • V30 12. V50 • V18 13. V14x • V2x 14. V3b?* - V18b 
15. 2Va*p5 16. V64s^t? 17. Ven «Vn 18. 4/75ху • V28 


4 T a 100 
19. ү 20. V 21. YE 22. ү 


23. Ж MULTIPLE CHOICE Which expression is equivalent to ET 


16 
qo VW aa © Y Oj 
24. ERROR ANALYSIS Describe and correct the error 
in simplifying the expression V72. V72=V4+V18 


- 2/18 xX 


25. X WRITING Describe two different sequences of steps you could take to 
simplify the expression V45 + УБ. 


RATIONALIZING THE DENOMINATOR Simplify the expression. 


26. T 27. = 28. B 29. ТЗ 

30. T 31. = 32. 2c 33. V 
PERFORMING OPERATIONS ON RADICALS Simplify the expression. 

34. 2V2 + 6V2 35. V5 — 6V5 36. 2V6 — 5V54 

(87) 9v32 + v2 38. VIZ + 6V3 + 2V6 39. 3V7 — 5V14 + 2V28 
40. V5(5 — V5) 41. V6 (7V3 4 6) 42. ҮЗ (6V2 — 4V3) 

43. (4 — V2)(5 + V2) 44. (2V5 +7) 45. (V7 + V3)(6 + V8) 
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: REVIEW 
: SOLVING 
: EQUATIONS 


: For help with 
: using square 

: roots to solve 
: equations, 

: See p. 652. 
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SIMPLIFYING RADICAL EXPRESSIONS Simplify the expression. 


46. V 75m^np* 47. V512rs$ • Vi? 48. m 
[50gh* 4,7 2V6 3 
49. 50. — + — Bl, — === 
125f? v3 У12 30 V20 
Т З З 4 бт 8 
52. —__ T ES 53. S + == 54. > 
Vx  2Vx Va Ух Vm? Vm 


CONJUGATES In Exercises 55—58, use the example to simplify the 
expression. 


Rationalize the denominator using conjugates 
9 
2-v3 
The binomials aVb + cVd and aVb — cVd are called conjugates. They 
differ only by the sign of one term. The product of two conjugates 
aVb + cVd and aVb — cVd does not contain a radical: 
(2 + V3)(2 — V3) = 22 — (Va) = 4 — 3 = 1. You can use conjugates to 
simplify the expression. 


EXAMPLE 


Simplify 


9 | 2+V3 
2 + ҮЗ 


Multiply the numerator and denominator by the 
conjugate of the denominator. 
9(2 + УЗ) 


— EV ү Multiply fractions. 


Simplify numerator and denominator. 


Simplify. 
a a ¡o s 
Solve for the variable in red. Assume the variables have positive values. 
59. 5 = 4тг? 60. У = ar^h 61. W= cv" 62. F= а 


63. REASONING Let a and р be positive numbers. Explain why Vab lies between a 
and b on a number line. (Hint: Let a < b and multiply both sides of a < b by a. 


Then let a < b and multiply both sides by b.) 


64. ж WRITING For any number a, a° has a and —a as square roots. Explain why 
for any number a, Va? = lal. Then, assuming no restrictions on the variables, 


simplify the expressions V 16x^, VAx^y^, and V 49m^n^p$. 


65. MULTIPLYING FUNCTIONS Let f(x) = Vx — V4x, and let g(x) = Vx. Find 
h(x) = f(x) • g@). 


66. CHALLENGE Let m be a positive integer. Consider the simplified form of 


O = WORKED-OUT SOLUTIONS 


the expression V2”. For what values of m will the simplified form contain 
a radical? For what values will it not contain a radical? Explain. 


Ж = STANDARDIZED 


on p. WS1 TEST PRACTICE 


$» = MULTIPLE 
REPRESENTATIONS 


PROBLEM SOLVING 


: EXAMPLE7 | 67. FINANCE You invest $225 in a savings account for two years. The account 
: on p. 722 has an annual interest rate that changes from year to year. You can find 
: for Exs. 67, 68 the average annual interest rate r that the account earned over two years 


ү, 
using the formula r = a — 1 where V, is the initial investment and V, is 


0 
the amount in the account after two years. At the end of two years, you 


have $270 in the account. What was the average annual interest rate 
(written as a percent) the account earned over two years? 


d ANI 1. mmu КЧ gp ‚у * 
_(OHomelutor © for problem solving help at classzone.com 


68. DISTANCE TO THE HORIZON The distance d (in miles) that a person can 


see to the horizon is given by the formula d — E where h is the person's 


eye level (in feet) above the water. To the nearest mile, find the distance 
that the person shown can see to the horizon. 


>= = Qo Lo uu Lu Luz ee ee eH 1S4 2 mMm, MD. E 1 1 oM LZ M LLL "i 


p _ 


h - 98 ft 


MULTI-STEP PROBLEM You are making a cube-shaped footrest. You want 
to cover the footrest with fabric. At a fabric store, you choose fabric that 
costs $6 per square yard. 


a. You have $30 to spend on fabric. How much fabric can you buy? 
b. The edge length s (in yards) of the largest footrest you can cover 


can be found using the formula s — { where S is the surface area 


of the footrest (in square yards). Use unit analysis to check the units 
in the formula. 


с. Find the edge length of the largest footrest you can cover to the 
nearest tenth of a yard. 


70. e MULTIPLE REPRESENTATIONS The velocity v (in feet per second) of 
an object that has been dropped can be found using the equation 


v = V64d where d is the distance the object falls (in feet) before hitting 
the ground. 


a. Writing an Equation Write the equation in simplified form. 


b. Drawing a Graph Graph the equation. For what value of d is the 
velocity about 16 feet per second? 


c. Solving an Equation Use the equation from part (a) to find the exact 
value of d when the velocity is 16 feet per second. 
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71. Ж SHORT RESPONSE Physicians can calculate the body surface area S (in 


square meters) of an adult using the formula S = e where h is the 


adult’s height (in centimeters) and w is the adult's mass (in kilograms). 
a. Simplify the formula. 


b. Does an adult who is 1.7 meters tall and has a mass of 70 kilograms 
have a greater body surface area than an adult who is 1.5 meters tall 
and has a mass of 70 kilograms? Explain what effect height has on 
surface area if two people have the same mass. 


72. CHALLENGE The speed s (in miles per hour) at which a vehicle is traveling 
before an accident is given by s = V30df where d is the length of the skid 
mark (in feet) and fis the coefficient of friction. The coefficient of friction 
varies depending on the type of road surface and on the road conditions. 


a. A driver is traveling on a newly paved road with a ro — 
coefficient of friction of 0.80. The driver sees a hazard | 
in the road and is forced to brake. The car skids to a 
halt leaving a skid mark that is 100 feet long. At 
what speed was the car traveling when the driver 
applied the brakes? 


b. A perception-reaction time is the amount of time 
it takes for a person to react to a situation after 
perceiving it, such as applying the brakes after 
seeing a hazard in the road. The driver in part (a) 
has a perception-reaction time of 1.5 seconds. How 
many feet does the car travel before the driver applies 
the brakes? Explain how you found your answer. 


c. What is the total distance (in feet) traveled from the 
time the driver in part (a) sees the hazard until the 
time the car skids to a halt? 


Mixen Review 


: PREVIEW 


; Prepare for 
: Lesson 11.3 in 
: Exs. 83-94. 
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Graph the function and identify its domain and range. 


73. y = —6 for x 2 0 (p. 215) 74. y= -ix (p. 215) 75. 5x + y = 3 (p. 244) 
76. y = 0.4x — 7 (p. 244) 77. y = 4* (р. 520) 78. y = (0.4)* (p. 531) 
79. y = —7x? (p. 628) 80. у= 5х? + 2 (р. 628) 81. y = 3x? — 10x — 8 (p. 635) 


82. Write the equation of the line that passes through (1, 2) and is perpendicular 
to the line y = 5x + 3. (p. 318) 


Solve the equation. (pp. 575, 583, 593, and 600) 


83. (a — 3)(a+ 8) = 0 84. (2y + 3)(2у + 5) = 0 85. —12m^ + 48 = 0 
86. х? — 8x + 16 = 0 87. d? +84 = 2 88. х? – 2х = 24 

89. 102 — 21 = -2z* 90. 5х2? + 13x +6 = 0 91. 4х2 – 11х-3= 0 
92. 8х? – 64 = 0 93. 42? = 36 94. b* + 12b + 36 = 0 


EXTRA PRACTICE for Lesson 11.2, p.948 9 ONLINE QUIZ at classzone.com 


Derive the Quadratic Formula 


Use after Lesson 11.2 


Гей Solve quadratic equations and check solutions. 


In Lesson 10.6, you learned how to find solutions of quadratic equations 
using the quadratic formula. You can use the method of completing the 
square and the quotient property of radicals to derive the quadratic formula. 


ах? + bx +c=0 Write standard form of a quadratic equation. 
ах? + bx = —c Subtract c from each side. 
х? + By = E Divide each side by a, a = 0. 
b,, (BZ c,(bY DET i 
ж? + а^ T | i "ics | A Add 24) {0 each side to complete the square. 
(x + Py =E + Р Write left side as the square of a binomial 
2a а да? : 
by? _ b-4ac — 
(x + A a Simplify right side. 
Xt b - ais bf — аас Take square roots of each side. 
2a 4a? 
+2 = ŻYD — Me үр — дас Quotient property of radicals 
2a 2a 
х= BEV NN 
2a 2a 


SOLVING QUADRATIC EQUATIONS You can use the quadratic formula and 
properties of radicals to solve quadratic equations. 


Solve an equation 


Solve x? — 6x + 3 = 0. 


Solution 
x —6x-3-20 Identify a = 1, b = —6,and c= 3. 
х= mm А за deb Cd ER ADR Substitute values in the quadratic formula. 
= 6 = V24 Simplify. 
= SS Product property of radicals 
— б 26 = 3 + ү6 Simplify. 


> The solutions of the equation are 3 + V6 and 3 — V6. 
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[ EXAMPLE 2 ] Check the solutions of an equation 


Check the solutions of the equation from Example 1. 


Solution 
The solutions of x? — 6x + 3 = 0 are 3 + V6 and 3 — V6. You can check each 
solution by substituting it into the original equation. 
Check x = 3 + V6: 
x*—6x+3=0 Write original equation. 
(3-- V6) —6(3+V6)+320 Substitute 3 + V6 for x. 
9+6V6+6-18-6V/6+3%0 Multiply. 
0=0Y Solution checks. 


= Check x = 3 – V6: 


х? – 6х + 3 
(3— Ve) —6(3— 6) +320 substitute 3 — V6 for x. 
9 — 6V6 + 6 — 18 + 6V6 -3-20 Multiply. 
О= 0и Solution checks. 


O Write original equation. 


[о 


|» 


SS 
' PRACTICE 


20. 


| 2l. 


22, 


: EXAMPLES Solve the equation using the quadratic formula. Check the solution. 
:1and2 an. | 1.2+4х+2=0 2. 2+6x-1=0 3. +8х+8=0 
: on pp. 727-728 
: for Exs. 1-18 4. X — 7x 41-0 5. 3x° + 6x -1=0 6. 2x* 4х-3= 0 
7. 5x" – 2x -—2=0 8. 4x? + 10x - 3-0 9. x —x-3=0 
10. x — 2-8 = 0 11. -2+7x+3=0 12. х2 + 3х 9 = 0 
13. -3 + 10x -5 = 0 14. x + 35-9 = 0 15. 302-2 = 0 
16. —2x* — 7x = 0 17. 3x° + х= 6 18. X — 4x = —2 
| 19. Show that Zb + Vb — 4ac Vb — дас and =b- Vb" – 4ac 5 — sac аге solutions of 


ах? + bx + с = 0 by substituting. 


Derive a formula to find solutions of equations that have the form 
ах? + x + с = 0. Use your formula to find solutions of —2x* + x + 8 = 0. 


-b + УР — Asc —þ — \ 


2 _ 
b° — 4ac . Write a 
2a 


quadratic expression whose solutions have a sum of 2 and a product of > 


Find the sum and product o 


What values can a have in the equation ах? + 12x + 3 = 0 in order for the 
equation to have one or two real solutions? Explain. 
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1 1 3 Solve Radical Equations 
O 


You solved linear, quadratic, and exponential equations. 


Key Vocabulary An equation that contains a radical expression with a variable in the radicand 
* radical equation is a radical equation. To solve a radical equation, you need to isolate the radical 


You will solve radical equations. 


So you can use scientific formulas to study animals, as in Ex. 39. 


eextraneous solution ОП one side and then square both sides of the equation. 


KEY CONCEPT 


For Vour Wotebook 


Squaring Both Sides of an Equation 


Words If two expressions are equal, then their squares are equal. 
Algebra If a = b, then à? = b’. Example If Vx — 3, then (Vx) = 32, 


Solve a radical equation 


Solve 2Vx — 8 = 0. 


Solution 
2Vx-8=0 
2Vx = 8 
Ух = 4 
(Vx) = 42 
х = 16 


> The solution is 16. 


Write original equation. 
Add 8 to each side. 
Divide each side by 2. 
Square each side. 


Simplify. 


CHECK Check the solution by substituting it in the original equation. 


2Vx — 8 = 


О Write original equation. 


2/16-8%0 Substitute 16 for x. 
2:4—8-0 Simplify. 


0-—0^/^ Solution checks. 


~~ GUIDED PRACTICE 


for Example 1 


1. Solve (a) Vx — 7 = 0 and (b) 12Vx — 3 = 0. 


11.3 Solve Radical Equations 
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[ EXAMPLE 2 | Solve a radical equation 


Solve 4Vx — 7 + 12 = 28. 


Solution 
4Vx—7+12=28 Write original equation. 
4Vx—7=16 Subtract 12 from each side. 
Vx-7=4 Divide each side by 4. 
(Vx — 7) = 4° Square each side. 
x-7=16 Simplify. 
х = 23 Add 7 to each side. 

» The solution is 23. | | 


CHECK To check the solution using a graphing 
calculator, first rewrite the equation so that 

one side is 0: 4Vx — 7 — 16 = 0. Then graph | | 
the related equation y = 4Vx — 7 — 16. You can X=23 Ү=й 
see that the graph crosses the x-axis at x = 23. L 


| EXAMPLE 3 ] Solve an equation with radicals on both sides 


Solve V3x — 17 = Vx +21. 


Solution 
: SOLVE EQUATIONS V3x— 17 =Vx +21 Write original equation. 
: To solve a radical 2 2 
; equation that contains (V3x — 17) = (Vx + 21) Square each side. 
: two radical expressions, Sy Г t92] simplify. 
: be sure that each side 
: of the equation has 2х – 17 = 21 Subtract х from each side. 
: only one radical Е | 
: expression before 2x = 38 Add 17 to each side. 
В squaring each sida. x — 19 Divide each side by 2. 


> The solution is 19. Check the solution. 


GUIDED PRACTICE for Examples 2 and 3 


Solve the equation. 


2. Ух-5+7=12 3. Vx -4— V2x- 1 4. VAx = 3 – Vx = 0 


EXTRANEOUS SOLUTIONS Squaring both sides of the equation а = b can result 
in a solution of a? = b* that is not a solution of the original equation. Such a 
solution is called an extraneous solution. When you square both sides of an 
equation, check each solution in the original equation to be sure there are no 
extraneous solutions. 
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: REVIEW FACTORING 


: For help with factoring, 
: See pp. 583, 593, 600, 
: and 606. 


Solve an equation with an extraneous solution 


Solve V6 — x = x. 


6-x=x Write original equation. 
(V6 = x lg =y Square each side. 
6—x-x* Simplify. 
0-x^-x-6 Write in standard form. 
0 = (х— 2)(x + 3) Еасїог. 
х-2=0огх+3=0 Zero-product property 
x=2or x= -—3 Solve for х. 


CHECK Check 2 and —3 in the original equation. 
Ifx-22:V6-2 2 2 Их = -3: V6 — (-3) 2—3 
2=2Y З= -3X 


» Because —3 does not check in the original equation, it is an extraneous 
solution. The only solution of the equation is 2. 


Algebra at classzone.com 


99118000) Solve a real-world problem 


SAILING The hull speed s (in nautical miles per hour) ofa 


sailboat can be estimated using the formula s = 1.34V4 
where £ is the length (in feet) of the sailboat's waterline, as 

shown. Find the length (to the nearest foot) of the sailboat's 
waterline if it has a hull speed of 8 nautical miles per hour. 


Solution 


s =1.34V1 Write original equation. 


8 = 1.34VL Substitute 8 for s. 


1x = VI Divide each side by 1.34. 


(E) = (Ve р Square each side. 


35.6 = 1 Simplify. 
» The sailboat has a waterline length of about 36 feet. 
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for Examples 4 and 5 


5. Solve V3x + 4 = x. 


6. WHAT IF? In Example 5, suppose the sailboat's hull speed is 6.5 nautical 
miles per hour. Find the sailboat's waterline length to the nearest foot. 
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11.3 EXERCISES HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
° KEY: on p. WS27 for Exs. 11 and 37 


Ж - STANDARDIZED TEST PRACTICE 
Exs. 2, 21, 34, and 40 


_ SKILL PRACTICE 


1. VOCABULARY Copy and complete: To find the solution of V12 — x = x, 
you square both sides of the equation and solve. The solutions of 


(М2 — x) = x are —4 and 3, but —4isa(n)_ ? of V12—x =x. 


2. Ж WRITING Is x + xV2 = 4 a radical equation? Explain why or why not. 


: EXAMPLES SOLVING EQUATIONS Solve the equation. Check for extraneous solutions. 
: 1, 2, and 3 


: eeccccccccccccccecccce| 3. 3/x —6=0 4. 2/x – 9 = 0 5. V3x+4=16 
: on рр. 7297730 | 
: for Exs. 3-21, 6. V5x - 5-0 7. VXX 1 7 +5 = 11 8. Vx-8-4=-2 
: 28 
9, 2/X—4—2—2 10. 3Vx--1-5=5 (11) V6 = 2x «12221 
12. 5Vx— 3 + 4 = 14 13. 2Vx— 11- 8=4 14. V3x-2 = Мх 
15. V7 – 2х = №9 – х 16. V3Ix+8 = үх + 4 17. V9x — 30 =V4x + 5 


18. 21-x-V1-x-0 19. Vx-12-Vx-8=0 20. 58-2 - Ух = 0 


21. Ж MULTIPLE CHOICE Which is the solution of the equation 10Vx + 3 + 3 = 18? 


_3 3 3 3 
O Д © 5 D 5 
: EXAMPLE4 | SOLVING EQUATIONS Solve the equation. Check for extraneous solutions. 
onp 3oy | 22 х= V42—x 23. V4 Зх =x 24. Vllx — 24 = х 
: 29 25. Vl4x — 3 = 4x 26. 2x = V1 - 3x 27. V2- x ^ Xx c4 


ERROR ANALYSIS Describe and correct the error in solving the equation. 


28. 29. 
Мх +9=0 x = V18 — 7х 
V3x = —9 x? = 18 — 7х 


3x = 81 х2 + 7x — 18 = О 
х = 27 ~ (x — 2)(x +9) =O б. 
х-2=0огх+9=0 


х= 20ог х= – 9 


30. Œ GEOMETRY The formula for the slant height s (in inches) 


ofa сопе is s = Vh? + r^ where his the height of the cone 
(in inches) and ris the radius of its base (in inches), as 
shown. Find the height of the cone if you know the slant 
height is 4 inches and the radius is 2 inches. 
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SOLVING EQUATIONS Solve the equation. Check for extraneous solutions. 


31. Vx +2=Vx- 1 32.2— Vx - 12 Vx + 3 33. V5x +9 + V5x = 9 


34. Ж WRITING A student solves the equation Vx + 2 = x and finds that 
x = 2 or x = -1. Without checking by substituting into the equation, 
which is the extraneous solution, 2 or —1? How do you know? 


35. CHALLENGE Write a radical equation that has 3 and 4 as solutions. 


PROBLEM SOLVING 


: for Exs. 36-38 


36. FORESTS The dark green areas on the 
image shown represent regions with 
heavy foliage. In Texas, the area of land 
y (in millions of acres) that was covered 
by forest during the period 1907-2002 
can be modeled by the function 


y = 2.5V143 — x where x is the number 
of years since 1907. In what year were 

about 20 million acres of land covered 
by forest in Texas? t 


шлыми л. | E Т 
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(87) PER CAPITA CONSUMPTION The annual banana consumption y (in pounds 
per person) in the United States for the period 1970—2000 can be modeled 


by the function y = V18x + 272 where x is the number of years since 1970. 


38. MULTI-STEP PROBLEM The velocity v (in meters —— X ——— 
per second) at which a trapeze performer swings 
can be modeled by the function v = V19.6d where 
dis the difference (in meters) between the 
highest and lowest position of the performer's 
center of gravity during the swing. 


a. A trapeze performer swings at a velocity 
of 5 meters per second. What is the value of d? 


b. Suppose the performer jumps straight up off 
the starting board, increasing the velocity of the 
swing by 0.4 meter per second. By how many meters does the value 
of d increase? 


39. BIOLOGY A bushbaby is a small animal that can perform standing jumps 
of over 2 meters. Scientists found that the time t (in seconds) in which a 
bushbaby must extend its legs in order to jump to a height Л (in meters) is 


given by the function t = 0.4542 where £ is the length of the bushbaby's 


legs (in meters). A particular bushbaby has a leg length of 0.16 meter. The 
bushbaby can extend its legs in 0.05 second. About how high does the 
bushbaby jump? Round your answer to the nearest tenth of a meter. 
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40. * SHORT RESPONSE The amount of time t (in seconds) 
it takes a simple pendulum to complete one full swing 
is called the period of the pendulum and is given by 


t= этү; where £ is the length of the pendulum (in feet). 


a. Apply A visitor at a museum notices that a pendulum 
on display has a period of about 11 seconds. About how 
long is the pendulum? Use 3.14 for 77 and round your 
answer to the nearest foot. 


b. Explain Does increasing the length of a pendulum ж 
increase ог decrease its period? Explain. e 


41. CHALLENGE The frequency f (in cycles per second) of a string of an 
electric guitar is given by the equation f = LT where / is the length of 


the string (in meters), Tis the string's tension (in newtons), and mis the 
string's mass per unit length (in kilograms per meter). The high E string 
of a particular electric guitar is 0.64 meter long with a mass per unit 
length of 0.000401 kilogram per meter. How much tension is required 

to produce a frequency of about 330 cycles per second? Would you need 
more or less tension if you want to create the same frequency on a string 
with greater mass per unit length? Explain. 


: PREVIEW 


: Prepare for 
: Lesson 11.4 
: in Exs. 44-49. 


Make a scatter plot of the data. Describe the correlation of the data. If 
possible, fit a line to the data and write an equation for the line. (p. 324) 


Solve the equation. 
44. x? + 21x + 20 = 0 (p.583) 45. x? — 21х + 38 = 0 (p.583) 46. x? — 8х — 9 = 0 (p.583) 
47. 11x? — 11 = 0 (p.600) 48. 5х? — 125 = 0 (p. 600) 49. 8х? — 32 = 0 (p. 600) 


— 
' QUIZ for Lessons 11.1-11.3 
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1. Graph the function y = Vx — 3 and identify its domain and range. 
Compare the graph with the graph of y = Vx. (p. 710) 


Simplify the expression. (p. 719) 


2. V150 3. V2c2 - V8c 4. (7 + V5)(2 — V5) 


14 98 80x? 
5. => 6. 2 7. V =, 
V2 x Sy 


|. Solve the equation. Check for extraneous solutions. (р. 729) 


8. Vx —15=0 9. VAx — 7 = V2x + 19 10. Убх = 5 = х 
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Lessons 11.1-11.3 


1. OPEN-ENDED The velocity v (in meters per 
second) of a car moving in a circular path 
that has radius r (in meters) is given by 


у = Fr where F is the force (in newtons) 


pulling the car toward the center of the 
circular path and mis the mass of the car 
(in kilograms). 


A 1200 kilogram car is traveling at a constant 
velocity of 20 meters per second in a circular 
path of radius r meters where r > 100. Choose 
two different values of r to show how the 
force, F, acting on the car changes as the 
radius increases. 


2. MULTI-STEP PROBLEM The number y of 
companies listed on the New York Stock 
Exchange for the period 1999—2002 can be 


modeled by the function y = 3018 — 146Vx 
where x is the number of years since 1999. 


a. Graph the function. 


b. How many companies were listed on the 
New York Stock Exchange in 1999? 


c. In what year were there about 
220 companies fewer than the number 
of companies listed on the New York 
Stock Exchange in 1999? 


3. GRIDDED ANSWER The voltage V (in volts) 
of an amplifier is given by the function 


V = VPR where P is the power (in watts) and 
Ris the resistance (in ohms). A particular 
amplifier produces 10 volts and has a 
resistance of 4 ohms. How many watts are 
produced by the amplifier? 


) STATE TEST PRACTICE 
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4. MULTI-STEP PROBLEM For the period 


1994—2001, the annual consumption of 
corn products y (in pounds per person) 
in the United States can be modeled by the 


function y = 6.1Vx + 15.8 where x is the 
number of years since 1994. 


a. Graph the function. 


b. In what year were about 25 pounds 
of corn products consumed per person? 


. EXTENDED RESPONSE Competitors in a ski 


mountaineering race must climb a mountain 
and ski down it as quickly as possible. The 
race begins with the firing of a starting gun. 
Near Earth's surface, the speed of sound s (in 
meters per second) through air is given by 


s = 20V T + 273 where Tis the air 
temperature (in degrees Celsius). 


a. A typical temperature at the 
start of a race is —5°С. What 
is the speed of sound at 
this temperature? 


b. The person firing the 
starting gun is standing 
50 meters away from the 
racers. How long will it 
take for the racers to 
hear the starting gun? 


c. What happens to the time Ї 
it takes for the racers to 
hear the starting gun if the 
temperature at the start of 
the race is lower? Explain. 


. SHORT RESPONSE А person's maximum 


running speed s (in meters per second) can 


be approximated by the function s = 7 КЕ 


where £ is the person's leg length (in meters). 
a. To the nearest tenth of a meter, what is the 
leg length of a person whose maximum 


running speed is about 3.8 meters 
per second? 


b. What happens to running speed as leg 
length increases? Explain. 
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їп Деги A CTIVITY Use before Lesson 11.4 


The Pythagorean Theorem 


MATERIALS - graph paper + scissors 


Make right triangles Arrange as a square 


Cut a right triangle out of graph paper. Arrange the right triangles to form a 
Make three copies of it. square within a square, as shown. 


1. How are the areas of the triangles and inner square related to the 
area of the outer square? 


In Exercises 2-4, let a, b, and c be the lengths 
of the sides of a right triangle with a « b « c, 
as shown. Write an expression for the area of 
the figure described below. 


2. One of the right triangles in terms of a and р 
3. The outer square in terms of c 


4. The inner square in terms of a and b 


. Use the relationship you determined in Exercise 1 and your results 
from Exercises 2—4 to write an equation that relates a, b, and c. 
Simplify the equation. 


. REASONING The triangle shown is a right 


triangle. Find the value of x. Explain how 
you found your answer. 


Chapter 11 Radicals and Geometry Connections 


Theorem and Its Converse 
You solved radical equations. 


| Now ) You will use the Pythagorean theorem and its converse. 
So you can examine angles in architecture, as in Ex. 35. 


1 1 | 4 Apply the Pythagorean 
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GUIDED PRACTICE for Example 1 


1. The lengths of the legs of a right triangle are a = 5 and b = 12. Find с. 


11.4 Apply the Pythagorean Theorem and Its Converse 


Key Vocabulary The hypotenuse of a right triangle is the side opposite 
* hypotenuse the right angle. It is the longest side of a right triangle. | hypotenuse 
e legs of a right The legs are the two sides that form the right angle. eg 
triangle A theorem is a statement that can be proved true. The 
° "Y thagorean Pythagorean theorem states the relationship among eg 
ео the lengths of the sides of a right triangle. 
KEY CONCEPT For Your Notebook 
F The Pythagorean Theorem 
1: Words Ifa triangle is a right triangle, then the sum 
of the squares of the lengths of the legs equals the a p 
square of the length of the hypotenuse. 
T Algebra а? + b^ = с? i 
Use the Pythagorean theorem 
Find the unknown length for the triangle shown. 
c=] 
Solution А 
: REVIEW QUADRATIC а? +}? = с” Pythagorean theorem b=6 
: EQUATIONS 
: EQ TT ИЕТ a? + 6? = 72 Substitute 6 for b and 7 for c. 
: For help with solving 
: quadratic equations by а? + 36 = 49 Simplify. 
: using square roots, see m | 
: р. 652. a^ = 13 Subtract 36 from each side. 
a=V13 Take positive square root of each side. 
> The side length ais V13. 
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| EXAMPLE 2 | Use the Pythagorean theorem 


A right triangle has one leg that is 2 inches longer than the other leg. The 
| length of the hypotenuse is V10 inches. Find the unknown lengths. 


Solution 


Sketch a right triangle and label the sides with their 
lengths. Let x be the length of the shorter leg. 


a’ +}? = с? Pythagorean theorem 
х? + [Ж + 2)* = (Vio) Substitute. х+2 m 
x^ + x* + Ax c A = 10 simplify. 
252 + 4x— 6-0 Write in standard form. - 
2(х— 1)(х+3)=0 Еасїог. 
х-1=0огх+3=0 Zero-product property 
x=lor x=-3 Solve for x. 


» Because length is nonnegative, the solution x = —3 does not make sense. 
The legs have lengths of 1 inch and 1 + 2 = 3 inches. 


Ж Standardized Test Practice 


A soccer player makes a corner kick 
to another player, as shown. To the nearest 
yard, how far does the player kick the ball? 


: ELIMINATE CHOICES | 


: The hypotenuse is the | (А) 7 yards 38 yards 


: longest side of the (C) 42 yards (D> 52 yards 
: triangle, so the length 

: must be greater than 

: 40 yards. Eliminate | Solution 

: choices A and B. 


The path of the kicked ball is the hypotenuse of a right triangle. The length of 
one leg is 12 yards, and the length of the other leg is 40 yards. 


с^ = а? + b?’ Pythagorean ћеогет 
с? = 12° + 40° Substitute 12 for a and 40 for Б. 
c* = 1744 Simplify. 


c = V1744 = 42 Take positive square root of each side. 
» The correct answer is С. @ ORO 


Y GUIDED PRACTICE for Examples 2 апаз — 


2. Aright triangle has one leg that is 3 inches longer than the other leg. The 
length of the hypotenuse is 15 inches. Find the unknown lengths. 


3. SWIMMING A rectangular pool is 30 feet wide and 60 feet long. You swim 
diagonally across the pool. To the nearest foot, how far do you swim? 
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: REVIEW REASONING CONVERSE OF THE PYTHAGOREAN THEOREM Recall that when you reverse 


: For help with if-then the hypothesis and conclusion of an if-then statement, the new statement is 


: statements and 


called the converse. Although not all converses of true statements are true, the 


: converses, see pp. 64, converse of the Pythagorean theorem is true. 


: 110, and 319. 


;- KEY CONCEPT For Your Notebook 


Converse of the Pythagorean Theorem 


If a triangle has side lengths a, b, and c such that a? + b° = c^, then the 
triangle is a right triangle. 


Determine right triangles 


Tell whether the triangle with the given side lengths is a right triangle. 


a. 8, 15, 17 b. 5,8, 9 
8^ + 15? 4 17? 5 8^ = 9 
64 + 225 = 289 25 + 64 = 81 
289 = 289 Y 89 = 81 X 
» The triangle is a right triangle. > The triangle is not a right triangle. 


| EXAMPLE 5 | Use the converse of the Pythagorean theorem 


CONSTRUCTION А construction worker is making sure one corner of the 
foundation of a house is a right angle. To do this, the worker makes a mark 

8 feet from the corner along one wall and another mark 6 feet from the same 
corner along the other wall. The worker then measures the distance between 
the two marks and finds the distance to be 10 feet. Is the corner a right angle? 


Solution 
82 + 6^ = 10° Check to see if a? + b? = when a = 8, Б = 6, and c = 10. 
64 + 36 = 100 Simplify. 


100 = 100 Y Add. 


» Because the sides that the construction worker measured form a right 
triangle, the corner of the foundation is a right angle. 


GUIDED PRACTICE for Examples 4 and 5 


Tell whether the triangle with the given side lengths is a right triangle. 
4. 7, 11, 13 5. 15, 36, 39 6. 15, 112, 113 


7. WINDOW DESIGN А window has the shape of a triangle with side lengths 
of 120 centimeters, 120 centimeters, and 180 centimeters. Is the window 
a right triangle? Explain. 


11.4 Apply the Pythagorean Theorem and Its Converse 
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EXERCISES HOMEWORK: () = WORKED-OUT SOLUTIONS 
1 1 A KEY: on p. WS27 for Exs. 9, 23, and 35 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 29, 30, and 37 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: In a right triangle, the side opposite 
the right angle is called the. ? . 


2. ж WRITING Explain how you can tell whether a triangle with side 
lengths of 9, 12, and 15 is a right triangle. 


: EXAMPLE 1 USING THE PYTHAGOREAN THEOREM Let a and b represent the lengths of 


: on p. 737 the legs of a right triangle, and let c represent the length of the hypotenuse. 
: for Exs. 3-16 Find the unknown length. 
3 п= 3, 6= Б A, р= 3, с= 7 5. а= 5, р = 6 
6. р= 5, с= 10 7. а= 8, р = 8 8. а= 5, р = 12 
(9.)a=8,b=12 10. а= 7, с = 25 11. р = 15, с = 17 
12. а= 9,с= 41 13. р = 3, с = 34 14. а = 1.2, с = 3.7 


15. ж MULTIPLE CHOICE A tennis court is 36 feet by 78 feet. What is the 
length of a diagonal? Round your answer to the nearest tenth of a foot. 


CA) 42.0 feet 69.2 feet (С) 85.9 feet (D> 114.0 feet 
16. ERROR ANALYSIS Describe and correct the P NC 
error in finding the unknown length. 10% + 50 = х 
1224 = х? 
30 бү 34 = х 
18 
X 


: EXAMPLE 2 USING THE PYTHAGOREAN THEOREM Find the unknown lengths. 


: on p. 738 
: for Exs. 17-22 25 = 2x —3 et 
Xx + 1 x = 9X X+ 2 
x+3 


2x +3 9x — 1 


20. Aright triangle has one leg that is 2 inches longer than the other leg. The 
length of the hypotenuse is V130 inches. Find the lengths of the legs. 


21. Aright triangle has one leg that is 3 times as long as the other leg. The 
length of the hypotenuse is V40 inches. Find the lengths of the legs. 


22. Aright triangle has one leg that is i of the length of the other leg. The 
length of the hypotenuse is 6V5 inches. Find the lengths of the legs. 


: EXAMPLE 4 DETERMINING RIGHT TRIANGLES Tell whether the triangle with the given 


: on p. 739 side lengths is a right triangle. 
COE ESE 24. 9,12, 15 25. 8, 16, 18 
26. 9, 21, 24 27. 11, 60, 61 28. 24, 143, 145 


740 Chapter 11 Radicals and Geometry Connections 


29. ж MULTIPLE CHOICE What is the area 
of the largest square in the coordinate 
plane shown? 


СА) 100 square units 
64 square units 
(C) 36 square units 


» ШЕР АГАШЫ 


ШШ EEEE 
ШШ EEEE 
| | | EEEE 
A BEEN 


(D> 25 square units 


30. Ж WRITING Given that two side lengths of a right triangle are 11 inches 
and 6 inches, is it possible to find the length of the third side? Explain. 


31. REASONING A Pythagorean triple is a group of integers a, b, and c that 
represent the side lengths of a right triangle. For example, the integers 
3, 4, and 5 form a Pythagorean triple. Choose any two positive integers 
m and n such that m < n. Then find a, b, and c as follows: a = n? — mf, 
b = 2mn, and c = п? + m°. Show that the numbers you generated form 
a Pythagorean triple. Then use the converse of the Pythagorean theorem 
to show that the equations for a, b, and c always generate Pythagorean 
triples. 


32. CHALLENGE The edge length of the cube 
is 7 inches. 
a. Find the value of x. 


b. Find the value of y. 


" PROBLEM SOLVING 


: EXAMPLES 


: on pp. 738-739 
: for EXs. 33-35 


33. ARCHITECTURE An earthquake-resistant 
building has dampers built into its structure 
to help minimize damage caused by an 
earthquake. A section of the structural 
frame of such a building is shown. What 
is the length of the damper? Round your 
answer to the nearest foot. 


34. SAILS A sail has the shape of a triangle. The side lengths are 146 inches, 
131 inches, and 84 inches. Is the sail a right triangle? Explain. 
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11.4 Apply the Pythagorean Theorem and Its Converse 


FLATIRON BUILDING A top view of the . 
Flatiron Building in New York City is 
shown. The triangle indicates the 
basic shape of the building’s roof. Is 
the triangle a right triangle? Explain. 


East 23rd Street 
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36. SCREEN SIZES The size of a television is indicated by the length of a 
diagonal of the television screen. The aspect ratio of a television screen is 
the ratio of the length of the screen to the width of the screen. The size of 
a particular television is 30 inches, and its aspect ratio is 4 : 3. What are 
the width and the length of the television screen? 


37. Ж EXTENDED RESPONSE The Wheel of Theodorus is a figure formed by 
a Chain of right triangles with consecutive triangles sharing a common 
side. The hypotenuse of one triangle becomes a leg of the next, as shown. 


a. Calculate What is the length of the longest 1 


hypotenuse in the diagram? . 


b. Extend Extend the diagram to include two 1 
more triangles. What is the length of the 
longest hypotenuse in the new diagram? 1 


c. Analyze Find a formula for the length of the 
hypotenuse of the nth triangle. Explain how 1 
you found your answer. 


38. CHALLENGE A baseball diamond has the shape of a square with side 
lengths of 90 feet. A catcher wants to get a player running from first 
base to second base out, so the catcher must throw the ball to second 
base before the runner reaches second base. 


a. The catcher is 5 feet behind home plate. How 
far does the catcher have to throw the ball to 
reach second base? Round your answer to the 
nearest foot. 


b. The catcher throws the ball at a rate of 90 feet 
per second when the player is 30 feet away from 
second base. Will the catcher get the player 
out if the player is running at a rate of 22 feet 


second base 


Not drawn 


per second? Explain. catcher to scale 


: PREVIEW Plot the point in a coordinate plane. Describe the location of the point. (р. 206) 

: Prepare for Y DEN 

: Lesson 11.5 39. (5, 4) 40. (—2, 6) 41. {—1, —3) 42. (0, 5) 

: in Exs. 39-46. | 43. (0, 0) 44. (—8, —2) 45. (—1.5, 0) 46. (3.25, —2.5) 


Evaluate the expression. 


47. 5х? when x = 3 (p. 8) 48. —|x| — 8 when x = —2 (p. 64) 
49. yx — y when x = 9, y = —7 (p. 110) 50. yxy when x = 27, у = 3 (р. 110) 
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In Дер A CTIVITY Use before Lesson 11.5 


| Distance in The Coordinate Plane 


MATERIALS : graph paper 


[ | 


STEP 1| Plot points 
Plot the points A(—3, —2) and B(4, —2) in the same 
coordinate plane. 


STEP 2| Find distance 


Find the distance between the points by 
counting the grid spaces between them. 


STEP 3 | Find distance 


Find the distance by subtracting the x-coordinate of point A from the 
x-coordinate of point B. 


STEP 4| Compare results 
How does your result from Step 2 compare with your result from Step 3? 


1. Subtract the x-coordinate of point B from the x-coordinate of point A. 
How is the value different from the values found in Steps 2 and 3 above? 
How could you make them the same? 


. Assume points C(x,, y,) and D(x,, у,) lie on the same horizontal line. 
Write an expression that can be used to find the distance between the 
points. 


. Assume points C(x,, y,) and D(x,, у,) lie on the same vertical line. Write 
an expression that can be used to find the distance between the points. 
Check your expression using (—2, 4) and (-2, —3). 


In Exercises 4-12, find the distance between the two points. 
e ә» 5,3) 5. (0,—4),(7,—4) 6. (—1,5), (2,5) 
. (4, —6), (6, —6) 8. (—5, —4), (-2, —4) 9. (2, 8), (2, 3) 
‚ (B, - B), (5, —2) 11. (0, —4), (0, 2) 12, (3, 0), (—3, 6) 
. REASONING Plot the points A(6, 5), B(2, 5), and C(6, 2). Find the 
distance between points A and B. Find the distance between points 


A and C. Use the distances and the Pythagorean theorem to find the 
distance between points B and C. 


11.5 Apply the Distance and Midpoint Formulas 


11.5 


You used the Pythagorean theorem and its converse. 
| Ми ) You will use the distance and midpoint formulas. 
So you can calculate distances traveled, as in Ex. 47. 


Key Vocabulary 

e distance formula 
e midpoint 

e midpoint formula 
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+; The distance d between апу two points 


Apply the Distance and " T 
Midpoint Formulas жт 


To find the distance between the points 
A(-2, —1) and B(3, 2), draw a right triangle, 
as shown. The lengths of the legs of the right 
triangle are as follows. 

АС = |3- (-2)| 25 


BC= |-1-2| =з 


You can use the Pythagorean theorem to find AB, 
the length of the hypotenuse of the right triangle. 


(АВ)? = (АС)? + (ВС)? Pythagorean theorem 
АВ = \ (АС)? + (BC)? Take positive square root of each side. 
АВ = V5* + 3° = V34 Substitute 5 for AC and 3 for BC and simplify. 


This example suggests that you can find the distance between two points in a 
coordinate plane using the following formula, called the distance formula. 


KEY CONCEPT For Your Notebook 


The Distance Formula 


(xp y,) and (x,, yo) is 


а = (х – х)? + (y, — yp’. 


Find the distance between two points 


Find the distance between (—1, 3) and (5, 2). 
Let (xp y,) = 1, 3) and (x, y.) = (5, 2). 
d= V (x, = ху? + (У, = y) Distance formula 
= V5 — (=D? + (2 - 3) Substitute. 
= Ve + (—1)? = V37 Simplify. 


» The distance between the points is V37 units. 
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ЄСТУ) Find a missing coordinate _ 


The distance between (3, —5) and (7, b) is 5 units. Find the value of b. 


Solution 


Use the distance formula with d = 5. Let (x, y,) = (3, —5) and 
(х„, y) = (7, b). Then solve for b. 


d =\ (x, — x) + (у, — y)" Distance formula 
5 —V(7—3)5-(b—(—5)^ Substitute. 
5 = V16 + b + 10b + 25 Multiply. 
5 = Vp + 10b + 41 Simplify. 
: INTERPRET 


: GEOMETRICALLY 25 = b? + 10b + 41 Square each side. 


: The point (7, b) lies on ENT. — 

: the line x = 7. If you let O — b^ + 10b + 16 Write in standard form. 
: the point (3, —5) be the 0 = (b + 2)(b + 8) Factor. 

: center of a circle with 

: radius 5, you will see b+2=0 or b+8=0 Zero-product property 
: that the circle crosses zx _ _ 

: the line at (7, —2) and b 2 or b 8 Solve for b. 

: (7, -8). | > The value of b is —2 or —8. 


r4 GUIDED PRACTICE | for Examples 1 and 2 


Find the distance between the points. 
1. (3, 0), (3, 6) 2. [(—2, 1), (2, 5) 3. (6, —2), (+4, 7) 


4. The distance between (1, a) and (4, 2) is 3 units. Find the value of a. 


MIDPOINT The midpoint of a line segment is the point on the segment that is 
equidistant from the endpoints. You can find the coordinates of the midpoint 
of a line segment using the following formula, called the midpoint formula. 


KEY CONCEPT For Your Notebook 


The Midpoint Formula 


The midpoint M of the line segment 
with endpoints A(x,, y,) and B(x,, у,) is Ya 


X tX у + Y, yt Ys 
3 * 2 | 2 


Xx FX yty 
2 "' 2 


X tX X 
2 
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: ELIMINATE CHOICES 


: The y-coordinate of 

: the midpoint has to 

: be negative because 
: itis an average of the 
: y-coordinates of the 

: endpoints of the line 
: segment. Eliminate 

: choices C and D. 


: ANOTHER WAY 


: For alternative methods 
: for solving Example 4, 

: turn to page 751 for 

: the Problem Solving 

: Workshop. 


Yr [ EXAMPLE 3 | Standardized Test Practice 


What is the midpoint of the line segment with endpoints (—1, —2) and 
(3, —4)? 


Solution 
Let (x,, yj) = (—1, —2) and (x, y.) = (3, —4). 


AX tx а-ы bare —2 + (-4) 


= 2 2 Substitute. 


= (1, —3) Simplify. 
> The correct answer is B. (А) О Ф) 
[D nimatea Algebra at classzone.com 


2 
ашын a O 


Solve a real-world problem — —— — — 


SIGHTSEEING You and a friend are sightseeing in Washington, D.C. You are at 
the National Gallery of Art, and your friend is at the Washington Monument, 
as shown on the map. You want to meet at the landmark that is closest to the 
midpoint of your locations. At which landmark should you meet? 


SIGHTS IN WASHINGTON, D.C. 


A) White House 

B) Washington Monument 
C) Natural History Museum 
D) Smithsonian Institution 
E) National Portrait Gallery 
F) National Gallery of Art 


Solution 


Your coordinates are (11, 3), and your friend's coordinates are (2, 2). First, 
find the midpoint of your locations, which is 


X, + Xz жон A 342) 


> = (6.5, 2.5). 


Next, find the distance from the midpoint to the Smithsonian Institution, 
located at (7, 1), and to the Natural History Museum, located at (7, 3). 


Distance to Smithsonian Institution: d = \ (6.5 — 7)? + (2.5 — 1)? = 1.58 units 
Distance to Natural History Museum: d = \ (6.5 — 7)? + (2.5 — 3)? = 0.71 unit 


» You should meet at the Natural History Museum. 
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GUIDED PRACTICE for Examples 3 and 4 


5. Find the midpoint of the line segment with endpoints (4, 3) and (2, 5). 


6. WHAT IF? In Example 4, suppose you are at the Smithsonian and your 
friend is at the National Portrait Gallery. Which landmark on 
the map is closest to the midpoint of your locations? 


Ж = STANDARDIZED TEST PRACTICE 


EXERCISES HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
n Э KEY: on p. WS27 for Exs. 7, 23, and 49 


Exs. 2, 15, 34, 37, 45, and 50 


' SKILL PRACTICE 


3 oper a 
: for Exs. 3-15 


: EXAMPLE 2 


3 Der de P 
: for Exs. 16-21 


: EXAMPLE 3 


3 on b. he o 
: for Exs. 22-34 


1. VOCABULARY Copy and complete: The point on a line segment that is 
equidistant from its endpoints is called the. * of the line segment. 


2. ж WRITING You want to know the distance between the points (3, 2) 
and (6, 8). Does it matter which point represents (x,, y,) and which point 
represents (x,, у,)? Explain. 


FINDING DISTANCE Find the distance between the two points. 
3. (4, 8), (4, 7) 4. (а, m (8, =y) 5. (2, m (6, 1) 6. (5, 1), (0, 3) 
(7)-47,G,-D в. 2,4), (5,0) 9. (—6, 7), (2,9) 10. (-10, 8), (2, —3) 


11. (7,5), (=12,-1) 12. (4, 2.5), 2.5, 3) 13. (5, -3}(-3,8) 14 gnum 


15. Ж MULTIPLE CHOICE What is the distance between (4.5, 1) and 


(—2.5, —5)? 
(А) V13 V24 © V68.5 D V85 


FINDING MISSING COORDINATES The distance d between two points is given. 
Find the value of b. 


16. (0, b), (3, 1); 4= 5 17. (13, —3), (b, 2); d = 13 18. (-9, -2), (р, 5); 4=7 
19. (b, –6), (5,2); 4= 10 20. (-6,8,(-L р); 4= V29 21. (b, —4), (4, 7); d = 11V2 


FINDING THE MIDPOINT Find the midpoint of the line segment with the 
given endpoints. 


22. (0,1), (8, 3) (23) (6, —3), (4, —7) 24. (-5,0), (1,14) 

25. (11, 4), (-9, 4) 26. (—6, 6), (4, —4) 27. (-17, —8), (—5, —4) 
28. (2, 7), (5, 3) 29. (—2, 3), (-2, —3) 30. (12, —5), (-12, 4) 
31. (-15, -8), (1, -) 32. (18, —17), (12, —7) 33. (—50, —75), (8, 9) 


34. Ж MULTIPLE CHOICE What is the midpoint of the line segment with 
endpoints (2, 1) and (4, 7)? 


(СА) (1,3) (1.5, 5.5) © (3, 4) D (4,3) 
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ERROR ANALYSIS Describe and correct the error in finding the distance 
between (—17, —2) and (3, 8), and the midpoint of the line segment with 
endpoints (—17, —2) and (3, 8). 


35. 36. 
Distance: Midpoint: 


d= \(5 = (17) - (e —(—2)у SS == = bd 
= V400 — 100 X = (10, 5) 
= V300 = 10V3 


37. Ж MULTIPLE CHOICE What is the distance between 
point A and the midpoint of the line segment that 


joins points A and В? ry] TP fy ш 
(А) V17 units 3V5 units LL LL LLL LAS | 

| | 0 0 O O O Г 
(С) 2V17 units (D> V117 units FAT 


FINDING ENDPOINTS The midpoint and an endpoint of a line segment are 
given. Find the other endpoint. 


38. endpoint: (1, 2) 39. endpoint: (-2, —4) 40. endpoint: (7, 5) 
midpoint: (—6, 4) midpoint: (3, —3) midpoint: (1, 0.5) 


RIGHT TRIANGLES Use the distance formula and the converse of the 
Pythagorean theorem to determine whether the points are vertices of a 


right triangle. 
41. (3, 3); (3, —1), 2, —1) 42. (3, 1], (1, 4), С, 0) 
43. (=, = (0, —4), [—2, 3) 44. (E, 1), (—4, 3), (—8, =1) 


45. * WRITING Explain how you can use the distance formula to verify that 
the midpoint of a line segment is equidistant from its endpoints. 


46. CHALLENGE The midpoint of a line segment is (0, 0). The line segment 
has a length of 2 units. Give three possible sets of endpoints for the line 
segment. Explain how you found your answer. 


_ PROBLEM SOLVING 


: EXAMPLE 4 47. MULTI-STEP PROBLEM A rescue helicopter and an Ay? | [||| 


EXAMPLE 4 — | LII 
: on p. 746 | ambulance are both traveling from the dispatch iu accident scene (| [|] 
: for Exs. 47—50 center to the scene of an accident. The distance | 625) | | | 80,5) 


between consecutive grid lines represents 1 mile. 


a. Find the distance that the ambulance traveled 
(red route). 


b. How many times greater is the distance that 
the ambulance traveled than the distance that 
the helicopter traveled (blue route)? 


@НотетТиїог | 


for problem solving help at classzone.com 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
748 on p. WS1 TEST PRACTICE 


: REVIEW 
: PARALLEL 


: For help with 

: using slope 

: to determine 

: whether lines 

: are parallel, see 
: p. 246. 


48. 


SUBWAY A student is taking the subway to the public 
library. The student can get off the subway at one of 
two stops, as shown in the map. The distance between 
consecutive grid lines represents 0.25 mile. Which stop 
is closer to the library? 


Tutor | for problem solving help at classzone.com 


| isto! | | stop2 | 
tit tit tt | dy 
py | | tt | ft 2 fe 


ARCHAEOLOGY Underwater archaeologists sometimes lay survey grids 


50. 


51. 


of the site they are studying. A sample survey grid is shown. The distance 
between consecutive grid lines represents 50 feet. 


Ар ДЫ 
жый» | 1... 
-a 
| Buckle | 
a. Which is shorter, the distance between the anchor and the sword ог 
the distance between the anchor and the cup? 


b. Which two objects are closest together? Which two objects are 
farthest apart? 


Ж SHORT RESPONSE The point of no return in aviation CAY] | [[ 
is the farthest point to which a plane can fly and still | | | | |айропвВ | | 


have enough fuel to return to its starting place or to ll] Mam] ||] 

fly to an alternative landing destination. After a plane Г ү] 

passes the point of no return, it must fly to its planned (||| үү 

destination. The distance between consecutive grid MOMO MONA O 

lines represents 50 nautical miles. PT yt tt yt yd 

a. The flight path of a plane is from airport A to airport B. | _уаропА | | | | | 
The plane is currently at the midpoint of the flight path. [qun | | Tt 
How far away is the plane from airport A? Round your 
answer to the nearest nautical mile. 


b. The plane’s point of no return is calculated to be 200 nautical miles. 
Has the plane reached its point of no return? Explain. 


ROAD SIGN Describe the quadrilateral formed by the 
sides of the road sign shown by answering the 
following questions. 


e Are opposite sides parallel? 


e Do the sides form right angles? 


e Which sides, if any, are congruent? 
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52. CHALLENGE A computer programmer is creating 
a baseball player’s strike zone for a video game, as 
shown. The strike zone is a rectangular region over 
home plate through which a ball must pass to 
be called a strike. In the animation, AB is the top of 
the strike zone and lies on a horizontal line that 
passes through the midpoint of XY. The distance 
between grid lines represents 1 foot. 


a. Ifthe coordinates of X are (4, 5.5) and the 
coordinates of. Y are (4, 3.5), what is the 
midpoint of XY? 

b. The coordinates of C are (7, 2) and the coordinates 
of D are (8.5, 2). Find the coordinates of point A and point B. 


с. What is the area of the strike zone in the animation? 


MIXED REVIEW | 


: PREVIEW 


: Prepare for 
: Lesson 12.1 in 
: EXS. 53-58. 


Given that y varies directly with x, use the specified values to write a direct 
variation equation that relates x and y. (p. 253) 


53. x= 10, у = 30 54. x= 81, y = 27 55. x = —6,y = —9 

56. x= 12, y = -1.5 57. х= —11, y = -11 58. x=f,y=6 

Graph the function. 

59. y = 4* (p. 520) 60. y = 3 * 4* (p. 520) 61. y = (0.5)* (p. 531) 

62. y = 2 * (0.5)* (p. 531) 63. y = x^ — 6 (p. 628) 64. у = 2х2 — x + 8 (p. 635) 


. QUIZ for Lessons 11.4—11.5 
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Let a and b represent the lengths of the legs of a right triangle, and let c 
represent the length of the hypotenuse. Find the unknown length. (p. 737) 


1. a=6,c= 10 2. р= 2,с= 6 3. а= 4, р = 7 


Find the unknown lengths. (р. 737) 


4. 5. 2x 6. 
x +1 2x +2 


2V5 


Find the distance between the two points. (p. 744) 
T. (7, 2j, (7, 5) 8. (—1, — (4, —3) 9. (0, 0), (6, 9) 


Find the midpoint of the line segment with the given endpoints. (р. 744) 


10. (0, 5), (—6, 3) 11. (8, =l, (2, —7) 12. [—h, —3), (5, —3) 
13. (0, 6), (1.5, 4) 14. (2.5, —3), (0.5, 6) 15. (13 (4 3) 


EXTRA PRACTICE for Lesson 11.5, p. 948 A) ONLINE QUIZ at classzone.com 


Using ALTERNATIVE METHODS 


Another Way to Solve Example 4, page 746 


MULTIPLE REPRESENTATIONS In Example 4 on page 746, you saw how to 
solve a problem about finding a meeting place by using the midpoint and 
distance formulas. You can also solve the problem by folding a map and 
using a compass. 


PROBLEM SIGHTSEEING You and a friend are sightseeing in Washington, D.C. You 


are at the National Gallery of Art, and your friend is at the Washington 
Monument, as shown on the map. You want to meet at the landmark 


should you meet? 


that is closest to the midpoint of your locations. At which landmark 


METHOD 1 Folding a map and using a compass An alternative approach is to fold a map 
and use a compass. First, draw a line connecting your location to your 
friend’s location. Then fold the map so that your locations coincide. The point 
where the line connecting your locations is folded represents the midpoint. 
Place the point of your compass at the midpoint. Adjust the opening of the 
compass to match the distance between the midpoint and the apparent 
closest landmark. Swing the compass to see if the other landmark is closer. 


SIGHTS IN WASHINGTON, D.C. 


A) White House 

B) Washington Monument 
C) Natural History Museum 
D) Smithsonian Institution 
E) National Portrait Gallery 
F) National Gallery of Art 


» Because the Smithsonian lies outside the circle, the Natural History 
Museum is closer to the midpoint of your locations. 


ex _ ___ 


1. WHAT IF? In the problem above, suppose 2. MAPS A student makes a map of a town in 
your friend is at the White House. which the student's house is located at 
(1, 2) and a friend’s house is located at (8, 5). 


. 2 
a. At which landmark should you meet? A grocery store is located at (5, 3), and a shoe 


b. Suppose you can walk directly to the store is located at (3, 4). The student and 
landmark in part (a). If the distance the friend want to meet at the store that is 
between consecutive grid lines represents closer to the midpoint between their houses. 
0.06 mile, how far do you have to walk? At which store should they meet? Solve this 


problem using two methods. 


Using Alternative Methods 751 


REVIEW of Problem Solving | | Т) STATE TEST PRACT 


Lessons 11.4-11.5 


1. SHORT RESPONSE Construction workers 4. SHORT RESPONSE A map of a town is shown. 
are building a staircase for a house. Use A student is at the school. The student's 
the drawing of the staircase to answer the friend is at the stadium. They want to meet 
following questions. Round each answer to at the place that is closest to the midpoint of 
the nearest inch. their locations. At which location should they 


meet? Explain how you found your answer. 


a. Find the distance d between the edges of 
two consecutive steps. 


b. Suppose the workers install a handrail 


that is as long as the distance between 5. OPEN-ENDED City planners want to build 
the front edge of the bottom step and the a rectangular park. They want the park to 
front edge of the top step. How long is the have a straight path that is 2500 feet long and 
handrail? Explain. connects opposite corners of the park. What 
are three possibilities for the length and 
2. MULTI-STEP PROBLEM At the start ofa width of the park? 
football game, the kicker on one team must 
kick the ball to the opposing team. To 6. EXTENDED RESPONSE One ferry makes 
position himself for the starting kick, the round trips shown in red. A second ferry 
kicker places a football on a tee, walks makes round trips shown in blue. The 
8 yards behind the tee, then 6 yards to distance between consecutive grid lines 
his left. represents 1 mile. 


4 Football 


ERES S EINE 


a. What is the kicker's distance (in yards) 
from the football? 


b. The kicker takes 11 strides to kick the ball. 
What is his average stride length? Round 
your answer to the nearest tenth of a foot. 


a. Find the distance (in miles) of a round trip 
for the first ferry. 


b. Find the distance (in miles) of a round trip 
for the second ferry. 


c. Each stop the ferries make takes 


3. GRIDDED ANSWER You go on a hiking trip. 10 minutes. The first ferry travels at 
You walk 2 miles directly east and then 20 miles per hour, and the second ferry 
4 miles directly north. If you could walk in travels at 16 miles per hour. The ferries 
a straight path back to your starting point, leave Shore City at the same time each 
how far would you have to walk? Round your day. When will they be back at the city at 
answer to the nearest tenth of a mile. the same time? Explain. 
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CHAPTER SUMMARY [тт 


. Cclasszone.com 
Electronic Function Library 


BIG IDEAS For Your Notebook 


Graphing Square Root Functions 


Big 


You can graph a square root function y = aVx — h + k and compare its graph 
with the graph of the parent function, y = Vx, based on the constants a, h, 


Б and k. 

Po Constant Comparison of graphs 

м а • When а > 0, the graph is a vertical stretch or shrink of 
E the parent graph. 

К * When а « 0, the graph is a vertical stretch or shrink with 

I a reflection in the x-axis of the parent graph. 

E h The graph is a horizontal translation of the parent graph. 
: k The graph is a vertical translation of the parent graph. 


Big (deo, (2) E Using Properties of Radicals in Expressions and Equations 


> You can use the properties of radicals to simplify radical expressions and to 
^. solve radical equations. 


Product property of radicals Vab = Уа. Vb 
where a > 0 and b 2 о 


Quotient property of radicals a _ va 
b vb 


where a>0andb>0 


ee ee d |» d d» ) 
óéóóódóéóóóéóóóóóóÓó 


Big ldea Ө) 


Working with Radicals in Geometry 


nr an ee E E S S., 
оообобососооосооо 


You can use radicals to solve problems involving the following geometric 
theorems and formulas. 


Pythagorean theorem If a triangle is a right triangle, then the 
sum of the squares of the lengths of 
the legs, a and b, equals the square of 
the length of the hypotenuse c. 


а В c 


ГТТТТТТТТТ Т 1 
6406460646064 60 64 


Converse of Pythagorean theorem | Ifa triangle has side lengths а, b, and 
csuch that a? + b? = c?, then the 
triangle is a right triangle. 


[> | Distance formula d = V, -= xP + (y, - y 
Г 2 2 


Xx, + х, nih) 
2 7 2 


М мі 


: Midpoint formula 
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CHAPTER REVIEW 


REVIEW KEY VOCABULARY 


* radical expression, p. 710 * simplest form of a radical * hypotenuse, legs of a right 


* radical function, p. 710 expression, p. 719 triangle, p. 737 


e rationalizing the denominator, • Pythagorean theorem, р. 737 
p. 721 


* radical equation, p. 729 


* square root function, p. 710 


• parent square root function, р. 710 * distance formula, p. 744 


* midpoint, midpoint formula, p. 745 
* extraneous solution, p. 730 


VOCABULARY EXERCISES 


1. Describe how the graph of the function y = 3Vx compares with the 
graph of the parent square root function. 


2. Describe the steps you would take to rationalize the denominator of a 
radical expression. 


Tell which theorem or formula you would use to complete the exercise. 


3. Tell whether a triangle with side lengths 2, 4, and 6 is a right triangle. 
4. The point (Р, 4) is 10 units away from the point (5, 10). Find b. 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding 
of the concepts you have learned in each lesson of Chapter 11. 


Ё | LU | Graph Square Root Functions pp. 710-716 | 


Graph the function y = Vx — 3 and identify its domain and range. Compare 
the graph with the graph of y = vx. 


To graph the function, make a table, plot the points, A 
> 


and draw a smooth curve through the points. The 
domain is x 2 3. 


The range is y 2 0. The graph of y = Vx —3 is a horizontal translation 
(of 3 units to the right) of the graph of y — vx. 


EXERCISES 
; EXAMPLES Graph the function and identify its domain and range. Compare the graph 
: 2,3, and 4 е _ 
Ps ercer RR with the graph of y = vx. 
: on pp. 711-712 
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E | 2 Simplify Radical Expressions pp. 719-726 | 


: EXAMPLES 


: on pp. 719-722 
: for Exs. 8-16 


Ё | Е] Solve Radical Equations pp. 729-734 | 


: EXAMPLES 
: 1,2, 3, and 4 


: on pp. 729-731 
: for Exs. 17-22 


Simplify 7V5 — V45. 
7V5 — V45 = 7V5 — V9.5 


@Homelutor 
classzone.com 
Chapter Review Practice 


Factor using perfect square factor. 


=7V5—V9-V5 Product property of radicals 
= 7V5 — 3V5 Simplify. 
= (7 — 3)ү5 Distributive property 
22:5 Simplify. 
EXERCISES 
Simplify the expression. 
8. V98 9. V121 10. V7 • V21 11. V7x • тух 
12. = 13. Е 14. 3V2 — V128 15. У2(7 — V6) 


16. GEOMETRY The lateral surface area L of a square pyramid with height Л 


and base length 4 is given by L = 2£V0.25£2 + h°. Find L (in square feet) 
for a square pyramid that has a height of 4 feet and a base length of 4 feet. 


Solve Vx + 90 = x. 


x+90 =x 

2 
(Vx +90) = x 
x + 90 = x? 


0 =x? -— x-— 90 
0 = (x — 10)(x + 9) 
x—102-0 or x -* 9-0 


х=10 or х= —9 


Write original equation. 
Square each side. 
Simplify. 

Write in standard form. 
Factor. 

Zero-product property 


Solve for x. 


> Checking 10 and —9 in the original equation shows that —9 is an extraneous 
solution. The only solution of the equation is 10. 


EXERCISES 


Solve the equation. Check for extraneous solutions. 


17. Vx — 28 = 0 
20. 5х +6 = 5 


18. 8Vx — 5 + 34 = 58 
21. Vx + 36 = 0 


22. х= №2 – х 


Chapter Review 


19. V5x-3=Vx+w 17 
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CHAPTER REVIEW 


¡1:94 Apply ће Pythagorean Theorem and Its Converse 


Find the unknown length for the triangle shown. 


с= 11 
а? + b = с? Pythagorean theorem a=6 
62 + b? = 117 Substitute 6 for a and 11 for c. 5 
36 + b^—121 Simplify. 
b* = 85 Subtract 36 from each side. 
b=V85 Take positive square root of each side. 

EXERCISES 
: EXAMPLES Let a and b represent the lengths of the legs of a right triangle, and let с 
:land4 represent the length of the hypotenuse. Find the unknown length. 
: on pp. 737, 739 
: for Exs. 23-29 23. a — 1, b = 13 24. а= 10, с= 21 25. а= 8, С = 11 

26. a = 9, р = 17 27. Р = А с = 15 28. р = 6, с = 6.5 


29. REFLECTING POOL The Reflecting Pool in front of the Lincoln Memorial 
in Washington, D.C., is rectangular with a length of 2029 feet and a width 
of 167 feet. To the nearest foot, what is the length of a diagonal of the 
Reflecting Pool? 


Ё | 5 Apply the Distance and Midpoint Formulas pp. 744-750 | 


Find the distance between (—3, 8) and (5, —12). 
Let (x y) = (—3, 8) and (х,, y,) = (5, 12). 


а= (x, — js + (у — y Distance formula 
= ү(5 — (-3)?+ (—12 — 8)? Substitute. 
= V464 = 4V29 Simplify. 
EXERCISES 
: EXAMPLES Find the distance between the two points. 
ЛЕВА 80, (1,3), (8, 15) 31. (8, -4), (0, 2) 32. (7, 1), (4, —0.25) 


: on pp. 744, 746 
: for Exs. 30-36 
uias Find the midpoint of the line segment with the given endpoints. 

33. (2, —4), (9, —4) 34. (—8, 0), (—8, 2) 35. (6, 1), (4, —5) 


36. ISLANDS On a coordinate grid, an island is located at (1, 6). Another 
island is located at (4, 9). What is the distance between the islands if the 
distance between consecutive grid lines represents 2 miles? 
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CHAPTER TEST 


Graph the function and identify its domain and range. Compare the 
graph with the graph of y = vx. 


1. у = Зух 2. у= -Vx 3. у= Ух – 5 4. у= -Ух- 1+4 


Simplify the expression. 


5. V72m® 6. V8z3 - Ve 7. 50 


3n° 
8. 7/6 — 2/12 + V24 9. V3(7 – V15) 10. (8 — V7)(1 + V7) 
Solve the equation. Check for extraneous solutions. 
11. Vx =8 12. Vx+5-6=-2 13. —4V3x — 6 = 30 
14. V5x — 11 = Vx 15. Vx+7=V2x-— 3 16. х= V12- x 


Find the unknown lengths. 


17. 18. x+5 19. x 
V58 
= 2 5 
x—95 Xx — 
А хү? 
х+ 4 


Tell whether the triangle with the given side lengths is a right triangle. 
20. 8, 16, 20 21. 11, 60, 61 22. 7.5, 10, 12.5 


Find the distance between the given points. Then find the midpoint of the 

line segment whose endpoints are the given points. 

23. (6, 6), (9, 10) 24. (-8,7), (4, 3) 25. (5, 3), (-2,3) 

26. LADDERS A ladder that is 25 feet long is placed against a house. The 
bottom of the ladder is 10 feet from the base of the house. How far up 
the house does the ladder reach? Round your answer to the nearest 
tenth of a foot. 


27. BIRD HOUSES The front view of a bird 
house is shown. Find the height ofthe 2.61 
house to the nearest tenth of a foot. 


2.6 ft 


1.8 ft 


28. LACROSSE Two lacrosse players are playing on a field, 
as shown. The distance between consecutive grid lines 
represents 2 meters. 


a. How far is each player from the ball? Round your 
answer to the nearest tenth of a meter. 


b. Both players start running toward the ball. 
Player A can run at a rate of 6 meters per second. 


ba 
Player B can run at a rate of 7 meters per second. (yA || [|] 


Who will reach the ball first? 
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PROBLEM 1 


MULTIPLE CHOICE QUESTIONS 


If you have difficulty solving a multiple choice problem directly, you may be 
able to use another approach to eliminate incorrect answer choices and obtain 
the correct answer. 


СА) L - ET (C =] 


МЕТНОР 1 


SOLVE DIRECTLY Solve the radical equation and 
check for extraneous solutions. 


STEP 1 Solve the radical equation. 


V3-x=2x 
3 — х= 4x" 


0 = 4x*+x-3 
0 = (Ax — 3)(х + 1) 
4x-3=00rx+1=0 


3 


х= 7 or x=-l 


STEP 2 Check 3 and - 1 in the original equation. 


Check Š; үз — 32 23) 


NO ж 
| 
NIW 

S 


Solution checks. 


Check —1: V3 — (—1) = 2(-1) 
2=-2 X 


Solution does not check. 


The only solution is =. 


The correct answer is D. (А) OD 
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What is the solution of the equation V3 — x = 2x? 


Ө 


МЕТНОР 2 


ELIMINATE CHOICES Substitute the values given 
in each answer choice for x in the equation. 


Choice A: 1, -i 


v3-122(1) TEE 
V2=2 Хх 3y 


The values do not check, so choice A can be 
eliminated. 


Choice B: —1, a 


үз - (CD # 2(—1) 


I 


Because —1 does not check, both choice B and 
choice C can be eliminated. 


Choice D: > 


You know that > is a solution from checking the 
values in choice B. 


The only solution is У, 


The correct answer is D. СА) (С) D) 


to the top of the back be? 
СА) 6inches 


METHOD 1 


SOLVE DIRECTLY Use the Pythagorean theorem 
to find the unknown distance. 


STEP? Identify the known values by drawing a 
diagram. 


C 


a = 24 in. 
b — 18 in. 
STEP 2 Substitute the values of a and b and solve 
for c. 

a’ +}? = с? 

18° + 24° = с? 

900 = с? 

V900 = с 

30 = с 


The distance from the front of the seat to the top 
of the back should be 30 inches. 


The correct answer is С. (А) © D 


PRACTICE 


A carpenter is building a wooden bench and wants to be sure that the 
back and the seat make a right angle. The back is 24 inches tall, and the 
seat is 18 inches deep. What should the distance from the front of the seat 


15.9inches CC) 30 inches 


(D 42 inches 


METHOD 2 


ELIMINATE CHOICES You can eliminate choices 
either by using the fact that the hypotenuse is 

the longest side of a right triangle or by using the 
converse of the Pythagorean theorem. Check to 
see if the value given in each answer choice could 
represent the length of the hypotenuse of a right 
triangle with leg lengths of 18 and 24 inches. 


Choice A: 6 inches 
6<18 X 

Choice B: 15.9 inches 
15.9<18 X 

Choice C: 30 inches 


30 > 24, so use the converse of the 
Pythagorean theorem. 


18? + 24? 2 30? 
900 = 900 Y 
The correct answer is С. (А) © Ф) 


Explain why you can eliminate the highlighted answer choice. 


1. What is the solution of the equation V20 — x = x? 


(А) 4,—5 —4,5 


© X-5 


D 4 


2. Which of the following represents the side lengths of a right triangle? 


СА) 1,2,3 X 6, 8, 14 


( 12, 13, 15 


(D> 8,15, 17 


3. A side view of a wheelchair ramp can be represented by the hypotenuse 
of a right triangle. The triangle has a length of 24 feet and a height of 2 feet. 


To the nearest tenth, how long is the ramp? 


CA) 22 feet 23.9 feet 


©) 24.1 feet 


(D> 26 feet 


Test Preparation 759 


MULTIPLE CHOICE 


1. What is the solution of the equation 


V2x+8=x? 
СА) —2,4 24,2 
© -2 D 4 


2. Which expression is equivalent to 
VAx? y • y? 
СА) Axy 2xy 
© 2xyy (Do 4хүу 


3. The graph of which function is shown? 


PIT 
ү 
| | aa | tt 


ДЕЛЕВ 
of | | it 
wt tT tt tt ye 


(А) y-Vx-3 (D y=2Vx-3 
© y=2Vx+3 D y=2vx-3 


4. How does the graph of y = Vx + 3 compare 
with the graph of y = Vx? 


СА) Itis a vertical stretch by a factor of 3 of 
the graph of y = ух. 


Itis a vertical translation of 3 units up of 
the graph of y = ух. 


©) Itis a vertical translation of 3 units down 
ofthe graph of y = vx. 


(D> Itis a horizontal translation of 3 units to 
the right of the graph of y = vx. 


5. Which expression represents the length of a 
diagonal of the rectangle? 


| 10 
| CA) 3x? + 100 


9x? + 100 
| (С) V9x” + 100 
| (qp V3x? + 100 
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| 


6. What is the solution of the equation 


Vx+3=x- 9? 
СА) —13,—6 13,6 
СС) 13 D 6 


7. The table below represents which function? 


ха 5 вов 
у 5 (8 |n |м_ 


(А) y=3Vx-44+5 
y=3Vx-3+8 
© y=3Vx-4+8 
D y=3Vx-3+5 


In Exercises 8 and 9, use the map of the college 
campus shown. 


EJNENNEERNENREE 


= 
ш 
= 
= 
= 


Let Ty 
ri} TTT TTT Tt ls 
8. Which of the following pairs of buildings are 
closest together? 
(D Dorm A and the library 
Dorm B and the gym 
(C) The gym and the library 
(D> Dorm B and the library 


9. A student who lives in dorm A forgets a 
book at the library. The student jogs at a rate 
of 6 miles per hour from the dorm straight to 
the library and back. The distance between 
consecutive grid lines represents 0.1 mile. 
To the nearest tenth of an hour, how long 
does it take the student to jog to the library 
and back? 


СА) 0.1 hour 
© 0.3 hour 


0.2 hour 
(D> 0.4 hour 


GRIDDED ANSWER 


10. 


11. 


12. 


13. 


14. 


A line segment has endpoints (8, 0) and 
(14, 8). What is the distance from either 
endpoint to the midpoint? 


A right triangle has a hypotenuse of 

18 centimeters. The length of one leg is 
8 centimeters. To the nearest tenth of a 
centimeter, how long is the other leg? 


The leg lengths of a triangle are shown. 


O 


x+4 


To the nearest tenth, what is the length of the 
hypotenuse when x = 3? 


A rectangular table is 7 feet long and 3.5 feet 
wide. To the nearest tenth of a foot, what is 
the length of a diagonal of the table? 


What is the solution of the equation 
2Vx = 3V8 — V2? Write your answer as a 
decimal. 


EXTENDED RESPONSE 


17. For the period 1900-2000, the life expectancy at birth e (in years) for 
people born in the United States can be modeled by the function 
e = 3.66Vt + 40.6 where tis the number of years since 1900. 


a. Graph the function and identify its domain and range. 


АЎ) STATE TEST PRACTICE 
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SHORT RESPONSE 


15. 


A person lives in Glenville. The person's 
friend lives in Newport. 


ГГ ТЇ 
Riverside penal 


bo 


The friends decide to meet at the city that 
is closer to the midpoint of their locations. In 
which city should they meet? Explain. 


. The front view of a shed is shown. Roofers 


are going to replace the tin roof of the shed. 


15 ft 
10 ft 


12 ft 


If the depth of the shed is 20 feet, how many 
square feet of tin will the roofers need? 
Explain. 


b. In what year was the life expectancy at birth about 75 years? Explain. 
с. During which decade (1900-1909, 1910-1919, and so on) did life 


expectancy increase the most? Explain. 


18. A planet’s mean radius r (in meters) is given by r = 


(6.67 x 107 )M 


where 
а 


ais the planet’s acceleration due to gravity (in meters per second squared) 


and M is the planet’s mass (in kilograms). 


a. For Earth, the value of ais about 9.8 meters per second squared, and 
the value of Mis about 5.98 x 10% kilograms. Find the value of r. 


b. For Jupiter, the value of ais about 24.8 meters per second squared, and 
the value of Mis about 1.9 х 10^ kilograms. Find the value of r. 


с. Jupiter’s mass is abouut 300 times Earth’s mass, and Jupiter’s 
acceleration due to gravity is about 2.5 times that of Earth's. If you 
multiply M by 300 and a by 2.5, what happens to the value of r? 
Compare your answer with your results from parts (a) and (b). 
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Rational Equations . 
and Functions ap „аА 


12.1 Model Inverse Variation h ә } 
12.2 Сгарһ Rational Functions A A 
12.3 Divide Polynomials A A v WA е 
12.4 Simplify Rational Expressions j , * 


12.5 Multiply and Divide Rational Expressions 
12.6 Add and Subtract Rational Expressions 


12.7 Solve Rational Equations 


Previously, you learned the following skills, which you'll use in Chapter 12: 
performing operations on numerical fractions, solving proportions, and 
factoring polynomials. 


Prerequisite Skills 
VOCABULARY CHECK 


1. What is the least common denominatoi 


2. Which equation is a direct variation equation, = =X or? = x? 


3. What is the degree of the polynomial 4x — 2 + 5x7? 


4. Identify the extraneous solution when solving Vx + 2 = x. “3 M. 


SKILLS CHECK $ EA de 


Factor the polynomial. (Prerequisite skill for 12.4-12.6) 
5. x^—2x-15 6. 2x*-8x+6 7. 9х? – 25 8. Зх? — 48x KA 


Multiply or divide. (Prerequisite skill for 12.5-12.6) | ы Y 


5,3 3.6 
d 955 10. 55 ^ 25 


Solve the proportion. (Prerequisite skill for 12.7) 


х _3 
13. у= 


In Chapter 12, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 830. You will also use the key vocabulary listed below. 


(Y) Graphing rational functions 
Ө Performing operations on rational expressions 
©) Solving rational equations 


KEY VOCABULARY 

* inverse variation, p. 765 * rational function, p. 775 e least common 

• constant of variation, * rational expression, p. 794 denominator (LCD) of 
p. 765 * excluded value, p. 794 rational expressions, 

* hyperbola, p. 767 e simplest form of a rational — P оз | 

* branches, asymptotes of a expression, p. 795 rational equation, p. 820 
hyperbola, p. 767 


FOSC 


ә 


You сап use rational functions to solve problems in biology. For example, you 
can graph a rational function to describe how a microorganism's efficiency at 
performing metabolic tasks changes as its dimensions change. 


GIA 


`à 


The animation illustrated below for Exercise 49 on page 791 helps you 
answer this question: How does changing one dimension of a cylindrical 
microorganism change the ratio of the cylinder’s surface area to its volume? 


What happens to the surface area to volume ratio if the height increases, but the radius 
does not change? 


Height | 1 | | Plot 
S/V ratio | 4 | | | 


г 


a 2 ¿8 Start E Continue 
— ша VU шс e = _—= 

| You want to see how the height affects | Drag the cylinder to change its height. 

| the ratio of surface area to volume. Then update the table and the graph. q 


at classzone.com 


Other animations for Chapter 12: pages 766, 777, 783, 804, 814, and 830 


їп уенда ий A CTIVITY Use before Lesson 12.1 


1 Relationships Between 
Dimensions of a Rectangle 


MATERIALS - 12 square tiles 


j 


Form rectangle Draw curve 

Draw the x- and y-axes on a sheet of paper Repeat Step 1 for all possible rectangles 
as shown. Use all of the tiles to form a that can be formed with the tiles. Then 
rectangle in Quadrant I with the lower connect the points by drawing a smooth 
left vertex on the origin. Then label the curve through them. 

upper right vertex with the coordinates 

(x, y) where x is the horizontal length of 

the rectangle and y is the vertical length. 


. Describe how the vertical length changes as the horizontal length 
increases. Describe how the vertical length changes as the horizontal 
length decreases. 


. Does the graph cross the axes? Explain your reasoning. 


. Write an equation that gives the vertical length y as a function of the 
horizontal length x. 


. Let A represent the area of a rectangle. For A = 40, write an equation 
that gives y as a function of x. Then graph the equation. 


. Compare the graph of the equation that you wrote in Exercise 4 with the 
graph of the equation that you wrote in Exercise 3. 
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12. 


You wrote and graphed direct variation equations. 


Г Now ] You will write and graph inverse variation equations. 
So you can find a person's work time, as in Example 6. 


Key Vocabulary 
e inverse variation 


• constant of 
variation 


* hyperbola 

* branches of a 
hyperbola 

e asymptotes of a 
hyperbola 


Model Inverse 
Variation 


Recall that two variables x and y show direct variation if y = ax and a = 0. 
The variables x and y show inverse variation if y — E and a = 0. The nonzero 


number a is the constant of variation, and y is said to vary inversely with x. 


Identify direct and inverse variation 


Tell whether the equation represents direct variation, inverse variation, 
or neither. 


a. xy=4 b. 5 =x с. y=2x+3 


Solution 


a. xy=4 Write original equation. 
= = Divide each side by x. 


Because xy = 4 can be written in the form y = a xy = 4 represents 


inverse variation. The constant of variation is 4. 


= 
[= 
| 


x Write original equation. 


y-2x Multiply each side by 2. 


Because > = x can be written in the form y = ax, 5 = x represents 


direct variation. 


с. Because y = 2x + 3 cannot be written in the form y = E: Or y — ax, 


y = 2x + 3 does not represent either direct variation or inverse variation. 


GUIDED PRACTICE for Example 1 


Tell whether the equation represents direct variation, inverse variation, 
or neither. 


i у= 2. 4y = 3x 3. 5х- у= 3 4. ху = 


м | 
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| EXAMPLE 2 | Graph an inverse variation equation 


Graph y = zt 


Solution 


STEP? Make a table by choosing several integer values of x and finding the 
values of y. Then plot the points. To see how the function behaves 
for values of x very close to 0 and very far from 0, make a second 
table for such values and plot the points. 


¡ DESCRIBE A apo. 
: FUNCTION 

: €0e0000000000000€ йаша shite ч ооооососороооооо уы КИ undefined 

: Note that y is undefined 


: when х = О. There is no 
: point (0, y) on the graph 


: of y = x The function is 


: said to be discontinuous 
: atx = 0. 


STEP 2 Connect the points in Quadrant I by drawing a smooth curve 
through them. Repeat for the points in Quadrant III. 


GRAPHS OF INVERSE VARIATION As shown in Example 2, as you move away 
from the origin along the x-axis, the graph of an inverse variation equation 
approaches the x-axis without crossing it. As you move away from the origin 
along the y-axis, the graph approaches the y-axis without crossing it. 


| EXAMPLE 3 | Graph an inverse variation equation 


Graph y = X 


Solution 


: COMPARE GRAPHS —4 


Кое ыл И ; ML NN 
: The graph of an inverse » Notice that y = y 1 + x. So, for every 


: variation equation lies 

: in Quadrants I and III if 
: a > 0, and the graph lies 
: in Quadrants II and IV 

: ifa«O. 


API] 
р 


nonzero value of x, the value of y in у= 4 


| 
А 


is the opposite of the value of y in у= E You 


can graph y = =$ by reflecting the graph of 


иниш 
BENE 
ниши 
BENE 
ишип 
PA 
Г 
ENNN 
нили 
инин 
EBEN 
| 


ERE 
ex А 


HH 
le W ж | 


> — 
> m: 


у= = (see Example 2) in the x-axis. 


p ^w > 
(Animatea Algebra at classzone.com 
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i: CONCEPT SUMMARY For Your Notebook 


Graphs of Direct Variation and Inverse Variation Equations 


Direct variation Inverse variation 
a 
y =axa>0 y = ax, a<0 у= 4 у= ,а<0 


HYPERBOLAS The graph of the inverse variation equation у = Е (а + 0) isa 


hyperbola. The two symmetrical parts of a hyperbola are called the branches 
of the hyperbola. The lines that the hyperbola approaches but doesn't intersect 
are called the asymptotes of the hyperbola. The asymptotes of the graph of 


y= = are the x-axis and the y-axis. 


[ EXAMPLE 4 ] Use an inverse variation equation 


The variables x and y vary inversely, and y = 6 when х = —3. 


a. Write an inverse variation equation that relates x and y. 


b. Find the value of y when x = 4. 
Solution 
a. Because y varies inversely with x, the equation has the form y = a, 
Use the fact that x = —3 and y = 6 to find the value of a. 


y= : Write inverse variation equation. 
= a Substitute —3 for x and 6 for y. 
-18 = a Multiply each side by —3. 
18 


An equation that relates x and y is y = ү 


b. When x = 4, y = 218 2 => 


GUIDED PRACTICE | for Examples 2, 3, and 4 
5. Graph (a) y = 3 and (b) y = = 


6. The variables х and y vary inversely, and у = —2 when х = 12. Write an 
inverse variation equation that relates x and y. Then find the value of y 
when x = —3. 
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: ANALYZE ВАТЕ OF 
: CHANGE 


: From the table, you 

: сап see that the rate of 
: change in y with respect 
: to x is not constant as 

: it would be for a direct 

: variation. 


: ANALYZE UNITS 


: The constant of 

: variation is measured 
: in person-hours. Unit 
: analysis shows that 

: the inverse variation 
: equation checks: 

: person-hours + 

: number of people = 

: hours. 


PRODUCTS By multiplying both sides of y — = by x, you can write the equation 


as xy = a. This means that a set of ordered pairs (x, y) shows inverse variation if 
all the products xy are constant. 


| EXAMPLE 5 | Write an inverse variation equation 


Tell whether the table represents 
inverse variation. If so, write the 
inverse variation equation. 


Solution 
Find the products xy for all pairs (x, y): 

—5(2.4) = -12 -3(4) = -12 4(23) = -12 8(-1.5) = -12 24(-0.5) = -12 
The products are equal to the same number, —12. So, y varies inversely with x. 


» The inverse variation equation is xy = —12, ory = mE 


[ EXAMPLE 6 | Solve a multi-step problem 


THEATER А theater company plans to hire people to build 
a stage set. The work time t (in hours per person) varies 
inversely with the number p of people hired. The 
company estimates that 25 people working for 

300 hours each can complete the job. Find the 

work time per person if the company hires 30 people. 


Solution 


STEP Y Write the inverse variation equation that 
relates p and t. 


[= Write inverse variation equation. 


300 = = Substitute 25 for p and 300 for t. 


7500 = a Multiply each side by 25. 


The inverse variation equation is t = DE. 
STEP2 Find t when p = 30: t = oe = BN 250. 


> If 30 people are hired, the work time per person is 250 hours. 


Y GUIDED PRACTICE for Examples 5 and 6 


7. Tell whether the ordered pairs (—5, 2), (—4, 2.5), (8, —1.25), and (20, —0.5) 
represent inverse variation. If so, write the inverse variation equation. 


8. WHAT IF? In Example 6, suppose the theater company estimates that 
20 people working for 270 hours each can complete the job. Find the work 
time per person if the company hires 30 people. 
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121 EXERCISES HOMEWORK: () = WORKED-OUT SOLUTIONS 
j KEY: on p. WS28 for Exs. 17, 33, and 57 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 43, 59, and 60 


: $ = MULTIPLE REPRESENTATIONS 
E Ex. 58 


_ SKILL PRACTICE 


: EXAMPLE 1 


о €060600060000000000000000]| 


- for Exs. 3-14, 
: 43 


: EXAMPLES 


: for Exs. 15-26 


: EXAMPLE 4 


: On p. 767 
: for Exs. 27-42 


1. VOCABULARY Identify the constant of variation in the equation y = m) 


2. ж WRITING Describe the difference between a direct variation equation 
and an inverse variation equation. 


DESCRIBING EQUATIONS Tell whether the equation represents direct 
variation, inverse variation, or neither. 


3. y= —2x 4. xy=1 5. y=x+5 6. x= 
7. ху=5 üt ed 9. x = 7y 10. 2x +у= 6 
11. 2х=% 12. х= —7 13. 3x – Зу = 0 14. Зху = 20 
СВАРНІМС EQUATIONS Graph the inverse variation equation. 
2 =I —1 10 
15. у= € 16. y = —- (17) — x 18. y = = 
19. у= 22 20. у = 18 21. у= 2 22. y ré 
23. у= 15 24. у= 6 25. у= 12 26. у= 8 
27. ERROR ANALYSIS The variables x and y 
vary inversely, and y = 8 when x = 2. у e 
Describe and correct the error in writing an & = a(2) X 
inverse variation equation that relates x and y. 4=a 
So, y = 4x 
USE INVERSE VARIATION Given that y varies inversely with x, use the 
specified values to write an inverse variation equation that relates x and y. 
Then find the value of y when x = 2. 
28. x=5,y=2 29. X=3,y=7 30. x= -—5,y=4 
3l. х= 13, у = -1 32. x= —15, y = —15 (63) х= —22,у=—6 
34. х = 8, у = З 35. x = 9, у = -2 36. х= 3, у = 3 
37. x = —2, у = —10 38. x = —3, у = 40 39. x = —7, y = -10 
40. х = –17, у = 8 41. х= 6,у= 11 42. x = —12, y = -13 


43. Ж MULTIPLE CHOICE The variables х and y vary inversely, and у = 6 when 
x = 4. What is the constant of variation? 


(А) 15 (В) 4 O 6 D 24 
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: EXAMPLE 5 


: : on p. 768 
: for Exs. 44-47 


: REVIEW 
: FORMULAS 


: For help with | 
: geometric 

: formulas, see 
: pp. 922-926. 


WRITING EQUATIONS Tell whether the table represents inverse variation. 
If so, write the inverse variation equation. 


48. REASONING The variables x and y vary inversely. How does the value of y 


change if the value of xis doubled? tripled? Give examples. 


(СО GEOMETRY Translate the verbal sentence into an equation. Then tell 


whether the equation represents direct variation, inverse variation, or neither. 


49. The circumference of a circle with radius r units is C units. 


50. The perimeter of a rectangle with length £ units and width w units is 
27 units. 


51. The volume of a rectangular prism with base B square units and height 


h units is 400 cubic units. 


52 


REASONING Make a table of positive x-values for the inverse variation 


function y = 12 Compare the rate of change in y with respect to х with 


that of the direct variation function y = 12x. 


53. CHALLENGE The variables x and y vary inversely with constant of 
variation a. The variables y and z vary inversely with constant of 
variation b. Write an equation that gives zas a function of x. Then tell 
whether x and z vary directly or inversely. 


AAA 
- PROBLEM SOLVING 


54, BICYCLES Does the table, which shows the bicycle speed s 
for various pedaling speeds p, represent inverse variation? If 
SO, write the inverse variation equation that relates p and s. 


Pedaling speed, p 


: EXAMPLE 5 


: : on p. 768 
: for Exs. 54, 57 


: EXAMPLE 6 


3 pA eree RN 
: for Exs. 55-56, 
: 58 
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(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED es 


modespeeisim/ | 43: | 538 взт | 18 


(9 Homelutor 


for problem solving help at classzone.com 


55. ECONOMICS The owner of an electronics store determines that the 
monthly demand d (in units) for a computer varies inversely with the 


price p (in dollars) of the computer. When the price is $700, the monthly 


demand is 250 units. Write the inverse variation equation that relates 
p and d. Then find the monthly demand when the price is $500. 


(QHomeTutor 


for problem solving help at classzone.com 


on p. WS1 TEST PRACTICE 


= MULTIPLE 


REPRESENTATIONS 


56. SPORTS Ап athlete is running а 200 meter dash. Write and graph ап 
equation that relates the athlete’s average running speed r (in meters per 
second) and the time (in seconds) that the athlete will take to finish the 
race. Is the equation an inverse variation equation? Explain. 


(57) MULTI-STEP PROBLEM The table shows the vibration frequencies f (in hertz) 
for various lengths £ (in centimeters) of strings on a stringed instrument. 


(ез юз оза эв 


a. Decide Tell whether an inverse variation equation can be used to 
model the data. If so, write and graph the inverse variation equation. 


b. Calculate Find the frequency of a string with a length of 
29.4 centimeters. 


c. Describe Describe the change in the frequency as the length of 
the string decreases. Does your answer in part (b) support your 
description? 


58. e MULTIPLE REPRESENTATIONS You plan to save the same amount of 
money each month to pay for a summer sports camp that costs $1200. 


a. Making a Table Let a represent the amount (in dollars) that you plan 
to save each month. Make a table that shows the number m of months 
that you need to save money for the following values of a: 75, 100, 

120, 150, 200, and 240. Describe how the number of months changes 
as the amount of money that you save each month increases. 


b. Drawing a Graph Use the values in the table to draw a graph of the 
situation. Does the graph suggest a situation that represents direct 
variation or inverse variation? Explain your choice. 


c. Writing an Equation Write the equation that relates a and m. 


59. Ж SHORT RESPONSE As shown in the diagram, the focal length of a 
camera lens is the distance between the lens and the point at which light 
rays meet after passing through the aperture, or opening, in the lens. The 
f-stop sis the ratio of the focal length f (in millimeters) to the diameter a 
(in millimeters) of the aperture. 


Object Camera lens 


Not drawn to scale 


a. Model A photographer has a camera with a focal length of 
35 millimeters. Write and graph an equation that relates a and s. 
Tell whether the equation represents inverse variation. 


b. Compare The greater the diameter of the aperture, the more light 
that passes through the aperture. For the camera in part (a), does 
more light pass through the aperture when the f-stop is 4 or when 
the f-stop is 8? Explain. 
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| 60. Ж EXTENDED RESPONSE The photo below shows a replica of an airplane 


61. 


designed by Orville and Wilbur Wright, who were aviation pioneers in the 
early 20th century. The aspect ratio r of a wing from similar airplanes is 


2 
given by the formula r = A where sis the span, or the distance (in feet) 


between the wing tips, and A is the area (in square feet) of the wing. 


EULALIA 


ms 


a. Model The length c of the chord of a wing is the distance (in feet) 
between the front and the back of the wing. For the rectangular wing 
shown, rewrite the formula for rin terms of c and s. 


b. Analyze How does the value of r change when sis constant and с 
increases? when cis constant and s increases? 


c. Interpret The greater the aspect ratio, the easier it is for an airplane 
to glide. Orville and Wilbur Wright designed an airplane with two 


rectangular wings that each had an aspect ratio of = and a span of 


40 feet. For what values of c would the airplane have glided more 
easily? Explain. 


=== 


CHALLENGE A fulcrum is placed under —— 1 


the center of a board. In order for two 

objects to balance on the board, the 

distance (in feet) of each object from the 
center of the board must vary inversely with 
its weight (in pounds). In the diagram shown, 
what is the distance of each animal from the 
center of the board? 


: PREVIEW 


о0000000о0оооооооооооеооо | 


: Prepare for 
: Lesson 12.2 
: in Exs. 63—68. 
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62. MOVIES You buy discount movie tickets from a website. Tickets cost 
$3.60 each. You pay a shipping fee of $3 per order. Write an equation 
that gives the total cost C (in dollars) of the tickets as a function of the 
number t of tickets bought. Then find the total cost of 8 tickets. (р. 283) 


Graph the function. Identify its domain and range. 


63. y — 5* (p. 520) 64. y — 0.4* (p. 531) 65. у= x^ + 5 (р. 628) 
66. у = х? + бх — 20 (p. 635) 67. y = —VX (p. 710) 68. y -2Vx — 1 +1 (p. 710) 


Solve the equation. Check for extraneous solutions. (p. 729) 


69. Vx — 10 70. Vx+6-4=8 71. Vx — 2 = —10 
72. 2Vx —5 = 23 73. V4x —3 =V2x+7 74. x = Vx + 30 


EXTRA PRACTICE for Lesson 12.1, p. 949 2) ONLINE QUIZ at classzone.com 


Investigating pp = 
Algebra з AL e | ТІ VI [ А Y 202 020075 La 72.2 


12.2 Graphing y — + К 


MATERIALS : graph paper • graphing calculator 


What characteristics does the graph of y = z - h 
[EXPLORE 1 ] Use tables to graph a function 


Graph y = £ + 4 using a table. 


STEP 1| Use a table 
2 


Make a table of values for y = ma d 4 by choosing several 


integer values of x. Round the values of y, if necessary. 
Then plot the points. 


||| || ||| |] 

Ш: ККЕ 
ийшшиинш See 

STEP 2| Check close to and far from 3 eee Saree eae 
| || ү 

То see how the function behaves for values of x closer to ЕЕЕ ЕШ ТТТ 
3 and farther from 3, make tables for such values and plot || LL LELLIU LL LLLL 
the points. ишишшишиш See 
BER SRR IN | | | ||| 

ME ae Lt a 

Hifi {tt | | | [een 

979-4... | | || [111 | 

L'LLLLINTLLLLLLLIJI 

-L——u | ||| || 

EIE JE. “ТЕЕ 
x | 

366 36 A ЕЕЕ 
"INE | -FEEEEEHEHEE a 
рина genns LL TEE TTC TT TIT 
Draw a smooth curve through the points (x, y) where x » 3. A ЦТК 
Repeat for the points (x, y) where x « 3. BEREBESSEE GRR 


PRACTICE 


1. Describe how the values of y change as the values of x get close to 3. What is 
the equation of the vertical asymptote? 


2. Describe how the values of y change as the values of x get far from 3. What is 
the equation of the horizontal asymptote? 


Graph the function using a table. 


9 
-4 


= _1 —11 


+3 ‘Ysa? 
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CTD Use a graphing calculator to graph a function 


Graph y = 4. — 2.8 using a graphing calculator. 
Enter y, — 24. — 2.8 into your graphing calculator. Press ДШ 


and select either connected mode or dot mode. Then graph the function. 
Connected mode Dot mode 


In connected mode, the screen appears to show the line x = —1.7. This line is 
not part of the graph. The calculator is instead connecting the two branches 
of the hyperbola. In dot mode, the screen does not show the line, but the 
points that are plotted are not connected by a smooth curve. 


PRACTICE 


6. Describe how the value of y changes as the value of x gets closer to 
—1.7, Use the trace feature of the graphing calculator to find the 
equation of the vertical asymptote. 


7. Describe how the value of y changes as the value of x gets farther 
from —1.7. Use the trace feature of the graphing calculator to find 
the equation of the horizontal asymptote. 


Graph the function using a graphing calculator. 


2 53 _ ИЕА! _ —102 
8. у= 76 Las 9. y r-35 + 45 10. у ri124 98 


э] wae еу ч. Use your observations to complete these exercises 


11. How are the constants in the equations of the asymptotes in Exercises 1 and 2 


related to the constants in the function y = E + 4? 


12. How are the constants in the equations of the asymptotes in Exercises 6 and 7 


related to the constants in the function y = — — 2.8? 


13. CONJECTURE Copy and complete: The graph of y = = + khasa 
vertical asymptote of x =_? anda horizontal asymptote ofy=_? . 
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Graph Rational 
1 2 ° 2 Functions 


You graphed inverse variation equations. 


Г Now ] You will graph rational functions. 


So you can find the cost of a group trip, as in Ex. 39. 


Key Vocabulary The inverse variation equation y = = (a # 0) is a type of rational function. 
«rational function д rational function has a rule given by a fraction whose numerator and 
* hyperbola, p. 767 denominator are polynomials and whose denominator is not 0. 
* branches of a 
hyperbola, p. 767 
* asymptotes of a TEM KEY CONCEPT For Your Notebook 


hyperbola, p. 767 
Parent Rational Function | TIA TT TO 
шишиши 


The function у = + lis the parent function 


for any rational HMM whose numerator 
has degree 0 or 1 and whose denominator 
has degree 1. The function and its graph 


have the following characteristics: + pA 
* The domain and range are all nonzero [EL LL IAM LL LE 
real numbers. - LLL et | 
Ao яаана 


> * The horizontal asymptote is the x-axis. 
The vertical asymptote is the y-axis. 


: REWRITE FUNCTION a. The graph of y = = isa b. The graph of y = i isa 
: In the function y = i vertical stretch with a reflection vertical shrink of the graph of 
: ‚_1 in the x-axis ofthe graph of EM. 
: the value of a is 3 as =o. 
shown: 
m qe! 
Y73x73'x 
1 
_ 3 
х 


M 
“ЕРЕ FAT 
| MAT |] 
| ||] 
ИШИШЕ SEEN 


12.2 Graph Rational Functions 


Compare graph of y = “ with graph of y = ho 
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Chapter 12 


Graph y = 1 + 3 and identify its domain and range. Compare the graph 
with the graph of y = A 


Solution 
Graph the function using a yoo 
table of values. rz 

2 
The domain is all real 
numbers except 0. The range 
is all real numbers except 3. 

- : 

vertical translation (of 3 units ICA 


up) of the graph of y = 1 


ШШ, ЖИ ИШИШ 
06 


Graph у = —3 and identify its domain and range. Compare the graph 


with the graph of y = = 


Solution 

Graph the function using a у 
table of values. x y 

The domain is all real (1090 | -05 | 
numbers except 2. The range 
is all real numbers — 0. 
horizontal е (of coe 
2 units to the right) of the 


graph of y = І 


| | 
Coe 
INN 


GUIDED PRACTICE for Examples 1, 2, and 3 
Graph the function and identify its domain and range. Compare the graph 
with the graph of y = Е 


1. у= = 2. у= 5 — 4 3. у "EN- 


4. Describe how the graph of y — E n 3 is related to the graph of y = = 


Rational Equations and Functions 


GRAPHING RATIONAL FUNCTIONS You can graph a rational function ofthe 
a 


form y = + k (a = 0) by using the values of a, k, and h. 


x—h 


KEY CONCEPT For Your Notebook 


Graph of y = —"_ +k 


a 
х-Һһ 
that has the following characteristics: 


The graph of y = + kis a hyperbola 


• If |a| > 1, the graph is a vertical stretch 


of the graph of y = =, If 0< |a| < 1, the 


graph is a vertical shrink of the graph of 
y- z, If a < 0, the graph is a reflection 
in the x-axis of the graph of y — L, 

• The horizontal asymptote is у = k. The vertical asymptote is х = Л. 


The domain of the function is all real numbers except x = h. The range 
is all real numbers except y = k. 


(TUER KOC EL 


Graph y = == — З, 


Solution 
: AVOID ERRORS. STEP? Identify the asymptotes of the graph. 
: The asymptotes are The vertical asymptote is x = —1. 
: used to help you draw a The horizontal asymptote is y — —3. 
: hyperbola. They are not | | 
: part of the hyperbola. STEP 2 Plot several points on each side of 


the vertical asymptote. 


STEP 3 Graph two branches that pass 
through the plotted points and 
approach the asymptotes. 


¿Animated Algebra at classzone.com 


/ | GUIDED PRACTICE | for Example 4 
| _ 4 
5. Graph y = q. +6. 


6. For which function is the domain all real numbers except —3 and the 
range all real numbers except 7? 


Ф) y=- +7 y= -7 O у= 


2 L- BB 
m d OD у= —3 Ш 
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Ф, 
ХА 


[ EXAMPLE 5 ] Solve a multi-step problem 


TRIP EXPENSES Your art club is planning a bus 
trip to an art museum. The cost for renting a bus 
is $495, and the cost will be divided equally 
among the people who are going on the trip. A 
museum ticket costs $12.50 per person. 


e Write an equation that gives the cost C (in 
dollars per person) of the trip as a function 
of the number p of people going on the trip. 


e Graph the equation. Describe the change in 
the cost as the number of people increases. 


• Use the graph to approximate the number 
of people who need to go on the trip so that 
the cost is about $25 per person. 


" San Francisco Art Museum 
Solution 


STEP Y Write a verbal model. Then write an equation. 


Cost of bus rental 


(dollars) 

Cost of trip = ————————х++ Cost of ticket 
(dollars/person) (dollars/person) 
Number going on trip 
(people) 

Y v b 4 

C = = + 12.50 


STEP 2 Graph C = = + 12.50 on a graphing calculator. The vertical 
asymptote is p = 0. The horizontal asymptote is C = 12.5. As 
the number of people increases, the cost decreases. 


—‹ 


STEP 3 Approximate the number of people [ | 


needed in order for the cost to be | 
about $25. When С == 25, the value of | 
p is about 40. So, if about 40 people | | 


go оп the trip, each person will pay LL 
about $25. X=39.89 Y=24.90 


L J 


Y GUIDED PRACTICE | for Example 5 


7. WHAT IF? In Example 5, suppose the club rents a larger bus for $610. 
Write and graph an equation that gives the cost C (in dollars per person) 
of the trip as a function of the number p of people going on the trip. Then 
approximate the number of people who need to go on the trip so that the 
cost is about $25 per person. 
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12.2 EXERCISES 


HOMEWORK: 


: (O- WORKED-OUT SOLUTIONS 
KEY: 


on p. WS28 for Exs. 7, 21, and 41 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 18, 28, 29, 36, 42, and 44 


i e = MULTIPLE REPRESENTATIONS 
Ex. 41 


' SKILL PRACTICE 


: EXAMPLES 
: 1, 2, and 3 


: on pp. 775—776 
: for Exs. 3-17 


: EXAMPLE 4 


: on p. 777 
: for Exs. 18-31 


1. VOCABULARY Identify the vertical asymptote and horizontal asymptote 
of the graph of y — — — 6, 


1 


2. ж WRITING Describe the difference between the graph of y = ENT 


1 
r1 


and 


the graph of y = 


GRAPHING FUNCTIONS Graph the function and identify its domain and 


range. Compare the graph with the graph of y = І, 

3. у= 3 4. у= эх 5. у= 2 

6 у= =2 (7)y = =1 8 у= 1+7 
9. у=1- 5 10. у= 1+4 11. у= 1+8 
12. у= 1-6 13. у= — 14. у= —— 
15. у= —— 16. y- — 17. у= —— 


18. Ж MULTIPLE CHOICE For which function is the domain all real numbers 
except —5 and the range all real numbers except 0? 


Ф) y=? Ф) у=-2.  qQy-2O. Oy- 
GRAPHING FUNCTIONS Graph the function. 
19. y=— -8 20. у= —— +3 C) y - 4— +5 
22. у= 3. - 4 23. y- — + 6 24. у= —— +2 
25. y- +2 26. у= -1 27. у= 2-4 


28. Ж MULTIPLE CHOICE The graph of which function has the same 


horizontal asymptote as the graph of y = 1? 


Ф) у=2+3 Ф y-i-1 Ф© y-— D у= 29 +1 


29. Ж OPEN-ENDED Write an equation whose graph is а hyperbola that 
has the following characteristics: 


* The vertical asymptote is x = —1. 
• The horizontal asymptote is y = 2. 
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ERROR ANALYSIS Describe and correct the error in identifying the 
asymptotes of the graph of the given rational function. 


2 3 _ "a3 

30. у= 4 31. у срт 
Vertical asymptote: х = 1 эб Vertical asymptote: х = 6 У 
Horizontal asymptote: у = —4 Horizontal asymptote: y = —7 


WRITING EQUATIONS Write an equation whose graph is a hyperbola that 
has the given asymptotes and passes through the given point. 


32. x = 7, y = 8; (—6, 0) 33. x = —2, y= 5; (0, —9) 
34. х= 3, у = —2; (5, –1) 35. x = —4, y = —4; (C8, 3) 


36. * WRITING Let f be a function of the form f(x) — 


a 
—h 
graph fif you know only two points on the graph? Explain. 
37. GS GEOMETRY The height h of a trapezoid is given by the formula 
y =_2A 
b, + b, 
where A is the area and b, and b, are the bases. 


a. LetA = 50 and b, = 4. Write h as a function of b,. Then graph the 
function and identify its domain and range. 


b. Use the graph to approximate the value of b, when h = 6. 


38. — Describe how to find the asymptotes of the graph of 


g7 8. Then graph the function. 


g(x) = 


. PROBLEM SOLVING 


GRAPHING CALCULATOR You may wish to use a graphing calculator to 
complete the following Problem Solving exercises. 
: EXAMPLE5 | 39. TEAMSPORTS A figure skating troupe is planning an 
: on p. 778 out-of-town trip. The expenses for the trip are shown A A A A 
: for Exs. 39-42 in the flyer. Write an equation that gives the cost С (in 


dollars per person) as a function of the number p of Trip Expenses 


people going on the trip. Then graph the equation. 


@НотетТиїог for problem solving help at classzone.com А $900 


Food апа lodging 
40. CHARITY EVENTS A committee of 5 people is E $400 
responsible for making 500 sandwiches for a charity 
picnic. The committee hopes to recruit extra people 
for the task. Write an equation that gives the average 
number s of sandwiches made per person as a function 
of the number p of extra people recruited for the task. 
Then graph the equation. 


_CHomelutor | 


' for problem solving help at classzone.com 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED ф = MULTIPLE 
780 on p. WS1 TEST PRACTICE REPRESENTATIONS 


42. 


43. 


44. 


ey MULTIPLE REPRESENTATIONS Your movie rental membership lets you 
rent any number of movies for $22 per month. You rent at least 2 movies 
per month. 


a. Writing an Equation Write an equation that gives the average cost 
C (in dollars per rental) as a function of the number r of additional 
rentals beyond 2 rentals. 


b. Drawing a Graph Graph the equation from part (a). Then use the 
graph to approximate the number of additional rentals needed per 
month so that the average cost is $1.50 per rental. 


Ж SHORT RESPONSE The Mount Washington Auto Road in New 
Hampshire is a 7.6 mile uphill road that leads to the mountain’s 6288 foot 
peak. The year’s fastest time £ (in seconds) for driving up the road during 
the period 1904-1998 can be modeled by 

_ 56,000 

| x- 40 
where x is the number of years since 1904. Graph the function. Describe 
how the fastest times changed during the period. Was the change in the 
fastest time from year to year increasing or decreasing? Explain. 


DIVING DEPTHS The percent p (in decimal form) of time 
that an elephant seal spends gliding through the water 
while diving can be modeled by 


p- TEM + 0.859 


where d is the depth (in meters) of the dive. Graph the 
equation and identify its domain and range. Describe how 
the percent of time gliding changes as the depth increases. 


* EXTENDED RESPONSE Oxygen cost is a measure of a person's 
walking efficiency. The models below give the oxygen cost c (in 

millimeters per kilogram of body mass per meter) as a function of 
the walking speed v (in meters per minute) for various age groups. 


Ages 6—12 Ages 13-19 Ages 20—59 


= 
- 


с= 2:61 + 0.188 c= 168 + 0.147 c= 2:60 + 0.129 


a. Graph Normal walking speeds range from 40 meters per minute to 
100 meters per minute. Graph the models in the same coordinate 
plane. Use the domain 40 < v < 100. 


b. Interpret The greater the oxygen cost, the less efficient the person is 
while walking. Use the graphs to tell whether a person is more efficient 
or less efficient while walking as the person's speed increases. 


c. Compare Which age group has the least efficient walkers at the speeds 
given in part (a)? Justify your choice. 
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781 


45. CHALLENGE To decide whether a person qualifies for a loan to buy a 
house, a lender uses the ratio r of the person's expected monthly housing 
expenses to monthly income. Suppose the person has a monthly income 
of $4150 and expects to pay $1200 per month in housing expenses. The 
person also expects to receive a raise of x dollars this month. 


a. Write and graph an equation that gives r as a function of x. 


b. The person will qualify for a loan if the ratio is 0.28. What must the 
amount of the raise be in order for the person to qualify for a loan? 


: Prepare for 
: Lesson 12.3 in 
: Exs. 46-51. 


Write the mixed number as an improper fraction, or write the improper 
fraction as a mixed number. (p. 913) 


4 3 1 
8 13 15 
49. 5 50. 6 51. 4 


Find the surface area and volume of the solid. For spheres and cylinders, 
give your answers in terms of z and as decimals rounded to the nearest 
tenth. (p. 925) 


52. 5 cm 54. 


18 cm 


att 
Simplify the expression. 
55. 5x+7—-14x-8(p.96) 56. 15x — (7 — 2x)(p. 96) 57. EE (p. 103) 
58. 2321 (р. 103) 59. V81x2 (р. 719) 60. 1/100х3у2 (p. 719) 


' QUIZ for Lessons 12.1-12.2 
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Tell whether the equation represents direct variation, inverse variation, or 
neither. (p. 765) 


1. axy = 1 2. y= —9x 3. 5х+у=3 


Given that y varies inversely with x, use the specified values to write an 
inverse variation equation that relates x and y. Then find the value of y 
when х = 3. (р. 765) 


4. x=6,y=4 5. x= -3,y=7 6. x=2y=2 


Graph the function. Identify its domain and range. (p. 775) 


= 3 


EE E = E 
7. у= X 8. y em 9. y "UE 


— y 


EXTRA PRACTICE for Lesson 12.2, p. 949 ED) ONLINE QUIZ at classzone.com 


берг A CTIVITY Use before Lesson 12.3 #1; 


NJ — med 
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Dividing Polynomials Using Algebra Tiles 


MATERIALS - algebra tiles 


( \ 


In the equation 36 + 5 = Т) the dividend is 36, the divisor is 5, the quotient 
is 7, and the remainder is 1. This equation illustrates the following rule: 


Remainder 


Dividend = Divisor = Quotient + — 
Divisor 


This rule can also be applied when dividing polynomials. 


Divide 2x? + 3x + 5 Бух + 1. 


Model using algebra tiles 


Think of 2x* + 3x + 5 as the area of a figure. Try to arrange the tiles to form a 
rectangle with x + 1 as one of the side lengths. 


E шш 


Notice that the other side length is 2x + 1, but there are four 1-tiles 
remaining. 


STEP 2| Write equation 


The divisor is x + 1, the quotient is 2x + 1, and the remainder is 4. 


2 P = 4 
So, (2х + 3x + 5) + (x + 1) 2x+1+ 5 


1. To check that 36 + 5 = 72, you can evaluate 5 • 7 + 1 to obtain 36. 


Use this method to check the division equation in Step 2 above. 


Use algebra tiles to divide the polynomials. Include a drawing of your model. 
2. (2x^ + 7x + 6) + (x + 2) 3. (2x^ + 9x + 10) + (x + 3) 
4. (4x° + Ax + 5) + (2x + 1) Б. Oe +5e+7) Хе 3) 
6. (3x? + 7x +3) + (x +2) 7. (4x° + 6x + 5) + (x + 1) 
8 


. REASONING For which of the division problems in Exercises 2—7 is the 
divisor a factor of the dividend? How do you know? 


12.3 Divide Polynomials 


1 2 3 Divide Polynomials 


You multiplied polynomials. 


You will divide polynomials. 


Why? So you can describe an average cost, as in Ex. 43. 


Key Vocabulary Just as you can find the product of two polynomials, you can divide the 
• monomial, p. 554 product by one of the polynomials to obtain the other polynomial. For 
* polynomial, p. 554 example, x^ + 5x + 6 = (x + 2)(x + 3) is equivalent to х +5х+6 _ ETS 


e binomial, p. 555 


e rational function, 


p. 775 


784 


Divide a polynomial by a monomial 


Divide 4x? + 8x* + 10x by 2x. 


Solution 
Method 1: Write the division as a fraction. 


(4x? + 8x? + 10x) + 2x = art Bx + 10x Write as fraction. 


= Ax + 8x j IHE Divide each term by 2x. 
2X 2x 2x 


= 2x? +4x+5 simplify. 
Method 2: Use long division. 


Think: "V" Think 
4 2x=? | B | 10х+2х=? 


2x? + 4х + 5 


2xAx? + 8x? + 10x 
> (4x? + 8х2 + 10x) + 2x = 2x7 + Ax +5 
CHECK 2x(2x^ + Ax + 5) $ Ax? + 8x + 10x 


2x(2x^) + 2x(Ax) + 2x(5) = Ax? + 8x? + 10x 
4х3 + 8х2 + 10x = Ax? + 8х2 + 10x Y 


GUIDED PRACTICE | for Example 1 


Divide. 


1. (6x° + 3x% — 12x) + 3x 2. (12y* — 16y? + 20y%) + 4y 


Chapter 12 Rational Equations and Functions 


DIVIDING BY A BINOMIAL As shown in Example 1, you сап use two methods 
when dividing a polynomial by a monomial. To divide a polynomial by a 
binomial, use long division. 


[ EXAMPLE 2 ] Divide a polynomial by a binomial 


Divide x^ + 2x — 3 byx – 1. 


Solution 


STEP Y Divide the first term of x? + 2x — З by the first term of x — 1. 


x 
х= 102 +2х-3 Think: +x=? 
; EDIT unda » х2 – x Multiply хапах — 1. 
: Be sure to subtract 
L3 — fram x 3 Bin 3x Subtract x? — x from x? + 2x. 
: order to obtain 3x. Do STEP 2 Bring down —3. Then divide the first term of 3x — 3 by the first term 
: not add the expressions. ofx = 1. 
x+3 
x— 1k? + 2x —3 
хі – x 


ar — 3 Think: 3x х= ? 
Зх – 3З Multiply 3 and x — 1. 
0 Subtract 3x — 3 from 3x — 3. 
> (х2 + 2х 3) + (х 1) = х +3 


NONZERO REMAINDERS In Example 2, ifthe dividend had been x? + 2x — 2, the 
remainder would have been 1. When you obtain a nonzero remainder, you can 


apply the following rule: Dividend + Divisor = Quotient + Remainder, 


| EXAMPLE З | Divide a polynomial by a binomial 


Divide 2x* + 11x — 9 by 2x — 3. 


Xr? 
2x — 32x? + 11x — 9 
2x^— Зх Multiply x and 2x — 3. 
: CHECK DIVISION. 14x -9 Subtract 2x? — Зх. Bring down —9. 
: кл a 14x— 21 Multiply 7 and 2x — 3. 
: by the divisor, then add 12 Subtract 14x — 21. 
: the remainder to the 2 12 
: product. F(2x"-11x—9)-Q2x-3)-2x-t*7-t-—— 


Ap —3 


GUIDED PRACTICE for Examples 2 and 3 


3. Divide: (a? + За — 4) + (a + 1) 4. Divide: (9b? + 6b + 8) + (3b — 4) 
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: REVIEW 


aeui ыы > y +21 +5y+4 


: For help with rewriting 


: a polynomial, see у + 2y Multiply y and y + 2. 
: p. 554. 3y+4 Subtract y? + 2y. Bring down 4. 
3y+6 Multiply 3 and y + 2. 
—2 Subtract 3y + 6. 
—2 
+y°+4)+(2+y=y+34+—4% 
> (бу+у+4)-(2+у)=у+3 TE 
[ EXAMPLE 5 ] Insert missing terms 
Divide 13 + 4m* by —1 + 2m. 
2т +1 
2m — 1)4m? + 0m + 13 Rewrite polynomials. Insert missing term. 
4m? — 2m Multiply 2т and 2m — 1. 
2m + 13 Subtract 4m? — 2m. Bring down 13. 
2m —1 Multiply 1 and 2m — 1. 
14 Subtract 2m — 1. 
> (13 + 4m?) + (1 + 2m) =2m+1+—4 
2m — 1 
[ EXAMPLE 6 | Rewrite and graph a rational function 
_ at = 1 
Graph y = "e 
Solution 
: USE ASYMPTOTES | STEP? Rewrite the rational function in $TEP2 Graph the function. 
: Use the graphing 
: technique in Lesson 12.2 ENEJNME NENNEN 
: to graph the function. 9 "ЕЕЕ 
: For instance, the lines 
: х= 2128-1 
> x= 2 and y = 2 аге 
: asymptotes of the 2x —4 
: graph. 3 
= + 
So, y 3 2 
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REWRITING POLYNOMIALS When dividing polynomials, you may first 
need to rewrite the polynomials so that the exponents decrease from left 
to right. When rewriting polynomials, insert any missing terms using zero 
coefficients. For example, 8 + Зх? should be rewritten as 3x* + 0х + 8. 


y+3 


Rewrite polynomials 


Divide 5y + y^ + 4 by 2 + y. 


Rewrite polynomials. 


GUIDED PRACTICE | for Examples 4, 5, and 6 


5. Divide: (8m — 7 + Am?) + (5+2m) 6. Divide: (n? — 6) + (—3 + n) 


3x +1 
x+1' 


Solve a multi-step problem 


PRINTING COSTS You are creating 
brochures that promote your school’s 
sports events. You pay $20 for computer 
time. The cost of printing a brochure 

is $.60. Write and graph an equation 
that gives the average cost C (in dollars 
per brochure) as a function of the 
number b of brochures printed. 


7. Graph y = 


9, 
d 


Solution 


STEP? Write a verbal model. Then write an equation. 


Cost of computer Printing cost Number printed 
time (dollars) + (dollars/brochure) ° (brochures) 
Average cost 
(dollars/brochure) Number printed 
(brochures) 
v v 
- 20 + 0.6b 
E b 
STEP2 Rewrite the rational function. STEP 3 Graph the function. 
C 20 + 0.6b 
b [7 
Sg 
— 20 , 0.6b 5 
b b 5 3 
a 
= 0496 


Brochures printed 


GUIDED PRACTICE | for Example 7 


8. WHAT IF? In Example 7, suppose the cost of printing a brochure is 
$.80. Write and graph an equation that gives the average cost C (in dollars 
per brochure) as a function of the number b of brochures printed. 


9. INTERNET COSTS A cable Internet service provider charges an installation 
fee of $100 and a monthly service charge of $45. Write and graph an 
equation that gives the average cost C (in dollars per month) as a 
function of the number m of months of Internet service. 
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12.3 EXERCISES 


' SKILL PRACTICE 


eo = MULTIPLE REPRESENTATIONS 


HOMEW KEY] (у= WORKED-OUT SOLUTIONS 


on р. WS29 for Exs. 7, 25, and 45 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 19, 33, 34, 38, 47, 48, and 49 


Ex. 46 


: EXAMPLES 
: 1,2,3,4, and 5 
: On pp. 784-786 
: for Exs. 3-21 


: EXAMPLE 6 


: : on p. 786 
: for Exs. 22-30 


788 


1. VOCABULARY Copy and complete: To divide a polynomial by a(n) _? , 


you can either write the division as a fraction or use long division. 


2. ж WRITING Describe the steps you would take in graphing the rational 


3% —Z 
x+6' 


function f(x) = 


DIVIDING POLYNOMIALS Divide. 
3. (8x2 — 12x? + 16x) + 4х 
5. (12 — 30r* — 72r) + (—6r) 


. (105? + 20у? + 55у) + 5y 


6. (21s* + 495% — 355%) + (—7s) 


Dor — v — 10) + (v — 2) 8. (7и? + 3w — 4) + (ш + 1) 

. (2m* — 5m — 12) + (2m + 3) 10. (6n* + 7n — 3) + (3n — 1) 

11. (а? — 5a + 3) + (a — 1) 12. (c^ — 2c — 4) + (c+ 4) 

13. (-21 — 4p + 3p?) = (3 + p) 14. (89+ d? +7) + (7+ д 

15. (9x + x? + 6) + (6 + x) 16. (4y* — 5) + (2y + 5) 

17. (5 — 1%) + (t — 3) 18. (7 — 8x?) + (3 + 2x) 

19. Ж MULTIPLE CHOICE What is the remainder when you divide х? + 4x + 9 

by x — 4? 

(А) x-4 (В) 41 (С) x+8 D 2 
ERROR ANALYSIS Describe and correct the error іп dividing the 
polynomials. 

20. (5x + 6) = (x + 2] 21, (8x —9) + ix — 3) 
5 O 
х + 2)5x + 6 х – 5)Әх – 9 
5x + 10 Bx — 24 
-4 E 
S ЕЕ 
(5x + 6) + (x + 2) = aie (8x— 9) + (x — 5) = 35 
СВАРНІМС FUNCTIONS ар the function. 
X ш 10 „= 7 x+4 
22. y = “у= 24. у= 3 
_ 28 _ 8+ 2 _ 6х — 4 
(5) v - x -— 26. у= x43 en у= ет 
_2-E _ 2 + 4х _ f-— 10х 
28. y=- 29. у= == 30. = 
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(ES GEOMETRY Divide the surface area of the rectangular prism by its volume. 


31. 32. 
2 
Ww 
7 1 
33. Ж MULTIPLE CHOICE What is the horizontal asymptote of the graph of 
— Px+C2 
y x-d 
(А) y-b (В) у= с © у= а D у= 0 


34. ж MULTIPLE CHOICE The graph of TT TAL TIT ЕШ 
which function is shown? O II 


Ф) у= 2212 O у= 2+5 


r3 x+ 


_ 2-5 _ EN = 
(С) у= х—3 (D у= x+3 


REASONING In Exercises 35-37, find the value of k using the given 
information. 


35. When 8x* + 26x + kis divided by x + 3, the remainder is 4. 
36. When 100x? + kis divided by 5x + 2, the remainder is 0. 


37. The graph of y = an 


has у = —5 as its horizontal asymptote. 


38. X OPEN-ENDED Write a function of the form f(x) = 2% ія pum such that 
the graph of the function has x — 4 and y ^ 6as its сс 


6x + 10 
3x>+6 


ах Т 
— 8 


10х + З 
x—6 


CHALLENGE Graph the function. 


39. y — 40. у= 1 41. у= = 


' PROBLEM SOLVING 


: EXAMPLE 7 42. MOVIE RENTALS You order movie rental coupons from a website for 

: on p. 787 $3 each. The total cost of your order includes a $4 shipping fee. Write 

: for Exs. 42-45 an equation that gives the average cost C (in dollars per coupon) as a 
function of the number r of coupons ordered. Then graph the function. 
 (&Homelutor for problem solving help at classzone.com 


43. MEMBERSHIP FEES You pay $80 for an annual membership to a dance 
club and pay $3 per dance class. Write an equation that gives the average 
cost C (in dollars per class) as a function of the number d of dance classes 
that you take. Then graph the function. 


 (QQHomelutor 


for problem solving help at classzone.com 
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44. INVESTING An investor plans to purchase shares of a stock through 
a brokerage company. Each share costs $10, and the company 
charges a transaction fee of $20. 


a. Model Write and graph an equation that gives the average cost 
C (in dollars per share) as a function of the number s of shares 
that the investor purchases. 


b. Approximate Use the graph to approximate the number of 
shares purchased if the average cost is $12 per share. 


CELL PHONE PLAN You are thinking about subscribing to the cell 
phone plan described in the advertisement below. 


000 © Cell Phones 


Back Forward Stop Refresh Home | Print Mail 


1000 Minute Plan E 


— 


$40.00 per month for first | = 
1000 minutes ——— — 
$.40 for each additional minute === 


a 


== у E al O — m 
O 


a. Model Write an equation that gives the average cost C (in 
dollars per minute) as a function of the time t (in minutes) of 
cell phone use for 1000 or more minutes. 


b. Describe Graph the function. Describe how the average cost per 
minute changes as time increases. 


c. Approximate Use the graph to approximate the number of 
minutes used if the average cost is $.05 per minute. 


46. e MULTIPLE REPRESENTATIONS The table shows several 
restaurant bills and their corresponding tips. 


Bill, b (dollars) 15.42 26.75 | 4218 58.66 63.48 75.89 | 9714 


Tip, t (dollars) 300 | 5.00 | 750 10.00 | 10.15 11.50 13.60 


a. Writing an Equation Make a scatter plot of the data. Then write 
a linear equation that models the tip t as a function of the bill b. 


b. Writing an Equation Write an equation that gives the percent 
tip p (in decimal form) as a function of the bill b. 


c. Drawing Graphs Draw the graphs of both equations in the 
same coordinate plane. Compare how the tip changes with 
how the percent tip changes as the bill increases. 


47. ж SHORT RESPONSE The number y (in millions) of households that 
owned VCRs during the period 1984-2000 can be modeled by 
y = 60 + 120x 
TTX 
where x is the number of years since 1984. 


a. Describe Graph the model. Describe how the number of 
households that owned VCRs changed during this period. 


b. Justify Do you expect that the number of households that own 
VCRs will ever exceed 150 million? Justify your answer. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED ф = MULTIPLE 
790 on p. WS1 TEST PRACTICE REPRESENTATIONS 


48. * MULTIPLE CHOICE A building’s ratio y of surface area to volume 
is a measure of how well the building minimizes heat loss. A 
company plans to build a store in the shape of a rectangular prism. 
The store will have a length of 500 feet and a width of 300 feet, but 
the company hasn't decided on a height h (in feet). Which equation 
gives the ratio y as a function of the height h? 


= A L4 — d 
UD у= теъ y = 1600 + +5 000h 
© у= 1600 +5 D у= 300 + 27? 


49. * EXTENDED RESPONSE The ratio of а microorganism's surface 
area to its volume is a measure of how efficiently the 
microorganism can perform certain metabolic tasks. Suppose 
a microorganism is shaped approximately like a cylinder 
and grows by increasing its length but not its radius. 


a. Model and Graph Write an equation that gives the 
ratio y of surface area to volume in terms of the length / 
(in micrometers) and the radius r (in micrometers). 
Then graph the equation for a microorganism whose 
radius is 50 micrometers. 


b. Interpret The greater the ratio, the less efficiently a 
microorganism performs metabolic tasks. As the 
microorganism’s length increases, is the microorganism more 
efficient or less efficient at performing metabolic tasks? Explain 
your choice. 


c. Explain How would the microorganism’s efficiency change 
if the length remained constant but the radius increased? 
Explain. 
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50. CHALLENGE The effective tax rate is the percent of total income 
that a worker pays in taxes. Suppose that a worker doesn’t pay taxes 
on income up to $10,000 and pays taxes of 6% on total income that 
exceeds $10,000. Will the effective tax rate be 6% for any amount of 
total income? Justify your answer graphically. 


Write the fraction in simplest form. (p. 912) 


8 9 18 
51. 15 52. 5 53. 35 
Simplify the expression. 
3 —3 
54. 4x4 • (2x3)! (p. 489) 55. 26 de (p. 495) 56. r1 . A (p. 495) 
57. V150 (p. 719) 58. — (p. 719) 59. —— (p. 719) 
P. TA P. AS р 
: PREVIEW Factor the polynomial. 
: Prepare for E > _ ya _ 
| Тезвоп Dun 60. 14x — 8х2 (p. 575) 61. x^ — 13x + 40 (p. 583) 62. —x* + 11x — 28 (p. 593) 
: Exs. 60-65. 63. 12x^ — 13x + 1 (p. 593) 64. —2x^ — 3x + 20 (p. 593) 65. 5x* — 5х2 (p. 600) 
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in m Y 
В | ү Use after Lesson 12.3 


12.3 Find Asymptotes of Graphs 


How can you find the asymptotes of the graph of a 


rational function? 
( EXAMPLE 1] Graph a rational function 
Graph y = TA using a graphing calculator. Identify any vertical or 
3x? - Ax + 5 
horizontal asymptotes. 
STEP 1| Enter function STEP 2| (dentify asymptotes 
Press and enter the Graph the function. Use the trace 
function as shown. feature to identify the asymptotes. 


ут (2X+1)/(3X2-4X+5) 

||Y2- | 
the 
IM 
| Y5= 
|Үб= 
Ye 


= 


Trace 
X=7.17021 Y=.1175 a 


The graph doesn't approach a vertical line. So, the graph doesn't have a 
vertical asymptote. The graph approaches the x-axis. So, y = 0 is a horizontal 
asymptote. 


PRACTICE 


Graph the function using a graphing calculator. Identify any vertical or 


horizontal asymptotes. 


—. 8 _ 4 EP hd 

| Ly= 3 2 У 6-7 oe $ 2 +1 
| 4. 2L xX+t5 — 5. — х +1 6. _ ð 
y х2 +4х+4 y Ax? — 36 y 101% + 9 


7. Make a table that shows the following information for each 
| function in Exercises 1-6: 


e vertical asymptotes, if any 

e values, if any, of x that make the function undefined 
e horizontal asymptotes, if any 

e degree of numerator 


e degree of denominator 
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(EXAMPLE 2 | Graph a rational function 


Graph y = art using a graphing calculator. Identify any vertical or 
horizontal asymptotes. 

STEP 1| Enter function STEP 2| Identify asymptotes 
Press and enter the Graph the function. Use the trace 
function as shown. feature to identify the asymptotes. 


үз (2Х2+1)/(Х2—9) 

Y2= | 
I |үз= | 
Y4= | 
| Ү5= | 
Y6= | 
| |Y7= Г 


The graph approaches опе of two vertical lines, x = —3 and х = 3. So, x = -3 
апа х = 3 are vertical asymptotes. The graph also approaches the line у = 2. 
So, y = 2 is a horizontal asymptote. 


PRACTICE 


Graph the function using a graphing calculator. Identify any vertical or 
horizontal asymptotes. 


— —6x _ 2x — 12 _ 10x 
ЕТТ Ут ДЕ 
12 —7 27 — х 18x? — 1 
Ij pcc 19. pec = 19 pe 22 
y Ax? +2 y 9x* — 16 y 6х2 — 6 


14. Repeat Exercise 7 for the functions in Exercises 8-13. For each function, 
include in your table the quotient of the leading coefficient of the 
numerator and the leading coefficient of the denominator. 


DRAW CONCLUSIONS 


15. What vertical asymptotes, if any, does the graph of a rational function 
whose numerator and denominator do not have any common factors have? 


16. If the degree of the numerator of a rational function is less than the 
degree of the denominator, what is a horizontal asymptote of the graph? 


17. Ifthe degree of the numerator of a rational function equals the degree 
of the denominator, what is a horizontal asymptote of the graph? 


18. CONJECTURE Suppose the degree of the numerator of a rational 


function is greater than the degree of the denominator. Does the graph 
of the function have a horizontal asymptote? Give examples. 
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(EXAMPLE 2 | Graph a rational function 


Graph y = art using a graphing calculator. Identify any vertical or 
horizontal asymptotes. 

STEP 1| Enter function STEP 2| Identify asymptotes 
Press and enter the Graph the function. Use the trace 
function as shown. feature to identify the asymptotes. 


үз (2Х2+1)/(Х2—9) 

Y2= | 
I |үз= | 
Y4= | 
| Ү5= | 
Y6= | 
| |Y7= Г 


The graph approaches опе of two vertical lines, x = —3 and х = 3. So, x = -3 
апа х = 3 are vertical asymptotes. The graph also approaches the line у = 2. 
So, y = 2 is a horizontal asymptote. 


PRACTICE 


Graph the function using a graphing calculator. Identify any vertical or 
horizontal asymptotes. 


— —6x _ 2x — 12 _ 10x 
ЕТТ Ут ДЕ 
12 —7 27 — х 18x? — 1 
Ij pcc 19. pec = 19 pe 22 
y Ax? +2 y 9x* — 16 y 6х2 — 6 


14. Repeat Exercise 7 for the functions in Exercises 8-13. For each function, 
include in your table the quotient of the leading coefficient of the 
numerator and the leading coefficient of the denominator. 


DRAW CONCLUSIONS 


15. What vertical asymptotes, if any, does the graph of a rational function 
whose numerator and denominator do not have any common factors have? 


16. If the degree of the numerator of a rational function is less than the 
degree of the denominator, what is a horizontal asymptote of the graph? 


17. Ifthe degree of the numerator of a rational function equals the degree 
of the denominator, what is a horizontal asymptote of the graph? 


18. CONJECTURE Suppose the degree of the numerator of a rational 


function is greater than the degree of the denominator. Does the graph 
of the function have a horizontal asymptote? Give examples. 
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1 2 4 Simplify Rational 
* = Expressions 


You simplified polynomials. 
| Now ) You will simplify rational expressions. 


Why So you can model a cost over time, as in Example 5. 


Key Vocabulary A rational expression is an expression that can be written as a ratio of 
«rational expression two polynomials where the denominator is not 0. A rational expression is 
«excluded value undefined when the denominator is 0. A number that makes a rational 


Ы simplest form ofa expression undefined is called an excluded value. For example, 
rational expression 


undefined when x = 3. So, 3 is an excluded value. 


X 


Find excluded values 


Find the excluded values, if any, of the expression. 


x+8 5 Av 
10x € 2y * 14 É и? —9 
Solution 
a. The expression + is undefined when 10x = 0, or x = 0. 
» The excluded value is 0. 
b. The expression TEST is undefined when 2y + 14 2 0, or x = 


» The excluded value is —7. 


4р 


c. The expression — 
U — 


р is undefined when v? — 9 = 0, or 


> The excluded values are —3 and 3. 


J 
2 


Tw -2 
8w? -w-45 


E 


(v + 3)(v — 3) = 0. The solutions of the equation are —3 and 3. 


: REVIEW d. The expression cm ae is undefined when 8и? + ш + 5 = 0. 
: аң pater caii » The discriminant is b? — 4ac = 1% — 4(8)(5) < 0. So, the quadratic 
: For help with finding 


: ee equation has no real roots. 
: the discriminant of a 


: quadratic equation, 
: See р. 678. 


> There are no excluded values. 


GUIDED PRACTICE | for Example 1 


Find the excluded values, if any, of the expression. 


+2 2 n—6 
1. 2. ————— з. ———— — 
3x — 5 by? + 2y + З 2n* — 5n — 12 
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: AVOID ERRORS 


: When finding excluded 
: values, be sure to use 

: the original expression, 
: not the simplified 

: expression. 


SIMPLIFYING A RATIONAL EXPRESSION То simplify a rational expression, 


you factor the numerator and denominator and then divide out any common 


factors. A rational expression is in simplest form if the numerator and 
denominator have no factors in common other than 1. 


KEY CONCEPT For Vour Wotebook 


Simplifying Rational Expressions 
Let a, b, and c be polynomials where b = 0 and c = 0. 


Algebra = S Example 


( EXAMPLE 2 ] Simplify expressions by dividing out monomials 


Simplify the rational expression, if possible. State the excluded values. 


3 _ 2 
i. ct Б p А2 20 
2r 5(x + 2) 18m? TY 
Solution 
а. L= S Divide out common factor. 
r 2r 
= 5 Simplify. 


» The excluded value is 0. 


5х_ _ x - 
b. 5642) Б-(х+2) Divide out common factor. 
x ЖЕ" 
= а Simplify. 


> The excluded value is —2. 


с — 2 2 En 
C. 6m — 12m" _ Өт ип _ 24 Factor numerator and denominator. 


18m? 6-3 • m? 
= ma Divide out common factors. 
= m Simplify. 


> The excluded value is 0. 


d. The expression is already in simplest form. 


» The excluded value is 7. 


GUIDED PRACTICE for Example 2 


Simplify the rational expression, if possible. State the excluded values. 


Aq? 2c 252 + 8s 8x 


6. 7 


` 2246 cb ' B+ 12 B 8x3 + 16x? 
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: INTERPRET THE to use a graph to check a sum or difference of polynomials. 
GRAPH coc Check your simplification using a graphing | 

: Although the graphs of calculator. | 

: y, and y, appear to pass J 
: rough 2:3 the Graph y, = I —8%=10 and y, = A — 2 

: point is not on either х? + 6х + 8 didis | 

: graph because —2 is an The graphs coincide. So, the expressions 

: excluded value of both are equivalent for all values of x other than L 

: y, and y,. the excluded values (—4 and —2). 


796 


| EXAMPLE 3 ] Simplify an expression by dividing out binomials 


Simplify e State the excluded values. 


x'—3x—10 _ (®—5)(х+2) 


m Factor numerator and denominator. 
х2 +6х+8 (+ 4(x-*2) 


|. (х— 5) (+27 - 

= Ga AE) Divide out common factor. 
_ ixi. imnli 

zi re Simplify. 


> The excluded values are —4 and -2. 


CHECK In the graphing calculator activity on page 560, you saw how 


OPPOSITES When simplifying a rational expression, look for factors that are 
opposites of each other. For example, x — 1 and 1 — x are opposites, because 


x—1-2-(l- х). 


[ EXAMPLE 4 | Recognize opposites 


Simplify rmt State the excluded values. 
x — 7x + 12 = эы. lea Factor numerator and denominator. 
16 — x (4 — x)(4 + x) 

|  (x—3)(x— 4) . 
yo aes se Rewrite 4 — x as —(x — 4). 

= Кл... Йй Divide out common factor. 
—(x— A)(4 + x) 

_ x-3 _ -3 . | 

= Taro x44 Simplify. 


> The excluded values are —4 and 4. 


GUIDED PRACTICE for Examples 3 and 4 


Simplify the rational expression. State the excluded values. 


ж? + 3х + 2 y – 64 5 + 42 — 2 
ees 10. її. 22-22. 
x^ + 7x + 10 y — 16у + 64 z — 3z — 10 
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| EXAMPLE 5 | Simplify a rational model 


CELL PHONE COSTS The average cost C (in dollars 
per minute) for cell phone service in the United States 
during the period 1991-2000 can be modeled by 


= 46 — 2.2x 
100 — 18x + 2.2x* 
where x is the number of years since 1991. Rewrite 


|. the model so that it has only whole number coefficients. 
Then simplify the model. 


1991 cell phone 


Solution 


46 — 2.2x 


= „=. Write model. 
100 — 18x + 2.222 


a € A Multiply numerator and denominator by 10. 


1000 — 180x + 22x? 

|. 2(230 - 11x) 
2(500 — 90x + 11x?) 

_ _ 42230 - 115) 
21500 — 90x + 11x?) 


Factor numerator and denominator. 


Divide out common factor. 


_  230-—1llx 
500 — 90x + 11x? 


Simplify. 


Y GUIDED PRACTICE | for Example 5 | 


12. In Example 5, approximate the average cost per minute in 2000. 


HOMEWORK: (C) = WORKED-OUT SOLUTIONS 
KEY : on p. WS29 for Exs. 9, 23, and 43 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 33, 34, 35, and 45 


12.4 EXERCISES 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: A value that makes a rational 
expression undefined is called a(n) _? . 


(x + 3)(x — 6) 


2. Жж WRITING Is 368 


in simplest form? Explain. 


: EXAMPLE 1 | FINDING EXCLUDED VALUES Find the excluded values, if any, of the expression. 


: on p. 794 

: Ax 13 S —$ 

кн Exa. 310 З. 20 * 3y a TE б. 357-4 
4m? —3m +9 n? — 64 2p" — р q'— 69 + 9 
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: EXAMPLES ERROR ANALYSIS Describe and correct the error in simplifying the rational 
: 2,3, and 4 expression or in stating the excluded values. 


: ON pp. 795-796 


: Ay —x—3 2-3 
: for Exs. 11-33 NEU uer Se m NEN. i AN 
= EA 21 — 11x + 12 E (x — 5)(x +2) 
2x6 -x-3 _ (x+1)(2x — 5) 2(x—5) _  2(x—9) 
2x? — 11x +12 (2x — 5)(х – 4) (x—5)(x*2) (х—5)(х + 2) 
_ (x+1)(2x—3) — 2 
^ (2х—5)(х — 4) ips. 


— ЖЕЕ! x +2 
i um X 
The excluded value is 4. x +1 


The excluded values are —2 and 5. 


SIMPLIFYING EXPRESSIONS Simplify the rational expression, if possible. 
State the excluded values. 


10x 63 —48a? 27b* 
13. 14. 18y 15. > 16. ae 
Зс + 33 d +8 2и — 6 „+2 
17. TEN 18. 3 19. = 20. P 
21. e 22, ETE, (23) +3 __ 24, LL 
f-9 g — 16 h? – h- 12 № – 6 + 8 
_ A Е 
95. 48w 26. 12y 27. 6z* — 242 28. 1422 + 21x 
16u^ — 40w 12y + 18у 222 — 82 2x? + х – З 
s? + 16s + 64 Ê — At — 45 m 45 —n? — 3n + 28 
an, ROC T 30, BB d———Ó A. OA, 
52 + 75 — 8 2 — 211+ 27 m) + 10m? + 25m 3n? + 9n? — 84n 


2 
33. A WRITING Are the rational expressions DE and —*— equivalent? 
х2 = x!-x 


Explain how you know. What are the excluded values, if any, of the rational 
expressions? 


34. ж OPEN-ENDED Write a rational expression whose excluded values 
are —3 and —5. 


a 


35. ж MULTIPLE CHOICE The expression simplifies to +2. 
What is a? x +5х—6 А 


(А) 2х2 +7х+5 ® 2х2 + 5х-1 © 2х +3х-5 © 2х + 7х 5 


@ GEOMETRY Write and simplify a rational expression for the ratio of the 
perimeter of the given figure to its area. 


36. Square 37. Rectangle 38. Triangle 
2x+3 
5x 
x+6 2x+2 
39. CHALLENGE Find two polynomials whose ratio simplifies to x т à and 


whose sum is 5х + 20x. Describe your steps. 


(С) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
798 on p. WS1 TEST PRACTICE 


Г PROBLEM SOLVING 


3 o «sonde ce IA 
: for Exs. 40—43 


41. 


42. 


HOUSES The total number Н of new single-family houses #8 


44. 


CREDIT CARD FEES The average late payment fee F (in dollars) on a credit 
card account during the period 1994-2003 can be modeled by 


p-12*L6x 
1 + 0.04x* 
where x is the number of years since 1994. Rewrite the model so that 
it has only whole number coefficients. Then simplify the model and 
approximate the average late payment fee in 2003. 
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TELEVISION For the period 1980—2003, the percent р (in decimal form) 
of non-network television commercials in the United States that lasted 
15 seconds can be modeled by 


0.1222 — 0.48 
0.88x? + 100 


where x is the number of years since 1980. Rewrite the model so that 

it has only whole number coefficients. Then simplify the model and 
approximate the percent of non-network television commercials in 2003 
that lasted 15 seconds. 


p= 


| @Homelutor ) for problem solving help at classzone.com 


CAR RADIOS A company forecasts that the number R (in thousands) of 
digital car radios sold annually and the sales S (in millions of dollars) of 
digital car radios during the period 2004-2007 can be modeled by 


R = 190x? + 55x + 140 and S=170x+60 


where x is the number of years since 2004. Write and simplify a model 
that gives the average price P (in thousands of dollars) of a digital car 
radio as a function of x. Then predict the average price in 2007. 


and the number W of new single-family wood houses 
in the United States during the period 1990-2002 can 
be modeled by 


Н = 34,500x + 913,000 
and W = —20,200x + 366,000 


where x is the number of years since 1990. Write and 
simplify a model that gives the percent p (in decimal 
form) of the houses that were wood houses as a function 
of x. Describe how the percent that were wood houses 
changed during the period 1990-2002. 


AIRPORTS The total number A of airports and the number P of private 
airports in the United States during the period 1989-2002 can be 
modeled by 


А = 0.18x? + 140x + 17,000 and Р = 0.16x? + 120x + 12,000 


where x is the number of years since 1989. Using only whole number 
coefficients, write a model that gives the percent p (in decimal form) of all 
airports that were private airports. Simplify the model and approximate the 
percent of airports in 2002 that were private airports. 


12.4 Simplify Rational Expressions 


799 


45. ж EXTENDED RESPONSE The revenue R (in millions of dollars) 
from sales of printed music in the United States during the 
period 1988-2002 can be modeled by 

_ 300 + 20x 
1 + 0.008x 


where x is the number of years since 1988. 


a. Model and Calculate Rewrite the model so that it has only 
whole number coefficients. Then simplify the model and 
approximate the revenue from sales of printed music in 2002. 


b. Graph Graph the model. Describe how revenue changed during 
the period. 


c. Decide Can you use the model to conclude that the number of copies 
of printed music sold increased over time? Explain. 


46. CHALLENGE The average annual expenses E (in dollars) of a middle 
income family and the average annual amount T (in dollars) spent on 
telephone service during the period 1992-2001 can be modeled by 


E= 1240x + 24,800 and T — 31x + 620 


where x is the number of years since 1992. Write and simplify a model 
to show that the average annual amount spent on telephone service 
was 2.596 of the average annual expenses during the period. 


Multiply or divide. (p. 915) 


E EM tunes 
: Prepare for 
: Lesson 12.5 47. =X 48. = x 2 49. 2x4 50. 2x 5 
: in Exs. 47-54. 
1.1 2.4 d ud JA 7 
51. 2+4 52. ¿+37 53. 2+2 Бата 
Simplify the expression. 
55. 5x — (—4х + 3) (p. 96) 56. (-2x%)* (р. 489) 57. 8x7 • (3x7)? (p. 489) 
y 2 12m! 6 ЖЕЛЕ 
58. = * 5 (р. 495) 59. “т. | (p. 495) 60. 2.12 (p.495) 
y n m y ix 


' QUIZ for Lessons 12.3-12.4 
. Divide. (p. 784) 

1. (y^ — 5y + 6) + (y – 3) 2. (x^ + 3x — 28) + (x — 6) 
Graph the function. (p. 784) 


_x+3 _2х—1 
а. у= л a À x+3 


Simplify the rational expression, if possible. State the excluded values. (p. 794) 


__w+t 10 6. 2501 т yt? 8. z — 4z — 45 
u* — 100 14x y-7 322 + 252 + 50 
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MIXED REVIEW of Problem Solving 2 STATE TEST PRACTICE 


3 classzone.com 


Lessons 12.1-12.4 


1. MULTI-STEP PROBLEM А bookseller uses 5. EXTENDED RESPONSE 4A professional 


shipping cartons in the shape of rectangular 
prisms. The cartons have the same size base 
but vary in height. 


26 cm 


a. Write an equation that gives the ratio r of 
surface area to volume as a function of the 
height h. Then graph the equation. 


b. The lesser the ratio, the more efficient the 
carton is. Describe how the efficiency of 
the carton changes as the height increases. 


. GRIDDED ANSWER You and some friends 

are taking a car trip to an amusement 

park. Admission costs $50 per person, and 
everyone will share the combined cost of gas 
and parking, which is $30. How much more 
(in dollars) will one person pay if 4 people go 
on the trip than if 5 people go? 


. OPEN-ENDED A city's population density (in 
people per square mile) is the ratio of the 
population of the city to the area (in square 
miles) of the city. Suppose that a city has a 
population of 150,000 people and an area of 
40 square miles. Describe two ways that the 
population density can decrease to 

3125 people per square mile. 


. MULTI-STEP PROBLEM The average amount 
A (in pounds per person) of fish and shellfish 
consumed in the United States during the 
period 1992-2001 can be modeled by 


_ 52x + 3800 
3.2x + 260 


where x is the number of years since 1992. 


a. Rewrite the model so that it has only 
whole number coefficients. Then simplify 
the model. 


b. Approximate the average amount of 
fish and shellfish consumed per person 
in 2001. 


baseball team may pay a luxury tax if the 
team's combined annual salary exceeds 
a certain amount. In 2003, a team whose 
combined annual salary exceeded 

$117 million paid a luxury tax of 17.596 
on the amount over $117 million. 


a. Write an equation that gives the percent 
p (in decimal form) of the salary paid in 
luxury tax as a function of the salary s (in 
millions of dollars) for s » 117. 


b. Graph the function. Describe how the 
percent changed as the salary increased. 


c. Was it possible for a team to pay 17.5% of 
its salary in luxury tax? Explain. 


. SHORT RESPONSE You plan to hike a 


mountain trail that is 15 miles long and stop 
halfway to camp overnight for 10 hours. 


a. Write an equation that gives the combined 
time t (in hours) for hiking and camping 
as a function of the average rate r (in miles 
per hour) at which you hike. Then graph 
the equation. 


b. Explain how the graph would change if you 
camped for 12 hours instead of 10 hours. 


. SHORT RESPONSE The table shows the 


relationship between the volume V (in liters) 
and the pressure P (in kilopascals) of a gas in 
a cylindrical container. 

Volume, V (L) | Pressure, P (kPa) 


20 1 


a. Explain why the volume and pressure are 
inversely related. Then write an equation 
that relates the volume and the pressure. 


b. Suppose that only the height of the 
container can be changed. Describe how the 
pressure changes as the height increases. 
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1 2 5 Multiply and Divide 
* Rational Expressions 


You multiplied and divided polynomials. 


QUEUE vou wil multiply and divide rational expressions. 
So you can describe football data, as in Ex. 35. 


Key Vocabulary Multiplying and dividing rational expressions is similar to multiplying and 
e multiplicative dividing numerical fractions. 

inverse, p. 103 
e polynomial, р. 554 


e rational expression, > 


KEY CONCEPT For Your Notebook 


tee Multiplying and Dividing Rational Expressions 
Let a, b, c, and d be polynomials. 
a.c_ac 
Algebra п a where b + 0andd + 0 
4.C.6,0. 0d where b + 0,с+ 0, andd #0 
b d b c bc i i 
x+2 3 _3(+2) z 4, х Xo 4 
Examples ^7: 75-774 X-1 x x-1 4 40621) 
Multiply rational expressions involving monomials 
; 2x 6x? 
Find the product Зх 193 
2 2 
: APPLY EXCLUDED aN ox" = Qx (6x) Multiply numerators and denominators. 
: VALUES Зх 121%  (33)2x) 
ie O —Á А 
: When performing = LA Product of powers property 
: operations with rational 36x 
: expressions, remember Y. 


: that the answer may 

: have excluded values. 
: In Example 1, the 

: excluded value is O. 


3» M esf Factor and divide out common factors. 


Simplify. 


GUIDED PRACTICE for Example 1 


Find the product. 
1. 2у? „15у 2. Tz. m 
оу ву? 423 142 
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| EXAMPLE 2 | Multiply rational expressions involving polynomials 


Find the product — 3x + 3x — е х 4x +3) 
P 4x? — 24x + 36 ¥-x 


Se +34  . —4x3 

4x? — 24x + 36 Ó—x 
_ Br +300 ~ 4x +3) 
(Ax? — 24x + 36)0é — x) 


= к ше = Factor and divide out common factors. 


Multiply numerators and denominators. 


_ 3(x * 1) | : 
= AX -— 3) Simplify. 
CHECK Check your simplification using a graphing Р -— 
calculator. | 
Graph y, = —3X +34. —4х+3 
esl а ошын 2-1 | | 
_ ate 1) 
and y, = A — 3) 
The graphs coincide. So, the expressions are L J 


equivalent for all values of x other than the 
excluded values (0, 1, and 3). 


MULTIPLYING BY A POLYNOMIAL When you multiply a rational expression by 
a polynomial, first write the polynomial as a fraction with a denominator of 1. 


| EXAMPLE 3 | Multiply a rational expression by a polynomial 


5x 


Find the product 
P xX + 5х + 6 


e (x + 3). 
5x 


—9*_. (x43 
хх +5х+6 ee 


5x х+З 


= ———— —— .7——- Rewrite polynomial as a fraction. 
x-5x46 1 


-- 
= Е Multiply numerators and denominators. 
х +5х+6 
5x(Gx-r 3) o 
EMCUEN D tor t n factor. 
(x + 2)0-3] Factor and divide out common facto 
_ Бу " и 
БРЕ, Simplify. 


r4 GUIDED PRACTICE | for Examples 2 and 3 


Find the product. 
Х+х—2 252 + 2x ди? 

3. ——L  _ A 4. ————— • (иШ — 4) 
х2 + 2х 5x*-— 15x 10 и? — 7w + 12 
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DIVIDING RATIONAL EXPRESSIONS To divide by a rational expression, multiply 
by its multiplicative inverse. 


| EXAMPLE 4 ] Divide rational expressions involving polynomials 


Find the quotient —“* + “tz, 
d x!-2x-3 x*-7x-8 
7X —7x .  x-l1 


x42x-3 x-7x-8 
: REVIEW INVERSES 


: For help with finding 
: the multiplicative 

: inverse of a number, 
: see p. 103. 


ESE. 4 —TX—B 
xX + 2х – 3 х +1 
. Gu — Tix. — Tx — 8) 
(x^ + 2x — 3)(x + 1) 
_ 7x(x—31)(x — 8-71) 
(x + 3)x— DG T) 


_ 7х(х — 8) 
+3 


Multiply by multiplicative inverse. 
Multiply numerators and denominators. 


Factor and divide out common factors. 


Simplify. 


DIVIDING BY A POLYNOMIAL When you divide a rational expression by a 
polynomial, first write the polynomial as a fraction with a denominator of 1. 
Then multiply by the multiplicative inverse of the polynomial. 


| EXAMPLE 5 ] Divide a rational expression by a polynomial 


Find the quotient 2x + 16x + 24 + (x + 6). 
Зх? 
ax" + 16х+24. (+6) 
3x 
|. 2x! - 16x * 24 . x ^6 
= + Rewrite polynomial as fraction. 
a= 1 
— 27 +16х+24,_1_ Multiply by multiplicative inverse. 
3x? х +6 
— 2x" + 16x + 24 Multiply numerators and denominators. 
3x%(x + 6) 
Е CURE CT Factor and divide out common factor. 
3x^ (4-6) 
ZU t 2) — 
= ——— Simplify. 
Зх? dis 
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СА GUIDED PRACTICE for Examples 4 and 5 


Find the quotient. 


m? — 4 . бт — 3m* 
` 2m?- 4m Am + 44 
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n-6n*9.,, _ 


[| EXAMPLE 6 | Solve a multi-step problem 


ADVERTISING The amount A (in millions of dollars) spent on all advertising 
and the amount T (in millions of dollars) spent on television advertising in 
the United States during the period 1970-2003 can be modeled by 


-- 
13,000 + 3700x sd T= 1800 + 860x 


A= 1200155 ч 1 — 0.016x 


where x is the number of years since 1970. Write a model that gives the 
percent p (in decimal form) of the amount spent on all advertising that was 
spent on television advertising. Then approximate the percent spent on 
television advertising in 2003. 


Solution 


STEP 7 Write a verbal model. Then write an equation. 


Percentspenton _ Amountspenton , Amount spent on 
television advertising ^ television advertising  ' all advertising 
Y Y Y 
р = Т T A 
STEP2 Find the quotient. 
p=T=A Write equation. 


_ 1800 + 860x . 13,000 + 3700x : 
=- ообу, ^" 11-005 Substitute for T and for A. 
_ 1800 + 860x , 1 0.015х 


^ 1-0.016x * 13,000 + 3700x Multiply by multiplicative inverse. 


_ (1800 + 8601 (1 — 0.015x) Multiply numerators 
(1 — 0.016x)(13,000 + 3700x) and denominators. 

_ _20(90 + 43x)(1 — 0.015x) Factor and divide out 
(1 — 0.01623) (20)(650 + 185x) common factor. 


(90 + 43x)(1 — 0.015x) 


~ (1 — 0.016x) (650 + 185x) simplify, 


STEP 3 Approximate the percent spent on television advertising in 2003. 
Because 2003 — 1970 = 33, x = 33. Substitute 33 for x in the model 
and use a calculator to evaluate. 


(90 + 43 * 33)(1 — 0.015 + 33) 


= 71 — 0.016 33)(650 + 185.33) ^99 


» About 24% of the amount spent on all advertising was spent on television 
advertising in 2003. 


СА GUIDED PRACTICE for Example 6 
7. In Example 6, find the values of T and of A separately when x = 33. Then 


divide the value of T by the value of A. Compare your answer with the 
answer in Step 3 above. 


12.5 Multiply and Divide Rational Expressions 805 


12.5 EXERCISES 


_ SKILL PRACTICE 


1. VOCABULARY Copy and complete: To divide by a rational expression, 
multiply byits_? . 


: EXAMPLES 

: 1,2, and 3 

: on pp. 802-803 
: for Exs. 3-10, 12 


: EXAMPLES 


ToC m 
: for Exs. 11, 
: 13-21 


806 


з, 9, 5 
7 бр“ 
| Г +и—12,‚_-—р—2 
sv+10  y+5+4 
- 5х , 422 — 20x — 144 
2 — 17x* — 9x 20 
9, — —3" ...(m-— 5) 


m? — m + 10 


quotient. 
х . 150 
11. += 
b 2 ypy E 
= 7° 
24 
= 75 
2 


16 . 12 
18, + 5r 

2u? + 5w и? 

u^ — 81 и + 9 
17, 2 + 3а -10 , _ 92 – 18a" 
' а2+ба-7т За? + 18а – 21 


19. АК +4k-15 . (9k + 5) 
2k —3 


x°-3x+2.. x +4х+3., 


the quotient : г 
9 —2x-3 x-7x+12 


(СА) x-1 (В) х- 3 


Chapter 12 Rational Equations апа Functions 


HOMEWORK: 


KEY: 


(С) = WORKED-OUT SOLUTIONS 
on p. WS30 for Exs. 5, 15, and 35 


Ж - STANDARDIZED TEST PRACTICE 
Exs. 2, 21, 26, 27, 28, 36, and 37 


: eo = MULTIPLE REPRESENTATIONS 


MULTIPLYING EXPRESSIONS Find the product. 


10. 


Ex. 35 


2. ж WRITING Describe how to multiply a rational expression by a polynomial. 


2n — 6 


S ;' Gm + 14n + 8) 
n — (n — 


ERROR ANALYSIS Describe and correct the error in finding the product or 


хе x 
12. УБ 2-x 
SAI - (x — 2)х 
х+5 2—x (ХЕЕЕ 
_ (х_72)х 
— (x + 5)2—3) 
а X 
2 ¥ +5 
25512 . 5 
14. I 5 
+c . c—6 
16. tt 4 ————— 
2 +с-30 c – 11с+ 30 


18. 


20. 


© 


2y — Uri 9 . -J+ 13—12 


35x + 14 15x* — 14x — 8 


^—9т—22 . E 
—au-1 + (50 + 9t- 2) 


21. Ж MULTIPLE CHOICE What common factor do you divide out when finding 


х +1 


D x+3 


| TRANSLATING PHRASES Translate the verbal phrase into a product or 
quotient of rational expressions. Then find the product or quotient. 


22. The product of x + 3 and the ratio of x + 5 to x* — 9 
23. The product of 8x^ and the multiplicative inverse of 2x? 
24. The quotient of x^ + 3x — 18 and the ratio of x + 6 to 2 


25. The quotient of the multiplicative inverse of x^ — 3x — 4 and twice the 
multiplicative inverse of x^ — 1 


26. Ж MULTIPLE CHOICE What is the quotient =. 


СА) —1 (В) 0 СС) 1 (б) 1-1 


Ж OPEN-ENDED Let a, b, с, and d be different polynomials. Find two 


rational expressions з 


27. The product of the rational expressions is ~ 
are —2, —1, 4, and 5. 


+ (х— 1)? 


and £ 7 that satisfy the given conditions. 


= ==, and the excluded values 


28. The quotient of the rational expressions is ~ 
are —4, —2,3, and 6. 


= $, and the excluded values 


@ GEOMETRY Write an expression for the area of the figure. Find a value 
of x less than 5 for which the given dimensions and the area are positive. 


29. Rectangle 30. Triangle 
(№ 2x2 + 2x — 24 
2х +1 
2x? - x – 1 
x—3 


CHALLENGE Let a be a polynomial in the given equation. Find a. 


31. 54... 3x + 5x -2 6124 7x3 32, 805—213 , 2x * 1 19186 


x+2 x-4 = а 


PROBLEM SOLVING 


: EXAMPLE 6 


: : on p. 805 
: for Exs. 33-35 


33. VEHICLES The total distance M (in billions of miles) 
traveled by all motor vehicles and the distance T 
(in billions of miles) traveled by trucks in the 
United States during the period 1980-2002 can 
be modeled by 

100 + 2.2x 
M = 1500 + 63x and T= TE 
where x is the number of years since 1980. Write a 
model that gives the percent p (in decimal form) 
of the total motor vehicle distance that was traveled 
by trucks as a function of x. Then approximate the 
iiis traveled by trucks in 2002. 
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34. CONSUMER SPENDING The average annual amount Т (in dollars) spent 
on reading and entertainment and the average annual amount E (in 
dollars) spent on entertainment by consumers in the United States 
during the period 1985-2002 can be modeled by 


_ 1300+84x „pd g= 1100+ 64x 


E 1 + 0.015x 1 + 0.0062x 


where x is the number of years since 1985. Write a model that gives 

the percent p (in decimal form) of the amount spent on reading and 
entertainment that was spent on entertainment as a function of x. Then 
approximate the percent spent on entertainment in 2000. 


“a 


for problem solving help at classzone.com 


(85) e MULTIPLE REPRESENTATIONS Football player Emmitt Smith's career 
number Y of rushing yards gained and his career number A of rushing 
attempts from 1990 (when he started playing professional football) 
through the 2002 football season can be modeled by 


_ 860 + 1800х „ду д. 230 + 380x 


y 1 + 0.024x 1 + 0.014x 


where х is the number of years since 1990. 


a. Writing an Equation A football player's rushing average is the 
number of rushing yards gained divided by the number of rushing 
attempts. Write a model that gives Smith's career rushing average R 
as a function of x for the period 1990-2002. 


b. Making a Table Make a table that shows Smith's approximate career 
rushing average (rounded to the nearest hundredth) for each year 
during the period. Describe how the career rushing average changed 
over time. 


36. ж SHORT RESPONSE Baseball player Hank Aaron's 
career number B of times at bat and career number H 
of hits during the period 1954-1976 can be modeled by 


_ 300 + 700x _ 62 + 240x 
В = = F 001x and Н = 3 Y 0.017x 


where x is the number of years since 1954. 


a. Model A baseball player's batting average is the 
number of hits divided by the number of times at 
bat. Write a model that gives Hank Aaron's career 
batting average A as a function of x. L——— ЕР" 


b. Decide The table shows Aaron's actual career number of times at bat and 
actual career number of hits for three different years. For which year does 
the model give the best approximation of A? Explain your choice. 


Career times 
at bat 468 3524 


nz | зул 


(С) = WORKED-OUT SOLUTIONS * - STANDARDIZED ф = MULTIPLE 
808 on p. WS1 TEST PRACTICE REPRESENTATIONS 


37. MW EXTENDED RESPONSE The gross revenue 
R (in millions of dollars) from movie tickets sold 
and the average movie ticket price P (in dollars) 
in the United States during the period 1991-2002 
can be modeled by 


р — 4700 — 74x 


E 2 
D Йй and P=0.015x* + 4.1 


where x is the number of years since 1991. 


a. Model Write a model that gives the number T of 
movie tickets sold (in millions) as a function of x. 


b. Describe Graph the model on a graphing calculator and describe 
how the number of tickets sold changed over time. Can you use the 
graph to describe how the gross revenue and ticket prices changed 
over time? Explain your reasoning. 


c. Compare The table shows the actual number of tickets sold for each 
year during the period. Make a scatter plot of the data on the same 
screen as the graph of the model in part (b). Compare the scatter plot 
with the graph of the model. 


1991 1992 1993 1994 1995 1996 
LTUUUUCHETHETRECREOCRECHESC 


1997 1998 1999 2000 2001 2002 
Tickets (millions) | 1388 1481 1465 1421 1487 1639 


38. CHALLENGE The total amount F (in billions of dollars) spent on food 
other than groceries and the amount E (in billions of dollars) spent at 
restaurants in the U.S. during the period 1977-2003 can be modeled by 


— 88+ 9.2% _ 54 + 6.5x 
P= т лоо 209 Ё 1700125 


where x is the number of years since 1977. Write a model that gives the 
percent p (in decimal form) of the amount spent on food other than 

groceries that was spent at restaurants as a function of x. Approximate 
the percent that was spent at locations other than restaurants in 2002. 


: PREVIEW Add or subtract. (p. 914) 

: Prepare for Д.В du E 1,5 T8 

: Lesson 12.6 Wh tg 20. 8 12 ud ME: 12. 9 2 

: in Exs. 39—52. = g 7 4 5 5 E 
Find the sum, difference, or product. 
47. (25x% — 6x) + (Ax? — 5) (p. 554) 48. (7х2 + 5x + 1) + (-6x? + 13x) (p. 554) 
49. (2х2 — x + 12) — (3х + 8) (p. 554) 50. (7х2 + 16) — (8x? + 3x* — 7) (p. 554) 
51. (5x — 6)(4х — 5) (p. 562) 52. (2x + 9)(3x — 7) (p. 562) 
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Use after Lesson 12.5 


Key Vocabulary 
• complex fraction 


A ИИНЕНИН 
: The widest fraction 

: bar separates the 

: numerator of a complex 

: fraction from the 


: denominator. 


810 


Simplify Complex Fractions 


| Ге ТИ simplify complex fractions. 


A complex fraction is a fraction that contains a fraction in its numerator, 
denominator, or both. To simplify a complex fraction, divide its numerator by 


its denominator. 


For Your Notebook 


KEY CONCEPT 


Simplifying a Complex Fraction 
Let a, b, с, and d be polynomials where b + 0, c + 0, and d = 0. 


a 
Algebra ^ = 2-с – 2. 
e € b d b c 
d 
2 
Example x х 00,3313 


Simplify a complex fraction 


Simplify the complex fraction. 


3x 
a = 2 + (—6x°) Write fraction as quotient. 
— 3x 1 ; "T 
2“ 53 Multiply by multiplicative inverse. 
= T F Multiply numerators and denominators. 
1 А А 
az Simplify. 
. Xx -l1. g- 1) + 4H Write fraction as quotient. 
x+1 x= 
к= 1 
= (xf — 1) ° E - Multiply by multiplicative inverse. 
= == Multiply numerators and denominators. 
х= IM 1 
= ELE ) Factor and divide out common factor. 
= (x — 1)? Simplify. 
ришу 
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ЭСТЕ Simplify a complex fraction 


2x? — 8x 
: : A+4x+4 
Simplify —— ———. 
puy x? — 16x 
x+2 
2%2 — 8x 
X FAxt4 20m 8x . x 16x Write fraction as quotient. 
éB-l6ex ~+4x+4 +2 
x+2 


252 — 8x „_ +127 


a er ae Multiply by multiplicative inverse. 
x — 16x 
|. Ох? — 8x)(x + 2) Multiply numerators and 
G2 + Ax + 4)(х? — 16x) denominators. 
_ 2x(x—4) (x +2) Factor and divide out common 
— (x—2)(x + 2)х(х + 4) (х=) factors. 
CINE" SEEN чт 
“ee ee Simplify. 


Ш 


РВАСТІСЕ 
: EXAMPLES Simplify the complex fraction. 
: 1 and 2 — —9x? —2 х + 7х 
: оп pp. 810-811 1 SA 11 2x — 6 
: for Exs. 1-9 ' —]22 ' 184 ” 2—49 
а. 2 5, 2+4 2x? + 5x3 
8x" x+4 x +4x+3 
—Ax3 ж – х 15x 
х2 —»— эй д2 – 2х – 8 252 + 5х – 3 
7. —*— _ 6x = 3x7 Sa + 4x41 
х—5 х? + Ax? 10x? – 5х 
ш х2 – 4 2x7 — 2x 


(ES GEOMETRY Write a rational expression for the ratio of the surface area S 
of the given solid to its volume V. 


10. Sphere 11. Cone 


12. Pyramid with a 
square base 


S = тр? + тті S = s? + 2sl 
_ Arr) | arh _ sh 
V-78- Y= m ve 


a a 
13. Are the complex fractions b and р equivalent? Explain your answer. 
C C 


Extension: Simplify Complex Fractions 811 


12. 


aL 


Key Vocabulary 

e least common 
denominator 
(LCD) of rational 
expressions 


You multiplied and divided rational expressions. 
You will add and subtract rational expressions. 


So you can solve work problems, as in Ex. 49. 


Add and Subtract EN 


E 5 a i 
[ » E" ч Ч 


Rational Expressions EE: 


Adding and subtracting rational expressions with the same denominator 
is similar to adding and subtracting numerical fractions with the same 
denominator. 


For Your Notebook 


KEY CONCEPT 


Adding and Subtracting Rational Expressions with 
the Same Denominator 
Let a, b, and c be polynomials where c 7 0. 


b_a+b 
co с 


a 
Algebra + 


2 _ _ LE -3 
Examples = + == > = = 


1 
ө „Р = === ° 
а CURE Ge Ue Add numerators 
= i К Factor and divide out common factor. 
_4 А , 
= Simplify. 
— (x + 
b. Зх _Х+5 _ E WX +5) Subtract numerators. 
x—1 x—1 x— 1 
_ 2х—5 " А 
x7 Simplify. 


CHECK Check your simplification using a 


graphing calculator. For part (b), graph 
_ A +65 24-5 

AUCXx-1 x-1 х—1 

The graphs coincide. So, the expressions 

are equivalent for all values of x other 

than the excluded value of 1. 


and y, = 


812 Chapter 12 Rational Equations and Functions 


r4 GUIDED PRACTICE | for Example 1 


Find the sum or difference. 


2.1yT1l Ax + 1 А З, 
. = + e = 
l y y : 2x—1 2x-1 


LEAST COMMON DENOMINATOR The least common denominator (LCD) of two 
or more rational expressions is the product of the factors of the denominators 
of the rational expressions with each common factor used only once. 


[ EXAMPLE 2 ] Find the LCD of rational expressions 


Find the LCD of the rational expressions. 


1 т+3 Ь 5 3x +4 А 3 с+8 
Ar’ 107 (х — 3)2 2-x-6 с 2° 28+ 7 
Solution 


a. Find the least common multiple (LCM) of 4r and 107”. 


4r —|2|* 2 «[r| «———— The common factors are circled. 
e 5 e r e r 


1077 = 
„AVOID ERRORS ^ |... > LCM-22-.r-2-5-r-—20P 


: When finding the LCD, 


: be sure to use the 
: common factors only 


> The LCD of Land “+ 2 is 2077. 
Ат 10/2 


: Once. 


b. Find the least common multiple (LCM) of (x – 3)? and x? — x — 6. 
(x — 3)* =[(x — 3)|* (x — 3) 
xX — x — 6 =|(x — 3)* (x + 2) 
LCM = (x — 3) • (x — 3) • (x + 2) = (x — 3)*(x + 2) 


> The LCD of — „апа EL ig (x — 3)*(x + 2). 
(x — 3) x —x-6 
c. Find the least common multiple of c — 2 and 2c + 7. 


Because c — 2 and 2c + 7 cannot be factored, they don't have any factors 
in common. The least common multiple is their product, (c — 2)(2c + 7). 


3 с+8. = 
> The LCD ої and 5—_ is (c — 2)(2с + 7). 


GUIDED PRACTICE for Example 2 


Find the LCD of the rational expressions. 
g 1 т+1 4 2 +2 s, 940 а+6 
28m' 7m? +45 x ^ 7x 4 10 a+3 a-4 


DIFFERENT DENOMINATORS To add or subtract rational expressions that have 
different denominators, use the LCD to write equivalent rational expressions 
that have the same denominator just as you would for numerical fractions. 


12.6 Add and Subtract Rational Expressions 
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| EXAMPLE 3 ] Add expressions with different denominators 


Find the sum 9. + 3 


8х2 1213 


9 5 _ 9+-3x 5.2 
8х2 12%  8x^.3x 127.2 


Rewrite fractions using LCD, 24х?. 


27X 10 А A А 
= Ф = Simplify numerators апа denominators. 
24x) 24 Pu 
— 27x + 10 Add fractions. 
24x) 
[ EXAMPLE 4 | Subtract expressions with different denominators 
Find the difference 10 _ AX 
Зх х+2 
10 7x _10x+2) 7x(3x) Rewrite fractions using 


3x х+2 3x(x+2) (x-2)3x LCD, 3x(x + 2). 
10(x + 2) — 7x(3x) 


= ^  8xx42) Subtract fractions. 
= -21x + 10x + 20 Simplify numerator. 
3x(x + 2) 
[ EXAMPLE 5 ] Subtract expressions with different denominators 
Find the difference .— ^4 — — —*—-1 , 
x'-3x-10 2? + 2х – 8 
x+4 1 
X +3х-10 x+2x-8 
_ x+4 £—1 : 
7"u-2k-5 Gt4&-2 Factor denominators. 
(x + 4)(x + 4) (x — D(x + 5) Rewrite fractions using LCD, 


y (x — 2)(x + 5)(x + 4) (x + A)(x — 2)(x + 5) (x — 2)(x + 5)(x + 4). 
(x + Aix +4) —(x — Dix + 5) 


= MM Subtract fractions. 
: AVOID ERRORS (x — 2)(x + 5)(x + 4) 
: Because you are x^ + 8x + 16 — (x^ + Ax — 5) : | 
: subtracting = _Чух—2у(х+5Б)(кх+4) _ Find products in numerator. 
: х? + 4x — 5 in the 
: numerator, you need _ 4x + 21 Simplif 
: to add the opposite of (x — 2)(x + 5)(x + 4) py 
: every term in ducum > 
> x2 4 4x — 5. ¿Animated Algebra at classzone.com 
r4 GUIDED PRACTICE for Examples 3, 4, and 5 
Find the sum or difference. 
3 Т 3 2x1 zl 
. 2+ —— 7. —L— + 2 8. “+ — 
2X 5x" у+1 у+2 Z+22-8 2—4 
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: you subtract the speed 
: of the current from 

: the speed at which 

: you travel in still 

: water. When you go 

: downstream, you add 
: the speeds. 


34112830 Solve a multi-step problem. 


BOAT TRAVEL A boat travels 24 kilometers upstream (against the current) 
and 24 kilometers downstream (with the current) as shown in the diagram. 


| Write an equation that gives the total travel time t (in hours) as a function of 


the boat's average speed r (in kilometers per hour) in still water. Find the total 
travel time if the boat's average speed in still water is 10 kilometers per hour. 


Speed of current: 2 kilometers per hour 


= === =. 


Т р" Р J РА Ваа. 
т lon 0 
A * 


Solution 


STEP? Write a verbal model. Then write an equation. 


Distance Distance 
| upstream downstream 
. Total travel — (kilometers) (kilometers) 
time и“ 
(hours) Speed of boat Speed of boat 
going upstream going downstream 
(kilometers/hour) (kilometers/hour) 
ae > t = 24 + 24 
: When you go upstream, r—-2 r+2 


STEP 2 Find the sum of the expressions on the right side of the equation. 


_ 24 24 ' ‚ 
t = Е) + 7432 Write equation. 
24(r + 2) 24(r — 2) Rewrite fractions using 


^ (-2)042) (-2(-2) LCD, (r— 2)(r 2). 
_ 24(r + 2) + 24(r — 2) 


(r- 3042) Add fractions. 
Nu 48r ; i 
BEEN CES Simplify. 


STEP 3 Calculate the value of t when г = 10. 


48(10) 480 _ 480 _5 


t 


~ 00-2)10-2) (8112) 96 


> The total travel time is 5 hours. 


GUIDED PRACTICE for Example 6 


9. WHAT IF? In Example 6, suppose the speed of the current is 3 kilometers 
per hour. Find the total travel time. 
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1 2 fs EXERCISES HOMEWORK: (7) = WORKED-OUT SOLUTIONS 
7 КЕҮ: on р. WS30 for Exs. 7, 29, and 45 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 32, 44, and 48 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: The ? oftwo rational expressions is 
the product of the factors of their denominators with each common factor 
used only once. 


1 
xT2 


2. ж WRITING Describe your steps in rewriting the expressions 
2х 
22 – 4 


апа so that they have the same denominator. 


: EXAMPLE 1 ADDING AND SUBTRACTING EXPRESSIONS Find the sum or difference. 


: on p. 812 
° 2 3 y*1 5 6z 2z 
м == . =+— е + —= ё$ Cu ЕЕЕ 
: for Exs. 3-11 3 Bx) Эх 4 2y 2y 5 2 2 
7 _ За b b+1 ct2,c-5 
„үт а+2 з 5-3 da єс—8 
7 8 2n+1 n 3r 1 
9. — 10. — ——— 11. ——— — + ————— 
m +1 m+1 n —16 mn -16 P+r-=-7 r +r- 


: EXAMPLE 2 FINDING THE LCD Find the LCD of the rational expressions. 


: on p. 813 


: d xT2 8 P-4 4w w+3 
: Ba Exs. 12717 | 1752 єз 19. 1502 2007 14. 0+5 ш 2 
-1 5+2 1 6 и +9 —3 
15. ==, 16. „ - TA in AA. 4 
5+25—1 t*—Ar 1 – 21— В и? + 8и +7 и? – 2и – З 
: ЕХАМРІЕЅ ERROR ANALYSIS Describe and correct the error in finding the sum or 
Eb difference, 
: on p. 814 
: 8 _ Ax 5x z 
: for Exs. 18-31 | 18. 5,—— 7+7 19. 3 
8 4x _ 9 — 4x Bx y 2 _ CANS Bee 
2х+$ х+2 28S Ix) x-4 xt+3 (x — 4)(x + 3) 


8 — Ax _ 5x — 20x + 2x + 6 


Mor (к= 4)(x + 3) 
yq sr A yer 
x+1 (x — 4)(x + 3) 


ADDING AND SUBTRACTING EXPRESSIONS Find the sum or difference. 


5x 2 13, 2 2. А 
20. T + = 21. ay Пу 22, 22 32 
Tr _ 2r S _ | ers C 
mud Im r-3 аз 5s—2 4s+1 = c—6 ' 3¢+10 
4—5 4—5 [+3 3f 1 1 
26. —— + == 27. = 28. ————— — 
d+7 44 Tf f+4 g +58+6 g-4 
(29) 21 += j—1 30. КЕТ + k-5 31. „+2 _ p—2 
f-l f-7+6 k-6k-9 К —5К—24 202 —v—15  w-2v-— 15 
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32. Ж MULTIPLE CHOICE Which is a factor of the LCD of E 3 and Ax 2 


x+2' 
СА) 3 x-4 © 4x D> x-2 
33. (E GEOMETRY The height h of a rectangular prism is given by 
S Lw 


+w 1+ш 


where S is the surface area, £ is the length, and w is the width. Find the 
difference of the expressions on the right side of the equation. 


USING ORDER OF OPERATIONS Use the order of operations to write the 
expression as a single rational expression. 


—4 4 
34, 2) - 324) T" — 
+1 x+2 х? + 6x — 16 
| x—3 5x 12 х+5  3x°+2x-1.. x?-3x-4 
— — — D — 22. , HAL AAA AA 
ae 749x420 х+2 x+4 on x—9 x+4 x? — 16 


WRITING EQUATIONS For the given hyperbola, write an equation of the 


form y = Ж where a and Р are first-degree polynomials. 


ш. М ы |] 
| Viti LL 
ja E ia 
< 
Е | 


кашы иши 
РРА: 
MONA Сна 
BENNTNEERNE 


| 41. CHALLENGE Let a, b, c, and d be first-degree polynomials. Find 


two rational expressions © and € g Such that  — € = = 0 x*7 
Р b b d (x*2)x-83) 


c-—  t——————————————————Á—— 
' PROBLEM SOLVING 


: EXAMPLE 6 42. CANOEING А canoeist travels 16 miles upstream (against the current) and 
: опр. 815 16 miles downstream (with the current). The speed of the current is 

: for Exs. 42-46 1 mile per hour. Write an equation that gives the total travel time t (in 
hours) as a function of the canoeist's average speed r (in miles per hour) 
in still water. Then find the total travel time if the canoeist's average 


speed in still water is 6 miles per hour. 


и шшш 
x= f | | | 
| tt tee Tt 


_@Homelutor > for problem solving help at classzone.com 


43. DRIVING Matt drives 200 miles to another city. On the drive back home, 
his average speed decreases by 5 miles per hour. Write an equation that 
gives the total driving time ¢ (in hours) as a function of his average speed 
r (in miles per hour) when driving to the city. Then find the total driving 
time if he drives to the city at an average speed of 50 miles per hour. 


 (Homelüutor 


for problem solving help at classzone.com 


12.6 Add and Subtract Rational Expressions 817 


44. ж SHORT RESPONSE An airplane makes a round trip between two 
destinations as shown in the diagram. The airplane flies against the wind 
when traveling west and flies with the wind when traveling east. Assume 
that the speed of the wind remains constant during each flight. 


a. Model Write an equation that gives the total flying time £ (in hours) as 
a function of the speed w (in miles per hour) of the wind. Then find 
the total flying time ifthe speed of the wind is 15 miles per hour. 


b. Decide For what value of w does the flying time one way take half as 
long as the total flying time? Explain your reasoning. 


ELEVATORS According to the law in one state, the minimum weight W (in 
pounds) that a passenger elevator must hold is given by 


2 2 
w= 2X + Li A« 50 апа w= (125A — 1367) if A > 50 


where A represents the area (in square feet) of the elevator platform. 


a. Write the right side of each equation as a single rational expression. 


b. What is the minimum weight that an elevator must hold if the area of 
the platform is 30 square feet? 60 square feet? 


46. MULTI-STEP PROBLEM 4A parallel electric 


circuit consists of a power source and several resistors 
parallel resistors through which electricity power Р 

сап flow. For a parallel circuit with two source | 

resistors, let r, represent the resistance (in 

ohms) of one resistor, and let r, represent the Parallel Circuit 


resistance (in ohms) of the other resistor. 
a. Model The total resistance r., is equal to the multiplicative inverse of 


1 1 | 1 
= + =>. Write > + > 
1 Фу A Ча 
equation that gives r.. in terms of r, апа r,. 


as a single rational expression. Then write an 


b. Calculate Find the total resistance when one resistor has a resistance of 
2 ohms and the other resistor has a resistance of 6 ohms. 


47. RADIO STATIONS Radio stations use either amplitude modulation 
(AM) broadcasting or frequency modulation (FM) broadcasting. The 
percent a (in decimal form) of commercial radio stations that used AM 
broadcasting during the period 1990-2003 can be modeled by 


_ 2.8 + 0.085x 


а 53 + 0.30x 


where x is the number of years since 1990. Write a model that gives the 
percent f (in decimal form) of commercial radio stations that used FM 
broadcasting as a function of x. Then approximate the value of fin 2003. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
818 on p. WS1 TEST PRACTICE 


48. ж EXTENDED RESPONSE The axle load for a tow vehicle is the weight 
(in pounds) that an axle on the vehicle supports. The rear axle load R and 
the front axle load F are given by the formulas 


cO MI and Е= 


К Ш ИШ 


where t represents the weight (in pounds) that presses down on the hitch 
by a trailer and w and h represent the distances (in feet) shown. 


Tow vehicle Hitch 


a. Calculate For a certain tow vehicle, t = 300, w = 9, and h = 3.5. Find 
the rear axle load and the front axle load. 


b. Compare Find the difference of the rear axle load and the front axle 
load found in part (a). Compare your answer with the given value of t. 


c. Model Write an equation that gives tin terms of R and F. Justify your 
answer algebraically. 


49. CHALLENGE You and your friend plan to spend 10 minutes mowing your 
family’s lawn together. You can mow the entire lawn alone in 30 minutes. 


a. Write an equation that gives the fraction y of the lawn that you and 
your friend can mow in 10 minutes as a function of the time f (in 
minutes) in which your friend can mow the entire lawn alone. 


b. Suppose your friend can mow the entire lawn alone in 20 minutes. 
Can the entire lawn be mowed if you and your friend work together for 
10 minutes? Explain. 


: PREVIEW Solve the equation or proportion. 
: Prepare for 
: Lesson 12.7 50. —4(f— 5) = —16 (p. 148) 51. 2x + 11 + 3x = 21 (p. 148) 
: in Exs. 50-57. 52. 5g — 18 = 4g — 3 (p. 154) 53. 7.5k = 5(2k + 1) (p. 154) 
7_m 14. v 
54. = (р. 168) 55. 1 = 75 (P. 168) 
56. x^ — 9x + 14 = 0 (p. 583) 57. —7m* + 56 = 0 (р. 653) 


58. SPORTS An athlete kicks a football upward from the ground with an 
initial vertical velocity of 64 feet per second. After how many seconds 
does the football land on the ground? (p. 575) 

Factor the expression. 

59. 12x^ — 24x (p. 575) 60. x^ — 9x — 22 (p. 583) 

61. x^ + 15x + 56 (p. 583) 62. 100 — 9x* (p. 600) 
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12 7 Solve Rational Equations «ue j= 
" PLN S ж 


CARA 


You simplified rational expressions. 
| Now ) You will solve rational equations. 


So you can calculate a hockey statistic, as in Ex. 31. 


Key Vocabulary A rational equation is an equation that contains one or more 
«rational equation rational expressions. One method for solving a rational equation 
* cross product, p. 168 is to use the cross products property. You can use this method 


e extraneous when both sides of the equation are single rational expressions. 


solution, p. 730 
e least common 


denominator 
(LCD) of rational 


Use the cross products property 


expressions, p. 813 Solv "T - > . Check your solution. 
: REVIEW CROSS = 8 "iam a Write original equation. 
tiee > 12=x +4 C duct t 
: For help with using the mu n PS dike iia | 
: cross products property, 0 =x? + 4х – 12 Subtract 12 from each side. 
: see p. 168. 
0 = (x + 6)(x — 2) Factor polynomial. 


x+6=0 orx-2=0 Zero-product property 
x=-—6 or x=2 Solve for x. 


> The solutions are —6 and 2. 


CHECK If x = —6: If x = 2: 
6 2—6 66 22 

—6 + 4 2 2+4 2 

-3 = -3 / 1=1# 


GUIDED PRACTICE | for Example 1 


Solve the equation. Check your solution. 


3 =й 9% =Z 
“y-2 3 "2+5 7 


USING THE LCD Given an equation with fractional coefficients such as 


2х + i = 2, you can multiply each side by the least common 
denominator (LCD), 12. The equation becomes 8x + 2 = 9, which you 
may find easier to solve than the original equation. You can use this 


method to solve a rational equation. 
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| EXAMPLE 2 | Multiply by the LCD 


x 4,12 —À; Check your solution. 


Solve т=з 


Write original equation. 


x ЕЯ 1 А _ Б А m R _ 
Y—2 5(x — 2) + 5 5 (x — 2) 3 5(x —2) Multiply by LCD, 5(x — 2). 
x * 5(х—2) + B(x — 2) _ 2. 5-2) Multiply and divide out 
x-—2 5 2 common factors. 
5x+x-2=10 Simplify. 
6x-2=10 Combine like terms. 
6x = 12 Add 2 to each side. 
x=2 Divide each side by 6. 
: AVOID ERRORS x 2 


ЖР РР үр рү ЕРЕ The solution appears to be 2, but the expressions and 
: Be sure to identify the di рр р x32 x—2 


: excluded values for the undefined when x = 2. So, 2 is an extraneous solution. 
: rational expressions in 
: the original equation. 


are 


» There is no solution. 


| EXAMPLE 3 ] Factor to find the LCD 


3 8 
t12———— 
x-7 х? — 9x + 14 


Solution 


Solve 


. Check your solution. 


Write each denominator in factored form. The LCD is (x — 2) (x — 7). 


3 _ 8 
x4" к= (х — 2)(х— 7) 
3 = = e = == == 208. e = = 
т=]`®®@®-7)+1.(х—2)(х—7) = у *- 2-7) 
3(x — 2)0-—7) 8 (1-2) (17) 


[лк + (х— 2)(х— 7) = aAa T) 


3(x — 2) + (x° — 9x + 14) = 8 
х? – 6х + 8 = 8 

х? – 6х = 0 

x(x — 6) = 0 
х=0огх-6=0 

х= 0ог х= 6 


> The solutions аге 0 and 6. 


CHECK If x = 0: If x = 6: 
з та " „т E. 
0-7 0°-9-0+14 6—7 6 —9-6414 
4 4 EE 
= z 2v 


12.7 Solve Rational Equations 
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[ EXAMPLE 4 | Solve a multi-step problem 


PAINT MIXING You have an 8 pint mixture of paint that is made up of equal 
amounts of yellow paint and blue paint. To create a certain shade of green, 
you need a paint mixture that is 80% yellow. How many pints of yellow paint 
do you need to add to the mixture? 


: ANOTHER WAY ` 
AID > Solution 
: For an alternative 
: method for solving Because the amount of yellow paint equals the amount of blue paint, the 
; the problem in mixture has 4 pints of yellow paint. Let p represent the number of pints of 
: Example 4, turn to yellow paint that you need to add. 
: page 827 for the 
: Problem Solving STEP? Write a verbal model. Then write an equation. 
: Workshop. 

Pints of Pints of 

yellow paint + yellow paint 
in mixture needed serea 
= percent yellow 

Pints of Pints of in mixture 

paint in + yellow paint 

mixture needed 

Y Y 
4+p P 
8+p — 0.8 
$7ЕР2 Solve the equation. 
tT _ 6 . 
tp. 0.8 Write equation. 


4 + p = 0.8(8 + p) Cross products property 
4+p=64+0.8p Distributive property 


0.2p — 2.4 Rewrite equation. 
p = 12 Solve for р. 
» You need to add 12 pints of yellow paint. 
CHECK ы > = 0.8 Write original equation. 
s т 5 2 0.8 Substitute 12 for p. 
59 = 0.8 Simplify numerator and denominator. 


0.8 = 0.8 Y Write fraction as decimal. Solution checks. 


GUIDED PRACTICE for Examples 2, 3, and 4 


Solve the equation. Check your solution. 


a l2 ш п т 22 
h a+4 3 at+A * n — 11 1 n? — 5n — 66 


5. WHAT IF? In Example 4, suppose you need a paint mixture that is 75% 
yellow. How many pints of yellow paint do you need to add to the mixture? 
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12.7 EXERCISES HOMEWORK! (7) = WORKED-OUT SOLUTIONS 
а KEY: on р. WS31 for Exs. 7, 15, and 33 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 24, 28, and 35 


' SKILL PRACTICE 


1. VOCABULARY The equation 3 = t + 4isanexampleofa(n) ? . 


Z1 
2. ж WRITING Describe two methods for solving a rational equation. Which 
method can you use to solve any kind of rational equation? Explain. 


: EXAMPLE 1 SOLVING EQUATIONS Solve the equation. Check your solution. 
: on p. 820 | 5 r 3 5 


: for Exs. 3-13, 24 “г 20 “s-13 10 "t t-6 
6 2-9 2m _ 3 g. 2-3-N>+1 
"c+3 c-l m+4 m-l "n-6 n+5 

w_ 15 2x _ x 2y | 24 

9.2 ш +1 Lad mer" x—4 Ms а у 


ERROR ANALYSIS Describe and correct the error in solving the equation. 


. х+1_3 13, ®+1—_3 
2х+2 2х 8x-1 9 
x*1.-5 4x+1_ 5 
2х+2 2x 9х-1 5 
(x + 1)2x = 3(2x + 2) 5(4х + 1) = 3(0x — 1) 
2x* + 2x = Өх + 6 20x + 1 = 24x – 3 
2x* — 4x — 620 1=4x-3 
2(x — 5)(х+1) = 0 X 4 = 4x < 
x=3=0 or x+1=0 1=x 
x=3 or x= —1 The solution is 1. 


The solutions are 3 and —1. 


: EXAMPLES SOLVING EQUATIONS Solve the equation. Check your solution. 


: 2and 3 2 

о өөөөөөөөәөөөөөөөөөөөөө | 14. 6x + =_ 3 (15) Z —3 = l 

: on p. 821 x—11 х— 11 2+7 2+7 
Ё 4 


: for Exs. 14-23 


а+7 а 10 1 p – 3 
— — " — + — же RN, Y 
m at+A 2a+ 8 En b +3 : b? + 12b + 27 
m 3m —2m + 2 3n 12 n+4 
€ HA NAS амт ЕСЕ + 
"m m-2 m-4 m?-6m>+8 mA ntl g?—] n-1 
20. 3 2 ___ —6 9} 5 4 2q — 21 
р-1 p-l  p-3p+2 4+4 4-3 g+q-12 
22, 1+2 —- 8 __ 93. _9 —4—55 
P+6r-7 é+3r-4 52-4 s-2 
24. ж OPEN-ENDED Write a rational equation that can be solved using 


| the cross products property. Then solve the equation. 
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^ 25. 


26. 


27. 


29 


30. 


REASONING Consider the equation == = = = where a is a real number. 


For what value(s) of a does the equation have exactly one solution? no 
solution? Explain your answers. 


USING ANOTHER METHOD Another way to solve a rational equation is 
to write each side of the equation as a single rational expression and 
then use the cross products property. Use this method to solve the 


. x x-2 á 2% — 1 
equation 20 + 2 Er ^ 


SOLVING SYSTEMS OF EQUATIONS Consider the following system: 
y=3x+1 
EN E 
улса 5 
a. Solve the system algebraically. 


b. Check your solution by graphing the equations. 


. Ж MULTIPLE CHOICE Let a be a real number. How many solutions does 


: 2 — | 2a 
the equation —=— = =“ 2-2 have? 
СА) Zero One (С) Two D> Infinitely many 


. xta а X 
REASONING 15 the expression 5 er equivalent to EE] for some 


nonzero value of a? Justify your answer algebraically. 
CHALLENGE Let a and b be real numbers. The solutions of the equation 
ax + b = IS 1 are —8 and 8. What are the values of a and b? Explain 


your answer. 


' PROBLEM SOLVING | 


: EXAMPLE 4 31. 


: for Exs. 31-34 


ICE HOCKEY In ice hockey, a goalie's save percentage 
(in decimal form) is the number of shots blocked by 
a goalie divided by the number of shots made by an 
opposing team. Suppose a goalie has blocked 

160 out of 200 shots. How many consecutive shots 
does the goalie need to block in order to raise 

the save percentage to 0.840? 


for problem solving help at classzone.com 


. RUNNING TIMES You are running a 6000 meter 


charity race. Your average speed in the first half of the race 

is 50 meters per minute faster than your average speed in the second 
half. You finish the race in 27 minutes. What is your average speed in the 
second half of the race? 


_@Homelutor | for problem solving help at classzone.com 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
824 on p. WS1 TEST PRACTICE 


34. 


35. 


36. 


CLEANING SOLUTIONS You have a cleaning solution that consists of 

2 cups of vinegar and 7 cups of water. You need a cleaning solution that 
consists of 5 parts water and 1 part vinegar in order to clean windows. 
How many cups of water do you need to add to your cleaning solution so 
that you can use it to clean windows? 


MULTI-STEP PROBLEM Working together, a painter and 
an assistant can paint a certain room in 2 hours. The 
painter can paint the room alone in half the time it takes 
the assistant to paint the room alone. Let t represent the 
time (in hours) that the painter can paint the room alone. 


a. Copy and complete the table. 


паа Fraction 
painted пест 
each hour р 


b. Explain why the sum of the expressions in the fourth column of the 
table must be 1. 


c. Write a rational equation that you can use to find the time that the 
painter takes to paint the room alone. Then solve the equation. 


d. How long does the assistant take to paint the room alone? 


Ж EXTENDED RESPONSE You and your sister can rake a neighbor's front 
lawn together in 30 minutes. Your sister takes 1.5 times as long as you to 
rake the lawn by herself. 


a. Solve Write an equation that you can use to find the time t (in 
minutes) you take to rake the lawn by yourself. Then solve the 
equation. 


b. Compare With more experience, both of you can now rake the lawn 
together in 20 minutes, and your sister can rake the lawn alone in 
the same amount of time as you. Tell how you would change the 
equation in part (a) in order to describe this situation. Then solve 
the equation. 


c. Explain Explain why your solution of the equation in part (b) makes 
sense. Then justify your explanation algebraically for any given 
amount of time that both of you rake the lawn together. 


TELEVISION The average time t (in minutes) that a person in the United 
States watched television per day during the period 1950-2000 can be 
modeled by 


265 + 8.85x 


t= T+ 00114x 
where x is the number of years since 1950. 


a. Approximate the year in which a person watched television for an 
average of 6 hours per day. 


b. About how many years had passed when the average time a person 
spent watching television per day increased from 5 hours to 7 hours? 
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37. SCIENCE Atmospheric pressure, measured in pounds per square inch 
(psi), is the pressure exerted on an object by the weight of the atmosphere 
above the object. The atmospheric pressure p (in psi) can be modeled by 


_ 14.55(56,267 — a) 
55,545 + a 


where @ is the altitude (in feet). Is the change in altitude greater when the 
atmospheric pressure changes from 10 psi to 9 psi or from 8 psi to 7 psi? 
Explain your answer. 


38. CHALLENGE Butterfat makes up about 1% of the volume of milk in 1% 
milk. Butterfat can make up no more than 0.2% of the volume of milk 
in skim milk. A container holds 15 fluid ounces of 1% milk. How many 
fluid ounces of butterfat must be removed in order for the milk to be 
considered skim milk? Round your answer to the nearest hundredth. 


MIXED REVIEW » - | 


: PREVIEW Write the fraction as a decimal and as a percent. Round decimals to the 
: Prepare for —— | nearest thousandth. Round percents to the nearest tenth of a percent. (p. 916) 
: Lesson 13.1 in 1 1 7 
: Ехѕ. 39-44. д Me g шат: 
24 25 Y 
42. 25 43. 30 44. > 


Evaluate the expression. 


45. (9% — 7) + 2 (р. 8) 46. 6[4 — (16 — 14)2] (p. 8) 47. V289 (p. 110) 
2 2 
48. +V1600 (p. 110) 49. = (р. 495) 50. ab. 495) 
1\3 1.61 х 107 62 
51. (5) ‚ 495, 52, 22 — (p. 512 53. (1.2 х 109)* (p. 512 
8) (P. 495) e ) ( )* (р. 512) 


c-—-—————sstsá————————— Á— 
' QUIZ for Lessons 12.5-12.7 


Find the product or quotient. (p. 802) 


WEE > › sy *6y. y 
8х2 15 y-16 У-4 


Find the sum or difference. (р. 812) 
8а | 5a-1 4 6n 4. п— 1 
" a+11 a 1l " n3 n? + 5п + 6 


Solve the equation. Check your solution. (р. 820) 
5, _22 2 6. 2% + 3-x_ -4 


2+5 Е — 3 x xt1 ух 


7. BATTING AVERAGES A softball player's batting average is the number of 
hits divided by the number of times at bat. A softball player has a batting 
average of .200 after 90 times at bat. How many consecutive hits does the 
player need in order to raise the batting average to .250? (p. 820) 
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PROBLEM SOLVING Using ALTERNATIVE METHODS 


WORKSHOP | 
‚ LESSON 12.7 
Another Way to Solve Example 4, page 822 


O MULTIPLE REPRESENTATIONS In Example 4 on page 822, you saw how to 
& o solve a problem about mixing paint by using a rational equation. You can 
© also solve the problem by using a table or by reinterpreting the problem. 


PROBLEM PAINT MIXING You have an 8 pint mixture of paint that is made up of 
equal amounts of yellow paint and blue paint. To create a certain shade 
of green, you need a paint mixture that is 80% yellow. How many pints 
of yellow paint do you need to add to the mixture? 


METHOD 1 Use a Table One alternative approach is to use a table. 


The mixture has 8 pints of paint. Because the mixture has an equal 
amount of yellow paint and blue paint, the mixture has 8 + 2 = 4 pints of 
yellow paint. 


STEP 7 Make a table that shows the percent of the mixture that is yellow paint 
after you add various amounts of yellow paint. 


Yellow paint | Paintin mixture Percent of mixture 
(pints) (pints) that is yellow paint 
A mixture with 6 pints of yellow | |. T 
paint is the result of adding 6 1 


0 
2 pints of yellow paint to the 
mixture. 
12 
14 


00 


= 60% 


ole 


= 
о|® 


жый. | эм 
alo 


mod |= 
al 


-j| 
oo | 


- 
ola 


This amount of yellow paint 
gives you the percent yellow 
you want. 


ml 
©) 


N 
© 


STEP 2 Find the number of pints of yellow paint needed. Subtract the number 
of pints of yellow paint already in the mixture from the total number 
of pints of yellow paint you have: 16 — 4 = 12. 


» You need to add 12 pints of yellow paint. 
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METHOD 2 


Reinterpret Problem Another alternative approach is to reinterpret 
the problem. 


STEP 7 Reinterpret the problem. A mixture with 80% yellow paint means 
4 
5 
ratio of yellow paint to blue paint needs to be 4: 1. You need 4 times 
as many pints of yellow paint as pints of blue paint. 


that = of the mixture is yellow and i of the mixture is blue. So, the 


STEP 2 Write a verbal model. Then write an equation. Let p represent the 
number of pints of yellow paint that you need to add. 


Pints of yellow Pints of yellow Pints of 
paint already + paint уои need = 4 • blue paint 
іп mixture to add in mixture 
4 + р = 4. 4 


STEP 3 Solve the equation. 
4+р= 4.4 Write equation. 
4+p=16 Multiply. 
р = 12 Subtract 4 from each side. 


» You need to add 12 pints of yellow paint to the mixture. 


( Practico — m— Q0 h— h—  ) 


1. INVESTING jill has $10,000 in various 3. BASKETBALL А basketball player has made 
investments, including $1000 in a mutual 4096 of 30 free throw attempts so far. How 
fund. Jill wants the amount in the mutual many consecutive free throws must the 
fund to make up 20% of the amount in all of player make in order to increase the percent 
her investments. How much money should of free throw attempts made to 5096? Solve 
she add to the mutual fund? Solve this this problem using two different methods. 


problem using two different methods. 


4. WHAT IF? In Exercise 3, suppose the 


2. ERROR ANALYSIS Describe and correct the basketball player instead wants to increase 
error in solving Exercise 1. the percent of free throw attempts made to 
6096. How many consecutive free throws 
Amount in Amount in all Percent in must the player make? 
mutual fund investments mutual fund 
5. SNOW SHOVELING You and your friend are 
1000 10,000 10% shoveling snow out of a driveway. You can 
1400 10,400 About 15% shovel the snow alone in 50 minutes. Both 
1800 10,800 About 17% of you can shovel the snow in 30 minutes 
2250 11,250 20% when working together. How many minutes 
Jill needs to add $2250 to her mutual tina XK will your friend take to shovel the snow 
alone? Solve this problem using two different 


methods. 
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Lessons 12.5-12.7 


1. MULTI-STEP PROBLEM For the period 3. MULTI-STEP PROBLEM А rower travels 


1991-2002, the average total revenue T (in 
dollars per admission) that a movie theater 
earned and the average revenue C (in dollars 
per admission) from concessions in the 
United States can be modeled by 


2 
r = 0.018x" + 5.4 


C = 0.013x* + 1.1 
1 — 0.0011x? 


0.0011x* + 1 
where x is the number of years since 1991. 


a. Write a model that gives the percent p 
(in decimal form) of the average total 
revenue per admission that came from 
concessions as a function of x. 


b. About what percent of the average total 
revenue came from concessions in 2001? 


. SHORT RESPONSE The diagram of the 
truck shows the distance between the first 
axle and the last axle for each of two groups 
of consecutive axles. 


t t T 
Axle 1 Axle2 Axle 3 Axle4 Axle 5 
k 201—4 
| 35 ft -————— 


The maximum weight W (to the nearest 

500 pounds) that a truck on a highway can 
carry on a group of consecutive axles is given 
by the formula 


d 
п— 1 
where d is the distance (in feet) between the 


first axle and the last axle of the group and n 
is the number of axles in the group. 


W = 500 + 12n + 36 


a. Rewrite the expression on the right 
side of the equation as a single rational 
expression. Then find the maximum 
weight that the truck shown can carry on 
axles 1-3. 


b. Can the truck carry 65,500 pounds on 
axles 2-5? Explain your answer. 


5 miles upstream (against the current) and 
5 miles downstream (with the current). The 
speed of the current is 1 mile per hour. 


a. Write an equation that gives the total 
travel time t (in hours) as a function of the 
rower's average speed r (in miles per hour) 
in still water. 


b. Find the total travel time if the rower’s 
average speed in still water is 7 miles per 
hour. 


. GRIDDED ANSWER You take 7 minutes to fill 


your washing machine tub using only the 
cold water valve. You take 4 minutes to fill 
the tub using both the cold water valve and 
the hot water valve. How many minutes will 
you take to fill the tub using only the hot 
water valve? 


. OPEN-ENDED Describe a real-world situation 


that can be modeled by the equation 


115 + x 
170 + x 


the equation means in this situation. 


= 0.75. Explain what the solution of 


. EXTENDED RESPONSE The number D (in 


thousands) of all college degrees earned and 
the number M (in thousands) of master’s 
degrees earned in the United States during 
the period 1984-2001 can be modeled by 


p = 1800 + 17x* 280 + 2.5x? 
1 + 0.0062x* 1 + 0.0040x* 


where x is the number of years since 1984. 


a. Write a model that gives the percent p 
(in decimal form) of all college degrees 
earned that were master’s degrees. 


b. Approximate the percent of all college 
degrees earned that were master’s degrees 
in 2000. 


c. Graph the equation in part (a) ona 
graphing calculator. Describe how the 
percent of college degrees that were 
master’s degrees changed during the 
period. Can you use the graph to describe 
how the number of master’s degrees 
changed during the period? Explain. 
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CHAPTER SUMMARY ¿Animatea Algebra 


classzone.com 
Electronic Function Library 


BIG IDEAS For Your Notebook 


Graphing Rational Functions 


Big 


The graphs of y = ^ (а + 0) and y = 5 


have two symmetrical branches. The characteristics of the functions and 
their graphs are given below. To graph a rational function whose numerator 
and denominator are first-degree polynomials, youc can first use long division 


to rewrite the function so that it has the form y = —— zd k. 


Vertical Horizontal 
ETHER AEn 


All real All real 
numbers numbers 
except x = 0 except y = 0 


All real All real 
numbers numbers 
except x = h except y = k 


Big Performing Operations on Rational Expressions 

Performing operations on rational expressions is similar to performing 
operations on numerical fractions. Any common factors in the numerator 
and denominator should be divided out, and the original expression should 


be used when finding excluded values. 


Operation | Rule 
Multiplication | %.£= 9€ 
p pais where b + Oandd = о 
Division a+ C-7.À whereb + 0,¢ = 0, апаа = 0 
Same denominator: © + 2 = = > where c +0 
Addition c 
Different denominators: Use {Ср of rational expressions. 
A MM 
Same denominator: £ — 2 = 4 ^ P — where c = 0 
Subtraction c с 


Different denominators: Use LCD of rational expressions. 


Big Solving Rational Equations 


You can use the following steps to solve a rational equation. 


1. Rewrite the rational equation by using the cross products 
property or by multiplying each side by the least common 
denominator (LCD) of the rational expressions in the equation. 


2. Solve the rewritten equation. 


3. Check for extraneous solutions. 


830 Chapter 12 Rational Equations and Functions 


CHAPTER REVIEW ұт 


classzone.com 
* Multi-Language Glossary 
* Vocabulary practice 


REVIEW KEY VOCABULARY 


* inverse variation, p. 765 • rational function, p. 775 • simplest form of a rational 


e constant of variation, р. 765 • rational expression, p. 794 expression, p. 795 

• hyperbola, branches of a • excluded value, p. 794 least common denominator 
hyperbola, asymptotes of a (LCD) of rational expressions, p. 813 
hyperbola, p. 767 • rational equation, р. 820 

VOCABULARY EXERCISES 


1. Copy and complete: A(n) ? of a hyperbola is a line that the hyperbola 
approaches but doesn't intersect. 


2. WRITING Explain how you can use an LCD to solve a rational equation. 
3. Identify the vertical asymptote and horizontal asymptote of the graph 
— 4. 


—5 
ofy — x42 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding of 
the concepts you have learned in each lesson of Chapter 12. 


Model Inverse Variation pp. 765-772 


The variables x and y vary inversely, and y = 14 when x = 4. Write the 
inverse variation equation that relates x and y. Then find the value of y 
when x = 7. 


у= E Write inverse variation equation. 


14 = A Substitute 4 for x and 14 for y. 
56 =a Simplify. 
* The inverse variation equation is y = 29, When x = 7, y = A = B. 
EXERCISES 
: EXAMPLES Given that y varies inversely with x, use the specified values to write an 
:4and5  —— inverse variation equation that relates x and y. Then find y when x = 5. 
: on pp. 767—768 " _ = __ А 
: for EXS. 4—7 4. х=9,у=2 5. x=3,y= 21 6. х= —6, у = 6 


7. Tell whether the ordered pairs (—10, 0.8), (—4, 2), (5, —1.6), and (16, —0.5) 
represent inverse variation. If so, write the inverse variation equation. 
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12.2 Graph Rational Functions pp. 775-782 | 


Graph у = = — 3. 


STEP? Identify the asymptotes of the graph. 
The vertical asymptote is x = 2, and the 
horizontal asymptote is y = —3. 


STEP 2 Plot several points on each side of the 
vertical asymptote. 


STEP 3 Graph two branches that pass through the 
plotted points and approach the asymptotes. 


EXERCISES 
: EXAMPLES Graph the function. 
: 2, 3, and 4 4 END! _ _2 
: опрр. 776—777 eet ^ Y—-x—8 ud di rm 
: for Exs. 8—10 

Divide Polynomials pp. 784-791 

Divide x^ + 7x — 2 by x — 2. 

ag 
pp 
х? – 2x Multiply x and x — 2. 
9 2 Subtract x? — 2x. Bring down —2. 
9x — 18 Multiply 9 and x — 2. 
16 Subtract 9x — 18. 

> (2 7x — 2) *(x-2)-x (94 39. 

EXERCISES 
: EXAMPLES Divide. 
: 2, 3, 4,5,and 7 2 ә | 
m ciem > Som er 11. + 12x + 35) + (x+7 12. —5y-8)=(v-3 
: on pp. 785-787 la ü уе ҮЕ?) (у y — 8) + (y— 3) 
: for Exs. 11-15 | 13. (42+ z? — 1) + (5 + 2) 14. (За? — 2) + (3 + За) 


15. CHARITY DONATIONS Sean intends to collect $500 in individual 
donations for a charity. His company will contribute $2 for every 
donation collected. Write and graph an equation that gives the average 
amount a (including the company contribution) that the charity will 
receive per individual donation as a function of the number d 
of donations. 
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Simplify Rational Expressions pp. 794-800 


22 —9x—18. State the excluded values. 
x^ + 11х + 24 


xX—3x—18 _ (x+3)(x- 6) 
х2 +11х+24 (= +3)(х + 8) 


Simplify 


Factor numerator and denominator. 


testy 5) к 

GAZA 8) Divide out common factor. 
ИИ cy i ; 
-= F5 Simplify. 


> The excluded values are —8 and —3. 


EXERCISES 
: EXAMPLES Find the excluded values, if any, of the expression. 
: 1,2, 3, and 4 ne А А 
Spr trey O x " 
: on pp. 794-796 | 16. =— С o-—9- 18. 
: for Exs. 16-21 = у – 4у – 12 92° – 1 
Simplify the expression, if possible. State the excluded values. 
d __ 2 з ux с - 
19, 9m – 15m 99, 30$ —n-2 231, A г 
20т? 2n* – Зп + 1 1 -тг- 2 


Г 2.5 Multiply and Divide Rational Expressions pp. 802-809 | 


Find the quotient с > ID ae 
5х2 +3x-2 . оу Б -3x-2. 5х- 2 Rewrite polynomial 
ne = (5x 2) т-с = : 
Ax 4x 1 as fraction. 
mun E Multiply by multiplicative 
4x Sy inverse. 
_ 5x7 -3x—2 Multiply numerators and 
Ax(5x — 2) denominators. 
" (5х——2)(х + 1) Factor and divide out 
4x(5x 2) common factor. 
_x +1 : ; 
RU Simplify. 
EXERCISES 
: EXAMPLES Find the product or quotient. 
: 3 and 4 
Motero PMA = 8 = 
: On pp. 803-804 | 22. ——* ——. (2 — x) ag, EE . BY. 24, U^ —9 . wt3 
; for Exs. 22-24 х + 5х — 14 25? 1417 2W tl A4y^-] 
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í 2. 5 | Add and Subtract Rational Expressions pp. 812-819 | 


Find the difference 


x 5 
x-4 х+3 


x 5 _  x(x+3) 5(x — 4) Rewrite fractions using LCD, 


x-4 x-3 (x—-4(x-3) (х+3)(х- 4) (x — 4)(x + 3). 
_ x(x + 3) — 5(x — 4) 


к erm Subtract fractions. 
= X — 2x + 20 Simplify numerator. 
[x — 4) 06 3) 
EXERCISES 
: EXAMPLES Find the sum or difference. 
: 1,3, 5, and 6 _ 
$ eevessessevesseseosus 95, X t 13... 9x 20 26. 9.4 4 27. 6 — С 
: оп рр. 812-815 50-3  5x-3 ба 9g с+1 g-2c-8 


: for Exs. 25-28 
28. BICYCLING You ride your bike to a beach that is 15 miles away. Your 
average speed on the way home is 5 miles per hour less than your average 
speed on the way to the beach. Write an equation that gives the total travel 
time £ (in hours) as a function of your average speed r (in miles per hour) 
on the way to the beach. Then find the total travel time if you biked to the 
beach at an average speed of 15 miles per hour. 


12.7 Solve Rational Equations pp. 820-826 | 


Write original equation. 


2X 
ac 


Multiply each expression 
by LCD, 3(x — 1). 


2 EN UM 
3%- 1) *5*3x-0D) =- 3(x — 1) 


2x*3(—1) , 2-3(—- D) _ 10-30) 


Divide out common factors. 


(x-T A (х1) 
6x + 2x — 2 = 30 Simplify. 
8x — 2 = 30 Combine like terms. 
x=4 Solve for x. 
: EXAMPLES EXERCISES 
: 1,2, and 3 Solve the equation. Check your solution. 
: оп рр. 820-821 | 99 18 _ x 30. 4 —2— 20 4-1 8. 2 
: for Exs. 29—31 x-3 3 y+6 y! + Зу — 18 2+3 6 2+3 
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Given that y varies inversely with x, use the specified values to write an 
inverse variation equation that relates x and y. Then find y when x = 3. 


1. х=2,у=5 2. х=9,у=9 3. х= 3,у=4 
4. Tell whether the table represents 


inverse variation. If so, write the 
inverse variation equation. 


Graph the function. 
_ —6 _ № EE Lu 
5 у= —- 6. у= === +2 fs x+4 
Divide. 


8. (v^ — 16v + 49) + (v — 8) 9. (8ш – 2и? — 6) + (w—1) 10. (6x^ + x) + (2x+ 1) 


Simplify the expression, if possible. State the excluded values. 


42x* 2у – 8 zi — 42 — 77 
11. аб 12. 13. E 
3x? dy z — 132 + 22 


Find the sum, difference, product, ог quotient. 


Г —9г+18, rt+5 s+35-10.s-2 х2 — 9x 2 
14, + ———— 15. == + 16. = BY 2) 
r +1lr+30 12 – 36 52 – 9 5+3 x+3 
e 
17, 4 .— 3m 18. 22^ * " . 8n 19. PFL y P ^ 
m+2 m-3 n-1 n+5 р? — 49 р? + 10р + 21 
Solve the equation. Check your solution. 
7 _ 4 [+11_ 11£+121 8 _ 5x _ 
BA u+A4 ud mE f?— 6t — 55 e ard x* — 2x — 24 1 


23. GOLF Your local golf club offers two payment options to anyone who 
wants to use its course. For the first option, you pay a one-time fee of 
$750 to join for the season plus $25 each time you use the golf course. 
For the second option, you instead pay $45 each time you use the golf 
course. 


a. Using the first option, write an equation that gives your average cost 
C (in dollars) per use of the golf course as a function of the number 
g of times you use the golf course. Then graph the equation. 


b. Use the graph to approximate the number of times you need to use 
the golf course before the average cost is less than $45. 


24. CLEANING You and your brother start a house cleaning business for the 
summer. Your brother needs twice the time you need to clean a certain 
room. Working together, the two of you need 60 minutes to clean the room. 


a. Write an equation that you can use to find the time t (in minutes) 
you need to clean the room by yourself. Then solve the equation. 


b. How long will each of you need to clean the room individually? 
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CONTEXT-BASED 
MULTIPLE CHOICE QUESTIONS 


Some of the information you need to solve a context-based multiple choice 
question may appear in a table, a diagram, or a graph. 


Gary competes in the triathlon described Е 

in the flyer. His average biking speed is ж. РГ д 
8 times his average swimming speed. 

His average running speed is 4 times OAK CITY TRIATHLON 
his average swimming speed. He takes July 29, 8 A.M 

0.75 minute to transition from swimming == EP 
to biking and 0.25 minute to transition Swim: 1.5 kilometers 
from biking to running. He finishes the Bike: 40 kilometers 


triathlon in 2 hours 25 minutes. What is 
his average swimming speed? 


СА) 0.0625 kilometer per minute 0.125 kilometer per minute 


Run: 10 kilometers 


©) 0.25 kilometer per minute (DD 0.5 kilometer per minute 


Plan 


INTERPRET THE INFORMATION Use the distance for each stage of the triathlon 
and Gary's average speed for each stage to write a rational equation that describes 
the situation. Then solve the equation to find his average swimming speed. 


Solution 
STEP 7 


n pon npe The time that Gary takes to complete each stage of the triathlon is the distance 
kan а ud of the stage divided by the average speed for that stage. The sum of the times of 
P each stage and the transition times equals 2 hours 25 minutes, or 145 minutes. 


equation that describes Let t Саг? | - d (in kil t inut 
the «Тип. et x represent Gary s average swimming speed (in kilometers per minute). 


15 4 40 | 10 4 0.75 + 0.25 = 145 


X 8x 4х 
A "———: > 12.854 40. 8х I. 8x+ 0.75. 8х + 025- 8x = 145° 8х 
Solve the equation to x 8x 4x 
find Gary's average 15°8% , 40-8x , 10*8x А А _ : 
swimming speed. = F Bx + TR + 0.75 • 8х + 0.25 • 8x = 145 • 8x 


12 + 40 + 20 + 6x + 2x = 1160x 
72 + 8x = 1160x 
0.0625 = x 
Gary's average swimming speed is 0.0625 kilometer per minute. 


The correct answer is А. (A OD 


Chapter 12 Rational Equations and Functions 


The graph of which function is shown? 
Ф) у= 2+4 y= +4 


х+3 


ZU WR NS 
( y "TU E. D y x+4 3 


Plan 

INTERPRET THE GRAPH The graph is a hyperbola that represents a rational 
function of the form y = тна + К. Use the asymptotes апа the fact that 
(—5, 3) lies on the graph to find the function. 


Solution 
STEP T esse y The hyperbola has a vertical asymptote of x = —3 and a horizontal asymptote 
Find the values of h | а а 
and k of y = 4. So, the function has the form y = mI +4, 0гу= 3 ++ 


STEP 2_.....................:; »- To find the value of a, substitute the coordinates of (—5, 3) into the function. 


Find the value of a. 
a 


3= 3 +3* 4 Substitute —5 for x and 3 for y. 


2cu Solve for a. 


The function is y — == + 4. The correct answer is В. СА) © D 


1. A community service club is recruiting 
volunteers to work at a charity event. Volunteers q,Worktime 
The table shows the number of hours (hours/person) 

4 _ 


that each volunteer needs to work for 
various numbers of volunteers that 
the club recruits. If the club recruits 

50 volunteers, how many hours does 


each volunteer need to work? 


СА) 1hour 1.6hours (С) 2hours (D> 2.8 hours 
2. What is the area of the right triangle shown? 


х2 — 12x + 35 х2 + 12х — 35 x2 2x — 35 
qo AE — кш 
x7 + 12х — 35 
© a жан D x- 12x + 35 x2 + Ax — 45 
x+5 
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MULTIPLE CHOICE 


In Exercises 1-3, use the following information. 5. Which point lies on the hyperbola shown? 
The length of a string on a stringed instrument _ Е 

varies inversely with the frequency of vibration. СА) (752,5) ъв 

The table gives several notes and their (С) (9, 3.4) (D (11, 3.2) 


approximate frequencies (in hertz). 


[ose | Frequency) 
| [e| s 


| C 

| 

|I ca 
| ec 
| 
| 


T PINSI 
pt tt tT Ty YT 
ett} tt Qe f 
М 

l =. 
oe |! 
PTT IN | Ty yy 
tt Ai {II I 


EM 
Pt tT yt 2 tt fe 
HHHH 


| 1. The string corresponding to which note has In Exercises 6-8, use the following information. 


the shortest length? NM | 
| Jan is hiking a trail and plans to rest for 2 hours 
| (А) Cnote D note along the way. The hyperbola shown is the graph 
| (б) Enote D G note of her combined time t (in hours) for hiking and 
resting as a function of her average hiking speed r 
2. Ifthe string that produces the C note (in miles per hour). 


has a length of 42 centimeters, what is 


3. Ifthe string that produces the D note 
has a length of 56 centimeters, what is 
the approximate length of the string that 
produces the G note? 


the approximate length of the string that * 
produces the F note? 8 
СА) 28cm 31 cm 2 
(С) 35cm D 46cm E 
£ 
= 
З 


Average speed (mi/h) 
СА) 31 cm эта 6. If r= 5, what is the value of t? 
| 42 cm 65 cm 
© D Ф 5 : 
4. Which equation gives the ratio r of the 
| surface area of the rectangular prism to its O 7 (D 10 
volume as a function of the height h? 7. What is the length of the trail? 
СА) 10 miles 20 miles 
© 30 miles (D> 40 miles 
8. Suppose Jan's combined time for hiking and 
10 in. resting is 8 hours 15 minutes. What is her 
| qo r= д +07 " de £07 average hiking speed? 
| ч QD 3 mi/h 3.2 mi/h 
| (© r=,,+28 | (D r=2+0.05 © 3.4 mi/h © 3.6 mi/h 


838  Chapter12 Rational Equations and Functions 


GRIDDED ANSWER 


9. The variables x and y vary inversely, and 
y = 15 when x = 2. What is the value of y 
when x = 5? 


10. You and your friend wash cars to raise money 
for your school club. Both of you can wash 

a certain car in 10 minutes when working 
together. Your friend can wash the car alone 
in twice the time that you can wash the car 
alone. How many minutes do you take to 


wash the car alone? 


11. What is the remainder when you divide 


2x* — 5x + 10 by 2x + 1? 


What is the excluded value of the rational 
бх? + 19x — 7, 
x? — 8x + 16 


You and several friends are planning a ski trip. 
Your plane ticket costs $180. A ski lodge costs 
$2000 to rent. Everyone will share the cost of 
renting the ski lodge equally. How much more 
money (in dollars) would you spend if 

8 people go on the trip than if 10 people go? 


12. 


; 15. 
expression 


13. 


EXTENDED RESPONSE 


16. The table shows the taxes paid for various incomes. 


a. Write a linear equation that gives the taxes paid £ (in dollars) 


as a function of the income i (in dollars). 
b. 


a person who pays 4.596 of income in taxes. 


c. Does the function in part (b) make sense for incomes less 


than $3000? Justify your answer algebraically. 


Write a rational equation that gives the percent p (in decimal 
form) of income that is paid in taxes as a function of the 
income i (in dollars). Use the equation to find the income of 


| 7 ) ЅТАТЕ ТЕЅТ РВАСТІСЕ 
A dasszone.com 


SHORT RESPONSE 
14. 


A town's two street sweepers can clean 
the streets together in 20 hours. The older 
sweeper takes 4 times as long as the newer 
sweeper to clean the streets by itself. 


a. Write an equation that you can use to 
find the time t (in hours) that the newer 
sweeper takes to clean the streets by itself. 
Then solve the equation. 


. Suppose that the older sweeper takes 
only twice as long as the newer sweeper 
to clean the streets by itself. Will the two 
sweepers take 10 hours to clean the streets 
together? Explain. 


Your cousin is driving 500 miles to your 
house. On her way, she takes a 45 minute 
lunch break. Write and graph an equation 
that gives the total time f (in hours) of your 
cousin's trip as a function of her average 
driving speed r (in miles per hour). How 
would the graph change if she took a 

60 minute lunch break? Explain your answer. 


Income Taxes paid 

(dollars) (dollars) 
10,000 420 
15,000 


20,000 


17. A greeting card company offers you the opportunity to sell its cards, but 
you must first pay the company a one-time fee of $300 plus $2 for each 


card that you sell. 


a. Write and graph an equation that gives the average cost C per card 
(including the fee) as a function of the number of cards s that you sell. 


b. 


You want to sell enough cards so that the average cost per card 


(including the fee) drops to $3. Write and solve an equation to find the 


number of cards that you need to sell. 


c. Is it possible for you to sell enough cards so that the average cost per 


card drops to $1.75? Explain your answer. 
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Test Practice 


13.1 Find Probabilities and Odds 
13.2 Find Probabilities Using Permutations 
13.3 Find Probabilities Using Combinations 


13.4 Find Probabilities of Compound Events 

13.5 Analyze Surveys and Samples 

13.6 Use Measures of Central Tendency and Dispersion 
13.7 Interpret Stem-and-Leaf Plots and Histograms 


L 


13.8 Interpret Box-and-Whisker Plots 


In previous courses, you learned the following skills, which you'll use | 
іп Chapter 13: finding the mean, median, and mode(s) of data, | 
simplifying fractions, and performing operations with fractions. 


Prerequisite Skills 


1. Copy and complete: The. ? ofa numerical data set is the middle 
number when the values are written in numerical order. 


Find the mean, median, and mode(s) of the data. 


2. 0.2, 1.3, 0.9, 1.5, 2.1, 1.8, 0.6 3. 103, 121, 111, 194, 99, 160, 134, 160 


Write the fraction in simplest form. (| 


16 12 16 18 
4. IA 5. 40 6. 36 7. 50 


Perform the indicated operation. ( 


4 8 7 , 11 15_ 7 19 5 
2.3 3,4 9,3 14 , 13 
12. 3 4 13. 8 5 14. 20 12 15. 26 25 


@Homelutor Prerequisite skills practice at classzone.com 


ч 
ын 


In Chapter 13, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 895. You will also use the key vocabulary listed below. 


© Finding probabilities of simple апа compound events 
Ө Analyzing sets of data 
©) Making and interpreting data displays 


KEY VOCABULARY 


* outcome, p. 843 * compound event, p. 861 * frequency, p. 882 

* event, p. 843 * survey, p. 871 * histogram, p. 882 

* probability, p. 843 * sample, p. 871 * box-and-whisker plot, p. 887 
* odds, p. 845 e measure of dispersion, p. 876 • interquartile range, p. 888 

* permutation, p. 851 • range, p. 876 * outlier, p. 889 


* combination, p. 856 * stem-and-leaf plot, p. 881 


You can use probability and data analysis to make predictions. For example, 
you can use data about a kicker's past successes in football games to find the 
chance of his success in the future. 


The animation illustrated below for Exercise 22 on page 848 helps you to 
answer this question: What is the probability that the kicker makes an 
attempted field goal? 


Number of Number of Speed of 


Kickers Attempts Attempts 
| [> v] 


A=Attempted М = Made 


Change Screen 
A/A 6 


MA 5 Attempted 


A/M 5 


M/M 4 


You need to find the number of field Г 
goals. 


| Kick Football 


E 


Click the drop-down menu to select the 
number of attempts. 


gero ACTAVIT 


p 
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13.1 Find a Probability 


MATERIALS « paper bag 


What is the chance that you would select the initials of a 
student in your class from a bag of letters? 


You can perform an experiment and record the results to approximate the 
likelihood of selecting the initials of a student in your class. 


( EXPLORE | Perform an experiment 


| STEP 1| Select letters 


Write each of the 26 letters of the alphabet on separate pieces of paper. Put 


all of the letters into a bag. Select a letter at random (without looking into the 
bag). Replace the letter and select a second letter at random. 


| 

| 

| Record the results 

| Record the results of the selections in a table like the one shown. 

| e Ifthe first letter is the first initial of any student in your class, put a tally 

| mark in the “first initial” column. 

| e Ifthe second letter is the last initial of any student in your class, put a tally 
| mark in the “last initial” column. 

| e Ifthe two letters are the first and last initials of any student in your class, 
| put a tally mark in the “both initials” column, but do not put a tally mark 
| in the other columns. 

Perform this experiment 30 times. 


EE 


3| Record the frequencies 


— the frequency, the total number of tally marks, of each possible result. 


Oe Waa Ca eso Use your observations to complete these excercises 


1. For what fraction of the times that you performed the experiment did you 
select the first initial of a student in your class? the last initial? both? 


2. Which of these results do you think is least likely to happen if you repeat 
the experiment 30 more times? Explain your choice. 


3. REASONING You perform the experiment 90 times. How many times do 
you expect to select both the first and last initials of a student in your class? 
Explain how you made your prediction. 
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Key Vocabulary 
• outcome 

* event 

e sample space 
e probability 

e odds 


: REVIEW TREE 
: DIAGRAMS 


: For help with tree 
: diagrams, see p. 930. 


Find Probabilities 
and Odds 


You made organized lists and tree diagrams. 
You will find sample spaces and probabilities. 


So you can find the likelihood of an event, as in Example 2. 


A possible result of an experiment is an outcome. For instance, when you roll 
a number cube there are 6 possible outcomes: a 1, 2, 3, 4, 5, or 6. An event is 
an outcome or a collection of outcomes, such as rolling an odd number. The 
set of all possible outcomes is called a sample space. 


Find a sample space 


You flip a coin and roll a number cube. How many possible outcomes are in 
the sample space? List the possible outcomes. 


Solution 


Use a tree diagram to find the outcomes in the sample space. 


A AA 


Coin flip Heads Tails 


Number cube roll 123456 123456 
The sample space has 12 possible outcomes. They are listed below. 


Heads, 1 Heads, 2 Heads, З Heads,4 Heads,5 Heads, 6 
Tails, 1 Tails, 2 Tails, 3 Tails, 4 Tails,5 Tails, 6 


GUIDED PRACTICE for Example 1 


1. You flip 2 coins and roll a number cube. How many possible outcomes 
are in the sample space? List the possible outcomes. 


PROBABILITY The probability of an event is a measure of the likelihood, or 
chance, that the event will occur. Probability is a number from 0 to 1 and can 
be expressed as a decimal, fraction, or percent. 
„ыш ——_ чш —_!~; 
P=0 Р = 0.25 Р = 0.50 Р = 0.75 P= 
Impossible Unlikely Equally likely to Likely Certain 
happen or not happen 
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THEORETICAL PROBABILITY The outcomes for a specified event are called 
favorable outcomes. When all outcomes are equally likely, the theoretical 
probability of the event can be found using the following: 


Number of favorable outcomes 


Theoretical probability = Total number of outcomes 


The probability of event A is written as P(A). 


| EXAMPLE 2 | Find a theoretical probability 


T-SHIRTS You and your friends designed T-shirts with silk screened emblems, 
and you are selling the T-shirts to raise money. The table below shows the 
number of T-shirts you have in each design. A student chooses a T-shirt at 
random. What is the probability that the student chooses a red T-shirt? 


CA, 


Solution 


You and your friends have a total of 10 + 6 + 8 + 6= 30 T-shirts. So, there are 
30 possible outcomes. Of all the T-shirts, 12 T-shirts are red. There are 
12 favorable outcomes. 


P(red T-shirt) = Number of favorable outcomes 
Total number of outcomes 


_ Number of red T-shirts 


Total number of T-shirts 


Y GUIDED PRACTICE | for Example 2 


2. T-SHIRTS In Example 2, what is the probability that the student chooses 
a T-shirt with a gold emblem? 


3. You toss a coin and roll a number cube. What is the probability that the 
coin shows tails and the number cube shows 4? 


EXPERIMENTAL PROBABILITY An experimental probability is based on 
repeated trials of an experiment. The number of trials is the number of times 
the experiment is performed. Each trial in which a favorable outcome occurs 
is called a success. 

Number of successes 


Experimental probability — Number of trials 
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: READING 


: Odds are read as the 
: ratio of one number to 
: another. For instance, 


: the odds 2 are read as 


: “three to one.” Odds are 
: usually written as a: b. 


* | EXAMPLE 3 | Standardized Test Practice 


Each section of the spinner shown has the same area. 
The spinner was spun 20 times. The table shows the 
results. For which color is the experimental probability 
of stopping on the color the same as the theoretical 
probability? 


(D> Yellow 


Solution 


The theoretical probability of stopping on each of the four colors is "n Use the 
outcomes in the table to find the — probabilities. 


P(red) = x = i P(green) = = P(blue) = P(yellow) = > 


> The correct answer is A. Dd (B5 ы D 
fhimates Algebra. at classzone.com 


ODDS The odds of an event compare the number of favorable and unfavorable 
outcomes when all outcomes are equally likely. 


Number of favorable outcomes 


Odds in favor = Number of unfavorable outcomes 


Number of unfavorable outcomes 
Number of favorable outcomes 


Odds against = 


Find the odds 


SPINNER In Example 3, find the odds against stopping on green. 


Solution 


The 4 possible outcomes are all equally likely. Green is the 1 favorable 
outcome. The other 3 colors are unfavorable outcomes. 


Number of unfavorable outcomes _ 3 
eee = Lori ll. 


Odes against green = Number of favorable outcomes 1 


GUIDED PRACTICE for Examples 3 and 4 


4. In Example 3, for which color is the experimental probability of stopping 
on the color greater than the theoretical probability? 


5. In Example 3, what are the odds in favor of stopping on blue? 
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131 EXERCISES HOMEWORK: (7) = WORKED-OUT SOLUTIONS 
т КЕҮ: on р. WS31 for Exs. 3 and 21 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 14-16, 21, and 22 


: 
SKILL PRACTICE 


1. VOCABULARY Copy and complete: A number that describes the 
likelihood of an event is the ? of the event. 


2. Ж WRITING Explain how the probability of an event differs from the 
odds in favor of the event when all outcomes are equally likely. 


: EXAMPLE 1 SAMPLE SPACE In Exercises 3-6, find the number of possible outcomes in 


: On p. 843 the sample space. Then list the possible outcomes. 


pint seg ©; bag contains 4 red cards numbered 1-4, 4 white cards numbered 1-4, 
and 4 black cards numbered 1-4. You choose a card at random. 


4. You toss two coins. 
5. You roll a number cube and toss three coins. 


6. You roll two number cubes. 


: EXAMPLE 2 PROBABILITY AND ODDS In Exercises 7-13, refer to the spinner 


: on p.844 shown. The spinner is divided into sections with the same area. M 
: for Exs. 7-8 7. What is the probability that the spinner stops on a multiple of 3? 24 > a 
- 
8. ERROR ANALYSIS Describe and correct the error in finding the a/ NZ 


probability of stopping on a multiple of 9. 


Number of favorable outcomes _ 2 _ 1 
Total number of outcomes 10 5 X 


: EXAMPLE3 | 9. You spin the spinner 30 times. It stops on 12 three times. What is the 
: on p. 845 experimental probability of stopping on 12? 
: for Exs. 9-10 


10. You spin the spinner 10 times. It stops on an even number 6 times. What 
is the experimental probability of stopping on an even number? 


: EXAMPLE4 11. What are the odds in favor of stopping on a multiple of 4? 
: i) ip 44 12. What are the odds against stopping оп a number less than 12? 
13. ERROR ANALYSIS Describe and correct the error in finding the odds in 


favor of stopping on a multiple of 3. 


9 
Odds in favor of a multiple of 3 = Number of favorable outcomes _ 9 or 9:10 
Total number of outcomes 10 


14. Ж MULTIPLE CHOICE The odds in favor of an event are 5 : 8. What are the 
odds against the event? 


СА) 3:8 (В) 8:3 (С) 5:8 (D 8:5 


15. Ж WRITING A manufacturer tests 1200 computers and finds that 1191 
of them have no defects. Find the probability that a computer chosen at 
random has no defects. Predict the number of computers without defects 
in a shipment of 15,000 computers. Explain your reasoning. 
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16. Ж MULTIPLE CHOICE According to a meteorologist, there is a 40% chance 
that it will rain today. What are the odds in favor of rain? 


(А) 2:5 (В) 2:3 (С) 3:2 D 4:1 


17. DECISION MAKING A driver wants to determine which of two possible 
routes to work he should choose. For 60 work days he recorded which 
route he took and whether or not he encountered heavy traffic. On 
28 days he took route A, and on 7 of those days he encountered 
heavy traffic. On 32 days he took route B, and on 12 of those days he 
encountered heavy traffic. Which route would you suggest he choose? 
Explain your answer using experimental probabilities. 


18. CHALLENGE You randomly draw a marble from a bag containing white, 
red, and blue marbles. The odds against drawing a white marble are 47 : 3. 


a. There are fewer than 100 marbles in the bag. How many marbles are 
in the bag? Justify your answer. 


b. The probability of drawing a red marble is 0.5. What is the probability 
| of drawing a blue marble? Explain how you found your answer. 


' PROBLEM SOLVING 


: EXAMPLE2 | 19. MUSIC PROGRAM You have created a playlist of 7 songs on your MP3 
: on p. 844 | player. You play these songs in a random shuffle, where each song has 
: for Exs. 19-20 an equally likely chance of being played. What is the probability that the 


second song on the list will be played first? 


: y pi ш „ . 
_(OHomelutor © for problem solving help at classzone.com 


20. SURVEY A survey asked a total of 600 students 
(100 male students and 100 female students who were 
11, 13, and 15 years old) about their exercise habits. 
The table shows the numbers of students who said 
they exercise 2 hours or more each week. 


a. What is the probability that a randomly selected female student who 
participated in this survey exercises 2 hours or more each week? 


b. What is the probability that a randomly selected 15-year-old student 
who participated in this survey exercises 2 hours or more each week? 


с. What is the probability that a randomly selected student who 
participated in this survey exercises 2 hours or more each week? 


_CHomeTutor for problem solving help at classzone.com 


: EXAMPLES (21) Ж SHORT RESPONSE Suppose there are 15 girls and 12 boys in your 


:2and4 | homeroom. The teacher chooses one student representative at random. 
: on pp. 844-845. What is the probability that a boy is chosen? What are the odds in favor of 
: for Ex. 21 | choosing a boy? Explain how the probablity and odds are related. 
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22. ж EXTENDED RESPONSE The table shows the 2003 regular season field 
goal statistics for kicker Adam Vinatieri. * 


— 


Pg 


Point difference at end of game 


0-7 points | 8-14 points 


a. During the 2003 regular season, what was the probability 
that Adam Vinatieri would make an attempted field goal, 
regardless of the point difference? 


2 15 points 


b. Find the probabilities that Vinatieri made an attempted 
field goal when the point difference at the end of the game 
was 0—7 points, 8-14 points, and at least 15 points. i 

c. During what kinds of games was Adam Vinatieri most likely to make 
attempted field goals? Justify your answer. 


 ffffair rated A leal 
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23. CHALLENGE The table shows the results of Congressional elections that 
involved incumbent candidates (representatives or senators who ran for 
re-election) during the period 1980-2000. 


Incumbent representatives Incumbent senators 


Presidential 
Midterm 


a. Did a representative or a senator have a better chance of being 
re-elected? Justify your answer using the data in the table. 


b. Did a member of Congress have a better chance of being re-elected 
during a presidential election year than during a midterm election 
year? Justify your answer. 


"MIXED Review 1 1 1 1 


: PREVIEW Use the indicated counting method to answer the question. (p. 931) 


: Prepare for 
; Lesson 13.2 in 
: Exs. 24—26. 


24. You have 3 posters to hang beside each other on a wall. In how many 
different ways can you hang the posters? (Make a list.) 


25. Members of a credit union choose a personal identification number (PIN) 
for their debit card. The PIN consists of 4 digits from 0 to 9. Digits cannot 
be repeated. How many PINs are possible? (Use the counting principle.) 


26. Weekly pottery classes are offered on Monday, Wednesday, and Thursday. 
On each of those days there is a class at 5:00 and a class at 7:00. How 
many classes are offered? (Make a tree diagram.) 


848 EXTRA PRACTICE for Lesson 13.1, p. 950 ED) ONLINE QUIZ at classzone.com 


Use after lesson 13.1 


(eT) Perform simulations to make predictions. 


Key Vocabulary A simulation is an experiment that you can perform to make predictions 
• simulation about real-world situations. 


Perform a simulation 


CONCESSION PRIZES Each time you buy an 
item from the concession stand at a baseball 


stadium, you receive a prize coupon, chosen і F REE e 


at random. There is an equal chance of di 5 { 
winning each prize from the following list: SAY PREEZEL 
hot dog, popcorn, peanuts, pretzel, ice cream, Ay CORN 
and small drink. About how many times must POP 


you buy an item from the concession stand 

before you win each prize at least once? 

Solution 

You can perform a simulation to answer the question. 


STEP Y Write each prize on a separate piece of paper. Put the pieces of 
paper in a container. 


STEP 2 Draw a piece of paper from the container at random. Record the 
result in a table like the one shown. Put the piece of paper back in 
the container. Repeat until you put a tally mark in the last empty 


cell of the table. 
LM Peanuts | Pretzel | icecream | Small drink 
Tally 1 | ш ол и | о ожш | 1 _ 


The sum of all of the tally marks is the number of times you must buy ап 
item from the concession stand before you win each prize at least once. 


» In this simulation, you must buy an item from the concession stand 
20 times. 


USING A GRAPHING CALCULATOR You can also use the random integer 
generator on a graphing calculator to perform simulations. 


The random integer generator is found by 
pressing the NA key and selecting the MATH NUM CPX 
PRB menu. It is the fifth item on the list and l:rand 

is displayed as randInt(. : ER 

4:! 


EBrandint( 
6:randNorm 
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EXT Perform a simulation using technology 


GAME CARDS You receive a game card with every 
purchase at a sandwich shop. Each card has two 
circles to scratch. One circle reveals a prize, and 
the other says “Not a Winner.” You cannot claim 
a prize if you scratch both circles. There is a E 


chance that a card is for a CD, as chance that 


itis for a drink, and ai chance that it is for a 


sandwich. About how many game cards must you 
scratch before you win a CD? 


Card VOID if more than one circle is revealed 


Solution 
STEP? Use List 1 to show whether you scratch the | 
circle with the prize. Generate a list of 50 1 
random 1s and Os. Each 1 means that you [ | 
scratch the circle with the prize, and each | 1 | 
0 means that you scratch “Not a Winner.” 0 | 


LÀ] 
Press and select Edit. Highlight L,. 
Enter randInt(0,1,50). 


STEP 2 Use List 2 to show whether your game card contains the CD as 
the prize. Generate a list of 50 random integers from 1 to 6. Each 1 
represents a prize card with a CD. 


Highlight L,. Enter randInt(1,6,50). — 


STEP 3 Compare the results of your two lists using 
List 3. Multiply the numbers from List 1 and 
List 2. Each 0 in List 3 means that you chose 
the wrong circle, so the prize does not matter. 
Because 1 * 1 = 1, you chose the correct AE | 
circle and your card contains the CD prize a J 
when you see a 1 in L,. n— -— 


Highlight L,. Enter L,+L,. 


STEP 4 Find the first occurrence ofa 1 in List 3. In this simulation, you can 
see that the first occurrence of a 1 in List 3 happens after 4 trials. 


1 
1 
0 
1 
0 
Е 


» For this simulation, you must scratch 4 game cards before you win а СР. 


" PRACTICE | 


: EXAMPLE 1 | 1. In Example 1, suppose you can receive a prize coupon for nachos in 

: onp.849 addition to the items listed in the example. About how many times must 

: for Exs. 1-3 you buy an item from the concession stand before you win each prize at 
least once? Explain how you found your answer. 

: EXAMPLE 2 2. In Example 2, about how many game cards must you scratch before you 

: onp.850 win one of each prize? Explain how you found your answer. 

: for Exs. 2—3 


3. In Example 2, there are 3 prizes. Explain why the results of the simulation 
would be inaccurate if you generated random integers from 1 to 3. 


Chapter 13 Probability and Data Analysis 


1 3 Find Probabilities 
* ^ Using Permutations 


You used the counting principle. 
Г Now ] You will use the formula for the number of permutations. 


Key Vocabulary A permutation is an arrangement of objects in which order is important. For 
• permutation instance, the 6 possible permutations of the letters A, B, and C are shown. 
e n factorial ABC ACB ВАС ВСА САВ СВА 


3411144348) Count permutations 


Consider the number of permutations of the letters in the word JULY. 
a. In how many ways can you arrange all of the letters? 


b. In how many ways can you arrange 2 of the letters? 


Solution 
: REVIEW COUNTING a. Use the counting principle to find the number of permutations of the 
o — letters in the word JULY. 
: For help with using the : | ' 
: counting principle, see Number of _ Choices for , Сһоісеѕ for ,  Choicesfor | Choices for 
: p. 930. permutations 1st letter 2nd letter 3rd letter 4th letter 
y y v v 
= 4 e 3 e 2 . 1 


= 24 
» There are 24 ways you can arrange all of the letters in the word JULY. 


b. When arranging 2 letters of the word JULY, you have 4 choices for the 
first letter and 3 choices for the second letter. 


Numberof _ Choicesfor  Choices for 
permutations 1st letter 2nd letter 
=4-3 
= 12 


» There are 12 ways you can arrange 2 of the letters in the word JULY. 


v | GUIDED PRACTICE for Example 1 


1. In how many ways can you arrange the letters in the word MOUSE? 


2. In how many ways can you arrange 3 of the letters in the word ORANGE? 


13.2 Find Probabilities Using Permutations 


So you can find the number of possible arrangements, as іп Ex. 38. ~. S С 


851 


FACTORIAL In Example 1, you evaluated the expression 4 • 3 • 2 + 1. This 
expression can be written as 4! and is read “4 factorial.” For any positive 
integer n, the product of the integers from 1 to nis called n factorial and is 


written as n!. The value of 0! is defined to be 1. 
n!-cns:(n—1)*(n—2)*...*3*2-*-1and0!-1 


In Example 1, you also found the permutations of four objects taken two at a 
time. You can find the number of permutations using the formulas below. 


KEY CONCEPT 


For Your Notebook 


: Permutations 
+ Formulas 


1. The number of permutations of 
1° n objects is given by: 


— и! 
“к n! 


The number of permutations of 
n objects taken r at a time, where 


Examples 


The number of permutations of 
4 objects is: 


,B,74124*3*2«1- 24 


The number of permutations of 
4 objects taken 2 at a time is: 


г< n, is given by: 


! 4 
р = п! 
i nr (п-т)! 


( EXAMPLE 2 | Use a permutations formula 


CD RECORDING Your band has written 12 songs and plans to record 9 of them 
for a CD. In how many ways can you arrange the songs on the CD? 


Solution 
To find the number of permutations of 9 songs chosen from 12, find ,,Po. 


12! 


12Pg — (2-91 Permutations formula 
12! 
: DIVIDE COMMON E Subtract. 
: FACTORS 
о e000000009000000000000000000000090 Expand factorials. 


: When you divide 

: out common factors, 
: remember that 3! is a 
: factor of 12!. 


_ 12+11+10+9+8+7+6+5+4+3 
Ц Divide out common factor, 31. 


= 79,833,600 Multiply. 


> There are 79,833,600 ways to arrange 9 songs out of 12. 


GUIDED PRACTICE for Example 2 


3. WHAT IF? In Example 2, suppose your band has written 15 songs. You will 
record 9 of them for a CD. In how many ways can you arrange the songs 
on the CD? 
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13.2 EXERCISES 


| EXAMPLE 3 | Find a probability using permutations 


PARADE For a town parade, you will ride on a float with your soccer team. 
There are 12 floats in the parade, and their order is chosen at random. Find 
the probability that your float is first and the float with the school chorus 

| is second. 


Solution 


STEP Y Write the number of possible outcomes as the number of 


permutations of the 12 floats in the parade. This is ,,P,, = 12. 


STEP2 Write the number of favorable outcomes as the number of 


permutations of the other floats, given that the soccer team is first 


and the chorus is second. This is iP = 101, 


STEP 3 Calculate the probability. 


pí soccer team is first | — 10! Form a ratio of favorable to 
chorusissecond | 12! possible outcomes. 
u ler Expand factorials. Divide 
212.11.707  outcommon factor, 10!. 
_ _1 "Ne 
= 132 Simplify. 


Y GUIDEDPRACTICE | for Example 3 


4. WHAT IF? In Example 3, suppose there are 14 floats in the parade. Find 
the probability that the soccer team is first and the chorus is second. 


HOMEWORK: (7)- WORKED-OUT SOLUTIONS 
KEY: on p. WS32 for Exs. 21 and 35 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 11, 30, 33, and 35 


- e = MULTIPLE REPRESENTATIONS 
Ex. 34 


_ SKILL PRACTICE | 


: EXAMPLES 


: on pp. 851-852 
: for Exs. 3-11 


1. VOCABULARY Copy and complete: An arrangement of objects in which 
order is important is called a(n). ? . 


2. Ж WRITING Explain what the notation „Р, means. What is the value of 
this expression? 


COUNTING PERMUTATIONS Find the number of ways you can arrange (a) all 
of the letters in the given word and (b) 2 of the letters in the word. 
3. AT 4. TRY 5. GAME 6. CAT 
7. WATER 8. ROCK 9. APRIL 10. FAMILY 


11. Ж OPEN-ENDED Describe a real-world situation where the number of 
possibilities is given by „Р... 


13.2 Find Probabilities Using Permutations 
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: EXAMPLE 2 | FACTORIALS AND PERMUTATIONS Evaluate the expression. 


: On p. 852 | | | 

go | 121 13. 3! 14. 0! 15. 5! 
16. 8! 17. 10! 18. 12! 19. 13! 
20. „Р, ФУ? 22. „Р, 23. „P. 
24. P, 25. P, 26. Р, 27. „РЬ 


ERROR ANALYSIS Describe and correct the error in evaluating the expression. 


28. 29 
AC = П ° — 5) _ twp 
по = -y = 4 = 9,979,200 4 Pa = == 20 P4 


30. Ж MULTIPLE CHOICE The judges in an art contest award prizes for first, 
second, and third place out of 11 entries. Which expression gives the 
number of ways the judges can award first, second, and third place? 


qo 2 (В) + i a © H: 


11! 111 8! 3! 


31. CHALLENGE Consider a set of 4 objects and a set of n objects. 


a. Are there more permutations of all 4 of the objects or of 3 of the 
4 objects? Justify your answer using an organized list. 


b. In general, are there more permutations of n objects taken n ata 
time or of n objects taken n — 1 at a time? Justify your answer using 
the formula for the number of permutations. 


ph AAA III EA 
- PROBLEM SOLVING 


: EXAMPLE 2 32. MOVIES Six friends go to a movie theater. In how many different ways 


: on p. 852 | can they sit together in a row of 6 empty seats? 


: for Exs. 32-33 _CHomelutor | for problem solving help at classzone.com 


33. * MULTIPLE CHOICE You plan to visit 4 stores during a shopping trip. In 
how many orders can you visit these stores? 


СА) 4 (В) 16 (б) 24 D 256 


2 m ^ 
_@Homelutor 


for problem solving help at classzone.com 


: EXAMPLE 3 34. es MULTIPLE REPRESENTATIONS You and your friend are two of 


: on p. 853 4 servers working a shift in a restaurant. The host assigns tables of new 

: for Exs. 34-38 diners to the servers in a particular order. This order remains the same, 
so that all servers are likely to wait on the same number of tables by the 
end of the shift. 


a. Making a List List all the possible orders in which the host can assign 
tables to the servers. 


b. Using a Formula Use the formula for permutations to find the 
number of ways in which the host can assign tables to the servers. 


c. Describe in Words What is the likelihood that you and your friend are 
assigned the first 2 tables? Explain your answer using probability. 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED ф = MULTIPLE 
854 on p. WS1 TEST PRACTICE REPRESENTATIONS 


(65) Ж SHORT RESPONSE Every student in your history class is required to 
present a project in front of the class. Each day, 4 students make their 
presentations in an order chosen at random by the teacher. You make 
your presentation on the first day. 


a. What is the probability that you are chosen to be the first or second 
presenter on the first day? Explain how you found your answer. 


b. What is the probability that you are chosen to be the second or third 
presenter on the first day? Compare your answer with that in part (a). 


36. HISTORY EXAM On an exam, you are asked to list 5 historical events in 
the order in which they occurred. You guess the order of the events at 
random. What is the probability that you choose the correct order? 


37. SPIRIT You make 6 posters to hold up at a basketball game. Each poster 
has a letter of the word TIGERS. You and 5 friends sit next to each other in 
a row. The posters are distributed at random. What is the probability that 
TIGERS is spelled correctly when you hold up the posters? 


38. BAND COMPETITION Seven marching bands will perform at a 
competition. The order of the performances is determined at random. 
What is the probability that your school band will perform first, followed 
by the band from the one other high school in your town? 


39. CHALLENGE You are one of 10 students performing in a school talent 
show. The order of the performances is determined at random. The 
first five performers go on stage before the intermission, while the 
remaining five performers go on stage after the intermission. 


a. What is the probability that you are the last performer before the 
intermission and your rival performs immediately before you? 


b. What is the probability that you are not the first performer? 


“MIXED REVIEW Se 1 3 


: PREVIEW 


: Prepare for 
: Lesson 13.3 in 
: Exs. 40—43. 


40. You are randomly assigned a day of the week to work an extra shift at 
your part-time job. Find the probability that you are assigned to work 
on Saturday. (p. 843) 


41. You choose a letter at random out of a bag that contains one of each letter 
of the alphabet. Find the probability that you choose the letter K. (p. 843) 


42. You roll a number cube. Find the probability that you roll an even 
number. (p. 843) 


43. You toss a coin twice. Find the probability that the coin shows tails 
twice. (p. 843) 


EXTRA PRACTICE for Lesson 13.2, p. 950 2 ONLINE QUIZ at classzone.com 
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Find Probabilities 
Using Combinations 


13. 


You used permutations to count possibilities. 
| Ми ) You will use combinations to count possibilities. 
So you can find the probability of an event, as in Example 3. 


Key Vocabulary A combination is a selection of objects in which order is not important. For 

e combination instance, in a drawing for 3 identical prizes, you would use combinations, 
because the order of the winners would not matter. Ifthe prizes were 
different, you would use permutations, because the order would matter. 


Count combinations 
Count the combinations of two letters from the list A, B, C, D. 


Solution 


List all of the permutations of two letters in the list A, B, C, D. Because order 
is not important in a combination, cross out any duplicate pairs. 


AB AC AD BA BC _--~ BD)<—— BD and DB are 
FOE e the same pair. 
CA CB CD DA (DB --77 DE е 


> There are 6 possible combinations of 2 letters from the list A, B, C, D. 
primates Algebra at classzone.com 


GUIDED PRACTICE | for Example 1 


1. Count the combinations of 3 letters from the list A, B, C, D, E. 


COMBINATIONS In Example 1, you found the number of combinations 
of objects by making an organized list. You can also find the number of 
combinations using the following formula. 


KEY CONCEPT For Your Notebook 

Combinations 

Formula Example 

The number of combinations of The number of combinations of 

n objects taken r at a time, where 4 objects taken 2 at a time is: 

r< п, is given by: C. = 4! _ 4+3.+21 _ 
n! 42 (4—2)*2! 21-(2-1 


nor (n- рг. п 
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| EXAMPLE 2 | Use the combinations formula 


LUNCH MENU You order a sandwich at a restaurant. You can choose 2 side 
dishes from a list of 8. How many combinations of side dishes are possible? 


Solution 


The order in which you choose the side dishes is not important. So, to find 
the number of combinations of 8 side dishes taken 2 at a time, find ¿Ego 


_ а А 
¿Cs 6—27.2! Combinations formula 


EE. 
_ 8.7.8 Expand factorials. 


87. (2.1) Divide out common factor, 61. 
= 28 Simplify. 


» There are 28 different combinations of side dishes you can order. 


| EXAMPLE З | Find a probability using combinations 


PHOTOGRAPHY A yearbook editor has selected 

14 photos, including one of you and one of your friend, 
to use in a collage for the yearbook. The photos are 
placed at random. There is room for 2 photos at the top 
of the page. What is the probability that your photo 
and your friend's photo are the two placed at the top 
of the page? 


Solution 


STEP? Write the number of possible outcomes as the number of 
combinations of 14 photos taken 2 at a time, or ,,C,, because 
the order in which the photos are chosen is not important. 

C. - 14! _ 14) _ 14-13-12 _ 
1472 (14—2)-*2! 12! 2! 121 • (2 * 1) 


STEP 2 Find the number of favorable outcomes. Only one of the possible 
combinations includes your photo and your friend's photo. 
STEP 3 Calculate the probability. 
1 


P(your photo and your friend’s photos are chosen) = ӨТ 


GUIDED PRACTICE | for Examples 2 and 3 


2. WHAT IF? In Example 2, suppose you can choose 3 side dishes out of the 
list of 8 side dishes. How many combinations are possible? 


3. WHAT IF? In Example 3, suppose there are 20 photos in the collage. Find 


the probability that your photo and your friend’s photo are the two placed 
at the top of the page. 


13.3 Find Probabilities Using Combinations 857 


13.3 EXERCISES HOMEWORK; (7) = WORKED-OUT SOLUTIONS 
° KEY: on p. WS32 for Exs. 7 and 25 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 14-20, and 25 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: A(n). * is a selection of objects in 
which order is not important. 


2. * WRITING Explain how a combination differs from a permutation. 


: EXAMPLE 1 | 3. COMBINATIONS How many combinations of 3 letters from the list 
: on p. 856 A, B, C, D, E, F are possible? 
: for Exs. 3, 4 
4. ERROR ANALYSIS Describe and correct the error 
MC MUR А | : AB BA CA 
in listing all of the possible combinations of AC BC CB 
2 letters from the list A, B, C. 
: ЕХАМРІЕ 2 _ 5. ERROR ANALYSIS Describe and correct the = A s 
: on p. 857 error in evaluating ¿C,- 4 = (9-4)! 5 5024 X 
: for Exs. 5-15 
COMBINATIONS Evaluate the expression. 
6. „С „© 8. alea 9. ¿Eg 
10. ,,C, et D Vt. 18. uc 


14. Ж MULTIPLE CHOICE What is the value of ,,C,? 


(А) 7 60 © 210 (D> 151,200 


15. Ж MULTIPLE CHOICE You have the first season of your favorite television 
show on a set of DVDs. The set contains 13 episodes. You have time to 
watch 3 episodes. How many combinations of 3 episodes can you watch? 


(AD 286 572 (С) 1716 (D) 589,680 


Ж SHORT RESPONSE In Exercises 16-19, tell whether the question can be 
answered using combinations or permutations. Explain your choice, then 
answer the question. 


16. Four students from your class of 120 students will be selected to organize 
a fundraiser. How many groups of 4 students are possible? 


17. Ten students are auditioning for 3 different roles in a play. In how many 
ways can the 3 roles be filled? 


18. To complete an exam, you must answer 8 questions from a list of 
10 questions. In how many ways can you complete the exam? 


19. In how many ways can 5 people sit in a car that holds 5 passengers? 


20. X WRITING Which is greater, „Р or ¿C_? Justify your answer. 


21. REASONING Write an equation that relates ,P_and С. Explain your 
reasoning. 


22. CHALLENGE Prove that „С, = С, ,. Explain why this makes sense. 


n 
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Г PROBLEM SOLVING 4 


: EXAMPLE 2 


: On p. 857 
: for Ex. 23 


: EXAMPLE 3 


3 е зетін RES 
: for Exs. 24-26 


23. RESTAURANT You are ordering a burrito with 2 main ingredients and 
3 toppings. The menu below shows the possible choices. How many 
different burritos are possible? 


MAIN INGREDIENTS 4 TOPPINGS 
chicken black beans PR rae 


onions ico de zallo 
Steak red beans : acamole extra cheese 
pork rice : Jalapenos black olives 


г for problem solving help at classzone.com 


24. WORK SCHEDULE You work 3 evenings each week at a bookstore. Your 
supervisor assigns you 3 evenings at random from the 7 possibilities. What 
is the probability that your schedule this week includes working on Friday? 


_@Homelutor | for problem solving help at classzone.com 


(25) Ж SHORT RESPONSE On a television game show, 9 members of the 


studio audience are randomly selected to be eligible contestants. 


a. Six of the 9 eligible contestants are randomly chosen to play a game 
on the stage. How many combinations of 6 players from the group of 
eligible contestants are possible? 


b. You and your two friends are part of the group of 9 eligible 
contestants. What is the probability that all three of you are chosen 
to play the game on stage? Explain how you found your answer. 


26. REPRESENTATIVES Your teacher chooses 2 students at random to 
represent your homeroom. The homeroom has a total of 30 students, 
including your best friend. What is the probability that you and your best 
friend are chosen? What is the probability that you are chosen first and 
your best friend is chosen second? Which event is more likely to occur? 


27. CHALLENGE There are 30 students in your class. Your science teacher 
will choose 5 students at random to complete a group project. Find 
the probability that you and your 2 best friends in the science class are 
chosen to work in the group. Explain how you found your answer. 


: Prepare for 
: Lesson 13.4 in 
: Exs. 28-32. 


Find the product. (p. 915) 


1.4 4 7 т 4 
28. = Б 29. 55 24 30. 25 26 31. 24 * 5] 


32. You roll a number cube. What is the probability that you roll a multiple 
of 3? (р. 843) 


33. In how many ways can you arrange 3 letters from the list P, Q, R, S, T, L? 
Explain how you found your answer. (p. 851) 
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ИША, ACTIVITY Use after Lesson 13.3 Tutor 


classzone.com 
Keystrokes 


Find Permutations and Combinations 


d 


STARTERS There are 15 players on your softball team, but only 9 of 
them can be the starting players in one game. How many combinations 
of starting players are possible? 


Solution | 15 ncr 9 


You are finding „С, where n = 15 and r = 9. Enter 15 for n. 
Press 7718. Go to the PRB menu and select „C,. 
Then enter 9 for r. 


There are 5005 possible combinations of starting players. 


ү 


BATTING ORDER Before each softball game, your coach announces 


the batting order of the 9 starting players. This is the order in which 
the starting players will bat. How many batting orders can be formed 
using 9 players on your team of 15 players? 


" | 45 nPr 9 
Solution 1816214400 


You are finding „P, where n = 15 and r = 9. Enter 15 for n. 
Press 7718). Со to the PRB menu and select „Р. 
Then enter 9 for r. 


There are 1,816,214,400 possible batting orders. 


| 
Г 

( , | 
М 


Evaluate the expression. 


1. „С, 2 б 


5. „Р. 6. „РЬ 


9. GROUP PROJECT Your teacher selects 3 students from a class of 28 students 
to work on a project in a group. Within the group, one member must be the 
writer, one must be the researcher, and one must be the presenter. 


a. How many different groups of 3 can your teacher select? 


b. After the group is formed, in how many ways can the roles in the 
group be assigned? 


Chapter 13 Probability and Data Analysis 


13. 


You found the probability of a simple event. 
Г Now ) You will find the probability of а compound event. 
So you can analyze scientific data, as in Ex. 23. 


Key Vocabulary 

«compound event 

e mutually exclusive 
events 

e overlapping events 

«independent events 

e dependent events 


: REVIEW VENN 
: DIAGRAMS 


: For help with using — 
: Venn diagrams, see 
: p. 929. 


Find Probabilities of 
Compound Events 


A compound event combines two or more events, using the word and or 

the word or. To find the probability that either event A or event B occurs, 
determine how the events are related. Mutually exclusive events have no 
common outcomes. Overlapping events have at least one common outcome. 


For instance, suppose you roll a number cube. 


Mutually Exclusive Events Overlapping Events 
Event A: Roll a 3. Event A: Roll an odd number. 
Event B: Roll an even number. Event B: Roll a prime number. 

4 6 
Set A has 1 number, and set B Set A has 3 numbers, and set B has 
has 3 numbers. 3 numbers. There are 2 numbers 


in both sets. 


1,83 | 0 84,8. 2 
PG or even) = ¿+5 P(odd or prime) = 2 +575 
P(A or В) = P(A) + P(B) P(A or В) = P(A) + P(B) — P(A and B) 


Find the probability of A or B 


You roll a number cube. Find the probability that you roll a 2 or 
an odd number. 
Solution 


Because 2 is an even number, rolling a 2 and rolling an odd number are 
mutually exclusive events. 


P(2 or odd) = P(2) + P(odd) 


| 
E 
| 


ш Oo о 


13.4 Find Probabilities of Compound Events 
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| EXAMPLE 2 ] Find the probability of A or B o o 


| You roll a number cube. Find the probability that you roll an even number 
or a prime number. 
Solution 


Because 2 is both an even number and a prime number, rolling an even 
number and rolling a prime number are overlapping events. There are 
3 even numbers, 3 prime numbers, and 1 number that is both. 


P(even or prime) = P(even) + P(prime) — P(even and prime) 


3.1 
6 6 


v GUIDED PRACTICE | for Examples 1 and 2 


1. You roll a number cube. Find the probability that you roll a 2 or a 5. 


2. You roll a number cube. Find the probability that you roll a number less 
than 4 or an odd number. 


INDEPENDENT AND DEPENDENT EVENTS To find the probability that event A 
and event B both occur, determine how the events are related. Two events 

are independent events if the occurrence of one event has no effect on the 
occurrence of the other. Two events are dependent events if the occurrence of 
one event affects the occurrence of the other. 


For instance, consider the probability of choosing a green marble and then a 

blue marble from the bag shown. If you choose one marble and replace it before 
choosing the second, then the events are independent. If you do not replace the 
first marble, then the sample space has changed, and the events are dependent. 


Choose green, 
and replace. 


Choose green, and 
do not replace. 


Independent Events Dependent Events 


With replacement: Without replacement: 
P(green and blue) = - o i = = P(green and blue) = 4 o i = n 
P(A and B) = P(A) • P(B) P(A and B) = P(A) - P(B given A) 
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«* | EXAMPLE З | Find the probability of A and B 


BUS SCHEDULE You take a city bus from your neighborhood to a location 
within walking distance of your school. The express bus arrives at your 
neighborhood between 7:30 and 7:36. The local bus arrives at your 
neighborhood between 7:30 and 7:40. You arrive at the bus stop at 7:33. Find 
the probability that you have missed both the express bus and the local bus. 

: ANOTHER WAY a 

TIE »- Solution 

: For alternative methods 

: for solving the problem | The events are independent. The arrival of one bus does not affect the arrival 
: in Example 3, turn of the other bus. 


: to page 868 for the 
; Problem Solving 7:30 7:32 7:34 7:36 7:38 7:40 
: Workshop. — | | | | | | | | | ¡ 
Local bus 
You arrive at bus stop. 
There are 6 minutes when the There are 10 minutes when the 
express bus can arrive. You are not local bus can arrive. You are not at 
at the bus stop for З of those minutes. | the bus stop for 3 of those minutes. 
P(you miss express bus) = = = 5 P(you miss local bus) = a 
Multiply the probabilities of the two events: 
1 = 1 a 3 = 3 
P(you miss both buses) = 2'10 20 
* The probability that you miss the express bus and the local bus is aS 
[| EXAMPLE 4 | Find the probability of A and B 
PEN COLORS A box contains 3 blue pens and 5 black pens. You choose one 
: USE A TREE pen at random, do not replace it, then choose a second pen at random. What 
: DIAGRAM — — sess is the probability that both pens are blue? 
: You can show the 
: probabilities in a tree Solution 
: diagram. Let Bl = Blue І 
: and Bk = Black. Because you do not replace the first pen, the events are dependent. Before 
: you choose a pen, there are 8 pens, and 3 of them are blue. After you choose a 
ЖАЗ bl h left and 2 of th bl 
8 8 ue pen, there are 7 pens left and 2 of them are blue. 
Bl Bk P(blue and then blue) = P(blue) • P(blue given blue) 


2AS 3/4 =, 558.5 
TINT TIN 8 7 56 28 


Bl вк ві Bk 


r4 GUIDED PRACTICE for Examples 3 and 4 


3. MARBLES A bag contains 4 red, 5 green, and 2 blue marbles. You randomly 
draw 2 marbles, one at a time. Find the probabililty that both are red if: 


a. you replace the first marble. b. you do not replace the first marble. 
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EXERCISES "н О-о 
1 3.4 KEY: on p. WS32 for Exs. 5 and 23 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 8, 13, 20, and 24 


: e = MULTIPLE REPRESENTATIONS 
: Ex. 25 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: The probability of ? events is found 
using the formula P(A and B) = P(A) • P(B given А). 


2. ж WRITING Explain how overlapping events differ from mutually 
exclusive events. 


: EXAMPLES PROBABILITY OF A OR B In Exercises 3-6, you roll a number cube. Tell 


: T and 2 whether the events A and B are mutually exclusive or overlapping. 
: on pp. 861-862 | Then find P(A or B). 
: for Exs. 3-8 
3. Event A: Roll a 6. 4. Event A: Roll an even number. 
Event B: Roll a prime number. Event B: Roll a 5. 
Event A: Roll an odd number. 6. Event A: Roll a multiple of 3. 
Event B: Roll a number less than 5. Event B: Roll an even number. 


7. ERROR ANALYSIS A bag contains 


7 yellow marbles, 4 red marbles, and P(yellow or blue) = P(yellow) * P(blue) 
5 blue marbles. Describe and correct the = 19 = 001 
error in finding the probability that you le 8 


randomly draw a yellow or blue marble. 


8. Ж MULTIPLE CHOICE A bag contains tiles with the numbers 1-10 on them. 
You randomly choose a tile from the bag. What is the probability that you 
choose an even number or a number less than 5? 


СА) 0.7 0.8 © 0.9 (D 1 
: EXAMPLES PROBABILITY OF A AND B In Exercises 9-12, tell whether the events 
:3and4  — A and B are dependent от independent. Then find P(A and B). 
: on p. 863 
: for Exs. 9-12 9. Youroll two number cubes. 


Event A: You roll a 2 first. 
Event B: You roll a 5 second. 


10. You write each of the letters of the word BIOLOGY on pieces of paper and 
place them in a bag. You randomly draw one letter, do not replace it, then 
randomly draw a second letter. 

Event A: The first letter is O. 
Event B: The second letter is B. 


11. You flip a coin and roll a number cube. 
Event A: The coin shows heads. 
Event B: The number cube shows 2. 


12. A box contains 3 milk chocolates, 3 white chocolates, and 4 dark 
chocolates. You choose a chocolate at random, eat it, then choose a 
second chocolate at random. 

Event A: You choose a dark chocolate. 
Event B: You choose a dark chocolate. 


864 Chapter 13 Probability and Data Analysis 


: In part (a), you 
: may want to 

: draw a Venn 

: diagram. 


13. Ж MULTIPLE CHOICE A vase holds 7 red roses and 5 pink roses. You 
randomly choose a rose, remove it, then randomly choose another. What 
is the approximate probability that both roses are red? 


СА) 0.29 0.32 СС) 0.34 (D) 0.37 


CHESS PIECES In Exercises 14-17, consider a bag that contains all of the 
chess pieces in a set, as shown in the diagram. 


i -. 
[D x = 7 s Д | 
—— .. 
3 — = 
F * =. = „ 
€ "i. 


| . Kig Queen Bishop Rook Knight Pawn | King Queen Bishop Rook Knight Pawn m 


14. You choose one piece at random. Find the probability that you choose a 
black piece or a queen. 


15. You choose one piece at random, replace it, then choose a second piece at 
random. Find the probability that you choose a rook, then a bishop. 


16. You choose one piece at random, do not replace it, then choose a second 
piece at random. Find the probability that you choose a king, then a pawn. 


17. ERROR ANALYSIS Describe and correct the 2 30 
error made in making a tree diagram to 32 32 
determine the probability that you randomly 
choose a king and a second king, without 


X 


2 king 30 2 not king 30 
replacement. 32 32 32 32 
king по king king по? king 


In Exercises 18 and 19, use the following information. Two mutually exclusive 
events for which one or the other must occur are called complementary events. 
If events A and B are complementary events, then P(A) + P(B) = 1. 


18. WEATHER A local meteorologist reports that there is a 70% chance of 
rain tomorrow. What is the probability that it will not rain tomorrow? 


19. BASKETBALL You make 3196 of your attempted 3-point shots. What is the 
probability that you miss your next attempted 3-point shot? 


20. * WRITING You write the letters of the word WISDOM on pieces of paper 
and place them in a bag. You randomly choose 2 letters from the bag at the 
same time. Explain whether these events are independent or dependent. 
What is the probability that you choose the letters S and D? 


21. CHALLENGE The sections of the spinner shown all have the same 
area. You spin the spinner. 


a. Find the probability that the spinner stops on red or a prime 
number or a multiple of 3. 


b. Write a general formula for P(A or B or C) where A, B, and C are 
overlapping events. Explain your reasoning. 
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PROBLEM SOLVING | 


: EXAMPLES 22. CONTEST You can win concert tickets from a radio station if you are the 

: Запад — — first person to call when the song of the day is played, or if you are the 

: on p. 863 first person to correctly answer the trivia question. The song of the day is 
: for Exs. 22-23 played between 5:00 and 5:30 P.M. The trivia question is asked between 


5:15 and 5:45 P.M. You begin listening to the radio station at 5:20. Find the 
probability that you miss the song of the day and the trivia question. 


^L. 
(«1 
" (0) L 


Tm 
lomeTutor — for problem solving help at classzone.com 


(23) WALRUS When a walrus forages for food, it waves its flipper to move 
sediment 70% of the time. When using the flipper wave technique, a 
walrus uses its right flipper 89% of the time. Find the probability that a 
walrus foraging for food uses a flipper and it is the right flipper. 


(OHomelutor © for problem solving help at classzone.com 


: EXAMPLES 24. ж SHORT RESPONSE A survey of 887,403 households found that 
: 1,2,3,and4 _ 270,658 households have a dog, 326,591 have a cat, and 81,641 have both. 


: on pp. 861-863 


essel a. What is the probability that one of the households surveyed, chosen 


at random, has a dog and a cat? 


b. What is the probability that one of the households surveyed, chosen 
at random, has a dog or a cat? 


c. Explain how your answers to parts (a) and (b) are related. 


: EXAMPLES 25. es MULTIPLE REPRESENTATIONS You have student government 


:land2  — meetings on Monday and Wednesday. You tutor in the morning on 
: on pp. 861-862 Monday, Thursday, Friday, and Saturday. 
: for Ex. 25 


a. Making a Table Make a table that shows your schedule for the week. 


b. Drawing a Diagram Make a Venn diagram that shows the days of the 
week that you participate in each activity. 


c. Using a Formula Your class is taking a field trip that could be scheduled 
for any day of the week. Find the probability that it is scheduled for a 
day when you tutor or have a student government meeting. 


26. EARTH SCIENCE The table shows the ranges of Temperature 
annual mean temperature and precipitation Precipitation | (degrees Fahrenheit) 
for 57 cities in the U.S. Find the probability (inches) 
that a city in this study has an annual mean 
temperature in the range 39°F—52°F or an 
annual precipitation in the range 0-24 inches. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED = MULTIPLE 
866 on p. WS1 TEST PRACTICE REPRESENTATIONS 


27. CHALLENGE You have 5 tickets to a play. You invite 4 friends to see the 
play. You hand out the tickets at random. One ticket is for an aisle seat, 
and the other tickets are for the next 4 seats in the row. 


a. Whatis the probability that you will get the aisle seat? 


b. What is the probability that you will get the aisle seat and your best 
friend will get the ticket for the seat next to you? 


c. Explain how you could solve the problem in part (b) using 
permutations. 


: Prepare for 
: Lesson 13.5 in 
: Exs. 28-29. 


In Exercises 28 and 29, the spinner shown has sections with equal area. (p. 843) 


28. You flip a coin and spin the spinner. How many possible outcomes 


are in the sample space? List the possible outcomes. e» 


29. You roll a number cube and spin the spinner. How many possible 
outcomes are in the sample space? List the possible outcomes. Ў 


Evaluate the expression. 


O. „Р, (p.851) 31. ,¿P, (p.851) 32. ,¿C, (p. 856) 33. .C, (p. 856) 


34. ELECTIVES Your school offers 10 elective courses each semester. You have 
time in your schedule for 2 of these courses. How many combinations of 
2 elective courses can you choose? (p. 856) 


' QUIZ for Lessons 13.1-13.4 


1. MARBLES A bag contains 16 red marbles and 8 white marbles. You 
select a marble at random. (p. 843) 


a. What is the probability that you select a red marble? 
b. What are the odds in favor of selecting a red marble? 


2. PASSWORD The password for an e-mail account is the word FISH 
followed by a 3-digit number. The 3-digit number contains the digits 1, 2, 
and 3. How many different passwords are possible? (p. 851) 


3. SHUFFLE A CD plays on random shuffle. The CD has 12 songs on it. Your 
CD player selects a song at random, plays it, then selects a second song at 
random. No song is repeated until every song has been played. What is the 
probability that song 3 is played first and song 1 is played second? (p. 851) 


Evaluate the expression. 
4. „Р, (p. 851) 5. P. (p.851) 6. „С, (p. 856) 7. C, (p. 856) 


8. NUMBER TILES Tiles numbered 1-30 are placed in a bag. You select 
a tile at random. Find the probability that you select an odd number 
or a prime number. Are the events mutually exclusive or overlapping? 
Explain. (p. 861) 
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PROBLEM SOLVING | 


WORKSHOP | 


+ 
< 
ap 


METHOD 1 


STEP 2 Generate random integers. Use a 


Using ALTERNATIVE METHODS 


Another Way to Solve Example 3, page 863 


MULTIPLE REPRESENTATIONS In Example 3 on page 863, you saw how 
to solve the problem about a bus schedule by using a number line and a 
formula. You can also solve the problem by performing a simulation or 
using geometry. 


BUS SCHEDULE You take a city bus from your neighborhood to a 
location within walking distance of your school. The express bus 
arrives at your neighborhood between 7:30 and 7:36. The local bus 


arrives at your neighborhood between 7:30 and 7:40. You arrive at 
the bus stop at 7:33. Find the probability that you have missed both 
the express bus and the local bus. 


Performing a Simulation One alternative approach is to perform 
a simulation. 


STEP 7 Read the problem. Notice that there is a 6 minute interval when the 


express bus could arrive and a 10 minute interval when the local bus 
could arrive. Let 1 represent the first minute, from 7:30 to 7:31, that a 
bus could arrive. Let 2 represent the second minute, from 7:31 to 7:32, 
that a bus could arrive. Continue to number the minutes when a bus 
could arrive. 


number represents the minute that 
the express bus arrives. Then generate 
a random integer from 1 to 10. This 
number represents the minute that 
the local bus arrives. Perform this 
simulation 10 times. 


graphing calculator to generate a randInt(1,6) 1 
random integer from 1 to 6. This randIint 1 10. 
9 


You are not at the bus stop until the fourth minute, so if both numbers 
that you generate are less than 4, then you miss both buses. 


Second 


STEP 3 Find the experimental probability that you miss both buses. 


P(miss both buses) = = = i 
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STEP 1 Draw a rectangle whose side 
lengths represent the number 
of minutes that each bus 


could arrive. 


Using Geometry Another approach is to use geometry. Use the formula 
for the area of a rectangle to find the number of possible outcomes and the 
number of favorable outcomes. 


Local bus 


7:30 1:33 7:36 7:40 
7:30 


Express bus 7:33 


STEP 2 Draw a square within the 
rectangle to represent the 
number of minutes that you 7:36 


are not at the bus stop. 


STEP 3 Calculate the area of the rectangle that represents the time a bus could 
arrive. Also calculate the area of the square that represents the time 
that you are not at the bus stop. 


Time a bus could arrive: 


A=6+10=60 


Time you are not at bus stop: 
А=3:3= 9 


STEP 4 Find the probability that you miss both buses by forming the ratio of 


the areas from step 2. 


P(miss both buses) = 2- 


_ 3 


20 


1. WHAT IF? In the problem on page 868, 
suppose you arrive at 7:34. What is the 
probability that you miss both buses? 


. VISITING FRIENDS Two friends are planning 
to visit you this evening. You expect one 
friend to arrive at your house between 7:00 
and 7:30 P.M. You expect the other friend to 
arrive between 7:10 and 7:20 P.M. You have to 
run an errand from 7:00 until 7:15 P.M. What 
is the probability that you are home when 
both friends arrive? Solve this problem using 
two different methods. 


. WHAT IF? In Exercise 2, suppose a third 
friend plans to visit you this evening. This 
friend plans to arrive at your house between 
7:00 and 7:20 P.M. What is the probability that 
you are home when all three of your friends 
arrive? Explain how you found your answer. 


4. RAFFLE You enter two different raffles 


during your neighborhood's street fair. The 
winner of the first raffle will be announced 
between 6:00 and 6:30 P.M. The winner of the 
second raffle will be announced between 
6:15 and 6:45 P.M. You leave the fair at 

5:00 P.M. and return at 6:20 P.M. What is the 
probability that you hear the winner of each 
raffle announced? Solve this problem using 
two different methods. 


. ERROR ANALYSIS A student solved the 


problem in Exercise 4 as shown. Describe and 
correct the error. 


P(hear both winners) e 


— 10 minutes _ 1 
30 minutes 5 


Using Alternative Methods 869 


MIXED REVIEW of Problem Solving 2» STATE TEST PRACTICE 


Lessons 13.1-13.4 


1. MULTI-STEP PROBLEM There are 5743 known 


amphibian species in the world. Of these, 
1856 species are judged to be at risk of 
extinction, and another 113 species may 
already be extinct. 


a. Find the probability that an 
amphibian species chosen at 
random is at risk of extinction 
or may already be extinct. 


b. Find the probability that two 
different amphibian species, 
each chosen at random, are at 
risk of extinction. 


The Puerto Rican crested 


toad is at risk of extinction. 


2. MULTI-STEP PROBLEM You are ordering an 


omelet with two ingredients. You can choose 
from the following list: cheese, mushrooms, 
onions, tomatoes, peppers, sausage, ham, 
and steak. 


a. Make an organized list of all the possible 
omelets that you can order. 


b. Use a permutation or combination 
formula to find the number of possible 
omelets. 


. MULTI-STEP PROBLEM In NCAA women's 


basketball tournaments from 1982 to 2003, 
teams seeded, or ranked, number one have 
won 283 games and lost 71 games in the 
tournament. Suppose a team is chosen at 
random from all those that have been seeded 
number one. 


a. What is the probability that the team won 
a game in the tournament? 


b. What are the odds in favor of the team's 
having won a game in the tournament? 


4. SHORT RESPONSE А meteorologist reports 


9. 


870 


that there is a 1596 chance of snow tomorrow. 
What are the odds in favor of snow tomorrow? 
Explain how you found your answer. 


OPEN-ENDED Describe a real-world 
situation in which the number of possible 
arrangements is given by ,¿P.. 
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>, classzone.com 


6. SHORT RESPONSE In the United States there 


are 21 states (not including Washington, 
D.C.) with teams in the National Football 
League and 17 states with Major League 
Baseball teams. There are 15 states that 
have both types of teams. Suppose a state is 
chosen at random. 


a. Find the probability that the state has 
either a National Football League team 
or a Major League Baseball team. 


b. There are 21 states that have a team in the 
National Basketball Association. What 
additional information would you need 
in order to find the probability that the 
state chosen at random has either a team 
in the National Basketball Association or a 
Major League Baseball team? Explain your 
reasoning. 


. EXTENDED RESPONSE A survey asked a total 


of 400 students, 100 male students and 
100 female students who were 13 and 

15 years old, about their eating habits. The 
table shows the numbers of students who 
said that they eat fruit every day. 


13 years old 


15 years old 


Female 


a. Find the probability that a female student, 
chosen at random from the students 
surveyed, eats fruit every day. 


b. Find the probability that a 15-year-old 
student, chosen at random from the 
students surveyed, eats fruit every day. 


c. You select a student at random from the 
students surveyed. Find the odds against 
the student's eating fruit every day. 
Explain your reasoning. 


. GRIDDED ANSWER A music club gives you 


6 free CDs for joining. You would like to 
own 11 of the free CDs that are offered. How 
many combinations of 6 CDs from the 

11 CDs can you choose? 


13.5 


You found experimental probabilities. 
Г Now ) You will identify populations and sampling methods. 
So you can analyze surveys of sports fans, as in Ex. 15. 


Key Vocabulary 

e survey 

e population 

e sample 

e biased sample 

e biased question 


Analyze Surveys 
and Samples 


A survey is a study of one or more characteristics of a group. The entire group 
you want information about is called a population . A survey of an entire 
population is called a census. When it is difficult to perform a census, you can 
survey a sample , which is a part of the population. 


KEY CONCEPT For Your Notebook 


> Sampling Methods 


In a random sample, every member of the population has an equal 
chance of being selected. 


In a stratified random sample, the population is divided into distinct 
groups. Members are selected at random from each group. 


In a systematic sample, a rule is used to select members of the population. 


In a convenience sample, only members of the population who are easily 
accessible are selected. 


In a self-selected sample, members of the population select themselves 
by volunteering. 


Classify a sampling method 


EMPLOYEE SAFETY The owners of a company with several factories conduct 
a survey to determine whether employees are informed about safety 
regulations. At each factory, 50 employees are chosen at random to complete 
the survey. Identify the population and classify the sampling method. 


Solution 


The population is all company employees. Because the population is divided 
into distinct groups (individual factories), with employees chosen at random 
from each group, the sample is a stratified random sample. 


GUIDED PRACTICE for Example 1 


1. WHAT IF? In Example 1, suppose the owners survey each employee 
whose last name begins with M. Classify the sampling method. 
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BIASED SAMPLES A sample chosen for a survey should be representative of the 
population. A biased sample is a sample that is not representative. In a biased 
sample, parts of the population may be over-represented or under-represented. 


Random samples and stratified random samples (as in Example 1) are the 
most likely types of samples to be representative. A systematic sample may be 
representative if the rule used to choose individuals is not biased. 


[ EXAMPLE 2 ] Identify a potentially biased sample 


In Example 1, suppose the owners question 50 workers chosen at random 
from one factory. Is the method likely to result in a biased sample? 


Solution 


Workers at other factories may hold significantly different opinions, so the 
method may result in a biased sample. 


BIASED QUESTIONS A question that encourages a particular response is a 
biased question. Survey questions should be worded to avoid bias. 


| EXAMPLE 3 | Identify potentially biased questions 


Tell whether the question is potentially biased. Explain your 
answer. If the question is potentially biased, rewrite it so 
that it is not. 


a. Don’t you agree that the voting age should be lowered 
to 16 because many 16-year-olds are responsible and 
informed? 


b. Do you think the city should risk an increase in pollution 
by allowing expansion of the Northern Industrial Park? 


Solution 


a. This question is biased because it suggests that lowering the voting age is 
a good thing to do. An unbiased question is “Do you think the voting age 
should be lowered to 16?” 


b. This question is biased because it suggests that the proposed expansion 
will be bad for the environment. An unbiased question is “Do you think 
the city should allow expansion of the Northern Industrial Park?” 


СА GUIDED PRACTICE | for Examples 2 and 3 


2. SOCCER In a survey about Americans' interest in soccer, the first 
25 people admitted to a high school soccer game were asked, "How 
interested are you in the world's most popular sport, soccer?" 


a. Is the sampling method likely to result in a biased sample? 
Explain. 


b. Is the question potentially biased? Explain your answer. If the 
question is potentially biased, rewrite it so that it is not. 
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EXERCIS ES HOMEWORK: () = WORKED-OUT SOLUTIONS | 
13.5 KEY: on p. WS33 for Exs. 3 and 15 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 6, and 17 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: In a(n) _? sample, participants are 
chosen using a rule. 


2. Ж WRITING Describe the difference between a census and a sample. 


POPULATIONS AND SAMPLES In Exercises 3-5, identify the population and 
classify the sampling method. 


: EXAMPLE 1 (3.) RESTAURANT SERVICE A restaurant manager wants to evaluate the 


: on p. 871 restaurant's quality of service. Diners are given mail-in comment cards. 


: for Exs. 3-6 a 
hus 4. EXTRACURRICULAR ACTIVITIES Your school wants to know if students 
are satisfied with the school's extracurricular activities. In each grade, 
every tenth student on an alphabetized list is surveyed. 


5. CUSTOMER SATISFACTION An airline wants to gather information on 
passenger satisfaction during a flight. A computer randomly selects 
30 passengers to complete a survey. 


6. Ж MULTIPLE CHOICE Scientists wanted to gather information about the 
birds in a particular region. They chose observation sites and asked bird 
watchers at those sites to record the number and types of birds they saw 
in 3 minutes. What population was being studied? 


СА) Birds Sites (С) Scientists (D> Bird watchers 


: EXAMPLE 2 BIASED SAMPLES Tell whether the sampling method used is likely to result 


: on p. 872 in a biased sample. Explain. 


кырык 7. NEIGHBORHOOD WATCH A family wants to gather information from 
other residents on their street about forming a neighborhood watch. They 
survey every third house on both sides of the street. 


8. NURSE SURVEY The American Nurses Association wanted to gather 
information about the working environment for nurses in hospitals. A 
survey for nurses was posted on the association's website. 


: EXAMPLE3 | BIASED QUESTIONS In Exercises 9 and 10, tell whether the question is 


: опр. 872 potentially biased. Explain your answer. 


: for Exs. 9—11 f А ; 
9. Do you support the incumbent's tax plan or the challenger's tax plan? 


10. Do you prefer the ease of shopping online or the fun of going to a mall? 


11. ERROR ANALYSIS Describe and correct the error 


in revising the survey question “Don't you think DIG MI Е 
the minimum driving age should be lower?” so ls the dux s driving 
that it is not biased. age too high or too low? 


12. CHALLENGE Two toothpaste manufacturers each claim that 4 out of every 
5 dentists use their brand exclusively. Both manufacturers can support 
their claims with survey results. Explain how this is possible. 
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 РВОВГЕМ SOLVING 


: EXAMPLES Explain why the question is biased. Then rewrite it so that it is not. 


: MM 13. Don't you agree that the school needs a new athletic field more than a 
Do new science lab? 


: for Exs. 13-16 
_QHomelutor 
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14. Would you pay even higher concert ticket prices to finance a new arena? 


for problem solving help at classzone.com 


(15) BASEBALL Each baseball season, Major League Baseball (MLB) fans cast 
ballots to choose players for the MLB All-Star Game. Do the ballots cast 
necessarily represent the opinions of all baseball fans? Explain. 


16. WATER SAMPLING Scientists designed a project in which 
students performed tests on local water sources each day. 
Students from 18 countries participated in the project. 
The results of the survey were used to assess the quality 
of the world's fresh water. Is the sample likely to be 

biased? Explain. 


17. Ж SHORT RESPONSE You plan to report on the academic 
performance of students in your school for your 
school newspaper. Describe how you could choose a 
representative sample. Then write an unbiased question 
you could use to collect information on how many hours 
each day a student studies. Explain why your question is unbiased. 


18. CHALLENGE The results of two five-year studies of a possible link 
between exercise and decreased risk of heart attack in men appear in a 
newspaper. The studies involve two different groups of 1000 men over 
the age of 40 who have never had a heart attack. In the randomized 
experiment, half of the 1000 men are chosen at random to take part in a 
supervised exercise program, while the other half continue their usual 
routines. In the observational study, the men are divided into two groups, 
those who exercise regularly and those who do not, and their health 
status is observed. Which study's results would you expect to be more 
reliable? Explain. 


: PREVIEW | Order the numbers from least to greatest. (р. 909) 


: Prepare for 19. 0.02, 0.015, 0.021, 0.012 20. 6.51, 6.15, 6.02, 6.23 21. 12.3, 11.9, 11.09, 12.08 
: Lesson 13.6 in 
: Exs. 19-23. 


Find the mean, median, and mode(s) of the data. (p. 918) 
22. Cost (in dollars) of computer monitors: 296, 215, 426, 390, 351, 215, 289 
23. Size (in megabytes) of files to be downloaded: 10.9, 12.1, 6.4, 2.8, 5.1, 7.6 


Evaluate the expression. 


| 24. „Р, (p.851) (p. 851) 26. „С, (p. 856) 27. „С, (p. 856) 


25. oP, 
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1 3 Use Measures of Central 
°™ Tendency and Dispersion 


You analyzed surveys and samples. 
| Now ) You will compare measures of central tendency and dispersion. 


So you can analyze and compare data, as in Example 1. 


Reviecapulany KEY CONCEPT For Your Notebook 

• measure of = 
dispersion t+ Measures of Central Tendency 

e range T 

e mean absolute 1° The mean, or average, of a numerical data set is denoted by x, which is read 
deviation + 2.9.1.4, 


as “x-bar.” For the data set ЕТ the mean is x = - 


The median of a numerical data set is the middle number when the values 
are written in numerical order. If the data set has an even number of values, 
the median is the mean of the two middle values. 


> The mode of a data set is the value that occurs most frequently. There may 
be one mode, no mode, or more than one mode. 


Compare measures of central tendency 


The heights (in feet) of 8 waterfalls in the state of Washington are listed below. 
Which measure of central tendency best represents the data? 


1000, 1000, 1181, 1191, 1200, 1268, 1328, 2584 


Solution 
z — 1000 + 1000 + 1181 + 1191 + 1200 + 1268 + 1328 + 2584 _ 10,752 _ 1344 


8 8 
The median is the mean of the two middle values, 1191 and 1200, or 1195.5. 
The mode is 1000. 


> The median best represents the data. The mode is significantly less than 
most of the data, and the mean is significantly greater than most of the 
data. 
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GUIDED PRACTICE for Example 1 


1. WHAT IF? In Example 1, suppose you eliminate the greatest data value, 
2584. Which measure of central tendency best represents the remaining 
data? Explain your reasoning. 


13.6 Use Measures of Central Tendency and Dispersion 875 


MEASURES OF DISPERSION A measure of dispersion describes the dispersion, 
or spread, of data. Two such measures are the range, which gives the length 
of the interval containing the data, and the mean absolute deviation, which 
gives the average variation ofthe data from the mean. 


KEY CONCEPT For Your Notebook 


Measures of Dispersion 


The range of a numerical data set is the difference of the greatest value and 
the least value. 


: REVIEW ABSOLUTE 

: VALUE i: The mean absolute deviation of the data set х, x,,..., x, is given by: 
: For help with absolute F o Ix, - xl " PES E: Ix, - xl 
: value, see p. 66. L Mean absolute deviation = —— — — — — 7; — — — — —— 


[ EXAMPLE 2 ] Compare measures of dispersion 


RUNNING The top 10 finishing times (in seconds) for runners in two men's 
races are given. The times in a 100 meter dash are in set A, and the times in a 
200 meter dash are in set B. Compare the spread of the data for the two sets 
using (a) the range and (b) the mean absolute deviation. 


A: 10.62, 10.94, 10.94, 10.98, 11.05, 11.13, 11.15, 11.28, 11.29, 11.32 
B: 21.37, 21.40, 22.23, 22.23, 22.34, 22.34, 22.36, 22.60, 22.66, 22.73 


Solution 
a. A: 11.32 — 10.62 = 0.7 B: 22.73 — 21,37 = 1.36 


* The range of set Bis greater than the range of set A. So, the 
data in B cover a wider interval than the data in A. 


b. The mean of set A is 11.07, so the mean absolute 
deviation is: 


: REVIEW NEGATIVE [10.62 — 11.07] + |10.94 – 11.07|+...+/11.32 — 11.07]. 

: NUMBERS = —e— ооо оо 0,164 
: When using the | 

: formula for mean The mean of set Bis 22.226, so the mean absolute 

: absolute deviation, you deviation is: 


: will encounter negative 

: numbers. For help with 

: negative numbers, see 

: p. 64. > The mean absolute deviation of set В is greater, so the average variation 
from the mean is greater for the data in B than for the data in A. 


121.37 — 22.226| + |21.40 - 22.226 | + ... + [22.73 — 22.2261 


10 — 0.3364 


GUIDED PRACTICE | for Example 2 


2. RUNNING The top 10 finishing times (in seconds) for runners in a men's 
400 meter dash are 46.89, 47.65, 48.15, 49.05, 49.19, 49.50, 49.68, 51.09, 
53.31, and 53.68. Compare the spread of the data with that of set A in 
Example 2 using (a) the range and (b) the mean absolute deviation. 
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EXERCISES "© Otero 
1 3.6 КЕҮ: on p. WS33 for Exs. 7 and 19 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 9, 17, 19, and 22 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: The value that occurs most frequently 
in a data set is called the. ? ofthe data. 


2. ж WRITING How are measures of central tendency and measures of 
dispersion used to compare data? 


: EXAMPLE1 | MEASURES OF CENTRAL TENDENCY Find the mean, median, and mode(s) of 


: on p. 875 the data. 
киюе 3. 1,1, 1, 2, 3, 3,5,5,6 4. 9, 10, 12, 15, 16 
5. 13, 16, 19, 20, 22, 25, 30, 31 6. 14, 15, 15, 14, 14, 16, 18, 15 
(725.52, 5.44, 3.60, 5.76, 3.80, 7.22 8. 300, 320, 341, 348, 360, 333 


9. Ж MULTIPLE CHOICE What is the median of the data set? 
0.7, 0.3, 0.7, 0.8, 0.9, 0.4, 1.0, 1.6, 1.2 


CA) 0.7 0.8 (С) 0.9 (D> 1.0 
10. ERROR ANALYSIS Describe and correct the error 
ie . 7 4 2 4 ee 
in finding the median of the data set. Е 7 ш X 
The median is 4. 


: EXAMPLE 2 MEASURES OF DISPERSION Find the range and mean absolute deviation of 


: on p. 876 _ the data. Round to the nearest hundredth, if necessary. 
: for Exs. 11-16 


11. 30, 35, 20, 85, 60 12. 111, 135, 115, 120, 145, 130 
13. 30, 45, 52, 48, 100, 45, 42, 45 14. 505, 510, 480, 550, 495, 500 
15. 1.25, 1.50, 1.70, 0.85, 1.00, 1.25 16. 38.2, 80.1, 2.6, 84.2, 2.5, 5.5 


17. * WRITING Explain why the mean absolute deviation of a data set is 
generally a better measure of dispersion than the range. 


18. CHALLENGE Suppose you (a) add the same constant to each value in a data 
set or (b) multiply each value by the same nonzero constant. Describe the 
effect on the mean, median, mode, range, and mean absolute deviation. 


' PROBLEM SOLVING 


: EXAMPLE 1 | * SHORT RESPONSE The weights (in pounds) of ten pumpkins are 22, 21, 
24, 24, 5, 24, 5, 23, 24, and 24. 


a. What is the range of the pumpkin weights? 


: on p. 875 

: for Exs. 19-20 
b. Find the mean, median, and mode(s) of the pumpkin weights. 

c. Which measure of central tendency best represents the data? Explain. 
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: for Ex. 21 


20. 


22, 


23. 


POPULATION The population densities (in people per square mile) for 
each of the 10 most densely populated states in 2003 were 719.0, 418.5, 
315.6, 563.6, 820.6, 1164.6, 406.5, 279.3, 275.9, and 1029.9. 


a. Find the mean, median, and mode(s) of the data set. 


b. Which measure of central tendency best represents the data? Explain. 


Tutor | for problem solving help at classzone.com 


edipi бс 


. BOWLING The average scores of the bowlers on two different bowling 


teams are given. Compare the spreads of the data sets using (a) the range 
and (b) the mean absolute deviation. 


Team 1: 162, 150, 173, 202 Team 2: 140, 153, 187, 196 


* EXTENDED RESPONSE Use the information in 
the article about the sediment discharges of U.S. Sunday Edition 
rivers. For parts (a)- (c), round your answers to 


the nearest whole number, if necessary. MISSISSIPPI RIVER DOMINATES 


| | AS SEDIMENT MOVER 
a. Find the mean and the median of the data for The Mississippi River discharges an 
all seven rivers. Which measure represents the average of 230 million tons of 
data better? Explain. sediment per year. Other U.S. rivers 


with the greatest average sediment 


b. Find the mean of the data for the other six ^ PM 
i : or aac nho discharges (in millions of tons per 
rivers, excluding the Mississippi River. Does year) are the Copper (80), Yukon (65), 
this mean represent the data better than the Columbia (40), Susitna (25), Eel (15), 
mean you found in part (a)? Explain. and Brazos (11) rivers. 


c. Find the range and mean absolute deviation of 
the data for all seven rivers. Describe what the 
measures tell you about the dispersion of the data. 


CHALLENGE A student asked 12 friends how many x x 

sisters and brothers they have. The line plot shows the A. E + - 
results. e ——L ++ 
a. Describe how you would find the mean, median, 0.1 2 3 4 


and mode of the data. Then calculate each value. 


b. The weight of a distinct data value is the quotient of its frequency and the 
total number of data values. Compute the weighted average of the data 
by taking the sum of the products of the distinct values and their weights. 
Explain why the weighted average of the data is simply the mean. 


: PREVIEW 


: Prepare for 
: Lesson 13.7 in 
: Ex. 24. 
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24. 


POPULATION The bar graph shows the populations East South Central Population 
of Alabama, Kentucky, Mississippi, and Tennessee in 2000 

(the East South Central states) according to the U.S. 
Census of 2000. (p. 932) 


a. What was the total population of the four states? 


b. How much greater was the population of 
Tennessee than the population of Kentucky? 


Е — 
Se 
= б 
== 
о Е 
б. = 


EXTRA PRACTICE for Lesson 13.6, р. 950 ED) ONLINE QUIZ at classzone.com 


Use after Lesson 13.6 


Key Vocabulary 
evariance 
estandard deviation 


: IMPROVE ACCURACY 


: The more accurate the 

: value of c^ you use to 

: calculate o, the more 

: accurate the value of c 
: you obtain. In the final 

: answer, both results are 
: rounded. 


Calculate Variance and Standard 


Deviation 


Ге ТИ Find the variance and standard deviation of a data set. 


In addition to range and mean absolute deviation, variance and standard 
deviation are also measures of dispersion that can be used to describe the 


spread of a set of data. 


ALA oD 
544 


Variance and Standard Deviation 


ALA AA 
T 6 


A 


а A A Fe 
n 


í D 
To c = 
To 
к^, 


square root of the variance and is given by: 


І Та x 
> n 


Find variance and standard deviation 


1, 10, 3, and 6. Find the variance and standard deviation of the data. 


Solution 


STEP 7 Find the mean. 
1+2+2+7+4+1+10+3+6 36 


STEP 2 Find the variance. 
AY jê _ 4a 
poli at +@-4 +...+6—4/ T8 oe 


9 9 
STEP 3 Find the standard deviation. 
с = Vo? =V8.444...=2.9 


> The variance is about 8.4, and the standard deviation is about 2.9. 


Extension: Calculate Variance and Standard Deviation 


The variance of a numerical data set is denoted by б^, which is read as 
4; "sigma squared.” For the data set Xa Bay ++, Ж the variance is given by: 


> The standard deviation of a numerical data set is denoted by o, which is 
read as "sigma." For the data set Tas s the standard deviation is the 


KEY CONCEPT For Your Notebook 


E-MAIL SIZES The sizes of e-mails (in kilobytes) in your inbox are 1, 2, 2, 7, 4, 
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USING А CALCULATOR You can use a graphing calculator to find the standard 
deviation of a data set. 


[ EXAMPLE 2 ] Find standard deviation 


HOUSEHOLDS In 2000 the numbers (in thousands) of households in the 
13 states with Atlantic Ocean coastline are given. Find the standard deviation 
of the data. 


299 6338 3006 518 1981 2444 475 3065 
7057 3132 408 1534 2699 


Solution 


STEP 7 Enter the data into a graphing calculator. Press and select 
Edit. Enter the data into List 1 (L,). 


$ТЕР2 Calculate the standard deviation. я — 
Press ТҮ. From the CALC | Va ee | 

menu select 1-Var Stats. || x=2535.076923 | 

|| Xx2232956 | 

On this screen, o, stands for | 2x2=138496246 | 

standard deviation. ES _ = à 58 i en d 

» The standard deviation of the data is L шшш J 
about 2056. — | «а 


i: IEEE EA 
- PRACTICE 


: EXAMPLE 1 | Use the formulas for variance and standard deviation to find the variance 
: On p. 879 | and standard deviation of the data. Round to the nearest tenth, if necessary. 
: for Exs. 1-3 | 


1. 4, 5, 3, 2, 4, 7, 8, 9, 4, 6, т, 8, 9, 1 
2. 14, 16, 19, 20, 28, 7, 24, 15, 16, 30, 33, 24 
3. 110, 205, 322, 608, 1100, 240, 185, 552, 418, 300 


: EXAMPLE 2. | In Exercises 4—6, use a graphing calculator to find the standard deviation of 
: on p. 880 | the data. Round to the nearest tenth, if necessary. 
: for Exs. 4—7 | 


4. 3.5, 3.8, 4.1, 3.0, 3.8, 3.6, 3.3, 4.0, 3.8, 3.9, 3.2, 3.0, 3.3, 4.2, 3.0 
5. 66, 43, 9, 28, 7, 5, 90, 9, 78, 6, 69, 55, 28, 43, 10, 54, 13, 88, 21, 4 
6. 1002, 1540, 480, 290, 2663, 3800, 690, 1301, 1750, 2222, 4040, 800 


7. REASONING The heights (in feet) of 9 pecan trees are 72, 84, 81, 78, 80, 86, 70, 
80, and 88. For parts (a)-(c) below, round your answers to the nearest tenth. 


a. Find the standard deviation of the data. 


b. Suppose you include a pecan tree with a height of 136 feet. Predict the 
effect of the additional data on the standard deviation of the data set. 


c. Find the standard deviation of the new data set in part (b). Compare 
the results to your prediction in part (b). 
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1 3 7 Interpret Stem-and-Leaf 
*^ Plots and Histograms 


You found measures of central tendency and dispersion. Me: 
Г Now ) You will make stem-and-leaf plots and histograms. = 


So you can analyze historical data, as in Ex. 20. 


Key Vocabulary A stem-and-leaf plot is a data display that organizes data based on their digits. 
e stem-and-leaf plot Each value is separated into a stem (the leading digit(s)) and a leaf (the last 

* frequency digit). A stem-and-leaf plot has a key that tells you how to read the data. A stem- 
e frequency table and-leaf plot shows how the data are distributed. 


* histogram 


3411329318! Make a stem-and-leaf plot 


BASEBALL The number of home runs hit by the 20 baseball players with the 
best single-season batting averages in Major League Baseball since 1900 are 
| listed below. Make a stem-and-leaf plot of the data. 


14, 25, 8, 8, 7, 7, 19, 37, 39, 18, 42, 23, 4, 32, 14, 21, 3, 12, 19, 41 


Solution 
STEP 7 Separate the data into STEP 2 Write the leaves in 
stems and leaves. increasing order. 
Home Runs Home Runs 
Stem | Leaves Stem | Leaves 
0/8 8 7 7 4 3 0134 7 7 8 8 
: INTERPRET 1498429 124489 9 
: ы-ы ысы —  — » 2153 1 211 3 5 
: Each stem in a stem- 
: and-leaf plot defines an. 37 9 2 3127 9 
: interval. For instance, 4/2 1 4/12 


: the stem 2 represents 

: the interval 20-29. Key: 1 | 4 = 14 home runs Key: 1 | 4 = 14 home runs 
: The data values in this 

: interval are 21, 23, 

: and 25. 


GUIDED PRACTICE for Example 1 
1. U.S. HISTORY The years in which each of the first 20 states were admitted 
to the Union are listed below. Make a stem-and-leaf plot of the years. 


1788, 1787, 1788, 1816, 1792, 1812, 1788, 1788, 1817, 1788, 
1787, 1788, 1789, 1803, 1787, 1790, 1788, 1796, 1791, 1788 


2. REASONING In Example 1, describe the distribution of the data on the 
intervals represented by the stems. Are the data clustered together in a 
noticeable way? Explain. 


13.7 Interpret Stem-and-Leaf Plots and Histograms 


881 


[ EXAMPLE 2 ] Interpret a stem-and-leaf plot 


GYMNASTICS The back-to-back stem-and-leaf plot shows the ages 
of members of the U.S men's and women's 2004 Olympic gymnastics teams. 
Compare the ages of the gymnasts on the two teams. ү 


2004 Olympic Gymnast Ages 
Men Women 


1 
74311256 
0/3 


Key: 1 |2 |5 = 21,25 


Solution 


Consider the distribution of the data. The interval for 10-19 years old 
contains more than half of the female gymnasts. The interval for 20-29 years 
old contains more than half of the male gymnasts. The clustering of the data 
shows that the men's team was generally older than the women's team. 


FREQUENCY The frequency of an interval is the number of data values in that 
interval. A stem-and-leaf plot shows the frequencies of intervals determined 
by the stems. A frequency table is also used to group data values into equal 
intervals, with no gaps between intervals and no intervals overlapping. 


A histogram is a bar graph that displays data from a frequency table. Each bar 
represents an interval. Because intervals have equal size, the bars have equal 
width. A bar’s length indicates the frequency. There is no space between bars. 


oo | EXAMPLE З | Make a histogram 


SANDWICH PRICES The prices (in dollars) of sandwiches at a restaurant are 
listed below. Make a histogram of the data. 


4.00, 4.00, 4.25, 4.50, 4.75, 4.25, 5.95, 5.50, 5.50, 5.75 


: CHOOSE AN Solution 

: INTERVAL SIZE 

d р pi st fap, dai » STEP 1 Choose intervals of equal STEP 2 Draw the bars of the 

: To choose the interval : . i . 

D de Peri ía size that cover all of the data histogram using the intervals 
; quency | 

: values. Organize the data from the frequency table. 


: table, divide the range 


: of the data by the using a frequency table. Sandwich Prices 


: number of intervals you 

| want the table to have Prices | Sandwiches | 
: approximate interval 

: size. $4.50-4.99 


: Use the quotient as an 


o 
Ф 
AS 
© 
5 
ч 
E 
© 
Y) 
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Y GUIDED PRACTICE for Examples 2 and 3 


3. TELEVISION The back-to-back stem-and-leaf plot shows the percents of 
students in 24 countries who report watching television for 4 or more 
hours each day. Compare the data for female and male students. 


Female Male 
999888665417 8 9 
6 6 5 4з зоо20 1 2 2 45566778B 
8 322 134668899 
140 6 


Key: 4|1|7 = 14%, 17% 


4. PRECIPITATION The average number of days each month with 
precipitation of 0.01 inch or more in Buffalo, New York, are 20, 17, 16, 14, 
13, 11, 10, 10, 11, 12, 16, and 19. Make a histogram of the data. 


13.7 EXERCISES "ш oración 
ө KEY: onp. WS33 for Exs. 3 and 19 
| Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 8, 9, 15, and 20 


- SKILL PRACTICE 


| 
1. VOCABULARY Copy and complete: The number of data values in an 
intervalisthe. ? of that interval. 


2. ж WRITING Explain how a histogram differs from a bar graph. 


: EXAMPLE Y, STEM-AND-LEAF PLOTS Make a stem-and-leaf plot of the data. 
E. p. 881 eu 31, 42, 33, 38, 20, 24, 30, 39, 38, 35, 20, 55 
Or Exs. 3-7 

4. 2,8, 17, 7, 14, 20, 32, 5, 33, 6, 6, 8, 11, 9 

5. 121, 124, 133, 111, 109, 182, 105, 127, 156, 179, 142 

6. 1.23, 1.05, 1.11, 1.29, 1.31, 1.19, 1.45, 1.22, 1.19, 1.35 

7. ERROR ANALYSIS Describe and correct the error in 


making a stem-and-leaf plot of the following data: 18, 1 | 666999 po 
19, 18, 19, 20, 20, 21, 22, 18, 19, 20, 21, 23, 21. 2 | 00011125 


STEM-AND-LEAF PLOT In Exercises 8 and 9, consider the back-to-back 
stem-and-leaf plot that shows data sets A and B. 


8. Ж MULTIPLE CHOICE What is the median of data set A? Set A Set B 
QD 21 32 111/2 
© 33 D 34 43 3 2|3| 12 2 
9. Ж MULTIPLE CHOICE What is the range of data set В? 2014113 4 
СА) 18 19 5/0 1 
(С) 20 D 21 Key: 2 |3 |1 = 32, 31 
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3 ——— LA —— 
: for Exs. 10-14 


10. ERROR ANALYSIS Describe and correct the error 


in creating a histogram using the frequency table 6 
below. >» 
© 4 
3 
3. 
2 
u 2 
O 


0-9 10-19 30-39 
HISTOGRAMS Make a histogram of the data. < Ages 
11. 55, 82, 94, 75, 61, 69, 77, 98, 81, 83, 75, 90, 51 


12. 12, 0, 22, 31, 14, 7, 7, 45, 31, 28, 21, 25, 25, 18 
13. 0.01, 0.13, 0.09, 1.10, 1.33, 0.99, 0.50, 0.95, 1.05, 1.50, 0.75, 1.01 
14. 111, 109, 224, 657, 284, 120, 119, 415, 180, 105, 208, 108 


15. X WRITING Explain why a histogram can show the distribution of the 
data below better than a stem-and-leaf plot. 


15, 21, 18, 10, 12, 11, 17, 18, 16, 12, 20, 12, 17, 16 


16. CHALLENGE Create a stem-and-leaf plot that 6 
has the same distribution of data as the -" 
histogram shown. Explain the steps youtook = 4 
to create the stem-and-leaf plot. = А 

ш. 
0 


0—8 9—17 18-26 27—35 


_ _ _ _  _ _ _ _ _ _ Q_BPAxA o 
: PROBLEM SOLVING 


: EXAMPLE 1 


3 p coii РЧА 
: for Ex. 17 


: EXAMPLE 3 


3 sso E INR 
: for Exs. 18-19 
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17. HEIGHTS The heights (in inches) of players on a boys’ basketball team 
are as follows: 80, 76, 81, 69, 81, 78, 74, 68, 78, 74, 81, 72, 69, 81, 70. Make a 
stem-and-leaf plot of the heights. 
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18. SURVEY A survey asked people how many 8 ounce glasses of water they 
drink in one day. The results are below. Make a histogram of the data. 


3, 0, 9, 1, 4, 2, 11, 5, 3, 6, 0, 5, 7, 8, 5, 2, 9, 6, 10, 2, 4 
-@Homelutor 


for problem solving help at classzone.com 


| MEMORY A survey asked people how many phone numbers they have 
memorized. The results are shown in the table. 


Frequency | 88 | 85 | 50 | 28 | м 


a. Make a histogram of the data. 


b. What is the probability that a person surveyed, chosen at random, 
has 11-25 phone numbers memorized? 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
on p. WS1 TEST PRACTICE 


: EXAMPLE 2 | 20. Ж EXTENDED RESPONSE The back-to-back stem- Days in Session 
: On p. 882 and-leaf plot shows the numbers of days the House of House Senate 
: for Ex. 20 Representatives and the Senate spent in session each 9 0111 


year from 1996 to 2004. 


a. What was the median number of days the House of BIS 
Representatives spent in session? the Senate? 7 5 3 213|2 3 

b. What is the range of the number of days the House of 2 |1413 9 
Representatives spent іп session? the Senate? 1513 

c. Compare the data for the House of Representatives 162 7 
and the Senate. What does the distribution of the 

17 |З 

data tell you? 


Key: 2|14|1 = 142, 141 


21. MAYFLOWER The known ages (in years) of adult male passengers | 
on the Mayflower at the time of its departure are listed below. 


21, 34, 29, 38, 30, 54, 39, 20, 35, 64, 37, 45, 21, 25, 
55, 45, 40, 38, 38, 21, 21, 20, 34, 38, 50, 41, 48, 18, 
32, 21, 32, 49, 30, 42, 30, 25, 38, 25, 20 


a. Make a stem-and-leaf plot of the ages. 


b. Find the median age and range of the ages. 


c. According to one source, the age of passenger 
Thomas English was unknown at the time of the 
Mayflower's departure. What is the probability 
that he was 18-29 years old? Explain your 
reasoning. 


Replica of the Mayflower 


22. CHALLENGE The first two rows of a cumulative 


frequency table for the data in Exercise 21 are Я 
shown. The cumulative frequency for а given Ages | Frequency Cumulative. 
interval is the sum of the current frequency 
and all preceding frequencies. A histogram (524 / 9 | 9 — 
constructed from a cumulative frequency table 
is called a cumulative frequency histogram. 

Copy and complete the table. Then make a FPF 
cumulative frequency histogram for the data. 


" MIXED REVIEW - Omm 


; PREVIEW | Find the mean, median, and mode(s) of the data. (p. 918) 

: ipa : in 23. Ages of family members (in years): 62, 35, 51, 28, 22, 25, 16, 58, 30, 14 
: Exs. 23-25. 24. Minutes of exercise each day: 35, 20, 25, 20, 0, 30, 45, 40, 20, 30, 35, 0 
25. Hours worked per week: 10, 9, 11, 12, 8, 15, 20, 9, 16, 14, 15, 12 


Tell whether the question is potentially biased. Explain your answer. If the 
question is biased, rewrite it so that it is not. (p. 871) 


26. Don’t you agree that science fiction movies are boring? 


27. Is your ideal vacation a trip to Florida or a trip to Alaska? 
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na ACTIVITY Use after Lesson 13.7 Tutor 


classzone.com 
Keystrokes 


Draw Histograms 


ү ) 


POPULATION The populations (in thousands) of metropolitan areas in the 
states with the greatest metropolitan populations in the United States in 2000 
are listed below. Make a histogram of the data. 


4527 32,750 14,837 5667 10,542 4390 4911 6101 8169 3795 8414 
17,473 5437 9214 10,392 3862 17,692 5528 4899 3640 


STEP 1| Enter the data STEP 2| Select histogram 
Go to the STAT menu and choose Edit. Go to the STAT PLOT screen. Select Plot 1. 
Enter the data into List 1. Use the settings shown below. 


| Plot2 Plot3 | 
[m off 
Type ke К ш 
Hh- HIH | 
XList:L1 
Freq:1 


J * J 


STEP 3| Set the viewing window STEP 4| Graph 
Go to the WINDOW screen. Use the settings Press LEA. Use the trace feature to move 
shown below. from bar to bar. 


L1(1)=4527 


| WINDOW 
Xmin=0 
Xmax=33000 
Xscl=3000 
| Ymin=-3 
Ymax=12 min=3000 
Yscl=1 max<6000 n=10 


J 


1. Describe the distribution of the population data in the example above. 


2. BOWLING Use a graphing calculator to make a histogram of the following 
bowling scores: 200, 210, 105, 300, 180, 175, 162, 110, 140, 300, 152, 
165, 175, 115, 250, 270, 145, 182, 164, 122, 141, 135, 189, 170, 151, 158. 
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13. 


You made stem-and-leaf plots and histograms. 
Г Now ] You will make and interpret box-and-whisker plots. 
So you can compare sets of scientific data, as in Ex. 19. 


Interpret 
Box-and-Whisker Plots 


Key Vocabulary A box-and-whisker plot organizes data values into four groups. Ordered data 
e box-and-whisker are divided into lower and upper halves by the median. The median of the 
plot lower half is the lower quartile. The median of the upper half is the 
• quartile upper quartile. 
e interquartile 
range à 
e outlier Make a box-and-whisker plot 


SONG LENGTHS The lengths of songs (in seconds) on a CD are listed below. 
Make a box-and-whisker plot of the song lengths. 


173, 206, 179, 257, 198, 251, 239, 246, 295, 181, 261 


Solution 
STEP 7 Order the data. Then find the median and the quartiles. 
Lower half Median Upper half 
173, 179, 181, 198, 206, 239, 246, 251, 257, 261, 295 
Lower quartile Upper quartile 


STEP 2 Plot the median, the quartiles, the maximum value, and the 
minimum value below a number line. 


173 181 239 257 295 


STEP 3 Draw a box from the lower quartile to the upper quartile. 
Draw a vertical line through the median. Draw a line segment 
(a “whisker”) from the box to the maximum and another from 
the box to the minimum. 
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GUIDED PRACTICE for Example 1 


1. Make a box-and-whisker plot of the ages of eight family members: 
60, 15, 25, 20, 55, 70, 40, 30. 
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INTERPRET A BOX-AND-WHISKER PLOT A box-and-whisker plot separates data 
into four groups: the two parts of the box and the two whiskers. Each part 
contains approximately the same number of data values. 


: INTERPRET 
: VARIATION 


: The interquartile range 


: measures the variation 
: in the middle half of the Each whisker represents The box on each side of the median 


: data and ignores the about 25% of the data. represents about 25% of the data. 


: extreme values, whose | ' . 
: variation may notbe You know that the range of a data set is the difference of the maximum value 


: representative of the and the minimum value. The interquartile range of a data set is the difference 
: data. of the upper quartile and the lower quartile. 


[| EXAMPLE 2 | Interpret a box-and-whisker plot 


PRECIPITATION The box-and-whisker plots below show the normal 
precipitation (in inches) each month in Dallas and in Houston, Texas. 


1 2 3 4 5 6 
Dallas 4} #4 —— 
192326 32 5.2 
Houston 


30 3538 44 5.4 
a. For how many months is Houston's precipitation less than 3.5 inches? 


b. Compare the precipitation in Dallas with the precipitation in Houston. 


Solution 
: INTERPRET a. For Houston, the lower quartile is 3.5. A whisker represents 2596 of the 
: QUARTILES — data, so for 25% of 12 months, or 3 months, Houston has less than 
: When the number of 3.5 inches of precipitation. 


: data values is a multiple 
: of 4, the median and Р b. The median precipitation for a month in Dallas is 2.6 inches. The median 


: quartiles will divide the for Houston is 3.8 inches. In general, Houston has more precipitation. 


: data into four groups of 


: | For Dallas, the interquartile range is 3.2 — 2.3, or 0.9 inch. For Houston, 
: exactly the same size. 


the interquartile range is 4.4 — 3.5 = 0.9 inch. So, the cities have the same 
variation in the middle 50% of the data. The range for Dallas is greater 
than the range for Houson. When all the data are considered, Dallas has 
more variation in precipitation. 


r4 GUIDED PRACTICE for Example 2 


2. PRECIPITATION In Example 2, for how many months was the precipitation 
in Dallas more than 2.6 inches? 
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OUTLIERS A value that is widely separated from the rest of the data in a data 
set is called an outlier. Typically, a data value is considered to be an outlier if 
it is greater than the upper quartile by more than 1.5 times the interquartile 
range or if it is less than the lower quartile by more than 1.5 times the 
interquartile range. 


* ( EXAMPLE З | Standardized Test Practice 


The normal monthly amounts of precipitation (in inches) in Dallas are: 
1.9, 2.4, 3.1, 3.2, 5.2, 3.2, 2.1, 2.0, 2.4, 4.1, 2.6, 2.6. These data were used 

to create the box-and-whisker plot in Example 2. Which value, if any, is 
an outlier? 


QD 1.9 5.2 (С) L9and5.2 @ No outlier 


Solution 


From Example 2, you know the interquartile range of the data is 0.9 inch. 
Find 1.5 times the interquartile range: 1.5(0.9) — 1.35. 


From Example 2, you also know that the lower quartile is 2.3 and the upper 
quartile is 3.2. A value less than 2.3 — 1.35 — 0.95 is an outlier. A value greater 
than 3.2 + 1.35 = 4.55, is an outlier. Notice that 5.2 > 4.55. 


> The correct answer is B. (А) © D 


GUIDED PRACTICE for Example 3 


3. Which value, if any, is an outlier in the data set? 
3.7, 3.0, 3.4, 3.6, 5.2, 5.4, 3.2, 3.8, 4.3, 4.5, 4.2, 3.7 


QD 3.0 5.4 © 3.0and5.4 @ No outlier 


HOMEWORK: (> = : 
13.8 EXERCISES KEY: О DL EE i 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 8, 9, 18, and 19 


_ SKILL PRACTICE 


3 p оселі 
: for Exs. 3—7 


1. VOCABULARY What is the interquartile range of a data set? 
2. ж WRITING Explain how you can identify an outlier in a data set. 


BOX-AND-WHISKER PLOTS Make a box-and-whisker plot of the data. 
(з), 7, 0, 7, 2, 6, 3, 6, 0, 7, 8 4. 10, 1, 7, 5, 1, 8, 5, 4, 6, 5, 9, 12 
5. 52, 20, 24, 45, 35, 32, 39, 42, 23, 64 6. 0.8, 0.4, 0.3, 0.6, 0.7, 0.2, 0.7, 0.9 
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: EXAMPLE 2 


7. ERROR ANALYSIS Describe and 
correct the error in creating a 
box-and-whisker plot of the data 
0, 2, 4, 0, 6, 10, 8, 12, 5. 


5 10 


BOX-AND-WHISKER PLOT In Exercises 8-10, use the box-and-whisker plot. 


8. Ж MULTIPLE CHOICE About what percent of the data are greater than 20? 


: On p. 888 
: for Exs. 8—10 


: EXAMPLES 


: on pp. 887, 889 
: for Exs. 11—13 


СА) 25% 50% 


СС) 75% 


(D> 100% 


9. Ж MULTIPLE CHOICE About what percent of the data are less than 15? 


СА) 25% 50% 


(С) 75% 


10. ERROR ANALYSIS Describe and correct the 


error in interpreting the box-and-whisker plot. 


(D> 100% 


lie between 11 and 20. 


: OUTLIERS Make a box-and-whisker plot of the data. Identify any outliers. 
ae 11. Hours worked per week: 15, 15, 10, 12, 22, 10, 8, 14, 18, 22, 18, 15, 12, 11, 10 
12. Prices of MP3 players: $124, $95, $105, $110, $95, $124, $300, $190, $114 
13. Annual salaries: $30,000, $35,000, $48,000, $68,500, $32,000, $38,000 


14, CHALLENGE Two data sets have the same mean, the same interquartile 
range, and the same range. Is it possible for the box-and-whisker plots 
of such data sets to be different? Justify your answer by creating data 
sets that fit the situation. 


About 25% of the data values 


X 


: on p. 887 
: for Exs. 15—16 
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15. SEAWAY The average sailing times to the Atlantic Ocean from several 


ports on the St. Lawrence Seaway are shown on the map. Make a 
box-and-whisker plot of the sailing times. 


Thunder Bay 102 


COUNT A 
4 i 2 э vH 


т 
| a 


Q = WORKED-OUT SOLUTIONS 
on p. WS1 


for problem solving help at classzone.com 


Ж = STANDARDIZED 
TEST PRACTICE 


LIU aT 


(ЈЕ етн 


: EXAMPLES 


: on pp. 887, 889 
: for Exs. 17-18 


3 ee осой ИВ 
: for Ex. 19 


16. BASEBALL STATISTICS In 2004, Ichiro Suzuki scored 101 runs. The 
numbers of runs he scored against different opposing teams are listed 
below. Make a box-and-whisker plot of the numbers of runs scored. 


Runs scored: 18, 8, 4, 8, 2, 8, 0, 9, 0, 4, 2, 5, 9, 1, 2, 1, 2, 11, 7 


9 HomeTutor 


for problem solving help at classzone.com 


(17) RETAIL SALES The retail sales (in billions of dollars) of the nine U.S. 


states with the highest retail sales in 2002 are listed below. 


California: $153.1 Florida: $118.2 Georgia: $38.4 
Illinois: $52.4 New Jersey: $35.8 New York: $54.7 
Ohio: $50.7 Pennsylvania: $49.9 Texas: $107.0 


a. Make a box-and-whisker plot of the retail sales. 


b. Which states, if any, had retail sales in 2002 that can be considered 
outliers? 


18. Ж SHORT RESPONSE The stem-and-leaf plot shows the ages of the first 
43 presidents of the United States when they first took the oath of office. 


423 6678 9 9 
50 O 1 1 1 1 2 2 444445 5556667777 8 


60111244 5 8 9 
Key: 4 |2 = 42 years 
a. Make a box-and-whisker plot of the ages. 


b. Ronald Reagan was the oldest United States president, and Theodore 
Roosevelt was the youngest. Can either of these presidents’ ages be 
considered outliers? Explain why or why not. 


19. Ж EXTENDED RESPONSE The box-and-whisker plots show the diameters 
(in kilometers) of craters on Jupiter’s moons Callisto and Ganymede. 


+ к ---.=+-=$ 
0 200 400 600 800 1000 


Callisto ed. — — — — — — — — — — — —e 
3^ ias 980 


58.5 74.5 


2 — ——— Ganymede 
e” , N 93 500 
50 62 


Callisto 


a. Compare the diameters of craters on Callisto with the 
diameters of craters on Ganymede. 


b. The largest crater in the United States is the Chesapeake Bay in 
Virginia, with a diameter of 90 kilometers. Compare the diameter of the 
Chesapeake Bay with diameters of craters on Callisto and Ganymede. 


c. The largest crater on Earth is Vredefort in South Africa, with a 
diameter of 300 kilometers. Compare the diameter of Vredefort with 
the diameter of craters on Callisto and Ganymede. 
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20. CHALLENGE The box-and-whisker plots show the heights (in inches) of 
singers in a chorus, according to their voice parts. A soprano part has 
the highest pitch, followed by alto, tenor, and bass, respectively. Draw a 
conclusion about voice parts and heights. Justify your conclusion. 


60 62 64 66 68 70 72 74 76 


Soprano 


60 62.5 65 66 68 


60 63 65 67 72 


64 66.5 68.5 71.5 16 


66 68 71 72 75 


MIXED REVIEW и | = | 


Make a stem-and-leaf plot of the data. (p. 881) 
21. 56, 55, 54, 57, 28, 28, 53, 52, 56, 28, 25, 23, 17, 51, 54, 23, 20, 10 
22. 71, 60, 39, 43, 81, 32, 33, 41, 37, 34, 51, 41, 32, 34, 48, 35, 36, 58 


Make a histogram of the data. (p. 881) 
23. 1.24, 2.45, 1.11, 2.09, 2.19, 1.99, 1.75, 1.65, 2.10, 2.30 
24. 1.5, 5.12, 7.5, 7.1, 7.14, 9.7, 10.24, 1.3, 1.6, 1.6, 3.3, 3.12 


' QUIZ for Lessons 13.5-13.8 


1. HOTEL SURVEY A hotel manager leaves guest comment cards in each 
room. Identify the population and classify the sampling method. (p. 871) 


In Exercises 2 and 3, find the range and mean absolute deviation of the 
data. Round to the nearest hundredth, if necessary. (p. 875) 


2. 62, 63, 70, 40, 50, 60 3. 14, 18, 22, 14, 14, 6, 17 
4. Make a histogram of the data: 44, 52, 60, 47, 65, 40, 49, 45, 32, 68, 39. (p. 881) 
5. Make a stem-and-leaf plot of the data: 1.8, 2.2, 1.2, 2.8, 3.6, 3.3, 1.8, 2.2. (p. 881) 


6. TEST SCORES The scores on a math exam are given below. Make a 
box-and-whisker plot of the data. Identify any outliers. (p. 887) 


76, 55, 88, 92, 79, 85, 90, 88, 85, 92, 100, 91, 90, 86, 88 


892 EXTRA PRACTICE for Lesson 13.8, p. 950 2 ONLINE QUIZ at classzone.com 


ad ACTIVITY Use after Lesson 13.8 Tutor 


classzone.com 
Keystrokes 


Draw Box-and-Whisker Plots 


REPTILE SPECIES The number of known reptile species per 10,000 square 
kilometers in the countries of Asia (excluding the Middle East) and of Central 
America, South America, and the Caribbean are listed below. Make 
box-and-whisker plots of the numbers of species. 


Asia: 36, 26, 49, 11, 32, 35, 27, 58, 91, 26, 8, 8, 12, 12, 23, 110, 4, 51, 41, 41, 62, 
350, 77, 18, 81, 23, 18, 59 


Central America, South America, and the Caribbean: 81, 125, 47, 69, 57, 
107, 77, 73, 35, 123, 69, 116, 87, 37, 45, 53, 20, 124, 126, 35, 73, 60, 64 


STEP 7 | Enter the data 


Enter the data for Asia into List 1. Enter the data for Central America, 

South America, and the Caribbean into List 2. | Plot2 Plot3 | 
OH off 

STEP 2| Select box-and-whisker plot Туре кз 

Go to the STAT PLOT screen and select the box-and-whisker plot | |XList:L1 

for both Plot 1 and Plot 2. The Xlist for Plot 1 should be L,, so that it ee 

displays the data from List 1. The Xlist for Plot 2 should be L,, so U 

that it displays the data from List 2. Make sure both plots are on. 


STEP 3| Set the viewing window 
Press ТШД 9 to set the window so that it shows all of the data. 


STEP 4| Graph 
Press ТЩ. Use the trace feature to examine the box-and-whisker 


plots more closely. Notice that the graphing calculator refers to the 
lower quartile as О, and the upper quartile as Q,. 


1. REPTILE SPECIES Compare the number of reptile species per 
10,000 square kilometers in the countries of Central America, 
South America, and the Caribbean with the number in Asia. 


2. BIRD SPECIES The number of threatened bird species per 10,000 square 
kilometers in the countries of two regions are listed below. Make box- 
and-whisker plots ofthe data and compare the data for the two regions. 


Middle East and Northern Africa: 13, 8, 11, 14, 12,8, 4,3,5,2,11,5, 11, 
7,6, 14, 4, 13 


North and South America: 5, 50, 41, 27, 103, 18, 64, 53, 3, 26, 64, 2, 11, 22 
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MIXED REVIEW of Problem Solving РЭ, STATE TEST PRACTICE 


Lessons 13.5-13.8 


1. MULTI-STEP PROBLEM The ages of people 
who attended an opening reception for a 
theater production are listed below. 


94, 25, 28, 64, 30, 42, 33, 50, 27, 35, 40, 39, 
41, 52, 49, 48, 56, 60, 58, 37, 56, 45, 57, 62 


a. Make a frequency table of the data. 
b. Make a histogram of the data. 


2. MULTI-STEP PROBLEM A doctor would 
like to extend her office hours to better 
accommodate her patients. She asks each 
patient who visits her office on Tuesday 
which day the patient thinks the hours 
should be extended. 


a. Identify the population and classify the 
sampling method. 


b. Tell whether the survey method used is 
likely to result in a biased sample. 


3. GRIDDED ANSWER The average lengths 
(in hours) of several morning commutes 
are listed below. How many minutes is the 
mean commute? 


0.25, 0.20, 0.50, 0.50, 0.50, 0.05, 0.65, 1.00, 
1.50, 0.75, 0.50, 1.10, 0.60, 0.80, 1.00, 0.10 


4. EXTENDED RESPONSE The prices (in dollars) 
of portable DVD players at two different 
stores are listed below. 


Store A: 280, 200, 260, 230, 200, 150, 300, 
260, 500, 190 


Store B: 350, 190, 230, 250, 400, 200, 200, 
220, 185, 150 


a. Find the mean, median, and mode(s) of 
each data set. Which measure of central 
tendency best represents each data set? 
Explain your reasoning. 


b. Find the range and mean absolute 
deviation of each data set. Which store's 
prices are more spread out? Explain. 


c. Can any of the prices of the portable DVD 
players be considered outliers? Explain 
your reasoning. 
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6. SHORT RESPONSE 
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5. OPEN-ENDED A clothing store sells several 
different styles of jeans. The mean price of the 
jeans is $27. The median price of the jeans is 
$27.50. The mode of the prices is $20. Make a 
list of prices of jeans that has these measures 
of central tendency. 


The back-to-back stem- 
and-leaf plot below shows 
the lengths (in meters) 

of the eight best men’s 
and women’s final long 
jump results from the 
2004 Olympics. Compare 
the lengths of the jumps 
by men with those 

by women. 


Lengths (in meters) of Long Jump 


Men Women 
6|7 8 8 9 
7,000 1 


6 5 332 2 2 058 
Key: 0| 7/1 = 7.0 m, 7.1 m 


7. SHORT RESPONSE The stem-and-leaf plot 
shows the number of games lost by 15 NCAA 
football coaches with the greatest career 
winning percentages after at least 10 years 
of coaching. 


AUN mS 
O Q = a 


Key: 2|1 = 21 games 


a. Make a box-and-whisker plot of the data. 


b. Tom Osborne had a winning percentage 
of 83.6% over his career and lost 
49 games. Can the number of games lost 
by Tom Osborne be considered an outlier? 
Explain your reasoning. 


CHAPTER SUMMARY 


- BIG IDEAS For Your Notebook 


FS 


Big (deo Ө | Finding Probabilities of Simple апа Compound Events 


To find P(A) when... 
all outcomes are equally likely, use you perform an experiment, use 
P(A) = Number of favorable outcomes P(A) = Number of successes 


Number of possible outcomes Number of trials 


To find P(A or B) when... ...use this formula 


events A and B have no common P(A or В) = P(A) + P(B) 
outcomes 


events A and B have at least one P(A or В) = P(A) + P(B) — P(A and B) 
common outcome 


To find P(A and B) when... ...use this formula 


events A and B are independent P(A and B) = P(A) - P(B) 


events A and B are dependent P(A and B) = P(A) - P(B given A) 


Big : Analyzing Sets of Data 


> You can find values that represent a typical data value using the following 
> measures of central tendency: 


mean, median, and mode 


; Youcan find values that describe the spread of data using the following 
> measures of dispersion: 


range, mean absolute deviation, and interquartile range 


Big : Making and Interpreting Data Displays 
: Usean appropriate display to show the distribution of a set of numerical data. 
A stem-and-leaf plot organizes Stem | Leaves 
data based on their digits. 110112 3 
2.00 0 2 
A histogram shows the Key: 110 = 10 


frequency of data on 
intervals of equal size, 
with no gaps or overlaps. 


A box-and-whisker plot organizes гт EE 


data into four groups of approximately +. Ll 
equal size. 
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CHAPTER REVIEW @HomeTitor 
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• Multi-Language Glossary 
REVIEW KEY VOCABULARY — 
* outcome, event, p. 843 * overlapping events, p. 861 * measure of dispersion, p. 876 
* sample space, p. 843 * independent events, p. 862 e range, p. 876 
* probability of an event, p. 843 * dependent events, p. 862 • mean absolute deviation, p. 876 
* theoretical, experimental * survey, p. 871 • stem-and-leaf plot, p. 887 
probability, p. 844 * population, p. 871 * frequency, frequency table, p. 882 
e odds in favor, odds against, р. 845 , sample: random, stratified * histogram, p. 882 


* permutation, p. 851 random, systematic, convenience, 


self-selected, p. 871 * box-and-whisker plot, p. 887 


* lower quartile, upper quartile, 
p. 887 


• interquartile range, p. 888 


• n factorial, p. 852 


* combination, p. 856 * biased sample, p. 872 


• compound event, p. 861 * biased question, p. 872 


• mean, median, mode, p. 875 


• mutually exclusive events, p. 861 • outlier, p. 889 


VOCABULARY EXERCISES 

Copy and complete the statement. 
1. An event that combines two or more events is a(n) ? . 
2. A possible result of an experiment is a(n) ?. 


3. WRITING Compare theoretical probability and experimental probability. 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding of the 
concepts you have learned in each lesson of Chapter 13. 


Find Probabilities and Odds pp. 843-848 


A bag contains 15 red checkers and 15 black checkers. You choose a checker 
. at random. Find the probability that you choose a black checker. 


EXERCISES 
: EXAMPLE 2 4. CHECKERS In the example above, suppose an extra red checker is added 
:onp.844 to the bag. Find the probability of randomly choosing a black checker. 


: for Exs. 4—5 5. BAG OF LETTERS A bag contains tiles. Each tile has one letter from 


the word HAPPINESS on it. You choose a tile at random. What is the 
probability that you choose a tile with the letter S? 
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Find Probabilities Using Permutations pp. 851-855 


You need to enter a 4 digit code in order to enter the building where you 
work. The digits are 4 different numbers from 1 to 5. You forgot the code 
and try to guess it. Find the probability that you guess correctly. 


STEP? Write the number of possible outcomes as the number of 
permutations of 4 out of the 5 possible digits. This is ¿P,. 
p= 5! 5t 


= o e ———H = e e e e = 
5471-4 1 51= 5.4.32 • 1 = 120 


STEP 2 Find the probability. Because only one of the permutations is the 


correct code, the probability that you guess the correct code is з= 


120 
EXERCISES 
: EXAMPLE2 | Evaluate the expression. 
on p. 852 
: for Exs. 6-10 8. ¿a 7. 6Р2 8. ¿Ps 9. 13P10 


10. MUSIC You downloaded 6 songs. You randomly choose 4 of these songs to 
play. Find the probability that you play the first 4 songs you downloaded 
in the order in which you downloaded them. 


Í EE] Find Probabilities Using Combinations pp. 856-859 | 


For your government class, you must choose 3 states in the United States to 
research. You may choose your states from the 6 New England states. How 
many combinations of states are possible? 


The order in which you choose the states is not important. So, to find the 
number of combinations of 6 states taken 3 at a time, find „С... 


! 
6Сз = [X RE Combinations formula 


_ 6.5.4.31 Expand factorials. 
A-(3-2+1) Divide out common factor, 3!. 


— 20 Simplify. 
EXERCISES 
: EXAMPLE2 | Evaluate the expression. 
: on p. 857 
: for Exs. 11-15 11. "0^ 12. ¿Co 13. вС5 14. 13610 


15. TICKETS You win 5 tickets to a concert. In how many ways can you 
choose 4 friends out of a group of 9 to take with you to the concert? 
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CHAPTER REVIEW 


ý EY | Find Probabilities of Compound Events pp. 861-867 | 


The sections of the spinner shown all have the same area. 
You spin the spinner. Find the probability that the spinner 
stops on red or on an even number. 


Because 24 is an even number on a red section, stopping on 
red and stopping on an even number are overlapping events. 


P(red or even) = P(red) + P(even) — P(red and even) 


82818 1 
8 8 8 
= 2 
8 
EXERCISES 
: EXAMPLES You spin the spinner shown above. Find the specified probability. 
: Тапа 2 | 
: on pp. 861-862 16. P(green or odd) 17. P(blue or prime number) 
: for Exs. 16-19 18. P(blue or even) 19. P(red or multiple of 3) 
EXAMPLE) 
A bag contains 5 red marbles, 3 blue marbles, 6 white marbles, and 2 green 
marbles. You choose one marble at random, put the marble aside, then 
choose a second marble at random. What is the probability that both 
marbles are blue? 
Because you do not replace the first marble, the events are dependent. Before 
you choose a marble, there are 16 marbles, and 3 of them are blue. After you 
choose a blue marble, there are 2 blue marbles among 15 marbles left. 
P(blue and then blue) = P(blue) • P(blue given blue) 
3 2 
16 15 
= Hec 
240 
жазы. 
40 
EXERCISES 
: EXAMPLES You randomly choose 2 marbles from the bag described in the example 
:3and4 — above. Find the probability that both are green if: 
: - io NUM 20. you replace the first marble. 21. you don't replace the first marble. 
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Analyze Surveys and Samples pp. 871-874 


You want to determine what type of music is the favorite of students in your 
grade. You survey every third student from an alphabetical list of students 
in your grade. You ask each surveyed student, “What is your favorite type of 
music, classical or country?” 


Identify the population and classify the sampling method. Tell whether 
the question is potentially biased. Explain your answer. If the question is 
potentially biased, rewrite it so that it is not. 


The population is all students in your grade. Because you use the rule “survey 
every third student,” the sample is a systematic sample. 


The question is biased, because it does not allow students to choose a type of 
music other than classical or country. An unbiased question is “What is your 
favorite type of music?” 


EXERCISES 
: EXAMPLE 1 22. SURVEY In the example above, suppose you create a questionaire and 
: опр. 871 distribute one to every student in your grade. There is a box in the 
: for Ex. 22 cafeteria where students can drop off completed questionaires during 


lunch. Identify the sampling method. 


Use Measures of Central Tendency and Dispersion pp. 875-878 | 


The amounts of snowfall (in inches) in one town for 8 months of the year 
are listed below. Find the mean, median, and mode(s) of the data. Which 
measure of central tendency best represents the data? 


0.5, 0.5, 1.5, 2.0, 3.5, 4.5, 16.5, 30.5 


X= AA Ар + зэ! 1192 1392 = 59.5 — 7.4375 inches 


The median is the mean of the two middle values, 2.0 and 3.5, or 2.75 inches. 
The mode is 0.5 inch. 


The median best represents the data. The mean is greater then most of the 
data values. The mode is less than most of the data values. 


EXERCISES 
: EXAMPLES 23. BASEBALL STATISTICS The numbers of home runs hit by baseball player 
: Tand 2 Manny Ramirez against several different opposing teams over 
: оп pp. 875-876 3 seasons are 5, 1, 10, 5, 5, 4, 1, 0, 7, 2, 1, 1, 1, 9, 6, 1, 2, 6, 2, 19, 6, and 17. 


: for Ex. 23 a. Find the mean, median, and mode(s) of the data. 


b. Which measure of central tendency best represents the data? Explain. 
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ý 3.7 Interpret Stem-and-Leaf Plots and Histograms pp. 881-885 | 


The prices (in dollars) of several books аге listed below. Make a stem-and- 
leaf plot of the prices. 


14, 15, 9, 19, 21, 29, 12, 25, 10, 8, 15, 13, 15, 20 


STEP? Separate the data into STEP 2 Write the leaves in 
stems and leaves increasing order. 
Book Prices Book Prices 
Stem | Leaves Stem | Leaves 
0/9 8 0.8 9 
11459260535 102345559 
2|1 9 О 5 2|0 1 5 9 
Key: 1| 4 = $14 Key: 1 |4 = $14 
EXERCISES 
: EXAMPLE1 | 24. EXERCISING The minutes per day that the students in a class spend 
: on p. 881 exercising are listed below. Make a stem-and-leaf plot of the data. 


аы 20, 25, 0, 10, 0, 30, 35, 20, 45, 25, 40, 0, 0, O, 5, 10, 20, 15, 20, 30 


Í 3.8 Interpret Box-and-Whisker Plots pp. 887-892 | 


Make a box-and-whisker plot of the book prices in the example above. 


Order the data. Then find the median and quartiles. 
Upper quartile Median = 15 Lower quartile 
8 9 10 12 15 14 15 15 15 19 20 21 25 29 


Plot the median, the quartiles, the maximum value, and the minimum value 
below a number line. Draw the box and the whiskers. 


: EXAMPLE 1 | EXERCISES 


: on p. 887 25. EXERCISING Use the data in Exercise 24 to make a box-and-whisker plot 
: for Ex. 25 of the minutes per day that the students in the class spend exercising. 
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CHAPTER TEST 


You roll a number cube. Find (a) the probability that the number rolled is 
as described and (b) the odds in favor of rolling such a number. 


1. a4 2. an even number 


3. anumber less than 5 4. amultiple of 3 


Evaluate the expression. 


5. „Р, 6. „Р, nu 


673 * 12 


Tell whether the question can be answered using combinations or 
permutations. Explain your choice, then answer the question. 


9. Eight swimmers participate in a race. In how many ways can the 
swimmers finish in first, second, and third place? 


10. A restaurant offers 7 different side dishes. In how many different ways 
can you choose 2 side dishes? 


In Exercises 11 and 12, refer to a bag containing 12 tiles numbered 1-12. 


11. You choose a tile at random. What is the probability that you choose a 
number less than 10 or an odd number. 


12. You choose a tile at random, replace it, and choose a second tile at 
random. What is the probability that you choose a number greater than 
3, then an odd number. 


13. GOVERNMENT PROJECT City officials want to know whether residents 
will support construction of a new library. This question appears on the 
ballot in the citywide election: “Do you support a tax increase to replace 
the old, deteriorating library with a brand new one?”Is the question 
potentially biased? Explain your answer. If the question is potentially 
biased, rewrite it so that it is not. 


14. BASKETBALL The back-to-back stem-and-leaf plot shows the heights 
(in inches) of the players on a high school's basketball teams. 


Basketball Players' Heights 
Girls Boys 
9 7 7 6 6 53 3.699 9 
3 2 11 07/0 002 4 4 6677 7 8 
Key: 3 | 6 |9 = 63 in., 69 in. 


a. Find the mean, median, and mode(s) of each data set. Which 
measure of central tendency best represents each data set? Explain. 


b. Find the range and mean absolute deviation of each data set. Which 
team’s heights are more spread out? Explain. 


c. Make a box-and-whisker plot of each data set. 


d. Compare the boys’ heights with the girls’ heights. 
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Scoring Rubric SHORT RESPONSE QUESTIONS 
Full Credit | | 
* solution is complete PROBLEM 

and correct - 


Partial Credit The lengths (in inches) of several goldfish are listed below. Make a 


• solution is complete 
but has errors, 
Or 

• solution is without 
error but incomplete 


box-and-whisker plot of the lengths. Can any of the goldfish lengths be 
considered outliers? Explain why or why not. 


8, 5, 4, 5, 4, 5, 4,3, 4, 8 


No Credit 

` or solution ls given, Below are sample solutions to the problem. Read each solution and the 

„ solution makes no comments on the left to see why the sample represents full credit, partial 
sense credit, or no credit. 


902 


SAMPLE T: Full credit solution 


First, order the lengths from least to greatest. 

3, 4, 4, 4, 4, 5, 5, 5, 8, 8 
Then, plot the median, the quartiles, the maximum value, and the 
minimum value below a number line. Draw the box and whiskers. 


——— > 
The box-and-whisker 


plot is correct, and the 
student explained how it 


was drawn. 3 4455 8 


The interquartile range of the goldfish lengths is 5 — 4 = 1, and 1.5 times 
the interquartile range is 1.5 • 1 = 1.5. 


——— 9 » А length that is less than 4 — 1.5 = 2.5 would be an outlier. A length that is 
The question is answered | greater than 5 + 1.5 = 6.5 would also an outlier. So, the two fish lengths of 
correctly and includes an 8 inches are outliers. 


explanation. 
SAMPLE 2: Partial credit solution 

кененин A E ——m3————BÉÀ————————— —- 
The box-and-whisker plot 1 2.3 4-5 6 7 8 89 
is incorrect. The student 
has not identified the — o 
median. 

3 4 5 8 


СЕЎ » The interquartile range of the lengths is 5 — 4 = 1, апа 1 • 1.5 = 1.5. 
The answer апа | | | : 
reasoning are correct. A length that is less than 4 — 1.5 = 2.5 is an outlier. A length that is 


greater than 5 + 1.5 = 6.5 is an outlier. So, the two fish lengths of 8 inches 
are outliers. 
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SAMPLE 3: Partial credit solution 


ed > - —— AAA AA — 
The box-and-whisker plot War E VOR 5-6 7-86 9 
is correct. EX 

3 4455 8 


ЕЕ » The interquartile range of the goldfish lengths is 5 — 4 = 1. 
The answer is correct, | E | | 
but the reasoning is A length that is less than 4 — 1 = 3 is an outlier. A length that is greater 


incorrect. than 5 + 1 = 615 an outlier. So, the two fish lengths of 8 inches are outliers. 


SAMPLE 4: No credit solution 


рр » The value 3 is an outlier because it is a very small goldfish. 
There is no box-and- 


whisker plot. The answer 
is incorrect. 


PRACTICE Apply the Scoring Rubric 


Score the solution to the problem below as full credit, partial credit, or no 
credit. Explain your reasoning. 


PROBLEM The number of runs scored by 13 players on a baseball team 
are listed below. Make a box-and-whisker plot of the data. Can any of the 
values be considered outliers? Explain why or why not. 


24, 20, 20, 11, 17, 6, 16, 16, 6, 5, 1, 5, 4 


1 5 11 18.5 24 


1 5 11 18.5 24 


The interquartile range ie 15.5, and 1.5 • 15.5 = 20.25. No values are less 
than 5 — 20.25 = —15.25 or greater than 18.5 + 20.25 = 38.75. So, 
there are no outliers. 
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SHORT RESPONSE 


1. Your English teacher gives you a list of 
5 books that you are required to read over 
summer vacation. You read the books in a 
random order. 


a. In how many different ways can you read 
the 5 books? 


b. What is the probability that you read the 
longest book first or second? Explain how 
you found this probability. 


2. The median ages (in years) of residents of 
13 towns in a county are listed below. 


39, 35, 34, 40, 33, 30, 37, 
27, 38, 29, 33, 21, 35 
a. Make a box-and-whisker plot of the ages. 
b. Can any of the ages be considered outliers? 
Explain why or why not. 


3. The lengths (in seconds) of songs on one CD 
are listed below. 


136, 249, 434, 136, 299, 
221, 270, 270, 46, 254 


a. Find the mean, median, and mode(s) of 
the song lengths. 
b. Which measure of central tendency best 
represents the data? Explain. 
4. You are ordering a pizza with 3 toppings. 
There are 8 toppings available. 


a. How many possible pizzas with 
3 toppings can you order? 

b. Did you answer the question in part (a) 
using combinations or permutations? 
Explain your choice. 


5. The prices (in dollars) of several mobile 
phones sold by one retailer are listed below. 


350, 395, 429, 300, 569, 200, 500, 10, 
234, 245, 440, 50, 800, 390, 440, 338 


a. Make a box-and-whisker plot of the mobile 
phone prices. 


b. Which prices, if any, can be considered 
outliers? Explain. 
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6. You want to find out what kinds of food items 
would be most popular to sell to people who 
attend basketball games at your high school. 
You decide to conduct a survey. 


a. Describe how you could choose a 
representative sample. 


b. Write an unbiased question that you could 
use to collect information on what kinds 
of food items people would be most likely 
to purchase during a basketball game. 
Explain why your question is unbiased. 


7. The student council has ordered T-shirts 
for everyone who participated in a recent 
fundraiser. The table below shows the 
number of each type of T-shirt ordered. You 
reach into the box of T-shirts and choose one 
at random. 


Long sleeve 


Short sleeve 


A 


a. What is the probability that you choose a 
medium long-sleeve T-shirt? 


b. What is the probability that you choose a 
medium T-shirt or a long-sleeve T-shirt? 
Explain how this probability is related to 
the probability you found in part (a). 


8. The back-to-back stem-and-leaf plot shows 
the prices (in dollars) of 15 dinners at two 
competing restaurants. Compare the prices 
at the two restaurants. 


Dinner Prices 
Restaurant A Restaurant B 
9998/0 


7 7552210102235668 
100121244 5 55 


Key: 012 | 1= $20, $21 


(>) STATE TEST PRACTICE 
AL dasszone.com 


MULTIPLE CHOICE GRIDDED ANSWER 


9. The odds in favor of an event are 3 : 4. What 12. Whatis the value of ¿Pol 
is the probability of the event? 


qo i 
(С) 75% D) 


10. A bag contains 4 red marbles, 3 green 
marbles, and 5 blue marbles. You randomly 
choose a marble from the bag. What is the 
probability that you choose a blue marble? 


13. In how many ways can you arrange the 
letters in the word BEACH? 


14. What is the range of the given data set? 
32, 41, 29, 28, 40, 78, 56, 23, 61, 30 


AI NIW 


15. The stem-and-leaf plot shows the ages 
(in years) of members of one family. What is 
the median age (in years)? 


d } 5 0|8 9 
5 5 104 6 7 
11. You roll a number cube. What is the 3|9 
probability that you roll a multiple of 2 or a 4/2 3 3 4 5 
multiple of 3? 5 
1 1 
QD с E 618 9 
2 3 Key: 018 = 8 years 
© 3 OF- y 
EXTENDED RESPONSE 


16. A survey asked 500 teenagers where they would like to live. Of those 
surveyed, 150 teenagers would like to live in a large city. A participant in 
this survey is chosen at random. 


a. What is the probability that the participant would like to live in a 
large city? 
b. What are the odds in favor of the participant’s wanting to live in a 
large city? 
c. Explain how the probability in part (a) and odds in part (b) are related. 
17. The histogram shows the diameters (in kilometers) of 
Jupiter’s ten largest moons. 


a. Describe the distribution of the data in the histogram. 
In your description, mention whether the data appear 
to be spread out or clumped in a certain way. 


O) 


= 


> 
[t 
= 
Ф 
= 
Е" 
[^] 
pud 
ш 


b. The diameters (in kilometers) of Saturn's ten largest 
moons are listed below. 


97, 209, 256, 536, 560, 764, 2575, 180, 718, 110 


Make a histogram of the diameters. 1- 1376- 2751- 426- 
1375 2150 4125 5500 


c. Compare the distribution of diameters of Jupiter’s Diameter (km) 
moons with the distribution of diameters of Saturn’s 
moons. 


NO 


e 
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CUMULATIVE REVIEW 


Evaluate the expression. 


1. 22-3 — 16 + 4 (р. 8) 2. |-125| — 34 (p. 80) з. +V2025 (p. 110) 
Solve the equation. 

4. 7 — 2x = 13 (р. 141) 5. —8x + 15 + 5x = 9 (p.148) 6. 5(2x + 3) = 4x (p. 154) 
Graph the equation. 

7. х= 7 (p.215) 8. у= 2х +3 (p.244) 9. 4y — 2x = 1 (p.244) 


Write an equation in slope-intercept form of the line with the given 
characteristics. 


10. passes through (—2, —8) 11. slope: —8; 
апа (3, —5.5) (р. 292) passes through (1, —5) (р. 292) 
Solve the inequality. Graph your solution. 


12. 4x — 6€ 8x — 2 (p. 369) 13. —2 <x —6«18 (p. 380) 14. 2x «60r4x > 8 (p. 380) 


Solve the linear system. 


15. х= 4y + 3 (p.435) 16. 3x — 7y — 20 (p. 451) 17. —9х + бу = 0 (p. 451) 
2х – 4у = 7 —11х + 10у = 5 —12х + 8y = 5 


Simplify the expression. Write your answer using only positive exponents. 


—3 

18. (253) - x? (р. 489) 19. (-9х3)2 - La (p. 489) 20. = y (p. 503) 
y 

Factor the polynomial. 

21. а? — 15a — 54 (p. 583) 22. —3b* — 22b — 7 (p. 593) 

23. Af? + Afg + g? (p. 600) 24. p*(p —5) + 9(5 — p) (p. 606) 

Solve the equation. 

25. (x + 7)(x — 3) = 0 (p. 575) 26. 9x^ — 28x + 3 = 0 (p. 652) 

27. 8x° + 7 = 36x — 9 (р. 663) 28. Vx + 8 + 10 = 2 (p. 729) 

Find the distance between the two points. (p. 744) 

29. (5, 2), (7, 14) 30. (—8, 6), (5, 0) 31. (2.5, 7), (2.5, —H) 

Find the sum, difference, product, or quotient. 

x-2. x*5 x? — 16x .,, 16 ‚7 
32. 1775 * 38 (р. 802) 33. pore (x —4) (р. 802) 34. T£. (p. 802) 
2x х — 8 1 4x 9 «a 
35. ¿2 + == (p.812) 36. +35 (р. 812) 37. 3733 P812 
Evaluate the expression. 
8. Р, (p. 851) 39. „Р, (p.851) 40. „С, (р. 856) 41. oC; (p. 856) 
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42. You roll a number cube. What is the probability that you roll a 5? (р. 843) 


43. You roll a number cube. What is the probability that you roll a 2 or an 


even number? (p. 861) 


44. You choose a number from 1 to 20 at random. What is the probability 


that you choose a prime number? (p. 843) 


45. You choose a number from 1 to 20 at random. What is the probability 


that you choose a multiple of 6? (p. 843) 


46. A bag contains 2 red marbles, 4 green marbles, and 4 blue marbles. 


You choose one marble at random, put the marble back into the bag, 
then choose a second marble at random. What is the probability that 
you choose 2 red marbles? (p. 861) 


47. MARATHON Two runners are training for a marathon. When running 


a practice distance of 26.2 miles, one runner begins running 6 minutes 
after the other. The speed of the first runner is 11.4 miles per hour. The 
speed of the second runner is 12 miles per hour. After how many minutes 
does the second runner pass the first runner? (р. 435) 


48. STONE ARCH The shape of a stone arch can be modeled by the graph of 


49. GUY WIRE A guy wire supports an antenna tower, as 


the equation y = —0.5x* + 4x + 4 where x is the horizontal distance 
(in feet) from one end of the arch and y is its height (in feet) above the 
ground. What is the maximum height of the arch? Explain how you 
found your answer. (p. 628) 


shown at the right. The bottom of the wire is secured in 
the ground 30 feet from the base of the tower. The top of 
the wire is secured to the tower at a height of 30 feet above 
the ground. How long is the wire? Round your answer to 
the nearest tenth of a foot. (p. 737) 


/ 
50. HEATING RATES An electric heater takes 8 minutes 30 ft— 
to heat an entire apartment to the desired temperature. A wood stove 
and an electric heater together take 6 minutes to heat the apartment. 
How many minutes does it take the wood stove alone to heat the 
apartment to the desired temperature? (p. 820) 


guy wire 


Му 


МУУ _ 
sss 


51. FLIGHTS You are traveling from Boston, Massachusetts, to Richmond, 


Virginia. The prices (in dollars) of airline tickets for different flights 
between the cities are listed below. 


176, 191, 195, 197, 197, 204, 204, 204, 204, 
204, 206, 206, 206, 206, 206, 217, 217, 221 


a. What is the range of the prices? (p. 875) 
b. Make a stem-and-leaf plot of the prices. (p. 881) 
c. Make a box-and-whisker plot of the prices. (p. 887) 


d. Can any of these prices be considered outliers? Explain why or 
why not. (p. 887) 
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Skills Review Handbook 


Comparing and Ordering Decimals 


A number line is a line whose points are associated with numbers. You can 
use a number line to compare and order decimals. From left to right, the 
numbers on a number line appear in order from least to greatest. 


Copy and complete the statement using <, >, or =. 


a. 9.67 * 9.59 b. 0.08. *. 0.12 


9.59 9.67 0.08 0.12 
LA ASA AAA AAA > ALA AA AAA HOO 
9.6 9.7 0 0.1 


3008NVH M3IA3H STIAS 


9.67 is to the right of 9.59, 0.08 is to the left of 0.12, 
so 9.67 is greater than 9.59. so 0.08 is less than 0.12. 


» 9.67 > 9.59 » 0.08 « 0.12 


_— 


Г EXAMPLE | Order the numbers 0.4, 0.56, 0.48, and 0.515 from least to greatest. 


Graph all the numbers on a number line. 


0.4 0.48 0.515 0.56 


0.4 0.5 0.6 


Write the numbers as they appear on the number line from left to right. 


* The numbers in order from least to greatest are 0.4, 0.48, 0.515, and 0.56. 


A —  — 
' PRACTICE 


Copy and complete the statement using <, >, or =. 


1. 1.48. * 1.413 2. 0.809. * 0.81 3. 5.47 * 5.43 
4. 0.01. * 0.005 5. 35.2, + 35 6. 6.24. * 6.2 
7. 1.674. 1.678 8. 20.05 * 20.3 9. 9.018. * 9.017 


Order the numbers from least to greatest. 


10. 2.5, 2.3, 2.45, 2.38 11, 7.01, 7.13, 7.3, 7.03 12. 10.19, 10.2, 10, 10.4 
13. 0.3, 0.47, 0.9, 0.15 14. 1.3, 1.05, 1.11, 1.0 15. 12.6, 10.9, 11, 11.9 
16. 6.1, 6.89, 7.25, 7 I7. 3.1, 3,3, 0.3, 1.33 18. 5.46, 5.4, 5.64, 5.6 
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Factors and Multiples 


A prime number is a whole number that is greater than 1 and has exactly two 
whole number factors, 1 and itself. A composite number is a whole number 
that is greater than 1 and has more than two whole number factors. The table 
below shows that the first five prime numbers are 2, 3, 5, 7, and 11. 


actors) | Primer compose? 
Nether 
CC me 
з т® 


аха 12,36 


рои [= 
Ов [зга [мада | трае _ 
Оз [resa [rss | compose 


When you write a composite number as a product of prime numbers, you are 
writing its prime factorization. You can use a factor tree to write the prime 
factorization of a number. 


EXAMPLE Write the prime factorization of 120. 


Write 120 at the top of your factor tree. Draw two branches and write 120 as 
the product of two factors. Continue to draw branches until all the factors are 
prime numbers (shown in red). Here are two possible factor trees for 120. 


Start with 120 = 2 + 60. Start with 120 = 10 + 12. 
120 120 
YN 
2 +. 60 10 -* 12 
AO "м “Мм 
2 +. 30 2. 53 +. 4 
ZOO YN 
2 * 15 © 2 
YN 
3 5 


Both factor trees show that 120 = 2 • 2 • 2 •3 • 5, or 120 = 23 • 3 • 5. 
> The prime factorization of 120 is 2? • 3 + 5. 


910 Student Resources 


For two or тоге nonzero whole numbers, a common factor is a whole number that is 
a factor of each number. The greatest common factor (GCF) of two or more nonzero 
whole numbers is the greatest of their common factors. 


| 


EXAMPLE Find the greatest common factor of 30 and 42. 


Write the prime factorization of each number. The greatest common factor is 
the product of the common prime factors. 


30=2+3+5 and 42=2+3+*7 


The common prime factors are 2 and 3. The GCF is the product 2 * 3 = 6. 


» The greatest common factor of 30 and 42 is 6. 


A multiple of a whole number is the product of the number and any nonzero whole 
number. A common multiple of two or more whole numbers is a multiple of each 
number. The least common multiple (LCM) of two or more whole numbers is the 
least of their common multiples. 


(EXAMPLE) Find the least common multiple of 10 and 15. 


Write the prime factorization of each number. The least common multiple is 
the product of the factors, using each common prime factor only once. 


10=2+5 and 15=3+5 


The common prime factor is 5. The LCM is the product 2 * 3 * 5 — 30. 


» The least common multiple of 10 and 15 is 30. 
=н 
' PRACTICE 


Write the prime factorization of the number if it is not a prime number. Ifthe 
number is prime, write prime. 


1. 28 2. 16 3. 11 4. 100 
5. 8l 6. 49 7. 60 8. 53 
9. 180 10. 19 11. 51 12. 72 


Find the greatest common factor of the pair of numbers. 


13. 4,8 14. 5,6 15. 60, 18 16. 2,10 
17. 36, 27 18. 15, 21 19. 12, 16 20. 24, 108 
21. 48, 88 22. 8,12 23. 20,28 24. 3,5 


Find the least common multiple of the pair of numbers. 


25. 6,9 26. 3,8 27. 5,45 28. 16, 20 
29. 10, 65 30. 12,15 31. 9,30 32. 8,9 
33. 2,14 34. 28, 32 35. 7, 49 36. 4,6 
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Finding Equivalent Fractions and 
Simplifying Fractions 


A fraction is a number of the form 2 where a is the numerator and bis the 


b 


denominator. The value of Р cannot be 0. 


The number lines show the graphs of two fractions, 5 and E. 


These fractions represent the same number. Two fractions that 
represent the same number are called equivalent fractions. 


SKILLS REVIEW HANDBOOK 


To write equivalent fractions, you can multiply or divide the numerator 
and the denominator by the same nonzero number. 


Multiply the numerator and Divide the numerator and 
denominator by 3. denominator by 2. 

6 6x3. 18 | à; 6 6-2 3 

8 би M Equivalent fraction „на d 


A fraction is in simplest form when its numerator and its denominator have no 


common factors besides 1. 


Write the fraction T in simplest form. 


Equivalent fraction 


Divide the numerator and denominator by 5, the greatest common factor of 


10 and 15. 


===“ .Simplest form 


A ——— 
PRACTICE 
Write two fractions that are equivalent to the given fraction. 
9 4 
1. 


12 2. 6 3. 2 4. 


Write the fraction in simplest form. 


16 3 30 

6. 24 T. 12 8. 48 9, 
4 64 35 

11. 16 12. 72 13. 100 14. 
15 12 15 

16. 20 17. 28 18. 39 19. 
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Mixed Numbers and Improper Fractions 


A mixed number is the sum of a whole number and a fraction. An 
improper fraction is a fraction with a numerator that is greater than 
or equal to the denominator. 


The shaded part of the model at the right represents the mixed 
number 27 and the improper fraction 7 o О a 


Write 57 as an improper fraction. 


Definition of mixed number 


1 whole = > so 5 wholes = 5, 


Add. 


Write 17 аѕ а тіхеа питрег. 


5)17 Divide the numerator by the denominator: 17 + 5. 
15 The quotient is 3 and the remainder is 2. 
2 


remainder 


4 17 _ 32 Write the remainder as a fraction, == è 
5 divisor 


^ PRACTICE 


Write the mixed number as an improper fraction. 


1. 12 2. 34 3. 10 4, 23 
6. 91 7.15 8. 2 9. 62 
11. 81 12. 62 13. 72 14. 22 
Write the improper fraction as a mixed number. 
16. > 17. = 18. 2 19. 25 
21. 1 22, E 23. = 24. © 
26. 3. 27. E 28. 22 29. E 


10. pp 


ZU. — 


30. = 
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The least common denominator (LCD) of two fractions is the least common 
multiple of the denominators. To add or subtract two fractions with different 
denominators, use the LCD of the fractions to write equivalent fractions that 


Add or subtract: 


Simplify. 


have the same denominator. 


To add or subtract two fractions with the same 
denominator, write the sum or difference of the 
numerators over the denominator. 


1.3 
а. 1g * 10 


Add numerators. 


Adding and Subtracting Fractions 


Sum and Difference Rules (c + 0) 


The LCD of the fractions is 12, so write 18843715 


1 Р 2 = 5 T B Write equivalent fractions. 
=+5 Add. 
= E Write as a mixed number. 
Add or subtract. 
LL 21.2 is 
6.245 т. 1—5 8. 57 = 
12-3 12. +- 13. L- + 
16. 2-2 17. Ž -t 18. 2. +2 
21. 22 n al 22 22 S o 23. 12 + 3i 
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1,,1X3..3 45 
16 


24. 


5x2 _ 10 


6x2 12 


20. 


25. 


Multiplying and Dividing Fractions 


To multiply two fractions, write the product of the numerators 
over the product of the denominators. 


Two nonzero numbers whose product is 1 are reciprocals. For example, 6 and 


1 
6 


Use product rule. 


Multiply: 2 x 


Simplify. 


— are reciprocals because 6 X 


l- 
6 


To divide by a fraction, multiply by its reciprocal. 


Product Rule (b, d + 0) 


1. Every number except 0 has a reciprocal. 


Quotient Rule (b, c, d = 0) 


' PRACTICE 


Multiply or divide. 


16. 


21. 


nui .5 = = 
Divide: 7 : 


Use quotient rule. 


Use product rule. 


17. 


22, 


3 
4 


The reciprocal of > is $ because 


X X X 


OM бол œl ole 
N 
O 


4 - 


1.1 
3 73 
5.1 
oa 
2.4 
13. 2 = 
18. 18 х 1 
3 


1, so multiply > by 5 


P 
Dole IN 


X 


19. — 


24. 


| oN 


zr 
X 
W | 


5. +É 
10. +з 
15. 1 = T 
20. 24 + a 
25. 25+ 12 
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Fractions, Decimals, and Percents 


T EXAMPLE ) Write the decimal as a fraction: а. 0.7 b. 0.32 


xX 
- A percent is a fraction whose denominator is 100. The symbol _ шшш 
2 for percent is %. In the model at the right, there are 100 squares OOo ||| | | 
z in all, and 49 of the 100 squares are shaded. You can write the |. | | | || 
=A shaded part of the model as a fraction, a decimal, or a percent. 
x Fraction: forty-nine out of one hundred, or M 
= Decimal: forty-nine hundredths, or 0.49 
ES 
Y Percent: forty-nine percent, or 49% 
- 
X 
Y 
Write the fraction as a decimal: a. i b. 2. 
а. 0.125 0.41666... 


81.000 Divide. b. 12)5.00000. . . Divide. 
1 _ о _ = 6 
b а= 0.125 Ь 19 0.41666... = 0.416 


| a. 0.7 = seven tenths b. 0.32 = thirty-two hundredths 
a di — 32 
1 100 
Ej 
5 


To write a percent as a decimal, move the decimal point two places to the left 


and remove the percent sign. 


Write the percent as a decimal: a. 16% b. 5% 
a. 16% =,16% b. 5% = 99) 
= 0.16 = 0.05 


To write a decimal as a percent, move the decimal point two places to the 


right and write a percent sign. 


m 


Write the decimal as a percent: a. 0.83 


b. 0.195 


a. 0.83 = 0,83 b. 0.195 = 0,195 
UA UA 
= 83% = 19.5% 
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Write the percent as a fraction: a. 98% b. 5% 


Definition of percent b. 5% = 25 Definition of percent 
Simplify. = 5 Simplify. 


To write a fraction as a percent, you may be able to rewrite the fraction using 
a denominator of 100. If the denominator of the fraction is not a factor of 100, 
you can first write the fraction as a decimal and then as a percent. 


— o — ee 
EXAMPLE Write the fraction as a percent: a. = b. 2 
а. 2 = ze Write as a fraction b. 2 = 0.625 Write as a decimal 
^5  5(20) with denominator 100. E o e 
40 = 62.5% Write as a percent. 
00 40% Write as a percent. 


The table below gives commonly used fractions, decimals, and percents 
written in increasing order. 


= 0.0625 = 6.25% 0.1 = 10% = 0.125 = 12.5% 


— 
9|- 

© 

|| 

—À 
al- 

— 
ol- 

|| 
| | 

| 


© 
N 
I 
N 
S 
e 


0.25 = 25% 33.3% 0.375 = 37.5% 


ui 
[ 
e 
w| 
{ 


1_ 
5 
2 _ 


| 
O 
I 
[ 
I 
Q 
= 
© 
л 
[ 
Ul 
S 
= 


0.6 = 60% 0.625 = 62.5% 


ю|ә вә 
| [ 


ul 
oo|u1 
| 


= 0.6 ~ 66.7% = 0.75 = 75% = 0.8 = 80% = 0.875 = 87.5% 


со [м 


| 

IU 

Ñ 
ll 


=н 
' PRACTICE 


Write the percent as a decimal and as a fraction. 
1. 70% 2. 12% 3. 3% 4. 55% 5. 35% 
6. 9% 7. 110% 8. 225% 9. 0.3% 10. 0.5% 


Write the decimal as a fraction and as a percent. 
11. 0.28 12. 0.13 13. 0.05 14. 0.36 15. 0.52 
16. 0.004 17. 0.025 18. 4 19. 1.5 20. 2.3 


Write the fraction as a decimal and as a percent. Round decimals to the nearest 
thousandth. Round percents to the nearest tenth of a percent. 


3 1 61 3 19 
21. 16 22, 9 23. 100 24. 20 25. 100 

17 9 5 4 5 
26. 25 27. 25 28. б 29. ri 30. 12 
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Mean, Median, and Mode 


xX 
© И 
о Three measures of central tendency аге mean, median, and mode. 
= 
= The mean of a data The median of a data set is the middle | The mode of a data set is 
T set is the sum of the value when the values are written in the value that occurs most 
= values divided by the numerical order. If a data set has an often. A data set can have 
ыш number of values. even number of values, the median is no mode, one mode, or 
m the mean of the two middle values. more than one mode. 
x 
uh 
mal 
= | 
- | к _ г — — — — 
vé | EXAMPLE ] Find the mean, median, and mode(s) of the data in the table. 
Mean 


Lengths of School Years 
Add the values. Then divide by 8, the number of values 


| Country School year 

Sum = 251 + 222 + 222 + 220 + 215 + 207 + 188 + 178 (days) 
> Mean = 1703 = 212.875 
Median Tawan —— 
Write the values in order from least to greatest. 
Then find the middle value(s). 

178, 188, 207, 215, 220, 222, 222, 251 Switzerland 
Find the mean of the two middle values. 
> Median = 215-220 = 135 = 217.5 United States 


Mode 
Find the value that occurs most often. 
| bk Mode = 222 


e 
PRACTICE 


Find the mean, median, and mode(s) of the data. 
1. Test scores: 90, 88, 95, 94, 87, 85, 92, 99, 100, 94 
. Daily high temperatures (°F) for a week: 68, 70, 67, 68, 75, 75, 74 
. Ages of employees: 24, 52, 21, 55, 39, 49, 28, 33, 52, 41, 30, 64, 45 
. Numbers of students in classes: 21, 24, 27, 28, 25, 18, 22, 25, 26, 22, 27, 20 
. Movie ticket prices: $6.75, $7.50, $7.25, $6.75, $6.25, $7.50, $7.25, $6.75, $7 
. Hourly rates of pay: $14.50, $8.75, $7, $11, $16.50, $18, $12, $10.25 
. Numbers of children in families: 0, 0, 1,1,1,2,2,2,2,2,3,3,4,4,4,5 


on SO) л A UO N 


. Ages of students in a high school class: 3 sixteen-year-olds, 10 seventeen-year-olds, 
and 7 eighteen-year-olds 
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The Coordinate Plane 
Un 
A 
Just as you use a number line to graph numbers, you use a ft Hest = 
coordinate plane to graph ordered pairs of numbers. y-axis) | |(4,5) | | Р 
Ad 
A coordinate plane has a horizontal x-axis and a vertical y-axis 4|x-coordinate J a 
that intersect at a point called the origin. The origin is labeled O. 4| /coordinate m 
In an ordered pair, the first number is the x-coordinate and the ot Е а = 
second number is the y-coordinate. The coordinates of the origin ‘T(0,0)| | | xaxis_ > 
are (0, 0). The ordered pair (4, 5) is graphed at the right. = 
e 
© 
© 
LČ lll E 


EXAMPLE Give the coordinates of points A and B. 


| Point Ais 5 units to the right of the origin and 2 units up, so 
the x-coordinate is 5 and the y-coordinate is 2. 


| > The coordinates of point A are (5, 2). 


Point B is 0 units to the right or left of the origin and 4 units 
up, so the x-coordinate is 0 and the y-coordinate is 4. 


» The coordinates of point B are (0, 4). 


І к ____ 


( EXAMPLE | Plot the points C(1, 3) and D(3, O) in a coordinate plane. 


| To plot the point С(1, 3), begin at the origin and move 1 unit 
to the right, then 3 units up. 


| To plot the point D(3, 0), begin at the origin and move 3 units 
right, then 0 units up. 


I —PÁ€ 
' PRACTICE 


Give the coordinates of the point. Pip | | ttt tt yl 
LA 2. B 3. C LAT e 
a O CA A 
dad BU „Ыы IC LLL LLL 
7. С 8. H J ACT LLLLLLLL 
JL LLL LALLLLL 
10. K 11. L 12. M кшш шша иш шш ш ш 
a | EEE CA 
Plot the point in a coordinate plane. del м LLLLLL 
13. Ма, 7) 14. NQ, 1) 15. P(4, 4) СЕ ГЫ 
7613333613315 
16. Q(0, 3) 17. R(4,0) 18. S(6, 8) 
19. T(3, 6) 20. U(8, 4) 21. V{(7, 0) 
22. W(0, 8) 23. X(3, 5) 24. Z(5,6) 
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Transformations 


A transformation is a change made to the location, size, or shape of a figure. 
The new figure formed by a transformation is called an image. In this book, 
original figures are shown in blue and images in red. 


A translation is a transformation in which each point of a figure moves the 
same distance in the same direction. A figure and its translated image are 
identical in size and shape. 


| 


( EXAMPLE ] Translate the triangle 4 units to the right 


and 1 unit up. 


From each vertex of the triangle, move 4 units to the right 
and 1 unit up to plot the image of the vertex. Draw segments 
connecting the images of the vertices. 


A reflection is a transformation in which a figure is reflected, or flipped, in a 
line, called the line of reflection. A figure and its reflected image are identical 
in size and shape. 


PLL IP 
IN IT TT A 


«A Reflect the line segment in the given line. 


For each endpoint, find the distance from the endpoint Ca Th FT 
to the line of reflection. Move the same distance on the i Es | у 
opposite side of the line of reflection and plot the image | ШЕТТЕ 
| point. Draw a segment connecting the image points. 1] | yt foie 


A dilation is a transformation in which a figure stretches or shrinks with 
respect to a fixed point called the center of dilation. (The examples and 
exercises below all have the origin as the center of dilation.) A figure and its 
dilated image have the same shape. 


The scale factor of a dilation is the ratio of a side length of the image to the 
corresponding side length of the original figure. A figure stretches if its scale 
factor is greater than 1. A figure shrinks if its scale factor is between 0 and 1. 


Dilate the rectangle using a scale 
factor of 3. 


| Multiply each coordinate of each vertex by 3 to find 
the coordinates of the image. Plot the image of each 
| vertex. Connect the image points to form a rectangle. 


(1,1) — (3,3) (1, 2) — (3, 6) 


920 Student Resources 


T ExaMPLE | Dilate the triangle using a scale factor of 1, 


Multiply each coordinate of each vertex byi to find 


| the coordinates of the image. Plot the image of each 
vertex. Connect the image points to form a triangle. 


(2,6) > (1,3) 
(2,2) — (1,1) 
(6, 4) — (3,2) 


—— 
' PRACTICE 


The coordinates of the vertices of a polygon are given. Draw the polygon. 
Then find the coordinates of the vertices of the image after the specified 
translation, and draw the image. 


1. (1, 5), (3, 4), (3, 1); translate 3 units to the right and 2 units up 

2. (5, 0), (7, 0), (7, 2), (5, 2); translate 4 units to the left and 5 units up 
3. (4, 4), (6, 4), (6, 7); translate 3 units to the left and 3 units down 
(2, 1), (4, 1), (4, 6), (2, 6); translate 5 units to the right 

(4, 5), (7, 2), (3, 3); translate 1 unit down 


m e 


For the figure shown, find the coordinates of the vertices of the image after 
a reflection in the given line. Then draw the image. 


Jee oe “(PTET TT TT 
ве | | 650 
ишни анана 

AMY] 


ta} и 


The coordinates of the vertices of a polygon are given. Draw the polygon. 
Then find the coordinates of the vertices of the image after the specified 
dilation, and draw the image. 


9. (1, 2), (2, 4), (5, 3); dilate using a scale factor of 2 
10. (2, 6), (6, 6), (6, 2), (2, 2); dilate using a scale factor of 5 


11. (1, 3), (3, 3), (3, 1), (1, 1); dilate using a scale factor of 4 
12. (3, 9), (6, 9), (6, 3); dilate using a scale factor of i 


13. (0, 2), (4, 4), (6, 0); dilate using a scale factor of 15 
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Perimeter and Area 


The perimeter P of a figure is the distance around it. 


Р=5+5+5 + 5 Р=1+№+1 + и 
= 45 = 24 + 20 


SKILLS REVIEW HANDBOOK 


Find the perimeter of the figure. 


b. Rectangle 


11m 


P=2+2w 
= 2(11) + 2(7) 
= 22 + 14 = 36m 


P = } (b; + bjh 
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Perimeter of a Square Perimeter of a Rectangle Perimeter of a Triangle 


c. Triangle 


8 ft 
" y 
P=a+b+c 


=6+8+10 
= 24 ft 


Find the area of the figure. 


a. Rectangle 


EZ 
9 cm 


b. Triangle 


12 in. 
1 
А = lw А = ¿bh 
= 9(15) = 0306) 
= 135 ст? = 36 in.” 
' PRACTICE 
Find the perimeter of the figure. 
1. Square 2. Rectangle 
oft 8 mm 
6 mm 
Find the area of the figure. 
4. Square 5. Rectangle 
11 yd 
7. Parallelogram 8. Trapezoid 
17 m 
We / 
Е 
10 іп. 9m 
10. Trapezoid 11. Triangle 
24m = 12 т 14 yd N 
10 yd 


c. Parallelogram 


32 yd 


ш 
25 yd 


A = bh 
= 25(32) 


= 800 уа? 


12. Rectangle 
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Circumference and Area of a Circle 


A circle consists of all points in a plane that are the same = 
distance from a fixed point called the center. сше 
The distance between the center and any point on the circle is radius 
the radius. The distance across the circle through the center is 


the diameter. The diameter of a circle is twice its radius. 


А . | : . diameter 
The circumference of a circle is the distance around the circle. center 


For any circle, the ratio of its circumference to its diameter is 


7r (pi), a number that is approximately equal to 3.14 or E, 


Circumference and Area of a Circle 


To find the circumference C of a circle with radius r 
or diameter d, use the formula C = 27r or C = та. 


To find the area A of a circle with radius r, use 
the formula A = rr”. 


EXAMPLE Find the circumference and area of the circle. Give 
your answers in terms of 7 and as decimals rounded 
to the nearest tenth. 


Circumference Area 


C = 27r A = т? 
= 2m(5) = л(5°) 
= 107 cm Exact answer = 2543 cm? Exact answer 
= 10(3.14) == 25(3.14) 
= 31.4cm . Decimal approximation = 78.5cm? Decimal approximation 
PRACTICE 


Find the circumference and area of the circle. Give your answers in terms 
of 7 and as decimals rounded to the nearest tenth. 


E е Ө G 
e (E) (9 СӘ 
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Surface Area and Volume 


A solid is a three-dimensional figure that encloses part of space. The 
surface area S of a solid is the sum of the areas of all of its surfaces. 
The volume V of a solid is the amount of space that the solid occupies. 
In the formulas for surface area and volume, the number 7 (pi) is 


approximately equal to 3.14 or 52. 


Right Rectangular Prism Right Circular Cylinder 
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V — Bh $ = 2В + Ch 
= 24w + 2hw + 24h = fwh = 211? + 2mrh 


In this book, the adjectives right and circular will be assumed and therefore 
will not be used in naming solids. 


Find the surface area of the solid. 


b. Cylinder c. Cone 
1m 
5m 

S = 2711? + 2arh S = qr? + тїй 
= 4r (6) = 2m (1?) + 2a (1)(5) = qr (3?) + v (3)(5) 
= 1447 in.* = 2m + 107 = 9л + l57 
= 144(3.14) = 127 m? = 24m in.” 
= 452.2 in.* = 12(3.14) = 37.7 m? = 24(3.14) == 75.4 in.” 
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Find the surface area and volume of the solid. For spheres, cylinders, and 
cones, give your answers in terms of 7 and as decimals rounded to the 
nearest tenth. 


1. Rectangular prism 


4 cm 


12 cm 


4. Cylinder 


13 ft 


7. Regular pyramid 


10. Rectangular prism 


5 cm 


5 cm 


5 cm 
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Find the volume of the solid. 


a. Rectangular prism 
V= Bh 
= 25(8) 
= 200 ft? 


b. Regular pyramid c. Cone 


_1 _1 
V= {Bh V= Bh 
= 1(36)6 = Ї1х(3?)(6) 
3 3 
= 72 yd? = ]87 in.’ 


= 18(3.14) = 56.5 in.? 


2. Cylinder 


3. Sphere 


6. Rectangular prism 


3mm 


4mm 


9. Cylinder 


16 in. 


43 in. 


11. 12. Regular pyramid 


12 cm 13 cm 


10 cm 


10 cm 


Converting Units of Measurement 


The Table of Measures on page 956 gives many statements of equivalent 
measures. You can write two different conversion factors for each statement, 
as shown below. Each conversion factor is equal to 1. 


E EAEN 


100 cm = 1 m 


To convert from one unit of measurement to another, multiply by a 
conversion factor that will eliminate the starting unit and result in the 
desired unit. 


Convert meters to centimeters: Convert centimeters to meters: 
100 cm lm 
Use Tm Use TUO em? 
100 cm 1m 
DU — х AA н 
3 m х 7 300 cm 400 cm 100 cm 4m 


Sometimes you need to use more than one conversion factor. 


i 


( EXAMPLE ] Copy and complete: 2 d = _?_ sec 


STEP Y Find the appropriate statements of equivalent measures. 
24 h = 1d, 60 min = 1 h, and 60 sec = 1 min 


: ; .24h 60 min 60 sec 
STEP 2 Write the appropriate conversion factors: Id’ ih? апа г. 


STEP 3 Multiply by the conversion factors: 


24h ., 60 min ., 60 sec 
Mp Ds PA E O не 
24 ld’ LW | mi 172,800 sec 


| pb2d= 172,800 sec 


7 PRACTICE 
Copy and complete. 
1. 300 sec = __?_ min 2. 2.6g=_! kg 3. 640z=_! lb 
4. 4gal=_? qt 5. 72in.— .* ft 6. 94 mm =_? cm 
7. 42ft=_% yd 8.5d—- * h 9. 3m —-. ? cm 
10. 2 yd = * in. 11. 701 =? mL 12. lOmi —. * ft 
13. 1.5 ton = . ? lb 14. 4500 mL = _?_L 15. 15,000 mg = _?_ g 


Convert to common units as necessary and perform the indicated operation. 


16. 42 р — 500 mg 17. з= yd + 33 ft 18. 27 mi — 3960 ft 
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Converting Between Systems 


To convert between metric and customary units, use the approximate 
relationships shown in the table. The symbol = means is approximately 
equal to. 


1 mm = 0.0394 in. 1 mL = 0.0338 fl oz 1 g = 0.0353 oz 


1m = 3.28 ft 1 L 1.06 qt 1 kg = 2.2 Ib 
1 km ~ 0621 m 1 kL = 264 gal 55 


ET Copy and complete: 131 km=_>?_ mi. Round to the nearest 


whole number. 
STEP? Find the appropriate statement of equivalent measures: 1 km = 0.621 mi 
STEP 2 Write the appropriate conversion factor: e 
STEP 3 Multiply by the conversion factor: 
0.621 mi _ = . 
131 km x l Ки = 81.351 ті = 81 mi 


> 131 km = 81 mi 


Copy and complete: 12416 = ? kg. Round to the nearest whole 
number. 


STEP 7 Find the appropriate statement of equivalent measures: 1 kg = 2.2 lb 


lk 
STEP2 Write the appropriate conversion factor: 53 b 


STEP 3 Multiply by the conversion factor: 


lkg ose. 
1246 х 23m 56.36 kg = 56 kg 


> 12416 = 56 kg 


— 
PRACTICE 


Copy and complete the statement. Round to the nearest whole number. 


1. 3.2kL« ? gal 2. 25mm=_?_ in. 3. 180g=_? oz 

4. l0qt=_? L 5. 33km=_? mi 6. 85kg=_? lb 

7. 12ft=_? m 8. 140z=_2 g 9. 30L=_? qt 

10. 15 m« ? ft 11. 25mi=_? km 12. 8floz=_? ml 
13. 42mm = ? in. 14. 39mL « ? floz 15. 1300 gal =_? kL 
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Venn Diagrams and Logical Reasoning 


A Venn diagram uses shapes to show how sets are related. 


——== 


EXAMPLE 


Draw a Venn diagram of the whole numbers less than 10 where 
set A consists of prime numbers and set B consists of even numbers. 


| Whole numbers less than 10: 
0, 1, 2, 3, 4, 5, 6, 7, 8, 9 Whole numbers less than 10 
Set A: 2, 3, 5, 7 


Set B: 0, 2, 4, 6, 8 
Both set A and set B: 2 
Neither set A nor set B: 1, 9 


You can use a Venn diagram to answer questions about sets. 


Г EXAMPLE | Use the Venn diagram above to answer the question. 


a. Is the statement below true or false? Explain. 


No whole number less than 10 is prime. 


» False. The whole number 2 is less than 10 and is prime. 


b. Is the statement below always, sometimes, or never true? Explain. 


A whole number less than 10 is either even or prime. 


» Sometimes. Each of the numbers 0, 2, 3, 4, 5, 6, 7, and 8 are either even or 
prime, but the numbers 1 and 9 are not even and not prime. 


c ——«-— 


. PRACTICE 


Draw a Venn diagram of the sets described. 


1. Of the whole numbers less than 10, set A consists of factors of 10 and 
set B consists of odd numbers. 


2. Of the whole numbers less than 10, set A consists of factors of 6 and set B 
consists of even numbers. 
Use the Venn diagrams you drew in Exercises 1 and 2 to answer the question. 
3. Are the following statements true or false? Explain. 
a. Ifa whole number less than 10 is odd, then it must be a factor of 10. 
b. A whole number less than 10 that is a factor of 10 must be odd. 
4. Are the following statements always, sometimes, or never true? Explain. 
a. А whole number that is even and less than 10 is a factor of 6. 


b. Afactor of 6 that is less than 10 is even. 
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Counting Methods 


There are several methods for counting the number of possibilities in a 
situation. 


— _ | 
CD Make a list to find the number of possible lunch specials. 


Pair each soup with each sandwich. 
Lunch Special $6.95 


Chicken soup with turkey sandwich 
Choose 1 soup and 1 sandwich. 


Chicken soup with tuna sandwich 


Soups Sandwiches 
Chicken soup with cheese sandwich Chicken Turkey 
. . Tomato Tuna 
Tomato soup with turkey sandwich Cheese 


Tomato soup with tuna sandwich 
Tomato soup with cheese sandwich 


Count the number of lunch specials in the list. 


» There are 6 possible lunch specials. 


Draw a tree diagram to find the number of possible lunch 
specials given the choices in the example above. 


En 


Arrange the soups and sandwiches in a tree diagram. 


Soup Sandwich Lunch 
Turkey Chicken soup, turkey sandwich 
Chicken < Tuna Chicken soup, tuna sandwich 
Cheese Chicken soup, cheese sandwich 
Turkey Tomato soup, turkey sandwich 
Tomato < Tuna Tomato soup, tuna sandwich 


Cheese Tomato soup, cheese sandwich 


> There are 6 possible lunch specials. 


Another way to count the number of possible lunch specials described in the 
examples above is to multiply. Since there are 2 choices of soup and 3 choices 
of sandwich, there are 2 x 3 = 6 possible lunch specials. This method uses 
the counting principle. 


The Counting Principle 


If one event can occur in m ways, and for each of these ways 
a second event can occur in n ways, then the number of ways 
that the two events can occur together is m • п. 
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The counting principle can be extended to three or more events. 


Un 

=== | A 
= 

[ EXAMPLE ] Greta must choose a 4-digit password for her cell phone P 
| mailbox. Use the counting principle to find the number of EY 
possible 4-digit passwords. = 

For each of the 4 digits in the password, there are 10 choices: = 
0, 1, 2, 3, 4, 5, 6, 7, 8, and 9. = 
> 

10 choices 10 choices 10 choices 10 choices = 

for first x  forsecond х for third x for fourth cS 

digit digit digit digit = 

E, 


10 x 10 X 10 x 10 = 10,000 


* There are 10,000 possible 4-digit passwords. 


A 


PRACTICE 


In Exercises 1-3, use the indicated counting method to answer the question. 


1. Andrew, Bettina, and Carl are triplets. In how many different ways can the 
triplets stand in a row for a photo? (Make a list.) 


2. The sign at the right shows the color and size choices for school 
T-shirts. How many different types of school T-shirts are 


School T-Shirts $9.99 


available? (Draw a tree diagram.) Choose 1 color and 1 size. 
3. A 3-letter monogram consists of the first letter of a person's Colors: | Sues: 

first name, middle name, and last name. For example, Matthew Black, Gold, 5, М, L, 

David Weaver's monogram is MDW. How many different 3-letter or White or xXL 


monograms are possible? (Use the counting principle.) 


In Exercises 4—8, answer the question using any counting method 


you choose. 

4. How many different pizzas with 2 different toppings are 
available for the large pizza special advertised at the right? Large Pizza Special 

5. Lance must choose 4 characters for his computer password. Any 2 toppings for $12.49 
Each character can be any letter A-Z or any digit 0-9. How Pepperoni Black olive 
many different computer passwords are possible? Sausage Green pepper 

| Ground beef Red onion 
6. Mia must choose 3 whole numbers less than 50 for her Extra cheese Mushroom 


locker combination. The numbers may be repeated. How 
many different locker combinations are possible? 


7. A restaurant offers a dinner special. You can choose a main course, a 
vegetable, and a salad from a choice of 6 main courses, 4 vegetables, 
and 3 salads. How many different dinners are available? 


8. Each day Scott walks, rides the bus, or gets a ride to school. He has 
each of the same possibilities for getting home each day. How many 
combinations of travel to and from school does Scott have? 
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Bar Graphs 


» The United States won more silver medals than any 


other type. 


b. The bar for silver medals shows 39 silver medals won. 
The bar for bronze medals shows 29 bronze medals won. 


39 — 29 = 10 


> The United States won 10 more silver medals than 


bronze medals. 


Po ——— 
PRACTICE 


In Exercises 1-3, use the bar graph above. 


Use the bar graph, which shows the medals 
won by the United States in the 2004 Summer 
Olympics. (a) Did the United States win more 
gold medals, silver medals, or bronze medals? 
(b) How many more silver medals than bronze 
medals did the United States win? 


a. The longest bar on the graph is for silver medals won. 


You can use a bar graph to display and compare data that are in categories. 


United States Medals in 
2004 Summer Olympics 
[Г ш 


1. The United States won fewer of which type of medal than any other type? 


2. How many more silver medals than gold medals did the United States win? 


3. How many medals did the United States win altogether? 


In Exercises 4-11, use the bar graph below, which shows the top medal-winning 
countries in the 2002 Winter Olympics. 


4. 


10. 


11. 


932 


Which country won the most medals? How 
many medals did it win? 


. How many medals did Norway win? 
. Which two countries won 17 medals each? 


. Which country won the same number of 


medals as France? 


. How many countries won more than 


15 medals? 


. Which country won twice as many medals 


as Austria? 


How many medals did Russia and Italy win 
altogether? 


How many medals did the top 3 medal- 
winning countries win? 
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Top Medal-Winning Countries 
in 2002 Winter Olympics 


Line Graphs 


30 pounds? (с) In which year did 
Charlie gain the most weight? 


7, 
R 

You can use a line graph to show how numerical data change over time. = 
Un 

Use the line graph, which shows Charlie's = 
| weight from birth to 5 years old. (a) How санек арче = 
much weight did Charlie gain in 5 years? Ж | | | T = 

(b) At what age did Charlie weigh шг = 

= 

© 

= 

E 


a. The lowest point on the graph shows that Charlie weighed 
10 pounds at birth. The highest point on the graph shows 
he weighed 42.5 pounds at age 5. 


42.5 — 10 = 32.5 
» Charlie gained 32.5 pounds in 5 years. 


Weight (pounds) 


Age (years) 
b. The point on the graph to the right of 30 on the weight axis 
corresponds to an age of 2. 


» Charlie weighed 30 pounds at age 2. 


c. The graph is steepest from birth to age 1. 
» Charlie gained the most weight in his first year. 


= —— 
' PRACTICE 


In Exercises 1-5, use the line graph above. 

1. How much did Charlie weigh on his first birthday? 
. How old was Charlie when he weighed 40 pounds? 
. In which year did Charlie gain the least weight? 


‚ How much weight did Charlie gain his first year? 


л AeA © N 


‚ How much weight did Charlie gain from age 1 to age 4? 


In Exercises 6-14, use the line graph, which shows Abby’s 
height from birth to 4 years old. Abby's Height 


6. How tall was Abby when she was born? 


сә E 
с м 


7. How old was Abby when she was 35 inches tall? 
8. In which year did Abby grow the most? 


Height (in.) 


9. In which year did Abby grow the least? 
10. How many inches did Abby grow from age 3 to age 4? 


30 
24 
18 
12 
6 
0 


11. In which year did Abby grow 5 inches? 


12. How many inches did Abby grow in 4 years? Age (years) 
13. At what age was Abby’s height double her height at birth? 


14. If Abby maintains the same growth rate from age 4 to age 5 that she had 
from age 3 to age 4, how tall will she be when she is 5? 
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Circle Graphs 


You can use a circle graph to display data as sections of a circle. The entire 
circle represents all of the data. The sections of the circle may be labeled 
using the actual data or the data expressed as fractions, decimals, or 
percents. When the data are expressed as fractions, decimals, or percents, the 
sum of the data is 1. 


( EXAMPLE |] Use the circle graph, which shows the string 
musicians in a college orchestra. (a) What 


percent of the string musicians in the orchestra 
play the cello? (b) Which instrument do almost 
half the string musicians in the orchestra play? | Bass 9% 


О, 
> Of the string musicians in the orchestra, 21% play cello. SRI 21% 


b. The violin section of the circle is labeled 49%, which is almost 50%. Also, 
the violin section of the circle is almost half the total area of the circle. 


» Almost half of the string musicians in the orchestra play the violin. 


a 


PRACTICE 


In Exercises 1-4, use the circle graph above. 
1. What percent of the string musicians in the orchestra play the bass? 


2. How does the number of string musicians who play the viola compare 
with the number of string musicians who play the cello? 


3. The violinists are divided evenly into two groups, first violin and second 
violin. What percent of the string musicians are in each of these groups? 


4. Ifthere are 57 string musicians in the orchestra, how many musicians 
play each type of instrument? 


In Exercises 5-10, use the circle graph, which shows the 


a. The cello section of the circle is labeled 21%. WS 


Violin 49% 


Viola 21% 


types of instruments played by musicians in a college band. 


5. What percent of the musicians in the band play a 


: 2 
brass instrument? Woodwinds 


6. Which type of instrument do 8% of the musicians in the 52% \ 
band play? 


Other 3% 


7. Which type of instrument do more than half of the 
musicians in the band play? 


8. The instruments in the “Other” category are harp, string bass, and 
keyboard. What percent of the band musicians play one of these instruments? 


9. In this band, which type of instrument is played by about 5 times as many 
musicians as play percussion instruments? 


10. There are 91 musicians in the band. How many more musicians play a 
woodwind than play a percussion instrument? 
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Brass 37% 


Percussion 
8% 


Misleading Data Displays 


Data displays may be misleading because of the way in which they are drawn. 


Explain why the data display may be misleading. 


a. b. 
U. S. Household Income U. S. Household Income 


wi 
A 
= 
= 
wi 
ad 
ri 
= 
Fm 
a 
=» 
m 
Zz 
i) 
O 
eo 
© 
A^ 


Annual Income 
(thousands of dollars) 


Кылы] 
Y 
[ue 
o = 
Eo 
Ө = 
= © 
— Y 
c's 
= & 
E 
= 
= 
& 3 
= 
id 
ind 


3 23455677 
Years since 2000 Years since 2000 
a. The large increments on the y-axis b. The break in the y-axis stretches 
flatten the graph and make the the graph and exaggerates the 
increases seem insignificant. increases. 


^ PRACTICE 


Explain why the data display may be misleading. 
5 Market Shares for ° Survey of 150 Voters 
Companies A, B, C, and D 
Should Main St. be renamed? 


Yes : 40 


No response : 90 


ч. | Waste Recycling 


Members 
Waste recycled 
(thousands of pounds) 


2000 2010 
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The following are strategies that you can use to solve problems. 
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Look for a 
pattern 


Guess, check, 
and revise 


Make a list or 
table 


Solve a simpler 
or related 
problem 


Work backward 


Break into parts 


Draw a diagram when a problem 
involves any relationships that you can 
represent visually. 


Look for a pattern when a problem 
includes a series of numbers or 
diagrams that you need to analyze. 


Guess, check, and revise when you 
need a place to start or you want to see 
what happens for a particular number. 


Act out a problem that involves any 
relationships that you can represent 
with physical objects and movement. 


Make a list or table when you need 
to record, generate, or organize 
information. 


Solve a simpler or related problem 
when a problem seems difficult and 
can be made easier by using simpler 
numbers or conditions. 


Work backward when a problem gives 
you an end result and you need to find 
beginning conditions. 


Break into parts when a problem 
cannot be solved all at once, but can be 
solved in parts or stages. 


Draw a diagram that shows the given 
information. Label any unknowns in your 
diagram and look for relationships between 
givens and unknowns. 


Look for a pattern in any given information. 
Apply, extend, or generalize the pattern to 
help you solve the problem. 


Make a reasonable guess. Check to see if 
your guess solves the problem. If it does not, 
revise your guess and check again. 


Act out the problem, using objects described 
in the problem or other items that represent 
those objects. 


Generate a list systematically, accounting for 
all possibilities. Look for relationships across 
rows or down columns within a table. 


Think of a way to make the problem easier. 
Solve the simpler or related problem. Use 
what you learned to help you solve the 
original problem. 


Work backward from the given information 
until you solve the problem. Work forward 
through the problem to check your answer. 


Break the problem into parts and solve each 
part. Put the answers together to help you 
solve the original problem. 


9 inches by 13 inches. He wants to cut rectangular brownies that are 
at least 2 inches on each side, with all brownies the same size. What 
| is the greatest number of brownies Fletcher can cut? 


( EXAMPLE ] Fletcher baked brownies in a rectangular pan that measures 


Draw a diagram of the rectangular pan. Label the sides with their lengths. 
Think about each side of the rectangle. 


9 — 2 — 4.5, so cut 4 brownies along the 9 inch side. 


Check: 9 + 4 = 2.25, and 2.25 » 2. 13 in. 


13 + 2 = 6.5, so cut 6 brownies along the 13 inch side. 
Check: 13 = 6 = 2.17, and 2.17 » 2. 
9 in. 
Use your diagram to count the brownies: 4 X 6 — 24. 


* The greatest number of brownies Fletcher can cut is 24. 
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PRACTICE 


1. 


10. 


11. 


12. 


. Six people can be seated at a rectangular table, Pam $6 for invitations 


. Bob is 55 years old. In 5 years, Bob will be twice as old as his son. How old 


. Maddie and Rob are sharing a pack of 25 pens. Maddie offers to let Rob 


. The diagram shows two cuts through the center of a pizza. How 


. Deb is flying to Seattle. Her flight leaves at 4:15 P.M. She wants to 


Four friends hosted a party. The table shows the © Party expenses — 
amount of money each friend spent. The friends want Person - Party expenses 
to share the party expenses equally, and Pam will pay $11 for drinks 


the entire amount she owes to one person. Who owes ‚ 
м Воппіе $15 for food 
money to whom? 


with one person at each end. How many people can Holly $8 for decorations 


be seated at five of these tables if they are placed 
end to end? 


wi 
A 
= 
= 
uh 
ad 
ri 
= 
rm 
a 
=» 
m 
2 
Q 
O 
eo 
© 
A^ 


is Bob's son? 


have 3 pens for every 2 pens she gets. If they use the entire package of pens, 
how many pens will each person get? 


. In how many different ways can you make $.50 in change using quarters, 


dimes, and nickels? 


many cuts through the center are needed to divide a pizza into 
12 equal pieces? 


arrive at the airport 2 hours early to check in and get through 
security. The taxi ride from her office to the airport takes about 
30 minutes. What time should Deb ask the taxi driver to pick her 
up at the office? 


. Dan wants to enclose a rectangular area with a fence. He has 


12 fence posts to use, and the fence posts will be placed 10 feet 
apart. The diagram shows a possible shape for the area. Find 
another shape that would use all the fence posts, placed 10 feet 
apart, and would increase the area by 100 square feet. 


. A soccer league has a 7 week season, and there are 7 teams in the 


league. Each team plays a game with every other team once during 
the season. How many soccer games must be played each week 
of the season? 


Julia is setting up a display of cracker boxes at a grocery store. She 
wants one box in the top row, two boxes in the second row down, 
three boxes in the third row down, and so on, as shown. Each box 
is 8 inches tall, and her display will be 6 feet tall. How many cracker 
boxes will be in the display? 


Five friends line up for tetherball. William is first in line, Mac is 
between Quinn and Benjamin, and Nate is next to William and 
Benjamin. Which friend is last in line? 


The 4 members of the Buckner family usually drink 3 gallons of milk 
altogether each week. For 12 weeks in the summer, they will have a 
fifth family member staying with them. How many gallons of milk 
would you expect the 5 family members to drink over the 12 weeks? 
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Chapter 1 


Evaluate the expression. 


1.1 1. k+9whenk=7 2. 21-xwhenx=3 3.3.5+twhent=0.9 4. y - ¿when y =5 


5. "when m=96 6. 15twhent=2.3 7.2 whenz- = 8. p^ when р = 0.2 
1.2 9.25- 748 10. 67 — 3*4 11. 82-4 + 12 12. 9+6 3 
3_ 
jj жей 14. (7— 5.5)? 15. 3 + 4(3 + 24) 16. 3[27 - (2 + 5)]? 
ш - 3 5 
3) 
E 1.3 Translate the verbal phrase into an expression. 
s 
5 17. > of a number m 18. the quotient of a number x and 7 
an 
= 19. the difference of a number y and 3 20. 6 more than 3 times a number n 
= 
pe 
f 


1.3 Write an expression for the situation. 
21. Number of minutes left in a 45 minute class after m minutes have gone by 


22. Number of meters in c centimeters 


1.4 Write an equation or an inequality. 
23. The product of 12 and the difference of a number r and 4 is 72. 


24. The difference of a number q and 18 is greater than 10 and less than 15. 


1.4 Solve the equation using mental math. 

25. d 13 = 25 26. 122 = 96 27. 28m - 7 28. 5 = 12 
1.5 In Exercises 29 and 30, identify what you know and what you need to find 

out. You do not need to solve the problem. 


29. One day the temperature in Quito, Ecuador, was 20°С. The temperature 
in Miami, Florida was 75°F. Which temperature was higher? 


30. On Monday, Katherine walked at a rate of 0.08 mile per minute for 
40 minutes. On Tuesday, she walked at a rate of 0.07 mile per minute for 
50 minutes. How far did Katherine walk altogether? 


1.6 31. Identify the domain and range of the function. 


1.6 32. The domain of the function y = 1.25x + 5 is 2, 4, 6, and 8. Make a table for 
the function. Identify the range of the function. 


1.7 Graph the function. 
33. у= x + 2; domain: 0, 1, 2, and 3 34. y = 3x — 3; domain: 1, 2, 3, and 4 


35. у= 1.5x; domain: 0, 20, 40, and 60 36. y — ax + 2; domain: 0, 4, 8, and 12 
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Chapter 2 


2.1 Graph the numbers on a number line. Then tell which number is greater. 


1. Oand —4 2. 2and —2 


3 


. —5 and -3 4. —6 and 4 


2.1 Tell whether each number in the list is a whole number, an integer, or a 
rational number. Then order the numbers from least to greatest. 


LE QE _1 = а Э _ 
5. 0.25, 8$ 10 5 6. —2.45, 3, 2? 
2.2 Find the sum. 
8. —6+ 10 9. —25 + (—36) 
12. —2.8 + 4.3 13. —8.2 + (—115) 


2.3 Find the difference. 


16. —17 — 20 17. 16 — (—50) 
_1_2 _1_ H| 
20. -3-3 BL ec 


2.3 Evaluate the expression when x = 1.5 and y = —4. 


9 48 — 

1 7. —4,3,—5,0 
10. —75+58 11. 8 + (-15) +7 = 
> 
2 (R3 _j93 4 gl ={ 
14. 35 + (752) 15. -12- + 86 = 
Ja 
S 
"WS A 1 A 
18. —9 — (-12) 19. £— 2 = 
22. —6.4— 15 23. —12.8 — (-5.6) m 


24. y х 25. —y — (—х) 26. x — (10 — y) 27. -T —(x— y) 
2.4 Find the product. 

28. -2(-36) 29. 641—5) 30. —4.1(—3.5) 31. (1.1)(—0.5)(—4) 
2.4 Identify the property illustrated. 

32. (—5)(8)(2) = (-5)(2)(8) 33. 6° (7 • 2)= (6 • 7) • 2 34. 1(mn) = mn 

35. 0. (134) = 0 36. у • (1) = (-D * y 37. (—1)(—9) = 9 


2.5 Use the distributive property to write an equivalent expression. 


38. 8(x + 4) 39. 5(6 — y) 


3(—15r — = 
42. =(—15r — 5) 43. <5 (24s + 12) 


2.6 Find the quotient. 


46. —35 — 7 47. —92 + (—4) 
50. n^ (—5) 51. THE 


2.7 Evaluate the expression. 


54. —V36 55. +V400 


40 


44 


48. 


92. 


56 


. (т + 7)(—8) 41. —3(k — 14) 
— теуі E Вр а 
. (9v 18) 45. Al 6w — 30) 
EM. 17 
36 = H 49. —56 — z | 
4.4 95.[ 6 
8 3 зә, -2 +| S) 
‚ V6400 57. +V144 


2.7 Approximate the square root to the nearest integer. 


58. V135 59. —\75 


60 


. —V160 61. V250 
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Chapter 3 


Solve the equation. Check your solution. 


ЗЛ 1. х+4 = 20 2. 8 = m — 13 3. 1+2 = —10 4.2—8 = -7 
5. 7h = 63 6. —4t = —44 7. 2=13 в. 2=8 
3.2 9. 4x - 3 = 27 10. 6m — 4 — 14 11. 50 = 7y — 6 
12. 2-3= 9 13. 2+3 = 2 14. 6p — 2р = 28 
3.3 15. 6х + 3x + 8 = 35 16. 12w — 5 — 3w = 40 17. 4d — 3 – 2d = -15 
18. 7m + 3(m + 2) = -24 19. 5x — 3(x — 5) = 13 20. 2(2у — 8) = 6 
3.4 21. 8х – 4 = 3х + 6 22. 10 — 2x = 3x — 20 23. 5 – 5x = 14 — 8x 
24. 3(2y — 5) = 4y – 7 25. 9 + 4y = 2(3 — y) 26. 3x — 3 = 32x + 12) 
3.5 Solve the proportion. Check your solution. 
E m. 6 z_ 48 30. t 
27. = T: 28. 9 27 29. 4 1 30. 5 10 
3.5 Write the sentence as a proportion. Then solve the proportion. 
31. 5 іѕ to 7 as 15 is to x. 32. 9 is to 3 as xis to 12. 
33. gis to 9 as 16 is to 12. 34. Gisto 18 as yis to З. 
3.6 Solve the proportion. Check your solution. 
12 6 6x 18 7 _4 y*5 _ 10 
ad is 36. =p 9^ 1-18 12 у 
2х+6_7 3b _8 8 _ 6 48—2x_04+x 
r 7 1 41. +2 x48 E: 10 
3.7 Use a proportion to answer the question. 
43. What percent of 96 is 12? 44. What number is 35% of 18? 
45. 14 is 40% of what number? 46. What percent of 125 is 30? 
3.7 Use the percent equation to answer the question. 
47. What number is 250% of 18? 48. What percent of 58 is 8.7? 
49. 30.1 is 35% of what number? 50. What number is 70% of 250? 
3.8 Solve the literal equation for x. Then use the solution to solve the specific 


equation. 


51. ax — b=c;6x-5=25 


3.8 


Write the equation so that y is a function of x. 


53. 5x + y= 10 54. 8x — 2y = 16 
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55. 7x + 3y = 6 — 5x 


52. a(b — x) = c; 2(8 — x) = —6 


56. 21 = 6x + 7y 


Chapter 4 


4.1 


4.1 


4.2 


4.3 


4.3 


Д.А 


4.5 


4.5 


4.5 


4.6 


4.7 


4.7 


Plot the point in a coordinate plane. Describe the location of the point. 
1. K(-4, -2) 2. L(5, 0) 3. M(3, —1) 4. N(-2, 2) 
5. Р(0, 4) 6. Q(—3.5, 5) 7. R(2.5, 6) 8. 5(—1, —1.5) 
Graph the function with the given domain. Then identify the range of 
the function. 
9. у= —2x + 2; domain: —2, —1, 0, 1,2 10. у= 5х — 3; domain: —4, —2, 0, 2, 4 
Graph the equation. 
П. y-x=3 12. y+3x=5 13. y — Ax = 10 M. y=4 х 
15. 2x у= 0 16. Зх + у= 0 17. 3x + 2y = —6 18. х = 0.5 Е 
Y 
Find the x-intercept and the y-intercept of the graph of the equation. = 
A 
3 - 
19. 2x — y = 12 20. —5x — 2y = 20 21. —4x + 1.5у = 4 22. у = a 15 ^ 
Graph the equation. Label the points where the line crosses the axes. 
23. у= 3x - 6 24. 4x + 5y = —20 25. ex + sy = 10 26. 0.3x—y=56 
Find the slope of the line that passes through the points. 
27. (4, 2) and (6, 8) 28. (—3, 0) and (2, —5) 29. (—5, 3) and (28, 10) 
30. (9, 4) and (0, 1) 31. (—2, 5) and (-2, 10) 32. (6, —4) and (4, —4) 
Identify the slope and y-intercept of the line with the given equation. 
33. y= 7x + 8 34. у = 10х – 6 35. у= 3 – 4х 36. у= х 
Rewrite the equation in slope-intercept form. Then identify the slope and 
the y-intercept of the line. 
37. 2x+y=8 38. 10x — y= 20 39. 5x + 2y = 10 40. -2x-—y=3 
Graph the equation. 
41. y -2x 4 42. у= -Ax +1 43. 2x + y = 1 44. —2x + Зу = —9 
Graph the direct variation equation. 
45. y = 2x 46. y = -x 47. y = 4х 48. 5x - y - 0 
49. x – 2у = 0 50. 3x + y - 0 51. 2y = 9x 52. y- 2x = 0 
Find the value of x so that the function has the given value. 
53. f(x) = —7x — 3; -17 54. g(x) = 5x — 4; 12 55. t(x) = 3x + 1; —11 
Graph the function. Compare the graph with the graph of f(x) — x. 
56. m(x) =x- 2 57. (х) =x+4 58. 2(х) = 6x 59. h(x) = —2х 
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Chapter 5 


5.1 Write an equation of the line with the given slope and y-intercept. 


1. slope: 3 2. slope: —2 3. slope: 5 
y-intercept: 6 y-intercept: 4 y-intercept: —1 
= m mer d 
4. slope: —1 5. slope: 7 6. slope: 10 


y-intercept: —3 y-intercept: —5 y-intercept: 8 


5.2 Write an equation of the line that passes through the given point and has 
the given slope m. 


7. (3,8); т= 2 8. (-1,5; m = -4 9. (—6, 3); m = = 

5.2 Write an equation of the line that passes through the given points. 

10. (2, 4), (5, 13) 11. (l, -2), (2, 13) 12. (2, 3) (6,3) 
5.3 Graph the equation. 

13. y — 3 = —3(x + 4) 14. y+ 5-7 -2(x — 1) 15. y- 6 = (x — 3) 
5.3 Write an equation in point-slope form of the line that passes through the 

given points. 

16. (—4, 2), (—2, 16) 17. (3, 9), (C77, 4) 18. (10, —2), (12, —6) 
5.4 Write an equation in standard form of the line that passes through the given 

point and has the given slope m or that passes through the two given points. 

19. (2,7), m = —4 20. (5, 11), m ^3 21. (1, —2), [—2, 4] 
5.5 Write an equation of the line that passes through the given point and is 

parallel to the given line. 

22. (5,4), у= 3x +5 23. (-3, 7), y = —5x — 2 24. (8, -3), у= їх * 5 
5.5 Write an equation of the line that passes through the given point and is 

perpendicular to the given line. 

25. (-12, 22, у= 3x + 2 26. (15, 1D), у= ёх — 8 27. (7, 6), 4x + 6y = 7 


5.6 Make a scatter plot of the data in the table. Draw a line of fit. Write an 
equation of the line. 


Ux 1,2 3 35 4 45 5/7 х 


(y 20 35 40 55,60, 45 60. 


5.7 Make a scatter plot of the data. Find the equation of the best-fitting line. 
Approximate the value of y for x = 7. 
B EN 


EE 
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Chapter 6 


6.1 


6.3 


6.4 


6.5 


6.6 


6.7 


Solve the inequality. Graph your solution. 


l. y-2>3 JA Б+х=2 3. 42x—3 
5. 2454, 6. 22 + п<—35 de 12562 +2 
9. —8.5 = t — 10 10. г+4<—0.7 11. —6.9 > —1.4 + y 
13. 3p < 27 14. —13t > 26 15. = > 2 
17. —-6т>—9 18. -325 19. 0.32 = 24 
21. 4.82=3.2 22. 0.094 < –1.8 23. “> -15 
Solve the inequality, if possible. Graph your solution. 


25. 3x + 5220 
28. 7 — 8n < 4n — 17 


26. 62—5«13 
29. 8(m + 2)<4(5 + 2m) 


31. Sy + 28 > 20 + 2y 32. 6(—5 + 3p) > 3(6p — 10) 


Solve the inequality. Graph your solution. 


34. 2<у—4<7 35. —27 < 9x < 27 36. 
37. 15 « 2(18a — 9) = 30 38. 2v» 120rv - 2«6 39. 
40. -Am«80r2m —2« 12 41. 9t 20 = 4tor4 < 151 42. 
Solve the equation, if possible. 

43. |х| = 8 44. |у| = —10 45. |т+6| = 5 
47. |t-7| = 21 48. 6|z — 4| = 36 49. 


51. |52 + 10 = 15 52. 2 |35 + 4| = 14 53. 


Solve the inequality. Graph your solution. 


55. |х| <3 56. |y| 25 57. |s| » 1.2 

59. |x + 2| >6 60. |y *3| <5 61. |B— m| «3 

63. 3|p - 3| «12 64. |39+2| -328  65.2|5a — 1| +3<11 66. 
Graph the inequality. 

67. y2x +5 68. y«x— 1 69. Ax + y>3 

71. 3(x — 8) < 6y TA 25 — ye—2 73. у>8 

TB. X —Da yr 2 76. 2x 2 —2y 77. 9(y—8)2x—89 


27. 
30. 


33. 


4|6s + 11| = —52 50. 


-4|70+2| 232 54. 


4. m - 3«2 
2 1 
8. 35=13+k 


12. 1.48 — т> —3.13 


16. 7399 


20. 25 > —2.5s 


24. —1.8f<9 


8(1+ 4) > —-8 
6d — 4 — За > 14 


2(122 — 24) > 20252 — 25) 


2 < 62 —10«20 


Зг + 7 < –5 ог 32 = Tr + 46 


-п = 1>10ог2п + 8>п + 8 


46. |4 — 2| = 14 
|r +3] — 16 = -4 


12| Gu — 4| -4=8 


58. |q] <£ 
62. |An — 1| =7 


| 50+ 2 < 64 


70. х<—5 
74. 2(х—1)>1—у 
78. 2(-x —1)24-y 
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Chapter 7 


7.1 Solve the linear system by graphing. Check your solution. 


1. y=x-1 2. y=3x +12 3. x—y=4 
y=-x+5 y= -4x-2 x+y=-2 
4. 4х- у= 10 5. 3x —2y = —5 6. fx t 3у = 15 
х= 4 4х + Зу = —18 И И 

5х tyre 


7.2 Solve the linear system using substitution. 


7. у= 2х-+ 6 8. у=3х+5 9. х=2у—5 
Ы х= у-– З x+y=-1 2х-у= 11 
E m pP S E 
= 10. 2x - у= 0 11. L5X — 2.5y = 22 12. 3x t€ = 5 
® х + 3y = —56 х- у= 10 
= 2 
> Solve the linear system using elimination. 
ш 
7.3 13. x + 2y = 2 14. 3x — 4y = —16 15. 3x + 2y = -31 
=x + Зу = 13 x — 4y = —40 5x + 2y = —49 
16. 5x + 4y = 6 17. 10у — Зх = —41 18. 4x — 3y = 39 
7X + 4y = 14 Зх — 5y = 16 ту = Ax — 79 
7.4 19. x + y = -3 20. 5x + 2y = —19 21. 8x — Зу = 61 
5x + 7y = —9 10x — 7y = —16 2х — 5y = —23 
22. 4х — 3y = —2 23. 5х — 2y = 53 24. 15x — 8y = 6 
6х + 4у = 31 2х + бу = 11 25x — 12у = 16 


7.5 Graph the linear system. Then use the graph to tell whether the linear 
system has one solution, no solution, or infinitely many solutions. 


25. 2Хх+у=—3 26. 2y — 4x = 10 27. 10x + 5y = —15 
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у= —2х +5 —2y -2x = 8 y=-2x-3 
7.5 Solve the linear system using substitution or elimination. 
28. у – Зх = 5 29. 2у — 3x = 36 30. 5х + 5у = —32 
х=у-– 5 у = Зх – 12 Зх + Зу = 14 
31. 4х + 6у = 11 32. 3y — 3x = 12 33. x + 2y = —30 
=x-4 
у= -2х+7 Ух у= 1х +15 
2 
7.6 Graph the system of inequalities. 
34. у> —5 35. x z —3 36. у< 2x — З 
Уж —4 у<1 х- у> —4 
37. X + 4у> —8 38. x>3 39. x + y>3 
y-4x<8 х<5 X—)y»5 
x»-1l y>-2 x+2ys8 
y<0 x — 5y» 10 
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Chapter 8 


Simplify the expression. In exercises involving numerical bases only, write 
your answer using exponents. 


8.1 1.5.5 2. 6-6' 3. (—2)° • (—2)° 4. (2°)? 
5. [(—4)5]° 6. (8+ 4)° 7. m? • т? 8. п? • п? • п? 
9. (у)? 10. (—2x)° 11. (342)° • 24? 12. (—452)3(253)® 
97 46.4? _ 2 а 1 
8.2 13. 5, м. E 15. | 5) 16. 102. 
4 7 2 
17. 7. (5) 18. 1. 3 19. 4 20. [б^ 
7 p q 3y* v 
m 
Ay 3 3 4M 4\2 415 3 A 
21. Es "3 29. | 2.| . [3u 23. 5x y 24. 6a b^ , | 2ab > 
3 y и? 2 2x^y ab Va?p* 3 
8.3 Evaluate the expression. а 
25. 37* 26. (-5) ? 27. 7° 28. 475. 43 A 
н -2у3 ЕЗ 8^ 
29. (1) 30. (372) з1. 1 32. 53 
8.3 Simplify the expression. Write your answer using only positive exponents. 
33. y 1° 34. (30) * 35. 10b ?c? 36. (24е ^) ? 
—4 —4 
37, = 38, —, 39, — 4o, LOTE 
ү 6t "uy? (—2z)~° eg? 
8.4 If the number is written in scientific notation, write it in standard form. 
If the number is written in standard form, write it in scientific notation. 
41. 0.87 42. 378.4 43. 0.000359 44. 465,000,000 
45. 5.3 x 10? 46. 1.67 х 10 * 47. 8х 10 9 48. 9.0001 x 10° 
8.4 Evaluate the expression. Write your answer in scientific notation. 
2 —5 
49. 210 50. (8.5 х 10)(37 x 1075) 51. 24 X10 
8 X 10 6x 10 
Graph the function. 
8.5 52. у = 3* 53. у= L.25* 54. у= P 55. y=5+2* 
— 1 x - _1 x — x ER _1 x 
96. y= 3*2 57. Y= 5*9 58. у=—5,2 59. y — 3-4 
8.6 60. у= Hl 61. y = (0.2)* 62. у= 3 · (0.2) 63. у=2. Hl 
ea eii —1,/1\ eg. ==» 
64. y=4 B 65. у= 1 (5) 66. y= —2 B 67. y= -3 B 


8.6 68. Tell whether the table represents an exponential 
function. If so, write a rule for the function. 
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Chapter 9 


9.1 


9.2 


9.3 


9.4 


9.5 


9.5 


9.6 


9.7 


Find the sum or difference. 
1. (6x? + 7) + (x^ — 9) 
3. (10m* — тт + 2) — (Зт? — 2m + 5) 
5. (6b? + 12b* — b) — (15b* + 7b — 8) 


Find the product. 


7. 5x*(2x? — 3x^ + 5x — 1) 
10. (2x? — 5x + 6)(3x — 2) 


13. (x + 10)? 
16. (3x — Ay)(3x + 4y) 


Solve the equation. 


19. (m + 8)(m — 2) =0 


22. 3b? + 9b=0 


Factor the trinomial. 
25. у? + 7y + 12 
28. 4? + 3g — 40 


Solve the equation. 
31. m^ — 7m + 10 = 0 
34. n^ + 8 = бп 


Factor the trinomial. 
37. —ҳ2 + 5х – 6 
40. 61% —5t— 6 


Solve the equation. 


43. —3x* + 14x-8=0 


46. 3p^ — 28 = 17р 


Factor the polynomial. 


49. y” — 36 
52. x^ — 8x + 16 
55. 22 + 10g + 25 


Factor the polynomial completely. 


58. 2х2 + 8x + 6 


61. Зу? + 15у? + 2y + 10 


64. 8h*k — 32k 


Student Resources 


8. 
11. 
14. 
17. 


20. 
23. 


26. 
29. 


32. 
35, 


38. 
41. 


44. 
47. 


50. 
53. 
56. 


59. 
62. 
65. 


2. (8y* — Зу — 10) + (-11y? + 2y — 7) 


(х2 + 4х + 2)(х + 7) 
(3x — 7)(х + 5) 
(m + 8) (т — 8) 
(6 — 31)(6 + 31) 


(2y — 6)(у + 3) =0 


—12m* — 3m = 0 


x^ — 12x + 35 
m? — 29m + 100 


р? – 7p = 18 
r^ — 15r = —8r — 10 


3k? — 10k + 8 
—3s? — 75 — 2 


81^ + 6t =9 
16m? — 1 = —15т 


9y” — 49 
4x? —12x + 9 
9р2 + 24b + 16 


322 — 162 +5 
30z° — 142? — 8z 
2h? — 3h* — 18h + 27 


4. (20° — 32 + 5t) — (6 + 3t? — 51) 
6. (r^ — 8 + AP + 5r) — (71 — 3r^ + 5) 


. (2x + 3)(4x + 2) 
‚ (9t — 2)(27 — 3) 
. (4x — 2)(4x + 2) 
. (711x — 4y)? 


. (5y — 3(2y — 4) = 0 
. 14k* = 28k 


. х? + 5x — 36 
. у? + 14у – 72 


. Z — 132 + 24 = -12 
. Ê — 8 = -13c + 6 


. 4k? — 12k + 5 
. 20? —5v-3 


45. 2X? +3x-2=0 
48. t(6t — 7) = 3 

51. 12у? — 27 

54. 27x^ — 36x + 12 


. 4w* + 28w + 49 


. 5m* — 23m + 12 
. 98m? — 18m 
66. 


—122) + 1222 — 32 


Chapter 10 


10.1 Graph the function. Compare the graph with the graph of y = x’. 


_ o _ 1.3 _ _ 2,2 
1. у= 4g 2. у = 5x? 3. у= 5х 4. у= -EX 
5. у= х? + 3 6. у= х2 – 2 7. у= Зх? + 4 8. у= —4x* – 3 
10.2 Graph the function. Label the vertex and axis of symmetry. 
9. у= х2 + Ax - A 10. у= -x° – 2х + 3 11. у= 2х? – 6x + 5 
12. у = 3x? + 12x + 8 13. y =-2x + 6 14. y = Sx? – 3x 
10.3 Solve the equation by graphing. v 
== 
15. x^ + 3x — 10-0 16. x^ + 14 = 9x 17. —х? + Зх = -18 - 
а”, 
18. 2x? + 3x — 20 = 0 19. 2x2 - x - 6 20. 12 -x= 12 2 
2 
10.4 Solve the equation. Round the solutions to the nearest hundredth, A 
if necessary. 2 
21. 2х? — 20 = 78 22. Зу? + 16 = 4 23. 16у? – 6 = 3 
24, 48 — x^ = —52 25. 5m* — 5 = 10 26. 2— 5 = 4 
10.5 Solve the equation by completing the square. Round the solutions to the 
nearest hundredth, if necessary. 
27. х? - Ax - 21 = 0 28. g^ — 10g = 24 29. w^ —7w * 6-0 
30. y? - y = 1 31. 2— 6x 43-0 32. Am? + 8m – 7 = 0 
10.6 Use the quadratic formula to solve the equation. Round the solutions to the 
nearest hundredth, if necessary. 
33. h^ + 6h — 72-0 34. 3х? — 7x - 2-0 35. 2k^ —5k - 2-0 
36. п? + 1 = 5n 37. 22+ 4 = 32? 38. 5х2 — 4x = 2 
10.7 Tell whether the equation has two solutions, one solution, or no solution. 
39. m^—2m * 1-0 40. 3х2 + 6x - 2-20 41. 2d? +39 +5 = 0 
42. =x? - x £2 — 0 43. 2u? - 5ш - 6 = 8 44. 2y? + 10y — 5 = 3y? — 30 


10.8 Tell whether the table of values represents a linear function, an exponential 
function, or a quadratic function. Then write an equation for the function. 
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Chapter 11 


11.1 Graph the function and identify its domain and range. Compare the graph 
with the graph of y = vx. 


1. у = бух 2. у= ух 3. у = -8vx 

4. у= —2vx 5. у= Мх +3 6. у= Ух – 5 

7. y =Vx-2 8. у= Vx ^5 9. у= Vx 4 + 2 

11.2 Simplify the expression. 

10. V98 11. V300 12. V128x? 13. V17 • V17 
z 14. V112 - V63 15. Vllg - 5/8 16. Amv m • V5m 17. М27х5 - V48x 
ul 
g 18. 475 19. 5 20. d 21. x 
z 22. x 23. 2V3 + V7 - V3 24. 2V11 + V99 25. V45 + 3V20 
€ 


26. V3(12 — V15) 27. 3Ve(4Ve — У600) 28. (6— V7)6 — V7) 29. (4 – V13](10 + V13) 


11.3 Solve the equation. Check for extraneous solutions. 


30. бүх — 30 = 0 31. V8x + 5 = 13 32. Vx +3 +5 = 16 

33. 3V4x+1-2=25 34. УЗх — 12 = У5х — 26 35. V2x + 10 Vx +7 = 0 
36. 5x + 10 — V2x — =0  37.x- Vllx- 10 38. x = V20—- x 

39. 5x = V20x – 3 40. V—4x + 5 = 3x Al. Х+1 = 16 – 2х 


11.4 Let a and b represent the lengths of the legs of a right triangle, and let с 
represent the length of the hypotenuse. Find the unknown length. 


42. а= 6, р = 8 43. а = 10, с = 26 44. р = 40, с = 41 
45. а= 2, с = 5 46. а= 4, р = 7 47. р= 8, с = 11 


11.4 Tell whether the triangle with the given side lengths is a right triangle. 
48. a = 10, b = 24,c = 26 49. a=2,b=4,c=6 50. a = 14, b = 15,c = 21 
51. a = 16, b = 30, c = 34 52. a = 1.4, b = 4.8,c = 5 53. a = 13, b = 84, c = 95 


11.5 Find the distance between the two points. 


54. (5, 10), (2, 6) 55. (2, 8), (7, —4) 56. (3, —3), (4, 1) 
57. (6, 1.5), (2.5, —4) 58. (1,5) (3, —4) 59. (—3, 1)(3 1) 


11.5 Find the midpoint of the line segment with the given endpoints. 


60. (6, —2), (8, —6) 61. (0, —5), (—4, 8) 62. (0, —6), (0, 2) 
63. (10, 0), (—8, 0) 64. (—5, —3), (-8, -7) es. (5, -3), (8, 3 
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Chapter 12 


12.1 Graph the inverse variation equation. 


=l 8 12 —14 
1. у= — 2. у= X 3. у= = а ре 
12.1 Given that y varies inversely with х, use the specified values to write an 
inverse variation equation that relates x and y. Then find the value of y 
when x = 2. 
5. x=3,y=4 6. x=-2,y=5 7. х= —4,y = —15 
8. x=8,y= —6 9. x= –,у= —7 10. x= —11,y= 11 
12.2 Graph the function. y 
== 
б -6 ad E! x 
11. y = E 12. y x 13. Bx 14. y=5+6 Е 
15. y — ——1 16. y x-g*9 17. y +? 3 18. y SII 3 ^ 
A 
12.3 Divide. - 
19. (30x* — 12x? + 6x^) + (-6x) 20. (9y^ + Зу — 6) + (Зу — 2) 
21. (302 + 2v + 12) + (v + 2) 22. (-24w — 11 + 8и?) + (2 + 4w) 
23. (9m* — 6) + (3m — 4) 24. (—2 + 25n*) + (2 + 5n) 
12.4 Simplify the rational expression, if possible. State the excluded values. 
44x? Зу + 6 3a — 15 2b — 8 
25. Sa 26. 713 27. T 28. 7— 
r^? — 2r — 15 s+3 2m? + 8m — 24 6n? — 18n? 
22, ———_ 0. — — — 31. —; e =r 
r?+r-6 25° + 385—9 3m? + 24m* + 36m 3n? — 27n 
Find the sum, difference, product, or quotient. 
12.5 зз. 5313-10, — 5x __ 34. 2. (3y +4) 
2x —4 х2 + 2x — 15 6y + ву? y 
3r^— 12 . 272 + 7r * 6 352 + 115+ 10 . , 2.2 
UN = сар 36. — 4a = ( 3s + s + 10) 
8 3 3 4 
39, 9 _ 2 40. _ Ё+А____&-4_ 
6^—B8 2^—8с—®9 k*+4k+4  k*—k-6 
12.7 Solve the equation. Check your solution. 
ш 42. —*437y-i 
2 _ 5 i 2 . 6 
a GS ed ee Wis W+3 w2+5wt+6 
ud c ШЫ, h?+h-12 49 242 ate а? + 4a +4 
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Chapter 13 


13.1 In Exercises 1 and 2, use the following information. A bag contains 3 red, 
3 blue, and 3 yellow marbles. You toss a coin and then draw a marble out of 
the bag at random. 


1. Find the number of possible outcomes in the sample space. Then list the 
possible outcomes. 


2. What is the probability that the coin shows tails and the marble is blue? 


13.1 3. Youtossa coin 3 times. What are the odds against the coin's showing 
heads twice and tails once? 


13.2 4. In how many ways can you arrange the letters in the word SPRING? 


5. In how many ways can you arrange 3 of the letters in the word TULIP? 


13.2 Evaluate the expression. 
6. 7! Te ahs B. ¡Ps 9. „Р, 


13.3 10. You can choose 3 books from a list of 5 books to read for English class. 
How many combinations of 3 books are possible? 


EXTRA PRACTICE 


13.3 Evaluate the expression. 


11. 12. 


С, 13. „С 14. „С 


7 10 74 


13.4 In Exercises 15 and 16, you roll a number cube. Tell whether the events A 
and B are mutually exclusive or overlapping. Then find P(A or B). 


15. Event A: Roll a 5. 16. Event A: Roll a 4. 
Event B: Roll a prime number. Event B: Roll a multiple of 3. 


13.4 17. A bag contains 3 red, 4 blue, and 5 yellow marbles. You randomly draw 
two marbles, one at a time. Find the probability that both are blue if (a) 
you replace the first marble and (b) you do not replace the first marble. 

13.5 In Exercises 18-20, use the following information. 


Some parents want to gather information about updating the sound system in 
the high school auditorium. They obtain a list of high school students and call 
the parents or guardians of every 20th student on the list. The question they 
ask is "Don't you think the sound system in the high school auditorium needs 
updating?" 


18. Identify the population and classify the sampling method. 

19. Is the sampling method used likely to result in a biased sample? Explain. 
20. Tell whether the question is potentially biased. Explain your answer. 

In Exercises 21-23, use the following numbers of stories in the world's ten 
tallest buildings: 101, 88, 88, 108, 88, 88, 80, 69, 102, 78. 


13.6 21. Find the mean, median, mode(s), range, and mean absolute deviation of 
the data. Round to the nearest hundredth, if necessary. 


13.7 22. Make a histogram and a stem-and-leaf plot of the data. 
13.8 23. Make a box-and-whisker plot of the data. Identify any outliers. 
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Symbols 


a divided by b, b + 0 


the fourth power of a, or 
а,а,а,а 


O parentheses—a 
grouping symbol 


ar |, 
symbol 

is equal to EN 
О. [mmm |a 
[os [mmeera an 
= [isles tmanoreaualto | 21 


ES 
i to 
О: (emn |2 
æn [ешеш | 
[o [emmeson | 6a 
[ ca | meopposteota | 66 


ЕЕ the absolute value of a Er 
1 0 | 
0 1 matrix 


is not equal to 


the nonnegative square 
root ofa, a 20 


sme [Meaning [re 
а 
E 


y-intercept 
constant of variation 


EN 

EN 

_244_ 

_253_ 

EN JE 
fatx 

PRINS 

E 


а 
the cube root of a 


scientific notation, 
1<c<10 and nis an 


integer 
the probability of an 844 
event A 
n factorial, or 
п• (п – l)e... 
is а nonnegative integer 
combinations of 
n objects taken rata 
time, r<n 
x x bar, the mean of 875 

numerical data 

variance, the square of 


standard deviation 
879 


the number of 
permutations of 
n objects taken rata 


the number of 


standard deviation, the 
nonnegative square root 
of variance 


Tables 
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Geometric Formulas 


Pythagorean Theorem (p. 737) | Square (p. 924) Rectangle (p. 924) 


b 
In a right triangle, a? + b^ = с 
where a and b are the lengths 
of the legs and cis the length 


Perimeter 
Р = 45 


Perimeter 
P=2+2w 


Л 
E 
sl 
t 
et 
= 


952 


of the hypotenuse. 


Parallelogram (p. 924) 


Circle (p. 926) 


NS 
C — ard or 
C = 2тг 


Pyramid (р. 927) 


Surface Area 
pl -1 
S=B+ ¿PL V zBh 


Volume 
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Prism (p. 927) 


р | 

Р 
Surface Area Volume 
S = 2B + Ph V= Bh 


Cone (p. 927) 


h 
£ 
B r 


Surface Area Volume 
$=В+ 107 y = 3Bh 


= mr? + mri 


Area 
_ 1 
A= 4(b, + bh 


Cylinder (p. 927) 


Surface Area 
S=2B+Ch 
= 2пү? + 2тгһ 


Sphere (p. 927) 


Surface Area Volume 


S = Amr? V = Amr? 


Other Formulas 


Slope (p. 235) 


Compound interest (p. 523) 


Quadratic formula (p. 671) 


Distance formula (p. 744) 


Midpoint formula (p. 745) 


Theoretical probability (p. 844) 


Experimental probability 
(p. 844) 


Permutations (p. 852) 


Combinations (p. 856) 


Probability of mutually 
exclusive or overlapping events 
(p. 861) 


Probability of independent or 
dependent events (p. 862) 


The slope m of a nonvertical line passing through the two 


Yə — Yı 


Xa — Xy” 


points (x;, y,) and (х„ у) is m = a 4 


y = a(l + г)‘ where y is the account balance, a is the initial 
investment, r is the annual interest rate (in decimal form), 
and tis the time in years. 


The real-number solutions of the quadratic equation 


—b + VI? — дас 


where a = 0 and 
2a 


ах? + bx + c = 0 are x = 
b? — 4ас> 0. 


The distance d between any two points (x,, y,) and (x,, y,) 


is d = \ (x, — x + (y, — yp’. 


The midpoint M of the line segment with endpoints A(x,, y,) 


| X, FX), у + у, 
апа В(х,, У) 15 М 79 ? EE XS A 


The probability of an event when all the outcomes are equally 


Number of favorable outcomes 


likely is P(event) = Total number of outcomes 


sSIiTAV.L 


For repeated trials of an experiment, the probability of an 


Number of successes 


event is P(event) = Saber PUE 


The number of permutations of n objects taken r at a time, 
п! 


where r < n, is given by „Р = T-P 


The number of combinations of n objects taken r at a time, 


T n! 
where r x n, is given by „С, = (п-т 


If A and В are mutually exclusive events, then 
P(A or В) = Р(А) + P(B). 

If A and В are overlapping events, then 

P(A or В) = P(A) + P(B) — P(A and В). 

If A and B are independent events, then 

P(A and B) = P(A) « P(B). 


If A and B are dependent events, then 
P(A and В) = P(A) • P(B given A). 
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Properties 
Properties of Addition and Multiplication 
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Commutative Properties (pp. 75, 89) 


The order in which you add two numbers does not change the sum. 


The order in which you multiply two numbers does not change the 


product. 


Associative Properties (pp. 75, 89) 
The way you group three numbers in a sum does not change the sum. 


The way you group three numbers in a product does not change the 


product. 


Identity Properties (pp. 75, 89) 


The sum of a number and the additive identity, 0, is the number. 


(a В) +с=а + (b+c) 
(ар) •с=а• (р • с) 


а+0 = 0 +а=а 


The product of a number and the multiplicative identity, 1, is the 


number. 


Inverse Properties (pp. 75, 103) 


The sum of a number and its additive inverse, or opposite, is 0. 


The product of a nonzero number and its multiplicative inverse, or 


reciprocal, is 1. 


Distributive Property (p. 96) 


You can multiply a number and a sum by multiplying each term of 
the sum by the number and then adding these products. The same 
property applies to the product of a number and a difference. 


Properties of Equality 


Addition Property of Equality (p. 134) 
Adding the same number to each side of an equation 
produces an equivalent equation. 


Subtraction Property of Equality (p. 134) 
Subtracting the same number from each side of an equation 
produces an equivalent equation. 


Multiplication Property of Equality (p. 135) 
Multiplying each side of an equation by the same nonzero 
number produces an equivalent equation. 


Division Property of Equality (p. 135) 
Dividing each side of an equation by the same nonzero 
number produces an equivalent equation. 
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ар + с) = ар + ас 
(b + c)a = ba + са 
a(b — с) = ab — ас 
(b — c)a = ba — ca 


If x — a = b, then 
х-а+а= р+а, orx=b+a. 


If x + a = b, then 
x+a-a=b-a,ox=b- а. 


2 = banda 0, then 


а, =a. b, orx = ab. 


If ax = b anda + 0, then 


— = = orx = 


ax _ b b 
a a a’ 


Properties of Inequality 


Addition and Subtraction Properties of Inequality (pp. 357, 358) Ifa<b,thena+c<b+c 
Adding or subtracting the same number on each side of an anda — c« b —- c. 
inequality produces an equivalent inequality. 


Ifa» b, Шепа + c» р + с 
апаа – с> р ~ с. 


Multiplication and Division Properties of Inequality (рр. 363, 364  Ifa< b and c> 0, then 
Multiplying or dividing each side of an inequality by a positive b 
number produces an equivalent inequality. Multiplying or dividing p 
each side of an inequality by a negative number and reversing the If a « band c « 0, then 
direction of the inequality symbol produces an equivalent inequality. b 


C 


ac « bc and © < 


ac> bc and > 


Properties of Exponents 


Product of Powers Property (p. 489) 
To multiply powers having the same base, add the exponents. 


Power of a Power Property (p. 490) 
To find a power of a power, multiply exponents. 


Power of a Product Property (p. 490) 
To find a power of a product, find the power of each factor and multiply. (ab)™ = a” b” 


= 
> 
ezl 
r 
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Quotient of Powers Property (р. 495) 
To divide powers having the same nonzero base, subtract exponents. 


Power of a Quotient Property (p. 496) 
To find a power of a quotient, find the power of the numerator and the 
power of the denominator and divide. 


Other Properties 


Cross Products Property (p. 168) 


a_c _ 
The cross products of a proportion are equal. Ит ШУ; (b, d + 0), then ad = bc. 


Product Property of Radicals (p. 719) 
The square root of a product equals the product of the ab =Vae Vb, a=0andb=0 
square roots of the factors. 


Quotient Properties of Radicals (p. 720) 
The square root of a quotient equals the quotient of the ‚а> Оапар>0 
square roots of the numerator апа denominator. 
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Measures 


60 seconds (sec) = 1 minute (min) 
60 minutes = 1 hour (h) 


24 hours = 1 day 
7 days = 1 week 
4 weeks (approx.) = 1 month 


52 weeks (approx.) | = 1 year 
12 months 


10 years = 1 decade 


365 ña] 


100 years = 1 century 


Length 


10 millimeters (mm) = 1 centimeter (cm) 
100 cm 
1000 mm | 7 ] meter (m) 


1000 m = 1 kilometer (km) 


Area 


100 square millimeters — 1 square centimeter 
(mm^?) (cm?) 
10,000 cm? = 1 square meter (m^?) 
10,000 m? = 1 hectare (ha) 


TABLES 


Volume 


1000 cubic millimeters = 1 cubic centimeter 
(mm?) (cm?) 
1,000,000 cm? = 1 cubic meter (m?) 


Liquid Capacity 


1000 milliliters | = ] liter (L) 


1000 cubic centimeters (cm?) 


1000L = 1 kiloliter (kL) 


1000 milligrams (mg) = 1 gram (g) 
1000 g = 1 kilogram (kg) 
1000 kg = 1 metric ton (t) 


Temperature Degrees Celsius (°С) 


0*C = freezing point of water 
37°С = normal body temperature 
100°С = boiling point of water 
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Length 


12 inches (in.) = 1 foot (ft 
36 in. 


3 1 — ] yard (yd) 


5280 ft 


1760 el — ] mile (mi) 


Area 
144 square inches (in.^) = 1 square foot (ft?) 
9 ft? = 1 square yard (уд?) 
43,560 ft? | _ 
4840 yd? 1 acre (A) 


Volume 


1728 cubic inches (in.?) = 1 cubic foot (ft?) 
27 f? = 1 cubic yard (yd?) 


Liquid Capacity 
8 fluid ounces (fl oz) = 1 cup (c) 
2c- 1 pint (pt) 
2 pt = 1 quart (qt) 
4 qt = 1 gallon (gal) 


Weight 


16 ounces (oz) = 1 pound (Ib) 
2000 Ib = 1 ton 


Temperature Degrees Fahrenheit (?F) 


32°F = freezing point of water 
98.6°F = normal body temperature 
212°F = boiling point of water 


Squares and Square Roots 


OONO UubhWN=|6 


10,000 


15,625 


15,876 
16,129 
16,384 
16,641 
16,900 


17,161 
17,424 
17,689 
17,956 
18,225 


18,496 
18,769 
19,044 
19,321 
19,600 


19,881 
20,164 
20,449 
20,736 
21,025 


21,316 
21,609 
21,904 
22,201 
22,900 


Tables 
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absolute deviation (p.392) The absolute deviation of a 
number x from a given value is the absolute value of the 
difference of x and the given value: 


absolute deviation = | x — given value | 


desviación absoluta (pág. 392) La desviación absoluta de un 
nümero x con respecto a un valor dado es el valor absoluto de 
la diferencia entre x y el valor dado: 


desviación absoluta = | x — valor dado | 


absolute value (р. 66) The absolute value of a number a is 
the distance between a and 0 on a number line. The symbol 
|a| represents the absolute value of a. 


valor absoluto (pág.66) El valor absoluto de un número a es 
la distancia entre a y 0 en una recta numérica. El símbolo | a | 
representa el valor absoluto de a. 


absolute value equation (p. 390) An equation that contains 
an absolute value expression. 


ecuación de valor absoluto (pág. 390) Ecuación que 
contiene una expresión de valor absoluto. 


additive identity (p.76) The number 0 is the additive 
identity, because the sum of any number and 0 is the number: 
а+0 = 0 +а = а. 


identidad aditiva (pág. 76) El número 0 es la identidad 


aditiva ya que la suma de cualquier número y 0 es ese número: 


а+0 = 0 +а = а. 


additive inverse (р. 76) The additive inverse of a number а is 
its opposite, —a. The sum of a number and its additive inverse 
is0:a+ (-a) =-a+a=0. 


inverso aditivo (pág. 76) El inverso aditivo de un número a 
es su opuesto, —a. La suma de un número y su inverso aditivo 
es0:a+ (-a =-a+a=0. 


algebraic expression (p. 2) An expression that includes at 
least one variable. Also called variable expression. 


expresión algebraica (pág. 2) Expresión que incluye por lo 
menos una variable. 


Student Resources 


If the absolute deviation of x from 2 is 3, then 


[x—2| =3. 


Si la desviación absoluta de x con respecto a 2 


es 3, entonces |x—2| =3. 


|2| 22, |-5| =5,and |0| =0 


|2| 22, |-5| =5,у |0] =о 


|x + 2| =3is an absolute value equation. 


|x + 2| = 3esuna ecuación de valor 
absoluto. 


The additive inverse of —5 is 5, and —5 + 5 = 0. 


El inverso aditivo de —5 es 5, y —5 + 5 = 0. 


5n, FT 6 + c, and 8 — x are algebraic 


expressions. 


5n, LI 6 + cy 8 — x son expresiones 


algebraicas. 


arithmetic sequence (p. 309) A sequence in which the 
difference between consecutive terms is constant. 


progresión aritmética (pág. 309) Progresión en la que la 
diferencia entre los términos consecutivos es constante. 


asymptotes of a hyperbola (p.767) Lines that a hyperbola 
approaches but does not intersect. 


asintotas de una hipérbola (pág. 767) Rectas a las que la 
hipérbola se acerca pero sin cortarlas. 


axis of symmetry (p. 628) The line that passes through the 
vertex and divides the parabola into two symmetric parts. 


eje de simetría (pág. 628) La recta que pasa por el vértice y 
divide a la parábola en dos partes simétricas. 


base of a power (p. 3) The number or expression that is used 


as a factor in a repeated multiplication. 


base de una potencia (pág. 3) El número o la expresión que 
se usa como factor en la multiplicación repetida. 


best-fitting line (p. 335) The line that most closely follows a 
trend in data, found using technology. 


mejor recta de regresión (pág. 335) La recta que se ajusta 
más a la tendencia de los datos y que se encuentra mediante 
tecnología. 


2, 8, 14, 20, 26, ... is an arithmetic sequence 
in which the difference between consecutive 
terms is 6. 


2, 8, 14, 20, 26, ... es una progresión 
aritmética en la que la diferencia entre 
los términos consecutivos es 6. 


See hyperbola. 


Ver hipérbola. 
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The axis of symmetry of the graph of 
y= — + 2x + 1is the line x = 1. 


El eje de simetría de la gráfica de 
y= —x + 2х + leslarecta x = 1. 


In the power 3’, the base is 3. 


En la potencia 3*, la base es 3. 
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The graph shows the best-fitting line for the data 
in the scatter plot. 


La gráfica muestra la mejor recta de regresión 
para los datos del diagrama de dispersión. 


English-Spanish Glossary 959 


> 
a 
et 
Un 
A 
© 
mua! 
Q 
JL 
= 
Z 
et 
C. 
n 
le 
e 
=] 
е 
2. 
ш 


960 


biased question (р. 872) A question that encourages a 
particular response. 


pregunta capciosa (pág. 872) Pregunta que impulsa a dar 
una respuesta determinada. 


biased sample (p.872) A sample that is not representative of 
the population. 


muestra sesgada (pág. 872) Muestra que no es 
representativa de la población. 


binomial (p.555) A polynomial with two terms. 


binomio (pág.555) Polinomio con dos términos. 


box-and-whisker plot (p.887) A data display that organizes 
data values into four groups using the minimum value, lower 
quartile, median, upper quartile, and maximum value. 


gráfica de frecuencias acumuladas (pág. 887) Presentación 
de datos que organiza los valores de los datos en cuatro 
grupos usando el valor mínimo, el cuartil inferior, la mediana, 
el cuartil superior y el valor máximo. 


branches of a hyperbola (p.767) The two symmetrical parts 
of a hyperbola. 


ramas de una hipérbola (pág. 767) Las dos partes simétricas 
de la hipérbola. 


coefficient (p.97) The number part of a term with a variable 
part. 


coeficiente (pág.97) La parte numérica de un término que 
tiene una variable. 


combination (p.856) A selection of objects in which order is 
not important. 


combinación (pág.856) Selección de objetos en la que el 
orden no es importante. 
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“Don't you agree that the voting age should 
be lowered to 16 because many 16-year-olds 
are responsible and informed?" is a biased 
question. 


“¿No estás de acuerdo en que se debe bajar la 
edad para votar a los 16 aíios ya que muchos 
jóvenes de 16 aíios son responsables y están 
bien informados?" es una pregunta capciosa. 


The members of a school's basketball team 
would form a biased sample for a survey 
about whether to build a new gym. 


Los miembros del equipo de baloncesto de 
una escuela formarían una muestra sesgada 
si participaran en una encuesta sobre si 
quieren que se construya un nuevo gimnasio. 


{5 — 4t and 2x + 5 are binomials. 
P — Aty 2x + 5 son binomios. 


See hyperbola. 


Ver hipérbola. 


C 


The coefficient of —6x is —6. 


El coeficiente de —6x es —6. 


There are 6 combinations of two of the letters 
from the list A, B, C, D: AB, AC, AD, BC, BD, 
and CD. 


Hay 6 combinaciones de dos de las letras de la 
lista A, B, C, D: AB, AC, AD, BC, BD y CD. 


common difference (p.309) The constant difference 
between consecutive terms of an arithmetic sequence. 


diferencia comün (pág. 309) La diferencia constante entre 
los términos consecutivos de una progresión aritmética. 


common ratio (p. 539) The ratio of any term of a geometric 
sequence to the previous term of the sequence. 


razón comün (pág. 539) La razón entre cualquier término 
de una progresión geométrica y el término anterior de la 
progresión. 


completing the square (p.663) The process of rewriting a 
quadratic expression so that it is a perfect square trinomial. 


completar el cuadrado (pág. 663) El proceso de escribir 
una expresión cuadrática de manera que sea un trinomio 
cuadrado perfecto. 


complex fraction (p.810) A fraction that contains a fraction 
in its numerator, denominator, or both. 


fracción compleja (pág. 810) Fracción que contiene una 
fracción en su numerador, en su denominador o en ambos. 


compound event (p.861) An event that combines two or 
more events, using the word and or the word or. 


suceso compuesto (pág. 861) Suceso que combina dos o más 


sucesos usando la palabra y o la palabra o. 


compound inequality (p.380) Two inequalities joined by 
and or or. 


desigualdad compuesta (pág. 380) Dos desigualdades 
unidas por y u o. 


compound interest (p.523) Interest that is earned on both 
an initial investment and on previously earned interest. 


interés compuesto (pág. 523) Interés obtenido tanto 
sobre la inversión inicial como sobre el interés conseguido 
anteriormente. 


2, 8, 14, 20,26, ... is an arithmetic sequence 
with a common difference of 6. 


2,8, 14, 20, 26, . . . es una progresión 
aritmética con una diferencia común de 6. 


The sequence 5, 10, 20, 40,... is a geometric 
sequence with common ratio 2. 


La progresión 5, 10, 20, 40,... es una 
progresión geométrica con una razón común 
de 2. 


To write x^ — 16x as a perfect square 
trinomial, add (=F, or (-8)?. This gives 

x? — 16x + (-8) = (x – 8)’. 

Para escribir x? — 16x como trinomio 
cuadrado perfecto, suma (335), o (—8)?. Así 
resulta x^ — 16x + (—8)* = (x — 8)*. 


x-1 
and IL are complex fractions. 
x= 


2-1 
y zl son fracciones complejas. 
AX 


P BE 


When you roll a number cube, the event “roll 
a 2 or an odd number" is a compound event. 


Cuando lanzas un cubo numerado, el suceso 
“salir el 2 ó número impar” es un suceso 
compuesto. 


—2«xand x « 1,which can be written as 
—2«x«]1,isa compound inequality, as is 
x«-—lorx» 0. 


—2«xyx« l, que puede escribirse —2 < x < 1, 
es una desigualdad compuesta, al igual que 
х<—16х> 0. 


You deposit $250 in an account that earns 4% 
interest compounded yearly. After 5 years, 
your account balance is y = 250(1 + 0.04)? ~ 
$304.16. 


Depositas $250 en una cuenta al 4% anual 
de interés compuesto. Después de 5 años, el 
balance de la cuenta es у = 250(1 + 0.04)? ~ 
$304.16. 
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conditional statement (р. 66) A statement with a hypothesis 
and a conclusion. 


enunciado condicional (pág. 66) Enunciado que tiene una 
hipótesis y una conclusión. 


congruent figures (p. 174) Figures that have the same size 
and shape. The symbol = indicates congruence. 


figuras congruentes (pág. 174) Figuras que tienen igual 
tamaño y forma. El símbolo = indica la congruencia. 


conjecture (p. 117) A statement that is believed to be true but 
not yet shown to be true. 


conjetura (pág. 117) Enunciado que se considera verdadero 
sin que haya sido demostrado todavía. 


consistent dependent system (p. 459) A linear system with 
infinitely many solutions. The graphs of the equations of a 
consistent dependent system coincide. 


sistema dependiente compatible (pág. 459) Sistema lineal 
con infinitas soluciones. Las gráficas de las ecuaciones de un 
sistema dependiente compatible coinciden. 


consistent independent system (p. 427) A linear system 
with exactly one solution. The graphs of the equations of a 
consistent independent system intersect. 


sistema independiente compatible (pág. 427) Sistema 
lineal con una sola solución. Las gráficas de las ecuaciones de 
un sistema independiente compatible se cortan. 
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conditional statement 
enunciado condicional 
i — — — — —^ 
If a » 0, then = @. 
hypothesis conclusion 
hipótesis conclusión 
ГАФ /N 
B C Е F 
AABC = ADEF 


A conclusion reached using inductive 
reasoning is a conjecture. 


Una conclusión que se saca mediante el 
razonamiento inductivo es una conjetura. 


ре ЫШ ШШЕ ЕШШ ЕШ ШЕ 


The linear system x — 2y = —4 and y = x +2 


is a consistent dependent system because the 
graphs of the equations coincide. 


El sistema lineal х — 2y = —4e y= Lx + 2 


es un sistema dependiente compatible ya que las 
gráficas de las ecuaciones coinciden. 


NU 


_[3х-2у=2__ 


HRN PEE 


Y AN 


The linear system 3x — 2y = 2 and x + у= 4 is 
a consistent independent system because the 
graphs of the equations intersect. 


El sistema lineal 3x — 2y = 2 y x+ у = 4 es un 
sistema independiente compatible ya que las 
gráficas de las ecuaciones se cortan. 


constant of variation (рр. 253,765) The nonzero constant а 
in a direct variation equation y = ax or in an inverse variation 


equation y = a 


constante de variación (págs. 253, 765) La constante a 
distinta de cero de una ecuación de variación directa y = ax о 


de una ecuación de variación inversa y = a 


constant term (p.97) A term with a number part but no 
variable part. 


término constante (pág. 97) Término que tiene una parte 
numérica sin variable. 


continuous function (p. 223) A function with a graph that is 
unbroken. 


función continua (pág. 223) Función con una gráfica no 
interrumpida. 


convenience sample (p.871) A sample in which only 
members of a population who are easily accessible are 
selected. 


muestra de conveniencia (pág. 871) Muestra en la que se 
selecciona sólo a los miembros de una población fácilmente 
accesibles. 


converse of a conditional (p. 318) A statement formed 
by interchanging the hypothesis and the conclusion of 
the conditional. The converse of a true statement is not 
necessarily true. 


recíproco de un condicional (pág. 318) Enunciado formado 
al intercambiar la hipótesis y la conclusión del condicional. 


El recíproco de un enunciado verdadero no es necesariamente 


verdadero. 


The constant of variation in the direct 
variation equation y = zx is > and the 


constant of variation in the inverse variation 


equation y = = is —1. 


La constante de variación de la ecuación de 
variación directa y = zx es 5, y la constante de 
variación de la ecuación de variación inversa 


у= des-1. 


In the expression 3x + (—4) + (—6х) + 2, the 
constant terms are —4 and 2. 


En la expresión Зх + (—4) + (—6x) + 2, los 
términos constantes son —4 y 2. 


You can select a convenience sample of a 
school’s student population by choosing only 
students who are in your classes. 


Para seleccionar una muestra de 
conveniencia de la población de estudiantes 
de una escuela, puedes escoger sólo a los 
estudiantes que están en tus clases. 


The converse of the statement “If x = 5, 

then |x| =5”is“If |x| = 5, then x = 5” The 
original statement is true, but the converse is 
false. 


El recíproco del enunciado “Si x = 5, entonces 
|x| =5”es “Si |x| = 5, entonces x = 5”. El 
enunciado original es verdadero, pero el 
recíproco es falso. 
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correlation (р. 324) The relationship between paired data. 
The paired data have positive correlation if y tends to increase 
as xincreases, negative correlation if y tends to decrease as 

x increases, and relatively no correlation if x and y have no 
apparent relationship. 


correlación (pág. 324) La relación entre los pares de datos. 
Los pares de datos presentan una correlación positiva si y 
tiende a aumentar al aumentar x, una correlación negativa si y 
tiende a disminuir al aumentar x y una correlación nula si x e y 
no tienen ninguna relación aparente. 


corresponding parts (p. 174) A pair of sides or angles that 
have the same relative position in two figures. 


partes correspondientes (pág. 174) Par de lados o ángulos 
que tienen la misma posición relativa en dos figuras. 


counterexample (p.66) An example used to show that an 
if-then statement is false. 


contraejemplo (pág.66) Ejemplo utilizado para demostrar 
que un enunciado de "si..., entonces..." es falso. 


cross product (p. 168) In a proportion, a cross product is the 
product of the numerator of one ratio and the denominator of 
the other ratio. The cross products of a proportion are equal. 


producto cruzado (pág.168) En una proporción, un 
producto cruzado es el producto del numerador de una de 
las razones y el denominador de la otra razón. Los productos 
cruzados de una proporción son iguales. 


cube root (p.510) If P? = a, then b is the cube root of a. 


raíz cúbica (pág.510) Si bř = a, entonces b es la raíz cúbica 
de a. 


Student Resources 


Positive correlation 
Correlación positiva 


Negative correlation 
Correlación negativa 


Relatively no correlation 
Correlación nula 


М 
В C K L 


ZA and Z Jare corresponding angles. 
AB and JK are corresponding sides. 


ZA y ZJson ángulos correspondientes. 
AB y JK son lados correspondientes. 


The statement “If a number is a whole 
number, then the number is positive" is false 
because 0 is a whole number that is not a 
positive number. 


El enunciado “Si un número es un número 
natural, entonces es positivo" es falso ya que 0 
es un nümero natural que no es positivo. 


The cross products of the proportion 


5 = Š are3 + 8 = 24 and 4+ 6 = 24. 


Los productos cruzados de la proporción 


= Pson3 +8 = 24y4+6 = 24. 


2 is the cube root of 8 because 2° = 8. 


2 es la raíz cúbica de 8 ya que 2? = 8. 


A __Є_ 


decay factor (p. 534) The expression 1 — rin the exponential 
decay model y = a(1 — r). 


factor de decrecimiento (pág. 534) La expresión 1 — г del 
modelo de decrecimiento exponencial y = a(1 — р)“. 


decay rate (p.534) The variable rin the exponential decay 
model y = a(1 — n)’. 


tasa de decrecimiento (pág. 534) La variable r del modelo de 
decrecimiento exponencial у = a(1 — r)*. 


deductive reasoning (p. 118) A form of reasoning in which a 
conclusion is based on statements that are assumed or shown 
to be true. 


razonamiento deductivo (pág. 118) Tipo de razonamiento 
en el que una conclusión se basa en enunciados que se 
suponen o se demuestran verdaderos. 


degree of a monomial (p.554) The sum of the exponents 
of the variables in the monomial. The degree of a nonzero 
constant term is 0. 


grado de un monomio (pág. 554) La suma de los exponentes 
de las variables del monomio. El grado de un término 
constante distinto de cero es 0. 


degree of a polynomial (p.554) The greatest degree of the 
terms of the polynomial. 


grado de un polinomio (pág. 554) El mayor grado de los 
términos del polinomio. 


dependent events (p. 862) Two events such that the 
occurrence of one event affects the occurrence of the other 
event. 


sucesos dependientes (pág. 862) Dos sucesos tales que la 
ocurrencia de uno de ellos afecta a la ocurrencia del otro. 


In the exponential decay model 
Р = 41(0.995)', the decay factor is 0.995. 


En el modelo de decrecimiento exponencial 
P = 41(0.995)', el factor de decrecimiento es 
0.995. 


In the exponential decay model 
Р = 41(0.995)', the decay rate is 0.005, 
because 0.995 = 1 — 0.005. 


En el modelo de decrecimiento exponencial 
Р = 41(0.995)', la tasa de decrecimiento es 
0.005 ya que 0.995 = 1 — 0.005. 


(x + 2) + (-2) 
= x + [2 + (-2)] Associative property of addition 


=x>+0 Inverse property of addition 

=x Identity property of addition 

(x + 2) + (—2) 

— x + [2 + (-2)] Propiedad asociativa de la suma 

=x+0 Propiedad del elemento inverso 
de la suma 

=x Propiedad de identidad de la 
suma 


The degree of Zab” is 1 + 2,or3. 


El grado de jab? es 1+ 2,63. 


The polynomial 22? + x — 5 has a degree of 2. 


El polinomio 2х2 + x — 5 tiene un grado de 2. 


A bag contains 3 red marbles and 5 white 
marbles. You randomly draw one marble, do 
not replace it, then randomly draw another 
marble. The events “draw a red marble 

first” and “draw a white marble second" are 
dependent events. 


Una bolsa contiene 3 canicas rojas y 

5 blancas. Sacas al azar una canica sin 
reemplazarla y luego sacas al azar otra canica. 
Los sucesos "sacar primero una canica roja" 

y ^sacar después una canica blanca" son 
sucesos dependientes. 
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dependent variable (р. 36) The output variable of a 
function. 


variable dependiente (pág. 36) La variable de salida de una 
función. 


dimensions of a matrix (p. 94) If a matrix has m rows and 
n columns, the dimensions of the matrix are written as m X n. 


dimensiones de una matriz (pág. 94) Si una matriz tiene 
m filas y n columnas, las dimensiones de la matriz se escriben 
m X n. 


direct variation (p.253) The relationship of two variables x 
and y if there is a nonzero number a such that y — ax. If y — ax, 
then y is said to vary directly with x. 


variación directa (pág.253) La relación entre dos variables x 
e y si hay un número a distinto de cero tal que y = ax. Si 
y = ax, entonces se dice que y varía directamente con x. 


discrete function (p.223) A function with a graph that 
consists of isolated points. 


función discreta (pág.223) Función cuya gráfica consta de 
puntos aislados. 


discriminant (p.678) The expression b^ — 4ac of the 
assciated equation ax^ + bx + c = 0; also the expression under 
the radical sign in the quadratic formula. 


discriminante (pág. 678) La expresión b° — 4ac de la 
ecuación asociada аж? + bx + c = 0; también es la expresión 
colocada bajo el signo radical de la fórmula cuadrática. 


distance formula (p.744) The distance d between any two 


points (ху, yj) and (x, у,) isd = V (x, х1) + (y; — y. 


fórmula de la distancia (pág.744) La distancia d entre dos 
puntos cualesquiera (ху, y,) y (X,, y;) es 


а= ү (x, — x^ + (y, — уу). 
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In the function equation y = x + 3, yis the 
dependent variable. 


En la ecuación de función у = x + 3, yes la 
variable dependiente. 


The dimensions of a matrix with 2 rows and 
3 columns are 2 x 3 (“2 by 3"). 


Las dimensiones de una matriz con 2 filas y 
3 columnas son 2 x 3 (“2 por 3"). 


The equation 2x — 3y — 0 represents direct 
variation because it is equivalent to the 


equation y — za. The equation y = x + 5 does 
not represent direct variation. 


La ecuación 2x — Зу = 0 representa una 
variación directa ya que es equivalente a la 


ecuación y — zr. La ecuación y — x + 5 no 


representa una variación directa. 


The value of the discriminant of the equation 
3x? – 2x — 7 = 0 is: 
b^ — 4ac = (-2)* — 4(3)(-7) = 88 
El valor del discriminante de la ecuación 
3x? — 2x 7 = без: 
b? — 4ac = (—2)* — 4(3)(—7) = 88 


The distance d between (— 1, 3) and (5, 2) is: 


d-W(5—(-1)?- (2 – 3)? = V37 


La distancia d entre (—1, 3) y (5, 2) es: 


d=V(5-(-D? + (2 – 3)? = V37 


distributive property (p.96) A property that can be used to 
find the product of a number and a sum or difference: 


a(b + c) = ab + ac 
(b + c)a = ba + ca 
a(b — c) = ab — ac 
(b — оа = ba — ca 


propiedad distributiva (pág.96) Propiedad que sirve para 
hallar el producto de un número y una suma o una diferencia: 


alb + c) = ab + ac 
(b + da = ba + ca 
a(b — c) = ab — ac 


(b — c)a = ba — ca 


domain of a function (p.35) The set of all inputs of a 
function. 


dominio de una función (pág. 35) El conjunto de todas las 
entradas de una función. 


3(4 + 2) = 3(4) + 3(2), 
(8 — 6)4 = (84 — (6)4 


See function. 


Ver función. 


з — — — — — — — — — — —— 


element of a matrix (p.94) Each number in a matrix. 


elemento de una matriz (pág.94) Cada nümero de la 
matriz. 


element of a set (p.71) Each object in a set. Also called a 
member of a set. 


elemento de un conjunto (pág. 71) Cada objeto de un 
conjunto; llamado también miembro de un conjunto. 


empty set (p.71) The set with no elements, written as 4. 


conjunto vacío (pág. 71) El conjunto que no tiene ningún 
elemento, escrito Ө. 


equation (p.21) A mathematical sentence formed by placing 
the symbol = between two expressions. 


ecuación (pág. 21) Enunciado matemático formado al 
colocar el símbolo = entre dos expresiones. 


equivalent equations (p. 134) Equations that have the same 
solution(s). 


ecuaciones equivalentes (pág. 134) Ecuaciones que tienen 
la misma solución o soluciones. 


See matrix. 


Ver matriz. 


5 is an element of the set of whole numbers, 
W= {0, 1,2,3,...}. 


5 es un elemento del conjunto de los números 
naturales, W = (0, 1,2,3,...). 

The set of negative whole numbers = 0. 

El conjunto de los números naturales 
negativos = 0. 


2k — 8 = 12 is an equation. 


2k — 8 = 12 es una ecuación. 


x+7=4andx = —3 are equivalent 
equations. 


x+7=4yx= —3 son ecuaciones 
equivalentes. 
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exponential decay (p.533) When a> 0 апао « b < 1, the 
function y — ab* represents exponential decay. When a 
quantity decays exponentially, it decreases by the same 
percent over equal time periods. The exponential decay model 
is y = a(l — р)“. 


decrecimiento exponencial (pág. 533) Cuando a>0 y 
0 < b<1, la función y = ab* representa el decrecimiento 
exponencial. Cuando una cantidad decrece de forma 
exponencial, disminuye en el mismo porcentaje durante 
períodos de tiempo iguales. El modelo de decrecimiento 
exponencial es у = a(l — n). 


exponential function (p.520) A function of the form y = ab” 
where а + 0, р> 0, and b = 1. 


función exponencial (pág.520) Función de la forma y = ab”, 
donde a + 0, р> 0yb + 1. 


exponential growth (р. 522) When a> 0 and b» 1, the 
function у = ab” represents exponential growth. When a 
quantity grows exponentially, it increases by the same percent 
over equal time periods. The exponential growth model is 
y-a( + т“. 


crecimiento exponencial (pág. 522) Cuando а> 0 y b» 1, 

la función y = ab* representa el crecimiento exponencial. 
Cuando una cantidad crece de forma exponencial, aumenta 
en el mismo porcentaje durante períodos de tiempo iguales. El 
modelo de crecimiento exponencial es у = a(1 + r)'. 


extraneous solution (p.730) A solution of a transformed 
equation that is not a solution of the original equation. 


solución extraña (pág. 730) Solución de una ecuación 
transformada que no es solución de la ecuación original. 


BEEN LUNMMN 
| LLALL LLL. 
LL LIMLL LLL. 
ON |i] 


The function y = 2(0.25)* represents exponential 
decay. See also decay rate and decay factor. 


La función у = 2(0.25)* representa el 
decrecimiento exponencial. Ver también tasa de 
decrecimiento y factor de decrecimiento. 


The functions y = 2 - 3" and y= —2 · (iy 
è ‘ 2 
are exponential functions. 


See also exponential growth and exponential 
decay. 


Las funciones у = 2 • 3*ey= -2* (iy son 
funciones exponenciales. 


Ver también crecimiento exponencial y 
decrecimiento exponencial. 


ects | | ll 
ptt teil | fe 


The functions y = 3 • 2* and у = 2* represent 
exponential growth. See a/so growth rate and 
growth factor. 


Las funciones y = 3 • 2% e у = 2* representan 
el crecimiento exponencial. Ver también tasa de 
crecimiento y factor de crecimiento. 
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When you square both sides of the radical 
equation V 6 — x = x, the resulting equation 
has two solutions, 2 and —3, but —3 is an 
extraneous solution because it does not 
satisfy the original equation V 6 — x = x. 


Al elevar al cuadrado ambos miembros de 
la ecuación radical V 6 — x = x, la ecuación 
resultante tiene dos soluciones, 2 y —3, 
pero —3 es una solución extraña ya que no 
satisface la ecuación original V 6 — x = x. 
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factor by grouping (р. 606) То factor a polynomial with four 
terms by grouping, factor a common monomial from pairs of 
terms, and then look for a common binomial factor. 


factorizar por grupos (pág. 606) Para factorizar por grupos 
un polinomio con cuatro términos, factoriza un monomio 
común a partir de los pares de términos y luego busca un 
factor binómico común. 


factor completely (p.607) A factorable polynomial with 
integer coefficients is factored completely if it is written as a 


product of unfactorable polynomials with integer coefficients. 


factorizar completamente (pág. 607) Un polinomio que 
puede descomponerse en factores y que tiene coeficientes 
enteros está completamente factorizado si está escrito como 
producto de polinomios que no pueden descomponerse en 
factores y que tienen coeficientes enteros. 


family of functions (p.263) A group of functions with 
similar characteristics. 


familia de funciones (pág. 263) Grupo de funciones con 
características similares. 


formula (p. 30) An equation that relates two or more 
quantities. 


fórmula (pág. 30) Ecuación que relaciona dos o más 
cantidades. 


frequency (p.882) The frequency of an interval is the 
number of data values in that interval. 


frecuencia (pág. 882) La frecuencia de un intervalo es el 
número de datos de valores que hay en ese intervalo. 


frequency table (p.882) A data display that groups data 
into equal intervals with no gaps between intervals and no 
intervals overlapping. 


tabla de frecuencias (pág. 882) Presentación de datos en 
la que se agrupan los datos en intervalos iguales sin que 
haya interrupciones entre los intervalos y sin intervalos 
superpuestos. 
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+ 3x7 + 5х + 15 = (х + 34%) + (5x + 15) 
= x^(x + 3) + 5(x +3) 
= (x + 3)(x* + 5) 


The polynomial x? — x is not factored 
completely when written as x(x^ — 1) but 
is factored completely when written as 
x(x + 1)(x — 1). 


El polinomio x? — x no está completamente 

factorizado cuando se escribe x(x? — 1), pero 
sí está completamente factorizado cuando se 
escribe x(x + 1)(x — 1). 


Functions that have the form f(x) = mx + b 
constitute the family of linear functions. 


Las funciones que tienen la forma 
Лх) = mx + b constituyen la familia de las 
funciones lineales. 


The formula d = rf relates the distance 
traveled to the rate of speed and travel time. 


La fórmula d = rt relaciona la distancia 
recorrida con la velocidad y el tiempo 
transcurrido. 


See frequency table and histogram. 


Ver tabla de frecuencias e histograma. 


Prices Sandwiches 
Precios Sándwiches 


$4.00-4.49 illl 


$4.50-4.99 


function (p.35) A function consists of: 

e А set called the domain containing numbers called inputs, 
and a set called the range containing numbers called 
outputs. 

e Apairing of inputs with outputs such that each input is 
paired with exactly one output. 


función (pág. 35) Una función consta de: 

e Un conjunto llamado dominio que contiene los números 
conocidos como entradas, y otro conjunto llamado rango 
que contiene los números conocidos como salidas. 

e Una correspondencia entre las entradas y las salidas tal que 
a cada entrada le corresponde una sola salida. 


function notation (p. 262) A way to name a function using 
the symbol f(x) instead of y. The symbol f(x) is read as “the 
value of fat x" or as "f of x." 


notación de función (pág.262) Forma de nombrar una 
función usando el símbolo f(x) en lugar de y. El símbolo f(x) se 
lee “el valor de fen x" o "f de x”. 


The pairing in the table below is a function, 
because each input is paired with exactly one 
output. 


La correspondencia que aparece en la tabla 
de abajo es una función ya que a cada entrada 
le corresponde una sola salida. 


Input, x 
Entrada, x 


Output, y 
Salida, y 


The domain is the set of inputs: 0, 1, 2, 3, and 4. 
The range is the set of outputs: 3, 4, 5, 6, and 7. 


El dominio es el conjunto de entradas: 0, 1, 2, 3 y 4. 
El rango es el conjunto de salidas: 3, 4, 5, 6 y 7. 


The function y — 2x — 9 can be written in 
function notation as f(x) = 2x — 9. 


La función y — 2x — 9 escrita en notación de 
función es f(x) = 2x — 9. 


(3 — — —— — — — — — — — — 


geometric sequence (p. 539) A sequence in which the ratio 
of any term to the previous term is constant. The constant 
ratio is called the common ratio. 


progresión geométrica (pág. 539) Progresión en la que 
la razón entre cualquier término y el término anterior es 
constante. La razón constante se llama razón comün. 


graph of an equation in two variables (p.215) The set of 
points in a coordinate plane that represent all solutions of the 
equation. 


gráfica de una ecuación con dos variables (pág.215) El 
conjunto de puntos de un plano de coordenadas que 
representa todas las soluciones de la ecuación. 


The sequence 5, 10, 20, 40,...is a geometric 
sequence with common ratio 2. 


La progresión 5, 10, 20, 40,...es una 
progresión geométrica cuya razón común 
es 2. 
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The line is the graph of the equation 


у= —x + 4. 


La recta es la gráfica de la ecuación 


y= 5x44. 
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graph of an inequality іп one variable (р. 356) Опа 
number line, the set of points that represent all solutions of 
the inequality. 


gráfica de una desigualdad con una variable (pág. 356) En 
una recta numérica, el conjunto de puntos que representa 
todas las soluciones de la desigualdad. 


graph of an inequality in two variables (p. 405) Ina 
coordinate plane, the set of points that represent all solutions 
of the inequality. 


gráfica de una desigualdad con dos variables (pág. 405) 
En un plano de coordenadas, el conjunto de puntos que 
representa todas las soluciones de la desigualdad. 


graph of a system of linear inequalities (p. 466) The graph 
of all solutions of the system. 


gráfica de un sistema de desigualdades lineales 
(pág. 466) La gráfica de todas las soluciones del sistema. 


growth factor (p.522) The expression 1 + rin the 
exponential growth model y = a(1 + r). 


factor de crecimiento (pág. 522) La expresión 1 + r del 
modelo de crecimiento exponencial y = a(1 + р)“. 


growth rate (p.522) The variable rin the exponential growth 
model y = a(1 + р“. 


tasa de crecimiento (pág. 522) La variable г del modelo de 
crecimiento exponencial у = a(1 + r)‘. 


Student Resources 


A %H NO O 
—1 0 1 2 3 4 
Graph of x<3 


Grafica de x <3 


The graph of y > 4x — 3 is the shaded half-plane. 


La grafica de y> 4x — 3 es el semiplano 
sombreado. 


Y | | | | |e 
\у<-—2х+3 | | 


\ 


LED 
ШҮ | хм |||] 


The graph of the system y « —2x + 3and y2 x — 3 
is the intersection of the half-planes. 


La gráfica del sistema y < 2x + 3e yə x— 3es 
la intersección de los semiplanos. 


In the exponential growth model 
С = 11,000(1.069)', the growth factor is 1.069. 


En el modelo de crecimiento exponencial 
C = 11,000(1.069)*, el factor de crecimiento es 
1.069. 


In the exponential growth model 
C = 11,000(1.069)', the growth rate is 0.069. 


En el modelo de crecimiento exponencial 
C = 11,000(1.069)*, la tasa de crecimiento 
es 0.069. 


half-plane (p.405) In a coordinate plane, the region on See graph of an inequality in two variables. 
either side of a boundary line. 


semiplano (pág. 405) En un plano de coordenadas, la región | Vergráfica de una desigualdad con dos 


situada a cada lado de una recta límite. variables. 
histogram (p.882) A bar graph that displays data from a Sandwich Prices 
frequency table. Each bar represents an interval, and the Precios de los Sándwiches 


length of each bar indicates the frequency. 


histograma (pág. 882) Gráfica de barras que presenta los 
datos de una tabla de frecuencias. Cada barra representa un 
intervalo, y la longitud de cada barra indica la frecuencia. 


Sandwiches 
Sándwiches 
e N AS 


hyperbola (p.767) The graph of the inverse variation 
equation y = z (a + 0) or the graph of a rational function of the 


form y — E 


parts called branches. A hyperbola approaches but doesn't —=> 
intersect lines called asymptotes. 1 |||! 14 


hipérbola (pag. 767) La gráfica de la ecuación de variación AO М ү 
| а | ee Pit TNT TT I 
inversa y = y (a # 0) o la gráfica de una función racional de AA 


la forma y = : а 5 . La hipérbola tiene dos partes 


. | uU The graph of y — — 3is a hyperbola. The 
simétricas llamadas ramas. La hipérbola se acerca a las rectas 


llamadas asíntotas pero sin cortarlas. asymptotes of thel hyperbola are the linos y= —] 


and y = —3. 
La gráfica de y = EZ — 3 es una hipérbola. Las 


asíntotas de la hipérbola son las rectas 
x=-—ley= —3. 


hypotenuse (p.737) The hypotenuse of a right triangle is the 


; i | hypotenuse 
side opposite the right angle. 


hipotenusa 


hipotenusa (pág.737) La hipotenusa de un triángulo 
rectángulo es el lado opuesto al ángulo recto. 


O —— e —-— 


identity (p.156) An equation that is true for all values of the The equation 2x + 10 = 2(x + 5) is an identity. 


variable. 
identidad (pág.156) Ecuación que es verdadera para todos La ecuación 2x + 10 = 2(x + 5) esuna 
los valores de la variable. identidad. 
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if-then statement (р. 66) A conditional statement with an if 
part and a then part. The if part contains the hypothesis, and 
the then part contains the conclusion. 


enunciado de “si..., entonces...” (pág. 66) Enunciado 
condicional con una parte de si y otra de entonces. La parte 
de sí contiene la hipótesis, y la parte de entonces contiene la 
conclusión. 


inconsistent system (p. 459) A linear system with no 
solution. The graphs of the equations of an inconsistent 
system are parallel lines. 


sistema incompatible (pág. 459) Sistema lineal sin solución. 
Las gráficas de las ecuaciones de un sistema incompatible son 
rectas paralelas. 


independent events (p. 862) Two events such that the 
occurrence of one event has no effect on the occurrence of the 
other event. 


sucesos independientes (pág. 862) Dos sucesos tales que la 
ocurrencia de uno de ellos no afecta a la ocurrencia del otro. 


independent variable (p. 36) The input variable of a 
function. 


variable independiente (pág. 36) La variable de entrada de 
una función. 


inductive reasoning (p. 117) A form of reasoning in which a 
conclusion is based on several examples. 


razonamiento inductivo (pág. 117) Tipo de razonamiento 
en el que la conclusión se basa en varios ejemplos. 


inequality (p.21) A mathematical sentence formed 
by placing one of the symbols <, <, >, or = between two 
expressions. 


desigualdad (pág. 21) Enunciado matemático formado al 
colocar uno de les siguentes símbolos entre dos expresiones: 
<, <,>02. 


Student Resources 


If a = —1,then |а| =1. 
The hypothesis is a = —1. 
The conclusion is |а| = 1. 


Sia = —1,entonces |а| = 1. 
La hipótesis es a = —1. 
La conclusión es |a| = 1. 


/у = 2х — 3 


ptt TIA TA | 


The linear system y = 2x + 1 and y = 2x — 3 is 
inconsistent because the graphs of the equations 
are parallel lines. 


El sistema lineal у = 2х + 1 e y= 2x — 3 
es incompatible ya que las gráficas de las 
ecuaciones son rectas paralelas. 


You roll a number cube twice. The events 
“roll a 3 first” and “roll a 6 second” are 
independent events. 


Lanzas un cubo numerado dos veces. Los 
sucesos “salir primero el 3” y “salir después el 
6” son sucesos independientes. 


In the function equation y = x + 3, xis the 
independent variable. 


En la ecuación de función у = x + 3,xesla 
variable independiente. 


You add several pairs of odd numbers and 
notice that the sum is even. You conclude that 
the sum of any two odd numbers is even. 


Sumas varias parejas de números impares 
y observas que la suma es par. Sacas la 
conclusión de que la suma de dos números 
impares cualesquiera es par. 


6n > 24 and x — 2<7 are inequalities. 


бп > 24 y x — 2 < 7 son desigualdades. 


input (p.35) A number in the domain of a function. 


entrada (pág.35) Nümero del dominio de una función. 


integers (p. 64) Thenumbers..., —3, —2, —1, 0, 1, 2,3,..., 
consisting of the negative integers, zero, and the positive 
integers. 


números enteros (pág. 64) Los nimeros..., —3, —2, —1, 
0, 1, 2, 3, . . . , que constan de los números enteros negativos, 
cero y los numeros enteros positivos. 


intercept form of a quadratic function (p.641) A quadratic 
function in the form у = a(x — p)(x — q) where a = 0. The 
x-intercepts of the graph of the function are р and q. 


forma de intercepto de una función cuadrática (pág. 641) 
Función cuadrática de la forma y = a(x — p)(x — q), donde 
a # 0. Los interceptos en x de la gráfica de la función son py q. 


interquartile range (p.888) The difference of the upper and 
the lower quartiles of a data set. 


rango intercuartílico (pág. 888) La diferencia entre el cuartil 
superior y el cuartil inferior de un conjunto de datos. 


intersection (p.71) The intersection of two sets A and Bis the 
set of all elements in both A and B. The intersection of A and B 
is written as A N B. 


intersección (pág.71) La intersección de dos conjuntos A y B 
es el conjunto de todos los elementos tanto de A como de B. La 
intersección de A y Bse escribe A N В. 


inverse operations (p. 134) Two operations that undo each 
other. 


operaciones inversas (pág. 134) Dos operaciones que se 
anulan entre sí. 


See function. 


Ver función. 


—8 and 46 are integers. 


-85 and 46.2 are not integers. 


—8 y 46 son números enteros. 


-85 y 46.2 no son números enteros. 


The quadratic function y = —(x + 1) (х — 5) is 
in intercept form. The intercepts of the graph 
of the function are —1 and 5. 


La función cuadrática y = — (x + 1)(x — 5) está 
en la forma de intercepto. Los interceptos de 
la gráfica de la función son —1 y 5. 


The interquartile range of the data set below 
is 23 — 10 = 13. 


lower upper 
quartile quartile 
i i 


8 10 14 17 20 23 50 


El rango intercuartílico del siguiente 
conjunto de datos es 23 — 10 — 13. 


cuartil cuartil 
inferior superior 
i i 


8 10 14 17 20 23 50 
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Addition and subtraction are inverse 
operations. Multiplication and division are 
also inverse operations. 


La suma y la resta son operaciones inversas. 
La multiplicación y la división también son 
operaciones inversas. 
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inverse variation (р. 765) The relationship of two variables х 


and y if there is a nonzero number a such that y = a If y = a, 
then y is said to vary inversely with x. 


variación inversa (pág. 765) La relación entre dos variables x 


• 2 . . = а s — a 
e y si hay un número а distinto de cero tal que y = =. Si y = 5, 
entonces se dice que y varía inversamente con x. 


irrational number (p. 111) A number that cannot be written 
as the quotient of two integers. The decimal form of an 
irrational number neither terminates nor repeats. 


número irracional (pág. 111) Número que no puede 
escribirse como cociente de dos números enteros. La forma 
decimal de un número irracional no termina ni se repite. 


leading coefficient (p. 554) When a polynomial is written so 
that the exponents of a variable decrease from left to right, the 
coefficient of the first term is the leading coefficient. 


coeficiente inicial (pág. 554) Cuando un polinomio se 
escribe de tal manera que los exponentes de una variable 
disminuyen de izquierda a derecha, el coeficiente del primer 
término es el coeficiente inicial. 


least common denominator (LCD) of rational 
expressions (p.813) The product of the factors of the 
denominators of the rational expressions with each common 
factor used only once. 


mínimo común denominador (m.c.d.) de las expresiones 
racionales (pág. 813) El producto de los factores de los 
denominadores de las expresiones racionales usando cada 
factor común una sola vez. 


legs of a right triangle (p.737) The two sides that form the 
right angle. 


catetos de un triángulo rectángulo (pág. 737) Los dos lados 
que forman el ángulo recto. 


like terms (p. 97) Terms that have the same variable parts. 
Constant terms are also like terms. 


términos semejantes (pág. 97) Términos que tienen las 
mismas variables. Los términos constantes también son 
términos semejantes. 


Student Resources 


The equations xy = 4 and y = = represent 
inverse variation. 


A = == 
Las ——" Xy — 4e у= xX representan 
una variacion inversa. 


V945 = 30.74085...isan irrational number. 
1.666...is not an irrational number. 


V945 = 30.74085...es un nümero irracional. 
1.666... по es un número irracional. 


The leading coefficient of the polynomial 
2x7 + x^ — 5x + 12182. 


El coeficiente inicial del polinomio 
2x5 + x^ — 5x + 12 es2. 


3x +4 


5 " 
The LCD of — —— and G — 3)(x + 2) 1S 


(x — 3)? 
(x — 3)2(х + 2). 


Elm.c.d.de—% y. 9*4 __ 
кошын > 


(x — 3)2(х + 2). 


leg 
cateto 


leg 
cateto 


In the expression 3x + (—4) + (—6x) + 2, 
3x and —6x are like terms, and —4 and 2 are 
like terms. 


En la expresión 3x + (—4) + (—6x) + 2, 
3x y —6x son términos semejantes, y —4 y 2 
también son términos semejantes. 


line of fit (р. 325) A line used to model the trend in data 
having a positive or negative correlation. 


recta de regresión (pág. 325) Recta utilizada para 
representar la tendencia de los datos que presentan una 
correlación positiva o negativa. 


linear equation (p. 216) An equation whose graph is a line. 


ecuación lineal (pág. 216) Ecuación cuya gráfica es una recta. 


linear extrapolation (p. 336) Using a line or its equation to 
approximate a value outside the range of known values. 


extrapolación lineal (pág. 336) El uso de una recta o su 
ecuación para hallar por aproximación un valor situado fuera 
del rango de los valores conocidos. 


linear function (p. 217) The equation Ax + By = Crepresents 
a linear function provided B + 0. 


función lineal (pág. 217) La ecuación Ax + By = Crepresenta 
una función lineal siempre que В = 0. 


linear inequality in two variables (p. 405) An inequality 
that is the result of replacing the = sign in a linear equation 
with <, <, >, Or >. 


desigualdad lineal con dos variables (pág. 405) 
Desigualdad que se obtiene al reemplazar el símbolo = 
de la ecuación lineal por <, =, > о >. 


Active clusters 
Grupos activos 


0 2 4 6 8 10 * 


Years since 1990 
Años a partir de 1990 


The graph shows a line of fit for the data in the 
scatter plot. 


La gráfica muestra una recta de regresión para los 
datos del diagrama de dispersión. 


See standard form of a linear equation. 


Ver forma general de una ecuación lineal. 


The best-fitting line can be used to estimate that 
when y = 1200, x= 11.75. 


La mejor recta de regresión puede utilizarse para 
estimar que cuando y = 1200, x ~ 11.75. 


The equation 2x — y — 3 represents a linear 
function. The equation x = 3 does not 
represent a function. 


La ecuación 2x — y — 3representa una 
función lineal. La ecuación x — 3 no 
representa una función. 
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x — 3y < 6 is a linear inequality in two 
variables, x and y. 


x — 3y < 6 es una desigualdad lineal con dos 
variables, x e y. 
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linear interpolation (р. 335) Using a line or its equation to 
approximate a value between two known values. 


interpolación lineal (pág. 335) El uso de una recta o su 
ecuación para hallar por aproximación un valor situado entre 
dos valores conocidos. 


linear regression (p. 335) The process of finding the best- 
fitting line to model a set of data. 


regresión lineal (pág. 335) El proceso de hallar la mejor recta 
de regresión para representar un conjunto de datos. 


literal equation (p. 184) An equation in which letters are 
used to replace the coefficients and constants of another 
equation. 


ecuación literal (pág. 184) Ecuación en la que se usan letras 
para reemplazar los coeficientes y las constantes de otra 
ecuación. 


lower quartile (p. 887) The median of the lower half of an 
ordered data set. 


cuartil inferior (pág. 887) La mediana de la mitad inferior de 
un conjunto de datos ordenados. 


Student Resources 


The best-fitting line can be used to estimate that 
when x = 1, y= 16.4. 


La mejor recta de regresión puede utilizarse para 
estimar que cuando x = 1, у= 16.4. 


L J 


You can use a graphing calculator to perform 
linear regression on a data set. 


Puedes usar una calculadora de graficas para 
realizar una regresion lineal a un conjunto de 
datos. 


The equation 5(x + 3) = 20 can be written as 
the literal equation а(х + Р) = c. 


La ecuación 5(x + 3) = 20 puede escribirse 
como la ecuación literal a(x + b) = c. 


The lower quartile of the data set below is 10. 


lower 
quartile median 
i i 


8 10 14 17 20 23 50 


El cuartil inferior del siguiente conjunto de 
datos es 10. 


cuartil 
inferior mediana 
i $ 


8 10 14 17 20 23 50 


єз 


matrix, matrices (p.94) A rectangular arrangement of 
numbers in rows and columns. Each number in a matrix is an 
element, or entry. 


matriz, matrices (pág. 94) Disposición rectangular de 
números colocados en filas y columnas. Cada número de la 
matriz es un elemento, o entrada. 


maximum value (p.636) For y = ax? + bx + cwherea « 0, 
the y-coordinate of the vertex is the maximum value of the 
function. 


valor máximo (pág. 636) Para y = ax’ + bx + c donde a « 0, 
la coordenada y del vértice es el valor máximo de la función. 


mean (p.875) For the numerical data set x}, x,, . . . 
mean, or average, is: 


, X,, the 


XX Fu E 
n 

media (pág.875) Para el conjunto de datos numéricos 

Xp X, » » » , X,, la media, o el promedio, es: 


Y = 


X, +x, +... +x 
X= 1 2 - n 
mean absolute deviation (p.876) The mean absolute 
deviation of the data set x,, х,,...,х, is a measure of 
dispersion given by: 
|а| Јар аа 
n 
desviación absoluta media (pág. 876) La desviación 
absoluta media del conjunto de datos Xp , X, es una 
medida de dispersión dada por: 
ы Р ра 
n 


23 Sss 


measure of dispersion (p.876) A measure that describes the 
dispersion, or spread, of data. 


medida de dispersión (pág.876) Medida que describe la 
dispersión, o extensión, de los datos. 


д= | 0 * | 2rows 
—3 2 5| 2filas 

3 columns 

3 columnas 


Matrix A has 2 rows and 3 columns. The element 
in the first row and second column is 4. 


La matriz A tiene 2 filas y 3 columnas. El elemento 
de la primera fila y la segunda columna es 4. 


у 
у= —х?+2х— 1 


ME ANERE 
ШЕ i AT 
CATAN] 
LL. LLLA ши 
КЕЛШЕ ИШ 


The maximum value of the function 
у= —€ + 2х — 1150. 


El valor máximo de la función 
у= —X + 2х – 1е 0. 


The mean of 5, 9, 14, 23 is AS = 


51 _ 
a 12.75. 


La media de 5, 9, 14, 23 es тз = 
Sl _ 
= 12.75. 


The mean absolute deviation of the data set 3, 
9, 13, 23 (with mean = 12) is: 

|3— 12| + [9-12] + [13-12] + |23 — 12] 
A o Cu ÉL — 6 
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La desviación absoluta media del conjunto de 
datos 3, 9, 13, 23 (con media = 12)es: 

|3—12| + |9 12| + |13- 12| + |23 — 12] 
нн = 6 


See range and mean absolute deviation. 


Ver rango y desviación absoluta media. 
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median (р. 875) The median of a numerical data set is the 
middle number when the values are written in numerical 
order. If the data set has an even number of values, the median 
is the mean of the two middle values. 


mediana (pág. 875) La mediana de un conjunto de datos 
numéricos es el número central cuando los valores se escriben 
en orden numérico. Si el conjunto de datos tiene un número 
par de valores, la mediana es la media de los dos valores 
centrales. 


midpoint (p.745) The midpoint of a line segment is the point 
on the segment that is equidistant from the endpoints. 


punto medio (pág. 745) El punto medio de un segmento 
de recta es el punto del segmento que es equidistante de los 
extremos. 


midpoint formula (p.745) The midpoint M of the line 
segment with endpoints A(x,, y,) and Bx, y.) is 


Mp B 
2 * 2 | 


fórmula del punto medio (pag. 745) El punto medio M del 
segmento de recta cuyos extremos son A(x, yj) y B(x,, y,) es 


Mp иы 
2 * 2 ` 


minimum value (р. 636) For y = ах? + bx + cwhere a> 0, 
the y-coordinate of the vertex is the minimum value of the 
function. 


valor mínimo (pág. 636) Para y = ах? + bx + c donde a>0, la 
coordenada y del vértice es el valor mínimo de la función. 


mode (р. 875) The mode of a data set is the value that occurs 
most frequently. There may be one mode, no mode, or more 
than one mode. 


moda (pág. 875) La moda de un conjunto de datos es el valor 
que ocurre más veces. Puede haber una moda, más de una 
moda o ninguna moda. 


Student Resources 


The median of 5, 9, 14, 23 is the mean of 9 and 
14, art = 11.5. 


La mediana de 5, 9, 14, 23 es la media de 9 y 
14,6 =з = 11.5. 


ө o 
А М В 


Mis the midpoint of AB. 
M en el punto medio de AB. 


The midpoint M of the line segment with 
endpoints (—1, —2) and (3, —4) is: 
-1+3 -2*(-9| 4 _ 
| 2 * 2 | E 
El punto medio M del segmento de recta 
cuyos extremos son (—1, —2) y (3, —4) es: 


The minimum value of the function 
у= — 6x + bis —4. 


El valor mínimo de la función 
у= —6x+5es —4. 


The mode of the data set 4,7,9, 11, 11, 12, 18 
is 11. 


La moda del conjunto de datos 4,7,9, 11, 11, 
12, 18 es 11. 


monomial (р. 554) A number, variable, or the product of 10, 3x, за}, and —1.8m° are monomials. 
a number and one or more variables with whole number 
exponents. 


monomio (pág. 554) Un número, una variable o el producto 10, 3x, ab? y — 1.8m” son monomios. 
de un número y una o más variables que tienen exponentes 
expresados por números naturales. 


multiplicative identity (р. 89) The number 1 is the 
multiplicative identity, because the product of any number 


and 1 isthe number:a+1=1+*a=a. 
3.6(1) = 3.6, 1(-7) = -7 
identidad multiplicativa (pág. 89) El número 1 es la 


identidad multiplicativa ya que el producto de cualquier 
número у 1 es ese número: а • 1 = 1 а = а. 


multiplicative inverse (р. 103) The multiplicative inverse The multiplicative inverse of -i is —5 

of a nonzero number a is its reciprocal, 3 The product of a because -i «(—5) = 1. 

nonzero number and its multiplicative inverse is 1: 

а-1=1.а= 1,а + 0. 

inverso multiplicativo (pág. 103) El inverso multiplicativo El inverso multiplicativo de -i es —5 yaque 
de un nümero a distinto de cero es su recíproco, Е El . (-5)=1. 


producto de un número distinto de cero y su inverso 


Р PE С ОИ 
multiplicativo es 1: а. 7 = = а = 1,а * 0. 

mutually exclusive events (р. 861) Events that have по When you roll a number cube, “roll a 3” and 
common outcome. “roll an even number” are mutually exclusive 


events. 


sucesos mutuamente excluyentes (pág. 861) Sucesos que Cuando lanzas un cubo numerado, “salir el 3” 
no tienen ningún caso en común. y “salir número par” son sucesos mutuamente 
excluyentes. 


uU) — — — — — — — — — —— 


n factorial (p.852) For any positive integer п, п factorial, 
written n!, is the product of the integers from 1 to л; 0! = 1. 
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factorial de n (pág. 852) Para cualquier número entero 91—25*:4*3*:2*:1—120 
positivo n, el factorial de n, escrito n!, es el producto de los 
números enteros de 1 a n; 0! = 1. 


negative exponent (p.503) If a + 0, then a ” is the 


reciprocal of a”; a ” = A 
a —2 _ 1 1 
3 ===- 
exponente negativo (pág. 503) Si a + 0, entonces a ” es 3 9 
el recíproco de a"; a "= B 
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negative integers (р. 64) Тһе integers that are less than 0. 


números enteros negativos (pág. 64) Los números enteros 
menores que 0. 


odds against (р. 845) When all outcomes are equally likely, 
the odds against an event is the ratio of the number of 
unfavorable outcomes to the number of favorable outcomes. 


probabilidad en contra (pág. 845) Cuando todos los 
casos son igualmente posibles, la probabilidad en contra de 
que ocurra un suceso es la razón entre el número de casos 
desfavorables y el número de casos favorables. 


odds in favor (p. 845) When all outcomes are equally likely, 
the odds in favor of an event is the ratio of the number of 
favorable outcomes to the number of unfavorable outcomes. 


probabilidad a favor (pág. 845) Cuando todos los casos son 
igualmente posibles, la probabilidad a favor de que ocurra 
un suceso es la razón entre el número de casos favorables y el 
número de casos desfavorables. 


open sentence (р. 21) An equation or an equality that 
contains an algebraic expression. 


enunciado con variables (pág. 21) Ecuación o desigualdad 
que contiene una expresión algebraica. 


opposites (p. 66) Two numbers that are the same distance 
from 0 on a number line but are on opposite sides of 0. 


opuestos (pág. 66) En una recta numérica, dos números que 
están a la misma distancia de 0 pero en lados opuestos de 0. 


order of magnitude of a quantity (p. 491) The power of 10 
nearest the quantity. 


orden de magnitud de una cantidad (pág. 491) La potencia 
de 10 más próxima a la cantidad. 


Student Resources 


—1,—2,—3, —L eae 


(3 — — — — — — — — — — — 


When you roll a number cube, the odds 


against rolling a number less than 5 is £ =1 


y 
or 1 :2. 


Cuando lanzas un cubo numerado, la 
probabilidad en contra de que salga un 


nümero menor que 5 es = — > 61:2. 


When you roll a number cube, the odds in 
favor of rolling a number less than 5 is 5 = 4, 
or2:1. 


Cuando lanzas un cubo numerado, la 
probabilidad a favor de que salga un nimero 


menor que 5 es = £,62:1. 


2k — 8 = 12 and 6n > 24 are open sentences. 


2k — 8 = 12 y 6n > 24 son enunciados con 
variables. 


4 units 4 units 
4 unidades 4 unidades 
(Y 
— — — _—— => 


— —4 -2 0 2 4 6 
4 and —4 are opposites. 


4 y —4 son opuestos. 


The order of magnitude of 91,000 is 10°, or 
100,000. 


El orden de magnitud de 91,000 es 10°, 6 
100,000. 


order of operations (р.8) Rules for evaluating an expression 
involving more than one operation. 


orden de operaciones (pág. 8) Reglas para evaluar una 
expresión relacionada con más de una operación. 


outcome (p.843) A possible result of an experiment. 


caso (pág. 843) Resultado posible de un experimento. 


outlier (p.889) A value that is widely separated from the rest 
of the data in a data set. Typically, a value that is greater than 
the upper quartile by more than 1.5 times the interquartile 
range or is less than the lower quartile by more than 1.5 times 
the interquartile range. 


valor extremo (pág. 889) En un conjunto de datos, valor 
muy alejado del resto de los datos. Generalmente, un valor 
mayor que el cuartil superior en más de 1.5 veces el rango 
intercuartílico o menor que el cuartil inferior en más de 
1.5 veces el rango intercuartilico. 


output (p. 35) A number in the range of a function. 


salida (pág. 35) Número que pertenece al rango de una 
función. 


overlapping events (p.861) Events that have at least one 
common outcome. 


sucesos de intersección (pág. 861) Sucesos que tienen al 
menos un caso en común. 


To evaluate 24 — (37 + 1), evaluate the power, 
then add within the parentheses, and then 
subtract: 

24 — (32+ 1) = 24 – (9 + 1) = 24 -10 = 14 


Para evaluar 24 — (3? + 1), evalúa la potencia, 
suma las cantidades entre paréntesis y 
después resta: 

24 — (32+ 1) = 24 — (9 + 1) = 24 -10 = 14 


When you roll a number cube, there are 
6 possible outcomes: a 1, 2, 3, 4, 5, or 6. 


Cuando lanzas un cubo numerado, hay 
6 casos posibles: 1, 2, 3, 4, 5 ó 6. 


The interquartile range of the data set below 
is 23 — 10 — 13. 


lower upper 
quartile quartile 
i i 


8 10 14 17 20 23 50 
The data value 50 is greater than 
23 + 1.5(13) = 42.5, so itis an outlier. 


El rango intercuartílico del siguiente 
conjunto de datos es 23 — 10 — 13. 


cuartil cuartil 
inferior superior 
i i 


8 10 14 17 20 23 50 
El valor 50 es mayor que 23 + 1.5(13) = 42.5, 
por lo que es un valor extremo. 


See function. 


Ver función. 


When you roll a number cube, “roll a 3" and 
“roll an odd number” are overlapping events. 


Cuando lanzas un cubo numerado, “salir 
el 3” y “salir número impar” son sucesos de 
intersección. 
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parabola (р. 628) The U-shaped graph of a quadratic 
function. 


parábola (pág. 628) La gráfica en forma de U de una función 
cuadrática. 


parallel lines (p. 246) Two lines in the same plane that do not 
intersect. 


rectas paralelas (pág. 246) Dos rectas del mismo plano que 
no se cortan. 


parent linear function (p.263) The function f(x) = x, which 
is the most basic function in the family of linear functions. 


función lineal básica (pág. 263) La función f(x) = x, que es la 
más básica de la familia de las funciones lineales. 


parent quadratic function (p. 628) The function y = x’, 
which is the most basic function in the family of quadratic 
functions. 


función cuadrática básica (pág. 628) La función y = x^, que 
es la más básica de la familia de las funciones cuadráticas. 


parent square root function (p.710) The function y = Vx, 
which is the most basic function in the family of square root 
functions. 


función con raíz cuadrada básica (pág.710) La función 
y = Vx, que es la más básica de la familia de las funciones con 
raíz cuadrada. 


Student Resources 


The graph of y = x? — 6x + 5 is a parabola. 


La gráfica de y= х2 — 6x + 5 es una parábola. 


percent of change (p. 182) A percent that indicates how 
much a quantity increases or decreases with respect to the 
original amount. 


_ Amount of increase or decrease 


Р f ch ' 
ercent of change, p% Original amount 


porcentaje de cambio (pág. 182) Porcentaje que indica 
cuánto aumenta o disminuye una cantidad con respecto a la 
cantidad original. 


Porcentaje de cambio, p% = Cantidad de aumento o disminución 
Cantidad original 


percent of decrease (p.182) The percent of change in a 
quantity when the new amount of the quantity is less than the 
original amount. 


porcentaje de disminución (pág. 182) El porcentaje de 
cambio de una cantidad cuando la nueva cantidad es menor 
que la cantidad original. 


percent of increase (p. 182) The percent of change in a 
quantity when the new amount of the quantity is greater than 
the original amount. 


porcentaje de aumento (pág. 182) El porcentaje de cambio 
de una cantidad cuando la nueva cantidad es mayor que la 
cantidad original. 


perfect square (p. 111) A number that is the square of an 
integer. 


cuadrado perfecto (pág. 111) Número que es el cuadrado de 
un nümero entero. 


perfect square trinomials (p.601) Trinomials of the form 
a? + 2ab + b^ and а? — 2ab + b°. 


trinomios cuadrados perfectos (pág.601) Trinomios de la 
forma а? + 2ab + b^ y a^ — 2ab + b°. 


permutation (p.851) An arrangement of objects in which 
order is important. 


permutación (pág.851) Disposición de objetos en la que el 
orden es importante. 


perpendicular lines (p.319) Two lines in the same plane that 
intersect to form a right angle. 


rectas perpendiculares (pág.319) Dos rectas del mismo 
plano que al cortarse forman un ángulo recto. 


The percent of change, p%, from 140 to 189 is: 
p% = 189 7140 _ 49 _ 0.35 = 35% 


El porcentaje de cambio, p?o, de 140 a 189 es: 


-.189— 140. 49 _ _ 
p = = 0.35 = 35% 


See percent of change. 


Ver porcentaje de cambio. 


See percent of change. 


Ver porcentaje de cambio. 


49 is a perfect square, because 49 = 7?, 


49 es un cuadrado perfecto ya que 49 = 77. 


X? + 6x + 9 and x^ — 10x + 25 are perfect 
square trinomials. 


х? + 6x + 9 yx? — 10x + 25 son trinomios 
cuadrados perfectos. 


There are 6 permutations of the numbers 1, 2, 
and 3: 123, 132, 213, 231,312, and 321. 
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Existen 6 permutaciones de los números 1, 2 y 
3: 123, 132, 213, 231, 312 y 321. 


Horizontal and vertical lines are 
perpendicular to each other. 


Las rectas horizontales y verticales son 
perpendiculares entre sí. 
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point-slope form (р. 302) An equation of a nonvertical line 
written in the form y — y, = m(x — x,) where the line passes 
through a given point (x,, y,) and has a slope of m. 


forma punto-pendiente (pág. 302) Ecuación de una recta 
no vertical escrita en la forma y — Y, = m(x — x), donde la 
recta pasa por un punto dado (x,, y,) y tiene pendiente m. 


polynomial (p.554) A monomial or a sum of monomials, 
each called a term ofthe polynomial. 


polinomio (pág. 554) Monomio o suma de monomios; cada 
uno se llama término del polinomio. 


population (p.871) The entire group that you want 
information about. 


población (pág. 871) El grupo entero sobre el que se desea 
información. 


positive integers (p.64) The integers that are greater than 0. 


números enteros positivos (рар. 64) Los números enteros 
mayores que 0. 


power (p.3) An expression that represents repeated 
multiplication of the same factor. 


potencia (pág.3) Expresión que representa la multiplicación 
repetida del mismo factor. 


probability of an event (р. 843) A number from 0 to 1 that 
measures the likelihood, or chance, that the event will occur. 


probabilidad de un suceso (pág. 843) Número de 0a 1 que 
mide la posibilidad de que ocurra un suceso. 


proportion (p. 163) An equation that states that two ratios 
are equivalent: 5 = = Where b * 0 and d + 0. 


proporción (pág. 163) Ecuación que establece que dos 


razones son equivalentes: > = _ dondeb#0yd#0. 


Student Resources 


The equation y + 3 = 2(x — 4) is in point-slope 
form. The graph of the equation is a line that 
passes through the point (4, —3) and hasa 
slope of 2. 


La ecuación y + 3 = 2(x — 4) está en la forma 
punto-pendiente. La gráfica de la ecuación es 
una recta que pasa por el punto (4, —3) y tiene 
pendiente 2. 


9, 2x* + x — 5, and 7bc* + 4b*c are polynomials. 


9,21% + х— 5y7bc* + Ab*cson polinomios. 


A magazine invites its readers to mail 

in answers to a questionnaire rating the 
magazine. The population consists of all the 
magazine' readers. 


Una revista invita a sus lectores a enviar por 
correo las respuestas a un cuestionario sobre 
la calidad de la revista. La población está 
formada por todos los lectores de la revista. 


1,2,3,4,... 


81 is a power of 3, because 
81=3.3.3.3 = 31, 


81 es una potencia de 3 уа que 
81=3-3-3-3=3*, 


See experimental probability and theoretical 
probability. 


Ver probabilidad experimental y probabilidad 
teórica. 


LA - E . 
6 = зо are proportions. 


1_x 


3_6,,11 : 
4^8 y 6 30 Son proporciones. 


Pythagorean theorem (p.737) Ifa triangle is a right triangle, 
then the sum of the squares of the lengths a and р of the legs 
equals the square of the length c of the hypotenuse: 

а? +b = с 


teorema de Pitágoras (рар. 737) Si un triángulo es 
rectángulo, entonces la suma de los cuadrados de las 
longitudes a y b de los catetos es igual al cuadrado de la 
longitud c de la hipotenusa: a? + b^ = с 


b= 12 


52 + 12? = 13? 


Cd ——— 


quadrants (p.206) The four regions into which the 
coordinate plane is divided by the x-axis and the y-axis. 


cuadrantes (pág. 206) Las cuatro regiones en las que el eje de 
x y el eje de y dividen al plano de coordenadas. 


quadratic equation (p. 643) An equation that can be written 
in the standard form ax? + bx + с = 0 where a = 0. 


ecuación cuadrática (pág. 643) Ecuación que puede 
escribirse en la forma general ax? + bx + с = 0, donde a = 0. 


quadratic formula (p. 671) The formula below that can be 
used to find the solutions of the quadratic equation 
ax? + bx + c = 0 where a + 0 and b° — 4ас> 0: 


ya BV b Age 
2а 


fórmula cuadrática (рар. 671) La fórmula de abajo puede 
utilizarse para hallar las soluciones de la ecuación cuadrática 
ax? + bx + c = 0 donde a + 0 y b^ — 4ac > 0: 

-b + V b^ — 4ac 


m 2а 


quadratic function (p.628) A nonlinear function that can be 
written in the standard form y = ax” + bx + c where a = 0. 


función cuadrática (pág. 628) Función no lineal que puede 
escribirse en la forma general y = ах? + bx + c, donde a = 0. 


0| 1 2 3 4 5x ejedex 
MEA ENMNENENE 
[| {=A BW eS TL 


| Cuadrante III » | [Cuadrante IV | 


mE Quadrant Ill 


"n Quadrant IV и 


The equations x^ — 2x = 3 and 0.147 = 40 are 
quadratic equations. 


х? —2x = 3y 0.1x? = 40 son ecuaciones 
cuadráticas. 


To solve 3x? + 5x — 8 = 0, substitute 3 for a, 5 
for b, and —8 for cin the quadratic formula: 
—5 + V 5? — 4(3)(—8) 


"= 2(3) 


8 
x=lorx=-—3 


Para resolver Зл? + 5x — 8 = 0, sustituye a por 
3, b por 5 y c por —8 en la fórmula cuadrática: 


—5 + V 5? — 4(3)(—8) 
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mE 2(3) 
,.. 8 
x=lóx= 3 


y = 217 + 5x — 3 is a quadratic function. 


y= 217 + 5x — 3 es una función cuadrática. 
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radical equation (р. 729) An equation that contains a radical 
expression with a variable in the radicand. 


ecuación radical (pág. 729) Ecuación que contiene una 
expresión radical en cuyo radicando aparece una variable. 


radical expression (p.710) An expression that contains a 
radical, such as a square root, cube root, or other root. 


expresión radical (pág. 710) Expresión que contiene un 
radical, como una raíz cuadrada, una raíz cúbica u otra raíz. 


radical function (p.710) A function that contains a radical 
expression with the independent variable in the radicand. 


función radical (pág.710) Función que contiene una 
expresión radical y en cuyo radicando aparece la variable 
independiente. 


radicand (p.110) The number or expression inside a radical 
symbol. 


radicando (pág. 110) El número o la expresión que aparece 
bajo el signo radical. 


random sample (p.871) A sample in which every member of 
the population has an equal chance of being selected. 


muestra aleatoria (pág. 871) Muestra en la que cada 
miembro de la población tiene igual probabilidad de ser 
seleccionado. 


range of a data set (p.876) The range of a numerical data set 
is a measure of dispersion. It is the difference of the greatest 
value and the least value. 


rango de un conjunto de datos (pág. 876) El rango de un 
conjunto de datos numéricos es una medida de dispersión. Es 
la diferencia entre los valores mayor y menor. 


range of a function (p.35) The set of all outputs of a 
function. 


rango de una función (pág. 35) El conjunto de todas las 
salidas de una función. 


Student Resources 


Єв 


2Vx — 8 = 0 апа V3x — 17 = Vx + 21 are 


radical equations. 


2vx — 8 = 0y V3x— 17 =Vx +21 son 
ecuaciones radicales. 


3V2x and Vx — 1 are radical expressions. 


3V2x y Vx — 1 son expresiones radicales. 


y^ ў 2x and y = Vx + 2 are radical functions. 


у = V2x е у = Vx + 2 son funciones radicales. 


The radicand of V9 and —V9 is 9. 


El radicando de V9 y —V9 es 9. 


You can select a random sample of a school’s 
student population by having a computer 
randomly choose 100 student identification 
numbers. 


Para seleccionar una muestra aleatoria de 
la población de estudiantes de una escuela, 
puedes usar la computadora para elegir 

al azar 100 números de identificación 
estudiantil. 


The range of the data set 4, 7, 9, 11, 11, 12, 18 
is 18 — 4 — 14. 


El rango del conjunto de datos 4, 7, 9, 11,11, 
12,18 es 18 — 4 = 14. 


See function. 


Ver función. 


rate (p. 17) A fraction that compares two quantities measured 
in different units. 


relación (pág. 17) Fracción que compara dos cantidades 
medidas en unidades diferentes. 


rate of change (р. 237) A comparison of a change in one 
quantity with a change in another quantity. In real-world 
situations, you can interpret the slope of a line as a rate of 
change. 


relación de cambio (pág. 237) Comparación entre el cambio 
producido en una cantidad y el cambio producido en otra 
cantidad. En situaciones de la vida real, se puede interpretar la 
pendiente de una recta como una relación de cambio. 


ratio (p. 162) A comparison of two numbers using division. 
The ratio of a and b, where b + 0, can be written as a to Р, as 


a:b, or as 7. 


razón (pág. 162) Comparacion de dos números mediante la 
división. La razón entre a y b, donde Р = 0, puede escribirse 


: a 
aab,a:bo;. 


rational equation (p.820) An equation that contains one or 
more rational expressions. 


ecuación racional (pág.820) Ecuación que contiene una o 
más expresiones racionales. 


rational expression (p.794) An expression that can be 
written as a ratio of two polynomials where the denominator 
is not 0. 


expresión racional (pág. 794) Expresión que puede 
escribirse como razón de dos polinomios, donde el 
denominador no es 0. 


rational function (p.775) A function whose rule is given by a 
fraction whose numerator and denominator are polynomials 
and whose denominator is not 0. 


función racional (pág.775) Función cuya regla viene 
dada por una fracción cuyo numerador y denominador son 
polinomios y cuyo denominador no es 0. 


110 miles 55 miles are rates. 
2 hours 1 hour 

110 millas , 55 millas Son relaciones. 
2 horas 1 hora 


You pay $7 for 2 hours of computer use and 
$14 for 4 hours of computer use. The rate 
changeincost 14-7 
changeintime 4-2 
$3.50 per hour. 


of change is = 3.5,0r 


Pagas $7 por usar la computadora 2 horas y 
$14 por usarla 4 horas. La relación de cambio 


cambio en el соѕќо _ 14 – 7 _ 
cambio еп el tiempo 4-2 3.5, 0 $3.50 
por hora. 


The ratio of 5 wins to 2 losses can be written 


as 5 to 2, as 5:2, or аз >. 


La razón de 5 victorias a 2 derrotas puede 


escribirse5a2,5:26 > 


: 6 x x l1. 2 
The equations ——, = 5 and 35 TE EH 
are rational equations. 
6 x, х 1. 2 a 

+4 2Y3-2*5” х5 $01 ecuaciones 
racionales. 
x+8 5 . А 

T d 2-1 are rational expressions. 
x+8 5 А А 

TT 2-1 son expresiones racionales. 


The equations y = = and y = ==> are 
rational functions. 

Я — se = 2x— 1 
Las ecuaciones у = €y 7-2 son 


funciones racionales. 
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rational number (р. 64) A number that can be written as 
where a and Р are integers and Р # 0. 


número racional (pág. 64) Número que puede escribirse D 
donde a y b son nümeros enteros y b = 0. 


rationalizing the denominator (p.721) The process of 
eliminating a radical from an expression's denominator by 
multiplying the expression by an appropriate form of 1. 


racionalizar el denominador (pág.721) El proceso de 
eliminar el radical del denominador de una expresión 
multiplicando la expresión por la forma apropiada de 1. 


real numbers (p. 112) The set of all rational and irrational 
numbers. 


números reales (pág. 112) El conjunto de todos los números 
racionales e irracionales. 


reflection (p.213) A reflection flips a figure in a line. 


reflexión (pág.213) Una reflexión vuelca una figura en una 
recta. 


relation (p.49) Any pairing of a set of inputs with a set of 
outputs. 


relación (pág.49) Cualquier correspondencia establecida 
entre un conjunto de entradas y un conjunto de salidas. 


roots (p.575) The solutions of an equation in which one side 
is zero and other side is a product of polynomial factors. 


raíces (pág.575) Las soluciones de una ecuación en la 
que un lado es cero y el otro lado es el producto de factores 
polinómicos. 


Student Resources 


24920531. 7 3. —3 —3 

— p 9 1? 3 g? 4 4 , and 0.6 are 
all rational numbers. 

—4 gatal _23_-3 _ 3 


todos números racionales. 


To rationalize the denominator of EN 


cA YT 
multiply the expression by V 
7 
5 25 „7 .5V7 .5V7 
V7 Ут v7 уз 7 
Para racionalizar el denominador de 5 
v ov 
multiplica la expresión por —: 
V7 
5 _5,\У7_5у7_5\7 
V7 Ут Ут vag ^" 


8, —6.2, е, т,апа V2 аге real numbers. 


8, —6.2, е, ту V2 son números reales. 


line of reflection 
recta de reflexión 


The pairing in the table below is a relation, but it 
is nota function. 


La correspondencia en la tabla de abajo es una 
relación, pero no es una función. 


Salida 


The roots of the equation (x — 4)(x + 2) = 0 
are 4 and —2. 


Las raíces de la ecuación (x — 4)(x + 2) = 0 
son 4 y —2. 


S  — —— —— 


sample (p.871) A part of a population. 


muestra (pág. 871) Parte de una población. 


sample space (p.843) The set of all possible outcomes. 


espacio muestral (pág. 843) El conjunto de todos los casos 
posibles. 


scalar (p.95) A real number by which you multiply a matrix. 


escalar (pág. 95) Número real por el que se multiplica 
una matriz. 


scalar multiplication (p.95) Multiplication of each element 
in a matrix by a real number, called a scalar. 


multiplicación escalar (pág.95) Multiplicación de cada 
elemento de una matriz por un número real llamado escalar. 


scale (p. 170) A ratio that relates the dimensions of a scale 
drawing or scale model and the actual dimensions. 


escala (pág. 170) Razón que relaciona las dimensiones de 
un dibujo a escala o un modelo a escala con las dimensiones 
reales. 


scale drawing (p.170) A two-dimensional drawing of 
an object in which the dimensions of the drawing are in 
proportion to the dimensions of the object. 


dibujo a escala (pág. 170) Dibujo bidimensional de un objeto 


en el que las dimensiones del dibujo guardan proporción con 
las dimensiones del objeto. 


scale model (p. 170) A three-dimensional model of an object 
in which the dimensions of the model are in proportion to the 
dimensions of the object. 


modelo a escala (pág. 170) Modelo tridimensional de 
un objeto en el que las dimensiones del modelo guardan 
proporción con las dimensiones del objeto. 


To predict the results of an election, a survey 
is given to a sample of voters. 


Para predecir los resultados de una elección, 
se realiza una encuesta entre una muestra de 
votantes. 


When you toss two coins, the sample space 
is heads, heads; heads, tails; tails, heads; and 
tails, tails. 


Cuando lanzas al aire dos monedas, el espacio 
muestral es cara, cara; cara, cruz; cruz, cara; y 
Cruz, cruz. 


See scalar multiplication. 


Ver multiplicación escalar. 


The matrix is multiplied by the scalar 3. 
1 2|_|3 6 
ШЕВДЫНЕ- 


La matriz se multiplica por el escalar 3. 


slo -1|7 [o -3| 


The scale 1 in. : 12 ft on a floor plan means 
that 1 inch in the floor plan represents an 
actual distance of 12 feet. 


La escala 1 pulg : 12 pies en un diagrama de 
planta significa que 1 pulgada en el diagrama 
de planta representa una distancia real de 

12 pies. 


A floor plan of a house is a scale drawing. 


El diagrama de planta de una casa es un 
dibujo a escala. 


A globe is a scale model of Earth. 


El globo terráqueo es un modelo a escala de 
la Tierra. 
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scatter plot (р. 324) А graph used to determine whether there 
is a relationship or trend between paired data. 


diagrama de dispersión (pág. 324) Gráfica utilizada para 
determinar si hay una relación o tendencia entre los pares de 
datos. 


scientific notation (p.512) A number is written in scientific 
notation when it is of the form с X 10” where 1 <c<10 and nis 
an integer. 


notación científica (pág. 512) Un número está escrito en 
notación científica cuando es de la forma с х 10”, donde 
l <c< 10 y n es un número entero. 


self-selected sample (p.871) A sample in which members of 
the population select themselves by volunteering. 


muestra autoseleccionada (pág. 871) Muestra en la que 
los miembros de la población se seleccionan a sí mismos 
ofreciéndose a participar. 


sequence (p.309) An ordered list of numbers. 


progresión (рар. 309) Lista ordenada de números. 


set (p.71) A collection of distinct objects. 


conjunto (pág. 71) Colección de objetos diferenciados. 


similar figures (p. 174) Figures that have the same shape 
but not necessarily the same size. Corresponding angles of 
similar figures are congruent, and the ratios of the lengths of 
corresponding sides are equal. The symbol ~ indicates that 
two figures are similar. 


figuras semejantes (pág. 174) Figuras que tienen la misma 
forma pero no necesariamente el mismo tamaño. Los ángulos 
correspondientes de las figuras semejantes son congruentes, 
y las razones de las longitudes de los lados correspondientes 
son iguales. El símbolo ~ indica que dos figuras son 
semejantes. 


Student Resources 


Test scores 
Resultados 
de las pruebas 


Hours of studying 
Horas de estudio 


Two million is written in scientific notation 
as 2 x 10°, and 0.547 is written in scientific 
notation as 5.47 x 107!. 


El número dos millones escrito en notación 
científica es 2 x 10°, y 0.547 escrito en 
notación científica es 5.47 x 101. 


You can obtain a self-selected sample of 
a school’s student population by asking 
students to return surveys to a collection box. 


Para obtener una muestra autoseleccionada 
de la población de estudiantes de una escuela, 
puedes pedir a los estudiantes que hagan la 
encuesta que la depositen en un recipiente de 
recogida. 


—4, 1,6, 11, 16,...is a sequence. 

—4, 1,6, 11, 16,...es una progresión. 
The set of whole numbers is 

W= {0, l, 2, 8, ° ө le 


El conjunto de los números naturales es 
И = {0, 1, 2,3,...}. 


D 
A 
a| NS 8 10 
C 3 B 
F 6 E 
AABC ~ ADEF 


simplest form of a radical expression (p.719) A radical 
expression that has no perfect square factors other than 1 in 
the radicand, no fractions in the radicand, and no radicals 
appearing in the denominator of a fraction. 


forma más simple de una expresión radical (pág. 719) 
Expresión radical que no tiene en el radicando fracciones ni 
factores cuadrados perfectos distintos de 1 y que no tiene 
radicales en el denominador de las fracciones. 


simplest form of a rational expression (р. 795) A rational 
expression whose numerator and denominator have no 
factors in common other than 1. 


forma más simple de una expresión racional (pág. 795) 
Expresión racional cuyo numerador y denominador no tienen 
más factores en comün que el 1. 


simulation (p.849) An experiment that you can perform to 
make predictions about real-world situations. 


simulación (pág.849) Experimento que se puede realizar 
para hacer predicciones sobre situaciones de la vida real. 


slope (p.235) The slope m of a nonvertical line is the ratio of 
the vertical change (the rise) to the horizontal change (the run) 
between any two points (X, yi) and (x » У) ON the line: 

Ya = У 


m = ==, 
X, X 


pendiente (pag. 235) La pendiente m de una recta no vertical 
es la razón del cambio vertical (distancia vertical) al cambio 
horizontal (distancia horizontal) entre dos puntos 

Ya У 


Xy X 


cualesquiera (x,, y,) y (5, y,) de la recta: m = 


In ми form, V32 is written ав 4V2, 
= 


and — is written as A, 
V7 


En la forma más simple, V32 se escribe 4V2, 


DT, 


—= se escribe —— 
Y 


2 


The simplest form of = =” E 


x(x — 3) 


TOC 2x 
La forma más simple de FEES es —— 


Each box of Oaties contains 1 of 6 prizes. 
The probability of getting each prize is 5 


To predict the number of boxes of cereal you 


must buy to win all 6 prizes, you can roll a 
number cube 1 time for each box of cereal 


you buy. Keep rolling until you have rolled all 


6 numbers. 


Cada paquete de Oaties contiene 1 de un total 


de 6 premios. La probabilidad de obtener 


cada premio es 5 Para predecir el número de 


paquetes de cereales que debes comprar para 
poder conseguir los 6 premios, puedes lanzar 
un cubo numerado 1 vez por cada paquete de 
cereales que compres. Sigue lanzando el cubo 


hasta obtener los 6 números. 


IP EF 
AA „Т 
PAGUINA 


The slope of the line shown is 4 or A 


La pendiente de la recta indicada es 


з 
[=] 
as | IN 
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slope-intercept form (р. 244) А linear equation written in 
the form y = mx + b where mis the slope and bis the 
y-intercept of the equation's graph. 


forma pendiente-intercepto (pág. 244) Ecuación lineal 
escrita en la forma y = mx + b, donde m es la pendiente y b 
es el intercepto en y de la gráfica de la ecuación. 


solution of an equation in one variable (p.22) A number 
that produces a true statement when substituted for the 
variable in an equation. 


solución de una ecuación con una variable (pág. 22) 
Número que, al sustituirse por la variable de la ecuación, 
produce un enunciado verdadero. 


solution of an equation in two variables (p. 215) An 
ordered pair that produces a true statement when the 
coordinates of the ordered pair are substituted for the 
variables in the equation. 


solución de una ecuación con dos variables (pág. 215) Par 
ordenado que, al ser sustituidas sus coordenadas por las 
variables de la ecuación, produce un enunciado verdadero. 


solution of an inequality in one variable (p.22) A number 
that produces a true statement when substituted for the 
variable in an inequality. 


solución de una desigualdad con una variable (pág. 22) 
Número que, al sustituirse por la variable de la desigualdad, 
produce un enunciado verdadero. 


solution of an inequality in two variables хапа y 
(p. 405) An ordered pair (x, y) that produces a true statement 
when the values of x and y are substituted into the inequality. 


solución de una desigualdad con las dos variables хе y 
(pág. 405) Par ordenado (x, y) que, al sustitutirse los valores de 
x е y en la desigualdad, produce un enunciado verdadero. 


solution of a system of linear equations (p. 427) An 
ordered pair that is a solution of each equation in the system. 


solución de un sistema de ecuaciones lineales (pág. 427) 
Par ordenado que es una solución de cada ecuación del 
sistema. 


Student Resources 


y = 3x + 4is in slope-intercept form. The 
slope of the line is 3, and the y-intercept is 4. 


y = 3x + 4 está en la forma pendiente- 
intercepto. La pendiente de la recta es 3, y el 
intercepto en yes 4. 


The number 3 is a solution of the equation 
8 — 2x = 2, because 8 — 2(3) = 2. 


El número 3 es una solución de la ecuación 
8 — 2x = 2 ya que 8 — 2(3) = 2. 


(1, —4) is a solution of 3x — y = 7, because 
3(1) – (-4) =7. 


(1, —4) es una solución de 3x — y = 7 ya que 
3(1) – (-4) = 7. 


The number 3 is a solution of the inequality 
5 + 3n < 20, because 5 + 3(3) = 14 and 14 < 20. 


El número 3 es una solución de la desigualdad 
5 + 3n < 20 ya que 5 + 3(3) = 14 y 14 < 20. 


(— 1,2) is a solution of the inequality 
x — 3y < 6 because —1 — 3(2) = —7 and —7<6. 


(—1, 2) es una solucion de la desigualdad 
x — 3y<6 ya que —1 – 3(2) = –7у -7«6. 


(3, 2) is a solution of the system of linear 
equations 

x+2y=7 

Зх —2y = 5 
because each equation is a true statement 
when 3 is substituted for x and 2 is substituted 
for y. 


(3, 2) es una solución del sistema de 


ecuaciones lineales 
x+2y=7 
Зх —2y = 5 


уа que cada ecuación es un enunciado 
verdadero cuando х se sustituye por 3 e y se 
sustituye por 2. 


solution of a system of linear inequalities (р. 466) An 
ordered pair that is a solution of each inequality in the system. 


solución de un sistema de desigualdades lineales 
(pág. 466) Par ordenado que es una solución de cada 
desigualdad del sistema. 


square root (p. 110) If b* = a, then bisa square root of a. The 
radical symbol V represents a nonnegative square root. 


raíz cuadrada (pág. 110) Si b° = a, entonces b es una 
raíz cuadrada de a. El signo radical V representa una raíz 
cuadrada no negativa. 


square root function (p.710) A radical function whose 
equation contains a square root with the independent variable 
in the radicand. 


función con raíz cuadrada (pág. 710) Función radical 
representada por una ecuación con una raíz cuadrada en cuyo 
radicando aparece la variable independiente. 


standard deviation (p.879) The standard deviation of a 
numerical data set x}, x,, ..., x, isa measure of dispersion 
denoted by c and computed as the square root of the variance. 


M -g + te, a+... + 
0 = —— a  — 


desviación típica (pág. 879) La desviación típica de un 
conjunto de datos numéricos x,, x,,..., x, es una medida de 
dispersión designada por o y calculada como raíz cuadrada de 
la varianza. 


(к, DF deu tet RP 
n 


standard form of a linear equation (p.216) Ax + By = C, 
where A, B, and C are real numbers and A and B are not both 
Zero. 


forma general de una ecuación lineal (pág. 216) 
Ax + By = C, donde A, B y C son números reales, y A y B no son 
ambos cero. 


(6, —5) isa solution of the system of 
inequalities 

хут? 

2x + y«8 
because each inequality is a true statement 
when 6 is substituted for x and —5 is 
substituted for y. 


(6, —5) es una solución del sistema de 
desigualdades 

х-у>7 

2x + y«8 
ya que cada desigualdad es un enunciado 
verdadero cuando х se sustituye por 6 e y se 
sustituye por —5. 


The square roots of 9 are 3 and —3, because 
3? = 9 and (-3)? = 9.So, V9 = 3 and 
—\9 = -3. 


Las raíces cuadradas de 9 son 3 y —3 ya que 
3? = 9 y (-3)? = 9. Así pues, V9 = Зу 
—\9 = -3. 


у= 21х+ 2 and y = Vx + З are square root 
functions. 


y = 2Vx +2 еу = Vx + З son funciones con 
raíz cuadrada. 


The standard deviation of the data set 3, 9, 13, 


23 (with mean = 12) is: 


o =! (3 — 12)? + (9 — 12)? + (13 — 12)? + (23 – 12)? 
4 


= V53 =7.3 


La desviación típica del conjunto de datos 3, 


9, 13, 23 (con media = 12) es: 


ez! (3 — 12)? + (9 — 12)? + (13 — 12)? + (23 – 12)? 
4 


= V53 ~ 7.3 


The linear equation y = 2x — 3 can be written 


in standard form as 2x — y = 3. 


La ecuación lineal у = 2x — 3 puede escribirse 


en la forma general como 2x — y = 3. 
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standard form of a quadratic equation (р. 643) A 
quadratic equation in the form ax* + bx + c = 0 where a = 0. 


forma general de una ecuación cuadrática (pág. 643) 
Ecuación cuadrática de la forma ax? + bx + c= 0, donde 
а= 0. 


standard form of a quadratic function (p.628) A quadratic 


function in the form y = ax? + bx + c where a = 0. 


forma general de una función cuadrática (pág. 628) 


Función cuadrática de la forma y = ax? + bx + c, donde a + 0. 


stem-and-leaf plot (p.881) A data display that organizes 
data based on their digits. 


tabla arborescente (pág.881) Presentación de datos que 
organiza los datos basándose en sus dígitos. 


stratified random sample (p.871) A sample in which a 
population is divided into distinct groups, and members are 
selected at random from each group. 


muestra aleatoria estratificada (pág.871) Muestra en la 
que la población está dividida en grupos diferenciados, y los 
miembros de cada grupo se seleccionan al azar. 


survey (p.871) A study of one or more characteristics of a 
group. 


encuesta (pág.871) Estudio de una o más características de 
un grupo. 


system of linear equations (p.427) Two or more linear 
equations in the same variables; also called a linear system. 


sistema de ecuaciones lineales (pág.427) Dos o más 
ecuaciones lineales con las mismas variables; llamado 
también sistema lineal. 


Student Resources 


The quadratic equation x^ — 2x — 3 = 0 is in 
standard form. 


La ecuación cuadrática x? — 2x — 3 = 0 está еп 
la forma general. 


The quadratic function y = 22? + 5x — 3 is in 
standard form. 


La función cuadrática y = 2x* + 5x — 3 está en 
la forma general. 


Stem | Leaves 
Raíces | Hojas 


0/8 9 
1,02. 3455 59 
2111 5 9 


Key: 


Clave: ! |9 = $19 


You can select a stratified random sample 

of a school’s student population by having a 
computer randomly choose 25 students from 
each grade level. 


Para seleccionar una muestra aleatoria 
estratificada de la población de estudiantes 
de una escuela, puedes usar la computadora 
para elegir al azar a 25 estudiantes de cada 
grado. 


A magazine invites its readers to mail 
in answers to a questionnaire rating the 
magazine. 


Una revista invita a sus lectores a enviar por 
correo las respuestas a un cuestionario sobre 
la calidad de la revista. 


The equations below form a system of linear 
equations: 

x+2y=7 

3x —2y 25 


Las siguientes ecuaciones forman un sistema 
de ecuaciones lineales: 

x+2y=7 

Зх —2y = 5 


system of linear inequalities in two variables (p.466) Two 
or more linear inequalities in the same variables; also called a 
system of inequalities. 


sistema de desigualdades lineales con dos variables 
(pág. 466) Dos o más desigualdades lineales con las mismas 
variables; llamado también sistema de desigualdades. 


systematic sample (p.871) A sample in which a rule is used 
to select members of the population. 


muestra sistemática (pág.871) Muestra en la que se usa una 
regla para seleccionar a los miembros de la población. 


The inequalities below form a system of linear 
inequalities in two variables: 

X—y»7 

2x t y«8 


Las siguientes desigualdades forman un 
sistema de desigualdades lineales con dos 
variables: 

х= ух 7 

2х + y<8 


You can select a systematic sample of a 
school’s student population by choosing 
every tenth student on an alphabetical list of 
all students at the school. 


Para seleccionar una muestra sistemática de 
la población de estudiantes de una escuela, 
puedes elegir a cada décimo estudiante de 
una lista ordenada alfabéticamente de todos 
los estudiantes de la escuela. 


€ — 


terms of an expression (p. 97) The parts of an expression 
that are added together. 


términos de una expresión (pág. 97) Las partes de una 
expresión que se suman. 


theoretical probability (р. 844) When all outcomes are 
equally likely, the theoretical probability of an event is the 
ratio of the number of favorable outcomes to the total number 
of possible outcomes. The probability of event A is written as 
P(A). 


probabilidad teórica (pág. 844) Cuando todos los casos son 
igualmente posibles, la probabilidad teórica de un suceso es la 
razón entre el número de casos favorables y el número total de 
casos posibles. La probabilidad del suceso A se escribe P(A). 


transformation (p. 213) For a given set of points, a 
transformation produces an image by applying a rule to the 
coordinates of the points. 


transformación (pág. 213) Рага un conjunto dado de puntos, 
una transformación produce una imagen al aplicar una regla a 
las coordenadas de los puntos. 


The terms of the expression 
Зх + (—4) + (—6x) + 2 are 3x, —4, —6x, and 2. 


Los términos de la expresión 
3x + (—4) + (-6x) + 2 son Зх, —4, —6x y 2. 


A bag of 20 marbles contains 8 red marbles. 
The theoretical probability of randomly 
2 


choosing a red marble from the bag is 26 5 


40%, or 0.4. 


Una bolsa de 20 canicas contiene 8 canicas 
rojas. La probabilidad teórica de sacar al azar 


una canica roja de la bolsa es 8 = а 40% 
60.4 20 5 
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Translations, vertical stretches, vertical 
shrinks, and reflections are transformations. 


Las traslaciones, las expansiones verticales, 
las contracciones verticales y las reflexiones 
son transformaciones. 
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translation (р. 213) A translation moves every point їп a 
figure the same distance in the same direction. 


traslación (pág. 213) Una traslación desplaza cada punto de 
una figura la misma distancia en la misma dirección. 


trinomial (p.555) A polynomial with three terms. 


trinomio (pág. 555) Polinomio con tres términos. 


union (p.71) The union of two sets A and Bis the set of all 
elements in either A or В. The union of A and Bis written as 
AUB. 


unión (pág.71) La unión de dos conjuntos A y B es el 


conjunto de todos los elementos en A o B. La unión de A y B se 


escribe A U B. 


unit rate (p. 17) A rate in which the denominator of the 
fraction is 1 unit. 


relación unitaria (pág. 17) Relación en la que el 
denominador de la fracción es 1 unidad. 


universal set (p.71) The set of all elements under 
consideration, written as U. 


conjunto universal (pág.71) El conjunto de todos los 
elementos en cuestión, escrito U. 


upper quartile (p. 887) The median of the upper half of an 
ordered data set. 


cuartil superior (pág.887) La mediana de la mitad superior 
de un conjunto de datos ordenados. 


Student Resources 


AABC is translated up 2 units. 


AABC es trasladada 2 unidades hacia arriba. 


2x? + x — 5 is a trinomial. 


2x? + x — 5 es un trinomio. 


AU B= {2, 3, 4, 5, 6, 7, 8) 


55 miles 


4 or 55 mi/h, isa unit rate. 


55 millas ¿ 55 mi/h, es una relación unitaria. 
1 hora 


If the universal set is the set of positive 
integers, then U = {1, 2,3,...}. 


Si el conjunto universal es el conjunto de 
los números enteros positivos, entonces 
О = {1,2,3,...}. 


The upper quartile of the data set below is 23. 


upper 
median quartile 
y i 


8 10 14 17 20 23 50 


El cuartil superior del siguiente conjunto de 
datos es 23. 


cuartil 
mediana superior 
i i 


8 10 14 17 20 23 50 


ээ 


variable (р. 2) A letter that is used to represent one or more 
numbers. 


variable (pág. 2) Letra que sirve para representar uno o más 
números. 


variance (р. 879) The variance of a numerical data set х, x,, 


е 4 н 2 М . 
...,X, is a measure of dispersion denoted by o^ and given by: 


a U 7X 0-7 X uc la 
gU =—— u —— 


varianza (pág.879) La varianza de un conjunto de datos 
numéricos x,, X,, ..., x, es una medida de dispersión 


designada por o? y dada por: 
4. =] + ьт 
= X a 


verbal model (p. 16) A verbal model describes a real-world 
situation using words as labels and using math symbols to 
relate the words. 


modelo verbal (pág. 16) Un modelo verbal describe una 
situación de la vida real mediante palabras que la exponen y 
símbolos matemáticos que relacionan esas palabras. 


vertex form of a quadratic function (p.669) A quadratic 


function in the form y = a(x — hy? + k where a + 0. The vertex 


of the graph of the function is (h, k). 


forma de vértice de una función cuadrática (pág. 669) 
Función cuadrática de la forma y = а(х — №)? + К, donde 
a = 0. El vértice de la gráfica de la función es (Л, К). 


In the expressions 5n, n + 1, and 8 — n, the 
letter n is the variable. 


En las expresiones 5n, n + 1 y 8 — n, la letra n 
es la variable. 


The variance of the data set 3, 9, 13, 23 (with 
mean = 12) is: 

> (3-—12)*4 (9 — 12)? + (13 — 12)* + (23 — 12)? 
O — ТО = —————————————Á———À 


4 
= 53 


La varianza del conjunto de datos 3, 9, 13, 23 
(con media = 12) es: 

> (3—12) + (9 — 12) + (13 — 12)? + (23 — 12)? 
O — —————=г>= ____ ——  —---+ыы-- —=— 


4 
= 53 


A verbal model and algebraic expression for 
dividing a dollars in a tip jar among 6 people: 


Un modelo verbal y una expresión algebraica 
utilizados para dividir entre 6 personas 
a dólares del recipiente de las propinas: 


Amount in Number 
jar of people 
Cantidad + Numero 
del de 
recipiente personas 
y y 
a > 6 


The quadratic function y = —2(x + 1)? — 5 is 
in vertex form. The vertex of the graph of the 
function is (—1, —5). 


La función cuadrática у = —2(x + 1)? — 5 está 
en la forma de vértice. El vértice de la grafica 
de la función es (—1, —5). 
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а parabola. 


vértice de una parábola (pág. 628) El punto más bajo o más 
alto de la parábola. 


vertical motion model (p. 577) A model for the height of an 
object that is propelled into the air but has no power to keep 
itself in the air. 


modelo de movimiento vertical (pág. 577) Modelo para 
representar la altura de un objeto que es lanzado hacia arriba 
pero que no tiene potencia para mantenerse en el aire. 


vertical shrink (p.213) A vertical shrink moves every point 
in a figure toward the x-axis, while points on the x-axis remain 
fixed. 


contracción vertical (pág. 213) La contracción vertical 
desplaza cada punto de una figura en dirección del eje de x, 
mientras los puntos del eje de x permanecen fijos. 


1000 Student Resources 


vertex of a parabola (p.628) The lowest or highest point on 


HP Т, 

y= —х^+2х +1 
|| paa] ||| 
PT TT VIN || || 
IIA AL | 


IIA? IN | + 
BEE SEER 
Pp} tA tt TA |] 
IIA | | Wt | 


The vertex of the graph of y= — + 2х + 1 is the 
point (1, 2). 


El vértice de la gráfica de y= —x^ + 2x + 1 es el 
punto (1, 2). 


The vertical motion model for an object 
thrown upward with an initial vertical 
velocity of 20 feet per second from an initial 
height of 8 feet is h = —161? + 201 + 8 where 
his the height (in feet) of the object ¿seconds 
after it is thrown. 


El modelo de movimiento vertical de un objeto 
lanzado hacia arriba con una velocidad vertical 
inicial de 20 pies por segundo desde una 

altura inicial de 8 pies es h = —161? + 201 + 8, 
donde h es la altura (en pies) del objeto 

t segundos después del lanzamiento. 


X 


The black triangle is shrunk vertically to the green 
triangle. 


El triángulo negro se contrae verticalmente hacia 
el triángulo verde. 


vertical stretch (р. 213) A vertical stretch moves every point 
in a figure away from the x-axis, while points on the x-axis 
remain fixed. 


expansión vertical (pág. 213) La expansión vertical desplaza 
cada punto de una figura alejándose del eje de x, mientras los 
puntos del eje de x permanecen fijos. 


The black triangle is stretched vertically to the 
green triangle. 


El triángulo negro se expande verticalmente hacia 
el triángulo verde. 


“vw A НИ 


whole numbers (p.64) The numbers 0, 1, 2, 3,.... 0, 8, and 106 are whole numbers. 
—1 and 0.6 are not whole numbers. 


números naturales (pág. 64) Los números 0, 1, 2,3,.... 0, 8 y 106 son números naturales. 
—1 y 0.6 no son números naturales. 


x-intercept (р. 225) The x-coordinate of a point where a 
graph crosses the x-axis. 


intercepto en x (pág. 225) La coordenada x de un punto 
donde la gráfica corta al eje de x. 


The x-intercept is 6. 


El intercepto en xes 6. 


ФВ 


y-intercept (р. 225) The y-coordinate of a point where a | ||| ү 
graph crosses the y-axis. o A || 


intercepto en y (pág. 225) La coordenada y de un punto Nt aye 
donde la gráfica corta al eje de y. LL NEE 
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The y-intercept is 3. 


El intercepto en yes 3. 
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zero exponent (p.503) Ifa + 0, then al = 1. 


(—7)° = 1 
exponente cero (pág. 503) Si a + 0, entonces al = 1. 
zero of a function (p.337) An x-value for which f(x) = 0 The zero of f(x) = 2x — 4 is 2 because f(2) = 0. 
(or y = 0). 
cero de una función (pág. 337) Un valor x para el que El cero de fix) = 2x — 4 es 2 ya que f(2) = 0. 
f(x) = 0 (o y = 0). 
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1002 Student Resources 


Absolute deviation, 392-395 
relative, 403 
Absolute error, 392 
Absolute value, 66-69, 390 
equations, 390-395, 417 
functions, 396-397 
inequalities, 398-403, 418 
ACT, See Standardized Test 
Preparation 
Act it out, problem solving strategy, 
936-937 
Activities, See also Graphing 
calculator 
adding integers, 73 
collecting and organizing data, 334 
completing the square, 662 
determining the discriminant, 677 
distance formula, 743 
dividing polynomials, 783 
exponential models, 530 
factoring a trinomial, 582, 592 
finding probability, 842 
graphing rational functions, 
773-774 
inequalities with negative 
coefficients, 362 
linear inequalities in two variables, 
404 
linear systems and elimination, 
443 
modeling data from the Internet, 
342 
modeling linear relationships, 282 
modeling one-step equations, 
132-133 
multiplication by -1, 87 
multiplying binomials, 561 
patterns and expressions, 14 
products and powers, 488 
properties of radicals, 718 
the Pythagorean theorem, 736 
relationships between dimensions 
of a rectangle, 764 
scatter plots and functions, 42 
slope and y-intercept, 243 
slopes of lines, 234 
solving linear systems using tables, 
426 
spreadsheet 
equations with variables on both 
sides, 160 
subtract real numbers, 85 


statements with and and or, 379 
writing if-then statements, 109 
zero and negative exponents, 502 
Addition 
of fractions, 914 
of inequalities, 356-361, 415 
integer, 73 
in linear equations, 134-140, 191 
matrix, 94—95 
of polynomials, 555—559, 615, 616 
properties, 75-79, 120, 134, 357 
of radicals, 721-726 
of rational expressions, 812-819, 
830, 834 
real number, 74-79, 120, 122 
for solving linear systems, 444-450, 
476-477 
Addition property of equality, 134, 
191 
Addition property of inequality, 357 
Additive identity, 76 
Additive inverse, 76 
Algebra tiles 
for adding integers, 73 
for completing the square, 662 
for dividing polynomials, 783 
for factoring trinomials, 582, 592 
for modeling equations, 132—133 
for modeling linear systems, 443 
for multiplying binomials, 561 
Alternative method, See Another 
Way; Problem Solving 
Workshop 
Analyze, exercises, 69, 70, 109, 207, 
218, 237, 488, 690 
And statements, 379, 414 
for compound inequalities, 
380-385 
Animated Algebra, Throughout. See 
for example 1, 63, 131, 205, 
281, 354, 425, 487, 553, 627, 
709, 763, 841 
Another Way, 98, 105, 135, 154, 169, 
175, 183, 260-261, 293, 312, 
370, 382, 383, 437, 442, 451, 
452, 514, 522, 528—529, 585, 
590-591, 645, 652, 659-660, 
671, 824, 868-869 
Applications 
advertising, 47, 145, 246, 261, 675, 
799, 805 
apparel, 233, 258, 347, 394, 450, 
481, 668, 844 
archery, 100 


architecture, 741 

art, 6, 32, 115, 181, 197, 249, 461, 
476, 485 

astronomy, 65, 70, 164, 269, 383, 
493, 494, 498, 500, 516, 517, 
518, 551, 633, 722, 891, 905 

baseball, 27, 31, 119, 140, 289, 323, 
337, 374, 402, 468, 483, 556, 
559, 599, 613, 614, 657, 667, 
694, 742, 801, 808, 826, 860, 
870, 874, 881, 891, 899, 903 

basketball, 23, 147, 152, 190, 203, 
231, 259, 392, 423, 537, 828, 
865, 870, 884, 901 

biking, 23, 258, 259, 295, 300-301, 
352, 419, 687, 770, 834 

biology, 190, 298, 322, 548, 551, 
573, 581, 682, 716, 733, 791, 
874, 893 

botany, 507, 880 

business, 78, 85, 128, 146, 155, 166, 
246, 252, 265, 267, 275, 279, 
285, 301, 305, 307, 315, 323, 
331, 340, 367, 373, 419, 430, 
437, 442, 482, 501, 526, 558, 
581, 661, 683, 692, 693, 713, 
770, 829, 835, 839, 873, 891 

camping, 20, 102, 323, 558 

chemistry, 79, 173, 255, 316, 352, 
402, 441, 458, 493, 550 

collections, 27, 162, 426, 522 

construction, 61, 115, 129, 153, 188, 
195, 343, 473, 567, 580, 588, 
591, 612, 621, 648, 667, 694, 
739, 752, 759, 768, 791 

consumer economics, 11, 12, 27, 
30, 31, 32, 35, 51, 54, 57, 60, 
123, 153, 158, 161, 180, 181, 
183, 200, 218, 231, 237, 249, 
256, 269, 277, 278, 294, 298, 
305, 307, 317, 343, 345, 350, 
352, 360, 368, 371, 374, 375, 
378, 389, 400, 423, 449, 458, 
473, 479, 483, 558, 789, 790, 
797 

contests, 108, 394, 395, 402, 423, 
471, 634, 640, 648, 683, 735, 
866 

crafts, 139, 203, 241, 272, 432, 449, 
453, 472, 581, 585, 598, 614, 
665 

dancing, 145 

design, 27, 336, 564, 565, 567, 588, 
591, 598, 844 
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domestic animals, 159, 161, 196, 
343, 419, 668 

education, 44, 129, 158, 166, 180, 
195, 197, 252, 365, 389, 411, 
413, 450, 559, 590, 604, 707, 
829, 848, 855, 858, 859, 867, 
897 

employment, 25, 26, 60, 102, 125, 
143, 146, 188, 190, 249, 258, 
268, 367, 408, 411, 413, 422, 
465, 473, 547, 602, 707, 825, 
828, 854, 855, 859 

energy, 631, 634 

entertainment, 37, 61, 101, 220, 
238, 240, 267, 269, 288, 301, 
324, 350, 355, 416, 432, 433, 
442, 605, 658, 717, 801, 808, 
825, 855, 858, 867, 894 

exercising, 102, 139, 373, 847, 900 

farming, 119, 140, 308, 340, 342, 
368, 516, 704 

finance, 39, 51, 60, 61, 69, 79, 83, 
86, 92, 107, 108, 129, 181, 183, 
203, 211, 323, 376, 412, 432, 
433, 457, 485, 500, 523, 525, 
527, 528, 529, 537, 538, 541, 
546, 551, 668, 705, 725, 771, 
782, 787, 791, 799, 828 

fitness, 294, 433, 465, 471 

food, 25, 34, 60, 163, 172, 178, 220, 
269, 276, 279, 298, 348, 368, 
376, 389, 402, 411, 413, 456, 
485, 716, 801, 809, 826, 857, 
859, 864, 870, 877, 882, 901, 
904 

football, 7, 12, 83, 159, 193, 573, 
581, 614, 661, 675, 752, 808, 
848, 870, 894 

fundraising, 11, 25, 26, 51, 60, 361, 
420, 440, 456, 640, 832, 858, 
904 

games, 376, 612, 750 

gardening, 30, 161, 190, 203, 231, 
250, 258, 315, 422, 441, 483, 
551, 565, 624, 704, 707 

geography, 69, 83, 84, 90, 92, 93, 
108, 415 

geology, 139, 161, 189, 288, 329, 
385, 500, 516, 519, 543, 875, 
878 

golf, 69, 79, 349, 835 

government, 47, 166, 208, 848, 885, 
891, 901 

gymnastics, 394, 416, 882 

hiking, 233, 241, 317, 752, 801, 838 

history, 55, 208, 389, 395, 675, 881 

hobbies, 170 
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home decor, 4, 7, 25, 27, 111, 119, 
140, 147, 201, 301, 567, 581, 
725, 825 

ice hockey, 248, 322, 654, 659, 824 

maps, 195, 322, 352, 749, 751, 752, 
890 

measurement, 26, 27, 32, 51, 55, 57, 
60, 61, 79, 128, 143, 146, 152, 
159, 161, 167, 170, 172, 173, 
192, 195, 222, 224, 231, 275, 
289, 330, 358, 423, 501, 511, 
544, 545, 549, 550, 579, 595, 
612, 614, 619, 621, 624, 625, 
694, 801, 818, 829 

medicine, 211, 507, 514, 538, 541 

movies, 3, 100, 166, 197, 240, 267, 
307, 478, 547, 672, 772, 781, 
789, 809, 854 

music, 45, 53, 69, 76, 101, 125, 145, 
180, 233, 285, 336, 341, 343, 
367, 373, 387, 423, 456, 485, 
526, 537, 541, 734, 771, 800, 
838, 847, 852, 855, 867, 870, 
887, 897, 899, 904 

nutrition, 27, 95, 261, 315, 411, 471 

oceanography, 126, 241, 715, 749 

Olympics, 137, 395 

pets, 6, 240, 255, 260, 261, 549, 571, 
579, 902 

photography, 201, 210, 288, 464, 
471, 517, 622, 771, 857 

physics, 355, 386, 403, 412, 547, 
602, 604, 619, 624, 634, 648, 
654, 655, 657, 658, 661, 683, 
693, 694, 704, 705, 707, 716, 
725, 726, 734, 735, 761, 771, 
772, 801, 826 

physiology, 11, 13, 212, 261, 275, 
471, 573, 574, 687, 726, 781 

population, 183, 252, 342, 492, 526, 
536, 544, 690, 801, 878, 886 

recreation, 6, 25, 32, 51, 115, 145, 
159, 180, 188, 200, 233, 250, 
304, 315, 349, 352, 367, 374, 
386, 389, 417, 429, 440, 446, 
447, 449, 464, 564, 701, 757, 
840, 878, 886 

recycling, 230, 258, 308 

repair and maintenance, 51, 145 

running, 28, 31, 34, 48, 59, 83, 119, 
146, 200, 218, 273, 308, 361, 
376, 735, 824, 876, 907 

safety, 394, 871 

science, 19, 20, 32, 242, 536, 657, 
683 

scuba diving, 143, 147 

skating, 267, 277, 299, 403, 430, 780 


skydiving, 63, 93 

soccer, 6, 115, 166, 172, 453, 579, 
648, 738, 872 

social studies, 86, 320, 567, 568 

space travel, 210, 383, 500 

structures, 78, 92, 125, 152, 164, 
172, 175, 200, 232, 245, 289, 
348, 410, 598, 624, 625, 637, 
639, 640, 661, 680, 682, 715, 
742, 756, 791, 818, 907 

swimming, 34, 101, 107, 123, 152, 
440, 598, 738, 901 

technology, 288, 298, 307, 437, 501, 
511, 526, 529, 537, 540, 547, 
657, 694, 799, 867 

temperature, 81, 83, 86, 104, 105, 
107, 115, 125, 186, 211, 222, 
233, 356, 357, 384, 385, 389, 
413, 485, 693, 866 

track and field, 579, 595, 646, 691, 
715, 771, 894 

travel, 33, 40, 60, 170, 212, 224, 238, 
241, 249, 252, 259, 279, 281, 
298, 307, 313, 315, 346, 352, 
358, 384, 423, 450, 457, 458, 
465, 529, 661, 746, 749, 751, 
752, 778, 815, 817, 818, 829, 
839, 863, 868, 894, 907 

vehicles, 81, 93, 126, 139, 145, 167, 
198, 228, 338, 339, 351, 361, 
367, 381, 438, 458, 464, 473, 
477, 633, 731, 735, 749, 772, 
807, 819, 829, 839, 885 

volleyball, 108, 162 

volunteering, 10, 479, 780, 837 

weather, 31, 69, 78, 86, 224, 274, 
299, 386, 705, 865, 870, 883, 
888, 899 

wildlife, 6, 48, 124, 139, 169, 263, 
288, 322, 325, 326, 329, 341, 
368, 373, 385, 386, 403, 441, 
471, 485, 491, 505, 516, 537, 
551, 577, 579, 598, 604, 621, 
639, 689, 690, 781, 870, 873 

winter sports, 84, 161, 167, 197, 
360, 410, 581, 668, 735, 839 


Apportionment, 173 
Approximation, See Estimation; 


Prediction 


Archimedes, 115 
Area 


of a parallelogram, 922-923 
of a rectangle, 922-923 

of a rhombus, 190 

of a square, 4, 922-923 

of a trapezoid, 187, 922-923 
of a triangle, 185, 922-923 


Area model 
for the distributive property, 96, 
561 
for dividing polynomials, 783 
for factorization, 582 
for quadratic equations, 662 
to represent time, 869 
for square of a binomial, 569 
Arithmetic sequence, 309-310 
rule for, 310, A3-A5 
Arrangements 
combinations, 313, 856-860 
permutations, 851-855 
Assessment, See also Online Quiz; 
State Test Practice 
Chapter Test, 57, 125, 197, 275, 349, 
419, 479, 547, 621, 701, 757, 
835, 901 
Quiz, Throughout. See for example 
20, 33, 48, 84, 101, 116, 153, 
173, 189, 232, 250, 268, 316 
Standardized Test Practice, 60—61, 
128-129, 200-201, 278-279, 
352-353, 422-423, 482-483, 
550—551, 624—625, 704-705, 
760-761, 838-839, 904-905 
Associative property 
of addition, 75—79 
of multiplication, 89-93 
Asymptote(s), 767 
(Home Tutor, Throughout. See for 
example 6, 11, 13, 19, 25, 32, 
39, 47, 62, 69, 78, 83, 92 
Average, 875, 877-878 
Avoid Errors, See Error Analysis 
Axis of symmetry, 628, 635 


Back-to-back stem-and-leaf plot, 
882, 883, 885 
Bar graph, 932 
Base 
of an exponential expression, 3 
in a percent equation, 177-178 
Best-fitting line, 331—332, 335-342, 
348 
correlation coefficient, 332 
Biased question, 872 
Biased sample, 872 
Big Ideas, 52, 120, 191, 270, 344, 414, 
474, 542, 615, 695, 753, 830, 
895 
Binomial(s), See also Polynomial(s), 
555 
dividing by, 785 
dividing out, 796, 798-800 


multiplying, 561-568 
square of a binomial pattern, 
569-574 
Boundary line, of a linear inequality, 
405 
Box-and-whisker plot, 887—893, 895, 
900, 902-903 
Breaking a problem into parts, 
problem solving strategy, 102, 
936-937 


Calculator, See also Graphing 
calculator 
for approximating square roots, 
111, 653, 718 
operations with negative numbers, 
8l 
Causation, 333 
Census, 871, 873 
Center 
of a circle, 924 
of dilation, 920 
Central tendency, measures of, 875, 
878, 895, 899 
Challenge, exercises, Throughout. See 
for example 6,7, 11, 12, 19, 20, 
25, 26, 31, 33, 39, 40, 47, 48, 68, 
70, 78, 79, 83, 84, 92, 93, 95 
Change 
evaluating, 81-85 
percent of, 182-183 
rate of, 235-242, 255, 273, 304 
Changing dimensions of a figure 
exercises, 180, 282, 316, 455, 625, 
634, 689, 690, 764 
vertical shrink and stretch, 213-214 
Chapter Review, 53-56, 121-124, 
192-196, 271-274, 345-348, 
415-418, 475-478, 543-546, 
616-620, 696—700, 754—756, 
831-834, 896-900 
Chapter Summary, 52, 120, 191, 270, 
344, 414, 474, 542, 615, 695, 
753, 830, 895 
Checking solutions 
using estimation, 55, 76, 79, 90, 92, 
104, 107, 178, 182 
using graphing, 318, 436, 560, 564, 
594, 601, 607, 654, 672, 679, 
686, 692, 693, 730, 796, 803, 
812, 824 
by reversing the process, 583, 606, 
784, 785 
using substitution, 22-25, 29, 30, 


134, 136, 141, 142, 143, 154, 
177,219, 245, 251, 277, 351, 
362, 363, 364, 369, 377, 391, 
405, 409, 427, 428, 430, 435, 
444, 451, 452, 466, 477,575, 
608, 643, 645, 664, 728, 731, 
820, 821, 822 
using a table, 155, 164, 371 
using unit analysis, 285, 508 
Check reasonableness, 55, 76, 79, 90, 
92, 104, 107, 150, 153, 178, 182 
Circle, 924 
area of, 924 
circumference of, 924 
Circle graph, 934 
Circumference, of a circle, 924 
Classifying 
functions, 223-224, 533 
lines by slope, 237 
numbers, 64-65, 112, 114, 120 
polynomials, 555, 557 
sampling methods, 871, 873 
Closure, 117-118 
Coefficient 
correlation, 332, 333 
negative, 362 
of a term, 97 
Combinations, 856-860 
formula, 856 
on a graphing calculator, 860 
listing, 313 
Common difference, 309 
Common factor, 911 
Common misconceptions, See Error 
analysis 
Common monomial factor, 576, 595 
Common ratio, 539-540 
Communication 
describing in words, 18, 19, 24, 38, 
39, 53, 60, 67, 68, 91, 99, 106, 
114, 138, 144, 151, 165, 171, 
172, 179, 187, 201, 207, 208, 
209, 211, 214, 229, 234, 258, 
261, 263, 269, 286, 288, 291, 
296, 305, 306, 314, 322, 324, 
325, 327, 328, 329, 332, 339, 
340, 341, 342, 343, 348, 353, 
366, 372, 393, 401, 409, 413, 
431, 439, 448, 455, 456, 458, 
462, 463, 473, 475, 492, 499, 
506, 515, 516, 529, 536, 557, 
565, 571, 572, 578, 586, 591, 
597, 603, 605, 610, 632, 634, 
638, 647, 656, 660, 666, 674, 
681, 689, 714, 723, 732, 740, 
748, 754, 764, 769, 771, 774, 
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778, 779, 788, 790, 798, 801, 
806, 816, 823, 828, 829, 846, 
853, 854, 858, 864, 865, 870, 
873, 874, 877, 883, 884, 886, 
890 
reading math, 17, 22, 36, 44, 64, 
66, 97, 110, 163, 213, 228, 235, 
285, 358, 399, 512, 521, 643, 
810, 845 
writing in math, 3, 5, 10, 18, 31, 38, 
46, 47, 50, 52, 53, 67, 77, 82, 
83, 91, 99, 106, 107, 113, 114, 
137, 144, 150, 151, 157, 165, 
171, 179, 180, 187, 188, 209, 
214, 219, 229, 230, 239, 241, 
247, 256, 265, 286, 287, 296, 
305, 314, 321, 338, 345, 359, 
360, 366, 372, 384, 393, 401, 
409, 410, 415, 430, 431, 439, 
440, 454, 455, 462, 488, 492, 
498, 506, 515, 523, 524, 527, 
536, 543, 557, 565, 572, 578, 
586, 603, 610, 611, 616, 632, 
638, 639, 647, 655, 666, 674, 
688, 713, 723, 732, 740, 741, 
747, 748, 769, 779, 780, 788, 
797, 798, 806, 816, 823, 846, 
865, 877, 883, 889 
Commutative property 
of addition, 75—79 
of multiplication, 89-93 
Compare, exercises, 6, 7, 19, 69, 70, 
79, 129, 140, 243, 266, 268, 
274, 397, 535, 596, 632, 633, 
713, 714, 761, 764, 771, 781, 
790, 805, 809, 819, 825, 876, 
878, 888, 891, 893, 894, 896 
Comparing 
decimals, 909 
graphs 
of absolute value functions, 
396-397 
of direct and inverse variation, 
767 
of exponential functions, 521, 
524, 532, 533, 535 
of inverse variation, 766, 767 
of linear functions, 264 
of rational functions, 775—776, 
779 
of quadratic functions, 628-634 
integers, 64 
linear, exponential, and quadratic 
functions, 684-691, 695, 700 
measures of central tendency, 875, 
877-878 
measures of dispersion, 876-878 
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numbers in scientific notation, 
513, 515 
Completing the square, 662—668, 
695, 698 
Complex fraction, 810 
simplifying, 810-811 
Composite number, 910 
Compound event, 861—867, 895, 898 
Compound inequalities, 21, 380—388, 
417 
and absolute value, 398—403 
Compound interest, 523, 525, 527 
Concept Summary, 45, 105, 156, 179, 
214, 264, 294, 400, 454, 462, 
533, 607, 646, 673 
Concepts, See Big Ideas; Concept 
Summary; Key Concept 
Conclusion, 66—68 
conjecture and, 117-118 
Conditional statement, 66—68, 109, 
113, 114 
converse of, 318 
Cone 
surface area of, 925-926 
volume of, 925-926 
Congruent figures, 174 
Conjecture, 117-118 
exercises, 774, 793 
Conjugates, 724 
Connections, See Applications 
Constant function, 217 
Constant term, 97, 309, 554 
Constant of variation, 253, 254, 765 
Continuous function, 223-224, 521, 
532, 628, 710, 766 
Convenience sample, 871 
Converse 
of the Pythagorean theorem, 
739-742, 753 
of a statement, 318, 575 
Conversion factor, 587, 611, 927, 928 
Coordinates 
of ordered pairs, 206, 919 
of transformations, 213-214, 
920-921 
Coordinate graph, 206—214 
Coordinate plane, 206, 919 
distance in, 743—750, 753, 756 
graphing linear equations in, 
215-222 
graphing systems of inequalities in, 
466-472 
midpoints in, 745—750, 753, 756 
plotting points in, 206-214, 271 
transformations in, 213-214, 
920-921 


Correlation 
and causation, 333 
describing, 324-342 
paired data, 324 
Correlation coefficient, 332, 334 
Corresponding parts, of similar 
figures, 174-175 
Counterexample, 66-67, 464 
Counting methods, 930-931 
Counting principle, 851, 930 
Critical thinking, See Reasoning 
Cross products property, 168 
to solve proportions, 168-173, 195 
to solve rational equations, 
820-828 
Cube root, 510 
fractional exponents and, 509-510 
Cumulative frequency histogram, 885 
Cumulative Review, 202-203, 
484-485, 706-707, 906-907 
Cylinder 
surface area of, 925-926 
volume of, 925-926 


Data, See also Equation(s); Graphs; 
Inequalities; Modeling; 
Statistics 

analyzing 

correlation, 324-342 

using exponential regression, 
692-693 

using extrapolation, 336-342 

fitting a line to data, 324-342, 
348 

using interpolation, 335-342 

interquartile range, 888 

using linear regression, 331-332, 
335-342 

using mean absolute deviation, 
876-878 

using measures of central 
tendency, 875-878, 918 

using measures of dispersion, 
876-880 

misleading data displays, 935 

outliers, 889 

outliers, 889 

predicting from, 332-342, 348 

using quadratic regression, 
692-693 

using standard deviation, 
879-880 

variance, 879-880 

gathering, 334, 342, 693 
bias in, 872, 899 


from the Internet, 342 
populations, 871 
sampling, 871-874, 899 
organizing, 334 
in a back-to-back stem-and-leaf 
plot, 882, 883, 885 
in a bar graph, 932 
in a box-and-whisker plot, 
887-893, 895, 900, 902-903 
in a circle graph, 934 
in a frequency table, 882, 884 
in a histogram, 882-886, 895 
in a line graph, 933 
in a matrix, 94-95 
in a scatter plot, 42, 324-342 
in a stem-and-leaf plot, 881-885, 
895, 900 
in a table, 147, 442, 502, 677 
Decay factor, 534 
Decay rate, 534 
Decimal(s) 
commonly used, 917 
comparing, 909 
fractions, percents, and, 916-917 
ordering, 909 
repeating, 65 
scientific notation and, 512-519, 
542, 545 
Deductive reasoning, See also 
Reasoning, 118 
Degree 
of a monomial, 554 
of a polynomial, 554 
Denominator, 912 
Dependent events, 862-867, 895, 898 
Dependent variable, 36 
Diagnosing readiness, See Readiness 
Diagrams 
drawing to solve problems, 34, 438 
interpreting data from, 549-550, 
836 
mapping, 35-36, 38 
tree, 843, 910, 930 
Venn, 64, 71—72, 112, 379, 861, 929 
Diameter, of a circle, 924 
Difference, common, 309 
Difference of two squares pattern, 
600—605 
Dilation, 920-921 
Dimensional analysis, See Unit 
analysis 
Dimension(s), of a matrix, 94 
Direct variation, 253-261, 274, 276, 
765, 767 
Discrete function, 207, 223-224 
Discrete mathematics, 
counting methods, 930-931 


counting principle, 851 
inductive reasoning, 117-118 
matrices, 94-95 
mutually exclusive events, 861, 864 
sequences, 309-310, 539-540, A3 
set theory, 71-72 
tree diagram, 497, 843, 863, 865, 
910, 930 
Discriminant, 677—683, 700 
Dispersion, measures of, 876-878, 
895, 899 
effects of changes in data on, 877, 
878 
Distance formula, in the coordinate 
plane, 743-750, 753, 756 
Distance traveled formula, 30, 446 
Distributive property, 96—101, 123 
for multiplying polynomials, 
562-568 
for simplifying radical expressions, 
721-726 
for solving equations, 148—153 
Division 
exponents and, 495-501 
of fractions, 915 
in inequalities, 364—368, 416 
in linear equations, 135-140, 191 
polynomial, 783—793, 804—809 
properties, 135, 191, 364 
of rational expressions, 802, 
804-809, 830, 833 
real number, 103-108, 124 
Division property of equality, 135, 
191 
Division property of inequality, 364 
Domain, 35-37, 43, 44, 72 
of an exponential function, 521, 
532 
of a linear function, 207, 217, 218, 
263, 327 
of a quadratic function, 631 
of a rational function, 775—782 
of a square root function, 710-717 
Doubling time, 527 
Draw a diagram, problem solving 
strategy, 34, 438, 930, 936 
Draw a graph, problem solving 
strategy, 260, 376 


Element 
of a matrix, 94 
of a set, 71 
Eliminate choices 
examples, 10, 30, 149, 198, 199, 
277, 283, 293, 365, 429, 453, 


480, 481, 564, 631, 738, 746, 
758, 759 
test-taking strategy, 198—199, 277, 
480-481, 758-759 
Elimination method, for solving 
linear systems, 444-450 
Empty set, 71 
Enrichment, See Extension 
Equation(s), See also Formula(s); 
Function(s); Linear equations; 
Polynomial(s); Quadratic 
equation(s) 
absolute value, 390-395 
checking solutions, 22-25, 29, 30 
definition, 21 
direct variation, 253-261, 274, 276, 
765, 767 
equivalent, 134 
of horizontal lines, 216-217, 312, 
314 
identity, 156 
intercept form, 314 
inverse variation, 765-772, 831 
literal, 184-189, 724 
mental math and, 22, 25 
multi-step, 148-153, 193 
one-step, 134-140, 191, 192 
percent, 177-181, 196 
polynomial, 554-620 
in factored form, 575-580 
quadratic, 643-668, 671-683, 695, 
697—700 
radical, 729—734, 755 
rational, 765-772, 783—793, 
820—828, 830, 834 
roots of, 575 
slope-intercept form, 244-250, 270, 
273, 283-299, 344-346 
solution of, 22 
squaring both sides of, 729—734 
systems of, 426-434, 435-441, 
443-457, 459-465 
with two or more variables, 
184-189, 191 
verbal sentences for, 21-26, 52, 55 
of vertical lines, 216-217, 312, 314 
Equivalent equations, 134 
Equivalent expressions, 96 
Equivalent fractions, 912 
Equivalent inequalities, 357 
Error analysis 
Avoid Errors, 15, 16, 81, 96, 104, 
134, 163, 176, 235, 292, 304, 
364, 391, 406, 408, 445, 490, 
513, 522, 534, 556, 563, 576, 
577, 594, 644, 664, 686, 777, 
785, 795, 813, 814, 821 
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exercises, Throughout. See for 
example 5, 11, 18, 24, 31, 34, 
38, 46, 68, 77, 82, 91, 99 
Estimation, See also Prediction 
to check reasonableness, 55, 76, 79, 
90, 92, 104, 107, 178, 182 
exercises, 40, 48, 129, 308, 395, 538, 
633, 655, 659, 691, 780, 782, 
790, 805 
using exponential functions, 525, 
526 
using extrapolation, 336-342 
using inequalities, 378 
using interpolation, 335-342 
likelihood and, 842 
using line of fit, 325-342 
using linear graphs, 252 
overestimate, 404 
of points of intersection, 428, 430 
of square roots, 111, 114-115, 124, 
653 
using a table, 660 
using the trace feature on a 
calculator, 252, 378, 778 
underestimate, 404 
of the zeros of a quadratic 
function, 645 
Event, 843 
counting methods for, 930-931 
odds of, 845—848 
probability of, 844—848 
Excluded value, 794, 802 
Experiment, probability of, 842 
Exponential decay, 530—540, 542, 546 
Exponential decay model, 534 
Exponential equation, 524 
Exponential function 
compared with linear and 
quadratic functions, 684-691, 
695, 700 
decay, 530-540, 542, 546 
geometric sequence and, 539-540 
growth, 520—529, 542, 545 
Exponential growth, 520—529, 542, 
545 
Exponential growth model, 522 
Exponential regression, 692-693 
Exponent(s), 3—7 
decay functions and, 530-540, 542, 
546 
fractional, 509-510 
growth functions and, 520-529, 
542, 545 
negative, 502, 503-508, 544 
order of magnitude and, 491 
properties of, 488-510, 542-544 
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scientific notation and, 512-519, 
542, 545 
zero as, 502, 503-508, 544 
Expression(s) 
to describe patterns, 14 
equivalent, 96 
evaluating, 2-7 
exponential, 3-7, 488-510 
order of operations and, 8-12, 54 
parts of, 97 
radical, 710, 719-728 
rational, 794—800, 833-834 
terms of, 97 
undefined, 794 
variables and, 2-7, 52 
verbal phrases for, 15-20, 52, 54 
Extended response questions, 
126-128, 420-422, 702-704 
practice, Throughout. See for 
example 7, 12, 20, 26, 27, 32, 
51, 70, 79, 86, 93, 101 
Extension 
absolute value functions, 396-397 
apply sets to numbers and 
functions, 71-72 
arithmetic sequences, 309-310 
calculate variance and standard 
deviation, 879-880 
correlation and causation, 333 
derive the quadratic formula, 
727-728 
find percent of change, 182-183 
fractional exponents, 509-510 
geometric sequences and 
exponential functions, 
539-540 
graph quadratic functions 
in intercept form, 641-642 
in vertex form, 669-670 
identify discrete and continuous 
functions, 223-224 
logical reasoning, 117-118 
perform transformations, 213-214 
proportion and similar figures, 
174-175 
relations and functions, 49—50 
simplify complex fractions, 
810-811 
solving linear equations by 
graphing, 251—252 
solving linear inequalities by 
graphing, 377-378 
Extra Practice, 938—950 
Extraneous solution, 730—734 
Extrapolation, 336-342 
Extremes of a proportion, 168 


Factor(s), 910—911 
common, 911 
conversion, 927—928 
greatest common, 911 
prime, 607-613, 910-911 
Factor tree, 910 
Factoring 
completely, 606-613 
to find intercepts, 642 
to find LCD, 821 
by grouping, 606-613 
polynomials, 576-580, 582-589, 
592-613, 615, 618-620, 659 
special products, 600-605 
a trinomial in two variables, 587 
whole numbers, 910-911 
Family of functions, 263-264 
Fibonacci sequence, A4 
Find the error, See Error analysis 
FOIL pattern, 563-568, 570-574 
Formula(s), 30 
area 
of a circle, 924 
of a parallelogram, 922-923 
of a rectangle, 922-923 
of a rhombus, 190 
of a square, 4, 922 
of a trapezoid, 187, 922 
of a triangle, 185, 922 
Celsius/Fahrenheit conversion, 30, 
41, 186 
circumference, of a circle, 924 
combinations, 856 
distance, 30, 446, 744 
exponential decay model, 534 
exponential growth model, 522 
interest 
compound, 523, 527 
simple, 30, 523 
midpoint, 745 
odds of an event, 845 
perimeter, 922 
of a rectangle, 185, 282, 922 
permutation, 852 
probability, 844 
profit, 30 
quadratic, 671-676 
rewriting, 186 
slope, 235 
standard deviation, 879 
surface area 
of a cone, 188, 925, 926 
of a regular pyramid, 755, 925 
of a right circular cone, 811, 925 
of a right circular cylinder, 925 


of a right prism, 925 
of a sphere, 811, 925 
table of, 952-953 
variance, 879 
volume 
ofa cube, 4 
of a cylinder, 189, 494, 925 
of a rectangular prism, 187, 925 
of a regular pyramid, 811, 925 
of a right cone, 811, 925 
of a sphere, 494, 811, 925 
Fractal tree, 497 
Fraction(s), 912 
commonly used, 917 
complex, 810-811 
decimals, percents, and, 916-917 
denominator of, 912 
equivalent, 912 
as exponents, 509-510 
numerator of, 912 
operations with, 914-915 
product rule, 915 
quotient rule, 915 
simplest form, 912 
simplifying, 912 
square root of, 653 
sum and difference rule, 914 
Fraction bar, as a grouping symbol, 9 
Frequency 
of an experimental result, 842 
histograms and, 882-886, 895, 900 
Frequency table, 882, 884 
Function notation, 262 
Function rule, 36 
for an exponential function, 520, 
524, 531, 535, 539, 540 
for a graph, 44-48, 56 
for a linear function, 520 
writing, 37—40, 56 
Function table, 35-48, 56, 208-212 
on a graphing calculator, 41 
Function(s), See also Linear 
functions; Quadratic 
function(s), 35 
absolute value, 396-397 
arithmetic sequence, 310 
classifying, 533 
comparing linear, exponential, and 
quadratic, 684-691 
constant, 217 
continuous, 223-224, 521, 532, 628, 
710, 766 
discrete, 207, 223-224 
exponential 
decay, 530-540 
growth, 520-529 
family of, 263-264 


graphing, 43-50, 52, 56, 207-212, 

217-222, 262-268, 270, 274 
vertical line test, 49-50 

linear, 217-224, 262-268, 270, 274 

mapping diagram for, 35-36, 38 

nonlinear, 520-540 

parent, 263, 396-397, 628-634, 
775-782 

piecewise, A1—A2 

quadratic, 628-651, 669-670, 
695-697 

rational, 773-782, 830, 832 

relations and, 49-50 

as rules and tables, 35-41, 52, 56 

sets and, 72 

square root, 710-717, 753, 754 

step, A2 

zero of, 337-342 


Geometric sequence, 539-540, A3 
Geometry, See also Formula(s) 
congruent figures, 174 
corresponding parts, 174-175 
distance formula, 743-750, 753, 
756 
midpoint formula, 745-750, 753, 
756 
Pythagorean theorem, 736-742, 
753, 756 
converse, 739-742, 753 
similar figures, 174-175 
transformations, 213-214, 920-921 
Golden ratio, 334 
Graph-and-check method, for 
solving linear systems, 
428-434 
Graphing calculator 
activities 
asymptotes of graphs, 792—793 
draw box-and-whisker plots, 893 
draw histograms, 886 
exponential regression, 692-693 
families of lines, 290-291 
graph linear equations, 222 
graph polynomials, 560 
graph rational functions, 
773-774 
graph square root functions, 717 
linear regression, 331-332 
make a table, 41 
minimum and maximum values 
and zeros, 650-651 
use order of operations, 13 
permutations and 
combinations, 860 


quadratic regression, 692-693 
scientific notation, 519 
solve compound inequalities, 
388 
solve linear systems by graphing, 
434 
connected mode, 774 
dot mode, 774 
equation entering, 41, 222, 
290-291, 388, 434, 560, 646, 
650, 651, 717, 792, 793 
exercises, 252, 525, 526, 537, 
547, 591, 633, 639, 648, 715, 
780-782 
exponential regression feature, 
692-693 
graph feature, 388, 434, 560, 646, 
692, 693, 717, 792, 793, 886 
intersect feature, 434 
linear regression feature, 332 
list feature, 692—693, 850, 880, 893 
maximum feature, 650 
minimum feature, 650 
probability menu, 849, 860 
quadratic regression feature, 693 
random integer generator, 
849-850, 868 
setting the window, 222, 252, 650, 
651, 886, 893 
standard deviation, 880 
stat menu, 331-332, 850, 880, 886 
stat plot feature, 331-332, 886, 893 
table setup, 41, 773 
trace feature, 222, 252, 290, 378, 
646, 713, 792, 793, 886, 893 
zero feature, 651 
zoom feature, 331-332 
Graphs 
of absolute value functions, 
396-397 
of absolute value inequalities, 
398-403 
bar, 932 
box-and-whisker plot, 887-893, 
900, 902-903 
circle, 934 
of continuous functions, 223-224 
coordinates, 206-214, 271, 919 
of decay functions, 530-540, 542, 
546 
of direct variation, 253-261, 274 
of discrete functions, 223-224 
of equations in two variables, 
215-222 
of exponential functions, 520-540, 
542, 545-546 
of families of lines, 290-291 
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of functions, 43—49, 56, 207—212, 
217-222 
geometric sequence, 539-540, A3 
of growth functions, 520-529, 542, 
545 
histograms, 882-886, 900 
of horizontal lines, 216-217 
of inequalities, 356-359, 363-366, 
369-372, 377-378, 380-385, 
387—388, 407, 414, A6-A7 
in two variables, 405-412, 414 
of integers, 64 
interpolation with, 335-342 
inverse variation, 764, 766-767 
line, 933 
of linear equations, 215-222, 
225-232, 244-250, 270, 
272-273, 303 
of linear functions, 263-268, 270, 
274 
of linear systems, 427-434, 475 
of nonlinear functions, 520-540 
of ordered pairs, 206-212 
of piecewise functions, A1-A2 
of polynomials, 560 
prediction with, 332-342 
of quadratic functions, 628-651, 
669-670, 695, 696-697 
axis of symmetry of, 628, 635 
in intercept form, 641-642 
properties of, 635-636 
vertex of, 628, 635 
in vertex form, 669-670 
of rational functions, 773-782, 
786—793, 830, 832 
of real numbers, 112 
of relations, 49 
restricting, 227 
scale, choosing, 44 
scatter plots, 42, 324-342 
of sequences, 309-310, A3, A5 
of square root functions, 710-717, 
753, 754 
stem-and-leaf plots, 881-885, 900 
of step functions, A2 
of systems of inequalities, 466-472, 
478 
of transformations, 213-214 
of vertical lines, 216-217 
Greatest common factor (GCF), 911 
Greatest common monomial factor, 
576, 595 
Greatest integer function, A2 
Gridded-answer questions, 
Throughout. See for example 
27, 51, 61, 86, 119, 129, 161, 
190, 201, 233, 269, 279, 317 
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Grouping symbols, 9 

Growth factor, 522 

Growth function, 520-529, 542, 545 

Growth model, 522 

Growth rate, 522 

Guess, check, and revise, problem 
solving strategy, 29, 936-937 


Half-life, 536 
Half-plane, 466 
Histogram, 882-886, 895, 900 
cumulative frequency, 885 
Horizontal line 
equation of, 216-217, 312, 314 
graph of, 216-217 
slope of, 236-239 
Horizontal translation, 396 
Hyperbola, 767 
Hypotenuse, 737 
Hypothesis, 66-68 


Identity, 156 
Identity property 
for addition, 75-79 
for multiplication, 89-93 
If-then statement, 66-68, 109, 113, 
114 
Image, transformation, 920 
Imaginary number, 678 
Improper fraction, 913 
Independent events, 862-869, 895, 
898 
Independent variable, 36 
Indirect measurement, similar 
figures and, 175 
Inductive reasoning, See also 
Reasoning, 117-118 
Inequalities, See also Linear 
inequalities, 21 
absolute value, 398-403, 418 
addition and subtraction, 357-361 
checking solutions of, 22-25 
compound, 21, 380-388 
equivalent, 357 
graph of, 356-359, 363-366, 
369-370, 414 
multi-step, 369-374, 416 
multiplication and division, 
363-368 
with negative coefficients, 362 
properties of, 357, 358, 363, 364, 
414 
quadratic, in one variable, A6 


solution of, 22 

system of, 466-472 

verbal sentences for, 21-26, 52, 55 
Inequality symbols, 21 
Input, 35 

finding, 142, 144 
Input-output table, 35-48, 56, 

208-212 

Integer(s), 64-65 

adding, 73 

comparing, 64 

graphing, 64 
Intercept form 

of a linear equation, 314 

of quadratic functions, 641-642 
Intercepts, 225-232, 272 
Interest 

compound, 523, 525, 527 

simple, 30, 523 
Internet activities, modeling data 

from the Internet, 342 

Interpolation, 335-342 
Interquartile range, 888 
Intersection 

of graphs of inequalities, 380 

of sets, 71 
Interval(s) 

histogram, 882-885 

stem-and-leaf plot, 881-885 
Inverse 

additive, 76 

multiplicative, 103 
Inverse operations, 134 
Inverse property 

of addition, 75—79 

of multiplication, 103-108 
Inverse variation, 764—772, 831 

equations, 764-772, 831 

graphing, 764, 766-767 

modeling, 764 
Irrational number, 111-116 
Irrelevant information, 29, 31 


Justify 

an answer, 26, 61, 65, 108, 128, 297, 
320, 322, 352, 360, 387, 389, 
395, 412, 422, 580, 581, 639, 
690, 718, 790, 791, 819, 824, 
839, 847, 848, 854, 858, 890 

a choice, 27, 781 

a conclusion, 892 

an equation, 289, 299, 639 

a property, 172 

steps, 90, 118 


Key Concept, 8, 15, 21, 28, 30, 36, 49, 
66, 71, 75, 80, 88, 89, 96, 103, 
104, 110, 134, 135, 162, 168, 
174, 176, 177, 182, 217, 223, 
235, 244, 251, 255, 263, 292, 
302, 310, 318, 319, 325, 337, 
357, 363, 364, 377, 390, 396, 
397, 399, 406, 428, 435, 444, 
466, 489, 490, 495, 496, 503, 
504, 522, 540, 569, 570, 577, 
583, 600, 601, 628, 630, 635, 
636, 641, 644, 652, 663, 669, 
671, 678, 710, 712, 719, 729, 
737, 739, 744, 745, 775, 777, 
795, 802, 810, 852, 856, 871, 
875, 876, 879 


Leading coefficient, 554 
Least common denominator (LCD), 
914 
of rational expressions, 813 
Least common multiple (LCM), 911, 
914 
Legs, of a right triangle, 737 
Like terms, 97 
combining, 97-101, 142, 143 
to solve equations, 148-153 
to solve linear systems, 444-457 
Likelihood 
of an event, 843 
of an experimental result, 842 
Line of fit, 325-342, 344, 348 
best-fitting line, 331-342, 348 
Line graph, 933 
Line of reflection, 920-921 
Linear equation(s), 216 
for best-fitting lines, 335-342 
direct variation, 253-261 
extrapolation using, 336-342 
families of, 290-291 
given slope and a point, 292-299 
given two points, 284-299 
graphs of, 207-212, 215-222, 
225-232, 270, 272-273, 
290-291 
horizontal lines and, 216-217, 312, 
314 
identity, 156 
intercept form, 314 
interpolation using, 335-342 
line of fit, 325-342, 348 
modeling, 132-133, 282 


multi-step, 148-153, 193 
one-step, 134-140, 191, 192 
parallel lines and, 318-323, 347 
perpendicular lines and, 319-323, 
347 
point-slope form, 302-308, 344, 
346 
predicting with, 337-342 
slope-intercept form, 244-250, 270, 
273, 283-299, 344, 345-346 
solving by graphing, 251-252 
standard form, 216, 311-316, 344, 
347 
steps for solving, 156 
systems of, See Linear system 
with two or more variables, 
184-189, 191 
two-step, 141-147, 193 
with variables on both sides, 
154-160, 194 
vertical lines and, 216-217, 312, 
314 
Linear extrapolation, 336-342 
Linear functions, 217-224 
compared with exponential and 
quadratic functions, 684-691, 
695, 700 
comparing graphs of, 264 
family of, 263-264 
graphing, 217-222, 262-268, 270, 
274 
parent function, 263 
slope-intercept form and, 284, 
287-289 
Linear inequalities 
boundary line of, 405 
compound, 380-388, 417 
graphs of, 356-359, 363-366, 
369-370, 407, 414 
multi-step, 369-374, 383-388, 416 
properties of, 357, 358, 363, 364, 
414 
solving 
by addition and subtraction, 
357-361, 415 
by graphing, 377-378 
by multiplication and division, 
363-368, 416 
systems of, 466-472 
in two variables, 404-412, 414 
Linear interpolation, 335-342 
Linear model, 228 
compared with quadratic and 
exponential models, 684-691, 
695, 700 
prediction with, 335-342 
Linear regression, 331-332, 335-342 


Linear system, 426, 427 
consistent dependent, 459 
consistent independent, 427 
dependent, 459-465 
elimination and, 443-457 
graphing, 427-434, 475 
identifying the number of 
solutions, 459-465, 474 
inconsistent, 459 
with infinitely many solutions, 
460-465, 474, 478 
with no solution, 459-465, 474, 478 
solution of, 426, 427 
solving 
by adding or subtracting, 
443—450, 474, 476-477 
using the graph-and-check 
method, 428-434 
by graphing, 427-434, 475 
using a graphing calculator, 434 
by multiplying first, 451-457, 477 
by substitution, 435-441, 476 
summary of methods for, 454 
using tables, 426, 442 
List, making to solve problems, 
583, 584, 587, 593, 594, 618, 
936-937 
Literal equation, 184-189, 724 
Lower quartile, 887 


Magnitude, 66 
Make a list, problem solving strategy, 
930, 936-937 
Manipulatives 
algebra tiles, 73, 132-133, 443, 561, 
582, 592, 662, 783 
measuring tools, 42, 234, 282, 334 
square tiles, 764 
stop watch, 404 
tangram pieces, 404 
Mapping diagram, for a function, 
35-36, 38 
Matrix (Matrices), 94-95 
Maximum value, of a quadratic 
function, 636, 650-651 
Mean, 104, 400, 875, 877-878, 918 
Mean absolute deviation, 876-878 
Means of a proportion, 168 
Measurement 
area, 4, 185, 187, 190, 922-923, 924 
converting units of, 927-928 
distance, 30, 446, 743—750, 753, 756 
perimeter, 185, 282, 922-923 
surface area, 188, 811, 925-926 
temperature, 30, 41, 186 
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volume, 4, 187, 189, 494, 811, 


925-926 
Measures, table of, 956 


Measures of central tendency, 875, 


877-878, 918 


effects of changes in data on, 


877-878 


Median, 875, 877-878, 887, 918 


Member, of a set, 71 
Mental math 


and the distributive property, 100 


for solving equations, 22, 25 


special product patterns and, 570, 


572 
Midpoint, 745 
of an interval, 885 


Midpoint formula, 745—750, 753, 756 
Minimum value, of a quadratic 


function, 636, 650-651 
Misleading data displays, 935 
Missing information, 29, 31 
Mixed number, 913 


Mixed Review, Throughout. See for 


example 7, 20, 26, 27, 33, 40, 
48, 70, 79, 84, 93 


Mixed Review of Problem Solving, 


27,51, 86, 119, 161, 190, 233, 
269, 317, 343, 389, 413, 458, 
473, 511, 541, 581, 614, 661, 
694, 735, 752, 801, 829, 870, 
894 


Mixture problems, 438, 441, 822 
Mode, 875, 877-878, 918 
Modeling, See also Equation(s); 


Graphs; Inequalities; Linear 
equation(s); Quadratic 
equation(s) 
and and or statements, 379 
using area models, 96, 561, 569, 
582, 662, 783 
conditional statements, 66 
in the coordinate plane, 206-222, 
743 
data from the Internet, 342 
direct variation, 253-261, 274 
the distributive property, 96 
dividing polynomials, 783 
drawing a diagram, 16, 34 
equivalent fractions, 912 
exponential decay, 534 
using an exponential function, 530 
exponential growth, 522 
factorization, 582 
improper fractions, 913 
independent events, 863, 869 
inverse variation, 764 
using a line of fit, 325-342, 344, 347 
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using a linear model, 228, 245 

linear relationships, 282, 294 

using a mapping diagram, 35-36, 
38 

mixed numbers, 913 

multiplication of binomials, 561 

on a number line, 64—66, 74, 112, 
121, 124, 863 

one-step equations, 132—133 

patterns for expressions, 14 

percent, 916 

the Pythagorean theorem, 736 


quadratic functions, 684-691, 695, 


700 


using random integer generation, 


849-850, 868 

real number addition, 74 

slope, 234-250 

solutions to linear systems, 443 

solutions to quadratic equations, 
662 

square of a binomial pattern, 569 

transformations, 213-214 

trends, 325-342 

using unit analysis, 17, 150, 185, 
237, 285, 289, 365 

using a Venn diagram, 64, 71-72, 
112, 379, 861, 865, 929 


using a verbal model, 16, 17, 23, 29, 
37, 52, 54, 81, 90, 98, 137, 143, 


150, 152, 155, 169, 175, 182, 
285, 294, 295, 313, 350, 351, 
358, 365, 371, 376, 378, 392, 
408, 429, 437, 446, 449, 453, 
519, 609, 665, 778, 787, 805, 
815, 822, 828 


vertical motion, 577—580, 602, 604, 


619, 634, 639, 646, 648, 649, 
654, 657, 658, 659, 660, 661, 
668, 675, 683 
Monomial, See also Polynomial(s), 
594 
degree of, 554 
dividing by, 784 
dividing out, 795, 798-800 
Multi-step equations, 148-153, 193 
Multi-step inequalities, 369-374, 
383-388, 416 
Multi-step problems 
examples, 17, 23, 76, 90, 98, 143, 
164, 186, 218, 227, 255, 285, 
294, 295, 304, 313, 400, 408, 
430, 497, 514, 522, 534, 556, 
564, 571, 577, 585, 609, 654, 
665, 687, 768, 778, 805 
exercises, 6, 19, 27, 40, 51, 69, 78, 
86, 107, 115, 119, 140, 146, 


161, 167, 190, 211, 220, 231, 
233, 241, 269, 317, 343, 360, 
389, 403, 413, 440, 450, 458, 
465, 473, 493, 508, 511, 517, 
525, 538, 54 1, 581, 614, 658, 
661, 667, 668, 675, 683, 694, 
715, 725, 733, 735, 748, 752, 
771, 801, 818, 825, 829, 870, 
894 
Multiple, 911 
common, 911 
least common, 911 
Multiple choice questions, 198—200, 
276-278, 480-482, 758-760 
practice, Throughout. See for 
example 5, 6, 11, 18, 24, 25, 30, 
31, 38, 46, 68, 69, 78, 82, 92, 99 
Multiple representations, See also 
Manipulatives; Modeling, 
1, 33, 34, 39, 45, 52, 83, 93, 
96, 98, 102, 103, 116, 135, 
139, 146, 153, 159, 166, 168, 
172, 188, 211, 221, 230, 259, 
288, 299, 300, 315, 340, 361, 
367, 374-375, 386, 402, 411, 
433, 442, 449, 456, 493, 500, 
507, 517, 524, 525, 528-529, 
580, 589, 590-591, 598, 658, 
659, 676, 690, 725, 781, 808, 
827-828, 854, 866 
Multiplication 
by -1, 87 
to convert measurements, 927—928 
and exponents, 488-494 
of fractions, 915 
of inequalities, 363—368, 416 
in linear equations, 135-140, 191 
of polynomials, 561—568, 615, 617, 
803, 805-809 
properties, 87, 89—93, 120, 135, 363 
of radicals, 720-726 
of rational expressions, 802-803, 
805—809, 830, 833 
real number, 87—93, 120, 123 
scalar, 95 
for solving linear systems, 451—457, 
474, A77 
Multiplication property of equality, 
135, 191 
for solving proportions, 163-167 
Multiplication property of 
inequality, 363 
Multiplicative identity, 89 
Multiplicative inverse, 103 
Mutually exclusive events, 861, 864 


n factorial, 852 
Natural numbers, 112 
Negative coefficients, 362 
Negative correlation, 324 
Negative number(s), 64—74 
as exponents, 502, 503-508 
Negative slope, 236-250 
Nonlinear function, 520-540 
Number line, 909 
adding real numbers on, 74 
for box-and-whisker plots, 
887—893, 900 
comparing numbers on, 64—65, 
112, 121, 124, 515, 909, 912 
graphing inequalities on, 356-359, 
363-366, 369-370, 414 
representing time on, 863 
Numbers 
absolute value of, 66-69 
classifying, 64-65, 112, 114, 120 
comparing, 64-65, 112, 121, 124 
composite, 910 
decimal, 65 
integers, 64-65 
irrational, 111-116 
natural, 112 
opposites, 66, 68-70 
ordering, 64, 65, 68-70, 112, 114, 
121, 124, 513, 515, 516 
perfect square, 111 
prime, 910 
rational, 64—65 
real, 64, 112, 120 
in scientific notation, 512—519, 542, 
545 
standard form, 512, 515, 542 
whole, 64—65 
Numerator, 912 


Observational study, 874 

Odds, probability and, 845-848 

Online Quiz, Throughout. See for 
example 7, 12, 20, 26, 33, 40, 
48, 70, 79, 84, 93 

Open-ended problems, 12, 25, 27, 38, 
51, 86, 139, 157, 161, 181, 188, 
190, 219, 233, 248, 266, 269, 
287, 317, 322, 328, 339, 360, 
366, 379, 389, 413, 431, 458, 
473, 493, 499, 511, 516, 541, 
581, 614, 656, 660, 661, 682, 
694, 735, 752, 719, 789, 798, 


801, 807, 823, 829, 853, 870, 
894 
Open sentence, 21 
Opposites, 66, 68—70 
rational expressions and, 796 
Or statements, 379, 414 
compound inequalities and, 
380—388 
Order of magnitude, 491 
Order of operations, 8-12, 54 
on a graphing calculator, 13 
Ordered pair, 206, 919 
as solution to a linear system, 426, 
427 
Ordering 
decimals, 909 
numbers in scientific notation, 
513, 515 
polynomials, 557 
rational numbers, 65, 68—70, 121, 
124 
real numbers, 112, 114 
Origin, 919 
Outcome, 843, 844 
Outlier, 889 
Output, 35 
Overestimate, 404 
Overlapping events, 861, 864 


Paired data, 324 
Parabola, 628 
Parallel lines, 246, 318 
equations for, 318-323, 347 
linear systems and, 459-465, 474, 
478 
slope and, 246, 248, 749 
Parameter, 263, 287, 290 
Parent function, 263 
absolute value, 396-397 
quadratic, 628-634 
rational, 775-782 
square root, 710—716 
Pattern(s) 
difference of two squares, 600-605 
exponential, 502 
expressions and, 14 
FOIL, 563-568, 570-574 
perfect square trinomial, 601-605 
products and powers, 488 
square of a binomial, 569-574 
sum and difference, 570-574 
Wheel of Theodorus, 742 
Percent, 916 
of change, 182-183 
circle graphs and, 934 


commonly used, 917 
equation, 177-181, 196 
fractions, decimals, and, 916-917 
proportion and, 176-181, 191 
types of problems, 179 
Perfect square, 111 
Perfect square trinomial, 601 
Perfect square trinomial pattern, 
601-605 
Perimeter, 185, 282, 922-923 
Permutations 
formula, 852 
on a graphing calculator, 860 
probability and, 851-855, 897 
Perpendicular lines, 319 
equations for, 319-323, 347 
Pi, 112, 924 
Piecewise function, A1-A2 
Point-slope form, 302-308, 344, 346 
Polynomial equations, See also 
Polynomial(s), 554-620 
in factored form, 575-580 
factoring, 582-589, 592-613 
writing, 595-605, 615, 619 
Polynomial(s) 
adding, 555-559, 615, 616 
classifying, 555, 557 
degree of, 554 
difference of two squares pattern, 
600-605 
dividing, 783-793, 804-809 
factoring, 576-580, 582-589, 
592-613, 615, 618-620 
by grouping, 606-613 
two variables, 587 
FOIL pattern and, 563-568, 
570-574 
graphing, 560 
multiplying, 561-568, 615, 617, 803, 
805-809 
ordering, 557 
perfect square trinomial pattern, 
601-605 
prime factors of, 607-613 
square of a binomial pattern, 
569-574 
subtracting, 556-559, 615, 616 
sum and difference pattern, 
570-574 
terms of, 554 
two variable, 587 
Population, survey, 871 
Positive correlation, 324 
Positive number, 64—74 
Positive slope, 235-250 
Possible outcomes, 843 
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Power of a power property, 488, 
490-494, 542, 543 
Power of a product property, 
490-494, 542, 543 
Power of a quotient property, 
496—500, 542, 544 
Powers, See also Exponent(s), 3-7 
Prediction 
accuracy and, 336 
using best-fitting line, 332-342, 348 
exercises, 40, 243, 282, 289, 299, 
332, 334, 395, 404, 690, 692, 
846 
using linear equations, 337-342, 
348 
using probability, 842-848 
simulation and, 849-850 
Prerequisite Skills, xxii, 62, 130, 204, 
280, 354, 424, 486, 552, 626, 
708, 762, 840 
Prime factorization, 910-911 
Prime factors, 910-911 
of polynomials, 607-613 
Prime number, 910 
Prism 
surface area of, 925-926 
volume of, 925-926 
Probability, 843 
combinations and, 856-860 
compound events, 861-867, 895, 
898 
counting principle, 851 
dependent events, 862-867, 895, 
898 
event, 843 
experimental, 842, 844-848 
independent events, 862-869, 895, 
898 
mutually exclusive events, 861, 864 
odds, 845-848 
outcome, 843 
overlapping events, 861, 864 
permutation and, 851-855, 897 
possible outcomes, 843 
sample space, 843 
sampling methods, 871-874 
simulation and, 849-850, 868 
surveys and, 847 
theoretical, 844-848 
trials, 844 
Problem solving plan, 28-33, 55 
Problem solving strategies, See also 
Eliminate choices; Problem 
Solving Workshop 
act it out, 936-937 
break a problem into parts, 102, 
936-937 
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draw a diagram, 34, 438, 930, 
936-937 
draw a graph, 260, 376 
guess, check, and revise, 29, 
936-937 
look for a pattern, 936-937 
make an organized list, 583, 
584, 587, 593, 594, 618, 930, 
936-937 
make a table, 147, 442, 660, 827, 
936-937 
solve a simpler problem, 936-937 
work backward, 375, 936-937 
write a proportion, 261 
Problem Solving Workshop, 34, 
102, 147, 260-261, 300-301, 
375-376, 442, 528-529, 
590-591, 659-660, 751, 
827-828, 868-869 
Product of powers property, 
488-494, 542, 543 
Product property of radicals, 
718—726, 753, 755 
Product rule, for fractions, 915 
Profit, formula, 30 
Projectile, 577 
Proof, See also Reasoning, 118, 241, 
287, 499, 558, 611, 639, 724, 
741, 854, 858 
of a property, 100, 172, 493 
of the quadratic formula, 727 
Property (Properties) 
of addition, 75-79, 120, 134, 357 
distributive, 96-101, 120 
of division, 135, 364 
of equality, 2, 4, 134, 135, 191 
of exponents 
division, 495—500, 542, 544 
multiplication, 488-494, 542, 543 
negative, 502, 503—508, 544 
zero, 502, 503—508, 544 
of graphs of direct variation, 255 
of graphs of quadratic functions, 
635-636 
of inequality, 357, 358, 363, 364, 
414 
of multiplication, 89-93, 120, 135, 
363 
of -1, 89 
of radicals, 719-720 
of similar figures, 174 
of subtraction, 134, 358 
table of, 954-955 
of zero, 89 
zero product, 575—580 
Proportion(s) 
cross products and, 168-173, 195 


extremes of, 168 
means of, 168 
percent and, 176-181, 191 
ratio and, 162-167, 194-195 
and scale, 170-172 
setting up, 163 
similar figures and, 174-181 
solving, 163-167 
Pyramid 
surface area of, 925-926 
volume of, 925-926 
Pythagorean theorem, 736-742, 753, 
756 
converse of, 739-742, 753 
distance on the coordinate plane 
and, 744—750 
Pythagorean triple, 741 


Quadrant(s), 206 
Quadratic equation(s), See also 
Polynomial(s), 643-668, 
671-683, 695, 697—700 
the discriminant and, 677-683 
number of solutions of, 644 
solving 
by completing the square, 
663-668, 695, 698 
by factoring, 643 
by graphing, 643-651, 695, 697 
list of methods, 673 
by the quadratic formula, 
671-676, 695, 699, 727-728 
using square roots, 652-658, 695, 
698 
standard form of, 643 
Quadratic formula, 671-676, 695, 699 
deriving, 727-728 
discriminant and, 677-683, 700 
Quadratic function(s), 628-651, 
669-670 
compared with linear and 
exponential functions, 
684-691, 695, 700 
graphing, 628-651, 669-670, 695, 
696-697 
in intercept form, 641-642 
in vertex form, 669-670 
maximum value of, 636, 650-651 
minimum value of, 636, 650-651 
parent, 628-634 
properties of, 635-636 
standard form, 628 
zeros of, 645 
approximating, 645, 650-651 


Quadratic inequality in one variable, 
A6—A7 


Quadratic model, compared with 
linear and exponential 
models, 684—691, 695, 700 

Quadratic regression, 692-693 

Quartile, 887 

Quotient of powers property, 
495-500, 542, 544 

Quotient property of radicals, 
720-726, 753, 755 

Quotient rule, for fractions, 915 


Radical equation, 729 
Radical expression, 710 
rationalizing the denominator, 
721-726 
simplest form, 719 
simplifying, 719-726, 755 
Radical function, 710 
graphing, 710-717 
Radicals 
on both sides of an equation, 
730-734 
operations with, 720—726, 753, 755 
properties of, 718-726, 753, 755 
square root functions, 710-717, 
753, 754 
Radicand, 110 
Radius, of a circle, 924 
Random integer, generation of, 
849—850, 868 
Randomized experiment, 874 
Random sample, 871 
stratified, 871 
Range, 35-37, 44, 72 
of data, 876-878 
of an exponential function, 521, 
532 
interquartile, 888 
of a linear function, 207, 217, 218, 
263, 327 
of a quadratic function, 631 
of a rational function, 775-782 
of a square root function, 710—717 
Rate, 17 
of change, 235-242, 255, 273, 304, 
520, 629, 711, 768, 770 
decay, 534 
growth, 522 
ratio and, 162 
slope-intercept form and, 285, 
288-289, 294-295 
unit, 17-19 


Ratio(s), 162 
common, 539-540 
dilation and, 920-921 
direct variation, 256 
golden, 334 
odds, 845 
percent of change, 182-183 
proportion and, 162-167, 194-195 
similar figures and, 174-175 
Rational equation(s) 
dividing polynomials, 783-793 
inverse variation, 765-772 
solving, 820—826, 830, 834 
Rational expression(s) 
adding, 812-819, 830, 834 
dividing, 802, 804—809, 830, 833 
excluded values and, 794 
multiplying, 802-803, 805—809, 
830, 833 
opposite factors and, 796 
simplest form, 795 
simplifying, 794—800, 833 
subtracting, 812-819, 830, 834 
undefined, 794 
Rational function(s) 
graphing, 773-782, 786-793, 830, 
832 
inverse variation, 764-772 
parent, 775-782 
Rational number(s), 64 
ordering, 65, 68-70, 121 
repeating decimals, 65 
Rationalizing the denominator, 
721-726 
using conjugates, 724 
Readiness 
Prerequisite Skills, xxii, 62, 130, 
204, 280, 354, 424, 486, 552, 
626, 708, 762, 840 
Preview exercises, Thoughout. See 
for example 7, 20, 26, 33, 40, 
48, 70, 79, 84, 93 
Skills Review Handbook, 909-937 
Reading math, 17, 22, 31, 36, 44, 64, 
66, 97, 110, 112, 163, 213, 228, 
235, 285, 358, 399, 512, 521, 
643, 810, 845 
Real number(s) 
absolute value of, 66-69 
adding, 74—79, 120, 122 
classifying, 64, 112, 120 
dividing, 103-108, 124 
integers, 64—74 
irrational numbers, 111-116 
multiplying, 87-93, 120, 123 
opposites, 66, 68—70 
ordering, 112, 114 


repeating decimals, 65 
subtracting, 80-85, 122 


Reasoning, See also Proof 


and statements, 379, 414 

conclusion, 66-68 

conditional statements, 66-68, 109, 
113, 114 

conjecture, 117-118 

converse of a conditional 
statement, 318, 739 

counterexample, 66—67 

counting methods, 930-931 

deductive reasoning, 118 

draw conclusions, 14, 42, 73, 85, 87, 
109, 133, 160, 243, 282, 291, 
334, 342, 362, 379, 404, 426, 
443, 488, 502, 530, 561, 582, 
592, 651, 677, 693, 736, 743, 
764, 793, 842, 886, 893 

exercises, 50, 73, 92, 114, 172, 210, 
230, 241, 243, 261, 266, 297, 
322, 379, 385, 394, 402, 443, 
464, 499, 510, 536, 561, 566, 
582, 592, 639, 656, 681, 689, 
718, 724, 736, 741, 743, 770, 
789, 824, 842, 880, 881, A2, A5 

hypothesis, 66-68 

if-then statements, 66—68, 109, 113, 
114 

inductive reasoning, 117-118 

or statements, 379, 414 

Venn diagrams and, 64, 71-72, 379, 
861, 865, 929 


Reciprocals, 103, 136, 915 


negative exponents and, 503-508 

slopes of perpendicular lines and, 
319 

solving equations with, 136—140, 
149 


Recursive rules for sequences, A3—A5 
Reflection, 213-214, 920-921 
Reflexive property of equality, 2 
Regression 


exponential, 692-693 
linear, 331-332, 335-342 
quadratic, 692-693 


Relations 


functions and, 49-50 
graph of, 49-50 


Relative absolute deviation, 403 
Relatively no correlation, 324 
Repeating decimal, 65 


writing as a fraction, 138 


Representations, See Multiple 


representations 


Restricting a graph, 227 
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Reviews, See Chapter Review, 
Chapter Summary, 
Cumulative Review, Mixed 
Review, Mixed Review of 
Problem Solving, Skills Review 
Handbook 

Right triangle, Pythagorean theorem 
and, 736-742 

Root(s), of an equation, 575 

Rubric 

for scoring extended response 
questions, 126, 420, 702 

for scoring short response 
questions, 58, 350, 622, 902 


Sample 
biased, 872, 899 
types of, 871, 899 
Sample space, 843 
Sampling methods, 871-874 
classifying, 871, 873 
SAT, See Standardized Test 
Preparation 
Scalar, 95 
Scalar multiplication, 95 
Scale 
graph, choosing, 44 
map, 170 
proportion and, 170-172 
Scale drawing, 170-172 
Scale factor, dilation and, 920-921 
Scale model, 170-172 
Scatter plot, 42, 324-342 
best-fitting line, 331-332, 335-342 
Science, See Applications 
Scientific notation, 512-519, 542, 545 
Self-selected sample, 871 
Sequence, 309 
arithmetic, 309-310, АЗ-А5 
Fibonacci, A4 
geometric, 539-540, A3-A5 
graphing, 309-310 
recursive rule for, A3-A5 
Set theory, 71—72 
Short response questions, 58-60, 
350-352, 622-624 
practice, Throughout. See for 
example 12, 26, 27, 33, 40, 48, 
51, 79, 83, 86, 92, 100 
Similar figures, 174-175 
indirect measurement and, 175 
properties of, 174 
Simple interest, formula, 30, 523 
Simplest form 
fraction, 912 
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rational expression, 795 
Simulation, 849—850, 868 
Skills Review Handbook, 909-937 
comparing and ordering decimals, 
909 
the coordinate plane, 919 
counting methods, 930-931 
factors and multiples, 910-911 
fractions 
decimals, percents, and, 916-917 
equivalent, 912 
improper, 913 
operations with, 914-915 
simplifying, 912 
graphs 
bar, 932 
circle, 934 
line, 933 
mean, median, and mode, 918 
measurement 
circumference and area ofa 
circle, 924 
converting units of, 927-928 
perimeter and area, 922-923 
surface area and volume, 
925-926 
misleading data displays, 935 
mixed numbers, 913 
problem solving strategies, 
936-937 
transformations, 920-921 
Venn diagrams and logical 
reasoning, 929 
Slope, 234, 235 
classifying lines by, 237 
horizontal lines and, 236-239 
line, 234-250, 273 
parallel lines and, 246, 248, 318 
perpendicular lines and, 319 
rate of change and, 235-242, 273 
y-intercept and, 243-250, 270, 273 
Slope-intercept form 
for graphing linear equations, 
244-250, 270, 273 
for writing linear equations, 
283-299, 344, 345-346 
Solid, 925 
Solution(s) 
of an equation, 22 
absolute value, 391, 392 
quadratic, 644, 646, 652, 677-683 
in two variables, 215 
extraneous, 730-734 
of an inequality, 22, 370 
compound, 381 
quadratic, A6-A7 
of a linear system, 426, 427, 474 


number of, 156 
of a system of inequalities, 466, 
474, 478 
Sphere 
surface area of, 925-926 
volume of, 494, 811, 925-926 
Spreadsheet 
finding terms of a sequence, A5 
for exponential functions, 528-529 
for solving an equation, 160 
for subtracting real numbers, 85 
Square root(s), 110-116, 124 
on a calculator, 111 
of a fraction, 653 
fractional exponents and, 509—510 
perfect square, 111 
principal, 110 
simplifying, 653 
to solve quadratic equations, 
652-658, 695, 698 
Square root function(s) 
graphing, 710-717, 753, 754 
parent, 710-717, 753, 754 
Standard deviation, 879—880 
Standard form 
of a linear equation, 216, 311-316, 
344, 347 
of a number, 512, 515, 542 
of a quadratic equation, 643 
of a quadratic function, 628 
Standardized Test Practice, See also 
Eliminate choices, 60—61, 
128-129, 200-201, 278-279, 
352-353, 422-423, 482-483, 
550-551, 624-625, 704—705, 
760-761, 838-839 
examples, 10, 98, 149, 169, 215, 
262, 283, 293, 365, 429, 453, 
505, 523, 564, 596, 671, 738, 
746, 845, 889 
exercises, Throughout. See for 
example 7, 11, 26, 33, 38, 40, 
46, 48, 51, 68, 79, 82, 86, 93 
Standardized Test Preparation, 
See also Gridded-answer 
questions; Multi-step 
problems; Open-ended 
problems, 58—59, 126—127, 
198-199, 276-277, 350-351, 
420-421, 480-481, 548-549, 
622-623, 702-703, 758—759, 
836-837, 902-903 
State Test Practice, Throughout. See 
forexample 27, 51, 86, 119, 
161, 190 


Statistics, See also Data; Graphs; 
Probability 
best-fitting line, 331-332, 335-342, 
348 
biased question, 872 
biased sample, 872, 899 
convenience sample, 871 
displaying 
bar graph, 932 
box-and-whisker plot, 887-893, 
895, 900, 902-903 
circle graph, 934 
frequency table, 882 
histogram, 882-886, 895 
line graph, 933 
stem-and-leaf plot, 881-885, 
895, 900 
interquartile range, 888 
mean absolute deviation, 876-878 
measures of central tendency, 
875-878, 895, 899, 918 
measures of dispersion, 876-880, 
895, 899 
outlier, 889 
population, 871 
quartiles, 887 
random sample, 871 
sample, 871, 899 
sampling methods, 871-874, 899 
self-selected sample, 871 
standard deviation, 879-880 
stratified random sample, 871 
systematic sample, 871 
variance, 879-880 
Stem-and-leaf plot, 881-885, 895, 
900 
back-to-back, 882, 883, 885 
Step function, A2 
Stratified random sample, 871 
Substitution 
for checking solutions, 22-25, 29, 
30, 134, 136, 141, 142, 143, 
154, 177, 219, 245, 251, 277, 
357, 362, 363, 364, 369, 377, 
391, 405, 409, 427, 428, 430, 
435, 444, 451, 452, 466, 477, 
975, 608, 643, 645, 664, 728, 
731, 820, 821, 822 
for solving linear systems, 435-441 
Substitution property of equality, 4 
Subtraction 
equations, 134-140, 191 
of fractions, 914 
inequalities, 358-361, 415 
matrix, 94-95 


of polynomials, 556-559, 615, 616 
properties, 134, 358 
of radicals, 721-726 
of rational expressions, 812-819, 
830, 834 
real number, 80-85, 122 
for solving linear systems, 444-450, 
474, 476-477 
Subtraction property of equality, 
134, 191 
Subtraction property of inequality, 
358 
Subtraction rule, 80 
Sum and difference pattern, 570-574 
Sum and difference rules, for 
fractions, 914 
Surface area, 925 
ofa cone, 188, 925-926 
of a regular pyramid, 811, 925-926 
of a right circular cone, 811, 
925-926 
of a right circular cylinder, 925-926 
of a right prism, 925-926 
of a sphere, 811, 925-926 
Survey 
population, 871 
sampling methods, 871-874, 899 
Symbols 
absolute value, 66 
break in scale, 42 
fraction bar, 9 
function notation, 262 
grouping, 9 
inequality, 21 
multiplication, 2 
plus or minus, 110 
table of, 951 
Symmetric property of equality, 2 
System of linear equations, See 
Linear system 
System of linear inequalities, 
466-472 
Systematic sample, 871 


Table(s) 

for checking solutions, 155, 164, 
371 

estimating with, 660 

function, 35-41, 56, 207—208, 
211-212, 270, 272, 304, 
396-397 

graphing calculator, 41 

for graphing quadratic functions, 
628-634 


interpreting data from, 548, 550, 
918 
making to solve problems, 147, 
442, 660 
for multiplying polynomials, 562 
for solving linear systems, 426, 442 
Table of Formulas, 952-953 
Table of Measures, 956 
Table of Properties, 954-955 
Table of Symbols, 951 
Tangram pieces, 404 
Technology, See Graphing calculator; 
Spreadsheet 
Technology support, See Animated 
Algebra; Home Tutor; Online 
Quiz; State Test Practice 
Temperature, Celsius/Fahrenheit 
formula, 30, 41, 186 
Term(s) 
constant, 97, 309, 554 
of an expression, 97 
like, 97 
combining, 97-101 
of a polynomial, 554 
of a sequence, 309 
Test-taking strategies 
eliminate choices, 198-199, 277, 
480-481, 758-759 
examples, 10, 30, 149, 198, 199, 
277, 283, 293, 365, 429, 453, 
480, 481, 564, 631, 738, 746, 
758, 759 
Theoretical probability, 844-848 
Transformations 
in the coordinate plane, 213-214, 
920-921 
of linear functions, 264, 266 
of parent functions, 396-397 
Transitive property of equality, 2 
Translating verbal statements, 15, 
16, 18, 20, 21, 33, 54, 100, 140, 
359, 372, 384, 385, 394, 401, 
410, 419, 770, 807 
Translation, 213-214, 396, 397, 
920-921 
Tree diagram 
for counting possibilities, 930 
fractal tree, 497 
for outcomes, 843 
for prime factorization, 910 
for probability, 863, 865 
Trend, best-fitting line and, 331-332, 
339-342 
Trial, in a probability experiment, 
844 
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Trinomial, See also Polynomial(s), 
555 
factoring, 582—589, 592—605 
by grouping, 611 
in two variables, 587 


Undefined rational expression, 794 
Underestimate, 404 
Union 
of graphs of inequalities, 380 
of sets, 71 
Unit analysis, 17, 18, 150, 185, 237, 
285, 289, 365, 768 
Unit rate, 17-19 
Universal set, 71 
Upper quartile, 887 


Variable(s), 2 
choosing, 16, 37 
coefficient of a term, 97 
dependent, 36 
independent, 36 
and inverse operations, 185 
and literal equations, 184-189, 191, 
724 
zero as, 184 
Variance, 879-880 
Variation 
constant of, 253, 254, 765 
direct, 253-261, 274, 276, 765, 767 
inverse, 764-772, 831 
Venn diagram, 929 
for and and or statements, 379 
classifying numbers, 64, 112, 929 
logical reasoning and, 929 
mutually exclusive events, 861 
overlapping events, 861 
union and intersection of sets, 
71-72 
Verbal model, 16, 17, 23, 29, 37, 52, 
54, 81, 90, 98, 137, 143, 150, 
152, 155, 169, 175, 182, 285, 
294, 295, 313, 350, 351, 358, 
365, 371, 376, 378, 392, 408, 
429, 437, 446, 449, 453, 519, 
609, 665, 778, 787, 805, 815, 
822, 828 
Verbal phrases 
expressions and, 15-20 
translating, 15, 16, 380 
exercises, 18, 20, 21, 33, 54, 100, 
140, 359, 372, 384, 385, 394, 
401, 410, 419, 770, 807 
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Vertex 
of the graph of an absolute value 
function, 396 
of a parabola, 628, 635 
Vertex form, of a quadratic function, 
669-670 
Vertical line test, 49-50 
Vertical lines 
equations for, 216-217, 312, 314 
graph of, 216-217 
slope of, 236-237 
Vertical motion model, 577-580, 595, 
602, 604, 619, 634, 639, 646, 
648, 649, 654, 657, 658, 659, 
660, 661, 668, 675, 683 
Vertical shrink or stretch, 213-214 
Vertical translation, 396-397 
Visual thinking, See Graphs; 
Manipulatives; Modeling; 
Multiple representations; 
Transformations 
Vocabulary 
Key, 1, 63, 131, 205, 281, 355, 425, 
487, 553, 627, 709, 763, 841 
prerequisite, xxii, 62, 130, 204, 280, 
354, 424, 486, 552, 626, 708, 
762, 840 
review, 53, 121, 192, 271, 345, 415, 
475, 543, 616, 696, 754, 831, 
896 
Volume, 925 
of a cube, 4 
of a rectangular prism, 187, 
925-926 
of a regular pyramid, 811, 925-926 
of a right circular cone, 811, 
925-926 
of a right circular cylinder, 189, 
494, 925-926 
of a sphere, 494, 811, 925-926 


Weight of a data value, 878 

Weighted average, 878 

What If? questions, 3, 4, 10, 16, 23, 
29, 44, 76, 98, 102, 137, 143, 
147, 150, 155, 164, 169, 218, 
227, 228, 238, 245, 246, 255, 
256, 261, 265, 285, 301, 305, 
313, 358, 365, 371, 400, 408, 
429, 430, 437, 438, 447, 461, 
491, 498, 514, 523, 529, 534, 
577, 585, 591, 595, 602, 631, 
646, 655, 660, 665, 673, 680, 
731, 747, 751, 768, 778, 787, 
815, 822, 828, 852, 857, 875 


Wheel of Theodorus, 742 
Work backward, problem solving 
strategy, 375, 936-937 
Writing, See also Communication 
compound inequalities, 380—388 
exponential decay functions, 
530-540, 542, 546 
exponential growth functions, 
520-529, 542, 545 
function rules, 520, 524, 531, 535 
if-then statements, 109 
inverse variation equations, 768, 
770 
numbers in scientific notation, 
512-519, 542, 545 
polynomial equations, 595-605, 
615, 619, 686 
probabilities, 844-848 
radicals, 720 
rules for geometric sequences, 540, 
A4—A5 
systems of equations, 429—430, 
432-433, 437—438, 440-441, 
446, 448-450, 461, 464—465 
systems of inequalities, 467—468, 
470-472 


x-axis, 206, 919 

x-coordinate, 206, 919 

x-intercept(s), 225 
linear graphs and, 225-232 
quadratic graphs and, 641—644, 646 
zero of a function and, 337-342 


y-axis, 206, 919 
y-coordinate, 206, 919 
y-intercept(s), 225 
linear graphs and, 225-232, 
243-250 


Zero 
as additive identity, 76 
as an exponent, 502, 503—504, 544 
of a function, 337—342, 641, 645, 
650-651 
as an integer, 64 
multiplication by, 89 
as sum of opposites, 75-76 
as a variable, 184 
Zero product property, 575-580 
Zero slope, 236-239 
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About Larson Algebra 2 


The content of Algebra 2 is organized around families of functions, 
including linear, quadratic, exponential, logarithmic, radical, and rational 
functions. As you study each family of functions, you will learn to 
represent them in multiple ways—as verbal descriptions, equations, 
tables, and graphs. You will also learn to model real-world situations 
using functions in order to solve problems arising from those situations. 


In addition to its algebra content, Algebra 2 includes lessons on 
probability and data analysis as well as numerous examples and 
exercises involving geometry and trigonometry. These math topics 
often appear on standardized tests, so maintaining your familiarity 
with them is important. To help you prepare for standardized tests, 
Algebra 2 provides instruction and practice on standardized test 
questions in a variety of formats—multiple choice, short response, 
extended response, and so on. Technology support for both learning 
algebra and preparing for standardized tests is available at classzone.com. 
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Using Your Textbook 


Your textbook contains many resources that you can use for reference when 
you are studying or doing your homework. 


BIG IDEAS The second page of every chapter includes a list of 
important ideas developed in the chapter. More information about 
these ideas appears in the Chapter Summary page at the end of the 
chapter. 


KEY CONCEPTS The Key Concept notebook displays in every lesson 
present the main ideas of the lesson. You may want to copy these 
ideas into your notes. 


VOCABULARY New words and review words are listed in a column on 
the first page of every lesson. Vocabulary terms appear highlighted 
and in bold print within the lesson. A list of vocabulary appears in 
the Chapter Review at the end of each chapter. 


MIXED REVIEW Every lesson ends with Mixed Review exercises. 
These exercises help you review earlier lessons and include exercises 
that will prepare you for the next lesson. Page references with the 
exercises point you to the lessons being reviewed. 


i qur em Jimny, A 


“STUDENT RESOURCES AT THE BACK OF THE BOO 


FP mnt 


SKILLS REVIEW HANDBOOK Use the Skills Review Handbook topics 
on pages 975-1009 to review material learned in previous courses. 


EXTRA PRACTICE Use the Extra Practice on pages 1010-1023 for 
more exercises or to review a chapter before a test. 


TABLES Refer to the tables on pages 1024—1034 for information 
about mathematical symbols, measures, formulas, and properties. 


GLOSSARY Use the English-Spanish Glossary on pages 1035-1084 
to see definitions in English and Spanish, as well as examples 
illustrating vocabulary. 


INDEX Look up items in the alphabetical Index on pages 1085-1104 
to find where a particular math topic is covered in the book. 


WORKED-OUT SOLUTIONS In each lesson, exercises identified by a 
red circle have complete worked-out solutions starting on page WS]. 
These provide a model for what a full solution should include. 


SELECTED ANSWERS Use the Selected Answers starting on page SAI 
to check your work. 


Using Your Textbook 
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Фу 


4994 
Pp" NU =. | 
E d... 
b: С цай ОП$ ап 
Inequalities : 
Making Sense 
of Chapter 1 1.1 Apply Properties of Real Numbers 
In this chapter you 1 2 Evaluate and Simplify Algebraic Expressions 
ibe DR ула аз ; 1. 3 Solve near Equations | 
to write and solve - 
linear equations and ES y Ei 4 Rewrite Formulas and Equations 
каш es, applying 1 5 Use Problem E ws and Models. 
both familiar and new 
formulas. 


»1 vA Solve Absolute Value Equations and Wes 2 — — 


E cy 


In previous courses, you learned the following skills, which you'll use in 
Chapter 1: simplifying numerical expressions, using formulas, and writing 
algebraic expressions. 


-— 


Before 


VOCABULARY CHECK 
Copy and complete the statement. 


1. The area of the rectangleis ? . 


2. The perimeter of the rectangleis ? . 


3. The opposite of any number ais_?_. 


SKILLS CHECK 
Perform the indicated operation. (Prerequisite skill for 1.1, 1.2) 
4. 5*(—3) B. —3*(—-4) & 28 +1 Te —45 +9 


Find the area of the figure. (Prerequisite skill for 1.4) 
8. A square with side length 7 ft 9. A triangle with base 4 m and height 6 m 


Write an expression to answer the question. (Prerequisite skill for 1.5) 
10. How much is a 15% tip on a restaurant bill of x dollars? 


11. You have $15 and buy r raffle tickets for $.50 each. How much money do you 
have left? 


@HomeTutor Prerequisite skills practice at dasszone.com 
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| has a 
Now ў | | | | Ex ) 


| ^җ 
In Chapter 1, you will apply the big ideas listed below and reviewed in the = 
Chapter Summary on page 60. You will also use the key vocabulary listed below. E um m 
Big Ideas f . 2i 
- < [ = 
© Using properties to evaluate and simplify expressions | i. 
© Using problem solving strategies and verbal models | к e 
© Solving linear and absolute value equations and inequalities —— 
і 
KEY VOCABULARY | 
* reciprocal, р. 4 * coefficient, р. 12 • solve for a variable, р. 26 3 MS 
E. * power, p. 10 * like terms, p. 12 * linear inequality, p. 47 E. 
T M * exponent, p. 10 ‚ equivalent expressions, p. 12 * compound inequality, p. 47 
| | * base, p. 10 * linear equation, p. 18 * absolute value, p. 51 


* variable, p. 11 * equivalent equations, p. 18 * extraneous solution, p. 52 


You can use equations to solve problems about work rates. For example, if two 
people complete a job at different rates, you can find how long it will take them if 
they work together. 


The animation illustrated below for Exercise 76 on page 24 helps you answer this 
question: If two people paint a community mural at different rates, how long will 
it take them to complete the mural if they work together? 


How lori will it take tn paint 11 square yards of the mura! if you work separately? How long 
will it take ТЇ you work together? 


P c— 


Enter your work rates, then find how long la. 
it takes working alone or with your friend. |, 


You want to paint a mural covering a given а 
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Other animations for Chapter 1: pages 5, 11, 20, 27, 34, 42, and 53 


Apply Properties of 
* * Real Numbers 


You performed operations with real numbers. 
You will study properties of real numbers. 
So you can order elevations, as in Ex. 58. 


KeyVocabulary Aa For Your Notebook 
* opposite : 


* reciprocal > Subsets of the Real Numbers 
The real numbers consist of the rational numbers and the irrational numbers. 


Two subsets of the rational numbers are the whole numbers (0, 1, 2, 3,...) and 
the integers C... 2 710,132, hol 


REAL NUMBERS 
3 — 075 ишн => —-—üm. Irrational Numbers 
: V2 = 1.414213... 
—V14 = —3.74165... 
т = 3.14159... 
Rational Numbers Irrational Numbers 
* can be written as quotients of * cannot be written as quotients of 
integers integers 
* can be written as decimals that * cannot be written as decimals that 
terminate or repeat terminate or repeat 


NUMBER LINE Real numbers can be graphed as points on a line called a 
real number line, on which numbers increase from left to right. 


Graph real numbers on a number line 


Graph the real numbers -2 and V3 on a number line. 


Solution 


5 


Note that — EU —1.25. Use a calculator to approximate V3 to the nearest tenth: 


V3 = 1.7. (The symbol = means is approximately equal to.) 


So, graph -2 between —2 and —1, and graph УЗ between 1 and 2, as shown on 


the number line below. 
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Ж CUT standardized test practice € 


The table shows the lowest elevations of six continents. Which list 
shows the elevations from lowest to highest? 


North South 


Continent | Africa Asia Australia | Europe 
America | America 


Lowest 
elevation 


-156m | -408 т -16 т —28 т —86 т —40m 


(А) —408, —156, —86, —28, —40, —16 —408, —156, —28, —86, —40, —16 
: ELIMINATE CHOICES 
DneeeeeeeeeeeneM (бу —16, —28, -40, -86, —156, 408 (D) —408, —156, —86, —40, —28, —16 


: the elevations from | 
: lowest to highest, not Solution 

: from highest to lowest. From lowest to highest, the elevations are —408, —156, —86, —40, —28, and —16. 
: So, you can eliminate 
: choice C. | > The correct answer is D. GO ®© © © 


all GUIDED PRACTICE | for Examples 1 and 2 


1. Graph the numbers —0.2 E —1, V2, and —4 on a number line. 


» 10’ 
2. Which list shows the numbers in increasing order? 
—0.5, 1.5, —2, —0.75, V7 (В) -0.5, —2, —0.75, 1.5, V7 
© -—2, —0.75, —0.5, 1.5, V7 (D У7, 1.5, —0.5, —0.75, —2 


PROPERTIES OF REAL NUMBERS You learned in previous courses that when you 
add or multiply real numbers, there are several properties you can use. 


KEY CONCEPT For Your Notebook 

| а eid : Properties of Addition and Multiplication 
| di meet ae ; Let а, b, апа c be real numbers. 
: for real numbers. : Property Addition Multiplication 

: Closure | a + bis a real number. | ab is a real number. 

: Commutative | a+b=b+a | ab = ba 

- Associative (a+ b)+c=a+t (Б + c) (ab)c = aíbc) 

: Identity a+0=a,0+a=a a=1=a1l-a=a 

I Inverse а + (—a) = 0 | a++=1,a40 


The following property involves both addition and multiplication. 


Distributive a(b+ec)=ab+ac (b+da= Ва + са 


1.1 Apply Properties of Real Numbers 


| EXAMPLE 3 | Identify properties of real numbers 


| Identify the property that the statement illustrates. 


1 


a. 7+4=4+7 b. 3231 
Solution 
a. Commutative property b. Inverse property of 
of addition multiplication 


i- KEY CONCEPT For Vour Wotebook 


Defining Subtraction and Division 


Subtraction is defined as adding the opposite. The opposite, or additive 
inverse, of any number b is —b. If b is positive, then —b is negative. If b is 
negative, then —b is positive. 


a=b=a+ (hb) Definition of subtraction 


Division is defined as multiplying by the reciprocal. The reci; 


multiplicative inverse, of any nonzero number bis z 


a-b-a- E bs*0 Definition of division 


[ EXAMPLE 4 | Use properties and definitions of operations 


Use properties and definitions of operations to show that a + (2 — a) = 2. 
Justify each step. 
Solution 
&-(2—28)-—a-[2- (—a)] Definition of subtraction 
= а+[(—а) +2] Commutative property of addition 
= [а + (—а)] ^2 Associative property of addition 
=0 +2 Inverse property of addition 


=2 identity property of addition 


GUIDED PRACTICE for Examples 3 and 4 


| Identify the property that the statement illustrates. 


3. (2+3) .9=2• (3-9) 4. 15 +0 = 15 
5. 4(5 + 25) = 4(5) + 4(25) 6. 1 • 500 = 500 
Use properties and definitions of operations to show that the statement is true. 
Justify each step. 
| 7. b+ (4+b) = Awhenb x 0 8. 3х + (6 + Ax) =7x +6 
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UNIT ANALYSIS When you use operations in real-life problems, you should 
use unit analysis to check that the units in your calculations make sense. 


III Use unit analysis with operations 


a. You work 4 hours and earn $36. What is your earning rate? 
b. You travel for 2.5 hours at 50 miles per hour. How far do you go? 


c. You drive 45 miles per hour. What is your speed in feet per second? 


Solution 


36 dollars 


aaa 9 dollars per hour 


b. (2.5 bours) 50miles | = 125 miles 


с. A 2580 fect = 66 feet per second 


60 seconds /\ 1 mie. 


60 minutés 
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Use unit analysis with conversions 


DRIVING DISTANCE The distance from 
Montpelier, Vermont, to Montreal, Canada, is 
about 132 miles. The distance from Montreal to 
Quebec City is about 253 kilometers. 


a. Convert the distance from Montpelier to 
Montreal to kilometers. 


b. Convert the distance from Montreal to 
Quebec City to miles. 


Solution 
‘lac, 1.61 kilometers _ 5,91; 
a. 132 miles rand 213 kilometers 
: ] mile : 
b. 253 kilometers • 7 157 miles 


: REVIEW MEASURES 


: units, see the Table of 
: Measures on p. 1025. 


Solve the problem. Use unit analysis to check your work. 
9. You work 6 hours and earn $69. What is your earning rate? 
10. How long does it take to travel 180 miles at 40 miles per hour? 
11. You drive 60 kilometers per hour. What is your speed in miles per hour? 
Perform the indicated conversion. 


12. 150 yards to feet 13. 4 gallons to pints 14. l6 years to seconds 


1.1 Apply Properties of Real Numbers 


z 


11 EXERCISES HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
ы КЕҮ: on p. WS1 for Exs. 21, 31, and 59 


¡Ae = STANDARDIZED TEST PRACTICE 
: Exs. 2, 9, 10, 23, 24, 60, and 61 


" SKILL PRACTICE 
1. VOCABULARY Copy and complete: The ? of any nonzero number b is + 
2. * WRITING Express the associative property of addition in words. 
: EXAMPLE 1 | GRAPHING NUMBERS Graph the numbers on a number line. 
: опр. 2 3.9 5 9 2 5 
: for Exs. 3-8 3. а 5, 9! TUS —1 4, =; 9! 2, а 4 5. 1, v3, а) (4 2 
в. 6, 5,27, -2, 2 7. —0.4, 5, 0, VIO, —1 8. -17,5,2, -V8, -3 
| ERA DEA ia 
: on p.3 


: for Exs. 9-10 
14494ft | 4145 ft 


—282 ft | 257 ft 


9. * MULTIPLE CHOICE Which list shows the highest elevations in order from 
least to greatest? 


Louisiana 
2407; 14,494; 4145; 535; 6643 535; 2407; 4145; 6643; 14,494 bayou 


СС) 14,494; 2407; 4145; 535; 6643 (D) 14,494; 6643; 4145; 2407; 535 
10. * MULTIPLE CHOICE Which list shows the lowest elevations in order from 

greatest to least? 

CA) 0, —8, 178, 257, —282 (В) -282, —8, 0, 178, 257 

(C) —282,257,178, —8, 0 CD) 257, 178, 0, —8, —282 


: EXAMPLE 3 IDENTIFYING PROPERTIES Identify the property that the statement illustrates. 


в asas 


on p. 4 | | Ж: + | . = 
pep 11. (4+9) - 3 — 4 + (9 + 3) 12, 15*1-— 15 
13. 6*4—4*6 14. 5+ (—-5) =0 
15. 7(2 + 8) = 7(2) + 7(8) 16. (6 • 5) •7 = 6 (5 • 7) 
: EXAMPLE4 | USING PROPERTIES Use properties and definitions of operations to show that 
: onp.4 the statement is true. Justify each step. 
OCA | du dis (ae ауд 18. 15. (3 + b) = 45 + b 
19. (с 3) +3 = с 20. (a+ b) - c- а + (b — с) 
(2) та+ а + ѕа) = 12а +4 22. (12b + 15) — Зр = 15 + 9b 


23. ж OPEN-ENDED MATH Find values of a and b such that a is a whole number, 
bis a rational number but not an integer, and a + b= —8. 


24, * OPEN-ENDED MATH Write three equations using integers to illustrate the 
distributive property. 
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: EXAMPLES | OPERATIONS AND UNIT ANALYSIS Solve the problem. Use unit analysis to check 

: on p. 5 | your work. 

SOL EXS S3 25. You work 10 hours and earn $85. What is your earning rate? 

26. You travel 60 kilometers in 1.5 hours. What is your average speed? 

27. You work for 5 hours at $7.25 per hour. How much do you earn? 

28. You buy 6 gallons of juice at $1.25 per gallon. What is your total cost? 

29. You drive for 3 hours at 65 miles per hour. How far do you go? 

30. You ride in a train for 175 miles at an average speed of 50 miles per hour. How 
many hours does the trip take? 

: EXAMPLE 6 CONVERSION OF MEASUREMENTS Perform the indicated conversion. 

ROC 3 D 350 feet to yards 32. 15 meters to millimeters 

: for Exs. 31—40 

33. 2.2 kilograms to grams 34. 5 hours to minutes 

35. 7 quarts to gallons 36. 3.5 tons to pounds 


38. 6800 seconds to hours 


ERROR ANALYSIS Describe and correct the error in the conversion. 
39. 40. 


1 dollar ; 1 cup 
25 dollars OBRA 30.5 euros 5 pinte 2 pinte 2.5 cups 


A A 


CONVERSION OF RATES Convert the rate into the given units. 


41. 20 mi/h to feet per second 42. 6 ft/sec to miles per hour 
43. 50 km/h to miles per hour 44. 40 mi/h to kilometers per hour 
45. 1 gal/h to ounces per second 46. 6 oz/sec to gallons per hour 


47. ROCKET SLED On а track at an Air Force base in New Mexico, a rocket sled 
travels 3 miles in 6 seconds. What is the average speed in miles per hour? 


48. ELEVATOR SPEED The elevator in the Washington Monument takes 
60 seconds to rise 500 feet. What is the average speed in miles per hour? 


REASONING Tell whether the statement is always, sometimes, or never true for 
real numbers a, b, and с. Explain your answer. 


49. (a+ b)+c=at+(bt+c) 50. (ар). с=а• (Б • с) 51. (a—- b –-с=а-– {8 —– о 
52. (a+ b) + с=а+ (р + с) 53. a(b— с) = ар — ac 54. a(b + с) = ab + ac 
55. REASONING Show that 7 + = = = + P for nonzero real numbers a, b, с, 


and d. Justify each step in your reasoning. 


56. CHALLENGE Let > and F be two distinct rational numbers. Find the 


rational number that lies exactly halfway between Р апа 4 on a number line. 


1.1 Apply Properties of Real Numbers 


PROBLEM SOLVING 


¿for Exs. 57-59 
0 


5 

ofon 
a 
—1 0 0 


a. Find the sum of the scores for each player. 
b. List the pue from best (lowest) to worst (highest) total score. 


58. VOLCANOES The following list shows the elevations (in feet) of several 
volcano summits above or below sea level. 


641, 3976, 610, —59, 1718, 1733, —137 
Order the elevations from lowest to highest. 


for problem solving help at classzone.com 


(59) MULTI-STEP PROBLEM The chart shows the average daytime surface 
temperatures on the planets in our solar system (including the dwarf 


planet pluto). 


a. Sort by Temperature List the Daytime Surface Temperatures 


planets in order from least Mercury 
to greatest daytime surface 725°F 


temperature. =, 
‚ ` 


b. Sort by Distance List the planets 
in order from least to greatest 


distance from the sun. 
| Jupiter Saturn 
c. Find Patterns What pattern do = _160°F =599°F 


you notice between surface 
temperature and distance from 
the sun? 


d. Analyze Which planet does not 
follow the general pattern you 
found in part (c)? 


Neptune 
—330°F 


: EXAMPLES 60. * EXTENDED RESPONSE The average weight of the blue whale (the largest 


¡5 and6 — — mammal) is 120 tons, and the average weight of the bumblebee bat (the 
: on p. 5 smallest mammal) is 0.07 ounce. 
: for Exs. 60-61 a. Convert Convert the weight of the blue whale from tons to pounds. 


Convert the weight of the bumblebee bat from ounces to pounds. 
b. Compare About how many times as heavy as the bat is the blue whale? 


c. Find a Method Besides converting the weights to pounds, what is 
another method for comparing the weights of the mammals? 


= WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
8 on р. WS1 TEST PRACTICE 


61. * SHORT RESPONSE The table shows the maximum speeds of 


animals in miles per hour or feet per second. 
Animal Speed(mi/h | Speed (ft/s) 
Cheetah 70 ? 
Three-toed sloth ? | 0.22 

i Squirrel | 12 ? 
Grizzly bear ? 44 


a. Copy and complete the table. 


various 


Three-toed sloth 


b. Compare the speeds of the fastest and slowest animals in the table. 


62. CHALLENGE A newspaper gives the exchange rates of some currencies with 
the U.S. dollar, as shown below. Copy and complete the statements. 


1 USD in USD 


This row indi 
Australian dollar 1.31234 0.761998 ч 
Canadian dollar 1.1981 0.834655 
Hong Kong dollar 7.7718 0.12867 
New Zealand dollar 1.43926 0.694801 
Singapore dollar 16534 0.604814 


a. 1 Singapore dollar ~ ? Canadian dollar(s) 
b. 1 Hong Kong dollar = _? New Zealand dollar(s) 


REVIEW 


cates that 


$1 U.S. — $1.31 Australian and 
$1 Australian = $.76 U.S. 


MIXED 


: PREVIEW | Perform the indicated operation. (р. 975) 
: Prepare for | _ — 
: Lesson 1.2 63.-3 — 11 64. —4(-8) 65 
: in Exs. 63-74. 66. —6 + 13 67. —3(7) 68 
Write the phrase as an algebraic expression. (р. 984) 
69. 9 more than a number 70. 5 less than a number 71 


72. 7 times a number 73. Half of a number 74 


Find the perimeter of the figure. (p. 991) 


75. Tem 76. 


2 yd 


14 cm 


2 yd 


Find the area of the figure. (p. 991) 


14 ft 


EXTRA PRACTICE for Lesson 1.1, p. 1010 


80. 
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. 45 + (—9) 
a 5-(-2) 


. 75% of a number 


. The square of a number 


71. 


12m 


4 


3 in. 


7 in. 


1 2 Evaluate and Simplify 
*^" Algebraic Expressions 


You studied properties of real numbers. 
| Now | You will evaluate and simplify expressions involving 
[ why? ] So you can estimate calorie use, as in Ex. 60. 


real numbers. 


А numerical expression consists of numbers, operations, and grouping symbols. 
An expression formed by repeated multiplication of the same factor is a p ] 


* variable A power has two parts: an exponent and a base. The exponent represents the 
* term number of times the base is used as a factor. In the power shown below, the 
* coefficient base 7 is used as a factor 3 times. 

* identity 


exponent 


Баѕе » 7? = 7 • 7 • 7 


ромег 


You do not usually write the exponent when it is 1. For instance, you can write 8! 
simply as 8. 


Evaluate powers 


a. (—5)* = (—5) * (25) * (25) * (25) = 625 
b. —5* = —(5,5,5»5) = —625 


In Example 1, notice how parentheses are used in part (a) to indicate that the 
base is —5. In part (b), the base of the power is 5, not —5. An order of operations 


helps avoid confusion when evaluating expressions. 


KEY CONCEPT 


Order of Operations 
Steps 


STEP? First, do operations that occur 
within grouping symbols. 


: STEP2 Next, evaluate powers. 


E STEP3 Then, do multiplications and 
divisions from left to right. 


: STEP 4 Finally, do additions and 
subtractions from left to right. 
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For Your Notebook 


Example 


I +72. (5 – 3) 
=1+7.2 
=1+49-2 


=1+98 
= 99 


VARIABLES Ау is a letter that is used to represent one or more numbers. 
An expression involving variables is called an algebraic expression. When you 
substitute a number for each variable in an algebraic expression and simplify, 
you are evaluating the algebraic expression. 


SLUT Evaluate an algebraic expression _ 


Evaluate —4x” — 6x + 11 when x = —3. 
—4x* — 6x + 11 = —4(-3)?— 6(-3) + 11 Substitute —3 for x. 


= —4(9) — 6(-3) + 11 Evaluate power. 
= —36 + 18 + 11 Multiply. 
= 37 Add. 


M 
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| EXAMPLE 3 | Use a verbal model to solve a problem 


CRAFT FAIR You are selling homemade candles at a craft fair for $3 each. 
You spend $120 to rent the booth and buy materials for the candles. 


* Write an expression that shows your profit from selling c candles. 


* Find your profit if you sell 75 candles. 


Solution 


STEP? Write a verbal model. Then write an algebraic expression. Use the fact 
that profit is the difference between income and expenses. 


Price per candle Number of candles sold Expenses 
(dollars/candle)  * (candles) — (dollars) 
че há *v 
3 a C — 120 


An expression that shows your profit is 3c — 120. 
STEP2 Evaluate the expression in Step 1 when с = 75. 
Зс — 120 = 3(75) - 120 Substitute 75 for c. 
= 225 — 120 Multiply. 
= 105 Subtract. 
* Your profit is $105. 


Y GUIDED PRACTICE | for Examples 1,2, and 3 
Evaluate the expression. 

1. 6? 2. 2 ta 

4. 5x(x — 2) when x = 6 5. Зу — 4y when y = 2 6. (z + 3) when z = 1 


7. WHAT IF? In Example 3, find your profit if you sell 135 candles. 


1.2 Evaluate and Simplify Algebraic Expressions 


: KEY CONCEPT For Vour Notebook 
Terms and Coefficients 
In an expression that can be written as a variable constant 
terms term 
b A term that has a variable part is called Зх + 5x + (77) 


E a ariable term. A term that has no variable к а 
5 partis called a constant term. 

When a term is a product of a number and 

a power of a variable, the number is called 

the coefficient of the power. 


SIMPLIFYING An expression is simplified ifit contains no grouping symbols and 
all like terms are combined. Like terms are terms that have the same variable 
parts. (Constant terms are also considered like terms.) The distributive property 
allows you to combine like terms by adding coefficients. 


Simplify by combining like terms 


а. 8x+ 3x = (8 + 3)x 
= 11х 


Distributive property 


Add coefficients. 
b. 5p* + p — 2p* = (5р? – 2р?) + р Group like terms. 
: AVOID ERRORS 


НҮҮ enana nan ronanarnanananas — Sa 4 
: The terms 3p? and p p +p 


: are not like terms. They 


Combine like terms. 


! asethie sume variable c. 3(y + 2) - A(y - 7) = 3y + 6 — 4y + 28 Distributive property 

: but different exponents, = (3y — 4y) + (6 + 28) Group like terms. 

: so the terms cannot be | 

: combined. = —y + 34 Combine like terms. 
d. 2x— 3y- 9x + y= (2x — 9x) + (—3y + y) Group like terms. 


= TN 


Combine like terms. 


IDENTITIES Two algebraic expressions are equivalent expressions if they have 
the same value for all values of their variable(s). For instance, in part (a) of 
Example 4, the expressions 8x + 3x and 11x are equivalent. A statement such as 
8x + 3x = 11x that equates two equivalent expressions is called an identity. 


com 
‘ 


CE | _for Example 4 


8. Identify the terms, coefficients, like terms, and constant terms in the 
expression 2 + 5x — 6x* + 7x — 3. Then simplify the expression. 


Simplify the expression. 
9. 15m — 9m 
| 12. 2 * q— 7q – 5q? 


10. 2п 1 +6п +5 
13. 8(x-— 3) — 2(x + 6) 


11. 3p? + 5p? — p? 
14. -4y— x + 10х + y 
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E EF OEA 


DIGITAL PHOTO PRINTING You send 15 digital images 
to a printing service that charges $.80 per printin large ' 
format and $.20 per print in small format. Write and 
simplify an expression that represents the total cost if n 
of the 15 prints аге in large format. Then find the total 
costif 5 of the 15 prints are in large format. 


Solution 


Write a verbal model. Then write an algebraic expression. 


Price of Number of - Price of Number of 
large print + large prints + smallprint — - small prints 
(dollars/print) (prints) (dollars/print) (prints) 
: INTERPRET че Yv v $ 
: EXPRESSIONS | 
: The total number of Г эз | E + з "— diem 
: prints is 15, so if n are An expression for the total cost is 0.8n + 0.2(15 — n). 


: in large format, then 
: 15 — nare in small 


: format. = (0.8n — 0.21) + 3 Group like terms. 


0.8n + 0.2(15 — n) = 0.8n + 3 — 0.2n Distributive property 


= 0.6n + 3 Combine like terms. 
» When n = 5, the total cost is 0.6(5) + 3 = 3 + 3 = $6. 


GUIDED PRACTICE for Example 5 


| 15. WHAT IF? In Example 5, write and simplify an expression for the total cost if 
| the price of a large print is $.75 and the price of a small print is $.25. 


HOMEWORK : = x 
1.2 EXERCISES RK] O = wonken our soumons ө 


* = STANDARDIZED TEST PRACTICE 


Exs. 2, 24, 33, 51, and 59 


: $) = MULTIPLE REPRESENTATIONS 
: Ех. 61 


‘SKILL PRACTICE 


1. VOCABULARY Copy 12’ and label the base and the exponent. 


2. * WRITING Explain what it means for terms to be like terms. 


3. ERROR ANALYSIS Describe and correct the error in 
evaluating the power shown at the right. 8i xX 


: EXAMPLE 1 EVALUATING POWERS Evaluate the power. 


: on p. 10 4. 23 5. 34 6. 43 7. 72 

: for Exs. 4—15 ` ` " ` 
8. —5° g, —2° 10. —8* 11. —104 
12. (-3)* 13. (—4)? 14. (—2)? 15. (-8)? 


1.2 Evaluate and Simplify Algebraic Expressions 13 


: d eis O 
: for Exs. 16-24 


: e nine NE 
: for Exs. 25-33 


: Fraction bars 
: are grouping 


ORDER OF OPERATIONS Evaluate the expression for the given value of 


the variable. 

16. 5d — 6 when d = 7 17. —10f + 15 when f= 2 

18. 6h + 2 + h whenh = 4 19. 5j — 3), 5 when j = 10 

20. (k + 2)? — 6k whenk = 5 (21) 8m + (2m — 9)? when m = 6 
22. n? — 4n + 10 when n = —3 23. 2x* — Ax? when x = -1 
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24. Ж MULTIPLE CHOICE What is the value of 2x? — 6x + 15 when x = -2? 


СА) 11 (В) 19 (С) 35 D 43 


SIMPLIFYING EXPRESSIONS Simplify the expression. 


25. 9x —4x +5 26. у? + 2y + Зу? 

27. 52? — 22 + 8z + 10 28. 10и? — 4w + Зи? + 18w 
(29) 7m — з) + 4(m + 5) 30. 10(n* + n) — 6(n* — 2) 
31. 4p* — 12p — 9p* + 3(4p + 7) 32. 6(q — 2) – 2(q* + 6q) 


33. ж MULTIPLE CHOICE Which terms are like terms? 
СА) 2x, 2y 3x^, Ax (С) Ху (Фф) 101%, 2x 


(E3 GEOMETRY Write a simplified expression for the perimeter of the figure. 
Then evaluate the expression for the given value(s) of the variable(s). 


34. a=3,b=10 35. л=2 36. g=5,h=4 
5a + b 
за 4n g + 2h 


2b 
п + 12 


EVALUATING EXPRESSIONS Evaluate the expression for the given values of 
x and y. 


37. 5x + 6y when x = 16 and y = —9 38. 16x + lly when x = -2 and y = -3 
39. x? + 5y when x = 4 and y = —3 40. (3x)? — у whenx=4andy=5 
= +2 
41. c Y when x = 10 and y — 8 42. Ž Y when x = —3and y= 4 
х+у 4x — y 


SIMPLIFYING EXPRESSIONS Simplify the expression. 


: symbols. 
43. 16c — 10d + 3d — 5c 44. 9j + 4k — 2j — 7k 
45. 2m? — 5n? + бп? — 8m 46. p + 34 – q + Зр 
47. 10m + Зп – 8 + 3m? — Зп + З 48. Зу? + 5x — 12x + 9y* — 5 
49. 8(s — t) + 16(t — s) 50. 3(x^ — y) + 9(х + 2y) 
51. * OPEN-ENDED MATH Write an algebraic expression that includes three 
coefficients, two like terms, and one constant term. Then simplify the 
expression. 
C) = WORKED-OUT SOLUTIONS * = STANDARDIZED є = MULTIPLE 
14 on p. WS1 TEST PRACTICE REPRESENTATIONS 


GROUPING SYMBOLS Add parentheses to make a true statement. 
52..9 PISS 1-15 53. 4А+3+5—2=2]1 
54. 8+5-6+3=9 55. 3 • 42 – 23 + 3? = 23 


56. CHALLENGE Under what conditions аге the expressions (х + у)? and 
х? + y” equal? Are the expressions equivalent? Explain. 


PROBLEM SOLVING 


: EXAMPLE3 57. MOVIE COSTS In the United States, the average movie ticket price (in dollars) 
: on p. 11 since 1974 can be modeled by 0.131x + 1.89 where x is the number of years 
: for Exs. 57-59 since 1974. What values of x should you use to find the ticket prices in 1974, 


1984, 1994, and 2004? Find the ticket prices for those years. 


2 
= 
[] 
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58. MILEAGE You start driving a used car when the odometer reads 96,882. After 
a typical month of driving, the reading is 97,057. Write an expression for the 
reading on the odometer after m months, assuming the amount you drive 
each month is the same. Predict the reading after 12 months. 


4 "i m А 
(nr. E np 
AE Y e Е 
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* SHORT RESPONSE A student has a debit card with a prepaid amount of 
$270 to use for school lunches. The cafeteria charges $4.50 per lunch. Write 
an expression for the balance on the card after buying x lunches. Does your 
expression make sense for all positive integer values of x? Explain. 


: EXAMPLE 5 | 60. CROSS-TRAINING You exercise for 60 minutes, spending w minutes walking 
: on p. 13 and the rest of the time running. Use the information in the diagram below 
: for Exs. 60-62 to write and simplify an expression for the number of calories burned. Find 


the calories burned if you spend 20 minutes walking. 


E a Et 
ШУЛ И ИЕ: 
Seitik 


eg 


* o 


Running burns mid — 
10 calories per minute. A 


61. % MULTIPLE REPRESENTATIONS A theater has 30 rows of seats with 20 seats 
in each row. Tickets for the seats in the п rows closest to the stage cost $45 
and tickets for the other rows cost $35. 


a. Visual Thinking Make a sketch of the theater seating. 

b. Modeling Write a verbal model for the income if all seats are sold. 
c. Simplifying Write and simplify an expression for the income. 

d. Making a Table Make a table for the income when 7 = 5, 10, and 15. 


62. COMPUTERS A company offers each of its 80 workers either a desktop 
computer that costs $900 or a laptop that costs $1550. Write and simplify an 
expression for the cost of all the computers when n workers choose desktop 
computers. Find the cost if 65 workers choose desktop computers. 


1.2 Evaluate and Simplify Algebraic Expressions 15 


63. CHALLENGE You want to buy 25 fish for an aquarium. You decide to buy 


M. 


danios, tetras, and rainbowfish. 


w 


| > r ~ = E | . P [2 
ә » 3 а i х 2 - « t f. т EZ A 4 
45 danios was Р атома. 
$1.50 each ` $200each —— $8.00 each 


Write and simplify an expression for the total cost of x danios, y tetras, and 
the rest rainbowfish. You buy 8 danios, 10 tetras, and the rest rainbowfish. 
What is the total cost? 


: Prepare for 
: Lesson 1.3 
: in Exs. 64-67. 


 -——Rá— 


QUIZ for Lessons 1.1-1.2 


l4. 123 3 LG 215 
се 25 1 на 2'3'4 on 4'6'8 Br 9'4' 6 
Identify the property that the statement illustrates. (p. 2) 
68. (7-8)-25 = 7 • (8 + 25) 69. 3. f -1 
Perform the indicated conversion. (p. 2) 
70. 15 meters to centimeters 71. 5000 pounds to tons 
72. 100 yards to inches 73. 20 days to minutes 
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Graph the numbers on a number line. (p. 2) 

l.-55l-i 2. —6.2, 54, V5, —2.5 з. 0, 7.3, -5, 2V3 
Identify the property that the statement illustrates. (p. 2) 

4. 6(4 + 9) = 6(4) + 6(9) 5. -5:8=8+(-5) 6. 17 + (C17) = 0 


Evaluate the expression for the given value of the variable. (p. 10) 
7. 10m + 32 when m = —5 8. 12 + (8— n? whenn = 5 9. p? — 3p? when p = —2 


Simplify the expression. (p. 10) 


10. 8x + 6x* — 9x^ — 4x 11. 5(x + 9) — 2(4 — x) 12. 24x — бу + 15y — 18x 


13. CD COSTS CDs are on sale for $8 each and you have a gift card worth $100. 
Write an expression for the amount of money left on the gift card after 
purchasing п CDs. Evaluate the expression to find the amount of money left 
after purchasing 6 CDs. (p. 10) 


EXTRA PRACTICE for Lesson 1.2, p. 1010 EZ) ONLINE QUIZ at classzone.com 
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classzone.com 
Keystrokes 


Evaluate Expressions 


| QUESTION 


You can use a scientific calculator or a graphing calculator to evaluate 
expressions. Keystrokes for evaluating several expressions are shown below. 


Note that to enter a negative number, you use the HA key on a scientific 
calculator or the [E] key (not the 88 key) on a graphing calculator. 


CALCULATOR KEYSTROKES RESULT 
—4* +6 Scientific 1 x2 | 6 = -10 
—4° +6 Graphing (OE х2 6 —10 


« (—4)? + 6 Scientific 4 EJ 6 = | 22 
(4? + 6 Graphing EU С: ИШ ES ЕЗ € 


г (asap Scientific с - El) Ir El = | 
(39 + 3)" Graphing КШ - ЕБ у 3 


‚ Boars Scientific (© 1-Ых и) - = 
Graphing MU) o: EN 5 EN EN EJ ^ ENTER 


Use a calculator to evaluate the expression. 
I. 50,2 — 15:=3 2. —11(20) — 66 3. 21(-8) + 51 
E" 9.2 — 15.9 
4. (—4) · 1444. d "лед 
Use a calculator to evaluate the expression when x = —3, у = 5, and z = —6. 
7. 72+ y E x 9. 6y- zi 


10х 


10. == 
д8 


11. (х + у) + 32 12. (-4x + 9) + (y + 2) 


13. ERROR ANALYSIS А student evaluated the expression 7 + (-4)? on 


a graphing calculator by pressing 7 EM Ш Е ^ ШЕШ? 
IES. The calculator displayed an error message. Describe and 
correct the error. 


1.2 Evaluate and Simplify Algebraic Expressions 


1 3 Solve Linear Equations 
e 


You simplified algebraic expressions. 


[ Now | You will solve linear equations. 


So you can solve problems about earnings, as in Example 2. 


:quation is a statement that two expressions are equal. A linear equation i 


. Key Vocabulary An equa 


• equation one variable is an n that can be written in the form ax + b — 0 where a 

* solution sa n of an equation in one variable if substituting | the number 

* equivalent ior ine variable results in a true statement. Two equations are equiva alent 
equations uations 


KEY CONCEPT For Your Notebook 


Transformations That Produce Equivalent Equations 


: Addition Add the same number If a — b, 
: Property of Equality to each side. thena+c=b+e. 
> Subtraction Subtract the same number If a = b, 
> Property of Equality from each side. thena—-c- b – c. 
: Multiplication Multiply each side by the Ifa=bandc#0, 
[> Property of Equality same nonzero number. thena*c- b.c. 
> Division Divide each side by the If a = band c # 0, 
Property of Equality same nonzero number. thena + с= р + с. 


Solve ап equation with а variable оп one side 


; T 
: ANOTHER WAY SA 
: You can also solve the 5 
: equation in Example 1 й. ope 
: by multiplying each side 5^ 8=20 Write original equation. 
Li $x = 12 Subtract 8 from each side. 

5 [fx + 8) = 5020) à j 

Ax + 40 = 100 — = 2012) Multiply each side by 7 the reciprocal of 5° 
4х = 60 
x= 15 x=15 Simplify. 


» The solution is 15. 
CHECK Check x = 15 in the original equation. 


ox +8 = Å(15) + 8=12+8= 207 
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Г ExAMPLE 2 write and use a linear equation 


RESTAURANT During one shift, a waiter earns wages of $30 and gets an 
additional 15% in tips on customers' food bills. The waiter earns $105. 
What is the total of the customers’ food bills? 

Solution 


Write a verbal model. Then write an equation. Write 15% as a decimal. 


Income Wages . Percent - Food bills 

(dollars) (dollars) + fortips ° (dollars) 
© y v v 
105 = 30 + 015 - х 


105 = 30 + 0.15х Write equation. 
75 = 0.15х Subtract 30 from each side. 
500 = x Divide each side by 0.15. 
» The total of the customers' food bills is $500. 


Y GuIDEDPRACTICE | tor Examples 1 and 2 


Solve the equation. Check your solution. 
1. 4x+9=21 2. 7x — 41 = —13 3. 2x + 1=4 
| 4. REALESTATE A real estate agent’s base salary is $22,000 per year. The agent 
earns a 4% commission on total sales. How much must the agent sell to earn 


$60,000 in one year? 


Ж GEI standardized test ee 


What is the solution of 7p + 13 = 9p — 5? 
(А) -9 (B) -4 © 4 D 9 


Solution 
| 7p+13=9p-—5 Write original equation. 
13=2p-5 Subtract 7p from each side. 
18 = 2p Add 5 to each side. 
9=p Divide each side by 2. 
> The correct answer is D. @ © Ф 


CHECK ip-13—9p-—5 Write original equation. 
7(9) + 13 = 9(9) — 5 Substitute 9 for p. 
63+13%81-5 Multiply. 
76 = 76 V Solution checks. 


1.3 Solve Linear Equations 
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( EXAMPLE 4 | Solve an equation using the distributive property 


Solve 3(5x — 8) = —2(—х + 7) — 12x. 
aiBx—8)-e—2l—x-T 7) 12x Write original equation. 


15x—24—2x-—14— 12x Distributive property 
15x — 24 = —10x — 14 Combine like terms. 
25x — 24 = —14 Add 10x to each side. 
25x — 10 Add 24 to each side. 
х= Z Divide each side by 25 and simplify. 
» The solution is Z, 
-E-d|£-2(-8 «71.2 2 
| CHECK 3[5 : 8 2-2 +7|)—12+2 Substitute 2 for x. 
3(-6) $$ - 1-24 Simplify. 
5 5 
—18 = —18 Y Solution checks. 


. Solve a work problem 


CAR WASH It takes you 8 minutes to wash a car and it takes a friend 
6 minutes to wash a car. How long does it take the two of you to wash 
7 cars if you work together? 


Solution 


STEP Y Write a verbal model. Then write an equation. 


Your rate — Time Friend's rate . Time _ Cars washed 
(cars/minute) (minutes) (cars/minute) (minutes) — (cars) 
v v v v vv 
„Lear - tmin + І саг - fmin = 7cars 
8 min 6 min 
STEP2 Solve the equation for t. 
at + at =7 Write equation. 
: AVOID ERRORS | | 1 
EAN once: 94(t7¢+ t| = 24 Multipl id LCD, 24. 
; Be sure to multiply both а E 6 | (7) ay GAC qoe ut 
: Sides of the equation = 
: by the LCD, not just one 3t+ At = 168 Distributive property 
: side. | 7t = 168 Combine like terms. 
t= 24 Divide each side by 7. 


> It will take 24 minutes to wash 7 cars if you work together. 


CHECK You wash 2. * 24 = 3 cars and your friend washes + . 24 = 4 cars 
in 24 minutes. Together, you wash 7 cars. Y 


(Animatea Alge ebra at classzone.com 


20 Chapter 1 Equations and Inequalities 


1.3 EXERCISES 


CTICE E for Examples 3, 4, and 5 


| Solve the equation. Check your solution. 


5. —2x+9=2x-7 6. 10 —x = —6x-F 15 


7. 3(x + 2) =5(x + 4) 8. —4(2x + 5) = 2(-—x — 9) — 
иг. a CIA a > 
9, 15 + 5^ 39 10. gx + 6 X > 


11. WHAT IF? In Example 5, suppose it takes you 9 minutes to wash a car and it 
takes your friend 12 minutes to wash a car. How long does it take the two of 
you to wash 7 cars if you work together? 


HOMEWORK: 
KEY: 


= WORKED-OUT SOLUTIONS 
on p. WS1 for Exs. 23, 43, and 71 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 19, 32, 72, and 77 


+ = MULTIPLE REPRESENTATIONS 
Ex. 74 


" SKILL PRACTICE 


: EXAMPLE 1 


: for Exs. 3-19 


: EXAMPLE 3 


* EA III 


: on p. 19 
: for Exs. 20-32 


1. VOCABULARY Copy and complete: If a number is substituted for a variable in 
an equation and the resulting statement is true, the number is called a(n) _? 
of the equation. 


2. * WRITING Give an example of two equivalent equations. How do you know 
they are equivalent? 


VARIABLE ON ONE SIDE Solve the equation. Check your solution. 


3. x+8=11 4. y-4-7 5. 2—13 = -1 6. -3=w+5 
7. 5d = 30 8. 4= 25 9. Sh=-1 10. —16k= —8 
11. 6m-3=21 12. 4n — 10=12 13. 3=2p+5 14. -3q+4=13 
15. 1 za 5 16. е *? 5 Ef Y 3С 22 18. 3 + zd 1 


19. * MULTIPLE CHOICE What is the solution of 4x — 7 = —15? 


Ф) -12 ® 2 © 2 ® > 
VARIABLE ON BOTH SIDES Solve the equation. Check your solution. 
20. За + 4 = 2а + 15 21. эш+2 = 20 + 5 22, Gk i = '2x-+ 59 
Cha 4=2b+8 24. 3y+7=y-3 25. 22— 3 = 6z + 25 
. 4п — Т = 5 – 2п 27. 2с + 14 = 6 — 4с 28. 5т-2=-т-2 
29. р+5 = 25 — 4р 30. 6—5q=q+9 31. 17 —6r=25 — 3r 


32. * MULTIPLE CHOICE What is the solution of 7t — 5 = 3t + 11? 


Ф -$ ® 7 © 5 D 4 


1.3 Solve Linear Equations 
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: for Exs. 33-40 


| THEDISTRIBUTIVE PROPERTY Solve the equation. Check your solution. 


и EEE 


33. 2(b + 3) = 4b —2 34. 5d + 17 = 4(d + 3) 

35. 3(m — 5) = 6(m + 1) 36. —4(n + 2) = 3(n — 4) 

37. 12i(r +3) — 20r +5) —3r 38. 7(t — 3) = 2(t — 9) + 2t 
39. 10(w — 4) = 4(w + 4) + Aw 40. 3(2Хх—5)— х= -T(x + 3) 


ERROR ANALYSIS Describe and correct the error in solving the equation. 


41. 42. 
17 


15 10| | 


15 2X 


н a X 


: EXAMPLES _ | EQUATIONS WITH FRACTIONS Solve the equation. Check your solution. 
: on p. 20 
: for EXS. 43-50 | (43) 1c Ir 10 44. 4+4=2 
2m-—3m- 4,4: m 
45 3 5m 4 46. 72 + 32 13 
E a 1. 
48. 2* +4 3° + > 
A YE l 
май сш. 8 
@ GEOMETRY Solve for x. Then find the length of each side of the figure. 
51. Perimeter = 46 52. Perimeter = 26 
ЖИЕ. 2 X 
x+2 
3x — 1 
2x +3 
53. Perimeter — 15 54. Perimeter — 26 
2x t2 2x — 2 
EQUATIONS WITH DECIMALS Solve the equation. Check your solution. 
55. 0.6g + 0.5 = 2.9 56. 1.1h + 1.3 = 6.8 
57. 0.4k — 0.6 = 1.3k + 1.2 58. 6.5m + 1.5 = 4.3m — 0.7 
59. 3.8w + 3.2 = 2.3(w + 4) 60. 1.7(x + 5) = 2.lx + 9.7 
61. 2.25b + 3.81 = 1.75b + 5.26 62. 18.13 — 5.18с = 6.32c — 8.32 
(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
22 on p. WS1 TEST PRACTICE 


SPECIAL EQUATIONS Solve the equation. If there is no solution, write no 
solution. If the equation is always true, write all real numbers. 


63. 5(x — 4) = 5x + 12 64. 3(x + 5) = 3x 15 
85. 58|2-—x]—3 —2rT17-—3x 66. —2(4—3х) + 7 = 6(х + 1) 
67. CHALLENGE Solve the equation ax + b = сх + d for хіп terms of a, b, с, and 


d. Under what conditions is there no solution? Under what conditions are all 
real numbers solutions? 


PROBLEM SOLVIN 


: EXAMPLE 2 68. CATALOG PURCHASE You are ordering T-shirts from a catalog. Each T-shirt 


:onp.19 costs $15. The cost of shipping is $6 no matter how many you order. The total 
: for Exs. 68-71 cost is $111. How many T-shirts did you order? 


dil 
@ dc m elutor | for problem solving help at classzone.com 


69. BICYCLE REPAIR The bill for the repair of your bicycle was $180. 
The cost of parts was $105. The cost of labor was $25 per hour. 
How many hours did the repair work take? 


MI TERN 
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70. CAR SALES A salesperson at a car dealership has a base salary of 
$25,000 per year and earns a5% commission on total sales. How 
much must the salesperson sell to earn $50,000 in one year? 


(71) SUMMER JOBS You have two summer jobs. In the first job, you work 
25 hours per week and earn $7.75 per hour. In the second job, you earn $6.25 
per hour and can work as many hours as you want. You want to earn $250 per 
week. How many hours must you work at the second job? 


72. * SHORT RESPONSE Your friend bought a total of 10 CDs and DVDs as gifts 
for $199. The price per CD was $15 and the price per DVD was $22. Write and 
solve an equation to find how many CDs and how many DVDs your friend 
bought. How would your answer change if the total cost of the CDs and DVDs 


was $185? Explain. 
73. MULTI-STEP PROBLEM You are working on the layout of a 9 in. 
yearbook. The page is 9 inches wide, has i inch margins, ——= 
and has three columns of equal width. | ( A | il \ | 
a. Write and simplify an equation that relates the column ON A 
width c and the gap g between columns to the total width | pee —— 
of the page. | Coptiom — | 
"T > | ===> z 
b. Copy and complete the table by substituting the given | | | 
value into your equation from part (a) and solving to find | | 
the unknown value. t | 1 
nin. | z in.’ 
— 7 | 
Һи: a | 
| - E 1 
C C C 
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74. ey MULTIPLE REPRESENTATIONS You want to enlarge a 
4 inch by 5 inch photo to fit into a 1 inch wide frame 
that has an outer perimeter of 53 inches. 


a. Using a Diagram Write an expression for the outer 
perimeter of the picture frame. 


b. Making a Table Evaluate the perimeter expression 
when x = 1.5, 2, 2.5, 3, and 3.5. Make a table of your 
results. For what value of x is the perimeter 53 inches? 


c. Using an Equation Write and solve an equation to 
find x. Explain what the value of x tells you about 
how much you should enlarge the original photo. 


1 in. 
: EXAMPLES | 75. RAKING LEAVES It takes you 30 minutes to rake the leaves in your yard and 
: on p. 20 it takes your brother 45 minutes. How long does it take the two of you to rake 


: for Exs. 75-77 the leaves when working together? 


76. MURAL PAINTING You paint 2 square yards of a community mural in 3 hours 
and a friend paints 4 square yards in 5 hours. How long does it take the two 


77. * MULTIPLE CHOICE Three students use calligraphy pens to write the names 
of graduating seniors on their diplomas. One writes 7 names in 6 minutes, 
another writes 17 names in 10 minutes, and the third writes 23 names in 
15 minutes. How long, to the nearest minute, will the students take to write 
names on 440 diplomas if they work together? 


СА) 97 minutes 100 minutes © 103 minutes (D) 290 minutes 


f 


78. CHALLENGE A cylindrical thermos with an inside 


diameter of 2+ inches is filled with liquid to a 


2 

height of 9 inches. If the liquid is poured into a | 

cylindrical travel mug with an inside diameter of 9 in. | +i 

35 inches, what will be the height h of the liquid? 1 

2jin. 33in 
. MIXED REVIEW A —— 3: 

; PREVIEW Find the area of the figure. (p. 991) 
: Prepare for трт ' 
i Lesson 1.4 79. Square with sides of length 10 m 80. 4 in. by 6 in. rectangle 
: in Exs. 79-82. 81. Circle with a radius of 3 in. 82. Circle with a diameter of 15 cm 


Identify the property that the statement illustrates. (p. 2) 
83. (10 + 13) * 2 = 10* (13 +2) 84. —23 + 23 = 0 
85. 6+ (5+ 4) =6+ (4 + 5) 86. 4(1 + 0.25) = 4(1) + 4(0.25) 


Simplify the expression. (p. 10) 
87. 7x* + 8 — Зх — 5x* 88. 5y — Зу? + ту — у? 
89. 2(z — 5) + 9(z + 2) 90. —5(t0:+:3)— (ue + 2) 
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1.3 Use Tables to Solve Equations 


UN 
+ м 


You can use the table feature of a graphing calculator to solve linear equations. 


EXAMPLE 


Main 2: кылы 


Use the table feature of a graphing calculator to solve the equation 
3x + 8 = 9x — 16. 


Enter expressions Make a table Identify solution 

Press Ё. Enter the left side of Press EFE] [TBLSET]. Set the Press ESE] [TABLE] to display the 

the equation as у, = Зх + 8. Enter starting x-value TblStart to O and table. Scroll through the table 

the right side of the equation as the step value АТЫ (the value by until you find an x-value for which 

y, = 9x — 16. which the x-values increase) tol. both sides of the equation have the 
same value. 


Y183x+8 | TABLE SETUP 
Y289x-16 TblStart=0 

Үз= ATbL=1 

Y4= Indpnt: Ask 
Ys- береп: Ask | | 
Yé= 

Y7= 


L J а J L 


Both sides of the equation have a value of 20 when x = 4. So, the solution of 
3x + 8 = 9x — 1615 4. 


selu 9 ч n9 — oO; 


| PRACTIC 

Use the table feature of a graphing calculator to solve the equation. 
1. Үх-3З=—х+ 13 2, ~-64 + 6 = 12 — 95 e. “et 13: = == 3 
4. 22+ 15x = —9х – 2 5. 4x + 27 = —8 + 11х 6. 7 —8x- —93 — I0x 


7. REASONING Consider the equation 4x + 18 = 9x — 9. 


a. Attempt to solve the equation using the table feature of a graphing 
calculator with step value ATbl — 1. Between what two integers does the 
solution lie? How do you know? 


b. Use a smaller value of ATbl to find the exact solution. 


. WRITING Solve the equation 3x + 8 = 9x — 16 by writing it in the form 
ax + b = 0, entering y, = ax + bon a graphing calculator, and using a 
table to find the x-value for which y, = 0. What are the advantages and 
disadvantages of this method compared to the method shown above? 


1.3 Solve Linear Equations 


Rewrite Formulas 
е * and Equations 


You solved equations. 


[ Now | You will rewrite and evaluate formulas and equations. 
So you can apply geometric formulas, as in Ex. 36. 


== 


Key Vocabulary A formula is an equation that relates two or more quantities, usually represented 
• formula by variables. Some common formulas are shown below. 


• solve for a variable 


Quantity Formula Meaning of variables 
i i | 
Distance d= rt d = distance, r = rate, t = time 
| pem 9 F — degrees Fahrenheit, 
Temperature = zC +:32 C = degrees Celsius 
Area of a triangle A = Tbh A = area, b = base, h = height 
Area of a rectangle А = Ју А = агеа, / = › = length, n width _ 


Perimeter of a rectangle = 20 + Р = perimeter, 

Р нана £ = length, w = width 

: READING [I x— Е 
ЕАИС Area of a trapezoid A= lip + b.)h А= агеа, b, = опе base, 

: The variables b, and b, b, = other base, h = height 
: are read as “b sub one" > 
: and “b sub two.” The Area of a circle А = mr? А = area, г = radius 


: small lowered numbers i 
: | i Circumference of a cirde С = 27r C = circumference, r = radius 
: are called subscripts. | | 


2 means to rewrite ап equation as an equivalent equation in 
which the variable is on one side by itself and does not appear on the other side. 


[ EXAMPLE 1 ] Rewrite a formula with two variables 


Solve the formula С = 27r for г. Then find the radius of a circle with a 
circumference of 44 inches. 


Solution 
STEP Y Solve the formula for r. 
С = 2ar Write circumference formula. 


E 
27 


STEP2 Substitute the given value into the rewritten formula. 


= Divide each side by 27. 


r= —=—=/7 Substitute 44 for C and simplify. 


» The radius of the circle is about 7 inches. 
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1. Find the radius of a circle with a circumference of 25 feet. 


2. The formula for the distance d between opposite vertices 
of a regular hexagon is d = 24 where ais the distance 


V3 


between opposite sides. Solve the formula for a. Then find 
a when d = 10 centimeters. 


Rewrite a formula with three variables i 


Solve the formula Р = 24 + 2w for w. Then find the width 
of a rectangle with a length of 12 meters and a perimeter 
of 41 meters. 


—X— 


Solution 12m 
STEP? Solve the formula for w. 
Р = 21 + 2ш Write perimeter formula. 
Р— 2} = 2и Subtract 2/ from each side. 


Ez 2 lw Divide each side by 2. 


STEP 2 Substitute the given values into the rewritten formula. 


jy = 41 - 202) 


2 Substitute 41 for P and 12 for £. 


w = 8.5 Simplify. 


» The width of the rectangle is 8.5 meters. 
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Я | for Example 2 


3. Solve the formula P = 24 + 2w for £. Then find the length of a rectangle with 
a width of 7 inches and a perimeter of 30 inches. 


4. Solve the formula A = £w for ш. Then find the width of a rectangle with a 
length of 16 meters and an area of 40 square meters. 


Solve the formula for the variable in red. Then use the given information to 
find the value of the variable. 


= 
5. А = bh 6. 


Find h if b = 12 т Find b if h = 3 cm Find h if b, = 6 in., 
and A — 84 m*. and A = 9 ст“. b, = 8in., and A = 70 in. 
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REWRITING EQUATIONS The approach you use to solve a formula for a variable 
can be applied to other algebraic equations. 


ТЕШТЕ Rewrite a linear equation 


Solve 9x — 4y = 7 for y. Then find the value of y when x = —5. 


Solution 


STEP? Solve the equation for y. 


9x —4y = 7 Write original equation. 
—4y = 7 — 9x Subtract 9x from each side. 
: AVOID ERRORS т. 8 
€ sssessossessssecconscessssceneeceuiovenesed = — + xy Divide each side by —4. 
: When dividing each e yer y 


: side of an equation 


: STEP 2 Substitute the given value into the rewritten equation. 
: by the same number, 


: remember to divide EX. ы E 
: every term by the y 1 t ql 5) Substitute —5 for x. 
: number. 
| =o ee 
y o Multiply. 
у = -13 Simplify. 
CHECK 9x —4y = 7 Write original equation. 
9(-5) — 4(—13) < 7 Substitute —5 for x and —13 for y. 
7=7/ Solution checks. 
341,128 3,2 Rewrite a nonlinear equation 
Solve 2y + xy = 6 for y. Then find the value of y when x = —3. 
Solution 
: AVOID ERRORS | | : 
: if you rewrite the э ТЕРТ Solve the equation for y. 
; equation as 2y+xy=6 Write original equation. 
: 6-2 
ESE : (2 + х)у = 6 Distributive property 
: then you have not 6 
: solved for y because y ODIT Divide each side by (2 x). 
: still appears on both 
: sides of the equation. STEP2 Substitute the given value into the rewritten equation. 
— эз. a 
укыт (53) Substitute —3 for x. 
= —6 Simplify. 
CTICE | forExamples3and4- 


. Solve the equation for y. Then find the value of y when x = 2. 
8. y—6x=7 9. 5y—- x = 13 10. Зх + 2y = 12 
| 11. 2x - 5y- –1 12. 3—2xy—x 13. 4y — xy = 28 
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E Solve a multi-step problem i 


MOVIE RENTAL A video store rents new movies 
for one price and older movies for a lower price, 
as shown at the right. 


* Write an equation that represents the store's 
monthly revenue. 


* Solve the revenue equation for the variable 
representing the number of new movies 
rented. 


* The owner wants $12,000 in revenue per 
month. How many new movies must be 
rented if the number of older movies rented 
is 500? 1000? 


Solution 


STEP? Write a verbal model. Then write an equation. 


Monthly —  Priceof = Numberof у Priceof ^. Numberof 
revenue = new movies + newmovies + older movies + older movies 
(dollars) (dollars/movie) (movies) (dollars/movie) (movies) 

$ Y є чу v 
R = 5 . n, + 3 E п, 


An equation is R = 5n, + 3n,. 


STEP2 Solve the equation for n,. 


К = 5n, + 3n, Write equation. 
R – Зп, = 5n, Subtract Зп, from each side. 
R — 3n, 
— ^J Divide each side by 5. 


$TEP3 Calculate л, for the given values of R and n,. 


If n, = 500, then n, = 22 99 2° 90 = 2100. 


If n, = 1000, then п, = 12000731 100° = 1800. 


» If 500 older movies are rented, then 2100 new movies must be rented. 
If 1000 older movies are rented, then 1800 new movies must be rented. 


“for Example 5 


14, WHAT IF? In Example 5, how many new movies must be rented if the 
number of older movies rented is 1500? 


15. WHAT IF? In Example 5, how many new movies must be rented if customers 
rent no older movies at all? 


16. Solve the equation in Step 1 of Example 5 for n,. 
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1.4 EXERCISES HOMEWORK: (Су = WORKED-OUT SOLUTIONS 
^ KEY: on p. WS1 for Exs. 3, 9, and 35 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 6, 15, 27, 36, and 38 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: A(n). ? is an equation that relates two or 
more quantities. 


2. * WRITING What does it mean to solve for a variable in an equation? 


: EXAMPLES | REWRITING FORMULAS Solve the formula for the indicated variable. Then use 
: Тапа 2 | the given information to find the value of the variable. 


e PPP eee | 


| ijs ха pie | (з:)зоме А = fw for £. Then find the length of a rectangle with a width of 
ERA 50 millimeters and an area of 250 square millimeters. 
4. Solve A = jbh for b. Then find the base of a triangle with a height of 


6 inches and an area of 24 square inches. 


5. Solve A = Zíb, + b,)h for h. Then find the height of a trapezoid with 
bases of lengths 10 centimeters and 15 centimeters and an area of 
75 square centimeters. 

6. * MULTIPLE CHOICE What equation do you obtain when you solve the 
formula A = 5, + b,)h for b? 


— 2A az 
СА) b =~ — Б, ® b, = 2 5 
© b,-2A- b,h O b=“ 
h—b, 


: EXAMPLE3 | REWRITING EQUATIONS Solve the equation for у. Then find the value of y for the 


eC 


: on p. 28 | given value of x. 
: for Exs. 7-17 


7. З3х+у=26;х=7 8. 4y - x -24;x = 8 

(з.)6х + 5у = 31; х = -4 10. 15x + 4y = 9; x = -3 
11. 9x — бу = 63; х = 5 12. 10x — 18у = 84; х = 6 
13. Sy — 14x = —22;х = 5 14. 9y — 4x = 30; х = 8 


15. * MULTIPLE CHOICE What equation do you obtain when you solve the 
equation 4x — 5y = 20 for y? 


® x=3y+5 Ф y--ix«4 O©y=ah-4 O) у= іх-20 


ERROR ANALYSIS Describe and correct the error in solving the equation for y. 


16. 17. 
7х Бу 


4у ху 
Бу 7x X 4y ху yq 


Xy 
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: EXAMPLE 4 


= EPA 


: on p. 28 
: for Exs. 21-26 


(ES GEOMETRY Solve the formula for the variable in red. Then use the given 
information to find the value of the variable. Round to the nearest tenth. 


18. Area ofa 19. Lateral surface area 20. Volume of 
circular ring of a truncated cylinder an ellipsoid 
А = 2nrw S = mr(h + К) V= тарс 


Find r if w = 4 ft Find h if r = 2 cm, Find cif a = 4in., 
and A = 120 ft’. К = 3 cm, and S = 50 стг. b = 3in., and V = 60 in? 


REWRITING EQUATIONS Solve the equation for y. Then find the value of y for the 
given value of x. 


21. ху – 3x=40;x=5 22. їх — ху = —18; x = —4 
23. 3xy — 28 = 16x; x = 4 24. 9у + бху = 30; x = —6 
25. y – 2xy = 15;x - —1 26. 4x + 7y + 5xy = 0; х= 1 


27. ж SHORT RESPONSE Consider the equation 15x — 9y = 27. To find the value 
of y when x = 2, you can use two methods. 


Method 1 Solve the original equation for y and then substitute 2 for x. 
Method 2 Substitute 2 for x and then solve the resulting equation for y. 
Show the steps of the two methods. Which method is more efficient if you 
need to find the value of y for several values of x? Explain. 


REASONING Solve for the indicated variable. 


28. Solve xy = x + y for y. 29. Solve xyz = x + y + z for z. 
30. Solve + + 1 = 1 for y. 31. Solve Ł + 4 + 4 = 1 forz. 
х Уу E Y Ж 


32. CHALLENGE Write a formula giving the area of a circle in terms of its 
circumference. 


‘PROBLEM SOLVING 


: EXAMPLE 5 


E SPCC TTP ee 


: for Ех. 33-38 


33. TREE DIAMETER You can estimate the diameter of a tree without boring 
through it by measuring its circumference. Solve the formula С = zd for d. 
Then find the diameter of an oak that has a circumference of 113 inches. 


@Homelutor for problem solving help at dasszone.com 


34. DESIGN The fabric panels on a kite are rhombuses. For the panel shown, 


a formula for the length of the long diagonal d is d = sV3 where s is the length 
of a side. Solve the formula for s. Then find the value of s when d = 15 inches. 
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1.4 Rewrite Formulas and Equations 31 


| (85) TEMPERATURE The formula for converting temperatures from degrees 
Celsius to degrees Fahrenheit is F — 2C + 32. Solve the formula for С. 


Then find the temperature in degrees Celsius that corresponds to 50°F. 


36. * EXTENDED RESPONSE A quarter mile running track is 
shaped as shown. The formula for the inside perimeter 
is P = 2тт + 2x. 


a. Solve the perimeter formula for r. 


b. For a quarter mile track, P = 440 yards. Find rwhen 
x = 75 yards, 100 yards, 120 yards, and 150 yards. 


c. What are the greatest and least possible values of rif 
P = 440 yards? Explain how you found the values, and 
sketch the track corresponding to each extreme value. 


37. MULTI-STEP PROBLEM A tuxedo shop rents classic tuxedos for $80 and 
designer tuxedos for $150. Write an equation that represents the shop’s 
revenue. Solve the equation for the variable representing the number of 
designer tuxedos rented. The shop owner wants $60,000 in revenue during 
prom season. How many designer tuxedos must be rented if the number of 
classic tuxedos rented is 600? 450? 300? 


38. * OPEN-ENDED MATH The volume of a donut-like shape 
called a torus is given by the formula V = 2z^r^R where г 
and R are the radii shown апа г< В. 


a. Solve the formula for R. 


b. A metal ring in the shape of a torus has a volume of 
100 cubic centimeters. Choose three possible values of 
r, and find the corresponding values of R. 


39. CHALLENGE A rectangular piece of paper with length £ and width 
w can be rolled to form the lateral surface of a cylinder in two 
ways, assuming no overlapping. Write a formula for the volume of 

| each cylinder in terms of £ and w. 


“MIXED Review OI 


: PREVIEW Write an expression to answer the question. (p. 984) 


" EFI 


: Prepare for 
: Lesson 1.5 
: in Exs. 40-47. 


40. You have $250 in a bank account and deposit x dollars. What is your current 
balance? 


41. You buy x CDs for $12.99 each. How much do you spend? 


Evaluate the expression for the given value of the variable. (p. 10) 
42. 6j + 8 when j = -3 43. 6 + 4k + 2whenk = З 44. 8g — 8g*2 when g = -1 
45. —5т? + m? when m = 10 46. (п + 7)? —4whenn=2 47. (3p — 17)? when p=5 


Solve the equation. Check your solution. (p. 18) 
48. 4x+7= 10x + 25 49. 15 — 2y = 2y — 45 50. 56 — 4(4 + 22) 


| 51. 9(р + 3) = 35p +1 52. 24-9=1 53. irtir-5 
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Lessons 1.1-1.4 


1. MULTI-STEP PROBLEM There is a $50 annual 5. GRIDDED ANSWER You drive from Chicago to 


membership fee to join an urban car rental 
service. Using a car costs $8.50 per hour. 


a. Write a verbal model for this situation. Then 
use the verbal model to write an algebraic 
expression. 


St. Louis, a distance of 290 miles. Your average 
speed is 60 miles per hour. How many hours 
does the trip take? Round your answer to the 
nearest tenth of an hour. 


— 2. 6. OPEN-ENDED Describe a shopping situation 
b. How much will it Cost to join the service and that can be modeled by the equation 
drive for 20 hours? 10x + 29y = 78. 
. MULTI-STEP PROBLEM You are attending a 7. EXTENDED RESPONSE In one year, the Bureau 


museum. You have $50 to spend. Admission to 
the museum is $15. Admission to each special 
exhibit inside the museum is $10. 


a. Write an equation that can be used to find 
the number of special exhibits you can 
include in your visit. 


of Engraving and Printing printed $10 and $20 
bills with a total value of $66,368,000. The total 
number of $10 and $20 bills was 3,577,600. 


А $10 bills x 10x 
b. Solve the equation. Interpret your answer in 
terms of the problem. $20 bills ? ? 
Total 3,577,600 66,368,000 


. SHORT RESPONSE In hockey, each player has 

a statistic called plus/minus, which is the 
difference between the number of goals scored 
by the player's team and the number of goals 
scored by the other team when the player is on 
the ice. List the players shown in order from 
least to greatest plus/minus. Whose plus/ 
minus score is best? Explain. 


4. SHORT RESPONSE You are in charge of buying 


food for a school picnic. You have $45 to spend 
on ground beef and chicken. Ground beef costs 
$1.80 per pound and chicken costs $1.00 per 
pound. Write an equation representing the 
situation. You want to buy equal amounts 

of ground beef and chicken. How much of 

each can you buy? Show how you found your 
answer. 


10. 


a. Copy and complete the table. 


b. Write and solve an equation to find how 
many $10 bills and how many $20 bills were 
printed. 


c. Compare the total value of the $10 bills 
printed with the total value of the $20 bills 
printed. 


period, could grow to 25 meters in length. 
Use the fact that 1 in. = 2.54 cm to convert 
the length to feet. Round your answer to the 
nearest foot. 


GRIDDED ANSWER The formula for the volume 
of a cone is V = ¿Bh. Find h (in centimeters) if 
V = 176 cm? and В = 40 cm’. 


Mixed Review of Problem Solving 


Vincent Lecavalios 23 8. OPEN-ENDED You have two summer jobs. You 
mow lawns for $20 per lawn. You also work at a 
Dave Andreychuk -9 restaurant for $7.50 per hour. Write an equation 
аа padorenko 14 for the total amount of money you earn. Then 
find three different ways to earn $300 during 
Martin St. Louis 35 one week. 
Cory Sarich 8 
y 9. GRIDDED ANSWER The liopleurodon, a 
Tim Taylor —5 swimming dinosaur from the Late Jurassic 
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Use Problem Solving 
Strategies and Models 


1 e 
You wrote and solved equations. 


| Now | You will solve problems using verbal models. 
So you can solve constant rate problems, as in Ex. 26. 


As you have seen in this chapter, it is helpful when solving real-life problems to 
write an equation in words before you write it in mathematical symbols. This 
word equation is called a verbal model. 


Sometimes problem solving strategies can be used to write a verbal or algebraic 
model. Examples of such strategies are use a formula, look for a pattern, and draw 
a diagram. 


(IUE sea formula 00 


HIGH-SPEED TRAIN The Acela train travels between Boston and Washington, 
a distance of 457 miles. The trip takes 6.5 hours. What is the average speed? 


Solution 


You can use the formula for distance traveled as a verbal model. 


“Distance _ Rat | тте 
(miles) (miles/hour) (hours) 
457 = r . 6.5 


An equation for this situation is 457 — 6.5r. Solve for r. 
457 — 6.5r Write equation. 
70.3 =r Divide each side by 6.5. 
> The average speed of the train is about 70.3 miles per hour. 


CHECK — You can use unit analysis to check your answer. 


457 miles = 70:3 miles , 6 5 hours 


1 houf 


oe uds ES 
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GUIDED PRACTICE _ for Example 1 


1. AVIATION A jet flies at an average speed of 540 miles per hour. 
How long will it take to fly from New York to Tokyo, a distance of 
6760 miles? 
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| EXAMPLE 2 | Look for a pattern 


: REVIEW 
: STRATEGIES 


B TERRENCE 


: For help with other 
: problem solving 
: strategies, see p. 998. 


PARAMOTORING A paramotor is a parachute propelled 
by a fan-like motor. The table shows the height h of a 
paramotorist t minutes after beginning a descent. Find 
the height of the paramotorist after 7 minutes. 


Solution 


The height decreases by 250 feet per minute. 
2000 1750 1500 1250 1000 


-250 -250 -250  -250 


You can use this pattern to write a verbal model for the height. 


_ Initial height _ Rate ofdescent | Time - 
(feet) (feet/minute) (minutes) 
v ҹӱ v 
h — 2000 o 250 : t 


An equation for the height is h = 2000 — 2501. 
> So, the height after 7 minutes is h = 2000 — 250(7) = 250 feet. 


Draw a diagram 


BANNERS You are hanging four championship banners on a wall in your school's 
gym. The banners are 8 feet wide. The wall is 62 feet long. There should be an 
equal amount of space between the ends of the wall and the banners, and between 
each pair of banners. How far apart should the banners be placed? 


Solution 


Begin by drawing and labeling a diagram, as shown below. 


From the diagram, you can write and solve an equation to find x. 
x+8+x+8+x+8+x+8+x=62 Write equation. 
5х + 32 = 62 Combine like terms. 
5х = 30 Subtract 32 from each side. 
х= 6 Divide each side by 5. 
» The banners should be placed 6 feet apart. 
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* Standardized Test Practice 


A car used 16 gallons of gasoline and traveled a total distance of 460 miles. 
The car's fuel efficiency is 30 miles per gallon on the highway and 25 miles 
per gallon in the city. How many gallons of gasoline were used on the 
highway? 


СА) 8 gallons 12 gallons © 151 gallons (DD 16 gallons 


Solution 


STEP? Write a verbal model. Then write an equation. 


highway miles city miles 
———————_ 
Total = Fuel Gas Ful Gas 
distance = efficiency . used + efficiency : used 
*v + є *v *v 
460 - 30 . g + 25 : (16-8) 


An equation for the situation is 460 = 30g + 25(16 — g). 
STEP2 Solve for g to find the number of gallons used on the highway. 

460 = 30g + 25(16 — g) Write equation. 

460 = 30g + 400 — 25g Distributive property 


460 = 5g + 400 Combine like terms. 
60 = 5g Subtract 400 from each side. 
12 = р Divide each side by 5. 


The car used 12 gallons on the highway. 
> The correct answer is B. © ® © © 


(miles) (miles/gallon) (gallons) (miles/gallon) (gallons) 
CHECK — 30* 12 + 25(16 — 12) = 360 + 100 = 460 Y 


_ GUIDED PRACTICE for Examples 2, 3, and 4 


2. PARAMOTORING The table shows the height h of a paramotorist after 
t minutes. Find the height of the paramotorist after 8 minutes. 
| 


| 3. WHAT IF? In Example 3, how would your answer change if there were only 
three championship banners? 


4. FUEL EFFICIENCY A truck used 28 gallons of gasoline and traveled a total 
distance of 428 miles. The truck's fuel efficiency is 16 miles per gallon 
on the highway and 12 miles per gallon in the city. How many gallons of 
gasoline were used in the city? 
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EXERCISES HOMEWORK: (Ç) = WORKED-OUT SOLUTIONS 
1 „В КЕҮ: оп р. WS2 for Exs. 3, 11, and 27 


‘SKILL PRACTICE 


: EXAMPLE 1 


«= RCE CPT ee 


: on p. 34 
: for Exs. 3-10 


© SSPE ETEK SRS 


: On p. 35 
: for Exs. 11-15 


: on p. 35 
: for Exs. 17-18 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 16, 21, and 27 


: @ = MULTIPLE REPRESENTATIONS 
: Ех. 28 


1. VOCABULARY Copy and complete: А word equation that represents а 
real-life problem is called a(n)_? . 


2. * WRITING Give an example of how a problem solving strategy can help you 
write an equation that models a real-life problem. 


USING A FORMULA Use the formula d = rt for distance traveled to solve for the 
missing variable. 
(3.)d = 20 mi, r = 40 mish, t= _2_ 4, d=300 mi,r=_?_,t=4h 

5. d= ? ,r=30mi/h,t=3h 6. а = 250 mi, r= 50 mi/h, t= ? 


(ES GEOMETRY Use the formula Р = 21 + 2w for the perimeter of a rectangle to 
solve for the missing variable. 


7. P- ? ,f£- 15 ft,.1w= 12 ft 8. P—46in,/— ?* ,w-—Ain. 


— | 


9, P=100m,/ =30m,w=_? 10; Р=25ст. w= 5cm, 4l —. 7 


ааа E, 


USING PATTERNS Look for a pattern in the table. Then write an equation that 
represents the table. 


12. 


13. m—————' 14. 
хо 1 


2 | 3 
46 | 36 | 26 16 


represents the table at the right? 


15. * MULTIPLE CHOICE Which equation x 
(СА) у=5х+7 (В) у=7х+5 › 
© y=12x-5 y =7x +12 

16. * SHORT RESPONSE The first story of a building is 24 feet high, and each 
additional story is 18 feet high. Write an expression for the height to the top 


of the nth story. Explain the meaning of each term in the expression. 


USING DIAGRAMS Write and solve an equation to find x. 
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ERROR ANALYSIS Describe and correct the error in writing the equation. 
19. 


Ап equation that represents the Ап equation that represents the 


tableisy 75x 10. ya table is y 10x. X 


21. * MULTIPLE CHOICE A car used 15 gallons of gasoline and traveled a total 
distance of 350 miles. The car's fuel efficiency is 25 miles per gallon on the 
highway and 20 miles per gallon in the city. Which equation can you solve to 
find h, the number of gallons that were used on the highway? 


СА) 350 = 25(15 — h) + 20h (В) 25h + 20(15 — А) = 350 
25 + 20 _ 350 , 350 
© 350= |25220 [Г O 15 25h 20h 


CHALLENGE Write an equation that represents the table. 


: EXAMPLE 1 24. DAYTONA 500 A recent Daytona 500 race was won by Dale Earnhardt, Jr. He 


чя Ep 


: on p. 34 jai aiana the 500 mile race in 3.2 hours. What was his average racing speed? 


25. MAGLEV TRAIN A magnetic levitation (maglev) train 
travels between the city center of Shanghai, China, 
and Pudong International Airport. The trip covers 
30 kilometers in just 8 minutes. What is the average 
pa of the train? 


= 


от elutor uto or for problem solving help at classzone.com 


26. SCUBA DIVING A scuba diver is returning to the surface from a depth of 165 feet. 
The safe ascent rate for a diver is 30 feet per minute. How many minutes will it 
take for the diver to return to the surface? 


: EXAMPLE2 | * SHORT RESPONSE The table shows the height of a bamboo shoot during a 
; on р. 35 period of fast growth. Use the table to write an equation modeling the growth. 
: for Exs. 27-28 Do you think it is reasonable to assume the pattern in the table continues 
indefinitely? Explain. 
Day 0 1 2 3 4 


Bamboo height (ft) | 15 | 165 18 | 195 | 21 


= WORKED-OUT SOLUTIONS Ж = STANDARDIZED $ = MULTIPLE 
38 on p. WS1 TEST PRACTICE REPRESENTATIONS 


: EXAMPLE 3 


: for Exs. 29-30 


: EXAMPLE 4 


: on p. 36 
: for Exs. 31-32 


| 28. 


29. 


30. 


31. 


32. 


Ф MULTIPLE REPRESENTATIONS Your cell phone plan costs $40 per month 
plus $.10 per text message. You receive a bill for $53.80. 


a. Making a Table Copy and complete the table below. Use the table to 
estimate how many text messages you sent. 


200 


b. Writing a Model Write an equation for the situation. Solve it to find 
exactly how many text messages you sent. 


с. Comparing Answers Is your estimate from part (a) compatible with the 
exact answer from part (b)? Explain. 


WOOD SHOP You have a piece of wood that is 72 inches long. You cut the wood 
into three pieces. The second piece is 6 inches longer than the first piece. The 
third piece is 6 inches longer than the second piece. Draw a diagram and then 
write and solve an equation to find the lengths of the three pieces. 


POSTERS You want to tape five posters on a wall so that the spaces between 
posters are the same. You also want the spaces at the left and right of the group 
of posters to be three times the space between any two adjacent posters. The 
wall is 15 feet wide and the posters are 1.5 feet wide. Draw a diagram and then 
write and solve an equation to find how to position the posters. 


PACKING WEIGHT A moving company weighs 20 boxes you have packed that 
contain either books or clothes and says the total weight is 404 pounds. You 
know that a box of books weighs 40 pounds and a box of clothes weighs 

7 pounds. Write and solve an equation to find how many boxes of books and 
how many boxes of clothes you packed. 


MULTI-STEP PROBLEM A duathlon consists of a run, a bike ride, and a second 
run. Use the information below about the average rates of one participant who 
completed a 55 kilometer duathlon in 2 hours 35 minutes. 


є 
Running Biking Running 
12 km/h 30 km/h 12 km/h 


a. Model Write a verbal model that shows the race distance as the sum of the 
total running distance and the biking distance. 


b. Translate Write an equation based on the verbal model. 


c. Solve Solve the equation to find how much time the participant spent 
running and how much time the participant spent biking. 


d. Check Find the total running distance and the biking distance, and verify 
that their sum is 55 kilometers. 


. CHALLENGE You are hanging fliers around a cylindrical kiosk that has a 


diameter of 5 feet. You want to hang 15 fliers that are 8.5 inches wide so they 
are evenly spaced. How far apart should the fliers be placed? 
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“MIXED REVIEW 


SPCR PRR Ree HS 


: Prepare for 
: Lesson 1.6 
: in Exs. 45-53. 


Write an expression to answer the question. (p. 984) 


34. A video rental costs $2.85 and has a late fee of $1.00 per day. What is the total 
cost if you return the video d days late? 


35. You want to leave a 20% tip at a restaurant. What is the total amount you 
should pay if your meal costs x dollars? 


Graph the numbers on a number line. (р. 2) 


36. 3, З, =f -4 37. —V5, 2.5, 9, V7 38. —5, -3, V17, 4.5 


Evaluate the expression for the given value of the variable. (p. 10) 
39. 3n* when n = 5 40. —2p* when p = -3 4l. r^ + PD whenr = -1 
42. (b + 7)? + b^whenb -2 43. P — 4jwhenj= -3 44. -m° + т^ when m = 5 


Solve the equation. Check your solution. (p. 18) 


45. x--8 — —7 46. —3y — 102 47. 2 = 70 
48. 4b -3 = 17 49. 5с+25 = 20 50. -2d +8 = —22 
51. 4) + 12= 6j – 7 52. 3p- 15 = 4p- 1 53. 7(w + 1) = 3(w + 5) 


40 


Solve the equation. Check your solution. (р. 18) 


1. 5b-2=8 2. 2d-3=8d+ 15 
— 242-341 
3. 2(m-—4=m>+2 4. К+ ak +s 


Solve the equation for у. Then find the value of y for the given value of x. (р. 26) 
5. 4x+y=12;x=4 6. Зх – 2y = 14; х = 6 
7. Зху — 4x = 19; x = 2 8. lly + 2ху = 9; х = —5 


Look for a pattern іп the table. Then write ап equation that represents the 
table. (p. 34) 


11. TUTORING FEE A chess tutor charges a fee for the first lesson that is 1.5 times 
the fee for later lessons. You spend $315 for 10 lessons. How much does the first 
lesson cost? How much does a later lesson cost? (p. 34) 


12. FLOWER PRICES You buy some calla lilies and peonies at a flower store. Calla 


lilies cost $3.50 each and peonies cost $5.50 each. The total cost of 12 flowers is 
$52. How many calla lilies and how many peonies did you buy? (p. 34) 


EXTRA PRACTICE for Lesson 1.5, p. 1010 FZ) ONLINE QUIZ at classzone.com 


* linear inequalite 

• compound 
inequality 

* equivalent 
inequalities 


[ Example 2 craph compound inequalities 


Solve Linear 
Inequalities 


You solved linear equations. 
You will solve linear inequalities. 
So you can describe temperature ranges, as in Ex. 54. 


where а — b are real numbers and a » 0: 


ax+b<0 ax+b>0 ax+b<0 ax+b>0 


A solution of an inequality in one variable is a value that, when substituted 
for the variable, results in a true statement. The graph of an inequality in one 
variable consists of all points on a number line that represent solutions. 


a. Graph x < 2. b. Graph x» -1. 
The solutions are all real numbers The solutions are all real numbers 
less than 2. greater than or equal to —1. 
An open dot is used in the graph to A solid dot is used in the graph to 
indicate 2 is not a solution. indicate —1 is a solution. 
4 E E EA EA 4——— BERE 
—3 —2 -1 0 1 2 3 -3 —2 -1 0 1 2 3 


COMPOUND INEQUALITIES A compound inequality consists of two simple 
inequalities joined by "and" or "or." 


: READ INEQUALITIES | 


B PRBERBBRBARTRARARARERBARTRARRRARARSARRSRRAAS 


: The compound 

: inequality —1 <x < 2 is 
: another way of writing 
:°х>—1апах<2/” 


a. Graph -1«x «2. b. Graph x< -2 0r x» 1. 
The solutions are all real numbers The solutions are all real numbers 
that are greater than —1 and less that are less than or equal to —2 
than 2. or greater than 1. 
oS фф ee 
=S —E =T Y T € 8 -4 -4 а Y T d а 


| GUIDED PRACTICE for Examples 1 and 2 


Graph the inequality. 


1. X» —5 2.4434 3. —3<x<l 4. x<lorx>2 


1.6 Solve Linear Inequalities 


Graph simple inequalities 


41 


SOLVING INEQUALITIES To solve a linear inequalit one variable, you isolate 
the variable using transformations that produce equiv litie: 
are inequalities that have the same solutions as the original inequality. 


E KEY CONCEPT For Your Notebook 


Transformations That Produce Equivalent Inequalities 


Transformation Original Equivalent 
applied to inequality inequality inequality 
Add the same number to each side. x—T«4 х<11 
Subtract the same number from each ttal Xx2—4 
side. 

Multiply each side by the same positive ix > 10 x>20 
number. 

Divide each side by the same positive 5х < 15 ха 
number. 

Multiply each side by the same negative -y< 17 x>-l7 


number and reverse the inequality. 


Divide each side by the same negative —9х 245 tsj 
number and reverse the inequality. 


: ANOTHER WAY 


"a PPE 


: For alternative methods | 


: for solving the problem 
: in Example 3, turn 

: to page 48 for the 

: Problem Solving 

: Workshop. 


al 


FAIR You have $50 to spend at a county fair. You spend $20 for 
admission. You want to play a game that costs $1.50, Describe 
the possible numbers of times you can play the game. 
Solution 


STEP Y Write a verbal model. Then write an inequality. 


Admission Costper Number Amount you _ i 
fee + game . ofgames <  canspend 8 Ч 
(dollars) (dollars/game) (games) (dollars) 
Y є Y Y 
20 + 1.50 a g < 50 


An inequality is 20 + 1.5g < 50. 
STEP2 Solve the inequality. 
20 + 1.5g<50 Write inequality. 
1.5gx30 Subtract 20 from each side. 
gs20 Divide each side by 1.5. 


» You can арау the game 20 times ог fewer. 


Algebra at classzone.com 
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Г ExaMPLE sove an inequality with a variable on both sides 


Solve 5x + 2 > 7x — 4. Then graph the solution. 
9x -2»7x—4 Write original inequality. 


—2x+2>-4 Subtract 7x from each side. 
; AV OID ERRORS hinaia | 27 3. —B Subtract 2 from each side. 
: Don't forget to reverse 
: the inequality symbol x«3 Divide each side by —2 and reverse the inequality. 


: if you multiply or 

: divide each side of an 
: inequality by a negative oo tee 
: number. | -2  -1 0 1 2 3 4 5 6 


» The solutions are all real numbers less than 3. The graph is shown below. 


Y GUIDED PRACTICE for Examples 3 and 4 


Solve the inequality. Then graph the solution. 
S Ах+ 9=<25 6. 1—3х>—14 Te 9x — TSÓX B 3—x»r-—9 


CED son эмг compound inequality 


Solve —4 « 6x — 10x 14. Then graph the solution. 


—4 «6x — 10< 14 Write original inequality. 
—4 + 10 < 6x — 10 + 10 < 14 + 10 Add 10 to each expression. 
6 < 6x <24 Simplify. 
lexs4 Divide each expression by 6. 


» The solutions are all real numbers greater than 1 and less than or equal to 4. 
The graph is shown below. 


De: 1 0 1 2 3 4 5 6 


(GT solve an ог compound inequality _ 


Solve 3x + 5 < 11 or 5x — 7 2 23. Then graph the solution. 


Solution 


A solution of this compound inequality is a solution of either of its parts. 


First Inequality Second Inequality 
3x+5<11 Write first inequality. 5x—7223 Write second inequality. 
3x <6 Subtract 5 from each side. 5x 230 Add 7 to each side. 
xs2 Divide each side by 3. x26 Divide each side by 5. 


> The graph is shown below. The solutions are all real numbers 
less than or equal to 2 or greater than or equal to 6. 


1.6 Solve Linear Inequalities 


Write and use a compound inequality — 


BIOLOGY A monitor lizard has a temperature that ranges 
from 18°С to 34°С. Write the range of temperatures as a 
compound inequality. Then write an inequality giving 
the temperature range in degrees Fahrenheit. 


Solution 


The range of temperatures C can be represented 
by the inequality 18 < C < 34. Let F represent the 
temperature in degrees Fahrenheit. 


18<C<34 Write inequality. Monitor lizard 
: USE A FORMULA э. 25 — | 5 
: In Example 7, use the 18 < (Р — 32) <34 Substitute ¿(F— 32) for C. 
: temperature formula 
ic- 5(Е- 32) 32.4<F-32<61.2 Multiply each expression by Э, the reciprocal of 2. 
64.4 < F< 93.2 Add 32 to each expression. 


> The temperature of the monitor lizard ranges from 64.4°F to 93.2°Е, 


СА GUIDED PRACTICE тог Examples 5, 6, and 7 


Solve the inequality. Then graph the solution. 
9... leer 19 19. -8s e 556 
Нох +49 0гх- SE 7 12, 32141072 +e) 


13. WHAT IF? In Example 7, write a compound inequality for a lizard whose 
temperature ranges from 15°С to 30°С. Then write an inequality giving the 
temperature range in degrees Fahrenheit. 


1.6 EXERCISES HOMEWORK: (7)- WORKED-OUT SOLUTIONS 
И KEY : on p. WS2 for Exs. 13, 25, and 55 


ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 36, 56, and 59 


_ —————— — —s— — — 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: The set of all points on a number line that 
represent solutions of an inequality is called the ? of the inequality. 
2. * WRITING The first transformation on page 42 can be written as follows: 
If a, b, and c are real numbers and a > b, then a + с> b + c. 


Write similar statements for the other transformations listed on page 42. 


: EXAMPLE 1 GRAPHING INEQUALITIES Graph the inequality. 


AAA AAA AAA 


; on p. 41 | 8. x>4 4. X« -1 5. X€ —5 6. x23 
: for Exs. 3-10 


7 52x B —2=x 9. xe—3:9 10. x «2.5 
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EEE 


: EXAMPLES 


: for Exs. 22-35 


: EXAMPLE 5 


3 25 5 45 vov ДИИ 
: for Exs. 37-42 


: EXAMPLE 6 


ш FAA AI 


{ for Exs. 43-48 


se| 


WRITING COMPOUND INEQUALITIES Write the compound inequality that is 
represented by the graph. 


11. apieja > 


—4 -3 -2 —1 0 1 2 —2 —1 0 1 2 3 4 
(1з) ——— 
=6 —4..—42 0 2 4 6 -6 .-3 0 3 6 g 12 


15. * MULTIPLE CHOICE What compound inequality is graphed below? 


а — 4 0 1 2 3 4 5 


(СА) -1«x«3 x<-lorx>3 
(С) x«-lorx23 (DD x>-lorx<3 


GRAPHING COMPOUND INEQUALITIES Graph the compound inequality. 
16. 24x55 VA ICA 18. 5<x<l0 
21. x » -20rx« —5 


19. x «0orx»2 20. x -lorx»1l 


SOLVING INEQUALITIES Solve the inequality. Then graph the solution. 


22. X - 4» 10 23. х-—-3<—5 24. 4x—82—4 
(5) 15 - 3x» 3 26. 11 + 8x27 27. 4+ 2x € 13 
28. 2x 6»23- x 29. Ax + 14 «3x + 6 30. 5 — 8x € 19 — 10x 
31. 21x + 7 c 3x + 16 32. 18 + 2x «9x -- 4 33. 2(x — 4) » Ax - 6 


ERROR ANALYSIS Describe and correct the error in solving the inequality. 


34. 35. 
2x Ə 6x 10 Эх 5x 


4x 12 pl 10 2x bl 


36. * OPEN-ENDED MATH Write two different inequalities of the form ax + b>c 
that have a solution of x > 5. 

“АМО” COMPOUND INEQUALITIES Solve the inequality. Then graph the solution. 

37. -Gertie 38, 25x—356 39. -3e4 —x&3 


40. 2«3x — 1€6 41. -4<2+4x<0 42. 0s3x-3«4 


"OR" COMPOUND INEQUALITIES Solve the inequality. Then graph the solution. 
Ad. X--l1€-—30rx—2290 44 x—425—60rx -2»5 
45. 2x - 3€ -Ao0r3x +124 


47. 0:3x —0.5 « —L7 Or 04x =2,4 


46. 2 + 3x « -130r4 + 2x» 7 
48. — —45lor2—5x45€—8 
CHALLENGE Solve the inequality. If there is no solution, write no solution. If the 
inequality is always true, write all real numbers. 


49. 2(x —4)>2x+1 50. 4x — 5<4(x + 2) 


1.6 Solve Linear Inequalities 


12. AAA 


5L. 2(3x— SSeS) 


45 


PROBLEM SOLVING 


: EXAMPLE 3 


: = =e e iti 
: for Exs. 52-53 


46 


52. 


53. 


54. 


56 


SWIMMING You have budgeted $100 to improve your swimming over the 
summer. At your local pool, it costs $50 to join the swim association and 
$5 for each swim class. Write and solve an inequality to find the possible 
numbers of swim classes you can attend within your budget. 


@Homeluto 


tor -for problem solving help at classzone.com 


VIDEO CONTEST You and some friends have raised $250 to help make a video 
for a contest. You need $35 to buy videotapes. It costs $45 per day to rent the 
video camera. Write and solve an inequality to find the possible numbers of 
days you can rent the video camera. 


(mu eTutor 
GhHomelutor 


for problem solving help at classzone.com 


WAKEBOARDING What you wear when 
you wakeboard depends on the air 
temperature. Copy and complete the 
table by writing an inequality for each 
temperature range. Assume each range | Full leg wetsuit 
includes the lower temperature but pem 
not the higher temperature. (The first 


inequality has been written for you.) 80°F or warmer | No special gear ? 


BOTANY In Olympic National Park in Washington, different plants 
grow depending on the elevation, as shown in the diagram. Assume each 
range includes the lower elevation but not the higher elevation. 


a. Write an inequality for elevations in the lowland zone. 


b. Write an inequality for elevations in the alpine and subalpine zones 
combined. 


c. Write an inequality for elevations notin the montane zone. 


* MULTIPLE CHOICE Canoe rental costs $18 for the first two hours and $3 per 
hour after that. You want to canoe for more than 2 hours but can spend no 
more than $30. Which inequality represents the situation, where fis the total 
number of hours you can canoe? 


СА) 18-130 (В) 18 +31<30 
(C) 18+3(1+ 2) € 30 @M 18 + 3(t — 2) € 30 


= WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
on p. WS1 TEST PRACTICE 


AAA 


57. LAPTOP COMPUTERS A computer manufacturer states that its laptop 
computer can operate within a temperature range of 50°F to 95°F. Write a 
compound inequality for the temperature range. Then rewrite the inequality 
in degrees Celsius. 


58. MULTI-STEP PROBLEM On a certain highway, there is a minimum speed of 
45 miles per hour and a maximum speed of 70 miles per hour. 


a. Write a compound inequality for the legal speeds on the highway. 
b. Write a compound inequality for the illegal speeds on the highway. 


c. Write each compound inequality from parts (a) and (b) so that it 
expresses the speeds in kilometers per hour. (1 mi = 1.61 km) 


59. ж EXTENDED RESPONSE A math teacher announces that grades will be 
calculated by adding 65% of a student's homework score, 15% of the student's 
quiz score, and 20% of the student's final exam score. All scores range from 0 
to 100 points. 


a. Write Inequalities Write an inequality for 
each student that can be used to find the 
possible final exam scores that result in a 
grade of 85 or better. 


b. Solve Solve the inequalities from part (a). 


c. Interpret For which students is a grade of 
85 or better possible? Explain. 


60. CHALLENGE You are shopping for single-use cameras to hand out at a party. 
The daylight cameras cost $2.75 and the flash cameras cost $4.25. You 
must buy exactly 20 cameras and you want to spend between $65 and $75, 
inclusive. Write and solve a compound inequality for this situation. Then list 
all the solutions that involve whole numbers of cameras. 


MIXED REVIEW 


: PREVIEW 


: Prepare for — 
: Lesson 1.7 
: in Exs. 61—68. 


Find the mean of the two numbers. (p. 1005) 


61. 9,15 62. 21,63 63. 80, 120 64. 163, 124 
65. 116, 135 66. 327,525 67. 5,2 68. 3,2 


Solve for x. Then find the length of each side of the figure. (p. 18) 


69. Perimeter = 19 70. Perimeter = 34 71. Perimeter = 50 
1 
зх +12] NA жт 
үт» 4x — 1 


Look for a pattern in the table. Then write an equation that represents 
the table. (p. 34) 
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PROBLEM SOLVING Using ALTERNATIVE METHODS 


Ф, 


& d MULTIPLE REPRESENTATIONS Example 3 of Lesson 1.6 involved solving an 
$ inequality using algebra. You can also solve an inequality using a table. 


PROBLEM 


Another Way to Solve Example 3, page 42 


FAIR You have $50 to spend at a county fair. You spend $20 for admission. 
You want to play a game that costs $1.50. Describe the possible numbers of 


times you can play the game. 


METHOD STEP Y Enter the equation y = 20 + 1.5x into a 


graphing calculator. For x number of games, 


Y1820+1.5X 


y represents the total amount you Y2- 
spend at the fair. уз 
| Ys= 

Ye- 


Үт= 


STEP 2 Make a table of values for the equation. 


Use TblStart = O and 
АТЫ = 1 to see these values. |" ak re 


STEP 3 Scroll through the table of values to find 
when the total cost is $50. You can see 
that y = 50 when x = 20. 


» The table suggests that 20 + 1.5x < 50 when 
x € 20. So, you can play the game at the fair 
20 times or fewer. 


[ PRACTICE | 


1. REASONING Determine the equation that gives 3. SALESPERSON А salesperson has a weekly 

the table below. For what x-values is y « —500? salary of $1550 and gets a 5% commission on 
sales. What are the amounts the salesperson 
can sell to earn at least $1900 per week? 


A 


4. WRITING Explain how to use a table like the 
one below to solve 0.5x — 1.5 <3 — 0.4х. 


2. GIFT You have $16.50 to spend for a friend's 
birthday. You spend $3 on a card and want to 
buy some chocolates that cost $.75 each. What 
are the numbers of chocolates you can buy? 
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н EDAD 


СТВ Use interval notation to represent intervals. 


° interval notation 
An interval is the set of all real numbers between two given real numbers, between 


negative infinity and a real number, or between a real number and positive infinity. 
The inequalities x < 2 and 3 < х < 12 are examples of intervals. Interval notation 
uses parentheses, ( and ), and brackets, [ and ], to describe an interval. 


Use interval notation 


: AVOID ERRORS Inequality Interval Notation - Comments 


: Note that (-2, 3) also 


p a.-2«X«3 . (-2, 3) | Use (ог) when the endpoint is not part of the | 
: represents an ordered 
interval. 
: pair. The context . | | 
: determines whether b.-7=x=0 [-7, 0] Use [ or] when the endpoint is part of the 
: you have an interval or interval. 
: an ordered pair. | ; - 
For intervals that extend toward negative 
с.х<5 (е, 5) da 7 aC UC Ee | 
| infinity or positive infinity, use the symbols 
d.x>3 [3, 465) —б Or +20, Since —= and +% are not real 
numbers, use parentheses with them. 


Graph the interval on the number line. 


a. (-14, -2] b. (0, +00) 
—— — е 
-18 -14-10 -6 -2 2 -1 0 1 2 3 4 


PRACTICE 


: EXAMPLE 1 Write the inequality using interval notation. 


S sra 


le. 42 20 2. -l«x«l aa osx 
4, 13.55 xs 17.5 5. -8Ex«0 6. x x -100 


: for Exs. 1-6 


: EXAMPLE 2 Graph the interval on the number line. 


ESPAI 


7. (o, —5] 8. [12, 17] 9. (-9, +) 


10. BASKETBALL Thread is а measure of the quality of a fabric. According to National 
Basketball Association rules, the cord of a basketball net should not be less than 30 thread 
nor more than 120 thread. Describe this rule using interval notation. 


: for Exs. 7—9 


11. REASONING Suppose a solution to an inequality is all real numbers. Use interval notation to 
describe this solution. 
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1.7 Absolute Value Equations 
and Inequalities 


MATERIALS + 13 index cards numbered with the integers from —6 to 6 


> 
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The absolute value of a number x, written Ix], is the distance the number is 
from 0 on a number line. Because 2 and —2 are both 2 units from 0, |2| =2 
and |-2| = 2. The absolute value of a number is never negative. 


|-2|=2 


| ae. 
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Work with a partner. Place the numbered index cards in a row to form a number 
line. Then turn all the cards face down. 


Solve equations 
Turn over cards to reveal 
numbers that are solutions of 
the equations below. 

a. |x| = 2 

b. |x —2| =1 

с.|х+1| =3 
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Solve inequalities with < 
Turn over cards to reveal 
numbers that are solutions of 
the inequalities below. 


d. |x| <2 
e. lx — 2| < 1 


Ё [x - 1| s3 


d t all Me 


Turn over cards to reveal 
numbers that are solutions of 
the inequalities below. 


g. Ix| 22 
h. |x —2| 21 


i.|x+1| 23 


|a ad d Пана 1 Ч. Чы (8 - Ld = ш 


1. Describe the solutions of the absolute value equations in Step 1. Will all 
absolute value equations have the same number of solutions? Explain. 


2. Compare the solutions of the absolute value inequalities in Steps 2 and 3. 
How does the inequality symbol (< or >) affect the pattern of the solutions? 
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Solve Absolute Value 
өй Equations and Inequalities 


You solved linear equations and inequalities. 
[ Now ] You will solve absolute value equations and inequalities. 
So you can describe hearing ranges of animals, as in Ex. 81. | 


Key Vocabulary Recall that the absolute value of a number x, x,  ifxis positive 
* absolute value written |x|, is the distance the number is i 
• extraneous solution from 0 on a number line. This understanding lx] =4 0 #х=0 

of absolute value can be extended to apply to =x,  ifxisnegative 


simple absolute value equations. 


KEY CONCEPT For Your Notebook 


Interpreting Absolute Value Equations 


: Equation |х| = |x-o| =k Ix- b| =k 

: Meaning The distance between The distance between 

: x and 0 is К. хапа b is К. 

= Graph k k k k 

s rM y———————À 

> "ЫИ ss sr =ч E TT. TE 
: -k 0 k b-k b b+ k 


Solutions x=0=-k or x-O=k x—b--k or x-b=k 


Solve a simple absolute value equation 


Solve |x — 5| = 7. Graph the solution. 


Solution 
|х = 5| =7 Write original equation. 
x-5=-7 or x-5=7 Write equivalent equations. 
x=5-?7 or x=5+7 ~~ Solve for x. 
x=-2 or x=12 Simplify. 


> The solutions are —2 and 12. These are the values of x that are 7 units away 
from 5 on a number line. The graph is shown below. 


7 7 


1.7 Solve Absolute Value Equations and Inequalities 


x=-k or х=Ё x=b-k or x=b+k 


51 


КЕҮ СОМСЕРТ For Your Notebook 


Solving an Absolute Value Equation 


Use these steps to solve an absolute value equation |ax + b| = c where с> 0. 
STEP Y Write two equations: ax + b = cor ax + b = —c. 
STEP2 Solve each equation. 


STEP3 Check each solution in the original absolute value equation. 


Solve an absolute value equation 


Solve |5x — 10| = 45. 


|5x E 10| — 45 Write original equation. 
ox — 10 = 45 Or 5x — 10 = —45 Expression can equal 45 or —45. 
5x=55 ог 5х = —35 Add 10 to each side. 
x= 11 or x= —7 Divide each side by 5. 


» The solutions are 11 and —7. Check these in the original equation. 


CHECK [5x — 10| = 45 | |5x — 10| = 45 
15011) – 10| 2 45 |5(—7) — 10| 2 45 
|45| 2 45 |—45| 2 45 

45=45/ | 45 = 45 Y 


EXTRANEOUS SOLUTIONS When you solve an absolute value equation, it is possible 
for a solution to be extraneous. An extraneous solution is an apparent solution that 
must be rejected because it does not satisfy the original equation. 


( EXAMPLE З check for extraneous solutions 


Solve |2x + 12| = 4x. Check for extraneous solutions. 


|2х + 12| = 4x Write original equation. 


2х + 12 = 4х or 2х + 12 = —4x Expression can equal 4x or —4x. 


12 = 2x or 12 = —6x Subtract 2x from each side. 
6-x Or -2 =y Solve for x. 

: AVOID ERRORS Check the apparent solutions to see if either is extraneous. 
: Always check your ! 
solutions in the original | СЁ |2х + 12| = 4x |2х + 12| = 4х 
: equation to make |2(6) + 12| 2 4(6) |2(—2) + 12| 2 4(-2) 
: Sure that they are not " , 
: extraneous. |24| 2 24 |g| 2—8 

24 = 24 Y | 8 == -—8 


» The solution is 6. Reject —2 because it is an extraneous solution. 
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for Examples 1 2. and 3 


Solve the equation. Check for extraneous solutions. 
1. |x| =5 2. lx-3|=10 3. |х+2| =7 
4. |3x - 2| = 13 5. |2x - 5| = 3x 6. lax - 1| » 2x 4 9 


INEQUALITIES You can solve an absolute value inequality by rewriting it as a 
compound inequality and then solving each part. 


E 


KEY CONCEPT For Vour Notebook 


Absolute Value Inequalities 


| 
| 
` 


- Inequality (c > 0) Equivalent form Graph of solution 

3 lax + b| «c —б<ах+ bec я «AA» > 
E lax+b|<c =c<ax + bsc жос —— + 
: lax+bl>c ах + Б<—с or ax+b>c | j y 
- lax + b| >с ax+b<-c or ax+b>c | j j~ 


Ф, 
b d 


341/1293 2 Solve an inequality of the form |ax + b| >с 


Solve |4x + 5| > 13. Then graph the solution. 


. Solution 


The absolute value inequality is equivalent to 4x + 5 < —13 or 4x + 5 > 13. 


First Inequality Second Inequality 
4x + 5 < —13 Write inequalities. Ax +5 >13 
4х<—18 Subtract 5 from each side. 4x>8 
x< -2 Divide each side by 4. жа 


» The solutions are all real numbers less than -2 or greater than 2. The graph is 
shown below. 


Solve the inequality. Then graph the solution. 
7. lx+4|>6 8. |2x- 7| >1 9. |3x 4 5| 210 


1.7 Solve Absolute Value Equations and Inequalities 
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( EXAMPLE 5 | Solve an inequality of the form |ax + b| «c 


: READING. BASEBALL А professional baseball should weigh 5.125 ounces, with a tolerance 
: Tolerance is the of 0.125 ounce. Write and solve an absolute value inequality that describes the 
: maximum acceptable acceptable weights for a baseball. 

: deviation of an item 

: from some ideal or Solution 


: mean measurement. Р - ; 
STEP Y Write a verbal model. Then write an inequality. 


Actual Ideal 
weight — weight < Tolerance 
(ounces) (ounces) (ounces) 
Y v v 
| w - 5.125 | < 0.125 


STEP 2 Solve the inequality. 
|w — 5.125] = 0.125 Write inequality. 
—0.125 « tp — 5.125:« 0.125 Write equivalent compound inequality. 
5s1/s5.25 Add 5.125 to each expression. 


» So, a baseball should weigh between 5 ounces and 5.25 ounces, inclusive. The 
graph is shown below. 


4.875 5.000 5.125 5.250 5.375 


GYMNASTICS The thickness of the mats used in 
the rings, parallel bars, and vault events must be 
between 7.5 inches and 8.25 inches, inclusive. 
Write an absolute value inequality describing 
the acceptable mat thicknesses. 


Solution 
: REVIEW MEAN. STEP? Calculate the mean of the extreme mat thicknesses. 
: For help with finding a 
: mean, see p. 1005. Mean of extremes — £219 = 7,875 


STEP2 Find the tolerance by subtracting the mean from the upper extreme. 
Tolerance = 8.25 — 7.875 = 0.375 
STEP 3 Write a verbal model. Then write an inequality. 


Actual ^ Meanof 
thickness — extremes | = Tolerance 
(inches) (inches) (inches) 
Y Y Y 
| t -= 7.875 |= 0.375 


> A mat is acceptable if its thickness t satisfies |t — 7.875| = 0.375. 
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for Examples 5 and 6 


Solve the inequality. Then graph the solution. 


" |x - 2| «6 11. |2x + 1| <9 12. [17 —x| <4 
13. GYMNASTICS For Example 6, write an absolute value inequality describing 
the unacceptable mat thicknesses. 


HOMEWORK : = WORKED-OUT SOLUTIONS 
KEY: on p. WS2 for Exs. 21, 47, and 77 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 33, 40, 63, and 64 


*- = MULTIPLE REPRESENTATIONS 
Ex. 78 


17 EXERCISES 


~—_ 


SKILL PRACTICE 


1. VOCABULARY What is an extraneous solution of an equation? 


2. ж WRITING The absolute value of a number cannot be negative. How, then, 
can the absolute value of x be —x for certain values of x? 


CHECKING SOLUTIONS Decide whether the given number is a solution of the 


: EXAMPLE 3 


: for Exs. 34—42 


equation. 
|b- 1| = М; -13 4. |d+6| = 10; -4 5. |32 — 6f| = 20; 2 
6. |2т+6| = 10; -8 7. |3n-7| = 4;1 8. |17 — 8r| = 15;4 
: ЕХАМРІЕТ | SOLVING EQUATIONS Solve the equation. Graph the solution. 
: on p. 51 _ — = 
: for Exs. 9-20 NM BA [x ә ш =й 
12. |f—5| =3 13. |g—2| =7 14. |[h-4| =4 
15. |k-3| =6 16. |т + 5| =] 17. [n * 9| = 10 
18. |6- p| =4 19. |5- q| =7 20. |-4- r| =4 
: EXAMPLE2 | SOLVING EQUATIONS Solve the equation. 
: on p. 52 © " - " - 
[obo oram |24 — 5| = 13 22. |3g - 14| =7 23. |7h — 10| =4 
24. |3p - 6| =21 25. |2q+3| =11 26. |4r * 7| = 43 
27. |5+2j| =9 28. |6—3К| =21 29. |20 - 9m| =7 
| 1 _ -E 
30. | 3| = 10 31. |2» +4] = 32. ES 6 12 


33. A SHORT RESPONSE The equation |5x — 10| = 45 in Example 2 has two 


solutions. Does the equation |5x — 10| 


Explain. 


= —45 also have two solutions? 


EXTRANEOUS SOLUTIONS Solve the equation. Check for extraneous solutions. 


34. |3x — 4| F: 35. 
38. [9 — 2x | = 10 + Зх 


37. 4х + 5| = 2х +4 


|2+24| == 


36. 
39. 


[8x — 1| = 6% 
|8 + 5x| =7—Хх 
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: EXAMPLES 
: 4and5 

: on pp. 53-5 
: for Exs. 43-63 


56 


40. * MULTIPLE CHOICE What is (are) the solution(s) of |3x + 7| = 5x? 


DAFO O 97 © +7 o 1 
ERROR ANALYSIS Describe and correct the error in solving the equation. 
41. 42. 
Dx ön 
5x 5 or 5x on iat 4 ön 
4х 5 or 6x 2n 1 or 4n 
4x 12 or бх: 12 2п ог 4n 
Э ог X n or n 
The solutions are 5 and 2. УС The solutions аге Запа 2. kd 
SOLVING INEQUALITIES Solve the inequality. Then graph the solution. 
43. |j| «5 44. |k| >4 45. |m- 2| <7 46. |n—11| 21 
(47) |4+4| >з 48. |f+6| <2 49. lg-1|>0 50. |k + 10| <10 
51. |35 — 15| «30 52. |2х+6| 2 10 53. |ay- 9| <7 54. |5z - 1| » 14 
55. l16— p| 53 56. |24- gq| <11 57. |7 - 2r| « 19 58. |19 —5t| » 7 
59. |3x - 10| <4 60. ат - 15| <6 61. hy «2| - 553 62. |2п - 8| +4212 


63. Ж MULTIPLE CHOICE What is the solution of |6x — 9| 2 33? 
—4<x<7 (В) —7<x<4 
(С) х<-4огх>7 (QD х<-Т7огх>4 


64. k MULTIPLE CHOICE Which absolute value inequality represents the graph 
shown below? 


HE El 0 1 2 3 4 5 6 
(А) -1« |x| «5 Ix +2| «3 © |x-2| <3 O |x-2| <5 


65. REASONING For the equation |ax + b| = с (where a, b, and care real 
numbers and a + 0), describe the value(s) of c that yield two solutions, 
one solution, and no solution. 
SOLVING INEQUALITIES Solve the inequality. Then graph the solution. 
66. |x+ 1| > —16 67. |2x-1|<-25 68. |7х+3| <0 69. lx—9|>0 


CHALLENGE Solve the inequality for x in terms of а, b, and c. Assume а, b, and c 
are real numbers, a + 0, and с> 0. 


70. lax + b| <cwherea>0 71. lax + b| >cwhere a>0 
72. lax + b| <cwherea<0 73. lax + b| »cwherea «0 
= WORKED-OUT SOLUTIONS Ж = STANDARDIZED = MULTIPLE 


on p. WS1 TEST PRACTICE REPRESENTATIONS 


+ FEA 


PROBLEM SOLVING 


: EXAMPLE 5 74. GYMNASTICS The horizontal bar used in gymnastics events should be placed 
: on p.54 110.25 inches above the ground, with a tolerance of 0.4 inch. Write an absolute 
: for Exs. 74—78 value inequality for the acceptable bar heights. 


T 


Po S ^ Py р 
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75. SOIL PH LEVELS Cucumbers grow in soil having a pH level of 6.5, with a 
tolerance of 1 point on the pH scale. Write an absolute value inequality that 
describes the pH levels of soil in which cucumbers can grow. 


for problem solving help at dasszone.com 


76. MULTI-STEP PROBLEM A baseball has a cushioned cork center called the pill. 
The pill must weigh 0.85 ounce, with a tolerance of 0.05 ounce. 


a. Write an absolute value inequality that describes the 
acceptable weights for the pill of a baseball. 


b. Solve the inequality to find the acceptable weights for 
the pill. 


c. Look back at Example 5 on page 54. Find the minimum and 
maximum percentages of a baseball's total weight that the 
pill can make up. 


MANUFACTURING A regulation basketball should weigh 21 ounces, with 
a tolerance of 1 ounce. Write an absolute value inequality describing the 
weights of basketballs that should be rejected. 


78. 4 MULTIPLE REPRESENTATIONS The strength of eyeglass lenses is 
measured in units called diopters. The diopter number x is negative for 
nearsighted vision and positive for farsighted vision. 


Nearsightedness | веко: uds Farsightedness 
(focus is in front of retina) AE a > 4 (focus is behind retina) 
Mid | xa 15|«15 | 4 v [I v Mild | |x—- 1|«1 
Moderate |x + 4.5|< 1.5 5 cus Moderate |x — 3|<1 


Severe | |х + 7.5|<1.5 So SS << Severe Ix - 5|« 1 


a. Writing Inequalities Write an equivalent compound inequality for each 
vision category shown above. Solve the inequalities. 


b. Making a Graph Illustrate the six vision categories by graphing their 
ranges of diopter numbers on the same number line. Label each range 
with the corresponding category name. 


: EXAMPLE 6 79. SLEEPING BAGS А manufacturer of sleeping bags suggests that one model 


E PPPS SSPE 


: on p. 54 is best suited for temperatures between 30°F and 60°F, inclusive. Write an 
: for Exs. 79—81 absolute value inequality for this temperature range. 


80. TEMPERATURE The recommended oven setting for cooking a pizza in a 


professional brick-lined oven is between 550°F and 650°F, inclusive. Write an 
absolute value inequality for this temperature range. 
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81. AUDIBLE FREQUENCIES Ап elephant can hear sounds with frequencies from 
16 hertz to 12,000 hertz. A mouse can hear sounds with frequencies from 
1000 hertz to 91,000 hertz. Write an absolute value inequality for the hearing 
range of each animal. 


82. CHALLENGE The depth finder on a fishing boat gives readings that are within 
5% of the actual water depth. When the depth finder reading is 250 feet, the 
actual water depth x lies within a range given by the following inequality: 


|x — 250| = 0.05х 
a. Write the absolute value inequality as a compound inequality. 


b. Solve each part of the compound inequality for x. What are the possible 
actual water depths if the depth finder's reading is 250 feet? 


E 


IXED REVIEW 


: PREVIEW Žž Plot the points in the same coordinate plane. (р. 987) 

: Prepare for i " 

: Lesson 2.1 аз. 14) 94. 05 8) 85. (—3, 0) 
: in Exs. 83-94, 86. (0, —6) Sie [-2;—3) 88. (—5, 2) 


Evaluate the expression for the given value of the variable. (p. 10) 

89. бт — 10; m = 4 90. —4n + 18; n = 3 91. 5p + 17; p - 0 
92. 79 +3; 4 = —4 93. —r— óT— 7 94, 10f — 5;t— —3 
Solve the equation for y. Then find the value of y for the given value of x. (p. 26) 

95. 5x + y= 145 х = 8 96. —3x + y = 12; x = —9 

97. 8x —4y = 32; х = —3 98. —6x + 15у = 33; x = 10 


Quiz for Lessons 1.6-1.7 


Solve the inequality. Then graph the solution. (p. 41) 
1. 4АК—17<27 2. 14п-8>90 3. —9p +15<96 
à, —-Br— 11»45 5: 9i — 7) <600 - x) 6. -25 —42»0600 — Iz 


Solve the equation or inequality. (p. 51) 
^ [x—6|-9 8. |3y+3| = 12 9. |22 + 5| = —9z 
10. |p* 7| »2 11. |24 -3| 33 12. |5—r| 24 


13. TEST SCORES Your final grade in a course is 80% of your current grade, plus 
20% of your final exam score. Your current grade is 83 and your goal is to get 
a final grade of 85 or better. Write and solve an inequality to find the final 
exam scores that will meet your goal. (p. 41) 


14. GROCERY WEIGHTS A container of potato salad from your grocer's deli is 
supposed to weigh 1.5 pounds, with a tolerance of 0.025 pound. Write and 
solve an absolute value inequality that describes the acceptable weights for 
the container of potato salad. (p. 51) 
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Lessons 1.5-1.7 


1. MULTI-STEP PROBLEM A hybrid car gets 
about 60 miles per gallon of gas in the city 
and about 51 miles per gallon on the highway. 
During one week, the hybrid uses 12 gallons 
of gas and travels 675 miles. 


a. Write a verbal model for the total distance 
driven. Then write an equation based on the 
verbal model. 


b. Solve the equation to find the amounts of 
gas used in the city and on the highway. 


c. Tell how many miles were driven in the 
city and on the highway. 


2. MULTI-STEP PROBLEM A popcorn 
manufacturer's ideal weight for a bag of 
microwave popcorn is 3.5 ounces, with a 
tolerance of 0.25 ounce. 


a. Write an absolute value inequality for the 
acceptable weights of a bag of popcorn. 


b. Solve the inequality. What is the range of 
acceptable weights? 


3. EXTENDED RESPONSE You are draining a 
swimming pool. The table shows the depth of 
the water at different times. 


Time (h), £ 0 1 2 3 
Depth (ft), d 12 10.5 9 7.5 


a. Write an equation for the depth. 


b. Use your equation to find how long it will 
take for the pool to be empty. 


c. Does your equation make sense for times 
greater than the value you found in part (b)? 
Explain. 


4. OPEN-ENDED For a rope trick, a magician cuts 
a 72 inch piece of rope into three pieces of 
different lengths. The length of one piece must 
be the mean of the lengths of the other two 
pieces. 


short long medium 


Find the length of the medium piece. Then give 
possible lengths for the short and long pieces. 


. GRIDDED ANSWER A football 


5. SHORT RESPONSE A video store rents movies 


for $2.95 each. Recently, the store has added 
a special deal that allows you to rent an 
unlimited number of movies for $15.95 per 
month. Explain when the special deal is less 
expensive than renting movies at the usual 
price. Write and solve an inequality to justify 
your answer. 


. EXTENDED RESPONSE The triangle inequality 


relationship from geometry states that the sum 
of the lengths of any two sides of a triangle is 
greater than the length of the third side. 


a. Write three different inequalities for the 
triangle. 


b. Solve the three inequalities for x. 


c. Based on your results from part (b), what is 
the range of possible values for x? 


d. Use your results to draw three different 
triangles that meet the conditions shown in 
the diagram. 


. MULTI-STEP PROBLEM Oxygen exists as a 


liquid between —369°F and —297°F, inclusive. 
Write the temperature range for liquid 
oxygen as a compound inequality in degrees 
Fahrenheit. Then rewrite the temperature 
range in degrees Celsius. 


kicker scores 1 point for each 
extra point and 3 points for 
each field goal. One season, 
a kicker made 34 extra 
points and scored a total 

of 112 points. How many 
field goals did the kicker 
make? 
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- BIG IDEAS For Your Notebook 
Big ldea O ; Using Properties to Evaluate and Simplify Expressions 


Example Answer 


To evaluate a numerical expression, use 
order of operations and properties of real 3 + (-3)? 3+9=12 
numbers, 


To evaluate an algebraic expression, 
substitute the value(s) of the variable(s) 
into the expression, and then evaluate the 
resulting numerical expression. 


To simplify an algebraic expression, 
combine like terms. 


Using Problem Solving Strategies and Verbal Models 


> You may be able to write a verbal model that describes a real-world problem and 
use it to write an equation or inequality you can solve. To write the verbal model, 
~ analyze the information you are given and use a problem solving strategy if 


appropriate. 
| If this is what you know... | ...try this strategy. 
A formula can be applied to the situation. Use a Formula 
Numerical information is given in a table or a list. | Look for a Pattern 
f 
There is a geometric or physical context. | Draw a Diagram 


Big (deo [3] : Solving Linear and Absolute Value Equations and Inequalities 


Use the following guidelines when solving equations and inequalities. 


a Linear Equation Linear Inequality 
м ах+ р = 0 ax +В = 0 
: — Use properties of equality to isolate x. Use properties similar to those used in 
Add or subtract the same number from | S0lving equations. 
each side of the equation, or multiply Remember to reverse the inequality 
or divide each side by the same when multiplying or dividing by a 
nonzero number. negative number. 
Absolute Value Equation Absolute Value Inequality 
jax + b| =c lax + b| >с lax + b| «c 
Rewrite as follows and solve: - $ 
ax+b=c or ax+b=-c Solve Solve 
ax b«-c —C<ax + b«c. 


Check for extraneous solutions. 
огах + b=c. 
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REVIEW KEY VOCABULARY 


* Opposite, p. 4 • constant term, р. 12 solve for a variable, p. 26 

* reciprocal, p. 4 * coefficient, p. 12 * verbal model, p. 34 

* numerical expression, p. 10 * like terms, p. 12 * linear inequality, p. 41 

* power, p. 10 * equivalent expressions, p. 12 * solution of an inequality, p. 41 
* exponent, p. 10 * identity, p. 12 • graph of an inequality, p. 41 
* base, p. 10 * equation, р. 18 * compound inequality, p. 41 

* variable, p. 11 * linear equation, p. 18 * equivalent inequalities, р. 42 
* algebraic expression, p. 11 * solution of an equation, p. 18 * absolute value, p. 51 

«term, p. 12 * equivalent equations, p. 18 * extraneous solution, p. 52 

* variable term, p. 12 * formula, p. 26 

VOCABULARY EXERCISES 


1. Copy and complete: In a power, the ? represents the number of times the ? is 
used as a factor. 


2. Copy and complete: If substituting a number for a variable in an equation results 
in a true statement, then the number is a(n) _? ofthe equation. 


3. Copy and complete: A(n) _?_ is an apparent solution that must be rejected because 
it does not satisfy the original equation. 


4. Identify the like terms in the expression 40 + 3x? + 3x? — 7 — x’. 
5. Give an example of two equivalent algebraic expressions. 


6. WRITING Compare the procedures for solving a linear equation and a linear 
inequality. How are they similar? How are they different? 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding of the 
concepts you have learned in each lesson of Chapter 1. 


Identify the property that the statement illustrates. 


a. 2(w + £) = 2w + 21 b. 6 + (2 + 4) =6+ (4+ 2) 
Distributive property Commutative property of addition 
EXERCISES 
: EXAMPLE3 | Identify the property that the statement illustrates. 
: On p. 4 7. 17 ed-1 8. 60+0=60 9. За + 7а = (3 + 7)а 
: for Exs. 7-9 | 17 ( ) 
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: EXAMPLES 


: оп pp. 11-12 
: for Exs. 10-16 


| Simplify the expression. 


5(y — 4) — 3(2y — 9) = 5y — 20 — Gy + 27 Distributive property 

= (5y — 6y) + (-20 + 27) Group like terms. 
= =y +7 Combine like terms. 

EXERCISES 

Simplify the expression. 

10, 25x + H= För 11. 6y - 127 —12y — 9x 

12. 6(n — 2) — 8n + 40 13, 5(2b+ 3) 7-805 — 8) 

14. 3g + 9g^ — 12g^ + р 15. 74 + 714% — 21 — 9t* 


16. TAXI RATES A New York City taxi charges $2.50, plus $.40 for each fifth of a 
mile if it is not delayed by traffic. Write an expression for the cost of the ride 
if you travel x miles in the taxi with no traffic delays. 


: EXAMPLES 
: 1,2,3,and 4 


: on рр. 18-20 
: for Exs. 17-24 


Solve —4(3x + 5) = -2(5 — x). 
—4(3x + 5) = -2(5 — x) Write original equation. 
—12x — 20 = —10 + 2x Distributive property 
—20 = -10 + 4х Add 12x to each side. 


—10 = 14x Add 10 to each side. 

-2 = Divide each side by 14 and simplify. 
EXERCISES 
Solve the equation. Check your solution. 
17. 24x + 16 = 12 18. -6y + 15 = -9 
19. 4(q — 5) = 16 20. 7m + 38 = —5m — 16 
21. 487 + 25 = 12]— 11 22. 8(2n — 5) = 3(6n — 2) 


23. SALES TAX You buy a jacket, and the sales tax is 6%. The total cost is $79.49. 
Find the cost of the jacket before the tax. 


24. FOOD SHOPPING Ata vegetable stand, you bought 3 pounds of peppers for 
$4.50. Green peppers cost $1 per pound and orange peppers cost $4 per 
pound. Find how many pounds of each kind of pepper you bought. 
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; EXAMPLES 
: 2,3,and 4 


: оп pp. 27-28 . 
: for Exs. 25-31 


: EXAMPLES 


E FEA 


: for Exs. 32-33 


EEE AE A 


Ф ч 


. Chapter Review Practice 


M 
1 


EXAMPLE) 


Solve 5x — 11у = 7 for у. Then find the value of y when x = 4. 
STEPT 5x—11y-7 
—11ly = 7 – 5х 


Write original equation. 
Subtract 5x from each side. 


T 5 


yu + Е; Divide each side by —11. 


STEP2 у= -L z (4) Substitute 4 for x. 


Simplify. 


EXERCISES 
Solve the equation for y. Then find the value of y for the given value of x. 
25. 10x+y=7x=3 26. 8y — 3x = 18; х = 2 27. ху — 6y = —15;х = 5 


28. 4x = 6у + 9; х = 9 29. 5х — 2y=10;x=—6 30.x-—3xy=13x= —D 
31. Œ GEOMETRY The formula S = 2«rh + 277 gives the surface area S of a 
cylinder with height h and radius r. Solve the formula for h. Find h if 
г = 5 centimeters and S = 400 square centimeters. 


Use Problem Solving Strategies and Models 


Find the time it takes to drive 525 miles at 50 miles per hour. 


Distance _ Rate Time 
(miles) (miles/hour) (hours) 
+ y Y 
525 = 50 . t 
525 = 501 Write equation. 
10.5 = t Divide each side by 50. 


» It takes 10.5 hours to drive 525 miles at 50 miles per hour. 


EXERCISES 


32. AVERAGE SPEED lt takes 3 hours for a train to travel 175 miles. What is the 
average speed of the train? 


33. CAR RENTAL While on vacation, your family rented a car for $293. The car 
rental cost $180, plus $.25 for every mile driven over 150 miles. How many 
miles did you drive while on vacation? 


Chapter Review 


pp. 26-32 
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AA Li] 


ADTER REVIEW 
| AN p | ER Bw! - \ | E VW 


| EXAMPLE 


Solve 25 — Зх < 10. Then graph the solution. 


25 = ae = 10 Write original inequality. 
—3% 2-15 Subtract 25 from each side. 
Х=5 Divide each side by —3 and reverse the inequality. 


—_—}__ + —s Graph the solution. 


EXERCISES 
: EXAMPLES Solve the inequality. Then graph the solution. 
NA] sd TE 35, 7= 32511 36. 15x + 8» 9x — 22 
: on pp. 41-43 
: for Exs. 34-40 37. 13x + 24 =s 16 —3x 38; —5«10—x«5 39. —8<3x+1s10 


40. (ES GEOMETRY А triangle has sides of lengths 10, 2x, and Зх. The sum of the 
lengths of any two sides is greater than the length of the third side. Write and 
solve three inequalities to find the possible values of x. 


УА Solve Absolute Value Equations and Inequalities pp. 51-58 


Solve |3x — 7| > 2. Then graph the solution. 


|3àx — 7| >2 Write original inequality. 
A ОГ Sores Write equivalent compound inequality. 
З3х<5 ог 3x>9 Add 7 to each side. 
X< 3 or x»3 Divide each side by 3. 
5 
3 3 


eS} ete Graph the solution. 


EXERCISES 
: EXAMPLES Solve the equation. Check for extraneous solutions. 
: 2, Р F 
| di, [ime] =7 42. |9q — 5| = 24 43. |Br- 1| — 3r 


: On pp. 52-54 
: for Exs. 41—47 


Solve the inequality. Then graph the solution. 
44. |x -5| 21 45. |5 — 2y| >7 46. |62 + 5| «25 
47. VOLLEYBALL The circumference of a volleyball should be 26 inches, with 


a tolerance of 0.5 inch. Write and solve an absolute value inequality that 
describes the acceptable circumferences of a volleyball. 
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Graph the numbers on a number line. 


23: —L 65.130, L 3 6:8,—5.5,—Vi0, -2 
1. —2, —4, 6.5, V30, = 2. 5, 0.8, —5.5, - V10, -3 


Use properties and definitions of operations to show that the statement is 
true. Justify each step. 


3. 5+ (х-5) = х CL. (34+7)—4+5=2@+ 12 


Evaluate the expression for the given values of x and y. 


5. 4x — 6y when x = 5 and y = —3 6. Зх? – 9y when x = 2 and y = 4 


Simplify the expression. 


7. 5n + 10 — 8n +6 8. l0m — 4(3m + 7) + 6m 
9. 11 +q- 34 + 18d? —2 10. 91? + 14 — 17t + 6t — 8t? 
11. 5(x — Зу) + 2(4y — x) 12. 5(2u + 3w) — 2(bu — 7w) 


Solve the equation. Check your solution. 


13. 5n + 11 = —9 14. 64+ 7=4+ 12k 15. —t— 2 = 9(t — 8) 


Solve the equation for y. Then find the value of y for the given value of x. 
16. 12x — 28у = 40; х = 6 17. x - 4y — 12; x - 2 18. 15у + 2xy = 30; х= 5 


Solve the inequality. Then graph the solution. 
19. —5x-6<19 20. x-222 —3x — 10 2L 5<2х+3=<11 


Solve the equation. Check for extraneous solutions. 


22. |34 — 4| =14 23. |f 3| ^ 2f 4 24. |10 — 7g| = 2g 


Solve the inequality. Then graph the solution. 
25. |x — 5| «30 26. |3y+4| »2 27. [52 5| «5 


28. WIRELESS NETWORK To set up a wireless network for Internet access at 
home, you buy a network router for $75. The fee for DSL service is $18 per 
month. Write an expression for the amount of money you spend in 
n months. How much money do you spend in 12 months? 


29. CAR REPAIR The bill for the repair of a car was $420. The cost of parts 
was $240. The cost of labor was $45 per hour. How many hours did the 
repair take? 


30. HOUSEHOLD CHORES You can wash one window in 15 minutes and your 
sister can wash one window in 20 minutes. How many minutes will it take 
to wash 12 windows if you work together? 


31. GS GEOMETRY The formula V = aah gives the volume V 


of a cone with height h and base radius т. Solve the formula for 
h. Then find Л when г = 2 inches and V = 45 cubic inches. 
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* Standardizec 


Scoring Rubric 


Full Credit 
* solution is complete 
and correct 


Partial Credit 

* solution is complete 
but has errors, 
Or 

* solution is without 
error but incomplete 


No Credit 

* no solution is given, 
or 

* solution makes no 
sense 


Le ee ee ee EEE E E 


The verbal model 
explains how the 


inequality is obtained. 


SCC SSS те а 


The inequality is solved 
correctly, step by step. 


EEE 


The answer is correct. 
An integer makes sense 


in this context. 


AAA AAA AAA 


when x < 10 is not 
considered. 


AE 


The student made an 
error in the last step. 
The answer is incorrect. 
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ZID 


"anu 


The inequality is correct 


when x » 10. The case 


TID 


SHORT RESPONSE QUESTIONS 


A national bank offers a checking account for a fee of $3.90 per month. The 
first 10 transactions per month are free, but every additional transaction costs 


$.15. A local bank offers a checking account with no monthly fee, but every 
transaction costs $.36. When is it less expensive to use the national bank? 


Below are sample solutions to the problem. Read each solution and the 
comments on the left to see why the sample represents full credit, partial 
credit, or no credit. 


SAMPLE 1: Full credit solution 


If you make 10 transactions or fewer per month, the local bank is less 
expensive because it costs $3.60 or less, compared to $3.90 for the national 
bank. If the number of transactions is more than 10, you can use the 
following model, where x is the number of transactions per month. 


National bank Local bank 
transaction |. transactions |+| ree || Gesner, |. Number ot 
0.15 e (x—-10) + 3.90 < 0.36 . x 

Solve the inequality to find when it is less expensive to use the national bank. 
0.15(x — 10) + 3.90 < 0.36x 
0.15х — 1:5 + 3.90 < 0.36% 
2.4 « 0.21x 

11.4<x 
A noninteger answer does not make sense, so round up. The national bank 


is less expensive if you make 12 or more transactions per month. 


SAMPLE 2: Partial credit solution 


0.15(x — 10) + 3.90 < 0.36x 
0.15x —-1.5 +3.90 < 0.36x 
2.4 « 0.21x 

2,19.« x 


The national bank is less expensive if you make 3 or more transactions. 


Equations and Inequalities 


SAMPLE 3: Partial credit solution 


н ндү нүүнүн үөрүү, Ye Find the cost for each b. Tr k wł h XE WES re a теу ане а : 


Gaicilations are shown Жылымчы 
for 12 transactions only. yank $3. 90 + sen 15)= зыл 20 


= $4.32 


———— ÁÁÁ MÀ > 
The answer is rat 
but it is not justified. 
SAMPLE 4: No credit solution 
ii ci ue 0.15x + 3.90 < 0.36х 
The inequality is ОСИ 
incorrect. The national 3.9<0.21x 
bank does not charge 
$.15 for every transaction. 


A ii 
The answer is incorrect. 


PRACTICE Apply the Scoring Rubric 


Use the rubric on page 66 to score the solution to the problem below as full 
credit, partial credit, or no credit. Explain your reasoning. 


1. The sawtooth oak will be taller than the chestnut oak in about 2.33 years. — 
————————————— — — EEE 


2. Letxbe the number of years. 
E ш ET Ей 
initial E initial ET Ей 
+ 3.5x > 


Solve the —— for x. 
[5-4 5 5x»bt2x 


зле The sawtooth oak will be taller than the 
x>2.59 chestnut oak after about 2.33 years. | 


3. 15x + 3.5>5x + 2 | 
15> DDR 
0.43 > x, so after 0.43 year, the sawtooth oak will be taller. 
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SHORT RESPONSE 


1. A teacher is buying rulers. At an online site, 
rulers cost $.89 each plus $5 for shipping for 
the entire order. At a store, each ruler costs 
$.95. Under what conditions is the store less 
expensive? If there is free shipping for 
online orders over $50, how does your 
answer change? 


2. Jessica goes on a vacation to Mexico. She 
exchanges $150 into pesos. The exchange rate 
is 11.377 pesos per dollar. She spends 1250 
pesos. When she exchanges her remaining 
pesos back into dollars, how much does she get, 
to the nearest dollar? Justify all of your steps. 


3. Consider the equation |x + h| = a. For what 
values of h and a are the solutions of the 
equation 8 and —12? Describe the method 
you used to solve the problem. 


n= 
* 


Write and solve an equation to find x. Then 
find the area of the shaded region. Explain 
your reasoning. 


100 ft 
The table shows the number of goals g and 
assists a for four players on a girls' varsity 
soccer team. Each player is assigned a point 
total given by p = 2g + a. 


5 


a 


Player | Goals,g 
Sandra 2 


Kim 


| Assists, a 


| 3 
Jen 4 
5 


Melanie 


a. Which player earned the most points? 


b. Is it possible for two players to earn the 
same number of points but have different 
numbers of goals and assists? Justify your 
answer. 
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6. Acommunity is having a Taste of the Town 


10. 


event featuring the area’s best restaurants. 
The admission is $25 in advance and $35 at 
the door. If 220 people pay in advance and 
the total amount collected is $7495, how 
many people pay at the door? How much 
more money is collected in advance than at 
the door? Explain your solution. 


. Jared and 7 of his friends have a bowling 


party. Jared’s parents pay for bowling, shoe 
rental, and snacks. The prices of these items 
are shown in the table. Jared’s parents want 
the total cost to be at most $80. 


Bowling $2.70 per person, per game 


$1.25 per pair 


Shoe rental 


Snacks $2.80 per person 


If each person bowls the same number of 
games, what are the possible numbers of 
games each can bowl? How does your answer 
change if Jared’s parents decide to pay at 
most $100? Explain. 


. At a used book sale, each hardcover costs $2 


and each paperback costs $1. Carol bought 
15 books as gifts for $21. How many more 
paperbacks than hardcovers did she buy? 
Justify each step of your solution. 


. A pica is a unit of measure that equals one 


sixth of an inch. What is the area, in square 
inches, of a rectangle that is 9 picas long and 
8 picas wide? Describe the method you used 
to find the answer. 


The volume V of a square prism is given by 
V = s*h where his the height and sis the 
length of one side of the base. 


Suppose the prism has a volume of 100 
cubic centimeters, and its height is 
between 4 and 9 centimeters. Write an 
inequality that represents the possible 
side lengths of the base of the prism. 
Describe what happens to the value of s 
as the value of h increases from 4 to 9. 


)) STATE TEST PRACTICE 
2 classzone.com j 


MULTIPLE CHOICE GRIDDED ANSWER 
11. Which graph represents the solution of the 13. What is the value of the expression 
inequality 2x — 7 < 11? (-2)* — (4— 5)? 
QD >-—— ASAS > 14. A garden snail moves at 0.03 mile per hour. 
“1 0 1 2 3 4 5 What is this speed in inches per second? 
(В) ЛЕШ Шиш ы 15. What is the absolute value of the expression 
7 8 9 10 1 12 2x + 5y when x = 3 and y= —3? 
O +) 16. What is the solution of the equation 
“1 0 T 2 3 4 5 —t+12=5t+ 3? 
D — ea nr 17. If 5x - 7 S 7x + 5, then what is the greatest 
7 8 9 10 N 7 possible value of —3x + 2? 
12. Which equation has —5 as a solution? 18. What is a solution of the absolute value 
1 | = 15 — ? 
-3x-6-10 (B 15+3x=-14,5 equation [x + 5| = 15 — 3x 
" E CNN 19. What is the greatest value of x for which 
SE nd d ees lax — 5| « 7? 
EXTENDED RESPONSE 


20. The melting points and boiling points of lithium, carbon, nitrogen, oxygen, 
and magnesium are shown, to the nearest degree. 


NENNEN 
CS 


ера ро 
E JNNE 
о аә 
— — WANNE-IEM 
войртгю | > er | > A 


a. Copy the table. Use the formula F = $c t 32 to convert the Celsius 
temperatures in the table to Fahrenheit temperatures. Record the results. 


b. Rewrite the formula so that it gives the Celsius temperature in terms of the 
Fahrenheit temperature. Justify each step. 


c. Usethe rewritten formula to convert the Fahrenheit temperatures in the 
table to Celsius temperatures. Record the results. 


21. A baseball pitcher's earned run average (ERA) can be calculated using this 
formula: ERA = 9 + earned runs + innings pitched. 
a. During one season, Johan Santana gave up 66 earned runs in 228 
innings pitched. To the nearest hundredth, what was his ERA? 


b. After pitching 2296 innings, Pedro Martinez had a career ERA of 2.71. 
Write and solve an equation to find the number of earned runs he 
allowed in those innings. Explain why there are two possible answers. 


c. A pitcher who expects to pitch 200 innings in a season wants his ERA to be 
less than 4.00. Write and solve an inequality to find the possible numbers of 
earned runs he can allow. Explain how you need to round your answer. 
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Making Sense 
of Chapter 2 


Building on concepts 
from Chapter 1, you will 
graph linear equations 
and functions, as well 
as data that can be 
described with a linear 
relationship. 


Previously, you learned the following skills, which you'll use in Chapter 2: evaluating 
algebraic expressions, solving linear equations, and rewriting equations. 


Prerequisite Skills 


VOCABULARY CHECK 


1. Copy and complete: A linear equation in one variable is an equation that can 
be written in the form _? where a and b are constants and a + 0. 


2. Copy and complete: The absolute value of a real number is the distance the 
number is from _?_ on a number line. 


5. X^ + x + 1whenx- 4 


m S Solve the equation. Check your solution. (Prerequisite skill for 2.3) 
7. 932 = 8 


Solve the equation for y. (Prerequisite skill for 2.4) 
10. 2x + 3у = 6 


@Homelutor Prerequisite skills practice at classzone.com 


Represent Relations and Funct 

Find Slope and Rate of Change 

Graph Equations of Lines 

Write Equations of Lines 

Model Direct Variation 

Draw Scatter Plots and Best-Fitting Lines 

Use Absolute Value Functions and Transformations 


Graph Linear Inequalities in Two Variables 


"св 


SKILLS CHECK 
Evaluate the expression for the given value of x. (Prerequisite skill for 2.1) 
3. —2(x+ 1) when х = —5 4. 11x — 14 when х = —3 


6. -x – 3х + 7 мћепх = 1 


8. —0x 10 = 20 9. —x +9 = —27 


11. -х- у= 10 12. x+4y=-—5 


PEUT] 
Г" 
py e d 


In Chapter 2, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 140. You will also use the key vocabulary listed below. 


Big Ideas | 


> 


@ Representing relations and functions 
(ES Graphing linear equations and inequalities in two variables 


Ө Writing linear equations and inequalities in two variables 


KEY VOCABULARY 

* domain, range, p. 72 * y-intercept, p. 89 * bestfitting line, р. 114 

• function, p. 73 * slope-intercept form, p. 90 • absolute value function, 
* linear function, p. 75 • x-intercept, p. 91 p. 123 

* slope, p. 82 * point-slope form, p. 98 * transformation, p. 123 

* rate of change, р. 85 * direct variation, p. 107 . linear inequality in two 


variables, p. 132 


* parent function, p. 89 * correlation coefficient, p. 114 


You can use rates of change to find linear models. For example, you can use an 
average rate of change to model distance traveled as a function of time. 


¿Animatea Algebra 


The animation illustrated below for Exercise 44 on page 111 helps you answer this 
question: If a whale migrates at a given rate, how far will it travel in different periods à “LO 
of time? ; 


| Gray whales migrate from Mexico's Baja ; Change the time elapsed to find how far (a 
| Peninsula to waters near Alaska. | the whales have traveled. ч 
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Other animations for Chapter 2: pages 73, 86, 90, 95, 98, 102, 107, 115, 133, 
and 140 


1 Represent Relations 
* * and Functions 


You solved linear equations. 
You will represent relations and graph linear functions. 
So you can model changes in elevation, as in Ex. 48. 


Key Vocabulary A relation is a mapping, or pairing, of input values with output values. The set of 
s relation input values is oma in range 
* domain 
"тавде : KEY CONCEPT For Your Notebook 
* function 
* equation in two : Representing Relations 
variables s 
• linear function : A relation can be represented in the following ways. 
Ordered Pairs Table Mapping Diagram 
> (2,2) Input Output 
+ (02,2) | 
: (0,1) 
: (31 
[ ExaMPLE Represent relations 
| Consider the relation given by the ordered pairs (—2, —3), (—1, 1), (1, 3), (2, —2), 
and (3, 1). 
a. Identify the domain and range. 
b. Represent the relation using a graph and a mapping diagram. 
| Solution 
| a. The domain consists of all the x-coordinates: —2, —1, 1, 2, and 3. 
The range consists of all the y-coordinates: —3, —2, 1, and 3. 
РАБЛЕ НАСЫ Ж Manni Diserani 
: For help with plotting — ^ тыны 
: points їп a coordinate Input — Output 


: plane, see p. 987. 
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CHIE entity tunctions | 


: AVOID ERRORS 


: A relation can map 

: more than one input 

: onto the same output 
: and still be a function. 


: REVIEW LOGICAL 
: STATEMENTS 


BEA 


: For help with “if and 
: only if” statements, see 
: p. 1002. 


FUNCTIONS A function is a relation for which each input has exactly one output. 


If any input of a relation has more than one output, the relation is not a function. 


Tell whether the relation is a function. Explain. 
a. Input Output b. Input Output 


Solution 


a. The relation is a function because each input is mapped onto exactly 
one output. 


b. The relation is not a function because the input 1 is mapped onto both 
—] and 2. 


ES 


Igebra | at classzone.com 


ICE ] for Examples 1 and 2 


1. Consider the relation given by the ordered pairs (—4, 3), (-2, 1), (0, 3), (1, —2), 


and (—2, —4). 
a. Identify the domain and range. 


b. Represent the relation using a table and a mapping diagram. 


2. Tell whether the relation 
is a function. Explain. 


VERTICAL LINE TEST You can use the graph of a relation to determine whether it 
is a function by applying the vertical line test. 


KEY CONCEPT For Vour Wotebook 


Vertical Line Test 


A relation is a function if and only if no vertical line intersects the graph of the 
relation at more than one point. 


Function Not a function 


2.1 Represent Relations and Functions 


73 


( EXAMPLE 3 | Use the vertical line test 


BASKETBALL The first graph below plots average points per game versus age at 


the end of the 2003-2004 NBA regular season for the 8 members of the Minnesota 
Timberwolves with the highest averages. The second graph plots average 
points per game versus age for one team member, Kevin Garnett, over his 
first 9 seasons. Are the relations shown by the graphs functions? Explain. 


‘Timberwolves 


30 30 
E E 
5 20 = 20 
= m 
3 0 5 10 
1 
E: = 
: READING GRAPHS 
y seshasas акенин ева баев зенан "5 0 
: The zigzag symbol on 
: the horizontal axis of Age (years) Age (years) 


: each graph indicates 

: that values of x were Solution 

: skipped. 
The team graph does not represent a function because vertical lines at x = 28 
and x = 29 each intersect the graph at more than one point. The graph for Kevin 
Garnett does represent a function because no vertical line intersects the graph at 
more than one point. 


RACTICE for Example З 


3. WHAT IF? In Example 3, suppose that Kevin Garnett averages 24.2 points 
per game in his tenth season as he did in his ninth. If the relation given by 
the second graph is revised to include the tenth season, is the relation still a 
function? Explain. 


two variables, such as y = 3x — 5. The input variable (in this case, x) i is — 
the mme: variable. The output variable (in this case, y) is called the 
dependent variable because its value depends on the value of the input variable. 


An ordered pair (x, y) is a solution of an equation in two variables if substituting 
x and y in the equation produces a true statement. For example, (2, 1) is a solution 
of y = Зх — 5 because 1 = 3(2) — 5 is true. The graph of an equation in two 
variables is the set of all points (x, y) that represent solutions of the equation. 


KEY CONCEPT For Your Notebook 
Graphing Equations in Two Variables 


To graph an equation in two variables, follow these steps: 


STEP? Construct a table of values. 
STEP2 Plot enough points from the table to recognize a pattern. 


STEP3 Connect the points with a line or a curve. 
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| ExaMPLE 4 crapn an equation їп two variables 


Graph the equation y = —2x — 1. 


Solution 
STEP T Construct a table of values. 


STEP 2 Plot the points. Notice that they all lie on a line. 
STEP 3 Connect the points with a line. 


LINEAR FUNCTIONS The function y = —2x — 1 in Example 4 is a linear functio1 
ресацне її сап Бе written in the form y=mx+b where mand bare constants. 


: The parentheses in 
: f(x) do not indicate 
: multiplication. The 
: symbol f(x) does not 
: mean “f times x." f(x) = mx + b Linear function in function notation 


y =mx+b Linear function in x-y notation 


The notation f(x) is read “the value of fat x,” or simply “f of x,” and identifies x as 
the independent variable. The domain consists of all values of x for which f(x) is 
defined. The range consists of all values of f(x) where x is in the domain of f. 


( EXAMPLE 5 ] Classify and evaluate functions 


Tell whether the function is linear. Then evaluate the function when x = —4. 


а. f(x) = x^ - 2x ^ 7 b. g(x) = 5х +8 


Solution 


a. The function fis not linear because it has an x“-term. 


f(x) = –х^ – 25+ 7 Write function. 
f(—4) = -(-4?-2(-49+7 Substitute —4 for x. 
= —1 Simplify. 
: REPRESENT b. The function gis linear because it has the form g(x) = mx + b. 
: dun * g(x) = 5x + 8 Write function. 
: such as g or h, can also g(—4) = 5(—4) + 8 Substitute —4 for x. 
: name functions. - 12 Simplify. 


for Examples 4 and 5 


4. Graph the equation y = 3x — 2. 


Tell whether the function is linear. Then evaluate the function when x = —2. 


5. f(x) =x-1-x 6. g(x) = -4— 2x 
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DOMAINS IN REAL LIFE In Example 5, the domain of each function is all real 
numbers because there is an output for every real number x. In real life, you may 
need to restrict the domain so that it is reasonable in the given situation. 


| Use a function in real life 


DIVING A diver using a Diver Propulsion Vehicle (DPV) 
descends to a depth of 130 feet. The pressure Р (in 
atmospheres) on the diver is given by P(d) = 1 + 0.03d 
where d is the depth (in feet). Graph the function, and 
determine a reasonable domain and range. What is the 
pressure on the diver at a depth of 33 feet? 


Solution 


The graph of P(d) is shown. Because the depth 
varies from 0 feet to 130 feet, a reasonable 
domain is 0 x d x 130. 


The minimum value of P(d) is P(0) = 1, and the 
maximum value of P(d) is P(130) = 4.9. So, a 
reasonable range is 1 < P(d) < 4.9. 


Pressure 
(atmospheres) 


> At a depth of 33 feet, the pressure on the diver 
is P(33) = 1 + 0.03(33) = 2 atmospheres, which 


you can verify from the graph. Depth (ft) 


RACTIC t for Example 6 


7. OCEAN EXPLORATION In 1960, the deep-sea vessel Trieste descended to an 
estimated depth of 35,800 feet. Determine a reasonable domain and range of 
the function P(d) in Example 6 for this trip. 


21 EXERCISES "tt Отан 

° КЕҮ: оп р. WS2 for Exs. 7, 17, and 45 
: % = STANDARDIZED TEST PRACTICE 
: Exs. 2, 9, 20, 24, 40, 46, and 49 


SKILL PRACTICE 


1. VOCABULARY Сору and complete: In the equation y = x + 5, xis the _? 
variable and yis the ? variable. 


2. * WRITING Describe how to find the domain and range of a relation given by 
a set of ordered pairs. 


: EXAMPLE 1 REPRESENTING RELATIONS Identify the domain and range of the given relation. 


* ¿EA 


: on p. 72 Then represent the relation using a graph and a mapping diagram. 
и 3. (—2,3), (1,2), (3, —1), 4, -3) 4. (5, 2), (3, 2), (3, 3), C1, —1) 
5. [D, -1 (72, —38 01,8) €72,55) & RAE, 5 ULL, 2), C73; 81 
(756. 20), (10, 20), (15, 30), (20, 30) 8. (4, —2), (4, 2), (16, —4), (16, 4) 
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E FEED 


9. * MULTIPLE CHOICE What is the domain of the relation given by the ordered pairs 
(—4, 2)» El, 3)» И, 4), (1, m and (2, 1)? 


СА) -3,1,2, and 4 —4, —1, 1, and 2 
(С) -4,-3, -1, and 2 (D -4,-3,-11,2, and 4 


: EXAMPLE 2 IDENTIFYING FUNCTIONS Tell whether the relation is a function. Explain. 


: for Exs. 10-20 


10. Input Output 11. Input Output 12. Input Output 13. Input Output 


ERROR ANALYSIS Describe and correct the error in the student’s work. 


14, 15. 
The relation given by the ordered 
paire ( 4, 2), ( 1,5), (3, 6), and 
(7, 2) is not a function because 


the inputs 4 and 7 are both X 

mapped to the output 2. | The relation given by the table is 
a function because there is only УС 
one value of for each value of у. 


y 56 6 7 8 9 


IDENTIFYING FUNCTIONS Tell whether the relation is a function. Explain. 

16. (3,-2,(0,0,0,0,2,-0,2,-0 (17)0,-5),2,5, (1,4, (2,0), (3, -4) 
18. (0, 1), (1, 0), (2, 3), (3, 2), (4, 4) 19. (71, —D, (2, 5), (4, 8), (+5, —9), (71, —5) 
20. * MULTIPLE CHOICE The relation given by the ordered pairs (—6, 3), (-2, 4), 


(1, 5), and (4, 0) is a function. Which ordered pair can be included with this 
relation to form a new relation that is also a function? 


QD (1, —5) ® (6,3) © (2,19) D (4, 4) 
: EXAMPLE 3 VERTICAL LINE TEST Use the vertical line test to tell whether the relation is 
: on p. 74 a function. 
: for Exs. 21-23 21 


24. * SHORT RESPONSE Explain why a relation is not a function if a vertical line 
intersects the graph of the relation more than once. 


: EXAMPLE 4 GRAPHING EQUATIONS Graph the equation. 


: on p. 75 


: 25. y=xt+2 26. y=-x+5 27. у= 3x + 1 

: for Exs. 25-33 
28. y = 5х – З 29. у= 2х - 7 30. у = —3x + 2 
31. у= —2x 32. у= 3x 2 33. у= —x- 1 
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: ЕХ АМР ЕБ | EVALUATING FUNCTIONS Tell whether the function is linear. Then evaluate the 


FEAR 


{ : on p. 75 function for the given value of x. 

: tor Exs. 34-39 | 34. fl) =x + 15; f(8) 35. f(x) = 32 + 1; f(-3) 
36. f(x) = |x| + 10; f(—4) 37. f(x) = 6; f(2) 
38. g(x) = x? — 2x? + 5x — 8; g(—5) 39. h(x) 2 7 — Si; h(15) 


40. * SHORT RESPONSE Which, if any, of the relations described by the 
equations у = |х|, х = |y|, and |y| = |x| represent functions? Explain. 


41. CHALLENGE Let f be a function such that f(a + b) = f(a) + f(b) for all real 
numbers a and b. Show that f(2a) = 2 • f(a) and that f(0) = 0. 


‘PROBLEM SOLVING 


: EXAMPLE 3 42. BICYCLING The graph shows the ages of the top 
; : on p. 74 ae ii: three finishers in the Mt. Washington Auto Road 
: for Exs. 42-43 Bicycle Hillclimb each year from 2002 through 
2004. Do the ordered pairs (age, finishing place) 


аша a function? Explain. 


Finishing 
place 


me! Tuto or for problem solving help at dasszone.com 


43. BASEBALL The graph shows the number of 
games started and the number of wins for each Pa 
starting pitcher on a baseball team during a = 
regular season. Do the ordered pairs (starts, wins) 
isse a function? Explain. 0 15 18 21 24 27 30 33 х 


Starts 


lomelutor F for problem solving help at classzone.com 


44, CS GEOMETRY The volume Vof a cube with edge length s is given by the 
function V(s) = 5°. Find V(4). Explain what V(4) represents. 


(45) (45) © GEOMETRY The volume V of a sphere with radius r is given by the 
function V(r) = Sar. Find V(6). Explain what V(6) represents. 


: EXAMPLE 6 46. * SHORT RESPONSE For the period 1999-2004, the average number of acres 

: on p. 76 modi w (in thousands), used to grow watermelons in the United States can be 

: for Exs. 46-48 modeled by the function w(t) = —6.26t + 172 where t is the number of years 
since 1999. Determine a reasonable domain and range for w(t). Explain the 
meaning of the range. 


47. MULTI-STEP PROBLEM Anthropologists can estimate a person's height 
from the length of certain bones. The height Л (in inches) of an adult 
human female can be modeled by the function h(£) = 1.957 + 28.7 where 
$ is the length (in inches) of the femur, or thigh bone. The function is valid 
for femur lengths between 15 inches and 24 inches, inclusive. 


a. Graph the function, and determine a reasonable domain and range. 
b. Suppose a female's femur is 15.5 inches long. About how tall was she? 


c. If an anthropologist estimates a female's height as 5 feet 11 inches, 
about how long is her femur? 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
78 on р. WS1 TEST PRACTICE 


48. MOUNTAIN CLIMBING А climber on Mount 
Rainier in Washington hikes from an elevation 
of 5400 feet above sea level to Camp Muir, 
which has an elevation of 10,100 feet. The 
elevation h (in feet) as the climber ascends 
can be modeled by h(t) = 10001 + 5400 where 
tis the time (in hours). Graph the function, 
and determine a reasonable domain and range. 
What is the climber's elevation after hiking 
3.5 hours? 


49. * EXTENDED RESPONSE The table shows 
the populations of several states and their State 
electoral votes in the 2004 and 2008 U.S. = 


presidential elections. The figures are based | California 
on U.S. census data for the year 2000, Florida 
a. Identify the domain and range of the 
relation given by the ordered pairs (р, v). Illinois 
b. Is the relation from part (a) a function? New York 
Explain. Ohio 
с. Is the relation given by the ordered pairs | 
(v, р) a function? Explain. . Pennsylvania 


50. CHALLENGE The table shows ground 
shipping charges for an online retail store. 


$.01-$30.00 
merchandise cost? Explain. $30.01-$60.00 


а. Is the shipping cost a function of the 


b. Is the merchandise cost a function of the 


| shipping cost? Explain. $60.01-$100.00 


Over $100.00 | $12.50 


MIXED REVIEW E d- —= | 


; PREVIEW | Evaluate the expression for the given values of x and y. (p. 10) 
: Prepare for | y-3 _8 
: Lesson 2.2 Blea when x = 6 and y = 2 52. > when x = 3 and y = 4 
: in Exs. 51-54, 5 = 
53. E Ud when x = —3 and y= -3 54. Y when x = —17 апду= 8 
Д1 I= 
Solve the equation. Check your solution. (p. 18) 
55. 3x + 16 = 31 56. —4x 7 = 17 57. 5x + 12 = —3x — 4 
58. 5 — 82 = 25 + 4z 59. 3v — 4) = 30 60. 6(4w + 1) = 1.5(8w + 18) 


Solve the inequality. Then graph the solution. (p. 41) 
61. 2x-6>8 62. 2x +7>0 63. 15 — 2x<7 


| 64. 4—x«3 65. —7<6x-—1<5 66. x —2<lor4x+3219 
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Use Discrete and Continuous 
Functions 


Graph and classify discrete and continuous functions. 


Use after Lesson 2.1 


еу Vocabulary The graph of a function may consist of discrete, or separate and unconnected, 
• discrete function points in a plane. The graph of a function may also be a continuous, or unbroken, 
• continuous function line or curve or part of a line or curve. 


KEY CONCEPT For Your Notebook 


Discrete and Continuous Functions 


The graph of a discrete functior The graph of a continuous functio: 
consists of separate points. is unbroken. 


Graph and classify functions 


Graph the function f(x) = 0.5x + 1 for the given domain. Classify the function 
as discrete or continuous for the domain. Then identify the range. 


a. Domain: x = —2, 0, 2, 4 b. Domain: x > —3 
Solution 
a. Make a table using the x-values b. Note that f(x) is a linear function 
in the domain. defined for x > —3, and that 


f(—3) = —0.5. So, the graph is 

the ray with endpoint (—3, —0.5) 
that passes through all the points 
from the table in part (a). 


The graph consists of separate The graph is unbroken, so the 
points, so the function is discrete. function is continuous. Its range 
Its range is 0, 1, 2, 3. is y 2 —0.5. 
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Г ExAMPLE 2 craph and classify real-world functions . 


Write and graph the function described. Determine the domain and 
range. Then tell whether the function is discrete or continuous. 


a. A student group is selling chocolate bars for $2 each. The function f(x) 
gives the amount of money collected after selling x chocolate bars. 


b. A low-flow shower head releases 1.8 gallons of water per minute. The 
function V(x) gives the volume of water released after x minutes. 


Solution 


a. The function is f(x) = 2x. The first four points of 
the graph of f(x) are shown. Only whole chocolate 
bars can be sold, so the domain is the set of whole 
numbers 0, 1,2,3,.... From the graph, you can see 
that the range is 0, 2, 4, 6,.... The graph consists of 
separate points, so the function is discrete. 


b. The function is V(x) = 1.8x. You can run the shower 
any nonnegative amount of time, so the domain is 
x 20. From the graph, you can see that the range 
is у> 0. The graph is unbroken, so the function is 
continuous. 


PRACTICE 


: EXAMPLE 1 
: on p. 80 
; for Exs. 1-4 


: EXAMPLE 2 
: on p. 81 
: for Exs. 5-8 


Graph the function for the given domain. Classify the function as discrete or 
continuous. Then identify the range of the function. 


1. у= 2х + 3; domain: —2, —1, 0, 1, 2 2. f(x) = 0.5x — 4; domain: —4, —2, 0, 2, 4 


3. у= —3x+ 9; domain: x < 5 4. f(x) = ix t 6; domain: x 2 —6 


Write and graph the function described. Determine the domain and range. 
Then tell whether the function is discrete or continuous. 


5. Amanda walks at an average speed of 3.5 miles per hour. The function d(x) 
gives the distance (in miles) Amanda walks in x hours. 


6. A token to ride a subway costs $1.25. The function s(x) gives the cost of riding 
the subway x times. 


7. A family has 3 gallons of milk delivered every Thursday. The function т (x) 
gives the total amount of milk that is delivered to the family after x weeks. 


8. Steel cable that is 2 inch іп diameter weighs 0.24 pound per foot. The 


function w(x) gives the weight of x feet of steel cable. 


9. On a number line, the signed distance from a number a to a number bis given 
by b — a. The function d(x) gives the signed distance from 3 to any number x. 


Extension: Use Discrete and Continuous Functions 81 


2 Find Slope and 
°“ Rate of Change 


You graphed linear functions. 


[ Now | You will find slopes of lines and rates of change. 


So you can model growth rates, as in Ex. 46. 


Key Vocabulary. 


KEY CONCEPT 

* slope : 

* parallel : SlopeofaLine 

«perpendicular 

• rate of change | i algebra 

e reciprocal, р. 4 The slope m of a йы У» Ур _ rise 
nonvertical line is 


the ratio of vertical 
change (the rise) to 
horizontal change 
(the run). 


[| EXAMPLE 1 | Find slope in real life 


| SKATEBOARDING A skateboard ramp has a rise of 
15 inches and a run of 54 inches. What is its slope? 


Solution 


* The slope of the ramp is 2, 


Ж GUTER standardized test Practice 


For Your Notebook 


Graph 


run 
X) — X 


Do, у») 


(хт, yi) 


What is the slope of the line passing through the points (—1, 3) and (2, —1)? 


4 3 
do -4 4 e 3 
Solution 
eee Let (x, y) = (-1, 3) and (x,, y,) = (2, —1) 
: When calculating slope, £ i ж 
: be sure to subtract the т = "n n." _ _4 
: х- and y-coordinates in xx 2-—(-L 3 


: a consistent order. | > The correct answer is A. DO (В) © © 
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12 inches without changing the run. What is the slope of the ramp? 


2. What is the slope of the line passing through the points (—4, 9) and (—8, 3)? 
-2 ® -4 © 5 O 5 


3 2 
Find the slope of the line passing through the given points. 


|. 9. (0, 3), (4, 8) 4. (—5, 1), (5, —4) 5. (—3, —2), (6, 1) 6. (7,3), C71, 7) 


KEY CONCEPT For Your Notebook 


: Classification of Lines by Slope 


The slope of a line indicates whether the line rises from left to right, falls from 


: : left to right, is horizontal, or is vertical. 
: у y y 
: ANALYZE GRAPHS £ 
: Ifthe graphofa r с x x 
: function rises from left г 
: to right throughout its — 4: 


: domain, the function is 


: an increasing function. 4- Positive slope Negative slope Zero slope Undefined slope 
: If the graph falls, the : Rises from Falls from Horizontal Vertical 

: function is a decreasing 1° left to right left to right 

: function. T: 


| EXAMPLE 3 ] Classify lines using slope 


| 


Without graphing, tell whether the line through the given points rises, falls, 
is horizontal, or is vertical. 


а. (—5; Lh (3, 1) b. (—6, 0), (2, —4) C. (=, 3), (5, 8) d. (4, 6), (4, 3 


Solution 
a. m= il -0- 0 Because m = 0, the line is horizontal. 
3—(-5) 8 
a A ss Eu 1 
b. m 2—(-6 8 z Because т <0, the line falls. 
с. т o us Because т > 0, the line rises. 
Si) 6 


Because m is undefined, the line is vertical. 


for Example 3 


Without graphing, tell whether the line through the given points rises, falls, 
is horizontal, or is vertical. 


T- (4,3), (4; —8] B. (7, 1), (7, —L) 9: (35—272), (0, —2) 10. (5, 6), (1, —4) 
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84 


PARALLEL AND PERPENDICULAR LINES Recall that two lines in a 
arallel if they do not intersect. Two lines in a plane are perpen 
intersect to form a right angle. 


: lane are 
icular if they 


Slope can be used to determine whether two different nonvertical lines are 
parallel or perpendicular. 


KEY CONCEPT For Vour Wotebook 


& б d 6 d ЖЕ 


Slopes of Parallel and Perpendicular Lines 


Consider two different nonvertical lines £, and £, with slopes m, and m,. 


Parallel Lines The lines are parallel if and only if 
they have the same slope. 


Perpendicular Lines The lines are perpendicular if 


and only if their slopes are negative reciprocals of 
each other. 


m, = Ls or тут, = —1 
m. 


Classify parallel and perpendicular lines 


Tell whether the lines are parallel, perpendicular, or neither. 


a. Line 1: through (-2, 2) and (0, —1) b. Line 1: through (1, 2) and (4, —3) 
Line 2: through (—4, —1) and (2, 3) Line 2: through (—4, 3) and (-1, —2) 


Solution 


a. Find the slopes of the two lines. 


= ombre 2 oe | 
Шү amar | ee a 2 


> Because m,m, = -3.2.- —1, m, and m, 


are negative reciprocals of each other. So, the 
lines are perpendicular. 


b. Find the slopes of the two lines. 


> Because m, = m, (and the lines are different), 
you can conclude that the lines are parallel. 
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: REVIEW RATES 


: Remember that a 


for Example 4 


Tell whether the lines are parallel, perpendicular, or neither. 


11. Line 1: through (-2, 8) and (2, —4) 12. Line 1: through (—4, —2) and (1, 7) 
Line 2: through (—5, 1) and (-2, 2) Line 2: through (—1, —4) and (3, 5) 


RATE OF CHANGE Slope can be used to represent an average rate of change 
how much one quantity changes, on average, relative to the change i in another 


: rate is a ratio of two quantity. A slope that is a real-life rate of change involves units of measure such 
: quantities that have as miles per hour or degrees per day. 


: different units. 


Solve a multi-step problem 


FORESTRY Use the diagram, which illustrates the growth of a giant sequoia, to 
find the average rate of change in the diameter of the sequoia over time. Then 
predict the sequoia's diameter in 2065. 


Solution 
STEP? Find the average rate of change. 


Change in diameter 
Change in time 


141 in. — 137 in. 
2005 — 1965 


Average rate of change — 


4 in. 
40 years 


— 0.1 inch per year 


STEP2 Predict the diameter of the sequoia in 2065. 


Find the number of years from 2005 to 2065. Multiply this number by 
the average rate of change to find the total increase in diameter during 
the period 2005-2065. 


Number of years = 2065 — 2005 = 60 
Increase in diameter = (60 years)(0.1 inch/year) = 6 inches 


> In 2065, the diameter of the sequoia will be about 141 + 6 = 147 inches. 


ICE ] for Example 5 


13. WHAT IF? In Example 5, suppose that the diameter of the sequoia is 
248 inches in 1965 and 251 inches in 2005. Find the average rate of change 
in the diameter, and use it to predict the diameter in 2105. 


2.2 Find Slope and Rate of Change 
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Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 17, 35, 44, 45, and 4 


2.2 EXERCISES HOMEWORK: (©) = WORKED-OUT SOLUTIONS 
3 KEY: on p. WS2 for Exs. 9, 19, and 45 


F SKILL PRACTICE 


1. VOCABULARY Copy and complete: The ? ofa nonvertical line is the ratio 
of vertical change to horizontal change. 


2. * WRITING How can you use slope to decide whether two nonvertical lines 
are parallel? whether two nonvertical lines are perpendicular? 


: EXAMPLES FINDING SLOPE Find the slope of the line passing through the given points. 


:2and3 — — | Then tell whether the line rises, falls, is horizontal, or is vertical. 
: on pp. 82-83 Е E ! TM E 
: for Exs. 3-17 3. (2, —4), (4, —1) 4. (8,9), (—4, 3) 5. (5, 1), (8, —4) 
6. (—3, —2), (3, —2) Ye (=L, 4), (1, —4) 8. (—6, 5), [^ —B) 
(9.)(-5, -4), (-1, 3) 10. (=3, 6), (-7, 3) 11. (4,4), (4,9) 
12. (5, 5), (7, 3) 13. (0, —3), (4, —3) 14. (1, 3 Ai, —4) 
Tisimated Alesis 
coni Algebra at classzone.com 


ERROR ANALYSIS Describe and correct the error in finding the slope of the line 
passing through the given points. 


15. 16. 
4, 3), (2, 1, 4), (5, 1) 


1) 
_ —% Ж 


17. * MULTIPLE CHOICE What is true about the line through (2, —4) and (5, 1)? 
СА) Itrises from left to right. It falls from left to right. 
СС) Itis horizontal. (DD It is vertical. 


: EXAMPLE 4 CLASSIFYING LINES Tell whether the lines are parallel, perpendicular, or 


E EE 


: on p. 84 neither. 


* OPENS. 18-23 18. Line 1: through (3, —1) and (6, —4) Line 1: through (1, 5) and (3, —2) 
Line 2: through (-4, 5) and (-2, 7) Line 2: through (—3, 2) and (4, 0) 
20. Line 1: through (-1, 4) and (2, 5) 21. Line 1: through (5, 8) and (7, 2) 
Line 2: through (—6, 2) and (0, 4) Line 2: through (—7, —2) and (-4, —1) 
22. Line 1: through (—3, 2) and (5, 0) 23. Line 1: through (1, —4) and (4, —2) 
Line 2: through (-1, —4) and (3, —3) Line 2: through (8, 1) and (14, 5) 


: EXAMPLE 5 AVERAGE RATE OF CHANGE Find the average rate of change in y relative to x for 


E EEE 


: on p. 85 the ordered pairs. Include units of measure in your answer. 
| Tor Exs: 24-47 24. (2, 12), (5,30) xis measured in hours and y is measured in dollars 
25. (0, 11), (3,50) xis measured in gallons and y is measured in miles 
26. (3,10), (5,18) xis measured in seconds and y is measured in feet 


27. (1,8), (7, 20) x is measured in seconds and y is measured in meters 
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28. REASONING The Key Concept box on page 84 states that lines £, апа £, must 
be nonvertical. Explain why this condition is necessary. 


FINDING SLOPE Find the slope of the line passing through the given points. 


zs. (1.3)/0.3) ә. (+=) (333 
32%. 42,0, C732, 0.1) 33. (0.3, 2.2), 0.7; 0.9) 34. (3.5, —2), (4.5, 0.5) 


35. * SHORT RESPONSE Does it make a difference 
which two points on a line you choose when finding 
the slope? Does it make a difference which point is 
(х, yj) and which point is (x,, y,) in the formula for 
slope? Support your answers using three different 
pairs of points on the line shown. 


36. REASONING Suppose the graph in Exercise 35 represents a function. Find 
intervals for all values of the function that are (a) negative, (b) positive, or (c) 
nonnegative. 


CHALLENGE Find the value of k so that the line through the given points has the 
given slope. Check your solution. 

37. (2, —3) and (k, 7); m = -2 38. (0, k) and (3, 4); т = 1 

39. (—4, 2k) апа (k, —5); m = —1 40. (—2, k) and (2k, 2); m = —0.25 


PROBLEM SOLVING 


42. INCLINE RAILWAY The Duquesne Incline, a cable car railway, rises 
400 feet over a horizontal distance of 685 feet on its ascent to an overlook 
of Pittsburgh, Pennsylvania. What is the slope of the incline? 


@Homelutor for problem solving help at classzone.com 


43. ROAD GRADE A road's grade is its slope expressed as a percent. A road rises 
195 feet over a horizontal distance of 3000 feet. What is the grade of the road? 


44, * SHORT RESPONSE The diagram shows a 
three-section ramp to a bridge. For a person 
walking up the ramp, each section has the 
same positive slope. Compare this slope with 
the slope that a single-section ramp would 
have if it rose directly to the bridge from the 
same starting point. Explain the benefits of 
a three-section ramp in this situation. 


- i 
FE DD „. HET. 3 


: ЕХАМРГЕ 5 Ж MULTIPLE CHOICE Over a 30 day period, the amount of propane in a 


EEE 


: on p. 85 tank that stores propane for heating a home decreases from 400 gallons to 
: for Exs. 45—46 214 gallons. What is the average rate of change in the amount of propane? 
СА) —6.2 gallons per day (В) —6 gallons per day 
(С) —0.16 gallon per day (D> 6 gallons per day 
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: PREVIEW 


я EFI 


: Prepare for 
{ Lesson 2.3 
: in Exs. 56—61. 


88 


‘MIXED Review a a a a 


46. BIOLOGY A red sea urchin grows its 
entire life, which can last 200 years. 
The diagram gives information about 
the growth in the diameter d of one 
red sea urchin. What is the average 
growth rate of this urchin over the 


given period? 0= 11.9 спо — — ¿us = 15.5 ст 


47. MULTI-STEP PROBLEM A building code requires the minimum slope, ог 
pitch, of an asphalt-shingle roof to be a rise of 3 feet for each 12 feet of run. 
The asphalt-shingle roof of an apartment building has the dimensions 
shown. 


a. Calculate What is the slope of the roof? 
b. Interpret Does the roof satisfy the building code? 


с. Reasoning If you answered “по” to part (b), by 80 ft 
how much must the rise be increased to satisfy the 
code? If you answered “yes,” by how much does the 
rise exceed the code minimum? 


48. * EXTENDED RESPONSE Plans for a new water slide in an amusement park 
call for the slide to descend from a platform 80 feet tall. The slide will drop 
1 foot for every 3 feet of horizontal distance. 


a. What horizontal distance do you cover when descending the slide? 
b. Use the Pythagorean theorem to find the length of the slide. 


c. Engineers decide to shorten the slide horizontally by 5 feet to allow for 
a wider walkway at the slide's base. The plans for the platform remain 
unchanged. How will this affect the slope of the slide? Explain. 


49. CHALLENGE A car travels 36 miles per gallon of gasoline in highway driving 
and 24 miles per gallon in city driving. If you drive the car equal distances 
on the highway and in the city, how many miles per gallon can you expect 
to average? (Hint: The average fuel efficiency for all the driving is the total 
distance traveled divided by the total amount of gasoline used.) 


Identify the property that the statement illustrates. (p. 2) 


50. 5(8 + 12) = 5(8) + 5(12) 51. (7+9) +13 =7 + (9 + 13) 
52. 4+ (-4) = 0 53. 5*10— 10* 5 

„= 2.1-2 
54, Шеге] ы еше 


Solve the equation for у. (р. 26) 
56. 3x + y=7 57. 2X у= 3 58. y — Ax = —6 
59. 2x + Sy = —12 60. 7x — 4y = 10 61. -—x+2y=9 


Solve the equation or inequality. (p. 57) 
62. |5 + 2x| =7 63. |4®—9| = 5 64. |8 — 5x] = 9 
65. |3 — 7x| < 10 66. |3x * 1| > 25 67. |3— 4x| 27 
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Graph Equations 
of Lines 


You graphed linear equations by making tables of values. 
You will graph linear equations in slope-intercept or standard form. 
So you can model motion, as in Ex. 64. 


А m си AS is a group of functions with shared characteristics. 
function is the most basic function in a family. 


° алеп г ттт тид 

• y-intercept 

• slope-intercept form 

estandard form of a 
linear equation 

* x-intercept 


KEY CONCEPT For Your Notebook 


Parent Function for Linear Functions 


: The parent function for the family of all linear functions is f(x) = x. 
* The graph of f(x) = xis shown. 


The y-intercept of the 
line f(x) = xis0. 
: DEFINE 
: Y-INTERCEPT 


ГА y-intercept is 

: sometimes defined as 

: a point where a graph 

: intersects the y-axis. L 

: Using this definition, the $: In general, a y-intercept of a graph is the y-coordinate of a point where the 
: y-intercept of the line 4: graph intersects the y-axis. 

: f(x) = x is (0, 0}, noto. + 


The slope of the line 
f(x) = xis 1. 


Graph linear functions 


Graph the equation. Compare the graph with the graph of y = x. 
а. у= 2х b. у= х +3 


Solution 
AAA 


The graphs of y = 2xand y = x The graphs of y = х + З and 


both have a y-intercept of 0, but y = x both have a slope of 1, 
the graph of y = 2x has a slope of 2 but the graph ofy=x+3hasa 
instead of 1. y-intercept of 3 instead of 0. 


2.3 Graph Equations of Lines 89 


SLOPE-INTERCEPT FORM If you write the equations in Example 1 as y = 2x +0 
and y = 1x + 3, you can see that the x-coefficients, 2 and 1, are the slopes of the 
lines, while the constant terms, 0 and 3, are the y-intercepts. In general, a line 
with equation y = mx + b has slope m and y-intercept b. The equation y = mx + b 
is said to be in slope-intercept form. 


: KEY CONCEPT For Your Notebook 


Using Slope-Intercept Form to Graph an Equation 


STEP? Write the equation in slope-intercept form by solving for y. 


STEP 2 Identify the y-intercept b and use it to plot the point (0, b) where 
the line crosses the y-axis. 


>  §TEP3 Identify the slope m and use it to plot a second point on the line. 
>  STEP4 Drawaline through the two points. 


| Graph an equation in slope-intercept form 


Graph y = -2y m 


Solution 
STEP? The equation is already in slope-intercept form. 


STEP2 Identify the y-intercept. The y-intercept is —1, so plot the point 
(0, —1) where the line crosses the y-axis. 


: ANOTHER WAY ш 

Жатыс арышы in ан »  STEP3 Identify the slope. The slope is -$, Or zu so plot a second point 

: вегәше t ig on the line by starting at (0, —1) and then moving down 2 units and 
: could also plot a second right 3 units. The second point is (3, —3). 

: point by moving up 


| 2 uite and Tett uris. STEP4 Draw a line through the two points. 


mu Pr! R | NU ME 
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Graph the equation. Compare the graph with the graph of y = x. 

1. у= —2x A y-x-2 3. y= 4х 
Graph the equation. 

4. у= x *2 5. у= 2х+4 6. у= 1x - 8 
7. y 5 * x 8. f(x) =1-3x 9. f(x) = 10-х 


90 Chapter 2 Linear Equations and Functions 


REAL-LIFE PROBLEMS In a real-life context, a line's slope can represent an average 
rate of change. The y-intercept in a real-life context is often an initial value. 


| ExampLe З Ш Solve a multi-step problem 


BIOLOGY The body length y (in inches) of a walrus calf can be 
modeled by y = 5x + 42 where x is the calf’s age (in months). 


* Graph the equation. 


* Describe what the slope and y-intercept represent in this 
situation. 


* Use the graph to estimate the body length of a calf that is 
10 months old. 


Solution 


STEP? Graph the equation. A 


STEP 2 Interpret the slope and y-intercept. 
The slope, 5, represents the calf's rate 
of growth in inches per month. The 
y-intercept, 42, represents a newborn 
calf's body length in inches. 


ANOTHER WAY 
ЖЛЕ »  STEP3 Estimate the body length of the calf at 


: es апе e : age 10 months by starting at 10 on the 
Lira t x-axis and moving up until you reach 
: Ems з "de the graph. Then move left to the y-axis. 0 4 8 1012* 
: simplifying. At age 10 months, the body length of the Age (months) 

i | calf is about 92 inches. 


ISEBEUBSEEZSXS 
ELLA LI Ld ps 


Body length (in.) 


Y Guwen Practice | tor Example 3 


| 10. WHAT IF? In Example 3, suppose that the body length of a fast-growing calf 
is modeled by y = 6x + 48. Repeat the steps of the example for the new model. 


STANDARD FORM The standard form of a linear equation is Ax + By = C 

: where А апа В are not both zero. You can graph an equation in standard form 
: X-INTERCEPT Te 

AP iio TORA, > by identifying and plotting the x- and y- intercepts. Ап x-i ntercep 9t is the 


[AD X mercepts x-coordinate of a point where a graph intersects the x-axis. 
: sometimes defined as 


a point where a graph 

: intersects the x-axis, not · 
: the x-coordinate of such E 
: a point. > 


: DEFINE 


KEY CONCEPT For Your Notebook 


Using Standard Form to Graph an Equation 


STEP? Write the equation in standard form. 


STEP 2 Identify the x-intercept by letting y = 0 and solving for x. Use the 
x-intercept to plot the point where the line crosses the x-axis. 


STEP 3 Identify the y-intercept by letting x = 0 and solving for y. Use the 
y-intercept to plot the point where the line crosses the y-axis. 


I: STEP4 Drawa line through the two points. 


2.3 Graph Equations of Lines 91 


( EXAMPLE 4 | Graph ап equation in standard form m 


Graph 5x + 2y = 10. 


: ANOTHER WAY |. Solution 


ОНИ А | 
: You can also graph STEP? The equation is already in standard form. 
: 5x + 2y = 10 by first 

: solving for y to obtain STEP 2 Identify the x-intercept. 

: y = —эх + 5 and then 5x+2(0)=10  Lety- 0. 

: using the procedure for xc: Solve for x. 


: graphing an equation in 


: slope-intercept form. The x-intercept is 2. So, plot the point (2, 0). 


STEP3 Identify the y-intercept. 
5(0)--2y-10 1еїх=0. 
y=5 Solve for y. 
The y-intercept is 5. So, plot the point (0, 5). 
STEP 4 Draw a line through the two points. 


HORIZONTAL AND VERTICAL LINES The equation of a vertical line cannot be 
written in slope-intercept form because the slope is not defined. However, every 
linear equation—even that of a vertical line—can be written in standard form. 


KEY CONCEPT For Your Notebook 


Horizontal and Vertical Lines 


Horizontal Lines The graph of y = cis the horizontal line through (0, c). 


Vertical Lines Тһе graph of x = cis the vertical line through (с, 0). 


| EXAMPLE 5 | Graph horizontal and vertical lines mu 


Graph (a) y = 2 and (b) x = —3. 


J. Solution 


a. The graph ofy = 2 is the horizontal line that 
passes through the point (0, 2). Notice that every 
point on the line has a y-coordinate of 2. 


b. The graph of x = —3 is the vertical line that 
passes through the point (—3, 0). Notice that 
every point on the line has an x-coordinate of —3. 


GUIDED PRACTICE for Examples 4 and 5 


Graph the equation. 


| 11. 2x + 5y = 10 12, 3x — 2y — 12 13. x - 1 14. у= —4 
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EXERCISES "ү О-оо 
2 .З KEY: on p. WS3 for Exs. 15, 37, and 61 
¿ke = STANDARDIZED TEST PRACTICE 
Exs. 2, 23, 30, 55, 56, 63, and 68 


: @ = MULTIPLE REPRESENTATIONS 
Ех. 67 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: The linear equation y = 2x + 5 is 
writtenin ? form. 


2. Ж WRITING Describe how to graph an equation of the form Ax + By = C. 


: EXAMPLE 1 GRAPHING LINEAR FUNCTIONS Graph the equation. Compare the graph with the 


з SPER CEPR HRS HR REE 


: on p. 89 graph of y = x. 
for Exs. 3-8 _ - 
3. у = Зх 4. у= —х 5. у= х+5 
6. у= х 2 7. у= 2х — 1 B. y= —3x + 2 


: EXAMPLE 2 SLOPE-INTERCEPT FORM Graph the equation. 


serra 


: on p. 90 


ex 10. y=x- 11. у=2х+ 
: for Exs. 9-22 ae: alles = peri ы 
12. у= 3х — 4 13. y =4x-1 14. y= £x- 2 
— ee "e TE A 
(is) f(x) = 2% 1 16. f(x) = 4** 1 17. f(x) = 5X 3 
18. f(x) = ox +4 19. f(x) = -1.5x +2 20. f(x) =3х— 1.5 
ERROR ANALYSIS Describe and correct the error in graphing the equation. 
21. у=2х+3 22. у= 4х – 2 
ЕЕЕ 
23. * MULTIPLE CHOICE What is the slope-intercept form of 4x — Зу = 18? 
Ф) y-ix-6 (O у=-4х-6 O©y=f-6 0) y=-3x+6 
: EXAMPLES FINDING INTERCEPTS Find the x- and y-intercepts of the line with the 
HERBES сс. нше 
: On p. 92 | м В Б дее 
: for Exs. 24-42 24. х- у= 4 25. x + Sy 15 26. Зх — 4y 12 
27. 2х – у= 10 28. 4х — 5y = 20 29. —6x + 8y = —36 


30. * MULTIPLE CHOICE What is the x-intercept of the graph of 5x — бу = 30? 


Ф) —5 O 2 O 6 D 30 


2.3 Graph Equations of Lines 93 


STANDARD FORM Graph the equation. Label any intercepts. 


31. x+4y=8 32. 2x — 6y = —12 33. x=4 

34. y= —2 35. ox у= З 36. 3x + 4y = 12 
| (67) -5x + 10у = 20 38. —х-у=6 39. у = 1.5 

40. 2.5x — 5y = —15 41. x= 42. $x + 2у= -2 


CHOOSING A METHOD Graph the equation using any method. 


43. 6у = 3x + 6 44. -3+x=0 45. y+ 7 = -2x 
46. 4y = 16 47. Ву = —2x + 20 48. Ax = -y —1 
49. —4x = 8y + 12 50. 3.5x = 10.5 51. y—5.5x=6 
52. 14 — 3x = Ty 53. 2y— 5 = 0 54. 5у = 7.5 — 2.5x 


55. ж OPEN-ENDED MATH Write equations of two lines, one with an x-intercept 
but no y-intercept and one with a y-intercept but no x-intercept. 


56. * SHORT RESPONSE Sketch y = mx for several values of m, both positive and 
negative. Describe the relationship between m and the steepness of the line. 


57. REASONING Consider the graph of Ax + By = C where В = 0. What are the 
slope and y-intercept in terms of A, B, and C? 


58. CHALLENGE Prove that the slope of the line y = mx + bis т. (Hint: First find 
two points on the line by choosing convenient values of x.) 


"PROBLEM SOLVING 


: EXAMPLE3 59. FITNESS The total cost y (in dollars) of a gym membership after x months 
: on p. 91 is given by y = 45x + 75. Graph the equation. What is the total cost of the 
: for Exs. 59-62 — after 9 months? 


DHc lon mi ети uto r for problem solving help at dasszone.com 


60. CAMPING Your annual membership fee to a nature society lets you camp 
at several campgrounds. Your total annual cost y (in dollars) to use the 

campgrounds is given by y = 5x + 35 where x is the number of nights you 

сатр. Graph the equation. What do the slope and y-intercept represent? 


e DH ome omeTu Ц tor. for problem solving help at classzone.com 


SPORTS Bowling alleys often charge a fixed fee to rent shoes and then charge 
for each game you bowl. The function C(g) = 3g + 1.5 gives the total cost 

C (in dollars) to bowl g games. Graph the function. What is the cost to rent 
shoes? What is the cost per game? 


| 62. PHONE CARDS You purchase a 300 minute phone card. The function 
M(w) = —30w + 300 models the number M of minutes that remain on the 
card after w weeks. Describe how to determine a reasonable domain and 
range. Graph the function. How many minutes per week do you use the card? 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED $ = MULTIPLE 
94 on p. WS1 TEST PRACTICE REPRESENTATIONS 


: REVIEW 


: You can review 


: interval notation! 


: on p. 49. 


63. 


65. 


67. 


. * SHORT RESPONSE The graph of the function 


* SHORT RESPONSE You receive a $30 gift card to a shop that sells fruit 
smoothies for $3. If you graph an equation of the line that represents the 
money y remaining on the card after you buy x smoothies, what will the 
y-intercept be? Will the line rise or fall from left to right? Explain. 


. MULTI-STEP PROBLEM You and a friend kayak 1800 yards down a river. You 
drift with the current partway at 30 yards per minute and paddle partway at 
90 yards per minute. The trip is modeled by 30x + 90у = 1800 where x is the 
drifting time and y is the paddling time (both in minutes). 


a. Graph the equation, and determine a reasonable domain and range. 
What do the x- and y-intercepts represent? 


b. If you paddle for 5 minutes, what is the total trip time? 
c. If you paddle and drift equal amounts of time, what is the total trip time? 


VOLUNTEERING You participate in a 14 mile run/walk for charity. You run 
partway at 6 miles per hour and walk partway at 3.5 miles per hour. A model 
for this situation is 6r + 3.5w = 14 where ris the time you run and wis the 
time you walk (both in hours). Graph the equation. Give three possible 
combinations of running and walking times. 


. TICKETS An honor society has $150 to buy science museum and art museum 


tickets for student awards. The numbers of tickets that can be bought are 
given by 5s + 7a = 150 where s is the number of science museum tickets (at 
$5 each) and a is the number of art museum tickets (at $7 each). Graph the 
equation. Give two possible combinations of tickets that use all $150. 


$) MULTIPLE REPRESENTATIONS A hot air balloon is initially 200 feet above 
the ground. The burners are then turned on, causing the balloon to ascend at 
a rate of 150 feet per minute. 


a. Making a Table Make a table showing the height h (in feet) of the balloon 
t minutes after the burners are turned on where 0 x f € 5. 


b. Drawing a Graph Plot the points from the table in part (a). Draw a line 
through the points for the domain 0 € f x 5. 

c. Writing an Equation The balloon's height is its initial height plus the 
product of the ascent rate and time. Write an equation representing this. 


mates А ге Sra at classzone.com 


y=-x+2is shown. 
a. On what interval are the function values 
positive? Negative? 


b. Would you describe the function as an 
increasing, decreasing, or constant function? 
Explain. 


2.3 Graph Equations of Lines 


95 


69. CHALLENGE You want to cover а five-by-five grid completely 
with x three-by-one rectangles and y four-by-one rectangles 
that do not overlap or extend beyond the grid. 


a. Explain why x and y must be whole numbers that satisfy 
the equation 3x + 4y = 25. 3by1 4by1 


b. Find all solutions (x, y) of the equation in part (a) such 
that x and y are whole numbers. 


с. Do all the solutions from part (b) represent combinations of rectangles 
that can actually cover the grid? Use diagrams to support your answer. 


LITE 


: PREVIEW 


: Prepare for — 
: Lesson 2.4 
: in Exs. 78-83. 


Evaluate the expression for the given value of the variable. (p. 10) 


70. Зп — 10 when л = 5 71. —4x + 16 when x = —2 72. 2(11 — 5p) when p= 4 
73. (4q + 5)(29) мћепд = -1 74. т? — Am when m = —3 75. (d+ 1)? — d when d = 6 


Tell whether the relation is a function. Explain. (p. 72) 
76. (2 —_{), (0, 3), (1, —2), (—2, 13), (3, —12) TT. (1, 3), (0, 0), (2; =2); (9, 6), le —2) 


Find the slope of the line passing through the given points. (p. 82) 
78. (1, —3), (5, 0) 79. (72, D, (6, —7) 80. (4, 4), (8, 4) 
81. (2, 5), (—5, 8) 82. (6; =J 11, —13) 83. (2.5, 0), (-3.5, —4) 


Quiz for Lessons 2.1-2.3 
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Tell whether the relation is a function. Explain. (p. 72) 
1. Input Output 2. Input Output 3. Input Output 


Tell whether the lines are parallel, perpendicular, or neither. (p. 82) 


4. Line I: through (—3, —7) and (1, 9) 5. Line I: through (2, 7) and (-1, —2) 
Line 2: through (-1, —4) and (0, —2) Line 2: through (3, —6) and (-6, —3) 


Graph the equation. (p. 89) 
6. у=—5х+3 7. х= 10 8. 4х + Зу = —24 


9. ROWING SPEED In 1999, Tori Murden became the first woman to row across 
the Atlantic Ocean. She rowed a total of 3333 miles during her crossing. The 
distance d rowed (in miles) can be modeled by d = 41t where t represents 
the time rowed (in days) at an average rate of 41 miles per day. Graph the 
function, and determine a reasonable domain and range. Then estimate how 
long it took Tori Murden to row 1000 miles. (p. 72) 
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ad ACTIVITY Use after Lesson 2.3 Tutor 


classzone.com 
Keystrokes 


2.3 Graph Equations 


AA rt: 


You can use a graphing calculator to graph equations in two variables. On most 
calculators, you must first write the equation in the form y = f(x). 


if E ir Bere m ү Г ы "5 wem | 
IM EA A IV "LE | 


Graph the equation x + 4y = 8. 


STEP T| Solve for y STEP 2| Enter equation 


First, solve the equation for y so that it can For fractional coefficients, use parentheses. 
be entered into the calculator. So, enter the equation as у= —(1/4)x + 2. 


4у ү18- (1/4) х+2 
4у Үг= 

Үз= 

Y4- 

Ys- 

Y6= 

Y7= 


[STEP 3] Set viewing window and graph 


Enter minimum and maximum x- and y-values and x- and y-scales. The 
viewing window should show the intercepts. The standard viewing window 
settings and the corresponding graph are shown below. 


| WINDOW 
Xminz-10 
Хтах=10 
Xscl=1 
Ymin=-10 
Ymax=10 
Yscl=1 


Г | x , L 
LS Е T " 

| fe ioe y | 

p = 


Graph the equation in a graphing calculator’s standard viewing window. 


1. y + 14 = 17 – 2х 2. Зх- у= 4 3. 3x — 6у = —18 


Graph the equation using a graphing calculator. Use a viewing window that shows the 
x- and y-intercepts. 


4. 8x = 5y + 16 5. 4x — 25y — 240 6. 1.25x + 4.2y = 28.7 


2.3 Graph Equations of Lines 


2 4 Write Equations of Lines 4 
ө > 


You graphed linear equations. 


| Now | You will write linear equations. 


| га! 


AT 


° point-slope form 


ә 


2 


xd 


So you can model a steady increase or decrease, as in Ex. 51. 


KEY CONCEPT 


: Writing an Equation of a Line 


Given slope m and y-intercept b Use slope-intercept form: 


Given slope m and a point (x, y.) 


y-y,7míx-— x) 


Given points (x,, y.) and (x,, y.) First use the slope formula to find т. 
Then use point-slope form with either 


given point. 


Write an 
Write an equation of the line shown. 


Solution 


From the graph, you can see that the slope is m — i 


and the y-intercept is b — —2. Use slope-intercept 
form to write an equation of the line. 


y=mx+b Use slope-intercept form. 


y= $x + (-2) Substitute 3 for m and —2 for b. 


y= Za mË Simplify. 


¿Animatea Aloehra 
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GUIDED PRACTICE for Example 1 


Write an equation of the line that has the given slope and y-intercept. 


1. m= 3, b= 1 2. m=-2,b=-4 
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For Your Notebook 


ation given the slope and y-intercept 


м |<1 


( EXAMPLE 2 ] Write an equation given the slope and a point 


: SIMPLIFY 
: EQUATIONS 


: In this book, equations 
: written in point-slope 
: form will be simplified 
: to slope-intercept form. 


ЄТ) write equations of parallel or perpendicular lines. 


Write an equation of the line that passes through (—2, 3) and is (a) parallel to, 


Y Guwen Practice | for Examples 2 and 3 


Write an equation of the line that passes through (5, 4) and has a slope of —3. 


Solution 


Because you know the slope and a point on the line, use point-slope form to write 
an equation of the line. Let (x,, y,) = (5, 4) and m = —3. 


y- y, = míx — xy Use point-slope form. 
y-4=-3(x-5) Substitute for m, x, and y,. 
y= t=- 15 Distributive property 

у = —3x + 19 Write in slope-intercept form. 


and (b) perpendicular to, the line y = —4x + 1. 


Solution 


a. The given line has a slope of т, = —4. So, a line parallel to it has a slope 
of m, = т, = —4. You know the slope and a point on the line, so use the 
point-slope form with (x,, у) = (72, 3) to write an equation of the line. 


У-у, =m — xy) Use point-slope form. 


y-3=-4(x— (-2)) Substitute for m,, x,, and y,. 


y —- 3 = —4(x + 2) Simplify. 
y—-3—-—4—8 Distributive property 
y-7-4x—35 Write in slope-intercept form. 


b. Aline perpendicular to aline with slope m, — —4 has a slope 


of m, = E - i Use point-slope form with (x, y,) = (2, 3). 


у-у, = m,(x — xy Use point-slope form. 


у= nt —(-2) Substitute for m,, x,, and y,. 


y-3= iG +2) Simplify. 
y-3= ix + 5 Distributive property 
у= ix + 5 Write in slope-intercept form. 


4. Write an equation of the line that passes through (—1, 6) and has a slope of 4. 


5. Write an equation of the line that passes through (4, —2) and is (a) parallel 
to, and (b) perpendicular to, the line y = 3x — 1. 


2.4 Write Equations of Lines 
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( EXAMPLE 4 ] Write an equation given two points 


| Write an equation of the line that passes through (5, —2) and (2, 10). 


: ANOTHER WAY Solution 


+ wWEBBRHEHNBTWSEATEHTEPSTRERTENSMESSTSEZESEE 


: For an alternative 

: method for solving the 
: problem in Example 4, Ya Y 10—(-2)1. 138. 

: = -4 
: turn to page 105 for Xy — X 8-95 —3 

: the Problem Solving 
: Workshop. 


The line passes through (х, yp = (5, —2) and (x,, y,) = (2, 10). Find its slope. 


You know the slope and a point on the line, so use point-slope form with either 
given point to write an equation of the line. Choose (x,, y,) = (2, 10). 


у-у = m(x — xj Use point-slope form. 
y-10=-4(x- 2) Substitute for m, x, and y,. 
y— 10 = —4x +8 Distributive property 


y = —4x + 18 Write in slope-intercept form. 


ЄТ) write a model using slope-intercept form 


SPORTS In the school year ending in 1993, 2.00 million 
females participated in U.S. high school sports. By 2003, 
the number had increased to 2.86 million. Write a linear 
equation that models female sports participation. 


Solution 


STEP Y Define the variables. Let x represent the time 
(in years) since 1993 and let y represent the 
number of participants (in millions). 


STEP 2 Identify the initial value and rate of change. The 
initial value is 2.00. The rate of change is the slope т. 


: AVOID ERRORS — 2 Vi _ 2.86 — 2.00 _ 0.86 _ gogg Use (x,, ¥,) = (0, 2.00) 


-—— —————— EU ==————_———===—— ==; 
: Because time is » a 98 10 — 0 10 and (x,, у,) = (10, 2.86). 


: defined in years since 


: 1993 in Step 1, 1993 STEP 3 Write a verbal model. Then write a linear equation. 


pud Participants _ Initial | Rateof , Years 
dal M de (millions) number change since 1993 
: to x, = 10. 

+ Y + Y 

y = 2.00 + 0.086 - x 


> In slope-intercept form, a linear model is y = 0.086x + 2.00. 


GUIDED PRACTICE — for Examples 4 and 5 
| Write an equation of the line that passes through the given points. 
6. a 5), (4, =F) 7. (6, 1), (—3, —8) 8. Ek; 21, (10, 0) 
9. SPORTS In Example 5, the corresponding data for males аге 3.42 million 


participants in 1993 and 3.99 million participants in 2003. Write a linear 
equation that models male participation in U.S. high school sports. 
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2.4 EXERCISES 


‘SKILL PRACTICE 


pera Y us 
: on p. 98 
: for Exs. 3-8 


re NM 
: on p. 99 
: for Exs. 9—19 


2491. ДЫ Ж АШ Write a model using standard form | | 


ONLINE MUSIC You have $30 to spend on downloading songs for your digital 
music player. Company A charges $.79 per song, and company B charges 
5.99 per song. Write an equation that models this situation. 


Solution 


Write a verbal model. Then write an equation. 


Company A Songs from CompanyB Songs from Your |. 
song price + companyA +  songprice + companyB = budget 
(dollars/song) (songs) (dollars/song) (songs) (dollars) 
Y Y Y Y v 
0.79 . x + 0.99 . y = 30 


|, » An equation for this situation is 0.79х + 0.99y = 30. 


Y GUIDED PRACTICE for Example 6 


| 10. WHAT IF? In Example 6, suppose that company A charges $.69 per song and 
company B charges $.89 per song. Write an equation that models this situation. 


HOMEWORK: () = WORKED-OUT SOLUTIONS | 
КЕҮ: on р. WS3 for Exs. 15, 35, and 53 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 26, 39, 47, and 53 | 


: «f = MULTIPLE REPRESENTATIONS 
| Ех.57 


1. VOCABULARY Copy and complete: The linear equation 6x + 8y = 72 is 
written іп ? form. 


2. * WRITING Given two points on a line, explain how you can use point-slope 
form to write an equation of the line. 


SLOPE-INTERCEPT FORM Write an equation of the line that has the given slope 
and y-intercept. 


3. m=0,b=2 4. m=3,b= —4 5. m=6,b=0 
6. т= S, b-4 7. m--3b-7 & m=- p=- 


POINT-SLOPE FORM Write an equation of the line that passes through the given 
point and has the given slope. 


9. (0, -2), m= 4 10; (3,-D,m- —8 11. (—4,3),m=2 
12. (-5,-6),m=0 13. (8, 13), m = —9 14, (12, 0), = 3 
(is) (7 3), m= 2 16. (4,2), m - 3 17. (9, —5),т = –1 


2.4 Write Equations of Lines 101 


: EXAMPLE 3 


а PPP Pee eee ee TE] 


: for Exs. 20-26 


: EXAMPLE4 | 


: оп р. 100 
: for Exs. 27-38 


102 


| ERROR ANALYSIS Describe and correct the error in writing an equation of 


the line that passes through the given point and has the given slope. 
18. (-4,2),m=3 19. (5, 1), m = —2 


m(x m(x 

B(x 4) 2(х 1) 

5х 12 pA 2x X 
dx 10 2х 


PARALLEL AND PERPENDICULAR LINES Write an equation of the line that passes 


| through the given point and satisfies the given condition. 


20. (—3, —5); parallel to у = —4x+ 1 21. (7, 1); parallel to y = —x +3 


22. (2,8); parallel to y = 3x — 2 23. (4, 1); perpendicular to y — ix +3 
24. (—6, 2); perpendicular to y = —2 25. (3, —1); perpendicular to y = 4x + 1 


26. Ж MULTIPLE CHOICE What is an equation of the line that passes through 
(1, 4) and is perpendicular to the line y = 2x — 3? 
Qo у=2х+2 (O у=3х+7 


VISUAL THINKING Write an equation of the line. 


WRITING EQUATIONS Write an equation of the line that passes through the 
given points. 


30. El, 37, (2, 9) 
33. (0, 7), (3, 5) 
36. (15, 20), (-12, 29) 


31. (4, —1), (6, —7) 
34. (—1, 2), (3, —4) 
37. (3.5, 7), (—1, 20.5) 


32. (=2, —3), (2, —1) 


($5) (-5, 3, (538,8) 


38. (0.6, 0.9), (3.4, —2.6) 


39. * MULTIPLE CHOICE Which point lies on the line that passes through the 
point (9, —5) and has a slope of —6? 


(6, 10) (6, 6) (С) (7,7) © (6, -4) 


STANDARD FORM Write an equation in standard form Ax + By = Cof the line 
that satisfies the given conditions. Use integer values for A, B, and C. 


40. т = —3, Б = 5 41. m= 4, Б = —3 


42. т = -$ passes through (4, —7) 43. m — = passes through (2, 3) 


45. passes through (2, 8) and (-4, 16) 


Irmak 


i! Ho Гу 
= - i 
w= ABEL 


Ж = STANDARDIZED 
TEST PRACTICE 


= WORKED-OUT SOLUTIONS 
on p. WS1 


46. REASONING Write ап equation of the line that passes through (3, 4) and 
satisfies the given condition. 


a. Parallel to y = —2 b. Perpendicular to y = —2 
c. Parallel to x = —2 d. Perpendicular to x = —2 


47. * OPEN-ENDED MATH Write an equation of a line £ such that £ and the lines 
y= —3х + 5and у= 2х + 1 form a right triangle. 


48. REASONING Consider two distinct nonvertical lines A,x + B,y = C, and 
A,x + Ву = C,. Show that the following statements are true. 


a. Ifthe lines are parallel, then A,B, = А„В,. 
b. If the lines are perpendicular, then A,A, + B,B, = 0. 


49. CHALLENGE Show that an equation of the line with x-intercept a and 


| y-intercept bis т F > = 1. This is the intercept form of a linear equation. 


PROBLEM SOLVING 


: EXAMPLES 50. CAR EXPENSES You buy a used car for $6500. The monthly cost of owning the 


= PSPC RRR CRS SHES 


п PCCP 


: on p. 100 | car (including insurance, fuel, maintenance, and taxes) averages $350. Write 
i for Exs. 50-51 an € that models the total cost of buying and owning the car. 


for problem solving help at classzone.com 


51. HOUSING Since its founding, a volunteer group has restored 50 houses. It 
plans to restore 15 houses per year in the future. Write an equation that 
models the total number п of restored houses t years from now. 


ры 
COHomeTutor 
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: EXAMPLE 6 52. GARDENING You have a rectangular plot measuring 

: on p. 101 16 feet by 25 feet in a community garden. You want 

: for Exs. 52-54 to grow tomato plants that each need 8 square feet of 
space and pepper plants that each need 5 square feet. 
Write an equation that models how many tomato plants 
and how many pepper plants you can grow. How many 
pepper plants can you grow if you grow 15 tomato plants? 


* SHORT RESPONSE Concert tickets cost $15 for general admission, but only 
$9 with a student ID. Ticket sales total $4500. Write and graph an equation 
that models this situation. Explain how to use your graph to find how many 
student tickets were sold if 200 general admission tickets were sold. 


54. MULTI-STEP PROBLEM A company will lease office space in two buildings. 
The annual cost is $21.75 per square foot in the first building and $17 per 
square foot in the second. The company has $86,000 budgeted for rent. 


a. Write an equation that models the possible amounts of space rented in 
the buildings. 


b. How many square feet of space can be rented in the first building if 
2500 square feet are rented in the second? 


c. If the company wants to rent equal amounts of space in the buildings, 
what is the total number of square feet that can be rented? 
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55. CABLE TELEVISION In 1994, the average monthly cost for expanded basic 
cable television service was $21.62. In 2004, this cost had increased to $38.23. 
Write a linear equation that models the monthly cost as a function of the 
number of years since 1994. Predict the average monthly cost of expanded 
basic cable television service in 2010. 


56. TIRE PRESSURE Automobile tire pressure increases about 1 psi (pound per 
square inch) for each 10°Е increase in air temperature. At an air temperature 
of 55°F, a tire's pressure is 30 psi. Write an equation that models the tire's 
pressure as a function of air temperature. 


57. 4 MULTIPLE REPRESENTATIONS Your class wants to 
make a rectangular spirit display, and has 24 feet of 
decorative border to enclose the display 


a. Writing an Equation Write an equation in standard 
form relating the possible lengths £ and widths w of 
the display. 


b. Drawing a Graph Graph the equation from part (a). 


c. Making a Table Make a table of at least five possible pairs 
of dimensions for the display. 


58. CHALLENGE You are participating in a dance-a-thon 
to raise money for a class trip. Donors can pledge an 
amount of money for each hour you dance, a fixed 
amount of money that does not depend on how long 
you dance, or both. The table shows the amounts 
pledged by four donors. Write an equation that 
models the total amount y of money you will raise Julio 
from the donors if you dance for x hours. 


Emilia 


: PREVIEW | Solve the equation. Check your solution. (p. 18) 

] EPI tor 59. 9x — 27 60. 5x — 20 61. —3x — 21 
: Lesson 2.5 

: їп Exs. 59-64. 62. 8x =6 63. 4x = —14 64. 10x = 8 


Solve the inequality. Then graph the solution. (p. 41) 


65. 3х+5<17 66. 2x —4» —10 67. бх - 4222 
68. Dx IZ — 12 69. 1x - 522x103 JU. —352x-— F213 
TL 35D Hs M fax E НЕГО 73. 2x «60r5x —9216 


Graph the equation. (p. 72) 
74 y2x—8 75. у= -2x + 1 76. у= 3x 2 


77. у= Ax 4 2 78. у= ах +4 79. у= 2x - 6 


80. RESERVOIRS The surface elevation of a reservoir is 940 feet above sea level. 
Water is released over a period of 15 days, lowering the surface elevation to 
934 feet above sea level. What is the average rate of change in the reservoir's 
surface elevation over the period? (p. 82) 
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Grom Using ALTERNATIVE METHODS 
желүү ALTERNATIVE METHODS 


LESSON 2.4 


Another Way to Solve Example 4, page 100 


e. MULTIPLE REPRESENTATIONS In Example 4 on page 100, you wrote an equation 
e d of aline through two given points by first writing the equation in point-slope 
E form and then rewriting it in slope-intercept form. You can also write an 
equation of a line through two points by using the slope-intercept form to solve 
for the y-intercept. 


Solving for the y-Intercept To write an equation of a line through two points, 
you can substitute the slope and the coordinates of one of the points into 
у = mx + band solve for the y-intercept b. 


STEP 7 Find the slope of the line. miis И 


STEP 2 Substitute the slope and the coordinates 
of one point into the slope-intercept form. 


=2 = —4(5) + р 
Use the point (5, —2). 


-2--204b 
18 = b 


STEP 3 Solve for b. 


STEP 4 Substitute m and b into the 
slope-intercept form. 


ema 0 | 


4. SNOWFALL After 4 hours of snowfall, the snow 
depth is 8 inches. After 6 hours of snowfall, 
the snow depth is 9.5 inches. Use two different 
methods to write a linear equation that models 
the snow depth as a function of time. 


y= —4х-+ 18 


1. WRITE AN EQUATION Use the method above 
to write an equation of the line that passes 
through (2, 15) and (7, 35). 


. FITNESS At a speed of 45 yards per minute, 
a 120 pound swimmer burns 420 calories 


per hour and a 172 pound swimmer burns . ARCHAEOLOGY Ancient cities often rose in 


600 calories per hour. Use two different 
methods to write a linear equation that models 
the number of calories burned per hour as a 
function of a swimmer's weight. 


. SAFETY A motorist lights an emergency flare 
after having a flat tire. After burning for 

6 minutes, the flare is 13 inches long. After 
burning for 20 minutes, it is 6 inches long. 
Use two different methods to write a linear 
equation that models the flare's length as a 
function of time. 


elevation through time as citizens built on 
top of accumulating rubble and debris. An 
archaeologist at a site dates artifacts from a 
depth of 54 feet as 3500 years old and artifacts 
from a depth of 26 feet as 2600 years old. 

Use two different methods to write a linear 
equation that models an artifact's age as a 
function of depth. 


. REASONING Suppose a line has slope m and 


passes through (x,, y,). Write an expression for 
the y-intercept bin terms of т, x,, and y,. 
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MIXED REVIEW of Problem Solving 


Lessons 2.1-2.4 


1. MULTI-STEP PROBLEM From January to June, 5. EXTENDED RESPONSE General admission 


the number of visitors to a news website 
increased by an average of 1200 per month. 
In January, there were 50,000 visitors to the 
website. 


a. Write an equation that gives the number v 
of visitors to the website as a function of the 
number t of months since January. 


. Graph the equation from part (a). 


c. Use the equation from part (a) to predict the 
number of website visitors in October. 


. MULTI-STEP PROBLEM The official population 
of Baton Rouge, Louisiana, was 219,531 in 1990 
and 227,818 in 2000. 


a. What was the average rate of change in the 
population from 1990 to 2000? 


b. Write a linear equation that models the 
population P of Baton Rouge from 1990 to 
2000. Let t represent the number of years 
since 1990. 


Use your equation from part (b) to predict 
the population of Baton Rouge in 2010. 


. SHORT RESPONSE The graph shows the 
number of representatives in the U.S. Congress 
given to Illinois by each national census from 
1940 to 2000. Does the graph represent a 
function? Explain. 


from Illinois 
LT | 


Number of 
representatives 


10 20 30 40 50 60 
Years since 1940 


4. OPEN-ENDED Write an equation of a line that 


is parallel to the line x + Зу = 12 and that 
contains no points in Quadrant I. 


Chapter 2 Linear Equations and Functions 


tickets to a high school football game cost $7, 
while student tickets cost $4. Ticket sales for a 
game totaled $11,200. 


Write an equation for the possible numbers 
of general admission and student tickets 
that could have been sold for the game. 


. Graph the equation from part (a). 


Is it possible that 950 general admission 
tickets were sold? Explain. 


. Find three possible combinations of 
general admission and student tickets that 
could have been sold. Explain how you 
found your answers. 


. GRIDDED ANSWER What is the slope of a line 


parallel to iy —3x-5? 


. GRIDDED ANSWER What is the slope of a line 


perpendicular to the line shown? 


. SHORT RESPONSE Your digital camera has 


a 512 megabyte memory card. You take low 
resolution pictures requiring 4 megabytes of 
memory each and high resolution pictures 
requiring 8 megabytes of memory each. 


a. Write and graph an equation for the possible 
numbers of low and high resolution pictures 
you can take. 


. Describe the meaning of the slope and 
intercepts in the context of the problem. 


5 Model Direct Variation 
" 


You wrote and graphed linear equations. 
| Now ] You will write and graph direct variation equations. 
So you can model animal migration, as in Ex. 44. 


: KEY CONCEPT 


e direct variation 2 
•сопѕќапі of variation +. 


Direct Variation 


Equation The equation y = ax represents direct variation between 


хапа y, and y is said to va directiy with x. m nonzero 
constant a is called the constant c 


Graph The graph of a direct variation 
equation y = axis a line with 
slope a and y-intercept 0. 


The family of direct variation 
graphs consists of lines through 
the origin, such as those shown. 


Write and graph a direct variation equation that has (—4, 8) as a solution. 


Solution 
Use the given values of x and y to find the constant of variation. 
у=ах Write direct variation equation. 


8 = a(-4) Substitute 8 for y and —4 for x. 


—2=a Solve for a. 


» Substituting —2 for ain y = ax gives the direct 
variation equation y = —2x. Its graph is shown. 


Ca З 
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JIDED PRACTICE for Example 1 


Write and graph a direct variation equation that has the given ordered pair as 
a solution. 


1. (3, —9) 2. (—7, 4) 3. (5, 3) 4. (6, —2) 
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: AVOID ERRORS 


: For real-world data, 

: the ratios do not have 
: to be exactly the same 
: to show that direct 

: variation is a plausible 
: model, 


IVA Write and apply a model for direct variation 


METEOROLOGY Hailstones form when strong updrafts 
support ice particles high in clouds, where water 


droplets freeze onto the particles. The diagram shows a E 
hailstone at two different times during its formation. 
a. Write an equation that gives the hailstone's т 
diameter d (in inches) after t minutes if you assume f= 20 min 


the diameter varies directly with the time the 
hailstone takes to form. 


b. Using your equation from part (a), predict the 
diameter of the hailstone after 20 minutes. 12 min 


- = 
AVES E 
! f= 051 


Solution 


a. Use the given values of t and d to find the constant of variation. 


d — at Write direct variation equation. 
0.75 — a(12) Substitute 0.75 for d and 12 for t. 
0.0625 — a Solve for a. 


An equation that relates t and d is d = 0.0625t. 


b. After t = 20 minutes, the predicted diameter of the hailstone is 
d = 0.0625(20) = 1.25 inches. 


RATIOS AND DIRECT VARIATION Because the direct variation equation y — ax can 


be written as А = a, a set of data pairs (x, y) shows direct variation if the ratio of 


y to xis constant. 


Use ratios to identify direct variation 


SHARKS Great white sharks have triangular teeth. 
The table below gives the length of a side of a tooth 
and the body length for each of six great white 
sharks. Tell whether tooth length and body length 
show direct variation. If so, write an equation that 
relates the quantities. 


Tooth length, t(cm) 18 | 24 | 29 


215 | 290 


Solution 
Find the ratio of the body length b to the tooth length t for each shark. 


215 _ 290 _ 1» 350 _ 
ra "H9 24 «121 23 tal 
430 _ 565 _ 695 _ 
zs Hm 17 120 cp 120 


» Because the ratios are approximately equal, the data show direct variation. 


An equation relating tooth length and body length is 5 = 120, or b = 1201. 
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2.5 EXERCISES 


5. WHAT IF? In Example 2, suppose that a hailstone forming in a cloud has a 
radius of 0.6 inch. Predict how long it has been forming. 


6. SHARKS In Example 3, the respective body masses m (in kilograms) of the 
great white sharks are 80, 220, 375, 730, 1690, and 3195. Tell whether tooth 
length and body mass show direct variation. If so, write an equation that 
relates the quantities. 


HOMEWORK: () = WORKED-OUT SOLUTIONS 
KEY: on p. WS3 for Exs. 5, 15, and 41 


ж = STANDARDIZED TEST PRACTICE 


Exs. 2, 17, 30, 40, and 44 


SKILL PRACTICE 


: EXAMPLE 1 


а CFC CFTR 


: on p. 107 
: for Exs. 3-10 


= FEA 


: on p. 108 
: for Exs. 11-17 


1. VOCABULARY Define the constant of variation for two variables x and y that 
vary directly. 


2. * WRITING Given a table of ordered pairs (x, y), describe how to determine 
whether x and y show direct variation. 


WRITING AND GRAPHING Write and graph a direct variation equation that has 
the given ordered pair as a solution. 


3. (2, 6) 4. (—3, 12) (в), -2H 6. (4, 10) 
Te SI 8. (24, —8) 9. E -4 10. (12.5, 5) 


WRITING AND EVALUATING The variables x and y vary directly. Write an 
equation that relates x and y. Then find y when x — 12. 


ll. x=4,y=8 12. х= -3,y=-5 13. х= 35,у = —7 


14. х= -18, y - 4 (is) x = —4.8, y = —1.6 16. х= Z y= —10 


17. * MULTIPLE CHOICE Which equation is a direct variation equation that has 
(3, 18) as a solution? 


Ф) у= 222 (В) у= х © у= 6х D y=4x+6 
IDENTIFYING DIRECT VARIATION Tell whether the equation represents direct 
variation. If so, give the constant of variation. 

18. y= —8x 19. y-4=3x 20. 3y — 7 = 10x 
21. 2y —5x —0 22. Sy = —4x 23. бу = х 


WRITING AND SOLVING The variables х and y vary directly. Write an equation 
that relates x and y. Then find x when y = —4. 


24. X=5,y=-15 25. х= —6,y = 8 26. х = 18, y= —2 
27. х= -12, y = 84 28. x — -22,у= E 29. x = —0.5, y = 3.6 
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: EXAMPLE 3 


2 EFI 


1 for Exs. 31-34 


30. * OPEN-ENDED MATH Give an example of two real-life quantities that show 
direct variation. Explain your reasoning. 


IDENTIFYING DIRECT VARIATION Tell whether the data in the table show direct 
variation. If so, write an equation relating x and y. 


31. 32. 


34. 


35. ERROR ANALYSIS A student tried to 


determine whether the data pairs (1, 24), 24 24 2 12 24 

(2, 12), (3, 8), and (4, 6) show direct 24 46 24 bl 
variation. Describe and correct the 

error in the student's work. Because the products xy are 


constant, varies directly with 


36. REASONING Let (x, y,) be a solution, other than (0, 0), of a direct variation 
equation. Write a second direct variation equation whose graph is 
perpendicular to the graph of the first equation. 


37. CHALLENGE Let (x,, y,) and (x,, y,) be any two distinct solutions of a direct 


„72 


X 
= = | „ e 
variation equation. Show that X y 


PROBLEM SOLVING 


: EXAMPLE 2 


= REA 


: for Exs. 38-40 


: EXAMPLE 3 


E EEE 
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38. SCUBA DIVING The time tit takes a diver to ascend safely to the surface 
varies directly with the depth d. It takes a minimum of 0.75 minute for a safe 
ascent from a depth of 45 feet. Write an equation that relates d and t. Then 
predict the minimum time for a safe ascent from a depth of 100 feet. 
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39. WEATHER Hail 0.5 inch deep and weighing 1800 pounds covers a roof. The 
hail's weight w varies directly with its depth d. Write an equation that relates 
d and w. Then predict the weight on the roof of hail that is 1.75 inches deep. 


=) ee, 
F5 moyen, [m X 
uw Homelutor for problem solving help at classzone.com 


40. * MULTIPLE CHOICE Your weight M on Mars varies directly with your 
weight E on Barth. If you weigh 116 pounds on Earth, you would weigh 
44 pounds on Mars. Which equation relates E and M? 


Ф) M-E-72 44M -116E © M= 25 D M=5E 


INTERNET DOWNLOADS The ordered pairs (4.5, 23), (7.8, 40), and (16.0, 82) 
are in the form (5, t) where t represents the time (in seconds) needed to 
download an Internet file of size s (in megabytes). Tell whether the data show 
direct variation. If so, write an equation that relates s and t. 


= WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
оп р. WS1 TEST PRACTICE 


(ES GEOMETRY In Exercises 42 and 43, consider squares with side lengths of 1, 
2,3, and 4 centimeters. 


42. Copy and complete the table. 


43. Tell whether the given variables show direct variation. If so, write an 
equation relating the variables. If not, explain why not. 


a. sand P b. sand A c. Pand A 


44. * EXTENDED RESPONSE Each year, gray whales 
migrate from Mexico's Baja Peninsula to feeding 
grounds near Alaska. A whale may travel 6000 miles 
at an average rate of 75 miles per day. 


a. Write an equation that gives the distance d, 
traveled in í days of migration. 


b. Write an equation that gives the distance d, that 
remains to be traveled after t days of migration. Pacific 
c. Tell whether the equations from parts (a) and (b) Ocean 
represent direct variation. Explain your answers. 


fa atclasszone.com 


45. CHALLENGE At a jewelry store, the price p of a gold necklace varies directly 
with its length £. Also, the weight w of a necklace varies directly with its 
length. Show that the price of a necklace varies directly with its weight. 


: PREVIEW 


: Prepare for 
: Lesson 2.6 
: In Exs. 52-57. 


Solve the inequality. Then graph the solution. (p. 51) 
46. |х—5|>10 47. |8 —3x| «13 48. |-x- 4| <5 


49. |4x — 3| »3 50. |6 – 3x| «9 51. Jax «2|23 


Find the slope of the line passing through the given points. (p. 82) 

52. (2, —5), (-1, 4) 5E (21-5413, 3) 54. (3,11), (-2, -4) 
55. 2/10), C72, 8) 56. (74, 9); (6, —8) 57. (—15, 1), (—6, 13) 
Graph the equation. (p. 89) 

58. y=1+ 2x 59. fix) = ух —5 60. f(x) = -4x — 3 
61. 5x + 8y = 40 62. у= —5 63. бх — 10у = 15 


64. UTILITIES Your June electric bill is $78 for 720 kilowatt-hours of electricity. 
Your July bill is $120 for 1140 kilowatt-hours. Write a linear equation that 
models cost as a function of electricity use. (p. 98) 
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— | 
еен ACTIVITY Use before Lesson 2.6 


2.0 Fitting a Line to Data 


MATERIALS · overhead projector * overhead transparency • metric ruler * meter stick * graph paper 


LLL SSS 


[STEP 7] Set up [STEP 2] Collect data [STEP 3] Record data 


Position an overhead projector Measure the distance, in Record your measurements from 

a convenient distance from a centimeters, from the projectorto Step 2 in a table like the one shown 

projection screen. Draw a line the screen and the length of the below. 

segment 15 centimeters long on line segment as it appears on the - 

a transparency, and place the screen. Reposition the projector Distance from | Length of line 

transparency on the projector. several times, each time taking projector to segment on 
these measurements. | screen(cm)x | screen (ст), у 


200 


210 
220 
230 


240 
250 
260 
270 
280 
290 


. Graph the data pairs (x, y). What pattern do you observe? 


. Use a ruler to draw a line that lies as close as possible to all of the 
points on the graph, as shown at the right. The line does not have 
to pass through any of the points. There should be about as many 
points above the line as below it. 


. Estimate the coordinates of two points on your line. Use your 
points to write an equation of the line. 
Using your equation from Exercise 3, predict the length of the line 
segment on the screen for a particular projector-to-screen distance 
less than those in your table and for a particular projector-to- 
screen distance greater than those in your table. 


. Test your predictions from Exercise 4. How accurate were they? 


Chapter 2 Linear Equations and Functions 


Draw Scatter Plots 
and Best-Fitting Lines 


You wrote equations of lines. 


You will fit lines to data in scatter plots. 


So you can model sports trends, as in Ex. 27. 


. Key Vocabulary A scatter plot is a graph of a set of data рапа (x, у). If y tends to increase as х 

• scatter plot increases, then the data have a positive elation. If y tends to decrease as 
МЕ ti A 

e positive correlation * increases, then the data have a negative с‹ correlation. If the points show no 

obvious pattern, then the data have approximately no correlation. 


* negative correlation 


* correlation 
coefficient 


* best-fitting line 


Positive Negative Approximately 
correlation correlation no correlation 


€ EXAMPLE | p Describe correlation 


TELEPHONES Describe the correlation shown by each scatter plot. 


Cellular Phone Subscribers and Cellular Phone Subscribers and 
Cellular Service Regions, Corded Phone Sales, 
1995-2003 


Corded phone sales 
(millions of dollars) 


2 
2 
Ел 
== 
o" 
etc 
> @ 
23 
LES 
E 
E: 
ы 


80 120 1605 80 120 160* 
Subscribers (millions) Subscribers (millions) 


Solution 


The first scatter plot shows a positive correlation, because as the number of 
cellular phone subscribers increased, the number of cellular service regions 
tended to increase. 


The second scatter plot shows a negative correlation, because as the number of 
cellular phone subscribers increased, corded phone sales tended to decrease. 
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CORRELATION COEFFICIENTS A correlation coefficient, denoted by г, is a number 

from —1 to 1 that measures how -—1* a Une fits а a set of data pairs (x, y). If ris near 
1, the points lie close to a line with positive slope. If ris near —1, the points lie 

don to a line with negative slope. If ris near 0, the points do not lie close to 


any line. 
r= —1 € r=0 > r=1 
Points lie near line Points do not lie Points lie near line 
with a negative slope. near any line. with positive slope. 


ЄТ) Estimate correlation coefficients —— 


Tell whether the correlation coefficient for the data is closest to —1, —0.5, 
0, 0.5, or 1. 


Solution 


a. The scatter plot shows a clear but fairly weak negative correlation. So, r 
is between 0 and —1, but not too close to either one. The best estimate 
given is г = —0.5. (The actual value is г = —0.46.) 


b. The scatter plot shows approximately no correlation. So, the best 
estimate given is г = 0. (The actual value is r = —0.02.) 


c. The scatter plot shows a strong positive correlation. So, the best 
estimate given is r = 1. (The actual value is r = 0.98.) 


| GUIDED PRACTICE. | for Examples 1 апа2 | mE 


For each scatter plot, (a) tell whether the data have a positive correlation, a 
negative correlation, or approximately no correlation, and (b) tell whether the 
correlation coefficient is closest to —1, —0.5, 0, 0.5, or 1. 


B-* 


data can be reasonably modeled by a line. The | 


as close as possible to all the data points. You can — ia a best-fitting line 
by graphing. 
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Ф, 
d 


STEP 1 
STEP 2 


| EXAMPLE 3 J Approximate a best-fitting line 


ALTERNATIVE-FUELED VEHICLES The table shows 
the number y (in thousands) of alternative-fueled 
vehicles in use in the United States x years after 
1997. Approximate the best-fitting line for the data. 


Solution 


STEP 3 


STEP 4 


y | 280 | 295 


STEP Y Draw a scatter plot of the data. 
STEP 2 Sketch the line that appears to 


KEY CONCEPT For Your Notebook 


Approximating a Best-Fitting Line 


Draw a scatter plot of the data. 


Sketch the line that appears to follow most closely the trend given 
by the data points. There should be about as many points above the 
line as below it. 


Choose two points on the line, and estimate the coordinates of each 
point. These points do not have to be original data points. 


Write an equation of the line that passes through the two points 
from Step 3. This equation is a model for the data. 


sof [TLL ш 
яа 
шкшши иш 


best fit the data. One possibility 
is shown. 


сл 

с 

c 
ul 
= 
Li 
8 

"EE 

ES 
E: 
Ж 
$ 


CIBEBEPANN 
Choose two points that appear ЕШ Lo 
to lie on the line. For the line 400 |— 
shown, you might choose 

(1, 300), which is not an original 
data point, and (7, 548), which is 


an original data point. 


LI 
ilm 
"mE 
ыя 
вњ 
аш 


HET 


350 : 
HAT 


Number of vehicles 
en 


300 


Write an equation of the line. 0 
First find the slope using the 0 2 4 6 87 
points (1, 300) and (7, 548). Years since 1997 


Use point-slope form to write the equation. Choose (x,, y,) = (1, 300). 


y — у = m- x) Point-slope form 
y — 300 = 41.3(x — 1) Substitute for т, x,, and y, . 
у= 41.3х + 259 Simplify. 


> An a d of the best-fitting line is y = 41.3x + 259. 


zeDra at classzone.com 
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( EXAMPLE 4 ] Use a line of fit to make a prediction m 


Use the equation of the line of fit from Example 3 to predict the number 
of alternative-fueled vehicles in use in the United States in 2010. 


Solution 


Because 2010 is 13 years after 1997, substitute 13 for x in the equation from 
Example 3. 


y = 41.3x + 259 = 41.3(13) + 259 = 796 


» You сап predict that there will be about 796,000 alternative-fueled vehicles 
in use in the United States in 2010. 


LINEAR REGRESSION Many graphing calculators have a linear regression feature 
that can be used to find the best-fitting line for a set of data. 


ЄТ) Use a graphing calculator to find a best-fitting line 


Use the linear regression feature on a graphing calculator to find an 
equation of the best-fitting line for the data in Example 3. 


Solution 


STEP 7 Enter the data into two lists. STEP 2 Find an equation of the best- 


: FIND CORRELATION 


+ PEREA 


: does not display the 

: correlation coefficient 
: r when it displays the 

: regression equation, 

: you may need to select 
: DiagnosticOn from the 
: CATALOG menu. 
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Press and then select Edit. 
Enter years since 1997 in L, and 
number of alternative-fueled 
vehicles in L.. 


STEP 3 Make a scatter plot of the 
data pairs to see how well the 
regression equation models the 
data. Press E] [STAT PLOT] to 
set up your plot. Then select an 
appropriate window for the graph. 


—— mL —— - 


[ Plot2 Plot3 | 
| off 

Type EH Ln | 
| Hh- їн |” 

| XList:L1 | 
| YList:L2 | 
| Магк: la] # <¢ J 


fitting (linear regression) line. Press 
MEA, choose the CALC menu, and 
select LinReg(ax+b). The equation 
can be rounded to y = 40.9x + 263. 


| LinReg | 
| у=ах+Ь 
a=40.86904762 


| b=262.83333333 | 
| г=.9929677507 | 


a J 


STEP 4 Graph the regression equation 
with the scatter plot by entering the 
equation y = 40.9x + 263. The graph 
(displayed in the window 0 = x « 8 and 
200 = y = 600) shows that the line fits 
the data well. 


= — 


* An equation of the best-fitting line is y = 40.9x + 263. 
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Y Guwen practice | for Examples 3, 4, and 5 


4. OIL PRODUCTION The table shows the U.S. daily oil production y (in 
thousands of barrels) x years after 1994. 


4 | 5 


—-- 


: = а 3 - т = , + Е f EE 
y 6660 6560 | 6470 6450 6250 5880 | 5820 | 5800 5750 


a. Approximate the best-fitting line for the data. 
b. Use your equation from part (a) to predict the daily oil production in 2009. 


с. Use a graphing calculator to find and graph an equation of the best-fitting 
line. Repeat the prediction from part (b) using this equation. 


2.6 EXERCIS ES HOMEWORK: () = WORKED-OUT SOLUTIONS 
° KEY : оп р. WS3 for Exs. 9, 11, and 25 
¡Ar = STANDARDIZED TEST PRACTICE 
Exs. 2, 16, 18, 21, and 28 


ES MULTIPLE REPRESENTATIONS 
EX. 27 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: A line that lies as close as possible to a set 
of data points (х, y) is called the _? for the data points. 


2. * WRITING Describe how to tell whether a set of data points shows a positive 
correlation, a negative correlation, or approximately no correlation. 


: EXAMPLE 1 DESCRIBING CORRELATIONS Tell whether the data have a positive correlation, 


: on p. 113 a negative correlation, or approximately no correlation. 
: for Exs. 3-5 
3 YET TTT TT 
HEE 
HHHH 
alll tert. 
SRA BRE Se 
ЕЕ З= А 


CEPI 
i 


0 2 ^4 B 8+ 


6. REASONING Explain how you can determine the type of correlation for a set 
of data pairs by examining the data in a table without drawing a scatter plot. 


: EXAMPLE 2 CORRELATION COEFFICIENTS Tell whether the correlation coefficient for the 


: on p. 114 data is closest to —1, —0.5, 0, 0.5, or 1. 
в. JELLLLELLI 
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: EXAMPLES 


: on pp. 115-116 | 
: for Exs. 10-15 


: EXAMPLE 5 


: on p. 116 LE EEEE ee eee 
: for Exs. 19-20 
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BEST-FITTING LINES In Exercises 10-15, (a) draw a scatter plot of the data, 
(b) approximate the best-fitting line, and (c) estimate y when x = 20. 


16. * MULTIPLE CHOICE Which equation best 
models the data in the scatter plot? 


(А) у=15 (В) у= -lx- 26 


© y=-éx+19 D у= -x + 33 


17. ERROR ANALYSIS The graph shows one 
student's approximation of the best- 
fitting line for the data in the scatter 
plot. Describe and correct the error in the 
student’s work. 


18. * MULTIPLE CHOICE A set of data has correlation coefficient r. For which 
value of r would the data points lie closest to a line? 


СА) r= —0.96 (В) r=0 (D r= 0.38 D r=05 


GRAPHING CALCULATOR In Exercises 19 and 20, use a graphing calculator to 
find and graph an equation of the best-fitting line. 


55 
5.0 3.9 5.8 


Ea. 7000 7400 7800 8100 8500 8800 9200 9500 9800 


Mae 519 | 500 | 473 | 456 | 431 | 416 | 399 


21. * OPEN-ENDED MATH Give two real-life quantities that have (a) a positive 
correlation, (b) a negative correlation, and (c) approximately no correlation. 


22. REASONING A set of data pairs has correlation coefficient r = 0.1. Is it logical 
to use the best-fitting line to make predictions from the data? Explain. 


23. CHALLENGE If x and y have a positive correlation and y and z have a negative 
correlation, what can you say about the correlation between x and 2? Explain. 


= WORKED-OUT SOLUTIONS ж = STANDARDIZED $ = MULTIPLE 


on p. WS1 TEST PRACTICE REPRESENTATIONS 


‘PROBLEM SOLVING 


: EXAMPLES 


: for Exs. 24-28 


24. 


= GRAPHING CALCULATOR You may wish to use a graphing calculator to 
Н) complete the following Problem Solving exercises. 


POPULATION The data pairs (x, y) give the population y (in millions) of Texas 
x years after 1997. Approximate the best-fitting line for the data. 


(0, 19.7), (1, 20.2), (2, 20.6), (3, 20.9), (4, 21.3), (5, 21.7), (6, 22.1), (7, 22.5) 


^ Fan, 
omelutor for problem solving help at classzone.com 


@s) TUITION The data pairs (x, y) give U.S. average annual public college tuition 


26. 


27. 


y (in dollars) x years after 1997. Approximate the best-fitting line for the data. 
(0, 2271), (1, 2360), (2, 2430), (3, 2506), (4, 2562), (5, 2727), (6, 2928) 


GA — MET ! 
@Homelutor for problem solving help at classzone.com 


PHYSICAL SCIENCE The diagram 
shows the boiling point of water at 
various elevations. Approximate the 
best-fitting line for the data pairs 

(x, y) where x represents the elevation 
(in feet) and y represents the boiling 
point (in degrees Fahrenheit). Then 
use this line to estimate the boiling 
point at an elevation of 14,000 feet. 


9 MULTIPLE REPRESENTATIONS The table shows the numbers of 
countries that participated in the Winter Olympics from 1980 to 2002. 


Year | 1980 1984 1988 1992 1994 


Countries | 37 | 49 | 57 | 64 


a. Making a List Use the table to make a list of data pairs (x, y) where x 
represents years since 1980 and y represents the number of countries. 


b. Drawing a Graph Draw a scatter plot of the data pairs from part (a). 


c. Writing an Equation Write an equation that approximates the best-fitting 
line, and use it to predict the number of participating countries in 2014. 


. * EXTENDED RESPONSE The table shows manufacturers' shipments 


(in millions) of cassettes and CDs in the United States from 1988 to 2002. 


1992 1994 2000 2002 
336.4 345.4 76.0 31.1 


— = 


T 


803.3 


407.5 662.1 942.5 


a. Draw a scatter plot of the data pairs (year, shipments of cassettes). 
Describe the correlation shown by the scatter plot. 


b. Draw a scatter plot of the data pairs (year, shipments of CDs). 
Describe the correlation shown by the scatter plot. 


c. Describe the correlation between cassette shipments and CD shipments. 
What real-world factors might account for this? 
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29. CHALLENGE Data from some countries in North America show a positive 
correlation between the average life expectancy in a country and the 
number of personal computers per capita in that country. 


a. When a change in one variable directly affects another variable, this 
represents causation. Is the relationship above causal? Explain. 


b. What might explain the positive correlation between average life 
expectancy and number of personal computers per capita? 


MIXED Review „ЭО 


Solve the equation for y. Then find the value of y for the given value of x. (р. 26) 
30. 2х – y=10;x=8 31. 6y +x=-—5;x=1 32. x— 4y =3; x= -3 
33. —3x+4y+5=0;x=-2 34. —0.5y + 0.25x = 2;x=4 35. xy—4x=9;x=6 


: PREVIEW | Evaluate the function for the given value of x. (p. 72) 
: ама (ч 36. f(x) = —x + 7; f(9) 37. f(X) = —4x — 1; f(—5) 38. f(x) = 14 — |x|; f(-2) 
: in Exs. 36-41. | 39. f(x) = |х — 10|; f(10) 40. f(x) = |-6 — x|; f(4) 41. f(x) = |2x - 8| — 1; f(-3) 


Graph the equation. (p. 89) 
42. у=х+8 43. y= —x — 14 44. y=5x+9 
45. 2X - y- 1 46. Зх — 2y = —4 47. х + Зу = 15 


‘Quiz for Lessons 2.4-2.6 


Write an equation of the line that satisfies the given conditions. (p. 98) 


1. m=-5,b=3 2. m=2,b=12 
3. m = 4, passes through (—3, 6) 4. m = —7, passes through (1, —4) 
5. passes through (0, 7) and (—3, —2) 6. passes through (—9, 9) and (—9, 0) 


Write and graph a direct variation equation that has the given ordered pair as a 
solution. (p. 107) 


7. (1,2) 8. (-2, 8) 9 5 = ЛӨ) 10. (12, 4) 


The variables x and y vary directly. Write an equation that relates x and y. Then 
find y when x = 8. (p. 107) 


11. x=4,y= 12 12. x=-3,y=-8 13. x=40,y=-5 14. x=12,y=2 
15. CONCERT TICKETS The table shows the average price of a concert ticket to 
one of the top 50 musical touring acts for the years 1999-2004. Write an 


equation that approximates the best-fitting line for the data pairs (x, y). Use 
the equation to predict the average price of a ticket in 2010. (p. 113) 


0 1 | 2 3 4 5 


38.56 44.80 | 46.69 50.81 51.81 58.71 
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Exploring Transformations 


MATERIALS : graphing calculator 


You can investigate families of absolute value functions with equations of the form 
у= alx-— h| + k by varying the values of a, h, and k and then graphing. The 
resulting graphs are transformations of the graph of the parent function у = |х|. 


! | Л ILE |! 


Graph and describe the family of absolute value functions of the form y = |x| + К. 


Vary the value of k STEP 2) Display graphs STEP 3| Compare graphs 
Enter y = |x|, y= |x| + 2, Graph the equations in the Describe how the family of graphs 
y= |x| +5,andy= |x| —3. standard viewing window by of y= |x| + kis related to the 


pressing УЙИ. graph of y= |х|. 


| yiBjabs (x) | Тһе graphs of absolute value 
¥2Blabs(X)+ 1 functions of the form 
Y 3B ) ч 
Y4Babs(X)-3 чы ч le k have the same 
Y5= shape as the graph of 
Мыз | , but are shifted 


k unite vertically. 


am л Г, 
| a АГ 
A 


Graph and describe the family of absolute value functions of the form y = |x — |. 


[STEP T] Vary the value of h [STEP 2] Display graphs [STEP 3] Compare graphs 


Enter y= |x|, y= |x - 2], Graph the equations in the Describe how the family of graphs 
standard viewing window by of y= |x — h| is related to the 


pressing ШУЛ ЖОЙ. graph of y = [x]. 


y= |x—4|,andy= |x 5]. 


| Y1Blabs(x) | The graphs of absolute value 
Y2Blabs (X-2) functions of the form 
Y-B 1-4. | : 
¥4Babs(X+5) Lu P have the same 
Y5= | - shape as the graph of y 
12 but are shifted h units 


horizontally. 
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Graph and describe the family of absolute value functions of the form y = a|x| 
where a > 0. 


Vary the value ofa [STEP 2] Display graphs STEP 3| Compare graphs 

Enter y = |x|, y =2|x|, y = 5|x], Graph the equations in the Describe how the family of 

тег у= 1 |х. standard viewing window by graphs of y = а |х| where a > 01s 
2 pressing KJY EE. related to the graph of y = |x|. 


| viBabs OO | y As with y , the graph of 
Маа (а > О) has its lowest 
Y¥4E(1/2)*abs(Xx) TENE. | point at the origin. lf a > 1, the 
dim graph ie narrower than that of 
Y7= | | . If O < a < 1, the graph 


is wider than that of y 


1. Graph and describe the family of absolute value functions of the form 
y = а|х| where a < 0. Follow these steps: 


Enter y= |x|, y= —|x|, y= -3|x|, and y = -4 |x|. 


Graph the equations in the standard viewing window by pressing 
zoom ЕИ. 
Describe how the family of graphs of y = a|x| where a « 0 is related 
to the graph of y = |х|. 
Describe how the graph of the given equation is related to the graph of y = |x|. 
Then graph the given equation along with y — |x| to confirm your answer. 


2. y= |x| +6 3. у= |x| - 4 4. y= |х—3| 
8. у= |x + 2! 6. у= |х] 7. y =—6|x| 


8. у= |x- 1 +2 9. у= 3|x * 2] 10. у= –-0.5|х+1 +7 


{ Е" "a P Р 4 q 
| | | Ё Га р P [ ж Р 1 = 
DRAW CONCLUSIONS | 
"ME d га WW lr ot E М. Be Wo. E му E ы 
x l0 - -- - —— — 


Answer the following questions about the graph of y = a|x — h| + К. 


11. How does the value of k affect the graph? 
12. How does the value of h affect the graph? 
13. How do the sign and absolute value of a affect the graph? 


14. What are the coordinates of the lowest or highest point on the graph? How 
can you tell whether this point is the lowest point or the highest point? 
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x | 1 xa 


• absolute value 
function 

e vertex of an absolute 
value graph 

e transformation 

e translation 

e reflection 


For help with TETAS 
: transformations, 
: see p. 988. 


Use Absolute Value Functions 
and Transformations 


You graphed and wrote linear functions. 
You will graph and write absolute value functions. 
So you can model structures, as in Ex. 39. 


In Lesson 1.7, you learned that the absolute value of a real number x 
is defined as follows. 


x, if xis positive 
|х| 24 0, ifx=0 
—x, if xis negative 


KEY CONCEPT For Your Notebook 


t Parent Function for Absolute Value Functions 


The parent function for the family of all absolute value functions is f(x) = |х|. 
The graph of f(x) = |x| is V-shaped and is symmetric about the y-axis. So, for 
every point (x, y) on the graph, the point (—x, y) is also on the graph. 


: NR EJ REE E 

Я ЕЧ 4}. 

` To the left of x = 0, 

E the graph is given by 

. the line у = —x. To the right of x — 0, 


"the graph is given by 
the line y — x. 


The highest or lowest point on the graph of an absolute value function is 
called the vertex. The vertex of the graph of f(x) = |x| is (0, 0). 


TRANSLATIONS You can derive new absolute value functions from the parent 
function through transformations of the parent graph. 


TNT A 
ransforr 


and/or vertically, but does not change its size, 
shape, or orientation. 


The graph of y= |x — h| + kis the graph of y= |х| 
translated h units horizontally and k units vertically, 
as shown in the diagram. The vertex of y= |x — h| +k 
is (h, k). 
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: INTERPRET 
: FUNCTIONS 


: To identify the 
: vertex, rewrite the 
: given function as 


¿Y |х — (-4)| + (-2). 
: So, h = —4 and k = -2. 
: The vertex is (-4, —2). 


Graph a function of the form y = x – h| + k 


Graph y = |x + 4| — 2. Compare the graph with the graph of y = |x|. 


Solution 
«3» STEP? Identify and plot the vertex, 
(А, k) = (—4, -2). 


STEP2 Plot another point on the graph, 
such as (—2, 0). Use symmetry to 
plot a third point, (—6, 0). 


STEP3 Connect the points with a V-shaped 
graph. 


STEP 4 Compare with y = |x|. The graph of y= |x + 4| — 2 is the graph of 
= || translated down 2 units and left 4 units. 


STRETCHES, SHRINKS, AND REFLECTIONS When |а| + 1, the graph of y= a|x| isa 
vertical stretch or a vertical shrink of the graph of y = |x|, depending on whether 
|а| is less than or greater than 1. 


* The graph is vertically stretched, or • The graph is vertically shrunk, or 
elongated. compressed. 


* The graph of y = a|x| is narrower than * The graph of y = a|x| is wider than the 
the graph of y = |x]. graph of y = |x|. 


flection in the x-axis of the graph of 


When а = —1, the graph of y = a|x| is a: 
= |x|. When a < 0 but a з —1, the graph of y = a|x| is a vertical stretch or shrink 
with a reflection in the x-axis of the graph of y = |х|. 


(IO caos funcions ofthe torm y = x 


Graph (a) y = 5 |x| and (b) у= —3|x|. Compare each graph with the graph 


ofy= |х|. 
Solution 


a. The graph of y = 5 |x| isthegraphof b. The graph of y = —3|x| is the 
у= |x| vertically shrunk by a factor graph of y = |x| vertically 


la stretched by a factor of 3 and 
of a The graph has vertex (0, 0) and then reflected in the x-axis. The 
passes through (-4, 2) and (4, 2). graph has vertex (0, 0) and passes 


through (—1, —3) and (1, —3). 


le 4 C ERANS 
lod а —— 
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MULTIPLE TRANSFORMATIONS In part (b) of Example 2, graphing у = —3|x| 
involves both vertically stretching and reflecting the graph of y = |x|. A graph 
may be related to a parent graph by even more than two transformations. For 
example, the graph of y = a|x — h| + k can involve a vertical stretch or shrink, a 
reflection, and a translation of the graph of y = |x|. 


ЄТ) Graph a function of the form y = a|x - h| + k 


Graph y = —2|x — 1| + 3. Compare the graph with the graph of y = |х|. 


Solution 
STEP? Identify and plot the vertex, (Л, К) = (1, 3). LETT 2m А7 
STEP 2 Plot another point on the graph, such as ' | MA] 
(0, 1). Use symmetry to plot a third point, EN. A -y= |х| 
(2, 1). УМИ АТ 
STEP 3 Connect the points with a V-shaped graph. BEE FAP х 
STEP 4 Compare with у = |x|. The graph of + ye =-da 1193 


y--2|x - 1| +3 is the graph of y = |х| ETT. | | — | 
stretched vertically by a factor of 2, then 
reflected in the x-axis, and finally translated right 1 unit and up 3 units. 


Y GUIDED PRACTICE | for Examples 1, 2, and 3 
Graph the function. Compare the graph with the graph of y = |x|. 


1. у= |x-2| +5 2. у= x | 3. f(x) = -3|x * 1| -2 


( EXAMPLE 4 | Write an absolute value function 


HOLOGRAMS In holography, light | 
from a laser beam is split into two (5, 8) Mirror 
beams, a reference beam and an | 
object beam. Light from the object 
beam reflects off an object and is 
recombined with the reference beam 
to form images on film that can be 
used to create three-dimensional 
images. Write an equation for the 
path of the reference beam. 


Solution 


The vertex of the path of the reference 
beam is (5, 8). So, the equation has the 
form y = a|x — 5| + 8. Substitute the 

coordinates of the point (0, 0) into the equation and solve for a. 


0=aj0—5| +8 Substitute 0 for y and 0 for x. 
—1.6 = a Solve for a. 


» An equation for the path of the reference beam is y = —1.6|x — 5| +8. 
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TRANSFORMATIONS OF ANY GRAPH You can perform transformations on the 
graph of any function fin the same way as for absolute value graphs. 


: KEY CONCEPT For Your Notebook 


Transformations of General Graphs 


The graph of y = a * f(x — h) + k can be obtained from the graph of any 
function y = f(x) by performing these steps: 


STEP T Stretch or shrink the graph of y = f(x) vertically by a factor of |а| if 
|а| 4 1.1f |a| > 1, stretch the graph. If |а| < 1, shrink the graph. 


STEP 2 Reflect the resulting graph from Step 1 in the x-axis if a < 0. 


STEP 3 Translate the resulting graph from Step 2 horizontally h units and 
vertically k units. 


Apply transformations to a graph 
а 


The graph of a function у = f(x) is shown. 
| Sketch the graph of the given function. 


а. y—2-*f(x) 
b. y= -f(x +2) +1 


Solution 

: AVOID ERRORS | a. The graph of y = 2 + f(x) is the b. The graph of y = —f(x + 2) + lis 

: In Example 5, graph of y = f(x) stretched the graph of y = f(x) reflected in 

: part (b), the value vertically by a factor of 2. (There the x-axis, then translated left 

: of his —2 because is no reflection or translation.) 2 units and up 1 unit. To draw 

Е {+ 2) Т | To draw the graph, multiply the the graph, first reflect the labeled 
Ec (—2)) + 1. y-coordinate of each labeled points and connect their images. 
: Because —2 < 0, the point on the graph of y = f(x) Then translate and connect these 
: horizontal translation is by 2 and connect their images. points to form the final image. 


: to the left. 


pre. 


. for Examples 4 and 5 


4. WHAT IF? In Example 4, suppose the reference beam originates at (3, 0) and 
reflects off a mirror at (5, 4). Write an equation for the path of the beam. 


_ Use the graph of y = f(x) from Example 5 to graph the given function. 
5. y= 0.5 + f(x) 6 y——-fix—2)—5 T y—2fixdt3)—1 
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2.7 EXERCISES "t5 Oc mereces 
.7 КЕҮ: оп р. WS4 for Exs. 13, 19, and 39 


‘SKILL PRACTICE 


: EXAMPLES 


: on pp. 124-125 
: for Exs. 3-14 


: EXAMPLE 4 | 
: on p. 125 
: for Exs. 15-20 


CANADA 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 27, 28, 31, 32, 33, 38, and 40 
: @ = MULTIPLE REPRESENTATIONS 

: Ех. 41 


1. VOCABULARY The point (h, К) isthe _? of the graph of y = a|x — h| + К. 


2. * WRITING Describe three different types of transformations. 


GRAPHING FUNCTIONS Graph the function. Compare the graph with the graph 


ofy = |x|. 

3. y= |х| – 7 4. у= |x * 2] 5. у= |х+4| -2 
6. f(x) = |x- 1| +4 7. f(x) = 2|x| 8. f(x) = —3|x| 

9. y= = |х| 11. y -2|x * 1| —6 


12. f(x) = -4|x 2| - 3 14. fix) = |х 4| +3 


TRANSFORMATIONS Use the graph of y — f(x) shown to sketch 
the graph of the given function. 


21. у= f(x +2) - 3 22. у= f(x – 4) +1 
23. у= 2.» fix) 24. у= —3 • f(x) 
25. y =-fíx- 1) +4 26. у= 2 • үх + 3) – 1 


27. ж OPEN-ENDED MATH Create a graph of a function у = f(x). Then sketch the 
graphs of (a) y = f(x + 3) — 4, (b) y = 2 • f(x), and (c) у = —f(x). 


28. Ж MULTIPLE CHOICE The highest point on the graph of y = f(x) is (—1, 6). 
What is the highest point on the graph of y = 4 • f(x — 3) + 5? 


QD 116) (В) (8,11) (б) (-4,29) (Фф) (2, 29) 
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т 


| ERROR ANALYSIS Describe and correct the error in graphing y = |х +3 


PHTH HONERA 
ГК ГИ е 


29. 


N A 
Aaah. шш 
шш шшш ш шш 


31. Ж MULTIPLE CHOICE Which equation has the graph shown? 
Ф) у= 3х O у= 315 
O у= -2 |] ® у= –2 |а| 
32. * WRITING Describe how the signs of h and k affect how to 
obtain the graph of y = f(x — А) + k from the graph of y = f(x). 


33. * SHORT RESPONSE The graph of the relation x = |y| is shown 
at the right. Is the relation a function? Explain. 


34. REASONING 15 it true in general that |x + h| = |x| + |h|? 
Justify your answer by considering how the graphs of y= |x + h| 
and y= |x| + |h| are related to the graph of y = |х|. 


35. CHALLENGE The graph of y = a|x — h| + k passes through 
(—2, 4) and (4, 4). Describe the possible values of h and k for a # 0. 


: EXAMPLE 1 36. SPEEDOMETER A car's speedometer reads 60 miles per hour. The error Ein 


© SPP SPP eee eT 


: on p. 124 this measurement is E = |a — 60| where ais the actual speed. Graph the 
: for Ex. 36 function. For what value(s) of a will E be 2.5 miles per hour? 


: EXAMPLE 3 37. SALES Weekly sales s (in thousands) of a new basketball shoe increase 


EPIA 


: on p. 125 steadily for a while and then decrease as described by the function 
: for Ex. 37 s = —2|t — 15| + 50 where fis the time (in weeks). Graph the function. 
What is the greatest number of pairs of shoes sold in one week? 


@Hor е, tor for problem solving help at classzone.com 


: EXAMPLE4 | 38. * SHORT RESPONSE On the pool table shown, you 


{ on p. 125 bank the five ball off the side at (-1.25, 5). You want 
: for Exs. 38-39 the ball to go in the pocket at (—5, 0). 


a. Write an equation for the path of the ball. 


b. Do you make the shot? Explain how you found 
your answer. 


= WORKED-OUT SOLUTIONS ж = STANDARDIZED té = MULTIPLE 
128 on p. WS1 TEST PRACTICE REPRESENTATIONS 


ENGINEERING The Leonard Р. Zakim Bunker 
Hill Bridge spans the Charles River in Boston. 
The bridge is suspended from two towers. 
Each tower has the dimensions shown. Write 
an absolute value function that represents the 
inverted V-shaped portion of a tower. 


40. * EXTENDED RESPONSE A snowstorm begins with light snow that increases 
to very heavy snow before decreasing again. The snowfall rate r (in inches 
per hour) is given by r(t) = —0.5 | F~ 4| + 2 where tis the time (in hours). 


a. Graph Graph the function. 


b. Interpret When is the snowfall heaviest? What is the maximum snowfall 
rate? How are your answers related to the function’s graph? 


c. Extend The total snowfall is given by the area of the triangle formed by 
the graph of r(t) and the t-axis. What is the total snowfall? 


41. 4° MULTIPLE REPRESENTATIONS The diagram shows a truck driving toward 
a radio station transmitter that has a broadcasting range of 50 miles. 


cl see 


a. Making a Table Make a table that shows the truck's distance d (in miles) 
from the transmitter after t = 0, 0.5, 1, 1.5, 2, 2.5, and 3 hours. 


b. Drawing a Graph Use your table from part (a) to draw a graph that shows 
d as a function of t. 


c. Writing an Equation Write an equation that gives d as a function of t. 
During what driving times is the truck within range of the transmitter? 
42. CHALLENGE А hiker walks up and down a hill. The hill has a cross section 
that can be modeled by y = -4 |x — 300| + 400 where x and y are measured 
in feet and 0 < x < 600. How far does the hiker walk? 


т EEE ss 


: Prepare for 
: Lesson 2.8 
: in Exs. 43-48. 


Solve the inequality. Then graph the solution. (p. 41) 
43. 5x — 172 13 44. 8 — 3x» —13 45. 21 —5«60x +3 
46. 4x - 6€ x — 18 47 11$2x -58$25 4d tSS lort gss 


Graph the equation. (p. 89) 

49. у= -x + 6 50. у= 4х +3 51. у= 2х 5 
52. у= —3 53. у= L5x +2 54. у= 3х 1 
55. DONATIONS The number d of donations a charity receives varies directly 


with the number r of requests it mails. The charity sends out 9500 requests 
and receives 420 donations. Write an equation that relates r and d. (p. 107) 
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Key Vocabulz unction is defined by at least two equations, each of which applies to 
. есетін mmi a different part of the function's domain. One example of a piecewise function 
• step function is the absolute value function f(x) = |x|, which can be defined by the equations 

y = —xforx<0 and y = x for x > 0. Another example is given below. 


ma 6-6 MES 
800=13x+1 ifx>1 


The equation y = 2x — 1 gives the value of g(x) when x is less than or equal to 1, and 
the equation y = 3x + 1 gives the value of g(x) when xis greater than 1. 


Evaluate a piecewise function 
Evaluate the function g(x) above when (a) х = 1 and (b) х = 5. 


Solution 


a р(х) =2х—1 Because 1 < 1, use first equation. 
gd) =2(1)-1=1 Substitute 1 for x and simplify. 


b. g(x) =3x +1 Because 5 > 1, use second equation. 
g(5) =3(5)+1=16 Substitute 5 for x and simplify. 


Graph a piecewise function 


—3x —1, ifx«-2 
Graph the function f(x) = x+1, if-2<x<1 


3; HMx>]l 


Solution 
STEP TY To the left of x = —2, graph 
‘= 3x — 1. Use an open dot at (—2, 2) 


a the equation y = -5x — 1 does 


not apply when x = -2. 


STEP2 From x = —2 to x = 1, inclusive, graph 
y =x + 1. Use solid dots at (—2, —1) and 
(1, 2) because the equation y = х + 1 
applies to both x = —2 and x = 1. 


STEP 3 То the right of x = 1, graph у = 3. Use an open dot at (1, 3) 
because the equation y = 3 does not apply when x = 1. 
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| ExaMPLE 3 write a piecewise function i 


Write a piecewise function for the graph shown. 


Solution 


For x between 0 and 1, including x = 0, the graph is the line 
segment given by y = 1. 


For x between 1 and 2, including x = 1, the graph is the line 
segment given by y = 2. 


For x between 2 and 3, including x = 2, the graph is the line segment given by 
у = 3. So, a piecewise function for the graph is as follows: 


ln #üstel 
fœ = 42, iflsx<2 
3; Maste 


STEP FUNCTIONS The piecewise function in Example 3 is called a step function 
because its graph resembles a set of stairs. A step function is defined by a 
constant value over each part of its domain. The constant values can increase 
with each “step” as in Example 3, or they can decrease with each step. 


pe — 


PRACTICE 


EXAMPLE 1 | EVALUATING FUNCTIONS Evaluate the function below for the given value of x. 
: on p. 130 | nec. еа 
: for Exs. 1-4 f(x) - Е х ln 
[i + l; ifx<3 
1. f(—4) 2. f(2) 3. f(3) 4. f(5) 
: EXAMPLE2 | GRAPHING FUNCTIONS Graph the function. 
: on p. 130 | ol | 3, if0<x<2 
di 5. f(x) = E : 2 i в. 0) = 172271 0042 2 ql if2<xs4 
ны 3x— 7, ifxz2 5, if4<x<6 
8. POSTAL RATES In 2005, the cost C (in dollars) 13.65, if0<ws8 
to send U.S. Postal Service Express Mail up to 17.85, 1f8<ws 32 
5 pounds depended on the weight w (in ounces) С(ш) = < 21.05, if32<w<48 
according to the function at the right. 24.20, if48<w<64 
a. Graph the function. 27.30, if64« ws 80 


b. What is the cost to send a parcel weighing 2 pounds 9 ounces? 


SPECIAL STEP FUNCTIONS Write and graph the piecewise function described 
: EXAMPLE 3 using the domain —3 = х = 3. 


AAA AAA EA 


9. Rounding Function The output f(x) is the input x rounded to the nearest 
integer. (If the decimal part of x is 0.5, then x is rounded up when x is positive 
and x is rounded down when x is negative.) 


: for Exs. 9-10 


10. Greatest Integer Function The output f(x) is the greatest integer less than or 
equal to the input x. 
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Graph Linear Inequalities 
in Two Variables 


You solved linear inequalities in one variable. 
You will graph linear inequalities in two variables. 
So you can model data encoding, as in Example 4. 


. Key Vocabul inear inequality in two variables can be written in one of these forms: 
. тт подану іп Б | 

two variables ECT + By me Ax + t Ax + Ву> С Ax + By2C 
«solution of alinear Ап ordered pair (х, y) is a solution of a linear inequality in two variables if the 

inequality inequality is true when the values of x and y are substituted into the inequality. 
e graph of a linear 


inequality 
* half-plane | ExaMPLE * Standardized Test Practice 


Which ordered pair is a solution of 3x + 4y > 8? 


QD (6,—3) ® (0,2) QD (-2:-) © (-3,5) 
Solution 

Ordered Pair Substitute Conclusion 

(6, —3) 3(6) + 4(-3) 2628 (6, —3) is not a solution. 

(0, 2) 3(0) + 4(2) 2 828 (0, 2) is not a solution. 

(—2, —1) 3(-2) + 4(-—1) = -1028 (—2, —1) is not a solution. 

(3,9) 3(-3) + 4(5) = 1158 (—3, 5) is a solution. 


| P The correct answer is D. © ® © Ф) 


GUIDED PRACTICE for Example 1 


Tell whether the given ordered pair is a solution of 5x — 2y < 6. 
1. (0, —4) 2. 425 2) 3. 3; 8) 4, (=L m 


GRAPHING INEQUALITIES The graph of a linear inequality in two variables is the 
set of all points in a coordinate pred that represent solutions of the inequality. 


: INTERPRET GRAPHS 


: A dashed boundary 

: line means that points Eus ad line divides the 
: on the line are not All solutions of Зх — 2y > 2 ne into two half-p! 

: solutions. A solid lie on one side of the The "gioia рме isthe 

: boundary line means boundary line 3x — 2y = 2. вар y 


: that points on the line 
: аге solutions. 
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КЕҮ СОМСЕРТ For Your Notebook 


Graphing a Linear Inequality 
To graph a linear inequality in two variables, follow these steps: 


STEP? Graph the boundary line for the inequality. Use a dashed line for 
< or > and a solid line for = or >. 


STEP2 Testa point not on the boundary line to determine whether it is a 
solution of the inequality. If it is a solution, shade the half-plane 
containing the point. If it is not a solution, shade the other half-plane. 


CD Graph linear inequalities with one variable 


Graph (a) y  —3 and (b) x < 2 in a coordinate plane. 


a. Graph the boundary line y = —3. b. Graph the boundary line x = 2. 
Use a solid line because the Use a dashed line because the 
inequality symbol is =. inequality symbol is <. 

Test the point (0, 0). Because Test the point (0, 0). Because 

(0, 0) is not a solution of the (0, 0) is a solution of the 
inequality, shade the half-plane inequality, shade the half-plane 
that does not contain (0, 0). that contains (0, 0). 


(EXAMPLE 3 J Graph linear inequalities with two variables 


Graph (a) y » —2x and (b) 5x — 2y s —4 in a coordinate plane. 


a. Graph the boundary line y = —2x. b. Graph the boundary line 


Use a dashed line because the 5x — 2y = —4. Use a solid line 
inequality symbol is >. because the inequality symbol is =. 
: AVOID ERRORS | ; 
: aan nene TO > Test the point (1, 1). Because Test the point (0, 0). Because 
: üse (0; d) as a test bolt (1, 1) is a solution of the (0, 0) is not a solution of the 
Mow Du er, if (0, О) fos DH inequality, shade the half-plane inequality, shade the half-plane 
lihe boundary line you that contains (1, 1). that does not contain (0, 0). 
; Wed слоеве a different N SII ] нанавис. BI II! 


2.8 Graph Linear Inequalities in Two Variables 


133 


МЇ Gumep pracne | for Examples 2 and3 


| 


_ Graph the inequality in a coordinate plane. 
| 5 y>-—1 6. х=—4 7, у=—3х 


B. y«2xT 3 S22 + Sy<9 10. 2x — 6y> 12 


«^ Solve a multi-step problem 


MOVIE RECORDING А film class is 
recording a DVD of student-made 
short films. Each student group is 
allotted up to 300 megabytes (MB) of 
video space. The films are encoded 

on the DVD at two different rates: a 
standard rate of 0.4 MB/sec for normal 
scenes and a high-quality rate of 

1.2 MB/sec for complex scenes. 


* Write an inequality describing the 
possible amounts of time available 
for standard and high-quality video. 


e Graph the inequality. 
e Identify three possible solutions of the inequality. 


Solution 


STEP? Write an inequality. First write a verbal model. 


- Standard Standard High-quality High-quality | Total 
rate . time + rate . time « Space 
(MB/sec) (sec) (MB/sec) (sec) (MB) 
Y + w Y Е 
0.4 . x + 1.2 . y < 300 


An inequality is 0.4x + 1.2y < 300. 


STEP 2 Graph the inequality. First graph the EE. 
boundary line 0.4x + 1.2y = 300. Use © 300 
a solid line because the inequality E 1 
symbol is <. E шыш “чашшшшш 
Test the point (0, 0). Because (0, 0) is = 100 ET XN 
a solution of the inequality, shade the = 0 | | (600,25) œ. 
half-plane that contains (0, 0). Because O 200 400 600 800% 


x and y cannot be negative, shade only Standard (sec) 
points in the first quadrant. 


STEP 3 Identify solutions. Three solutions are given below and on the graph. 
(150, 200) <— 150 seconds of standard and 200 seconds of high quality 
(300, 120) <— 300 seconds of standard and 120 seconds of high quality 
(600, 25) <— 600 seconds of standard and 25 seconds of high quality 


For the first solution, 0.4(150) + 1.2(200) = 300, so all of the available 
| space is used. For the other two solutions, not all of the space is used. 
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> EDAD 


ABSOLUTE VALUE INEQUALITIES Graphing an absolute value inequality is similar 
to graphing a linear inequality, but the boundary is an absolute value graph. 


Graph an absolute value inequality — 


Graph y > -2|x — 3| + 4 in a coordinate plane. 


Solution 


STEP? Graph the equation of the boundary, 
у= —2|х — 3| + 4. Use a dashed line 
because the inequality symbol is >. 


STEP 2 Test the point (0, 0). Because (0, 0) is 
a solution of the inequality, shade the 
portion of the coordinate plane outside 
the absolute value graph. 


.V/ Guwen Practice | for Examples 4 and 5 


| 11. WHAT IF? Repeat the steps of Example 4 if each student group is allotted up 
| to 420 MB of video space. 


Graph the inequality in a coordinate plane. 


12. у= |х-2| +1 13. уг -|x * 3| – 2 14. y«3|x — 1| - 3 


2.8 EXERCISES HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
8 КЕҮ: оп р. WS4 for Exs. 15, 25, and 45 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 21, 28, 39, 40, 41, 46, and 48 


SKILL PRACTICE 


| 


1. VOCABULARY Copy and complete: The graph of a linear inequality in two 
variables is a(n)_? . 


2. * WRITING Compare the graph of a linear inequality in two variables with 
the graph of a linear equation in two variables. 


: EXAMPLE 1 CHECKING SOLUTIONS Tell whether the given ordered pairs are solutions of the 


: on p. 132 inequality. 
: for Exs. 3-6 3. x» —7; (0, 10), (-8, —5) 4. ys —5x; (3, 2), (2, 1) 
5. yz —2x + 4; (0, 4), (—1, 8) 6. 2x —y «3; (0, 0), (2, -2) 


: EXAMPLES GRAPHING INEQUALITIES Graph the inequality in a coordinate plane. 


Qo teseeecerseerersseeens | Y a3 B. xz65 9. y»—2 

: On p. 133 

: for Exs. 7-20 10. —2y «8 М, y€—2x-—41 12. y«3x 3 
13. y»3x41 14. у=—2х—2 (15) 2x + y<6 
I6, X +4y> -i2 In Әл уа 18. 2х + 5ys —10 
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ERROR ANALYSIS Describe and correct the error in graphing the inequality. 
19. у<2х+3 20. yz —3x—2 


21. * MULTIPLE CHOICE Which ordered pair is not a solution of 3x — 5y « 30? 


СА) (0, 0) (В) [—1, 7) © (1,—7) (р) (—5, —5) 
; EXAMPLES | ABSOLUTE VALUE INEQUALITIES Graph the inequality in a coordinate plane. 
: on p. 135 " | РЕ 
: for Ех. 22-28 22. у> |x — 1| 23. y« |x| +5 24. y» |x t 4| - 3 
(5)y«-i|-2| +1 26. y<3|x| +2 27. yz2|x — 1| —4 
28. * MULTIPLE CHOICE The graph of which inequality is shown? йй IST 


QD ys-2|x * 1| +3 QD jza-2|—-1|--3 УЕ - 


© y»-2|x- 1] 43 @® yz-2|x-- 1| +3 


CHECKING SOLUTIONS Tell whether the given ordered pairs are 
solutions of the inequality. 


29. yz —2x + 1; (-6,8), (-3, -3) 30. 4.5 + y< 1.6x; (0.5, 1), (3.8, 0) 
pP Lo evap fl pl (2 _ 
31. 0.2x + 0.7y » —1; (0.5, —1), (-3, —1.5) 32. 1; y» ($0) (2, 4] 


GRAPHING INEQUALITIES Graph the inequality in a coordinate plane. 


33. 3y<4.5x + 15 34. —1.5y —2x»323 35. —y —0.2» —0.6x 
36. 2x41ly22 a7. yz-3.|x - 3| ES 38. 2y – 4 = —3|x + 2] 
3 2 2 2 


39. ж OPEN-ENDED MATH Write а linear inequality іп two variables that has 
(—1, 3) and (1, 6) as solutions, but does not have (4, 0) as a solution. 


40. * WRITING Explain why it is not helpful when graphing a linear inequality 
in two variables to choose a test point that lies on the boundary line. 


41. * SHORT RESPONSE Write an inequality for 
the graph shown. Explain how you came up 
with the inequality. Then describe a real-life 
situation that the first-quadrant portion of 
the graph could represent. 


42. CHALLENGE Write an absolute value inequality that has exactly one solution 
in common with y > 2|x — 3| + 5. The common solution should not be the 
vertex (3, 5) of the boundary. Explain how you found your inequality. 


) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
136 |J onp.WS1 TEST PRACTICE 


PROBLEM SOLVING 


: EXAMPLE4 | 43. CALLING CARDS You have a $20 phone card. Calls made using the card cost 
: on p. 134 $.03 per minute to destinations within the United States and $.06 per minute 
: for Exs. 43-48 to destinations in Brazil. Write an inequality describing the numbers of 


minutes you can use for calls to U.S. destinations and to Brazil. 


(DH lomeTutor for problem solving help at classzone.com 


44, RESTAURANT MANAGEMENT A pizza shop has 300 pounds (4800 ounces) of 
dough. A small pizza uses 12 ounces of dough and a large pizza uses 18 ounces 
of dough. Write and graph an inequality describing the possible numbers of 
small and large pizzas that can be made. Then give three possible solutions. 


EI 
ar "E PA NM Lo 
(noni Tutor 
B ^ AS dL Mi 


for problem solving help at classzone.com 


(45. CRAFTS Cotton lace costs $1.50 per yard and linen lace costs $2.50 per yard. 
You plan to order at most $75 of lace for crafts. Write and graph an inequality 
describing how much of each type of lace you can order. If you buy 24 yards 
of cotton lace, what are the amounts of linen lace you can buy? 


46. * SHORT RESPONSE You sell T-shirts for $15 each and caps for $10 each. 
Write and graph an inequality describing how many shirts and caps 
you must sell to exceed $1800 in sales. Explain how you can modify this 
inequality to describe how many shirts and caps you must sell to exceed 
$600 in profit if you make a 40% profit on shirts and a 30% profit on caps. 


47. MULTI-STEP PROBLEM On a two week vacation, you and your brother can 
rent one canoe for $11 per day or rent two mountain bikes for $13 each per 
day. Together, you have $120 to spend. 

a. Write and graph an inequality describing the possible numbers of days 
you and your brother can canoe or bicycle together. 


b. Give three possible solutions of the inequality from part (a). 


c. You decide that on one day you will canoe alone and your brother will 
bicycle alone. Repeat parts (a) and (b) using this new condition. 


48. * EXTENDED RESPONSE While camping, you and a friend filter river water 
into two cylindrical containers with the radii and heights shown. You then 
use these containers to fill the water cooler shown. 


a. Find the volumes of the containers and the cooler in cubic inches. 


b. Using your results from part (a), write and graph an inequality 
describing how many times the containers can be filled and emptied 
into the water cooler without the cooler overflowing. 


c. Convert the volumes from part (a) to gallons (1 in.? = 0.00433 gal). Then 
rewrite the inequality from part (b) in terms of these converted volumes. 


d. Graph the inequality from part (c). Compare the graph with your graph 
from part (b), and explain why the results make sense. 
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49. CHALLENGE A widescreen television image has a width w and a height h 
ш. 4 
== = —, 


h 3 


a. Does the television screen shown at the right meet the 
requirements of a widescreen image? 


that satisfy the inequality 


b. Let d be the length of a diagonal of a television image. 
Write an inequality describing the possible values of d 
and h for a widescreen image. 


MIXED REVIEW - 


: PREVIEW 


я EE 


: Prepare for 
: Lesson 3.1 
: їп Exs. 52—57. 


Graph the equation. (р. 89) 
52. x+3y= —6 53. 4x — Зу = 15 54. 8x — 6y = 18 
55. бх + 9y = 18 56. —2x — 5y = 20 57. —10x + 4y = 20 


Write an equation of the line that satisfies the given conditions. (p. 98) 
58. т = S passes through (10, —2) 59. m — —3, passes through (3, 7) 


60. passes through (0, 2) and (5, 8) 61. passes through (4, —1) and (7, —6) 


‘Quiz for Lessons 2.7-2.8 | 
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Graph the function. Compare the graph with the graph of y = |x|. (p. 123) 
1. у= |х+7| +4 2. у= -2|x+ 10| - 1 з. fo = iix- Ц - 5 


Write an equation of the graph. (p. 123) 
ee $, a 5. yf. 


Graph the inequality in a coordinate plane. (p. 132) 
Y PS 2 8. y $3Xx t 1 9. 2x — 5y2 10 


10. MINI-CARS You have a 20 credit gift pass to a mini-car raceway. It takes 
2 credits to drive the cars on the Rally track and 3 credits to drive the cars on 
the Grand Prix track. Write and graph an inequality describing how many 
times you can race on the two tracks using your gift pass. Then give three 
possible solutions. (p. 132) 


EXTRA PRACTICE for Lesson 2.8, p. 1011 2) ONLINE QUIZ at classzone.com 


FEY 


MIXED IR EVI IEV V of Problem Solving 


Lessons 2.5-2.8 


1. MULTI-STEP PROBLEM А greenhouse sells 5. SHORT RESPONSE Tell whether the data show 

marigolds for $2 each and dahlias for $3 each. direct variation. Explain. 

You have a total of $30 to spend. 

a. Write an inequality describing the numbers Monthly Internet Service 
of marigolds and dahlias you can buy. Subscription time, Total cost, 

b. Graph the inequality from part (a). x (months) | y (dollars) 

c. What is the greatest number of marigolds | ; | 10.95 
you can buy if you buy 5 dahlias? 21.90 


. MULTI-STEP PROBLEM An “A-frame” house is | 32.85 
shown below. The coordinates x and y are both | 43.80 


measured in feet. 
54.75 


6. EXTENDED RESPONSE The table shows the 
number of daily newspapers printed in the 
United States and their daily circulation at 
20 year intervals from 1900 to 2000. 


| Circulation 
аъ | етираз (millions) 


1900 2226 15.1 
+ 
Write an absolute value function that = 1920 E 2042 


models the front of the house. 1940 1878 


i Rewrite your function from part (a) with the 1960 1763 589 
origin at the midpoint of the house's base. | 


1980 1745 62.2 
t 1 
points show a positive correlation, a negative 1 | 
correlation, or approximately no correlation. 


Explain your reasoning. 


Draw a scatter plot of the data pairs 
(years since 1900, newspapers). 


Mean Monthly Sunspot Numbers . Approximate the best-fitting line for the 
scatter plot from part (a). 

. Use your model from part (b) to predict the 
number of daily newspapers in 2020. 


. Draw a scatter plot of the data pairs 
(years since 1900, circulation). Is it 
reasonable to use a linear model to 
predict the circulation in 2020? Explain. 


Number of sunspots 


. GRIDDED ANSWER You are selling sandwiches 
Month number to raise money for a class trip. Your daily sales 
s (in dollars) increase steadily for the first few 
days and then decrease as given by the 
function s(t) = —15|t — 5| + 180 where t is 
the time (in days). What was the maximum 
amount of money you raised in one day? 


4. OPEN-ENDED Use the symbol « or » to write 
a linear inequality in two variables that has 
(1, —5) and (7, —8) as solutions. 
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ОММАКҮ 


BIG IDEAS For Your Notebook 


Representing Relations and Functions 


: A relation pairs input values with output values. A relation is a function if each 
: input value is paired with exactly one output value. 


Input = Output 


к This relation is a function because each This relation is not a function because 
: input has exactly one output. a vertical line intersects the graph at 
> more than one point. 


Big ldea © х Graphing Linear Equations апа Inequalities іп Two Variables 


Linear Function Direct Variation Absolute Value Linear Inequality 
Equation Function 


у= mx + Б у = ах y=alx-h| +k Ах + By» С 


Big (deo © : Writing Linear Equations and Inequalities in Two Variables 


Form 


Slope-intercept form | The graph is a line with slope m and 
| y-intercept b. 


Standard form - The graph is a line with intercepts 
ax 1С 

к= and y B 

Point-slope form y — y, = т(х – xy The graph is a line that has slope т 

and passes through (x,, y). 


Direct variation y=ax,a#0 The graph is a line that passes 
through the origin and has slope a 
(the constant of variation). 


Linear inequality Ax + By>C The graph is a half-plane with 
boundary line Ax + By = С. 
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REN \ VIE т 


REVIEW KEY VOCABULARY 


. relation, p. 72 * parent function, p. 89 * best-fitting line, p. 174 
* domain, range, p. 72 * y-intercept, р. 89 * absolute value function, p. 123 
* function, p. 73 * slope-intercept form, p. 90 «vertex of an absolute value 


* equation in two variables, p.74 + x-intercept, р. 91 graph, p. 123 


* solution, graph of an equation • standard form of a linear * transformation, p. 123 


in two variables, p. 74 equation, p. 91 «translation, p. 123 
* independent variable, p. 74 * point-slope form, p. 98 * reflection, p. 124 
* dependent variable, p. 74 * direct variation, p. 107 * linear inequality in two variables, 
* linear function, p. 75 * constant of variation, p. 107 ps 


* solution, graph of a linear 


• function notation, р. 75 * scatter plot, p. 113 | 
- | inequality in two variables, р. 132 
* slope, p. 82 * positive correlation, p. 113 
| * half-plane, p. 132 
* parallel, perpendicular, p. 84 * negative correlation, p. 173 
• rate of change, p. 85 • correlation coefficient, p. 114 
VOCABULARY EXERCISES 


1. Copy and complete: The linear equation 5x — 4y = 16 is writtenin ? form. 


2. Copy and complete: А set of data pairs (x, у) showsa, ? correlation if y tends to 
decrease as x increases. 


3. Copy and complete: Two variables x and y show _?_ ify = axanda # 0. 


4, WRITING Explain what distinguishes a function from a relation. 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding of the 
concepts you have learned in each lesson of Chapter 2. 


Represent Relations and Functions 


"EXAMPLE 


Tell whether the relation given by the ordered pairs (—6, 3), 


The relation is not a function because the input 2 is mapped 
onto both —1 and 3, as shown in the mapping diagram. 


EXERCISES 
: EXAMPLES Consider the relation given by the ordered pairs. Identify the domain and 
:12,and5 — range. Then tell whether the relation is a function. 
: On рр. 72775 | s. (—2,—2), (-1, 0), (2, 6), (3, 8) 6. (-1, —5), (1,2), (3, 4), (1, —7) 


: for Exs. 5—7 
7. Tell whether f(x) = 16 — 7x is a linear function. Then find f(—5). 


Chapter Review 141 


| 
a rl 


CU МЕР ГЕ ЮЭ DL ПЕ MJ 
- CF 1А E AE Hu g , RE V | i-i \ n | к= 


Find Slope and Rate of Change pp. 82-88 


Find the slope m of the line passing through the points (—4, 12) and (3, —2). 


T TTE EXERCISES 

: pes т тит Find the slope of the line passing through the given points. 

} for Exs. 8—11 8. (—2,—1), (4,3) 9. 0, —5), 0, 2) 10. (5; —3), 0, 7] I3. 16:25,.£-8,2) 
Graph Equations of Lines pp. 89-96 


| Graph 3 + у= —2x. 


STEP? Write the equation in slope-intercept form, 
ym—2X—3 


STEP2 The y-intercept is —3. So, plot the point (0, —3). 


STEP3 The slope is —2. Plot a second point by starting at 
(0, —3) and then moving down 2 units and right 1 unit. 


STEP @ Draw a line through the two points. 


: EXAMPLES EXERCISES 
: 1,2, апа 4 


T Graph the equation. 
: on pp. 89-92 
: for Exs. 12-15 | 12. y 25—x 13. y - 5x = —4 14. x — 4 15. 6x — 4y = 12 


juations of Lines 


24 write Es 


98-10 ү 


Write an equation of the line that passes through (—2, 5) and (-4, —1). 


The slope is m = = = 3. Use the point-slope form with (x,, y,) = (-2, 5). 
y — Y, = m(x- x) Use point-slope form. 
y-523Uu-— (C2) Substitute for m, x,, and y,. 
y =3x +11 Write in slope-intercept form. 
— EXERCISES 
: wis 5.10 pm Write an equation of the line that passes through the given points. 
: for Exs. 16-18 16, (—3, 4), (2; —6) 17. (—4, 5), (12, —7) 18. (—4, 1), (3, —6) 
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: EXAMPLE 2 


в EEE 


: on p. 108 
: for Exs. 19-22 


: EXAMPLE 3 


: on p. 115 
: for Ex. 23 


Ü Eme Review Practice 


Model Direct Variation pp. 107-111 


L EXAMPLE ] 
The variables x and y vary directly, and y = 76 when x = —8. Write an equation 
that relates x and y. Then find y when x = —6. 


у = ax Write direct variation equation. 
76 = a(—8) Substitute 76 for y and —8 for x. 
-9.5 = a Solve for a. 


An equation that relates x and y is y = —9.5x. When x = —6, y = —9.5(—6) = 


EXERCISES 


| The variables x and y vary directly. Write an equation that relates x and y. Then 
| find y when x = 3. 


19. х = 6, y = —48 20. x= -9,y = 15 21. x=-—3,y= 2.4 


22. PHYSICS Charles's Law states that when pressure is constant, the volume V 
of a gas varies directly with its temperature T (in kelvins). A gas occupies 
4.8 liters at a temperature of 300 kelvins. Write an equation that gives V as 
a function of T. What is the volume of the gas when the temperature is 
420 kelvins? 


Draw Scatter Plots and Best-Fitting Lines pp. 113-120 


The table shows the shoe size x and height y (in inches) for 7 men. Approximate 
the best-fitting line for the data. 


Draw a scatter plot and sketch the line that appears 
to best fit the data points. 


Height (in.) 


Choose two points on the line, such as (9, 69) and 
(12, 74). Use the points to find an equation of the line. 


The slope i m= — = > 187 | 

j 12-9 3 D 6 S$ 10 H 12 2 
An equation is y — 69 = 1.67(x — 9), or y = 1.67x + 54. Shoe size 
EXERCISES 


_ Approximate the best-fitting line for the data. 
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ansformations рр. 123-129 


: EXAMPLES 


# AAA 


: оп рр. 123-125 
: for Exs. 24-27 


_ Graphy = 3|x — 1| — 4. Compare the graph with the graph of y = |x]. 


STEP? Identify and plot the vertex, (Л, К) = (1, —4). 


$TEP2 Plot another point on the graph, such as (0, —1). Use 
symmetry to plot a third point, (2, —1). 


STEP3 Connect the points with a V-shaped graph. 


STEP 4 Compare with y = |x|. The graph of y = 3|x — 1| — 4 is 
the graph of y = |x| stretched vertically by a factor of 3, 
then translated right 1 unit and down 4 units. 


EXERCISES 
Graph the function. Compare the graph to the graph of y = |x|. 
24. у= |x - 3| +2 25. y=3|x 26. f(x) = —4|х+2| +3 


27. FINANCE Analysts predict that a company will report earnings of $1.50 per 
share in the next quarter. The function d = |a — 1.50| gives the absolute 
difference d between the actual earnings a and the predicted earnings. 
Graph the function. For what value(s) of a will d be $.25? 


pp. 132-138 © 


: EXAMPLES 
¡23 anda — 
: On pp. 132-134 
: for Exs. 28-34 


Graph 3x — y < —2 in a coordinate plane. 


STEP? Graph the boundary line 3x — y = —2. Use a solid 
line because the inequality symbol is <. 


STEP2 Test the point (0, 0). Because (0, 0) is nota 
solution of the inequality, shade the half-plane 
that does not contain (0, 0). 


EXERCISES 
Tell whether the given ordered pair is a solution of the inequality. 
28. —y < 5x; (D, 1) 29. y» —3x— "1 14,08) 30. 3x — Ay < —8; (—2, 0) 


Graph the inequality in a coordinate plane. 
31. —4y « 16 32. y—2x»8 33. 12x — 8y 224 


34. WIND ENERGY An electric company buys energy from "windmill farms" that 
have windmills of two sizes, one producing 1.5 megawatts of power and one 
producing 2.5 megawatts of power. The company wants a total power supply 
of at least 180 megawatts. Write and graph an inequality describing how 
many of each size of windmill it takes to supply the electric company. 
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In Exercises 1 and 2, tell whether the relation is a function. Explain. 
l- (1,—5),10, 9, 02, 3), C71, 22, 2; 25.0, 2) 2. [73,4D, (2,5), (1, 09, (0, 4), 12, —3), (8, б) 
3. Evaluate f(x) = 3x* — 2x + 11 when x = —6. 


Find the slope of the line passing through the given points. Then tell whether 
the line rises, falls, is horizontal, or is vertical. 


4. (3, —2), (5, 4) 5. (6, 77), (13, —7) 6. (C2, 1), (1, -4) 7. (—4, 9), (+4, 8) 
Graph the equation. 
8. x=4 9. у= 3x +3 10. х+ 2y- 6 11. Зу = 2x – 12 


Write an equation of the line that passes through the given point and satisfies 
the given condition. 


12. (9, —1); parallel to у = -34 8 13. (10, 2); perpendicular to y = —5x + 7 


The variables x and y vary directly. Write an equation that relates x and y. 
Then find x when y = 6. 
14. x=4y=-8 15. x= -2,'y = —1 16. x=8,y= 18 17. x= 16, y= —6 


In Exercises 18 and 19, (a) draw a scatter plot of the data, (b) approximate the 
best-fitting line for the data, and (c) estimate the value of y when x = 10. 


20. Graph y = -3 lx + 1| + 3. Compare the graph with the graph of y = |х| | 


Graph the inequality in а coordinate plane. 
21. yz —2x +4 22. 2x — 4y € 16 23. у< |х — 8| +1 24. у> —2|x| 3 


25. TIRE WEAR А new set of car tires has a tread depth of 8 millimeters. The 
tread depth decreases 0.12 millimeter per thousand miles driven. Write an 
equation that gives the tread depth as a function of the distance driven. 
Then predict at what distance the tread depth will be 2 millimeters. 


26. PAINTING The amount of paint an electric paint sprayer applies varies 
directly with time. A sprayer is set to apply 0.5 gallon in 2.5 minutes. Write 
an equation that gives the amount p of paint as a function of the time f. 
How much paint is applied if the sprayer is operated for 20 minutes? 


27. COMPUTER CHIPS The table shows the number x of transistors (in 
millions) and the speed y (in gigahertz) for several computer processors. 
Approximate the best-fitting line for the data. 


0.06 0.45 
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‘ScoringRubric | EXTENDED RESPONSE QUESTIONS 


Full Credit ! 2 
* solution is complete PROBLEM 
and correct 
Partial Credit The table shows the total U.S. emissions (in millions of tons) of volatile 


* solution is complete 


but has errors, organic ырш (VOCs), a major air pollutant, tam 1995 to 2003. 


Year | 1995 1996 | 1997 | 1998 | 1999 | 2000 | 2001 | 2002 2002 | 2003 | 


or 
• solution is without 077 _ o0 p eme pomum nica 
VOCs 22.0 20.9 | 19.5 | 18.8 | 183. 18.3 17.5 17.1 16.5 | 16.1 


error but incomplete 


No Credit l l 
* no solution is given, а. Approximate the best-fitting line for the data. 
or 
» solution makes no b. Predict the amount of VOCs that will be emitted in 2010. 
, Sea c. Is it reasonable to assume that the trend in the data modeled by the 
best-fitting line will continue indefinitely? Explain. 
Below are sample solutions to the problem. Read each solution and the 
comments on the left to see why the sample represents full credit, partial 
credit, or no credit. 
SAMPLE 1: Full credit solution 
нөн ӨӨӨ ӨӨӨ Өн » а. Let x represent years since 1995 and let y represent millions of tons of 
The variables are clearly VOCs emitted. Then the ordered pairs are (0, 22.0), (1, 20.9), (2, 19.5), 
defined. (3, 18.8), (4, 18.3), (5, 17.5), (6, 17.1), (7, 16.5), and (8, 16.1). 
Ө ын = А scatter plot апа a line drawn to fit 
The scatter plot and a the data are shown. The points (2,20) | 2 к: PO Emenee 
line fitting the points are and (6, 17.1) appeartolieontheline. | = | 
correctly drawn. i ЕР | © УРЕ 
Use the points (x,, y,) = (2, 20) and FAR 
(х, y) = (6, 17.1) to find the slope m. = 
E 
————— MÀ 8 jjz-165l—-20. 29. —0.725 * 
The calculations are 6—2 4 2 
correct and clearly Now use point-slope form. £ 
explained. y-y,7mG-»x) ui 
y — 20 —0.725x + 1.45 
у= —0.725x + 21.5 
нөн нөн ӨӨӨ ӨӨӨ » An approximation of the best-fitting line is y = —0.725x + 21.5. 
The equation of the line р i . 
Of fit is correct. b. To predict the amount of emissions in 2010, use the fact that 2010 is 
15 years after 1995. Substitute x = 15 into the model. 
у= —0.725х + 21.5 = —0.725(15) + 21.5 = 10.6 
өн »  Youcan predict that 10.6 million tons of VOCs will be emitted in 2010. 
The КЕШЕДЕ is correct. | | | = 
AA > c. No; the trend could continue for a while but not indefinitely, because 
The answer is the equation predicts zero emissions when —0.725x + 21.5 = 0, or when 
reasonable. x ~ 30. It is unrealistic to predict that emissions will be reduced to zero. 
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SAMPLE 2: Partial credit solution 


nr rra rr »- Th A ¡ter t is 2L 5 and th 

A reasonable line of fit = a ш i sien (4 18. Б), i 
I TORHO aNG ANSON an катна of the best. 
are correct, but the | 5 
little work is shown, b. 3 ca = 075015) + + з= “1025 


and the explanation is 


SAMPLE 3: No credit solution 
 —————— ЧЕ зра" 1995 —0.74; у = —0.74x + 1995 


Тһе graph is missing 
and the equation is a b. 508 c. Yes; the lin 
poor choice. Parts (b) | 

and (c) are incorrect. 


e always keeps going down. 


PRACTICE Apply the Scoring Rubric 


1. Astudent's solution to the problem on the previous page is given below. 
Score the solution as full credit, partial credit, or no credit. Explain your 
reasoning. If you choose partial credit or no credit, explain how you would 
change the solution so that it earns a score of full credit. 


a. Let x represent the year. Let y represent VOCs emitted (millions of tons). 


А ecatter plot and a line of fit are 
shown. The line passes through Total VOC Emissions 


(х у) = (1996, 20.9) and through FETTTTTTTTT 
c. Yo) = = (2001, 1711). | xo HH 


_ 171-209 _-38__p 
2001-1996 5 vato 


y-y = т(х – x) 
y — 20.9 = —0.76(x — 1996) 
y = -—0.76x + 1558 


An approximation of the best-fitting 
line ie y = —O.76x + 1528. 


b. To predict the emissions in 2010, substitute x = 2010 into the model. 
y = —0.76x + 1538 = —0:76(2010) + 1538 = 10.4 
About 10.4 million tons of VOCe will be emitted in 2010. 


c. No; in 2024, VOC emissions would become negative because 
—0.76(2024) + 1538 = —0.24, which doesn't make sense. 


Emissions 
(millione of tons) 


1995 1998 2002 х 
Year 
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EXTENDED RESPONSE 
1. The table shows the estimated budget x and the total U.S. box office gross 


3 


4 


y (both in millions of dollars) for the eight highest-earning movies of all 
time (as of December, 2004). 


a. Identity the domain and range of the relation represented by the table. 
b. Graph the relation. 
c. Tell whether the relation is a function. Explain. 


A park trail up a hill has been improved by 
building steps from wooden timbers, as shown 
in the diagram of a section of the trail. Each 
timber measures 8 inches on a side. 


a. What is the average rate of change in 
elevation on the trail from point A to point B? 


b. If the trail continues as shown up a hill that is 120 feet high, 
what horizontal distance do you cover climbing the trail? 


c. Ifthe trail had used 6 inch timbers for each step instead of 8 inch 
timbers, what horizontal distance would each step cover? Explain. 


You have $30 to spend on two types of yarn, cotton yarn that costs $3.50 per 
ball and wool yarn that costs $4.50 per ball. 


a. Write an inequality that describes the possible amounts of cotton yarn 
and wool yarn you can buy without spending more than $30. 


b. Graph the inequality from part (a). 


c. Are all points on the boundary line solutions of the inequality in this 
situation? If not, which points on the boundary line are solutions? What 
does each solution on the boundary line mean in the context of the 
problem? 


The table shows the total school enrollment (in millions) at all levels in the 
United States for the years 1986 to 2001. 


a. Make a scatter plot of the data. Let x represent years since 1986 and 
y represent enrollment (in millions). 


b. Describe the correlation shown by the data. 


c. Approximate the best-fitting line for the data. Then use this line to 
predict total enrollment in 2012. 
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/ classzone.com 
MULTIPLE CHOICE GRIDDED ANSWER 
5. Which ordered pair is a solution of the 8. A direct variation equation y = ax has 
inequality —x + 2y > 10? (—3, —6) as a solution. What is the value of 
| iation? 
СА) (-10, 0) (В) (0,5) the constant of variation 
) 9. What is the value of f(2) for the function 
© (5,5) (5, 10) fü) = Ad — 5x + 12 
6. The graph of which equation passes through 10, Whatis the value of k so that the line passing 
the point (1, —3) and is perpendicular to the through (k, 2) and (2, 7) has a slope of —1? 


line x + y= 10? 
y 11. What is the x-intercept of the graph of 


(А) x+y= -2 (D x-y=-2 2x + 3y = 36? 
(С) x+y=4 D x-y=4 12. Whatis the y-intercept of the line that passes 
| through the point (20, 168) and has a slope 
7. What is the slope of the line passing through of —5? 
the points (0, —4) and (—3, 2)? 
" | | | ! 1 13. The graph of y = —3 + f(x) + 5is obtained 

(А) -2 © -3 from the graph of y = f(x) through 

1 transformations. The point (—7, —6) lies on 
© 2 Ф) 2 the graph of y = f(x). What is the y-value of the 


image of this point after the transformations? 


SHORT RESPONSE 


14. The number of women elected to the U.S. House of Representatives 
has increased nearly every Congress since 1985. In the 99th Congress 
beginning in 1985, there were 22 female representatives. In the 109th 
Congress beginning in 2005, there were 68 female representatives. 


a. Write a linear equation that models the number y of female members of 
the House of Representatives x years after 1985. 


b. Given that the number of representatives is fixed at 435, is it reasonable 
to think that the model could be a fairly accurate predictor of the 
number of female representatives in 2030? Explain. 


15. Graph y = -2 Ix + 1| — 3. Describe how the graph compares with the graph of 
у= |x|. If you translate the graph of y = —2 Ix + 11 — 3 down 2 units and left 
5 units, what is an equation of the new graph? Explain. 


16. The scatter plot shows the ages of the winners of 
professional golf’s annual Masters Tournament for Ages of Masters Tournament Winners 
the years 1934—2005. (There was no tournament in | 
the years 1943-1945.) What type of correlation does 
the scatter plot show? Does your answer change if you 
consider only the data from 1934 to 1954? Explain. 


17. You are baking cookies and set the oven to 350°F. 
The oven temperature starts at room temperature, 
68°F, and takes 8 minutes to reach 350°F. Find the 
average rate of change in the temperature. Use 
this rate of change to estimate how much longer it 
would take to heat the oven to 425°F. Explain. Years since 1934 


£ 
5 
= 
a 
zi 
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| ЯП {| | 
Making Sense ¡E "LII ү (ilt 
of Chapter 3 158 Hill stems by senp] | 


In this chapter, you will 


ТИП | 


extend your ариу ‘Linear Inequalities I I 
solve linear equations iil 

and inequalities to + Me 5; | еп i ar Equations in Three j 
solving two or three of ; | | AHL ic "m operations Н 

them simultaneously. TET "m 


pice pply Cramers Rulez? 
atrices to Solve Li Systems 


Previously, you learned the following skills, which you'll use in Chapter 3: 
graphing equations and inequalities, comparing lines, and solving equations. 


Ре ; " " 
| | at аан we ato Pa” ~ 1. т | = 

FE ж 0 "I I мт ES LA 
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BALA. | ү] ® ч. ыў EA 


VOCABULARY CHECK 


Copy and complete the statement. 


1. The linear inequality that represents the graph shown 
attherightis ? . 


2. The graph of a linear inequality in two variables is the 
set of all points in a coordinate plane that are ? ofthe inequality. 


SKILLS CHECK 
Graph in a coordinate plane. (Prerequisite skill for 3.1, 3.3) 
3. y=3x-3 A V2 EPR 5. x + 4y« —16 


Tell if the lines are parallel, perpendicular, or neither. (Prerequisite skill for 3.1, 3.3) 


6. y-2x * 3 7. у= —3х+5 8. y=4x-7 
х- 2у= – 6 -х + Зу = 8 8х – 2у = 5 


Solve the equation. (Prerequisite skill for 3.2, 3.5) 
9. 21 — 12 = 16 10. —3х —7— 12 11; 4179 = —ат 
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e 
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In Chapter 3, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 221. You will also use the key vocabulary listed below. 
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Ө Solving systems of equations using a variety of methods 
© Graphing systems of equations and inequalities 
O Using matrices 


+ 
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KEY VOCABULARY 
| * system of two linear * substitution method, p. 160 * ordered triple, p. 178 
equations, p. 153 * elimination method, p. 167 • matrix, p. 187 
* consistent, p. 154 * system of linear * determinant, p. 203 
* inconsistent, p. 754 inequalities, p. 168 • Cramer's rule, p. 205 
* independent, p. 154 * system of three linear * identity matrix, p. 210 
* dependent, p. 154 equations, p. 178 * inverse matrices, p. 210 


You can use systems of linear equations to solve real-world problems. For 
example, you can determine which of two payment options for riding a bus is 
more cost-effective. 
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The animation illustrated below for Example 4 on page 155 helps you answer this 
question: After how many bus rides will the cost of two payment options be the 
same? 


Option A is $1.00 pes ride pls а 530 monthly pass. Option B & $2.50 per ride with no 
monthly pass. 


Haw many rides must you take in a month so that the total cost of the two options is 
same? 


Rd — Du 7 шм» „ е 
т ku ж а + na 35 11... Ши ш a 
— а. 

a M - T = — 


- —é = 


— 


Option A: total cost = (cost per ride) [number of rides} + monthly pase 
‘Option B: total cast = (cost per ride} (number ól rides) 


; Enter linear equations to compare the 
| rides individually or buy a monthly pass. y costs of the two payment options. 
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3.1 Solving Linear Systems Using Tables 


MATERIALS : graphing calculator 


An example of a system of linear equations in two variables x and y is the 
following: 


у=2х +4 Equation 1 
y= —3x + 44 Equation 2 


A solution of a system of equations in two variables is an ordered pair (x, y) that is 
a solution of both equations. One way to solve a system is to use the table feature 
of a graphing calculator. 


T ещ i 
= » "n 
IY | 


Use a table to solve the system of equations above. 


STEP 1| Enter equations Make a table STEP 3| Find the solution 


Press to enter the Set the starting x-value of the Scroll through the table until 

equations. Enter Equation 1 table to 0 and the step value you find an x-value for which 

as y, and Equation 2 as y,. to 1. Then use the table feature у, and y, are equal. The table 
to make a table. shows y, = y, = 20 when x = 8. 


| Y1N2X44 
¥2B-3xX+44 
Үз= 
Ү&= 
Үз = 
Y6= 
Y7= 


k 


The solution of the system is (8, 20). 


| D 


E j 1 
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Use a table to solve the system. If you are using a graphing calculator, you may 
need to first solve the equations in the system for y before entering them. 


1. у= 2х +5 2. у= 4х +1 3. у= 4х —3 
у= x2 y=4x-8 у= 5х+2 

4. 8х — 4у = 16 5. бх – 2у = 2 6. х+у= 11 
—6x + Зу = З —3x — 7у = 17 “fo y= 1 


7. Based on your results in Exercises 1-6, make a conjecture about the 
number of solutions a system of linear equations can have. 
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° system of "m 
linear equations 

* solution of a 
system 

* consistent 

* inconsistent 

* independent 

* dependent 


: AVOID ERRORS 


S eras 


: Remember to check the 
: graphical solution in 

: both equations before 

: concluding that it is a 

: solution of the system. 


You solved linear equations. 
You will solve systems of linear equations. 
So you can compare swimming data, as in Ex. 39. 


Solve Linear Systems 
by Graphing 


ions in two variables x and y, also called a linear 


гуа. consists of two peser that can be written in the following form. 


Ах + Ву = С Equation 1 
Ох + Еу= Е Equation 2 


ution of a system of linear equations in two variables is an ordered pair (х, y) 


that satelles each equation. Solutions correspond to points where the graphs of 
the equations in a system intersect. 


^ Solve a system graphically 


Graph the linear system and estimate the solution. Then check the 
solution algebraically. 


4x+y=8 Equation 1 
2х — Зу = 18 Equation 2 


Solution 


Begin by graphing both equations, as shown 
at the right. From the graph, the lines appear 
to intersect at (3, —4). You can check this 
algebraically as follows. 


Equation 1 Equation 2 
Ax 4 y-8 2x — 3y — 18 | El 
i , шаш. 12. EE 
4(3) + (-4) = 8 2(3) — 3(-4) 2 18 BSC E 
12-48 6 + 12 18 
8-8 18 = 18 Y 


for Example 1 


Graph the linear system and estimate the solution. Then check the solution 
algebraically. 


1. Зх + 2y= —4 2. 4x — 5y= —10 dB 
x+3y=1 AX — Ty=4 3x + 
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ү ol oy anda consistent system that has 
ent. The system in Example 1 is consistent 


that has exactly one ai isi 
infinitely many solutions is de] 
and independent. 


^ KEY CONCEPT For Vour Wotebook 


Number of Solutions of a Linear System 


The relationship between the graph of a linear system and the system's 
number of solutions is described below. 


Exactly one solution Infinitely many solutions No solution 
y y 


X X 
Lines intersect at one Lines coincide; Lines are parallel; 
point; consistent and consistent and inconsistent 
independent dependent 


Solve a system with many solutions 


Solve the system. Then classify the system as consistent and independent, 
: CHECK SOLUTION consistent and dependent, or inconsistent. 
: To check your solution 4x —3y -8 Equation 1 
: in Example 2, observe 8x — бу= 16 Equation 2 
: that both equations 
: have the same slope- Solution 
; intercept s B The graphs of the equations are the same line. 
: p= ЗХ "3 So, each point on the line is a solution, and the 
: So the жч arethe | system has infinitely many solutions. Therefore, 
: same line. | the system is consistent and dependent. 


[ EXAMPLE 3 ] Solve a system with no solution | 


Solve the system. Then classify the system as consistent and independent, 


: CHECK SOLUTION consistent and dependent, or inconsistent. 
: : To verify that the 2x+y=4 Equation 1 
: graphs in Example 3 2x+y=1 Equation 2 
: are parallel lines, 
: write the equations in Solution 
: slope- intercept form 
: and Observe that the The graphs of the equations are two parallel lines. 
: lines have the same Because the two lines have no point of intersection, 


: slope, —2, but different the system has no solution. Therefore, the system 
: y'intercepts, 4 and 1. | is inconsistent. 
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Ж GITE standardized test Practice _ 


You ride an express bus from the center of town to your street. You have 
two payment options. Option A is to buy a monthly pass and pay $1 per 
ride. Option B is to pay $2.50 per ride. A monthly pass costs $30. After how 
many rides will the total costs of the two options be the same? 


СА) 12 rides 20 rides СС) 24rides 28 rides 


Solution 
Equation 1 (Option A) 


Total Cost per Number of Monthly 
cost = ride . rides t fee 
(dollars) (dollars/ride) (rides) (dollars) 
* y y 
y = 1 ° x + 
Equation 2 (Option B) 
Total Сойрт  Numberof 
cost = ride . rides 
(dollars) (dollars/ride) (rides) 
v Y w 
y = 2.5 . x 
To solve the system, graph the equations Б 
у= х + 30 апау = 2.5x, as shown at the right. £ 
Notice that you need to graph the equations 3 
only in the first quadrant because only ® 
nonnegative values of x and y make sense in s 
this situation. 5 нї 
| | | = шш d Ld 11 
The lines appear to intersect at about the point 0 10 20 30 40 х 


(20, 50). You can check this algebraically as follows. 


50 =20+30Y Equation 1 checks. 
50 = 2.5(20) Y Equation 2 checks. 


Number of rides 


The total costs are equal after 20 rides. 


GUIDED PRACTICE for Examples 2, 3, and 4 


Solve the system. Then classify the system as consistent and independent, 
consistent and dependent, or inconsistent. 


4. 2х + 5y=6 5. 3x — 2y = 10 6. —2х+у=5 
4x + 10y = 12 3X 2y=2 y=- +2 


7. WHAT IF? In Example 4, suppose the cost of the monthly pass is increased to 
$36. How does this affect the solution? 
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EXERCISES "o| О-оо 
3 Л КЕҮ: оп р. WS4 for Exs. 9, 21, and 37 
¡A = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 29, 30, 37, and 39 


¡ Ф = MULTIPLE REPRESENTATIONS 
: Ex. 38 


‘SKILL PRACTICE 


1. VOCABULARY Copy and complete: A consistent system that has exactly one 
solution is called ? . 


2. * WRITING Explain how to identify the solution(s) of a system from the 
graphs of the equations in the system. 


: EXAMPLE 1 | GRAPH AND CHECK Graph the linear system and estimate the solution. Then 


: on p.153. check the solution algebraically. 
дыла. 8: у= —Зх+2 4. у= 5х +2 5. y-—-—xrT3 
y-2r-—3J у = Зх cw y=] 
6. x+2y=2 7. y = 2x — 10 8. —x + 6y = -12 
х — 4у = 14 х- 4у = 5 Sob by — I2 
(9)y = -3x-2 10. y = —3x — 13 1L x= 7y28 
5x + 2y = —2 c m i a —3x + 21у = —18 
12. y=4x+3 13. 5х – 4у = З 14. 7X + у= —17 
20x — 5у = —15 3x + 2y = 15 Зх — 10y = 24 


15. * MULTIPLE CHOICE What is the solution of the system? 


Exo —y-2 
їх + 2y = —5 
(2, —6) (В) Ei; 6) © (1, 0) (р) (73, 8) 
16. ERROR ANALYSIS A student used the check 
shown to conclude that (0, —1) is a solution эх 2у 
of this system: 3(0) 2( 1) 2 
3x-2y=2 


x+2y=6 


Describe and correct the student’s error. 


: EXAMPLES SOLVE AND CLASSIFY Solve the system. Then classify the system as consistent 


: 2and3 «— — | and independent, consistent and dependent, or inconsistent. 
Es a 17. y=-1 18. 2x —y —4 19. у= 3x +2 
ког. 3x+y=5 x — 2y=-1 pease 
20. y=2x-1 @1) —20x + 12y = —24 22. 4x — 5y=0 
—6x + Зу = —3 9x — Зу = 6 3x— Dy = —5 
23. 3x + 7y=6 24. Ax + 5y=3 25. 8х + 9у = 15 
2х + 9у = 4 бх + 9у = 9 bx — 2у = 17 
26. lx- Зу = 10 27. Зх – 2y = —15 28. Эх-у= –4 
1 — ==: лдаа ы — pras]. 
4% + 2y 2 x 3) 5 эх— Zy 4 
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29. * MULTIPLE CHOICE How would you classify the system? 


—12x + 16y = 10 
IN ray = —6 


СА) Consistent and independent (В) Consistent and dependent 
СС) Inconsistent CD) None of these 


30. * OPEN-ENDED MATH Write a system of two linear equations that has the 
given number of solutions. 


a. One solution b. No solution c. Infinitely many solutions 


GRAPH AND CHECK Graph the system and estimate the solution(s). Then check 
the solution(s) algebraically. 


31. y= |x * 2] 32. у= |x — 1| 33. у= | 
у=х y=-x+4 y=2 


34. CHALLENGE State the conditions on the constants a, b, c, and d for which 
the system below is (a) consistent and independent, (b) consistent and 
dependent, and (c) inconsistent. 


y=ax+b 
| y=cx+d 


— 


PROBLEM SOLVING 


: EXAMPLE4 | 35. WORK SCHEDULE You worked 14 hours last week and earned a total of $96 
: on p. 155 | before taxes. Your job as a lifeguard pays $8 per hour, and your job as a 
: for Exs. 35-39 cashier pays $6 per hour. How many hours did you work at each job? 


PT i" { “yar p 
CHomelutor 


for problem solving help at classzone.com 


36. LAW ENFORCEMENT During one calendar year, a state trooper issued a total 
of 375 citations for warnings and speeding tickets. Of these, there were 37 
more warnings than speeding tickets. How many warnings and how many 
speeding tickets were issued? 


М i и 


TT E ; 
(OHomeTutor for problem solving help at dasszone.com 


* SHORT RESPONSE A gym offers two options for membership plans. 
Option A includes an initiation fee of $121 and costs $1 per day. Option B 
has no initiation fee but costs $12 per day. After how many days will the 
total costs of the gym membership plans be equal? How does your answer 
change if the daily cost of Option B increases? Explain. 


38. «^ MULTIPLE REPRESENTATIONS The price of refrigerator A is $600, and 
the price of refrigerator B is $1200. The cost of electricity needed to operate 
the refrigerators is $50 per year for refrigerator A and $40 per year for 
refrigerator B. 


a. Writing Equations Write an equation for the cost of owning refrigerator A 
and an equation for the cost of owning refrigerator B. 


b. Graphing Equations Graph the equations from part (a). After how many 
years are the total costs of owning the refrigerators equal? 


c. Checking Reasonableness Is your solution from part (b) reasonable in 
this situation? Explain. 
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39. * EXTENDED RESPONSE The table below gives the winning times (in seconds) 
in the Olympic 100 meter freestyle swimming event for the period 1972-2000. 


a. Use a graphing calculator to fit a line to the data pairs (x, m). 
b. Use a graphing calculator to fit a line to the data pairs (x, ш). 


c. Graph the lines and predict when the women's performance will catch 
up to the men's performance. 


d. Do you think your prediction from part (c) is reasonable? Explain. 


40. CHALLENGE Your house and your friend's house are both on a street that 
passes by a park, as shown below. 


At 1:00 P.M., you and your friend leave your houses on bicycles and head 
toward the park. You travel at a speed of 25 feet per second, and your friend 
also travels at a constant speed. You both reach the park at the same time. 


a. Write and graph an equation giving your distance d (in feet) from the 
park after t seconds. 


b. At what speed does your friend travel to the park? Explain how you 
found your answer. 


c. Write an equation giving your friend's distance d (in feet) from the park 
after f seconds. Graph the equation in the same coordinate plane you 
used for part (a). 


: Prepare for 
: Lesson 3.2 
: in Exs. 47—52. 
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Solve the equation. 
41. 8x + 1 = 3x — 14 (p. 18) 42. —4(x + 3) = 5x + 9 (p. 18) 43. х+2 = 3x — 2 (p. 18) 
44. |х— 18| = 9 (p. 51) 45. |2x+5| = 12 (p. 51) 46. |5x — 18| = 17 (p. 51) 


Solve the equation for y. Then find the value of y for the given value of x. (p. 26) 
47. Зх —2y = 8; х = —2 48. —5x + y = –12;х = 9 49, 8х — Зу = 10; х = 8 
50. 8х — 2y =7,x= —1 51. 16x + 9y = —24; x = —6 52. —12x + 9y = —60;x = —7 


53. VETERINARY MEDICINE The normal body temperature of a dog is 38°C. Your 
dog's temperature is 101°F. Does your dog have a fever? Explain. (p. 26) 


EXTRA PRACTICE for Lesson 3.1, p. 1012 a) ONLINE QUIZ at classzone.com 
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Graph Systems of Equations 


7 21 2T 
Illum CEA 


In Lesson 3.1, you learned to estimate the solution of a linear system by graphing. 
You can use the intersect feature of a graphing calculator to get an answer that is 
very close to, and sometimes exactly equal to, the actual solution. 


[ 


в — —— - 


Use a graphing calculator to solve the system. 


бх — 9y = —20 ~~ Equation 1 
2x+4y=-—52 Equation 2 


Enter equations STEP 2| Graph equations STEP 3| Find the solution 
solve each equation for y. Then Graph the equations in the Adjust the viewing window, 
enter the revised equations into standard viewing window. and use the intersect feature to 


a graphing calculator. find the intersection point. 


| v4BC2/32X*(20/9) | | 
r2B-(1/2)X-13 
Ys- 
Y4- 
Y5= 


Y6= Intersection 
Үт= 


X=-13.04762 Y=-6.47619 
L J 


J 


The solution is about (—13.05, —6.48). 


| PRAC 


Solve the linear system using a graphing calculator. 
l.y--x-2 2. у= —2x + 15 . —9x + 7у = 14 
у= 2х – 5 у= 5х 4 LH Y = —17 
грн бу==—Б 5. 5x + 8у = —48 6. —2x + 16у = 56 
4х + 2y = 10 х + Зу = 27 4x + Ту = —35 


. VACATION Your family is planning a 7 day trip to Texas. You estimate that it 
will cost $275 per day in San Antonio and $400 per day in Dallas. Your budget 
for the 7 days is $2300. How many days should you spend in each city? 


. MOVIE TICKETS In one day, a movie theater collected $4600 from 800 people. 


The price of admission is $7 for an adult and $5 for a child. How many adults 
and how many children were admitted to the movie theater that day? 


3.1 Solve Linear Systems by Graphing 


3 2 Solve Linear Systems 
Algebraically 


You solved linear systems graphically. 


You will solve linear systems algebraically. 
So you can model guitar sales, as in Ex. 55. 


ey Vo an In this lesson, you will study two algebraic methods for solving linear systems. 
е ратан method Тһе first method is called the substitution method. 


• elimination method 


KEY CONCEPT For Vour Wotebook 


> The Substitution Method 


STEP? Solve one of the equations for one of its variables. 


STEP 2 Substitute the expression from Step 1 into the other equation 
and solve for the other variable. 


STEP 3 Substitute the value from Step 2 into the revised equation from 
Step 1 and solve. 


€ EXAMPLE - p Use the substitution method 


Solve the system using the substitution method. 2х + 5y=-5 Equation 1 
x+3y=3 Equation 2 


Solution 
STEP? Solve Equation 2 for x. 
x= —3y+3 Revised Equation 2 
STEP 2 Substitute the expression for x into Equation 1 and solve for y. 
2x+5y=-5 Write Equation 1. 
2(—3y+3)+5y=-5 Substitute —3y + 3 for x. 
y = 11 Solve for y. 
STEP 3 Substitute the value of y into revised Equation 2 and solve for x. 
x= —3y + З Write revised Equation 2. 
x=-3(11) +3 Substitute 11 for y. 
x = —30 Simplify. 
» The solution is (—30, 11). 
CHECK Check the solution by substituting into the original equations. 
2(—30) + 5(11) = —5 Substitute for xand y. — —30 + 3(11) 5 3 
| -5=-5/ Solution checks. 39-23 
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e [ EXAMPLE 2 | Use the elimination method 


Solve the system using the elimination method. 


: SOLVE SYSTEMS 


E FEA 


: In Example 2, one 

: coefficient of x is a 

: multiple of the other, In 
: this case, it is easier to 

: eliminate the x-terms 

: because you need 

: to multiply only one 

: equation by a constant. 


ELIMINATION METHOD Another alg 


ebraic method that you can use to solve a 


E 


system of equations is the elimination method. The goal of this method is to 
eliminate one of the variables by adding equations. 


: KEY CONCEPT For Your Notebook 
The Elimination Method 
STEP? Multiply one or both of the equations by a constant to obtain 


coefficients that differ only in sign for one of the variables. 


STEP 2 Add the revised equations from Step 1. Combining like terms will 
eliminate one of the variables. Solve for the remaining variable. 


STEP 3 Substitute the value obtained in Step 2 into either of the original 
equations and solve for the other variable. 


Зх — 7y = 10 
6x —8y = 8 


Equation 1 
Equation 2 


Solution 


STEP? Multiply Equation 1 by —2 so that the coefficients of x differ only in sign. 


3x — 7y = 10 ay» —6x + 14у = —20 
бх — 8у = 8 тшш) 6x— 8у = 8 
STEP 2 Add the revised equations and solve for у. 6y = —12 
y=-2 
STEP 3 Substitute the value of y into one of the original equations. Solve for x. 
3x — 7y = 10 Write Equation 1. 
3x — 7(—2) = 10 Substitute —2 for y. 
3x + 14 = 10 Simplify. 
х= -i Solve for x. 
» The solution is | > —2 | pa = — 
| 
| n 
CHECK You can check the solution algebraically j | 
using the method shown in Example 1. You can | A 
also use a graphing calculator to check the solution. | | 
ae ee A | Intersection | 
p nated д lgebra at classzone.com L X=-1.333333 Y=-2 | 


Y сиро Practice | for Examples 1 and2 


Solve the system using the substitution or the elimination method. 


1. 4x + Sy = —2 
х+Бу=—9% 


m. ee d= —15 
5х —9y = З 


3. 3x — 6у= 9 
—4x + 7y = —16 
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* | EXAMPLE З |] Standardized Test Practice 


Total 
cost 
(dollars) 


v 
2500 


Total . 
revenue 
(dollars) 


y 


To raise money for new football uniforms, your school sells silk-screened 
T-shirts. Short sleeve T-shirts cost the school $5 each and are sold for $8 
each. Long sleeve T-shirts cost the school $7 each and are sold for $12 each. 
The school spends a total of $2500 on T-shirts and sells all of them for 
$4200. How many of the short sleeve T-shirts are sold? 
50 (В) 100 (С) 150 © 250 
Solution 
STEP Y Write verbal models for this situation. 
Equation 1 
 Shortsleeve Short sleeve Long sleeve Long sleeve 
cost : shirts + cost . shirts = 
(dollars/shirt) (shirts) (dollars/shirt) (shirts) 
+ y *v + 
9 . x + 7 . y = 
Equation 2 
© Shortsleeve  Shortsleeve Longsleeve Long sleeve 
selling price » shirts + selling price - shirts = 
(dollars/shirt) (shirts) (dollars/shirt) (shirts) 
Y y v y 
8 . x + 12 . y = 


STEP2 Write a system of equations. 


Equation 1 5x + Ту = 2500 Total cost for all T-shirts 
Equation2 8х + 12у = 4200 Total revenue from all T-shirts sold 


STEP3 Solve the system using the elimination method. 


Multiply Equation 1 by —8 and Equation 2 by 5 so that the 


coefficients of x differ only in sign. 


4200 


5х + Ту = 2500 mad —40x — 56у = —20,000 


8x + 12у = 4200 um 


Add the revised equations and solve for y. 


: AVOID ERRORS 


E ar 
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¿sas 


: Choice D gives the 
: number of long sleeve 
: T-shirts, but the 


and solve for x. 


: question asks for the 5х + 7у = 2500 Write Equation 1. 

: number of short sleeve 

: T-shirts. So you stil] 5x + 7(250) = 2500 Substitute 250 for y. 
; need to solve for x in 5х + 1750 —2500 Simplify. 

: Step 3. | 


х = 150 Solve for x. 


| > The correct answer is C. DO O © 
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40x + 60y = 21,000 


4y = 1000 
y = 250 


Substitute the value of y into one of the original equations 


The school sold 150 short sleeve T-shirts and 250 long sleeve T-shirts. 


4. WHAT IF? In Example 3, suppose the school spends a total of $3715 on 


T-shirts and sells all of them for $6160. How many of each type of T-shirt 
are sold? 


CHOOSING A METHOD In general, the substitution method is convenient when 
one of the variables in a system of equations has a coefficient of 1 or —1, asin 
Example 1. If neither variable in a system has a coefficient of 1 or —1, itis usually 
easier to use the elimination method, as in Examples 2 and 3. 


( EXAMPLE 4 | Solve linear systems with many or no solutions _ 


: AVOID ERRORS — 
: When multiplying 


: an equation by a 

: constant, make sure 

: you multiply each term 
: of the equation by the 
: constant. 


De ay, p’ TATIN ANP LARA AE 


Solve the linear system. 


a. X—2y-4 b. 4x — 10у = 8 
3x —6y = 8 —]4x + 35у = —28 
Solution 
a. Because the coefficient of x in the first equation is 1, use the 


substitution method. 
Solve the first equation for x. 

х- 2у = 4 Write first equation. 

x=2y+4 Solve for x. 
Substitute the expression for x into the second equation. 
Зх —6y = 8 Write second equation. 
3(2y + 4) – 6y = 8 Substitute 2y + 4 for x. 
12 = 8 Simplify. 


> Because the statement 12 = 8 is never true, there is no solution. 


. Because no coefficient is 1 or —1, use the elimination method. 


Multiply the first equation by 7 and the second equation by 2. 


4х — 10у = 8 a» 28x — 70у = 56 
—14x + 35y = —28 wwe -28x + 70y = —56 
Add the revised equations. 0=0 


> Because the equation 0 = 0 is always true, there are infinitely many 
solutions. 


| for Example 4 


Solve the linear system using any algebraic method. 


5. 


12x — Зу = —9 6. 6x + 15y = —12 7. 5х + Зу = 20 
-Ax 4 y-3 -2x — 5у= 9 -x-3y- -4 
12x — 2y = 21 9. 8x + 9y = 15 10. 5x + 5у = 5 

3x + 12у = —4 5x — 2у = 17 5х + 3y = 4.2 
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HOMEWORK: 
KEY: 


©) = WORKED-OUT SOLUTIONS 

on p. WS5 for Exs. 5, 29, and 59 
Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 40, 50, 57, 58, and 60 | 


3.2 EXERCISES 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: To solve a linear system where one of the 
coefficients is 1 or —1, it is usually easiest to use the ? method. 


2. * WRITING Explain how to use the elimination method to solve a linear 
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system. 
; EXAMPLES SUBSTITUTION METHOD Solve the system using the substitution method. 
1 and 4 
: MUR Ed 3. 2x + 5y = 7 4. 3x+ y = 16 (5.)вх —2y=5 
: for EXS. 3-14 x+4y=2 2x – Зу = —4 —MX--y-7 
6. x - 4y- 1 7. 3х-у=2 8. Зх — 4у = —5 
3x + 2y = —12 6x + 3y = 14 -x +з3Зу= —5 
9. 3x+2y=6 10. 6x — Зу = 15 11. Sx "y 1 
x — 4у = —12 EXC at ‘de 2x + Зу = 18 
12. 2x-y=1 13. 3x + 7y = 13 14. 2x + 5y= 10 
8x + 4y=6 Eto >—7 —3x + y= 36 
: EXAMPLES ELIMINATION METHOD Solve the system using the elimination method. 
2 and 4 
renos 15. 2x + 6y = 17 16. 4x — 2y = —16 17. Зх — 4y = —10 
: on pp. 161-163 M КОШ ә _ MK. 
: for Exs. 15-27 2x — 10у = 9 3x + 4y = 12 бх + Зу = —42 
18. 4х — 3y = 10 19. 5x Зу = —3 20. 10x — 2y = 16 
8x — 6y — 20 2X + бу=0 ox + Sy = —12 
21. 2x + 5y= 14 22. 7x + 2y= 11 23. 3x + 4y = 18 
Зх — 2y = —36 —2x + 3y = 29 6x + By = 18 
24. 2x + 5у = 13 25. 4x — 5y = 13 26. бх — 4у = 14 
6x + 2y = —13 6x + 2у = 48 2х + By = 21 
27. ERROR ANALYSIS Describe and correct 
the error in the first step of solving the бх 4y 
system. бх dy 15 
3x + 2у = 7 22 
5х + 4у = 15 
22 


CHOOSING A METHOD Solve the system using any algebraic method. 


28. 


31. 


34. 


37. 


3x + 2у= 11 
4x+y=-2 
4x — 10y = 18 
—xroy--9 
2х + Зу = —6 
3x — 4y = 25 
4х — y= -10 
бх + 2у = –1 


Chapter 3 Linear Systems and Matrices 


32. 3X — у= —2 
5x + 2y = 15 

35. 3x+y=15 
—х + 2y = —19 

38. 7x + 5y = -12 
3x—4y= 1 


30. 


33. 


36. 


39. 


3x + 7y = –1 
2x + Зу = 6 

х + 2у = —8 
3x — 4y = —24 
4х – Зу = 8 
—8х + 6y = 16 
2p y —1 
—4x + бу = 6 


40. * MULTIPLE CHOICE What is the solution of the linear system? 
Зх + 2у = 4 
6x — Зу = —27 


(ES GEOMETRY Find the coordinates of the point where the diagonals of the 
quadrilateral intersect. 


41. A y 42. 


4,4) 


44. 0.02x — 0.05y = —0.38 45. 0.05x — 0.03y = 0.21 46. ox + Зу = —34 
0.03x + 0.04y = 1.04 0.07x + 0.02y = 0.16 x-iy-- 
MEX ME. xt3,:;Y-L. x-1,yt2_ 
47. $x + у= 2 48. T3 +7 — =] 49, € 1 (77-4 
Bua Yu E a gis 
12* * 12774 2х —y- 12 х – 2у = 5 


50. ж OPEN-ENDED MATH Write а system of linear equations that has (—1, 4) as 
its only solution. Verify that (—1, 4) is a solution using either the substitution 
method or the elimination method. 

SOLVING NONLINEAR SYSTEMS Use the elimination method to solve the system. 

51. 7y + 18xy = 30 52. xy х= 14 53. 2xy + y = 44 
13y — 18xy = 90 5 — ху = 2x 32 — xy = 3y 

54. CHALLENGE Find values of r, s, and t that produce the indicated solution(s). 


—3x— 5y =9 
m+ 5у = 1 


a. No solution b. Infinitely many solutions се. A solution of (2, —3) 


PROBLEM SOLVING 


: EXAMPLE3 55. GUITAR SALES In one week, a music store sold 9 guitars for a total of $3611. 


: on p. 162 Electric guitars sold for $479 each and acoustic guitars sold for $339 each. 
: for Exs. 55-59 How many of each type of guitar were sold? 


56. COUNTY FAIR An adult pass for a county fair costs $2 more than a children’s 
pass. When 378 adult and 214 children’s passes were sold, the total revenue 
was $2384. Find the cost of an adult pass. 
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| 57. * SHORT RESPONSE A company produces gas mowers and electric 
mowers at two factories. The company has orders for 2200 gas mowers and 
1400 electric mowers. The production capacity of each factory (in mowers per 
week) is shown in the table. 


Gas mowers 


Electric mowers | 


Describe how the company can fill its orders by operating the factories 
simultaneously at full capacity. Write and solve a linear system to support 
your answer. 


58. Ж MULTIPLE CHOICE The cost of 11 gallons of regular gasoline and 
16 gallons of premium gasoline is $58.55. Premium costs $.20 more per 
gallon than regular. What is the cost of a gallon of premium gasoline? 


СА) $2.05 $2.25 СС) $2.29 (рф) $2.55 

| TABLE TENNIS One evening, 76 people 

| gathered to play doubles and singles table 
tennis. There were 26 games in progress at 
one time. A doubles game requires 4 players 
and a singles game requires 2 players. How 
many games of each kind were in progress 
at one time if all 76 people were playing? 


60. * EXTENDED RESPONSE A local hospital is holding a two day marathon walk 
to raise funds for a new research facility. The total distance of the marathon 
is 26.2 miles. On the first day, Martha starts walking at 10:00 A.m. She walks 
4 miles per hour. Carol starts two hours later than Martha but decides to run 
to catch up to Martha. Carol runs at a speed of 6 miles per hour. 


a. Write an equation to represent the distance Martha travels. 
b. Write an equation to represent the distance Carol travels. 
c. Solve the system of equations to find when Carol will catch up to Martha. 


d. Carol wants to reduce the time she takes to catch up to Martha by 1 hour. 
How can she do this by changing her starting time? How can she do this 
by changing her speed? Explain whether your answers are reasonable. 


61. BUSINESS A nut wholesaler sells a mix of peanuts and cashews. The 
wholesaler charges $2.80 per pound for peanuts and $5.30 per pound 
for cashews. The mix is to sell for $3.30 per pound. How many pounds 
of peanuts and how many pounds of cashews should be used to make 
100 pounds of the mix? 


62. AVIATION Flying with the wind, a plane flew 1000 miles in 5 hours. Flying 
against the wind, the plane could fly only 500 miles in the same amount of 
time. Find the speed of the plane in calm air and the speed of the wind. 


63. CHALLENGE For a recent job, an electrician earned $50 per hour, and the 
electrician's apprentice earned $20 per hour. The electrician worked 4 hours 
more than the apprentice, and together they earned a total of $550. How 
much money did each person earn? 


= WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
166 on p. WS1 TEST PRACTICE 


‘MIXED Review 


: PREVIEW 


+ SERA 


: Prepare for 
: Lesson 3.3 
: їп Exs. 75—80. 


Solve the equation. 
64. —5x + 4 = 29 (p. 18) 65. 6(2a — 3) = —30 (p. 18) 66. 1.2m = 2.3m — 2.2 (p. 18) 
67. |х+3| = 4 (p. 51) 68. |2x + 11| =3 (p. 51) 69. |-x 7| = 13 (p. 51) 


Tell whether the lines are parallel, perpendicular, or neither. (p. 82) 


70. Line 1: through (2, 10) and (1, 5) 71. Line 1: through (4, 5) and (9, —2) 
Line 2: through (3, —7) and (8, —8) Line 2: through (6, —6) and (-2, —1) 


Write an equation of the line. (p. 98) 


Graph the inequality in a coordinate plane. (p. 132) 
78. X « —3 76. y22 Qo ЖЕЙ 
78. у= —x + 4 79. 4х — у> 5 80. у< 3х + 2 


Quiz for Lessons 3.1-3.2 


Graph the linear system and estimate the solution. Then check the solution 
algebraically. (p. 153) 


1. Зх+у= 11 2. 2x+y=-5 3. х-2у=—2 
х-2у=—8 -x + Зу = 6 3x + у= —20 


Solve the system. Then classify the system as consistent and independent, 
consistent and dependent, or inconsistent. (p. 153) 


4. 4x+8y=8 > bn e 6. x—2y -2 
x+2y=6 = Эх +1 2t- y= =5 


Solve the system using the substitution method. (p. 160) 


7. 3Ix-y=-A 8. x+5y=1 9, 6x - y= —6 
х + 3y = —28 —3x + 4у = 16 4х + Зу = 17 


Solve the system using the elimination method. (р. 160) 


10. 2x — 3y = —1 11. 3x — 2y — 10 12. 2x + 3y — 17 
2X t 3y — —19 —6x + 4y = —20 5x + By = 20 


13. HOME ELECTRONICS To connect a VCR to a television set, you need a cable 
with special connectors at both ends. Suppose you buy a 6 foot cable for 
$15.50 and a 3 foot cable for $10.25. Assuming that the cost of a cable is the 
sum of the cost of the two connectors and the cost of the cable itself, what 
would you expect to pay for a 4 foot cable? Explain how you got your answer. 
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3 3 Graph Systems of 


You graphed linear inequalities. 


» system of linear 


inequalities 4x—y»6 Inequality 2 
* solution of a system — 
of inequalities A solution of a system of inequalities is an ordered pair that is a solution of each 
«graph of a system inequalit in the system. For example, (5, —2) is a solution of the system above. 
of inequalities The graph of a system of inequalities is the graph of all solutions of the system. 
: KEY CONCEPT For Your Notebook 
^ Graphing a System of Linear Inequalities 
: To graph а system of linear inequalities, follow these steps: 
STEP? Graph each inequality in the system. You may want to use 
colored pencils to distinguish the different half-planes. 
> STEP 2 Identify the region that is common to all the graphs of the 
E inequalities. This region is the graph of the system. If you 
used colored pencils, the graph of the system is the region 
that has been shaded with every color. 
| ExaMPLE 1 craph a system of two inequalities 
Graph the system of inequalities. 
VS 2D Inequality 1 
ysexd3 Inequality 2 
; REVIEW Solution 
: INEQUALITIES STEP! Gravh hi siis 
: For help with graphing - куны е Te q ш 
: linear inequalities in two й ae i d ES ™ | 
: variables, see p. 132. к= TES ea ee Tor | “The graph of 
y<x +3. > the system is the 
intersection of 
STEP 2 Identify the region that the red and blue 
is common to both graphs. regions. 


Linear Inequalities 


You will graph systems of linear inequalities. 
So you can model heart rates during exercise, as in Ex. 39. 


The following is an example of a sys 


гіпеат 
CERNA 
+A 


PENS AINI A A A eur m PA Res 


х+у<8 peer 1 


It is the region that is shaded 
purple. 
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[ EXAMPLE 2 ] Graph a system with no solution 


Graph the system of inequalities. 
2x + 3y<6 Inequality 1 


у> E +4 Inequality 2 


Solution 


STEP? Graph each inequality 
in the system. Use red 
for 2x + 3y « 6 and blue 


for y= -2x +4. 


STEP2 Identify the region that is 
common to both graphs. 
There is no region shaded 
both red and blue. So, the 
system has no solution. 


( EXAMPLE 3 | Graph a system with an absolute value inequality 


Graph the system of inequalities. 


ys3 Inequality 1 
y» |x+4| Inequality 2 
: REVIEW Solution 
: ABSOLUTE VAL 
: AI SSOLUTE VAI ME scie STEP 7 Graph each inequality in 
: For help with graphing 
: the system. Use red for y = 3 
: absolute value 
: inequalities, see p. 132. and blue for y> |x + 4j. 


STEP2 Identify the region that is 
common to both graphs. 
It is the region that is 
shaded purple. 


KA GUIDED PRACTICE for Examples 1, 2, and 3 


W 
LE 
18) 
ТЕА 
A 
ls. 
* 


TCL 
“OA 
Mi. 5 


The red and 
blue regions do 
not intersect. 


ЕШ 
ЕЗ6 
aa 
EH 
ESI 
тү 
b. 
БЫ 
Rak 
B 


The graph of the 
system is the 
intersection of 
the red and blue 


regions. 


a 


Graph the system of inequalities. 


1. ys3x — 2 2. 2x - iyz4 
уза Ax у=5 
4. у= 4 5. у> 2 
ye |х 5 ys – |х + 2| 


WA EPS =3 
—Bx- yl 


6. yz2|x + 1| 
Veta. 1 
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SYSTEMS OF THREE OR MORE INEQUALITIES You сап also graph a system of 
three or more linear inequalities, as shown in Example 4. 


(TUE solve a multi-step problem 


SHOPPING A discount shoe store is having a sale, as described in the 
advertisement shown. 


* Use the information in the ad to 
write a system of inequalities for J DAN'S Save 10%-60% 
the regular footwear prices and DISCOUNT onall footwear 
possible sale prices. 


* Graph the system of inequalities. 


* Use the graph to estimate the 
range of possible sale prices 
for footwear that is regularly 
priced at $70. 


Solution 


STEP? Write a system of inequalities. Let x be the regular footwear price and 
let y be the sale price. From the information in the ad, you can write 


the following four inequalities. 
xz20 Regular price must be at least $20. 


x = 80 Regular price can be at most $80. 


y=0.4x Sale price is at least (100 — 60)% = 40% of regular price. 


y<0.9x Sale price is at most (100 — 10)% = 90% of regular price. 


STEP 2 Graph each inequality in the system. 
Then identify the region that is 
common to all the graphs. It is the 
region that is shaded. 


STEP 3 Identify the range of possible sale prices 
for $70 footwear. From the graph you 
can see that when x — 70, the value of y 
is between these values: 0 20 40 


Sale price (dollars) 


60 80+ 


0.4(70) = 28 and 0.9(70) = 63 Regular price (dollars) 


So, the value of y satisfies 28 x y < 63. 


» Therefore, footwear regularly priced at $70 sells for between $28 and $63, 


inclusive, during the sale. 


Y Guen Practice | for Example 4 


7. WHAT IF? In Example 4, suppose the advertisement showed a range 


of discounts of 20%-50% and a range of regular prices of $40-$100. 


a. Write and graph a system of inequalities for the regular footwear 
prices and possible sale prices. 


b. Use the graph to estimate the range of possible sale prices for 
footwear that is regularly priced at $60. 
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3.3 EXERCISES E annor 

а КЕҮ: on р. WS5 for Exs. 9, 19, and 37 
: Ж = STANDARDIZED TEST PRACTICE 
E Exs. 2, 3, 26, 27, 36, and 39 


Ф- = MULTIPLE REPRESENTATIONS 
Ex. 37 


SKILL PRACTICE 


1. VOCABULARY What must be true in order for an ordered pair to be a solution 
of a system of linear inequalities? 


2. Ж WRITING Describe how to graph a system of linear inequalities. 


: EXAMPLES 3. * MULTIPLE CHOICE Which system of M Nou, 
: 1,2,and3 — inequalities is represented by the graph? in 
EMIRE] @ tyes Ф ya 
дыд =x + y<-4 xt+ys3 
(QD —x—y»4 (Di x+ys-d 
2x +H <3 x+y<3 


4. x» —1 5, a 6. y=5 
ERS ys? ysl 
7. —x+y<-3 8. y« 10 (9.)4x — 4y —16 
“t+ yd y> |x| —x + 2yz—4 
10. —x=y 11. y» |x| - 4 12. x - yz -3 
tf JyK« —et +9 —6x + 4y< 14 
13..2y « —5x — 10 14, 3x — y» 12 15. x — 4y = —10 
5x 2pS 2 -F + By>—4 ys3|x — 1| 


16. ERROR ANALYSIS Describe and correct the 
error in graphing the system of inequalities. 
y=-3 
Pda 


: EXAMPLE 4 | SYSTEMS OF THREE OR MORE INEQUALITIES Graph the system of inequalities. 


CEEI 


: for Exs. 17-25 17. x<6 18. x=-8 

ys ys-1 
y<x ye—2x—4 

20. x + y«5 21. x22 
2%: уэ 0) Se + ye] xt 3ye5 
=y 5y —20 4х + Зу < 12 axd-yzm-—3 

23. yz 0 24. X - y «5 25. x= 10 
x>3 £ty-—5 Ka 
x+Y2=2 х-у<4 3x + 2y«6 
у<4х X—»»-24 бх + 4y > —12 
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троса Й 


: on p. 170 
: for Exs. 34-39 


172 


26. * MULTIPLE CHOICE Which quadrant of the coordinate plane contains no 
solutions of the system of inequalities? 


ya 10—82) +2 
4x — 5y s 20 


СА) Quadrant! (В) Quadrant II (O QuadrantIII Ф) QuadrantIV 


27. * OPEN-ENDED MATH Write a system of two linear inequalities that has 
(2, —1) as a solution. 


ABSOLUTE VALUE SYSTEMS Graph the system of inequalities. 
28. y« |x| 29. у= |х — 2| 30. ys -|x — 3| +2 
y» – |х| yz |x| – 2 у> |х-3| - 1 


CHALLENGE Write а system of linear inequalities for the shaded region. 


34. SUMMER JOBS You can work at most 20 hours next week. You need to earn at 
least $92 to cover your weekly expenses. Your dog-walking job pays $7.50 per 
hour and your job as a car wash attendant pays $6 per hour. Write a system of 
linear inequalities to model the situation. 

NN 


or for problem solving help at classzone.com 


35. VIDEO GAME SALE An online media store 
is having a sale, as described in the ad 
shown. Use the information in the ad to 
write and graph a system of inequalities 

for the regular video game prices and 

possible sale prices. Then use the graph 
to estimate the range of possible sale 
prices for games that are regularly priced 


ONE DAY SALE! 


SAVE 30%-70% 
ONALL —. 

ARAN ee S ' =r 

VIDEO GAMES 
(REGULAR PRICE: $20-450) 


36. * SHORT RESPONSE A book on the care of tropical fish states that the 
рН level of the water should be between 8.0 and 8.3 pH units and the 
temperature of the water should be between 76°F and 80°F. Let x be the pH 
level and y be the temperature. Write and graph a system of inequalities 
that describes the proper pH level and temperature of the water. Compare 
this graph to the graph you would obtain if the temperatures were given in 
degrees Celsius. 


= WORKED-OUT SOLUTIONS * = STANDARDIZED té = MULTIPLE 
on p. WS1 TEST PRACTICE REPRESENTATIONS 


67) s MULTIPLE REPRESENTATIONS The Junior-Senior Prom Committee must 
consist of 5 to 8 representatives from the junior and senior classes. The 
committee must include at least 2 juniors and at least 2 seniors. Let x be the 
number of juniors and y be the number of seniors. 


a. Writing a System Write a system of inequalities to describe the situation. 
b. Graphing a System Graph the system you wrote in part (a). 


c. Finding Solutions Give two possible solutions for the numbers of 
juniors and seniors on the prom committee. 


38. BASEBALL In baseball, the strike zone is a rectangle 
the width of home plate that extends from the batter's 
knees to a point halfway between the shoulders 5 
and the top T of the uniform pants. The width of 
home plate is 17 inches. Suppose a batter's knees are 
20 inches above the ground and the point halfway 
between his shoulders and the top of his pants is 
42 inches above the ground. Write and graph a system 
of inequalities that represents the strike zone. 


39. * EXTENDED RESPONSE А person's theoretical maximum heart rate (in 
heartbeats per minute) is 220 — x where x is the person's age in years 
(20 € x € 65). When a person exercises, it is recommended that the person 
strive for a heart rate that is at least 5096 of the maximum and at most 7596 
of the maximum. 


a. Write a system of linear inequalities that describes the given information. 
b. Graph the system you wrote in part (a). 


c. A 40-year-old person has a heart rate of 158 heartbeats per minute when 
exercising. Is the person's heart rate in the target zone? Explain. 


40. CHALLENGE You and a friend are trying to guess the number of pennies in 
a jar. You both agree that the jar contains at least 500 pennies. You guess 
that there are x pennies, and your friend guesses that there are y pennies. 
The actual number of pennies in the jar is 1000. Write and graph a system of 
inequalities describing the values of x and y for which your guess is closer 

| than your friend's guess to the actual number of pennies. 


MIXED REVIEW | 


Evaluate the expression for the given values of x and y. (p. 10) 
41. бх — 8y when x = 4 and y = -1 42. 12x + 3y when х = 4апау = —5 
43. x? — 2xy + 3y when x = -2and y = 3 44. Ax^y* — xy when х = 5 and y = —6 


Solve the inequality. Then graph the solution. (p. 41) 


45. y —85--5 48, oe — lho +7 AT. 9x T25-—3x— I3 
; PREVIEW Solve the system of linear equations. (p. 160) 
[ TER TOF 48. —5x + y= —11 49. 9x + 4y = —7 50. Ax + 9y = —10 
PA Ax—y-7 3x — 5y — —34 8x + 18у = 20 
: іп Exs. 48—53. y Wr E y 
51. х — 5y = 18 52. l6x — 12у = —8 53. 16x + 5y = —4 
AX + Sy = 10 Вх — by = —4 8х —2y = 7 
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Use after Lesson 3.3 


• constraints 

* objective function 

* linear programming 
* feasible region 


: READING 


т ававвьаанажаававаааааванишанааа 


: А feasible region 

: is bounded if it is 

: completely enclosed 
: by line segments. 


Use Linear Programming 


Се Solve linear programming problems. 


BUSINESS A potter wants to make and sell serving 
bowls and plates. A bowl uses 5 pounds of clay. 

A plate uses 4 pounds of clay. The potter has 

40 pounds of clay and wants to make at least 

4 bowls. 


Let x be the number of bowls made and let y be 
the number of plates made. You can represent the 
шыра above using linear inequalities called 


x24 Make at least 4 bowls. 


y20 Number of plates cannot be negative. 
5х + 4у<40 Can use up to 40 pounds of clay. 


The profit on a bowl is $35 and the profit on a plate is 5 $30. The potter’s total profit P 
is given by the equation below, called the objective function. 


P = 35x + 30y 


It is reasonable for the potter to want to maximize profit subject to the given 
constraints. The process of maximizing or minimizing a linear objective function 
subject to constraints that are linear inequalities is called linear programming. 


If the constraints are graphed, all of the points in the intersection are the 
combinations of bowls and маг that the potter can make. The intersection of 
the graphs is called the feasibl І 


The following result tells you how to determine the optimal solution of a linear 
programming problem. 


KEY CONCEPT For Your Notebook 


Optimal Solution of a Linear Programming Problem 


If the feasible region for a linear programming problem is bounded, then 
the objective function has both a maximum value and a minimum value 
on the region. Moreover, the maximum and minimum values each occur 
at a vertex of the feasible region. 


feasible 
region feasible 


region 


Bounded region Unbounded region 
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[ EXAMPLE 1 | Use linear programming to maximize profit 


BUSINESS How many bowls and how many plates should the potter described 
on page 174 make in order to maximize profit? 


Solution 


STEP? Graph the system of constraints: 


x24 Make at least 4 bowls. 
> 0 Number of plates 
y cannot be negative. 


5x + 4y = 40 Can use up to 40 pounds 
of clay. 


STEP 2 Evaluate the profit function P = 35x + 30y 
at each vertex of the feasible region. 


At (4, 0): P — 35(4) + 30(0) = 140 
At (8, 0): P = 35(8) + 30(0) = 280 
At (4, 5): P = 35(4) + 30(5) = 290 -«— Maximum 


» The potter can maximize profit by making 4 bowls and 5 plates. 


ЄТ) solve a linear programming problem 


Find the minimum value and the maximum value of the objective 
function С = 4x + 5y subject to the following constraints. 


x=0 
у>0 
x+2ys16 
у= 35 


Solution 


STEP? Graph the system of constraints. Find the 
coordinates of the vertices of the feasible 
region by solving systems of two linear 
equations. For example, the solution of the 


ча 
бег 


i: 

ig 

system tl 
х + 2у= 16 E 

5х + у = 35 4 


gives the vertex (6, 5). The other three 


vertices are (0, 0), (7, 0), and (0, 8). | |00) | 4 (740) | x 


i i 
STEP 2 Evaluate the function C = 4x + 5y at each of the vertices. 


At (0, 0): C= 4(0) + 5(0) = 0 <— Minimum 
At (7,0): C= 4(7) + 5(0) = 28 
At (6, 5): C = 4(6) + 5(5) = 49 -«— Maximum 
At (0, 8): C = 4(0) + 5(8) = 40 


> The minimum value of Cis 0. It occurs when x = 0 and y = 0. 
The maximum value of Cis 49. It occurs when x = 6 and y = 5. 
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PRACTICE 


: EXAMPLES CHECKING VERTICES Find the minimum and maximum values of the objective 
¡Tand2a — — function for the given feasible region. 
on p. 175 


i for Exs. 1-9 


FINDING VALUES Find the minimum and maximum values of the objective 
function subject to the given constraints. 


4. Objective function: 5. Objective function: 6. Objective function: 
C = Зх + 4y С = 2х + 5y С = Зх + у 
Constraints: Constraints: Constraints: 
xzÜ xs5 x=0 
уг 0 уг З ya —2 
х+у=5 —3x + 5у = 30 PSX 

x — Ay > —16 


7. CRAFT FAIR Piñatas are made to sell at a craft fair. 
It takes 2 hours to make a mini piñata and 3 hours 
to make a regular-sized piñata. The owner of the 
craft booth will make a profit of $12 for each mini 
piñata sold and $24 for each regular-sized piñata 
sold. If the craft booth owner has no more than 
30 hours available to make piñatas and wants to 
have at least 12 piñatas to sell, how many of each 
size piñata should be made to maximize profit? 


8. MANUFACTURING A company manufactures two types of printers, an inkjet 
printer and a laser printer. The company can make a total of 60 printers per 
day, and it has 120 labor-hours per day available. It takes 1 labor-hour to 
make an inkjet printer and 3 labor-hours to make a laser printer. The profit 
is $40 per inkjet printer and $60 per laser printer. How many of each type of 
printer should the company make to maximize its daily profit? 


9. FARM STAND SALES You have 140 tomatoes and 13 onions left over from your 
garden. You want to use these to make jars of tomato sauce and jars of salsa 
to sell at a farm stand. A jar of tomato sauce requires 10 tomatoes and 


1 onion, and a jar of salsa requires 5 tomatoes and i onion. You will 


make a profit of $2 on every jar of tomato sauce sold and a profit of $1.50 on 
every jar of salsa sold. The owner of the farm stand wants at least three times 
as many jars of tomato sauce as jars of salsa. How many jars of each should 
you make to maximize profit? 


10. CHALLENGE Consider the objective function C = 2x + Зу. Draw a feasible 
region that satisfies the given condition. 


a Chas a maximum value but no minimum value on the region. 


b. Chasa minimum value but no maximum value on the region. 
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Шш era ACTIVITY Use before Lesson 3.4 


3.4 Graphing Linear Equations in 
Three Variables 
MATERIALS *graph paper + ruler 


| Aur ЄТ Т fs КІ VAI I = T-RE1-T-W.141-1. mt = y= лт еа е а атала 
i" | "SD B B \ | i . | { = | z | eal P Ый! | 
IA 4 iot эчә e S a 


DŘ 


A linear equation in three variables has the form ax + by + cz = d. You can 
graph this type of equation in a three-dimensional coordinate system 
formed by three axes that divide space into eight octants. Each point in 
space is represented by an ordered triple (x, y, 2). 


The graph of any equation in three variables is the set of all points (x, y, 2) 
whose coordinates make the equation true. For a linear equation in three 
variables, the graph is a plane. 


STEP T| Find x-intercept 

Find the x-intercept by setting y 
and z equal to 0 and solving the 
resulting equation, 3x = 12. The 
x-intercept is 4, so plot (4, 0, 0). 


Find y-intercept 

Find the y-intercept by setting x 
and z equal to 0 and solving the 
resulting equation, 4y = 12. The 
y-intercept is 3, so plot (0, 3, 0). 


STEP 3| Find z-intercept 


Find the z-intercept by setting x 
and y equal to 0 and solving the 
resulting equation, 6z = 12. The 
z-intercept is 2, so plot (0, 0, 2). 


Then connect the points. 


The triangular region shown in Step 3 is the portion of the graph of 
3x + 4y + 6z = 12 that lies in the first octant. 


Draw Сс 


— I 


Sketch the graph of the equation. 


1. 4x + Зу + 22 = 12 2. 2х + 2у + 32 = 6 3. tt 5y + 32 = 15 


4. 5х – Уу – 22 = 10 5. —7x + Ty + 22 = 14 6. 2¥ Эу — 32> —18 


7. Suppose three linear equations in three variables are graphed in the 
same coordinate system. In how many different ways can the planes 
intersect? Explain your reasoning. 


3.4 Solve Systems of Linear Equations in Three Variables 


• linear equation in 
three variables 

• system of three 
linear equations 


e solution of a system 
of three linear 
equations 


* ordered triple 


Solve Systems of Linear 
Equations in Three Variables į 


You solved systems of equations in two variables. 
You will solve systems of equations in three variables. 
So you can model the results of a sporting event, as in Ex. 45. 


¡able 


A linear equation in three variables x, y, and zis an equation of the form 
ах + by+cz=d where a, H, and c are not all zero. 


Sipin шашы: ree li near ec 
zu 


The following is an example of a system of tl equ 
variables. 


ations in three 


Pe ds de a A, Equation 1 
Зх – 2у +2 = 16 Equation 2 
4х + Зу – 52= 3З Equation 3 


solution of such а system is an ordered triple 


(x, y, 2) whose coordinates 
make each equation true. 


The graph of a linear equation in three variables is a plane in three-dimensional 
space. The graphs of three such equations that form a system are three planes 
whose intersection determines the number of solutions of the system, as shown 
in the diagrams below. 


Exactly one solution Infinitely many solutions 
The planes intersect in a The planes intersect in a line 
single point. or are the same plane. 


- эе 


No solution 
The planes have no common point of intersection. 


Е 
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: ANOTHER WAY 


= $ 


: In Step 1, you could also 
: eliminate x to get two 

: equations in y and z, or 
: you could eliminate z to 
: get two equations in x 

: and y. 


ELIMINATION METHOD The elimination method you studied in Lesson 3.2 can be 
extended to solve a system of linear equations in three variables. 


KEY CONCEPT For Your Notebook 


The Elimination Method for a Three-Variable System 


STEP 1 
E STEPZ 
> STEPI 


Rewrite the linear system in three variables as a linear system in two 
variables by using the elimination method. 


Solve the new linear system for both of its variables. 


Substitute the values found in Step 2 into one of the original 
equations and solve for the remaining variable. 


If you obtain a false equation, such as 0 = 1, in any of the steps, then the 
system has no solution. 


> Ifyou do not obtain a false equation, but obtain an identity such as 0 = 0, then 
; the system has infinitely many solutions. 


Use the elimination method 


Solve the system. 4х + 2y + 32 = 1 Equation 1 


Solution 
STEP T 


STEP 2 


STEP 3 


2x—3y+5z=-14 Equation 2 
Gx —=y+4z=-—]1 Equation 3 


Rewrite the system as a linear system in two variables. 


4x+2y+ 3z=1 Add 2 times Equation 3 
12х – 2у + 8&=-2 to Equation 1. 
16x + l1z= —1 New Equation 1 
2х – Зу + 5z=-14 Add —3 times Equation 3 
—18x + 3y — 12z = 3 to Equation 2. 
—16х — 7z= -1l New Equation 2 


Solve the new linear system for both of its variables. 


l6x + llz= =] Add new Equation 1 
—-16r-- += —11 and new Equation 2. 


42 = —12 
z=-3 Solve for z. 
x=2 Substitute into new Equation 1 or 2 to find x. 


Substitute x = 2 and z = —3 into an original equation and solve for y. 
6x — y + 4z = —1 Write original Equation 3. 
6(2) — y + 4(-3) = -l Substitute 2 for x and —3 for z. 
y=1 Solve for y. 


» The solution is x = 2, y= 1, and 2 = —3, or the ordered triple (2, 1, —3). 
Check this solution in each of the original equations. 
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[ EXAMPLE 2 | Solve a three-variable system with no solution _ 


| Solve the system. x+y+z=3 Equation 1 
4x+4y+4z=7 Equation 2 
3Ix—y+2z=5 Equation 3 


: REVIEW SYSTEMS Solution 


= IIA 


When you multiply Equation 1 by —4 and add the result to Equation 2, you obtain 


: linear systems with 9 
a false equation. 


: many solutions or no 
: solution, see p. 160. —4x — 4y — Az = 12 Add —4 times Equation 1 
4х + 4y + 4z — 7 to Equation 2. 


0 = -5 New Equation 1 


» Because you obtain a false equation, you can conclude that the original system 
has no solution. 


CUE Solve a three-variable system with many solutions 


Solve the system. x+y+z=4 Equation 1 
x+y-23=4 Equation 2 
3x + Зу + 2 = 12 Equation 3 


Solution 


STEP? Rewrite the system as a linear system in two variables. 


x+y+z=4 Add Equation 1 
| x+y-z=4 to Equation 2. 
2х + 2у = 8 New Equation 1 


х+у-2= 4 Add Equation 2 
3x +з3Зу+2=12 to Equation 3. 


4х + 4у = 16 New Equation 2 
STEP 2 Solve the new linear system for both of its variables. 


—4x — 4y = —16 Add —2 times new Equation 1 
4x + 4у = 16 to new Equation 2. 
0=0 
Because you obtain the identity 0 = 0, the system has infinitely many 
solutions. 


STEP 3 Describe the solutions of the system. One way to do this is to divide 
new Equation 1 by 2 to get x + y = 4, огу = —x + 4. Substituting this 
into original Equation 1 produces z = 0. So, any ordered triple of the 
form (x, —x + 4, 0) is a solution of the system. 


Y GUIDEDPRACTICE | for Examples 1,2, and 3 


Solve the system. 

1. Зх + y —2z — 10 AZ x-yg-2 3. xtytz-3 
6x—2ytz--2 2х + 2у – 22 = 6 xty-z-3 
x+4y+3z=7 ox + у – 32 = 8 2х + 2у += 6 
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( EXAMPLE 4 ] Solve a system using substitution 


: AVOID ERRORS 


* CABALIDAD 


: not to write the ordered 

: triple in the order in 

: which you solved for 

: the variables. 

(12, 18, 30) X 

(18, 30, 12) / | 


MARKETING The marketing department of a company has a budget of $30,000 
for advertising. A television ad costs $1000, a radio ad costs $200, and a 
newspaper ad costs $500. The department wants to run 60 ads per month and 


_ have as many radio ads as television and newspaper ads combined. How many 


of each type of ad should the department run each month? 


Solution 
STEP 7 Write verbal models for the situation. 


ту Radio — , Newspaper _ Total 
ads 2 ads " ads 7 ads pan 
NA M Radio Newspaper Monthly 
1000* ads + 200: ays +500. ads - budget Eten z 
Radio иы Тм Newspaper 
ads a ads + ads Equation 3 


STEP2 Write a system of equations. Let x be the number of TV ads, y be the 
number of radio ads, and z be the number of newspaper ads. 


x+y+z=60 Equation 1 
1000x + 200y + 500z = 30,000 Equation 2 
у=х+2 Equation 3 


STEP 3 Rewrite the system in Step 2 as a linear system in two variables by 
substituting x + z for y in Equations 1 and 2. 


x+y+z=60 Write Equation 1. 
x+(x+z) +2 = 60 Substitute х + z for y. 
2x + 22 = 60 New Equation 1 


1000x + 200y + 500z = 30,000 Write Equation 2. 
1000x + 200(x + 2) + 500z = 30,000 Substitute x + z for y. 
1200x + 700z = 30,000 New Equation 2 
STEP 4 Solve the linear system in two variables from Step 3. 


—1200x — 12002 = —36,000 Add —600 times new Equation 1 
1200x + 700z = 30,000 to new Equation 2. 


—500z = —6000 
2= 12 Solve for 7. 
x = 18 Substitute into new Equation 1 or 2 to find x. 
у=30 Substitute into an original equation to find y. 


» The solution is x = 18, y = 30, and z = 12, or (18, 30, 12). So, the department 
should run 18 TV ads, 30 radio ads, and 12 newspaper ads each month. 


4. WHAT IF? In Example 4, suppose the monthly budget is $25,000. How many 
of each type of ad should the marketing department run each month? 
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Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 23, 24, 34, 45, and 47 | 


EXERCISES HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
3.4 KEY: on p. WS5 for Exs. 11, 25, and 45 


SKILL PRACTICE 


1. VOCABULARY Write a linear equation in three variables. What is the graph of 
such an equation? 


2. * WRITING Explain how to use the substitution method to solve a system of 
three linear equations in three variables. 


: EXAMPLES CHECKING SOLUTIONS Tell whether the given ordered triple is a solution of the 
: 1, 2, and 3 system. 


я AAA 


PA аж a 3. (1, 4, —3) 4. (—1, —2; 5) 5. (6, 0, —3) 
Ды 2х-у+2= –5 4х — y + 3z = 13 x + 4у – 22 = 12 
5x + 2y — 22 = 19 x+y+rz=2 3Ix—y+4z=6 
х Зу hz = В х + Зу – 22 = —17 TE +30 +2 = —9 
6: (3, 1,0) 7. (2,8, 4) 8. (0, —4, 7) 
3x + 4y – 22 = -11 3x — y + 5z = 34 2x + 4у – 2 = —23 
2х+у— | х + Зу – 62 = 2 x— 5у – 322-1 
x+rdy+3z=-] —3х+у-—22=—6 —x+y+4z= 24 
ELIMINATION METHOD Solve the system using the elimination method. 
9, Зх+у+2= 14 10. 2x-— y + 22 = —7 (i) ax - y +22 - 4 
—x--2y—32-— —9 —x +2y-4z2=5 бх — 2y + 42 = —8 
5x — у + 52 = 30 x + 4у – 62 = —1 2х – у + 32 = 10 
IZ; ARS —IH 13. 5Xt*y-—-2-286 14. 2x+ y-z=9 
=x + 2y+z=11 а a aa —E +t 6y + 227 = Y 
3x + Зу — 4z = 44 3x+y=4 5х + 7y+z=4 
; EXAMPLE4 | SUBSTITUTION METHOD Solve the system using the substitution method. 
Velo M 15. x+y-z=4 16. 2x —y 2 = 15 17. Ax + y+ 5z = —40 
| 3x + 2y + 42 = 17 4х + 5у + 22= 10 —3x + 2y + 42 = 10 
-x+ 5y+z=8 dy + 32=—20 y 2g -2 
18. x+3y-z=12 19. 2X—y-22-—2 20. 3x + 5y — z = 12 
2x + 4y – 22 = 6 бх + Зу – 42 = 8 х+у+#&=0 
—x— 2y +2 = —6 Зх. Эу +32 = —6 =% + 2y + 22 = -27 
ERROR ANALYSIS Describe and correct the error in the first step of solving 
the system. 
2х + у— 22 = 23 
Зх + 2y+z=11 
X—ytzi--2 
21. 22. 
25 
6 22 


2(11 25 
: « X 


182 Сһаріегз Linear Systems and Matrices 


23. ж MULTIPLE CHOICE Which ordered triple is a solution of the system? 


2x + 5y + 32 = 10 
3Ix=y+4z=8 
5x — 2y + 72 = 12 


СА) (7, 1, —3) (7, m 9) © (7, 1, 3) (D> (=, l, —3) 
24. * MULTIPLE CHOICE Which ordered triple describes all of the solutions 
of the system? 


2х – 2у – 2 = 6 
—x + y + 32 = —3 
EIN t 2299 


QD (-х,х + 2,0) (x, x — 3, 0) © 1 +2,x0) D (0, y, y +4) 


CHOOSING A METHOD Solve the system using any algebraic method. 


(25) x + 5y - 22 - -1 26. 4x + 5y + 32 = 15 27. 0X-Fy-—z--2 
—x—2y +2 = 6 х= зу+=2®=—6 x + 6y + 32 = 23 
—2x — Ty + 32 = 7 —x + 2y- 2 = З —x+yt+2z=5 

28. x+2y= -l1 29. 2x у + 22 = —21 30. 4x — 8y + 2z = 10 
3Ix— y + 42 = 17 x+ 5Бу— 2=—= 25 =лх+у=е2=б 
—4x + 2y — 3z = —30 —3x + 2y + 42 = 6 2х – 4у + 2 = 8 

31. —x + 5y — z = —16 32. 2х —- y + Az = 19 33. x+y+z=3 
2х + Зу + 42 = 18 —x + Зу – 22= —7 3x — 4y + 22 = —28 
х+у-— ж =—8 4х + 2y + 3z = 37 —х + 5y +z = 23 


34. ж OPEN-ENDED МАТН Write а system of three linear equations in three 
variables that has the given number of solutions. 


a. One solution b. No solution с. Infinitely many solutions 


SYSTEMS WITH FRACTIONS Solve the system using any algebraic method. 


Lo 15 1.5.24 
(X0 3y + 52 = 5 . >x + 25у + 22 = 5 
35. X SY * 39 7 > 36 3% 6У 3473 
3.+1,,3,_7 DN do 
аат рта 657377426 
1.,3.,2. 13 2  1.,3._4 
ty + Зу+ £z =- 4y4+sy+2z=4 
a FT qe з Gt or з 


37. REASONING For what values of a, Р, апа c does the linear system shown have 
(—1, 2, —3) as its only solution? Explain your reasoning. 
x+2y- 3z= a 
=x=y+z=b 
2X Oy —22-—€ 


CHALLENGE Solve the system of equations. Describe each step of your solution. 


38. W+xX+y+z=2 39. 20+ X – Зу + z— 4 
2ш—х+2у—ж=1 ш — Зх + y + 2 = 32 
=W t 2%- YH Za => 2 —W + 2x + 2y — z = —10 
3Wt+x+y-Z=-5 ш+х- у + 32 = 14 

40. ш + 2x + 5у = 11 41. 20 + 7x — 3y = 41 
—2w + x + 4y + 2z = -7 —w — 2x t у= —13 
W+ 2x- 2y +t5z=3 —2w t Ax + 2 = 12 
—3w +x=-l —w-x+y=-8 
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PROBLEM SOLVING 


: EXAMPLE 4 42. PIZZA SPECIALS Ata pizza shop, two small pizzas, a liter of soda, and a salad 


SEE 


: on p. 181 cost $14; one small pizza, a liter of soda, and three salads cost $15; and three 
i for Exs. 42-47 small pizzas and a liter of soda cost $16. What is the cost of one small pizza? 
of one liter of soda? of one salad? 


YE - с 
lomeTutor for problem solving help at classzone.com 


(AL 
WR 
"Cam ЖМ 


43. HEALTH CLUB The juice bar at a health club receives a delivery of juice at the 
beginning of each month. Over a three month period, the health club received 
1200 gallons of orange juice, 900 gallons of pineapple juice, and 1000 gallons 
of grapefruit juice. The table shows the composition of each juice delivery. 
How many gallons of juice did the health club receive in each delivery? 


MuameTitae 
лоти Tut for | for problem solving help at classzone.com 


| Juice 


Orange 


Pineapple 


Grapefruit 


44. MULTI-STEP PROBLEM You make a tape of your friend's three favorite TV 
shows: a comedy, a drama, and a reality show. An episode of the comedy 
lasts 30 minutes, while an episode of the drama or the reality show lasts 
60 minutes. The tape can hold 360 minutes of programming. You completely 
fill the tape with 7 episodes and include twice as many episodes of the drama 
as the comedy. 


a. Write a system of equations to represent this situation. 


b. Solve the system from part (a). How many episodes of each show are on 
the tape? 
c. How would your answer to part (b) change if you completely filled the 


tape with only 5 episodes but still included twice as many episodes of the 
drama as the comedy? 


* SHORT RESPONSE The following Internet announcement describes the 
results of a high school track meet. 


өөө © High School Sports 


Back Forward Stop Relresh Home | Print Mail 


| Events > Track > Results | 


MADISON HIGH SCHOOL was the big winner in Saturday's track meet with the 
help of 20 individual-event placers earning a combined 68 points. А first-place 
finish earns 5 points, a second-place finish earns 3 points, and a third-place 
finish earns 1 point. Madison had a strong second-place showing, with as many 
second-place finishers as first- and third-place finishers combined. 


a. Write and solve a system of equations to find the number of athletes who 
finished in first place, in second place, and in third place. 


b. Suppose the announcement had claimed that the Madison athletes scored 
a total of 70 points instead of 68 points. Show that this claim must be false 
because the solution of the resulting linear system is not reasonable. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
184 on p. WS1 TEST PRACTICE 


46. FIELD TRIP You and two friends buy snacks for a field trip. You spend a total 
of $8, Jeff spends $9, and Curtis spends $9. The table shows the amounts of 
mixed nuts, granola, and dried fruit that each person purchased. What is the 
price per pound of each type of snack? 


47. ж EXTENDED RESPONSE A florist must make 5 identical bridesmaid 
bouquets for a wedding. She has a budget of $160 and wants 12 flowers 
for each bouquet. Roses cost $2.50 each, lilies cost $4 each, and irises 
cost $2 each. She wants twice as many roses as the other two types of 
flowers combined. 


a. Write Write a system of equations to represent this situation. 


b. Solve Solve the system of equations. How many of each type of 
flower should be in each bouquet? 


c. Analyze Suppose there is no limitation on the total cost of the 
bouquets. Does the problem still have a unique solution? If so, 
state the unique solution. If not, give three possible solutions. 


48. CHALLENGE Write a system of equations to represent the first three pictures 
below. Use the system to determine how many tangerines will balance the 
apple in the final picture. Note: The first picture shows that one tangerine 
and one apple balance one grapefruit. 


(MIXED REVIEW ә = О 


: PREVIEW Perform the indicated operation. (p. 975) 


и FRA 


prepare Tor 49. 15 + (-8) 50. —4 — (-13) 51. 15.7 52. —4(—8) 
: Lesson 3.5 


BAD Eus ge Find the slope of the line passing through the given points. Then tell whether 
the line rises, falls, is horizontal, or is vertical. (p. 82) 
53. (1, m (2, 6) 54. (4, AN (—18, 1) 55. (6, —6), (—6, 6) 


56. (3, 2), (5, 10) 57. (2, 4), (8, 8) 58. (7, 3), (5, 3) 


Solve the system using any algebraic method. (p. 160) 


59. 3x- y= —7 60. Зх + 2y = –3 61. 5х+у= 11 
2х + Зу = 21 4x — 3y = —38 2x + Зу = -19 
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Lessons 3.1-3.4 


1. MULTI-STEP PROBLEM You are making jewelry 
to sell at a craft fair. The cost of materials 
is $3.50 to make one necklace and $2.50 to 
make one bracelet. You sell the necklaces for 
$9.00 each and the bracelets for $7.50 each. You 
spend a total of $121 on materials and sell all of 
the jewelry for a total of $324. 


a. Write a system of equations that represents 
this situation. 


b. Solve the system to find how many 
necklaces and how many bracelets were 
sold. 


2. MULTI-STEP PROBLEM You are making gift 
baskets. Each basket will contain three 
different kinds of candles: tapers, pillars, and 
jar candles. Tapers cost $1 each, pillars cost 
$4 each, and jar candles cost $6 each. You put 
8 candles costing a total of $24 in each basket, 
and you include as many tapers as pillars and 
jar candles combined. 


a. Write a system of equations that represents 
this situation. 


b. Solve the system of equations. How many of 
each type of candle is in a basket? 


c. Suppose there are no restrictions on the 
value of the candles included in each 
basket. Does the problem still have a unique 
solution? If so, state the unique solution. If 
not, give three possible solutions. 


3. OPEN-ENDED Write a system of linear 
inequalities whose graph is the interior of a 
right triangle. 


4. SHORT RESPONSE A restaurant has 20 tables. 
Each table can seat either 4 people or 6 people. 
The restaurant can seat a total of 90 people. 


a. How many 4 seat tables and how many 
6 seat tables does the restaurant have? 


b. Describe three ways in which the restaurant 
can increase its capacity to 140 people by 
buying additional 4 seat and 6 seat tables. 


5. GRIDDED ANSWER Ata snack booth, one soda, 
one pretzel, and two hot dogs cost $7; two 
sodas, one pretzel, and two hot dogs cost $8; 
and one soda and four hot dogs cost $10. What 
is the price (in dollars) of one hot dog? 
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Э) STATE TEST PRACTICE 


7f dasszonecom - 


6. GRIDDED ANSWER Your school is planning a 


5 hour outing at a community park. The park 
rents bicycles for $8 per hour and inline skates 
for $6 per hour. The total budget per student is 
$34. A student bikes and skates the entire time 
and uses all the money budgeted. How many 
hours does the student spend inline skating? 


. EXTENDED RESPONSE The table shows the 


expected life spans at birth for men and 
women born in the years 1996-2000. 


0 73.0 79.0 


1 73.6 79.4 
2 73.8 79.5 
3 73.9 79,4 
4 74.3 79.7 


a. Write an equation of the best-fitting line for 
the data pairs (x, m). 


b. Write an equation of the best-fitting line for 
the data pairs (x, w). 


c. Graph the equations from parts (a) and 
(b) and estimate the coordinates of the 
intersection point. Explain what this 
point represents. 


. MULTI-STEP PROBLEM A store orders wooden 


chairs, hand paints them, and sells the chairs 
for a profit. A small chair costs the store $45 
and sells for $80. A large chair costs the store 
$70 and sells for $110. The store wants to pay no 
more than $2000 for its next order of chairs and 
wants to sell them all for at least $2750. 


a. Write and graph a system of 
inequalities that represents 
this situation. 


b. Identify three possible 
combinations of 
small and large 
wooden chairs 
that the store 
can buy and 
sell. 


З. 


Key Vocabul: 

e matrix 

* dimensions 

* elements 

e equal matrices 

escalar 

е scalar 
multiplication 


€ EXAMPLE | > Add and subtract matrices 


: AVOID ERRORS 


SSP PSPSPS SESE REPRE PRP ERPS eee 


: Be sure to verify that 

: the dimensions of two 
: matrices are equal 

: before adding or 

: subtracting them. 


Perform Basic 
Matrix Operations 


You performed operations with real numbers. 


GZ You will perform operations with matrices. 
So you can organize sports data, as in Ex. 34. 


trix is a rectangular arrangement of numbers in rows and columns. For 
example, matrix A below has two rows and three columns. The dimer | 


of a matrix with m rows and n columns are m X n (read "m by п”). So, the 
eR Mee Cra 


dimensions of matrix A are 2 х 3. The numbers in a matrix are its e 


4 
л |; 


-L A 


6 3 


— 
3 columns 


The element in the first row 


and third column is 5. 
l | 2 rows 


Two matrices are equal if their dimensions are the same and the elements in 
corresponding positions are equal. 


KEY CONCEPT 


For Your Notebook 


Adding and Subtracting Matrices 


To add or subtract two matrices, simply add or subtract elements in 
corresponding positions. You can add or subtract matrices only if they 
have the same dimensions. 


b| |e f| .|a*e b+f 
d g h| |c+g d+h 
b e f ae bf 
d g h ce aon 


Adding a 
Matrices C 


Subtracting | а 
Маїгісеѕ 


Perform the indicated operation, if possible. 


dE 


т 4 
b. ү, c | = 
=i: X 


E 


=2 5 
3 —10 
—3 1 


3+(-D 0-«4| | 2 4 
-5+2 -1+0| |-3 -1 


7-(2) 4-5 gi d 
- 0-3 =2=(-10)|/=|]-3 8 
ES 6—1 | 2 5 
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SCALAR MULTIPLICATION In matrix algebra, a real number is often called a 
. To multiply a matrix by a scalar, you multi ly each element in the matrix 
bri the scalar. This process is called scalar mult ion 


CAE napa matrix by a scatar 


: COMPARE ORDER Perform the indicated operation, if possible. 

: OF OPERATIONS 

Ж eee ran ast ruote | PES uj Xt -8 2 

: The order of operations col dh ET — 

: for matrix expressions a 2|1 0|= 2(1) (0) | = | 2 0 

: is similar to that for real 2: 7 -2(2  —2(7) -4 -14 

: numbers. In particular, — 

: you perform scalar E NE Е m Y E 

: multiplication before b. | ú - + | > 3 = |^ 2) A ч EN | 3 | 
: matrix addition and у 0 6 —5 4(5) 4(0) 6 —5 
: subtraction. 
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к. k -3 8 

6 -5 
0 (3.  —M +:8 
Ра 0=+(=5 


cp» +24 
26 


СА GUIDED PRACTICE | for Examples 1 and 2 


Perform the indicated operation, if possible. 


asa aaa „| ше ( 
` 4 —6 8 -2 -8 4 | 
-3 1 5 —14 
2 ur = 
dual -* 6 | E] s H 
-3 -5 0 6 
—2 0 —5 


MATRIX PROPERTIES Many of the properties you have used with real numbers 
can be applied to matrices as well. 


CONCEPT SUMMARY For Vour Notebook 


Properties of Matrix Operations 


: Let A, B, and C be matrices with the same dimensions, and let k be a scalar. 
: Associative Property of Addition (А+ В) + С=А + (В + С) 


: Commutative Property of Addition A+B=B+A 
: Distributive Property of Addition k(A + В) = kA + kB 


: Distributive Property of Subtraction — k(A — B) = kA — kB 
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: ANOTHER WAY 


AAA AAA AAA AAA AAA 


: You can also 
: evaluate ju + B) 


: by first using the 

: distributive property to 
: rewrite the expression 
Кыа у] 

: as z^ ad 28. 


spesse J 


ORGANIZING DATA Matrices are useful for organizing data and for performing 
the same operations on large numbers of data values. 


EXAMPLE 3 


Solve a multi-step problem 


MANUFACTURING A company manufactures small and large steel DVD 


racks with wooden bases. Each size of rack is available in three types of wood: 


walnut, pine, and cherry. Sales of the racks for last month and this month are 
shown below. 


Organize the data using two matrices, one for last month's sales and one for this 
month's sales. Then write and interpret a matrix giving the average monthly sales 


for the two month period. 


Solution 


STEP? Organize the data using two 3 X 2 matrices, as shown. 


Last Month (4) This Month (B) 

Small Large Small Large 
Walnut 125 100 95 114 
Pine 278 251 316 215 
Cherry 225 270 | 205 300 


STEP2 Write a matrix for the average monthly sales by first adding А and B to 


find the total sales and then multipling the result by 5 


125 100 95 114 
2/8 251 | +] 316 215 
225 270 205 300 


1 _ 1 
¿(A+ В) 75 
220 214 


-i 594 466 
430 570 


110 107 
= | 287 223 
215 285 


STEP 3 Interpret the matrix from Step 2. The company sold an average of 


110 small walnut racks, 107 large walnut racks, 297 small pine racks, 
233 large pine racks, 215 small cherry racks, and 285 large cherry racks. 
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SOLVING MATRIX EQUATIONS You сап use what you know about matrix 
operations and matrix equality to solve an equation involving matrices. 


GT) solve a matrix equation NN 


| Solve the matrix equation for x and y. 
sr [S MP а Tij- -21 la 
6 —4 -5 -y|/ | 3 -24 
Simplify the left side of the equation. 


3 ay теё + п Hijs = 19 Write original equation 
le-4| |-5 yl) | 3-22 mes 


Solution 


2 5x+3 5 —21 15 — и 
1 4—y = 3 —24 Add matrices inside parentheses. 
А : = _ Perform scalar multiplication 
з  -12-3y 3 —24 | р ; 


Equate corresponding elements and solve the two resulting equations. 


15х + 9 = —21 —12 — 3y = —24 
$=- y=4 


| » The solution is x = —2 and y = 4. 


Y GUIDED PRACTICE for Examples З and 4 


5. In Example 3, find B — A and explain what information this matrix gives. 


= —l a 4 12 10 
6. Solve E 4 d + E 1))- | > = for x and y. 


3.5 EXERCISES 


HOMEWORK : O = WORKED-OUT SOLUTIONS 
KEY: on p. WS6 for Exs. 5, 21, and 33 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 28, 33, and 34 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: The ? of a matrix with З rows and 
4 columns are 3 X 4. 


2. Ж WRITING Describe how to determine whether two matrices are equal. 


; EXAMPLE! | 3. ERROR ANALYSIS Describe and correct 


: on р.1 BT | the error in adding the matrices. 41 9 41 
: for Exs. 3-9 3.8 5 58 
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ADDING AND SUBTRACTING MATRICES Perform the indicated operation, if 
possible. If not possible, state the reason. 


dis Oso) eh La 


L2 5.3 2.4 —0.6 8 3 5 —L 0 T 9 9 2 
7.101 44|+|6.1 3.1 8. | 9 [+6 2 =3 | 9, | 12 5 )—)-2 6 
6.2 0.7 8.1 —1.9 4 5 o =L 2 —4 11 6 5 


: EXAMPLE 2 MULTIPLYING BY A SCALAR Perform the indicated operation. 


: on p. 188 y а c 
: zx 4 2 0 —5 
: for Exs. 10715 10,2 11. —3 12. —4 
| 3 H 4 7 -3 a ll 7 
8 2 4 
205 35 —2 8 12 6 3.1 4.5 
13. E» B M 14. || 20 -1 0 15. —2.2| —1 0 2.5 
| —8 10 2 5.5 —18 64 
MATRIX OPERATIONS Use matrices A, B, C, and D to evaluate the matrix 
expression. 
дек g- | 108 2 cu| L8 -15 106 p=[72 0 -54 
13 -1 1-6 0 1-88 3.4 0 [21 -19 3.3 
16. A+B 17. B-A 18. 4A— B 19. £ 
20. C+D (21) с+зр 22. D — 2C 23. 0.5C — D 


: EXAMPLE 4 SOLVING MATRIX EQUATIONS Solve the matrix equation for x and y. 


: on p. 190 Е Е 
2 for Exs. 24-27 | 34, |1 3х || 1 18 „|? 6|,,| 5 -1]_] -9 4 
-4 5 2y 5 1 -8 7 6 -13 y 
95,219 =|| 3 -9|_[13 4 amad | 2|.| 8 -16 
Els 6 10 -4y| | 0 16 “1 3 6| |-24 зу 
28. * MULTIPLE CHOICE Based on the equation below, what is the value of the 


expression 3x — 2y? 
2X 0| |64 0 
05 —0.75| [0.5 Зу 


(А) 7.15 9.1 © 10.1 D 20.7 


29. PROPERTIES Prove one of the properties of matrix operations on page 188 for 
2 X 2 matrices. (Hint: Apply any related properties of real numbers from page 3.) 


30. CHALLENGE Find the matrix X that makes the equation true. 


ү| 5 0]_[ 7-8 ex 12 Зра 6 
Ы 4 -3| |-3 5 | 5 0| |-13 
„ые [в озу [Л -6]_[-13 15 
i 4 7| lo 10 | 2 1| |-19 2 
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PROBLEM SOLVING 


: оп р. 189 EA 
: for Exs. 31-34 
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(С) = WORKED-OUT SOLUTIONS 
on p. WS1 


31. SNOWBOARD SALES А sporting goods store sells snowboards in several 


different styles and lengths. The matrices below show the number of each 
type of snowboard sold in 2003 and 2004. Write a matrix giving the change in 
sales for each type of snowboard from 2003 to 2004. 


Sales for 2003 Sales for 2004 
150 ст 155cm 160 ст 165cm 150cm 155 ст 160 ст 165 cm 
Freeride | 32 42 29 20 32 47 30 19 
Alpine 12 17 25 16 5 16 20 14 
Freestyle | 28 40 32 21 29 39 36 31 


32. FUEL ECONOMY A car dealership sells four different models of cars. The fuel 


economy (in miles per gallon) is shown below for each model. Organize the 
data using a matrix. Then write a new matrix giving the fuel economy figures 
for next year's models if each measure of fuel economy increases by 8%. 
Economy car: 32 mpg in city driving, 40 mpg in highway driving 

Mid-size car: 24 mpg in city driving, 34 mpg in highway driving 
Mini-van: 18 mpg in city driving, 25 mpg in highway driving 


SUV: 19 mpg in city driving, 22 mpg in highway driving 


for problem solving help at classzone.com 


* EXTENDED RESPONSE In a certain city, an electronics chain has a 
downtown store and a store in the mall. Each store carries three models of 
digital camera. Sales ofthe cameras for May and June are shown. 


May Downtown sales: 31 of model A, 42 of model В, 18 of model C 
Mall sales: 22 of model A, 25 of model В, 11 of model C 


June Downtown sales: 25 of model A, 36 of model В, 12 of model C 
Mall sales: 38 of model A, 32 of model В, 15 of model C 


a. Organize the information using two matrices М and J that 
represent the sales for May and June, respectively. 


b. Find M + J and describe what this matrix sum represents. 


c. Write a matrix giving the average monthly sales for the two 
month period. 


4. Ж SHORT RESPONSE The matrices below show the numbers of female 


athletes who participated in selected NCAA sports and the average team 
size for each sport during the 2000-2001 and 2001-2002 seasons. Does the 
matrix A + B give meaningful information? Explain. 


2000-2001 (A) 
Athletes Team size 
Basketball 14,439 14.5 Basketball 14,524 14.3 
Gymnastics 1,397 15.7 Gymnastics 1,440 16.2 
Skiing 526 11.9 Skiing 496 11.0 
Soccer 18,548 22,0 Soccer 19,467 22.4 


2001—2002 (В) 
Athletes Team size 


Ж = STANDARDIZED 
TEST PRACTICE 


35. CHALLENGE A rectangle has vertices (1, 1), (1, 4), (5, 1), and (5, 4). Write a 
2 X 4 matrix A whose columns are the vertices of the rectangle. Multiply 
matrix A by 3. In the same coordinate plane, draw the rectangles represented 
by the matrices A and 3A. How are the rectangles related? 


MIXED REVIEW | | иШ 7 


: PREVIEW 


s EE AAA 


; Prepare for 
: Lesson 3.6 
: in Exs. 36-41. 


Perform the indicated operation. (p. 975) 
36...0 + (—8) 37, — +0 38. 8(—7) 
39, -6 — 15) 40. —5(—9) 41. 6 — (-18) 


Write an TII of the graph shown. (p. 123) 


КОШО 


BEER И aa 
"Hr ЕГЕР 


Check whether the ordered pairs are solutions of the inequality. (р. 132) 
44. + 2y< —3} (0, 9). (=5, 1) 46. 5x: — y>2; (55, 0), (5, 23) 
AT. Bx-3y <> (EL. 1), (3, —9) 48. 21x — 10y> 4; (2, 3), (-1, 0) 


Quiz for Lessons 3.3-3.5 


Graph the system of inequalities. (p. 168) 


1. y«6 2. tal 3. X T 3y»3 
Sb > Zz “2x EYES X d-3ye—9 
—y24 5. x - 2y s 10 6. —у<х 
2x + 4y2 —10 у> |x+2| 2y<5x +9 


Solve the system using any algebraic method. (p. 178) 


20 YO 32 30 8. x+y+2=-3 9. 2x-— 4у + 32 = 1 
x +2y— 82 = —H 2х — 3у+2= 9 6x + 2y + 102 = 19 
х — Зу = 10 4х — 5у + 22 = 16 “2% 4-5y —22—2 


Use matrices A, B, and C to evaluate the matrix expression, if possible. If not 
possible, state the reason. (p. 187) 


Жш х 35 3 224: 39 а -6 -2 9 
|з -1 | 8 10 | 1-4 -1 
10. A+ B 11. B—2A 12. 3A+C 13. ác 


14. APPLES You have $25 to spend on 21 pounds of three kinds of apples. Empire 
apples cost $1.40 per pound, Red Delicious apples cost $1.10 per pound, and 
Golden Delicious apples cost $1.30 per pound. You want the weight of the 
Red Delicious apples to equal twice the combined weight of the other two 
kinds. How many pounds of each kind of apple should you buy? (p. 178) 
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сСгарліпо ACTIVITY Use after Lesson 3.5 2] Tutor 


classzone.com 
Keystrokes 


3.3 Use Matrix Operations 


Using matrices A and B below, find A + Band 3A — 2B. 
4-18 1 2 
43-79 
Enter matrix А STEP 2| Enter matrix B STEP 3| Perform calculations 


Enter the dimensions and Enter the dimensions and From the home screen, calculate 
elements of matrix A. elements of matrix B. A+ Band 3A — 2B. 


| MATRIXLAJ 2x3 | | MATRIXCB] 2x3 | ГАЛ+ГВ] 
L8 4 2] LL9 =" 
L5 -7 ЕП [ayi уол. 


| згА1-2Гв1 
ciao os 
5%% 


> \ 


Use a graphing calculator to perform the indicated operation(s). 


3|,|12 -8 > ов| 124 98 -12 
: 3 —6 | e08, 58 532 
-9 10 —3 


6 |+ 0 6 1 
4 13 0 14 7 —8 


5. BOOK SALES The matrices below show book sales (in thousands of 
dollars) at a chain of bookstores for July and August. The book formats 
are hardcover and paperback. The categories of books are romance (R), 
mystery (M), science fiction (S), and children’s (C). Find the total sales 
of each format and category for July and August. 


July August 
R M S C R M S C 


Hardcover 18 16 21 13 26 20 17 8 
Paperback | 36 20 14 30 40 24 8 20 
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3 6 Multiply Matrices 


QD You added and subtracted matrices. 
ФЕВ You will multiply matrices. 


So you can calculate the cost of sports equipment, as in Example 4. 


. Key Vocabulary The product of two matrices A and B is defined A + В = AB 
e matrix, p. 187 provided the number of columns in A is equal to mxn nxp mXp 
„ dimensions, р. 187 the number of rows in B. ^ + | 
equal 
* elements, p. 187 If Ais an m X n matrix and Bis an n X p matrix, A 
then the product AB is an m X p matrix. dimensions of AB 


Describe matrix products 


State whether the product AB is defined. If so, give the dimensions of AB. 
a A: 4 X3, B:3 X2 b. A:3 X4, B:3 x2 


Solution 


a. BecauseAisa4 X 3 matrixand Bisa3 X 2 matrix, the product AB is 
defined and is a 4 X 2 matrix. 


b. Because the number of columns in A (four) does not equal the number 
of rows in B (three), the product AB is not defined. 


v GUIDED PRACTICE for Example 1 


State whether the product ABis defined. If so, give the dimensions of AB. 
1. 4:5 X2,H:2X2 2. А:3х2,В:3х2 


: KEY CONCEPT For Your Notebook 
> Multiplying Matrices 
5 Words To find the element in the ith row and jth column of the product 


matrix AB, multiply each element in the ¡th row of A by the 
corresponding element in the jth column of В, then add the 
products. 


A B AB 


Algebra a b e f| |ae+bg  af+ bh 
c dl lg h| |ce+dg cf+dh 
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[ EXAMPLE 2 | Find the product of two matrices | 


: AVOID ERRORS 


а FERIA 


: Order is important when 
: multiplying matrices. To 
: find AB, write matrix A 

: on the left and matrix В 
: on the right. 


G CU AS UA 
1 ED Ё 
к ру = рф 
| 
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1 4 5 —7 
Find AB if A = Ё M and B — F ч 


Because A is a 2 х 2 matrix and B is a 2 х 2 matrix, the product АВ is defined 
and is a 2 X 2 matrix. 


Solution 


STEP? Multiply the numbers in the first row of A by the numbers in the first 
column of B, add the products, and put the result in the first row, first 
column of AB. 


E 1 P E _ | 1(5) + 4(9) 
-2 


9 6 


STEP2 Multiply the numbers in the first row of A by the numbers in the second 
column of B, add the products, and put the result in the first row, 
second column of AB. 

їз Se) 1(5) + 4(9) 1(-7) + 4(6) 
3 -2]|9 6] 

STEP 3 Multiply the numbers in the second row of A by the numbers іп the first 
column of B, add the products, and put the result in the second row, 
first column of AB. 

1 4||pb-—f6| _ 1(5) + 4(9) 1(—7) + 4(6) 
3 -—2||9 6| |3(5)+(—2)(9) 

STEP4 Multiply the numbers in the second row of A by the numbers in the 
second column of B, add the products, and put the result in the second 
row, second column of AB. 

1 ajla |. 1(5) + 4(9) 1(—7) + 4(6) 
3 -2| [9 6| |3(5)+(—2)(9) 3(—7) + (—2)(6) 
STEPS Simplify the product matrix. 
1(5) + 4(9) 1(-7) + 4(6) | | 41 17 
3(5) + (-2)(9) 3(-7) + (-2)(6)| |-3 -33 
| mee ated Algebra at classzone.com 


For the matrices A and B in Example 2, notice that the product BA is not the 


same as the product AB. 


5 
sce] 


9 


In general, matrix multiplication is not commutative. 


Y 
6 


] 4 
d ox 


—16 34 
27 24 


CE for Example 2 


Jaa] 


—3 
1 


3 
д 


1 
m 


5 
—2 


| 


3. Find ABifA = | 
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Using the given matrices, evaluate the expression. 


в -3 0 1 4 
Aa) As ш ыйы DC ee. a 
2 0 


a. A(B + C) b. AB+ AC 


Solution 
4 31 / 
— Ü 1 4 
a А(В+С)=|—1 —2 | i ВЕ il 
2 p 
4 3 —14 7 
a 4 
2 0 4 8 
4 3 4 3 
"3 O 1 4 
b. AB+AC= | -1 -2 | i H +|-1 -2 E- H 
2 0 2 0 
—9 -6 —5 13 —14 7 
= 1 41+ 5 2 | = 6 2 
-6 0 2 8 —4 8 


MULTIPLICATION PROPERTIES Notice in Example 3 that A(B + С) = АВ + АС, 
which is true in general. This and other properties of matrix multiplication are 
summarized below, 


: REVIEW = 
: PROPERTIES E 
: For help with properties 1- properties of Matrix Multiplication 
: Of real numbers, ; 


CONCEPT SUMMARY For Your Notebook 


: See p. 2. : Let A, В, and С be matrices and let К be a scalar. 
: Associative Property of Matrix Multiplication А(ВС) = (AB)C 
Left Distributive Property A(B + C) = AB + AC 
Right Distributive Property (A + B)C = AC + BC 


Associative Property of Scalar Multiplication k(AB) = (kA)B = А(КВ) 


КА GUIDED PRACTICE — for Example 3 


Using the given matrices, evaluate the expression. 


—] 2 
3 2 -4 5 
4 ] 
4. A(B — C) 5. AB — AC 6. HAB) 
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COST MATRICES Matrix multiplication is useful in business applications because 
an inventory matrix, when multiplied by a cost per item matrix, results in a total 


cost matrix. 
Inventory Cost peritem| | Total cost 
matrix matrix matrix 
тхп nxp mxp 


For the total cost matrix to be meaningful, the column labels for the inventory 
matrix must match the row labels for the cost per item matrix. 


Use matrices to calculate total cost __ 


] 


SPORTS Two hockey teams submit equipment 
lists for the season as shown. 


Each stick costs $60, each puck costs $2, EQUIPMENT LISTS 
and each uniform costs $35. Use matrix Women's Team 
multiplication to find the total cost of 14 sticks 
equipment for each team. 30 pucke 
РЕА 18 uniforms 

| Men'e Team 
To begin, write the equipment lists and the 16 sticks 
| costs per item in matrix form. In order to use 


25 pucks 
20 uniforms 


matrix multiplication, set up the matrices so 
that the columns of the equipment matrix 
match the rows of the cost matrix. 


Equipment Cost 
Sticks Pucks Uniforms Dollars 
Women'steam | 14 30 18 Sticks 60 
Men’s team | 16 25 20 | Pucks 2 
Uniforms | 35 


The total cost of equipment for each team can be found by multiplying the 
equipment matrix by the cost matrix. The equipment matrix is 2 X 3 and 
the cost matrix is 3 X 1. So, their product is a 2 X 1 matrix. 


14 30 18 : _ | 14(60) + 30(2) + 18(35) | | 1530 
16 25 20 nE ~ | 16(60) + 25(2) + 20(35) | | 1710 


The labels for the product matrix are shown below. 


Total Cost 
Dollars 
Women's team | 1530 
Men's team 1710 


» The total cost of equipment for the women's team is $1530, and the total 
cost for the men's team is $1710. 


Y GUIDED PRACTICE for Example 4 


7. WHAT IF? In Example 4, suppose a stick costs $75, a puck costs $1, and a 
uniform costs $45. Find the total cost of equipment for each team. 
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Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 9, 35, 41, and 44 


6 EXERCISES moony, O c MEM 
3. KEY: on р. WS6 for Exs. 13, 23, and 41 | 


- SKILL PRACTICE 


1. VOCABULARY Copy and complete: The product of matrices A and B is 
defined provided the number of ? in A is equal to the number of ? іп B. 


2. * WRITING Suppose A and B are two matrices and AB is defined. Explain 
how to find the element in the first row and first column of AB. 


: EXAMPLE 1 MATRIX PRODUCTS State whether the product AB is defined. If so, give the 


E FEA 


: on p. 195 dimensions of AB. 
: for Exs. 3-9 3. :2 X2, B:2 х2 4. A:3X4,B:4X2 5. :2xX LE:2x2 
6. 1X2, В:2 х3 7. RAX3, :2 X 3 8. 2X LB:1X5 


9. * MULTIPLE CHOICE If Aisa2 X 3 matrix and Bisa3 х 2 matrix, what are 
the dimensions of AB? 


(А) 2x2 (D 3x3 © 3x2 (D 2x3 


: EXAMPLE 2 MULTIPLYING MATRICES Find the product. If the product is not defined, state 


E EEE 


: on p. 196 | the reason. 


: for Exs. 10—21 5 1 -4 B 
10. [3 —1] s п. |, [-2 1] ia | =a [4 -6] 
1 b | " | 5 d Е : - - b | 3 4 
(13) o 2/||4 -2 | 1 6 2 -2 0 
1 6 
„ы _ wit 9 E 18 A B. Ae 8 
à 13 18 og i -3 10 -4 
4: Bll-E--2 2 4 3 + 


ERROR ANALYSIS Describe and correct the error in finding the element in the 
first row and first column of the matrix product. 


19. 20. 


Er [TJ A 
los 1)(0) | lá | [un 1( 8) | | | 


21. PROPERTIES Leta=|* | в-|° ? ap..| M. 4 
i GREIE ow" pss es ap 


a. Verify the associative property of matrix multiplication on page 197 for 
these matrices. 


| b. Use A and B to show that matrix multiplication is not commutative. 
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: EXAMPLE3 | EVALUATING EXPRESSIONS Using the given matrices, evaluate the expression. 


e 


: : on p. 197 13 2 “ai. E 
: for Exs. 22-29 J 2] IM il _|—6 3 ll =; Е 
TE |a=]? ale«| 4 | >= 31 4 |,Е=| 7 0 -2 
2 bk E 3 4 -l 
22. 3AB ©з) -54C 24. AB + AC 25. AB — ВА 
26. E(D + E) 27. (D+ E)D 28. —2(BC) 29. 4AC + 3AB 
SOLVING MATRIX EQUATIONS Solve for x and y. 
— 12 1 6 413 8; =Z y A 
30. | з 2 4| | х [= |19 Sk ат ® |F| as a 
0 -2 «4113 y 1 


FINDING POWERS Using the given matrix, find A? = AA and A? = AAA. 


A 7 Eb wel * 7 34. A— і 8 
"= lo 2 123-2 те 


35. ж OPEN-ENDED MATH Find two matrices A and B such that A + B and 
AB = BA. 


36. CHALLENGE Let A = | | and B — j f. and let k be a scalar. Prove the 


associative property of scalar multiplication for 2 x 2 matrices by showing 
that k(AB) = (kA)B = A(kB). 


PROBLEM SOLVING 


: EXAMPLE4 | In Exercises 37 and 38, write an inventory matrix and a cost per item matrix. 
on p. 198 Then use matrix multiplication to write a total cost matrix. 


: for Exs. 37-42 | 37 SOFTBALL A softball team needs to buy 12 bats, 45 balls, and 15 uniforms. 


Each bat costs $21, each ball costs $4, and each uniform costs $30. 


Alamat tar ; 
(nc omelutor for problem solving help at classzone.com 


38. ART SUPPLIES A teacher is buying supplies for two art classes. For class 1, 
the teacher buys 24 tubes of paint, 12 brushes, and 17 canvases. For class 2, 
the teacher buys 20 tubes of paint, 14 brushes, and 15 canvases. Each tube of 
ponmi costs $3.35, each brush costs $1.75, and each canvas costs $4.50. 


@Home 
JINE 


Тик or for problem solving help at classzone.com 


39. MULTI-STEP PROBLEM Tickets to the senior class play cost $2 for students, 
$5 for adults, and $4 for senior citizens. At Friday night's performance, 
there were 120 students, 150 adults, and 40 senior citizens in attendance. 
At Saturday night's performance, there were 192 students, 215 adults, and 
54 senior citizens in attendance. Organize the information using matrices. 
Then use matrix multiplication to find the income from ticket sales for 

| Friday and Saturday nights’ performances. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
200 on p. WS1 TEST PRACTICE 


40. SUMMER OLYMPICS The top three countries Medals W 
in the final medal standings for the 2004 епа!< vvon 
Summer Olympics were the United States, 
China, and Russia. Each gold medal is worth 
3 points, each silver medal is worth 2 points, 
and each bronze medal is worth 1 point. 
Organize the information using matrices. 


; А | 2 
How many points did each country score? — 87868 8 


* SHORT RESPONSE Matrix S gives the numbers of three types of cars sold in 
February by two car dealers, dealer A and dealer B. Matrix P gives the profit 
for each type of car sold. Which matrix is defined, SP or PS? Find this matrix 
and explain what its elements represent. 


Silver | 


Matrix S Matrix P 
A В Compact Mid-size Full-size 
Compact | 21 16 Profit | $650 $825 $1050 | 


Mid-size 40 33 
Full-size 15 19 


42. GRADING Your overall grade in math class is a weighted average of three 
components: homework, quizzes, and tests. Homework counts for 20% of 
your grade, quizzes count for 30%, and tests count for 50%. The spreadsheet 
below shows the grades on homework, quizzes, and tests for five students. 
Organize the information using a matrix, then multiply the matrix by a 
matrix of weights to find each student’s overall grade. 


ЧА у SS Ee md ees 
_1 | Name |Homework| Quizzes | _ Test 


43. MULTI-STEP PROBLEM Residents of a certain suburb commute to a nearby 
city either by driving or by using public transportation. Each year, 20% of 
those who drive switch to public transportation, and 5% of those who use 
public transportation switch to driving. 


a. The information above can be represented by the transition matrix 


A 
O oe 


where pis the percent of commuters who switch from driving to 
public transportation and q is the percent of commuters who switch 
from public transportation to driving. (Both p and q are expressed as 
decimals.) Write a transition matrix for the given situation. 


b. Suppose 5000 commuters drive and 8000 commuters take public 
transportation. Let M, be the following matrix: 


5000 
Mo 7 -A 
Find M, = TM, What does this matrix represent? 


c. Find М, = TM, M, = TM,, and M, = TM,. What do these matrices 
represent? 


3.6 Multiply Matrices 201 


| 44. k EXTENDED RESPONSE Two students have a business selling handmade 
scarves. The scarves come in four different styles: plain, with the class 
year, with the school name, and with the school mascot. The costs of 
making each style of scarf are $10, $15, $20, and $20, respectively. The 
prices of each style of scarf are $15, $20, $25, and $30, respectively. 


a. Write a 4 х 1 matrix C that gives the cost of making each style of scarf 
and a4 X 1 matrix P that gives the price of each style of scarf. 


b. The sales for the first three years of the business are shown below. 


Year 1: 0 plain, 20 class year, 100 school name, 0 school mascot 
Year 2: 10 plain, 100 class year, 50 school name, 30 school mascot 
Year 3: 20 plain, 300 class year, 100 school name, 50 school mascot 
Write a 3 X 4 matrix S that gives the sales for the first three years. 


с. Find SC and SP. What do these matrices represent? 
d. Find SP — SC. What does this matrix represent? 


45. CHALLENGE Matrix A is a 90? rotational matrix. 
Matrix B contains the coordinates of the 
vertices of the triangle shown in the graph. 


0 -1 -7 -4 -4 
а= |: i F 8 ‚| 


a. Find AB. Draw the triangle whose vertices are 
given by AB. 

b. Find the 180° and 270° rotations of the original 
triangle by using repeated multiplication of the 
90° rotational matrix. What are the coordinates 

| of the vertices of the rotated triangles? 


"MIXED REVIEW 


Graph the equation. 

46. 3x + y = 6 (p. 89) 47. 2x — Зу = 7 (p. 89) 

48. x + 4y = 10 (p. 89) 49. y= |x| — 6 (p. 123) 

50. y= —|х+4| — 5 (p. 123) 51. y=2|x-2| + 7 (p. 123) 


Write an equation of the line that satisfies the given conditions. (p. 98) 


52. slope: 2, passes through (0, —4) 53. slope: —3, passes through (5, 2) 
54. slope: E passes through (0, —1) 55. slope: З, passes through (0, 3) 
56. passes through (4, 8) and (1, 2) 57. passes through (—8, 8) and (0, 1) 
: PREVIEW Ž Solve the system of linear equations using any algebraic method. (p. 160) 
: dem 58. 3х + 2у = 5 59. 3x — 5у = 11 60. Зх у= 4 
: in Exs. 58-63. —x + 3y = 13 2X + 5y = 24 —Ax- S¥ = —26 
| 61. 4x — Зу = 17 62. 4x — 2y = 14 63. x + 4у = 4 
| 2х + 5y = 15 —2x t y=] 3x — 2y = 19 
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a determinant 
• Cramer's rule 
e coefficient matrix 


Evaluate Determinants and 
Apply Cramer's Rule 
You added, subtracted, and multiplied matrices. 


You will evaluate determinants of matrices. 
So you can find areas of habitats, as in Example 2. 


ISO with each square (п X n) matrix is a real number called its 
terminant. The determinant of a matrix A is denoted by det A or by |A]. 


KEY CONCEPT For Your Notebook 


The Determinant of a Matrix 


>- Determinant of a 2 x 2 Matrix 


а & The determinant of a 2 x 2 matrix is the 
det “ш | | = ad — cb difference of the products of the elements 
E on the diagonals. 


Determinant of a 3 x 3 Matrix 
STEP? Repeat the first two columns to the right of the determinant. 


: — $TEP2 Subtract the sum of the red products from the sum of the 
^ blue products. 


= (aei + bfg + саһ) — (рес + hfa + idb) 


[| EXAMPLE | » Evaluate determinants 


Evaluate the determinant of the matrix. 


5 47 2 —l —3 
a. Ё 1 b. | 4 1 0 
з 4 —2 

Solution 
a. | a | = 5) -39 = 5 - 12 = -7 


= (—4 + 0 + 48) — (-9+0+8) = 44 – (-1) = 


3.7 Evaluate Determinants and Apply Cramer's Rule 


203 


AREA ОЕ A TRIANGLE You can use a determinant to find the area of a triangle 
whose vertices are points in a coordinate plane. 


KEY CONCEPT For Your Notebook 


Area of a Triangle 


1: The area of a triangle with vertices (x,, y,), (X,, y), 
and (x, у.) is given by 


х X 
Area = + |х, Y, 1 
х yz 1 


1; where the symbol + indicates that the appropriate 
sign should be chosen to yield a positive value. 


SEA LIONS Off the coast of California 

lies a triangular region of the Pacific 

Ocean where huge populations of sea 

lions and seals live. The triangle is 

formed by imaginary lines connecting 

Bodega Bay, the Farallon Islands, and 
Año Nuevo Island, as shown. (In the 
map, the coordinates are measured in 
miles.) Use a determinant to estimate 
the area of the region. 


Solution 


The approximate coordinates of the vertices of the triangular region are (—1, 41), 
(38, —43), and (0, 0). So, the area of the region is: 


A Y d г at odd 
Area = +5 38 —43 1 =+% 38 -43 1|38 -43 
0 01 0 о1о о 


= +51(43 PO Oy 6-558) 


= 757.5 


» The area of the region is about 758 square miles. 


TENNENT ER р E 
) PRACTICE 


тте 


' for Examples 1 and 2 


M. 4 1 E 10 -2 3 
1. |. | к. =3 =2 — 3. 3 =[2 4 
0 5 1 б 7 +2 


4. Find the area of the triangle with vertices A(5, 11), B(9, 2), and С(1, 3). 


204 Chapter3 Linear Systems and Matrices 


| 
= EEE 


CRAMER'S RULE You can use determinants to solve a system of linear equations. 


The method, called Cramer's rule 
Gabriel Cramer (1704-1752), uses the coeffi 


2 and named after the Swiss mathematician 
сї 


ent matrix of the linear system. 


Linear System Coefficient Matrix 


ax + by=e a b 
сх + ау = ў ca 


KEY CONCEPT For Your Notebook 


Cramer's Rule for a 2 x 2 System 


Let A be the coefficient matrix of this linear system: 


ax + by=e 
сх + dy=f 
If det A + O, then the system has exactly one solution. The solution is: 
e b a e 
x= f and y= Ж 
det A Y^ det A 


Notice that the numerators for x and y are the determinants of the matrices 
formed by replacing the coefficients of x and y, respectively, with the column 
of constants. 


[ EXAMPLE 3 | Use Cramer's rule for a 2 x 2 system 


: ANOTHER WAY 


: You can also solve the 

: system in Example 3 

: using the substitution 

: method or the 

; elimination method you 
: learned in Lesson 3.2. 


9x + Ay = —6 


Use Cramer's rule to solve this system: 3x – 5y = —21 


Solution 
STEP? Evaluate the determinant of the coefficient matrix. 
be^ = —45 — 12 —57 

3 E 


STEP2 Apply Cramer's rule because the determinant is not 0. 


-6 4 
—M —5 30 — (—84) 114 
Же ay =— ea = 255 = 2 
3 b 
_ 1 A 389-6048) tt 4 
y —57 —57 —57 


» The solution is (—2, 3). 


CHECK Check this solution in the original equations. 


9х + 4y = —6 3x — 5y = —21 
9(—2) + 4(3) £ —6 3(—2) — 5(3) 2 —21 
—18 + 122 —6 —6 — 15% -2] 

-6 = —6vY —21 = -21 Y 


3.7 Evaluate Determinants and Apply Cramer's Rule 
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: KEY CONCEPT For Vour Wotebook 


Cramer's Rule for a3 x 3 System 


Let A be the coefficient matrix of the linear system shown below. 


Linear System Coefficient Matrix 
ax + by + с = ј a bc 
: + еу + ў = E 
: SOLVE SYSTEMS > - H 5d x "T А=|4 " Г 
: As with Cramer's rule 4 8 : 
: fora 2 х 2 system, the f: Ifdet A 7 0, then the system has exactly one solution. The solution is: 


: numerators for x, y, and 


: zare the determinants E j be a fg ab j 
: of the matrices formed 4: k ef dk f dek 
: by replacing the > Lj gli g h 1 
: coefficients of x, y, and f> xi y- and z= 

з | eta ' tA 


: z respectively with the 4 det A 
: column of constants. — 1 


Г Ехлмріє 4 sowea multi-step problem — 


CHEMISTRY The atomic 

weights of three compounds 
are shown. Use a linear system Glucose 
and Cramer's rule to find the 
atomic weights of carbon (C), 
hydrogen (Н), and oxygen (О). | Hydrogen peroxide 


Carbon dioxide 


Solution 


STEP? Write a linear system using the formula for each compound. Let C, Н, 
and O represent the atomic weights of carbon, hydrogen, and oxygen. 


6C + 12H + 60 = 180 
C + 20 = 44 
2H + 20 = 34 


STEP 2 Evaluate the determinant of the coefficient matrix. 


6 12 6,6 
1 0 2|1 0=(0+0+12)- (0+ 24 + 24) = —36 
п 2 210 4 


STEP 3 Apply Cramer's rule because the determinant is not 0. 


180 12 6 6 180 6 6 12 180 

44 0 2 1 44 2 1 0 44 
las 2 2 _ |0342 _ |0 2.34 
aba. - — Uer UB 


_ —432 —36 _ —576 
—36 —36 —36 


= 12 =] = 16 


» The atomic weights of carbon, hydrogen, and oxygen are 12, 1, and 16, 
respectively. 
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3.7 EXERCISES 


a for Examples 3 and 4 


Use Cramer's rule to solve the linear system. 


5. Зх — 4y = —15 6. 4x+ 7y=2 7. Зх — Ay + 22 = 18 
2x + 5у = 13 —Mx—29-—8 А4Ах+у— 5z= -13 
2x— 3y+z= 11 
HOMEWORK: 


(O = WORKED-OUT SOLUTIONS 
on p. WS6 for Exs. 11, 23, and 43 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 21, 28, 38, 42, and 45 


KEY: 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: The ? ofa2 х 2 matrix is the difference 
of the products of the elements on the diagonals. 


: EXAMPLE 1 


н SPP Pee 


: on p. 203 
; for Exs. 3-21 


2. ж WRITING Explain Cramer's rule and how it is used. 


2 x 2DETERMINANTS Evaluate the determinant of the matrix. 


IEEE! 
QUE «Ea 


3 x 3 DETERMINANTS Evaluate the determinant of the matrix. 


—1 12 4 1 24: 5 0 2 =r 4 5 

E 12. |5 —8 1 I$.|]-3 $ —2 14. 1 2 -—4 

3 0 1 2 4:3 l -4 0 = 1 6 
12 5 8 —4 3 <2 -4 bu 5 7 6 
15. 0 6 —8 16. | 12 6 0 17. B 15 3 18. | -4 0 8 
110 4 B —12 0 4 — 7 LoT 


ERROR ANALYSIS Describe and correct the error in evaluating the determinant. 
19. 20. 


2 0 2 0 
4 1 6| 4 1 
S 2 B| Ss 


10 8) (5 24 0) 18 18 6) 
27 29 18 24) 


oO; 30 
2 2| 2 2 
з 5| ФБ 
21. * MULTIPLE CHOICE Which matrix has the greatest determinant? 


A O A de 


3.7 Evaluate Determinants and Apply Cramer's Rule 


207 


: EXAMPLE2 | АНЕА ОРА TRIANGLE Find the area of the triangle with the given vertices. 


er 


3 omp.204 22. A(1, 5), B(4, 6), C(7, 3) (23) A(4, 2), B(4, 8), C(8, 5) 
: for Exs. 22-28 
24. A(—4, 6), В(0, 3), C(6, 6) 25, A(—4, —4), B(—1, 2), C(2, —6) 
26. A(5, —4), B(6, 3), C(8, —1) 27. A(—5, 1), B(-2, 6),:610, 3) 
28. * MULTIPLE CHOICE What is the area of the triangle with vertices (—3, 4), (6, 3), 
апа (2, —1)? 
CAD 20 26 (С) 30 (D> 40 


: EXAMPLES USING CRAMER'S RULE Use Cramer's rule to solve the linear system. 


P retener eee 29. 3x + 5y = 3 30. 2x— у= —2 31. 5x + у= —40 
: on Dp. 205-206. 


: for Exs. 29-37 =x + 2y = 10 х+ 2у = 14 2х – 5у = 11 
32. t+ y+ z= -3 33. —x — 2y + 42 = —28 34. Ax +у +32 = 7 
4х — y + 42 = —14 х+у+а=—11 2x —5y + 4z = —19 
x+2y-2=3 2x+y-3z=30 х—уү+2@= 2 
35. 5x—y-=.22=—6 36. x+y+z=-8 37. 3x -—y+tz=25 
x+3y+4z=16 ax — ayt 22> —21 + gy —-a2>—-I7 
2х – 4у + 2 = –15 =y tay 22 = 1] xtytz-2l 


38. * OPEN-ENDED MATH Write a 2 X 2 matrix that has a determinant of 5. 


2 —1 3 5 
39. CHALLENGE Let = | IT | 


a. How is det AB related to det A and det В? 


b. How is det KA related to det A if k is a scalar? Give an algebraic 
justification for your answer. 


PROBLEM SOLVING 


: EXAMPLE 2 40. BERMUDA TRIANGLE The Bermuda Triangle is a 
: :опр.204 large triangular region in the Atlantic Ocean. The 
: for Exs. 40—41 triangle is formed by imaginary lines connecting 
Bermuda, Puerto Rico, and Miami, Florida. (In 
the map, the coordinates are measured in miles.) 
Use a determinant to estimate the area of the 


Bermuda Triangle. 
GHomelutor . 


for problem solving help at dasszone.com 


41. GARDENING You are planning to turn a triangular region of your yard into 
a garden. The vertices of the triangle are (0, 0), (5, 2), and (3, 6) where the 
coordinates are measured in feet. Find the area of the triangular region. 


F-TI 
(à oT 
@H ome РЫ 


sto! tor . for problem solving help at classzone.com 


: EXAMPLES 42. ж SHORT RESPONSE The attendance at a rock concert was 6700 people. The 
: 3and4 tickets for the concert cost $40 for floor seats and $25 for all other seats. The 
: on pp. 205-206 total income of ticket sales was $185,500. Write a linear system that models 

: for Exs. 42-44 this situation. Solve the system in three ways: using Cramer's rule, using 


the substitution method, and using the elimination method. Compare the 
| methods, and explain which one you prefer in this situation. 


- WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
208 on p. WS1 TEST PRACTICE 


: Prepare for 
: Lesson 3.8 
: in Exs. 57—59. 


| (43. MULTI-STEP PROBLEM An ice cream shop sells the following sizes of ice 


cream cones: single scoop for $.90, double scoop for $1.20, and triple scoop 
for $1.60. One day, a total of 120 cones are sold for $134, as many single- 
scoop cones are sold as double-scoop and triple-scoop cones combined. 


a. Usealinear system and Cramer's rule to find how many of each size of 
cone are sold. 


b. The next day, the shop raises prices by 10%. As a result, the number of 
each size of cone sold falls by 5%. What is the revenue from cone sales? 


44. SCIENCE The atomic weights of 
three compounds are shown in | 
the table. Use a linear system and Sodium fluoride 
Cramer's rule to find the atomic 
weights of fluorine (F), sodium 
(Na), and chlorine (СІ). 


Sodium chloride 


Chlorine pentafluoride 


45. * EXTENDED RESPONSE In Utah and Colorado, an 
area called the Dinosaur Diamond is known for 
containing many dinosaur fossils. The map at the right 
shows the towns at the four vertices of the diamond. 
The coordinates given are measured in miles. 


Price IIT 4 
y ТП А 
i мы) 
| 
Ы =з 


/ 


a. Find the area of the top triangular region. 


Find the area of the bottom triangular region. 


Moab, UT 


bos 1 


b. 
c. Whatis the total area of the Dinosaur Diamond? 
d. 


Describe another way in which you can divide the 
Dinosaur Diamond into two triangles in order to 
find its area. 


46. CHALLENGE A farmer is fencing off a triangular region 
of a pasture, as shown. The area of the region should be 
5000 square feet. The farmer has planted the first two 
fence posts at (0, 0) and (100, 50). He wants to plant the 
final post along his neighbor's fence, which lies on the 
horizontal line y = 120. At which two points could the 
farmer plant the final post so that the triangular region 
has the desired area? 


(x, 120) 


neighbor's fence 


‘MIXED REVIEW ы 7 


Evaluate the function for the given value of x. (р. 72) 
47. f(x) = х— 12; f(8) 48. f(x) = 4x + 8; f(7) 49. f(x) = x^ — 10; f(-5) 
50. f(x) = —x* + 2x; f(3) 51. f(x) = -x^ ^x + 5; f(4) 52. f(x) = х? — 2x + 4; f(-2) 


Graph the system of linear inequalities. (p. 168) 


53. + yz3 54. 2x — y22 55. 4x —3y» 1 56 y«—1—5 
Ax T y«A or—yz4Z —X + y24 у<3х + 1 
Find the product. (р. 195) 


lid. «aby Ei 
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Use Inverse Matrices 
to Solve Linear Systems 


3 d 
. Before You solved linear systems using Cramer's rule. 


[ Now | You will solve linear systems using inverse matrices. 
So you can find how many batches of a recipe to make, as in Ex. 45. 


Key Vocabular: The n X n identity matrix is a matrix with 1's on the main diagonal and 0’s 
«identity marcis elsewhere. If Ais any n X n matrix and Jis the n X n identity matrix, then AJ = A 
* inverse matrices and ЈА = A. 

• matrix of variables 2 x 2 Identity Matrix 3 x 3 Identity Matrix 
e matrix of constants 
1 0 110 f 
[= | 0 o I=|0 1 0 
0 0 1 


rses of each other if their product (in both 
orders) is the n X n identity matrix. That i is, AB = Гапа ВА = J. Ann х п matrix A 
has an inverse if and only if det A + 0. The symbol for the inverse of A is A ?. 


: KEY CONCEPT For Vour Wotebook 


The Inverse of a 2 x 2 Matrix 


b 
The inverse of the matrix A = f | is 


te a a Га =) A 
: А Ea jie 4 e | provided aa cb * 0. 


Find the inverse of a 2 x 2 matrix 
| 


| CHECK INVERSES | Find the inverse of A = [ 4 

: In Example 1, you can | 

Gema | EA 
SAA = | = A7. 15—16|-2 3 -2 3 2 -3 


/ GUIDED PRACTICE for Example 1 


Find the inverse of the matrix. 
: G I e —1 5 " —3 —4 
"12 4 "1—4 8 "A -2 
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é EXAMPLE 2 | Solve a matrix equation 


Solve the matrix equation AX = B for the 2 x 2 matrix X. 


Solution 
Begin by finding the inverse of A. 


aa [4 7|_[4 7 
" zl 4 He 


To solve the equation for X, multiply both sides of the equation by A! on the left. 


4 7 2 -7 ж 4 711-21 3 te arty 
1 >||—1 af |1 2 12 -2 i 


1 0 Ui —2 
= = —1 
f a |: 4] IX=A В 


0 — 
— = Д 
x B ki X -A7B 


d atclasszone.com 


-4& 11. | 8 9 
4. Solve the matrix equation | 0 sx = |; 4 4 


INVERSE OF A3 x 3 MATRIX The inverse of a3 X 3 matrix is difficult to compute 
by hand. A calculator that will compute inverse matrices is useful in this case. 


Find the inverse of a 3 x 3 matrix 


Use a graphing calculator to find the inverse of A. 5 E = 
Then use the calculator to verify your result. A=l5 3 0 

4 3 8 
Solution 


Enter matrix A into a graphing calculator and calculate A !. Then compute AA ! 
and АА to verify that you obtain the 3 х 3 identity matrix. 


| EAJEA1-1 
[C1 


| CAI-1 
[r12 -7 #3 
r-20 12 -51 
[1.5 =i ¿53 
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GUIDED PRACTICE for Example3 — — 


y 


Use a graphing calculator to find the inverse of the matrix A. Check the result 
by showing that AA ! = I and A'A = I. 


e X Y =з 45 X ї “=й 
SAs] 2 0—2 6. A= I & 7. A=|5 3 0 
in —4 B E 2: 2 4.33 B 


` KEY CONCEPT for Your Notebook 


Using an Inverse Matrix to Solve a Linear System 


STEP? Write the system as a matrix equation AX = B. The matrix A is 
the coefficient matrix, X is the matrix of variables, and B is the 
ratrix of constants. 


STEP 2 Find the inverse of matrix A. 


STEP 3 Multiply each side of AX = B by А”! on the left to find the solution 
X= АВ. 


Solve a linear system 


Use an inverse matrix to solve the linear system. 


2х — Зу = 19 Equation 1 
х+4у = —7 Equation 2 


Solution 
: SOLVE SYSTEMS STEP Y Write the linear system as a matrix equation AX = В. 
: la ы шыш аы coefficient matrix of matrix of 
: : p matrix (A) variables (X) constants (B) 


: if A has an inverse. If 
: A does not have an 2 —3 
: inverse, then the system ] 4 


x Е 19 
у E 
: has either no solution 


; or infinitely many STEP 2 Find the inverse of matrix A. 
: solutions. | 


4 3 

А-1 = 1 4 3 _ 11 11 
8 —(-3)| -1 2 EN NB 3 

I1 1i 


$TEP3 Multiply the matrix of constants by A? on the left. 


2 SS 
_pip_| HM 11|]|[49 |, | 5]|_ [x 
Х=А В (d 2 15 P j 
i dH 


> The solution of the system is (5, —3). 
CHECK 2(5) — 3(-3) =10+9=19Y 5+ 4(-3) = 5 – 12 = —7Y 


Á zd AT T la "3 
Ат nated Alge Га at classzone.com 
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[| EXAMPLE 5 ] Solve a multi-step problem 


: ANOTHER WAY 


н SERA 


: For an alternative 

: method for solving the 
: problem in Example 5, 
: turn to page 218 for 

; the Problem Solving 

: Workshop. 


GUIDED PRACTICE for Examples 4 and 5 


GIFTS A company sells three types of movie gift baskets. A basic basket with 

2 movie passes and 1 package of microwave popcorn costs $15.50. A medium 
basket with 2 movie passes, 2 packages of popcorn, and 1 DVD costs $37. 

A super basket with 4 movie passes, 3 packages of popcorn, and 2 DVDs costs 
$72.50. Find the cost of each item in the gift baskets. 


Solution 


STEP? Write verbal models for the situation. 


Cost of Cost of Cost of 

2* moviepass + popcorn = basic basket Equation 1 
Cost of Cost of Cost of Cost of 

2+ moviepass +2* popcorn + DVD =  mediumbasket Equation 2 
Cost of . Cost of Cost of Cost of 

4* moviepass +3 popcorn *2* DVD =  superbasket Equation 3 


STEP 2 Write a system of equations. Let т be the cost of a movie pass, 
p be the cost of a package of popcorn, and d be the cost of a DVD. 


2m + p= 15.50 Equation 1 
2m + 2p + d = 37.00 Equation 2 
4m + Зр + 2d = 72.50 Equation 3 


STEP 3 Rewrite the system as a matrix equation. 


2 10l[m 15.50 
2 2 1||р | = | 37.00 
4 3 2||4 72.50 


STEP 4 Enter the coefficient matrix A and the matrix of constants B into a 
graphing calculator. Then find the solution X= A^! B. 


CAIJ-1CBI 


| MATRIXCBI] 3x1 
[15.53 
wy 
СЕНЕ > 


Т MATRIXCAJ 3x3 
[2 4 01 

[> $ 11 

га 3 NH 


3,1=72.5 


» A movie pass costs $7, a package of popcorn costs $1.50, and a DVD costs $20. 


Use an inverse matrix to solve the linear system. 


8. 4x+y=10 9. 2х- у= –6 10. 3x- у= —5 
3х + Sy = -1 6x – 3y = —18 —4x + 2у = 8 


11. WHAT IF In Example 5, how does the answer change if a basic basket costs 
$17, a medium basket costs $35, and a super basket costs $69? 
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3.8 EXERCISES 


HOMEWORK ; 


JRK: (O) = WORKED-OUT SOLUTIONS 
KEY : 


on p. WS7 for Exs. 3, 25, and 47 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 12, 34, 41, and 46 


¡ Ф = MULTIPLE REPRESENTATIONS 
Ex. 45 


‘SKILL PRACTICE 


AE 


: оп р. 210 
: for Exs. 3-12 


: EXAMPLE 2 


: опр. 211 - 
: for Exs. 13-18 


: EXAMPLE 3 


: s 2 е ы ере NM 
: for Exs. 19-24 
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1. VOCABULARY Identify the matrix of variables and 
the matrix of constants in the matrix equation. 


Ae 


2. * WRITING Explain how to find the inverse of a 2 X 2 matrix A where 
det A 7 0. 


FINDING INVERSES Find the inverse of the matrix. 
1 —5 4 —2 3 
(3) —1 4 "1-3 4 
5 —4 —6 ü 6 -22 à —24 60 
: 4 Т7 “1-2 20 "| -6 30 
11. ERROR ANALYSIS Describe and 
correct the error in finding the [ а e| 
; „ pa 4 
inverse of the matrix É 4 
. Ж MULTIPLE CHOICE What is the inverse of the matrix kk 
—10 3 -] 3 
3: | —3 10 
SOLVING EQUATIONS Solve the matrix equation. 
l 1 23 6 8 4 3 -] 0 3 -1 
m E DE 4 " b а i| А | | а ;| 
—3 6 5 =f 1. 8 > cL ‘8 = 2 45 0 
= | 1 к P 1 - E sl 8 j = bp s [£s - 1 ч 


FINDING INVERSES Use a graphing calculator to find the inverse of matrix А. 
Check the result by showing that AA ! = Гапа A !A = I. 


al e | 


11 -2 102 I ei 2 

19. A=|-2 0 3 20. A=|2 1 3 21. A=|-2 3 10 
3 I1 0 144 а= 2 

— BE RE 3 == q 4 15 

22. A= 0 8 1 А= 2 4 1 24. А=|-2 2 1 
is — D =i Bep а i B 
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; EXAMPLE4 | SYSTEMS OF TWO EQUATIONS Use an inverse matrix to solve the linear system. 
p e | IS, Ax — y — 10 26. 4х + 7у = -16 27. Зх – 2у = 5 
: sis —ix — 2y = —25 2x + Зу = —4 6x — 5y = 14 
28. х- у= 4 28. —2x— Spo —2 30. 2x — 7y= —6 
9x — 10y = 45 4х + 16у = 8 -x + 5у = 3 
31. 6x + y= -2 32. 2x + y= —2 33. 5x + 7y = 20 
ARIS --25 2x + Sy = 38 ах ay 16 
34. * MULTIPLE CHOICE What is the solution Зх — 5y = —26 
of the system shown? —x + 2y= 10 
СА) (3,7) (В) (7, –1) © (-2, 4) (D> (68, 110) 
: EXAMPLES | SYSTEMS OF THREE EQUATIONS Use an inverse matrix and a graphing calculator 
: on p. 213 to solve the linear system. 


: for Exs. 35-40 35. x-y- 32= 2 


5x + 2y + z= -17 


36. —3x + y – 82 = 18 
x-—dytze-—il 


37. 2x + 4у + 52 = 5 
х + 2у + 32 = 4 


-3x ~ у= 8 2x —2y - 5g — —17 5х – 4у – 22 = —3 
38. 4x — y - z= —20 39. Зх + 2у – 2 = 14 40. 6x + у + 22 = 11 

61-—2—- 2 —x.— 5y +4z = —48 e —5 

—x + 4y + 52 = 23 4x+y+z=2 —x+4y—z=14 


41. Ж OPEN-ENDED MATH Write a 2 х 2 matrix that has no inverse. 


42, 
coefficient matrix. 


2w + 5x — 4y + 6z=0 

2% t y~ 172—852 

4w + 8x — Ту + 142 = —25 
3w + бх — 5у + 10z = —16 


‘PROBLEM SOLVING 


CHALLENGE Solve the linear system using the given inverse of the 


=10 4 27 =29 
5: 2: 6 16 
4 —— —17 20 
A cl. T 8 


: EXAMPLES 
¡4 and 5 

: on pp. 212-213. 
: for Exs. 43-48 


43. AVIATION A pilot has 200 hours of flight time 
in single-engine airplanes and twin-engine 
airplanes. Renting a single-engine airplane 
costs $60 per hour, and renting a twin-engine 
airplane costs $240 per hour. The pilot has 
spent $21,000 on airplane rentals. Use an 
inverse matrix to find how many hours the 
pilot has flown each type of airplane. 


@Homelutor · ог problem solving help at dasszone.com 


. BASKETBALL During the 2003-2004 NBA season, Dirk Nowitzki of the 


Dallas Mavericks made a total of 976 shots and scored 1680 points. His shots 
consisted of 3-point field goals, 2-point field goals, and 1-point free throws. 
He made 135 more 2-point field goals than free throws. Use an inverse matrix 


to find how many of each type of shot he made. 
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| 45. 52 MULTIPLE REPRESENTATIONS A cooking class wants to use up 8 cups 
of buttermilk and 11 eggs by baking rolls and muffins to freeze. A batch of 
rolls uses 2 cups of buttermilk and 3 eggs. A batch of muffins uses 1 cup of 
buttermilk and 1 egg. 


a. Writing a System Write a system of equations for this situation. 


b. Writing a Matrix Equation Write the system of equations from part (a) as 
a matrix equation AX = В. 


c. Solving a System Use an inverse matrix to solve the system of equations. 
How many batches of each recipe should the class make? 


46. * EXTENDED RESPONSE A company sells party platters with varying 
assortments of meats and cheeses. A basic platter with 2 cheeses and 3 meats 
costs $18, a medium platter with З cheeses and 5 meats costs $28, and a 
super platter with 7 cheeses and 10 meats costs $60. 


a. Write and solve a system of equations using the information about the 
basic platter and the medium platter. 


b. Write and solve a system of equations using the information about the 
medium platter and the super platter. 


c. Compare the results from parts (a) and (b) and make a conjecture about 
why there is a discrepancy. 
| (47. NUTRITION The table shows the calories, fat, and carbohydrates per ounce 
for three brands of cereal. How many ounces of each brand should be 
combined to get 500 calories, 3 grams of fat, and 100 grams of carbohydrates? 
Round your answers to the nearest tenth of an ounce. 


Bran Crunchies 


Toasted Oats 
Whole Wheat Flakes 


48. MULTI-STEP PROBLEM You need 9 square feet of glass mosaic tiles 
to decorate a wall of your kitchen. You want the area of the red tiles 
to equal the combined area of the yellow and blue tiles. The cost of 
a sheet of glass tiles having an area of 0.75 square foot is $6.50 for 
red, $4.50 for yellow, and $8.50 for blue. You have $80 to spend. 


a. Write a system of equations to represent this situation. 
b. Rewrite the system as a matrix equation. 


c. Usean inverse matrix to find how many sheets of each color tile 
you should buy. 


49. (ES GEOMETRY The columns of matrix T below give the coordinates 
of the vertices of a triangle. Matrix A is a transformation matrix. 


0 1 1335 
a=| 2 | p f 4 4 
а. Find AT and AAT. Then draw the original triangle and the two Mosaic tiles 
transformed triangles. What transformation does A represent? 


b. Describe how to use matrices to obtain the original triangle represented 
by T from the transformed triangle represented by AAT. 


(C) = WORKED-OUT SOLUTIONS * = STANDARDIZED @ = MULTIPLE 
216 on p. WS1 TEST PRACTICE REPRESENTATIONS 


50. CHALLENGE Verify the formula on page 210 for the inverse of a 2 X 2 matrix 
by showing that AB = J and BA = I for the matrices A and B given below. 


Га b _ у | d- 
а= M A ill ^ Д 


МїхЕр Review _ ЗЭ 


: PREVIEW 


" EFI 


: Prepare for 
: Lesson 4.1 
: in Exs. 51-56. 


Graph the equation or inequality. 
51. у= —5x +3 (p. 89) 52. y= Sx + 2 (p.89) 53. у= —ix — 2 (p.89) 


54. y22|x| (p. 132) 55. y< |x — 2| (p. 132) 56. y € -2|x + 1| (p. 132) 


Tell whether x and y have a positive correlation, a negative correlation, or 
approximately no correlation. (p. 113) 


Solve the matrix equation for x and y. (p. 187) 


во | 9 4x| | 5 -20 e| 3* 9|, 4 12| |-20 3 
“118 6] |3y 6 “| 13 -5 -5y 16| | 18 11 


Using the given matrices, evaluate the expression. (p. 195) 


1 -4 2 -3 "E 


1. 2AB 2. AB + AC 3. A(B + C) 4. (B— A)C 


Evaluate the determinant of the matrix. (p. 203) 
Е M К+ | E 
e| as ыз А Я 
2 Sq =l az К 1 


Use an inverse matrix to solve the linear system. (p. 210) 


8. x + 3y = -2 9. Зх —4y —5 10. -3x + 2y = —13 
2х t 7y = —6 2х – Зу = З 6x — 5у = 24 

11.3х- у= —4 12. 7x + 4у = 6 13. 4х + y= -2 
2x —2y = —8 5x + Зу = —25 —6x + y = 18 


14. BOATING You are making a triangular sail for a sailboat. The vertices of the 
sail are (0, 2), (12, 2), and (12, 26) where the coordinates are measured in feet. 
Find the area of the sail. (p. 203) 
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Using ALTERNATIVE METHODS 


Another Way to Solve Example 3, page 211 


MULTIPLE REPRESENTATIONS In Example 3 on page 211, you found the inverse 
of a 3 X 3 matrix using a pud calculator. You can also find inverses by using 
augmented matrices. The augm natrix below contains the original matrix 
and the identity matrix with the same dimensions. 


Matrix Augmented Matrix 

Z § =I LL a=1L 1 YU B 
Ü 1 3 -0 13:0 1 0 
2 4 0 2 4 6:00 I 


KEY CONCEPT For Your Notebook 


Elementary Row Operations for Augmented Matrices 


: Two augmented matrices are row-equivalent if one can be transformed 
into the other by a sequence of elementary row operations. The 
elementary row operations are: 


* Interchange two rows. 
* Multiply a row by a nonzero constant. 


e Add a multiple of one row to another row. 


By using elementary row operations, you can transform the augmented matrix 
[A | I] into the augmented matrix [I | А71] 


Use a graphing calculator to find the inverse of A. 


Then use the calculator to verify your result. 


METHOD Using an Augmented Matrix Write an augmented matrix using matrix A 


and the 3 x 3 identity matrix. Choose row operations that will transform 
A into the identity matrix. These same row operations will transform the 
identity matrix into A +, the inverse of A. 


STEP 7 Multiply row 1 by 0.5. 


à T4 1 UU 105-1 105 0 0 
5 3 0:0 1 0 — 3 5 3 0:0 1 0 
43 810 0 1 43 810 0 1 
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STEP 2 Ааа-—5 times row 1 to row 2, and —4 times row 1 to row 3. 


105-1 !05 0 0 105-1 !05 0 0 
5 3 0 | 0 1 0 — > 005 0 id 1 0 
43 8'0 0 1 0 1 123 20a 1 


STEP 3 Subtract row 2 from row 1, then multiply row 2 by 2. 
lH 05-1 (05 0 0 "EL E 
0 05 5 :-251 0 y 0 1 10 :-5 2 
0 1 12 52% 0 1 10 12 we YU 1 


31 0 


© 


STEP 4 Subtract row 2 from row 3. 
1 0-6 ; 3-1 0 


de dk 
0 1 10 5 2 0 — D 15 2 0 
0 112 '2 0 1 0 2132 | 


— 
| 
a 


e 
D = c 

m 

с 


STEP 5 Multiply row 3 by 0.5. 
L 9.6 j 3-1 0 
0 110 :-5 2 0 ——* 
6 0275-2 1 | 0 0 1 


3b 0 
39 2 Q 
L5-IL 05 


O ee 
= © 
pi 
eo 


STEP 6 Add-10 times row 3 to row 2, and 6 times row 3 to row 1. 
1 0-6 ,3-1 0 1 0 0,127 3 
0 1 10 :-5 2 0 ——- 0 1 0 +20 12-5 
uO FT iL5-1 U5 0 8 1 L5- 05 


When the left side of the augmented matrix is the identity matrix, 
the right side is A !. 


[ia =F 3 
be A =!—20 12 —5 
LS —{4 05 
1. WHAT IF? In Example 5 on page 213, suppose 3. BIRDSEED A pet store sells 20 pounds of 
you used an augmented matrix to find the birdseed for $10.85. The birdseed is made from 
inverse of the coefficient matrix A. Do this and two seeds, sunflower seeds which cost $.34 per 
verify the solution by multiplying A ! and the pound and thistle seeds which cost $.79 per 
matrix of constants, B. pound. Use the method that you described in 
2. WRITING Describe a method for solving a сеснен а 2 зони 
: : HR ype of seed. 
linear system that involves writing the system 
as an augmented matrix. 4. REASONING Solve the given system using an 


augmented matrix. What can you say about the 
solution of the system? 

x — 2y + 42 = —20 

5х+у-2= 24 

3x — бу + 122 = —30 
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MIXED REVIEW of Problem Solving 


Lessons 3.5-3.8 


1. MULTI-STEP PROBLEM The cost (in thousands 


AU dasszone.com 


4. SHORT RESPONSE А store has three 


of dollars) of a 30 second commercial on two 
cable TV networks is shown below for two 
cities. The cost varies based on when the 
commercial airs: daytime (D), prime time (P), 
and late night (L). 


Costs in City A 


- Network 1 | 45 


Network 2 5,5 


Costs in City B 
р | 1 
Network 1 - | ББ | 235 


Network 2 | 8.5 | 3.25 


. Organize this information using two 
matrices А and B that give the costs for 
city A and city B, respectively. 


. Find B — A and describe what each element 
in B — Arepresents. 


. Next year, all of the costs will increase by 
1096. Write two matrices that give next 
year's costs for the two cities. 


. MULTI-STEP PROBLEM А person has 85 coins in 
nickels, dimes, and quarters with a combined 
value of $13.25. There are twice as many 
quarters as dimes. 


a. Write a system of equations that models this 
situation. 


b. Write the system from part (a) as a matrix 
equation AX — B. 


c. Usean inverse matrix to find the number of 
each type of coin. 


3. OPEN-ENDED Consider the following matrices. 


т 
wP lias 
2 4 6 


a. Write a 2 х 2 matrix C such that C # A but 
det C = det A. 


b. Write a3 X 3 matrix D such that D + B but 
det D — det B. 
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departments: clothing (C), housewares (H), 
and electronics (E). Matrix A shows the total 
sales (in dollars) for two salespeople, Mary 

and Mark, in each department. Matrix B shows 
the commission on sales in each department. 
Which matrix is defined, AB or BA? Find this 
matrix and explain what its elements represent. 


Matrix A Matrix B 
Mary Mark C H E 


270 | 3% 5% 8% | 


. EXTENDED RESPONSE The atomic weights of 


three compounds are shown in the table. 
Compound | Formula 

Nitric acid 

Nitrous oxide 


| Water H,O 


a. Write a linear system using the formula for 
each compound. Let H, N, and O represent 
the atomic weights of hydrogen, nitrogen, 
and oxygen, respectively. 


. Write the coefficient matrix for the system 
and evaluate its determinant. 


. Can you use Cramer’s rule to solve the 
system? If so, find the atomic weights of 
hydrogen, nitrogen, and oxygen. If not, 
explain why not. 


. GRIDDED ANSWER A 


farmer harvests his crops 

and receives $2.35 per 

bushel of corn, $5.40 per 

bushel of soybeans, and 

$3.60 per bushel of wheat. 

The farmer harvests a 

total of 1700 bushels of 

crops and receives a total 

of $4837. The amount of 

corn harvested is 3.25 times 

the combined amount of 

soybeans and wheat harvested. How 
many bushels of wheat were harvested? 
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i: BIG IDEAS 


For Your Notebook 


Big ldea [7] : Solving Systems of Equations Using a Variety of Methods 


Method 


Graphing: Graph each equation in the 
system. A point where the graphs intersect 
is a solution. 


Substitution: Solve one equation for one 
of the variables and substitute into the 
other equation(s). 


Elimination: Multiply equations by 
constants, then add the revised equations 
to eliminate a variable. 


When to use | 


The equations have only two variables and 
are given in a form that is easy to graph. 


$ 


One of the variables in the system has a 
coefficient of 1 or —1. 


anil 


None of the variables in the system have a 
coefficient of 1 or —1. 


Cramer's rule: Use determinants to find 
the solution. 


Inverse matrices: Write the system as a 
matrix equation AX = B. Multiply each side 
by A? on the left to obtain the solution 
X-—A B, 


A $ 
The determinant of the coefficient matrix is 
not zero. 


The determinant of the coefficient matrix is 
not zero. 


Big (deo 6 : Graphing Systems of Equations and Inequalities 


System of equations 
with 1 solution 


Intersecting lines Coinciding lines 


Using Matrices 


2 
e 

* 

=] 
= 
Big (дев ж 
з 
“ 
2 
2 
> 
2 


| 


a b 
C 
a b 
C 
a b ka КЬ 
Ba alle ta 


System of equations 
with many solutions | 


JEJE II 
ie Ell 


| System of equations 
with no solution 


System of 
inequalities 


y 


Parallel lines Shaded region 


multipli 
a bille f|. 
c d|ig h| o 


af 4 "| 


ae + bg 


се + dg cf + dh 
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REVIEW KEY VOCABULARY 


* system of two linear equations • linear equation in three „ equal matrices, р. 187 
in two variables, p. 153 variables, p. 178 . scalar, p. 188 
* solution of a system of linear * system of three linear . scalar multiplication, p. 188 
equations, p. 153 equations in three variables, ; 
i | « determinant, p. 203 
* consistent, inconsistent, p.e eia 
independent, dependent, p.154 ^ + solution of a system of three * Cramer's rule, p. 205 
» substitution method, p. 160 linear equations, p. 178 • coefficient matrix, p. 205 
• elimination method, p. 161 * ordered triple, p. 178 * identity matrix, inverse 
; ; . i matrices, p. 210 
+ system of linear inequalities іп *MAtrix, p. 187 онай 
two variables, р. 168 * dimensions, elements of a * matrix of variables, p. 212 
• solution, graph of a system of matrix, p. 187 * matrix of constants, p. 212 


inequalities, p. 168 


VOCABULARY EXERCISES 
1 


Сору and complete: A system of linear equations with at least one solution is ? , 
while a system with no solutionis_?_. 


2. Copy and complete: A solution (x, y, z) of a system of linear equations in three 
variables is called a(n) ? . 


3. WRITING Explain when the product of two matrices is defined. 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding of 
the concepts you have learned in each lesson of Chapter 3. 


pp. 153-158 | 


Graph the system and estimate the solution. Check the solution algebraically. 


3Ix+y=3 Equation 1 
4x+3y=-1 Equation 2 


Graph both equations. From the graph, the lines appear 
to intersect at (2, —3). You can check this algebraically. 


3(2) + (-3) =3Y Equation 1 checks. 
4(2) + 3(-3) = -1Y Equation 2 checks. 


EXERCISES 
: EXAMPLE 1 Сгарһ the system and estimate the solution. Check the solution algebraically. 
id 4. 2x-y=9 5. 2x —3y = —2 6. 3x+y=6 
DEOS х + Зу = 8 x+y=-6 -x + 2у = 12 
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Chapter Review Practice 


pp. 160-167 


| Solve the system using the elimination method. 


2x + 5y = 8 Equation 1 
4x + 3y = —12 Equation 2 


Multiply Equation 1 by —2 so that the coefficients of x differ only in sign. 
2x + 5у = 8 x-2» 4х 10у = -16 
4х + Зу = —12 E АХ +: 3y— —12 
Add the revised equations and solve for y. —7y = —28 
y=4 
Substitute the value of y into one of the original equations and solve for x. 
2x + 5(4) = 8 Substitute 4 for y in Equation 1. 
2x = —12 Subtract 5(4) = 20 from each side. 
x=-6 Divide each side by 2. 
» The solution is (—6, 4). 


EXERCISES 
: EXAMPLES Solve the system using the elimination method. 
: 2 
; ТЕТЕ” т. 3x+2y=5 8. Зх + 5у = 5 9. 2x + Зу = 9 
: for Exs. 7-10 do ae 2x — 3y = 16 -3х + y=25 


10. FUEL COSTS The cost of 14 gallons of regular gasoline and 10 gallons of 
premium gasoline is $46.68. Premium costs $.30 more per gallon than 
regular. What is the cost per gallon of each type of gasoline? 


pp. 168-173. 


Graph the system of linear inequalities. 


3x —ys4 Inequality 1 
х+у>1 Іпедиаійу 2 
Graph each inequality in the system. Use а different color for 


each half-plane. Then identify the region that is common to 
both graphs. Itis the region that is shaded purple. 


| EXERCISES 
: EXAMPLE 1 | Graph the system of linear inequalities. 
pee ы. | Е 12. 2x + 3y>6 13. x+3y=5 
LAT TM ~x+2ys5 2x—ys8 =x+2y<4 
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juations in Three Variables рр. 178-185 - 


Solve the system. 
2x+y+3z=5 Equation 1 
-х + 3y+2=-14 Equation 2 
3x—y-2=11 Equation 3 


Rewrite the system as a linear system in two variables. Add —3 times Equation 1 to 
Equation 2. Then add Equation 1 and Equation 3. 


-6% — 3у —92= —15 2x+y+3z=5 
—x+3y+ z= –14 S4 — у – 22 = 11 
m: — 8z = —29 5x + z=16 
Solve the new linear system for both of its variables. 
—7х — 82 = —29 Add new Equation 1 to 


40x + 82 = 128 8 times new Equation 2. 


33x = 99 
x=3 Solve for x. 
z-l Substitute into new Equation 1 or 2 to find z. 


Substituting x = 3 and 2 = 1 into one of the original equations and solving for y 
gives y — —4. The solution is (3, —4, 1). 


EXERCISES 
: EXAMPLES | Solvethe system. 
i LAITT M 14. x—y+z= 10 15. 6x — y + 4z=6 16. 5x+ y—z=40 
Pais Ax * y - 22 = 15 —х—Зу+ а= 31 x+7y+4z=44 
кнн -3x + 5y — z = -18 2x + 2y — 5z = —42 -x + 3y+z= 16 


17. MUSIC Fifteen band members from a school were selected to play in the 
state orchestra. Twice as many students who play a wind instrument were 
selected as students who play a string or percussion instrument combined. 
Of the students selected, one fifth play a string instrument. How many of the 
students selected play each type of instrument? 


Perform Basic Matrix Operations pp. 187-193 


| EXAMPLE 


|| 


Perform the indicated operation. 


à <i], [| [eG чє] De d 
“la (e 1| lares swil |a 6] 
» al 2 o] [4-2 4|. |-8 o 

= s] 148 x] |19 20 
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: EXAMPLES 


: on pp. 188-189 
: for Exs. 18-23 


| EXERCISES 


Perform the indicated operation. 


wT gl? 19 
“la 3 EN ' 


: EXAMPLES 
: 2and 4 


ъ= $ aaa 


; for Exs. 24—28 


FindABifA=|-1 0 | апав = le il 
3 1 
4 5 
zc zm m 2H + S38) 209 + C-3JOD 
AB=|-1 0 | 3 | =| —1(-2) + 0(3) —1(3) + 0(1) 
„4 5 4(—2) + 5(3) 4(3) + 5(1) 
-13 3 
= 2 = 
T Y 
EXERCISES 
Find the product. 


s. fa | E 2 os | HE 710 -5 
| —6 —9 '"|1-5[[4 -3 
óg 4 —l 5 —2 4 ó 2 3116 —3 5 
^ E: 11а 12 6 i 03112 06-1 
28. MANUFACTURING A company manufactures three models of flat-screen 
color TVs: a 19 inch model, a 27 inch model, and a 32 inch model. The TVs are 
shipped to two warehouses. The numbers of units shipped to each warehouse 


are given in matrix A, and the prices of the models are given in matrix B. Write 
a matrix that gives the total value of the TVs in each warehouse. 


Matrix A Matrix В 

19in. 27in. 32in. Price 

Warehouse 1 | 5,000 6,000 8,000 19inch | $109.99 
Warehouse 2 | 4000 10,000 5,000 27inch | $319.99 


32inch | $549.99 


Chapter Review 


Evaluate Determinants and Apply Cramer's Rule pp. 203-209 


1 
Evaluate the determinant of | | 


5 7 
2 _| sam -say=4=5=9 
5 7| 
| EXERCISES 
: EXAMPLES Evaluate the determinant of the matrix. 
EE Е 4 š P H ji Ё 4 
: for Exs. 29-32 о 8 2 6 1 6 


32. SCHOOL SPIRIT You are making a large triangular pennant for your school 
football team. The vertices of the triangle are (0, 0), (0, 50), and (70, 20) 
where the coordinates are measured in inches. How many square feet of 
material will you need to make the pennant? 


Use Inverse Matrices to Solve Linear Systems 


{ 
| 
| 
| EXAMPLE | 
|| 


Use ап inverse matrix to solve the х — 2y = 14 
linear system at the right. 2x+y=8 


pp. 210-217 


Write the linear system as a matrix equation AX = B. 


i WIE [1H 
2 ile] 18 
Find the inverse of the coefficient matrix A. 
Pla 1 12| | 02 04 
І DD 2 I —0.4 0.2 
Then multiply the matrix of constants by A ! on the left. 
. | o2 од |[ 14 6 x 
= -i — = = 
em к С | | E H 


» The solution of the system is (6, —4). 


EXERCISES 
: EXAMPLE4 | Usean inverse matrix to solve the linear system. 
[npe E 2-и li 34. 3x+y=-1 35. Зх + 2y- -11 
кы ыан 2х-5у=9 —х+2у= 12 4x — Зу = 8 
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Graph the linear system and estimate the solution. Then check the solution 
algebraically. 


l. 4x+y=5 2. х+2у=—6 3. 2x — 3y = 15 4. 3X — y — 12 
3x—-y-2 -6x — 2y = —14 х- 5у= —3 -x + 8у = —4 


Graph the system of linear inequalities. 


5. 2x+y<6 6. х – Зу> 9 7. X 2у= -14 8. —3x + 4у> —12 
$3 5t- ys ye |x| y«-2|x]| +5 


Solve the system using any algebraic method. 


9. Зх+у=—9 10. 2х+Зу=—2 11. х+А4у=—26 
x —2y = —10 4х + Ту = —6 —5x — 2y = —14 
12.х-у+ж=—3 13. x+y+2=3 14. 2x — 5y —z = 17 
2х-у+52= 4 —x+3y+2z=—-8 х+ у + 32 = 19 
4х + 2у 2 = 2 5y +2 = 2 —4x + 6y + z= —20 


Use the given matrices to evaluate the expression, if possible. If not possible, 
state the reason. 


1 -2 3 5 -6 8 -1 4 = 4: —1, 8 
= |, Epa АЕ ЧЕ 0 MES -2 | 
15. 2A- B 16. С — ЗВ 17. A- 2D 18. 4D + Е 


19. AC 20. DE 21. (A+ B)D 22. A(C — B) 


Evaluate the determinant of the matrix. 


= 1 2 ы! 
ы" „| 9 25. | 0 3 3 26. |5 , 2 
“la 1 5 2 1 : я 
® 1 :=2 1 4 6 
Use an inverse matrix to solve the linear system. 
27. Зх + 4у = 6 28. 2x — Ty = —36 29. 5x + Зу = —5 30. Зх + 2у = 15 
4х + 5у = 7 x— 3y = —16 —9x — by = 12 —x + 4y = —33 


31. FINANCE А total of $15,000 is invested in two corporate bonds that pay 5% 
and 7% simple annual interest. The investor wants to earn $880 in interest 
per year from the bonds. How much should be invested in each bond? 


32. TICKET SALES For the opening day of a carnival, 800 admission tickets 
were sold. The receipts totaled $3775. Tickets for children cost $3 each, 
tickets for adults cost $8 each, and tickets for senior citizens cost $5 each. 
There were twice as many children's tickets sold as adult tickets. How 
many of each type of ticket were sold? 


33. BOATING On a certain river, a motorboat can travel 34 miles per hour with 


the current and 28 miles per hour against the current. Find the speed of 
the motorboat in still water and the speed of the current. 
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* Standardizec 


MULTIPLE CHOICE QUESTIONS 


If you have difficulty solving a multiple choice problem directly, you may be 
able to use another approach to eliminate incorrect answer choices and obtain 
the correct answer. 


On a treadmill, you jog at 6 miles per hour and sprint at 8 miles per hour. 


You cover 35 miles in i hour. How long did you spend at each activity? 
СА) 25 minutes jogging, 5 minutes sprinting 

(В) 20 minutes jogging, 10 minutes sprinting 

СС) 10 minutes jogging, 20 minutes sprinting 


(D> 5 minutes jogging, 25 minutes sprinting 


METHOD 1 | METHOD 2 


SOLVE DIRECTLY Write and solve a linear system. ELIMINATE CHOICES Another method is 

to eliminate incorrect answer choices by 
considering what happens if you jog the entire 
time or sprint the entire time. 


STEP? Write a system of equations. Let x be the 
jogging time and y be the sprinting time. 


бх + By = 35 Equation 1 STEP ] Find the distance you cover if you spend 
the entire time jogging or the entire time 
x+y= 5 Equation 2 sprinting. 


If you jog the entire time, then you cover 
6 • 5 = 3 miles. 


If you sprint the entire time, then you cover 


STEP 2 Solve Equation 2 for y to get y = 5 +“; 


STEP 3 Substitute >; — x for y in Equation 1 and 


solve for x. 
8 + 5 = 4 miles. 


2 Because 3i is closer to 3 than to 4, you 
—2x +4 = 35 must spend more time jogging than 
1 sprinting. So, you can eliminate choices C 
iR and D. 
STEP 4 Substitute the value of x into revised STEP 2 Calculate the distances for the г emaining 
Equation 2 and solve for y. choices. Use the fact that 5 min = + h. 
i жык йш 5 1. 3@ 1 
Choice A: 6 : 15 + 8. 1:719 36 miles 


You jog for 5 hour, or 20 minutes. 


1 = е A. А 2 = 40 = L i 
You sprint for : hour, or 10 minutes. Choice B26 12 TE 12 12 33 miles 
> The correct answer is B. (А) O © » The correct answer is B. СА) (В) СС) (DD 
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METHOD 1 


SOLVE DIRECTLY Find the inverse of matrix A by 
using the formula below. 


ЖР. 1 I a 


lall=c a 
The inverse ofA = | 3 PL 
-7T 6 

A`! = 1 6 3 
i M6- (a |7' 3 
s 2 [ES 
~ 18=2117 3 
__1/6 3 

tI 23 

=2 H 
—| * 


» The correct answer is D. СА) (В) © 


PRACTICE 


METHOD 2 
ELIMINATE CHOICES Use the fact that A !A = I to 
eliminate incorrect answer choices. 


Multiply the matrix in each answer choice by 
matrix A. You can stop as soon as you realize that 
the product A !A is not the identity matrix. 


1 0 39 —3 3 
Choice A: o JE 6 - |x 
2 1 ; | 
3 =з 1—1 
Choice В: 7 E sl" |x 
3 
: 1 ULT 3-3] [10 


Choice D: 


w|- 


3 a vb i 


» The correct answer is D. СА) СВ) (C) 


Explain why you can eliminate the highlighted answer choice. 


1. What is the solution of the system? 


xtytz-2 


2x — Sy +2 = 11 
x + 2y- 32 = —12 


(А) (1, —2,3) 


DES cal Ure 2 
ERE 
эъ Bpm : 


2. What is the solution of the matrix equation? | 


з eha 


3 © (3,—2,1) 


2 3 


(р) И, 3, —2) 


НЕ 
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MULTIPLE CHOICE 
1. 


3 


zl 


LN 


The two top-selling DVDs of 2003 grossed a 
combined total of $600.9 million. The top- 
selling DVD grossed $39.9 million more than 
the DVD ranked second. How much did the 
top-selling DVD gross? 


СА) $240.6 million 
(В) $280.5 million 
(С) $320.4 million 
(D> $561 million 


Which system has (0, 4) as a solution? 

(А) x+y=4 2x+y=-4 
E—)3—4 х-2у=8 

© 3x+2y=8 D -x+y=4 
x — 4y = —16 3x — 2y = 12 


Which system of inequalities is graphed 
below? 


(А) y>x-1 


(BD y«x-1 
2х + Зу<6 2х + 3y26 
© y«x-1 D y2x-1 
3x + 2y26 Is r2y«5 
You are buying scarves and gloves as gifts 


for family members. Each scarf costs $3 less 
than each pair of gloves. A pair of gloves 
costs $9. You buy 8 items for $66. How many 
scarves did you buy? 


(А) 2 (B 4 
O 5 D 6 
What is the solution of the matrix equation? 
Er ui 8 
oak 36 0 =] 
[2 -2 
| -7 3 
® : 7 ® [7 3) 
[ 8 15 -28 —39] 
© [5| Dal 
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6. A driver's education program consists of a total 


10. 


of 46 hours of classroom instruction, driving, 
and observation. You must spend 3 times as 
much time in the classroom as driving, and 
4 hours longer driving than observing. How 
much time do you spend driving? 


СА) 6 hours (B> 10 hours 
СС) 14 hours (D> 30 hours 


. What is the solution of the linear system? 


2x — Зу = 9 
y= 2х +2 
(А) (6, 6) 
® (9,3) 
СС) No solution 


(D> Infinitely many solutions 


. Which set of vertices forms a triangle having 


the same area as the triangle with vertices 
(1, —3), (2, 3), and (12, 2)? 


QD (—1,5),(2,3),(—12,2) 
(В) (0,0), (6, 6), (8,6) 
© (1,1), (8, 1), (72, -8) 
(—1, 0), (5, 9), (8, 0) 


. Madeline paid $19.43 for 6 packages of bulbs 


for her flower garden. The cost of 1 package 
of each type of bulb is shown. She bought 
twice as many packages of phlox bulbs as lily 
bulbs. How many packages of lily bulbs did 
she buy? 


bulbs | Phlox bulbs 


$2.24 


| $3.99 $2.61 


CA) None 
(C) 2 packages 


(В) 1 package 
(D> 3 packages 


Which matrix has no inverse? 
6 0| 4 6 
D o y o | + С 
-2 4 1 1 
© | s O Р 1 


)) STATE TEST PRACTICE 


^ classzone.com 
GRIDDED ANSWER SHORT RESPONSE 
1. What is the y-coordinate of the solution of 15. The matrix gives the records of the top four 
the linear system? teams in the National Hockey League for 
2 M the 2003-2004 regular season. Two points 
x — 5у = —10 | і 
x-+ 4y = 21 are awarded for each win (W), 1 point for 
each tie (Т), 0 points for each loss (L), and 1 
12. The solution of the linear system is point for each overtime loss (OL). How many 
(—1, —2, z). What is the value of z? points did each team earn? Explain. 
х+2у + 22= 7 mo DE 
р эй Detroit [48 21 11 2 
—4x + y — 3z = —16 Татра Вау 46 22 8 6 
PE Р i San Jose |43 21 12 6 
13. What is the determinant of the matrix? Boston |41 19 15 7 
2 1 4 
5 —5 ү 16. A second-run movie theater sells matinee 
1 9 -1 tickets for $4 on weekdays before 6 p.m. 
The theater sells regular tickets for $6 on 
14. For the matrix equation, what is the value of weekends and on weekdays after 6 p.m. In 
x + 4y? one week, the theater earned $6000. The 
EE 6) T3 Y iz 1 theater sold 890 more regular tickets than 
| — | | = | | matinee tickets. How many of each type of 
—2 3| |4y -2| |-10 8 ticket were sold? Explain. 
EXTENDED RESPONSE 


17. The table shows U.S. consumer spending on video games and at the box 
office (in dollars per person per year) for the years 1996 to 2002. 


a. Approximate the best-fitting line for the video game data. 
b. Approximate the best-fitting line for the box office data. 


c. Usethe best-fitting lines to estimate the year when consumer 
spending on video games will catch up to consumer spending at the 
box office. Explain how you found your answer. 


18. A triangle has an area of 100 square units. Its vertices 
are (0, 0), (20, 0), and (x, y). 


a. Write an equation involving a determinant that you 
can use to find the coordinates of the unknown vertex. 


b. Solve the equation. Show all of your steps. 


c. What does your answer tell you about the 
coordinates of the unknown vertex? 
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CUMULATIVE REVIEW 


Simplify the expression. (p. 10) 

1. Зх? – 8x + 12x — 5x? - 3x 2. 15x — 6x + 10y — Зу + 4x 3. 3(x +2) - 4х? + 3x +9 
Solve the equation. Check your solution. 

4. 6x —7 = —2x + 9 (p. 18) 5. 4(x — 3) = 16x + 18 (p. 18) 6. ix-3--ix- 3 (p. 18) 
7. |х+3| = 5 (р. 51) 8. |4x — 1| = 27 (p. 51) 9. |9 — 2x| = 41 (p. 51) 


Solve the inequality. Then graph the solution. 
10. 6(x — 4) > 2x + 8 (p. 41) 11. 3x —2 «8 (р. 41) 12. 2x « -60rx + 2» 5 (p. 41) 
13. |x— 4| «5 (p. 51) 14. |x + 3| > 15 (p. 51) 15. |6x + 1| «23 (p. 51) 


Find the slope of the line passing through the given points. Then tell whether 
the line rises, falls, is horizontal, or is vertical. (p. 82) 


BG. (3, 2); (71, 5) I7. (77,4), (5, —3) 18. (—4, —6), (—4, 4) 19. (-2, 3}, (2, з) 


Graph the equation or inequality. 


20. у= 3x + 5 (p. 89) 21. x — —6 (p. 89) 22. —x + 4y = 16 (p. 89) 
23. y = 2|x| (p. 123) 24. y= |x — 3| (р. 123) 25. y= —4|x| + 5 (p. 123) 
26. у=х — 7 (р. 132) 27. 2x + у> 1 (р. 132) 28. 2x — 5у> —15 (p. 132) 


Graph the relation. Then tell whether the relation is a function. (p. 72) 


Solve the system using any algebraic method. 


31. 4x – Зу = 32 32. 5x — 2y = -4 33. x y - 22 — —4 
-2x + у= —14 (p. 160) 3x + бу = 36 (p. 160) 3x4 y—4z- —6 
2x + Зу + 2 = 9 (p. 178) 


Use the given matrices to evaluate the expression. (p. 195) 
—2 6 a; l —4 8 1 0 -4 
a | 1 sa : в e p |p= Е 3 H 
34. B— 3A 35. 2(А + B) - C 36. (C — A)B 37. (B+ C)D 


Find the inverse of the matrix. (p. 210) 
38 5 4 39 6 9 40 =2 2 xs —3 B 
"|= 8 1-3 -4 ` 4 1 ` 2S —0 


42. CITY PARK A triangular section of a city park is being turned into a 
playground. The triangle's vertices are (0, 0), (15, 10), and (8, 25) where the 
coordinates are measured in yards. Find the area of the playground. (p. 203) 


Cumulative Review: Chapters 1-3 


43. 


44, 


45. 


46. 


47. 


BASEBALL The Pythagorean Theorem of Baseball is a formula for 
approximating a team's ratio of wins to games played. Let R be the number 
of runs the team scores during the season, A be the number of runs allowed 
to opponents, W be the number of wins, and T be the total number of 
games played. Then the formula below approximates the team’s ratio of 
wins to games played. (p. 26) 


w_ E 
T в +4? 


а. Solve the formula for W. 


b. In 2004 the Boston Red Sox scored 949 runs and allowed 768 runs. How 
many of its 162 games would you estimate the team won? Compare your 
answer to the team's actual number of wins, which was 98. 


HIGHWAY DRIVING A sport utility vehicle has a 21 gallon gas tank. On a 
long highway trip, gas is used at a rate of approximately 4 gallons per hour. 
Assume the gas tank is full at the start of the trip. (p. 72) 


a. Write a function giving the number of gallons g of gasoline in the tank 
after traveling for t hours. 


b. Graph the function from part (a). 
c. Identify the domain and range of the function from part (a). 


COMMISSION 4A real estate agent's commission c varies directly with the 
selling price p of a house. An agent made $3900 in commission after selling 
a $78,000 house. Write an equation that gives c as a function of p. Predict 
the agent's commission if the selling price of a house is $125,000. (p. 107) 


WASTE RECOVERY The table shows the amount of material (in millions of 
tons) recovered from solid waste in the United States from 1994 to 2001. 
Make a scatter plot of the data and approximate the best-fitting line. 
Predict the amount of material that will be recovered from solid waste in 
2010. (p. 113) 


ewe T. ras. 


WEIGHTLIFTING RECORDS The men's world weightlifting records for the 
105-kg-and-over weight category are shown in the table. The combined lift 
is the sum of the snatch lift and the clean and jerk lift. Let s be the weight 
lifted in the snatch and let j be the weight lifted in the clean and jerk. Write 
and graph a system of inequalities to describe the weights an athlete could 
lift to break the records for both the snatch and combined lifts, but not the 
clean and jerk lift. (p. 168) 


Men's 1054 kg World Weightlifting Records 


Clean and Jerk Combined 
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7 ® Quadratic Functions 
JA and Factoring 


Making Sense , _ EN. 
of Chapter 4 41 Graph Quadratic Functions in Standard Form 
Many real-life 4.2 Graph QuadraticFunctions in Vertex or Intercept Form 


situations can be TE - 

modeled by йай 43 Solve x^ + bx + c= 0 by Factoring 

functions, such as the 44 Solve ax? + bx + c= 0 by Factoring 

path of a baseball. By | ee г. e ж 
the nel of this барів 4.5 Solve Quadratic Equations by Finding Square Roc | 
you will be able to 4.6 Perform Operations with Complex Numbers 

ише аи апа отара 4.7 Complete the Square ^ 


quadratic functions. 


48 Use the Quadratic Formula and the Discriminant 


4.9 Graphand Solve Quadratic Inequalities 
4.10 Write Quadratic Functions and Models 


( Before | 


Previously, you learned the following skills, which you'll use in Chapter 4: 
evaluating expressions, simplifying expressions, and solving equations. 


& rc. ee "B oz -— 
il "ud D us Ue h Ш.Ш a 4 н ы e | . 24 byt 


VOCABULARY CHECK 


Copy and complete the statement. 


1. The x-intercept of the line shown is ? . 


2. The y-intercept of the line shownis_? . 


SKILLS CHECK 
Evaluate the expression. (Prerequisite skill for 4.1, 4.7) 
3. 1096° 4. (—5)° 5. 7^ +2" 6. 45+ 2° 


Simplify. (Prerequisite skill for 4.2, 4.4, 4.6) 
7. (¥+3)y¥t2) 8. (x-4(x+6) 9. (3h  7)(h 9) 10. (4n — 10)(3n— 1) 


Solve the equation. (Prerequisite skill for 4.3, 4.4) 
11. 2x+1=x 12. ox 4 —2X 13. 4x —3) = х 14. 6(x— 5) = 4(2x — 1) 


(QHomelutor Prerequisite skills practice at classzone.com 


In Chapter 4, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 317. You will also use the key vocabulary listed below. 


ғ 


U Graphing and writing quadratic functions in several forms 
e Solving quadratic equations using a variety of methods 
€) Performing operations with square roots and complex numbers 


KEY VOCABULARY 

• standard form of a * root of an equation, p. 253  * completing the square, 
quadratic function, p. 236 «zero of a function, р. 254 p. 284 

* parabola, p. 236 * square root, p. 266 * quadratic formula, p. 292 

* vertex form, p. 245 - complex number, p. 276 * discriminant, p. 294 

* intercept form, p. 246 imaginary number,p.276  *bestfitting quadratic 

* quadratic equation, p. 253 model, p. 311 


i sl TE a 
| SNA f 

=e л: 
A AA 


You can use quadratic functions to model the heights of projectiles. For example, 
the height of a baseball hit by a batter can be modeled by a quadratic function. 


" _* 


| L ! 
Fis [ Al a d PAS LK wem 
a —. E EY | | 1 d — 
PARES ТА. | 
= & 7 
j E 


The animation illustrated below for Example 7 on page 287 helps you answer this 
question: How does changing the ball speed and hitting angle affect the maximum 
height of a baseball? 


The function is now in vertex form; y =-16(t- 3 + 147 
Remember that the vertex of the parabola is at (h, K) and that the maximum height of the — 
baseball in fight i-k. What is the mmamum height of the baseball in feet? 


| Rewrite the function in vertex form to find 
а baseball in flight. ps «the maximum height of the ball. 


( Animated Algebra at classzone.com 


Other animations for Chapter 4: pages 238, 247, 269, 279, 300, and 317 


Сгарһ Quadratic Functions 
in Standard Form 


You graphed linear functions. 
You will graph quadratic functions. 
So you can model sports revenue, as in Example 5. 


» Um acti 


e parabola 
“кес : KEY CONCEPT 
* axis of symmetry - 
* minimum value : Parent Function for Quadratic Functions 
* maximum value : | | | ‚ | j 
|: The parent function for the family of all quadratic functions is f(x) = x^. The 
> graph of f(x) = x? is the parabola shown below. 
divides the url 
з mirror images and passes 
- The lowest or highest through the vertex. 
+ point on a parabola is 
> the vertex. The vertex 
: for flo = x? is (0, 0). 
= For f(x) = x°, and for any quadratic function g(x) = ах? + bx + c where b = 0, 
: the vertex lies on the y-axis and the axis of symmetry is x = 0. 
Graph a function of the form у = ax? 
Graph у = 2x”. Compare the graph with the graph of y = x’. 
Solution 
STEP? Make a table of values for у = 2x’. 
Bride БИЛЕН 1. > gl р | 5 2 
: Choose values of x on 
: both sides of the axis of 8 2 0 2 8 


: symmetry x = 0. 
STEP2 Plot the points from the table. 


STEP 3 Draw a smooth curve through the points. 


STEP 4 Compare the graphs of y = 2x? and y = x*. 
Both open up and have the same vertex and 
axis of symmetry. The graph of у = 2х? is 
narrower than the graph of y = x’. 
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| ExampLE 2 craph a function of the form y = ax? + c 


: SKETCH A GRAPH 


: Choose values of x that 
: are multiples of 2 so 

: that the values of y will 
: be integers. 


| 


Graph y = _;*° + 3. Compare the graph with the graph of y = х?. 


| Solution 


STEP? Make a table of values for y = 0 +3, 


STEP 2 Plot the points from the table. 
STEP 3 Draw a smooth curve through the points. 


STEP 4 Compare the graphs of y = 1 + 3 and 
y = x”. Both graphs have the same axis of 
symmetry. However, the graph of y = E t 3opens down and is 


wider than the graph of y = x’. Also, its vertex is 3 units higher. 


GUIDED PRACTICE — for Examples 1 and 2 
Graph the function. Compare the graph with the graph of y = x?. 
1. у= -Ax* 2. у= –ҳ? – 5 3, fo) = ix? +2 


GRAPHING ANY QUADRATIC FUNCTION You can use the following properties to 
graph any quadratic function y = ax? + bx + c, including a function where b # 0. 


KEY CONCEPT For Your Notebook 


Properties of the Graph of y = ax? + bx + c 
у= ах? + bx+¢,a>0 у= ах? + bx+¢,a<0 


Characteristics of the graph of y = ах? + bx + c: 


* The graph opens up if a > 0 and opens down if a « 0. 


* The graph is narrower than the graph of y = x? if |а| > 1 and wider if |a| « 1. 


* The axis of symmetry is x — — and the vertex has x-coordinate -2 


* The y-intercept is c. So, the point (0, c) is on the parabola. 


4.1 Graph Quadratic Functions in Standard Form 
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Graph a function of the form у = ax? + bx + c 


Graph y = 2x? — 8x + 6. 


Solution 


| 


STEP? Identify the coefficients of the function. The coefficients are a = 2, 
b = —8, and с = 6. Because a > 0, the parabola opens up. 


STEP 2 Find the vertex. Calculate the x-coordinate. 


; AVOID ERRORS — | E ER 
: Be sure to include | х= 2a 202) 


: the negative sign 

: before the fraction 
: when calculating the y = 2(2)* — 8(2) + 6 = -2 
: X-coordinate of the 
: vertex. 


Then find the y-coordinate of the vertex. 


So, the vertex is (2, —2). Plot this point. 
STE? 3 Draw the axis of symmetry x = 2. 


STEP 4 Identify the y-intercept c, which is 6. Plot the 
point (0, 6). Then reflect this point in the axis 
of symmetry to plot another point, (4, 6). 


STEP 5 Evaluate the function for another value of x, 
such as x = 1. 


y=2(0*-8()+6=0 


Plot the point (1, 0) and its reflection (3, 0) in 
the axis of symmetry. 


STEP 6 Draw a parabola through the plotted points. 


ge ebra 


а atclasszone.com 


ES K - 
FA A ee IET es 
GUIDED i 
M 
0 > 4 = 


Graph the function. Label the vertex and axis of symmetry. 


"E | for Example 3 


E NE _ app ENT — 
| 4y-2x —2x—1 5. у= 2х + 6x43 6. f(x) = ax 5х +2 


i- KEY CONCEPT For Your Notebook 


Minimum and Maximum Values 


Words 


Graphs 
maximum 


minimum 


ais positive ais negative 
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: INTERPRET 
: FUNCTIONS 


: Notice that a = —20 <0, 
: so the revenue function 
: has a maximum value. 


o> € EXAMPLE 4 ] Find the minimum or maximum value 


Tell whether the function y = 3x* — 18x + 20 has a minimum value or a 
maximum value. Then find the minimum or maximum value. 


Solution 


Because a > 0, the function has a minimum value. 
To find it, calculate the coordinates of the vertex. 


a ЕЕК 
£= a 23) ^? 


y = 3(3)* — 18(3) + 20 = -7 


Minimum 


» The minimum value is y = —7. You can check the aS 


answer on a graphing calculator. 


GO-CARTS A go-cart track has about 380 racers per week 
and charges each racer $35 to race. The owner estimates 
that there will be 20 more racers per week for every $1 
reduction in the price per racer. How can the owner of the 
go-cart track maximize weekly revenue? 


Solution 


STEP T Define the variables. Let x represent the price 
reduction and R(x) represent the weekly revenue. 


STEP 2 Write a verbal model. Then write and simplify a quadratic function. 


Revenue _ Price Attendance- 
(dollars) ~  (dollars/racer) (racers) 
+ + є 
R(x) = (35 — x) . (380 + 20x) 
R(x) = 13,300 + 700x — 380x — 20x* 
A ее > R(x) = —20x? + 320x + 13,300 


STEP 3 Find the coordinates (x, R(x)) of the vertex. 


=-2-= 30 . 
x 4 220) 8 Find x-coordinate. 


R(8) = —20(8)? + 320(8) + 13,300 = 14,580 Evaluate R(8). 


» The vertex is (8, 14,580), which means the owner should reduce the price per 
racer by $8 to increase the weekly revenue to $14,580. 


ACTICE | for Examples 4 and 5 
7. Find the minimum value of y = 4x? + 16x — 3. 


8. WHAT IF? In Example 5, suppose each $1 reduction in the price per racer 
brings in 40 more racers per week. How can weekly revenue be maximized? 
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4л EXERCISES HOMEWORK: (Ç) = WORKED-OUT SOLUTIONS 
KEY: on p. WS7 for Exs. 15, 37, and 57 


Ж = STANDARDIZED TEST PRACTICE | 
Exs. 2, 39, 40, 43, 53, 58, and 60 


| €- = MULTIPLE REPRESENTATIONS 
Ex. 59 


‘SKILL PRACTICE 


1. VOCABULARY Copy and complete: The graph of a quadratic function is 
called a(n) ? . 


2. * WRITING Describe how to determine whether a quadratic function has a 
minimum value or a maximum value. 


: EXAMPLE 1 | USING A TABLE Copy and complete the table of values for the function. 


: on p. 236 -— all 
: for Exs. 3-12 ыс 
5. 
MAKING A GRAPH Graph the function. Compare the graph with the graph of 
y=x". 
п y= 3x" 8. у = 5x? 9. y= —2x? 
10. y= –х? 1i. fi) = ix! 12. #0) = e 
jEXAMPLE2 | 13. у= 5x^ +1 14. у= Ax* +1 (5) fto = -x? «2 
: : on p. 237 3 1 
: for Exs. 13-18 16. g(x) = -2x^—5 17. fu) = qa —5 18. g(x) = E – 2 
ERROR ANALYSIS Describe and correct the error іп analyzing the graph of 
у= Ax* + 24x – 7. 
19. 20. 
The -coordinate of the vertex is: The y-intercept of the 
24 graph ie the value of c, 
2a 2(4) which is 7. 
: EXAMPLE3 | MAKING A GRAPH Graph the function. Label the vertex and axis of symmetry. 
: on p. 238 | = o. REUS E TUN =. 452 gk 
: for Exs. 21-32 21. y —x^ +2x+1 22. y= 3x^ —6x - 4 23. y dx” + 8x +2 
24. у= -2x^ — 6x +3 25. g(x) = -x^—2x- 1 26. f(x) = —6х^°—4х—5 
27. у= 22 —3x+ 6 28. у= —x* — Ax - 1 29. g(x) — a? +2x+2 
30. fix) = 52? +x-3 31. y= 2х2 — Ax 5 32. у= EP 4 
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MINIMUMS OR MAXIMUMS Tell whether the function has a minimum value or a 
maximum value. Then find the minimum or maximum value. 


33. y =-6x*-1 34. y - 9x^ +7 35. f(x) = 2x7 + 8x +7 


36. g(x) = —3x^ + 18x — 5 (87) fo v Sx +6x+4 38. y= e =F +s 


39. * MULTIPLE CHOICE What is the effect on the graph of the function 
у= х? + 2 when it is changed to y = x? — 3? 


The graph widens. (В) The graph narrows. 
СС) The graph opens down. (D> The vertex moves down the y-axis. 


40. * MULTIPLE CHOICE Which function has the widest graph? 


(А) y= 2х? (В) у= х? © у= 0.5х? D y=-x’ 


IDENTIFYING COEFFICIENTS In Exercises 41 and 42, identify the values of a, b, 
and c for the quadratic function. 


41. The path of a basketball thrown at an angle of 45° can be modeled by 
у= —0.02x* + x +6. 


42. The path of a shot put released at an angle of 35° can be modeled by 
у= —0.01x? + 0.7x + 6. 


43. * OPEN-ENDED MATH Write three different quadratic functions whose graphs 
have the line x = 4 as an axis of symmetry but have different y-intercepts. 


MATCHING In Exercises 44—46, match the equation with its graph. 


45. у= 0.5х? + 3 46. у = 0.5x? - 2х + 3 
B. 
МЕТИ Ew 
УЕ 
MAN 
MAKING A GRAPH Graph the function. Label the vertex and axis of symmetry. 
47. f(x) = 0.1x^ + 2 48. р(х) = —0.5х? — 5 49. y = 0.3x^ + Зх – 1 
50. у = 0.25x* — 1.5х + 3 51. f(x) = 4.2x + 6х – 1 52. g(x) = 1.75х° — 2.5 


53. * SHORT RESPONSE The points (2, 3) and (—4, 3) lie on the graph of a 
quadratic function. Explain how these points can be used to find an equation 
of the axis of symmetry. Then write an equation of the axis of symmetry. 


54. CHALLENGE For the graph of y = ax? + bx + c, show that the y-coordinate of 


2 
the vertex is b + с. 
4a 
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PROBLEM SOLVING 


: EXAMPLE 5 55. ONLINE MUSIC An online music store sells about 4000 songs each day when it 


: on p. 239 charges $1 per song. For each $.05 increase in price, about 80 fewer songs per 
: for Exs. 55-58 day are sold. Use the verbal model and quadratic function to find how the 
store can maximize daily revenue. 
"Revenue _ `  Priæ@ ss Sales 
(dollars) = (dollars/song) (songs) 


y y 
(1 + 0.05x) * (4000 — 80x) 


for problem solving help at classzone.com 


56. DIGITAL CAMERAS Ап electronics store sells about 70 of a new model of 
digital camera per month at a price of $320 each. For each $20 decrease 
in price, about 5 more cameras per month are sold. Write a function that 
models the situation. Then tell how the store can maximize monthly revenue 
from sales of the camera. 


@Нот‹ "utor for problem solving help at classzone.com 


GOLDEN GATE BRIDGE Each cable joining the two towers on the Golden Gate 
Bridge can be modeled by the function 


ар чүн iil 
у 3000* 15^ + 500 


where x and у are measured in feet. What is the height h above the road of 
a cable at its lowest point? 


4 
i 


220 ft 


jn [ | ji m | 
pf д | | i | 
шини"! "MITT 
Е. „д a H va Fi 
en " | {хх 
" 


- 
= | bd 


58. * SHORT RESPONSE A woodland jumping mouse hops along a parabolic 
path given by y = —0.2x* + 1.3x where x is the mouse's horizontal position 
(in feet) and y is the corresponding height (in feet). Can the mouse jump over 
a fence that is 3 feet high? Explain. 


59. № MULTIPLE REPRESENTATIONS A community theater sells about 
150 tickets to a play each week when it charges $20 per ticket. For each 
$1 decrease in price, about 10 more tickets per week are sold. The theater 
has fixed expenses of $1500 per week. 


a. Writing a Model Write a verbal model and a quadratic function to 
represent the theater's weekly profit. 


b. Making a Table Make a table of values for the quadratic function. 


c. Drawing a Graph Use the table to graph the quadratic function. Then 
use the graph to find how the theater can maximize weekly profit. 


СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED = MULTIPLE 
242 on p. WS1 TEST PRACTICE REPRESENTATIONS 


60. * EXTENDED RESPONSE In 1971, astronaut Alan Shepard hit a golf ball on 
the moon. The path of a golf ball hit at an angle of 45° and with a speed of 
100 feet per second can be modeled by 
mo D 
у= 10000 '* 
where x is the ball's horizontal position (in feet), y is the corresponding 


height (in feet), and g is the acceleration due to gravity (in feet per second 
squared). 


a. Model Use the information in the diagram to write functions for the 
paths of a golf ball hit on Earth and a golf ball hit on the moon. 


Earth: g = 32 ltsec? 


Moon: g = 5.3 ft/sec 2 


: GRAPHING b. Graphing Calculator Graph the functions from part (a) on a graphing 
: CALCULATOR calculator. How far does the golf ball travel on Earth? on the moon? 
: In part (Б), use 

: the calculator's 


: zero feature . І 
: to answer the * acalculation of the ratio of the distances traveled 


c. Interpret Compare the distances traveled by a golf ball on Earth and on 
the moon. Your answer should include the following: 


: questions. * a discussion of how the distances and values of g are related 


61. CHALLENGE Lifeguards at a beach 
want to rope off a rectangular 
swimming section. They have P feet 
of rope with buoys. In terms of P, 
what is the maximum area that the 

| swimming section can have? 


"MIXED REVIEW A 


Solve the equation. (p. 18) 


62..x-3=0 63. 3x+4=0 64. —-9x+7= –4х 5 
Gh. oe e e i 66. 0.7x + 3 = 0.2x — 2 67. 0.4x = —0.5x — 5 
; PREVIEW _ Graph the function. (p. 123) 
: Prepare for _ ы _ meu = = 
бөер 68. y= |x- 5| 69. у= – |х + 2] | 70. у= 3|х– 1 | 
: in Exs. 68-73. | 71, у= –4|х+ 1 | 72. f(x) =2|x-3| +6 73. g(x) = -5|x - 4| - 1 


74. AVERAGE SPEED You are driving on a road trip. At 9:00 A.M., you are 
340 miles west of Nashville. At 2:00 P.M., you are 70 miles west of Nashville. 
| Find your average speed. (р. 82) 
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anna ACTIVITY Use after Lesson 4.7 nelutor 


classzone.com 
Keystrokes 


Find Maximum and 
Minimum Values 


f a Y j 

| = T F н 
" ri 

| „A JA ү, 

UE TH 


Find the maximum value of y = —2x* — 10x — 5 and the value of x where it 
occurs. 


Graph function 


Graph the given function and select 
the maximum feature. 


STEP 2| Choose left bound 


Move the cursor to the left of the 
maximum point. Press EA. 


| 
1:value 
2:zero 
3:minimum 

maximum 
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5:intersect 
6:dy/dx 


J 


STEP 3| Choose right bound 


Move the cursor to the right of the 
maximum point. Press 17778. 


Right Bound? 
X=-1.4893 Y=5.4572 


Left Bound? 
X=-3.4042 Y=5.8646 


J 


STEP 4| Find maximum 
Put the cursor approximately on 


the maximum point. Press Ж ЕЩ. 


The maximum value of the function is у = 7.5 and occurs at x = —2.5. 


Tell whether the function has a maximum value or a minimum value. Then find 
the maximum or minimum value and the value of x where it occurs. 


2. f(x) = х? – Зх + З 


1. у= х^ – 6х +4 


3. у= -3x^ + 9x + 2 


4. y=0.5x2+08x-2 5. A(x) = jx -3x12 6. у= e + 6x—5 
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4.2 


* vertex form 
* intercept form 


: ANALYZE GRAPHS 


3 The graph of a Peco Te Cer eer а 
: quadratic function 


: y = a(x —h)* + kwhere 1 


: а> 0 is decreasing on 
: the interval (—, h) 

: and increasing on the 
: interval (h, +00). 


Graph Quadratic Functions 
in Vertex or Intercept Form 


You graphed quadratic functions in standard form. 
You will graph quadratic functions in vertex form or intercept form. 
So you can find the height of a jump, as in Ex. 51. 


: The graph of y = a(x — h)? + kis the 
> parabola y = ах? translated horizontally 


; Characteristics of the graph of 
| y-a(x— hy + k: 


> œ The vertex is (h, К). 


In Lesson 4.1, you learned that the standard form of a quadratic function is 
у= ах? + bx + c where a = 0. Another useful form of a quadratic function 


ertex form, y = a(x — h)? + К. 


KEY CONCEPT For Your Notebook 


: Graph of Vertex Form y = a(x — h}? + k 


h units and vertically k units. 
у= ax—h?+k 


* The axis of symmetry is x = h. 


: e The graph opens up if a » 0 and down if a « 0. 


Graph a quadratic function in vertex form 


Graph y — (e + 2)* +5. 


Solution 


STEP? Identify the constants a = -4, В = —2, and 
k = 5. Because a < 0, the parabola opens down. 


STEP 2 Plot the vertex (h, К) = (—2, 5) and draw the 
axis of symmetry x = —2. 


STEP 3 Evaluate the function for two values of x. 


x-0:y- -10 -2? +5=4 


x-2:y- -10 £2? & 5-1 


Plot the points (0, 4) and (2, 1) and their 
reflections in the axis of symmetry. 


STEP4 Draw a parabola through the plotted points. 
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[ EXAMPLE 2 | Use a quadratic model in vertex form | 


CIVIL ENGINEERING The Tacoma | 1 
Narrows Bridge in Washington has | 
two towers that each rise 307 feet 
above the roadway and are connected 
by suspension cables as shown. Each 
cable can be modeled by the function 


(x — 1400)? + 27 


qd 
У — 7000 х 
| where x and y are measured in feet. 
| What is the distance d between the 


two towers? 


| Not drawn to scale 
Solution 


The vertex of the parabola is (1400, 27). So, a cable's lowest point is 1400 feet from 
the left tower shown above. Because the heights of the two towers are the same, 
the symmetry of the parabola implies that the vertex is also 1400 feet from the 

| right tower. So, the distance between the two towers is d = 2(1400) = 2800 feet. 


Е forExamples 1 and 2 


Graph the function. Label the vertex and axis of symmetry. 


1. y=(x+2)?-3 2. y=-(x-D2+5 з. fix) = 3e - 3* 4 


4. WHAT IF? Suppose an architect designs a bridge with cables that can be 


modeled by y = aeos — 1400)? + 27 where x and y are measured in feet. 


Compare this function's graph to the graph of the function in Example 2. 


INTERCEPT FORM If the graph of a quadratic function has at least one x-intercept, 
then the function can be represented in intercept form, y = a(x — p)(x — q). 


KEY CONCEPT For Your Notebook 


Graph of Intercept Form y = а(х — р)(х — q) 
Characteristics of the graph of y = a(x — p)(x — q): 
• The x-intercepts are p and q. 


• The axis of symmetry is halfway 
between (p, 0) and (q, 0). It has 
Et 
2 


* The graph opens up if a > 0 and 
opens down if a « 0. 


equation x = 
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: AVOID ERRORS 


: Remember that the 

: x-intercepts for a 

: quadratic function 

: Written in the form 

: у= a(x — p)(x — q) are 


: p and q, not —p and —q. a na MEE ш 


Г ExaMPLE З craph a quadratic function in intercept form 


Graph y = 2(x  3)(x – 1). 


Solution 


.. STEP? Identify the x-intercepts. Because р = —3 
and q = 1, the x-intercepts occur at the 
points (—3, 0) and (1, 0). 


STEP 2 Find the coordinates of the vertex. 


у= 2(—1+3)(—1—1)=—8 


So, the vertex is (—1, —8). 


STEP 3 Draw a parabola through the vertex and 
the points where the x-intercepts occur. 


FOOTBALL The path of a placekicked football can 
be modeled by the function y = —0.026x(x — 46) 
where xis the horizontal distance (in yards) and 
y is the corresponding height (in yards). 


a. How far is the football kicked? 
b. What is the football's maximum height? 


Solution 


a. Rewrite the function as y = —0.026(x — 0)(x — 46). Because р = 0 and 
q = 46, you know the x-intercepts are 0 and 46. So, you can conclude 
that the football is kicked a distance of 46 yards. 


b. To find the football's maximum height, calculate the coordinates of 


the vertex. 
,P*4 0-46. 
— NE M 23 


у= —0.026(23)(23 — 46) = 13.8 


The maximum height is the y-coordinate of the vertex, or about 
13.8 yards. 


for Examples 3 and 4 


Graph the function. Label the vertex, axis of symmetry, and x-intercepts. 
в. y=( 37) 6. f(x) = 2(x — 4)(x + 1) 7. у= —(х + 1)(х— 5) 


8. WHAT IF? In Example 4, what is the maximum height of the football if the 
football's path can be modeled by the function y = —0.025x(x — 50)? 
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FOIL METHOD You can change quadratic functions from intercept form or vertex 
form to standard form by multiplying algebraic expressions. One method for 
multiplying two expressions each containing two terms is FOIL. 


: KEY CONCEPT For Your Notebook 


FOIL Method 


Words То multiply two expressions that each contain two terms, add the 
products of the First terms, the Outer terms, the Inner terms, and 
the Last terms. 


Example F О 1 L 
"m. Тр," | 
(х + 4) (x + 7) =44+7x + 4х + 28 = д2 + l1x + 28 
Nx Uf 


Change from intercept form to standard form 


|REVIEWFOIL —— Write у = —2(х + 5)(x — 8) in standard form. 
: For help with using cpu. Е 
: the FOIL method, see | y Ak Deuil — B) Write original function. 
: p. 985. | = —2(х2 — 8х + 5x — 40) Multiply using FOIL. 
| = —2(x* — 3x — 40) Combine like terms. 
= —2x? + 6x + 80 Distributive property 


(GI change from vertex form to standard form 


Write f(x) = 4(x — 1)? + 9 in standard form. 
Р) =4(х— 1)*+9 Write original function. 
= 4(х — D(x- 1) +9 Rewrite (x — 1)?. 
=4(x*-x-—x+1)+9 Multiply using FOIL. 
=4A(x* -2x+1)+9 Combine like terms. 
=4х°—8х+4+9 Distributive property 
= 4x? — 8x + 13 Combine like terms. 
Y GumepPmacrice | for Examples 5 and6 
| Write the quadratic function in standard form. 

9. y =-—(x- 2)(x — 7) 10. y= —4(x — 1)(x +3) 
11. f(x) = 2(x + 5)(x + 4) 12. у= —7(х — 6)(x + 1) 
13. у= —3(х+5)^—1 14. g(x) = 6(x — 4)* — 10 
15. f(x) = -(x + 2)* +4 16. y= 2(х – 3)? +9 
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EXERCISES HOMEWORK: () = WORKED-OUT SOLUTIONS 
4.2 KEY: on p. WS8 for Exs. 19, 29, and 53 


* = STANDARDIZED TEST PRACTICE | 
Exs. 2, 12, 22, 54, and 55 


- SKILL PRACTICE 


; EXAMPLE 1 


: on p. 245 
: for Exs. 3-12 


: EXAMPLE 3 


*hebresdebesheetesésetess| 


: : on p. 247 
: for Exs. 13-23 


: EXAMPLES 


B ERE 


: on p. 248 
: for Exs. 24-32 


1. VOCABULARY Copy and complete: A quadratic function in the form 
y-a(x- №)? -kisin ? form. 


2. * WRITING Explain how to find a quadratic function's maximum value or 
minimum value when the function is given in intercept form. 


GRAPHING WITH VERTEX FORM Graph the function. Label the vertex and axis of 
symmetry. 


3. у = (х – 3)? 4 qid x 5. f(x) = -(x + 3^ +5 
6. у= З(х – 7)2 – 1 7. р(х) = —4(x - 2)? + 4 8. у= 2(х + 1)? – 
9. f(x) = —2(х— 12-5 10. у= -x+ 2)2 +1 П. у= 36-3? +2 
12. * MULTIPLE CHOICE What is the vertex of the graph of the function 

у= 3(x + 2)? – 

СА) (2, —5) (2, —5) © (—5, 2) (D (5, —2) 


GRAPHING WITH INTERCEPT FORM Graph the function. Label the vertex, axis of 
symmetry, and x-intercepts. 


13. y= (x + 3)(x — 3) 14. у= (x+ D(x — 3) 15. у= 3(x + 2)(x + 6) 
16. f(x) = 2(x — 5)(x - 1) 17. y= —(x — 4)(x + 6) 18. р(х) = —A(x + 3)(x +7) 
(9) у= EFI ED) 20. f(x) = —2(x — 3)(x + 4) 21. y= 4(x — 7)(x + 2) 


22. Ж MULTIPLE CHOICE What is the vertex of the graph of the function 
у= —(x — 6)(х + 4)? 


СА) (1, 25) (В) =]; 21) © =; 4) D (6, —4) 
23. ERROR ANALYSIS Describe and correct 


the error in analyzing the graph of the The x-intercepts of the graph 
function y = 5(x — 2)(x + 3). are 2and 3. 


WRITING IN STANDARD FORM Write the quadratic function in standard form. 


24. у= (х + A)(x + 3) 25. y= (x — 5)(х + 3) 26. h(x) = 4(x + 1)(х — 6) 
an y—-3ix-— 2)6— 4) 28. f(x) = (x + 5)? —2 (29) у= &-3* +6 
30. g(x) = —(x + 6)? + 10 31. y=5(x + 3?— 4 32. f(x) = 12(x - D? - 4 


MINIMUM OR MAXIMUM VALUES Find the minimum value or the maximum 
value of the function. 


33. y = 3(x – 3)? — 4 34. g(x) = —4(x + 6)? — 12 35. у = 15(x — 25)? + 130 
36. f(x) = 3(x + 10)(x — 8) 37. у= —(x — 36)(x + 18) 38. y= —12x(x — 9) 
39. у= 8x(x + 15) 40. y= 2(x — 3)(x — 6) 41. g(x) = —5(x + 9)(x — 4) 
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42. GRAPHING CALCULATOR Consider the function у = a(x — h)? + k where 
a=1,h=3,and К = —2. Predict the effect of each change in a, h, or k 
described in parts (a)-(c). Use a graphing calculator to check your prediction 
by graphing the original and revised functions in the same coordinate plane. 


a. achanges to —3 b. h changes to —1 c. kchanges to 2 


MAKING A GRAPH Graph the function. Label the vertex and axis of symmetry. 
43. у= 5(x — 2.25)? — 2.75 44. р(х) = -8(x+ 3.2? +64 45. у= —0.25(x — 5.2)? + 8.5 


46. у= -25 E I| T 4 47. f(x) = Ha + 5) (x + 8) 48. g(x) = 2x = +(х — 2) 


49. ANALYZING A GRAPH On what interval(s) are the values of f(x) = —2(x + 1) (х — 5) 
positive? negative? 


50. CHALLENGE Write y = a(x — h)? + k and y = a(x — p)(x — q) in standard 


form. Knowing the vertex of the graph of y = ах? + bx + c occurs at x = -2 
show that the vertex of the graph of y = а(х — h)? + k occurs at x = h and that 
the vertex of the graph of y = a(x — p)(x — q) occurs at x = РА, 


PROBLEM SOLVING 


: EXAMPLES 51. BIOLOGY The function y = —0.03(x — 14)* + 6 models the jump of a 

: 2and4 red kangaroo where x is the horizontal distance (in feet) and y is the 

: on pp. 246-247 corresponding height (in feet). What is the kangaroo's maximum height? 
: for Exs. 51—54 How long is the kangaroo's jump? 


ЕЕС CE 


@Homelutor for problem solving help at classzone.com 


52. CIVIL ENGINEERING The arch of the Gateshead Millennium Bridge forms a 
parabola with equation y = —0.016(x — 52.5)? + 45 where x is the horizontal 
distance (in meters) from the arch's left end and y is the distance (in meters) 
from the base of the arch. What is the width of the arch? 


| T 
-- Ш к 
— RE pae 


(63) MULTI-STEP PROBLEM Although a football field appears to be flat, its 
surface is actually shaped like a parabola so that rain runs off to both 
sides. The cross section of a field with synthetic turf can be modeled by 


y = —0.000234x(x — 160) YA surface of 
where x and y are measured in feet. football field 
a. What is the field’s width? ! 
b. What is the maximum height of the field's surface? Not drawn to scale * 
C = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 


250 on p. WS1 TEST PRACTICE 


: PREVIEW 


= CEBA 


: Prepare for 
: Lesson 4.3 
: in Exs. 57—64. 


54. * SHORT RESPONSE A jump on a pogo a 40 HEPES Chee 
stick with a conventional spring can be = Fanaka 
modeled by y = —0.5(x — 6)? + 18, anda 5 30 s AHA 
jump on a pogo stick with a bow spring can = | 
be modeled by y = —1.17(x — 6)? + 42, where 8.20 CACC 
x and y are measured in inches. Compare S prt en 
the maximum heights of the jumps on the 5 10 conventional 
two pogo sticks. Which constants in the -" 0 spring | | 
functions affect the maximum heights of 0 2 4 6 8 10 


the jumps? Which do not? 


Horizontal position (in.) 


55. * EXTENDED RESPONSE A kernel of popcorn contains water that expands 
when the kernel is heated, causing it to pop. The equations below give 
the “popping volume” y (in cubic centimeters per gram) of popcorn with 
moisture content x (as a percent of the popcorn's weight). 


Hot-air popping: y = —0.761(x — 5.52) (x — 22.6) 
Hot-oil popping: y = —0.652(x — 5.35)(x — 21.8) 


a. Interpret For hot-air popping, what moisture content maximizes popping 
volume? What is the maximum volume? 


b. Interpret For hot-oil popping, what moisture content maximizes popping 
volume? What is the maximum volume? 


c. Graphing Calculator Graph the functions in the same coordinate plane. 
What are the domain and range of each function in this situation? Explain 
how you determined the domain and range. 


56. CHALLENGE Flying fish use their pectoral fins like airplane 
wings to glide through the air. Suppose a flying fish 
reaches a maximum height of 5 feet after flying a 
horizontal distance of 33 feet. Write a quadratic 
function у = a(x — h)* + k that models the flight 
path, assuming the fish leaves the water at (0, 0). 
Describe how changing the value of a, h, or k 
affects the flight path. 


‘MIXED REVIEW -—— | 


Solve the equation. 

57. x —5 = 0 (p. 18) 58. 2x + 3 = 0 (p. 18) 

59. 23x — 14 = —5x — 7 (p. 18) 60. —5(3x + 4) = 17x + 2 (p. 18) 
61. |x— 9| = 16 (p. 51) 62. |4x - 9| = 27 (p. 51) 

63. |7 — 2x| = 1 (p. 51) 64. |3 — 5x| = 7 (p. 51) 


Use the given matrices to perform the indicated operation, if possible. If not 
possible, state the reason. 


ма —1 3} ,_|2 -6 = “i 4) 2,12 а me |172 4 
^| жэш "I3 ger’ |«3 BR |B 1 #[| la е B8 


65. 2А + B (p. 187) 66. 3(B + C) (р. 187) 67. D — 4E (р. 187) 
68. AB (p. 195) 69. A(B — C) (p. 195) 70. A(CD) (p. 195) 
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Solve x^ + bx + c- 0 
by Factoring 


You graphed quadratic functions. 


You will solve quadratic equations. 
So you can double the area of a picnic site, as in Ex. 42. 


lary A monomial is an expression that is either a number, a variable, or the product of 
. mondmial a number and one or more variables. A binomial, such as x + 4, is the sum of two 


il, such as x + 11x + 28,1 is the sum of three monomials. 


• binomial monomials. A trinomi: 


* trinomial You know how to use FOIL to write (x + 4)(x + 7) asx* + 11x + 28. You can use 

• quadratic equation factoring to write a trinomial as a product of binomials. To factor х? + bx + c, find 

e root of an equation integers mand л such that: 

e zero of a function i p NE E EU ae 
= д? + (т + п)х + mn 


So, the sum of т and п must equal b апа the product of т апа п must equal с. 


Factor trinomials of the form x? + bx + c 


Factor the expression. 


a. х2 – 9х + 20 b. х2 + 3х — 12 


Solution 


a. You want x^ — 9x + 20 = (x + m)(x + n) where mn = 20 and m + n = —9. 


: AVOID ERRORS 5 
: When factoring 


: X? + bx + c where c» 0, 
: you must choose factors 
:x+mandx + n such 

: that m and n have the 

: same sign. 


1,20 | 1-20 


=}. at = 


21 =21 


2, 10 
12 


Factors of 20: m,n 


-2,10| 4,5 
Sum of factors: m + п | 


—12 9 


> Notice that m = —4 and n = —5. So, х? — 9x + 20 = (x — 4)(x — 5). 
b. You want x? + 3x — 12 = (x  m)(x + n) where mn = -12 and m + n = 3. 
Factorsof-12:mn | -1,12 | 1-12 | -2,6 
Sumoffactorssm-n | 11 | -11 | 4 


2-6 | -34 | 3-4 
= LT [ s 


> Notice that there are no factors m and п such that m + n = 3. 
So, x^ + 3x — 12 cannot be factored. 


Y GUIDED PRACTICE — for Example 1 


Factor the expression. If the expression cannot be factored, say so. 


1. x -3x — 18 2. n — Зп + 9 3. r? + 2r — 63 
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FACTORING SPECIAL PRODUCTS Factoring quadratic expressions often involves 
trial and error. However, some expressions are easy to factor because they follow 
special patterns. 


KEY CONCEPT For Your Notebook 


Special Factoring Patterns 
Pattern Name | Pattern . Example 
Difference of Two Squares | à? — b^ = (а + b(a- b) | x* -4— (x + 2)(x — 2) 


Perfect Square Trinomial а? + 2ab + b? = (a + b)? | xê + 6х +9 = (х + 3)? 
|a -2ab- b? = (a-b)? | xi 4х +4 = (х 2)? 


| EXAMPLE 2 | Factor with special patterns 


Factor the expression. 
а. х2 – 49 = д? – 7? Difference of two squares 
= (x + 7)(x T) 
b. d? + 12d + 36 = d + 2(d)(6) + 6° Perfect square trinomial 
= (4 + 6)* 
с. 22 — 262 + 169 = 2° — 2(2)(13) + 132 Perfect square trinomial 
= (z — 13)? 


RACTICE for Example 2 


Factor the expression. 


4. х2 – 9 5. q^ — 100 6. y^ + 16y + 64 7. и? — 18w + 81 


SOLVING QUADRATIC EQUATIONS You can use factoring to solve certain 
quadratic equations. А quadratic equation in one variable can be written in 
the form ах? + bx + c = 0 where a % 0. This is called the standard form of the 
equation. The solutions of a quadratic equation are called the roots of the 
equation. If the left side of ax? + bx + c = 0 can be factored, then the equation 


can be solved using the zero product property. 


i: KEY CONCEPT For Your Notebook 


Zero Product Property 


Words If the product of two expressions is zero, then one or both of 
the expressions equal zero. 


Algebra IfA and Bare expressions and AB = 0, then A = 0 or B = 0. 


Example If (х + 5)(х + 2) =0,thenx+5=00rx+2=0. Thatis, х = —5 
orx = —2. 
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EXAMPLE 3 


* 


Standardized Test Practice 


What are the roots of the equation x* — 5x — 36 = 0? 


: UNDERSTAND 
ANSWER CHOICES : 
Sometimes a ® -4,-9 ® 4—9 O -49 D 4,9 
: standardized test 
: question may ask for Solution 
: the solution set of an 
: equation. The answer х? – 5х – 36 = 0 Write original equation. 
: choices will be given in EUA BD ИЕ 


: the format (a, b}. 
x-9=0 or х+4=0 Zero product property 


x=9 or х=—4 Solve for x. 


| » The correct answer is C. © ®© O Ф) 


NATURE PRESERVE A town has a nature preserve with a 
rectangular field that measures 600 meters by 400 meters. The | 400 m 
town wants to double the area of the field by adding land as 
shown. Find the new dimensions of the field. 


Original 


field "Um 
Solution 
_Newarea _ Newlength - New width 
(square meters) — (meters) * (meters) | — Additiotalland A 
+ Y ҹӱ 
2(600)(400) = (600 + х) . (400 + x) 
480,000 = 240,000 + 1000x + x? Multiply using FOIL. 
0 = x* + 1000x — 240,000 Write in standard form. 
0 = (x — 200) (х + 1200) Factor. 
x — 200 = 0 or x+1200=0 Zero product property 
x= 200 or x= —1200 Solve for x. 


> Reject the negative value, —1200. The field’s length and width should each be 
increased by 200 meters. The new dimensions are 800 meters by 600 meters. 


GUIDED : RA TICE | for Examples 3 and 4 


8. Solve the equation x^ — x — 42 = 0. 
9. WHAT IF? In Example 4, suppose the field initially measures 


1000 meters by 300 meters. Find the new dimensions of the field. 


ZEROS OF A FUNCTION In Lesson 4.2, you learned that the x-intercepts of the 
graph of y = a(x — p)(x — д) are p and q. Because the function's value is zero when 
x = pand when x = q, the numbers p and q are also called zeros of the function. 
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D [ Example 5 Find the zeros of quadratic functions 


: UNDERSTAND Find the zeros of the function by rewriting the function in intercept form. 


EO d y 10 b. у= х? + 12х + 36 


: If a real number К is 

: a zero of the function 
: y = ах? + bx + c, then 
: kis an x-intercept а. y-x^—-x-—12 Write original function. 
: of this function's 
: graph and kis also a -(x*3)x-4) Factor. 

: root of the equation The zeros of the function are —3 and 4. 


: ax? + bx + c= 0. 
CHECK Graph y = x* — x — 12. The graph 
passes through (—3, 0) and (4, 0). 


Solution 


b. у= x? + 12x + 36 Write original function. 
= (x + 6)(x + 6) Factor. 
The zero of the function is —6. 


CHECK Graph y = х? + 12x + 36. The graph 
passes through (—6, 0). 


Y Guwep Practice — forExamples 


Find the zeros of the function by rewriting the function in intercept form. 


10. у= х? + 5х – 14 ll. у= x* — 7x — 30 12. f(x) = х? — 10x + 25 


HOMEWORK: () = wORKED-OUT SOLUTIONS 
KEY: on p. WS8 for Exs. 33, 47, and 67 


* = STANDARDIZED TEST PRACTICE 
Exs, 2, 41, 56, 58, 63, and 71 


: «f = MULTIPLE REPRESENTATIONS 
E Ex. 68 


4.3 EXERCISES 


SKILL PRACTICE 


1. VOCABULARY What is a zero of a function у = f(x)? 


2. k WRITING Explain the difference between a monomial, a binomial, and a 
trinomial. Give an example of each type of expression. 


: EXAMPLE 1 FACTORING Factor the expression. If the expression cannot be factored, say so. 


E ERA 


: опр. 252 d. х2 + бу +5 4. х2— 7х + 10 5. а2— 13a + 22 
: for Exs. 3-14 
6. r^ + 15r + 56 7. p ^ 2p - 4 8. q? — 119 + 28 
9. b? + 3b — 40 10. х2 — 4х — 12 11. х2 — 7x — 18 
12. c^ — 9c — 18 13. x? + 9x — 36 14. т? + 8m — 65 
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: EXAMPLE2 | FACTORING WITH SPECIAL PATTERNS Factor the expression. 


E SFP 


: On p. 253 суз 9}... = + 

torbe was | 25 x^ — 36 16. b^ — 81 17. x^ — 24x + 144 
18. i? — 16t + 64 19. x? + 8x + 16 20. с? + 28c + 196 
21. п? + 14п + 49 22. s? — 26s + 169 23. z^ — 121 


: EXAMPLE3 | SOLVING EQUATIONS Solve the equation. 


: on p. 254 24. x3 - 8x + 12-0 25. x - 11x - 30-0 26. 32 + 2х - 35 = 0 
: for Exs. 24—41 
27. a^ —49 = 0 28. 02 6р +9 = 0 29. с2 + 5с+4 = 0 
30. n? – бп = 0 31. 2 + 107+ 25 = 0 32. и? — 160 + 48 = 0 
| @s) 2 - 32 = 54 34. r^ + 2r — 80 35. u* — —9u 
36. т? = 7m 37. 14x – 49 = х? 38. —3y + 28 = y? 


ERROR ANALYSIS Describe and correct the error in solving the equation. 


39. 40. 
6 Tr 6 14 


(x 2)(x 3) (x G)(x 1) 14 
О or x 14 or x 14 
2. or X è or x 12 
41. * MULTIPLE CHOICE What are the roots of the equation x? + 2x — 63 = 0? 


QD 7-9 (B -7,-9 © -79 © 7,9 


: EXAMPLE4 | WRITING EQUATIONS Write an equation that you can solve to find the value of x. 


" EA 


42. Arectangular picnic site measures 24 feet by 10 feet. You want to double the 


= Tor Exs, 42-43 site's area by adding the same distance x to the length and the width. 


43. Arectangular performing platform in a park measures 10 feet by 12 feet. You 
want to triple the platform's area by adding the same distance x to the length 
and the width. 


: EXAMPLES | FINDING ZEROS Find the zeros of the function by rewriting the function in 


CERA 


: on p. 255 intercept form. 
: for Exs. 44—55 


44. у= х? + 6х + 8 45. у= x^ — 8x + 16 46. у = х? — 4х — 32 
(47) y =x + тх 30 48. f(x) =1%+1llx 49. р(х) = x^ — 8х 

50. y= х? — 64 51. у= х? – 25 52. f(x) = х? — 12x — 45 

53. р(х) = x^ + 19x + 84 54. у= x^ + 22x + 121 55. y=x2+2x+1 


56. Ж MULTIPLE CHOICE What are the zeros of f(x) = x^ + 6x — 55? 
(А) —11,—5 (В) —11,5 © —5,11 (D 5,11 


57. REASONING Write a quadratic equation of the form х? + bx + c = 0 that has 
roots 8 and 11. 


58. * SHORT RESPONSE For what integers b can the expression x? + bx + 7 be 
factored? Explain. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
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GS GEOMETRY Find the value of x. 


59. 


61. 


63. 


64. 


Area of rectangle = 36 60. Area of rectangle = 84 
x x+2 
x+5 x+7 
Area of triangle = 42 62. Area of trapezoid = 32 


x+6 


x+2 


* OPEN-ENDED MATH Write a quadratic function with zeros that are 
equidistant from 10 on a number line. 


CHALLENGE Is there a formula for factoring the sum of two squares? You will 
investigate this question in parts (a) and (b). 


a. Consider the sum of two squares x* + 16. If this sum can be factored, 
then there are integers m and n such that x* + 16 = (x + m)(x + n). Write 
two equations that т and n must satisfy. 


b. Show that there are no integers m and n that satisfy both equations 
you wrote in part (a). What can you conclude? 


PROBLEM SOLVING 


: EXAMPLE 4 


= EEE AAA 


: on p. 254 
: for Exs. 65-67 


65. 


SKATE PARK A city’s skate park is a rectangle 100 feet long by 

50 feet wide. The city wants to triple the area of the skate park by 
adding the same distance x to the length and the width. Write 
and solve an equation to find the value of x. What are the new 
dimensions of the skate park? 


DHomelutor 


@Home for problem solving help at classzone.com | 
ZOO Arectangular enclosure at a zoo is 35 feet long by 18 feet wide. The zoo 
wants to double the area of the enclosure by adding the same distance x to 


the length and the width. Write and solve an equation to find the value of x. 
What are the new dimensions of the enclosure? 


FTT mo al M 
@Нот‹ Tuto, F for problem solving help at classzone.com 


MULTI-STEP PROBLEM A museum has a café witha — - — 
rectangular patio. The museum wants to add 464 square | ] = 
feet to the area of the patio by expanding the existing 
patio as shown. 


a. Find the area of the existing patio. 


b. Write a verbal model and an equation that you can 
use to find the value of x. 


c. Solve your equation. By what distance x should the 
length and the width of the patio be expanded? 
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68. 4j MULTIPLE REPRESENTATIONS Use the diagram shown. 


a. Writing an Expression Write a quadratic trinomial that represents 
the area of the diagram. 


b. Describing a Model Factor the expression from part (a). Explain how 
the diagram models the factorization. 


c. Drawing a Diagram Draw a diagram that models the factorization 
х? + 8x4 15 = (x + 5) (x + 3). 


69. SCHOOL FAIR At last year's school fair, ап 18 foot by 15 foot rectangular 
section of land was roped off for a dunking booth. The length and width 
of the section will each be increased by x feet for this year's fair in order to 
triple the original area. Write and solve an equation to find the value of x. 
What is the length of rope needed to enclose the new section? 


70. RECREATION CENTER A rectangular deck for a recreation center is 21 feet 
long by 20 feet wide. Its area is to be halved by subtracting the same distance 
x from the length and the width. Write and solve an equation to find the 
value of x. What are the deck's new dimensions? 


71. * SHORT RESPONSE A square garden has sides that are 10 feet long. A 
gardener wants to double the area of the garden by adding the same distance 
x to the length and the width. Write an equation that x must satisfy. Can you 
solve the equation you wrote by factoring? Explain why or why not. 


72. CHALLENGE A grocery store wants to double 300 ft 
the area of its parking lot by expanding the 165 ft 
existing lot as shown. By what distance x 
should the lot be expanded? 


Grocery store 
SS 


15 


Old lot 
Ke Expanded part of lot 


Li # 
L———^——————————————M шы ны. в. ла аы ша. аш аш На пи аш а ы шш аы а жа Um па аш UR MAU * 


MIXED REVIEW = 


¡ PREVIEW | Solve the equation. 
: Prepare for 1 = E e 
: Lesson 4.4 73. 2x — 1 = 0 (p. 18) 74. 3x + 4 = 0 (p. 18) 75. —8x + 7 = 0 (p. 18) 
: in Exs. 73—81. 76. 6x + 5 = 0 (p. 18) 77. 4x — 5 = 0 (p. 18) 78. 3x + 1 = 0 (p. 18) 
79. Ix - 6| =7 (p. 51) 80. |2x — 5| = 10 (p. 51) 81. |4 — 3х| = 8 (p.51) 
Graph the function. 
82. y = Зх — 1 (p.89) 83. f(x) = -3x + 2 (p. 89) 
84. y= |x — 4| — 4 (p. 123) 85. y=hlx+ 1| +2 (p. 123) 
86. у= —2x? + 8x + 7 (p. 236) 87. g(x) = —2(х + 1)* — 4 (p. 245) 
88. f(x) = (x + 4)(x — 2) (р. 245) 89. y — —(x — 3)(x — 7) (p. 245) 
90. PARK DESIGN A city plans to place a playground in a triangular region of 


a park. The vertices of the triangle are (0, 0), (14, 3), and (6, 25) where the 
| coordinates are given in feet. Find the area of the triangular region. (p. 203) 
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° tl. | » 252 


Solve ах? + bx + c- 0 
by Factoring 


You used factoring to solve equations of the form x? + bx + c= 0. 
You will use factoring to solve equations of the form ax? + bx + с = 0. 
So you can maximize a shop's revenue, as in Ex. 64. 


To factor ax? + bx + c when a # 1, find integers k, I, т, and n such that: 
ах? + bx + c= (kx + т)(1х+ n) 


So, Капа / must be factors of a, and m and n must be factors of c. 


= klx? + (kn + Im)x + mn 


Factor ах? + bx + cwhere с> 0 


: FACTOR 
: EXPRESSIONS 


: When factoring 
j : ах? + bx + c where 
: а> 0, it is customary to 
: choose factors kx + m 
: and Ix + n such that k 
: and / are positive. 


Factor 5х2 — 17x + 6. 


Solution 


You want 5x? — 17x + 6 = (kx + т)(1х + n) where k and lare factors of 5 and m 
and л are factors of 6. You can assume that k and l are positive and k> I. Because 
mn » 0, m and n have the same sign. So, т and n must both be negative because 
the coefficient of x, —17, is negative. 


51 | 51 5,1 
т,п "y nu" “3-3 
(х + піп) | (5х – 6x – 1) | (5х – 10х– 6) | Gx-3(x-2) | Gx-20x-3) 
ax +bx+c | 52 –11х+6 | 5х2 – 31х+6 Бх? 13x+6 | 5x*^— 17х+ 6 


— 175+ 6 = 


> The correct factorization is 5х2 


(5X —2) (€. — 3) 


Factor ax? + bx + cwhere c« 0 


Factor 3x? + 20x — 7. 


Solution 


You want 31% + 20x — 7 = (kx + m)(Ix + n) where k and l are factors of 3 and т 
and л are factors of —7. Because mn « 0, m and n have opposite signs. 


k, I 3,1 3,1 3,1 

m,n | 7, -1 -1,7 -7,1 

(kx + пд + п) | ах ED | (3х—1йх+7) | Gx- 2x | (ах +1х—7) 
ax? + bxc ax244x-7 | ax2+20x-7 | 39- Ax-7 | 3x2-20x-7. 


> The correct factorization is 3x* + 20x — 7 = (3x — D(x + 7). 


4.4 Solve ax? + bx + c = 0 by Factoring 


Y Guwen Practice | for Examples 1 and2 


_ Factor the expression. If the expression cannot be factored, say so. 
1. 7x? — 20x — 3 2. 5% + 162 + З 3. 20? + ш - 3 
4. 312 + 5x — 12 5. 4и? + 12и + 5 6. 4х? — 9x + 2 


FACTORING SPECIAL PRODUCTS If the values of a and cin ах? + bx + саге perfect 
squares, check to see whether you can use one of the special factoring patterns 
from Lesson 4.3 to factor the expression. 


| EXAMPLE 3 | Factor with special patterns 


Factor the expression. 


| а. 9х2 — 64 = (3х)? — 8 Difference of two squares 
= (3x + 8)(3x — 8) 
E 4y? + 20у + 25 = (2y)* + 2(2y)(5) + 5 Perfect square trinomial 
= (2y + 5)* 
c. 36w* — 12w + 1 = (6ш)? — 2(6w)(1) + 12 Perfect square trinomial 
= (6w — 1)? 


СА GUIDED PRACTICE — forExample3 — — 


Factor the expression. 
7. 16х? – 1 8. 9y^ + 12у + 4 9. 4r* — 28r + 49 
10. 255° — 805 + 64 11. 4922 + 422 + 9 12. 36n* — 9 


FACTORING OUT MONOMIALS When factoring an expression, first check to see 
whether the terms have a common monomial factor. 


(TUE Factor out monomials first _ | 


Factor the expression. 


: AVOID ERRORS 

eden Psi mergi ТТ a. 5х? — 45 = 5(x^— 9 b. 642 — 14g + = 2(3qg* — 7g + А) 
: Be sure to factor out T | ' ы y a aa gte 

: the common monomial = 5( + 3)(x — 3) = 2(3q — 4)(q — 1) 
ТӨШЕ ОГЕЛЕ | a tres em] d. 12p? – 21p + 3 = 3(4p? — 7p + 1) 


: the expression, not just 
: the first term. 


GUIDED PRACTICE | for Example 4 


. Factor the expression. 
13. 352 — 24 14. 812 + 38t — 10 15. 6x? + 24x + 15 
16. 12x” — 28x — 24 17. —16п° + 12n 18. 6z? + 332 + 36 


260 Chapter 4 Quadratic Functions and Factoring 


SOLVING QUADRATIC EQUATIONS As you saw in Lesson 4.3, if the left side of the 
quadratic equation ax” + bx + с = 0 can be factored, then the equation can be 
solved using the zero product property. 


( EXAMPLE 5 F Solve quadratic equations 


. Solve (a) Зх? + 10x — 8 = 0 and (b) 5р? — 16р + 15 = 4р — 5. 
a 3x°+10x-—8=0 Write original equation. 
(Зх - 2)(x + 4) = 0 Factor. 


3x-2=0 or х+4=0 Zero product property 


х= = OF х= 4 Solve for x. 
b. 5р – 16р + 15 =4p-5 Write original equation. 
5p* — 20p + 20 = 0 Write in standard form. 
: INTERPRET рг – 4р+4 = 0 Divide each side by 5. 
: EQUATIONS 2 
STIITIT Trier ttt Titi pesas — 2 =: Factor. 
: If the square of an = ФА — 
: expression is zero, then p-2=0 Zero product property 
: the expression itself 
: p=2 Solve for p. 


: must be zero. 


Use a quadratic equation as a model 


QUILTS You have made a rectangular quilt 
that is 5 feet by 4 feet. You want to use the 

remaining 10 square feet of fabric to add a 
decorative border of uniform width to the 

quilt. What should the width of the quilt's 

border be? 


Solution 


Write a verbal model. Then write an equation. 


Area Area of quilt Area of 
border =  andborder  — quilt 
(square feet) (square feet) (square feet) 
v y y 
10 = (5 + 2х)(4 + 2x) — (5) (4) 
10 = 20 + 18x + 4х2 — 20 Multiply using FOIL. 
0 = 4x* + 18x — 10 Write in standard form. 
0 = 252 + 9х – 5 Divide each side by 2. 
0 = (2х— Dix +5) Factor. 


2x-1=0 or x+5=0 Zero product property 


x= or x= —b Solve for x. 


bole 


» Reject the negative value, —5. The border's width should be 5 ft, or 6 in. 
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FACTORING AND ZEROS To find the maximum or minimum value of а quadratic 

function, you can first use factoring to write the function in intercept form 

y = a(x — p)(x — q). Because the function's vertex lies on the axis of symmetry 
ptq 


E y the maximum or minimum occurs at the average of the zeros p and q. 


Solve a multi-step problem 


MAGAZINES A monthly teen magazine has 
28,000 subscribers when it charges $10 per 
annual subscription. For each $1 increase 
in price, the magazine loses about 

_ 2000 subscribers. How much should the 
magazine charge to maximize annual 
revenue? What is the maximum 

annual revenue? 


Solution 


STEP? Define the variables. Let x represent the price increase 
and R(x) represent the annual revenue. 


STEP 2 Write a verbal model. Then write and simplify a quadratic function. 


Annual Number of Subscription 
revenue = subscribers ^ price 
(dollars) (people) (dollars/person) 
Y v v 
R(x) = (28,000 — 2000x) + (10 + x) 
R(x) = (—2000x + 28,000)(x + 10) 
R(x) = —2000(x — 14)(х + 10) 


STEP 3 Identify the zeros and find their average. Find how much each 
subscription should cost to maximize annual revenue. 


The zeros of the revenue function are 14 and —10. The average of the 


=. 14+ 110 
Zerosis —— — — 


— 2. To maximize revenue, each subscription 
should cost $10 + $2 = $12. 

STEP4 Find the maximum annual revenue. 
R(2) = -2000(2 — 14)(2 + 10) = $288,000 


* The magazine should charge $12 per subscription to maximize annual revenue. 
The maximum annual revenue is $288,000. 


СА GUIDED PRACTICE for Examples 5, 6, and 7- 


Solve the equation. 
19. 6x? — 3x — 63 = 0 20. 1222 4-7x - 2-2 x 8 21. 7х? + 70x + 175 = 0 
22. WHAT IF? In Example 7, suppose the magazine initially charges $11 per 


annual subscription. How much should the magazine charge to maximize 
annual revenue? What is the maximum annual revenue? 
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4.4 EXERCISES 


HOMEWORK: 
KEY: 


= WORKED-OUT SOLUTIONS 
on p. WS8 for Exs. 27, 39, and 63 | 


* = STANDARDIZED TEST PRACTICE | 
Ех$. 2, 12, 64, 65, and 67 


SKILL PRACTIC 


: EXAMPLES 


Фф SERS 


І for Exs. 3-12 


: EXAMPLE 3 


E SoC PSP eee eee 


: on p. 260 
: for Exs. 13-21 


: EXAMPLE 4 


: on p. 260 
: for Exs. 22-31 


: EXAMPLE 5 


= AAA 


: for Exs. 41-49 


1. VOCABULARY What is the greatest common monomial factor of the terms of 
the expression 12x* + 8x + 20? 


2. * WRITING Explain how the values of a and cin ах? + bx + c help you 
determine whether you can use a perfect square trinomial factoring pattern. 
FACTORING Factor the expression. If the expression cannot be factored, say so. 
5. 4r^ + 5r 1 
8. 15x^ – 2х — 8 
11. 9d? — 13d – 10 


4. Зп + 7n +4 
7. 1122 +22 9 
10. 14m? + т – 3 


3. 2x^ + 5х + 3 
6. 6р2 + 5р + 1 
9. 4y? — 5у – 4 
12. Ж MULTIPLE CHOICE Which factorization of 5х2 + 14x — 3 is correct? 
СА) (5х – 3)(х + 1) (В) (5х + 1)(х – 3) 
(б) 5(x— D(x +3) (Qo (5х— 1)(x +3) 


FACTORING WITH SPECIAL PATTERNS Factor the expression. 
13. 9х? – 1 14. Ar? — 25 

16. 165? + 8s + 1 17. 49x? + 70x + 25 

19. 9р? — 12p + 4 20. 251% — 301 +9 


15. 49r? — 16 
18. 64w? + 144w + 81 
21. 36х° — 84x + 49 


FACTORING MONOMIALS FIRST Factor the expression. 


22. 121 — 4x — 40 23. 1822 + 362 + 16 24. 321% — 2 
25. 6u* — 24u 26. 12m? — 36m +27 (т) 20x* + 124x + 24 
28. 21x? — 77x — 28 29. —36n? + 48n — 15 30. —8y? + 28y — 60 


31. ERROR ANALYSIS Describe and correct 


the error in factoring the expression. 4х 36 Ах 36) 
4(x 6)(x ex 
SOLVING EQUATIONS Solve the equation. 
32. 16х^ – 1 = 0 33. 114? – 44 = 0 34. 145 — 215 = 0 
35. 45п? + 10n = 0 36. 4х2 – 20х + 25 = 0 37. 4р? + 12р+9 = 0 
38. 15x^ + 7x 2 = 0 (89) e? – 7r-5=0 40. 3622 + 962 + 15 = 0 


FINDING ZEROS Find the zeros of the function by rewriting the function in 
intercept form. 


41. у= Ax* — 19x — 5 
44. f(x) = Зх? — Зх 
47. y = 15x* — 5x — 20 


43. у = 5x^ — 27x — 18 
46. y= 16x? - 2х – 5 
49. р(х) = 12x? + 5x — 7 


42. р(х) -3x^— 8x +5 
45. у= 11x? — 19x — 6 
48. у = 18x* — 6х — 4 
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(ES GEOMETRY Find the value of x. 


50. Area of square = 36 51. Area of rectangle = 30 52. Area of triangle = 115 
| z L 
Р Pp" | T 
3x +1 Y 
5x—2 


SOLVING EQUATIONS Solve the equation. 
53. 2xY^—4x —8—- -x ^ x 54. 24Ax^ + 8x +2 = 5 — 6x 55. 18x% — 22x = 28 
56. 13х2 + 21x = —5x° +22 57. x= 4х2 — 15x 58. (x +8)? = 16 — х2 + 9x 


CHALLENGE Factor the expression. 
59. 21% — 5x^ + 3x 60. 8x! — 8x? — 6x? 61. 9x? — Ax 


PROBLEM SOLVING 


: EXAMPLE 6 62. ARTS AND CRAFTS You have a rectangular stained glass window that 


AAA AAA 


: on p. 261 measures 2 feet by 1 foot. You have 4 square feet of glass with which to make 
: for Exs. 62-63 a border of uniform width around the window. What should the width of the 
border be? 


(OHomeTutor tor problem solving help at classzone.com 


URBAN PLANNING You have just planted a 
rectangular flower bed of red roses in a city park. 
You want to plant a border of yellow roses around 
the flower bed as shown. Because you bought the 
same number of red and yellow roses, the areas 
of the border and flower bed will be equal. What 
should the width of the border of yellow roses be? 


@Homelu for for problem solving help at classzone.com 


: EXAMPLE 7 64. * MULTIPLE CHOICE A surfboard shop sells 45 surfboards per month when 


: on p. 262 it charges $500 per surfboard. For each $20 decrease in price, the store 

: for Exs. 64-65 sells 5 more surfboards per month. How much should the shop charge per 
surfboard in order to maximize monthly revenue? 
(А) $340 $492 (C) $508 (D) $660 


65. * SHORT RESPONSE A restaurant sells about 330 sandwiches each day at a 
price of $6 each. For each $.25 decrease in price, 15 more sandwiches are sold 
per day. How much should the restaurant charge to maximize daily revenue? 
Explain each step of your solution. What is the maximum daily revenue? 


66. PAINTINGS You place a mat around a 25 inch by 21 inch 
painting as shown. The mat is twice as wide at the left and 
right of the painting as it is at the top and bottom of the 
painting. The area of the mat is 714 square inches. How wide 
is the mat at the left and right of the painting? at the top and 
bottom of the painting? 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
264 on p. WS1 TEST PRACTICE 


67. * EXTENDED RESPONSE А U.S. Postal Service guideline 
states that for a rectangular package like the one shown, 
the sum of the length and the girth cannot exceed 
108 inches. Suppose that for one such package, the 
length is 36 inches and the girth is as large as possible. 


a. Whatis the girth of the package? 


b. Write an expression for the package's width win terms of h. 
Write an equation giving the package's volume Vin terms of h. 


с. What height and width maximize the volume of the package? 
What is the maximum volume? Explain how you found it. 


68. CHALLENGE Recall from geometry the theorem about 
the products of the lengths of segments of two chords 
that intersect in the interior of a circle. Use this 


theorem to find the value of x in the diagram. 27 


"MIXED REVIEW 


: PREVIEW 


" EIA IIA 


: Prepare for 
: Lesson 4.5 
: in Exs. 69-74. 


Solve the equation. (p. 18) 
69. 11 + 12x = 3(Ax + 7) 70. 6x — 19 = 5(3 + 2x) 71. —9(5x + 3) = 9x — 42 
72. 6(x — 7) = 15(2x — 4) 73. 9(x — 3) — 3(5x — 17) 74. 4(3x— 11) 2 3(11 - 32 - x 


Solve the system of linear equations using Cramer's rule. (p. 203) 


75. 4х + 9y = —14 76, 8x + 5y = —2 77. 5x — By = —50 
3x + 5у = -7 2x + Зу = 14 2х – Зу = —25 

Graph the function. 

78. у= х? — Зх — 18 (p. 236) 79. f(x) = 2х2 + 11х + 5 (p. 236) 

80. у= 3(x + 6)? — 2 (p.245) 81. g(x) = (x + 4)(х — 5) (p. 245) 


Quiz for Lessons 4.1-4.4 | | 


Graph the function. Label the vertex and axis of symmetry. (p. 236) 
l.y-x*-6x- 14 2. у= 2x? + 8x + 15 3. f(x) = -3x^ + 6x—5 


Write the quadratic function in standard form. (p. 245) 


4. у = (x — A)(x — 8) 5. g(x) = —2(х + 3)(x — 7) 6. y= 5(х + 6)* – 2 
Solve the equation. 
7. х? + 9x + 20 = 0 (p. 252) 8. n? — 11n + 24 = 0 (р. 252) 9. z? — 3z — 40 = 0 (p. 252) 


10. 55" — 145—3 = 0 (p.259) 11. 7а — 30а + 8 = 0(p.259) 12. 4x* + 20x + 25 = 0 (p. 259) 


13. DVD PLAYERS А store sells about 50 of a new model of DVD player per month 
at a price of $140 each. For each $10 decrease in price, about 5 more DVD 
players per month are sold. How much should the store charge in order to 
maximize monthly revenue? What is the maximum monthly revenue? (p. 259) 
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4 5 Solve Quadratic Equations by 
* Finding Square Roots 


You solved quadratic equations by factoring. 
| Now | You will solve quadratic equations by finding square roots. 
So you can solve problems about astronomy, as in Ex. 39. 


- Key Vocabular A number ris a square root of a number s if r? = s. A positive number s has two 
* square root square roots, written as Vs and —Vs. For example, because 3? = 9 and (-3)? = 9, 
* radical the two square roots of 9 are V9 = 3 and —V9 = —3. The positive square root of a 
* radicand number is also called the principal square root. 
° тонар me The expression Vs is called a radical. The symbol V isa radical sign, and the 
* conjugates number s beneath the radical sign is the radicand of the expression. 
: KEY CONCEPT For Your Notebook 
Properties of Square Roots (a > 0, b > 0) 
: ProductProperty Vab = Va * Vb Example V18 = V9 - V2 = 3V2 
* Quotient Property (2 - Ya Example 2: а М2 д 
b үр | 25 үә5 5 
SIMPLIFYING SQUARE ROOTS You can use the properties above to simplify 
expressions containing square roots. A square-root expression is simplified if: 
* noradicand has a perfect-square factor other than 1, and 
• there is no radical in a denominator 
| Simplify the expression. 
: USE A CALCULATOR 
Peer Il a. V80 = V16 • V5 = 4V5 b. V6 • V21 = V126 = V9 - V14 = 3V14 
: You can use a calculator 
: to approximate Vs (E V4 2 [7 _ ут _ Ут 
: when sis not a perfect 81 vel 9 Ү16 vig 4 


: Square. For example, 
: VBO = 8.944. 


GUIDED PRACTICE for Example 1 


Simplify the expression. 
1. V27 2. V98 3. V10 * V15 4. V8 - V28 
ЕД 15 AT ES 
Э. Ye 8 ye Pa 8. үд9 
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: AVOID ERRORS 


: When solving an 

: equation of the form 
: x? =swheres>0, 

: make sure to find 

: both the positive and 
: negative solutions. 


RATIONALIZING THE DENOMINATOR 
Suppose the denominator of a fraction 


has the form Vb, a + Vb, or a — Vb where 
a and р are rational numbers. The table 


shows how to eliminate the radical 


from the denominator. This is called 
-ationalizing the denominator. 


Vb are 


The expressions a + Vb and a — 
ugates of each other. Their 
product i is sime a rational number. 


Rationalize denominators of fractions 


a i 5 3 
Simplify (a) ¡| and (b) =", 
pity V2 7 4 V2 
Solution 
„Жуп, E: 3 LA 
" V2 iy à 5 lo 2 
V 742 7+V2 7-V2 
=V5 YE 2 2-32 — 
v2 v2 49 — 7/2 + 7V2 – 2 
- У10 .21-—3V2 
2 47 


SOLVING QUADRATIC EQUATIONS You can use square roots to solve some types 


of quadratic equations. For example, if s > 0, then the equation x^ = s has two 


real-number solutions: x = Vs and x = —Vs. These solutions are often written in 


condensed form as х = +Vs (read as “plus or minus the square root of s"). 


GATED sove a quadratic equation 


Solve 3x? + 5 = 41. 


3x7 + 5 = 41 Write original equation. 
3x^ = 36 Subtract 5 from each side. 
x = 12 Divide each side by 3. 
“+... а C= 5112 Take square roots of each side. 
x= +V4.V3 Product property 
= ж2Ууа Simplify. 


> The solutions are 2/3 and —2V3. 


3x° +5 = 41 3x° +5 = 41 

3(2V3)* +5 2 41 3(-2V3)? + 5 2 41 

3(12) +5 2 41 3(12) +5 2 41 
41 =41Y 41-41 


4.5 Solve Quadratic Equations by Finding Square Roots 


CHECK Check the solutions by substituting them into the original equation. 
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* ЭСТЕ Standardized Test Practice 


What are the solutions of the equation iG + 3)? = 7? 


(А) -38, 32 (В) -3- 547, -3 +57 
—3 — V35, —3 + V35 D -3- ¥35, - + 485 
Solution 
iG +3)? =т7 Write original equation. 
(z + 3)? = 35 Multiply each side by 5. 
z+3=+V35 Take square roots of each side. 


z= —3 + V35 Subtract 3 from each side. 


The solutions are —3 + V35 and —3 — V35. 
> The correct answer is C. СА (D O Ф) 


Simplify the expression. 
6 19 117 19 
[2 р cr JE =. 
9. \ 5 10. \ 8 11. \ 12 12. 21 
6 2 eT 4 
13 14 15. 16 
7 —N5 4+vV11 9 + V7 8 – V3 
Solve the equation. 
17. 5x? — 80 18. z? — 7 = 29 19. 3(x — 2)? = 40 


MODELING DROPPED OBJECTS When an 


object is dropped, its height h (in feet) Height of Dropped Object | basma | 
above the ground after t seconds can be i ndi 
modeled by the function hri 0 sec, 200 ft vem: 

h = -16t? + h, 77771 sec, ——— 

pas АНЫ Jer 

where h, is the object's initial height ; za “ш 
(in feet). "The graph of h = —161? + 200, 150 
representing the height of an object c EB - 2 sec, 136 ft_ П | 
dropped from an initial height of 200 feet, = LR; 
is shown at the right. © 100 анана 


The model h = —161* + h, assumes that 
the force of air resistance on the object is 3 sac, 56 fg = | 
negligible. Also, this model works only on Б ТЕЕ E 
Earth. For planets with stronger or weaker ! 

gravity, different models are used (see TM 
Exercise 39). 3.54 sec, 0 ШШШ 
DINI 


Time (sec) 
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(EXAMPLE moi a dropped object with a quadratic function 


SCIENCE COMPETITION For a science competition, 
students must design a container that prevents an egg 
from breaking when dropped from a height of 50 feet. 
How long does the container take to hit the ground? 


: ANOTHER WAY Solution 
: For alternative methods h = —16{°+ h, Write height function. 
: for solving the problem ? 
: in Example 5, turn 0 = —16:* +50 Substitute 0 for h and 50 for h,. 
1 272 for th 
3 pak solving ш —50 = —16!° Subtract 50 from each side. 
: Workshop. ED 3 
ЧЕ t Divide each side by —16. 
[50 : 
ER ET3 =f Take square roots of each side. p 
+1.8 = ї Use а calculator. After a successful egg drop 


GUIDED PRACTICE for Example 5 


20. WHAT IF? In Example 5, suppose the egg container is dropped from a height 
of 30 feet. How long does the container take to hit the ground? 


dai (С) = WORKED-OUT SOLUTIONS 


4.5 EXERCISES 


on p. WS8 for Exs. 17, 27, and 41 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 19, 34, 35, 36, 40, and 41 


 ——ZR—————M 


" SKILL PRACTICE 


1. VOCABULARY In the expression V72, what is 72 called? 


2. * WRITING Explain what it means to "rationalize the denominator" 
of a quotient containing square roots. 


: EXAMPLES SIMPLIFYING RADICAL EXPRESSIONS Simplify the expression. 
: тапа 2 Е 
TE О 3. V28 4. V192 5. V150 6. V3 • V27 
: on pp. 266-267 
OE RASA RN т. 4V6 * V6 8. 5V24 - 3V10 9. |. 10. (35 
Y16 Y36 
28. 7 18 13 
11. J 12. = 13. үт 14. ү 
15. 16. —1— (17) ү2 (39 VT. 
1— ҮЗ 5 + V6 4+V5 2 — V10 
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19. k MULTIPLE CHOICE What is a completely simplified expression for V 108? 
(А) 2V27 (В) 3v12 (С) 6v3 (D) 10v8 


ERROR ANALYSIS Describe and correct the error in simplifying the expression 
or solving the equation. 


20. 21. 


və6 v V24 X 5х 405 
V24 81 к 


: EXAMPLES SOLVING QUADRATIC EQUATIONS Solve the equation. 


deem 22. 52 = 169 23. q^ = 50 24. x^ — 84 
: on pp. 267-268 
: for Exs. 21-34 | 25. 62° = 150 26. 4p* = 448 Зи? = —213 
28. 7r^ — 10 = 25 29 x* _g=-2 30 É үв—]15 
" 25 " 20 
31. 4(x— ^—- 8 32. 7(x — 4)? — 18 = 10 33. 2(х + 2)2 – 5 = 8 


34. SOLVING EQUATIONS AND INEQUALITIES Solve the equation or inequality. 
Simplify any radical expressions. 


а. V12 — хУ2 <ҮЗ b. xV3>2+x с. 2V5 = 4 + xV8 


35. * SHORT RESPONSE Describe two different methods for solving the equation 
х2 — 4 = 0. Include the steps for each method. 


36. * OPEN-ENDED MATH Write an equation of the form х2 = s that has (a) two 
real solutions, (b) exactly one real solution, and (c) no real solutions. 


37. CHALLENGE Solve the equation a(x + b)? = cin terms of a, b, and c. 


PROBLEM SOLVING 


¡ EXAMPLES 38. CLIFF DIVING A cliff diver dives off a cliff 40 feet 
: on p. 269 above water. Write an equation giving the diver's 
i for Exs. 38-39 height h (in feet) above the water after t seconds. 


How long is the diver in the air? 


Ете а, 
Tutor for problem solving help at dasszone.com 


ahd ares 
T) в 
4 = E ka " i IL 


39. ASTRONOMY On any planet, the height h (in feet) of a falling object t seconds 


after it is dropped can be modeled by h = -ir + h where А, is the object's 


initial height (in feet) and gis the acceleration (in feet per second squared) 
due to gravity. For each planet (or dwarf planet) in the table, find the time it 
takes for a rock dropped from a height of 150 feet to hit the surface. 


Jupiter Saturn | Pluto (dwarf planet) 


76 30 2 


PTE, ¡PEN 
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(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
270 on p. WS1 TEST PRACTICE 


40. * SHORT RESPONSE The equation h = 0.019s* gives the height h (in feet) of 
the largest ocean waves when the wind speed is s knots. Compare the wind 
speeds required to generate 5 foot waves and 20 foot waves. 


* EXTENDED RESPONSE You want to transform a square gravel parking 
lot with 10 foot sides into a circular lot. You want the circle to have the 
same area as the square so that you do not have to buy any additional 
gravel. 


10 ft 


a. Model Write an equation you can use to find the radius r of the 
circular lot. 


b. Solve What should the radius of the circular lot be? 


c. Generalize In general, if a square has sides of length s, what is the radius 
г of a circle with the same area? Justify your answer algebraically. 


42. BICYCLING The air resistance R (in pounds) 
on a racing cyclist is given by the equation 
R = 0.008295* where s is the bicycle's speed 
(in miles per hour). 
a. What is the speed of a racing cyclist who 
experiences 5 pounds of air resistance? 


b. What happens to the air resistance if the 
cyclist's speed doubles? Justify your answer 
algebraically. 


43. CHALLENGE For a swimming pool with a rectangular base, Torricelli's law 
implies that the height h of water in the pool t seconds after it begins 


yiia 
draining is given by h = yn, e 21643, where / and ш are the pool's 
length and width, d is the diameter of the drain, and h, is the water's initial 
height. (All measurements are in inches.) In terms of /, w, d, and h,, what is 


the time required to drain the pool when it is completely filled? 


‘MIXED REVIEW 


Ardo 
: Prepare for 
: Lesson 4.6 


: in Exs. 44-51. 


Evaluate the power. (p. 10) 
44, (—5)* 45. (—4)* 46. (—8)? 47. (—13)° 
48. —3? 49. —11° 50. —15* 51. —7° 


Solve the equation or inequality. 


52. x — 8 = 2 (p. 18) 53. 3x + 4 = 13 (p. 18) 54. 2x — 1 = 6x + 3 (р. 18) 
55. x + 9» 5 (p. 41) 56. —7x — 152 6 (p. 41) 57. 3 — 6x «23 — 10x (p. 41) 
58. [x + 12| = 5 (p. 51) 59. |-2 + 3x| = 10 (p. 51) 60. [ух + 9| 24 (p.51 


In Exercises 61 and 62, (a) draw a scatter plot of the data, (b) approximate the 
best-fitting line, and (c) estimate y when x — 20. (p. 113) 
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Using ALTERNATIVE METHODS 


Another Way to Solve Example 5, page 269 


MULTIPLE REPRESENTATIONS In Example 5 on page 269, you solved a quadratic 
equation by finding square roots. You can also solve a quadratic equation using a 
table or a graph. 


SCIENCE COMPETITION For a science competition, students must design a 
container that prevents an egg from breaking when dropped from a height 
of 50 feet. How long does the container take to hit the ground? 


METHOD 1 Using a Table One alternative approach is to write a quadratic equation and then 
use a table of values to solve the equation. You can use a graphing calculator to 
make the table. 


STEP? Write an equation that models the situation using the height function 
h = —16t* + hy. 
h=-16t?+h, Write height function. 
= -—16 +50 Substitute O for h and 50 for h,. 


STEP 2 Enter the function y = —16x* + 50 into 


a graphing calculator. Note that time is Y1B-16x2«50 
now represented by x and height is now Үг= 
represented by y. | m 


Ys- 
Yé- 
f? 


STEP 3 Make a table of values for the function. 
Set the table so that the x-values start TABLE SETUP 


at 0 and increase in increments of 0.1. TblStart=0 
I| | ATblsz.1 


Indpnt: Ask 
Depend: Ask 


STEP 4 Scroll through the table to find the time x at 
which the height y of the container is 0 feet. 


The table shows that y = 0 


between x = 1.7 and x= 1.8 
because y has a change of sign. 


» The container hits the ground between 1.7 and 
1.8 seconds after it is dropped. 
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Using а Graph Another approach is to write а quadratic equation and then use a 
graph to solve the equation. You can use a graphing calculator to make the graph. 


STEP? Write an equation that models the situation using the height function 


h= —16 + hy. 
h= —16r +h, 
0 = —16É + 50 


STEP 2 Enter the function у = —16x* + 50 into 
a graphing calculator. Note that time is 
now represented by x and height is now 


represented by y. 


STEP 3 


» The container hits the ground about 1.8 seconds 


after itis dropped. 


Graph the height function. Adjust the 
viewing window so that you can see 

the point where the graph crosses the 
positive x-axis. Find the positive x-value 
for which y = 0 using the zero feature. 
The graph shows that y = 0 when х = 1.8. 


Write height function. 
Substitute 0 for h and 50 for h,. 


Y18-16x2450 
'Y2= 
LIVES 
Y4= 
Ys= 
Yez 
Y7- 


| Zero 
X-1.767767 Y=0 


«uu» 0h 1] | D || 


SOLVING EQUATIONS Solve the quadratic equation 
using a table and using a graph. 


1. 
2. 


2x? — 12x - 10=0 
х2 +7x+12=0 


. 9x^ — 30x + 25 = 0 


7x 3-0 


.x-3x-6-20 


WHAT IF? How long does it take for an egg 
container to hit the ground when dropped from 
a height of 100 feet? Find the answer using a 
table and using a graph. 


. WIND PRESSURE The pressure P (in pounds 


per square foot) from wind blowing at s miles 
per hour is given by P — 0.00256s?. What wind 
speed produces a pressure of 30 lb/ft"? Solve 
this problem using a table and using a graph. 


B. 


9. 


10. 


BIRDS A bird flying at a height of 30 feet carries 
a shellfish. The bird drops the shellfish to break 
it and get the food inside. How long does it take 
for the shellfish to hit the ground? Find the 
answer using a table and using a graph. 


DROPPED OBJECT You are dropping a ball 

from a window 29 feet above the ground to 
your friend who will catch it 4 feet above the 
ground. How long is the ball in the air before 
your friend catches it? Solve this problem using 
a table and using a graph. 


REASONING Explain how to use the table 
feature of a graphing calculator to approximate 
the solution of the problem on page 272 to 

the nearest hundredth of a second. Use this 
procedure to find the approximate solution. 


Using Alternative Methods 
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Lessons 4.1-4.5 


1. MULTI-STEP PROBLEM 4A pinecone falls from a 4. SHORT RESPONSE You are creating a metal 
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tree branch that is 20 feet above the ground. 


a. Write a function that models the height of 
the pinecone as it falls. 


b. Graph the function. 


c. After how many seconds does the pinecone 
hit the ground? 


d. What are the domain and range of the 
function? 


. MULTI-STEP PROBLEM Some harbor police 


departments have fire-fighting boats with 
water cannons. The boats are used to fight fires 
that occur within the harbor. 


a. The function y = —0.0035x(x — 143.9) 
models the path of water shot by a water 
cannon where x is the horizontal distance 
(in feet) and y is the corresponding height 
(in feet). What are the domain and range of 
this function? 


b. How far does the water cannon shoot? 
c. What is the maximum height of the water? 


. EXTENDED RESPONSE The diagonal of the 


screen on a laptop computer measures 
15 inches. The ratio of the screen's width w 
to its height his 4:3. 


a. Write an expression for win terms of h. 


b. Use the Pythagorean theorem and the result 
from part (a) to write an equation that you 
can use to find h. 


c. Solve the equation from part (b). Explain 
why you must reject one of the solutions. 


d. What are the height, width, and area of the 
laptop screen? 
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border of uniform width for a wall mirror that 
is 20 inches by 24 inches. You have 416 square 
inches of metal to use. Write and solve an 
equation to find the border's width. Does 
doubling the width require exactly twice as 
much metal? Explain. 


Ех+—— 20 in. ———3-X4 


5. EXTENDED RESPONSE А pizza shop sells about 


80 slices of pizza each day during lunch when 
it charges $2 per slice. For each $.25 increase 
in price, about 5 fewer slices are sold each day 
during lunch. 


a. Write a function that gives the pizza shop's 
revenue R if there are x price increases. 


b. What value of x maximizes R? Explain the 
meaning of your answer in this situation. 


c. Repeat parts (a) and (b) using the equivalent 
assumption that each $.25 decrease in price 
results in 5 more slices being sold. Why do 
you obtain a negative x-value in part (b)? 


6. GRIDDED ANSWER You have a rectangular 
vegetable garden that measures 42 feet by 

8 feet. You want to double the area of the 
garden by expanding the length and width as 
shown. Find the value of x. 


7. OPEN-ENDED Write three different quadratic 


functions in standard form whose graphs have 
a vertex of (—3, 2). 


| $ 
QUEE You will perform operations with complex numbers. 
So you can solve problems involving fractals, as in Ex. 76. 


Perform Operations 
with Complex Numbers 


You performed operations with real numbers. 


Key Vocabulary Not all quadratic equations have real-number solutions. For example, x? = —1 
* imaginary unit i has no real-number solutions because the square of any real number x is never a 
* complex number negative number. 


e imaginary number То overcome this problem, mathematicians created an expanded system of 


* complex conjugates 


* complex plane 


numbers using the ima | , defined as i= V—1. Note that i* = —1. The 
imaginary unit i can be used to write the square root of any negative number. 


• absolute value of a 


complex number 


KEY CONCEPT For Your Notebook 


The Square Root of a Negative Number 


Property Example 
1. If ris a positive real number, then V —r = ivr. V-3 = iV3 
2. By Property (1), it follows that (iVr)*= —r. (iV3)* =i? -3=-3 


€ EXAMPLE ` > Solve a quadratic equation 


Solve 2x? + 11 = —37. 


2x? + 11 = -37 Write original equation. 
2x* = —48 Subtract 11 from each side. 
х? = —24 Divide each side by 2. 


x= +V-24 Take square roots of each side. 
х= +iV24 Write in terms of i. 
x=+2iV6 Simplify radical. 

> The solutions are 2iV6 and —2iV6. 


ICE for Example 1 
Solve the equation. 
1. x? = —13 2. x? = —38 3. x^ - 1 = 3 
4. х? —8 = —36 5. 3х? – 7 = —31 6. 5х? + 33 = 3 
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COMPLEX NUMBERS A comp lex nu number written Complex Numbers (a + bi) 
in standard form is a number a + bi where a and | | 


b are real numbers. The number a is the real part stu 
of the complex number, and the number bi is the n (a+ bi, b s: 0) 


imaginary part. 


If b 4 0, then a + biis an imaginar 
Ifa = 0 and b # 0, then a + bi is a pure ттт AA 
number. The diagram shows how different types 
of complex numbers are related. 


FT! MIT 
V num 


ib c. 


LEER 951 


Two complex numbers a + bi and c + di are equal 
if and only if a = c and b = d. For example, if 
x + уі = 5 – 3i, then х = 5 and y = -3. 


KEY CONCEPT For Your Notebook 


Sums and Differences of Complex Numbers 


> To add (or subtract) two complex numbers, add (or subtract) their real parts 
and their imaginary parts separately. 


Sum of complex numbers: (a + bi) + (c+ di) = (a + c) + (b + d)i 


= Difference of complex numbers: (a + bi) — (c+ di) = (a — с) + (b — d)i 


[ EXAMPLE 2 | Add and subtract complex numbers 


Write the expression as a complex number in standard form. 
a. (8 — i) + (5 + 40 b. (7—6) — (3 — 6i) с. 10— (6 +7i) T 4H 


Solution 


а. (8—0 + (5+ 43) = [8+ 5) T 1+ 4 Definition of complex addition 
= 13 + 3i Write in standard form. 


b. (7 — 6i) — (3 — 61) = (7 – 3) + (-6+6)í Definition of complex subtraction 
= 4 + 01 Simplify. 
=4 Write in standard form. 


c. 10 — (6 + 7i) + 41 = [(10 — 6) — 71] + 41 Definition of complex subtraction 


= (4 — 71) + 4i Simplify. 
=4 + (—7 + 4)1 Definition of complex addition 
= 4 — 3i Write in standard form. 
.V/ Gumo Practice | for Example 2 | 
Write the expression as a complex number in standard form. 
7. (9—i) + (-6 + 70 B. (3-71) -18— 21) 9. —-4— (14 i) — (5 + 9i) 
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( EXAMPLE З ] Use addition of complex numbers in real life 


ELECTRICITY Circuit components such as resistors, inductors, and capacitors 
all oppose the flow of current. This opposition is called resistance for resistors 


: READING 


S rr 


: component's resistance 
: or reactance is a real 
: number, its impedance 
: is a complex number. 


| _ Componer Resistor Inductor Capacitor 


and reactance for inductors and capacitors. A circuit's total opposition to 
current flow is impedance. All of these quantities are measured in ohms (©). 


50 


30 


The table shows the relationship between a component's resistance or 


reactance and its contribution to impedance. A series circuit is also shown with 


the resistance or reactance of each component labeled. 


The impedance for a series circuit is the sum of the impedances for the 
individual components. Find the impedance of the circuit shown above. 


Solution 


The resistor has a resistance of 5 ohms, so its impedance is 5 ohms. The inductor 


has a reactance of 3 ohms, so its impedance is 3i ohms. The capacitor has a 
reactance of 4 ohms, so its impedance is —4i ohms. 


Impedance of circuit = 5 + 3i + (—4i) Add the individual impedances. 
—5-—i Simplify. 


|, > The impedance of the circuit is 5 — i ohms. 


MULTIPLYING COMPLEX NUMBERS To multiply two complex numbers, use the 
distributive property or the FOIL method just as you do when multiplying real 
numbers or algebraic expressions. 


Г EXAMPLE 4 | Multiply complex numbers 


: AVOID ERRORS 


: When simplifying an 

: expression that involves 
: complex numbers, be 

: sure to simplify i? to —1. 


Write the expression as a complex number in standard form. 


a. 41(—6 + i) b. (9 — 21) (-4 + 7i) 
Solution 
а. 4i(—6 + i) = —24i + 4i? Distributive property 
dee» = —24i + 4(-1)  Usei?- -1. 
— —24i — 4 Simplify. 
— —4 — 24i Write in standard form. 


b. (9 — 2)(-4 + 7i) = —36 + 63i + 8i — 14i? Multiply using FOIL. 


= —36 + 71i — 14(-1) Simplify and use i? — —1. 
= —36 + 71i + 14 Simplify. 
= —22 + 7li Write in standard form. 
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Alternating current source 
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! zates. The product of complex conjugates is qe» a real 
а Бает For — (2 + 4i)(2 — 41) = 4 — 81 + 8i + 16 = 20. You can use this 
fact to write the quotient of two complex numbers in standard form. 


GI divide complex numbers. | 


: REWRITE 

: QUOTIENTS — 

: When a quotient has 

: an imaginary number 

: in the denominator, 

: rewrite the denominator 
: as a real number so 

: you can express the 

: quotient in standard 

: form. 


Write the quotient a + 5i in standard form. 
»- 7+55_7+5i,14+4i Multiply numerator and denominator by 
| 1-41 1-4і 1+4i 1 + 4i, the complex conjugate of 1 — 4i. 


_ 7+ 281 + 5i + 201? 


Multiply using FOIL. 
1 + 4i — 4i — 16i? p'y using 
_ 1330 20-0 - 
1 1671] Simplify and use i^ — 1. 
== Simplify. 
17 
E а. 895 | 
17 * 17! Write in standard form. 


GUIDED PRACTICE for Examples 3, 4, and 5 


10. WHAT IF? In Example 3, what is the impedance of the circuit if the given 
capacitor is replaced with one having a reactance of 7 ohms? 


Write the expression as a complex number in standard form. 


* LI # . 5 5 + 21 
. EE А + a в . 
11. 109 — i) 12: SS +05 i 13 Ia 14 з 2i 


COMPLEX PLANE Just as every real number corresponds to a point on the real 
number line, every complex number corresponds to a point in the с 

ane. As shown in the next example, the complex plane has a horizontal axis 
called the real axis and a vertical axis called the imaginary axis. 


Plot complex numbers 


Plot the complex numbers in the same complex plane. 


8 3—2 b. =2.+41 6: E di —4—3 


Solution 


a. To plot 3 — 2i, start at the origin, move 3 units to 
the right, and then move 2 units down. 


b. To plot —2 + 4i, start at the origin, move 2 units 
to the left, and then move 4 units up. 


c. To plot 3i, start at the origin and move 3 units up. 


d. To plot —4 — 3i, start at the origin, move 4 units 
to the left, and then move 3 units down. 
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: KEY CONCEPT For Vour Wotebook 


Absolute Value of a Complex Number 


imaginary 


| z| 2 va? + b? 


absolute value of a complex number 
z= a + bi, denoted ||, is а nonnegative 


real number defined as |z| = Va? + b?. 
This is the distance between z and the 
the origin in the complex plane. 


| EXAMPLE 7 Ш absolute values of complex numbers 


Find the absolute value of (а) —4 + 3i and (b) —3i. 


а. |-4*3i| = V(-4? + 3? = V25 =5 
b. |-3i| = |0- (-32)| = Vo? + (-3)? = V9 = 3 


F y noted Alaake- 
Qa Algebra at classzone.com 


LES ч “Ж 

4 = 1 Y 
. GUIDED PR 
| 


Plot the complex numbers in the same complex plane. Then find the absolute 
value of each complex number. 


for Examples 6 and 7 | 


15. 4-1 HE —X—u 17.. 2S 18. —4i 


4.6 EXERCISES HOMEWORK: С) = woRKeD-our soLutions 
е КЕҮ: оп р. WS8 for Exs. 11, 29, and 67 


ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 21, 50, 60, 69, and 74 


‘SKILL PRACTICE 


: EXAMPLE 1 


: on p. 275 
: for Exs. 3-11 


: P - унн 
: for Exs. 12-21 


1. VOCABULARY What is the complex conjugate of a — bi? 
2. * WRITING Is every complex number an imaginary number? Explain. 


SOLVING QUADRATIC EQUATIONS Solve the equation. 


3. х? = —28 4. r^ — —624 5. 2°+8=4 
6. 5 — 22 = -112 7. 2x7 + 31 = 9 8. 9 – 4y* = 57 
9. 612+ 5 = 21? + 1 10. 3p? + 7 = —9p? + A (и) -507 - 3)? = 10 


ADDING AND SUBTRACTING Write the expression as а complex number in 
standard form. 


12. (6 — 31) + (5 + 4i) 13. (9 + 8i) + (8 — 91) 14. (-2 — 61) — (4 — 61) 
IS. Er 2 =g 16. (8 +7208:= (-8 + 121) Б (B—B50 (116.80) 
18; (10:20) + [11-78 19. (14 + 31) + (7 + 61) 20. (—1 4D 1-9. —21) 


4.6 Perform Operations with Complex Numbers 279 


$ EXAMPLES 
: 4 and 5 


: on pp. 277-278 | 


: for Exs. 22-33 


Lee ad] 


Lon p. 278 
: for Exs. 34-41 


: = Td D USA 
: for Exs. 42—50 
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21. * MULTIPLE CHOICE What is the standard form of the expression 
(2 + 3i) — (7 + 40)? 


(А) —4 (В) -5- 7i O -5-i qo 5+ 


MULTIPLYING AND DIVIDING Write the expression as a complex number in 
standard form. 


22. 6i(3 + 2i) 23. —i(4 — 81) 24. (1 54? 
25. (—2 + 5i)(-1 + 4i) 26. (—2i)* 27. (8 — 3) (8 + 31) 
7i 6i —2:— 5) 
xor. (9) E, au 3i 
4 + 9i 7 4 Ai —] = 6i 
ВА, 121 ВА. 2 — 3i зә. 5+ 9i 


PLOTTING COMPLEX NUMBERS Plot the numbers in the same complex plane. 
34 1+.21 55. —Б+ 3i 36. —6i 37. 4i 
38 —f= | 35.0 —3M 40. 7 41. =2 


FINDING ABSOLUTE VALUE Find the absolute value of the complex number. 
42. 4 +31 ES +3 108 44. 10 — 7i 45, —1 — GE 
46. —8i 47. 4i 48. -4>+1 49. 7 t Tl 


50. * MULTIPLE CHOICE What is the absolute value of 9 + 12i? 


(А) 7 15 (C) 108 (D) 225 
STANDARD FORM Write the expression as a complex number in standard form. 
5l, —B.—1(3 4-21) — (9 — 41) 52, 3-2) -(5 — 2) +6] 53. 5i(3 + 21)(8 + 3i) 


(n-—210 T (5t3I) 56 (10 + 4i) — (3 — 21) 


ERROR ANALYSIS Describe and correct the error in simplifying the expression. 
57. 58 


(t! wa 1) | | yo ў 
8i 2i y V Xx 
201 7 V 


59. ADDITIVE AND MULTIPLICATIVE INVERSES The additive inverse of a complex 
number z is a complex number z, such that 2 + z, = 0. The multiplicative 
inverse of zis a complex number 2, such that z+ 2, = 1. Find the additive 
and multiplicative inverses of each complex number. 


а. z—2-i b.z-5-i €. 2— —1 + 31 


60. * OPEN-ENDED MATH Find two imaginary numbers whose sum is a real 
number. How are the imaginary numbers related? 


CHALLENGE Write the expression as a complex number in standard form. 


a+ bi a — bi a + bi a — bi 
Bis c+ di oa c- di өз, c — di ө с+ di 
= WORKED-OUT SOLUTIONS Ж = STANDARDIZED 


on p. WS1 TEST PRACTICE 


PROBLEM SOLVING 


: EXAMPLE 3 CIRCUITS In Exercises 65-67, each component of the circuit has been labeled 


:onp.277 | Withitsresistance or reactance. Find the impedance of the circuit. 
: for Exs. 65-67 
65. 4Q 66. 140 6Q 120 
$ Е 60 $ Е 10 iL 100 
for problem solving help at dasszone.com 
68. VISUAL THINKING The graph shows how you can geometrically limaginary | | [6 + 6i 


add two complex numbers (in this case, 4 + i and 2 + 5i) to find 
their sum (in this case, 6 + 6i). Find each of the following sums by 


drawing a graph. 
а; (5+5+ (1+ 49) b (77-30 +12: — 20) 
p 135-208) d. (4 + 2i) + (+5 — 31) 


69. * SHORT RESPONSE Make a table that shows the powers of i from i! to 
i? in the first row and the simplified forms of these powers in the second 
row. Describe the pattern you observe in the table. Verify that the pattern 
continues by evaluating the next four powers of i. 


In Exercises 70-73, use the given numbers to verify that the given property 
extends to the complex numbers. Refer to the example. 


341.1783] Extend real number properties 


The associative property of addition for real numbers can be extended to the 
complex numbers. Verify this property for the numbers 2 + i, 1 — 2i, and зі. 


Solution 


The associative property of addition for real numbers states that for real numbers 
а, b, апас, (a+ b) + с=а + (р + со). 


[((2 4-2) -- (1.— 20] 32 +) + (b-— 297 +31 
=(3-)+3i 
= + (-1 +3} 
— 3 + 2i 

[2E 4) +L —20 331] — 04-39 HILE (722 43-29] 
=A Fp AUF) 
= (2+1) + (1 + Di 
= 3 +21 


» Because the sums are equal, the property is verified for the given numbers. 


70. 4 — 2i, -3 + i; commutative property of 71. 7 — 2i, i, —1 + i; associative property of 
multiplication multiplication 
72. —2i,3 + 21,5 + 1; distributive property 73. a+ bi, c + di; commutative property of 
addition 
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74. ж SHORT RESPONSE Evaluate V —4 • V—25 and V100. Does the rule 
Va - Vb = Vab on page 266 hold when a and b are negative numbers? 


75. PARALLEL CIRCUITS In a parallel circuit, there is more than one pathway 
through which current can flow. To find the impedance Z of a parallel circuit 
with two pathways, first calculate the impedances Z, and Z, of the pathways 
separately by treating each pathway as a series circuit. Then apply this 
formula: 


Z^ 


d em 
Z tZ 


What is the impedance of each parallel circuit shown below? 


76. CHALLENGE Julia sets are fractals defined on the complex plane. 
For every complex number c, there is an associated Julia set 
determined by the function f(z) = 2° + c. 


For example, the Julia set corresponding to c = 1 + iis 
determined by the function f(z) = z* + 1 + i. Anumber Z, isa 
member of this Julia set if the absolute values of the numbers 


Z = f(z9), z, = f(z)), 2, = f(z,),... are all less than some fixed 
number N, and z, is not a member if these absolute values grow 
infinitely large. 


Tell whether the given number z, belongs to the Julia set associated А Tula cet 
with the function f(z) = z? +1 + i. 


a Z,=1 b. = 1 с. = 21 а. 2,72 +31 


MIXED REVIEW 


Tell whether the relation is a function. Explain. (р. 72) 
77. (5, 30; (0, 3), с-а; 0), (2, 0), [em 50 78. (73, 1), (2, 2) (3, —H), (1, =Í}; (3, 0) 
79. (0, —4), (1, 2), [=1, —4), (2, 3), (1, —5) 80. (2. 6), (5, 6), (a, 4), сед, 5E (244, 3) 


Perform the indicated operation. 


5 -4| [o 9 & 3 9: .-3 
S.l жою | g | @ 187) 8.| . j|-|, [087 
sl (= [18 4 195 ва. |* 17310105 
‘lo ajla |T MEA IA 88 


: PREVIEW _ Solve the equation. 
: е 85. Зх? — 3x — 36 = 0 (p.259) 86. 2x” — 9x + 4 = 0 (p. 259) 87. 6х2 = 96 (p. 266) 
: іп Exs. 85-90. | 88. 1422 = 91 (p. 266) 89. 2x? — 8 = 42 (p. 266) 90. 312 + 13 = 121 (p. 266) 
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de ii ЫШ ACTIVITY Use before Lesson 4.7 


4./ Using Algebra Tiles 
to Complete the Square 


MATERIALS - algebra tiles 


If you are given an expression of the form x* + bx, you can add a constant c to 
the expression so that the result x^ + bx + cis a perfect square trinomial. This 
process is called completing the square. 


| STEP 2 
id 
| a 


Model the expression Make a square Complete the square 


Use algebra tiles to model the Arrange the tiles in a square. Find the number of 1-tiles 

expression x* + 6x. You will You want the length and width needed to complete the square. 

need to use one x*-tile and six of the square to be equal. Your By adding nine 1-tiles, you can 

x-tiles for this expression. arrangement will be incomplete see that x* + 6x + 9 is equal to 
in one of the corners. (x + 3)*. 


n | +» A Г, 
F | PÀ | 
UN EF Къ РА WM 
: МЕЕ 


1. Copy and complete the table at the right by 


following the steps above. temper MESIAS 


Number of 1-tiles Expression 
Expression needed to complete written as a 
the square | square 


. Look for patterns in the last column of 
your table. Consider the general statement 
х + bx + c= (х + dy. 7 Е 
а. How is d related to b in each case? | | - 

? ? 

b. How is c related to din each case? 

2 | 

с. How can you obtain the numbers in the А Баз » 

table's second column directly from the — 
coefficients of x in the expressions from | | ? 
the first column? | in | | 


? 
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7 Complete the Square 
e 


You solved quadratic equations by finding square roots. 


You will solve quadratic equations by completing the square. 


So you can find a baseball's maximum height, as in Example 7. 


Key Vocabulat In Lesson 4.5, you solved equations of the form x? — k by finding square roots. 
* completing the This method also works if one side of an equation is a perfect square trinomial. 


square 
€ EXAMPLE ` > Solve a quadratic equation by finding square roots 


Solve х? — 8х + 16 = 25. 


: ANOTHER WAY 

Р caro ind the —— x* — 8x + 16 = 25 Write original equation. 

: solutions by writing (x — 4)? = 25 Write left side as a binomial squared. 
: the given equation as 

: x? — Bx – 9 = O and х-4= +5 Take square roots of each side. 

: solving this equation reed eS NONE 

: by factoring. 


> The solutions are 4 + 5 = 9 and 4 — 5 = –]. 


PERFECT SQUARES In Example 1, the trinomial х? — 8x + 16 is a perfect square 
because it equals (x — 4)*. Sometimes you need to add a term to an expression 
x? + bx to make it a square. This process is called completing the square. 


KEY CONCEPT For Vour Notebook 


Completing the Square 

2 
Words To complete the square for the expression х? + bx, add (2) 
Diagrams In each diagram, the combined area of the shaded regions 


2 
is x^ + bx. Adding d completes the square in the second diagram. 


BY 


Algebra x* + bx + E 
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(EXAMPLE 2 мак; a perfect square trinomial | 


Find the value of c that makes x? + 16x + ca perfect square trinomial. 
Then write the expression as the square of a binomial. 


Solution 
ТЕРТ Find half the coefficient of x. 12 -8 
$TEP2 Square the result of Step 1. 8? — 64 


$TEP3 Replace c with theresultofStep 2. х? + 16x + 64 


> The trinomial x? + 16x + cis a perfect square when c = 64. 
Then х? + 16x + 64 = (x + 8)(x + 8) = (x + 8). 


v GUIDED PRACTICE | for Examples 1 and 2 


Solve the equation by finding square roots. 
1. x^ + 6x * 9 = 36 2. x — 10x + 25 = 1 3. x^ — 24x + 144 = 100 


Find the value of c that makes the expression a perfect square trinomial. 
Then write the expression as the square of a binomial. 


4, х2 + Mx c 5. X? --22x + c 6. x^ —9x*c 


SOLVING EQUATIONS The method of completing the square can be used to 
solve any quadratic equation. When you complete a square as part of solving 
an equation, you must add the same number to both sides of the equation. 


v CAME solve ax” + bx + c-ownena- i 


| Solve x? - 12x - 4-0 by completing the square. 


х? – 12x 44-0 Write original equation. 
x^ — 12x = -4 Write left side in the form x? 4- bx. 


2 —12 -— [-121* |j ez: 
x^— 12x + 36 = –—4+36 — Add|—5^| = (-6) = 36 to each side. 


(x — 6)? = 32 Write left side as a binomial squared. 
х-6 = +V32 Take square roots of each side. 
x = 6 + V32 Solve for x. 
: REVIEW RADICALS | 5 РЕН Macer qus y 
т eere teer revetsvecesneseessosesses >> x=624V2 Simplify: V32 = V16 * V2 = 4ү2 
: For help with 
: simplifying square > The solutions are 6 + 4V2 and 6 — 4V2. 


: roots, see p. 266. —_ — 
| M CHECK You can use algebra or a graph. Í | ) 


Algebra Substitute each solution in the original | p 
equation to verify that it is correct. | | 
| 


Graph Use a graphing calculator to graph zero | 
y = х — 12x + 4. The x-intercepts are L X=11.656854 Y=0 J 
| about 0.34 = 6 — 4V2 and 11.66 = 6 + 4V2. = — 
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[ EXAMPLE 4 ] Solve ах? + bx + c= 0 when а + 1 m 


Solve 2x” + 8x + 14 = 0 by completing the square. 


2х? + 8x - 14 = 0 Write original equation. 
x7+4x+7=0 Divide each side by the coefficient of x?. 
х? 4x = -7 Write left side in the form x? + bx. 
xX +4х+4= —7 + 4 Add [y = 2? = 4 to each side. 
(x + 2)? = —3 Write left side as a binomial squared. 
х+2 = 1-3 Take square roots of each side. 


x= 2 =W-3 Solve for x. 
х= -2+iV3 Write in terms of the imaginary unit i. 
> The solutions are —2 + iV3 and —2 — iV3. 


A Г ЕхАМРІЕ 5 | Standardized Test Practice 


The area of the rectangle shown is 

72 square units. What is the value of x? x +2 
: ELIMINATE CHOICES (А) —6 (В) 4 3x 
: You can eliminate 8.48 D =60r4 


: Choices A and D 
: because the side 
: lengths are negative Solution 


: when x = —6. 
Use the formula for the area of a rectangle to write an equation. 


3x(x + 2) = 72 Length x Width = Area 
Зх? + 6x = 72 Distributive property 
х? + 2x = 24 Divide each side by the coefficient of x?. 


2 na 2 \2 2 
x?-2x +1 = 24 +1 Add (=) = 12 = 1 to each side. 


(x + D? = 25 Write left side as a binomial squared. 
х+1= +5 Take square roots of each side. 


х= -1245 Solve for х. 


So, x=-1+5=40rx=-—1-5= —6. You can reject x = —6 because the side 
lengths would be —18 and —4, and side lengths cannot be negative. 


> The value of x is 4. The correct answer is B. СА) ® © Ф) 


GUIDED PRACTICE | for Examples 3, 4, and 5 


Solve the equation by completing the square. 
7. x°+6x+4=0 8. x — 10х +8 = 0 9. 2л? – Ап – 14 = 0 
10. Зх? + 12x — 18 = 0 11. 6х(х + 8) = 12 12. 4p(p — 2) = 100 
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VERTEX FORM Recall from Lesson 4.2 that the vertex form of a quadratic function 
is y = a(x — h)? + k where (h, К) is the vertex of the function's graph. To write a 
quadratic function in vertex form, use completing the square. 


(EXAMPLE 6 J Write a quadratic function in vertex form u 


Write y = x^ — 10x + 22 in vertex form. Then identify the vertex. 


у= х? — 10x + 22 Write original function. 
y+? = (х^ – 10х + 2?) + 22 Prepare їо complete the square. 


| Y 
y +25= (х2 – 10х+ 25) +22 add| = = (—5)? = 25 to each side. 


y+25=(- 5)? + 22 Write x* — 10x + 25 as a binomial squared. 
y = (х – 5)? – 3 Solve for y. 


» The vertex form of the function is y = (x — 5)? — 3. The vertex is (5, —3). 


Find the maximum value of a quadratic function 


BASEBALL The height y (in feet) of a baseball 

t seconds after it is hit is given by this function: 
y = -16f* + 96t + 3 

Find the maximum height of the baseball. 


Solution 


The maximum height of the baseball is the 
y-coordinate of the vertex of the parabola with 
the given equation. 


у= —161? + 961 + 3 Write original function. 
y= —16(t* — 60 +3 Factor —16 from first two terms. 


y + (—16)(?) = —16(t? — 6t + 2) + 3 Prepare to complete the square. 


К reto BRA > y + (-16)(9) = —16(t? — 6t--9) +3  Add(-16)(9) to each side. 

: When you complete the 

: square, be sure to add y — 144 = -16(t — 3) + 3 Write t? — 6t + 9 as a binomial squared. 
: (-16)(9) = —144 to each 

side, not just 9. y = —16(t — 3)? + 147 Solve for y. 


CTICE | for Examples 6 and 7 


Write the quadratic function in vertex form. Then identify the vertex. 


13. у= х? — 8х + 17 14. у= х? + 6х + 3 15. f(x) = х? – 4х — 4 


16. WHAT IF? In Example 7, suppose the height of the baseball is given by 
y = —161? + 80t + 2. Find the maximum height of the baseball. 
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47 EXERCISES 


HOMEWORK: 
KEY: 


= WORKED-OUT SOLUTIONS 
on p. WS8 for Exs. 27, 45, and 65 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 12, 34, 58, 59, and 67 


%- = MULTIPLE REPRESENTATIONS 
Ex. 66 


‘SKILL PRACTICE 


: EXAMPLE?! | 


: on p. 284 
: for Exs. 3—12 


: EXAMPLE 2 


" EIA 


: on p. 285 
: for Exs. 13-21 


; EXAMPLES 
:3 and 4 


: on pp. 285-286. 


: for Exs. 22-34 


: EXAMPLE 5 


" EEE 


: on p. 286 
: for Exs. 35-38 
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1. VOCABULARY What is the difference between a binomial апа a trinomial? 


2. Ж WRITING Describe what completing the square means for an expression 
of the form x* + bx. 
SOLVING BY SQUARE ROOTS Solve the equation by finding square roots. 
4. х? + 10x + 25 = 64 5. n^ + 16n + 64 = 36 
7. x? — 22x + 121 = 13 8. х? — 18x + 81 = 5 
10. 4и? + 4и +1 = 75 11. 9х2 — 12x +4 = -3 


3. х2 +4х+4= 9 
6. m? — 2m + 1 = 144 
9. f+ 8t - 16 = 45 


12. Ж MULTIPLE CHOICE What are the solutions of x^ — 4x + 4 = —1? 


(А) 2+ -2ti © -3,-1 D 1,3 


FINDING C Find the value of c that makes the expression a perfect square 
trinomial. Then write the expression as the square of a binomial. 

14. x^ + l2x - c 
17. x^ — 
20. х? — 13x + c 


15. x^ —24x * c 
18. x7 + 50x c 
21. X^— x ^ c 


13. х2 + 6x + c 
16. x? — 30x + c 2x € 


19. х2 + 7x - C 


COMPLETING THE SQUARE Solve the equation by completing the square. 

22. x? + Ax = 10 23. x^ + 8x = -1 24. X^ + 6x - 3-0 
25. х? + 12x + 18 = 0 26. х? – 18х + 86 = 0 (7) x? - 2x +25 =0 
28. 2k? + 16k = —12 29. Зх? + 42x = —24 30. 4x? — 40x — 12 = 0 
31. 352 + 65+ 9 = 0 32. 71% + 281 + 56 = 0 33. 6r^ + 6г + 12 = 0 


34. * MULTIPLE CHOICE What аге the solutions of x? + 10x + 8 = —5? 
5+ 2ү3 (В) 5 + 43 © 5 + 2ү3 (D -5 + 4V3 


СЭ GEOMETRY Find the value of x. 
35. Area of rectangle = 50 


Sea" 


x + 10 


36. Area of parallelogram = 48 


x+6 


37. Area of triangle = 40 38. Area of trapezoid = 20 


3x —1 


AA 


х + 9 


x+4 
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: EXAMPLES 


: for Exs. 41-49 


FINDING THE VERTEX In Exercises 39 and 40, use completing the 
square to find the vertex of the given function’s graph. Then tell 
what the vertex represents. 


39. At Buckingham Fountain in Chicago, the water’s height h (in feet) 
above the main nozzle can be modeled by h = —16¢* + 89.61 where 
tis the time (in seconds) since the water has left the nozzle. 


40. When you walk x meters per minute, your rate y of energy use (in 
calories per minute) can be modeled by y = 0.0085x* — 1.5x + 120. 


Buckingham Fountain 


WRITING IN VERTEX FORM Write the quadratic function in vertex 
form. Then identify the vertex. 


41. у= x — 8х + 19 42. у= ҳ? – 4х — 1 43. у= x^ + 12x + 37 
44. у= x? + 20x + 90 (45) feo = 22 - 3x + 4 46. р(х) = х? + 7x + 2 
47. у= 2x" + 24x + 25 48. у= 5х? + 10x +7 49. у= 2х? — 28x + 99 


ERROR ANALYSIS Describe and correct the error in solving the equation. 


50. ol. 
10x 13 4x 24x 
10x 13 4(x бх) 
10x 25 19. 25 4(x бх 9) 
x pop R 4(x 3) 20 
v12 (х 3) 


COMPLETING THE SQUARE Solve the equation by completing the square. 
52. х? + 9x + 20 = 0 53. х? + 3х + 14 = 0 54. 74° + 104 = 29? + 155 
55. Зх? + х = 2х 6 56. 0.11? - х +9 = 0.2х 57. 0.41? + 0.70 = 0.30 — 2 


58. ж OPEN-ENDED MATH Write a quadratic equation with real-number 
solutions that can be solved by completing the square but not by factoring. 


59. * SHORT RESPONSE In this exercise, you will investigate the graphical 
effect of completing the square. 


a. Graph each pair of functions in the same coordinate plane. 
у= х? + 2х у= х? + 4х у= х? – 6x 
у= (х + 1)? у= (х + 2)? у= (х – 3)? 

b 

2 

the graph of y = x* + bx when you complete the square? 


2 
b. Compare the graphs of y = x^ + bx and y = E + | . What happens to 


2 
60. REASONING For what value(s) of k does х2 + bx + d — khave 


exactly 1 real solution? 2 real solutions? 2 imaginary solutions? 


61. CHALLENGE Solve х? + bx + с = 0 by completing the square. Your answer 
will be an expression for x in terms of Р and c. 
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PROBLEM SOLVING 


: EXAMPLE 7 62. DRUM MAJOR While marching, a drum major tosses a baton into the air and 


: on p. 287 catches it. The height h (in feet) of the baton after t seconds can be modeled 
: for Exs. 62-65 m h= -ler t 32t + 6. Find the maximum height of the baton. 


63. VOLLEYBALL The height h (in feet) of a volleyball t seconds after it is hit can 
be п sali, h = —16t* + 48t + 4. Find the volleyball’s maximum height. 


64, SKATEBOARD REVENUE A skateboard shop 
sells about 50 skateboards per week for the 
price advertised. For each $1 decrease in 
price, about 1 more skateboard per week is 
sold. The shop’s revenue can be modeled by 

= (70 — x)(50 + x). Use vertex form to find 
how the shop can maximize weekly revenue. 


VIDEO GAME REVENUE A siore sells about 40 video game systems each 
month when it charges $200 per system. For each $10 increase in price, 
about 1 less system per month is sold. The store's revenue can be modeled 
by y = (200 + 10x)(40 — x). Use vertex form to find how the store can 
maximize monthly revenue. 


66. P MULTIPLE REPRESENTATIONS The path of a ball thrown by a softball 
player can be modeled by the function 


y = —0.0110x* + 1.23x + 5.50 


where x is the softball’s horizontal position (in feet) and y is the 
corresponding height (in feet). 


a. Rewriting a Function Write the given function in vertex form. 


b. Making a Table Make a table of values for the function. Include values of 
x from 0 to 120 in increments of 10. 


c. Drawing a Graph Use your table to graph the function. What is the 
maximum height of the softball? How far does it travel? 


67. * EXTENDED RESPONSE Your school is adding a rectangular outdoor eating 
section along part of a 70 foot side of the school. The eating section will be 
enclosed by a fence along its three open sides. 

The school has 120 feet of fencing and 
plans to use 1500 square feet of land 
for the eating section. 


a. Write an equation for the area 
of the eating section. 


b. Solve the equation. Explain 
why you must reject one of 
the solutions. 


c. What are the dimensions of 
the eating section? 


= WORKED-OUT SOLUTIONS Ж = STANDARDIZED $ = MULTIPLE 
290 on p. WS1 TEST PRACTICE REPRESENTATIONS 


: GEOMETRY 


в FAA 


: The volume of 

: clay equals the 

: difference of the 
: volumes of two 
: cylinders. 


68. @ CHALLENGE In your pottery class, you are given a 
lump of clay with a volume of 200 cubic centimeters and 
are asked to make a cylindrical pencil holder. The pencil 
holder should be 9 centimeters high and have an inner 
radius of 3 centimeters. What thickness x should your 
pencil holder have if you want to use all of the clay? 


3 ст y xem 


Side view 


- MIXED REVIEW 


: PREVIEW 


"^ AEREA 


: Prepare for 
: Lesson 4.8 
: in Exs. 69—74. 


Evaluate b? — 4ac for the given values of a, b, and c. (p. 10) 


69. a=2,b=7,c=5 70. a=1,b=-6,c=9 71. a=4,b=-l1,c=3 
72. a=3,b=2,c= —6 73. a=-4,b=2,c= —7 74. a=-5,b=3,c=2 


Write an equation of the line that passes through the given points. (p. 98) 
75. (2,5), (4, 9) 76; (3, —L). (5, 3) Th [5 0. 0L2) 
78. (—2, 4), (1, 2) 79. El, 0), (1, 1) 80. (6, 3), (8, 4) 


Graph the system of inequalities. (p. 168) 


81. x22 82. x20 83. Зх — 2y «8 84. Ax + y23 
y<3 x+y<4 2x+y>0 2x — 3y<6 


QUIZ for Lessons 4.5-4.7 1 


Solve the equation. 
1. 4x? = 64 (р. 266) 2. 3(p — 1)? = 15 (p. 266) 3. l6(m + 5)? = 8 (p. 266) 
4. —2z* = 424 (p. 275) 5. s^ + 12 = 9 (p. 275) 6. 71 — 4 = —6 (р. 275) 
Write the expression as a complex number in standard form. (p. 275) 
Te @ 30 2+ Бї) 8. 249017 ESO S NO — 90 
10. (8 — 3i)(—6 — 10i) n 12. o 


Write the quadratic function in vertex form. Then identify the vertex. (p. 284) 
13. у= х2 – Ax + 9 14. у= х? + 14х + 45 15. f(x) = х^ — 10x + 17 
16. g(x) = x^ -2x- 7 17. у= x? +х+1 18. у= х? + 9х + 19 


19. FALLING OBJECT А student drops a ball from a school roof 45 feet above 
ground. How long is the ball in the air? (p. 266) 
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4 8 Use the Quadratic Formula 
е? and the Discriminant 


You solved quadratic equations by completing the square. 
[ Now | You will solve quadratic equations using the quadratic formula. 
So you can model the heights of thrown objects, as in Example 5. 


Key Vocabulary In Lesson 4.7, you solved quadratic equations by completing the square for each 

• quadratic formula equation separately. By completing the square once for the general equation 

• discriminant ax? + bx + c = 0, you can develop a formula that gives the solutions of any 
quadratic equation. (See Exercise 67.) The formula for the solutions is called the 


: KEY CONCEPT For Your Notebook 


> The Quadratic Formula 


Let a, b, and c be real numbers such that a + 0. The solutions of the quadratic 


: equation ax? + bx + c = 0 are x = —2= 12 — 4ac Up — sae, 


E GITA) solve an equation with two real solutions 


Solve x^ + 3x = 2. 


x*-3x-2 Write original equation. 
: AVOID ERRORS 
. catectecacsvsnenssassessessecsess ye х2 + Зх – 2 = 0) Write in standard form. 
: Remember to write the ar 
i quadratic equation in a L3 b* — 4ac 
: standard form before * 2a иаша fonna 
: applying the quadratic dg DE 
: formula. х= AN AUN a=1b=3,c= -2 

2(1) 
x= = Simplify. 


» The solutions are x = 


SSE VET EXE =0.56 and x = —3— 7 SE = —3.56. 
CHECK Graph y = х? + 3x — 2 and note that 


the x-intercepts are about 0.56 and 
about —3.56. Y 


Zero 
X-.56155281 Y=0 
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+ СТР) solve an equation with one real solution _ 


Solve 25x? — 18x = 12x — 9. 


25x? — 18x = 12x — 9 Write original equation. 
: ANOTHER WAY | | 
i ereeeseeeeesetenate тена танини 251 — 30x -9 = 0 Write in standard form. 
: You can also use 
: factoring to solve this 30  V(—30Y? — 4(25)(9 
: equation because the х= TOO AE "эң a=25,b=-30,c=9 


: left side factors as 


: 2 
50 
_ Я 
х= Simplify. 
» The solution is 2 | 


CHECK Graph y = 25x? — 30x + 9 and note that 
the only x-intercept is 0.6 = 3 Y 


Solve an equation with imaginary solutions 


— A 


—x? -4x25 Write original equation. 
-yf + 4x-5=0 Write in standard form. 
_ —4 + ү42 — 4(—1)(—5) — йй amm 
A a= 1b=4,c=-5 
ya AA > =A Simplify. 
х= 2122 2 Rewrite using ће imaginary unit i. 
= +] Simplify. 


> The solutions are 2 + i and 2 — i. 


CHECK Graph y = —x* + 4x — 5. There are no 
x-intercepts. So, the original equation has 
no real solutions. The algebraic check for 
the imaginary solution 2 + ¿is shown. 


—(24+0*+4(2+=5 
-3-41+8 +4 25 
5-5 


Y GUIDED RACTICE for Examples 1,2. and 3 


Use the quadratic formula to solve the equation. 


1. x-6x—4 2. 4x7 — 10x = 2x-9 3, 7x—5x^—4-2x + 3 
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DISCRIMINANT In the quadratic formula, the expression b^ — 4acis called 
-riminant of the associated equation ax? + bx + c = 0. 


-b*Vb?-4ac “= discriminant 


id 2а 


You can use the discriminant of a quadratic equation to determine the 
equation's number and type of solutions. 


KEY CONCEPT For Your Notebook 


Using the Discriminant of ax? + bx + c = 0 


H - 
™ 
~ 
a 
a 
”ә 
ә 

3 


Value of 2 2 = 2 
discriminani b* — 4ac>0 b* — 4ac=0 b^ — 4ас< 0 
Number and type Two real One E S Two imaginary 
of solutions solutions E S solutions 
Graph of 
у= ах? + bx+c 

Two x-intercepts One x-intercept No x-intercept 


( EXAMPLE 4 | Use the discriminant 


Find the discriminant of the quadratic equation and give the number and 
type of solutions of the equation. 


a х2 – 8х + 17 = 0 b. x* — 8х + 16 = 0 c. х2 —8x 15 = 0 
Solution 
Equation Discriminant Solution(s) 
E aX aan 

ax? + bx -c-0 b? — 4ac yx Des - Лас 
a. х? — 8х + 17 = 0 (—8)* — 4(1)(17) = —4 Two imaginary: 4 + і 
b. х2 – 8х + 16 = 0 (—8)2 — 4(1)(16) = 0 One real: 4 
c. X – 8х + 15 = 0 (—8)? — 4(1)(15) = 4 Two real: 3, 5 


GUIDED PRACTICE — forExample4 - 


Find the discriminant of the quadratic equation and give the number and type 
of solutions of the equation. 


4. 2x2+4x-4=0 5. 3х2 + 12x - 12-0 6. 8х2 = 9х — 11 


7. 7X? -2x = 5 8. 4x? + 3x + 12 = 3 — Зх 9. Зх – 5х2 +1 = 6 – 7х 
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MODELING LAUNCHED OBJECTS In Lesson 4.5, the function h = —161* + ho 

was used to model the height of a dropped object. For an object that is launched 
or thrown, an extra term v,t must be added to the model to account for the 
object's initial vertical velocity v, (in feet per second). Recall that h is the 
height (in feet), tis the time in motion (in seconds), and h, is the initial height 
(in feet). 


h = -16t? + hy Object is dropped. 
h=-l6t*+v,t+h, Object is launched or thrown. 


As shown below, the value of v, can be positive, negative, or zero depending on 
whether the object is launched upward, downward, or parallel to the ground. 


vg «€ 0 v.g 


Solve a vertical motion problem | 


JUGGLING А juggler tosses a ball into the air. The ball leaves the juggler's hand 
4 feet above the ground and has an initial vertical velocity of 40 feet per second. 
The juggler catches the ball when it falls back to a height of 3 feet. How long is 
the ball in the air? 


Solution 


Because the ball is thrown, use the model h = —16t* + Ut + hy. To find how 
long the ball is in the air, solve for t when h = 3. 


h = -16t* + vat + №, Write height model. 
З = —161% + 401 + 4 Substitute 3 for h, 40 for v,, and 4 for h,. 
0 = —16t° + 401 + 1 Write in standard form. 
gee 
_ —40 + V40* — 4(—16)(1) | 
t= 216) Quadratic formula 
_ —40 + V1664 
Se T 39 Simplify. 
t = —0.025 or f = 2.5 Use a calculator. 


> Reject the solution —0.025 because the ball's time in the air cannot 
be negative. So, the ball is in the air for about 2.5 seconds. 


| GUIDED PRACTICE for Example 5 
| T ¡AA 


10. WHAT IF? In Example 5, suppose the ball leaves the juggler's hand with an 
initial vertical velocity of 50 feet per second. How long is the ball in the air? 
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EXERCISES HOMEWORK: () = WORKED-OUT SOLUTIONS 
4.3 KEY : on p. WS9 for Exs. 19, 39, and 71 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 12, 51, 55, 62, 69, 72, and 73 


SKILL PRACTICE 


: EXAMPLES 
: 1,2, and з 


= eE 


: for Exs. 3-30 


; EXAMPLE 4 


Ce ee 


: : on p. 294 
: for Exs. 31-39 


1. VOCABULARY Copy and complete: You can use the _?_ of a quadratic 
equation to determine the equation's number and type of solutions. 


2. * WRITING Describe a real-life situation in which you can use the model 
h= -16£ + vof + hy but not the model й = —16ї7 + ho 


EQUATIONS IN STANDARD FORM Use the quadratic formula to solve the 
equation. 


3. x -4x— 5 = 0 4. x2-6x+7=0 5. 2+ 81+ 19-0 
6. х^ – 16x - 7-0 7. Ви? — 8w+2=0 8. 5p* — 10р + 24 = 0 
9. 4х2 – 8х+1= 0 10. 6и2 + 4и + 11 = 0 11. 372 – 87 —– 9 = 0 


12. * MULTIPLE CHOICE What are the complex solutions of the equation 
2x* — 16x + 50 = 0? 


4 + 3i, 4 — 3i (D 4+ 12i,4-12i 
© 16 + 3i, 16 — 3i (DD 16 + 121,16 — 12i 


EQUATIONS NOT IN STANDARD FORM Use the quadratic formula to solve the 
equation. 


13. Зи? — 12w = —12 14. х2 + 6x = —15 15. sé = —14 — 35 
16. —3y* = 6y — 10 17. 3— 8v — 5v^ = 2v 18. 7x-5-12x- — 
(i9) 4x? +3 =x? - 7х 20. 6 — 212 = 9t + 15 21. 4- 9n— Зп? = 2 – n 


SOLVING USING TWO METHODS Solve the equation using the quadratic formula. 
Then solve the equation by factoring to check your solution(s). 


22. 2? + 152 + 24 = —32 23. х^ — 5х + 10 = 4 24. m^ + 5т — 99 = 3m 
25. 5-5-3 = 5 26. r^ – 4г+ 8 = 5r 27. Зх? + 7x — 24 = 13x 
28. 45x*+57x+1=5 29. 5p* + 40p + 100 = 25 30. 9n* — 42n — 162 = 21n 


USING THE DISCRIMINANT Find the discriminant of the quadratic equation and 
give the number and type of solutions of the equation. 


31. х^ — 8x - 16-0 32. 52 + 7s - 11 = 0 bibi diae 
34. —4w* -w — 14-0 35. 5x^ + 20x + 21 = 0 82 — 10 = 22 – 72 + 3 
37. 85 —4n + 2 = 5n— 11 38. 5х? + 16x = 11х — 3x* Or- 5 = 2r+ 9r 


SOLVING QUADRATIC EQUATIONS Solve the equation using any method. 


40. 16 — 7t = 17t- 9 41. 7x 3x? = 85 + 2х2 + 2х 42. 4(x- D?=6x+2 
43. 25 — 16102 = 120(0+5) A4. Sy - 6y- Зу – 9 45. 3x? + Эх-4=5х + 
46. 1.1(3.4x — 2.3)? = 15.5 47. 19.25 = —8.5(2г— 1.75) 48. 4.5 = L.5(3.25 — 5)? 
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ERROR ANALYSIS Describe and correct the error in solving the equation. 


49. 50. 
Эх бх 15 6x 
ү 4(5)(15) ү 4(1)(9) 
2(5) 2(1) 
V 144 V 


12 
1or p 4 2 or Ж 


51. * SHORT RESPONSE For a quadratic equation ax? + bx + с = 0 with two real 
solutions, show that the mean of the solutions is -2 How is this fact 
related to the symmetry of the graph of y = ax? + bx + с? 

VISUAL THINKING In Exercises 52-54, the graph of a quadratic function 


у = ax” + bx + cis shown. Tell whether the discriminant of ax? + bx + с = 0 is 
positive, negative, or zero. 


52. y 53. y 54. y 


55. * MULTIPLE CHOICE What is the value of c if the discriminant of 
2x* + 5x + с = 016 —23? 


СА) -23 (В) -6 (С) 6 (D 14 


THE CONSTANT TERM Use the discriminant to find all values of c for which the 
equation has (a) two real solutions, (b) one real solution, and (c) two imaginary 
solutions. 


56. х2 —4x+c=0 57. X? + 8x +с= 0 58. -xf + 16x+c=0 
59. 3х2 + 24x +c=0 60. —4x* —10x+c=0 61. X-x+c=0 


62, * OPEN-ENDED MATH Write a quadratic equation in standard form that has 
a discriminant of —10. 


WRITING EQUATIONS Write a quadratic equation in the form ах? + bx + c= 0 
such that c = 4 and the equation has the given solutions. 


63. —4and3 64. -i and —1 65. —1 + ¡and —1 — і 


66. REASONING Show that there is no quadratic equation ax? + bx + c = 0 such 
that a, b, and c are real numbers and Зі and —2i are solutions. 


67. CHALLENGE Solve the equation. 
a. |х? – Зх – 14| = 4 b. xà = |х| + 6 


4.8 Use the Quadratic Formula and the Discriminant 
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PROBLEM SOLVING 


: EXAMPLES | 68. FOOTBALL In a football game, a defensive player jumps up to block a pass by 
ionp295 the opposing team's quarterback. The player bats the ball downward with 

: for Exs. 68—69 his hand at an initial vertical velocity of —50 feet per second when the ball is 
7 feet above the ground. How long do the defensive player's teammates have 


to intercept the ball before it hits the ground? 


me Tuto! for problem solving help at dasszone.com 


69. * MULTIPLE CHOICE For the period 1990-2002, the number S (in thousands) 
of cellular telephone subscribers in the United States can be modeled by 
S = 85812 + 14121 + 4982 where tis the number of years since 1990. In what 
year did the number of subscribers reach 50 million? 


СА) 1991 1992 (С) 1996 2000 


@Homefutor for problem solving help at classzone.com 


70. MULTI-STEP PROBLEM A stunt motorcyclist makes a jump from one ramp 
20 feet off the ground to another ramp 20 feet off the ground. The jump 


between the ramps can be modeled by y = -h + qe + 20 where x is the 
horizontal distance (in feet) and y is the height above the ground (in feet). 


a. What is the motorcycle’s height r when it lands on the ramp? 
b. What is the distance d between the ramps? 


c. What is the horizontal distance h the motorcycle has traveled when it 
reaches its maximum height? 


d. What is the motorcycle’s maximum height k above the ground? 


BIOLOGY The number S of ant species in Kyle Canyon, Nevada, can be 
modeled by the function S = —0.000013E* + 0.042E — 21 where Eis the 
elevation (in meters). Predict the elevation(s) at which you would expect to 
find 10 species of ants. 


72. * SHORT RESPONSE A city planner wants to create 
adjacent sections for athletics and picnics in the yard 
of a youth center. The sections will be rectangular 
and will be surrounded by fencing as shown. There 
is 900 feet of fencing available. Each section should 
have an area of 12,000 square feet. 


a. Show that w = 300 — $ 


b. Find the possible dimensions of each section. 


= WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
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73. * EXTENDED RESPONSE You can model the position (x, y) of a moving 
object using a pair of parametric equations. Such equations give x and y in 
terms of a third variable t that represents time. For example, suppose that 
when a basketball player attempts a free throw, the path of the basketball 
can be modeled by the parametric equations 


x — 20t 
y= 16 + 211+ 6 


where x and y are measured in feet, fis measured in seconds, and the player's 
feet are at (0, 0). 


a. Evaluate Make a table of values giving the position (x, y) of the 
basketball after 0, 0.25, 0.5, 0.75, and 1 second. 


b. Graph Use your table from part (a) to graph the parametric equations. 


c. Solve The position of the basketball rim is (15, 10). The top of the 
backboard is (15, 12). Does the player make the free throw? Explain. 


74. CHALLENGE The Stratosphere Tower in Las Vegas is 921 feet tall 
and has a “needle” at its top that extends even higher into the air. 
A thrill ride called the Big Shot catapults riders 160 feet up the 
needle and then lets them fall back to the launching pad. 


a. The height h (in feet) of a rider on the Big Shot can be 
modeled by h = —161* + v,t + 921 where t is the elapsed 
time (in seconds) after launch and v, is the initial vertical 
velocity (in feet per second). Find v, using the fact that the 
maximum value of h is 921 + 160 = 1081 feet. 


b. A brochure for the Big Shot states that the ride up the 
needle takes two seconds. Compare this time with the time 
given by the model h = –16 + vt + 921 where v, is the 
value you found in part (a). Discuss the model's accuracy. 


Find the slope of the line passing through the given points. Then tell whether 
the line rises, falls, is horizontal, or is vertical. (p. 82) 
79. (2, Uh (4, 9) 76. (—8, 3), (4, —5] 74. (—3, “Al; (6, —2) 
3 1 5 T Е 1 71 (4 2) 
78. (3, 2) [3 79. (-1, 0), (-1, 5) во. (2,2142) 
: PREVIEW Graph the inequality or equation in a coordinate plane. 
: Prepare for < — — 
: Lesson 4.9 81. y x 10 (р. 132) 82. 8x — 4y < —16 (р. 132) 
dE ME ix + 3y > 8 (p. 132) 84. у> -2y — 7 (p. 132) 
85. у= 3(х + 1)(x + 2) (р. 245) 86. y = —2(x — 3)(х — 1) (p. 245) 
87. HANG-GLIDING Suppose that t minutes after beginning a descent, a hang 
glider has an altitude a (in feet) given by the model a = 2000 — 2501. What is 
the height of the hang glider prior to the descent? How long does it take the 


hang glider to reach the ground? (p. 72) 
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4 О Graph and Solve 
Quadratic Inequalities 


You graphed and solved linear inequalities. 
You will graph and solve quadratic inequalities. 


So you can model the strength of a rope, as in Example 2. 


bles can be written in one of the following forms: 


+ quadratic inequality у<ах? t bxc pa a y>ax’+bxi+c у>ах? + Вх + с 
e quadratic inequality The graph of any such inequality consists of all solutions (х, y) of the inequality. 
in one variable 


KEY CONCEPT For Your Notebook 


Graphing a Quadratic Inequality in Two Variables 


> 


To graph a quadratic inequality in one of the forms above, follow these steps: 


STEP? Graph the parabola with equation у = ах? + bx + c. Make the 
parabola dashed for inequalities with < or > and solid for 
inequalities with < or >. 


STEP 2 Test a point (x, y) inside the parabola to determine whether the 
point is a solution of the inequality. 


STEP 3 Shade the region inside the parabola if the point from Step 2 
is a solution. Shade the region outside the parabola if it is not 
a solution. 


Graph a quadratic inequality 


Graph y > x? + 3x — 4. 


Solution 

| AVOID ERRORS у een Graphy- i иии 
: Be sure to use a dashed TE И cR ae es eris) E ена ity 
: parabola if the symbol symbol is >, make the parabola dashed. 
: is > or < and a solid $TEP2 Test a point inside the parabola, such as (0, 0). 
: parabola if the symbol 
: is2or<. у> + 358—4 

0» 02 + 3(0) — 4 

02-4 


So, (0, 0) is a solution of the inequality. 
STEP3 Shade the region inside the parabola. 


 (finimatea zebra at classzone.com 
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CUE use a quadratic inequality in real life 


RAPPELLING A manila rope used for rappelling down a cliff can safely support a 
weight W (in pounds) provided 


W= 1480d? 


where d is the rope's diameter (іп inches). Graph the inequality. 


Solution 


Graph W = 14804? for nonnegative values of d. 
Because the inequality symbol is =, make the 


parabola solid. Test a point inside the parabola, a 
such as (1, 2000). = 2 
W = 14804? E LL 
2000 < 1480(1? H- 
2000 < 1480 x NND B DL 


Diameter (in.) 


Because (1, 2000) is not a solution, shade the 
region below the parabola. 


SYSTEMS OF QUADRATIC INEQUALITIES Graphing a system of quadratic 
inequalities is similar to graphing a system of linear inequalities. First graph 
each inequality in the system. Then identify the region in the coordinate plane 
common to all of the graphs. This region is called the graph of the system. 


Graph a system of quadratic inequalities 


Graph the system of quadratic inequalities. 


ys-x^44 Inequality 1 
y»x^—2x-3 Inequality 2 
Solution 
STEP? Graph y < —x? + 4. The graph is the CTA 1 LET Y Д "m | Е 


red region inside and including the 
parabola y = —x* + 4. 


STEP2 Graph y > х? — 2x — 3. The graph is the 
blue region inside (but not including) 
the parabola y = x^ — 2x — 3. 


STEP3 Identify the purple region where the 
two graphs overlap. This region is the 
graph of the system. 


for Examples 1, 2, and з 


Graph the inequality. 
1. y>x*+2x-8 2. ys2x^ — 3x +1 3. ye х? + Ax -2 


4. Graph the system of inequalities consisting of y х? and y < —x? + 5. 
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: МАКЕ A TABLE 


= PRPC PTT PPT ETP 


: To give the exact 

: solution, your table 

: needs to include the 

: x-values for which the 
: value of the quadratic 
: expression is 0. 


ONE-VARIABLE INEQUALITIES A quadratic inequality in one variable can be 
written in one of the following forms: 


ах? + bx + c«0 ах? + bx +c<0 ах? + bx +c>0 ах? + bx + с> 0 


You can solve quadratic inequalities using tables, graphs, ог algebraic methods. 


_Solve a quadratic inequality using a table 


Solve x? + x< 6 using a table. 


Solution 


Rewrite the inequality as x^ + x — 6 < 0. Then make a table of values. 


Notice that x^ + x — 6 < 0 when the values of x are between —3 and 2, inclusive. 


> The solution of the inequality is —3 = x = 2. 


GRAPHING TO SOLVE INEQUALITIES Another way to solve ax? + bx + с «0 is to 
first graph the related function y = ax? + bx + c. Then, because the inequality 
symbol is «, identify the x-values for which the graph lies below the x-axis. You 
can use a similar procedure to solve quadratic inequalities that involve <, >, or >. 


Solve a quadratic inequality by graphing 


| GUIDED PRACTI \CTICE | for Examples 4 and 5 


Solve 2x^ + x — 4 = 0 by graphing. 


Solution 


The solution consists of the x-values for which the graph of y = 2x* + x – 4 

lies on or above the x-axis. Find the graph’s x-intercepts by letting y = 0 and 

using the quadratic formula to solve for x. 
0=2x7+x-4 


~1+\1? - 4(2)(-4) 


m 20) 
pe т. 


4 
x= 1.19 or x = —1.69 


Sketch a parabola that opens up and has 1.19 and —1.69 as x-intercepts. The 
graph lies on or above the x-axis to the left of (and including) x = —1.69 and to 
the right of (and including) x = 1.19. 


| » The solution of the inequality is approximately x = —1.69 or x > 1.19. 


| Б. Solve the inequality 2x? + 2x = 3 using a table and using a graph. 
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CIT Use a quadratic inequality as a model _ 


ROBOTICS The number T of teams that have 
participated in a robot-building competition for 
high school students can be modeled by 


T(x) = 7.51x* — 16.4x + 35.0,0<x<9 


where x is the number of years since 1992. For what 
years was the number of teams greater than 100? 


Solution 
You want to find the values of x for which: киши — 
TG) > 100 | | 
7.511? — 16.4х + 35.0 > 100 | | 
7.51x* — 16.4x — 65 » 0 | | 


lero 


Graph y = 7.51x? — 16.4x — 65 on the domain L X=4.2299219 Y=0 
0 =< х = 9. The graphs x-intercept is about 4.2. Seem 
The graph lies above the x-axis when 4.2 < x = 9. 


» There were more than 100 teams participating in the years 1997-2001. 


WEE Solve a quadratic inequality algebraically 


Solve x* — 2x > 15 algebraically. 


Solution 
First, write and solve the equation obtained by replacing > with =. 
х? – 2х = 15 Write equation that corresponds to original inequality. 
x*-2x-15=0 Write in standard form. 
+3 He — 3) = 0 Factor. 
x=-3orx=5 Zero product property 


The numbers —3 and 5 are the critical x-values of the inequality x^ — 2x > 15. 
Plot —3 and 5 on a number line, using open dots because the values do not 
satisfy the inequality. The critical x-values partition the number line into three 
intervals. Test an x-value in each interval to see if it satisfies the inequality. 


>= RT 
-5 4 3 2 -1 0 1 2 3 4 5 6 7 


1 


Test x = —4: Test x = 1: Test x = 6: 
(-4)? — 2(-4) = 24» 15 V 12 — 2(1) = –1 415 62 — 2(6) = 24 > 15 Y 


> The solution is x< —3 or x » 5. 


Y GUIDED PRACTICE | for Examples 6 and 7 


6. ROBOTICS Use the information in Example 6 to determine in what years at 
least 200 teams participated in the robot-building competition. 


7. Solve the inequality 2x* — 7x > 4 algebraically. 
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4.9 EXERCISES a: C) WOHEAD our SOLUTIONE 
E KEY: on p. WS9 for Exs. 17, 39, and 73 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 44, 45, 68, and 73 


| €- = MULTIPLE REPRESENTATIONS 
Ex. 74 


‘SKILL PRACTICE - 


1. VOCABULARY Give an example of a quadratic inequality in one variable 
and an example of a quadratic inequality in two variables. 


2. ж WRITING Explain how to solve x? + 6x — 8 < 0 using a table, by graphing, 
and algebraically. 


; EXAMPLE 1 | MATCHING INEQUALITIES WITH GRAPHS Match the inequality with its graph. 
: on p. 300 2 Em ml 2 _ 
: for Exs. 3-19 3. ysx^ t Ax - 3 | 4. y» 3 +4x-3 5. y«x —Ax - 3 


C. 


|My 
EE ||| 
PE 4 


GRAPHING QUADRATIC INEQUALITIES Graph the inequality. 


6. у< —x* 7. yz Ax* 8. y»x^—9 

9. ys x? + 5x 10. y<x*+4x-5 11. y» x? + 7x +12 
12. ys —x^ + 3х + 10 13. yz2x^- 5x— 7 14. yz -2x^ + 9x — 4 
15. y«4x^ — 3x — 5 16. y»0.1x^— x+ 1.2 (7) у= - 5 + ax 1 


ERROR ANALYSIS Describe and correct the error in graphing у> x^ + 2. 
18. 19. 


: EXAMPLE 3 GRAPHING SYSTEMS Graph the system of inequalities. 


bae 20. yz 2x? 21. y» —5x? 22. ye x? —4 
: for ЕХ. 20—25 2 2 2 
yocp 1 ymdi---2 pe 2H ets 
23. у= —x^ + Ax — 4 24. у> 3x^ + 3x — 5 25. yz х^ – Зх — 6 
y<2x?+x-8 y« —x? + 5x + 10 yz2x?- 7х + 6 


: EXAMPLE 4 SOLVING USING A TABLE Solve the inequality using a table. 


E SPT 


: on p. 302 2 _ ЖЕТШ Bi e 

dulces Lean 26. х2 — 5x «0 27. X* - 2x - 320 28. x? + 3x « 10 
29. х? - 2x 2 8 30. —x? + 15x — 5020 31. x? — 10x « —16 
32. x^ — Ax » 12 33. 3х2 – 6x 2=7 34. 2х2 – 6х — 9 > 11 
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: EXAMPLE 5 SOLVING BY GRAPHING Solve the inequality by graphing. 


: on p. 302 2 - 2 = 2 — 

: for Exs. 35-43 35. x 6x«0 36. x^ + 8x x —7 37. x Ax+2>0 
38. x^ + 6x - 320 (69) 3x? + 2x - 80 40. 3x%+5x-3<1 
41. —6х? + 19х> 10 42. —ух° + 4x2] 43. Ax? — 10x — 7 « 10 


44. Ж MULTIPLE CHOICE What is the solution of 3x? — x — 4 > 0? 


СА) x«-lorx» i A <x< 5 
СС) x<—Zorx> | (D> exu 


45. Ж MULTIPLE CHOICE What is the solution of 2x^ + 9x « 56? 


(D x<-80rx>=3.5 —8 <x<3.5 
(C x<0orx>=4.5 (D O<x<4.5 


: EXAMPLE 7 SOLVING ALGEBRAICALLY Solve the inequality algebraically. 


; On p. 303 46. Ax? « 25 47. x? + 10x - 9«0 48. x? — 11x 2 —28 

: for Exs. 46—57 
49. 3x^ — 13x » 10 50. 2x* —5x —3«0 51. 4х2 + 8x —2120 
52. —Ax^— x - 3«0 53. 5x^ —6x —2 «0 54. —3x* + 10x > —2 
55. —2x? — 7X 24 56. 3x + 1« 15x 57. 6х2 — 5 > 8x 


58. GRAPHING CALCULATOR In this exercise, you will use a different graphical 
method to solve Example 6 on page 303. 


a. Enter the equations y = 7.51x^ — 16.4x + 35.0 and y = 100 into a 
graphing calculator. 


b. Graph the equations from part (a) for 0 = х= 9 and 0 = y = 300. 
c. Use the intersect feature to find the point where the graphs intersect. 


d. During what years was the number of participating teams greater than 
100? Explain your reasoning. 


CHOOSING A METHOD Solve the inequality using any method. 


59. 8х2 —3x - 1« 10 60. 4x? + 11x + 32 —3 61. —^—2x—1»2 
62. —3x? + Ax —5 x2 63. х – 7х + 4> 5х – 2 64. 2х2 + 9х ^12 -3x + 1 
65. 3x? — 2x + ls -x2 + 1 66. 5х2 + x —7 « ax? — 4х 67. 6х2 — 5х -2« 3х2 +x 


68. k OPEN-ENDED MATH Write a quadratic inequality in one variable that has a 
solution of x < —2 or x » 5. 


69. CHALLENGE The area A of the region bounded by a 


parabola and a horizontal line is given by A — арп 


where b and Л are as defined in the diagram. Find the area 
of the region determined by each pair of inequalities. 
a. у<—х°+4х b. yex^—4x—5 

у> 0 у= 3 
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PROBLEM SOLVING 


: EXAMPLE 2 70. ENGINEERING A wire rope can safely support a weight W (in pounds) 


EA 


: on p. 301 provided W « 80004? where d is the rope's diameter (in inches). Graph 
: for Exs. 70-71 the inequality. 


@H Home eTutor tor for problem solving help at classzone.com 


71. WOODWORKING А hardwood shelf in a wooden bookcase can safely support 
a weight W (in pounds) provided W = 115x* where x is the shelf's thickness (in 
аена. Graph the inequality. 


melutor for problem solving help at dasszone.com 


: EXAMPLEG 72. ARCHITECTURE The arch of the Sydney Harbor Bridge in Sydney, Australia, 
: on p. 303 can be modeled by y = —0.00211x* + 1.06x where x is the distance (in meters) 
: for Exs. 72-74 from the left pylons and y is the height (in meters) of the arch above the 


water. For what distances x is the arch above the road? 


Ж SHORT RESPONSE The length L (in millimeters) of the larvae of the black 
porgy fish can be modeled by 


L(x) = 0.00170x? + 0.145x + 2.35, 0 < x < 40 


where x is the age (in days) of the larvae. Write and solve an inequality to find 
at what ages a larvae's length tends to be greater than 10 millimeters. Explain 
how the given domain affects the solution. 


74. Ф MULTIPLE REPRESENTATIONS A study found that a driver's reaction time 
A(x) to audio stimuli and his or her reaction time V(x) to visual stimuli (both 
in milliseconds) can be modeled by 


A(x) = 0.0051x* — 0.319x + 15, 16 « x « 70 
V(x) = 0.005x* — 0.23x + 22, 16 = x = 70 
where x is the driver's age (in years). 
a. Writing an Inequality Write an inequality that you can use to find the 
x-values for which A(x) is less than V(x). 


b. Making a Table Use a table to find the solution of the inequality 
from part (a). Your table should contain x-values from 16 to 70 in 
increments of 6. 


c. Drawing a Graph Check the solution you found in part (b) by using 
a graphing calculator to solve the inequality A(x) « V(x) graphically. 
Describe how you used the domain 16 = х = 70 to determine a reasonable 
solution. 


d. Interpret Based on your results from parts (b) and (c), do you think a 
driver would react more quickly to a traffic light changing from green to 
yellow or to the siren of an approaching ambulance? Explain. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED = MULTIPLE 
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MIXED REVIEW 


75. 


76. 


74. 


SOCCER The path of a soccer ball kicked from the ground can be modeled by 
у= —0.0540x? + 1.43x 


where x is the horizontal distance (in feet) from where the ball was kicked 

and y is the corresponding height (in feet). 

а. A soccer goal is 8 feet high. Write and solve an inequality to find at what 
values of x the ball is low enough to go into the goal. 


b. A soccer player kicks the ball toward the goal from a distance of 15 feet 
away. No one is blocking the goal. Will the player score a goal? Explain 
your reasoning. 


MULTI-STEP PROBLEM 4A truck that is 11 feet tall and 
7 feet wide is traveling under an arch. The arch can 
be modeled by 


у= —0.0625x? + 1.25x + 5.75 


where x and y are measured in feet. 


a. Will the truck fit under the arch? Explain your 
reasoning. 


b. What is the maximum width that a truck 11 feet 
tall can have and still make it under the arch? 


c. What is the maximum height that a truck 7 feet 
wide can have and still make it under the arch? 


CHALLENGE For clear blue ice on lakes and ponds, the maximum weight w 
(in tons) that the ice can support is given by 


w(x) = 0.11% — 0.5x — 5 
where x is the thickness of the ice (in inches). 
a. Calculate What thicknesses of ice can support a weight of 20 tons? 


b. Interpret Explain how you can use the graph of w(x) to determine the 
minimum x-value in the domain for which the function gives meaningful 
results. 


: PREVIEW 


: Prepare for 
: Lesson 4.10 in 
: Exs. 87-92. 


Graph the function. 
78. y = 3x + 7 (p. 89) 79. f(x) = —4x + 5 (p. 89) 80. y = > |x| (p. 123) 
81. y= |x — 2| (p. 123) 82. y= |x - 6| — 1 (p. 123) 83. р(х) = x? — 8 (p. 236) 


84. f(x) = х2 + 4х + 3 (p.236) 85. у= 2x^ — 9x + 4 (p. 236) 86. у= Ax! — 2x 1 (p. 236) 


Solve the system of equations. (p. 178) 


B7. XFyt22-—2 88. x+y+2=3 89. 4x + 2y +2 = —6 
4x+2y+z=3 2х + Зу – 2 = –8 ху += 3 
2 = —3 2= 4 16х + 4у +2 = 0 
90. х+у+=8 91. x+y+z=5 92. x+y+z=1 
9х – Зу+2= 0 2х – Зу + З= = 9 х—у+ж= 1 
4x-2y+z=-1 —x t Ty z2=11 3x+y+3z=3 
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тет ACTIVITY Use before Lesson 4.10 Tutor 


classzone.com 
Keystrokes 


4.10 Modeling Data with a Quadratic Function 


MATERIALS -compass * 50 pennies • graphing calculator 


| = YD NDE | 
А Шы а и Ны ЗЫР Е Бы 


Collect data Record data Diameterof | Numberof | 


Draw five circles using a Record your results from circle (in.), x pennies, y 

compass. Use diameters of Step 1 ina table like the one 0 > 

l inch, 2 inches, 3 inches, shown at the right. Also, 

4 inches, and 5 inches. Place record the number of pennies 1 

as Many pennies as you can that would fit in a circle witha ә 

in each circle, making sure diameter of 0 inch. 

that each penny is completely 3 
4 
5 


2 


? 


within the circle. 


STEP 3| Enter data STEP 4] Display data Find model 


Enter the data you collected Display the data in a scatter Use the quadratic regression 
into two lists of a graphing plot. Notice that the points feature to find a quadratic 
calculator. appear to lie on a parabola. model for the data. 


| EDIT TESTS 
1:1-Var Stats 
2:2-Var Stats 
3:Med-Med 

| £:LinReglax+b) 
FR auadReg 
ó6lCubicReg 


. Graph your model from Step 5 on the same screen as the scatter plot. 
Describe how well the model fits the data. 


. Use your model from Step 5 to predict the number of pennies that will 
fitin a circle with a diameter of 6 inches. Check your prediction by 
drawing a circle with a diameter of 6 inches and filling it with pennies. 


. Explain why you would expect the number of pennies that fit inside 
a circle to be a quadratic function of the circle’s diameter. 


. The diameter of a penny is 0.75 inch. Use this fact to write a quadratic 
function giving an upper limit L on the number of pennies that can fit 
inside a circle with diameter x inches. 
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4.10 


_ Key Vocabul: 
* best-fitting 
quadratic model 


Write Quadratic 
Functions and Models 


You wrote linear functions and models. 
You will write quadratic functions and models. 
So you can model the cross section of parabolic dishes, as in Ex. 46. 


In Lessons 4.1 and 4.2, you learned how to graph quadratic functions. In this 
lesson, you will write quadratic functions given information about their graphs. 


( ExaMPLE write a. uadratic function in vertex form 
ECZEN: IN 


: AVOID ERRORS 


в EEE 


: Be sure to substitute 
: the x-intercepts and 
: the coordinates of 
: the given point for 
: the correct letters in 
: y = а(х – pix – q). 


Write a quadratic function for the parabola shown. 


Solution 
Use vertex form because the vertex is given. 


y=a(x—h)*+k  Vertexform 


y-a(x—1?*-2 Substitute 1 for h and —2 for k. 


Use the other given point, (3, 2), to find a. 
2—a(3—1)?-2 Substitute 3 for x and 2 for y. 
2=4a-2 Simplify coefficient of a. 
l-a Solve for a. 


» A quadratic function for the parabola is y = (x — 1)? — 2. 


Write a quadratic function for the parabola shown. 


Solution 


Use intercept form because the x-intercepts are given. 


y=a(x— р)(х-– 4) intercept form 


у= а(х+ 1)(х—4) Substitute —1 for p and 4 for q. 


Use the other given point, (3, 2), to find a. 
2 = а(3 + 1)(3 — 4) Substitute 3 for x and 2 for y. 
2 = —4a Simplify coefficient of a. 


= A Solve for a. 


» A quadratic function for the parabola is y = -5% +FD(x—4,. 


4.10 Write Quadratic Functions and Models 


Write a quadratic function in intercept form 


309 


ЄС) write a quadratic function in standard form 


Write a quadratic function in standard form for the parabola that passes 
through the points (—1, —3), (0, —4), and (2, 6). 
Solution 


STEP? Substitute the coordinates of each point into y = ах? + bx + cto obtain 
the system of three linear equations shown below. 


-3-a(-D^- b(-1) +c Substitute —1 for x and —3 for y. 


—3=a-b+c Equation 1 
—4=a(0)? + b(0) + c Substitute O for x and —4 for y. 
—4 = с Equation 2 
6 = а(2)? + b(2) + с Substitute 2 for x апа 6 for у. 
6=4a+2b+c Equation 3 
: REVIEW SYSTEMS STEP 2 Rewrite the system of three equations in Step 1 as a system of two 
: OF EQUATIONS equations by substituting —4 for cin Equations 1 and 3. 


EEE 


: For help with solving 
: systems of linear 

: equations in three a—-b-4--3 Substitute —4 for c. 
: variables, see p. 178. 


a-b+c=-3 Equation 1 


a-b=1 Revised Equation 1 
4at+2b+c=6 Equation 3 


da+2b-4=6 Substitute —4 for c. 
4а + 2р = 10 Revised Equation 3 


STEP 3 Solve the system consisting of revised Equations 1 and 3. Use the 
elimination method. 


a-b=1 E 2a — 2b - 2 


4a + 2b = 10 Aq + 2b = 10 
ба = 12 
а= 2 


502 — b= 1, which means b = 1. 
The solution is a = 2, b = 1, and c = —4. 


> A quadratic function for the parabola is y = 2x? + x — 4. 


CTICE | for Examples 1, 2, and 3 


| Write a quadratic function whose graph has the given characteristics. 


1. vertex: (4, —5) eo Verter 3,5) 3. x-intercepts: —2, 5 
passes through: (2, —1) passes through: (0, —8) passes through: (6, 2) 


Write a quadratic function in standard form for the parabola that passes 
_ through the given points. 


| 4. (—L 5), (0, Ed d (2, 11) 9. (2, =J}, (0, 3), (4, 1) 6. ii; 0), (1, =й), (2, —15) 
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QUADRATIC REGRESSION In Chapter 2, you used a graphing calculator to perform 
linear regression on a data set in order to find a linear model for the data. A 
graphing calculator can also be used to perum quadratic re reg ression. . The model 


RR i 


given by quadratic regression is called the bes 


Solve a multi-step problem 


PUMPKIN TOSSING A pumpkin tossing contest is held each 
year in Morton, Illinois, where people compete to see whose 
catapult will send pumpkins the farthest. One catapult 
launches pumpkins from 25 feet above the ground at a 
speed of 125 feet per second. The table shows the horizontal 
distances (in feet) the pumpkins travel when launched at 
different angles. Use a graphing calculator to find the 
best-fitting quadratic model for the data. 


Solution 
STEP? Enter the data into two lists STEP 2 Make a scatter plot of the 
of a graphing calculator. data. Note that the points 
show a parabolic trend. 


L2(6)=323 


STEP 3 Use the quadratic regression — S7EP4 Check how well the model 


feature to find the best- fits the data by graphing the 
fitting quadratic model for model and the data in the 
the data. same viewing window. 


| QuadReg 
y=ax2+bx+c 
a=-.2614285714 
b=22.59142857 


c=23.02857143 


> The best-fitting quadratic model is y = —0.261x? + 22.6x + 23.0. 


«| GUIDED PRACTICE for Example 4 


7. PUMPKIN TOSSING In Example 4, at what angle does the pumpkin travel the 
farthest? Explain how you found your answer. 
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EXERCISES NN a da 
4.1 0 KEY: on р. WS9 for Exs. 19, 35, and 49 
: * = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 16, 43, 44, and 51 


¡ Ф = MULTIPLE REPRESENTATIONS 
Ex. 50 | 


‘SKILL PRACTICE 


1. VOCABULARY Copy and complete: When you perform quadratic regression 
on a set of data, the quadratic model obtained is called the ? . 


2. ж WRITING Describe how to write an equation of a parabola if you know 
three points on the parabola that are not the vertex or x-intercepts. 


: EXAMPLE 1 | WRITING IN VERTEX FORM Write a quadratic function in vertex form for the 


= fe RRS EE 


: on p. 309 parabola shown. 


WRITING IN VERTEX FORM Write a quadratic function in vertex form whose 
graph has the given vertex and passes through the given point. 


6. vertex: (—4, 1) 7. vertex: (1, 6) 8. vertex: (5, —4) 
point: (—2, 5) point: (—1, 2) point: (1, 20) 
9. vertex: (—3, 3) 10. vertex: (5, 0) 11. vertex: (—4, —2) 
point: (1, —1) point: (2, —27) point: (0, 30) 
12. vertex: (2, 1) 13. vertex: (—1, —4) 14. vertex: (3, 5) 
point: (4, —2) point: (2, —1) point: (7, —3) 


15. Ж MULTIPLE CHOICE The vertex of a parabola is (5, —3) and another point on 
the parabola is (1, 5). Which point is also on the parabola? 


: EXAMPLE2 | 16. * MULTIPLE CHOICE The x-intercepts of a parabola are 4 and 7 and another 
: on p. 309 point on the parabola is (2, —20). Which point is also on the parabola? 
а-аа Ф) (1,21) (8, —4) © (5, -40) @ (5,4) 
WRITING IN INTERCEPT FORM Write a quadratic function in intercept form for 
the parabola shown. 
17. 


EE 
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WRITING IN INTERCEPT FORM Write a quadratic function in intercept form 
whose graph has the given x-intercepts and passes through the given point. 


20. x-intercepts: 2,5 21. x-intercepts: —3, 0 22. x-intercepts: —1, 4 
point: (4, —2) point: (2, 10) point: (2, 4) 

23. x-intercepts: 3, 7 24. x-intercepts: —5, —1 25. x-intercepts: —6, 3 
point: (6, —9) point: (—7, —24) point: (0, —9) 


ERROR ANALYSIS Describe and correct the error in writing a quadratic function 
whose graph has the given x-intercepts or vertex and passes through the given 


point. 

26. x-intercepts: 4, —3; point: (5, —5) 27. vertex: (2, 3); point: (1, 5) 
а(х 5)(х 5) а(х 2)(х 3) 
a(4 5)(4 5) а(1 2)(1 3) 


Эа 2а 
a, 60 y (x Б)(х XK a, 50 y (x 20 23) м. 


: EXAMPLE 3 WRITING IN STANDARD FORM Write a quadratic function in standard form for 


EE 


: on p. 310 the parabola shown. 
: for Exs. 28-39 
ЕДЕ 


29. 


WRITING IN STANDARD FORM Write a quadratic function in standard form for 
the parabola that passes through the given points. 


31. (—4, =F); (0, T (1, 7) 32. [-8; —4), (0, —10), (3, ux) 33. [-2; 4), (0, 9), (1, 11) 
34, EL, =}, ap 11), (3, T) (Es) (1, 9), (1, 1), (З, 17) 36. [—b, =, [-3, —4), (3, 8) 
37. (—2, —13), (2, 3), (4, 5) 38. (—6, 29), (—4, 12), (2, -3) 39. (—3, —2), (3, 10), (6, —2) 
WRITING QUADRATIC FUNCTIONS Write a quadratic function whose graph has 
the given characteristics. 
40. passes through: 41. x-intercepts: —11,3 42. vertex: (4.5, 7.25) 

(—0.5, —1), (2, 8), (11, 25) passes through: (1, —192) passes through: (7, —3) 


43. ж OPEN-ENDED MATH Draw a parabola that passes through (—2, 3). Write a 
function for the parabola in standard form, intercept form, and vertex form. 


44. * SHORT RESPONSE Suppose you are given a set of data pairs (x, y). Describe 
how you can use ratios to determine whether the data can be modeled by a 
quadratic function of the form y — ax*. 


45. CHALLENGE Find a function of the form y = ах? + bx + c whose graph passes 


through (1, —4), (—3, —16), and (7, 14). Explain what the model tells you about 
| the points. 
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PROBLEM SOLVING 


: EXAMPLES 46. ANTENNA DISH Three points on the parabola formed by 


: land3 — — the cross section of an antenna dish are (0, 4), (2, 3.25), 
: on pp. 309-310 and (5, 3.0625). Write a quadratic function that models 
: for Exs. 46-47 the cross section. 


(üHomeTir tor 
@hometutor 


for problem solving help at classzone.com 


47. FOOTBALL Two points on the parabolic path of a kicked football are (0, 0) 
and the vertex (20, 15). Write a quadratic function that models the path. 


ТАРИ 
@Ho me Tutor for problem solving help at classzone.com 


: EXAMPLE4 | 48. MULTI-STEP PROBLEM The bar graph shows the 
: on p. 311 average number of hours per person per year spent 
: for Exs. 48-50 on the Internet in the United States for the years 


1997-2001. 
a. Use а graphing calculator to create a scatter plot. 


b. Use the quadratic regression feature of the 
calculator to find the best-fitting quadratic 
model for the data. 


d 
Ф 
a 
ie 
e 
E 
= 
© 
= 


c. Use your model from part (b) to predict the 
average number of hours a person will spend on 1997 1998 1999 2000 2001 
the Internet in 2010. 


RUNNING The table shows how wind affects a runner's performance 
in the 200 meter dash. Positive wind speeds correspond to tailwinds, 
and negative wind speeds correspond to headwinds. The change tin 
finishing time is the difference beween the runner's time when 

the wind speed is s and the runner's time when there is no wind. 


a. Use a graphing calculator to find the best-fitting quadratic model. 


b. Predict the change in finishing time when the wind speed is 10 m/sec. 


50. P MULTIPLE REPRESENTATIONS A golfer knows the distance from her 
ball's current location to the hole is 350 yards. The parametric equations 
x = 1001 V3 and у = 1001 — 162 can be used to describe the horizontal 
and vertical position (in feet) of the ball, relative to its current location, t 
seconds after it is hit. 


a. Writing a Function Write y as a function of x by eliminating the 
parameter, the variable £. (Hint: Find tin terms of x, and then substitute 
this expression into the equation for y.) 


b. Making a Graph Graph your equation from part (a) on a graphing 
calculator. 


c. Using a Table Use the table feature to approximate the total horizontal 
distance the ball travels. How far from the hole does the ball land? What 
assumption did you make to answer this question? 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED ca = MULTIPLE 
314 on p. WS1 TEST PRACTICE REPRESENTATIONS 


"MIXED REVIEW 


51. * MULTIPLE CHOICE The Garabit Viaduct in France has a parabolic arch as 
part of its support. Three points on the parabola that models the arch are 
(0, 0), (40, 38.2), and (165, 0) where x and y are measured in meters. Which 
point is also on the parabola? 


СА) (10, —11.84) (26.74, 25) (C) (80, 51.95) © (125, 45) 
52. CHALLENGE Let R be the maximum number of regions into which 
a circle can be divided using n chords. For example, the diagram 


shows that R = 4 when n = 2. Copy and complete the table. Then 
write a quadratic model giving R as a function of n. 


: PREVIEW 


я EA 


: Prepare for 
E Lesson 5.1 
: in Exs. 53-58, 


Evaluate the expression for the given value of the variable. (p. 10) 


53. x —3whenx=5 54. 3a? — 10 when a = —1 
55. x* when x = —2 56. 4i? — 15 when и = 3 
57. v^ +3v—5whenv=5 58. —y? + 2y + 5 when y = 2 


Solve the system of linear equations. (p. 160) 


59. 4x + 5y — 18 60. 3x + 7y=1 61. 3x + 4y = -1 
=x + 2у = 15 4х + 5y = 23 2x + Gy = —31 
62. 3x+ y= 10 63. 4x + 5y=2 64. 2x + Зу = —1 
=х+ ey = 20 —3x + 2y = 33 10x + 7y ^ —1 


Quiz for Lessons 4.8—4.10 


Use the quadratic formula to solve the equation. (p. 292) 
1. xài -4x*- 5-0 2. 232 - 8x - 170 3. Зх? + 5x c 4-0 


Graph the inequality. (p. 300) 

4. y« —3x* 5. y» —x^ + 2x 6. y2 x? + 2x - 3 
Solve the inequality. (p. 300) 

102%" +5 8. 12<х°—7х 9. 22 - 2» — 5x 


Write a quadratic function whose graph has the given characteristics. (p. 309) 


10. vertex: (5, 7) 1l. x-intercepts: —3, 5 12. passes through: 
passes through: (3, 11) passes through: (7, —40) (—1,33, (4; —23), (2, 7) 


13. SPORTS А person throws a baseball into the air with an initial vertical 
velocity of 30 feet per second and then lets the ball hit the ground. The ball 
is released 5 feet above the ground. How long is the ball in the air? (p. 292) 
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Lessons 4.6-4.10 


1. MULTI-STEP PROBLEM You are playing a lawn 


version of tic-tac-toe in which you toss bean 
bags onto a large board. One of your tosses can 
be modeled by y = —0.12x* + 1.2x + 2 where x 
is the bean bag’s horizontal position (in feet) 
and y is the corresponding height (in feet). 

a. Write the given function in vertex form. 

b. Graph the function. 


с. What is the bean bag's maximum height? 


. MULTI-STEP PROBLEM A music store sells 


about 40 of a new model of drum per month at 
a price of $120 each. For each $5 decrease in 
price, about 2 more drums per month are sold. 


a. Write a function that models the store's 
revenue from sales of the new drum model. 


b. Write an inequality you can use to find the 
prices that result in revenues over $4830. 


c. Solve the inequality from part (b) 
algebraically and graphically. 


. EXTENDED RESPONSE The table shows the 


average price of a VCR from 1998 through 2003. 


0 133 
1 102 
2 81 
3 71 
4 61 
5 61 


a. Use a graphing calculator to find the 
best-fitting quadratic model for the data. 


b. Graph the model and the data together. 


c. Do you think this model will give a good 
estimate of the price of a VCR in 2010? 
Explain. 
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. OPEN-ENDED Name three different complex 
numbers with an absolute value of 25. Then 
plot your answers in the same complex plane. 


. GRIDDED ANSWER What is the product of 


5 — 9i and its complex conjugate? 


. SHORT RESPONSE The diagram shows a design 


for a hanging glass lamp. Write a quadratic 
function that models the parabolic cross 
section of the lamp. Explain how you can verify 
that your model is correct. 


. EXTENDED RESPONSE You throw a ball to your 


friend. The ball leaves your hand 5 feet above 
the ground and has an initial vertical velocity 
of 50 feet per second. Your friend catches the 
ball when it falls to a height of 3 feet. 


a. Write a function that gives the ball's height h 
(in feet) t seconds after you throw it. 


b. How long is the ball in the air? 


c. Describe three methods you could use 
to find the maximum height of the ball. 
Then find the maximum height using each 
method. 


. SHORT RESPONSE You are 5 in. 


designing notepaper with 
a solid stripe along the 
paper's top and left sides 
as shown. The stripes 
will take up one third of 
the area of the paper. The 
paper measures 5 inches 
by 8 inches. What will the 
width x of the stripes be? 
Explain why you must 
reject one of the solutions. 


8 in. 


. GRIDDED ANSWER What is the discriminant 


of the equation 3x* + 5x — 2 = 0? 


BIG IDEAS For Your Notebook 


: Graphing and Writing Quadratic Functions in Several Forms 


- You сап graph or write a quadratic function in standard form, vertex form, or 
: intercept form. 


Equation Information about quadratic function 
Standard form | у = ax? + bx + c * The x-coordinate of the vertex is -i 
* The axis of symmetry is x — > 
Vertex form y = а(х - h +k * The vertex is (h, k). 
* The axis of symmetry is x = h. 
Intercept form | у=а(х—р)(х—4) * The x-intercepts are p and q. 
* The axis of the symmetry is x — pot 


Solving Quadratic Equations Using a Variety of Methods 


There are several different methods you can use to solve a quadratic equation. 


Equation contains: Example Method 


Binomial without x-term 5x7 — 45-0 Isolate the x?-term. Then take 
square roots of each side. 


Factorable trinomial х -5x+6=0 Factor the trinomial. Then use 
the zero product property. 


—+— 


Unfactorable trinomial x^ – 8x + 35 = 0 Complete the square, or 
use the quadratic formula. 


Performing Operations with Square Roots and Complex Numbers 


You can use the following properties to simplify expressions involving square 
> roots or complex numbers. 


— 


1 | gg r. re | 
roots | If a5 0 and b > 0, then Vab = Va • Vb and | ^ 24 


ls 


y 


Complex ^ . The imaginary unit i is defined as i = VZT, so that i? = —1. 
numbers did NEN М 

e If ris a positive real number, then V—r = ¡Vr and livr) = =r. 
• (a + bi) + (c+ di) = (a + c) + (b + d)i 
e (a + bi) — (c + di) = (a — c) + (b — di 


* ja + bil = Va? + p? 
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REVIEW KEY VOCABULARY 


— 


* quadratic function, p. 236 


* standard form of a quadratic 
function, p. 236 


* parabola, p. 236 
* vertex, p. 236 
* axis of symmetry, p. 236 


» minimum, maximum value, 
p. 238 


* vertex form, p. 245 
* intercept form, p. 246 


» monomial, binomial, trinomial, 
p. 252 


* quadratic equation, p. 253 


VOCABULARY EXERCISES 


"uw. р = [= 
rÉ Ke | "4 - V | el ^ 


r 
| 
a M 


« standard form of a quadratic 
equation, p. 253 


* root of an equation, p. 253 
• Zero of a function, p. 254 


* square root, p. 266 
* radical, radicand, p. 266 


+ rationalizing the denominator, 
p. 267 


* conjugates, p. 267 
* imaginary unit i, p. 275 
* complex number, p. 276 


* standard form of a complex 
number, p. 276 


* imaginary number, p. 276 

* pure imaginary number, p. 276 
* complex conjugates, p. 278 

* complex plane, р. 278 


* absolute value of a complex 
number, p. 279 


* completing the square, p. 284 
* quadratic formula, p. 292 
* discriminant, p. 294 


* quadratic inequality in two 
variables, p. 300 


* quadratic inequality in one 
variable, p. 302 


* best-fitting quadratic model, p. 317 


1. WRITING Given a quadratic function in standard form, explain how to determine 
whether the function has a maximum value or a minimum value. 


2. Copy and complete: A(n). ? isa complex number a + bi where a = 0 and b = 0. 


3. Copy and complete: A function of the form y = a(x — h)? + kis writtenin ? . 


4. Give an example of a quadratic equation that has a negative discriminant. 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding of 
the concepts you have learned in each lesson of Chapter 4. 


: їог Ех5. 5-7 
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Graph Quadratic Functions in Standarc 


Graph y = —x* — 4x — 5. 


Because a « 0, the parabola opens down. Find and plot the vertex 
(-2, —1). Draw the axis of symmetry x = —2. Plot the y-intercept 
at (0, —5), and plot its reflection (—4, —5) in the axis of symmetry. 
Plot two other points: (—1, —2) and its reflection (—3, —2) in the 
axis of symmetry. Draw a parabola through the plotted points. 


EXERCISES 


Graph the function. Label the vertex and axis of symmetry. 


5.y-x^-2x-3 


6. у= -3x^ + 12x – 7 
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7. f(x) = —x* -2x- 6 


: EXAMPLES 1, 
: 3, and 4 


: on pp. 245-247 
: for Exs. 8-14 


: EXAMPLE 3 


ташпктавшппавакшпшатштакаттва:к 


: for Exs. 15-21 


SY c 
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Graph Quadratic Functions in Vertex or Intercept Form рр. 245-251 


Graph y = (x — 4)(x + 2). 


Identify the x-intercepts. The quadratic function is in 
intercept form y = a(x — p)(x — q) where a = 1, p = 4, 
and q — —2. Plot the x-intercepts at (4, 0) and (—2, 0). 


Find the coordinates of the vertex. 


у= (1- 401 +2) = –9 


Plot the vertex at (1, —9). Draw a parabola 
through the plotted points as shown. 


EXERCISES 
Graph the function. Label the vertex and axis of symmetry. 

8. у= (x — 1)(х+5) 9. g(x) = (x + 3)(x — 2) 10. у= —3(x + LI) — 6) 
11. у= (x - 27? + 3 12. f(x) = (x + 6)? 8 13. y= —2(x + 8)? —3 


14. BIOLOGY А flea's jump can be modeled by the function y = —0.073x(x — 33) 
where x is the horizontal distance (in centimeters) and y is the corresponding 
height (in centimeters). How far did the flea jump? What was the flea's 
maximum height? 


Solve x? + bx + c= 0 by Factoring pp. 252-258 


EXAMPLE | 


Solve x* — 13x — 48 = 0. 


Use factoring to solve for x. 


х? — 13x – 48 = 0 Write original equation. 
(x — 16)(x + 3) 20 Factor. 
x-16=0 or x+3=0 Zero product property 
x=16 or x=-3 Solve for x. 

EXERCISES 
Solve the equation. 
15. х2 + 5х = 0 16. z^ = 632 17. 52 — 65 — 27 = 0 
18. К + 12k — 45 = 0 19. х^ + 18x = —81 20. п? + 5n = 24 


21. URBAN PLANNING А city wants to double the area of a rectangular 
playground that is 72 feet by 48 feet by adding the same distance x to the 
length and the width. Write and solve an equation to find the value of x. 
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рр. 259-264 


| Solve —30x2 + 9x + 12 = 0. 


—30x* + 9x + 12=0 Write original equation. 
101 – 3x-4=0 Divide each side by —3. 
(5x —4)(2x +1) =0 Factor. 
5x-4=0 or 2x+1=0 Zero product property 
=å = = 
x 5 or Xx 2 Solve for x. 
EXERCISES 
: E ATTE : . Solve the equation 
: on p. 261 9 | 
: {ог Exs. 22-24 22. 16 = 38r — 12r* 23. Зх? — 24x — 48 = 0 24. 20a* —13a— 21 = 0 


g Square Roots рр. 266-271 


| Solve4(x — 7)? = 80. 


A(x — 7)? = 80 Write original equation. 
(x — 7)? = 20 Divide each side by 4. 
x-7=+V20 Take square roots of each side. 


x=7+2V5 А47 to each side and simplify. 


EXERCISES 
: EXAMPLES Solve the equation. 
: 3and4 š | 
trar EUR EE TEE Ue 25. 3x? = 108 26. 5y°+4=14 27. 3(p + 1) = 81 


: On pp. 267-268 


ic 28. GEOGRAPHY The total surface area of Earth is 510,000,000 square 


kilometers. Use the formula S = 4rrr*, which gives the surface area of 
a sphere with radius r, to find the radius of Earth. 


КОЙ Perform Operations with Complex Numbers PA 


| Write (6 — 4i)(1 — 3i) asa complex number in standard form. 
(6 — 4i)(1 — 31) = 6 — 18i — 4i + 12i? Multiply using FOIL. 
= 6 — 22i + 12(-1) Simplify and use i? — —1. 
= —6— 2 Write in standard form. 
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: EXAMPLES 


B sas 


: On pp. 276-278 
: for Exs. 29-34 


: EXAMPLES 


я +A 


: On pp. 285-286 
: for Exs. 35-37 


4.8 


: EXAMPLES 

: 1, 2,3, and 5 
: on pp. 292-295 
: for Exs. 38-41 


Й dasszonecom — 
Chapter Review Practice. 


sts 
Li, 


EXERCISES 
Write the expression as a complex number in standard form. 
29. —9i(2 — i) 30. (DF 1MA — 21) 31... (2 — 52) 0 4. 51D 
А ; А ; 41 
34. (8 — 6i) + (7 + 4i) зз. (2—3) — (6—51) 34. 3 4 Gi 
Complete the Square pp. 284-291 


| Solve x? – 8x + 13 = 0 by completing the square. 


x^— 8х + 13 = 0 Write original equation. 
х? – 8х = -13 Write left side in the form x? + bx. 


'—в\2 
xX? — 8x + 16=-13+16 А44|—#| = (—д)? = 16 to each side. 


(х – 4)? = 3 Write left side as a binomial squared. 
x-4=+V3 Take square roots of each side. 
x=4+V3 Solve for x. 
EXERCISES 
Solve the equation by completing the square. 
35. х^ – бх – 15 = 0 36. Зх“ – 12х+1= 0 37. х^ + 3x 1= 0 


_Use the Quadratic Formula and the Discr Pp. 292-299 


Solve 3x? + 6x = —2. 


3x^ + 6x = —2 Write original equation. 
Зх? + 6x+2=0 Write in standard form. 
= \/ " 
х= d Use a = 3, Б = 6, and с = 2 іп quadratic formula. 
x= =i Simplify. 
EXERCISES 
Use the quadratic formula to solve the equation. 
38. х\+4х-3=0 39. 9x* = -6x — 1 40. 6x^ — 8x = —3 


41. VOLLEYBALL A person spikes a volleyball over a net when the ball is 9 feet 
above the ground. The volleyball has an initial vertical velocity of —40 feet 
per second. The volleyball is allowed to fall to the ground. How long is the 
ball in the air after it is spiked? 
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: EXAMPLE 5 


| Solve -2x? + 2x+5<0. 


The solution consists of the x-values for which the graph of y = -2x% + 2x + 5 
lies on or below the x-axis. Find the graph's x-intercepts by letting y = 0 and using 
the quadratic formula to solve for x. 


_ =2+\2°—4(—2](5) 


2(—2) 
mea LVL 
ini = o —2 


x = —1.16 or x = 2.16 


Sketch a parabola that opens down and has —1.16 
and 2.16 as x-intercepts. The solution of the 
inequality is approximately x = —1.16 or x > 2.16. 


EXERCISES 
Solve the inequality by graphing. 
42. 2x? — 11x+5<0 43. —х? + Ax - 320 44. 5x’ + 3x—620 
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: EXAMPLES 


| s A T aurii 
: for Exs. 45—48 


Write a quadratic function for the parabola shown. 


Because you are given the x-intercepts p = —3 and q = 2, 
use the intercept form y = a(x — p)(x — q) = a(x + 3)(x — 2). 


Use the other given point, (1, —2), to find a. 
—2 = a(l + 3)(10 — 2) Substitute 1 for x and —2 for y. 


—2 = —4a Simplify coefficient of а. 


=a Solve for a. 


hole 


> A quadratic function for the parabola is y = io + 3)(x — 2). 


| EXERCISES 
Write a quadratic function whose graph has the given characteristics. 
45. x-intercepts: —3, 2 46. passes through: 47. vertex: (2, 7) 
passes through: (3, 12) (5, 2), (0, 2), (8, —6) passes through: (4, 2) 


48. SOCCER The parabolic path of a soccer ball that is kicked from the ground 
passes through the point (0, 0) and has vertex (12, 7) where the coordinates 
are in feet. Write a quadratic function that models the soccer ball's path. 
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Graph the function. Label the vertex and axis of symmetry. 


1. у= x! - 8x – 20 2. y--(x-3)?-45 3. f(x) = 2(x + 4)(x — 2) 


Factor the expression. 


4. x^ — llx-- 30 5. 22 + 22 — 15 6. n^ — 64 

7. 252 + 75 — 15 8. 9х2 + 30x + 25 9. 6 + 23t + 20 
Solve the equation. 

10. x —3x— 40 = 0 11. 12 – 137+ 42 = 0 12. 2ш? + 13w-7=0 
13. 10у? + lly- 6 = 0 14. 2(m- 7)? = 16 15. (x + 2)? — 12 = 36 


Write the expression as a complex number in standard form. 


16. (3 + 4i) — (2 — 5i) 17. (2- 704 +21 18. Зі 


Solve the equation by completing the square. 
19. х? - 4x 14 = 0 20. х? – 10х-7 = 0 21. 4x? + 8х +3 = 0 


Use the quadratic formula to solve the equation. 


22. Зх? + 10x-5=0 23. 2x*-x+6=0 24. 5х? +2х+5 = 0 
Graph the inequality. 
25. yzx^— 8 26. y« x? + Ax — 21 27. y» —x* + 5x +50 


Write a quadratic function whose graph has the given characteristics. 


28. x-intercepts: —7, —3 29. vertex: (—3, —2) 30. passes through: 
passes through: (-1, 12) passes through: (1, —10) (4, 8), (7, —4), (8, 0) 


31. ASPECT RATIO The aspect ratio of a widescreen TV 
is the ratio of the screen's width to its height, or 
16 : 9. What are the width and the height of a 32 inch 
widescreen TV? (Hint: Use the Pythagorean theorem 
and the fact that TV sizes such as 32 inches refer to the 
length of the screen's diagonal.) 


32. WOOD STRENGTH The data show how the strength of Douglas fir wood is 
related to the percent moisture in the wood. The strength value for wood 
with 2% moisture is defined to be 1. All other strength values are relative 
to this value. (For example, wood with 496 moisture is 97,9% as strong 
as wood with 2% moisture.) Use the quadratic regression feature of a 
graphing calculator to find the best-fitting quadratic model for the data. 


ииси 
EM иш 


0.979 0.850 | 0.774 0.714 


0.643 | 0.589 0.535 0.494 


LO ш и» э 
— | 
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* Standardizec 


CONTEXT-BASED 
MULTIPLE CHOICE QUESTIONS 


Some of the information you need to solve a context-based multiple choice 
question may appear in a table, a diagram, or a graph. 


The area of the shaded region is 
56 square meters. What is the height 
of the trapezoid? 


СА) 3 meters (В) 4 meters 
6 meters (D) 7.5 meters 


Plan 


INTERPRET THE DIAGRAM You know the area of the shaded region. Use the 
diagram to find the area of the rectangle, and write an expression for the area of 
the trapezoid. The difference of these two areas is the area of the shaded region. 


Solution 
xe ones ЖОРА +» Area of rectangle: Area of trapezoid: 
Find expressions for the 
two areas. А = fw А = žb, + b,Jh 
= 13(8) = F(x + 2) + (3х + 210) 
= 104 m? = F(2x)(4x + 4) 
= х(4х + 4) 
= Ax? + Ax 
diis NENNT »- Area of shaded region — Area of rectangle — Area of trapezoid 
Write an equation for 
the area of the shaded 56 = 104 — (Ax* + 4x) Substitute. 
boo] мае і —48 = —4xó — 4х Subtract 104 from each side. 
actoring. 
4x* + 4х — 48 = 0 Write in standard form. 
x^-x—12-0 Divide each side by 4. 
(x — 3)(x + 4) =0 Factor. 
x=3orx= —4 Zero product property 
E TEP 3... eee» The height of the trapezoid is given by the expression 2x. Therefore, the 
Find the possible heights. possible heights are 2(3) = 6 meters and 2(—4) = —8 meters. 
SEEE anag »- Because height cannot be negative, the height of the trapezoid is 6 meters. 
Reject the negativ 
height. > The correct answer is C. СА) BD O (DD 
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Plan 


INTERPRET THE GRAPH The graph is a parabola passing through the points 
(0, 3) and (3, 0). In order to find the initial vertical velocity of the tennis ball, 
you must write an equation of the parabola. 


— Solution 

ЛЕ БО А V aad RE »- Because the tennis ball is launched, the parabola has an equation of the form 

Write the model for an ; mui. : | эйр 

object that is launched. h = —16Ё + Ut + hy where v, is the initial vertical velocity and h, is the initial 
height of the tennis ball. 

STEP 2 ! 

Use the initial ТЫШ ^ The graph passes through (0, 3), so the initial height of the tennis ball is 3 feet. 

your model. When you substitute З for h, in the model, you obtain h = —16¢ + vt + 3. 

STEP3 — — uu Use the fact that the graph of h = —16¢ + vt + 3 passes through (3, 0) to find 


Find the initial vertical the initial vertical velocity v,. 
velocity by substituting a 


point on the parabola. 0 = —16(3)^ + v,(3) - 3 Substitute O for h and 3 for t. 
0 = —141 + 30, Simplify. 
47 = 1, Solve for v 


The initial vertical velocity is 47 feet per second. 
> The correct answer is D. СА) (ОВ) © 


PRACTICE 


In Exercises 1 and 2, use the graph in Problem 2. 

1. What is the maximum height of the tennis ball to the nearest tenth of a foot? 
СА) 36.3 feet (В) 36.8 feet (O) 37.5 feet (Фф) 38.0 feet 

2. What does the x-coordinate of the vertex of the graph represent? 
The maximum height of the tennis ball 
(В) The number of seconds the ball is in the air 
(C> The number of seconds it takes the ball to reach its maximum height 
(D> The initial height of the tennis ball 
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CONTEXT-BASED MULTIPLE CHOICE 
In Exercises 1 and 2, use the parabola below. 5. The graph of which inequality is shown? 


X 
иш 
| | VS i 
HER | | 


BES. Ann 
| | | EESEL JEENE 
1. Which statement is not true about the rT TLE, tT LL 
parabola? BY NS ee Р 
СА) тезинен are —2 and 4. Ф) yr-2-x+6 y2xr+x-6 
(B) The y-intercept is —2. © y>2x2+2x-12 D y2-2x2- 2x4 12 


3 


4. 


СС) The maximum value is 3. 
In Exercises 6 and 7, use the information below. 


| | The graph shows the height Л (in feet) after 
What is an equation of the parabola? t seconds of a horseshoe tossed during a game 
у= (х – 2)(х + 4) of horseshoes. The initial vertical velocity of the 
1 horseshoe is 30 feet per second. 
(В) у= —g(x + 2)(х—4) 


D oy Тү _ ШЕ um 
<; = (x + 2)(x — 4) BENE a TR 
(D у= -3(x + 2)(х — 4) 


You are using glass tiles to make a picture 
frame for a square photograph with sides 


10 inches long. You want the frame to forma ^ 6$, To the nearest tenth of a second, how long is 


(D> The axis of symmetry is x = 1. 


have enough tiles to cover 300 square inches. | 
What is the largest possible frame width x? СА) 0.1 seconds (В) 1.9 seconds 


СС) 2.1 seconds (D> 3.9 seconds 


СА) 3.6 inches | | 

| 7. To the nearest tenth of a foot, what is the 
(В) 5inches maximum height of the horseshoe? 
© 7.3 inches Ф) 15.9 feet (В) 16.1 feet 
D 15 inches EE CN © 29.2 feet (D) 32.2 feet 
At a flea market held each weekend, an 8. The diagram shows a circle inscribed in 
artist sells handmade earrings. The table а square. The area of the shaded region is 
below shows the average number of pairs of 21.5 square inches. To the nearest tenth of an 
earrings sold for several prices. Given the inch, how long is a side of the square? 
pattern in the table, how much should the 4.6 inches — 


artist charge to maximize revenue? | 
(В) 8.7 іпсһеѕ 


LOMEJEIEJES O 97 inches 
_Pairssold | 50 | 60 | 70 | 80 ® 100 inches 


$5 (B5 $750 © $10 W@W $15 
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GRIDDED ANSWER 
9. What is the value of kin the equation 
бх? — 11x — 10 = (8x + 2)(2x — №)? 


10. What is the real part of the standard form of 
the expression (5 + i)(10 — i)? 


11. For what value of cis x* — 7x + ca perfect 
square trinomial? 


12. What is the maximum value of the function 
у= —3(x — 2)? + 6? 

13. What is the greatest zero of the function 
y = x* — 25x + 66? 

14. What is the absolute value of —5 + 127? 

15. What is the x-coordinate of the vertex of the 


parabola that passes through the points 
(0, —22), (2, —6), and (5, —12)? 


16. What is the minimum value of the function 
Ах) = 4x? + 24x + 39? 


EXTENDED RESPONSE 


21. The table below shows the New York Yankees' payroll (in millions of 
dollars) from 1989 through 2004. 


^ STATE TEST PRACTICE | 
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SHORT RESPONSE 
17. Solve 3x* + 6x + 14 = 0 by completing the 


18. 


19. 


square. Explain all of your steps. 


The surface area y of a cube is given by the 
function y — 6x? where x is an edge length. 
Graph the function. Compare this graph to 
the graph of y = x? 


The height h (in feet) of an object after it is 
launched is given by the function 
h= –162 + vot + hy 


where v, is the initial vertical velocity, h, is 
the initial height of the object, and tis the 


time (in seconds) after the object is launched. 


Explain how this function is related to the 
general function for a dropped object. 


At what two points do the graphs of 
у= 22? — 5х – 12andy - 2x! - 3x + 4 
intersect? Explain your reasoning. 


a. Make a scatter plot of the data. 


b. Draw the parabola that you think best fits the data. 


c. Estimate the coordinates of three points on the parabola from part (b). 
Then use a system of equations to write a quadratic model for the data. 


d. Use your model from part (c) to make a table of data for the years listed 
in the original table. Compare the numbers given by your model with 
the actual data. Assess the accuracy of your model. 


22. A volleyball is hit upward by a player in a game. The height h (in feet) of 
the volleyball after t seconds is given by the function h = —161? + 30t + 6. 


a. What is the maximum height of the volleyball? Explain your reasoning. 


b. After how many seconds does the volleyball reach its maximum height? 


c. After how many seconds does the volleyball hit the ground? 
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Polynomials and ! 
Polynomial Functions. È 


of Chapter 5 5.1 Use Properties of Exponents 
In lesson 4.3, you 5.2 Evaluate and Graph Polynomial Functions 
learned about 


manoniale inthis 5.3 Add, Subtract, and Multiply Polynomials 


chapter, you will 5.4 Factor and Solve Polynomial Equations 


learn about the 5.5 Apply the Remainder and Factor Theorems 


characteristics of 

polynomials, which are 5.6 Find Rational Zeros 

monde PODIUM 9f 5.7 Apply the Fundamental Theorem of Algebra 
monomials. 


5.8 Analyze Graphs of PolynomialFunctions 
uon 
5.9 Write Polynomial Functionsand Models — 
E - 


Previously, you learned the following skills, which you'll use in Chapter 5: 
simplifying expressions, finding volume, and factoring. 


VOCABULARY CHECK 


Copy and complete the statement. 


1. The zeros of the function graphed are _? . 


2. The maximum value of the function graphed is ? . 


3. The standard form of a quadratic equation in one variable is_? where a + 0. 


SKILLS CHECK 
Simplify the expression. (Prerequisite skill for 5.1, 5.2) 
4, 4? 5. (-2)* + 3? 6. 12° 


Find the volume of the solid. (Prerequisite skill for 5.1, 5.3, 5.4, 5.5, 5.6, 5.7) 
8. a cube with side length 4 in. 


7. asphere with radius 6 cm 


Factor the expression. (Prerequisite skill for 5.4) 
y 9. х? + 9x + 20 10. х^ + 13x + 30 11. 12+8x+12 
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In Chapter 5, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 401. You will also use the key vocabulary listed below. 


© Graphing polynomial functions 
Ө Performing operations with polynomials 
© solving polynomial equations and finding zeros 


KEY VOCABULARY 
* polynomial, p. 337 * factored completely, р. 353 • synthetic division, p. 363 


* polynomial function, p. 337 • factor by grouping, p.354 «repeated solution, p. 379 

* synthetic substitution, * quadratic form, р. 355 * local maximum, p. 388 
p. 338 * polynomial long division, ^ *local minimum, p. 388 

- end behavior, p. 339 p. 362 + finite differences, p. 393 


You can use polynomial functions to model real-life situations. For example, you 
can use a polynomial function to model the relationship between the speed of an 
object and the power needed to maintain that speed. 


The animation illustrated below for Exercise 61 on page 351 helps you answer this 
question: How does the power needed to keep a bicycle moving at a constant 
speed change as the conditions change? 


| So far, we have looked at а bicyclist traveling on level ground. The power 
| equation wall change depending on the amount of resistance, " 


Б Use the sliders to see how the road lav | 
and wind speed affect the resistance. 


"y раге aten ey En 
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Other animations for Chapter 5: pages 331, 340, 371, 388, 396, and 401 


Use Properties 
of Exponents 


You evaluated powers. 


A 
» scientific notation 


You will simplify expressions involving powers. 
So you can compare the volumes of two stars, as in Example 5. 


Consider what happens when you multiply two powers that have the same base: 
23.25 = (2.2.2) • (2*2*2*2*-2) = 28 


Note that the exponent 8 іп the product is the sum of the exponents 3 and 5 іп 


the factors. This property is one of several properties of exponents shown below. 


: KEY CONCEPT 


Properties of Exponents 


as 


Let a and b be real numbers and let m and n be integers. 


Property Name Definition _ Example 


: AVOID ERRORS 


а SPST ] “ 


: When you multiply Product of Powers 


а". а= а?" 


53 . 51 = 53+ (1 = 52 d 25 


: powers, do not multiply Power of a Power (а")" = атп (33)2 = 33°2 = 36 = 729 
: the bases. For example, 
Exc. P Power of a Product (ab) = ать" (2 • 3)^ = 2* - 34 = 1296 
m — _1_ 1 -2 = Д = E 
Negative Exponent а = PL а + 0 T 22 = 19 
Zero Exponent = Lar (—89)9 = 1 
т -3 | 
Quotient of Powers Р qe al = =б 9 C955 —218 
' ayn a” 4v. 4^. 16 
Power of a Quotient fa b b#0 5) 72 = 49 
Evaluate numerical expressions 
а. (—4 + 2)? = (—4)? « (25)? Power of a product property 
=`16.«*2°*^ Power of a power property 
= 16 • 210 = 16,384 Simplify and evaluate power. 
an) "d Negative exponent property 
im IP 
AA Quotient of powers property 
| =1=831 Simplify and evaluate power. 
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scientific : notation if it is in the 
form c X 10” where 1 = с< 10 and nis an integer. When you work with numbers in 
scientific notation, the properties of exponents can make calculations easier. 


SCIENTIFIC NOTATION A number is expressed i in scientific n 


GATED vse scientific notation in real life 


LOCUSTS A swarm of locusts may contain as many as 

85 million locusts per square kilometer and cover an area 
of 1200 square kilometers. About how many locusts are in 
such a swarm? 


Solution 
Number _ Locusts per Number of square 
= x 
of locusts square kilometer kilometers 
: REVIEW SCIENTIFIC = 85,000,000 х 1200 Substitute values. 
: NOTATION 
Yee cues mE = (8.5 x 107)(1.2 x 10?) ^ write in scientific notation. 
: For help with scientific 
: notation, see p. 982. = (8.5 X 1.2)(107 x 10°) Use multiplication properties. 
= 10.2 x 101% Product of powers property 
= 1.02 x 10! x 10% Write 10.2 in scientific notation. 
= 1.02 x 10!! Product of powers property 


» The number of locusts is about 1.02 х 10!!, or about 102,000,000,000. 


for Examples 1 and 2 


Evaluate the expression. Tell which properties of exponents you used. 


1. (42) 2. (-8)(-8)? 3. (2) 4. E 
9.10 


SIMPLIFYING EXPRESSIONS You can use the properties of exponents to simplify 
algebraic expressions. A simplified expression contains only positive exponents. 


Simplify expressions 
a. b *b9b' = b-**®+7= 59 Product of powers property 


: INTERPRET BASES 
: In this book, it is 
: assumed that any base 


: with a zero or negative TR ul Power of a power property 


Power of a quotient property 


: exponent is nonzero. H 
= reg? Negative exponent property 
4-5 
r- m = 8m*n ?- 9 Quotient of powers property 
n 
= 8m^n"? = 8m^ Тего exponent property 


TN 
apra at classzone.com 
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Ж [ EXAMPLE 4 ] Standardized Test Practice 


(x-3y3)2 
What is the simplified form of Lxx 
y 
p ® + © + © d- 
x xy х у 
Solution 
—3.,3)2 —312(,,312 
be 2 | A) Power of a product property 
ху? Ру? 
e ы 
um Ж. Power of a power propert 
y p property 
=х76-5у6-6 Quotient of powers property 
"^ Simplify exponents. 
= 3 Zero exponent property 
= a Negative exponent property 


> The correct answer is B. DO 


[ EXAMPLE 5 | Compare real-life volumes 


ASTRONOMY Betelgeuse is one of the stars 
found in the constellation Orion. Its radius is 
about 1500 times the radius of the sun. How 
many times as great as the sun's volume is 
Betelgeuse's volume? 


Solution 


Let r represent the sun's radius. Then 1500r 
represents Betelgeuse's radius. 


4 3 
Betelgeuses volume 37015007) 
ыш in acta ES AL The volume of a sphere is Şar. 
Suns volume 5 ar 


sor 


Power of a product property 


= 1500°r° Quotient of powers property 
= 1500° • 1 Zero exponent property 
= 3,375,000,000 Evaluate power. 


» Betelgeuse's volume is about 3.4 billion times as great as 
the sun's volume. 
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51 EXERCISES 


HOMEWORK: O = WORKED-OUT SOLUTIONS 
KEY: on р. WS9 for Exs. 17, 31, and 51 


Ж = STANDARDIZED TEST PRACTICE 
Exs. de 36, 46, 51, and 53 


SKILL PRACTICE 


: EXAMPLE 1 


E NAAA 


: on p. 330 
: for Exs. 3-14 


¡ EXAMPLE 2 
: On p. 331 
: for Exs. 15-23 


: EXAMPLES 


= CAI 


: for Exs. 24-39 


1. VOCABULARY State the name of the property illustrated. 


а. па b. а" = ра 0 6. (aby = ab 


2. * WRITING Is the number 25.2 х 10 ? in scientific notation? Explain. 


EVALUATING NUMERICAL EXPRESSIONS Evaluate the expression. Tell which 
properties of exponents you used. 


3. 33.3? 4. (472) 5. (-5)(=5)* e. (24? 
5 зү" PARS 3,g-l 

7; 5 8. (3) 9. (2) 10. 9° +9 
Зр ауа A m | | p 

Hs 12. (2) 5 13. 63 . 60.6 14. 


SCIENTIFIC NOTATION Write the answer in scientific notation. 


15. (4.2 x 103)(1.5 x 105) 16. (1.2 x 10 3)(6.7 x 1077) (7) (6.3 x 105) (8.9 x 10712) 
18. (72 x 109 (9.4 x 108) 19. (2.1 x 1074? 20. (4.0 x 103) 
2 -3 В чак 
әр 8.1 x 10! go. 14510 а; (7.5 x 109 (4.5 x 1074) 
5.4 x 10° 5.5 x 10 8 1.5 x 107 


SIMPLIFYING ALGEBRAIC EXPRESSIONS Simplify the expression. Tell which 
properties of exponents you used. 


_2 


24. —- 25. (223) 26. (pq?) ` 27. (ux?) (wx!) 
W 
-LE 3 
28. (55 ГГ 29. (3a3b5) ? aj. 3cd 
xy 31) 9с! 
‚45 зз. 2D" ва. 7.82 аш ЖУ „д^ 
241457? 3a b * Az y av Же 


36. * MULTIPLE CHOICE What is the simplified form of 27 "d 


2 2 


do + ® + © х D 
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ERROR ANALYSIS Describe and correct the error in simplifying the expression. 


37. X, 38. X 39. з) 5) Я 


S GEOMETRY Write an expression for the figure’s area or volume in terms of x. 


40. A= УЗ 2 41. V=ar-h 42. V=Lwh 


a) | ae 


REASONING Write an expression that makes в statement true. 


= x 
43. xyl2z8 = xy. ? 44. 3x°y* = 45. (ab) = ap +? 


46. * OPEN-ENDED MATH Find three different ways to complete the following 
statement so that it is true: x!?y!6 = (x*y?)(x*y?). 


CHALLENGE Refer to the properties of exponents on page 330. 


47. Show how the negative exponent property can be derived from the quotient 
of powers property and the zero exponent property. 


48. Show how the quotient of powers property can be derived from the product 
of powers property and the negative exponent property. 


PROBLEM SOLVING 


: EXAMPLE 2 49. OCEAN VOLUME The table shows the surface areas and average depths of 


: on p. 31 four oceans. Calculate the volume of each ocean by multiplying the surface 
1 for Exs. 49-50 area of each ocean by its average depth. Write your answers in scientific 
notation. 


Ocean | Surface area Average depth 
(square meters) (meters) 

Pacific 1.56 х 1014 | 4.03 x 10° 

3.93 x 10? 


3.96 x 10? 


Atlantic 7.68 x 101 
Indian 6.86 x 10? 
1.41 x 109 


Arctic 


AL” ү, T m 
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50. EARTH SCIENCE The continents of Earth move at a very slow rate. The South 
American continent has been moving about 0.000022 mile per year for the 
past 125,000,000 years. How far has the continent moved in that time? Write 
your answer in scientific notation. 


mL domi 
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: EXAMPLES | * SHORT RESPONSE A typical cultured black pearl is made by placing a bead 
: onp.332 with a diameter of 6 millimeters inside an oyster. The resulting pearl has a 

: for Exs. 51—52 diameter of about 9 millimeters. Compare the volume of the resulting pearl 
with the volume of the bead. 


52. MULTI-STEP PROBLEM А can of tennis balls consists of three spheres of 
radius r stacked vertically inside a cylinder of radius r and height h. 


a. Write an expression for the total volume of the three tennis balls in 
terms of r. 


b. Write an expression for the volume of the cylinder in terms of r and h. 


c. Write an expression for h in terms of r using the fact that the height of 
the cylinder is the sum of the diameters of the three tennis balls. 


d. What fraction of the can's volume is taken up by the tennis balls? 


53. ж EXTENDED RESPONSE You can think of a penny as a cylinder with a radius 
of about 9.53 millimeters and a height of about 1.55 millimeters. 


a. Calculate Approximate the volume of a penny. Give your answer in cubic 
meters. 


b. Estimate Approximate the volume of your classroom in cubic meters. 
Explain how you obtained your answer. 


c. Interpret Use your results from parts (a) and (b) to estimate how many 
pennies it would take to fill your classroom. Do you think your answer 
is an overestimate or an underestimate? Explain. 


54. CHALLENGE Earth's core is approximately 
spherical in shape and is divided into a solid 
inner core (the yellow region in the diagram 
shown) and a liquid outer core (the dark 
orange region in the diagram). 


a. Earth's radius is about 5 times as great as 
the radius of Earth's inner core. Find the 
ratio of Earth's total volume to the volume 
of Earth's inner core. 


b. Find the ratio of the volume of Earth's outer 
core to the volume of Earth's inner core. 


LITE 1. 


Graph the function. 


; PREVIEW 


NE 


: Prepare for =a С 7 Е | 
| Lesson 5.2 55. y= —x + 4 (p. 89) 56. y = 2x — 5 (p.89) 57. у= х? + A (p. 236) 
: in Exs. 55—60. 58. у= —2x* — 1 (p. 236) 59. у= (x — 5)* — 3 (p.245) 60. у= 3x(x + 4) (p. 245) 


Use an inverse matrix to solve the linear system. (p. 210) 

61. х+у= 2 62. -x – 2у = З 63. 4х + Зу = 6 
їх + 8y — 21 2х + 8у = 1 6x — 2y = 10 

Write the expression as а complex number in standard form. (р. 275) 

64. (8 + 31) — (7 + 40 65 (5.28 —(-9 +80 66. 1(3+1) 

67. [I2 50 R M) 68. (5 + 41)(2 + 31) 69. (8 — 41)(1 +6) 
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Keystrokes 


„2 End Behavior of 
Polynomial Functions 


MATERIALS * graphing calculator 


Functions of the form f(x) = +x”, where n is a positive integer, are examples of 
polynomial functions. (They are also examples of power functions, which you'll 
learn about in Lesson 6.3.) The end behavior of a polynomial function's graph is 
its behavior as x approaches positive infinity (+) or as x approaches negative 
infinity (— æ). 


Graph the function. Describe the end behavior of the graph. 
a. f(x) = E b. f(x) = a 
Graph functions Graph each function on a graphing calculator. 


а. 


L ) L J 


Describe end behavior Summarize the end behavior of each function. 


| Function As x approaches — 2с | As x approaches +00 


a. f(x) = х? f(x) approaches +00 | f(x) approaches + 


i 


b. Дх) = -x^ | f(x) approaches -» | f(x) approaches —« 


{ F 1 || 1 " a) = | Е i | s man 
E ІМ. i | i | E A E 
i L] E EA M EE y "W E E E Е ч | 
\ ws * А u k, -d НАР АЕ 


Graph the function. Then describe its end behavior as shown above. 
1. Йе." 2. f(x) = —x? 3, fto =x" 4. f(x) = —x* 
5. Make a conjecture about the end behavior of each family of functions. 
a. f(x) = x" where n is odd b. f(x) = —x" where n is odd 


c. f(x) = x" where n is even d. f(x) = —x" where n is even 


6. Make a conjecture about the end behavior of the function f(x) = x? — x. 
Explain your reasoning. 
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le 


You evaluated and graphed linear and quadratic functions. 


GZ You will evaluate and graph other polynomial functions. 
So you can model skateboarding participation, as in Ex. 55. 


d polynomial, ш 


• polynomial function A] 


* synthetic 
substitution 


• end behavior 


Evaluate and Graph 
Polynomial Functions 


Recall that a monomiali is a number, a variable, or a product of numbers 
and variables. A polynomial is a monomial or a sum of monomials. 


olynomial funct jon i is a function of the form 


EK n n 
f(x) = a,x" + a, 4x 


E Š ë ë 
$ + a,x + а, 


where а„ + 0, the exponents are all whole numbers, and the coefficients are all 
real numbers. For this function, a, is the leading coefficient, n is the degree, and 
a, is the constant term. A polynomial function is in standard form if its terms 
are written in descending order of exponents from left to right. 


Common Polynomial Functions 


Degree | Туре | Standard form pem 
0 Constant - Fe = dg КЕ 
1 Linear | Дх) = a,x + а, | fb) = = 5x- 7 
2 Quadratic | Дх) = а„х? +ах+ а, f(x) = De AR 9 | 
3 i Cubic | f(x) = a,x? + a,x? + ax + а, | fx) = x3 = х? + Зх | 
4 Quartic | fl) = a,x" + a,x? * ax? - ax Fas | fod = хе 2x —1 


Identify polynomial functions 


Decide whether the function is a polynomial function. If so, write it in 
standard form and state its degree, type, and leading coefficient. 


V3 + me 
— 0.617 


a h(x) =x*- ax? 


с. f(x) = 5х? + 3x! 


+3 b. г(х)=7х— 


— Xx d. К(х)=х+2* 


Solution 


a. The function is a polynomial function that is already written in 
standard form. It has degree 4 (quartic) and a leading coefficient of 1. 


b. The function is a polynomial function written as g(x) = mx? + 7x — V3 in 
standard form. It has degree 2 (quadratic) and a leading coefficient of т. 


c. The function is not a polynomial function because the term 3x ! has an 
exponent that is not a whole number. 


d. The function is not a polynomial function because the term 2* does not 
have a variable base and an exponent that is a whole number. 


5.2 Evaluate and Graph Polynomial Functions 
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ЄТ) Evaluate by direct substitution | 


| 


Use direct substitution to evaluate f(x) = 2x* — 5x? — 4x + 8 when x = 3. 


f(x) = 2x* — 53? — Ax +8 Write original function. 

КЗ) = 2(3)4 — 5(3)? — 4(3) + 8 Substitute 3 for x. 
= 162 — 135 — 12 + 8 Evaluate powers and multiply. 
= 23 Simplify. 


GUIDED PRACTICE for Examples 1 and 2 
| Decide whether the function is a polynomial function. If so, write it in 
standard form and state its degree, type, and leading coefficient. 


1. f(x) = 13 – 2x 2. p(x) = 9x – 5х? +4 3. h(x) = 6х2 + т — 3x 
Use direct substitution to evaluate the polynomial function for the given 
value of x. 

4. f(x) = x! - 2x? + 3х? – 7; х= —2 5. g(x) = х? — 5x7 + 6x +1; х= 4 


SYNTHETIC MM LL another way to evaluate a polynomial function is 
to use synthetic substi ution n. This method, shown in the next example, involves 
fewer operations than direct substitution. 


| Evaluate by synthetic substitution 


Use synthetic substitution to evaluate f(x) from Example 2 when x = 3. 


| 


| Solution 


: AVOID ERRORS STEP T Write the coefficients of f(x) in order of descending exponents. Write 
: The row of coefficients the value at which f(x) is being evaluated to the left. 

: for f(x) must include a 
: coefficient of O for the 


: “missing” x?-term. | 


xvalue— 3 2 —5 0 —4 B -— coefficients 


STEP2 Bring down the leading coefficient. Multiply the leading coefficient by 
the x-value. Write the product under the second coefficient. Add. 


STEP 3 Multiply the previous sum by the x-value. Write the product under the 
third coefficient. Add. Repeat for all of the remaining coefficients. The 
final sum is the value of f(x) at the given x-value. 


» Synthetic substitution gives f(3) = 23, which matches the result in Example 2. 
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: READING 


а HEEE 


: The expression 

: “x — +00” is read as 

: “x approaches positive 
: infinity.” 


Y Guwen pracrice 


Use synthetic substitution to evaluate the polynomial 


END BEHAVIOR The end behav: 


havior of a function’s graph is the behavior of the 


graph as x approaches 7m 8 (+æ) or negative infinity (—9). For the 
graph of a polynomial function, the end behavior is determined by the function's 
degree and the sign of its leading coefficient. 


KEY CONCEPT 


For Your Notebook 


End Behavior of Polynomial Functions 


Degree: odd Degree: odd 
Leading coefficient: positive Leading coefficient: negative 
: y Ро) > +0 | f(x) > +0 
> as х —» +% | аѕ х —» — о 
S Ju)-—-— A 
~ а5х —» —9% asx— +o 
s Degree: even Degree: even 
: Leading coefficient: positive Leading coefficient: negative 
> fa = + у Ро) > + 
, ASX—=> — as х —> +00 


СА) Degree is odd; leading coefficient is positive 
(В) Degree is odd; leading coefficient is negative 


(C) Degree is even; leading coefficient is positive 


(D> Degree is even; leading coefficient is negative 


From the graph, f(x) ^ —* as х ^ —o and f(x) = —% as x > +. So, the degree is 


even and the leading coefficient is negative. 


» The correct answer is D. © ® © Ф) 


for Examples 3 and 4 


function for the given value of x. 
6. f(x) = 5х3 + 3х2 -x+7x=2 
7. g(x) = 


8. Describe the degree and leading coefficient of the 
polynomial function whose graph is shown. 


—2x* — x3 + 4x-—5;x=-1 


5.2 Evaluate and Graph Polynomial 


foo —> — 00 | p. f(X)-*—e 
d5 Х —» — 5 as х —» +0 


Ж СЭ standardized Test Practice 


What is true about the degree and leading coefficient 
of the polynomial function whose graph is shown? 


Functions 
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GRAPHING POLYNOMIAL FUNCTIONS To graph a polynomial function, first plot 
points to determine the shape of the graph's middle portion. Then use what you 
know about end behavior to sketch the ends of the graph. 


ЄТ) craph polynomial functions 


Graph (a) f(x) = — + x^ + 3x — Запа (b) f(x) = x* — x? — 4x° + 4. 


Solution 


a. To graph the function, make a table of values and 
plot the corresponding points. Connect the points 
with a smooth curve and check the end behavior. 


The degree is odd and leading coefficient is negative. 
So, f(x) > +% as x > —o and f(x) ^ —%® as x +, 


b. To graph the function, make a table of values and 
plot the corresponding points. Connect the points 
with a smooth curve and check the end behavior. 


= J——————— 


EU 76 | 2 


The degree is even and leading coefficient is positive. 
So, f(x) — +% as x ^ —® and f(x) — +% as x ^ +00, 


А gebra at classzone.com 


9% [ EXAMPLE 6 | Solve a multi-step problem | u 


PHYSICAL SCIENCE The energy E (in foot-pounds) in each square foot of a wave is 
given by the model E — 0.0029s where s is the wind speed (in knots). Graph the 
model. Use the graph to estimate the wind speed needed to generate a wave 
with 1000 foot-pounds of energy per square foot. 


Solution 


STEP? Make a table of values. The model 
only deals with positive values of s. 


Wave Energy 


$TEP2 Plot the points and connect them with 
a smooth curve. Because the leading 
coefficient is positive and the degree is 0 10 202430 405 
even, the graph rises to the right. Wind speed (knots) 


Energy per square foot 
(foot-pounds) 


STEP3 Examine the graph to see that s = 24 when E = 1000. 


» The wind speed needed to generate the wave is about 24 knots. 


340 Сһаріег5 Polynomials and Polynomial Functions 


GUIDED PRACTICE for Examples 5 and 6 


Graph the polynomial function. 


9. f(x) = х + 6х2 – 3 10. fx) = 20 - x! +х—1 11. р) = 4 – 2x 


12. WHAT IF? If wind speed is measured in miles per hour, the model in 
Example 6 becomes E = 0.0051s*. Graph this model. What wind speed is 
needed to generate a wave with 2000 foot-pounds of energy per square foot? 


52 EXERCISES "t Ооа 
А КЕҮ: on р. 1510 for Exs. 21, 27, and 57 


‘SKILL PRACTICE 


function. 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 24, 37, 50, 52, and 59 


: «9 = MULTIPLE REPRESENTATIONS 
: Ex. 56 


1. VOCABULARY Identify the degree, type, leading coefficient, and constant 
term of the polynomial function f(x) = 6 + 2x? — 5x". 


2. * WRITING Explain what is meant by the end behavior of a polynomial 


: EXAMPLE 1 POLYNOMIAL FUNCTIONS Decide whether the function is a polynomial function. 


ERA 


: on p. 337 If so, write it in standard form and state its degree, type, and leading coefficient. 


: for Exs. 3-8 


6. h(x) = хЗу10 + 5x ? +1 7. h(x) = 


3. f(x) = 8 – x? 4. f(x) = 6x + 8x* — 3 5. g(x) = пх“ + V6 


—2x3 + 3х— 10 8. g(x) = 8х3 – Ax? + 2 


: EXAMPLE 2 DIRECT SUBSTITUTION Use direct substitution to evaluate the polynomial 


з EE 


: on p. 338 function for the given value of x. 
for Exs.9-14 | 9, f(x) = 53 — 2x? + 10x 15;х= -1 
11. g(x) = 4 - 222; x = —3 


13. h(x) = x + 3x4 — 3x3 + 10; x 2 —4 


10. f(x) = 8x + 5x4 – Зх? - 3x35; х= 2 
12. h(x) = 61 — 25x + 20;x= 5 


14. g(x) =4 + 6x? + х? - 10х + 5; х= —2 


: EXAMPLE 3 SYNTHETIC SUBSTITUTION Use synthetic substitution to evaluate the 


= EEE AAA 


: on p. 338 polynomial function for the given value of x. 


: for Exs. 15-23 | is. fix) = 5x3 - 2122 - 8x 16: x 3 


17. g(x) = х? + 8х — 7x + 35; x = —6 
19. f(x) = —2x* + 33? — 8x + 13; x = 2 
D h(x) = -7 + 11x? + 4x; x =3 
| 23. ERROR ANALYSIS Describe and correct 
the error in evaluating the polynomial 


function f(x) = —4x* + 9x? — 21x +7 
when x = —2. 


16. f(x) = 8x* + 1222 + 6x? - 5x + 9; x = —2 
18. h(x) = -8x? + Mx —35;x = 4 

20. g(x) = 6x? + 10 — 27; х = —3 

22. f(x) = х + Зх – 20; х= 4 
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: EXAMPLE 4 24. Ж MULTIPLE CHOICE The graph of a polynomial function is shown. 


: on p. 339 What is true about the function's degree and leading coefficient? 
: for Exs. 24—27 


СА) The degree is odd and the leading coefficient is positive. 


The degree is odd and the leading coefficient is negative. 


(C) The degree is even and the leading coefficient is positive. 


(D) The degree is even and the leading coefficient is negative. 


USING END BEHAVIOR Describe the degree and leading coefficient of the 
polynomial function whose graph is shown. 


25. 26. 


DESCRIBING END BEHAVIOR Describe the end behavior of the graph of the 
polynomial function by completing these statements: f(x) ^ ? asx > —o 
and f(x) >_?_asx—= +. 


28. f(x) = 10x* 29. f(x) = —х° + Ax? — 3x 30. f(x) = -—2x° + 7x — 4 
31. f(x) =x! + 3х — х? 32. f(x) = 3x? — 16x 33. f(x) = —6x? + 14x? + 20 
34. f(x) = 0.2x? — x + 45 35. f(x) = 51% + 8x? 36. f(x) = -x° + 500x?"! 


37. ж OPEN-ENDED MATH Write a polynomial function f of degree 5 such that 
the end behavior of the graph of fis given by f(x) > +œ as x > —o and 
f(x) ^ —* as x > +, Then graph the function to verify your answer. 


: EXAMPLE 5 GRAPHING POLYNOMIALS Graph the polynomial function. 


: on p. 340 E EE 4 =? 

: for Exs. 38—50 38. f(x) = x 39. f(x) x 0. f(x) 2x? +3 
41. f(x) = х - 2 42. f(x) = +5 43. f(x) = x? — 5х 
44. f(x) = —x* + 8x 45. f =? * x 46. f(x) = —x° + 3х? - 2x + 5 
47. f(x) =? + xX*—4 48. fx) = xt - 5x^ + 6 49. f(x) = -xf + 3x- x + 1 
50. * MULTIPLE CHOICE Which function is y 


represented by the graph shown? 


D fe) = ix +1 fo) = -4 +1 


© fM=34-1 O 0) = -it-1 


1 x 
| 


51. VISUAL THINKING Suppose f(x) > +œ asx > —o and f(x) > -~ as x ^ +00, 
Describe the end behavior of g(x) = —f(x). 


52. ж SHORT RESPONSE A cubic polynomial function f has leading coefficient 2 
and constant term —5. If f(1) = 0 and f(2) = 3, what is f(—5)? Explain how you 
found your answer. 


(С) = WORKED-OUT SOLUTIONS ж = STANDARDIZED є = MULTIPLE 
342 on p. WS1 TEST PRACTICE REPRESENTATIONS 


53. CHALLENGE The graph of a function is symmetric with respect to the y-axis 
if for each point (а, b) on the graph, (—a, b) is also a point on the graph. The 
graph of a function is symmetric with respect to the origin if for each point 
(a, b) on the graph, (—a, —b) is also a point on the graph. 


a. Usea graphing calculator to graph the function y = x" when n = 1, 2, 3, 
4, 5, and 6. In each case, identify what symmetry the graph has. 


b. Predict what symmetry the graphs of y = х! and y = x!! each have. 
Explain your reasoning, and then confirm your predictions by graphing. 


c. Ifnis a positive integer, determine the values of n for which the graph of 
y =x "is symmetric with respect to the y-axis as well as the values of n 
| for which the graph is symmetric with respect to the origin. 


PROBLEM SOLVING | 


; EXAMPLEG . 54. DIAMONDS The weight of an ideal round-cut diamond — — Diameter — —— 
: on p. 340 can be modeled by 
: for Exs. 54—59 < Ж Ё - «8 


ш = 0.00714° — 0.0904? + 0.484 AC К 


where w is the diamond's weight (in carats) and d is 
its diameter (in millimeters). According to the model, 
what is the weight of a diamond with a diameter of 
15 millimeters? 


Р. ку E А y - «xm 
FALLI A m s Ze 
Ы, T 
VEHUIHC utor 
E <. 


for problem solving help at classzone.com 


55. SKATEBOARDING From 1992 to 2003, the number of people in the United 
States who participated in skateboarding can be modeled by 


S = —0.0076t* + 0.1419 — 0.621? + 0.521 + 5.5 


where S is the number of participants (in millions) and fis the number 
of years since 1992, Graph the model. Then use the graph to estimate the 
first year that the number of skateboarding participants was greater than 
8 million. 


РҮҮ ЭР a 
@ HomeTuto for for problem solving help at dasszone.com 


56. 4: MULTIPLE REPRESENTATIONS From 1987 to 2003, the number of indoor 
movie screens M in the United States can be modeled by 


М = -11.01* + 267° — 592t + 21,600 
where fis the number of years since 1987. 
a. Classifying a Function State the degree and type of the function. 
b. Making a Table Make a table of values for the function. 
c. Sketching a Graph Use your table to graph the function. 


SNOWBOARDING From 1992 to 2003, the number of people 
in the United States who participated in snowboarding can 
be modeled by 


S = 0.00131* — 0.02147 + 0.0841? + 0.0371 + 1.2 


where S is the number of participants (in millions) and £ 
is the number of years since 1992. Graph the model. Use 
the graph to estimate the first year that the number of 
snowboarding participants was greater than 2 million. 


Є... 
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58. MULTI-STEP PROBLEM From 1980 to 2002, the number of quarterly 
periodicals P published in the United States can be modeled by 


P = 0.138t* — 6.241? + 86.81? — 2391 + 1450 
where tis the number of years since 1980. 
a. Describe the end behavior of the graph of the model. 
b. Graph the model on the domain 0 < г< 22. 


c. Use the model to predict the number of quarterly periodicals in the year 
2010. Is it appropriate to use the model to make this prediction? Explain. 


59. * EXTENDED RESPONSE The weights of Sarus crane chicks S and hooded 
crane chicks H (both in grams) during the 10 days following hatching 
can be modeled by the functions 


S = —0.1220? + 3.49t? — 14.6t + 136 
Н = -0.15P + 3.7112 — 20.6t + 124 


where fis the number of days after hatching. 


a. Calculate According to the models, what is the difference in weight 
between 5-day-old Sarus crane chicks and hooded crane chicks? 


b. Graph Sketch the graphs of the two models. 


c. Apply A biologist finds that the weight of a crane chick 3 days after 
hatching is 130 grams. What species of crane is the chick more 
likely to be? Explain how you found your answer. 


60. CHALLENGE The weight y (in pounds) of a rainbow trout can be modeled 
by y = 0.000304x? where x is the length of the trout (in inches). 


a. Write a function that relates the weight y and length x of a rainbow trout 
if yis measured in kilograms and x is measured in centimeters. Use the 
fact that 1 kilogram = 2.20 pounds and 1 centimeter = 0.394 inch. 


b. Graph the original function and the function from part (a) in the same 
coordinate plane. What type of transformation can you apply to the 
graph of у = 0.000304:x? to produce the graph from part (a)? 


MIXED REVIEW = 


Solve the equation or inequality. 
61. 2b + 11 = 15 — 6b (p.18) 62. 27n 4.3 = 12.94 (p.18) 63. -7 < 6y — 1 < 5 (р. 41) 
64. x — 14х + 48 = 0 (p.252) 65. —24q^ — 90q = 21 (p.259) 66. z* + 5z < 36 (p. 300) 


The variables x and y vary directly. Write an equation that relates x and y. Then 
| find the value of x when y — —3. (p. 107) 


67. x=4,y= 12 68. x=3,y= -21 69. x= 10, y = -4 
70. x = 0.8, y = 0.2 71. х= —0.45, y = —0.35 T2, X= —55y- 3,9 
: PREVIEW Write the quadratic function in standard form. (p. 245) 
: Prepare for | = tea, _ uu и dos ago Шш 
: Lesson 5.3 73. у= (®+3)(хХ— 7) 74. y= 8(x — 4)(x + 2) 75. у (хк —5)^— 25 
: П Exs. 73-78. | 276, y—2.5(x — 6)? + 9,3 7. у= la - 4)? 78. у= (+ 4) +9) 
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TD ACTIVITY Use after Lesson 5.2 | Tutor 


classzone.com 
Keystrokes 


2.2 Set a Good Viewing Window 


|, ЕСТЕК 
‚ ы JESTION 


When you graph a function with a graphing calculator, you should choose a 
viewing window that displays the important characteristics of the graph. 


|| Е 


Graph f(x) = 0.24% — 5х + 38x — 97. 


Graph the function Adjust horizontally Adjust vertically 

Graph the function in the Adjust the horizontal scale so Adjust the vertical scale so that the 

standard viewing window. that the end behavior of the turning points and end behavior 
graph as x > +0 is visible. of the graph as х + — are visible. 


C 


-10<x<10, -10<ys<10 —10<x< 20, -10<y<10 -10<x<20, -20<y<10 


| PRACTICE | 
Find intervals for x and y that describe a good viewing window for the graph 
of the polynomial function. 
1. f(x) 2 x? + 4x7 — 8х + 11 2. f(x) = —х° + 36x? — 10 
3. f(x) = x! —4x* + 2 4. f(x) = -x — 2x? + 3x° — Ax + 5 
5. f(x) = —x* + 3x° + 15x 6. f(x) = 2x*- 70° - x - 8 
7. f(x) = —x° + 9 — 12x + 18 8. f(x) = х? — 7x* + 253? — 40x? + 13x 
9. REASONING Let р(х) = f(x) + c where f(x) and g(x) are polynomial functions 


and cis a positive constant. How is a good viewing window for the graph of 
f(x) related to a good viewing window for the graph of g(x)? 


. BASEBALL From 1994 to 2003, the average salary 5 (in thousands of dollars) 
for major league baseball players can be modeled by 
S(x) = —4.10x? + 67.4x° — 121x + 1170 


where x is the number of years since 1994. Find intervals for the horizontal 
and vertical axes that describe a good viewing window for the graph of S. 


5.2 Evaluate and Graph Polynomial Functions 


5 Add, Subtract,and a, 
*— Multiply Polynomials 4 


You evaluated and graphed polynomial functions. 
You will add, subtract, and multiply polynomials. 
So you can model collegiate sports participation, as in Ex. 63. 


. Key Vocabulary. To add or subtract polynomials, add or subtract the coefficients of like terms. 
* like terms, p. 12 You can use a vertical or horizontal format. 
Add polynomials vertically and horizontally 
a. Add 2x? — 5x^ + 3x — 9 and x? + 6х? + 11 in a vertical format. 
b. Add 3y? — 2y* — 7y and —4y? + 2y — 5 in a horizontal format. 
; REVIEW Solution 
: SIMPLIFYING 
3 оне а, 23 — 5y? +3x-— 9 Ь. (Зу? - 2y" – 7y) + (—4y? + 2y — 5) 
: simplifying expressions, + +6 + 11 = Зу? – 2y? - 4y? - ту + 2y - 5 
: see p. 10. fM ————— 
е | Зх x*-3x 2 = Зу? — бу — 5y- 5 


ЄТ) subtract polynomials vertically and horizontally - 


a. Subtract 3x° + 2х2 — x + 7 from 8x? — x? — 5x + 1 in a vertical format. 
b. Subtract 522 — z + З from 422 + 9z — 12 in a horizontal format. 


Solution 
a. Align like terms, then add the opposite of the subtracted polynomial. 
8x — x^—5x4l Br — x^—5x41 
omm 
— (3x°+2x7- x+7) + -3x -2x + x-7 
5x” — 3x° — 4x —6 


b. Write the opposite of the subtracted polynomial, then add like terms. 
(422 + 92 — 12) — (522 — z + 3) = Az? + 92 – 12 – 522 + 2 – З 
= 42° — 52° + 92 +2 —– 12 – З 
= —22 + 105 — 15 


_ GUIDED PRACTICE for Examples 1 and 2 


J| Find the sum or difference. 
i. — 6E 2-4 GÉ—:—8) 2. (8d — 3 + 943) — (d? — 13d? — 4) 
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MULTIPLYING POLYNOMIALS To multiply two polynomials, you multiply each 
term of the first polynomial by each term of the second polynomial. 


| Multiply polynomials vertically and horizontally 


a. Multiply —2y* + 3y — 6 and y — 2 in a vertical format. 
b. Multiply x + 3 and 3x* — 2x + 4 in a horizontal format. 


Solution 
a. —2y° + 3y- 6 
X Y” 2 
4y*— 6y+12 Multiply -2y? + 3y — 6 by -2. 
-2y)- 3у? – бу Multiply —2y? + Зу — 6 by y. 


—2у% + Ту” — 12у + 12. Combine like terms. 


b. (x + 3) (322 — 2x + 4) = (x + 33x" — (x + 3)2x + (x + 3)4 
= 3x? + 9x? — 2x% — 6x + Ax + 12 
=3 + 7x? — 2x + 12 


Multiply three binomials 


Multiply x — 5, x + 1, and x + 3in a horizontal format. 
(x — 5)(x + D(x 3) = (x? — 4x - 5)(x +3) 
= (х2 — Ax — 5)x + (x* — Ax — 5)3 
= x? — 4x* — 5x + 3x? — 12x — 15 
=x — д? – 17x - 15 


PRODUCT PATTERNS Some binomial products occur so frequently that it is worth 
memorizing their patterns. You can verify these product patterns by multiplying. 


: KEY CONCEPT For Your Notebook 
: Special Product Patterns 
: Sum and Difference Example 
: (a b(a— b) =a- p? (x + (x — 4) = x? — 16 
:AVOIDERRORS |: Square of a Binomial Example 
eee : (a- b? = 2 + 2ab + № (y + 3? = y? + 6y +9 
I dnd y > (a—b)* = d? – 2ab + P? (322 — 5)? = 9z* — 3027 + 25 
: (а + bP = a? + ВЗ. > 
Cube of a Binomial Example 
(a + b)? = а? + За?Ь + 3ab? + b’ (x + 2)? = x? + 6x? 12x + 8 
(a — b)? = a? — 3a%b + 3ab^ — b’ (p — 3)? = p? – 9р? + 27p — 27 


5.3 Add, Subtract, and Multiply Polynomials 347 


CUT Use special product patterns — _ 


| a 3t+4)Gt-4 = (31)? — 4 Sum and difference 
= 9t? — 16 
b. (8x — 3)? = (8x)? — 2(8x)(3) + 3? Square of a binomial 


| = 64x* — 48x +9 
с. (pq + 5)? = (pq)? + 3(pq)*(5) + 3(pq)(5)? + 5° Cube of a binomial 
= pg? + 15p*q* + 75pq + 125 


—— a A 
pet S -< EE (el eA | 
Ж. _ Ne 1 -— - E y 1 5 „Г 


RACT CE for Examples 3, 4, and 5 
| Find the product. 


3. (x + 2)(3x* — x — 5) 4. (a — 5)(a + 2)(a + 6) 5. (xy — 4) 


CID ve poiynomisi modes 


PETROLEUM Since 1980, the number W (in thousands) of 
United States wells producing crude oil and the average daily 
oil output per well O (in barrels) can be modeled by 


W = —0.575f? + 10.9t + 548 апа О = —0.249t + 15.4 


where tis the number of years since 1980. Write a model for the 
average total amount T of crude oil produced per day. What was 
the average total amount of crude oil produced per day in 2000? 


: DETERMINE Solution 

: SIGNIFICANT DIGITS : | | Oil refinery in 

¿When multiplying To find a model for T, multiply the two given models. Long Beach, California 
: models, round your 0.575 + 10.91+ 548 

: result so that its terms 

: have the same number " =- 0.249f+ 154 

: Of significant digits — 8.855 + 167,861 + 8439.2 

: as the model with | 

l the fewest number of 0.143175P — 2.7141 — 136.452t 

т significant diplis; 0.14317518 — 11.5691 + 31.4087 + 8439.2 


> Total daily oil output can be modeled by T = 0.1430 — 11.61% + 31.4t + 8440 
where Tis measured in thousands of barrels. By substituting t = 20 into the 
model, you can estimate that the average total amount of crude oil produced 
per day in 2000 was about 5570 thousand barrels, or 5,570,000 barrels. 


CA] GUIDED PRACTICE for Example 6 


6. INDUSTRY The models below give the average depth D (in feet) of new wells 
drilled and the average cost per foot € (in dollars) of drilling a new well. 
In both models, t represents the number of years since 1980. Write a model 
for the average total cost T of drilling a new well. 


D = 1091 + 4010 and С = 0.542  – 7.16t + 79.4 
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HOMEWORK: 
KEY: 


= WORKED-OUT SOLUTIONS 
on p. WS10 for Exs. 11, 21, and 61 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 47, 56, and 63 


5.3 EXERCISES 


‘SKILL PRACTICE 


1. VOCABULARY When you add or subtract polynomials, you add or subtract 
the coefficients of ? . 


2. * WRITING Explain how a polynomial subtraction problem is equivalent to 
a polynomial addition problem. 


: EXAMPLES ADDING AND SUBTRACTING POLYNOMIALS Find the sum or difference. 
: ST Vid NT 3. (3x2 — 5) + (7x2 — 3) 4. (x2 — 3x + 5) — (-4x2 + 8x + 9) 
: for Exs. 3-15 5. (4? + 9y — 5) — (4у2 — 5y + 3) 6. (z? + 5z — 7) + (52? — 112 — 6) 
7. (3s? + s) + (4s? — 2s? + 7s + 10) 8. (2a? — 8) — (à? + 4а? — 12a + 4) 
9. (5c? + 7c + 1) + (2C? — 6c + 8) 10. (4D — 112 + 4t) — (—7É — 5t + 8) 
| (1) (5b — 6b? + 2b^) — (9b? + 4b* — 7) 12. (3y? — 6y + 5 — 6y) + (5y! — 6y? + 4y) 
13. (х^ -x +x- x+ l + (+01 х2) 14. (8/5 — 2? + v — 4) — (303 — 1212 + BD) 
15. * MULTIPLE CHOICE What is the result when 2x* — 8x^ — x + 10 is subtracted 
from 8x* — 4x? — x - 2? 
QD -6 + 4 -—8x^48 (В) 6x'- 4x + 8x* — 8 
(б) 10x* – 8x° — Ax? + 12 (D бх + 4х? – 2х – 8 
: EXAMPLE3 | MULTIPLYING POLYNOMIALS Find the product of the polynomials. 
: On p. 347 16. x(2x? — 5x + 7) 17. 5х2(6х + 2) 


: for Exs. 16—25 
18. (y — 7)(y + 6) 


20. (ш + 4)(w* + 6w — 11) 
22. (bc? — 4)(2c* + c – 3) 
24. (—d* + 4d + 3) (3d? — та + 6) 


19. (32 + 1)(z — 3) 


(21) (2a — 3)(a2 — 10a — 2) 


23. (—x^ + Ax + D(x* — 8x + 3) 
25. (3y? + 6y — 1)(4y? – 11у — 5) 


ERROR ANALYSIS Describe and correct the error in simplifying the expression. 


26. al. 
х Se 4) (к 7x 2) (2x 7) (2x) bd 
Эх 7x X Әх 545 
= — 4х 
: EXAMPLE 4 | MULTIPLYING THREE BINOMIALS Find the product of the binomials. 
on p. 347 


28.: ($ t 4Hx— 6)(x —:5) 25.. EA TM 3) 


: for Exs. 28-37 


S. la 4-2" Qe В) 31. (a — 6)(2a + 5)(a + 1) 

32. (3p + Dip + 3)(p + 1) 33. (b — 2)(2b — D(-b+ 1) 
34. (25 + D)(3s — 2) (4s — 3) 35. (ш — 6)(4w — 1)(—3w + 5) 
36. (4x — D(-2x — 7)(—5x — 4) $7. (3q— 8)(-99 + 20g — 2) 
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: EXAMPLES | SPECIAL PRODUCTS Find the product. 


CEA 


: on p. 348 = ЕЕ 3 
Lorea | 38: (67 906-5) 39. (w — 9) 40. (y + 4) 
41. (2c + 5)* 42. (3t — 4)? 43. (bp — 3)(5p + 3) 
44. (7х — у)? 45. (2a + 9b)(2a — 9b) 46. (32 + ту)? 


47. * MULTIPLE CHOICE Which expression is equivalent to (3x — 2y)*? 
QD эх — 4у? 9x? + Ay? 
(С) 9x* + 12xy + 4y? (D 9x* — 12xy + 4y* 


(ES GEOMETRY Write the figure's volume as a polynomial in standard form. 


48. V=lwh AG 49. V=ar-h 
x—1 
2x +3 
x 


3x +1 


50. V= s? ^а 51. у= iBh 
x— 5 


SPECIAL PRODUCTS Verify the special product pattern by multiplying. 
52. (a+ b)(a — b) = a? — b 53. (a + b? = a? + 2ab + Б? 
54. (a + b? = a? + 3a*b + Зар? + D? 55. (а — b = à? — 3a*b + Зар? — b? 


2х – 3 


56. ж EXTENDED RESPONSE Let р(х) = x* — 7x + M and q(x) = х? — 5. 
а. What is the degree of the polynomial р(х) + q(x)? 
b. What is the degree of the polynomial p(x) — q(x)? 
c. What is the degree of the polynomial p(x) • q(x)? 


d. In general, if p(x) and q(x) are polynomials such that p(x) has degree m, 
q(x) has degree n, and m > n, what are the degrees of p(x) + q(x), 
p(x) — q(x), and p(x) + q(x)? 


57. FINDING A PATTERN Look at the following polynomial factorizations. 
x'—12(x- D(x- 1) 
x'—-1-(x-D(ax^-x-41) 
x- 1=(x- D +x + x+ ]) 


a. Factor X? — 1 and xê — 1 into the product of x — 1 and another 
polynomial. Check your answers by multiplying. 


b. In general, how can x" — 1 be factored? Show that this factorization 
works by multiplying the factors. 


58. CHALLENGE Suppose f(x) = (x + a)(x + b)(x  c)(x + d). If f(x) is written in 
standard form, show that the coefficient of x? is the sum of a, b, c, and d, and 
the constant term is the product of a, b, c, and d. 


| (С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
350 on p. WS1 TEST PRACTICE 


PROBLEM SOLVING 


: EXAMPLEG 59. HIGHER EDUCATION Since 1970, the number (in thousands) of males M and 


: on p. 348 | females F attending institutes of higher education can be modeled by 
PIDE ES Ae M = 0.0910 — 4.8 + 110t + 5000 and F= 0.19? — 122 + 350г + 3600 


where fis the number of years since 1970. Write a model for the total number 
of people attending institutes of higher education. 


9r for problem solving help at dasszone.com 


60. ELECTRONICS From 1999 to 2004, the number of DVD players D (in 
millions) sold in the United States and the average price per DVD 
player P (in dollars) can be modeled by 


D-4.1t- 444 and Р= 6.821°— 61.7t + 265 


where fis the number of years since 1999. Write a model for the total 
revenue R from DVD sales. According to the model, what was the total 
revenue in 2002? 


(Hoi meTutor = 


for problem solving help at classzone.com 


61, BICYCLING The equation P = 0.00267sF gives the power P (in horsepower) 
needed to keep a certain bicycle moving at speed s (in miles per hour), where 
Fis the force (in pounds) of road and air resistance. On level ground, the 
equation 


Е = 0.0116s* + 0.789 


models the force F. Write a model (in terms of s only) for the power needed to 
keep the bicycle moving at speed s on level ground. How much power is 
needed to keep the bicycle moving at 10 miles per hour? 


Animated ¡Algebra at classzone.com 


62. MULTI-STEP PROBLEM A dessert is made by taking a hemispherical 
mound of marshmallow on a 0.5 centimeter thick cookie and covering it 
with a chocolate shell 1 centimeter thick. Use the diagrams to write two 
polynomial functions in standard form: M(r) for the combined volume of the 
marshmallow plus cookie, and D(r) for the volume of the entire dessert. Then 
use M(r) and D(r) to write a function C(r) for the volume of the chocolate. 


Marshmallow on cookie Chocolate layer added 


63. * SHORT RESPONSE From 1997 to 2002, the number of NCAA lacrosse teams 
for men Г, and women L as well as the average size of a men's team S, and 
a women's team S, can be modeled by 


L,, =5.574+ 182 апа  $,- –0.1272 + 0.822? — 1.021 + 31.5 
L,=12.2t+185 апі  $,- —0.0662? + 0.4371? — 0.725t + 22.3 


where t is the number of years since 1997. Write a model for the total number 
of people N on NCAA lacrosse teams. Explain how you obtained your model. 
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64. CHALLENGE From 1970 to 2002, the circulation С (in millions) of Sunday 
newspapers in the United States can be modeled by 


С = —0.00105{° + 0.02811% + 0.465t + 48.8 


where fis the number of years since 1970. Rewrite Cas a function of s, 
where sis the number of years since 1975. 


Mixen Review _ = ЗО 


: PREVIEW | Solve the equation. 
: Prepare for 


pee 65. 2x — 7 = 11 (p. 18) 66. 10 — 3x — 25 (p. 18) 

: Exs. 65-72. 67. 4t — 7 — 2t (p. 18) 68. y^ — 2y — 48 = 0 (p. 252) 
69. ш? — 15w + 54 = 0 (p. 252) 70. x? + 9x + 14 = 0 (р. 252) 
71. Az? + 21z — 18 = 0 (p. 259) 72. 9a? — 30a + 25 = 0 (p. 259) 


Solve the system of equations. (p. 178) 


78. x+y-22=-4 74. x- 2у + 2 = —13 75. 3x – у – 22 = 20 
3x -у+2 = 22 -x + 4у + 2 = 35 —--dy—2* —16 
-х+ 2у + 32 = —9 3x + 2y + 42 = 28 —X—y-32--—5 


Evaluate the determinant of the matrix. (p. 203) 


76. |? 4 т.| ? ' 78 EE 79 F- 4d 
|a 1 '|-4 9 


-A £ d = LL, oc 


Quiz for Lessons 5.1-5.3 


Evaluate the expression. (p. 330) 


1. eo 2. [ | 5 | 4. E 


Simplify the expression. (p. 330) 
3. 


5. (xy 2) (473 в. (22р-5)-3 7 ХУ 8. Cd * 
(ty) Lc? y?) (а2Ь7°) rip agi 
Graph the polynomial function. (p. 337) 
9. р(х) 2217 —3x+1 10. h(x) =x*-4x+2 11. f(x) = -2x + x^—5 
Perform the indicated operation. (p. 346) 
12. (x° +x — 6) — (2х2 +4x- 8) 13. (—3x* + 4x — 10) + (xf — 9x + 15) 
14. (x — 5)(х2 — 5x + 7) 15. (x + 3)(x — 6)(3x — 1) 


16. NATIONAL DEBT On July 21, 2004, the national debt of the United States was 
about $7,282,000,000,000. The population of the United States at that time 
was about 294,000,000. Suppose the national debt was divided evenly among 
everyone in the United States. How much would each person owe? (p. 330) 


352 EXTRA PRACTICE for Lesson 5.3, p. 1014 2) ONLINE QUIZ at classzone.com 


You factored and solved quadratic equations. 
ФЕТ You will factor and solve other polynomial equations. 
So you can find dimensions of archaeological ruins, as in Ex. 58. 


. Key Vocabulary. 


е * Polynomial Equations 


Factor and Solve 


In Chapter 4, you learned how to factor the following types of quadratic 


e factored completely expressions. 


* factor by grouping 
e quadratic form 


General trinomial 2x^ — Зх — 20 = (2x + 5)(х — 4) 
} AAA 
| Perfect square trinomial x? + 8x + 16 = (x + 4) 


Difference of two squares 9x? — 1 = (3x + 1)(3x — 1) 


Common monomial factor | 8x? + 20x = 4x(2x + 5) 


You can also factor polynomials with degree greater than 2. Some of these 
polynomials can be factored completely using techniques learned in Chapter 4. 


KEY CONCEPT For Your Notebook 


Factoring Polynomials 


Definition Examples 


: A factorable polynomial with integer 2(x + 1)(х — 4) and 5x^(x* — 3) are 
: coefficients is factored completely factored completely. 
if it is written as a product of 

unfactorable polynomials with 


integer coefficients. 


3x(x* — 4) is not factored completely 
because х2 — 4 can be factored as 
(y+ Zhe 2). 


[| EXAMPLE 1 | Find a common monomial factor 


Factor the polynomial completely. 


а. x + 2x7 — 15x = x(x* + 2x 15) Factor common monomial. 
=x + 5) — 3) Factor trinomial. 
b. 2p? — 18y? =2у (y? — 9) Factor common monomial. 
= 2y (y + 3)(y — 3) Difference of two squares 


с. 4z* — 162? + 1622 = 422(22 —4z+ 4) Factor common monomial. 
= 42 (z — 2)? Perfect square trinomial 
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FACTORING PATTERNS In part (b) of Example 1, the special factoring pattern 
for the difference of two squares is used to factor the expression completely. 
There are also factoring patterns that you can use to factor the sum or 
difference of two cubes. 


: KEY CONCEPT For Vour Wotebook 


Special Factoring Patterns 


: Sumof Two Cubes Example 

: d + b? = (a+ b? — ab + b’) 8x? + 27 = (2x)? + 32 

: = (2x + 3)(4x* — 6x + 9) 
> Difference of Two Cubes Example 

: d - b= (а – 0а? + ab + b’) 64x? — 1 = (4x)? — 13 


= (4x — 1)(16x* + 4x + 1) 


| EXAMPLE 2 | Factor the sum or difference of two cubes 


| 
| Factor the polynomial completely. 


а. х? + 64 = 2? +4 Sum of two cubes 
= (x + 4)(x* — Ax + 16) 
b. 162° — 250z* = 2z*(8z* — 125) Factor common monomial. 
= 222 ((2233 — 53 | Difference of two cubes 


= 222(22 — 5)(422 + 10z + 25) 


Y Gume Prac ACTICE for Examples 1 and 2 

| | аъ Maas 
Factor the polynomial completely. 

1. хэ – 7х? + 10х 2. Зу? – 75y? 3. 160° + 686b* 4. и? — 27 


past oun, ds PE 
ctor by grouping 


FACTORING BY GROUPING For some polynomials, you can fa | 
pairs of terms that have a common monomial factor. The pattern for factoring by 
grouping is shown below. 


=" 


ra + rb + sa + sb = r(a + b) + s(a + b) 
(Г + $)(а + b) 


CUME Factor by grouping 


: AVOID ERRORS = Factor the polynomial x? — 3x* — 16x + 48 completely. 

: An expression is not | 767и ИИ йй. = AS = 

[зеш рану || х9—3х°— 16х + 48 = х2(х – 3) — 16(x—3) Factor by grouping. 

: until all factors, such | = (a? — 16)(x — 3) Distributive property 


: as X? — 16, cannot be | 


er irte = (x + 4)(x — A)(x — 3) Difference of two squares 
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QUADRATIC FORM An expression of the form аи? + bu + c, where u is any 
expression in x, is said to be in quadratic form. The factoring techniques you 
studied in Chapter 4 can sometimes be used to factor such expressions. 


ЄСТУ Factor polynomials in quadratic form ___ 


: IDENTIFY Factor completely: (а) 16x* — 81 and (b) 2p? + 10p? + 12р?. 

: QUADRATIC FORM | 

Preset ahaha rile » а. 16х* – 81 = (4x7)? - 9? Write as difference of two squares. 
: The expression 

: 16x^ — 81 is in = (4x* + 9)(4x* — 9) Difference of two squares 

: quadratic form because 

: н сап be written as = (4x* + 9)(2x + 3)(2x — 3) Difference of two squares 

: u^ — 81 where и = 4x”. b. 2p? + 10р? + 12p? = 2p*(p? + 5p? + 6) Factor common monomial. 


= 2p"(p? + 3)(p? +2) Factor trinomial in quadratic form. 


r4 GUIDED PRACTICE for Examples 3 and 4 — 


Factor the polynomial completely. 
5. х + 7x^ — 9x — 63 6. 16g* — 625 7. 41% — 201* + 24t? 


SOLVING POLYNOMIAL EQUATIONS In Chapter 4, you learned how to use the zero 
product property to solve factorable quadratic equations. You can extend this 
technique to solve some higher-degree polynomial equations. 


ж emm 


What are the real-number solutions of the equation 3x? -- 15x — 18x?? 


Standardized Test Practice 


QD 0,1,3,5 (В) -10,1 
© 0,1, V5 (D —V5, -1,0,1, V5 
Solution 
| Зх? + 15x = 18x? Write original equation. 
Зх? — 18x? + 15x =0 Write in standard form. 
: diodo us ай lae 3x(x* — 6x^ + 5) = 0 Factor common monomial. 
: Do not divide each side 
: of an equation by a 3x(x* — 1)(x* —5) =0 Factor trinomial. 
рушан ога VORNE 3x(x + D(x— G2 — 5) =0 Difference of two squares 


: expression, such as 3x. Е Е 
: Doing so will resultin | х= 0, х= –1,х= 1,х = У5,огх= -V5 Zero product property 


: the loss of solutions. 
> The correct answer is D. СА) O dD 


| for Example 5 


Find the real-number solutions of the equation. 


8. 4x? — 40x? + 36x = 0 9. 2x? + 24x = 14x? 10. —27? + 15x? = —6x* 
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Solve a polynomial equation 


CITY PARK You are designing a marble basin 
that will hold a fountain for a city park. The 
basin's sides and bottom should be 1 foot thick. 
Its outer length should be twice its outer width 
and outer height. 


What should the outer dimensions of the basin 
be if it is to hold 36 cubic feet of water? 


A WAY ... oce Solution 

EETA SS IO Volume Interior length Interior width Interior height 
: to solving the problem (cublcfee) = ka > (feet Я ей 

: in Example 6, turn (cubic feet) (feet) eet) (fee 

: to page 360 for the $ y w ч 

: Problem Solvin 

aa. 36 = (2x-2) - (x - 2) . (х=) 


36 = (2x-— 2)(х —2)(x — 1) Write equation. 
0 = 2x — 8x? + 10x—40 Write in standard form. 
0 =2x%(x— 4) + 10(х— 4) Factor by grouping. 
0 = (2x? + 10)(x — 4) Distributive property 


» The only real solution is x = 4. The basin is 8 ft long, 4 ft wide, and 4 ft high. 


11. WHAT IF? In Example 6, what should the basin’s dimensions be if it is to hold 
40 cubic feet of water and have outer length 6x, width 3x, and height x? 


Y GUIDED PRACTICE _ for Example6 _ 


HOMEWORK: (7 = WORKED-OUT SOLUTIONS 
KEY: on p. WS10 for Exs. 7, 23, and 61 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 9, 41, 63, and 64 


5.4 EXERCISES 


SKILL PRACTICE 


1. VOCABULARY The expression 8x + 10x? — 3isin_?_ form because it can be 
written as 2u* + 5u — 3 where и = 22. 


2. * WRITING What condition must the factorization of a polynomial satisfy in 
order for the polynomial to be factored completely? 


: EXAMPLE1 | MONOMIAL FACTORS Factor the polynomial completely. 


; опр. 353 3. 14x — 21x 4. 30b? — 54D? 5. c? + 9c? + 18c 
: for Exs. 3-9 
6. 2 – 62° — 722 QE — 48y? 8. 54m? + 18m^ + 9m? 
9. Ж MULTIPLE CHOICE What is the complete factorization of 2x’ — 32x°? 
QD 2х%(х + 2)(х — 2)(х? + 4) O 2x (x + 2) — 2) 
O 24% + 4)? 2x" (x + 2)*(x — 2)* 
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: EXAMPLE 2 


: for Exs. 10-17 


: EXAMPLE 3 


ASADA 


: for Exs. 18-23 


: EXAMPLE 4 


: on p. 355 


KEDE 


: for Exs. 30-41 


SUM OR DIFFERENCE OF CUBES Factor the polynomial completely. 
10. x? + 8 11. y? — 64 12. 27m? + 1 13. 125n* + 216 
14. 27a? — 1000 15. 8c? + 343 16. 192u? — 3 17. —5z2? + 320 


FACTORING BY GROUPING Factor the polynomial completely. 


18. ХХ\+х+х+1 19. у? — 7y? + 4y — 28 20. п? + 5n? — 9n — 45 
21. 3m? — m? + 9m — З 22. 2553 — 100s2— $ + A (23) 4c + вс? - 9c – 18 
QUADRATIC FORM Factor the polynomial completely. 

24. x* — 25 25. a* 7a? +6 26. 3s* — 52 — 24 

27. 322? — 2z 28. 36m + 12m^ + m? 29. 15? — 72x? — 108x 


ERROR ANALYSIS Describe and correct the error in finding all real-number 
solutions. 


30. 31. 
Әх 27 Эх 48x 


(2х S)(4 6x 3) Эх(х 16) 
x i X 
| 4 or x 


SOLVING EQUATIONS Find the real-number solutions of the equation. 


32. y — 5y* = 0 33. 18s? = 50s 34. 2° + 3e°-g-3=0 


35. m*+6m*-4m-24=0 36. 4w* + 40и? — 44 = 0 37. 42° = 8423 
38. 5b° + 15b^ + 12b = 36 39. x» —4x* — 9х^ + 36=0 40. 48р? = 27р 


41. * MULTIPLE CHOICE What are the real-number solutions of the equation 
3x* — 27x^ + 9x=x% 


Ф) -1,0,3 -3, 0,3 © 3,0, i 3 (D? -3, - 0,3 
CHOOSING A METHOD Factor the polynomial completely using any method. 
42. l6x? — 44x? — 42x 43. n* — 4n* — 60 44. —Ab* — 500b 
45. 36a? — 15а? + 84а —35 46. 18c* + 57? — 10с? 47. 2d* — 13d? — 45 
48. 322° — 108x* 49. 8y? — 38y* — 10у? 50. z? — 32% — 162 + 48 


(E3 GEOMETRY Find the possible value(s) of x. 
51. Area — 48 52. Volume = 40 53. Volume = 1257 


CHOOSING A METHOD Factor the polynomial completely using any method. 
54. ху? — 27 55. 7ac^ + bc? — Tad? -bd 56. х" 2x" +1 


| 57. CHALLENGE Factor afb? — a?b* + 2a^b — 2ab? + a? — b? completely. 


5.4 Factor and Solve Polynomial Equations 


357 


: EXAMPLE 6 58. ARCHAEOLOGY At the ruins of Caesarea, 

: on p. 356 те archaeologists discovered a huge hydraulic 

: for Exs. 58-63 concrete block with a volume of 945 cubic 
meters. The block's dimensions are x meters 
high by 12x — 15 meters long by 12x — 21 meters 


wide. What is the height of the block? 


59. CHOCOLATE MOLD You are designing a chocolate mold shaped like a hollow 
rectangular prism for a candy manufacturer. The mold must have a thickness 
of 1 centimeter in all dimensions. The mold's outer dimensions should also 
be in the ratio 1:3:6. What should the outer dimensions of the mold be if it is 
to hold 112 cubic centimeters of chocolate? 


for problem solving help at classzone.com 


60. MULTI-STEP PROBLEM A production crew is assembling a three-level 
platform inside a stadium for a performance. The platform has the 
dimensions shown in the diagrams, and has a total volume of 1250 cubic feet. 


a. Write Expressions What is the volume, in terms of x, of each of the three 
levels of the platform? 


b. Write an Equation Use what you know about the total volume to write an 
equation involving x. 


c. Solve Solve the equation from part (b). Use your solution to calculate the 
dimensions of each of the three levels of the platform. 


(61) SCULPTURE Suppose you have 250 cubic inches of clay with which to make 
a sculpture shaped as a rectangular prism. You want the height and width 
each to be 5 inches less than the length. What should the dimensions of the 
prism be? 


62. MANUFACTURING A manufacturer wants to build a rectangular 
stainless steel tank with a holding capacity of 670 gallons, or 
about 89.58 cubic feet. The tank’s walls will be one half inch 
thick, and about 6.42 cubic feet of steel will be used for the tank. 
The manufacturer wants the outer dimensions of the tank to be 
related as follows: 


* The width should be 2 feet less than the length. 
• The height should be 8 feet more than the length. 
What should the outer dimensions of the tank be? 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
358 on p. WS1 TEST PRACTICE 


: PREVIEW 


а SPC CTP PP е а 


: Lesson 5.5 
: in Exs. 76-79. 


MIXED Review = 


63. * SHORT RESPONSE A platform shaped like a rectangular prism has 
dimensions x — 2 feet by 3 — 2x feet by 3x + 4 feet. Explain why the volume 


of the platform cannot be $ cubic feet. 


64. * EXTENDED RESPONSE In 2000 B.C., the Babylonians solved polynomial 
equations using tables of values. One such table gave values of y? + y? 
To be able to use this table, the Babylonians sometimes had to manipulate 
the equation, as shown below. 


ax! + bx = с Original equation 
er mo ae | а? 
EE AE e by ©. 
РЗ p үз Multiply each side by p 
ax\3 _ (ax\2_ ac 
fea | + bs EE: Rewrite cubes and squares. 


They then found E in the у? + y? column of the table. Because the 


corresponding y-value was y = E they could conclude that x — e 
a. Calculate y? + у? for y = 1, 2,3,..., 10. Record the values in a table. 


b. Use your table and the method described above to solve x? + 2x^ = 96. 
c. Use your table and the method described above to solve 3x? + 21% = 512. 


d. How can you modify the method described above for equations of the 
form ax^ + bx? = c? 


65. CHALLENGE Use the diagram to complete parts (a)- (с). 


a. Explain why а? — b? is equal to the sum of the volumes of 
solid I, solid II, and solid III. 


b. Write an algebraic expression for the volume of each of the 
three solids. Leave your expressions in factored form. 


c. Use the results from parts (a) and (b) to derive the 
factoring pattern for a? — b? given on page 354. 


Graph the function. 
66. f(x) = -2|x — 3| + 5 (p. 123) 67. у= $x? + Ax + 5 (p. 236) 
68. y = 3(x + 4)? + 7 (p. 245) 69. f(x) = x? — 2x — 5 (p. 337) 


Graph the inequality in a coordinate plane. (p. 132) 
70. y S2x — 3 TL > —D— X 72. у<0.5х + 5 


73. Ax + 12у<4 74. 9х — 9y2 27 75. 2х+2у>5 


Use synthetic substitution to evaluate the polynomial function for the given 
value of x. (p. 337) 


76. f(x) = 5x! — 3x? + 4х°—х+10;х=2 77. f(x) = —3? + x — 6x? + 2x + 4; x = -3 
78. f(x) = 5x0 — 4x? 12x + 20; x = —2 79. f(x) = -6x* + 9x – 15; х= 4 
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‘PROBLEM SOLVING | 
WORKSHOP 
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METHOD 1 


Using ALTERNATIVE METHODS 


Another Way to Solve Example 6, page 356 


MULTIPLE REPRESENTATIONS In Example 6 on page 356, you solved a polynomial 
equation by factoring. You can also solve a polynomial equation using a table ora 
graph. 


CITY PARK You are designing a marble 
basin that will hold a fountain for a city 
park. The basin’s sides and bottom should 
be 1 foot thick. Its outer length should be 
twice its outer width and outer height. 


What should the outer dimensions of 
the basin be if it is to hold 36 cubic feet 
of water? 


Using a Table One alternative approach is to write a function for the volume of 
the basin and make a table of values for the function. Using the table, you can 
find the value of x that makes the volume of the basin 36 cubic feet. 


STEP? Write the function. From the diagram, you can see that the volume y of 
water the basin can hold is given by this function: 


y= 02x—2)x-2)x—-1L 


STEP 2 Make a table of values for the S7EP3 Identify the value of x for 


function. Use only positive which y = 36. The table 
values of x because the basin's shows that y = 36 when 
dimensions must be positive. x=4. 


» The volume of the basin is 36 cubic feet when x is 4 feet. So, the outer 
dimensions of the basin should be as follows: 


Length = 2x = 8 feet 
Width = x=4 feet 
Height = х = 4 feet 
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Using а Graph Another approach is to make a graph. You can use the graph to 
find the value of x that makes the volume of the basin 36 cubic feet. 


STEP? Write the function. From the diagram, you can see that the volume y of 
water the basin can hold is given by this function: 


STEP 2 Graph the equations y = 36 
апа у= (- 1)(x-— 2x2). 
Choose a viewing window 
that shows the intersection of 


the graphs. 


y= {(2®— 2 —Zb- D 


STEP 3 Identify the coordinates of 
the intersection point. On a 
graphing calculator, you can 
use the intersect feature. The 
intersection point is (4, 36). 


= 


Intersection 
X=4 


> The volume of the basin is 36 cubic feet when x is 4 feet. So, the outer 
dimensions of the basin should be as follows: 


Length = 2x = 8 feet 


Width = 


х = 4 feet 


Height = х = 4feet 


SOLVING EQUATIONS Solve the polynomial 
equation using a table or using a graph. 


L, 
2. 
3. 
4, 
5. 
6. 
7. 


x? + 4x? — 8x = 96 

ХЗ — 9x? — 14x + 7 = —33 

2x) — 11x? + 3х +5 = 59 

xt +? — 15x* — 8x + 6 = —45 

—x* + 2x3 + 6x* + 17x 4 = 32 

—8x* + Ax? + 8x* + Ax П = 13 

4x* — 16x? + 29x? — 95x = —150 

WHAT IF? In the problem on page 360, suppose 
the basin is to hold 200 cubic feet of water. Find 


the outer dimensions of the basin using a table 
and using a graph. 


10. 


9. PACKAGING А factory needs a box that has a 
volume of 1728 cubic inches. The width should 
be 4 inches less than the height, and the length 
should be 6 inches greater than the height. 
Find the dimensions of the box using a table 
and using a graph. 


yearly pineapple consumption P (in pounds) 


AGRICULTURE From 1970 to 2002, the average 


per person in the United States can be modeled 


by the function 


P(x) = 0.0000984x* — 0.00712x? + 0.162x? — 


Lie 12:3 


where x is the number of years since 1970. In 


what year was the pineapple consumption 
about 9.97 pounds per person? Solve the 
problem using a table and a graph. 


Using Alternative Methods 
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5.5 


^ cM | 
long division 
* synthetic division 


Apply the Remainder 
and Factor Theorems 


You used special patterns to factor polynomials. 


You will use theorems to factor polynomials. 
So you can determine attendance at sports games, as in Ex. 43. 


When you divide a polynomial f(x) by a divisor d(x), you get a quotient 
polynomial q(x) and a remainder polynomial r(x). 


fœ ro) 
d(x) = qu) + d(x) 


The degree of the remainder must be less than the de ree oft the divisor. 
One way to divide polynomials is called pol al I | 


Use polynomial long division 


: AVOID ERRORS 


я BPRS TEP ESTP PTR Pee Pee ee 


: The expression added 
: to the quotient in 

: the result of the long 

: division problem is 
not r(x). 


: AX) 
: d(x)’ 


Divide f(x) = Зх“ — 5x? + Ax — 6 by x — 3x + 5. 


Solution 


Write polynomial division in the same format you use when dividing numbers. 
Include a “0” as the coefficient of x* in the dividend. At each stage, divide the 
term with the highest power in what is left of the dividend by the first term of the 
divisor. This gives the next term of the quotient. 


3x°+ 4x — 3«— quotient 


x!—-3x-5lx!—- 5-4 002+ 4x- 6 


3x'— 9x? 15x? Multiply divisor by 3x*/x? = 3x7. 
4х%— 15х°+ 4х Subtract. Bring down next term. 
4x? — 12x*+ 20x Multiply divisor by 4x?/x? = 


—3х°— l6x — 6 Subtract. Bring down next term. 
—3x°+ 9x-— 15 Multiply divisor by -3x?/x? = —3. 
—25x + 9-«— remainder 
pH 6 4,2144 эр, 725149 
x – Зх + 5 х? – Зх + 5 
CHECK You can check the result of a division problem Бу multiplying the quotient 
by the divisor and adding the remainder. The result should be the dividend. 
(Зх? + Ax — 3)(x^ — 3x + 5) + (-25x + 9) 
= 3x*(x* — Зх + 5) + 4x(x* — 3x + 5) — 3(x^ — 3x + 5) - 25x +9 
= 3x4 — 9x? + 15x* + Ax? — 121? + 20x — 3x% + 9х — 15 — 25x + 9 
= Зд“ – 51 + Ax— 6 
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CUE use polynomial long division with a linear divisor 


| Divide f(x) = x? 5x2 — 7x + 2byx- 2. 


X^- 7x+ 7 < quotient 


$= 213 + Bx? — 7х+ 2 


xX- 24 Multiply divisor by х?/х = х2. 
7х2 — 7х Subtract. 
7х? — 14x Multiply divisor by 7x?/x — 7x. 


it 2 Subtract. 
7X — 14 Multiply divisor by 7x/x — 7. 


16 < remainder 


| Woo a = +7х+7+ 16, 16 
| LEA — 2 
СА GUIDED PR: C ICE . fort Examples 1 and 2 
¡€ _ 


Divide using polynomial long division. 


1. (2x* + xí? +х- 1) + (х2 + 2х5 D 2. (x? — x7 + Ax — 10) + (x + 2) 


SYNTHETIC DIVISION If you use synthetic substitution to evaluate f(x) in 
Example 2 when x = 2, as shown below, you can see that f(2) equals the 
remainder when f(x) is divided by x — 2. Also, the other values below the line 
match the coefficients of the q uotient. For this reason, synthetic substitution i is 
sometimes called synthetic divisior 

polynomial by a divisor of the form x E, 


2 1 5 “1 2 


coefficients of quotient ———» 1 7 7 16 «——remainder 


: KEY CONCEPT For Vour Wotebook 


Remainder Theorem 


If a polynomial f(x) is divided by x — k, then the remainder is r = f(k). 


Use synthetic division 


: DIVIDE | Divide f(x) = 2x? + x? — 8x + 5 by x + 3 using synthetic division. 
с роит, MERERI еа |2 1 -8 5 

: Because the divisor is 

Xx -3-x-(-3) | -6 15  —21 

: evaluate the dividend 

: when x = —3. 2 E [ -16 

2х 4 x7 — Bet 5 4. |. 16 
> WW Ax — Bc E 
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FACTOR THEOREM Suppose the remainder is 0 when a polynomial f(x) is divided 
by x — k. Then 
fu 


= q(x) + е = q(x) 


x-k 


where q(x) is the quotient polynomial. Therefore, f(x) = (x — k) + q(x), so that 
x — kis a factor of f(x). This result is summarized by the factor theorem. 


Factor a polynomial 


: AVOID ERRORS 


: using synthetic division 
: should always be zero 

: when you are dividing 
: a polynomial by one 

: of its factors. 


i- KEY CONCEPT For Vour Wotebook 


Factor Theorem 


A polynomial f(x) has a factor x — kif and only if f(k) = 0. 


The factor theorem can be used to solve a variety of problems. 


Problem Example 
Given one factor of a polynomial, find the See Example 4 below. 
other factors. 


Given one zero of a polynomial function, See Example 5 on page 365. 
find the other zeros. 


Given one solution of a polynomial See Example 6 on page 365. 
equation, find the other solutions. 


Factor f(x) = 3x? — 4x? — 28x — 16 completely given that x + 2 is a factor. 


Solution 


Because x + 2 is a factor of f(x), you know that f(—2) = 0. Use synthetic division to 
find the other factors. 


sme: | д —4 —28 10 
m 20 16 
3 —10 -p 0 


Use the result to write f(x) as a product of two factors and then factor completely. 
f(x) = Зх? — 4х — 28x— 16 Write original polynomial. 


= (x + 2)(3x* — 10x — 8) Write as a product of two factors. 


= (% + 2)(ax+ 264) Factor trinomial. 


- GUIDED PRACTICE for Examples 3 and 4 


_ Divide using synthetic division. 
3. (+ 4x2 —x— 1) + (x +3) 4. (A +х°—3х+ 7) + (x — 1) 


Factor the polynomial completely given that x — 4 is a factor. 
5. f(x) = x? — 6x? + 5х + 12 6. f(x) = x? — х? — 22x + 40 
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Ж ETT standardizes Test practice —— 


One zero of f(x) = x? — 2x” — 23x + 60 is x = 3. What is another zero of f? 
(А) -5 В) -4 © 2 D 5 


Solution 
Because f(3) = 0, x — З is a factor of f(x). Use synthetic division. 


x11 9e —2 60 


1 1 .—20 0 
Use the result to write f(x) as a product of two factors. Then factor completely. 
Р) = x? — 2x? — 23x + 60 = (x — 3)(x* + x — 20) = (x — 3)(x + 5)(x — 4) 
The zeros are 3, —5, and 4. 


> The correct answer is A. 2 О Ф 


BUSINESS The profit Р (in millions of dollars) for a shoe 
manufacturer can be modeled by P = —21x? + 46x where x is 
the number of shoes produced (in millions). The company now 
produces 1 million shoes and makes a profit of $25,000,000, but 
would like to cut back production. What lesser number of shoes 
could the company produce and still make the same profit? 


Solution 
25 = —21x? + 46x Substitute 25 for Pin Р = —21х? + 46x. 


0-221 – 46х + 25 Write in standard form. 


You know that x = 1 is one solution of the equation. This implies that x — lisa 
factor of 21x° — 46x + 25. Use synthetic division to find the other factors. 


E] 21 0 —46 25 


21 21 28 0 


So, (x — 1)(21x* + 21x — 25) = 0. Use the quadratic formula to find that 
x ^ 0.7 is the other positive solution. 


* The company could still make the same profit producing about 700,000 shoes. 


СЕ for Examples 5 and 6 


. Find the other zeros of f given that f(—2) = 0. 
7. f(x) = х? + 2x? — 9x — 18 8. f(x) =x + 8x? + 5x — 14 


9. WHAT IF? In Example 6, how does the answer change if the profit for the 
| shoe manufacturer is modeled by P = —15x? + 40x? 
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EXERCISES HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
5.5 KEY : on p. WS10 for Exs. 17, 25, and 43 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 35, 39, 44, and 45 


| €- = MULTIPLE REPRESENTATIONS 
Ex. 38 


‘SKILL PRACTICE 


: EXAMPLES 
: on pp. 362-363 
: for Exs. 3-10 


Moore AE 


: on p. 363 
: for Exs. 11-20 


: EXAMPLE 4 - 
; on p. 364 
: for Exs. 21-28 


: EXAMPLE 5 


= EEC 


: for Exs. 29-35 


1. VOCABULARY State the remainder theorem. 


2. * WRITING B division has been usedto divide —3 | 1 o “=й в = 
f(x) = x* — 5x* + 8x – 2 by x + 3. Explain what the 
colored numbers represent in the division problem. 


USING LONG DIVISION Divide using polynomial long division. > : ` » 
3. (x^ + x — 17) + (x — 4) 4. (Зх? — 11x — 26) + (x — 5) 
5. (х? + 3х2 + 3x + 2) + (x — 1) 6. (8х2 + 34x — 1) + (4х — 1) 
7. (332 + lx? + 4x + 1) + (x? + x) 8. (7х3 + Lx? + 7x + 5) + (x^ + 1) 
9. (5x* — 2x? — 7x? — 39) + (х? + 2x — 4) 10. (4x* + 5x — 4) + (х? — 3x — 2) 
USING SYNTHETIC DIVISION Divide using synthetic division. 
11. (2x? — 7x + 10) + (x — 5) 12. (4x* — 13x — 5) + (x — 2) 
13. (х2 +8x+1) + (x *- 4) 14. (x^ + 9) + (x — 3) 
15. (х — 5x* — 2) + (x — 4) 16. (х — 4x + 6) + (x + 3) 
(7) o^ — 5x? — 8x? + 13x — 12) + (x — 6) 18. (x + Ax? + 16x — 35) + (x + 5) 


ERROR ANALYSIS Describe and correct the error in using synthetic division to 
divide x? — 5x + 3byx — 2. 


20. 

| 0 M am а S 8 
NE 4 X 

y @ ONES 

Ħu 2% Em — 


Эх 


FACTOR Given polynomial f(x) and a factor of f(x), factor f(x) completely. 


21. f(x) = х – 104% + 19x + 30; x — 6 22. f(x) = x? + 6х? + 5х – 12;х + 4 

23. f(x) = x? – 2x? — 40x — 64; х – 8 24. f(x) = х? + 18x? + 95x + 150; x + 10 
(25) feo = ә + 247 - six + 108;x +9 26. f(x) = x? — 9x^ + 8х + 60; х + 2 
27. f(x) = 2х%— 15х° + 34x — 21; х 1 28. f(x) = Зх? — 2x* — 61x - 20; х – 5 


FIND ZEROS Given polynomial function fand a zero of f, find the other zeros. 


29. f(x) = x? — 2x? — 21x — 18; 3 30. f(x) = Ax? — 251% — 154x + 40; 10 
31. f(x) = 10x? — 81x? + 71x + 42; 7 32. f(x) = Зх? + 34x? + 72x — 64; –4 
33. f(x) = 2x° — 10x — 71x — 9; 9 34. f(x) = 5x? — х^ — 18x + 8; -2 
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35. ж MULTIPLE CHOICE One zero of f(x) = 4x? + 15x* — 63x — 54 is 
x = —6. What is another zero of f? 


СА) —9 -3 © -1 D 3 
(CS GEOMETRY You are given an expression for the volume of the rectangular 
prism. Find an expression for the missing dimension. 
36. V= 2x? + 17x^ + 46x + 40 37. V — x? + 13x^ + 34x — 48 


x+6 


38. «4 MULTIPLE REPRESENTATIONS Consider the polynomial function 
f(x) = х — 54% — 12x + 36. 


a. Zeros of a Function Given that f(2) = 0, find the other zeros of f. 


b. Factors of an Expression Based on your results from part (a), what are 
the factors of the polynomial x? — 5x* — 12x + 36? 


c. Solutions of an Equation What are the solutions of the polynomial 
equation x? — 5x^ — 12x + 36 = 0? 


39. * MULTIPLE CHOICE What is the value of k such that x — 5 is a factor of 
X – 22 + kx – 30? 
(А) -14 E СС) 26 D 32 
40. CHALLENGE It can be shown that 2x — 1 is a factor of the polynomial 
function f(x) = 30x? + 7x? — 39x + 14. 


a. What can you conclude is a zero of f? 


b. Use synthetic division to write f(x) in the form (x — K) * q(x). 


c. Write f(x) as the product of linear factors with integer coefficients. 


PROBLEM SOLVING 


: EXAMPLE 6 


: js s p e ae 
: for Exs. 41-43 


41. CLOTHING The profit P (in millions of dollars) for a T-shirt manufacturer can 
be modeled by P = —x? + 4х? + x where x is the number of T-shirts produced 
(in millions). Currently, the company produces 4 million T-shirts and makes 
a profit of $4,000,000. What lesser number of T-shirts could the company 
produce and still make the same profit? 


; tor for problem solving help at classzone.com 


42, MP3 PLAYERS The profit P (in millions of dollars) for a manufacturer 
of MP3 players can be modeled by Р = —4x? + 12x? + 16x where x 
is the number of MP3 players produced (in millions). Currently, the 
company produces 3 million MP3 players and makes a profit of 
$48,000,000. What lesser number of MP3 players could the company 
produce and still make the same profit? 


ee = ‚ En A = 
| | for problem solving help at dasszone.com 
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WOMEN'S BASKETBALL From 1985 to 2003, the total attendance A (in 
thousands) at NCAA women's basketball games and the number Tof NCAA 
women's basketball teams can be modeled by 


А = —1.95x° + 70.14? — 188x+2150 and T=14.8x+725 


where x is the number of years since 1985. Write a function for the average 
attendance per team from 1985 to 2003. 


44. * EXTENDED RESPONSE The price р (in dollars) that a radio manufacturer is 
able to charge for a radio is given by p = 40 — 4x* where x is the number (in 
millions) of radios produced. It costs the company $15 to make a radio. 


a. Write an expression for the company's total revenue in terms of x. 


b. Write a function for the company’s profit Р by subtracting the total cost 
to make x radios from the expression in part (a). 


c. Currently, the company produces 1.5 million radios and makes a profit 
of $24,000,000. Write and solve an equation to find a lesser number of 
radios that the company could produce and still make the same profit. 


d. Do all the solutions in part (c) make sense in this situation? Explain. 


45. ж SHORT RESPONSE Since 1990, overnight stays 5 and 
total visits V (both in millions) to national parks can be 
modeled by 


S = —0.00722х* + 0.1761? — 1.404? + 3.39x + 17.6 
V= 3.10x + 256 


where x is the number of years since 1990. Write a 
function for the percent of visits to national parks 
that were overnight stays. Explain how you 
constructed your function. 


Joshua Tree National Park, California 
46. CHALLENGE The profit P (in millions of dollars) for a DVD manufacturer can 
be modeled by Р = —6x? + 72x where x is the number of DVDs produced 


(in millions). Show that 2 million DVDs is the only production level for the 
company that yields a profit of $96,000,000. 


Tell whether the given ordered pairs are solutions of the inequality. (p. 132) 


47. x — Ay « 5; (1, 4), (4, —1) 48. Зх + 2y2 1; (2, 4), (1, —3) 
49. 5x — 2y » 10; (4, 6), (8, 10) 50. 6x + 5y € 15; (—5, 10), (—1, 4) 

: PREVIEW Solve the equation. 

: Prepare for 51. x2 + 3x — 40 = 0 (p. 252) 52. 5x? + 13x + 6 = 0 (p. 259) 

: Lesson 5.6 

: in Exs. 51-56. 53. x7 + 7x + 2 = 0 (p. 292) 54. 4x* + 15x + 10 = 0 (p. 292) 
55. 2x^ + 15x + 31 = 0 (p. 292) 56. x^ + 2x + 10 = 0 (p. 292) 


Perform the indicated operation. (p. 346) 
57. QÊ — 4x + 15) + (-C3x7 + 6x — 12) 58. (2x^ — 5x +8) — (5x* — 7x — 7) 
| 59. (3x — 4)(3x3 + 2x? — 8) 60. (3x — 5)? 
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MIXED REV IEM W of Problem Solving 


а 


Lessons 5.1-5.5 


1. MULTI-STEP PROBLEM The average 4. OPEN-ENDED Write a polynomial function 


distance between Earth and the sun is 
164,000,000,000 yards. 


a. Write the distance in scientific notation. 


b. The length of a football field, including the 
end zones, is 1.20 х 10? yards. How many 
football fields stretched end-to-end would it 
take to reach from Earth to the sun? 


. MULTI-STEP PROBLEM You are designing a 
rectangular picnic cooler with length 4 times 
its width and height 2 times its width. The 
cooler has insulation that is 1 inch thick on 
each of the four sides and 2 inches thick on the 
top and bottom. 


li E 


m3 
E 


a. Let x represent the width of the cooler. Write 
a polynomial function T(x) in standard form 
for the volume of the rectangular prism 
formed by the cooler's outer surfaces. 


. Write a polynomial function C(x) in 
standard form for the volume of the inside 
of the cooler. 


Let I(x) be a polynomial function for the 
volume of insulation. How is /(x) related to 
T(x) and C(x)? 


. Write I(x) in standard form. What is the 
volume of the insulation when x = 8 inches? 


. SHORT RESPONSE In biology, a cell with 

a higher surface area-to-volume ratio can 
exchange materials with its environment faster 
than a cell with a lower ratio. Explain whether 
a cubic cell with side length x or a spherical cell 
with diameter x can exchange materials with 
its environment faster. 


that has degree 4 and end behavior given by 
f(x) > —9 as x — –% and f(x) > —« as 

x — +, Then graph the function to check 
your answer. 


. EXTENDED RESPONSE From 1995 to 2003, the 


average monthly cell phone bill C (in dollars) 
for subscribers in the United States can be 
modeled by 


C= —0.027t* + 0.321 — 0.25t? — 4.9t + 51 


where fis the number of years since 1995. 
a. Classify the function by degree and type. 
b. Make a table of values for the function. 


c. Sketch a graph of the function. Do you think 
the model will accurately predict cell phone 
bills for years beyond 2003? Explain. 


. EXTENDED RESPONSE The price p (in dollars) 


that a camera manufacturer is able to charge 
for a camera is given by p = 100 — 10x? where 
xis the number (in millions) of cameras 
produced. It costs the company $30 to make 
a camera. Currently, the company produces 
2 million cameras and makes a profit of 
$60,000,000. 


a. Write a function that gives the total 
revenue R in terms of x. 


. Write a function that gives the company's 
profit P in terms of x. 


. Write and solve an equation to find other 
values of x that yield a profit of $60,000,000. 


. Doall the solutions in part (c) make sense in 
this situation? Explain. 


. GRIDDED ANSWER For the city park 


commission, you are designing a marble 
sculpture in the shape of a pyramid with a 
square base, as shown below. The volume 
of the sculpture is 48 cubic feet. What is the 
height x in feet of the sculpture? 
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6 Find Rational Zeros 
9 


You found the zeros of a polynomial function given one zero. 
You will find all real zeros of a polynomial function. 
So you can model manufacturing processes, as in Ex. 45. 


LT a «ОСАЛ Т тё, 
K Vocabu | 
| d LE | 1 "m 
BN ul. lcd aci cia А 


• zero of a function, 


The polynomial function f(x) = 64x? + 152x* — 62x — 105 has -3, клр 


p. 254 its zeros. Notice that the numerators of these zeros (—5, —3, and 7) are factors 

of the constant term, —105. Also notice that the denominators (2, 4, and 8) are 
factors of the leading coefficient, 64. These observations are generalized by the 
rational zero theorem. 


* constant term, p. 337 


• leading coefficient, 
p. 337 


: KEY CONCEPT 


For Your Notebook 


The Rational Zero Theorem 
If f(x) = a,x" +--+ a,x + a, has integer coefficients, then every rational zero 
of f has the following form: 

p factor of constant term a, 


S Я factor of leading coefficient а, 


(TTE List possible rational zeros 


List the possible rational zeros of fusing the rational zero theorem. 
a. f(x) = х + 2х? — 11х+ 12 


: AVOID ERRORS 


речете o eS 1*3» Factors of the constant term: +1, +2, +3, +4, +6, +12 

: Be sure your lists 

: include both the Factors of the leading coefficient: +1 

: positive and negative 

: factors of the constant Possible rational zeros: +5, +$, +3, +5 +$, +12 

: term and the leading 

: coefficient. Simplified list of possible zeros: +1, +2, +3, +4, +6, +12 


b. f(x) = 4x* — x? — 3x? + 9x — 10 
Factors of the constant term: +1, +2, +5, +10 
Factors of the leading coefficient: +1, +2, +4 


Possible rational zeros: 
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: AVOID ERRORS 


: Notice that not every 

: possible zero generated 
: by the rational zero 

: theorem is an actual 

: zero of f. 


'RACTICE for Example 1 


List the possible rational zeros of f using the rational zero theorem. 
1. f(x) = х? + 9x? + 23x + 15 2. f(x) = 2х3 + 3x? - 11х—6 


VERIFYING ZEROS In Lesson 5.5, you found zeros of polynomial functions when 
one zero was known. The rational zero theorem is a starting point for finding 
zeros when no zeros are known. 


However, the rational zero theorem lists only possible zeros. In order to find the 
actual zeros of a polynomial function f, you must test values from the list of 
possible zeros. You can test a value by evaluating f(x) using the test value as x. 


[EXAMPLE 2 NIIT zeros when the leading coefficient is 1 


| Find all real zeros of f(x) = х? — 8x* + 11х + 20. 


Solution 


STEP TY List the possible rational zeros. The leading coefficient is 1 and 
| the constant term is 20. So, the possible rational zeros are: 


5 _10 ,20 
Т Maca 


m 4. 
зи = 


STEP 2 Test these zeros using synthetic division. 


Test x = 1: Test x = —1: 
1 1 -8 11 20 aT). B 11. 20 
1 -7 4 -1 Y —20 
| 1 T 4 24 1 =g; .20 0 
La is not a zero. (à —1 isa zero. 


Because —1 is a zero of f, you can write f(x) = (x + 1)(x* — 9x + 20). 
STEP 3 Factor the trinomial in f(x) and use the factor theorem. 
| о) = («+ DG? — 9x + 20) = (х + 1)(х— 4)(x — 5) 


Find all real zeros of the function. 


3. f(x) =x — 4x7 — 15x + 18 4. f(x) = х? — 8x7 + 5x +14 


LIMITING THE SEARCH FOR ZEROS In Example 2, the leading coefficient of the 
polynomial function is 1. When the leading coefficient is not 1, the list of possible 
rational zeros can increase dramatically. In such cases, the search can be 
shortened by sketching the function's graph. 
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| EXAMPLE 3 | Find zeros when the leading coefficient is not 1 


Find all real zeros of f(x) = 10x* — 11x? — 42x? + 7x + 12. 


Solution 
2 а, o pu 


+H TA A 


STEP? List the possible rational zeros of f: + ++, tt Sa 
1.3. 1. 2 3.4.6 12. T | 4 


+ «T + += +- + 


ÄTA cu Т? ge = uc 


above to check using the graph of the 


STEP2 Choose reasonable values from the list = 
function. For f, the values | 


| 
x= Xx x = and x E | 


2 2 


are reasonable based on the graph | 
shown at the right. = = 


STEP3 Check the values using synthetic division until a zero is found. 


_3 МЕ 5 жү 4e 
; 7 |10 11 -42 7 12 
9 _ Е 
5 5 8 17-12 
10 -26 -3 2 -21 10 -16 -34 24 0 


1; 
2 IS a zero. 


STEP 4 Factor out a binomial using the result of the synthetic division. 


fx) = | x + ENS — 16x? — 34x + 24) Write as a product of factors. 


= [x + lloc — 8x? — 17x + 12) Factor 2 out of the second factor. 


= (2x + D) (5x? — 8x? — 17x + 12) Multiply the first factor by 2. 


STEP 5 Repeat the steps above for g(x) = 5x? — 8x* — 17x + 12. Any zero 
of g will also be a zero of f. The possible rational zeros of g are: 


4 6 ,12 


+= +26 


3 
12, ee ae ик чыш 


£= 51, +2. ES, +2. 6, + 
The graph of g shows that B may be a zero. Synthetic division shows 


that 3 is a zero and g(x) = [x — 2 (5x? — 5x — 20) = (5х — 3)? - x 4). 
It follows that: | | 


fœ = (2x + 1) + gx) = (2x + D(5x- 3)(х2 — x — 4) 
STEP 6 Find the remaining zeros of f by solving x? — x — 4 = 0. 


| -(-D*W(-0?-4ü)(-4) Substitute 1 for a, —1 for b, and 
 — 20) è  -4forcinthe quadratic formula. 


Qc ix Simplify. 


AF + 
l| * VI7 and? А 17 


ala 
| » The real zeros of f are gt 2 


Chapter 5 Polynomials and Polynomial Functions 


E | 
| Find all real zeros of the function. 


5. f(x) = 4817 + Ax? — 20x + З 6. f(x) = 2x* + 5x? — 181% — 19x + 42 


 Ехлмріғ solve a multi-step problem _ 


ICE SCULPTURES Some ice sculptures are made by | 
filling a mold with water and then freezing it. You are \ 
| making such an ice sculpture for a school dance. It is / І 

к 


to be shaped like a pyramid with a height that is 1 foot 

greater than the length of each side of its square base. Хх +1 
The volume of the ice sculpture is 4 cubic feet. What аге 

the dimensions of the mold? 


Solution 


STEP? Write an equation for the volume of the ice sculpture. 


= Volume | 1 Area of base Height — 
(cubic feet) ^ 3 '  (squarefeet)  ” (feet) 
*v v v 
4 = 5 . x? © œ+ 


4 = ax (x + 1) Write equation. 


12= 4 д2 Multiply each side by 3 and simplify. 
О= х + х2 –- 12 Subtract 12 from each side. 


STEP 2 List the possible rational solutions: ++, +£, £2 +å, +5, +12 


STEP 3 Test possible solutions. Only positive x-values make sense. 


Тү 1 Ü  —I2 2 |1 1 0 12 
1 2 2 2 6 12 
1 2 2 —10 1 3 6 0 

t 2 is a solution. 


STEP 4 Check for other solutions. The other two solutions, which satisfy 


x?! +3х +6 = 0, are x = 232 #15 


аге imaginary numbers. 


and can be discarded because they 


» The only reasonable solution is x = 2. The base of the mold is 2 feet by 2 feet. 
The height of the mold is 2 + 1 = 3 feet. 


Y GUIDED Pract ЖЕ for Example 4 
7. WHAT IF? In Example 4, suppose the base of the ice sculpture has sides that 


are 1 foot longer than the height. The volume of the ice sculpture is 6 cubic 
feet. What are the dimensions of the mold? 
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Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 23, 38, 39, 40, and 50 


6 EXERCISES HOMEWORK: (C) = WORKED-OUT SOLUTIONS 
3. KEY: on p. WS11 for Exs. 7, 21, and 47 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: If a polynomial function has integer 
coefficients, then every rational zero of the function has the form Е 


where pis a factor of the ? and g is a factor of the ?. 


2. ж WRITING Describe a method you can use to shorten the list of possible 
rational zeros when using the rational zero theorem. 


; EXAMPLE 1 | LISTING RATIONAL ZEROS List the possible rational zeros of the function using 


: on p. 370 the rational zero theorem. 
: for Exs. 3-10 


3. f(x) = х? — 3x + 28 4. g(x) = X - Ax? + x — 10 
5. f(x) = 2x! + 6х — 7x +9 6. h(x) 22 - x^ - x — 18 
(7)&69 = 45 + 3x? - 2x 14 8. f(x) = 3x + 5x3 — Зх + 42 
9. h(x) = 8x* + Ax? — 10x + 15 10. h(x) = 6x? — 3x* + 12 
: EXAMPLE2 | FINDING REAL ZEROS Find all real zeros of the function. 
¿ on p. 371 "T" _ N: _ | 
Lior bes 4 11. f(x) = x? — 12x? + 35x — 24 12. f(x) = х? — 5х2 — 22x + 56 
13. g(x) = x? — 31x — 30 14. h(x) = x? + 8x? — 9x — 72 
15. A(x) = x! + 7x) + 26x? + 44x + 24 16. f(x) = х“ — 2x? — 9x* + 10x — 24 
17. fx) = х + 2x - 9x? - 2x + 8 18. р(х) = x* — 16x? — 40x — 25 


; EXAMPLE3 | ELIMINATING POSSIBLE ZEROS Use the graph to shorten the list of possible 
: on p. 372 rational zeros of the function. Then find all real zeros of the function. 


for Exs. 19-35 | 19. f(x) = Ax — 20x +16 20. f(x) = 4x? — 12x? — x + 15 


@1) fw = 6x? + 254% + 16x — 15 
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23. ж MULTIPLE CHOICE According to the rational zero theorem, which is not a 
possible zero of the function f(x) = 2x* — 5x? + 10x* — 9? 


(® -9 ® => © 3 O з 
FINDING REAL ZEROS Find all real zeros of the function. 
24. f(x) = 2x + 2x7 — 8x – 8 25. g(x) = 2x? — 7х? + 9 
26. h(x) = 220 — 3x* — 14x + 15 27. f(x) = Зх? + Ax? — 35x — 12 
28. f(x) = Зх? + 19x? + Ax — 12 29. g(x) = 2x? + 5x? — 11х — 14 
30. р(х) =2 + 93? + 5x? + 3х – 4 31. h(x) 22x! — x – 7х2 + Ax - 4 
32. h(x) = 3x* — 6x? — 32x? + 35x — 12 33. f(x) = 2x* — 9x? + 37x — 30 


34. f(x) = x? — Зх — 5x? + 15x^ + Ax — 12 35. h(x) =2 + 5x* - Зх? – 2x7 – 5x + 3 


ERROR ANALYSIS Describe and correct the error in listing the possible rational 
zeros of the function. 


36. 37. 
f(x) Tx 2x 14 f(x) бх Sx 12x 
Possible zeros: р Possible zeros: 
1, 2,7, 14 2, 3, 6, X 


38. * OPEN-ENDED MATH Write a polynomial function f that has a leading 
coefficient of 4 and has 12 possible rational zeros according to the rational 
zero theorem. 


39. * MULTIPLE CHOICE Which of the following is not a zero of the function 
f(x) = 40x° — 42x* — 107x° + 107x* + 33x — 36? 


A y 3 3 Е7 
do -3 ® -3 © 3 ® 4 


40. k SHORT RESPONSE Let a, be the leading coefficient of a polynomial 
function f and a, be the constant term. Ifa, has г factors and a, has 
s factors, what is the largest number of possible rational zeros of f that 
can be generated by the rational zero theorem? Explain your reasoning. 


MATCHING Find all real zeros of the function. Then match each function with 
its graph. 


41. f(x) = 0 — 2x7 -x+2 42. g(x) = x! - 3x* +2 43. hx) 2x +х2-х+2 


LLLI T MES | Tu 
CEER TEO а 
| | 


ИНЕ 
АШ ЛЕШЕ E UU 


| 44. CHALLENGE Is it possible for a cubic function to have more than three real 
zeros? Is it possible for a cubic function to have no real zeros? Explain. 
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I ——————— — — 


PROBLEM SOLVING 


: EXAMPLE 4 45. MANUFACTURING At а factory, molten glass is poured into molds to make 
: on p.373 paperweights. Each mold is a rectangular prism with a height 4 inches 
: for Exs. 45-48 greater than the length of each side of its square base. Each mold holds 

63 cubic inches of molten glass. What are the dimensions of the mold? 


Or for problem solving help at dasszone.com 


on J g 
in. ә. 


46. SWIMMING POOL You аге designing a rectangular swimming pool that is 
to be set into the ground. The width of the pool is 5 feet more than the depth, 
and the length is 35 feet more than the depth. The pool holds 2000 cubic feet 
of water. What are the dimensions of the pool? 


for problem solving help at classzone.com 


(ES) GEOMETRY In Exercises 47 and 48, write a polynomial equation to model 
the situation. Then list the possible rational solutions of the equation. 


A rectangular prism has edges of lengths x, x - 1, and x – 2 апаа 
volume of 24. 


48. A pyramid has a square base with sides of length x, a height of 2x — 5, 
and a volume of 3. 


49. MULTI-STEP PROBLEM From 1994 to 2003, the amount of athletic 
equipment E (in millions of dollars) sold domestically can be modeled by 


E(t) = –10г + 1401? — 20t + 18,150 


where t is the number of years since 1994. Use the following steps to find the 
year when about $20,300,000,000 of athletic equipment was sold. 


a. Write a polynomial equation that can be used to find the answer. 


b. List the possible whole-number solutions of the equation in part (a) that 
are less than 10. 


c. Use synthetic division to determine which of the possible solutions 
in part (b) is an actual solution. Then calculate the year which 
corresponds to the solution. 


50. * EXTENDED RESPONSE Since 1990, the number of U.S. travelers to foreign 
countries F (in thousands) can be modeled by 


F(t) = 12t* — 264t? + 20281? — 3924г + 43,916 


where t is the number of years since 1990. Use the following steps to find 
the year when there were about 56,300,000 travelers. 


a. Write a polynomial equation that can be used to find the answer. 


b. List the possible whole-number solutions of the equation in part 
(a) that are less than or equal to 10. 


c. Use synthetic division to determine which of the possible 
solutions in part (b) is an actual solution. 


d. Graph the function F(t) and explain why there are no 
other reasonable solutions. Then calculate the year which 
corresponds to the solution. 


| = WORKED-OUT SOLUTIONS ж = STANDARDIZED 
376 on p. WS1 TEST PRACTICE 


51. CHALLENGE You are building a pair of ramps for a loading platform. The left 
ramp is twice as long as the right ramp. If 150 cubic feet of concrete are used 
to build the two ramps, what are the dimensions of each ramp? 


: PREVIEW 


S FEB 


: Prepare for 
: Lesson 5.7 
: in Exs. 62—67. 


Solve the equation. 
52. 4х— 6 = 18 (p. 18) 
55. 492? — 14z + 1 = 0 (p. 259) 


54. |2p + 5| = 15 (p. 51) 
57. —3(q + 2)? = —18 (р. 266) 


53. 3y + 7 = —14 (p. 18) 
56. 8x^ — 30x + 7 = 0 (p. 259) 


Solve the matrix equation. (p. 210) 


1 5 -3 5 -2 1 6 0 
5%, Е sel 6 a 99. | 4 ја Е 

5 3 = i d HE =й 1.4 2 
- P e=] 0 -4 H T i HS 3 0 E 


Find the discriminant of the quadratic equation and give the number and type 
of solutions of the equation. (p. 292) 


62. х2 - Ax - 11 = 0 63. 52 — 145 + 49 = 0 
65. —2y° — 5y- 3 = 0 66. 81р? + 18р + 1 = 0 


64. 32 – 871—5 = 0 
67. 772 +5 = 0 


Quiz for Lessons 5.4—5.6 


Factor the polynomial completely. (p. 353) 


$ x'-x^-C-x41 
6. 2x° —3x? — 12x + 18 


2. -— 3x7 +2x-6 
5. Зх“ — 24x? + 48 


1. 2x? — 54 
4. 6x? — 150x 


Divide using polynomial long division or synthetic division. (p. 362) 
Te ERGO eS SY + Gr + SN — 2) 8. (Их? + 27x" +3х+ 64) + + 7) 


Find all real zeros of the function. (p. 370) 
9. f(x) = 2x? — 19x* + 50x + 30 
11. f(x) = х + Ax? — 13x% — Ax + 12 


10. f(x) = x? — 4x* — 25x — 56 
12. f(x) = 4x* — 5x? + A2x — 20 


13. LANDSCAPING You are a landscape artist designing a square patio that is to 
be made from 128 cubic feet of concrete. The thickness of the patio is 15.5 feet 
less than each side length. What are the dimensions of the patio? (p. 370) 
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иаша ACTIVITY Use after Lesson 5.6 Tutor 


classzone.com 
Keystrokes 


„Ө Use the Location Principle 


You can use the following result, called the Location Principle, to help you find 
zeros of polynomial functions: 


If Fis a polynomial function and а and Р are two numbers such that 
fía) <0 and f(b) > 0, then f has at least one real zero between a and Р. 


Find all real zeros of f(x) = 6x? + 5x^ — 17x — 6. 


Enter values for x Enter values for f(x) 


Enter "x" into cell Al. Enter “0” into Enter "f(x)" into cell B1. Enter 

cell A2. Type “=A2+1” into cell АЗ. Select "—6*A2^3--5*A2^2—17*A2—6" into cell B2. 
cells A3 through A7, and use the fill down Select cells B2 through B7, and use the fill 
command to fill in values of x. down command to fill in the values of f(x). 


STEP 3| Use Location Principle 


The spreadsheet in Step 2 shows that f(1) < 0 and f(2) > 0. So, by the Location 
Principle, f has a zero between 1 and 2. The rational zero theorem shows that 


the only possible rational zero between 1 and 2 is 3. Synthetic division confirms 


that > is a zero and that fcan be factored as: 
fx) = [x — $ (6л? + 14x + 4) = (2х — 3)(3x? + 7x + 2) = (2x — 3)(3x + Dx + 2) 


» The zeros of f are > - and —2. 


Find all real zeros of the function. 
1. f(x) = 6x? — 10x? — 6x + 10 2. f(x) = 24x* — 38x? — 191x* — 157x — 28 
3. f(x) = 36x? + 109x? — 341x+70 4. f(x) = 12x* + 25x? — 160x? — 305x — 132 
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7 Apply the Fundamental 


You found zeros using the rational zero theorem. 
ФЕВ = You will classify the zeros of polynomial functions. 


Theorem of Algebra 


So you can determine boat speed, as in Example 6. 


The equation x? — 5x? — 8x + 48 = 0, which becomes (x + 3)(x — 4)? = 0 when 


А КАБИНА solution factored, has only two distinct solutions: —3 and 4. Because the factor x — 4 


*irrational 


conjugates, p. 267 a repeate 
• complex conjugates, 


p. 278 


appears twice, ш you can count the solution 4 twice. So, with 4 counted as 
оп, this third-degree equation has three solutions: —3, 4, and 4. 


The previous result is generalized by the fundamental theorem of algebra, first 
proved by the German mathematician Karl Friedrich Gauss (1777-1855). 


KEY CONCEPT For Your Notebook 


: The Fundamental Theorem of Algebra 


s Theorem: If f(x) is a polynomial of degree n where n > 0, then the equation 
> fœ) = 0 has at least one solution in the set of complex numbers. 


г> Corollary: If f(x) is a polynomial of degree n where n > 0, then the equation 
f(x) = 0 has exactly п solutions provided each solution repeated twice is 

* counted as 2 solutions, each solution repeated three times is counted as 

* З solutions, and so on. 


The corollary to the fundamental theorem of algebra also implies that an 
nth-degree polynomial function fhas exactly п zeros. 


Find the number of solutions or zeros 


a. How many solutions does the equation x? + 51% + Ax + 20 = 0 have? 
b. How many zeros does the function f(x) = x* — 8x? + 18x? — 27 have? 


Solution 


a. Because x? + 5x^ + 4x + 20 = 0 is a polynomial equation of degree 3, 
it has three solutions. (The solutions are —5, —2i, and 21.) 


b. Because f(x) = x* — 8x? + 18x* — 27 is a polynomial function of 
degree 4, it has four zeros. (The zeros are —1, 3, 3, and 3.) 


СА GUIDED PRACTICE for Example 1 


1. How many solutions does the equation x* + 5x* — 36 = 0 have? 


2. How many zeros does the function f(x) = x? + 7x? + 8x — 16 have? 
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МЇ Guwen Practice | for Example 2 


: REVIEW COMPLEX 
: NUMBERS 


AAA 


: For help with complex 
: conjugates, see p. 278. 


Find the zeros of a polynomial function 
Find all zeros of f(x) = x? — Ax* + Ax? + 104% — 13x — 14. 


Solution 


STEP? Find the rational zeros of f. Because fis a polynomial function of 
degree 5, it has 5 zeros. The possible rational zeros are +1, +2, +7, 
and +14. Using synthetic division, you can determine that —1 is a zero 
repeated twice and 2 is also a zero. 


STEP2 Write f(x) in factored form. Dividing f(x) by its known factors x + 1, 
x + 1, and x — 2 gives a quotient of x^ — 4x + 7. Therefore: 
f(x) = (x + 1)?(x — 2) — 4x + 7) 
STEP3 Find the complex zeros of f. Use the quadratic formula to factor the 
trinomial into linear factors. 
feo = (x + D*x- 2) [х — (2  iva)]lx — (2 — iv3)] 
| P The zeros of fare —1, —1, 2, 2 + iV3, and 2 — iV3. 


BEHAVIOR NEAR ZEROS The graph of fin Example 2 is 
shown at the right. Note that only the real zeros appear 

as x-intercepts. Also note that the graph is tangent to the 
x-axis at the repeated zero x = —1, but crosses the x-axis at 
the zero x — 2. This concept can be generalized as follows: 


* When a factor x — k of a function fis raised to an odd 
power, the graph of f crosses the x-axis at x = К. 


* When a factor x — kofa function fis raised to an even 
power, the graph of fis tangent to the x-axis at x = К. 


Find all zeros of the polynomial function. 
3. f(x) = х + 7х? + 15x +9 4. f(x) = х? — 2x! + 8x? — 13x +6 


COMPLEX CONJUGATES Also in Example 2, notice that the zeros 2 + iV3 and 

2 — iV3 are complex conjugates. This illustrates the first theorem given below. 
A similar result applies to irrational zeros of polynomial functions, as shown in 
the second theorem below. 


: KEY CONCEPT For Your Notebook 


Complex Conjugates Theorem 

If fis a polynomial function with real coefficients, and a + biis an imaginary 
zero of f, then a — bi is also a zero of f. 

Irrational Conjugates Theorem 


Suppose fis a polynomial function with rational coefficients, and a and b are 


rational numbers such that Vb is irrational. If a + Vb is a zero of f then a — Vb 
is also a zero of f. 
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[ ExaMPLE З use zeros to write a polynomial function 


Write a polynomial function f' of least degree that has rational coefficients, a 


| leading coefficient of 1, and 3 and 2 + V5 as zeros. 


Solution 


Because the coefficients are rational and 2 + V5 is a zero, 2 — V5 must also be 
a zero by the irrational conjugates theorem. Use the three zeros and the factor 
theorem to write f(x) as a product of three factors. 


f(x) = (х – 3)x — (2+ V5) llx -(2- v5) | Write f(x) in factored form. 
= (x — 3) lac ao) m V5 lla —23. + v5 | Regroup terms. 


= (x — 3)[(x — 2) — 5] Multiply. 

= (x — 3)J[(x^ — 4x + 4) — 5] Expand binomial. 

= (x—3)(^— 4x — 1) Simplify. 

= x? — 4x? — x — Зд? + 12x +3 Multiply. 

=x- 742 + 11х + 3 Combine like terms. 


CHECK You can check this result by evaluating f(x) at each of its three zeros. 


f(3) = 3° — 7(3)? + 11(3) +3=27-—63+33+3=0Y 

fla + v5) = (2 + v5) — 7(2 + V5)* + 11(2 + V5) + 3 
= 38 + 17V5 — 63 — 28V5 + 22 + 11V5 +3 
-0 


Since f(2 + V5) = 0, by the irrational conjugates theorem f(2 — V5) =0. Y 


спе | for Example 3 


| Write a polynomial function fof least degree that has rational coefficients, а 


leading coefficient of 1, and the given zeros. 


5. —1,2,4 6. 4,1+ V5 7.2.2914 — V6 8. 3,3—1 


DESCARTES' RULE OF SIGNS French mathematician René Descartes (1596-1650) 
found the following relationship between the coefficients of a polynomial 
function and the number of positive and negative zeros of the function. 


= 


KEY CONCEPT For Your Notebook 


Descartes’ Rule of Signs 


Let f(x) = ах" +4, _ 
with real coefficients. 


T d 1+...+ а,х? + a,x + a, be a polynomial function 


* The number of positive real zeros of fis equal to the number of changes in 
sign of the coefficients of f(x) or is less than this by an even number. 


* The number of negative real zeros of fis equal to the number of changes in 
sign of the coefficients of f(—x) or is less than this by an even number. 


5.7 Apply the Fundamental Theorem of Algebra 


381 


( EXAMPLE 4 | Use Descartes' rule of signs | 


Determine the possible numbers of positive real zeros, negative real zeros, апа 
imaginary zeros for f(x) = x? — 2x° + 3x* — 10x? — 6х2 — 8x — 8. 


Solution 
f(x) = x — 2x° + 3x* — 10x? — 6х? — 8x — 8 
WAG A 3 


_ The coefficients in f(x) have 3 sign changes, so f has З or 1 positive real zero(s). 
fo) = (—x)® — 2(—х)? + 3(—x)* - 10(-3)? — 6(—x)* — Bla) — 8 
= x8 + 24° + 3x4 + 10 — 6x? + 8x — 8 


-L ЧК ЧЕ. 


The coefficients in f(—x) have З sign changes, so f has 3 or 1 negative real zero(s). 


The possible numbers of zeros for fare summarized in the table below. 


Y GUIDED PRACTICE for Example 4 


Determine the possible numbers of positive real zeros, negative real zeros, and 
imaginary zeros for the function. 


9. fix) =x -2x— 11 10. g(x) 22x! — 8:8 + 6x? - 3x + 1 


APPROXIMATING ZEROS All of the zeros of the function in Example 4 are 
irrational or imaginary. Irrational zeros can be approximated using technology. 


ЄТ) Approximate real zeros BEND 


| Approximate the real zeros of f(x) = x? — 2x° + 3x* — 10x? — бх? — 8x — 8. 


Solution 


: ANOTHER WAY | . 
S еннен ннен ненен нне з нэн э Use the zero (or root) feature of a graphing calculator, as shown below. 
: In Example 5, you can 


: also approximate the 

: zeros of f using the 

: calculator's trace feature. 
: However, this generally 
: gives less precise results 
: than the zero (or root) 


- | Zero | Тего 
: feature. | X--.7320508 Y=0 | | X-2.7320508 Y=0 


» From these screens, you can see that the zeros are х = —0.73 and x = 2.73. 
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Г ExAMPLE 6 Approximate real zeros of a polynomial model 


TACHOMETER А tachometer measures the speed (in revolutions 
per minute, or RPMs) at which an engine shaft rotates. For a 
certain boat, the speed x of the engine shaft (in 100s of RPMs) 
and the speed s of the boat (in miles per hour) are modeled by 


s(x) = 0.00547x? — 0.225x? + 3.62x — 11.0 


What is the tachometer reading when the boat travels 
15 miles per hour? 


Solution 


substitute 15 for s(x) in the given function. You can rewrite 
the resulting equation as: pe e 


0 = 0.00547x? — 0.225x* + 3.62x — 26.0 | i 
Then, use a graphing calculator to approximate the real | 
zeros of f(x) = 0.00547x? — 0.2252? + 3.62x — 26.0. | | 
From the graph, there is one real zero: х == 19.9. | cu > a DA | 
» The tachometer reading is about 1990 RPMs. L | J 


_ GUIDED PRACTICE — for Examples 5 and 6 


a — 


11. Approximate the real zeros of f(x) = 3x? + 2x* — 8x? + Ax? — x — 1. 


12. WHAT IF? In Example 6, what is the tachometer reading when the boat 
travels 20 miles per hour? 


57 EXERCISES HOMEWORK’ (D = WORKED-OUT SOLUTIONS 
" KEY: on p. WS11 for Exs. 15, 37, and 61 


Aa 


: on p. 379 
: for Exs. 3-9 


. SKILL PRACTICE 


1. 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 9, 33, 51, 52, 63, and 64 


VOCABULARY Copy and complete: For the equation (х — 1)?(x + 2) = 0, 
a(n) _? solution is 1 because the factor x — 1 appears twice. 


. Ж WRITING Explain the difference between complex conjugates and 
irrational conjugates. 


NUMBER OF SOLUTIONS OR ZEROS Identify the number of solutions or zeros. 


3 
5 
7 


. xf + 23 — 4x7 +x-10=0 4. 5у? — Зу? + By = 0 

. 91$ — 14? + 41-1 = 0 6. f(z) = —72* + 22 —25 

. g(s) = 12s! — 9s8 + As? — s? — 20s + 50 8. h(x) = —х! + 7x? + 5x* — 8x + 6 
. * MULTIPLE CHOICE How many zeros does the function 


f(x) = 16x — 22x? + 6x? + 19x? — 3 have? 
СА) 1 ® 3 СС) 5 (D 6 
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: EXAMPLE 2 | FINDING ZEROS Find all zeros of the polynomial function. 


: ep oda. | Mk fino as em casa 11. f(x) = x* + 5x3 — 7x? — 29x + 30 
12. g(x) = x* – 9x? — 4х + 12 13. h(x) = x° + 5x? — Ax — 20 
14. f(x) = х + 15: — 16 (£5) fto = х* +x + 2 + ax - 8 
16. h(x) = xf + Ax? + 7x? + 16x + 12 17. gx) =x*- 230 — 3x7 + 2x + 2 
18. р(х) = Ax! + A? — 11x? - 12x - 3 19. h(x) = 2x! + 13x? + 19x* — 10x — 24 
: EXAMPLE3 | WRITING POLYNOMIAL FUNCTIONS Write a polynomial function f'of least degree 
: on p. 381 that has rational coefficients, a leading coefficient of 1, and the given zeros. 
PIOFEXS.20-94. | шу л жов 21. —2,1,3 22, -5,-1,2 23. -3,1,6 
24. 2,-i, i 25. 3,2—1 26. —1,2, —3i 27. 5,5,4 +i 
28. 4, —V5, V5 29. —4, 1,2 — V6 30. —2,-1,2,3,V11 31. 342i 1-- V7 


32. ERROR ANALYSIS Describe and correct the 
error in writing a polynomial function with F(x) (х 2[х (1 1] 
rational coefficients and zeros 2 and 1 + i. E К 
x(x i) 2(x i) 


33. * OPEN-ENDED MATH Write a polynomial 2x 21 
function of degree 5 with zeros 1, 2, and - i. (3 x (2 2) X 


: EXAMPLE 4 CLASSIFYING ZEROS Determine the possible numbers of positive real zeros, 


© HUA 


: On p. 382 negative real zeros, and imaginary zeros for the function. 
FTOLEXS. 34741. | a. fog d x5 6 35. р(х) = 3 + 5x2 + 12 
36. g(x) = х? – 4х? + 8x - 7 (67) по) =x - 29 - x! + 6ёх +5 
38. h(x) = х? — 3x? + 8x — 10 39. f(x) = х? + 7х“ — 4x? — 3x? + 9x — 15 


40. g(x) = хб + х? —3x* + 4° + 5x? + 9х 18 41. f(x) =x! + 4х — 10x + 25 


: EXAMPLE 5 APPROXIMATING ZEROS Use a graphing calculator to graph the function. Then 


+ EA 


: on p. 382 | use the zero (or root) feature to approximate the real zeros of the function. 
FIORE. 2-48, | ia = 9 — 9? — ВЕБ 43. f(x) = -xt – 402+ х + 8 
44. р(х) = x? – 3x + x - 6 45. h(x) = х – 5x – 3 
46. h(x) = 333 – х? - 5x +3 47. g(x) = x! - х + 22? – 6x – 3 
48. f(x) = 2x8 + x* + 31x* — 35 49. g(x) = x? — 16x? — 31% + 42x + 30 


50. REASONING Two zeros of f(x) = х? — 6x^ — 16x + 96 are 4 and —4. Explain 
why the third zero must also be a real number. 


51. * SHORT RESPONSE Describe the possible numbers of positive real, negative 
real, and imaginary zeros for a cubic function with rational coefficients. 


52. * MULTIPLE CHOICE Which is not a possible classification of the zeros of 
f(x) = х? — 4x? + 6x? + 12x — 6 according to Descartes’ rule of signs? 


СА) 3 positive real zeros, 2 negative real zeros, and 0 imaginary zeros 
3 positive real zeros, 0 negative real zeros, and 2 imaginary zeros 
(С) 1 positive real zero, 4 negative real zeros, and 0 imaginary zeros 

| (D> 1 positive real zero, 2 negative real zeros, and 2 imaginary zeros 


| - WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
384 on p. WS1 TEST PRACTICE 


: EXAMPLE 6 


= CERA ee а 


PROBLEM SOLVING 


CLASSIFYING ZEROS Determine the numbers of positive real zeros, negative real 
zeros, and imaginary zeros for the function with the given degree and graph. 
Explain your reasoning. 


53. Degree: 3 54. Degree: 4 55. Degree: 5 


CHALLENGE Show that the given number is a zero of the given function but that 
the conjugate of the number is not a zero. 


56. f(x) = x - 2x2 + 2x + 5i;2-i 57. р(х) = х? +21 + 2i--2;-1+i 


58. Explain why the results of Exercises 56 and 57 do пої contradict the complex 
conjugate theorem on page 380. 


59. BUSINESS For the 12 years that a grocery store has been open, its annual 
revenue R (in millions of dollars) can be modeled by the function 


R=0.0001(-1* + 121% — 771% + 6001 + 13,650) 


where t is the number of years since the store opened. In which year(s) was 
the revenue $1.5 million? 


PTT y 
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60. ENVIRONMENT From 1990 to 2003, the number N of inland 
lakes in Michigan infested with zebra mussels can be 
modeled by the function 


М = —0.028t^ + 0.597 — 2.51% + 8.31 — 2.5 


where fis the number of years since 1990. In which year 
did the number of infested inland lakes first reach 120? 


ч 
F] 


{отеТиїог for problem solving help at dasszone.com Pipe clogged with zebra mussels 


(61) PHYSIOLOGY A study group found that a person's score $ on a step-climbing 


exercise test was related to his or her amount of hemoglobin x (in grams per 
100 milliliters of blood) by this function: 


S = —0.015x? + 0.6x* — 2.4x + 19 


Given that the normal range of hemoglobin is 12-18 grams per 100 milliliters of 
blood, what is the most likely amount of hemoglobin for a person who scores 75? 


62. POPULATION From 1890 to 2000, the American Indian, Eskimo, and Aleut 
population P (in thousands) can be modeled by the function 


Р = 0.00351? — 0.2351? + 4.871 + 243 


where tis the number of years since 1890. In which year did the population 
first reach 722,000? 
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63. * SHORT RESPONSE A 60-inch-long bookshelf is warped under 180 pounds of 
books. The deflection d of the bookshelf (in inches) is given by 


d = (2.724 x 107?)x* — (3.269 x 1075)x3 + (9.806 x 1079)? 


where x is the distance (in inches) from the bookshelf's left end. Approximate 
the real zeros of the function on the domain 0 < x € 60. Explain why all your 
answers make sense in this situation. 


64. * EXTENDED RESPONSE You plan to save $1000 each year towards buying a 
used car in four years. At the end of each summer, you deposit $1000 earned 
from summer jobs into your bank account. The table shows the value of your 
deposits over the four year period. In the table, gis the growth factor 1 + r 
where r is the annual interest rate expressed as a decimal. 


Value of 1st deposit 
Value of 2nd deposit 
Value of 3rd deposit 


Value of 4th deposit 


a. Apply Copy and complete the table. 


b. Model Write a polynomial function that gives the value v of your 
account at the end of the fourth summer in terms of g. 


c. Reasoning You want to buy a car that costs about $4300. What growth 
factor do you need to obtain this amount? What annual interest rate do 
you need? Explain how you found your answers. 


65. CHALLENGE A monument with the dimensions shown 
is to be built using 1000 cubic feet of marble. What 
is the value of x? 


3 ft 2x 3 ft 


Evaluate the determinant of the matrix. (p. 203) 


5«g 2 3 12 -1 15 4 -9 -3 od =3 
66. | 4 2 3 67. | 5 9 0 68. | 10 0 2 69. | 70 2 
0 1-1 -6 4 2 -8 2 -7 -6 2 -4 
A ao Graph the function, 
| а 70. у= 2(x + 5)(х – 3) (р. 245) 71. у= (x 2)(х — 9) (p.245) 72. у= 5(x + 1)(x + 9) (р. 245) 
i in Exs. 70-75. | 73. у= х3 — 5х + 1 (р. 337) 74. у = x* — 16 (р. 337) 75. у = x? — 3 (р. 337) 


Write а quadratic function in intercept form whose graph has the given 
x-intercepts and passes through the given point. (p. 309) 


76. x-intercepts: —2, 4 77. x-intercepts: —5, -1 78. x-intercepts: 2, 7 
point: (2, —4) point: (—2, 6) point: (4, —2) 
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5.8 


. Key Vocabulary 
e local maximum 
* local minimum 


Analyze Graphs of 
Polynomial Functions 
You graphed polynomial functions by making tables. 


You will use intercepts to graph polynomial functions. 
So you can maximize the volume of structures, as in Ex. 42. 


In this chapter you have learned that zeros, factors, solutions, and x-intercepts 
are closely related concepts. The relationships are summarized below. 


CONCEPT SUMMARY For Your Notebook 


: Zeros, Factors, Solutions, and Intercepts 


zi n п – 1 ni iy 
Let f(x) = a,x" + a, x + +-+ + ах + dy be a polynomial function. 


; The following statements are equivalent. 


Zero: k is a zero of the polynomial function f. 
Factor: x — k is a factor of the polynomial f(x). 
Solution: k is a solution of the polynomial equation f(x) = 0. 


x-intercept: If k is a real number, k is an x-intercept of the graph of the 
polynomial function f. The graph of f passes through (К, О). 


CIME use x-intercepts to graph a polynomial function 


Graph the function f(x) = 2G + 3)(x — 2)*. 


Solution 


STEP? Plot the intercepts. Because —3 and 2 
are zeros of f, plot (—3, 0) and (2, 0). 


STEP2 Plot points between and beyond the 
x-intercepts. 


STEP3 Determine end behavior. Because f has three factors of the form x — k 
and a constant factor of ©? itis а cubic function with a positive leading 
coefficient. So, f(x) + —» as х > —« and f(x) > +% as х ә +00, 


STEP 4 Draw the graph so that it passes through the plotted points and has the 
appropriate end behavior. 


5.8 Analyze Graphs of Polynomial Functions 387 


: ANALYZE GRAPHS 


AAA AAA AAA AAA MAL 


: The turning points of a 
: graph help determine 

: the intervals for which 

: a function is increasing 
: or decreasing. You can 
: write these intervals 

: using interval notation 

: (see p. 49). 


CHIP Find turning points 


: FIND MAXIMUMS 
: AND MINIMUMS 


: For help with using the 
: maximum and minimum 
: features of a graphing 

: calculator, see p. 244. 


i: KEY CONCEPT 


TURNING POINTS Another important characteristic of graphs of polynomial 
functions is that they have turning points corresponding to local maximum and 
minimum values. 


° The сезоны of a turning point is a 
cal maximum of the function if the point is 
higher than all nearby points. 


local 
maximum’ 


° Ho у-соогоаїв ofa turning point is a X 


local 
minimum 


pee im all nearby points. 


For Your Notebook 


Turning Points of Polynomial Functions 


1. The graph of every polynomial function of degree n has at most n — 1 
turning points. 


. If a polynomial function has п distinct real zeros, then its graph has 
exactly n — 1 turning points. 


Graph the function. Identify the x-intercepts and the points where the 
local maximums and local minimums occur. 


a. f(x) = х - Зх? +6 b. g(x) = x* — 6x? + Зх? + 10x — 3 


Solution 


a. Use a graphing calculator to graph the function. |. 


ro 

| | = | 
Notice that the graph of f has one x-intercept \ | 
апа two turning points. 


zero, maximum, and minimum features to 


2 

| 

You can use the graphing calculator's | 
| 

approximate the coordinates of the points. | 


> The x-intercept of the graph is x = —1.20. The 
function has a local maximum at (0, 6) and a 
local minimum at (2, 2). 


. Usea graphing calculator to graph the function. 


Notice that the graph of g has four x-intercepts 
and three turning points. 


You can use the graphing calculator's 
zero, maximum, and minimum features to 
approximate the coordinates of the points. 


» The x-intercepts of the graph are x = —1.14, 
x = 0.29, x = 1.82, and x = 5.03. The function 
has a local maximum at (1.11, 5.11) and local 
minimums at (—0.57, —6.51) and (3.96, —43.04). 


at classzone.com 
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AA ITZA 


Minimum 


t --0.569071 Y=-6.50858 | 


E GUTI) Maximize a polynomial model 


ARTS AND CRAFTS You are making a rectangular box out of a 16-inch-by-20-inch 
piece of cardboard. The box will be formed by making the cuts shown in the 
diagram and folding up the sides. You want the box to have the greatest volume 
possible. 


* How long should you make the cuts? 
* What is the maximum volume? 


• What will the dimensions of the finished box be? 


16 in. 


X 


a in.— ——3] 


Solution 


Write a verbal model for the volume. Then write a function. 


Volume _ . Length Width Height. 
(cubic inches) ^ (inches) à (inches) А (inches) 
4 w ww * 
V = (20 — 2x) . (16 — 2x) . x 


= (320 — 72x + 4x2)x Multiply binomials. 
= 43° — 72х° + 320x Write in standard form. 


To find the maximum volume, graph the volume 
function on a graphing calculator, as shown at the 
right. Consider only the interval 0 « x « 8 because 
this describes the physical restrictions on the size 
of the flaps. 


From the graph, you can see that the maximum М n m 
volume is about 420 and occurs when x = 2.94. TE CUP EAM SEES. 


* You should make the cuts about 3 inches long. 
The maximum volume is about 420 cubic inches. The dimensions of the box 
with this volume will be about 3 inches by 10 inches by 14 inches. 


М  GuiDEDPRACTICE — for Examples 1, 2, and 3 
Graph the function. Identify the x-intercepts and the points where the local 
maximums and local minimums occur. 
1. f(x) = 0.25(x + 2)(x — D) (x — 3) 2. g(x) = 2(x — D^(x — 4) 
3. A(x) = 0.50 +x- x - 2 4. f(x) = xt + Зх? – х? - Ax 5 


5. WHAT IF? In Example 3, how do the answers change if the piece of 
cardboard is 10 inches by 15 inches? 
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EXERCISES ("cy О-оо 
5 .8 КЕҮ: on p. WS11 for Exs. 3, 19, and 41 
: % = STANDARDIZED TEST PRACTICE 
Exs. 2, 21, 30, 32, 33, and 43 


Ф- = MULTIPLE REPRESENTATIONS | 
Ex. 42 | 


‘SKILL PRACTICE 


1. VOCABULARY Copy and complete: A local maximum or local minimum of a 
polynomial function occurs ata ? point of the function's graph. 


2. Ж WRITING Explain what a local maximum of a function is and how it may 
be different from the maximum value of the function. 


: EXAMPLE 1 | GRAPHING POLYNOMIAL FUNCTIONS Graph the function. 


: on p. 387 а En NE _ os | CON 
ГА (3) fe = w- 20+ 1) 4. fG) = (+ D?(x — D(x — 3) 
5. go) = io - 5)(х 2) — 3) 6. h(x) = -у(Х + 4)(х + 8x D 
7. h(x) = 4(х + 1)(х + 2)(х— 1) 8. f(x) = 0.2(х — 4)*(x + 1)? 
9. f(x) = 2(х + 2)°(х + 4)* 10. h(x) = 5(x — D(x — 2)(x — 3) 
11. р(х) = (x - 3) +x + 1) 12. h(x) = (x - 2x? – 2x + 1) 


ERROR ANALYSIS Describe and correct the error in graphing f. 
13. f(x) = (x + 2)(х - 1)? 14. f(x) = x(x – 3)? 


: EXAMPLE 2 ANALYZING GRAPHS Estimate the coordinates of each turning point and state 


LEE 


: : on р. 388 whether each corresponds to a local maximum ог a local minimum. Then 
: for Exs. 15-30 | estimate all real zeros and determine the least degree the function can have. 
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21. * MULTIPLE CHOICE Which point is a local maximum of the function 
f(x) = 0.25(х + 2 (x — D?? 


(—2, 0) (1,1) © (1,0) (D (2,1) 
GRAPHING CALCULATOR Use a graphing calculator to graph the polynomial 


function. Identify the x-intercepts and the points where the local maximums 
and local minimums occur. 


22. f(x) = 220 + 8x? – З 23. р(х) = 0.5x? — 2x + 2.5 
24. h(x) = —x* + 3x 25. f(x) = х – 40 - x^ + 2 
26. р(х) = х^ – 3x? + x 27. h(x) = х®— Ба? + 2x7 +х—3 
28. h(x) = x» + 2x? - 17x— 4 29. g(x) = 0.7x* — 8x? + 5x 


30. * MULTIPLE CHOICE What is a turning point of the graph of the function 
р(х) = x* — 9x* + Ax + 12? 


СА) (-3,0) СВ) (-1 0) СС) (0, 12) D (2,0) 


31. REASONING Why is the adjective local, used to describe the maximums and 
minimums of cubic functions, not required for quadratic functions? 


32. * SHORT RESPONSE Does a cubic function always, sometimes, or never have 
a turning point? Justify your answer. 


33. ж OPEN-ENDED MATH Choose one of the functions from Exercises 22-29. On 

what interval(s) is the function positive? negative? increasing? decreasing? 
DOMAIN AND RANGE Graph the function. Then identify its domain and range. 
34. f(x) = x(x — 3)? 35. f(x) = x*(x — 2)(x — 4)(x — 5) 
36. f(x) = (x + D?(x— 1) 37. f(x) = (x + 2x + Dix - D^(x - 2)? 
38. CHALLENGE In general, what can you say about the domain and range of 


odd-degree polynomial functions? What can you say about the domain and 
range of even-degree polynomial functions? 


= — 


PROBLEM SOLVING | 


; EXAMPLE3 _ | In Exercises 39 and 40, assume that the box is constructed using the method 


: on p. 389 illustrated in Example 3 on page 389. 


: for Exs. 39-40 | 39, POSTCARDS Marcie wants to make a box to hold her postcard collection 


from a piece of cardboard that is 10 inches by 18 inches. What are the 
dimensions of the box with the maximum volume? What is the maximum 
volume of the box? 


@HomeTutor - 


for problem solving help at classzone.com 


40. COIN COLLECTION Jorge is making a box for his coin collection from a 
piece of cardboard that is 30 centimeters by 40 centimeters. What are the 
dimensions of the box with the maximum volume? What is the maximum 
volume of the box? 


. for problem solving help at dasszone.com 
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SWIMMING For a swimmer doing the breaststroke, the function 
S = -241f + 106019 — 18701? + 16501 — 737% + 1441? — 2.43t 


models the swimmer's speed S (in meters per second) during one complete 
stroke, where tis the number of seconds since the start of the stroke. Graph 
the function. According to the model, at what time during the stroke is the 
swimmer going the fastest? 


42. D MULTIPLE REPRESENTATIONS You have 600 square feet of material for 
building a greenhouse that is shaped like half a cylinder. 


a. Writing an Expression The surface area S of the greenhouse is 
given by S = rr” + тг. Substitute 600 for S and then write an 
expression for £ in terms of r. 


b. Writing a Function The volume V of the greenhouse is given 


by V= ara. Write an equation that gives Vas a polynomial 


function of r alone. 


c. Graphing a Function Graph the volume function from part (b). 
What are the dimensions r and £ that maximize the volume 
of the greenhouse? What is the maximum volume? 


43. * EXTENDED RESPONSE From 1960 to 2001, the number of students S (in 
thousands) enrolled in public schools in the United States can be modeled 
by S = 1.64x? — 102x* + 1710x + 36,300 where x is the number of years 
since 1960. 


a. Graph the function. 


b. Identify any turning points on the domain 0 < x < 41. What real-life 
meaning do these points have? 


с. What is the range of the function for the domain 0 < x < 41? 


44. CHALLENGE A cylinder is inscribed in a sphere of radius 8. Write an 
equation for the volume of the cylinder as a function of h. Find the 
value of h that maximizes the volume of the inscribed cylinder. 
What is the maximum volume of the cylinder? 


‘MIXED Review DI 


The variables x and y vary directly. Write an equation that relates x and y. (p. 107) 


45. x=1,y=5 46. x= -2,y=8 47. х= 3, у = -5 
48. х= 4,у = 6 49. х= 5, у = -2 50. x= -12,y= -4 
: PREVIEW Write a quadratic function whose graph has the given characteristics. (p. 309) 
: ана 51. vertex: (5, 4); passes through: (3, 12) 52. vertex: (—4, —6); passes through: (2, 3) 
: in Exs. 51-54. 53. passes through: (—3, 12), (-2, 3), (1, 0) 54. passes through: (—2, 19), (2, —5), (4, -11) 


Simplify the expression. Tell which properties of exponents you used. (p. 330) 


55. (32x3)5 56. (x?!) ! 57. (xy3)(x ?y) > 58. —4x 3y? 
» X = Зх?у gi, £Y. 7ху sy” B 
x? | Quy! тх ду? ` |25х?уї 
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5.9 


° finie differences 


Write Polynomial 
Functions and Models 


You wrote linear and quadratic functions. 
You will write higher-degree polynomial functions. 
So you can model launch speed, as in Example 4. 


You know that two points determine a line and that three points determine a 
parabola. In Example 1, you will see that four points determine the graph of a 
cubic function. 


Write a cubic function 


Write the cubic function whose graph is shown. 


Solution 


STEP? Use the three given x-intercepts to write the 
function in factored form. 


f(x) = а(х + 4)(x – D(x — 3) 


STEP2 Find the value of a by substituting the 
coordinates of the fourth point. 


—6 = a(0 + 4)(0 — 1)(0 — 3) 
—6 = 12а 


=a 


» The function is f(x) = -4x tar I= 3). 


CHECK Check the end behavior of f. The degree of fis odd and a < 0. 
So f(x) > +% as х > —« and f(x) —^ —« as x — +, which matches 
the graph. 


FINITE DIFFERENCES In Example 1, you found a function given its graph. 
Functions can also be written from a set of data using finite differences. 


When the x-values in a data set are equally spaced, the differences of consecutive 
y-values are called finite di lifferences. For example, some finite differences for 
the function f(x) = x? are shown below. 


Ла) i (2) i (3) f Values of f(x) for 
N / N / N / | equally-spaced x-values 
A A 9-4= 16-9=7  -—— Finite differences 


The finite differences above are called first-order differences. You can also 
calculate higher-order differences, as shown in the next example. 
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241.118 4»20 Find finite differences 


The first five triangular numbers are shown below. A formula for the nth 
triangular number is f(n) = io t n). Show that this function has 


constant second-order differences. 


® 
© o e 
o e e e e o 
2 o e e e e 0000 
e e e e e e 0000 000090 
fa) = 1 f223 f3) = 6 f(a) = 10 Ў) = 15 


Solution 


Write the first several triangular numbers. Find the first-order differences 
by subtracting consecutive triangular numbers. Then find the second-order 
differences by subtracting consecutive first-order differences. 


Р) AD [O fu) fs fe fm Write function values for 


1 3 6 10 15 21 28 equally-spaced n-values. 
y ДИКЕ. o E Уга 
2 3 4 5 6 7 First-order differences 
h 3 м мы ы Мм 
1 1 1 1 1 


Second-order differences 


> Each second-order difference is 1, so the second-order differences are constant. 


СА GUIDED PRACTICE for Examples 1 and 2 


— 


Write a cubic function whose graph passes through the given points. 
1. (—4, 0), (0, 10), (2, 0), (5, 0) 2. (—1, 0), (0, —12), (2, 0), (3, 0) 


з. Œ GEOMETRY Show that f(n) = ¿nn — 1), a formula for the nth 


pentagonal number, has constant second-order differences. 


PROPERTIES OF FINITE DIFFERENCES In Example 2, notice that the function has 
degree two and that the second-order differences are constant. This illustrates 
the first of the following two properties of finite differences. 


KEY CONCEPT For Your Notebook 


Properties of Finite Differences 


1. Ifa polynomial function f(x) has degree n, then the nth-order 
differences of function values for equally-spaced x-values are 
nonzero and constant. 


2. Conversely, ifthe nth-order differences of equally-spaced data 
are nonzero and constant, then the data can be represented by a 
polynomial function of degree n. 


The second property of finite differences allows you to write a polynomial 
function that models a set of equally-spaced data. 
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Model with finite differences EN 


The first seven triangular pyramidal numbers are shown below. Find a 
polynomial function that gives the rith triangular pyramidal number. 


о Ф Ф 


Ж) =1 f224 3) = 10 Д4) = 20 5) = 35 f(6) = 56 f(7) = 84 
Solution 
Begin by finding the finite differences. 
fü) AD f(3 fA f(5 f(6 А7) Write function values for 
1 4 10 20 35 56 84 equally-spaced n-values. 
A et SR A "UR UE 
3 6 10 15 21 28 First-order differences 
hd bod hd b d ME 2 
SI NOM IN s ON 
1 1 1 1 


Second-order differences 
Third-order differences 


Because the third-order differences are constant, you know that the numbers can 
be represented by a cubic function of the form f(n) = an? + bn? + cn + d. 


By substituting the first four triangular pyramidal numbers into the function, 
you obtain a system of four linear equations in four variables. 


a(l)? +602 + с) +4=1  —— a+ b+ c+d=1 
a(2)3 + b(2)*+c(2)+d=4 ==> Ba+ 4b+2c+d=4 
a(3) + b(3)* + с(3) +4= 10  —— 27a+ 9b+3c+d=10 

а(4) + b(4)* + с(4) +4 = 20 ==> 64a+16b + 4c - d = 20 
: REVIEW SYSTEMS 


OS oui e E »- Write the linear system as a matrix equation AX — B. Enter the matrices A and B 


: FOL TIERS WIR USME into a graphing calculator, and then calculate the solution X = А !B. 
: matrices to solve linear 


: systems, see p. 210. 


b 
L[A1-1EBJ | 


1 1 1 1[а 1 | EL. 166666666673 
| Че, - 
4 4 21[[2|_] 4 D [33333333333] 
27 m3 g i1|| 10 | LO 11 
64 16 4 illd 20 | 
A x B E = = 


Calculate X = A^!B. 


» The solution is a = i b= > c= i and d — 0. So, the nth triangular 
1 1 


pyramidal number is given by f(n) = n? + 50 + 3n. 


1 


GUIDED PRACTICE for Example 3 


——— 


4. Use finite differences to 
| find a polynomial function 
| that fits the data in the 
| table. 
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: ANOTHER WAY 


: You can also find the 
: value of x for which 
: y = 4400 by subtracting 
: 4400 from the right 
: side of the cubic model, 
: : graphing the resulting 
: function, and using the 
: zero feature to find the 
: graph's x-intercept. 
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CUBIC REGRESSION In Examples 1 and 3, you found a cubic model that exactly fits 
a set of data points. In many real-life situations, you cannot find a simple model 
to fit data points exactly. Instead, you can use the regression feature of a graphing 
calculator to find an nth-degree polynomial model that best fits the data. 


ха | ЕхАмРІЕ 4 sove a multi-step problem 


SPACE EXPLORATION The table shows the typical speed y (in feet per second) 

of a space shuttle x seconds after launch. Find a polynomial model for the data. 
Use the model to predict the time when the shuttle's speed reaches 4400 feet per 
second, at which point its booster rockets detach. 


ШЦ w | 2 | 30 40 | 50 60 70 80 | 


202.4 463.3 | 748.2 979.3 | 1186.3 | 1421.3 | 17954 2283.5 


Solution 


STEP f Enter the data into a graphing X $TEP2 Use cubic regression to obtain 
calculator and make a scatter plot. this polynomial model: 


The points suggest a cubic model. y = 0.00650x? — 0.73922 + 49.0x — 236 


CubicReg 
y=ax3+bx2+cx+d 
a=.0065012626 
b=-.7393668831 
c=48.95620491 
d=-235.8857143 


STEP 3 Check the model by STEP 4 Graph the model and 
graphing it and the data in the y = 4400 in the same viewing 
same viewing window. window. Use the intersect feature. 


SCRE SPR 


Intersection 
X=106.03409 Y=4400 


> The BOURIEI rockets detach about 106 seconds after launch. 
T 


PARA, cone 
ed Algel dera 


at classzone.com 


СА GUIDED PRACTICE | for Example 4 


Use a graphing calculator to find a polynomial function that fits the data. 


Ds 6. 
COEBERERERERES 


faj 5 || in| | 56 
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9 EXERCISES "mi О-оо 
5. KEY: on p. WS11 for Exs. 9, 15, and 27 


эшш A oM 


KILL PRACTICE - 


= 


faepe уры ын eM 
: on p. 393 
: for Exs. 3-11 


ж FEA 


m" EEE 


: on p. 395 
: for Exs. 18—21 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 10, 22, 23, and 28 


1. VOCABULARY Copy and complete: When the x-values in a data set are 
equally spaced, the differences of consecutive y-values are called ? . 


2. * WRITING Describe first-order differences and second-order differences. 


WRITING CUBIC FUNCTIONS Write the cubic function whose graph is shown. 


CUBIC MODELS Write a cubic function whose graph passes through the points. 
6. (—3, 0), (—1, 10), (0, 0), (4, 0) 7. (-2, 0), (71, 0), (0, —8), (2, 0) 
8. (—3, 0), (1, 0), (3, 2), (4, 0) (9.)(—5, 0), (0, 0), (1, -12, (6, 0) 


10. * MULTIPLE CHOICE Which cubic function's graph passes through the points 
(73, 0), (= 0), (3, 0), and (0, 3)? 


QD f(x) (х — 3)(х + 3)(х – 1) f(x) = (a — 3)(x + 3)(x + 1) 

& 0 = 2-36 +3M= 1) QD f(x) = (х – 3)(x + 3)(х + 1) 
11. ERROR ANALYSIS A student tried to 

write a cubic function whose graph has as 6 26 B 

x-intercepts —1, 2, and 5, and passes Ba 

through (1, 3). Describe and correct the 

error in the student's calculation of the ) 

leading coefficient a. 


FINDING FINITE DIFFERENCES Show that the nth-order differences for the given 
function of degree n are nonzero and constant. 


12. f(x) = 5x? — 10 13. f(x) = -2x^ + 5x 14. f(x) = х - Зх? +2 
(15) fe = 41? — 9x + 2 16. f(x) = х? – 4х2 -х+1 17. f(x) 22:72 - Зх? + x 


FINDING А MODEL Use finite differences and а system of equations to find а 
polynomial function that fits the data in the table. 


—54 
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22. ж OPEN-ENDED MATH Write two different cubic functions whose graphs 


pass through the points (—3, 0), (—1, 0), and (2, 6). 


23. 


Ж SHORT RESPONSE How many points do you need to determine a quartic 


function? a quintic (fifth-degree) function? Justify your answers. 


. CHALLENGE Substitute the expressions k,k+1,k+2,...,k+5forx 


in the function f(x) = ах? + bx* + cx + d to generate six equally-spaced 
ordered pairs. Then show that third-order differences are constant. 


PROBLEM SOLVING 


: na ae a 
: for Ex. 25 


: EXAMPLE 4 


: ER 2.308 OL 
: for Exs. 26-28 
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25. (ES GEOMETRY Find a polynomial function that gives the number of 


diagonals d of a polygon with л sides. 


- Number of sides, п | 


3 
. Number of diagonals, d 0 


26. AVIATION The table shows the number of active pilots (in thousands) with 
airline transport licenses in the United States for the years 1997 to 2004. Use 
a graphing calculator to find a polynomial model for the data. 


| Years since 1997, t 0 1 2 3 | 4 


138 142 145 


C — ” — 


. Transport pilots, p 131 135 


5 6 7 
145 144 145 


oF for problem solving help at classzone.com 


MULTI-STEP PROBLEM The table shows the average U.S. movie ticket price 


(in dollars) for various years from 1983 to 2003. 


8 12 


16 


20 


Years since 1983, t | 0 4 
. Movie ticket price, m | 3.15 


| 
| 
T T т 
| 


4.21 4.35 


3.91 


5.08 


6.03 


a. Usea graphing calculator to find a polynomial model for the data. 


b. Estimate the average U.S. movie ticket price in 2010. 


c. In which year was the average U.S. movie ticket price about $4.50? 


. ж SHORT RESPONSE Based on data collected from friends, 
you estimate the cumulative profits (in dollars) after each of 
six months for two potential businesses. Find a polynomial 
function that models the profit for each business. Which 
business will yield the greatest long-term profit? Why? 


Month, t 


Profit, p 


5 


Month, t 1 2 


Profit, p 


Ж = STANDARDIZED 
TEST PRACTICE 


= WORKED-OUT SOLUTIONS 
on p. WS1 


1070 


1010 


1630 


6 


. 1630 


29. (ES GEOMETRY The maximum number of regions R into which space сап be 
divided by n intersecting spheres is given by R(n) = inm -n+ En. Show 


that this function has constant third-order differences. 


30. CHALLENGE A cylindrical cake is divided into the maximum number of 
pieces p by c planes. When c = 1, 2, 3, 4, 5, and 6 the values of p(c) are 2, 4, 
8, 15, 26, and 42 respectively. What is the maximum number of pieces into 
which the cake can be divided when it is cut by 8 planes? 


: PREVIEW 


: Prepare for 


: Lesson 6.1 
: in Exs. 39-44. 


Draw a scatter plot of the data and approximate the best-fitting line. (p. 173) 


31. T | rn | 32 


x1o5|1|2|25|4 | 5 "Nw -4|-2|0|1]|2]|25| 3 
y 55 5 35 2 05 05 |y 2-305 2 2 83 3 
Factor the polynomial. 
33. x^ — 19x + 48 (p. 252) 34. 18x? + 30x — 12 (p. 259) 35. 64x? — 144x + 81 (p. 259) 
36. 18x? + 33x^ — 30x (p.353) 37. 64x? + 27 (p. 353) 38. 33? — 66x? — 225x (р. 353) 
Solve the equation. (p. 266) 
39. 5х? = 10 40. 24x? = 6 41. 93? 2-6 
42. 7X - 4 = 8 43. —x^ + 16 = 5х? — 12 44. 4x^ +3 = —Ax* + 15 


Quiz for Lessons 5.7-5.9 


Find all zeros of the polynomial function. (p. 379) 
1. f(x) = x? — 4x* — 11x +30 


Write a polynomial function f'of least degree that has rational coefficients, a 
leading coefficient of 1, and the given zeros. (p. 379) 


€ =4,+12 4.4144 5. —3,5,7 - V2 6. 1, 213 — V6 


Graph the function. (p. 387) 
A JO = 0 IMA 2) 2) 
9. fix) = xe — Dix —1IHx +2) 


8. fio —3(x - Dix + D(x— 4) 
10. f(x) = (x – 3)(x + 2)%(x + 3)* 


Write a cubic function whose graph passes through the given points. (p. 393) 
11. 9, 0), (2, 0), (1, 9), (2, 0) 12. f=] 0), (0, 16), (2, 0), (4, 0) 


13. DRIVE-INS The table shows the number of U.S. drive-in movie theaters for 
the years 1995 to 2002. Find a polynomial model that fits the data. (p. 393) 


3 4 5 6 
750 737 667 663 


1 
826 


2 
815 


Years since 1995, t 0 


а ___ 
Drive-in movie theaters, D 848 
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2. f(x) = 2x* — 2x? — 49x* + 9x + 180 
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Lessons 5.6-5.9 


1. MULTI-STEP PROBLEM The volume of the 
rectangular prism shown is 180 cubic inches. 


a. Write a polynomial equation that you can 
use to find the value of x. 


b. Identify the possible rational solutions 
of the equation in part (a). 


с. Use synthetic division to find a rational 
solution of the equation. Show that no other 
real solutions exist. 


d. What аге the dimensions of the prism? 


2. MULTI-STEP PROBLEM You want to make an 


open box from a piece of cardboard to hold 
your school supplies. The box will be formed 
using the method described in Example 3 on 
page 389. The original piece of cardboard is 
20 inches by 30 inches. 


a. Write a polynomial function for the 
volume of the box. 


b. Graph the function in part (a). 


с. What are the dimensions of the box with 
the maximum volume? 


d. What is the maximum volume of the box? 


3. GRIDDED ANSWER From 1980 to 2002, the 


number R (in thousands) of retirees receiving 
Social Security benefits can be modeled by the 
function 


R = 0.6291? — 27.81% + 744t + 19,600 


where fis the number of years since 1980. 
In which year was the number of retirees 
receiving Social Security benefits about 
26,900,000? 


4. OPEN-ENDED Write a polynomial function with 


real coefficients that has degree 4 and zeros 
—2, l, and 4 — i. 


5. OPEN-ENDED Write a polynomial function 


with rational coefficients that has 16 possible 
rational zeros according to the rational zero 
theorem, but has no actual rational zeros. 
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г Ki 


e.com | 


. EXTENDED RESPONSE You are making a 


sculpture that is a pyramid with a square 
base. You want the height of the pyramid to 
be 4 inches less than the length of a side of the 
base. You want the volume of the sculpture to 
be 200 cubic inches. 


a. Let x represent the length (in inches) of a 
side of the sculpture's base. Draw a diagram 
of the sculpture, and label the dimensions 
in terms of x. 


b. Write a function that gives the volume V of 
the sculpture in terms of x. 


c. Graph the function in part (b). Use the 
graph to estimate the value of x for the 
sculpture. 


d. Write and solve an equation to find the 
value of x. Compare your answer with 
your estimate from part (c). What are the 
dimensions of the sculpture? 


. SHORT RESPONSE Your friend has started a 


golf caddying business. The table shows the 
profit p (in dollars) of the business in the 
first 5 months. Use finite differences to find a 
polynomial model for the data. Then use the 
model to predict the profit when f — 7. 


Month, t 1 2 3 4 5 
Profit, p 4 2 6 22 56 


. SHORT RESPONSE The table shows the average 


relationship between length (in inches) and 
weight (in pounds) for an alligator as it grows. 
Use a graphing calculator to find a polynomial 
model for the data. 


Length Weight 
12 | 0.2 
24 | 0.7 
36 | 8.6 
48 | 17.7 
54 | 28.0 
60 | 39.6 
66 | 45.4 


72 49.6 


ZI, | d 
| 


ШП m ' p 


UNA DT UE 
| A \ t 


| 
| 
а 


С BIG IDEAS 
Big (deo (Y ; 


For Your Notebook 


Graphing Polynomial Functions 
The end behavior of the graph of f(x) is 
f(x) — +% as х > —« and f(x) > +% as x— +% 


so f(x) is of even degree and has a positive 
leading coefficient. 


The graph has 3 turning points, so the degree of 
f(x) is at least 4 and f(x) has at least 4 zeros. 


Big [dea (2) > Performing Operations with Polynomials 
~ You can add, subtract, multiply, and divide polynomials. You can also factor 
: polynomials using any combination of the methods below. 


Example 


бх? — 7x — 3 = (3x + 1)(2х — 3) 


Factoring method | 


_ General trinomial 


Perfect square 


х? + 10x + 25 = (x + 5) 
trinomial 


Difference of two 
squares 


x* — 49 = (x + 7)(x — 7) 


Common 


à 15x? + 9х2 = 3x?(5x + 3) 
monomial factor 


Sum or difference 


8x? — 27 = (2x — 3YAx? + 6x + 9 
of two cubes ( \ ) 


x? — 5x? + 9x — 45 = x?(x — 5) + 9(x — 5) = (x? + 9)(x — 5) 


Factor by grouping 


Big (deo, © : Solving Polynomial Equations and Finding Zeros 


: The terms zero, factor, solution, and x-intercept are closely related. Consider the 
function f(x) = 2x? — x^ — 13x — 6. 


—2 is a zero of f. 


| fe»- 2(-2)* - (-2)* – 13(-2) - 6 = 0 


x + 2 is a factor of f(x). 


х = —2 is a solution of 
the equation f(x) = 0. 


2x? — x? — 13x — 6 = (x + 2)(х — 3)(2x + 1) 


2(-2P — (-2)? — 13(-2) - 6-0 


—2 is an x-intercept of 
the graph of f. 


НЕННЕ И 


Chapter Summary 
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NE Y y T 3 
! À | = 


¡E VU 
Шш WEG 


REVIEW KEY VOCABULARY 


. scientific notation, р. 331 « standard form of a » polynomial long division, p. 362 
polynomial function, p. 337 synthetic division, p. 363 
• synthetic substitution, p. 338 


• епа behavior, p. 339 


* polynomial, p. 337 

* polynomial function, p. 337 * repeated solution, p. 379 
«local maximum, p. 388 

• local minimum, p. 388 


finite differences, p. 393 


* leading coefficient, p. 337 
* degree, p. 337 
* constant term, p. 337 


* factored completely, p. 353 
* factor by grouping, p. 354 
* quadratic form, р. 355 


VOCABULARY EXERCISES 


1. Copy and complete: At each of its turning points, the graph of a polynomial 
function has a(n)_? ora(n) ?. 


2. WRITING Explain how you can tell whether a solution of a polynomial 
equation is a repeated solution when the equation is written in factored form. 


3. WRITING Explain how you can tell whether a number is expressed in 
scientific notation. 


4. Letf be a fourth-degree polynomial function with four distinct real zeros. 
How many turning points does the graph of f have? 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding of 
the concepts you have learned in each lesson of Chapter 5. 


| "nem 5 ^ 1 аР м 4 
> ITE dele eir REV, eMe б EE зу 
i $ 
$ 1 Я Е de x ў 
а ааста ер A e m er =. 


Simplify the expression. 
(xy38x* = (x?)3(y3)8x* Power of a product property 
=y Power of a power property 
= ҳо + Ау? Product of powers property 
py? Simplify exponent. 
EXERCISES 
: EXAMPLES Evaluate or simplify the expression. Tell which properties of exponents you used. 
| maen Sd A 5. 22. 25 e. (32)-3(33) т. (x25? в. (3x4y-2)-3 
ud TEE -4 —6,,5 
: for Exs. 5—12 a: E 2 үй. Bx 10" ii ay | a 
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: EXAMPLES 


: depu. KR 
: for Exs. 13-16 


5.3 


: EXAMPLES 


: on pp. 346-348 
: for Exs. 17-20 


with a smooth curve, and check the 


x => —e and f(x) — +% as х — +0, 


Plot the points, connect the points 


end behavior. 


The degree is odd and the leading 
coefficient is positive, so f(x) — —= as 


EXERCISES 
Graph the polynomial function. 


13. f(x) = —x' 14. f(x) =x? — 4 15. f(x) = х + 2x - 3 


16. FISH CONSUMPTION From 1990 to 2002, the amount of fish F (in millions 
of pounds) caught for human consumption in the United States can be 
modeled by 


F= —0.907t* + 28.0t? — 258° + 902t + 12,700 


where t is the number of years since 1990. Graph the function. Use the graph 
to estimate the year when the amount of fish caught first was greater than 
14.5 billion pounds. 


. Add, Subtract, and Multiply P 


Perform the indicated operation. 
а. (3x? — 6x^ — 7x + 5) + (х? + 8х + 3) = Зх? + х? — 6x^ — 7x + 8x + 5 + 3 
—-4x —6x^-x-8 
b. (x — 4)(2x* — 7x + 5) = (x — 42x? — (x — 4)7х + (х — 4)5 
= 233 — 8 — 7x? + 28x + 5x — 20 
= 2x? — 15x? + 33x — 20 


EXERCISES 


Perform the indicated operation. 
17. (5х3 — x + 3) + G3 — 9x? + Ax) 18. (х? + 4x^ — 5x) — (AX? + x^ — 7) 
19. (x — 6)(5x^ + x — 8) 20. (x — 4)(х + 7)(5x — 1) 
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mM FAA = гусу “Soh FEE V V, 


Factor and Solve Polynomial Equations 


| Factor the polynomial completely. 


а. Хх” + 125°= x? + 5° = (х + 5)(х^ — Sx + 25) Sum of two cubes 
b. хў + 5х? — 9x — 45 = x^(x + 5) — 9(x + 5) Factor by grouping. 
= (x^ — 9)(x + 5) Distributive property 
= (х+3)(х-3)(х+ 5) Difference of two squares 
c. 3x5 +12x* — 96х = 3x^(x* + 4x7 — 32) Factor common monomial. 
= 3x*(x? — 4) (x? + 8) Factor trinomial in quadratic form. 


= 3x*(x + 2)(x — 2)(x* + 8) Difference of two squares 


EXERCISES 
; EXAMPLES | Factor the polynomial completely. 
ECHOS SEX oi, dad 22. 255 — 12x3 + 10x 23. 2x3 — 7x? — 8x + 28 


: on pp. 354-356 


: for Exs. 21-24 
24. SCULPTURE You have 240 cubic inches of clay with which to make a 


sculpture shaped as a rectangular prism. You want the width to be 4 inches 
less than the length and the height to be 2 inches more than 3 times the 
length. What should the dimensions of the sculpture be? 


Apply the Remainder and Factor Theorems pp. 362-368 


Divide f(x) = 4x* + 29x? + Ax? — 14x + 37 by x + 7. 


Rewrite the divisor іп the form x — k. Because x + 7 = x — (-—7), k = —7. 


=f 4 29 4  —14 37 


4 U 5 2 і? 
Ax’ + 29x3 + 4x* — 14x + 37 _ = —— E 

So, TE = 403 + х2 – 3х +7 es 

EXERCISES 
: EXAMPLES Divide. 
| 1,3, and 4 25. (CO —3x^— x — 10) + (x^ +3x- 1) 26; (445 — 17x" + 8x. — 18) = (0x — 2) 
: on рр. 362-364) ^" | | bow | 
: for Exs. 25-32 27. (235 — 11x^ + 13x — A4) + (X — 5) 28. (bx* + 2x? — 15x + 10) + (x + 2) 


Given polynomial f(x) and a factor of f(x), factor f(x) completely. 
29. f(x) = x? - 5x* — 2x + 24; x +2 30. f(x) = x? — 111? + 14x + 80; х — 8 
31. f(x) = 907 – 9x^ – Ax + 4;x- 1 32. f(x) =2 + 7x^ — 33x - 18; x +6 
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"Chapter Review Practice — 


Find Rational Zeros pp. 370-377 


| 


Find all real zeros of f(x) = x? + 6x? + 5x — 12. 


The leading coefficient is 1 and the constant term is —12. 


14243 44 +6 412 
ty We EC ee 
Test these zeros using synthetic division. Test x = 1: 
1.. is > + н = 
1 7 12 
1 1 12 0 <— 1isazero. 


Possible rational zeros: x = + 


You can write f(x) = (x — 1)(x* + 7x + 12). Factor the trinomial. 
f(x) = (х – D)? + 7x + 12) = (x – р(х + 3)(x + 4) 


The zeros of fare 1, —3, апа —4. 


; EXAMPLES | EXERCISES 


: Zand 3 и : 
: e 5 B 112395 |! Find all real zeros of the function. 
: for Exs. 33-34 | 33. f(x) = х? — Ax^ — 11x + 30 34. f(x) = 2x* — x? — 42x* + 16x + 160 


Apply the Fundamental Theorem of Algebra pp. 379-386 


Write a polynomial function f of least degree that has rational coefficients, 
| aleading coefficient of 1, and —4 and 5 + V2 as zeros. 


Because 5 + V2 is a zero, 5 — V2 must also be a zero. 
f(x) = (х + 4)|х — (5 + v2) || x — (5— va) |] Write f(x) in factored form. 
= (x + 4) (x eB] e: V2 | (x == V2 | Regroup terms. 


= (x + 4)[(x — 5)* — 2] Multiply. 
= x? — бх? — 17x + 92 Multiply. 
EXERCISES 
: EXAMPLES Write a polynomial function fof least degree that has rational coefficients, a 
:3and6 A .. _ leading coefficient of 1, and the given zeros. 
Eon pp ER] ss, captus 36. —1, —1, 6, 3i 37. 2,7,3 – V5 


: for Exs. 35-38 


38. ECONOMICS For the 15 years that a computer store has been open, its annual 
revenue R (in millions of dollars) can be modeled by 


R= —0.0040t* + 0.0881? — 0.361? — 0.55t + 5.8 


where f is the number of years since the store opened. In what year was the 
revenue first greater than $7 million? 
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TER REVIEW 


| 
| 


e Graphs of Polynomial Functions pp. 387-392 


Graph the function f(x) = х? — 4x + 2. Identify the x-intercepts and the 
points where the local maximums and local minimums occur. 


Use a graphing calculator to graph the function. 


Notice that the graph has three x-intercepts and two | \ 
turning points. You can use the graphing calculator's | 
zero, maximum, and minimum features to | | 
approximate the coordinates of the points. MN. 
The x-intercepts of the graph are about —2.21, 0.54, = „154699 Y-5.079201 J 
and 1.68. The function has a local maximum at е ———= 
(—1.15, 5.08) and a local minimum at (1.15, —1.08). 
EXERCISES 

; EXAMPLE2 | Useagraphing calculator to graph the function. Identify the x-intercepts 

: on p. 388 and the points where the local maximums and local minimums occur. 

: 0гЕх5. 38-40 | 99 rl -229 — 3x2 - 1 40. f(x) =x! + 333 — x? - 8x +2 


Use finite differences and a system 


of equations to find a polynomial | | | 
function that fits the data. 69 101 


fD fD) fB) AA f(5) f(6) Write function values for 
23 43 5s vus equally-spaced x-values. 


8 и 20 26 32 First-order differences 
E ЗЕ Oe 7. 
6 6 © 8 Second-order differences 
Because the second-order differences are constant, the data can be represented 
by a function of the form f(x) = ах? + bx + c. By substituting the first 3 data points 
into the function, you obtain a system of 3 linear equations in 3 variables. 


ай)? + b0) + c=1 > a+ b+c=1 
a(2)* + b(2) +с= 9 = 4a+2b+c=9 
а(3)? + b(3) + c = 23 =»  9a+3b+c=23 


Solve the system. The solution is (3, —1, —1), so f(x) = 3x7 —x-— 1. 


EXERCISES 
; EXAMPLES 41. Use finite differences to find a 
: on p. 395 polynomial function that fits 
: for Ex. 41 the data. 
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CHAPTER TEST 


Simplify the expression. Tell which properties of exponents you used. 


_ NX X 4 [x ^V? З(ху)? 
LEA 2. ж 3 a ae rr 
x "y y 27x — 5y? 

Graph the polynomial function. 

5. f(x) = —? 6. f(x) = х – 2х2 – 5x + 1 7. fto -2- x*-9 
Perform the indicated operation. 

8. (2x? + 5x^ — 7x + 4) + (х — Зх? — 4x) 9. (332 — Ax^ + 3x — 5) — (x^ + Ax — 8) 
10. (3x — 2)(x* + Ax — 7) 11. (3x — 5)? 
12. (33? — 144? + 16x — 22) + (x — 4) 13. (6x* + 7x? + Ax — 17) + (3x? — 3x + 2) 
Factor the polynomial completely. 
14. 8x? + 27 15. x! + 5x? - 6 16. х? – Зх? — Ax + 12 
Find all real zeros of the function. 
17. f(x) = x? + x^ — 22x — 40 18. f(x) = 4x* — 8? — 19х + 23x — 6 


Write a polynomial function f of least degree that has rational coefficients, a 
leading coefficient of 1, and the given zeros. 


19. —1,3,4 20. 6,2i 21. -3,-1,1 - V5 22. 1 + 83i, 4 + V10 
Use a graphing calculator to graph the function. Identify the x-intercepts 

and the points where the local maximums and local minimums occur. 

23. f(x) = x? – 5x^ + 3x + 4 24. f(x) = x! + 3х - x* – 6x + 2 


Use finite differences and a system of equations to find а polynomial function that 
fits the data in the table. 


27. GROSS DOMESTIC PRODUCT In 2003, the gross domestic product (GDP) 
of the United States was about 1.099 x 10% dollars. The population of the 
U.S. in 2003 was about 2.91 x 10°. What was the per capita GDP in 2003? 


28. TELEVISION From 1980 to 2002, the number T (in millions) of households 
in the United States with televisions and the percent P of those households 
with VCRs can be modeled by 

T= 1.22x + 76.9 and Р = —0.205x? + 8.36x + 1.98 


where x is the number of years since 1980. Write a polynomial model for 
the total number of U.S. households with both televisions and VCRs. 


29. (CS GEOMETRY A rectangular prism has edges of lengths x, x + 2, and 
2x — 3inches. The volume of the prism is 1040 cubic inches. Write a 
polynomial equation that models the prism's volume. What are the prism's 
dimensions? 
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* Standardizec 


“ScoringRubric | SHORT RESPONSE QUESTIONS 


Full Credit - 
* solution is complete PROBLEM 
and correct | 
Partial Credit The width of a rectangular prism is 2 meters less than its length, and the 
* solution is complete height is 1 meter less than its width. The volume of the prism is 30 cubic 


but has errors, 


meters. Find the dimensions of the prism. Explain your reasoning. 


Or 
* Solution is without 
error but incomplete 


No Credit Below are sample solutions to the problem. Read each solution and the 
* no solution is given, comments on the left to see why the sample represents full credit, partial 
Or credit, or no credit. 
* solution makes no 
, BEHSR | SAMPLE 1: Full credit solution 
rra Uca Let the length of the prism be x. 
The expressions for the The width is 2 meters less than the length, so width = x — 2. 
кс are Clearly The height is 1 meter less than the width, so height = (x — 2) — 1 = x — 3. 
The volume of a rectangular prism is the product of its length, width, and 
height. 
rr > 30 = x(x = 2) (x == 3) Write equation. 
The equation is correct 
shown. 0 = x? – 5x + 6x — 30 Write in standard form. 
O = x7 (x =G) + BE: — 5) Factor by grouping. 
0 = (x? + 6)(x — 5) Distributive property 
Өзөн ӨӨӨ ӨӨӨ » The only real solution is x = 5. The factor x^ + 6 does not produce any real 
The solution of the solutions. 


equation is correct. | 
Use substitution to find the dimensions: length = х = 5 meters 


width = x — 2 = 5 — 2 = 3 meters 
height = x — 3 = 5 — 3 = 2 meters 


ннн » The prism is 5 meters long, 3 meters wide, and 2 meters high. 
The dimensions are 


correct. 
SAMPLE 2: Partial credit solution 
Let length = x, width = x — 2, and height = x — 3. 
———— АТИР i 30 = x(x — 2)(x— 3) 
The equation is correct. 
SE REN 0= х3 — 5x2 + 6x — 30 


0 = (x* + 6)(x — 5) 


V——————Ó e х= +iV6orx=5 
Imaginary solutions 

should be discarded. 

Dimensions are not given. 
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SAMPLE 3: No credit solution 


The answer is mores 


PRACTICE Apply the Scoring Rubric 


Use the rubric on page 408 to score the solution to the problem below as 
full credit, partial credit, or no credit. Explain your reasoning. 


1. 


2. 


The table shows the volumes of spheres with radii from O to 7 feet. 
Only positive r-values make sense. 


From the ‘eek: you can see that the 
r-coordinate that corresponds to a 
V-coordinate of 750 ie about 5.6. 


А ephere with a volume of 750 cubic feet 
hae a radius of about 5.6 feet. 


The table еюм the volume dai a Sphere: MS radius n. r. 


Y] o | wer | sess | зво | s027 | ves | 


The r-coordinate that corresponde to a 
V-coordinate of 750 ie &.2, eo the radiue 
of a ephere with a volume of 750 cubic 
feet is about 8.2 feet. 


SEHE 
NN 
К Кашан шиши" 
01 


-——Lle- a 
beet dL | 


Test Preparation 409 


SHORT RESPONSE 


1. 


3 


4 


л 
М 


Since 1960, the number of voters у (in 
millions) in United States federal elections 
can be modeled by the function 


y = —0.0006x° + 0.0383x* + 0.383x + 68.6 


where x is the number of years since 1960. 
According to the model, how many more 
people voted in 1980 than in 1960? Explain 
your reasoning. 


Show two different ways to evaluate the 
polynomial —3x* — 2x? + 7x* — 9 when 
x= —4. 


What does the graph of the polynomial 
function tell you about the sign of the 
leading coefficient, the degree of the 
function, and the number of real zeros? 
Explain your reasoning. 


amare poe p— 


Since 1970, the average fuel efficiency E 
(in miles per gallon) for all vehicles in the 
United States can be modeled by the function 


E= —0.00072 + 0.02781? — 0.0843t + 12.0 


where tis the number of years since 1970. 
Use a graphing calculator to graph the 
function, and identify any turning points on 
the interval 0 < t< 30. What real-life meaning 
does a turning point have in this situation? 


Can you use the rational zero theorem to 
find the zeros of the polynomial function 
fo) = 3х* — 2x3 + 1.5х” — 9? Explain why or 
why not. 


The profit P (in millions of dollars) for a 
manufacturer of winter coats can be modeled 
by P = —x° + Зх? + 15x where x is the number 
of winter coats produced (in millions). 
Currently, the company produces 5 million 
winter coats and makes a profit of $25,000,000. 
Explain how the company can make the same 
profit by producing a lesser number of coats. 
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7. 


8 


- 


© 


10. 


The volume of the rectangular prism 
shown below is given by the expression 
253 + 5x* — 19x — 42. 


Write a polynomial in standard form that 
represents the area of the base of the prism. 
Show all of your steps. 


From 1990 to 2003, the number of CD singles 
(in millions) sold in the United States can be 
modeled by the polynomial function 

y = 0.0143? — 0.40x* + 3.8? — 13x? + 15x + 1.2 
where x is the number of years since 1990. 


a. Usea graphing calculator to graph 
the function on the domain 0 < x < 13. 
According to the model, in which year 


were the most CD singles sold? 


Ss 


Do you think that sales will continue to 
follow the model indefinitely? Explain 
your reasoning. 


Use finite differences and a system of 
equations to find a polynomial function that 
fits the data in each table. Then find f(x) + 
g(x). Explain all of your steps. 


[x|12,3]4|5]|6. 
Fo) 4 | 9 | 26 57 104 169| 


[x12 3)4|5|8] 
gw | -2 | -2 |12 | 52 |130 258. 


The population of the United States in 1800 
was 5.308 x 10%, and the land area was 

8.647 X 10° square miles. By 2000, the 
population had increased to 2.814 x 10°, and 
the land area was 3.537 X 10% square miles. 
By how many people per square mile of land 
did the population density increase from 
1800 to 2000? Explain your reasoning. 


MULTIPLE CHOICE a 
" EN xy 
11. Which expression is equivalent to —-? 
2 
27% 
ы 
x 
X 
(В) хуг: 3 
O YA Y “ 
Gc ya? 
y 
12. What are all the real solutions of the equation 
х= 158 
@ 0 (В) 0,5,—5 
O 0,5 D 0, 5i, —5i 
13. Which polynomial function has —1, 3, and 
—4i as zeros? 


(А) fix) = х – 2x + 131? — 32x — 48 
(В) fix) = xt + 2x9 + 131? + 32x — 48 
© fo = x* — 2x? — 19x* + 32x + 48 
QD fix) = xt + 2x? + 19x* — 32x + 48 


EXTENDED RESPONSE 


20. You are making an open box to hold paper clips out of a piece of 
cardboard that is 5 inches by 8 inches. The box will be formed by 
making the cuts shown in the diagram and folding up the sides. You 
want the box to have the greatest volume possible. 


a. Use a graphing calculator to find how long you should make the 


cuts. Explain your reasoning. 
b. What is the maximum volume of the box? 


)) STATE TEST PRACTICE 
2 classzone.com } 


GRIDDED ANSWER 


14, Given that p(x) is a polynomial of degree 6 


and q(x) is a polynomial of degree 3, what is 
the degree of the polynomial defined by 
3 + p(x) — 2 • q(x)? 


15. How many real zeros does the function 
f(x) = 2x* + Зх? — 1 have? 

16. Evaluate the expression (3). 

17. What is the value of the function 


Ах) = 4x* — x? + 2x? — 3 when x = 4? 

18. The graph of a quartic function is shown. 
How many imaginary zeros does the 
function have? 


19. Use the rational zero theorem to determine 
the number of possible rational zeros for the 
function f(x) = 15x* + 6x? — 8x* — 9. 


c. What will the dimensions of the finished box be? 


21 


- 


From 1980 to 2002, the number of hospitals Hin the United States and the 


average number of hospital beds B in each hospital can be modeled by 


Н = —58.7t + 7070 and 


where fis the number of years since 1980. 


В = 0.0066f — 0.1921* — 0.174t + 196 


a. Write a model for the total number of hospital beds in U.S. hospitals. 


b. According to the model, how many beds were in U.S. hospitals in 1995? 


c. How does the model change if you want to find the number of hospital 


beds in thousands? Explain your reasoning. 


411 


Test Practice 


j f y - 
| | p^ 
on А 


Rational Exponents __ 


and Radical Functions ' 


Making Sense 6.1 Evaluate nth Roots an 


of Chapter 6 

You are familiar with 6.2 Apply Properties of Rat 

Square roots ana 6.3 Perform Function О d ions and Composition 
radicals from lesson / 

4.5. In this chapter, 6.4 Use Inverse AN E 

you extend this 6.5 Graph Square Robt апїїсиВ®Нобї Functions 
concept to exponents ү ч ilf > 

and functions with 6.6 Solve Radical Equati il 

variables in the | 

radicand. 


Previously, you learned the following skills, which you'll use 
in Chapter 6: simplifying expressions involving exponents, 
rewriting equations, and squaring binomials. 


VOCABULARY CHECK 
Copy and complete the statement. 


1. The square roots of81are ? and ?. 


2. In the expression 2°, the exponentis ? . 


3. Forthe polynomial function whose graph is shown, 
the sign of the leading coefficient is ? . 


SKILLS CHECK 

Simplify the expression. (Prerequisite skill for 6.2) 
5х?у 32Y ax 
151% 24x? 9 


Solve the equation for y. (Prerequisite skill for 6.4) 
7. —2x — 5y — 10 8. x-liy--1 9. 8x — 4ху = 3 


Simplify. (Prerequisite skill for 6.6) 
10. (3x + 4)* 11. (2x +5) 123. (7x - 9) 


@Homelutor Prerequisite skills practice at classzone.com 


Now | 


ba cm 


In Chapter 6, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 465. You will also use the key vocabulary listed below. 


© Using rational exponents 
Ө Performing function operations and finding inverse functions 
€) Graphing radical functions and solving radical equations 


KEY VOCABULARY 


* nth root of a, p. 414 * like radicals, p. 422 * inverse function, p. 438 

* index of a radical, p. 414 * power function, p. 428 * radical function, p. 446 

* simplest form of a radical, • composition, р. 430 * radical equation, p. 452 
p. 422 • inverse relation, p. 438 


i po а: Y 
+ Frenne = | 
AIT Vs \ 
1 B | B E 
A иши 6 ш 


You сап use a radical function to model the time you are suspended in the air during 
a jump. For example, the hang time of a basketball player can be modeled by a radical 
function. 


The animation illustrated below for Exercise 60 on page 458 helps you answer this 
question: What is the relationship between the height of a jump and the time the 
jumper is suspended in air? 


height h (feet) — hang time t (sex) height № (feet) — hang time t (sec) 
3.00 па? 2.50 0.79 | 


Observe the graphs steve. Which of the following statements is correct? 

С) IF the Beight el tha jamg quadruples, (ha harig (ire dios nar (талде | 

O the height of the juro quadruples, the hang time doubles. 

(Cy the height of tim jump ajuares, the hang tine quadupies, Check Answer | 
| 


| Choose several jump heights and see the 4 
' hang times plotted on a graph. А 


¿Animatea Algebra at classzone.com 


Other animations for Chapter 6: pages 431, 444, 448, and 465 


Evaluate nth Roots and 
°" Use Rational Exponents 


You evaluated square roots and used properties of exponents. 
You will evaluate nth roots and study rational exponents. 


So you can find the radius of a spherical object, as in Ex. 60. 


Key Vocabulary You can extend the concept of a square root to other types of roots. For example, 
«nth root of a 2 is a cube root of 8 because 2? = 8. In general, for an integer п greater than 1, if 


«index of a radical р" = a, then b is an nth root of a. An nth root of ais written as Va where n is the 
index of the radical. 


You can also write an nth root of a as a power of a. If you assume the power of a 
power property applies to rational exponents, then the following is true: 


(2172)2 = 40/22 1-а 


(41134 — а!) 3 a! = 1 


(qi/4)4 = gil4:4— 1 = а 


Because a’? is a number whose square is a, you can write Уа = а!?, Similarly, 


Va = al? and Уа = a^. In general, Va = a!" for any integer n greater than 1. 


KEY CONCEPT For Your Notebook 


Real nth Roots of a 


Let n be an integer (n > 1) and let a be a real number. 


nis an even integer. nis an odd integer. 
а<0 Noreal nth roots. a«0 Onereal nth root: Va = al!” 
a=0 Onereal nth root: V0 = 0 a=0 Onereal nth root: VO — 0 


a>0 Two real nth roots: * Va = +a!" a>0 Onerealnth root: Va = al!” 


Find nth roots 


Find the indicated real nth root(s) of a. 
a. п= 3, а = —216 b. п = 4, а = 81 


Solution 


a. Because п = 3 is odd and a = —216 < 0, —216 has one real cube root. 
Because (—6)? = —216, you can write V —216 = —6 ог (—216)!/ 3 = —6. 


b. Because n = 4 is even and a = 81 > 0,81 has two real fourth roots. 
Because 3* = 81 and (-3)* = 81, you can write + V81 = +3 or +81!/* = +3. 
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н EPIA 


RATIONAL EXPONENTS A rational exponent does not have to be of the form 1. 
Other rational numbers such as 5 and => can also be used as exponents. Two 


properties of rational exponents are shown below. 


с KEY CONCEPT For Your Notebook 


= 
т 
ы 


Rational Exponents 


Let a!" be an nth root of a, and let m be a positive integer. 


qn = P ез (V a)" 


CUED Evaluate expressions with rational exponents 


| 
Evaluate (a) 16? and (b) 32 ?^5, 


Solution 
Rational Exponent Form | Radical Form 
а. 163/2 = (16!/2)* = 43 = 64 163/2 = (V16)° = 43 = 64 
в o. e „1 49-3/8 .. 1 o E .l.1 


| Approximate roots with a calculator 


: Be sure to use 


: parentheses to enclose кла Keystrokes Display 

: a rational exponent: | — иши 

: g^(1/5) = nd а. 9!/5 ^l CM Eas | 1.551845574 
: Without them, the | СЛ 

: calculator evaluates а b. 12% 12 E ЕЕ з 8 Be 2.939176951 
: power and then divides: T | 

: 9^1/5 = 18. с. (V7) = 73/4 ТЕЖЕ: a ЕБ 4.303517071 


GUIDED PRACTICE | for Examples 1, 2, and 3 


Find the indicated real nth root(s) of a. 
1. n=4,a= 625 2 п= 6,а = 64 
3. п= 3, а = —64 4. n= 5,а = 243 
Evaluate the expression without using a calculator. 
5. 45/2 a. 9-12 7: ВІ" в. 18 


Evaluate the expression using a calculator. Round the result to two decimal 
| places when appropriate. 


| 9. 42/5 10. 64 ?/3 11. (S16? 12. (¥/—30)° 


6.1 Evaluate nth Roots and Use Rational Exponents 415 


( EXAMPLE 4 | Solve equations using nth roots 


Solve the equation. 
a. Ax? = 128 
х? = 32 Divide each side by 4. 
x="V32 Take fifth root of each side. 


x=2 Simplify. 
b. (x-— 3)* = 21 
: Ue t dU ee» х—3=х+\/21 Take fourth roots of each side. 
: a > 0, be sure to х= +%/21+3 Add 3 to each side. 
: E x=W21+3 or x=—V21+3 Write solutions separately. 
; nth roots of a. | х= 5.14 or x = 0.86 Use a calculator. 


Use nth roots in problem solving 


| BIOLOGY A study determined that the 
weight w (in grams) of coral cod near 
Palawan Island, Philippines, can be 
approximated using the model 


ш = 0.0167 


where £ is the coral cod's length 
(in centimeters). Estimate the length 
of a coral cod that weighs 200 grams. 


Solution 
ш = 0.0167 Write model for weight. 
200 = 0.01672 Substitute 200 for w. 


11,976 = £’ Divide each side by 0.0167. 
11,976 = / Take cube root of each side. 
22.9 ==] Use a calculator. 


» A coral cod that weighs 200 grams is about 23 centimeters long. 


. Solve the equation. Round the result to two decimal places when appropriate. 


13. x? = 64 14. lp = 512 15. 3x? — 108 
16. ix =2 17. (x -—2)3=—-14 18. (х + 5)! = 16 


19. WHAT IF? Use the information from Example 5 to estimate the length 
of a coral cod that has the given weight. 


a. 275 grams b. 340 grams c. 450 grams 
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ж = STANDARDIZED TEST PRACTICE 


6.1 EXERCISES POMEN key. O = anp wst for Exe 923 an 
T KEY: on p. WS12 for Exs. 9, 25, and 63 


Exs. 2, 33, 46, 47, and 65 | 


SKILL PRACTICE 


| m ee ri кеу ИТ 
: for Exs. 3-20 


= rca 


? for Exs. 21-33 


: EXAMPLE 3 


on р. P 5 EDAD 
: for Exs. 34-46 


1. VOCABULARY Copy and complete: In the expression 1 10,000, the 
number 4 is called the ? . 


2. * WRITING Explain how the sign of a determines the number of real fourth 
roots of a and the number of real fifth roots of a. 


MATCHING EXPRESSIONS Match the expression in rational exponent notation 
with the equivalent expression in radical notation. 


g; 91/3 4. 93/2 5. 9213 6. 91/2 
A. (V2)? B. V2 c. #2 p. (V2) 


USING RATIONAL EXPONENT NOTATION Rewrite the expression using rational 
exponent notation. 


т. V12 8. V8 (е) 10. (у + 2)? 
USING RADICAL NOTATION Rewrite the expression using radical notation. 
E н is, D 13. (21)! 9 14, x 


FINDING NTH ROOTS Find the indicated real nth root(s) of a. 
15. n=2,a= 64 16. n=3,a= -27 17. n=4,a=0 
18. n = 3, a = 343 19. n=4,a= —16 20. n = 5, а = —32 


EVALUATING EXPRESSIONS Evaluate the expression without using a calculator. 


21. V64 22, 813 23, 163/2 24. %'—125 
(25) 27° 26. (—243)!/5 27. (Ya)? 28. (64) 
29. (V16) * 30. 253/2 31. 6472/3 32. TET 


33. * MULTIPLE CHOICE What is the value of 1282/7? 
СА) 8 (В) 16 © 32 (D> 64 


APPROXIMATING ROOTS Evaluate the expression using a calculator. Round 
the result to two decimals places when appropriate. 


34. 1/32,768 35. V/1695 36. V —230 37. 851/6 

38. 2571/3 39. 20,736! 40. (V187) 41. (V6)? 

42. (v/—8)° 43. 86 5/6 44. 197427 T —Ñ 
(-174P 


46. * MULTIPLE CHOICE Which expression has the greatest value? 
agi ® 5% © Val ON 


47. REASONING Between which two consecutive integers does V125 lie? Explain. 
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EA EA AAA 


ERROR ANALYSIS Describe and correct the error in solving the equation. 


48. 49. 
27 21 


\/27 Ж Vel y 


SOLVING EQUATIONS Solve the equation. Round the result to two decimal places 
when appropriate. 


50. x? = 125 51. 5x? — 1080 52. x? + 36 = 100 
53. (x — 5)* — 256 54. X? — —48 55. 7x* — 56 
56. х + 40 = 25 57. (x 10)? = 70 58. x? — 34 = 181 


59. CHALLENGE The general shape of the graph of y = x", 
where n is a positive even integer, is shown іп red. 


a. Explain how the graph justifies the results in the 
Key Concept box on page 414 when 7 is a positive 
even integer. 


b. Draw a similar graph that justifies the results 
in the Key Concept box when п is a positive odd 
integer. 


PROBLEM SOLVING 


: EXAMPLE 5 
; on p. 416 
: for Exs. 60-65 


418 


60. SHOT PUT The shot used in men's shot put has a volume of about 905 cubic 


centimeters. Find the radius of the shot. (Hint: Use the formula V — ¿nr 
for the volume of a sphere.) 


for problem solving help at classzone.com 


61. BOWLING A bowling ball has a surface area of about 232 square inches. 
Find the radius of the bowling ball. (Hint: Use the formula S = 47r* for 
the surface area of a sphere.) 


@Homelutor for problem solving help at classzone.com 


62. INFLATION If the average price of an item 
increases from p, to p, over a period of n years, 
the annual rate of inflation r (expressed as a 


p, Un i Butter (Ib) 
decimal) is given by r — (A — ]. Find the 
І 


Chicken (Ib) 


rate of inflation for each item in the table. Write 
each answer as a percent rounded to the nearest 
tenth. Sugar (Ib) 


Eggs (dozen) 


(63. MULTI-STEP PROBLEM The power p (in horsepower) used by a fan with 
rotational speed s (in revolutions per minute) can be modeled by the formula 
p = ks? for some constant К. A certain fan uses 1.2 horsepower when its speed 
is 1700 revolutions per minute. First find the value of k for this fan. Then find 
the speed of the fan if it uses 1.5 horsepower. 


- WORKED-OUT SOLUTIONS ж = STANDARDIZED 
on p. WS1 TEST PRACTICE 


64. WATER RATE A weir is a dam that is built across 
a river to regulate the flow of water. The flow rate 
Q (in cubic feet per second) can be calculated using 
the formula Q = 3.3671h*"? where £ is the length 
(in feet) of the bottom of the spillway and h is the 
depth (in feet) of the water on the spillway. 
Determine the flow rate of a weir with a spillway 
that is 20 feet long and has a water depth of 5 feet. 


65. * EXTENDED RESPONSE Some games use dice in the shape of regular 
polyhedra. You are designing dice and want them all to have the same 
volume as a cube with an edge length of 16 millimeters. 


Tetrahedron Octahedron Dodecahedron Icosahedron 


a. Find the volume of a cube with an edge length of 16 millimeters. 
b. Find the edge length x for each of the polyhedra shown in the table. 


c. Does the polyhedron with the greatest number of faces have the 
smallest edge length? Explain. 


66. CHALLENGE The mass of the particles that a river can transport is 
proportional to the sixth power of the speed of the river. A certain river 
normally flows at a speed of 1 meter per second. What must its speed be in 
order to transport particles that are twice as massive as usual? 10 times as 
massive? 100 times as massive? 


MIXED Review = 


: PREVIEW 


EEE 


: Prepare for 
: Lesson 6.2 
: in Exs. 75-82. 


Evaluate the expressions for the given values of x and y. (p. 10) 


x 28. 4x — y Е — 
67. =y Y when x = 3 and y=5 68. <= By when x = 6 and y = –2 
Find all the zeros of the function. 
69. f(x) = x^ — 2x — 35 (p. 252) 70. f(x) = х? — 8x + 25 (p. 292) 
71. f(x) = x? — 81% + Ax — 32 (p. 379) 72. f(x) = х + Ax? + 25x + 100 (p. 379) 


73. f(x) = х^ - 3x? — 31x^ + 63x + 90 (р. 379) 74. f(x) = x^ + 10х° + 25x? — 36 (p. 379) 


Simplify the expression. Tell which properties of exponents you used. (p. 330) 


y = E 
75. 5 76. (х) ? 77. (3x2) ^ 78. 4x°y~4 
3 E y 
-2 X 3x 
79. Xt 80. 2 81. EE] -3 82. 3.2 * = 
y 10x”y xy” 9x 
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Е y ТТМ 

= simplest form of a 
radical 

• like radicals 

420 


Apply Properties 


of Rational Exponents 


You simplified expressions involving integer exponents. 
You will simplify expressions involving rational exponents. 


So you can find velocities, as in Ex. 84. 


The properties of integer exponents you learned in Lesson 5.1 can also be applied 


to rational exponents. 


KEY CONCEPT 


Properties of Rational Exponents 


> Leta and b be real numbers and let т and п be rational numbers. The 
; following properties have the same names as those listed on page 330, 


> but now apply to rational exponents as illustrated. 

> Property Example 

s L а". а"=а"*" 51/2 , 53/2 — 50/2+3/2) = 52 35 

Г? 2. (ат)" = qin (35/2)2 S 3405/2 2) — 3» — 243 

е 3. (ab)" = a" p" (16* 9) ^ 1672. 94 4 58 =12 
4 g "=at 3671/2 


mo — 45/2 
2 5. A ‚а=0 12 
' à ha p Р #0 E 


Use the properties of rational exponents to simplify the expression. 


а. 71A > 71/2 = 701/4 + 1/2) = 7314 


b. (61/2. 41/3)2 = (61/22. (41/32 = 60/2" 2). 40/3*2 = 61. 42/3 = 6. 42/3 


c. (45. 35)-1/5 = үд . 3)5]-1/5 = (125)-1/5 = 1915 * CL/9 = 1971 = i 


5 . 5' _ 601-03) _ g2/3 


"o gl3 БІЗ 
| | Р (2er = (71132 = 70/32 = 72/3 
6173 6 


Chapter 6 Rational Exponents and Radical Functions 


For Your Notebook 


= 40/2 - 1/2) — 4? = 16 


| Use properties of exponents 


(ЄТЇШТҮЎ Apply properties of exponents —— 


BIOLOGY A mammal's surface area S (in square centimeters) can be 

_ approximated by the model S = km?" where m is the mass (in grams) of the 

| mammal and kis a constant. The values of k for some mammals are shown 

. below. Approximate the surface area of a rabbit that has a mass of 3.4 kilograms 


(3.4 х 10° grams). 


Rabbit Horse | Human | Monkey Ва! 


| T70 1138 


Solution 
S = km”? Write model. 
= 9.75(3.4 x 102/8 Substitute 9.75 for k and 3.4 x 10? for m. 
= 9,75(3.4)??(103)?5 Power of a product property 
== 9.75(2.26)(10°) Power of a power property 
| = 2200 Simplify. 


| >» The rabbit's surface area is about 2200 square centimeters. 


hi ; yo eT Pate - A чыр с 
G 
Р A 
ii a 


CE | for Examples 1 and 2. 
Simplify the expression. 


3 


1/3, 71/93 3/4 „ 91/2 3 gate 


5. BIOLOGY Use the information in Example 2 to approximate the surface area 
of a sheep that has a mass of 95 kilograms (9.5 X 10* grams). 


PROPERTIES OF RADICALS The third and sixth properties on page 420 can be 


expressed using radical notation when m = i for some integer п greater than 1. 


KEY CONCEPT For Your Wotebook 
Properties of Radicals 
Product property of radicals Quotient property of radicals 
Va«b 2 а. а Va yg 
b^ Vo 


Use properties of radicals 


Use the properties of radicals to simplify the expression. 


а. V12* V18 = V12-18 = V216 =6 Product property 
VBO _ ¿80 _ 45x _ | 
b. Ws = yan =V16=2 Quotient property 


6.2 Apply Properties of Rational Exponents 


421 


SIMPLEST FORM A radical with index n is in simplest fe orm if the radicand has no 
perfect nth powers as factors and any denominator has been rationalized. 


301.1293 А Write radicals in simplest form 


Write the expression in simplest form. 
а. V135 = V27 • 5 Factor out perfect cube. 
= #27 . V5 Product property 


= 3V5 Simplify. 
5 5 5 
(REVIEW RADICALS |, 97 97.7% mate denominator a perfect fth power. 
: : For help with 8 Vg 54 
: rationalizing | 
| denominators of _ V28 bid 
: radical expressions, /32 
: see p. 266. жы 
- 5 _ Simplify. 


ike 


DIVAS Add and subtract like radicals and roots 


Simplify the expression. 
a. V10 + 7V10 = (1 + 2V10 =8V10 
b. 2(8!/5) + 10(8!/5) = (2 + 10)(8/5) = 12(8!/5) 
| c. V54 – V2 = V27 - V2 – V2 =3\/2 — V2 = (3 – 1)V2 = 2V2 


СОСО ЕЧ 


- GUIDED y | for Examples 3, 4, and 5 


Simplify the expression. 


VM - 3 = 
6. 1/27 . Y/3 7. r3 8. (3 9, V5 + V40 
2 


VARIABLE EXPRESSIONS The properties of rational exponents and radicals can 
also be applied to expressions involving variables. Because a variable can be 
positive, negative, or zero, sometimes absolute value is needed when simplifying 
a variable expression. 


When nis odd Vx =x | W57 = 5 and V(-5/ = – 


Whenniseven | Vx" = |x| | 3% = 3 and ((-3)* = 


Absolute value is not needed when all variables are assumed to be positive. 
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( ExaMPLE simpury expressions involving variables —— — 


Simplify the expression. Assume all variables are positive. 
a. V64y6 = ў 43(у2)3 = Va? . #(у2)3 = 4у2 


b. (276312) = Ти = Зр * Hg 1/3) _ 3pg* 


a PI E x r 

: If you do not put any n in a п? 

: restriction on the values - 

{ of т and n in part (с) d. 14ху = 70- 3/4) 13756) E 7x1!4yl/3 76 
: other than n + 0, the 20315-6 


: simplified expression 


: would be written 


; (You do not need take 
: the absolute value of 
i n because п Is being 

: squared.) 


Іт 
>, 
Write variable expressions іп simplest form 


Write the expression in simplest form. Assume all variables are positive. 


а. Ў 448 = Ў дазаЗь!% Factor out perfect fifth powers. 
= Vasb!^c . V4q3b* ^ Product property 
= ab дазь* Simplify. 


: AVOID ERRORS 


Ud dei eios NR b. ў <= "E "> Make denominator a perfect cube. 
: You must multiply both T y yey 


: the numerator and 


: denominator of the _ [ху 
9 


: fraction by y so that the y — 
: value of the fraction а 
I3 + 
: does not change. mE Ўху Quotient property 
vy 
E, 
= A Simplify. 


[| EXAMPLE 8 ] Add and subtract expressions involving variables 


Perform the indicated operation. Assume all variables are positive. 
а. Vw + “Vw = (t+ sw = Vw 
b. 3ху!/* — 8xy!/4 = (3 — 8)ху!/* = —5xy!^ 


c. 12225 — 20542 = 122022 — 3222 = (122 - az) az? = 92222 


- Я 
3 A = ES E 
tee | " 


Simplify the expression. Assume all variables are positive. 


3/4 
10. V27q? 11. 12. I 13. V9u? — ићи" 
E gueule 


| for Examples 6, 7, and 8 


6.2 Apply Properties of Rational Exponents 423 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 23, 51, 69, 86, and 89 


6.2 EXERCISES HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
2 KEY: on p. WS12 for Exs. 5, 27, and 85 


SKILL PRACTICE 


1. VOCABULARY Are 2V5 and 2V5 like radicals? Explain why or why not. 


2. * WRITING Under what conditions is a radical expression in simplest form? 


: EXAMPLE 1 PROPERTIES OF RATIONAL EXPONENTS Simplify the expression. 


: on p. 420 з, 53/2, 5102 а, (62/3)1/2 O% . 2714 6 „9 


: for Exs. 3-14 9-48 
80!/4 Cai р 1188 3/5 , 93/5)5 

Aaa 64°/9 . 642/9 5/9 , 71973 E 

11. 773/4 12. o pao 13. (16 oD ) 14. 13577 


: EXAMPLE 3 PROPERTIES OF RADICALS Simplify the expression. 


я EPs 


ao | 15. V20+ V5 16. V16 - Va 17. V8 V8 18. (Уз. 3)? 
5 т 4 Ar 4 1 
19. Ува 20. X3 gj, 5955 v3 36 - V9 22. Ув VIG Aie 
V2 ү75 V4 V2 - V3 
; EXAMPLE4 | 23. * MULTIPLE CHOICE What is the simplest form of the expression 
: on p. 422 3V32 + (-6V5)? 
: for Exs. 23-31 
СА) wW10 (В) -18 10 (б) -36V10 (б) 36V10 
SIMPLEST FORM Write the expression in simplest form. 
24. V72 25. V256 26. V108 • V4 (27) 564 • 2V8 
1 3 [81 V9 
28. d o E Я 30. vi 31. 
6 V144 4 V27 
; EXAMPLES | COMBINING RADICALS AND ROOTS Simplify the expression. 
: on p. 422 : : —om 5 5 
i for Exs. 32-41 | 32. 2V3 + 7V3 33. =V5 - 5V5 34. 25V2 — 15V2 
35. БУТ + 27 36. 65 + 41/625 37. —6V/2 + 2V/256 
38. 12V2 — 74/512 39. 2V1250 — 8\/32 40. 5V48 — W750 


ERROR ANALYSIS Describe and correct the error in simplifying the expression. 


^" Me y (2 6)V15 Е | | | 


x X 
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: EXAMPLE 6 


A | 


: On p. 423 
: for Exs. 43-51 


: EXAMPLE 7 


: m ig sna PE 
: for Exs. 52—59 


: EXAMPLE 8 


: on p. 423 LE EESTE E E 
: for Exs. 60-65 


À 


VARIABLE EXPRESSIONS Simplify the expression. Assume all variables are 


positive. 
43. х!!4. х!% 44. (у%)!'6 45. У/8в1х^ ав. 5 
X 
2/5 15 A 4 3 : m" 
ж 25. ав. 907 a9. (Wx? + Ух“) so, Va Ve 
xy y V25x'° 


51. * OPEN-ENDED MATH Write two variable expressions with noninteger 
exponents whose quotient is x*”*, 


SIMPLEST FORM Write the expression in simplest form. Assume all variables are 
positive. 


52. V49x° 53. V12x^y9z"? 54. V4x3y? e V12y? 55. үх2уг3 - УхЗг° 


Е 3 20x3y? We 
3 57. ү 58. | 4 sg, 2 
V хб y 9xz Vx? 


COMBINING VARIABLE EXPRESSIONS Perform the indicated operation. Assume 
all variables are positive. 


60. 3Vx + 9Vx 61. Я = iy » 62. —Vy + 16V y 
63. (x*y)? + (xy!/4? 64. xV9x2 — 2үх5 65. yV 32% + V162:2y* 


(СЭ GEOMETRY Find simplified expressions for the perimeter and area of the 
given figure. 


68. 
3x13 
їй 
7х1/4 4х\!З 
69. Ж MULTIPLE CHOICE What is the simplified form of E 4x — 2 Vext 
Ф) -Vx ® -3V36x O -¿vx D —¿v36x 
DECIMAL EXPONENTS Simplify the expression. Assume all variables are 
positive. 
0.5 -0.6 . ,,-6 6,,2)-0.75 pa 
70. x95 . x? 71, уау 72. (êy?) 73. 25 
yo . 
з. ЕРУ) 023 75. —— 76. 10х06 + (4х03)2 77. 15293 — (22018 
y" 


IRRATIONAL EXPONENTS The properties in this lesson can also be applied to 
irrational exponents. Simplify the expression. Assume all variables are positive. 


5V3 at 
78. — 78; (9° 80. 
PE | 


gT 


x? 3 


82. CHALLENGE Assume the variables can take any value for which the 
expression is defined. Simplify, using absolute value only where necessary. 


a. (32x! b. Y xy c. (8:3y7)?? d. (161%y?)*"* 


6.2 Apply Properties of Rational Exponents 


Р 81. x2y? + 32у? 
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"PROBLEM SOLVING nn 


: EXAMPLE 2 83. BIOLOGY Look back at Example 2 on page 421. Use the model S = km?” to 


SEA 


: on p. 421 | approximate the surface area of the mammal given its mass. 
: for Exs. 83-84 a. bat: 32 grams 
b. Human: 59 kilograms 


(OHomeTutor for problem solving help at classzone.com 


84. AIRPLANE VELOCITY The velocity v (in feet per second) 
of a jet can be approximated by the model 


- 88. L 
V 8.871 


where A is the area of the wings (in square feet) and 
Lis the lift (in Newtons). Find the velocity of a jet 
with a wing area of 5.5 x 10? square feet and a lift of 
1.4 х 10° Newtons. 


^^ T) И т a 
@ tomeiutor for problem solving help at classzone.com 


PINHOLE CAMERA The optimum diameter d (in millimeters) of the pinhole 
in a pinhole camera can be modeled by 


d = 1.9| (5.5 x 1074)g |? 


where £ is the length of the camera box (in millimeters). Find the optimum 
pinhole diameter for a camera box with a length of 10 centimeters. 


86. * SHORT RESPONSE Show that the hypotenuse of an isosceles right triangle 
with legs of length x is xV2. 


87. STAR MAGNITUDE The apparent magnitude of a star is a number that 
indicates how faint the star is in relation to other stars. The expression 
2.51274 
251273 
a star with magnitude т... 


tells how many times fainter a star with magnitude т, is than 


a. How many times fainter is Altair than Vega? 


b. How many times fainter is Deneb than Altair? 


c. How many times fainter is Deneb than Vega? 


vega Altair 
Altair 


Deneb 


88. PHYSICAL SCIENCE The maximum horizontal distance d that an object can 
travel when launched at an optimum angle of projection is given by 


y (v^ + 28h, 
g 


where h, is the object's initial height, v, is its initial speed, and gis the 
acceleration due to gravity. Simplify the model when h, = 0. 


d= 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
426 on р. WS1 TEST PRACTICE 


89. * EXTENDED RESPONSE You have filled two round balloons with water. 
One balloon contains twice as much water as the other balloon. 


a. Solve the formula for the volume of a sphere, V = ar, for r. 
b. Substitute the expression for r from part (a) into the formula for the 


surface area of a sphere, 5 = 47^. Simplify to show that S = (47)! ? (3V)?, 


c. Compare the surface areas of the two water balloons using the formula 
from part (b). 


90. CHALLENGE Substitute different combinations of odd and even positive 


integers for m and n in the expression Vx”. If x is not always positive, 
when is absolute value needed in simplifying the expression? 


MIXED Review ЭЭЭ 


: PREVIEW 


: Prepare for 
: Lesson 6.3 іп 
: Exs. 101-106. 


Solve the inequality. 
91. x —72 15 (p. 41) 92. 10x + 7 < —4x + 9 (р. 41) 93. 3x € —6x — 20 (p. 41) 
94. х? + 7x + 10 > 0 (p. 300) 95. —x* + Ax > —32 (p. 300) 96. 6x? + x —7«5 (p. 300) 


Let f(x) = x? — 2x? — x — 3. Evaluate the function at the given value. (p. 337) 
97. f(3) 98. f(—3) 99. f(5) 100. f(—4) 


Perform the indicated operation. 

101. (12x? + 2x) — (-8x? + 5x% — 9x) (p.346) 102. (35x? — 14) + (-15x? + 7x + 20) (p. 346) 
103. 18x^(x + 4) (p. 346) 104. (8x — 3) (p. 346) 

105. (x — 4)(x + D(x + 2) (p. 346) 106. (x? + x^ — 7x — 15) + (x — 3) (p. 362) 


" QUIZ for Lessons 6.1-6.2 


Evaluate the expression without using a calculator. (p. 414) 


1.98 2. 642 з. (625%) 4. (—32)2/5 


Solve the equation. Round your answer to two decimal places when 
appropriate. (p. 414) 


5. x* = 20 6. x = —10 7. x9 +5 = 26 8. (x+ 3)? = -16 


Simplify the expression. Assume all variables are positive. (p. 420) 


9. V32 • V8 10. (V10 - V10) 11. (12/9148 + 2(x 31/42 
15. (ES GEOMETRY Find a radical expression for the perimeter of 2 
the red triangle inscribed in the square shown to the right. NS 4 
Simplify the expression. (p. 420 
ршу р (р. 420) © 4 
8 
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Perform Function Operations 
and Composition 


You performed operations with algebraic expressions. 
You will perform operations with functions. 
So you can model biological processes, as in Example 3. 


| ilary In Chapter 5 you learned how to add, subtract, multiply, and divide polynomial 
* power function functions. These operations can be defined for any number of functions. 


* composition 


KEY CONCEPT For Vour Notebook 


: Operations on Functions 


f: Let f and g be any two functions. А new function h can be defined by 
performing any of the four basic operations on fand g. 


: Operation | Definition | Example: f(x) = 5x, g(x) = x + 2 

: Addition h(x) = f(x) + gx) h(x) = 5x + (x+ 2) = 6x +2 

> Subtraction h(x) = f(x) — р(х) h(x) = 5x — (x + 2) =4x-2 

: Multiplication h(x) = f(x) * р(х) h(x) = 5x(x + 2) = 5x* + 10x 
E uus _ f% __5х 

: Division h(x) = ZG) h(x) = Sa 


; The domain of h consists of the x-values that are іп the domains of both 
fand g. Additionally, the domain of the quotient does not include x-values 
: for which g(x) = 0. 


POWER FUNCTIONS So far you have studied several types of functions, including 
linear functions, quadratic functions, and polynomial functions of higher 
degree. Another common type of function is a power function, which has the 
form y — ax" where a is a real number and b is a rational number. 


Add and subtract functions 


Let f(x) = 4x*? and g(x) = —9x'". Find the following. 
a. f(x) + р(х) b. f(x) — g(x) c. the domains of f + gand f — g 


Solution 
а. f(x) + g(x) = 411? + (ox!) = [4 + (al? = –5х12 
b. f(x) — g(x) = 4x1? — (-9x!?) = [4 — (-9)]x!? = 13112 
: REVIEW DOMAIN 


ADDERE » c. Thefunctions f and g each have the same domain: all nonnegative 
real numbers. So, the domains of f + g and f — g also consist of all 


: of functions, see p. 72. А 
nonnegative real numbers. 
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| ExampLe 2 muupy and divide functions BEN 


Let f(x) = 6x and g(x) = x?"^. Find the following. 


f(x) 


a. f(x) * g(x) b. [7] 


c. the domains of f - g and А 


Solution 
af «god = 6) =6 +9) = gg 


5. Хо) ex _ 6x1 - 3/0 = бу 


g(x) y^ 


c. The domain of f consists of all real numbers, and the domain of g consists 
of all nonnegative real numbers. So, the domain of f • g consists of all 


nonnegative real numbers. Because g(0) = 0, the domain of $ is restricted 


to all positive real numbers. 


| EXAMPLE 3 | Solve a multi-step problem NEN 


RHINOS For a white rhino, heart rate r (in beats per minute) and life span s 
| (in minutes) are related to body mass m (in kilograms) by these functions: 


r(m) = 241m 0” s(m) = (6 х 10%) m0? 
* Find r(m) « s(m). 


* Explain what this product represents. 


Solution 
STEP? Find and simplify r(m) • s(m). 
r(m) • s(m) = 241m 9?5| (6 x 10°) m0-2] Write product of r(m) and s(m). 
= 241(6 x 10)mC 975 * 92 ^ product of powers property 
= (1446 x 105)m 995 simplify. 
= (1.446 x 1093)m 995 Use scientific notation. 
STEP2 Interpret r(m) • s(m). 


Multiplying heart rate by life span gives the total number of heartbeats 
for a white rhino over its entire lifetime. 


GUIDED PRACTICE | for Examples 1, 2, and 3 


ES f(x) = -2x?P and g(x) = 7178. Find the following. 
1. f(x) + g(x) 2. f(x) — g(x) 3. the domains of f+ gand f — g 


Let f(x) = 3x and g(x) = x' 5. Find the following. 
100 
7 


7. RHINOS Use the result of Example 3 to find a white rhino's number of 
heartbeats over its lifetime if its body mass is 1.7 х 10° kilograms. 


f 


4. f(x) * g(x) 5 6. the domains of f • гапа P 


6.3 Perform Function Operations and Composition 
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COMPOSITION OF FUNCTIONS Another operation that сап be performed with two 
functions is composition. 


KEY CONCEPT For Your Notebook 


: READING > Composition of Functions Domain off Range of f 


: division of functions, РЕР 

: you need to be аіегі іо F- a function fis: 

: the order of functions f h(x) = gf) 

: when they are : 

: composed. In general, 1: The domain of h is the set of all 

: f(g(x)) is not equal to : x-values such that x is in the domain 


: g(f(x)). > off and f(x) is in the domain of g. 


Domainofg Range of д 


Ж GUTER standardized Test Practice m 


Let f(x) = 2x — 7 and р(х) = х? + 4. What is the value of g(f(3))? 
(А) —5 ® -3 © 3 (D 5 


. Solution 

To evaluate g(f(3)), you first must find f(3). 
РЗ) = 2(3) – 7 = –1 

Then g(f(3)) = g(-1) = (-0)2+4= 1+4 = 5. 

So, the value of g(f(3)) is 5. 


| > The correct answer is D. OORO 


Find compositions of functions m 


Let f(x) = Ax ! and g(x) = 5x — 2. Find the following. 
a. f(g(x)) b. g(fo)) 
c. f(f(x)) d. the domain of each composition 
Solution 
- -i = 29-1. 4 
a. f(g(x)) = f(5x — 2) = 4(5x — 2) a 
: AVOID ERRORS =j =>] =| 20 
ree * = pl4 = 54 —222 — „= ЖЕ... 
: You cannot always b. gift) = glas") = 54х77) ш x 


: determine the domain | е EN XA 
: ofa composition с. JU) — f (ax !) = 4(ax ) 4(4 x)-4x-x 


: from its equation. For 


: А - £8 
: instance, the domain d. The domain of f(g(x)) consists of all real numbers except x = 5 


: of f(f(x)) = x appears a2) N^ А А _ 4 
жо be all real numbers, because 5 0 is not in the domain of f. (Note that f(0) 0? 
: but it is actually all real which is undefined.) The domains of g(f(x)) and f(f(x)) consist of all 
: numbers except zero. | real numbers except x — 0, again because 0 is not in the domain of f. 


430  Chapter6 Rational Exponents and Radical Functions 


PAINT STORE You have a $10 gift certificate to a 
paint store. The store is offering 15% off your entire 
purchase of any paints and painting supplies. You 
decide to purchase a $30 can of paint and $25 worth 
of painting supplies. 


Use composition of functions to do the following: 


* Find the sale price of your purchase when the 
$10 gift certificate is applied before the 15% discount. 


• Find the sale price of your purchase when the 
15% discount is applied before the $10 gift certificate. 


Solution 


STEP? Find the total amount of your purchase. The total amount for the 
paint and painting supplies is $30 + $25 = $55. 


STEP 2 Write functions for the discounts. Let x be the regular price, f(x) 
be the price after the $10 gift certificate is applied, and g(x) be the 
price after the 15% discount is applied. 


Function for $10 gift certificate: f(x) = x — 10 
Function for 15% discount: g(x) = x — 0.15x = 0.85x 
STEP 3 Compose the functions. 


The composition g(f(x)) represents the sale price when the 
$10 gift certificate is applied before the 15% discount. 


g(f(x)) = g(x — 10) = 0.85(x — 10) 


The composition f(g(x)) represents the sale price when the 
15% discount is applied before the $10 gift certificate. 


fig) = f(0.85x) = 0.85x — 10 

STEP 4 Evaluate the functions g(f(x)) and f(g(x)) when x = 55. 
g(f(55)) = 0.85(55 — 10) = 0.85(45) = $38.25 
f(g(55)) = 0.85(55) — 10 = 46.75 — 10 = $36.75 


» The sale price is $38.25 when the $10 gift certificate is applied before the 
15% discount. The sale price is $36.75 when the 15% discount is applied 


¡Algebra а classzone.com 


(EXAMPLE sov a multi-step problem | 


Let f(x) = 3x — 8 and g(x) = 2x*. Find the following. 
8. g(f(5)) 9. f(g(5)) 10. f(f(5)) 11. g(g(5)) 
12. Let f(x) — 2x ! and g(x) = 2x + 7. Find f(g(x)), g(f o9), and ffx). 


Then state the domain of each composition. 


13. WHAT IF? In Example 6, how do your answers change if the gift certificate 
to the paint store is $15 and the store discount is 2076? 
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з EXERCISES VM ty. e 
6. 3 KEY: on p. WS12 for Exs. 3, 13, and 45 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 11, 38, 39, and 44 


$- = MULTIPLE REPRESENTATIONS 
Ex. 46 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: The function h(x) = g(f(x)) is called 
the ? of the function g with the function f. 


2. * WRITING Tell whether the sum of two power functions is sometimes, 
always, or never a power function. Explain your reasoning. 


: EXAMPLE 1 ADD AND SUBTRACT FUNCTIONS Let f(x) = —3x!^? + 4x"? and р(х) = 5x!? + 4x", 


: on p. 428 Perform the indicated operation and state the domain. 
Por xs, 371] (з)ло + g(x) 4. g(x) + f(x) 5. To Fog 6. g(x) + g(x) 
7. fœ — gx) 8. g(x) — fx) 9. f(x) — fix) 10. g(x) — g(x) 


11. Ж MULTIPLE CHOICE What is f(x) + g(x) if f(x) = —7x?^? — 1 and 
g(x) = 2x?? + 6? 


TE D -5x7? +5 O ox +7 D -8s05-7 


: EXAMPLE 2 MULTIPLY AND DIVIDE FUNCTIONS Let f(x) = 4x?" and g(x) = 5х!'?. Perform 


PPR PST PPP eee 


: оп р. 429 the indicated operation and state the domain. 
: for Exs. 12-19 12. f(x) . g(x) (13) g(x) + f(x) 14, f(x) ‚ f(x) 15. g(x) > g(x) 
F(x) goo) f(x) g(x) 
16. — 1f. —— 18. —— 19. —— 
go) f(x) fœ g(x) 


; EXAMPLE4 | EVALUATE COMPOSITIONS OF FUNCTIONS Let f(x) = 3x + 2, g(x) = —x^, and 


: on p. 430 h(x) = < 2, Find the indicated value. 
: for Exs. 20-27 3 


20. f(g(-3)) 21. g(f(2)) 22. h(f(—9)) 23. g(h(8)) 
24. h(g(5)) 25. UNT) 26. h(h(—4)) 27. g(g(—5)) 


: EXAMPLES | FIND COMPOSITIONS OF FUNCTIONS Let f(x) = 3x !, g(x) = 2x — 7, and 


3 " E en ea sesaas 


: h(x) = * = 4 Perform the indicated operation and state the domain. 
: for Exs. 28-38 


28. ка. 29. g(f(x)) 30. h(f(x)) 31. g(h(x)) 
32. h(g(x)) 33. f(f(x)) 34. h(h(x)) 35. g(g(x)) 


ERROR ANALYSIS Let f(x) = х? — 3 and g(x) = 4x. Describe and correct the 
error in the composition. 


37. 
F(g(x)) f(4x) g(f() g(x 3) 
(x  3)(4x) 4x 


m " X 
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38. ж MULTIPLE CHOICE What is g(f()) if f(x) = 74% and g(x) = 3x ?? 


3 4 7 
—— (В) 21 © 21x (р) = 
49x* 9x4 


39. * OPEN-ENDED MATH Find two different functions f and g such that 
f(g) = gf). 


CHALLENGE Find functions fand g such that fíg(x)) = h(x), g(x) # x, and 
f(x) * х. 


40. h(x) = Vx +2 ді. ha) ==%5 42. h(x) = |2х+ 9| 
3х +7 


PROBLEM SOLVING 


: EXAMPLE 3 43. BIOLOGY For a mammal that weighs w grams, the volume b (in milliliters) of 


: on p. 429 air breathed in and the volume d (in milliliters) of "dead space" (the portion 
: for Exs. 43,46 of the lungs not filled with air) can be modeled by: 
b(w) = 0.007w d(w) = 0.002w 


The breathing rate r (in breaths per minute) of a mammal that weighs 
w grams can be modeled by: 


1.10003“ 
rub — diu) 


Simplify r(w) and calculate the breathing rate for body weights of 6.5 grams, 
300 grams, and 70,000 grams. 
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: EXAMPLE 6 44. * SHORT RESPONSE The cost (in dollars) of producing x sneakers in a factory 


= PSC RRR SPR 


: on p. 431 is given by C(x) = 60x + 750. The number of sneakers produced in t hours 
: for Exs. 44—45 is given by x(f) = 50t. Find C(x(t)). Evaluate C(x(5)) and explain what this 
number represents. 
@Hom elutor for problem solving help at classzone.com 


MULTI-STEP PROBLEM An online movie store is having a sale. You decide to 
open a charge account and buy four DVDs. 


a DeeVeeDees 


@ $15 off the purchase of any e 10% off your purchase when 


| you open a charge account. 


a. Use composition of functions to find the sale price of $85 worth of 
DVDs when the $15 discount is applied before the 1096 discount. 


b. Use composition of functions to find the sale price of $85 worth of 
DVDs when the 1096 discount is applied before the $15 discount. 


c. Which order of discounts gives you a better deal? Explain. 
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46. a MULTIPLE REPRESENTATIONS A mathematician at a lake throws a 
tennis ball from point A along the water's edge to point B in the water, as 
shown. His dog, Elvis, first runs along the beach from point A to point D 
and then swims to fetch the ball at point B. 


a. Using a Diagram Elvis’s running speed is about 6.4 meters per second. 
Write a function r(x) for the time he spends running from point A to 
point D. Elvis’s swimming speed is about 0.9 meter per second. Write a 
function s(x) for the time he spends swimming from point D to point B. 


b. Writing a Function Write a function t(x) that represents the total time 
Elvis spends traveling from point A to point D to point B. 


c. Using a Graph Use a graphing calculator to graph f(x). Find the value of x 
that minimizes t(x). Explain the meaning of this value. 


47. CHALLENGE To approximate the square root of a number 
n, the Babylonians used a method that involves starting 
with an initial guess x and calculating a sequence of f(x) 
values that approaches the exact answer. Their method 
was based on the function shown at the right. 


—— — 


a. Letn = 2, and choose x = 1 as an initial guess for Vn = v2. 
Calculate f(x), fF), FCO), and fCOFCÉU G9)». 


b. How many times do you need to compose the function in order for the 
result to approximate V2 to three decimal places? six decimal places? 


; PREVIEW č Solve the equation for y. (p. 26) 

: Prepare for AN NAE Ay Sim | = Hd 
: Lesson 6.4 48. y - 2x = 12 49. 3x — 2y = 10 50. x= -3y- 9 
} in Exs. 48—53. 51. 3x — 4y - 7 52. х-у=12 53. ax + Бу = с 


Graph the ordered pairs in a coordinate plane. (p. 72) 


54. Ed 2), (1, 3), (2, 3 (3, 1) 55. (4, 5), (5, —4), (—4, 5), (5; 4) 
56. С, 2), (2, 1), (2, —b (1, 2) 57. (9; 9), (9, =a); (—5, 9), (9, 5) 
_ Graph the function. 
58. y = 3x — 5 (p. 89) 59. y = 7x + 4 (p. 89) 60. f(x) = —4x — 6 (p. 89) 
61. f(x) = —3x 9 (p. 89) 62. у= x? — x — 2 (p. 236) 63. y = 3x2 + 20x — 7 (p. 236) 


64. у= —2x* + 8x + 1 (p.236) 65. f(x) = (x —3)? — 4 (p.245) 66. у= (x + 4)? — 6 (p. 245) 
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hi | 
саталар ACTIVI [ М lise after Lesson 6.3 Tutor 


classzone.com 
Keystrokes 


).3 Use Operations with Functions 


Let f(x) = x^ — Зх + 6 and р(х) = x — 4. Find f(4) + g(4) and f(g(—2)). 


Form sum STEP 2] Evaluate sum 

Enter у, = х? — 3x + 6 and у; = х — 4. The sum On the home screen, enter y,(4) and 
can be entered as y, = y, + y,. To do so, press press 12:8. The screen shows 
RZ), choose the Y-Vars menu, and select that y, (4) = 10, so f(4) + g(4) = 10. 
Function. 


Y1Ex2-3x«6 | | Yx(4) 
Y2RX- 4 

YsğY1+Y2 

Y4= 

Y5= 

¥o= 

Y7- 


а J L 
Form composition Evaluate composition 


The composition f(g(x)) can be entered On the home screen, enter у„(—2) and 
as уз = y (Y3). press 228. The screen shows 
that y, (-2) = 60, so f(g(—2)) = 60. 


| 115X2-3Xx+6 | Y3(-2) 
vaBx-4 
Үз Үт (Ү?2) 
Y4= 
Ү»= 
Y6= 
Ү?= 


ү 


Use a graphing calculator and the functions fand g to find the indicated value. 


fC-8) 


1. f(x) = х%+5х—3, р(х) = -3x* — x: g(7) + f(7) 2. f(x) = е^, g(x) = 9x: g(—8) 


3. f(x) = 5x? – Зх“, g(x) = -2x^ — 5: g(2) — f(2) 4. f(x) = 2x^ + 7x — 2, g(x) = x — 6: f(g(5)) 
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Lessons 6.1-6.3 


1. MULTI-STEP PROBLEM A circle is inscribed 
in a square, as shown. 


ON 
bh. d 


a. Write a function s(x) for the area of 
the square. 

b. Write a function c(x) for the area of 
the circle. 


c. Write and simplify a function r(x) for the 
area of the shaded region. 


2. MULTI-STEP PROBLEM The formula for the 
volume V of a sphere in terms of its surface 


area Sis V = 3 ! (4m) !/2(53)1/2, 
a. Simplify the right side of the formula. 


b. Acandlepin bowling ball has a surface 
area of about 79 square inches. What is 
its volume? 


c. A 10-pin bowling ball has a surface area of 


about 232 square inches. What is its volume? 


Ten-pin bowling ball 


d. Compare the surface areas and volumes of 
the two bowling balls. 


3. SHORT RESPONSE You are working as a sales 
representative for a clothing manufacturer. 
You are paid an annual salary plus a bonus 
of 3% of your sales over $100,000. Consider 
these two functions: 


f(x) = x — 100,000 g(x) = 0.03x 


Which composition, f(g(x)) or g(f(x)), 
represents your bonus if x » 100,000? Explain. 
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4. EXTENDED RESPONSE 4A cylindrical 


above-ground pool has a height of 5 feet 
and a radius of x feet. 


a. Write an equation that gives the volume V 
of the pool as a function of the radius x. 
Use 3.14 for т. 


b. You use a hose to fill the pool with water. 
Water flows from the hose at a rate of 
128 cubic feet per hour. After 8.8 hours the 
pool is half full. Write an equation that you 
can use to find the radius x of the pool. 


c. What is the radius of the pool? 


d. A second hose that outputs 104 cubic feet of 
water per hour is added after the pool is half 
full. Find the total number of hours it 
will take to fill & of the pool. Your answer 


should include the 8.8 hours it took to fill 
the bottom half of the pool in part (b). 


. OPEN-ENDED Find two different functions 


f(x) such that f(f(x)) = x. 


. SHORT RESPONSE Describe the steps you 


would use to simplify this expression: 


1612 3 
| gue | 


Is there another set of steps you could use 
to simplify the expression? Explain your 
reasoning. 


. GRIDDED ANSWER The volume of a sphere is 


900 cubic inches. Use the formula for the 
volume of a sphere, V = Sar’, to find the 


radius r to the nearest tenth of an inch. Use 
3.14 for т. 


І ar ting ACTIVITY Use before Lesson 6.4 


2.4 Exploring Inverse Functions 


MATERIALS · graph paper * straightedge 


Graph function Choose values of x and find the 
corresponding values of y = f(x). Plot the points and 
draw the line that passes through them. 


Interchange coordinates Interchange the x- and 
y-coordinates of the ordered pairs found in Step 1. 
Plot the new points and draw the line that passes 
through them. 


| STEP 3| Write equation Write an equation of the line from 
Step 2. Call this function g. 


STEP 4| Compare graphs Fold your graph paper so that 
the graphs of f and g coincide. How are the graphs 
geometrically related? 


| STEP 5| Describe functions In words, f is the function that 
subtracts 3 from x and then divides the result by 2. 
Describe the function gin words. 


[STEP 6| Find compositions Predict what the compositions 
fig(x)) and g(f(x)) will be. Confirm your predictions 
by finding f(g(x)) and g(f(x)). 


The functions f and g are called inverses of each other. 


Complete Exercises 1-3 for each function below. 


fe) 23x42 fix) = 21 fo) =4-5 


1. Complete Steps 1-3 above to find the inverse of the function. 


2. Complete Step 4. How can you graph the inverse of a function without 
first finding ordered pairs (x, y)? 


3. Complete Steps 5 and 6. How can you test to see if the function you 
found in Exercise 1 is indeed the inverse of the original function? 


6.4 Use Inverse Functions 


ы ителе relacion 


Use Inverse 
Functions 


You performed operations with functions. 


| Now | You will find inverse functions. 


So you can convert temperatures, as in Ex. 48. 


і 
' J б ^ Y 
* z P 
+ "4d h , \ j 
b AE | 
s Ae 


original а ШИ тя — that the domain and range are also аеро даа, 


* inverse function 
Original relation 
The graph of an inverse relation is a reflection of the graph of the original 
relation. The line of reflection is y — x. To find the inverse of a relation given by 
an equation in x and y, switch the roles of x and y and solve for y. 
Find an inverse relation 
Find an equation for the inverse of the relation y — 3x — 5. 
y=3x-5 Write original relation. 
x=3y-5 Switch xand y. 
x+5=3y Add 5 to each side. 
3x + 3 = y Solve for y. This is the inverse relation. 
In Example 1, both the original relation and the inverse relation happen to be 
functions. In such cases, the two functions are called inverse 
KEY CONCEPT For Your Notebook 
ЖЕШ нене. - Inverse Functions 


: The symbol —1 inf? is 
: not to be interpreted as 


3 an exponent. In other z fgew)=x and gif) = х 
: words, f '(x) + —— bs | | E 

ЛЯ © The function gis denoted буѓ, read as “ 
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Functions f and g are inverses of each other provided: 


inverse.” 


Solve a multi-step problem 


: FIND INVERSES 


E AAA 


: Notice that you do not 

: switch the variables 

: when you are finding 

: inverses of models. This 
: would be confusing 

: because the letters are 

: chosen to remind you 

: of the real-life quantities 
: they represent. 


Verify that functions are inverses 


| Verify that f(x) = 3x — 5 and f^! (x) 


Solution 
STEP] Show that f(f !(3)) = x. 


fete) = f(1x 3) 


ЭВ. 
= 3(5=+3) " 
SO 
=x/ 


E ax + 5 are inverse functions. 


3 


STEP 2 Show that f !(f(x)) = x. 
f (fo) = f (x – 5) 


FITNESS Elastic bands can be used 
exercising to provide a range of resi 


A band's resistance R (in pounds) can be 
modeled by R = SI — 5 where Lis the total 
length of the stretched band (in inches). 


• Find the inverse of the model. 


* Use the inverse function to find the length 
at which the band provides 19 pounds of 


resistance. 


. Solution 


STEP? Find the inverse function 


Wu c. 
= gl 9 
N- 
R+5 aL 
85, 40 _ 
ЗК + 7s E 


STEP 2 


„831.40. Bag dO. 
L GR += 319) += 


in 
stance. 


Write original model. 
Add 5 to each side. 


Multiply each side by £ 


Evaluate the inverse function when R = 19. 


3 3 3 


152 , 40 _ 192 _ ga 


» The band provides 19 pounds of resistance when it is stretched to 64 inches. 


wi GUIDED PRACTICE for Examples 


1, 2, and 3 


Find the inverse of the given function. Then verify that your result and the 


original function are inverses. 


1. f(x) =x+4 


2. [(х)=2х—1 
4. FITNESS Use the inverse function in Example 3 to find the length at which 


the band provides 13 pounds of resistance. 


6.4 Use Inverse Functions 


3. f(x) = -3x+1 
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INVERSES OF NONLINEAR FUNCTIONS The graphs of the power functions 
f(x) = х? and g(x) = x? are shown below along with their reflections in the 


line y = x. Notice that the inverse of g(x) = x? is a function, but that the 
inverse of f(x) = x* is not a function. 


If the domain of f(x) = x’ is restricted to only nonnegative real numbers, 
then the inverse of fis a function. 


^ (TUTTO Find the inverse of a power function 


| Find the inverse of f(x) = x*, x > 0. Then graph fand f ^1. 


Solution 
f(x) =x? Write original function. 
у= х? Replace f(x) with y. 


: CHECK SOLUTION NT Ван 

: You can check the — +үх = у Take square roots of each side. 
7 b no IS Я The domain of f is restricted to nonnegative 
: graph of values of x. So, the range of f -l must also 

i fix) = Vx be restricted to nonnegative values, and 

: is the reflection of the therefore the inverse is f (x) = Vx. (If the 

: graph of f(x) = x?^, x 3 0, | domain was restricted to x = 0, you would 

: in the line y = x. _ choose f! (x) = -Vx.) 


HORIZONTAL LINE TEST You can use the graph of a function f to determine 
whether the inverse of f is a function by applying the horizontal line test. 


KEY CONCEPT For Your Notebook 


Horizontal Line Test 


The inverse of a function f is also a function if and only if no horizontal line 
intersects the graph of f more than once. 


Inverse is a function Inverse is not a function 
y y 
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[| EXAMPLE 5 | Find the inverse of a cubic function 


Consider the function f(x) = 2x? + 1. Determine whether the inverse of 
fis a function. Then find the inverse. 


Solution 
Graph the function f. Notice that no horizontal line MENE JETS 
intersects the graph more than once. So, the inverse of f ree EBENE 
is itself a function. To find an equation for f~}, complete IDA | uiid 
the following steps: Дд = 2x5 +1] 
— — 
f(x) =2x°+1 Write original function. ae AO T JE ШШ 
FAA 
y=2x°+1 Replace f(x) with y. E wid ta le 
х= 2у +1 Switch x and y. 
x-1=2y Subtract 1 from each side. 
ml =y Divide each side by 2. 
1 - y Take cube root of each side. 


> The inverse of fis f !(x) = 3 EM. 


GUIDED PRACTICE for Examples 4 and 5 


Find the inverse of the function. Then graph the function and its inverse. 


B. fte sa, x2 0 6. g(x) — 37 7. fix) = 125 
8. fx) = OG + 4 9. f(x) 22x? +3 10. g(x) = 7x2 +7 


€ EXAMPLE 6 | Find the inverse of a power model 


TICKET PRICES The average price P (in dollars) 
for a National Football League ticket can be 
modeled by 


P= 3570-192 


where tis the number of years since 1995. 
Find the inverse model that gives time as a 
function of the average ticket price. 


Solution 
p= 955" Write original model. 
з= = = 0192 Divide each side by 35. 
р 1/0.192 _ (,0.192)1/0.192 1 
ES = (10-192) Raise each side to the power ¿> 
E E. Simplify. This is the inverse model. 
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41,120 3A Use ап inverse power model to make a prediction 


Use the inverse power model from Example 6 to predict the year when the 
average ticket price will reach $58. 


Solution 
Р 5.2 
i= Write inverse power model. 
5.2 
= (28) Substitute 58 for P. 
= ]4 Use a calculator. 


» You can predict that the average ticket price will reach $58 about 
14 years after 1995, or in 2009. 


GUIDED PRACTICE | for Examples 6 and 7 


11. TICKET PRICES The average price P (in dollars) for a Major League Baseball 
ticket can be modeled by P = 10.719"? where tis the number of years since 


1995. Write the inverse model. Then use the inverse to predict the year when 
| the average ticket price will reach $25. 


HOMEWORK : C3 = WORKED-OUT SOLUTIONS 


6.4 EXERCISES KEY: on p. WS12 for Exs. 7, 15, and 49 
i Ж = STANDARDIZED TEST PRACTICE 


Exs. 2, 14, 21, 28, and 48 


SKILL PRACTICE 


1. VOCABULARY State the definition of an inverse relation. 


2. * WRITING Explain how to determine whether a function gis an inverse of f. 


INVERSE RELATIONS Find an equation for the inverse relation. 


AAA... 
: on p. 438 = ТИ EE И, = 7x — 
: for Exs. 3-13 3. y=4x-1 4. y 2x t5 5. y—7x—6 
6. y — 10x — 28 (7.)y = 12х+7 8. у= -18x— 5 
= Д, жазыб: an E 
9. у= эт 10. y ge +2 11. y px tz 


ERROR ANALYSIS Describe and correct the error in finding the inverse of the 


relation. 
12. 13. 


"X х 
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: MSS xri RM 
: for Exs. 15—21 


: EXAMPLE 4 


: € p г 5. NERIS 
: for Exs. 22-28 


: EXAMPLE 5 


ч EA 


: for Exs. 29-43 


| 14. * OPEN-ENDED MATH Write a function f such that the graph of f ! is a line 
with a slope of 3. 


| VERIFYING INVERSE FUNCTIONS Verify that f and gare inverse functions. 


(15) fx) =x +4, g= x - 4 16. f(x) = 2x +3, g(x) = 1x- 3 
17. f(x) = Le, g(x) = (498 18. f(x) = ix -1, g(x) = 5х + 5 
19. f(x) = 4x +9, 800) = 1x 3 20. f(x) = 5x? - 2, x = 0; g(x) = (z +2 " 
21. * MULTIPLE CHOICE What is the inverse of the 

function whose graph is shown? 

Ф) g(x) =5x-6 O gx) =5x+6 

O gx) =4x-6 D gx) =3x+ 12 
INVERSES OF POWER FUNCTIONS Find the inverse of the power function. 
22 fib 23. f(x) = Ax*, x 20 24. f(x) = —10x89, x «0 
25. f(x) = 32x" 26. f(x) = -23 27. f(x) = sex’, x<0 
28. * MULTIPLE CHOICE What is the inverse of f(x) = Br a 

QD gu) = —4x? gx) =4Vx © go0--4Vx D gw = V—4x 


HORIZONTAL LINE TEST Graph the function f. Then use the graph to determine 
| whether the inverse of fis a function. 


29. f(x) - 3x +1 30. f(x) = x—5 31. fe) = 13^ - 1 
32. f(x) = -6x2, x20 33. fix) = lé 34. f(x) = x3 - 2 
35. f(x) = (x — 4)(x + 1) 36. f(x) = |х| +4 37. f(x) = 4x* — 5x? — 6 


INVERSES OF NONLINEAR FUNCTIONS Find the inverse of the function. 
38. f(x) = 3», x20 39. f(x) = х3 -2 40. f(x) = 3 +5 


2x7 — 6 
9 


41. f(x) = E +8,х<0 42. f(x) = 43. f(x) = x! - 9, x 20 


44. REASONING Determine whether the statement is true or false. Explain your 
reasoning. 


a. If f(x) = x" where п is a positive even integer, then the inverse of f is a 
function. 


b. If f(x) = x" where п is a positive odd integer, then the inverse of f is a 
function. 


45. CHALLENGE Show that the inverse of any linear function f(x) = mx + b, where m + O, 


is also a linear function. Give the slope and y-intercept of the graph of f | in terms of 
m and b. 


6.4 Use Inverse Functions 
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PROBLEM SOLVING 


E PEPPER PRPS 


: for Exs. 46-48 


: EXAMPLES 


CUA 


: for Exs. 49-50 
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46. 


47, 


BOAT SPEED The maximum hull 


EXCHANGE RATES The euro is the unit of currency for the European Union. 
On a certain day, the number Е of euros that could be obtained for D dollars 
was given by this function: 


E = 0.814190 


Find the inverse of the function. Then use the inverse to find the number of 
dollars that could be obtained for 250 euros on that day. 


2.13 


@ omelutor for problem solving help at classzone.com 


MULTI-STEP PROBLEM When calibrating a spring scale, you need to know 
how far the spring stretches for various weights. Hooke's law states that 

the length a spring stretches is proportional to the weight attached to it. A 
model for one scale is £ = 0.5w + 3 where £ is the total length (in inches) of 
the stretched spring and w is the weight (in pounds) of the object. 


a. Find the inverse of the given model. 


b. If you place a weight on the scale and the spring stretches to a total 
length of 6.5 inches, how heavy is the weight? 


терде 
DHomeTutor for problem solving help at classzone.com 


ж EXTENDED RESPONSE At the start of a dog sled race in Anchorage, Alaska, 
the temperature was 5°C. By the end of the race, the temperature was —10°C. 
The formula for converting temperatures from degrees Fahrenheit F to 


degrees Celsius Cis C = 2(F — 32). 


a. Find the inverse of the given model. Describe what information you can 
obtain from the inverse. 


b. Find the Fahrenheit temperatures at the start and end of the race. 


c. Use a graphing calculator to graph the original function and its inverse. 
Find the temperature that is the same on both temperature scales. 


speed y (in knots) of a boat 
with a displacement hull can be 
approximated by 


y = 1.34VE 


where £ is the length (in feet) of the 
boat's waterline. Find the inverse of 
the model. Then find the waterline 
length needed to achieve a maximum 
speed of 7.5 knots. 


i lew | = = 
Мере! а atclasszone.com 


. BIOLOGY The body surface area А (in square meters) of a person with a mass 


of 60 kilograms can be approximated by the model 
A = 0.2195h0-994 


where h is the person's height (in centimeters). Find the inverse of the model. 
Then estimate the height of a 60 kilogram person who has a body surface 
area of 1.6 square meters. 


= WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
on p. WS1 TEST PRACTICE 


51. CHALLENGE Consider the function g(x) = —x. 


a. Graph g(x) = —x and explain why it is its own inverse. Also verify that 
g(x) = g Mx) algebraically. 

b. Graph other linear functions that are their own inverses. Write 
equations of the lines you graphed. 


c. Use your results from part (b) to write a general equation describing the 
family of linear functions that are their own inverses. 


MIXED REVIEW : 


: PREVIEW Graph the function. 


CEEI 


: Prepare for 
: Lesson 6.5 
: in Exs. 52—57. 


52. у= |x| — 2 (p. 123) 53. y= |x * 1| +3 (p. 123) 54. у= —3|x| (p. 123) 


55. у= 3(х— 4)(х + 2) (p.245) 56. y= —2(x + 3)? — 4 (p.245) 57. у= 5х — 1)? + 7 (p. 245) 


Solve the system of linear equations. (p. 160) 
58. 3x — 4y — 24 59. 2x — 4y= 13 60. 7x — 12y = —22 
х+2у=2 4x—5y=8 25x + By = 14 
Solve the equation. (p. 353) 
61. бх? — 54x = 0 62. 2x° — 8x* + 8x = 0 63. 16x* = —250 
| 64. x? — 3x? + 8x = 24 65. 4x? + 8х2 — 25x —50 - 0 66. 12x* — 7х? — 45 = 0 


Quiz for Lessons 6.3-6.4 


Let f(x) = 4x? — x and р(х) = 2x?. Perform the indicated operation and state the 


domain. (p. 428) 

1. f(x) + р(х) 2, g(x) — f(x) 3. f(x) • g(x) 4. en 

5. f(g(x)) 6. g(f(x)) 7. FF) 8. g(g(x)) 
Verify that f and g are inverse functions. (p. 438) 

9. fix) 2x-9,g(0 =х+9 10. f(x) = 5x3, g(x) = JE 

"m 1 EE. 1 = . | [x—- 11142 

11. f(x) = 5* + 2 80) — gt ts 12. f(x) = 6x* + 1, x 2 0; g(x) =| 6 | 
Find the inverse of the function. (р. 438) 
13. f(x) = -ix +5 14. f(x) =x? — 16, x20 15. f(x) = -25 
16. f(x) = 5x + 12 17. f(x) = -3x? – 4 18. f(x) = 9x* — 49,x<0 


19. GASOLINE COSTS The cost (in dollars) of g gallons of gasoline can be modeled 
by С(г) = 2.15g. The amount of gasoline used by а car сап be modeled by 
g(d) = 0.024 where d is the distance (in miles) that the car has been driven. 
Find C(g(d)) and C(g(400)). What does C(g(400)) represent? (р. 428) 
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6 5 Graph Square Root and 


> radical function 


* parent function, 
p. 89 


: REVIEW DOMAIN 
: AND RANGE 


ERES 


: For help with the 


: domain and range of a 


: function, see p. 72. 


You graphed polynomial functions. 
[ Now | You will graph square root and cube root functions. 
So you can graph the speed of a racing car, as in Ex. 38. 


3 The radicand of a square root must be nonnegative. 


Cube Root Functions 


In 1 Lesson 6.4, 4, you saw the graphs of y = Vx and y= Vx. These are examples of 
al functions. In this lesson, you will learn to graph functions of the form 


ve ri hd aV x — h^ К. 


KEY CONCEPT For Vour Wotebook 


Parent Functions for Square Root and Cube Root Functions 


The parent function for the family The parent function for the family 
of square root functions is f(x) — Vx. of cube root functions is g(x) — Vx. 


Domain: x > 0, Range: y > 0 Domain and range: all real numbers 


# EXAMPLE - р Graph а square root function | 


Сгарһу= Мх, and state the domain and range. Compare the graph with 
the graph of y = Vx. 


Solution 
Make a table of values and sketch the graph. 


| 
— 


So, the domain is x 2 0. The range is y 2 0. 


The graph of y = ¿Vx is a vertical shrink of the graph 


of y = Vx by a factor of 5 
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CWE craph a cube root function 


Graph y = —3Vx, and state the domain and range. Compare the graph 
with the graph of y = Vx. 


Solution 


Make a table of values and sketch the graph. 


: REVIEW STRETCHES 


: The domain and range are all real numbers. 
: AND SHRINKS 


: For help ‘with vertical | The graph of y = —3YV x is a vertical stretch of the 
: stretches and shrinks, | graphofy= Vx by a factor of 3 followed by a 
: see p. 123. reflection in the x-axis. 


ЄТ) solve a multi-step problem 


PENDULUMS The period of a pendulum is the time 
the pendulum takes to complete one back-and-forth 
swing. The period T (in seconds) can be modeled by 


Т = 1.11V£ where Z is the pendulum's length (in feet). 
* Use a graphing calculator to graph the model. 


* How long is a pendulum with a period of 3 seconds? 


Solution 
STEP? Graph the model. Enter the STEP 2 Use the trace feature to find 
equation y = 1.11Vx. The the value of x when y = 3. 
graph is shown below. The graph shows x = 7.3. 


Е — — -— - — ” B 
Г > = See SSS SSeS ae, 
| | 


| Trace | 
| | | 


| Г М Х=7.31 Y=3.001108 | 


_ » A pendulum with a period of 3 seconds is about 7.3 feet long. 


Y Guwen Practice for Examples 1,2,and3 _ 


Graph the function. Then state the domain and range. 
1. у= —ЗУх 2. f(x) = {Vx 3. y= —1Vx 4. g(x) =4Vx 


5. WHAT IF? Use the model in Example 3 to find the length of a pendulum with 
a period of 1 second. 


6.5 Graph Square Root and Cube Root Functions 447 


TRANSLATIONS OF RADICAL FUNCTIONS The procedure for graphing functions 
of the form у = aVx— h + kand y = aV x — h + kis described below. 


i: KEY CONCEPT For Vour Notebook 
: Graphs of Radical Functions 
To graph y = dVx — h + kor у= aV x — h + К, follow these steps: 
STEP 1 Sketch the graph of y = Vx or y = aV x. 
STEP 2 Translate the graph horizontally h units and vertically К units. 


| ExaMPLE 4 crap» a translated square root function 


Graph y = -2Vx — 3 + 2. Then state the domain and range. 


Solution 


STEP? Sketch the graph of y = —2Vx (shown in 
blue). Notice that it begins at the origin 


; REVIEW and passes through the point (1, —2). 


: TRANSLATIONS | 
ревнива TERRE TA >  STEP2 Translate the graph. For y = —2Vx-—3 + 2; 


h = 3 and k = 2. So, shift the graph of 

у = —2Vx right 3 units and up 2 units. The 
resulting graph starts at (3, 2) and passes 
through (4, 0). 


: graphs, see р. 123. 


From the graph, you can see that the domain of the 
function is x = Запа the range of the function is y = 2. 


p 


TU 
эрга at classzone.com 


| Graph a translated cube root function mE 


Graph y — 3V x + 4 — 1. Then state the domain and range. 


Solution 


STEP? Sketch the graph of y — 3V x (shown 
in blue). Notice that it passes through 
the origin and the points (—1, —3) and 


1, 3). 

ш. BENE E 

STEP2 Translate the graph. Note that for ШИНЕ Шш 3 x} 
y-23Vx*4-1,h- -4andk- –1. LI TINI UU 


So, shift the graph of y — 3V x left 
4 units and down 1 unit. The resulting 


zs 


graph passes through the points yo 
(—5, —4), (—4, = апа (—3, 2). 


From the graph, you can see that the domain and 
range of the function are both all real numbers. 


(fnimatea Algebra at classzone.com 


= z 


owe 
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Graph the function. Then state the domain and range. 


6. y=-4Vx +2 7. y=2Vx+1 в. fix) = 1vx-3 - 1 
9. y -2Vx — 4 10. y= Vx – 5 11. g(x) = - Vx *2-3 


65 EXERCISES "н O-wongecursoumon 
.5 KEY: on р. WS12 for Exs. 11, 17, and 37 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 9, 25, 27, and 37 


D - MULTIPLE REPRESENTATIONS 
Ex. 39 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: Square root functions and cube root 
functions are examples of ? functions. 


2. * WRITING The graph of y = Vx is the graph of y= avx — h  k with a = 1, 
h = 0, and К = 0. Predict how the graph of y = Vx will change if: 


a a=-3 b. h=2 с. k=4 
: EXAMPLE 1 | SQUARE ROOT FUNCTIONS Graph the function. Then state the domain 
: on p. 446 and range. 
tii 3. y= —4\/х 4. f(x) = Vx 5. у= Vx 
6. у= —6Vx 7. у= 5Vx 8. р(х) = 9Vx 


9. * MULTIPLE CHOICE The graph of which function is shown? 


Ф) у= 2х O y=-3Vx 
© y-3Vx © y=-Vx 


: EXAMPLE 2 CUBE ROOT FUNCTIONS Graph the function. Then state the domain and range. 


E FERIA 


: m E tes 10. у= ¿Vx (1) y =2Vx 12. f(x) = —5Vx 
13. h(x) = Vx 14. g(x) = 6Vx 15. y — Vx 
: EXAMPLES RADICAL FUNCTIONS Graph the function. Then state the domain and range. 
: ЫРУГ INT 16. f(x) -2Vx— 1 +3 (7) y=(x+D1+8 18. у= -4Vx-5+1 
ERA | aa. у= 3415 – 1 20. у= -2Vx +5 + 5 21. h(x) = -3Vx +7 – 6 
22. у= -Vx -4 — 7 23. g(x) = -1Vx - 6 24. у= AVx -4 +5 


25. ж SHORT RESPONSE Explain why there are limitations on the domain and 
range of the function y = Vx — 5 + 4. 


6.5 Graph Square Root and Cube Root Functions 449 


26. ERROR ANALYSIS A student tried to 


explain how the graphs of y = —2Vx The graph of V | 
and y = -2V x + 1 — 3 are related. is the graph of Vx translated X 
Describe and correct the error. right 1 unit and down 3 units. м | 


27. ж MULTIPLE CHOICE If the graph of y = 3Vx is shifted left 2 units, what is the 
equation of the translated graph? 


Ф) y=3Vx-2 (D y-3Vx-2 © y=3Vx+2 0 y=3Vx+2 


REASONING Find the domain and range of the function without graphing. 
Explain how you found your answers. 


=Vx+5 29. y=Vx—12 30. у= Vx — 
81. у= 3Vx € 7 32. р(х) = Vx - 7 33. fix) = 2Vx -3 + 6 


34. CHALLENGE Graph y = Vx, у= Vx, y= Vx, and у= Vxona graphing 
calculator. Make generalizations about the graph of y = Vx when n is 
even and when n is odd. 


PROBLEM SOLVING 


: EXAMPLE 3 


: же р. '447 CAIDA 
: for Exs. 35-36 


450 


35. INDIRECT MEASUREMENT The distance d (in miles) that a pilot can see to 


the horizon can be modeled by d = 1.22Va where ais the plane's altitude 
(in feet above sea level). Graph the model on a graphing calculator. Then 
determine at what altitude the pilot can see 8 miles. 


@ DHomeli uto 27 for problem solving help at dasszone.com 


36. PENDULUMS Use the model T = 1.11V£ for the period of a pendulum from 
Example 3 on page 447. 


a. Find the period of a pendulum with a length of 2 feet. 
b. Find the length of a pendulum with a period of 2 seconds. 


eTut tor. for problem solving help at classzone.com 


* SHORT RESPONSE The speed v (in meters per second) of sound waves 
in air depends on the temperature K (in kelvins) and can be modeled by: 


= | 
v= 331.5) 5-0 = is" ,Kz0 


a. Kelvin temperature K is related to Celsius temperature C by the formula 
К = 273.15 + C. Write an equation that gives the speed v of sound waves 
in air as a function of the temperature C in degrees Celsius. 


b. What are a reasonable domain and range for the function from part (a)? 


- WORKED-OUT SOLUTIONS Ж = STANDARDIZED $ = MULTIPLE 
on p. WS1 TEST PRACTICE REPRESENTATIONS 


38. DRAG RACING For a given total weight, the speed of a car at the end of a 
drag race is a function of the car's power. For a car with a total weight of 
3500 pounds, the speed s (in miles per hour) can be modeled by s = 14.8¥/p 
where p is the power (in horsepower). Graph the model. Then determine 
the power of a 3500 pound car that reaches a speed of 200 miles per hour. 


39. @ MULTIPLE REPRESENTATIONS Under 
certain conditions, a skydiver's terminal 
velocity v, (in feet per second) is given by 


ки IW 
p, = 33.7 


where W is the weight of the skydiver 

(in pounds) and A is the skydiver's cross- 
sectional surface area (in square feet). Note 
that skydivers can vary their cross-sectional 
surface area by changing positions as they fall. 


a. Writing an Equation Write an equation that gives v, as a function of A for 
a skydiver who weighs 165 pounds. 


b. Making a Table Make a table of values for the equation from part (a). 
c. Drawing a Graph Use your table to graph the equation. 


40. CHALLENGE The surface area S of a right circular cone with a slant height 
of 1 unit is given by S = тт + rr? where r is the cone's radius. 


a. Use completing the square to show the following: 


2 La [Hl 
r dE ot 473 
b. Graph the equation from part (a) using a graphing 
calculator. 


с. Find the radius of a right circular cone with a slant 


| height of 1 unit and a surface area of зт square units. 


"MIXED REVIEW 


: PREVIEW Solve the equation. 


: Prepare for —— 
: Lesson 6.6 Al. z(x + 8)? = 3 (p. 266) 42. 9(x — 3)* + 22 = 130 (p. 266) 
: in Exs. 41-46. 
43. 7x^ — 20 = 36 (p. 266) 44. х? — 14x + 37 = 0 (p. 284) 
45. x? — 40x + 383 = 0 (p. 284) 46. х2 — 22x + 97 = 0 (p. 284) 


Find all the zeros of the polynomial function. (p. 379) 
47. f(x) = x! 5x3 — x? — 5x 48. f(x) = x! — Зх — 274% — 13x + 42 
49. f(x) = x! + x) + 2х2 + 4х – 8 50. f(x) = xf + 6x? + 14x? + 54x + 45 


Let f(x) = 5x?" and g(x) = 3х!'?. Perform the indicated operation. (p. 428) 


| 51. ES 52. f(x) * f(x) 53. g(x) * g(x) 54. f(x) * g(x) 
| 55. AEW) 56. g(f(x)) 57. ff) 58. g(g(0) 
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б Solve Radical Equations 
$ 


You solved polynomial equations. 


| Now |] You will solve radical equations. 


[ Why? ] So you can calculate hang time, as in Ex. 60. 


Equations with radicals that have variables in their radicands are called 
ns. An example of a radical equation is V2x +7 = 3. 


Deere | BT i "T 
radical equatic 
radical A чаце 


* extraneous 
solution, р. 52 


KEY CONCEPT For Your Notebook 


Solving Radical Equations 


To solve a radical equation, follow these steps: 


` 
= 
= 
Б 
ә 
ЕЈ 
* 
Ё] 
ЕЈ 
° 
ә 


STEP?  Isolate the radical on one side of the equation, if necessary. 


5. STEP2 Raise each side of the equation to the same power to eliminate the 
radical and obtain a linear, quadratic, or other polynomial equation. 


STEP 3 Solve the polynomial equation using techniques you learned in 
previous chapters. Check your solution. 


g EXAMPLE - p Solve a radical equation 


Solve V2x +7 — 3. 
V2x +7 = 3 Write original equation. 
(W2x+7)3=33 Cube each side to eliminate the radical. 
2x+7=27 Simplify. 
2x —20 Subtract 7 from each side. 
x= 10 Divide each side by 2. 
CHECK Check x = 10 in the original equation. 
120) +743 Substitute 10 for x. 
V27 23 simplify. 
3=3vY Solution checks. 


for Example 1 


Solve the equation. Check your solution. 


1. Vx -9--1 2. Vx + 25 = 4 3. 2Vx 3-4 
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( EXAMPLE 2 ) Solve a radical equation given a function 


: ANOTHER WAY 


: For alternative methods 
: for solving the problem 
: in Example 2, turn 

: to page 460 for the 

: Problem Solving 

: Workshop. 


: AVOID ERRORS 


: You can think of 
: x2/3 = 9 as (КР? = 9 
: and undo each power 
: separately: 
; 1/3? 9 
ES 

x= +27 


(x 


WIND VELOCITY In a hurricane, the mean sustained 
wind velocity v (in meters per second) is given by 


v(p) = 6.3ү1013 — p 


where pis the air pressure (in millibars) at the 
center of the hurricane. Estimate the air pressure at 
the center of a hurricane when the mean sustained 
wind velocity is 54.5 meters per second. 


Solution 


v(p) = 6.34 I013 — p Write given function. 
54.5 = 6.3/1013 — p Substitute 54.5 for v(p). 


8.65 = 1013 — p Divide each side by 6.3. 
(8.65)? == (1013 — p)? Square each side. 
74.8 = 1013 — p Simplify. 
—938.2=—р Subtract 1013 from each side. 
938.2 = p Divide each side by —1. 


> The air pressure at the center of the hurricane is about 938 millibars. 


GUIDED PRACTICE for Example 2 


4. WHAT IF? Use the function in Example 2 to estimate the air pressure 
at the center of a hurricane when the mean sustained wind velocity is 
48.3 meters per second. 


RATIONAL EXPONENTS When an equation contains a power with a rational 
exponent, you can solve the equation using a procedure similar to the one for 
solving radical equations. In this case, you first isolate the power and then raise 
each side of the equation to the reciprocal of the rational exponent. 


* ( EXAMPLE 3 ) Standardized Test Practice 


What are the solutions of the equation 4x%% = 36? 


(СА) +3 +6 (С ы? (р) 27 
Solution 
Ag = 36 Write original equation. 
shg Divide each side by 4. 
o шон Raise each side to the power 2 


> 
х= +27 Simplify. 
* The correct answer is D. (А) © Ф) 


6.6 Solve Radical Equations 
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[ EXAMPLE 4 | Solve an equation with a rational exponent 


| Solve (x + 2% – 1 = 7. 
Write original equation. 


(+2 -1=7 
Add 1 to each side. 


(х + 2)! = 8 


[0с + 2)5/4 4/3 — gus Raise each side to the power > 
x+2=(g'/5)* Apply properties of exponents. 
+2=2 Simplify. 
х+2= 16 Simplify. 

x= 14 Subtract 2 from each side. 


» The solution is 14. Check this in the original equation. 


Y GuinenPracrice . for Examples З and 4 
Solve the equation. Check your solution. 


5. 3x3/2 = 375 в. —2х3!4 = —16 7. E — 


8. (x + 3/* = 32 9. (x – 5)? = 81 10. (х + 2)2/8 +3 = 7 


EXTRANEOUS SOLUTIONS Raising each side of an equation to the same power 
may introduce extraneous solutions. When you use this procedure, you should 
always check each apparent solution in the original equation. 


Solve an equation with an extraneous solution 


Solve x + 1 = V7x + 15. 


х2 +2x+1=7x%4+15 


х+1= Ү7х + 15 Write original equation. 
(x + 12 = (V7x + 15)2 Square each side. 


Expand left side and simplify right side. 


| х? – 5х – 4 = 0 Write in standard form. 
7 E halo with fs aie (x — 7)(x + 2) = 0 Factor. 
: see р. 252. х-7=0 or x+2=0 Zero-product property 
x=7 or x= —2 Solve for x. 
CHECK 
Check x = 7 in the original equation. | Check x = —2 in the original equation. 
x+1=V7x+ 15 x+1=V7x+15 
7+12V7(7) + 15 -2 +12 ү7(-2) + 15 
8 2 V64 -1 2 V1 
в=8,/ —] #1 
| » The only solution is 7. (The apparent solution —2 is extraneous.) 
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SQUARING TWICE When ап equation contains two radicals, you may need to 
square each side twice in order to eliminate both radicals. 


D TIVA Solve an equation with two radicals o 


SolveVx+2+1=YV3-x. 


Solution 
METHOD 1 Solve using algebra. 


Vvx+2+1=V3-x Write original equation. 
: REVIEW (Vx +2 + 1)? = (V3 – х)? Square each side. 
: FOIL METHOD | 
: For help with ^ ^ ^ 7 | ЖРО УАТ а Expand left side апа simplify right side. 
: multiplying algebraic 2Vx +2 = -2x Isolate radical expression. 
: expressions using 
: the FOIL method, Vx+2=—x Divide each side by 2. 
papito (Vx + 2)? = (—x)? Square each side again. 

x+2=x Simplify. 
02x^-x-2 Write in standard form. 


0-(x—2)(x D Factor. 
х-2=0 or х+1=0 Zero-product property 
x=2 or x=-1 Solve for x. 


Check x = 2 in the original equation. | Check x = —1 in the original equation. 


Vx+2+1=V3-x Vx-241-V3-x 
vV2+2+12v3-2 V-I +2 +12 үз (=D 
va +121 VI +124 
3+1 sy 


> The only solution is —1. (The apparent solution 2 is extraneous.) 
METHOD 2 Use a graph to solve the equation. 


Use a graphing calculator to graph 
y^W-t2-tlandy,-V3 — х. Then 
find the intersection points of the two 
graphs by using the intersect feature. 
You will find that the only point of | M 
intersection is (—1, 2). Therefore, —1 Intersection 


is the only solution of the equation [ e re { 
Vx+2+1=YV3-x. я : — 


п. x- 5 = үх 12. Vl0x +9 =x+3 
13. Vax +5 = Vx 4 7 14. Vx45-—2-2Vy—2 


6.6 Solve Radical Equations 
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Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 12, 22, 43, 44, 59, and 60 


6.6 EXERCISES HOMEWORK: (Су = WORKED-OUT SOLUTIONS 
© КЕҮ: on p. WS12 for Exs. 5, 13, and 59 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: When you solve an equation algebraically, 
an apparent solution that must be rejected because it does not satisfy the 
original equation is called a(n) _?_ solution. 


2. * WRITING A student was asked to solve V3x — 1 — V9x — 5 = 0. His 
first step was to square each side. While trying to isolate x, he gave up in 
frustration. What could the student have done to avoid this situation? 


: EXAMPLET | EQUATIONS WITH SQUARE ROOTS Solve the equation. Check your solution. 


PL 3. Убх - 1-6 4. Vàx +10 = 8 (5.)v9x + 11 = м 
: for Exs. 3-21 


6. Var - £-0 7. —2V24x + 13 = —11 8. 8V10x —7=9 
9. Vx-25+3=5 10. —4Vx — 6 = —20 11. V-2x+3-2=10 
12. Ж MULTIPLE CHOICE What is the solution of V8x + 3 = 3? 
do -3 ® 0 © + ® 2 
EQUATIONS WITH CUBE ROOTS Solve the equation. Check your solution. 
(2) Vx - 10 = -3 14. Vx — 16 =2 15. V12x – 13 = —7 
16. 3V16x — 7 = 17 17. —5V8x + 12 = —8 18. Vax +5 == 
19. Vx-3+2=4 20. V4x +2 — 6 = -10 21. —4V x + 10 +3 = 15 


22. * OPEN-ENDED MATH Write a radical equation of the form Vax + b = cthat 
has —3 as a solution. Explain the method you used to find your equation. 


: EXAMPLES EQUATIONS WITH RATIONAL EXPONENTS Solve the equation. Check your 
:3and4 solution. 


: on рр. 453-454 | 2/3 _. Ш. Bu LR 
; юг Exs. 23-33 | 23: 27° =32 24. 2х" = 16 25. 9: = 36 
26. (8x)? + 44 = 300 27. ie + 9)3/2 = 49 28. (x — 5)5/3 — 73 = 170 
1/2 
29. E = 11) =5 30. (5x — 19)?/6 = 32 31. (3x + 43)? + 22 = 38 


ERROR ANALYSIS Describe and correct the error in solving the equation. 
ahi 33. 


У © ye 
y 2) [(х 2^ 


" r^ 
56 
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: EXAMPLE 5 


а EEE 


: for Exs. 34-44 


: EXAMPLE 6 


а AAA 


: on p. 455 
: for Exs. 45-52 


SOLVING RADICAL EQUATIONS Solve the equation. Check for extraneous 


solutions. 

34. x – 6 = V3x 35. x — 10 — V9x 36. x = V16x + 225 
37. V21x 4312 x 5 38. V44 —2x = x — 10 39. Vxi?+4=x+5 
40. x 2— 4x - 2 41. V3 — 8x2 = 2x 42. Vax — 1 = 2x- 1 


43. * MULTIPLE CHOICE What is (are) the solution(s) of V32x — 64 = 2x? 
СА) 4 (В) -16 O 4, -16 (D L3 


44. k SHORT RESPONSE Explain how you can tell that Vx + 4 = —5 has no 
solution without solving it. 


EQUATIONS WITH TWO RADICALS Solve the equation. Check for extraneous 
solutions. 


45. VAx - 1 = Vx + 10 46. V12x 5 — V8x + 15 = 0 
— A 

47. V3x-8+1=Vx+5 48. [ex — 4 = ү2х-7 

49. Vx+2=2-— Vx 50. V2x - 3 +2 = V6x +7 

51. V2x+5=Vx+2+1 52. V5x +6 +3 = V3x +3 +4 

SOLVING SYSTEMS Solve the system of equations. 

53. 3Vx + 5Jy = 31 54. 5Vx — 2үу = 4V2 
5Vx — 5Vy = -15 2Vx + Зүу = 13V2 


55. CHALLENGE Give an example of a radical equation that has two extraneous 
solutions. 


PROBLEM SOLVING 


: EXAMPLE 2 


я RAI 


: on p. 453 
: for Exs. 56-57 


56. MAXIMUM SPEED In an amusement park ride called the Sky Flyer, 
a rider suspended by a cable swings back and forth like a pendulum 
from a tall tower. A rider's maximum speed y (in meters per second) 
occurs at the bottom of each swing and can be approximated by 
y= V2gh where й is the height (in meters) at the top of each swing 
and gis the acceleration due to gravity (е = 9.8 m/sec’). If a rider's 
maximum speed was 15 meters per second, what was the rider's 
height at the top of the swing? 
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57. BURNING RATE A burning candle has a radius of rinches and was initially 
h, inches tall. After t minutes, the height of the candle has been reduced to 
h inches. These quantities are related by the formula 
[kt 
ү miha — №) 


where kis a constant. How long will it take for the entire candle to burn if its 
radius is 0.875 inch, its initial height is 6.5 inches, and k = 0.04? 


[ or for problem solving help at classzone.com 


58. CONSTRUCTION The length £ (in inches) of a standard nail can be modeled 
by 4 = 54d?" where d is the diameter (in inches) of the nail. What is the 
diameter of a standard nail that is 3 inches long? 


* SHORT RESPONSE Biologists have 
discovered that the shoulder height h 
(in centimeters) of a male African 
elephant can be modeled by 


h = 62.5Vt + 75.8 


where t is the age (in years) of the 
elephant. Compare the ages of two 
elephants, one with a shoulder 
height of 150 centimeters and the 
other with a shoulder height of 
250 centimeters. 


60. * EXTENDED RESPONSE “Hang time” is the time you are suspended in the 
air during a jump. Your hang time f (in seconds) is given by the function 
t — 0.5Vh where h is the height of the jump (in feet). A basketball player 
jumps and has a hang time of 0.81 second. A kangaroo jumps and has a hang 
time of 1.12 seconds. 


a. Solve Find the heights that the basketball player and the kangaroo 
jumped. 

b. Calculate Double the hang times of the basketball player and the 
kangaroo and calculate the corresponding heights of each jump. 

c. Interpret If the hang time doubles, does the height of the jump double? 
Explain. 

Poimareapigebra 


ы й-б фе =” 


at classzone.com 


61. MULTI-STEP PROBLEM The Beaufort wind scale 
was devised to measure wind speed. The Beaufort 
numbers B, which range from 0 to 12, can be 


modeled by САП 


В = 1.69Vs + 4.25 — 3.55 " pum 


Gentle breeze 


where s is the speed (in miles per hour) of the wind. 
Strong breeze 


a. Find the wind speed that corresponds to the 
Beaufort number B = 0. Strong gale 


b. Find the wind speed that corresponds to the _ Hurricane 
Beaufort number B = 12. | 


c. Write an inequality that describes the range of 
wind speeds represented by the Beaufort model. 


- WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
458 on p. WS1 TEST PRACTICE 


62. CHALLENGE You are trying to determine a truncated pyramid's height, which 
cannot be measured directly. The height h and slant height £ of the truncated 
pyramid are related by the formula shown below. 


= үн + (6, — bp? 


In the given formula, b, and b, are the side lengths of the upper and lower 
bases of the pyramid, respectively. If £ = 5, b, = 2, and b, = 4, what is the 
height of the pyramid? | 


MIXED REVIEW 


: PREVIEW Evaluate the expression. Tell which properties of exponents you used. (p. 330) 
Prepare for 3З a2 xu | En 

: Lesson 7.1 sends 64. (372) 65. (—5)(—5) 

: іп Exs. 63-68. | 66. (10 3)7 67. 8 ^. 83 68. 6^. 8^. g^ 


Graph the function. (p. 337) 
69. f(x) = х? 70. f(x) = x* - 9 71. f(xy) 2 x3 + 2 
72. f(x) = x* — 8x? — 48 73. f(x) = e +x 74. f(x) =х?—2х—4 


Evaluate the expression without using a calculator. (p. 414) 


75. 163/2 76. — 77. —2561/* 
g »/3 
qos 79. 3125 3/5 80. —L. 
9743 


Quiz for Lessons 6.5—6.6 


Graph the function. Then state the domain and range. (p. 446) 


1. y-4Vx 2. у= Vx + З 3. g(x) = Vx +2 – 5 
4. у= 5х 5. f(x) =Vx-4 6. y=Vx-3+2 
Solve the equation. Check for extraneous solutions. (p. 452) 

7. Убх + 15 - 9 8. Ax + 8)3/2 = 54 g Verc 5-325 
10. x 3 = У10х — 54 ii Vidr—4d-5x—1-1 12. 20-9 = Ўх– 6 


13. ASTRONOMY According їо Kepler's third law of planetary motion, the 
function Р = 0.199a*”? relates a planet's orbital period P (in days) to 
the length a (in millions of kilometers) of the orbit's minor axis. The 
orbital period of Mars is about 1.88 years. What is the length of the 
orbit's minor axis? (p. 452) 
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Using ALTERNATIVE METHODS 


Another Way to Solve Example 2, page 453 


MULTIPLE REPRESENTATIONS In Example 2 on page 453, you solved a radical 
equation algebraically. You can also solve a radical equation using a table or 
a graph. 


WIND VELOCITY In a hurricane, the mean sustained wind velocity v 
(in meters per second) is given by 


v(p) = 6.31013 = p 


where p is the air pressure (in millibars) at the center of the hurricane. 
Estimate the air pressure at the center of a hurricane when the mean 
sustained wind velocity is 54.5 meters per second. 


Using a Table The problem requires solving the radical equation 
6.31013 — p = 54.5. One way to solve this equation is to make a table of 
values. You can use a graphing calculator to make the table. 


STEP? Enter the function у = 6.3V1013 — x into a graphing calculator. Note that 
x represents air pressure and y represents wind velocity. Set up a table to 
display x-values starting at 900 and increasing in increments of 10. 


Y196.3*x1(1013-X) 
Y2= 
Y3= 
Y4= 
Y5= 
Y6= 
Y7= 


TABLE SETUP 
TblStart=900 
ATbL=10 

Indpnt: Ask 

| Depend: Ask 


STEP 2 Make a table of values for the function. The first table below shows that 
y = 54.5 between x = 930 and x = 940. To approximate x more precisely, 
set up the table to display x-values starting at 930 and increasing in 
increments of 1. The second table below shows that y = 54.5 between 
x = 938 and x = 939. 


> The mean sustained wind velocity is 54.5 meters per second when the 
air pressure is between 938 and 939 millibars. 


Chapter 6 Rational Exponents and Radical Functions 


Using a Graph You can also use a graph to solve the equation 


6.3/1013 — p = 54.5. 


STEP 7 Enter the functions у = 6.3V1013 — x and 
y = 54.5 into a graphing calculator. 


STEP 2 Graph the functions from Step 1. Adjust 
the viewing window so that it shows the 
interval 800 < x « 1100 with a scale of 50 
and the interval 25 < y < 75 with a scale 
of 5. 


STEP 3 Find the intersection point of the two 
graphs using the intersect feature. 
The graphs intersect at about (938, 54.5). 


air pressure is about 938 millibars. 


¥2654.5 
| [Y 
Y4= 
acl 
Ye- 
Y7= 


үл б6.3*{0(1013-Х) 


Intersection 
X=938. 16377 Y=54.5 


» The mean sustained wind velocity is 54.5 meters per second when the 


[ PRACTICE | > 


SOLVING EQUATIONS Solve the radical equation 
using a table and using a graph. 


1.V25-x=8 


6. WHAT IF? In the problem on page 460, what 
is the air pressure at the center of a hurricane 


when the mean sustained wind velocity is 


25 meters per second? 
2. 2.3Vx— 1 = 11.5 n 
т. GS GEOMETRY The lateral surface 
3. 4.3Vx- 7 = 30 area L of a right circular cone is 
4. 62 — 7x — 1.2 = 22.8 рени 


L=1Wr? + n 


5. ROCKETS A model rocket is launched 25 feet 


from you. When the rocket is at height h, the 
distance d between you and the rocket is given 
by d = V625 + h° where hand d are measured 
in feet. What is the rocket's height when the 
distance between you and the rocket is 100 feet? 


where ris the radius and his the 
height. Find the height of a right 
circular cone with a radius of 

7.5 centimeters and a lateral surface 
area of 900 square centimeters. 


Using Alternative Methods 
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Use after Lesson 6.6 


Solve Radical Inequalities 


Ге ТИ Solve radical inequalities by using tables and graphs. 


In Chapter 4, you learned how to use tables and graphs to solve quadratic 
inequalities. You can also use tables and graphs to solve radical inequalities. 


Solve a radical inequality using a table 


Use a table to solve 3Vx — 1<11. 


Solution 
STEP 7 


STEP 2 


STEP 3 


STEP 4 


Enter the function y = 3Vx — 1 
into a graphing calculator. 


11B3x 00 -1 
Y2= 
Үз= 
Y4z 
Ү5= 
Ye- 
Үт= 


Set up the table to display x-values 
starting at 0 and increasing in 
increments of 1. 


TABLE SETUP 
TblStart=0 
ATbl=1 — —— 

Indpnt: Ask 

Depend: Ask 


Make the table of values for 

y = 3Vx — 1. Scroll through 
the table to find the x-value for 
which y = 11. This x-value 

is 16. It appears that 

3Vx — 1 < 11 when x < 16. 


Check the domain of y = 3Vx — 1. 
The domain is x 2 0, so the 
solutions of 3Vx — 1 € 11 cannot 
be negative. (This is indicated by 
the word ERROR next to the 
negative x-values.) 


> The solution of the inequality is x < 16 and x > 0, which you can write as 
0<х< 16. 
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d EXAMPLE 2 | Solve a radical inequality using a graph 


Use a graph to solve Vx — 5 > 3. 


Solution 
STEP Y Enter the functions y = Vx — 5 and ) === ` 
y = 3 into a graphing calculator. үз ҮСХ-5) 


¥ 283 
Y3= 
Y4= 
Ys- 
Үв= 
Y7= 


STEP 2 Graph the functions from Step 1. Adjust 
the viewing window so that the x-axis 
shows 0 < x < 30 with a scale of 5 and the 
y-axis shows —3 < y x 8 with a scale of 1. 


: INTERPRET DOMAIN STEP 3 Identity the x-values for which the graph 

: In Example 2, note of y = Vx — 5 lies above the graph of 

: that the domain of y = 3. You can use the intersect feature to 

¡Y =Vx=515Xz 5. show that the graphs intersect when 

: Therefore, the domain x = 14. The graph of y = Vx — 5 lies | 

; does not affect the above the graph of у = 3 when x > 14. | Intersection 

: solution. y X214 Y=3 


> The solution of the inequality is x > 14. 


PRACTICE 


: EXAMPLE 1 Use a table to solve the inequality. 


: on p. 462 


£M] 1. 2Vx -523 2. Vx—4=<5 3. 4Vx+1<9 
: for Exs. 1-6 | 
4. Vx +7 23 5. Vx - Vx *323 6. Vx + Vx—-5s5 
: EXAMPLE 2 _ Use a graph to solve the inequality. 
Уже ЖЕ т. 2Vx +3=8 8. Ух 2322.6 9. 7Vx - 1«9 
10. 43x – 7 > 7.8 11. Vx—Vx+5<-1 12. Vx -2 + Vx- 1x9 


13. SAILBOAT RACE In order to compete in the America's Cup sailboat race, 
a boat must satisfy the rule 


L + 1.25Vs — 9.8V d = 16 


where 7 is the length (in meters) of the boat, sis the area (in square meters) of the 
sails, and d is the volume (in cubic meters) of water displaced by the boat. A boat has 
a length of 20 meters and displaces 27 cubic meters of water. What is the maximum 
allowable value for s? 
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MIXED REVIEW су; 


Lessons 6.4-6.6 


1. MULTI-STEP PROBLEM A manager ata 
clothing store is determining the retail 
prices of items so that they can be tagged 
and placed on the sales floor. The equation 
that the manager uses is R = C + MC where 
Ris the retail price, Cis the cost that the 
store pays for the item, and M is the percent 
(expressed as a decimal) that the item is 
marked up. 


a. The markup for women's athletic shoes is 
4096. Write a function that gives the retail 
price R in terms of the cost C. 


. Find the inverse of the function from 
part (a). 


Use the inverse function to find the cost 
of a pair of women's athletic shoes that 
has a retail price of $60. 


. SHORT RESPONSE The graph of 
y = V3x — 5 is shown below. Solve the 
equation V3x — 5 — 4. Explain how 


Problem Solving 


6. OPEN-ENDED Write two functions whose 
graphs are translations of the graph of 
y = Vx. The first function should have 
a domain of x 2 4. The second function 
should have a range of y= —2. 


. SHORT RESPONSE An object is launched 
upward from ground level and reaches a 
maximum height of h feet. The initial 
velocity v (in feet per second) of the object 
is given by the function v — 8Vh. 


a. Find the inverse function. 


b. Write a problem that can be solved using 
the inverse function. Show how to solve 
the problem. 


. GRIDDED ANSWER Your friend releases a 
weather balloon 50 feet from you. When 
the balloon is at height h, the distance d 
between you and the balloon is given by 


= V2500 + А? where h and d are measured 


in feet. To the nearest foot, what is the height 
of the balloon when the distance between 
you and the balloon is 100 feet? 


you can use the graph of y = V3x — 5 
to verify that your solution is correct. 


. OPEN-ENDED Write a radical equation whose 
only solution is —5. 


. EXTENDED RESPONSE On a certain day, the 
function that gives Swedish kronor in terms 
of U.S. dollars is k = 7.463d where k represents 
kronor and d represents U.S. dollars. 


a. Find the inverse function. 


b. How many U.S. dollars do you receive for 
25 kronor? 


. Express what the inverse function means in 
words. 


. SHORT RESPONSE You drop a pebble into 
a calm pond, causing ripples of concentric 
circles. The radius r (in feet) of the outer ripple 
is given by r(t) = 6t where tis the time (in 
seconds) after the pebble hits the water. The 
area A (in square feet) of the outer ripple is 
given by A(r) = rr”. Find A(r(t)) and evaluate 
A(r(2)). What does A(r(2)) represent? 


. SHORT RESPONSE Find a square root function 
that passes through the points (—14, 0) and 
(—13, 1). Are there other square root functions 
that pass through these points? Explain. 
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: BIG IDEAS For Vour Wotebook 
Big idea @ ; Using Rational Exponents 


. The following are properties of rational exponents. Let a and b be real numbers 
> and let m and n be rational numbers. 


Example 


es 


45/2 a 412 — 43 = 64 
(am)? = am (08) 22 = 4 


(ab)" = ать" (25.4142 2512.40.52 10 


Big (deo ө : Performing Function Operations and Finding Inverse Functions 


Example: f(x) = 2x, g(x) = x — 5 
h(x) = 2х + (х – 5) = 3х – 5 


Addition h(x) = f(x) + g(x) 
A(x) = Дх) – 9069 | 


h(x) = f(x) - g(x) | h(x) = 2x(x — 5) = 2x? — 10x 


Subtraction hix) = 2х-(х-5)=х+5 


Multiplication 


ete fo) _ 2x 
Division h(x) = (х) = УБ 
Composition h(x) = g(f(x)) h(x) = 2х – 5 
Inverse h(x) = g'(x) h(x) = х+5 


Big ldea © : Graphing Radical Functions and Solving Radical Equations 


. To graph radical functions, use the graph То solve a radical equation, first isolate 
of the parent functions. For example, to the radical. Then raise each side of the 


graph y = Vx + 1 — 2, translate the graph equation to the same power and solve 
the polynomial equation. 


of y = Vx left 1 unit and down 2 units. 
V2x-5-3=2 Write equation. 
V2x-5=5 Isolate radical. 
(V2x —5)?=52 Square each side. 


2x-5=25 Simplify. 


x= 15 Solve. 


Chapter Summary 465 


3113413 


y » 


REVIEW KEY VOCABULARY 


* nth root of a, p. 414 * power function, p. 428 • inverse function, р. 438 
«index of a radical, p. 414 * composition, p. 430 * radical function, p. 446 
* simplest form of a radical, p. 422 * inverse relation, p. 438 * radical equation, p. 452 


* like radicals, p. 422 


VOCABULARY EXERCISES 
1. Copy and complete: The index of the radical VT7is ?. 
2. List two different pairs of like radicals. 


3. Copy and complete: A(n), ? function has the form y = ax? where a is a real 
number and b is a rational number. 


4. WRITING Explain how the graph of a function and the graph of its inverse are 
related. 


5. WRITING Explain how to use the horizontal line test to determine whether the 
inverse of a function fis also a function. 


6. WRITING Describe how the graph of y = Vx — 4 + 5 15 related to the graph of the 
parent function y = Vx. 


7. REASONING A student began solving the equation x?" = 5 by cubing each 
side. What will the student have to do next? What could the student have 
done to solve the equation in just one step? 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding 
of the concepts you have learned in each lesson of Chapter 6. 


. Evaluate the expression. 


a. (¥/16) = 25 = 32 


b. 27 4 = 1 ES 1 v oH se 2 


ee 


2743 (97/34 34 81 


EXERCISES 
: EXAMPLE 2 Evaluate the expression without using a calculator. 
: on р. 415 | 1/4 1/3 x суры 3 
: for EXS. 8-15 8. 81 9. 0 10. V —64 11. V125 
7 
12. 2563/* 13. 2772/3 14. (8) іб. 
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Apply Properties of Rational Exponents 


|| 


: EXAMPLES 
: 4,6, and 7 


: on pp. 422-423 
: for Exs. 16—19 


a. f(x) + g(x) = (3 + 1) + (х + 4) = 3x7 + х + 5 
b. f(x) • р(х) = (3х2 + 1) (х + 4) = 3х + 12x^ - x - 4 


Write the expression іп simplest form. Assume all variables are positive. 


4 \1/2 4)1/2 4-1/2 2 
а. Vis = 8-6 = V8 - V6 =2%6 ree дс л 
у (ув)! 12 y ‚1/2 y! 
EXERCISES 
Write the expression in simplest form. Assume all variables are positive. 
m 
3 4. g4)- V4 103.16\1/2 [18y 
16. V80 17. (34-54) 18. (25a!9p!6) 19. oa 


Let f(x) = 3x* + 1 and g(x) = x + 4. Perform the indicated operation. 


c. f(g(x)) = f(x + 4) = 3(x + 4)? + 1 = З(х + 8x + 16) + 1 = Зх? + 24x + 49 


: тее on EXERCISES 

uvm. oco A Let f(x) = 4x — 6 and р(х) = x + 8. Perform the indicated operation. 

: On pp. 428-430 

: forExs. 20-23 | 20. f(x) + g(x) 21. f(x) — g(x) 22. f(x) * g(x) 23. f(g(x)) 


: EXAMPLES 
: 1,4, and 5 


: on pp. 438-441 
: for Exs. 24-26 


Use Inverse Functions 


Find the inverse of the function y = 3x + 7. 


y=3x+7 Write original function. 
x=3y+7 Switch x and y. 


x—7-23y Subtract 7 from each side. 
ir = t = у Divide each side by 3. 
EXERCISES 


Find the inverse of the function. 


24. у= 3x +4 25. у= Ax^ + 9, x20 


26. f(x) = x3 — 4 


Chapter Review 
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Graph Square Root and Cube Root Functions pp. 446-451 


Graph y = -Vx — 3 + 2. 

Sketch the graph of y — —Vx. Notice that it begins at the 
origin and passes through the point (1, —1). 

For y= Ух — 3 + 2, h = 3, and k = 2. So, shift the graph 
of y= —Vx right 3 units and up 2 units. The resulting 


J graph begins at the point (3, 2) and passes through the 
point (4, 1). 


| EXAMPLE 


Graph y = Úx+2- 

Sketch the graph of y = Vx. Notice that it passes 
through the points (—1, —1), (0, 0), and (1, 1). 

For y = Vx +2 – 4, h = —2 апа k = -4. So, shift the 
graph of y = Vx left 2 units and down 4 units. The 


resulting graph passes through the points (—3, —5), 
(2, D, and (—1, 3. 


; EXAMPLES | EXERCISES 


4 and 5 
: ds a Graph the function. Then state the domain and range. 
: for Exs. 27-29 | 27. у=ух+3-+5 28. y=3Vx+1-A4 29. y=Vx—-4-5 


Solve Radical Equations 


| Solve V4x + 9 = 5. 
V4x+9=5 Write original equation. 
(Vax+9)=5? Square each side to eliminate the radical. 


4х +9 = 25 Simplify. 
4x = 16 Subtract 9 from each side. 
x=4 Divide each side by 4. 


CHECK Check x = 4 in the original equation. 
Мх +9 = ү4(4) +9 =V25 =5v 


: EXAMPLES EXERCISES 


: 1, 3, and 5 | е . 

TOS Solve the equation. Check for extraneous solutions. 

: on pp. 452-454 

: for Exs. 30-32 | 30. V5x—4=2 31. 3355 = 24 . Vx? — 10 = УЗх 
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Evaluate the expression without using a calculator. 


1. —12518 2. 3215 3. V81 4. V27 
5. 85/3 6. 16 3^? z 7—99) 8. (V64) * 


Write the expression in simplest form. Assume all variables are positive. 


ma Por 
9. V88 10. V16 - V8 ll. 435 a E 
9 
6 | 
13. V64x*y? 14. V2x5ysz 15. zi 16. [y 
y Y 36x22 


Let f(x) = 2x + 9 and g(x) = 3x — 1. Perform the indicated operation and state 
the domain. 


17. f(x) + р(х) 18. f(x) — g(x) 19. f(x) • g(x) 20. a 

21. f(g(x)) 22. g(f(x)) 23. FF) 24. g(g(x)) 

Find the inverse of the function. 

25. y=-2x+5 26. у= ix 4 27. f(x) = 5x — 12 

28. у= 3x. x20 29. f(x) = х3 +5 30. f(x) = -2x + 1 
Graph the function. Then state the domain and range. 

31. y= —6Vx 32. у= Vx—4 -2 33. f(x) = - Vx +3 +4 
Solve the equation. Check for extraneous solutions. 

34. V3x +7 = 4 35. V3x — Ух +6 = 0 36. x -3- Vx- 1 


37. KINETIC ENERGY The kinetic energy E (in joules) of a 1250 kilogram 
compact car is given by the equation E = 625s* where s is the speed of the 
car (in meters per second). 


a. Write an inverse model that gives the speed of the car as a function of its 
kinetic energy. 


b. Use the inverse model to find the speed of the car if its kinetic energy is 
120,000 joules. Give the speed in kilometers per hour. 


c. If the kinetic energy doubles, will the speed double? Explain why or 
why not. 


38. BOWLING SCORES In bowling, a handicap is a change in score to adjust for 
differences in players' abilities. You belong to a bowling league in which 
each bowler's handicap h is determined by his or her average a using this 
formula: 


h = 0.9(200 — a) 


If a bowler's average is over 200, the handicap is 0. Find the inverse of the 
model. Then find your average if your handicap is 36. 


Chapter Test 469 


* Standardizec 


“ScoringRubric | EXTENDED RESPONSE QUESTIONS 


Full Credit _ 
* solution is complete | (ҮТТЕ 

and correct 2 
Partial Credit 


+ solution is complete For a type of dinosaur called a theropod, the height at the hip h (in 
but has errors, centimeters) can be modeled by h(£) = 3.491*** where 4 is the length 
or (in centimeters) of the dinosaur's instep. 

* solution is without 


error but incomplete The length of the instep can be modeled by £(p) = 1.2p where p is the 


footprint length (in centimeters). 


No Credit VEU 
* no solution is given, a. Find and simplify h(£(p)). 
or | 
* solution makes no b. Evaluate h((20). 
sense | c. Explain the meaning of h(£(20)). 


Below are sample solutions to the problem. Read each solution and the 
comments on the left to see why the sample represents full credit, partial 
credit, or no credit. 

SAMPLE 1: Full credit solution 


a. h(£(p) = h(1.2p) 


nn РРУРЕРРРЕ > == 3.49(1.2p) 4 
The composition is _ гы ы 
formed and simplified = 3.49(1.2) "p 
correctly. ~ 4.30р!-!4 
b. То evaluate h(£(20)), substitute 20 for р. 

wave bees —— ч 4.30p!** = 4.30 A a T = 4.30 (30.4) = 131 

f h(£(20)) i ize ‹ 
н th i5 c. The composition h(£(p)) represents the height at the hip h of a 
and a clear explanation theropod as a function of the footprint length p. Therefore, h(£(20)) = 
of its meaning is given. 131 means that a theropod with a footprint length of 20 centimeters 


had an approximate height at the hip of 131 centimeters. 


SAMPLE 2: Partial credit solution 


a. h(£(p)) = h(1.2p) 


T — з — , ————Á ) = 3.49(1.2p)-^ 
Т t t t 
e student does no = 3.49 (1.2)p4 


apply the power of 

a product property = 4,19p'-4 

сопку. b. To evaluate h(£(20)), substitute 20 for р. 

———— ——— = 4.19p!"* = 4.19 (20) = 4.19(30.4) = 127 

The student evaluates | ‚ В 

the composition correctly c. The value of h(£(20)) is the height at the hip of a theropod with a 
and explains its meaning. footprint length of 20 centimeters. 
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The composition is 
formed and simplified 
incorrectly. 


AEREA STP RPP 


The student substitutes 
20 for £ rather than p. 


The student's description 
of h(£(20)) is incorrect. 


1. 


SAMPLE 3: No credit solution 


а. h р)) = (3.49014) 
=1, 2(3. 49/14) 
> Sr 2( 3.49)! ла. 14 
= 1 зале) 


. To evalu: E. CN substitute 20 for J. 
pee 14 =4 e a 


= 152. 


c. The composition h(£(p)) т 
functi pania the instep lengt 


PRACTICE Apply the Scoring Rubric 


Score each of the following solutions to the problem on the previous page as 
full credit, partial credit, or no credit. Explain your reasoning. If you choose 
partial credit or no credit, explain how you would change the solution so 


that it earns a score of full credit. 


a. h(£(p)) = h(1.2p) 
= 349(1.2p)"* 
= 3A49(1 ay 
= А, Sp" 
b. h(£(20)) = 4.3(20)'* 
= 4.5(350.4) 
== 160 


c. The value of h(£(20)) means that a theropod with a footprint 
20 centimeters long had a height at the hip of 160 centimeters. 


a. h(l(p)) = h(.2p) 
= 3A9(1.2p) 
= 419p 
b. Substitute 10 for p. 
h(£(10)) = 4.19(10) 
= 41.9 
c. lf a theropod has a footprint length of 41.9 centimeters, then the 


agth ee. is 20 Ieee tall. 


theropod was 10 centimeters tall. | 
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EXTENDED RESPONSE 


1. The gear ratio of a bicycle is the number of teeth in the chainwheel divided by 


3 


» 


the number of teeth in the freewheel. The number w of rear-wheel revolutions is 
equal to the product of the gear ratio and the number p of pedal revolutions. 


a. A bicycle in first gear has 24 teeth in the chainwheel 
and 32 teeth in the freewheel. Write a function that 
gives win terms of p. 


b. The distance d (in inches) a bicycle travels after 
w rear-wheel revolutions is given by the function 
d — 220w. Use composition of functions to find a 
function that gives d in terms of p. 


c. The gear ratio changes when the gear is shifted. 
Copy and complete the table. Explain how the 
distance traveled per pedal revolution changes as you shift gears. 


In rowing, a boat's speed s (in meters per second) can be modeled by the 
equation s — 4.62V n where n is the number of rowers. 


a. Usea calculator to find the speed of a boat for crews of 2 people, 
4 people, and 8 people. 

b. Find the time (in minutes) it takes each crew from part (a) to complete 
a 2000 meter race. 

c. Does doubling the number of rowers double the speed? Explain. 


The table shows volume formulas for various right prisms that have 
length / and whose bases are жы polygons with side length s. 


a. Find the volume of a cube with an edge length of 4 inches. 


b. Suppose that each prism in the table has the same volume as the cube 
from part (a) and £ = s. Find the side length s for each prism. 


c. In part (b), what happens to the side length s as the number of sides of 
the prism's base increases? Explain. 


You have two hemispherical snow globes. One globe has twice as much 
surface area as the other. 


a. Solve the formula for the surface area of a hemisphere, S = 311%, for г. 

b. Substitute the expression for r from part (a) into the formula for the volume 
of a hemisphere, V = 23. Simplify the result. 

c. Compare the volumes of the two snow globes. 


Chapter 6 Rational Exponents and Rational Functions 


20. The graphs of two functions fand g are 


)) STATE TEST PRACTICE 


^ classzone.com 
MULTIPLE CHOICE GRIDDED RESPONSE 
5. What is the solution of the equation 8. What is the solution of the equation (8x)? = 
V2x +3 = 5? 9. Let f(x) = 2x!" and g(x) = 31?. What is the 
Ф) -14 O —4 value of g(f(9))? 
-1/5 
(С) 1 > 11 0. What is the value of (> ? 
6. The graph of which function is shown? 
aT TT. 11. In the equation  16x°)4z = 2x^yz^, what is 
pid the sum of a and b? Assume all variables are 
positive. 
12. What is the value of ———— ? 
(1/625)? 
13. Let f(x) = 25 and g(x) = 5x^^. What is 


Dy-4x:3 Ф y-1-3 
O y=Vx+3 D y=Vx-3 


the value ol n * g(x) when x = 3? 
4. What is the y-intercept of the graph of the 


7. What is the inverse of y = —2x° + 10? function у= Vx — 8 + 5? 
y^ q9— ty (В) y=20- V2x 15. For what value of x does f(x) = g(x) where 
2 
i К) = Vx 2 + 3 and g(x) = Vx + 13? 
P2 
© y-V2x-20 Ф) y= Vax -5 16. Consider the function y = 3x + 9. What is the 


slope of the graph of the inverse? 


SHORT RESPONSE 
17. Solve the equation —Vx + 4 = Vx — 1 + 1 algebraically. Then solve the 


equation by graphing. Are the results the same? Explain why or why not. 


18. A function for converting x millimeters to y inches is y = 0.03937x. Find the 


inverse of the function. What information can you obtain from the inverse 
function? Use the inverse function to find the area (in square millimeters) 
of a 3 inch by 5 inch index card. 


19. You have a $10 gift card to spend at a local toy store. The store has a sale 


offering 15% off all board games. Use composition of functions to find 
the final price of a board game that originally costs $27 when the $10 is 
subtracted before the 15% discount is applied. Then use composition of 
functions to find the final price of the board game when the 15% discount 
is applied before the $10 is subtracted. How much more money can you 
save ifthe store applies the 15% discount first? 


shown at the right. Are fand ginverse 
functions? Explain why or why not. 
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Write an equation of the line that passes through the given point and has the 


given slope. (p. 98) 

1. (3,1),m=4 2. (4, 6), m=7 3. (3,2), m = —8 

4. (,—5),т=9 5. (5,8), m= 2 6. (2, -10, m = -2 
Solve the equation. Check your solution(s). 

7. —2x + 7 = 15 (p. 18) 8. |4x— 6| = 14 (p.51) 9. х2 — 9x + 14 = 0 (p. 252) 
10. 4x? — 6x + 9 = 0 (p. 292) 11. х? + 3x* — 10x = 0 (р. 353) 12. V8x+ 1 = 7 (p.452) 
Graph the equation or inequality in a coordinate plane. 

13. у = 3x — 5 (p. 89) 14. у= -|x - 4| +3 (p. 123) 15. y« —2x + 5 (p. 132) 

16. у= х2 — 2x — 4 (p. 236) 17. у= 2(x — 6)* — 5 (p. 245) 18. y» x? + 2x + 1 (p. 300) 
19. у= x? — 2 (p. 337) 20. y= 3(х + 2) — 1)? (р. 387) 21. у= -Vx — 2 + 4 (p. 446) 
Solve the system of linear equations using any method. 

22. 2x + Бу = 1 (p. 160) 23. 3x — у= —9 (p. 160) 24. 2х + Зу = 47 (p. 178) 


3x — 2y = 30 4х + Зу = 14 Tx — 8y = —2 
ху. дё = —19 


Write the expression as a complex number in standard form. (p. 275) 


25. (4 — 21) + (5 +1) 26. (3 + 4i) — (7 +21) 27. (4 — 21)(6 + 51) 


Write the quadratic function in vertex form by completing the square. (p. 284) 


28. у= х? + 6х + 16 29. у= —x? + 12x — 46 30. у= 2х2 — Ax - 7 
Simplify the expression. Assume all variables are positive. 
xy TIE ¡2 
31. (2z2y?)? (p. 330) 32. (x?) ?'^ (p, 420) 33. —:— (p. 330) 34. | " | (p. 420) 
x y Ху 
Perform the indicated operation. 
35. (x^ + 11x — 9) + (Ax^ — 5x — 7) (р. 346) 36. (x° + 3x — 10) — (2:2 + 3x* + 8x) (p. 346) 
37. (2x — 5)? + Ax — 7) (p. 346) 38. (x? — 10x? + 33x — 28) + (x — 5) (p. 362) 
Factor the polynomial completely. (p. 353) 
39. x* — Зх — 40 40. x? — 125 4l. x? — 6x^ — 9x + 54 


Let f(x) = 2x — бапа р(х) = 5x + 1. Perform the indicated operation and state 


the domain. (p. 428) 

42. f(x) + р(х) 43. f(x) * g(x) 44. f(g(x)) 45. g(f(x)) 
Find the inverse of the function. (p. 438) 

46. f(X) - Ax +6 47. f(x) = 3x 47 48. fix) = ix- 2 
49. f(x) = x5 50. f(x) = y 51. f(x) = EA +2 


Cumulative Review: Chapters 1-6 


52. BICYCLE COSTS You want to buy a bicycle that costs $360. In order to pay 
for the bicycle, you save $30 per week. How many weeks will it take to save 
enough money to buy the bicycle? (p. 34) 


53. CHARITABLE DONATIONS The table below shows the amounts of money 
(in millions of dollars) received by a charitable organization during the 
first 6 years of its existence. Approximate the best-fitting line for the 
data. Then use the best-fitting line to predict the amount of money the 
organization will receive in the eighth year of its existence. (p. 113) 


54. ICESHOW The attendance at an ice show was 9800 people. The tickets for 
the ice show were $35 for lower-level seats and $25 for upper-level seats. The 
total income from ticket sales was $280,000. Use a linear system to find the 
numbers of lower-level and upper-level tickets sold for the ice show. (p. 160) 


55. CONCERT TICKETS Tickets to a school's band concert are $4 for students, 
$8 for adults, and $6 for senior citizens. At Friday night's concert, there 
were 140 students, 170 adults, and 55 senior citizens in attendance. At 
Saturday night's concert, there were 126 students, 188 adults, and 64 senior 
citizens in attendance. Organize this information using matrices. Then use 
matrix multiplication to find the income from ticket sales for Friday and 
Saturday nights' concerts. (p. 195) 


56. PHYSICAL SCIENCE While standing at the edge of a cliff, you drop a rock from 
a height of 85 feet above the ground. Write an equation giving the height h 
(in feet) of the rock above the ground after t seconds. How long does it take for 
the rock to hit the ground? (p. 266) 


57. BASEBALL Three points on the parabola formed by throwing a baseball 
are (0, 6), (20, 56), and (36, 24). Write a quadratic function that models the 
baseball's path. (p. 309) 


58. MANUFACTURING Ata factory, molten plastic is poured into molds to make 
toy blocks. Each mold is a rectangular prism with a height that is 3 inches 
greater than the length of each side of the square base. A machine pours 
200 cubic inches of liquid plastic into each mold. What are the dimensions 
of a mold? (р. 370) 


59. PROFIT Your friend starts a housekeeping business. The table below 
shows the profit (in dollars) of the business during the first 6 months of 
its existence. Use a graphing calculator to find a polynomial model for the 
data. Predict the profit in the ninth month. (p. 393) 


106 | 192 


60. (ES GEOMETRY You have a beach ball that has a volume of approximately 
7240 cubic inches. Find the radius of the beach ball. (Hint: Use the formula 


V= ¿ar for the volume of a sphere.) (p. 414) 
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Exponential and 
Logarithmic Functions 


71 Graph Exponential Growth Functions — i 


7.2 Graph Exponential Decay Functions 


^ 
7.3 UseFunctions Involving e 


= 


74 Evaluate Logarithms and Graph Logarithmic Functions 


(л 


Apply Properties of Logarithms : 
7.6 Solve Exponential and Logarithmic Equations | 


ы? 


7.7 Write and Apply Exponential and Power Functions 


Previously, you learned the following skills, which you'll use in Chapter 7: 
finding simple interest, evaluating powers, and solving for a variable. 


— Skills 


ERN 
A 1 | 1 Y C L 
FAA aL A K 


EF NE UE FU IE FUEGO 
2»1.9! a =” = | zn 
га mI LLS L| [л rm i 


Use the simple interest formula J = Prt where I = interest, Р = principal, r = interest 
rate (as a decimal), and t= = time (in у, to find the total amount (principal plus 
interest) in the account. (Prerequisite skill for 7.1) 


4. $5000 invested at 3% for 4 years 5. $2300 invested at 4% for 5 years 


Evaluate the power. (Prerequisite skill for 7.2, 7.4, 7.6, 7.7) 
6. 7 5s t 2 в. 3^ 

Solve the equation for y. (Prerequisite skill for 7.4) 
9. 2x + 4y = 16 10. 3x + 5y = 20 11. 9x + 3y = 72 


: "ns at classzone com |. 
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\ 
à 
k 
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In Chapter 7, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 538. You will also use the key vocabulary listed below. 


($) Graphing exponential and logarithmic functions 
(ES solving exponential and logarithmic equations 
©) writing and applying exponential and power functions 


KEY VOCABULARY 

* exponential function, * exponential decay • common logarithm, p. 500 
p. 478 function, p. 486 * natural logarithm, p. 500 

* exponential growth * decay factor, p. 486 * exponential equation, 
function, p. 478 * natural base e, p. 492 p.515 


* growth factor, p. 478 * logarithm of y with base * logarithmic equation, 
* asymptote, p. 478 b, p. 499 р. 517 


= раса 


You can use exponential апа logarithmic functions to model many scientific 


relationships. For example, you can use a logarithmic function to relate the 
size of a telescope lens and the ability of the telescope to see certain stars. 


The animation illustrated below for Example 7 on page 519 helps you answer 


this question: How is the diameter of a telescope's objective lens related to the 
apparent magnitude of the dimmest star that can be seen with the telescope? 


M=5kD04+2 
asigi Enter thé walan of M 
LEXIC TS Sutter 2 fmm both) des of the equation, 
«ID Divide mach side of tht equarlen be 5 
Ока гас! side of fhe equation by 
Mea hig Dad 
1й z5ing D 
=D 


Subtract from beth sided of the әда. 


‘The magnitude of stars is a measure of 
their brightness as viewed from Earth. 
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Other animations for Chapter 7: pages 480, 487, 502, and 538 


1 Graph Exponential 
°" Growth Functions 


You graphed polynomial and radical functions. 


You will graph and use exponential growth functions. 
So you can model sports equipment costs, as in Ex. 40. 


| exponential function has the form у = ab* where a + 0 and the base bis а 
° exponential function D positive number other ина E If a» 0 and b> 1, then the function y = ар“ is an 


* exponential growth onential growth function, and b is called the growth factor. The simplest 
function туре of тиене КОШТ function has the form y = Ё". 

* growth factor 

ы : KEY CONCEPT For Your Notebook 


Parent Function for Exponential Growth Functions 


The function f(x) = b*, where Р > 1, is the parent function for the family of 
: exponential growth functions with base b. The general shape of the graph of 
f(x) = b* is shown below. 


Inc shade is an (1, b) 

asymptote The graph rises from 
ex mi is a line that —» left to right, passing 
a graph approaches more х through the points 


and more closely. (0, 1) and (1, b). 


The domain of f(x) = b” is all real numbers. The range is у> 0. 


Graph y = Бх for b» 1 


Graph y = 2*. 


Solution 
STEP? Make a table of values. 


STEP2 Plot the points from the table. 


STEP3 Draw, from left to right, a smooth curve that 
begins just above the x-axis, passes through 
the plotted points, and moves up to the right. 
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The graph of a function у = ab’ is a vertical stretch or shrink of the graph of 
у = b*. The y-intercept of the graph of у = ab* occurs at (0, a) rather than (0, 1). 


EXAMPLE 2 ЖЫ а. 000000000 


Graph the function. 
— 1 ¿2 poe 
а. y=> 4 b. y E | 
Solution 
a. Plot (0, 2 апа (1, 2). Then, from b. Plot (0, —1) and " -$ ) Then, 
left to right, draw a curve that from left to right, draw a curve 
begins just above the x-axis, that begins just below the x-axis, 
passes through the two points, passes through the two points, 
and moves up to the right. and moves down to the right. 


: CLASSIFY 
: FUNCTIONS 


HEAR 


: Note that the 

: function in part (b) of 
: Example 2 is not an 

: exponential growth 
: function because 
[:a=-1<0. 


Ы 
FREE 


TRANSLATIONS To graph a function of the form y = ab* ^ " + k, begin by 
sketching the graph of y = ab*. Then translate the graph horizontally by h units 
and vertically by k units. 


Graph y = 4 - 2*7! — 3, State the domain and range. 


Solution 


Begin by sketching the graph of y = 4 * 2*, which 
passes through (0, 4) and (1, 8). Then translate 
the graph right 1 unit and down 3 units to obtain 
the graph of y= 4 • 2* ! —3. 


The graph's asymptote is the line у = —3. The 
domain is all real numbers, and the range is 
y>—a: 


Y GUIDED PRACTICE for Examples 1, 2, and 3 
| Graph the function. State the domain and range. 
| 


. 3% ше "Ла 


1. у=4* 2. у= 
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EXPONENTIAL GROWTH MODELS When а real-life quantity increases by a fixed 
percent each year (or other time period), the amount y of the quantity after 
t years can be modeled by the equation 


y=a(+n' 


where a is the initial amount and ris the percent increase expressed as a 
decimal. Note that the quantity 1 + ris the growth factor. 


Ф, 
ey 


COMPUTERS In 1996, there were Virus Alert 

2573 computer viruses and other | раган 
computer security incidents. During = 

the next 7 years, the number of incidents vins namo: snake 
increased by about 92% each year. File name: essay.doc 


i А Action: Virus was cleaned from file 
* Write an exponential growth model 


giving the number n of incidents 
t years after 1996. About how many 


incidents were there in 2003? (RSS TE 
e Graph the model. ! 


File essay.doc might be damaged! 


* Use the graph to estimate the year when 
there were about 125,000 computer 
security incidents. 


Solution 


STEP? The initial amount is а = 2573 and the percent increase is г = 0.92. 
So, the exponential growth model is: 


п= а(1 + р)! Write exponential growth model. 
= 2573(1 + 0.92)! Substitute 2573 for a and 0.92 for г. 
: AVOID ERRORS | _ Р 
: Notice that the percent | = жоны) шару. 
: increase and the growth Using this model, you can estimate the 
: factor are two different number of incidents in 2003 (t = 7) to 
: values. An increase of be n = 2573(1.92)' == 247,485. 
: 92% corresponds to a | ‚ 
: growth factor of 1.92. STEP2 The graph passes through the points 


(0, 2573) and (1, 4940.16). Plot a few 
other points. Then draw a smooth curve 
through the points. 


Number of incidents 


STEP 3 Using the graph, you can estimate that 
the number of incidents was about 
125,000 during 2002 (t = 6). 6 Z A gł 


CAN » "ET -A a 
1с а Algebra Years since 1996 


at classzone.com 


GUIDED PRACTICE for Example 4 


4. WHAT IF? In Example 4, estimate the year in which there were about 
250,000 computer security incidents. 


5. In the exponential growth model y = 527(1.39)*, identify the initial amount, 
the growth factor, and the percent increase. 
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COMPOUND INTEREST Exponential growth functions аге used in real-life 
situations involving compound interest. Compound interest is interest paid on 
the initial investment, called the principal, and on previously earned interest. 
Interest paid only on the principal is called simple interest. 


i- KEY CONCEPT For Vour Wotebook 


Compound Interest 


Consider an initial principal P deposited in an account that pays interest at 
an annual rate r (expressed as a decimal), compounded n times per year. 
The amount A in the account after f years is given by this equation: 


A - P(1 4 2)" 


Find the balance in an account 


FINANCE You deposit $4000 in an account that pays 2.92% annual interest. Find 
the balance after 1 year if the interest is compounded with the given frequency. 


a. Quarterly 
b. Daily 


Solution 


a. With interest compounded quarterly, the balance after 1 year is: 


A= Р|1 + rr Write compound interest formula. 


4*1 
= 4000(1 + оа р = 4000, г = 0.0292, п = 4, t= 1 


= 4000(1.0073)* Simplify. 
= 4118.09 Use a calculator. 
» The balance at the end of 1 year is $4118.09. 


b. With interest compounded daily, the balance after 1 year is: 


A= Р| l + zy" Write compound interest formula. 
365 » 1 
= 4000[1 + 0.0232) P = 4000, r = 0.0292, n = 365, = 1 
= 4000(1.00008)365 Simplify. 
= 4118.52 Use a calculator. 


» The balance at the end of 1 year is $4118.52. 


for Example 5 


6. FINANCE You deposit $2000 in an account that pays 4% annual interest. 
Find the balance after 3 years if the interest is compounded daily. 
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EXERCISES POMEN key O = onp wSta for Exs 1723. 
7.1 KEY: on p. WS13 for Exs. 17, 29, and 37 


‘SKILL PRACTICE 


: EXAMPLES 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 24, 25, 32, 40, and 41 
¡ Ф = MULTIPLE REPRESENTATIONS | 
: Ex. 42 


1. VOCABULARY In the exponential growth model y = 2.4(1.5)*, identify the 
initial amount, the growth factor, and the percent increase. 


2. Ж WRITING What is an asymptote? 


MATCHING GRAPHS Match the function with its graph. 


: EXAMPLE3 . 


: on p. 479 
: for Exs. 15-24 


GRAPHING FUNCTIONS Graph the function. 


6. у = 3 7. y=-2* B. f(x) = 5 • 2% 
9. у= 5* 10. у= 2 • 4 11. g(x) = —(1.5)* 
12. у= a(S) 13. у= 2.3" 14. h(x) = —2(2.5)* 


TRANSLATING GRAPHS Graph the function. State the domain and range. 


15. y=-3»2*** 16. y -5*4* + 2 ((7)у=2**! +3 
18. fH Stes 1 19. y=2+3* 2-1 20. y= -3-4* 1-2 
21. f(x) 26*2* ? +3 22. р(х) = 5* 3** ^—4 23. h(x) = -2*5* ! +1 


24. * MULTIPLE CHOICE The graph of which function is shown? 
QD f(x) = 2(1.5)* – 1 | 
(В) f(x) = 2(1.5)*+ 1 
©) fix) =3(1.5)* – 1 
(D f(x) =3(1.5)* + 1 


25. * MULTIPLE CHOICE The student enrollment E of a high school was 1310 
in 1998 and has increased by 10% per year since then. Which exponential 
growth model gives the school's student enrollment in terms of t, where t is 
the number of years since 1998? 


QD E=0.1(1310)' (В) Е = 1310(0.1)' 
(С) E=1.1(1310)* E = 1310(1.1)‘ 
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ERROR ANALYSIS Describe and correct the error in graphing the function. 
26. у= 2 • 4* 27. у= 25-3 +3 


WRITING MODELS In Exercises 28-30, write ап exponential growth model that 
describes the situation. 


28. In 1992, 1219 monk parakeets were observed in the United States. For the 
next 11 years, about 12% more parakeets were observed each year. 


You deposit $800 in an account that pays 2% annual interest compounded 
daily. 


30. You purchase an antique table for $450. The value of the table increases by 
6% per year. 


31. GRAPHING CALCULATOR You deposit $1500 in a bank account that pays 3% 
annual interest compounded yearly. 


a. Type 1500 into a graphing calculator and f T 30 7 
press 128. Then enter the formula | 1500 | 
ANS * 1.03, as shown at the right. Press | Ans*1.03 | 
seven times to find your balance [ «x 9i Ee | 
after 7 years. | 1639.0905 | 

b. Find the number of years it takes for your & ad | 
balance to exceed $2500. —— X — 


32. * OPEN-ENDED MATH Write an exponential function of the form 
y =ab*" ^ + kwhose graph has a y-intercept of 5 and an asymptote of y = 2. 


33. GRAPHING CALCULATOR Consider the exponential growth function 
y-ab* "+ kwherea = 2, b = 5, h = —4, and k = 3. Predict the effect on 
the function's graph of each change in a, b, h, or k described in parts (a)-(d). 
Use a graphing calculator to check your prediction. 


а. a changes to 1 b. b changes to 4 c. h changes to 3 d. k changes to —1 


34. CHALLENGE Consider the exponential function f(x) = ab*. 


fet) _ 
F(x) 


a. Show that 


b. Use the result from part (a) to explain why there is no exponential 
function of the form f(x) = ab* whose graph passes through the points 
in the table below. 
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———— nce ee 


PROBLEM SOLVING 


: ЕХАМРІЕ 4 _ 35. DVD PLAYERS From 1997 to 2002, the number п (in millions) of DVD 


: on p. 480 players sold in the United States can be modeled by n = 0.42(2.47)' 
: for Exs. 35-36 where t is the number of years since 1997. 


a. Identify the initial amount, the growth factor, and the annual percent 
increase. 


b. 


J^ 


Graph the function. Estimate the number of DVD players sold in 2001. 


еа 


а: Tuto! ; 
буа кз sth PF WT 


() for problem solving help at dasszone.com 


36. INTERNET Each March from 1998 to 2003, a website recorded the number 
y of referrals it received from Internet search engines. The results can be 
modeled by y = 2500(1.50)' where t is the number of years since 1998. 


a. Identify the initial amount, the growth factor, and the annual percent 
increase. 


b. Graph the function and state the domain and range. Estimate the 
number of referrals the website received from Internet search engines 
in March of 2002. 


@Homelutor ог problem solving help at classzone.com 


: EXAMPLE 5 | 67) ACCOUNT BALANCE You deposit $2200 in a bank account. Find the balance 


EPIA 


: on p. 481 after 4 years for each of the situations described below. 
: for Exs. 37-38 a. The account pays 396 annual interest compounded quarterly. 
b. The account pays 2.25% annual interest compounded monthly. 


c. The account pays 2% annual interest compounded daily. 


38. DEPOSITING FUNDS You want to have $3000 in your savings account after 
3 years. Find the amount you should deposit for each of the situations 
described below. 


a. The account pays 2.25% annual interest compounded quarterly. 
b. The account pays 3.5% annual interest compounded monthly. 
c. The account pays 4% annual interest compounded yearly. 


39. MULTI-STEP PROBLEM In 1990, the population of Austin, 
Texas, was 494,290. During the next 10 years, the 
population increased by about 396 each year. 


a. Write a model giving the population P (in thousands) 
of Austin f years after 1990. What was the population 
in 2000? 


b. Graph the model and state the domain and range. 


c. Estimate the year when the population was about 
590,000. 


Austin, Texas 


40. * SHORT RESPONSE At an online auction, the opening bid for a pair of 
in-line skates is $50. The price of the skates increases by 10.5% per bid 
during the next 6 bids. 


a. Write a model giving the price p (in dollars) of the skates after п bids. 


b. What was the price after 5 bids? According to the model, what will the 
price be after 100 bids? Is this predicted price reasonable? Explain. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED = MULTIPLE 
484 on p. WS1 TEST PRACTICE REPRESENTATIONS 


41. * EXTENDED RESPONSE In 2000, the average price of a football ticket for 
a Minnesota Vikings game was $48.28. During the next 4 years, the price 
increased an average of 6% each year. 


a. Write a model giving the average price p (in dollars) of a ticket t years 


after 2000. 


b. Graph the model. Estimate the year when the average price of a ticket 


was about $60. 


c. Explain how you can use the graph of p(t) to determine the minimum 
and maximum p-values over the domain for which the function gives 


meaningful results. 


42. % MULTIPLE REPRESENTATIONS In 1977, there were 
41 breeding pairs of bald eagles in Maryland. Over 
the next 24 years, the number of breeding pairs 


increased by about 8.9% each year. 


a. Writing an Equation Write a model giving the 
number п of breeding pairs of bald eagles in 


Maryland t years after 1977. 


b. Making a Table Make a table of values for the 


model. 
c. Drawing a Graph Graph the 


d. Using a Graph About how many breeding pairs 


model. 


of bald eagles were in Maryland in 2001? 


43. REASONING Is investing $3000 at 6% annual interest and $3000 at 8% annual 
interest equivalent to investing $6000 (the total of the two principals) at 7% 
annual interest (the average of the two interest rates)? Explain. 


44. CHALLENGE The yearly cost for residents to attend a state university has 


increased from $5200 to $9000 in the last 5 years. 


a. To the nearest tenth of a percent, what has been the average annual 


growth rate in cost? 


b. Ifthis growth rate continues, what will the cost be in 5 more years? 


и ио 


MIXED REVIE 


: PREVIEW 


: Prepare for 
: Lesson 7.2 
: їп Exs, 45-52, 


Evaluate the power. 
45. (0.6)? (p. 10) 46. (0.4) (p. 10) 
1 4 3 3 7 5 
49. (p. 330) 50. | ži (p. 330) 51. (E (р. 330) 
Factor the expression. 
53. х? + 7x — 30 (p. 252) 54. x^ + 15x + 54 (p. 252) 
56. 12x? — 5x + 25 (p. 259) 57. X? — 2x? — 3x + 6 (p. 353) 
Solve the equation. (p. 414) 
59. x? = 3125 60. 3x? — 1029 
62. (x + 12)“ = 52 63. —5x% = —1000 


EXTRA PRACTICE for Lesson 7.1, 


47. (0.5)? (p. 10) 


95 
58 


61. 


64 


48. (0.25)? (p. 10) 


52. (4) (p. 330) 


. 2x* — 7x — 30 (р. 259) 
. X? — 64 (p. 353) 


x'--8-— —64 
„ œ- 9) = 17 
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7 2 Graph Exponential 
Decay Functions 


You graphed and used exponential growth functions. 


| Now ] You will graph and use exponential decay functions. 
[ Why? ] So you can model depreciation, as in Ex. 31. 


^ et —, 
function 


e decay factor 


BEN СӨМСЕРҮ For Your Notebook 


Parent Function for Exponential Decay Functions 


The function f(x) = b*, where 0 « b « 1, is the parent function for the family 
> of exponential decay functions with base b. The general shape of the graph of 
f(x) = b* is shown below. 


Б f(x) = b* 

Б The graph falls from „жы. 

E left to right, passing —  —» The x-axis is an 
ы through the points asymptote of th 
5 (0, 1) and (1, b). sd a: i 
E graph. 


Б The domain of f(x) = b* is all real numbers. The range is у > 0. 


( EXAMPLE 1 | Graph у = b*for0<b<1 


X 
Graph y — (3) и 
Solution 
STEP? Make a table of values. 


SA — — — — — 


X |-3.-2 


4 i 


y | 8 "P 1 


N|- 
ь|— 


STEP 2 Plot the points from the table. 


STEP 3 Draw, from right to left, a smooth curve that 
begins just above the x-axis, passes through 
the plotted points, and moves up to the left. 
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TRANSFORMATIONS Recall from Lesson 7.1 that the graph of a function у = ab* is 
a vertical stretch or shrink of the graph of y = b", and the graph of y = ab* "+ k 


is a translation of the graph of y = ab". 


CID суо. 


: CLASSIFY Graph the function. 
: FUNCTIONS |. n" 

: Note that the function a. у= 242) 

: in part (0) of Example 2 

: is not an exponential Solution 


f decay function because 
‚а=-—-3<0. 


a. Plot (0, 2) and e 1| Then, from 


right to left, draw a curve that 
begins just above the x-axis, 
passes through the two points, 
and moves up to the left. 


GUIDED PRACTICE | for Examples 1 апа: 2 


| 
= 


Graph the function. 


L y=(5) 2 yA 


ЭСТЕ Graph у = ab* "+ kfor0<b<1 


b. Plot (0, —3) and (1, -8) Then, 


from right to left, draw a curve 
that begins just below the x-axis, 
passes through the two points, 
and moves down to the left. 


Graph y = a(3) ае 2. State the domain and range. 


Solution 


Y 
Begin by sketching the graph of y = ЫРУ i 


which passes through (0, 3) and (1, 3 
Then translate the graph left 1 unit and 
down 2 units. Notice that the translated 
graph passes through (—1, 1) and (0, =>) 
The graph's asymptote is the line y = —2. 


The domain is all real numbers, and the 
range is у> —2. 
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EXPONENTIAL DECAY MODELS When а real-life quantity decreases by a fixed 
percent each year (or other time period), the amount y of the quantity after 
t years сап be modeled by the equation 

y=a( -n' 


where ais the initial amount and ris the percent decrease expressed as a 
decimal. Note that the quantity 1 — ris the decay factor. 


EXAMPLE 4 


: AVOID ERRORS 


«е EIA 


: decrease, 10%, tells 
: you how much value 
: the snowmobile loses 
: each year. The decay 
: factor, 0.90, tells you 
: what fraction of the 

: snowmobile's value 

: remains each year. 


SNOWMOBILES A new snowmobile costs $4200. The 
value of the snowmobile decreases by 10% each year. 


* Write an exponential decay model giving the 
snowmobile's value y (in dollars) after t years. 
Estimate the value after 3 years. 


• Graph the model. 


* Use the graph to estimate when the value of the 
snowmobile will be $2500. 


Solution 


STEP? The initial amount is a = 4200 and the percent decrease is г = 0.10. 
So, the exponential decay model is: 


у= а01 – р)! Write exponential decay model. 
= 4200(1 — 0.10)! Substitute 4200 for a and 0.10 for r. 
= 4200(0.90)' Simplify. 
When t = 3, the snowmobile's value is y = 4200(0.90)? = $3061.80. 
STEP? The graph passes through the ГТ 
points (0, 4200) and (1, 3780). E Y 
It has the t-axis as an = 3000 
asymptote. Plot a few other 3 
points. Then draw a smooth 2000 
curve through the points. E - P 
$TEP3 Using the graph oe El 
sing the graph, you can 
estimate that the value of the 0 ———— —* 
snowmobile will be $2500 after 0 2 4 6 8! 
about 5 years. Years 


Graph the function. State the domain and range. 


x-1 


* +1 5. у= 52 


MET 6, во) = -3(3) +4 


7. WHAT IF? In Example 4, suppose the value of the snowmobile decreases by 
20% each year. Write and graph an equation to model this situation. Use the 
graph to estimate when the value of the snowmobile will be $2500. 


8. SNOWMOBILE The value of a snowmobile has been decreasing by 7% each 


year since it was new. After 3 years, the value is $3000. Find the original cost 
of the snowmobile. 
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72 EXERCISES "m О-оо 
с КЕҮ: on p. WS13 for Exs. 9, 19, and 33 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 27, 28, 33, and 35 


SKILL PRACTICE 


1. VOCABULARY In the exponential decay model y = 1250(0.85)', identify the 
initial amount, the decay factor, and the percent decrease. 


2. * WRITING Explain how to tell whether the function y = b* represents 
exponential growth or exponential decay. 


CLASSIFYING FUNCTIONS Tell whether the function represents exponential 


growth or exponential decay. 
X x 
3. fx) = 3/3] 4. f(x) = 42, 5. fa) = 2.49 6. f(x) = 25(0.25)* 
{ EXAMPLES GRAPHING FUNCTIONS Graph the function. 
1and2 TTTTITTIII 1 x l x 1 x 
: on pp. 486-487, 7. y= ij H. = (3) ОТ = 21) 10. у= —(0.2)* 
: for Exs. 7—15 | | 


15. Ж MULTIPLE CHOICE The graph of which function 
is shown? 


: EXAMPLE 3 TRANSLATING GRAPHS Graph the function. State the domain and range. 


AAA AAA 


[жалан | 1& y=(2)'+1 п. y (y в, y- 1 
(is) y=(2) - 1 20. у= 3(0.25)* +3 21. y=(1) +2 
22. f(x) = - 23. р(х) = ei x 24. h(x) = di” 


25. GRAPHING CALCULATOR Consider the exponential decay function 
у= аһ“ h + kwherea=3,b=0.4,h= 2, and k = —1. Predict the effect on 
the function's graph of each change in a, b, h, or k described in parts (a)-(d). 
Use a graphing calculator to check your prediction. 


a achanges to 4 b. b changes to 0.2 
c. А changes to 5 d. k changes to 3 

26. ERROR ANALYSIS You invest $500 in the " 
stock of a company. The value of the stock | Initial | mend 
decreases 296 each year. Describe and amount [| factor b4 
correct the error in writing a model for the 500(0.02) 


value of the stock after t years. 
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27. * MULTIPLE CHOICE What is the asymptote of the graph of y = 4 E 3? 


QD y=-3 ® y=-2 O y=2 (б) y=3 


28. * OPEN-ENDED MATH Write an exponential function whose graph lies 
between the graphs of y = (0.5)* and y = (0.25)* + 3. 


29. CHALLENGE Do f(x) = 5(4) * and g(x) = 5(0.25)* represent the same 
function? Justify your answer. 


‘PROBLEM SOLVING 


; EXAMPLE4 30. MEDICINE When a person takes a dosage of J milligrams of ibuprofen, 


: on p. 488 | the amount A (in milligrams) of medication remaining in the person's 
: for Exs. 30-31 bloodstream after t hours can be modeled by the equation А = 1(0.71) B 


Amount of Ibuprofen in Bloodstream 
— 


Medication (mg) 


LI " Li LET 
ы A Е ЕНИ 


iv. T* "wu ате 
2 Кал Ev) .*. y .. CDL "ҮТ 
* be a“, ^ 


Wo оде token во E 


Time (hours) 


Find the amount of ibuprofen remaining in a person’s bloodstream for the 
given dosage and elapsed time since the medication was taken. 


a. Dosage: 200 mg b. Dosage: 325 mg c. Dosage: 400 mg 
Time: 1.5 hours Time: 3.5 hours Time: 5 hours 


ALL. FF ME 
@Homelutor for problem solving help at dasszone.com 


31. BIKE COSTS You buy a new mountain bike for $200. The value of the bike 
decreases by 2596 each year. 


a. Write a model giving the mountain bike's value y (in dollars) after t years. 
Use the model to estimate the value of the bike after 3 years. 


b. Graph the model. 
c. Estimate when the value of the bike will be $100. 


melutor for problem solving help at classzone.com 


32. DEPRECIATION The table shows the amount d that a boat depreciates during 
each year t since it was new. Show that the ratio of depreciation amounts 
for consecutive years is constant. Then write an equation that gives d as a 
function of t. 


1 2 3 4 5 
$1906 | $1832 | $1762 $1692 | $1627 
(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 


490 on p. W51 TEST PRACTICE 


35. 


. MULTI-STEP PROBLEM When a plant or animal dies, it stops 


| 33. * SHORT RESPONSE The value of a car can be modeled by the equation 


y = 24,000(0.845)' where tis the number of years since the car was 
purchased. 


a. Graph the model. Estimate when the value of the car will be $10,000. 


b. Use the model to predict the value of the car after 50 years. Is this a 
reasonable value? Explain. 


acquiring carbon-14 from the atmosphere. Carbon-14 decays 
over time with a half-life of about 5730 years. The percent P of 
the original amount of carbon-14 that remains in a sample after 
t years is given by this equation: 


1 t/5730 
ры 1003. 


a. What percent of the original carbon-14 remains іп а 
sample after 2500 years? 5000 years? 10,000 years? 


b. Graph the model. 


c. An archaeologist found a bison bone that contained about 
37% of the carbon-14 present when the bison died. Use the 
graph to estimate the age of the bone when it was found. 


k EXTENDED RESPONSE The number Е of eggs a Leghorn chicken 
produces per year can be modeled by the equation E = 179.2(0.89)"”'° 
where w is the age (in weeks) of the chicken and w 2 22. 


a. Interpret Identify the decay factor and the percent decrease. 
b. Graph Graph the model. 
c. Estimate Estimate the egg production of a chicken that is 2.5 years old. 


d. Reasoning Explain how you can rewrite the given equation so that time 
is measured in years rather than in weeks. 


. CHALLENGE You buy anew stereo for $1300 and are able to sell it 4 years later 


for $275. Assume that the resale value of the stereo decays exponentially with 
time. Write an equation giving the stereo's resale value V (in dollars) as a 
function of the time (in years) since you bought it. 


MIXED REVIEW 


: PREVIEW 


: Prepare for 
: Lesson 7.3 
: in Exs. 37-45. 


Graph the function. State the domain and range. 


37. у= х? + 5 (р. 337) 38. у = x* — 5x* + 4 (p. 337) 39. y= x* — 9 (р. 337) 
40. у= Vx + 3 (p. 446) 41. у= Vx — 4 (p. 446) 42. у= Vx +2 (p. 446) 
43. y — 3 + 2* (p. 478) 44. у= -2/5) (р.478) 45. y-i-*5' (p.478) 


Verify that f and g are inverse functions. (p. 438) 


46. f(x) = 5x — 2, g(x) = E 47. f(x) = -3x + 10, g(x) = 9 
ав. fix) = 4 – 7, g(x) = (244) 49. fix) = = 47, ga) = VI2x - 7 
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7 Use Functions 
Involving e 


You studied exponential growth and decay functions. 
[ Now | You will study functions involving the natural base e. 
So you can model visibility underwater, as in Ex. 59. 


Ke abularv The history of mathematics is marked by the discovery of special numbers such 
e istarai Ere e as т and i і. anot we Са number is denoted by the letter e. The number is 


—— —— —— ———— 2 — — 
| 


п 10! 10 | 10 104 105 105 


=. — —L— —— ш —1 


n 
1 +1) 2.59374 2.70481 2.71692 2.71815 2.71827 2.71828 


KEY CONCEPT For Your Notebook 


The Natural Base e 


- 
"i 
LI 
E 
ә 
E 
2 


The natural base e is irrational. It is defined as follows: 


As n approaches +, (1 + ae approaches е = 2.718281828. 


- 
D 
> 
3 
> 
СУ 
+ 
> 
v 
A 


Simplify natural base expressions 


: REVIEW Simplify the expression. 

| ERPUNEN is L а. 22-05 = е2 +5 p. 12€ 4943 c. (Бе 39)? = 52(e-33)? 

: For help with properties | 3e 

: of exponents, see EE. _ ES 
: p. 330. P " adm 


Evaluate natural base expressions 


Use a calculator to evaluate the expression. 


Expression Keystrokes Display 
а. е“ Eme 4 Bg 54.59815003 
b.e SECO REPE) [| ENTER 0.9139311853 
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: ANOTHER WAY 


: You can also write the 
: function from part (a) 
: in the form y = ab* in 


: order to graph it: 


у= 3 е0:25х 
ys 3(е0:25)х 
у = 3(1.28)* 


Y салрер PRACTICE forExamples 1and2 ——— O ă O 


| Simplify the expression. 


1. e. e 2. 20 3+ бе? 3. ме 4. (1бе-**)3 


| 5. Usea calculator to evaluate е?/*. 


KEY CONCEPT For Vour Wotebook 


Natural Base Functions 


A function of the form y = ae" is called a natural base exponential function. 
* Ifa>0 and r> 0, the function is an exponential growth function. 
* Ifa>0and r< 0, the function is an exponential decay function. 


The graphs of the basic functions y = e* and y = e * are shown below. 


(TUER Graph natural base functions — 


Graph the function. State the domain and range. 


a. y = 3e? 29 b. y= ge 0759-2 + | 
Solution 
агайны » a. Because a = 315 positive and b. а= lis positive and r = —0.75 
r = 0.25 is positive, the function is is negative, so the function is 
an exponential growth function. an exponential decay function. 
Plot the points (0, 3) and (1, 3.85) Translate the graph of y = e 9* 
and draw the curve. right 2 units and up 1 unit. 


The domain is all real numbers, The domain is all real numbers, 
and the range is y > 0. and the range is у > 1. 


7.3 Use Functions Involving e 
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€ EXAMPLE í Д Solve a multi-step problem 


BIOLOGY The length £ (in Adult shark 
centimeters) of a tiger shark can 
be modeled by the function 


£ = 337 — 276е 919 


where tis the shark's age (in years). 


* Graph the model. E 
тм N 


* Use the graph to estimate ewborn shark 
the length of a tiger shark that 
is 3 years old. 


: INTERPRET Solution 

: VARIABLES 

p элеттен енен ене нее несне зө» STEP? Graph the model, as shown. 

: On a graphing calculator, 

: enter the function STEP 2 Use the trace feature to determine that 
: 4 = 337 — 276e 0178! £ = 175 when t= 3. 


: using the variables x 
: and y, as shown below: 
: у= 337 — 2766 07178 


» The length of a 3-year-old tiger shark is about 
175 centimeters. 


Y=175.1935 


_ GUIDED PRACTICE for Examples 3 and 4 


Graph the function. State the domain and range. 
fa «qug е” +1 8. y=1.58%2%-=18 —5 


9. WHAT IF? In Example 4, use the given function to estimate the length of a 
tiger shark that is 5 years old. 


CONTINUOUSLY COMPOUNDED INTEREST In Lesson 7.1, you learned that the 
balance of an account earning compound interest is given by this formula: 


А= 1+3)" 


As the frequency п of compounding approaches positive infinity, the compound 
interest formula approximates the following formula. 


KEY CONCEPT For Your Notebook 


Continuously Compounded Interest 


When interest is compounded continuously, the amount A in an account after 
t years is given by the formula 


A= Ре" 


: where Pis the principal and ris the annual interest rate expressed as а 
> decimal. 
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© FEED 


( ExaMPLE moie! continuously compounded interest _ 


FINANCE You deposit $4000 in an account that pays 6% annual interest 
compounded continuously. What is the balance after 1 year? 
Solution 
| Use the formula for continuously compounded interest. 
A = Ре" Write formula. 

= 4000e°°®) ^ Substitute 4000 for P, 0.06 for r, and 1 for t. 

== 4247.35 Use a calculator. 
» The balance at the end of 1 year is $4247.35. 


'ACTICE | for Example 5 


. FINANCE You deposit $2500 in an account that pays 5% annual interest 
compounded continuously. Find the balance after each amount of time. 


a. 2 years b. 5 years c. 7.5 years 


11. FINANCE Find the amount of interest earned in parts (a)- (c) of Exercise 10. 


HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
KEY: on p. WS13 for Exs. 5, 35, and 57 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 16, 52, 53, and 60 
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SKILL PRACTICE 


1. VOCABULARY Copy and complete: The number ? is an irrational number 
approximately equal to 2.71828. 


2. * WRITING Tell whether the function f(x) — ze is an example of 


exponential growth or exponential decay. Explain. 


: EXAMPLE 1 SIMPLIFYING EXPRESSIONS Simplify the expression. 


; опр. 492 3. e+e 4. е? • gp QI 6. (26?) ^ 
: for Exs. 3-18 
7. (395) 8. ехе. gt 9. V9e5 10. ех • 5ех + 3 
4х 
n. 3e 12, 46° 13. V8e ją, 987 
е* e 8e 


15. Ж MULTIPLE CHOICE What is the simplified form of (4e?)?? 
СА) 4e* деёх ОС) 64e* (D) 64e** 


i4(27e 3x) 
16. * MULTIPLE CHOICE What is the simplified form of V actes ” 
e'x 


3 
QD 6e"x (В) бебх* O E D 6ex? 
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ERROR ANALYSIS Describe and correct the error in simplifying the expression. 
17. 18. 


3e Be (2) 
3e” К 


: EXAMPLE 2 | EVALUATING EXPRESSIONS Use a calculator to evaluate the expression. 


: on p. 492 —3/4 2.2 1/2 
for Exs. 19-30 | 19 e 20. e 21. e 22. e 
2g. g^? дА. c^? 25. е' 26. e * 
27. 2e °З 28. 5e^? 29. —6e^^ 30. 0.4e*! 


GROWTH OR DECAY Tell whether the function is an example of exponential 
growth or exponential decay. 


31. f(x) = Зет“ 32. f(x) = iet 33. f(x) = e ^ 34. f(x) = бех 
(65), (х) = r ™ 36. f(x) = ез 37. f(x) = 2e** 38. f(x) = 4e > 


: EXAMPLE3 | MATCHING GRAPHS Match the function with its graph. 


: for Exs. 39—50 


"FEL Ld x 


GRAPHING FUNCTIONS Graph the function. State the domain and range. 


Ex pee 43. y = Зе“ 44. у = 0.5e* 
45. y= 2e ?*—] 46. у = 2.5e 9% +2 47. y =0.6e* ^? 
48. f(x) = le**3 – 2 49. р(х) = ser L4] 50. h(x) - e?6* 0 —3 


51. GRAPHING CALCULATOR Use the table feature of a graphing calculator to 
find the value of n for which | L + г) gives the value of e correct to 9 decimal 


places. Explain the process you used to find your answer. 


52. * SHORT RESPONSE Can e be expressed as a ratio of two integers? Explain 
your reasoning. 


53. * OPEN-ENDED MATH Find values of a, b, т, and q such that f(x) = 
fx) . 


and g(x) = Бе are exponential decay functions and —— EC 


is an ando 
growth function. 


54. CHALLENGE Explai =р + 1)" xi А = Ре" 
Я plain why А = P|1 + т) approximates A = Pe” as п 


approaches positive infinity. | Hint: Let m — а 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
496 on p. WS1 TEST PRACTICE 


PROBLEM SOLVING 


; EXAMPLE 4 


AAA AAA 


: on p. 494 
: for Exs. 55—56 


; EXAMPLE 5 


STEPPER PPP eee а 


: : on p. 495 
: for Exs. 57—58 


55. CAMERA PHONES The number of camera phones shipped globally can be 


59. 


modeled by the function y — 1. 28el?* 


where x is the number of years since 


1997 and y is the number of camera phones shipped (in millions). How many 


camera phones were shipped in 2002? 


те Tutor or for problem solving help at classzone.com 


. BIOLOGY Scientists used traps to study the Formosan subterranean termite 


population in New Orleans. The mean number y of termites collected 


annually can be modeled by y = 738e? 5^5! 


where t is the number of years 


since 1989. What was the mean number of termites collected in 1999? 


meTu tor for problem solving help at classzone.com 


FINANCE You deposit $2000 in an account that pays 4% annual interest 
compounded continuously. What is the balance after 5 years? 


. FINANCE You deposit $800 in an account that pays 2.65% annual interest 


compounded continuously. What is the balance after 12.5 years? 


MULTI-STEP PROBLEM The percent 
L of surface light that filters down 
through bodies of water can be 
modeled by the exponential function 
L(x) = 100e* where kis a measure 

of the murkiness of the water and 

x is the depth below the surface (in 
meters). 


a. Arecreational submersible is 
traveling in clear water witha 
k-value of about —0.02. Write and 
graph an equation giving the 
percent of surface light that filters 
down through clear water as a 
function of depth. 


b. Use your graph to estimate the 
percent of surface light available 
at a depth of 40 meters. 


c. Use your graph to estimate how 
deep the submersible can descend 
in clear water before only 50% of 
surface light is available. 


. * EXTENDED RESPONSE The growth of the bacteria mycobacterium 


tuberculosis сап be modeled by the function P(t) = P,e*"'™ where P(1) is 
the population after t hours and P, is the population when ¢ = 0. 


a. Model At 1:00 P.M., there are 30 mycobacterium tuberculosis bacteria in a 
sample. Write a function for the number of bacteria after 1:00 Р.М. 


b. Graph Graph the function from part (a). 
c. Estimate What is the population at 5:00 P.M.? 


d. Reasoning Describe how to find the population at 3:45 P.M. 


7.3 Use Functions Involving e 
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61. RATE OF HEALING The area of a wound decreases exponentially with time. 
— A р—0:05ї 
The area A of a wound after t days can be modeled by А = Ае where A, 
is the initial wound area. If the initial wound area is 4 square centimeters, 
what is the area after 14 days? 


62. CHALLENGE The height y (in feet) of the Gateway Arch 
in St. Louis, Missouri, can be modeled by the function 


у = 757.7 — 63.85(ех/1277 + e*!127-7) where x is the 
horizontal distance (in feet) from the center of the arch. 


a. Use a graphing calculator to graph the function. How 
tall is the arch at its highest point? 


b. About how far apart are the ends of the arch? 


MIXED REVIEW 


LEREVIEW uso 
: Prepare for 

: Lesson 7.4 in 

: Exs. 69-74. 


Solve the equation. 

63. |x - 8| = 13 (p. 51) 64. |3x + 17| = 16 (p. 51) 

65. 2x^ — Ax - 9 — 0 (p. 292) 66. x^ + 12x — 3 = 0 (р. 292) 

67. V5x + 9 = 7 (р. 452) 68. V15x + 34 = x + 6 (p. 452) 

Find the inverse function. (p. 437) 

69. f(x) = 2x 70. f(x) = 5х - 3 71. f(x) = —Ax + 14 
72. f) = ix +4 73. f(x) = -12x — 6 74. f(x) = -ix +7 


Quiz for Lessons 7.1-7.3 
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Graph the function. State the domain and range. 


1. у= 2* 35-2 (p. 478) 2. y = [2] (р.486) 3. fo = 12 + 2 (p.486) 


Simplify the expression. (p. 492) 


x ge” 
4. Зе? + e? 5. (—5еЗх)3 6. г 7. „= 


Graph the function. State the domain and range. (р. 492) 
8. y = 2e* 9. у= 3e ?* 10. y-e**!-2 11. g(x) = 4e + 1 


12. TV SALES From 1997 to 2001, the number n (in millions) of black-and-white 
TVs sold in the United States can be modeled by n = 26.8(0.85)' where tis 
the number of years since 1997. Identify the decay factor and the percent 
decrease. Graph the model and state the domain and range. Estimate the 
number of black-and-white TVs sold in 1999. (p. 486) 


13. FINANCE You deposit $1200 in an account that pays 4.5% annual interest 
compounded continuously. What is the balance after 5 years? (p. 492) 


EXTRA PRACTICE for Lesson 7.3, p. 1016 2) ONLINE QUIZ at classzone.com 


7 4 Evaluate Logarithms and 
e E Graph Logarithmic Functions 7 


You evaluated and graphed exponential functions. 
[ Now ) You will evaluate logarithms and graph logarithmic functions. 
So you can model the wind speed of a tornado, as in Example 4. 


Ра: 
A 
м 


| 


Ocab You know that 2? — 4 and 2? — 8. However, for what value of x does 2* — 6? 


Key Vocabulary 

* logarithm of y Mathematicians define this x-value using a logarithm and write x — log, 6. The 
with base b definition of a logarithm can be generalized as follows. 

* common logarithm 

° natural logarithm Ж CONCEPT For Your Notebook 


= 


Definition of Logarithm with Base b 


ma 


> Let b and y be positive numbers with b + 1. The logarithm of y with base 
i: denoted by log, y and is defined as follows: 


log, y = х  ifandonlyif b*=y 


The expression log, y is read as "log base b of y." 


666 6 6 6 6 6 6 


This definition tells you that the equations log, y = x and b* = y are equivalent. 
The first is in logarithmic form and the second is in exponential form. 


Rewrite logarithmic equations 
Logarithmic Form Exponential Form 
a. log, 8 = 3 29 2/8 
b. log, 1-0 p" 1 
с. log, 12 = 1 12! = 12 
| _ Dt. 
d. log, ,,4 = -1 n n 


Parts (b) and (c) of Example 1 illustrate two special logarithm values that you 
should learn to recognize. Let b be a positive real number such that b + 1. 


Logarithm of 1 Logarithm of b with Base b 


log, 1 = 0 because b’ = 1. log, b — 1 because b! — b. 


for Example 1 


Rewrite the equation in exponential form. 


1. log, 81 = 4 2. 109.7 = 1 3. log 1 = 0 4. log, ,. 32 = —5 
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Evaluate I 


ogarithms 


Evaluate the logarithm. 


a. log, 64 b. log. 0.2 с. log,,, 125 d. log... 6 
Solution 
To help you find the value of log, y, ask yourself what power of b gives you y. 
a. 4 to what power gives 64? 4° = 64, so log, 64 = 3. 
b. 5 to what power gives 0.2? 57* = 0.2, so log, 0.2 = — 


c. + to what power gives 125? fe) = 125, so log, ,, 125 = —3. 


d. 36 to what power gives 6? 361? = 6, so log, 6 = > 


SPECIAL LOGARITHMS A common logarithm is a logarithm with base 10. It is 
denoted by log,, or simply by log. A natural бй Lis a logarithm with base e. 


It can be denoted by log,, but is more often denoted by In. 


Common Logarithm Natural Logarithm 


log.) x = log x log, x = In x 


Most calculators have keys for evaluating common and natural logarithms. 


341. 1783-2 Evaluate common and natural log: 


Expression Keystrokes Display Check 


a. log 8 8 gm 0.903089987 109-503 = 8 y 
b. In 0.3 3 EN —1.203972804 d PP Egg ed 


Evaluate a logarithmic model 


TORNADOES The wind speed s (in miles per hour) 
near the center of a tornado can be modeled by 


s = 93log d + 65 


| Mnols ¿Indiana 


where d is the distance (in miles) that the tornado 
travels. In 1925, a tornado traveled 220 miles 
through three states. Estimate the wind 


speed near the tornado's center. ,? 
Missouri 


Solution 
s = 93 log d + 65 Write function. 
= 93 log 220 +65 Substitute 220 for d. 


Not draven to scale 


= 93(2.342) + 65 Use a calculator. 
= 282.806 Simplify. 


» The wind speed near the tornado's center was about 283 miles per hour. 


500 Сһаріег7 Exponential and Logarithmic Functions 


р PRACTICE forExamples2,3,anda _ 


Evaluate the logarithm. Use a calculator if necessary. 


5. log, 32 6. log,,3 7. log 12 8. 1n 0.75 


9. WHAT IF? Use the function in Example 4 to estimate the wind speed near 
a tornado's center if its path is 150 miles long. 


INVERSE FUNCTIONS By the definition of a logarithm, it follows that the 


logarithmic function g(x) = log, x is the inverse of the exponential function 
f(x) = b^. This means that: 


g(f(x)) =log,b*=x and figa) =b" = x 


CUE Use inverse properties i 


_ Simplify the expression. 
a. 10°84 b. log, 25* 


Solution 
а. 101084 = 4 p's, x =з 
b. log, 25* = log, (52) Express 25 as a power with base 5. 
= log, 5% Power of a power property 
=2x log, b* = x 


CO 6 Fina inverse functions NN 


Find the inverse of the function. 


a у=6* b. y= ln (x + 3) 


: REVIEW INVERSES Solution 


: For help with finding 


ES a. From the definition of logarithm, the inverse of y = 6*is y = log, x. 
: inverses of functions, 


: see p. 437. b. y=In(x+3) Write original function. 
x=In(y+3) Switch xand y. 
е = у + З Write in exponential form. 
e*-3=y Solve for y. 


> The inverse of y = In (x + 3) is y= e* — 3. 


for Examples 5 and 6 

Simplify the expression. 

10. 8°88 * 11. log, 7 ?* 12. log, 64* 13. ев 20 
14. Find the inverse of y = 4*. 

15. Find the inverse of y = In (x — 5). 
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GRAPHING LOGARITHMIC FUNCTIONS You сап use the inverse relationship 
between exponential and logarithmic functions to graph logarithmic functions. 


KEY CONCEPT For Your Notebook 


Parent Graphs for Logarithmic Functions 


: The graph of f(x) = log, x is shown below for b > 1 and for 0 « b « 1. Because 
> f(x) = log, x and g(x) = b* are inverse functions, the graph of f(x) = log, x 
> is the reflection of the graph of g(x) = b* in the line y = x. 


Graph of f(x) = log, xfor b> 1 Graph of f(x) = log, xfor0 < b<1 


Note that the y-axis is a vertical asymptote of the graph of f(x) = log, x. 
The domain of f(x) = log, x is x > 0, and the range is all real numbers. 


Graphi logarithmic functions 00 


Graph the function. 
a. y = log, x b. у = log, x 
Solution 
a. Plot several convenient points, b. Plot several convenient points, 
such as (1, 0), (3, 1), and such as (1, 0),12; —1), (4,.—2), 
(9, 2). The y-axis is a vertical and (8, —3). The y-axis is a 
asymptote. vertical asymptote. 
From left to right, draw a curve From left to right, draw a curve 
that starts just to the right of the that starts just to the right of 
y-axis and moves up through the y-axis and moves down 
the plotted points, as shown through the plotted points, as 
below. shown below. 


abra at classzone.com 
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ъ= w"whbererhübspphbsuüswhhHüudbrhsu 


TRANSLATIONS You can graph a logarithmic function of the form 
y = log, (x — h) + k by translating the graph of the parent function y = log, x. 


DUES Translate a logarithmic graph 


Graph y = log, (x + 3) + 1. State the domain and range. 


Solution 


STEP Y Sketch the graph of the parent 
function y = log, x, which passes 
through (1, 0), (2, 1), and (4, 2). 


STEP 2 Translate the parent graph left З 
units and up 1 unit. The translated 
graph passes through (-2, 1), (-1, 2), 
and (1, 3). The graph's asymptote is 
x = —3. The domain is x > —3, and 
the range is all real numbers. 


а. ЕТЕУ 
GUIDED Е 
Rm rure 1d eee ad ТО" t 

| 


ТСЕ _ for Examples 7 and 8 


Graph the function. State the domain and range. 


| 16. y- log; x 17. y = log, (x — 3) 18. f(x) = log, (x + 1) - 2 


74 EXERCISES "о O- woman out sounons 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 36, 61, and 62 


- SKILL PRACTICE 


: EXAMPLE 1 | 
: on p. 499 


: for Exs. 3-7 


: EXAMPLE 2 
: on p. 500 
: for Exs. 8-19 


1. VOCABULARY Copy and complete: A logarithm with base 10 is called a(n) _? — 
logarithm. 


2. ж WRITING Describe the relationship between у = 5* and у = log, x. 
EXPONENTIAL FORM Rewrite the equation in exponential form. 


3. log, 16 = 2 4. log, 343 = 3 5. log, 35 = -2 6. log,, 1=0 


7. ERROR ANALYSIS Describe and correct the error in 
rewriting the equation 3-9 = i in logarithmic form. log b 4 


EVALUATING LOGARITHMS Evaluate the logarithm without using a calculator. 


8. log, 15 9. log, 49 10. log, 216 11. log, 64 

| 1 1 
12. log, 1 (13) log, ,„ 8 14. log, 27 15. log, 4 
16. log, ,, 16 17. log, 512 18. log, 625 19. log,, 121 
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: EXAMPLE3 | CALCULATING LOGARITHMS Use a calculator to evaluate the logarithm. 


т EFE 


: on p. 500 

: for EXS. 20-27 20. log 14 21. In6 22. ln 0.43 23. log 6.213 
24. log 27 25. In 5.38 26. log 0.746 27. In 110 

: EXAMPLES USING INVERSE PROPERTIES Simplify the expression. 

: on p. 501 logs x 29. ] x logag 4 1. 101988 

Кейш эшак | 887 9. log. 5 30. 30 31. 10 
32. log, 36" (з) log, 81* 34. log, 125* 35. log, 32* 
36. * MULTIPLE CHOICE Which expression is equivalent to log 1007? 

СА) x (В) 2x (С) 10x (D 100x 

: EXAMPLEG | FINDING INVERSES Find the inverse of the function. 

; опр. 501 37. у=1 38. y = 7" 39. у = (0.4)* 40. y=1 

: for Exs. 37-44 Реле бар у= 04) Ln 
Al, p= et"? 42, y=2*-3 43. у=1п(х+ 1) 44. у=6+1орх 


: EXAMPLES GRAPHING FUNCTIONS Graph the function. State the domain and range. 


| on pp. 502-503 45. y= log, x 46. у = log; x 47. y= log, „х 
: for Exs. 45—53 48. у = log, х 49. у = log, (x — 3) 50. у -log,x +4 
51. f(x) = log, (x + 2) - 1 52. g(x) = log, (x — 4) + 2 53. is = log, (x + 1) - 3 


CHALLENGE Evaluate the logarithm. (Hint: For each logarithm log, x, rewrite b 
and x as powers of the same number.) 


54. log,.9 55. log, 32 56. log,,. 625 57. log, 128 


PROBLEM SOLVING 


; EXAMPLE 4 


Ce EE] 


: on p. 500 
¿for Exs. 58-59 


58. ALTIMETER Skydivers use an instrument called an altimeter to track their 
altitude as they fall. The altimeter determines altitude by measuring air 


pressure. The altitude h (in meters) above sea level is related to the air 


pressure Р (in pascals) by the function in the diagram below. 


h- . 7438 m 
P- 40,000 Pa 
h = -8005 In —— —— 
DES h-3552m E 
P - 65, 000 Pa h= ae 
| т P = 57,000 Pa 
Not drawn to scale 


What is the altitude above sea level when the air pressure is 57,000 pascals? 


@Ho m 1eTu utor FK for problem solving help at dasszone.com 


59. CHEMISTRY The pH value for a substance measures how acidic or alkaline 
the substance is. It is given by the formula pH = —log [H^] where H* is the 
hydrogen ion concentration (in moles per liter). Lemon juice has a hydrogen 
ion concentration of 10 ^? moles per liter. What is its pH value? 


tor for problem solving help at classzone.com 


= WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
504 on p. WS1 TEST PRACTICE 


60. MULTI-STEP PROBLEM Biologists have found that an alligator's length £ 
(in inches) and weight w (in pounds) are related by the function 
$ = 27.1 In ш — 32.8. Graph the function. Use your graph to estimate the 
weight of an alligator that is 10 feet long. 


Ж SHORT RESPONSE The energy magnitude М 
of an earthquake can be modeled by 


М = 0.29(In E) – 9.9 South 
American 
where E is the amount of energy released " tectonic 
(in ergs). S plate 


a. In 2001, a powerful earthquake in Peru, / Nazca 


caused by the slippage of two tectonic plates ? ae Fault line 
along a fault, released 2.5 х 10% ergs. What was 
the energy magnitude of the earthquake? 


b. Find the inverse of the given function. 
Describe what it represents. 


62. * EXTENDED RESPONSE A study in Florida found that the number of fish 
species s in a pool or lake can be modeled by the function 


s = 30.6 — 20.5(log A) + 3.8(log A)* 
where A is the area (in square meters) of the pool or lake. 


a. Graph Use a graphing calculator to graph the function on the domain 
200 <A < 35,000. 


b. Estimate Use your graph to estimate the number of fish species in a lake 
with an area of 30,000 square meters. 


c. Estimate Use your graph to estimate the area of a lake that contains 
6 species of fish. 


d. Reasoning Describe what happens to the number of fish species as the 
area of a pool or lake increases. Explain why your answer makes sense. 


63. CHALLENGE The function s = 0.159 + 0.118(log d) gives the slope s of a beach 
in terms of the average diameter d (in millimeters) of sand particles on the 
beach. Find the inverse of this function. Then use the inverse to estimate the 
average diameter of the sand particles on a beach with a slope of 0.2. 


MIXED REVIEW 


: PREVIEW | Evaluate the expression. (p. 330) 
: Prepare for 3.95 -32 "a RS Bi 
| Lesson 75 64, 25.2 65. (5 3) 66. 8! + 82.8 67. (2 
: їп Ех5. 64—71. 2 
6 2 8 
вв. 20 вө. (672) т0. £ 71. 5 
10 E 7 


Simplify the expression. Assume all variables are positive. (p. 420) 


72, 4 gee wa. Der) n 74. V 54x5y? 75. (n*/5 . n2/9)1/6 
уЗ 16 з = 
= um 77. 952 тв. (Vo. up та, Sas Vn 
Xr Ў250х16 
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4 1 А г =, > 
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Lessons 7.1-7.4 
1. MULTI-STEP PROBLEM The graph shown below 5. EXTENDED RESPONSE A local bank offers 


is a translation of the graph of y = log, x. 


a. Write an equation of the graph. 


b. Graph the inverse of the function whose 
graph is shown above. 


. MULTI-STEP PROBLEM When a piece of paper 
is folded in half, the paper is divided into two 
regions, each of which has half the area of the 
paper. If this process is repeated, the number 
of regions increases while the area of each 
region decreases. The table below shows the 
number of regions and the fractional area of 
each region after each successive fold. 


Fold number 0 1 2 3 4 
Number of regions | 1 2 ? ? ? 
Fractional area of 1 E ә ә 3 
each region 


a. Copy and complete the table. 


b. Write functions giving the number of 
regions R(n) and the fractional area of each 
region A(n)after n folds. Tell whether each 
function represents exponential growth, 
exponential decay, or neither. 


. OPEN-ENDED The value of one item increases 
by r% per year while the value of another item 
decreases by r% per year. After 2 years, both 
items are worth $100. Choose a value for rand 
write a function giving each item’s value y 
after t years. Graph both functions in the same 
coordinate plane. 


. SHORT RESPONSE You deposit $2000 in 

an account that pays 4% annual interest 
compounded continuously. What is your 
balance after 2 years? After how many full 
years will your balance first exceed $2250? 
Explain how you found your answers. 


Chapter 7 Exponential and Logarithmic Functions 


certificate of deposit (CD) accounts that you 
can use to save money and earn interest. You 
are considering two different CDs: a three-year 
CD that requires a minimum balance of $1500 
and pays 2% annual interest, and a five-year 
CD that requires a minimum balance of $2000 
and pays 3% annual interest. The interest for 
both accounts is compounded monthly. 


a. If you deposit the minimum required 
amount in each CD, how much money is in 
each account at the end of its term? How 
much interest does each account earn? 


b. What is the difference in the amounts 
of interest? 


c. Describe the benefits and drawbacks of 
each account. 


. GRIDDED ANSWER Tritium is a radioactive 


substance used to illuminate exit signs. The 
amount of tritium disappears over time, a 
process called radioactive decay. If you start 
with a 10 milligram sample of tritium, the 
number y of milligrams left after t years is 
given by y = 10e 99594 How many milligrams 
of tritium are left after 10 years? Round your 
answer to the nearest hundredth. 


. MULTI-STEP PROBLEM The amount y of oil 


collected by a petroleum company drilling 

on the U.S. continental shelf can be modeled 

by y = 12.263 In x — 45.381 where y is measured 
in billions of barrels and x is the number of 
wells drilled. 


a. Graph the model. 


b. About how many barrels of oil would you 
expect to collect after drilling 1000 wells? 


c. About how many wells need to be drilled to 
collect 50 billion barrels of oil? 


S SAA IIA 


Т 5 Apply Properties 
°~ of Logarithms 


You evaluated logarithms. 


| Now ] You will rewrite logarithmic expressions. 


So you can model the loudness of sounds, as in Ex. 63. 


RS No 5; N py 
—, Ж: x лы AM 
кл r1 Fi - = 
L | е || 


: EM ы 
base, р. 1 


С KEY CONCEPT 


Properties of Logarithms 


For Your Notebook 


Let b, m, and n be positive numbers such that b + 1. 


> Product Property 
Quotient Property 


Power Property 


log, mn = log, m + log, n 
log, ^ = log, m — log, n 


log, m" = nlog, m 


(TUNER vse properties oflogarithms 00 


Use log, 3 = 0.792 and log, 7 = 1.404 to evaluate the logarithm. 


а. log, > = log, 3 = log, 7 


log, m. 08, т and == 0.792 — 1.404 
: n  log,n 
: log, mn #(log, m)(log, n). — —0.612 


b. log, 21 = log, (3 * 7) 
= log, 3 + log, 7 
== 0.792 + 1.404 
— 2.196 

с. log, 49 = log, 7° 
— 21og, 7 
= 2(1.404) 
— 2.808 


ACTICE | for Example 1 


Quotient property 


Use the given values of log, 3 and log, 7. 


Simplify. 


Write 21 as 3 · 7. 

Product property 

Use the given values of log, 3 and log, 7. 
Simplify. 

Write 49 as 7°. 

Power property 

Use the given value of log, 7. 


Simplify. 


Use log, 5 ~ 0.898 and log, 8 ~ 1.161 to evaluate the logarithm. 


1. log, 2 


2. log, 40 


3. log, 64 4. log, 125 
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REWRITING EXPRESSIONS You сап use the properties of logarithms to expand 
and condense logarithmic expressions. 


[ EXAMPLE 2 | Expand a logarithmic expression 
: REWRITE ————— — 


" | 
: EXPRESSIONS | xi 

: WU ннн » Expand log, se, 

: expanding or T 

: condensing an logs 7 = log, 5x? — log, y Quotient property 
: expression involving 
: logarithms, you тау 
; assume any variables = log, 5 + 3 log¿x — log¿y Power property 


: are positive. 
* | EXAMPLE 3 J Standardized Test Practice 


Which of the following is equivalent to log 9 + 3 log 2 — log 3? 
CA) log8 log 14 © log 18 (D log24 


= log, 5 + log; х? — logy Product property 


Solution 
log 9 + 3 log 2 — log 3 = log 9 + log 2? — log3 Power property 


= log (9 • 23) — log 3 Product property 
= log Э = Quotient property 
= log 24 Simplify. 


| > The correct answer is D. GO ®© © Ф) 


Y GUIDED PRACTICE | for Examples 2 and 3 


^8. Expand log Зх“. 6. Condense In 4 + 3 1n 3 — In 12. 


CHANGE-OF-BASE FORMULA Logarithms with any base other than 10 or e can 
be written in terms of common or natural logarithms using the change-of-base 
formula. This allows you to evaluate any logarithm using a calculator. 


KEY CONCEPT For Your Notebook 


Change-of-Base Formula 


If a, b, and c are positive numbers with b + 1 and c # 1, then: 


—. 
- 
а 
= 
2 
© 
3 
a 
2 
ә 
3 


2 log, а 
> log a= 280 
С log, c 

— _ loga | _ Ina 

In particular, log, a = аре and log, a = a 
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CUED use the change-of-base formula 


Evaluate log, 8 using common logarithms and natural logarithms. 


| 


Solution 
Using common logarithms: log, 8 = 3 == ay = 1.893 
Using natural logarithms: log, 8 = DE = ot == 1.893 


SOUND INTENSITY For a sound with intensity I 
(in watts per square meter), the loudness L(I) of the 
sound (in decibels) is given by the function 


L(I) = 10 log + 
0 


where /, is the intensity of a barely audible sound 


(about 10 '* watts per square meter). An artist in a 
recording studio turns up the volume of a track so 
that the sound's intensity doubles. By how many 
decibels does the loudness increase? 


Solution 
Let J be the original intensity, so that 2/15 the 
doubled intensity. 
Increase in loudness = L(21) — L(D Write an expression. 
= 10 log 2E 40 log £ Substitute. 
Lo Lo 
ЕЕ. І 
E 1010 77 log i, Distributive property 
0 0 


= 10/ log 2 + log + — log ij Product property 
| 0 0 


= 10 log 2 Simplify. 


= 3.01 Use a calculator. 


| » The loudness increases by about З decibels. 


Y GUIDED PRACTICE | for Examples 4 and 5 


Use the change-of-base formula to evaluate the logarithm. 


7. log, 8 8. log, 14 9. log, 9 10. log,, 30 


11. WHAT IF? In Example 5, suppose the artist turns up the volume so that the 
sound's intensity triples. By how many decibels does the loudness increase? 
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75 EXERCISES HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
E KEY: on p. WS13 for Exs. 11, 17, and 71 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 43, 44, 64, 71, and 73 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: To condense the expression 
log, 2x + log, y, you need to use the ? property of logarithms. 


2. * WRITING Describe two ways to evaluate log. 12 using a calculator. 


: EXAMPLE 1 | MATCHING EXPRESSIONS Match the expression with the logarithm that has the 


: опр. 507 same value. 
POC ESA 3. In6—In2 4. 21п6 5. 61п2 6. In6 - In2 
A. In 64 В. In 3 C. In 12 D. In 36 
APPROXIMATING EXPRESSIONS Use log 4 — 0.602 and log 12 — 1.079 to evaluate 
the logarithm. 
7. log3 8. log 48 9. log 16 10. log 64 
| ( 1 + 1 
(11) log 144 12. log 3 13. log A 14. log 12 
: EXAMPLE2 | EXPANDING EXPRESSIONS Expand the expression. 
: on p. 508 | (17) 4 
‘for Exe. 15-32 | 15 108, 4x 16. In 15x log 3x 18. log. х? 
2 12 x 
19. log, = 20. 1п-= 21. log, 3y 22. In 4x%y 
23. log, 51%yz* 24. log, 36x* 25. In xy! ? 26. log 10x? 
2 
27. log, Vx 28. In er. 29. In Vx? 30. log, V9x 
y 


ERROR ANALYSIS Describe and correct the error in expanding the logarithmic 
expression. 


31. 32. 


log 5x (log 5)(log x) ps In®x 3in8 их X 


: EXAMPLE 3 CONDENSING EXPRESSIONS Condense the expression. 


AAA 


: for Exs. 33-43 33. log, 7 — log, 10 34. In 12 – In4 
35. 2108 x + log 11 36. 6Inx+4Iny 
37. 51орх— 4logy 38. 5log, 2 + 7 log, x + 4 log, y 
39. In40 * 2In +1пх 40. log, 4 + 4 log, x 
41. 6ln2-—4ln y 42. 2(log, 20 — log, 4) + 0.5 log, 4 


43. * MULTIPLE CHOICE Which of the following is equivalent to 3 log, 6? 
СА) log, 18 log, 72 (С) log, 216 (D> log, 256 


510 Сһаріег7 Exponential and Logarithmic Functions 


44, * MULTIPLE CHOICE Which of the following statements is not correct? 
СА) log, 48 = log, 16 + log, 3 log, 48 = 3 log, 2 + log, 6 
©) log, 48 = 2 log, 4 + log, 3 (DD) log, 48 = log, 8 + 2 log, З 
: EXAMPLE 4 CHANGE-OF-BASE FORMULA Use the change-of-base formula to evaluate the 
: for Exs. 45-61 | | 
45. log, 7 46. log, 13 47. log, 15 48. log, 22 
49. log, 6 50. log, 14 51. log, 17 52. log, 28 
53. log, 19 54. log, 48 55. log, 27 56. log, 32 
| 24 15 9 E] 
57. log, Е 58. log, = 59. log, a0 60. log, 16 
61. ERROR ANALYSIS Describe and correct the error 
in using the change-of-base formula. lo log 5 
8 log 7 


: EXAMPLE 5 SOUND INTENSITY In Exercises 62 and 63, use the function in Example 5. 
: on p. 509 


: 62. Find the decibel level of the sound made by each object shown below. 
: for Exs. 62-63 


Barking dog: / = 107 W/m? Ambulance siren: | = 10° W/m? Вее: / = 10765 w/m? 
63. The intensity of the sound of a trumpet is 10° watts per square meter. Find 


the decibel level of a trumpet. 


64. * OPEN-ENDED MATH For each statement, find positive numbers М, N, 
and b (with b + 1) that show the statement is false in general. 


a. log, (M + N) = log, M + log, N b. log, (M — №) = log, M — log, N 


CHALLENGE In Exercises 65-68, use the given hint and properties of exponents 
to prove the property of logarithms. 


65. Product property log, mn = log, m + log, n 
(Hint: Let x = log, m and let y = log, n. Then m = b* and n = РУ.) 


66. Quotient property log, = = log, m — log, n 
(Hint: Let x = log, m and let y = log, п. Then m = b* and n = D") 


67. Power property log, m" = n log, т 
(Hint: Let x = log, m. Then m = b* and m" = b™.) 
log, a 
log, c 
| (Hint: Let x = log, a, y = log, c, and = log, a. Then a = Б“, с = Б, anda = c^, 
| so that b* = c*.) 


68. Change-of-base formula log, a = 
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PROBLEM SOLVING 


: EXAMPLE 5 69. CONVERSATION Three groups of people are having separate conversations in 


: on p. 509 p a room. The sound of each conversation has an intensity of 1.4 х 10 ? watts 
¿for Exs. 69-72 per square meter. What is the decibel level of the combined conversations in 
the room? 


@ НотеТиёог for problem solving help at classzone.com 


70. PARKING GARAGE The sound made by each of five cars in a parking garage 
has an intensity of 3.2 х 10 * watts per square meter. What is the decibel 
level of the sound made by all five cars in the parking garage? 


tm PT 
@Homelutor ог problem solving help at dasszone.com 


(n) * SHORT RESPONSE The intensity of the sound TV ads make is ten times as 
great as the intensity for an average TV show. How many decibels louder is a 
TV ad? Justify your answer using properties of logarithms. 


Intensity of Television Sound 


During show: During ad: 
Intensity = / Intensity = 10/ 


72. BIOLOGY The loudest animal on Earth is the blue whale. It can produce a 
sound with an intensity of 109? watts per square meter. The loudest sound a 
human can make has an intensity of 109? watts per square meter. Compare 
the decibel levels of the sounds made by a blue whale and a human. 


73. ж EXTENDED RESPONSE The f-stops on a 35 millimeter camera control the 
amount of light that enters the camera. Let s be a measure of the amount of 
light that strikes the film and let f be the f-stop. Then s and f are related by 
the equation: 


5 = log, f* 


{== 1.4 


a. Use Properties Expand the expression for s. 


b. Calculate The table shows the first eight f-stops on a 35 millimeter 
camera. Copy and complete the table. Describe the pattern you observe. 


2.000 | 2.828 4000 | 5.657 | 8.000 11.314 | 16.000 | 
| i | | | 
? ? EOI2 | 3 y ИЕ | 


f 1414 
5 ? 


с. Reasoning Many 35 millimeter cameras have nine f-stops. What do you 
think the ninth f-stop is? Explain your reasoning. 


| = WORKED-OUT SOLUTIONS ж = STANDARDIZED 
512 on p. WS1 TEST PRACTICE 


74. CHALLENGE Under certain conditions, the wind speed s (in knots) at ап 
altitude of h meters above a grassy plain can be modeled by this function: 


s(h) = 2 In (100h) 


a. By what amount does the wind speed increase when the altitude 
doubles? 


b. Show that the given function can be written in terms of common 


logarithms as s(h) = T (log h + 2). 
log e 


- MIXED REVIEW ER | 


: PREVIEW 


= RAI 


: Prepare for 
: Lesson 7.6 
: in Exs. 78—83. 


Perform the indicated operation. (p. 187) 
75 5: = " 6 7 - -? | | -9 TY 71.3 17 2.4 6.8 
` |12 20 -2 -19 "| & 8 3 1 192 53 72 


Solve the equation. Check for extraneous solutions. (р. 452) 


78. Vx+12+4=11 79. Vx+10+6=4 80. Vx + 6 = V3x — 14 
81. V2x 7 = Ў8 -x 82. Vx- 1 = х – 3 83. х + 2 = V9x + 28 
Use a calculator to evaluate the expression. 

84. e? (p. 492) 85. e ? (p. 492) 86. e>" (р. 492) 87. e 0^ (p. 492) 
88. log 12 (p. 499) 89. log 1.8 (p. 499) 90. In 24 (p. 499) 91. In 8.49 (p. 499) 


Quiz for Lessons 7.4-7.5 


Evaluate the logarithm without using a calculator. (p. 499) 
1. log, 16 2. log, 1 3. log, 8 4. log, ¡7 32 


Graph the function. State the domain and range. (p. 499) 


5. у = log, x 6. у=1пх+2 7. y-log, (x +4) - 1 
Expand the expression. (p. 507) 
4 
8. log, 5x 9. log, x’ 10. In 5xy° 11. log, 2- 
x 


Condense the expression. (p. 507) 


12. log, 5 — log, 20 13. In 6 + In 4x 14. log; 5 + 3 log, 2 15. 4Inx—5Inx 


Use the change-of-base formula to evaluate the logarithm. (p. 507) 
16. log, 10 17. log, 14 18. log, 24 19. log, 40 


20. SOUND INTENSITY The sound of an alarm clock has an intensity of I = 10 * 
watts per square meter. Use the model L(I) = 10 log 4, where J, = 10 !? watts 
0 


per square meter, to find the alarm clock's loudness L(I). (p. 507) 
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Eng ACTIVIT \ Use after Lesson 7.5 @Home Tutor 


— classzone.com 
Keystrokes 


/.3 Graph Logarithmic Functions 


You can use a graphing calculator to graph logarithmic functions simply by using 
the ES or key. To graph a logarithmic function having a base other than 10 
or e, you need to use the change-of-base formula to rewrite the function in terms 
of common or natural logarithms. 


Use a graphing calculator to graph y = log, x and y = log, (x — 3) + 1. 
Rewrite functions Use the change-of-base formula to rewrite each 
function in terms of common logarithms. 

y = log, x y = log, (x — 3) + 1 


log x _ log (x — 3) 
log 2 log 2 


STEP 2| Enter functions STEP 3| Graph functions 


Enter each function into a Graph the functions. 
graphing calculator. 


t 


Y2=Clog(X=-3)/ 
Log(2))+1 

Үз= 

Y4= 

Y5= 

Y6= 


Ц Юе лг т ай = 
D FA AL A k E 


Use a graphing calculator to graph the function. 

1. y= log, x 2. y= log, x 3. f(x) = log, x 

4. у = log; x 5. y= log; x 6. g(x) = log, x 

7. у= log, (x + 2) 8. y=log.x-1 9. f(x) = log, (x —5) – 2 
10. y= log, (x + 4) - 7 11. y=log,@—5) +3 12. g(x) = log, (x + 6) — 6 


13. REASONING Graph у = In x. If your calculator did not have a natural 
logarithm key, explain how you could graph y = In x using the key. 
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7 6 Solve Exponential and 


You studied exponential and logarithmic functions. 


Logarithmic Equations 


You will solve exponential and logarithmic equations. 
So you can solve problems about astronomy, as in Example 7. 


mam 


e ттен з 


equation 
* logarithmic 
equation 


* extraneous 
solution, p. 52 


o ра р ул 


КЕҮ СОМСЕРТ For Your Notebook 
Property of Equality for Exponential Equations 


: Algebra — Ifbisa positive number other than 1, then b* = Б? if and only 
| if x = y. 


I^ Example 1#3* = 3°, then x = 5. If x = 5, then 3* = 3°. 


Write original equation. 


Rewrite 4 and > as powers with base 2. 


Power of a power property 


Property of equality for exponential equations 
x= Solve for x. 
» The solution is 1. 


CHECK Check the solution by substituting it into the original equation. 


4! 2 >) ~3 substitute 1 for x. 


42 ON Simplify. 


4=4/7 Solution checks. 


for Example 1 


Solve the equation. 


| \ox — 6 
1. 9% = 27171 2. 100 ** = 10007 2 3. aP-*-(i) | 


7.6 Solve Exponential and Logarithmic Equations 


515 


When it is not convenient to write each side of an exponential equation using the 
same base, you can solve the equation by taking a logarithm of each side. 


CE Take a logarithm of each side 


: ANOTHER WAY Solve 4* = 11. 


DC 


: For an alternative 


xu . i 
: method for solving the 4 H Write original equation. 
: problem in Example 2, log, 4^—log,1l Take log, of each side. 
: turn to page 523 for 
: the Problem Solving x=log,11  log,b'-x 
: Workshop. — 

= 28 Change-of-base formula 

log 4 


х = 1.73 Use a calculator. 
| > The solution is about 1.73. Check this in the original equation. 


NEWTON'S LAW OF COOLING An important application of exponential equations 
is Newton's law of cooling. This law states that for a cooling substance with initial 
temperature Т, the temperature T after t minutes can be modeled by 


T- (T, - Те" + T, 


where T, is the surrounding temperature and r is the substance's cooling rate. 


Use an exponential model 


CARS You are driving on a hot day when 
your car overheats and stops running. It 
overheats at 280°Е and can be driven again 
at 230°F. If r = 0.0048 and it is 80°F outside, 
how long (in minutes) do you have to wait 
until you can continue driving? 


Solution 
T = (T, — Tp) e + T» Newton's law of cooling 
230 = (280 —80)e 00048 + 80 ^ Substitute for T, Ty, Tẹ and r. 
150 = 2008 2:008 Subtract 80 from each side. 

0:75 =e 999997 Divide each side by 200. 

1n 0:75 =lne "50 Take natural log of each side. 

—0.2877 = —0.0048t In ех = log, e* = x 
60 = г Divide each side by 0.0048. 


» You have to wait about 60 minutes until you can continue driving. 


Y| GUIDED PRACTICE for Examples 2 and 3 - 


Solve the equation. 


4. 27-5 5. 7?* = 15 6. 4e 93% — 7 = 13 
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SOLVING LOGARITHMIC EQUATIONS Logarithmic equations are equations that 
involve logarithms of variable expressions. You can use the following property to 
solve some types of logarithmic equations. 


KEY CONCEPT For Your Notebook 


Property of Equality for Logarithmic Equations 


Algebra — If b, x, and y are positive numbers with b + 1, then log, x = log, y 
if and only if x = y. 


Example Iflog, x = log, 7, then x = 7. If x = 7, then log, x = log, 7. 


( EXAMPLE 4 ЩТ alogarithmic equation 


| Solve log, (4x — 7) = log. (x + 5). 
log. (Ax — 7) = log. (х + 5) Write original equation. 


4x-—7=x+5 Property of equality for logarithmic equations 
3x— 7275 Subtract x from each side. 
3x — 12 Add 7 to each side. 
х= 4 Divide each side by 3. 


» The solution is 4. 
| CHECK Check the solution by substituting it into the original equation. 
log, (4x — 7) = log, (x + 5) Write original equation. 
log, (4 + 4—7) 2 log, (4+5) Substitute 4 for x. 
log, 9 = log. 9 Y Solution checks. 


EXPONENTIATING TO SOLVE EQUATIONS The property of equality for exponential 
equations on page 515 implies that if you are given an equation x = y, then 

you can exponentiate each side to obtain an equation of the form b* = b". This 
technique is useful for solving some logarithmic equations. 


GT Exponentiate each side of an equation 


Solve log, (5x — 1) = 3. 


log, (5x — 1) 2 3 Write original equation. 
41084(5х— 1) — 43 Exponentiate each side using base 4. 
5x-1=64 Бх = х 
5х = 65 Add 1 to each side. 
x=13 Divide each side by 5. 


| 
> The solution is 13. 


CHECK log, (5x — 1) = log, (5 * 13 — 1) = log, 64 
Because 4° = 64, log, 64 = 3. Y 
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EXTRANEOUS SOLUTIONS Because the domain of a logarithmic function 
generally does not include all real numbers, be sure to check for extraneous 
solutions of logarithmic equations. You can do this algebraically or graphically. 


Ж GITE standardized Test Practice 


What is (are) the solution(s) of log 2x + log (x — 5) = 2? 


: ELIMINATE CHOICES | 


| instead of solving the =5, 10 O 5 O 10 O) 5,10 
: equation in Example 6 

: directly, you can 

: substitute each possible Solution 

; answer into the log 2х + log (x — 5) = 2 Write original equation. 


: equation to see whether 


: it is a solution. log [2x(x — 5)] = 2 


Product property of logarithms 


10-82-51 2 19?  Exponentiate each side using base 10. 


2x(x—5)—100 Бх = х 
25? – 10х = 100 Distributive property 
2x* — 10x – 100 = 0 Write in standard form. 
х? – 5х – 50 = 0 Divide each side by 2. 
(x — 10)(x + 5) = 0 Factor. 
x=10 or x=-5 Zero product property 


CHECK Check the apparent solutions 10 and —5 using algebra or a graph. 
. Algebra Substitute 10 and —5 for x in the original equation. 
log 2x + log (x — 5) = 2 
log (2 10) + log (10 — 5) 2 2 
log 20 + log 5 2 2 
log 100 = 2 
2=2/ 


log 2x + log (x — 5) = 2 
log [2(—5)] + log (-5 — 5) £ 2 
log (-10) + log (—10) 2 2 


Because log (—10) is not 
defined, —5 is not a solution. 


So, 10 is a solution. 


Graph Graph y = log 2x + log (x — 5) and y = 2 po. A 
in the same coordinate plane. The graphs | 
intersect only once, when x = 10. So, 10 is | 
the only solution. | | 

| >The correct answer is C. ®© ®© © © | | 


Intersection 


L X=10 Y=2 J 


GUIDED PRACTICE for Examples 4, 5, and 6 


Solve the equation. Check for extraneous solutions. 
7. In (7x ^ 4) = In (2x + 11) 8. log, x- 6) =5 


9. log 5x + log (x — 1) =2 10. log, (x + 12) + log, x= 3 
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| ExAMPLE vea logarithmic model Н 


ASTRONOMY The apparent magnitude of a star 
is a measure of the brightness of the star as it 
appears to observers on Earth. The apparent 
magnitude M of the dimmest star that can be 
seen with a telescope is given by the function 


M=5logD +2 


where Dis the diameter (in millimeters) of the 
telescope's objective lens. If a telescope can reveal stars 
with a magnitude of 12, what is the diameter of its objective lens? 


: ANOTHER WAY Solution 


AAA 


: For an alternative 


method for solving the M=5logD+2 Write original equation. 


: problem in Example 7, 12=5logD+2 Substitute 12 for M. 

: turn to page 523 for | 

: the Problem Solving 10 = 5log D Subtract 2 from each side. 

: Workshop. 2 = log D Divide each side by 5. 
10% 101089 Exponentiate each side using base 10. 
100 = D Simplify. 


» The diameter is 100 millimeters. 


PF 


| ota H "Y um ГЕ же 
D: нес Alge Ога at classzone.com 


for Example 7 


| 11. WHAT IF? Use the information from Example 7 to find the diameter of the 
objective lens of a telescope that can reveal stars with a magnitude of 7. 


HOMEWORK: () = wORKED-OUT SOLUTIONS 
KEY: on p. WS14 for Exs. 15, 35, and 57 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 44, 47, 58, and 60 


¡ Ф = MULTIPLE REPRESENTATIONS 
: Ех. 59 


7.6 EXERCISES 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: The equation 5* = 8 is an example of 
a(n) ? equation. 


2. * WRITING When do logarithmic equations have extraneous solutions? 


: EXAMPLE 1 | SOLVING EXPONENTIAL EQUATIONS Solve the equation. 
: опр. 515 | 4 5r-4..95€—8 4, 73x+4 = 492r +1 5. gi - 1 — 323x-2 
: for Exs. 3-11 
6.27" * Sas 7, 4°%*-5 – gg? 8. 333-72 8112 – 3x 
5x-2. [1]-x aon 06). y LIC 92 
9. 36 (5 10. 10 ia 11. 25 ug 
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: EXAMPLE 2 


3 E ^ m irren RE 
: for Exs. 12-23 


: EXAMPLE 4 


| E 99 ads; M 
: for Exs. 24-31 


: EXAMPLES 


: оп pp. 517-518. 
: for Exs. 32-44 


SOLVING EXPONENTIAL EQUATIONS Solve the equation. 


12. 8* = 20 13. ¢* = 5 14. 7" = 18 
(15) 115583 18. 7° = 12 17: de =17 

18. 10% +4 = 9 19. -3e% + 16 = 5 20. 0.5* — 0.25 = 4 
21. 16) *+1=6 22, 2015.57 23. Se +; — 4 


SOLVING LOGARITHMIC EQUATIONS Solve the equation. Check for extraneous 
solutions. 


24. log, (bx + 9) = log. 6x 25. In (4x — 7) = In (x + 11) 

26. In (x + 19) = In (7x — 8) 27. log. (2x — 7) = log, (3x — 9) 
28. log (12x — 11) = log (3x + 13) 29. log, (18x + 7) = log, (3x + 38) 
30. log, (3x — 10) — log, (14 — 5x) 31. log, (5 — 12x) = log, (6x — 1) 
EXPONENTIATING TO SOLVE EQUATIONS Solve the equation. Check for 
extraneous solutions. 

32. log, x= —1 33. 5Inx = 35 

34. 4 log, 12x = 2 (65) 5.2 log, 2x = 16 

36. log, (x — 4) = 6 37. log, x + log, (x - 2) = 

38. log, (—x) + log, (x + 10) = 2 39. In(x+3)+Inx=1 

40. 410 (~x) +3 = 21 41. log, (x + 4) + log, (x + 1) = 2 
42. log; Зх + log, œ- 1) = 3 43. log, (x — 9) + log, (x 3) = 2 


44. ж MULTIPLE CHOICE What is the solution of 3 log, (2x + 7) + 8 = 10? 


QD -1.5 —1.179 © 4 (D) 4.642 
ERROR ANALYSIS Describe and correct the error in solving the equation. 
45. 46. 

2 log 1Ох 
log log log 10x 
log 6 10x 


"f : Y 


47. ж OPEN-ENDED MATH Give an example of an exponential equation whose 
only solution is 4 and an example of a logarithmic equation whose only 
solution is —3. 


CHALLENGE Solve the equation. 


AB. gx + 4 = 62^— 5 49. 10?* - NO =99- x 
50. log, (x + 1) = log, 3x 51. log, x = log, 6x 
52. 27 —12*2* + 32 = 0 53. 5% + 20 • 5х — 125 = 0 
(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED @ = MULTIPLE 
520 on p. WS1 TEST PRACTICE REPRESENTATIONS 


PROBLEM SOLVING 


: EXAMPLE 3 54. COOKING You are cooking beef stew. When you take the beef stew off the 

| stove, it has a temperature of 200°F. The room temperature is 75°F and the 

| for Exs. 54-58 cooling rate of the beef stew is r = 0.054. How long (in minutes) will it take to 
cool the beef stew to a serving temperature of 100°F? 


@Homelutor for problem solving help at dasszone.com 


55. THERMOMETER As you are hanging an outdoor thermometer, its reading 
drops from the indoor temperature of 75°F to 37°F in one minute. If the 
cooling rate is r = 1.37, what is the outdoor temperature? 


надра 
TE 


ҮТ ИННА, PP : 
(WHomelutor for problem solving help at dasszone.com 


56. COMPOUND INTEREST You deposit $100 in an account that pays 6% annual 
interest. How long will it take for the balance to reach $1000 for each given 
frequency of compounding? 


a. Annual b. Quarterly c. Daily 


6) RADIOACTIVE DECAY One hundred grams of radium are stored in а 
container. The amount R (in grams) of radium present after t years can be 
modeled by R = 100e 999059! After how many years will only 5 grams of 
radium be present? 


58. Ж MULTIPLE CHOICE You deposit $800 in an account that pays 2.25% annual 
interest compounded continuously. About how long will it take for the 
balance to triple? 


CA) 24 years (В) 36 years 

(C) 48.8 years Œ 52.6 years 
; EXAMPLE7 | 59. D MULTIPLE REPRESENTATIONS The Richter scale is used for measuring 
: on p. 519 the magnitude of an earthquake. The Richter magnitude R is given by the 
: for Ex. 59 function 


R = 0.67 log (0.37E) + 1.46 


where E is the energy (in kilowatt-hours) released by the earthquake. 


js Athens ЖОО И Fukuoka 
Мау 20, 2005 n Te] Sept. 7, 1999 |. ^. «| March 20, 2005 
R=4.1 xu | 8:53 ^ Hz 6.6 


a. Making a Graph Graph the function using a graphing calculator. Use 
your graph to approximate the amount of energy released by each 
earthquake indicated in the diagram above. 


b. Solving Equations Write and solve a logarithmic equation to find the 
amount of energy released by each earthquake in the diagram. 


7.6 Solve Exponential and Logarithmic Equations 
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60. * EXTENDED RESPONSE If X-rays of a fixed wavelength strike a material 
x centimeters thick, then the intensity I(x) of the X-rays transmitted through 
the material is given by I(x) = уе "*, where J, is the initial intensity and pis a 
number that depends on the type of material and the wavelength of the 
X-rays. The table shows the values of p for various materials. These p-values 
apply to X-rays of medium wavelength. 


Aluminum Copper 


0.43 3.2 


a. Find the thickness of aluminum shielding that reduces the intensity 
of X-rays to 30% of their initial intensity. (Hint: Find the value of x for 
which I(x) = 0.34) 


b. Repeat part (a) for copper shielding. 
c. Repeat part (a) for lead shielding. 


d. Reasoning Your dentist puts a lead apron on you before taking X-rays 
of your teeth to protect you from harmful radiation. Based on your 
results from parts (а)—(с), explain why lead is a better material to use 
than aluminum or copper. 


61. CHALLENGE You plant a sunflower 
seedling in your garden. The 
seedling’s height h (in centimeters) 
after t weeks can be modeled by 
the function below, which is called 


FETTTEFIETTITIS 
a logistic function. = 
pisie „ГГ 
m 256 g 
h(t) = ———_ 
1 + 13e 085 5 


Find the time it takes the 
sunflower seedling to reach a 
height of 200 centimeters. 


: PREVIEW Solve the system using any algebraic method. (p. 160) 

Баны 62. Зх – у= 7 63. 5x- у= 7 64. х+ 4у = —6 
Бем x 2у= 14 2х + 5y = -3 -2x + у= 12 
: in Exs. 62—64. 


Determine the possible numbers of positive real zeros, negative real zeros, and 
imaginary zeros for the function. (p. 379) 


65. f(x) 2x!—2x^-5 66. f(x) = x! +6 - х2 + 7x — 8 
67. f(x) = 0 — Зх? + 7х? + 6x +9 68. f(x) = x’ + 10x8 — 5x* + 12x? — 17 
Use finite differences and a system of equations to find a polynomial function 


that fits the data. You may want to use a graphing calculator to solve the 
system. (p. 393) 
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PROBLEM SOLVING WOL: -RPNATIVE METHODS 
WORKSHOP + NATIVE METHODS 


{ LESSON 7.6 — 


Another Way to Solve Examples 2 and 7, pp. 516 and 519 


MULTIPLE REPRESENTATIONS In Examples 2 and 7 on pages 516 and 519, 
respectively, you solved exponential and logarithmic equations algebraically. 
You can also solve such equations using tables and graphs. 


METHOD 1 Using a Table One way to solve the equation is to make a table of values. 


STEP? Enterthefunctiony=4*into  STEP2 Create a table of values for the 
a graphing calculator. function. 


| Y) ^X | 
Үг= | 
Үз= 
Y4= 

| vs- | 
Yé= 
Үт= 


L J 


STEP 3 Scroll through the table to find when y = 11. The table in Step 2 shows 
that y = 11 between x = 1.7 and x = 1.8. 


» The solution of 4* = 11 is between 1.7 and 1.8. 


METHOD 2 Using a Graph You can also use a graph to solve the equation. 


STEP Y Enter the functions у = 4* and y = 11 into a | 
graphing calculator. | 11B4*x 

¥ 2611 
Ys= 
Y4= 
Үз= 
Y6= 
Y7= 


STEP 2 Graph the functions. Use the intersect feature 
to find the intersection point of the graphs. 
The graphs intersect at about (1.73, 11). 


Use a viewing 
j re 
window of Osxs5 Intersection 


and 0 < y < 20. Х=1.7297158 Y=11 
» The solution of 4* = 11 is about 1.73. 


J 
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ASTRONOMY The apparent 
magnitude of a star is a measure 

of the brightness of the star as it 
appears to observers on Earth. 

The apparent magnitude M of the 
dimmest star that can be seen with 
a telescope is given by the function 


M -5logD +2 


where D is the diameter (in millimeters) of the telescope's objective lens. 
If a telescope can reveal stars with a magnitude of 12, what is the diameter 
of its objective lens? 


Using a Table Notice that the problem requires solving the following logarithmic 
equation: 


5log D +2 = 12 


One way to solve this equation is to make a table of values. You can use a 
graphing calculator to make the table. 


STEP? Enter the function y = 5 log x + 2 into a 
graphing calculator. Y1B5*log(x)+2 

Үг= 

Үз= 

Ү&= 

Y5= 

Y6= 

Y7= 


STEP 2 Create a table of values for the function. 
Make sure that the x-values are in the 
domain of the function (x > 0). 


STEP 3 Scroll through the table of values to find 
when y = 12. 


The table shows that y = 12 
when x = 100. 


» To reveal stars with a magnitude of 12, a telescope must have an objective lens 
with a diameter of 100 millimeters. 
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METHOD 2 Using a Graph You can also use a graph to solve the equation 5 log D + 2 = 12. 


STEP 7 Enter the functions y = 5 log x + 2 and 
y = 12 into a graphing calculator. 


STEP 2 Graph the functions. Use the intersect 
feature to find the intersection point of the 
graphs. The graphs intersect at (100, 12). 


= 


ү185х109(Хх) +2 
ү2812 

Үз= 
Y4= 
Y5z 
EL 
Y7= 


Use a viewing window of | eessen" seer t | 
| ntersection 
О = х = 150 and 0 = y = 20. ‚ X=100 Y=12 


» To reveal stars with a magnitude of 12, a telescope must have an objective lens 
with a diameter of 100 millimeters. 


90 Á). ww | 


EXPONENTIAL EQUATIONS Solve the equation 
using a table and using a graph. 


1. 8 — 2e?* = —14 

2; 7-1 *=-9 

3. е? 84+3=15 

4. L6(3) “+ 5.6 = 6 
LOGARITHMIC EQUATIONS Solve the equation 
using a table and using a graph. 

5. log, 5x = 2 

6. log (-3x +7) = 1 

7 4Inx+6=12 

8. 11 log (х + 9) – 5 = 8 
ECONOMICS From 1998 to 2003, the United 
States gross national product y (in billions of 
dollars) can be modeled by y = 8882(1.04)* 
where x is the number of years since 1998. 


Use a table and a graph to find the year when 
the gross national product was $10 trillion. 


10. 


11. 


12. 


13. 


WRITING In Method 1 of Problem 1 on 
page 523, explain how you could use a table to 
find the solution of 4* = 11 more precisely. 


WHAT IF? In Problem 2 on page 524, suppose 
the telescope can reveal stars of magnitude 14. 
Find the diameter of the telescope's objective 
lens using a table and using a graph. 


FINANCE You deposit $5000 in an account 

that pays 3% annual interest compounded 
quarterly. How long will it take for the balance 
to reach $6000? Solve the problem using a table 
and using a graph. 


OCEANOGRAPHY The density d (in grams per 
cubic centimeter) of seawater with a salinity 
of 30 parts per thousand is related to the water 
temperature T (in degrees Celsius) by the 
following equation: 


d = 1.0245 — g0-1226T — 7.828 


For deep water in the South Atlantic Ocean off 
Antarctica, d — 1.0241 g/cm?. Use a table and a 
graph to find the water's temperature. 
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FATA Solve exponential and logarithmic inequalities using tables and graphs. 


In the Problem Solving Workshop on pages 523-525, you learned how to solve 
exponential and logarithmic equations using tables and graphs. You can use these 
same methods to solve exponential and logarithmic inequalities. 


€ EXAMPLE - > Solve an exponential inequality 


CARS Your family purchases a new car for $20,000. Its value decreases by 15% 
each year. During what interval of time does the car’s value exceed $10,000? 


Solution 
Let y represent the value of the car (in dollars) x years after it is purchased. A 
function relating x and yis y = 20,000(1 — 0.15)*, or y = 20,000(0.85)*. To find 
the values of x for which y > 10,000, solve the inequality 20,000(0.85)* > 10,000. 
METHOD 1 Use a table 

STEP T Enter the function y = 20,000(0.85)* into 


a graphing calculator. Set the starting TABLE SETUP 


x-value of the table to 0 and the step TblStart=0 
value to 0.1. | | ATbl=0.1 
Indpnt: Ask 
| Depend: Ask 


STEP 2 Use the table feature to create a table of 
values. Scrolling through the table shows 
that y > 10,000 when 0 = x = 4.2. 


» The car value exceeds $10,000 for about the first 
4.2 years after it is purchased. 


To check the solution's reasonableness, note that 
у = 10,440 when x = 4 and y = 8874 when x = 5. 
So,4«x«5, which agrees with the solution 
obtained above. 


METHOD 2 Use a graph 


Graph y = 20,000 (0.85) and y = 10,000 in the 
same viewing window. Set the viewing window 
to show 0< x <8 and 0 = y = 25,000. Using the 
intersect feature, you can determine that the 


graphs intersect when x = 4.27, r . Intersection 
~ X=4.2650243 Y=10000 


The graph of y = 20,000(0.85)* is above the 


graph of y = 10,000 when 0 s x < 4.27. 


» The car value exceeds $10,000 for about the first 4.27 years after it is purchased. 
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Solve log, x < 2. 


Solution 
METHOD 1 Use a table 
STEP Т Enter the function y = log, x into a 


: log x ] Yv3BLoa CX) /logC2) 
graphing calculator as y — Таро" n Y2= 
het 


Y4- 
Y5- 
Үб= 


STEP 2 Use the table feature to create a table of 
values. Identify the x-values for which 
y < 2. These x-values are given by 0 « x <4. 


Make sure that the x-values are reasonable |..." 
and in the domain of the function (x > 0). 


> The solution is 0 « x <4. 


METHOD 2 Use a graph 


Graph y = log, x and y = 2 in the same viewing 
window. Using the intersect feature, you can 
determine that the graphs intersect when x — 4. 
- Intersection 
The graph of y = log, x is on or below "ez Y=2 
the graph of y = 2 when 0 € x « 4. 


> The solution is 0 < x = 4. 


PRACTICE 


: EXAMPLE 1 


«= SPSS RTRs 


: for Exs. 1-6 


: EXAMPLE 2 


E DA 


: on p. 527 
: for Exs. 7-12 


Solve the exponential inequality using a table and using a graph. 


1. 3* «20 2. 28/2) >9 3. 244(0.35)* > 50 
4. —63(0.96)* < —27 5. 95(1.6)* = 1620 6. -284(2)" > -135 


Solve the logarithmic inequality using a table and using a graph. 

7. log; x 23 8. log. x «2 9. log, x *9s11 
10. 2log, x —1»4 11. —4log,x» —20 12. Oslog,x<1 
13. FINANCE You deposit $1000 in an account that pays 3.5% annual interest 

compounded monthly. When is your balance at least $1200? 


14. RATES OF RETURN An investment that earns a rate of return r doubles in 
value in t years, where t = EIS and ris expressed as a decimal. What 
rates of return will double the value of an investment in less than 10 years? 


Extension: Solve Exponential and Logarithmic Inequalities 


Г ЕхАмРІЕ 2 solve a logarithmic inequality 


527 


тет ACTIVITY Use before Lesson 7.7 Tutor 


classzone.com 
Keystrokes 


Model Data with an Exponential Function 


MATERIALS + 100 pennies • сир • graphing calculator 


' на = 
| 111 = 


[STEP 1] Make a table 


Make a table like the one shown to record your results. 


| Number of toss, x го | ЖЕ: ЕЖ ЕЕЕ 
| | LS 5) 


| Numberofpenniesremaining y | ? 


2 | 2 


Perform an experiment 


Record the initial number of pennies Remove all of the pennies showing 

in the table, and place the penniesin “heads.” Count the number of pennies 
a cup. Shake the pennies, and then remaining, and record this number in 
spill them onto a flat surface. the table. 


Continue collecting data 


Repeat Step 2 with the remaining pennies until there are no pennies left to 
return to the cup. 


-— Чы ЗЫР OM чь Шш 


. What is the initial number of pennies? By what percent would you expect 
the number of pennies remaining to decrease after each toss? 

. Use your answers from Exercise 1 to write an exponential function that 
should model the data in the table. 

. Use a graphing calculator to make a scatter plot of the data pairs (х, y). 
In the same viewing window, graph your function from Exercise 2. Is the 
function a good model for the data? Explain. 

. Use the calculator’s exponential regression feature to find an exponential 


function that models the data. Compare this function with the function 
you wrote in Exercise 2. 


Chapter 7 Exponential and Logarithmic Functions 


Write and Apply Exponential 
and Power Functions 


You wrote linear, quadratic, and other polynomial functions. 
You will write exponential and power functions. 
So you can model biology problems, as in Example 5. 


Key Vocabulary In Chapter 2, you learned that two points determine a line. Similarly, two points 
* power function, determine an exponential curve. 
p. 428 


* exponential ? Ў 
function, р. 478 Write ап exponential function 


Write an exponential function y = ab“ whose graph passes through (1, 12) 
and (3, 108). 
Solution 
STEP? Substitute the coordinates of the two given points into y = ab”. 
12=ab' Substitute 12 for y and 1 for x. 
108 — ab? Substitute 108 for y and 3 for x. 


-12 


STEP 2 Solve for ain the first equation to obtain a Б? and substitute this 


expression for a in the second equation. 
108 = | 12 Substitute 12 for а їп second equation. 


108 = 12р? Simplify. 
9 =p? Divide each side by 12. 
3=b Take the positive square root because b> 0. 


TRANSFORMING EXPONENTIAL DATA A set of more than two points (x, y) fits 
an exponential pattern if and only if the set of transformed points (x, In y) fits a 
linear pattern. 


Graph of points (x, y) Graph of points (x, In y) 


The graph is an exponential curve. | тһе graph is a line. 


7.7 Write and Apply Exponential and Power Functions 
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ФС emma 


: USE POINT-SLOPE 


EEN 


: Because the axes are x 

: and In y, the point-slope 

: form is rewritten as 

; In y- y, = mix — xj. 

: The slope of the line 

: through (1, 2.48) and 

: (7, 4.56) is: 
4.56 — 2.48 


7 = 0.35 


* Find an exponential model for the original data. 


SCOOTERS A store sells motor scooters. The table shows the number 
y of scooters sold during the xth year that the store has been open. 


* Draw a scatter plot of the data pairs (x, In y). Is an 
exponential model a good fit for the original data pairs (x, y)? 


Solution 


STEP? Use a calculator to create a table of data pairs (x, In y). 


STEP 2 Plot the new points as shown. The points 
lie close to a line, so an exponential model 
should be a good fit for the original data. 


STEP 3 Find an exponential model y = ab* by 
choosing two points on the line, such as 
(1, 2.48) and (7, 4.56). Use these points to 
write an equation of the line. Then solve for y. 


In y — 2.48 = 0.35(x — 1) Equation of line 
Iny=0.35x+2.13 Simplify. 


PR. Exponentiate each side using base e. 


у= dS Qe Use properties of exponents. 
y = 8.41(1.42)* Exponential model 


EXPONENTIAL REGRESSION A graphing calculator that performs exponential 
regression uses all of the original data to find the best-fitting model. 


| EXAMPLE 3 | Use exponential regression 


| SCOOTERS Use a graphing calculator to find an exponential model for the data in 
| Example 2. Predict the number of scooters sold in the eighth year. 


Solution 

Enter the original data into a graphing calculator gp =ч 
and perform an exponential regression. The model ff EXPRES | 
is у = 8.46(1.42)”. [| yzaxb^x 


a у | a=8.457377971 
Substituting x = 8 (for year 8) into the model gives | b=1.418848603 


y = 8.46(1.42)® = 140 scooters sold. 
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for Examples 1,2 0003 | 


Write an exponential function y = ab“ whose graph passes through the given 
points. 


1. (1, 6), (3, 24) 2. (2, 8), (3, 32) 3. (3, 8), (6, 64) 


4. WHAT IF? In Examples 2 and 3, how would the exponential models 
change if the scooter sales were as shown in the table below? 


WRITING POWER FUNCTIONS Recall from Lesson 6.3 that a power function has 
the form у = ax”. Because there are only two constants (a and b), only two points 
are needed to determine a power curve through the points. 


(CIID write a power function — 


Write a power function y = ах? whose graph passes through (3, 2) and (6, 9). 


_ Solution 
STEP? Substitute the coordinates of the two given points into у = ax”. 
2—a-3" Substitute 2 for y and 3 for x. 
9=a-6" Substitute 9 for y and 6 for x. 


STEP 2 Solve for a in the first equation to obtain а = ET and substitute this 
3 


expression for a in the second equation. 


9 = | 2 е Substitute X for a in second equation. 


EZ 
9=2.22 Simplify. 
4.5 =2P Divide each side by 2. 
log, 4.5 = b Take log, of each side. 
De = Change-of-base formula 
2.17 = р Use a calculator. 
STEP 3 Determine that a = ae = 0.184. So, у = 0.184x27, 
GUIDED PRACTICE for Example 4 


Write a power function y = ax” whose graph passes through the given points. 


5. (2, 1), (7, 6) 6. (3, 4), (6, 15) 7. (5, 8), (10, 34) 


8. REASONING Try using the method of Example 4 to find a power function 
| whose graph passes through (3, 5) and (3, 7). What can you conclude? 


7.7 Write and Apply Exponential and Power Functions 
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TRANSFORMING POWER DATA A set of more than two points (x, y) fits a power 
pattern if and only if the set of transformed points (In x, In y) fits a linear pattern. 


Graph of points (x, y) Graph of porate (In x, In y) 


E 
ШР 01-1, 0.55) | | 
eo BA O E E E ns 


The graph is a power curve. The -——Á" is a line. 


BIOLOGY The table at the right 
shows the typical wingspans x (in | 
feet) and the typical weights y (in Cuckoo 1.90 


pounds) for several types of birds. Crow | | —— 292 — ! 

e Draw a scatter plot of the data Curlew) — 341 — — —— : 
pairs (In x, In y). Is a power __— 
model a good fit for the 7 
original data pairs (x, y)? 16.03 


* Find a power model for the 
original data. 


Solution 


STEP? Use a calculator to create a table of data pairs (In x, In y). 


1.677 | 2128 


nx : : i 
iny | -1.470 | 0.039 0525 | 1911 — 


STEP2 Plot the new points as shown. The mI ELi Ж 
points lie close to a line, so a power || | | (2.128 A 114) 
model should be a good fit for the | |--- -H Jf 
original data. + ШЕ AND 

1 / 
STEP 3 Find a power model y = ах? by (1.227, 0.5254 | | | | | 


ELT ru ШШ! 


ТЕТЕ 
Se 


choosing two points on the line, such 
as (1.227, 0.525) and (2.128, 2.774). Use 
these points to write an equation of 
the line. Then solve for y. 


In y - y, = mn x — xy) Equation when axes are In x and In y 
: USE POINT-SLOPE In y — 2.774 = 2.5(In x — 2.128) Substitute. 
: FORM mE 
| The slope of he lineis" nale A 
: 2.774 — 0.525 _ 250 In y= In x^? — 2.546 Power property of logarithms 
: 2128 — 1227 0°" 
; yor ee Exponentiate each side using base e. 
у= ¿08 gaa Product of powers property 
y = 0.0784x*° Simplify. 
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7.7 EXERCISES 


POWER REGRESSION A graphing calculator that performs power regression uses 
all of the original data to find the best-fitting model. 


GI use power regression 


BIOLOGY Use a graphing calculator to find a power model for the data in 


Example 5. Estimate the weight of a bird with a wingspan of 4.5 feet. 
Solution E 
oa А | ^ PwrReg 

Enter the original data into a graphing calculator | vsu xl 

and perform a power regression. The model is | a=.0442336613 ! 

у= 0.0442x? 7. b-2.871717024 | 
| 

Substituting x — 4.5 into the model gives | 

y = 0.0442(4.5)**” = 3.31 pounds. | | 


- GUIDED 


CTICE _ for Examples 5 and 6 


9. The table below shows the atomic number x and the melting point y (in 
degrees Celsius) for the alkali metals. Find a power model for the data. 


Alkali metal | Lithium Sodium | 
а | 


HOMEWORK: () = WORKED-OUT SOLUTIONS 
KEY: on р. WS14 for Exs. 11, 23, and 33 | 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 27, 33, and 35 


‘SKILL PRACTICE 


: EXAMPLE 1 


: on p. 529 
: for Exs. 3-10 


: EXAMPLE 2 


а REA 


: опр. 530 
: for Exs. 11-14 


1. VOCABULARY Copy and complete: Given a set of more than two data pairs 
(x, y), you can decide whether a(n) _? function fits the data well by making 
a scatter plot of the points (x, In y). 


2. ж WRITING Explain how you can determine whether a power function is a 
good model for a set of data pairs (x, y). 


WRITING EXPONENTIAL FUNCTIONS Write an exponential function y = ab” 
whose graph passes through the given points. 
3: (1:35 GS 4. (2, 24), (3, 144) 5. (3, 1), (5, 4) 6. (3, 27), (5, 243) 
7. (1, 2), (3, 50) 8. (1, 40), (3, 640) 9. (—1, 10), (4, 0.31) 10. (2, 6.4), (5, 409.6) 
FINDING EXPONENTIAL MODELS Use the points (x, y) to draw a scatter plot of the 
points (x, In y). Then find an exponential model for the data. 
(1) (1, 18), (2, 36), (3, 72), (4, 144), (5, 288) 12.. (1, 3.3), (2, 10.1), (3, 30,6), (4, 92.7), (5, 280.9) 
13. (1, 9.8), (2, 12.2), (3, 15.2), (4, 19), G, 23.8) 14. (1, 1.5, 2, 6.7), (3, 32.3), (4, 161.4), (5, 790.9) 


7.7 Write and Apply Exponential and Power Functions 533 


: EXAMPLE 4 
: On p. 531 
: for Exs. 15—22 


: EXAMPLE 5 


: on p. 532 


| TORES. ede | (23) (1, 0.6), (2, 4.1), (3, 12.4), (4, 27), (5, 49.5) 
25. (1,2.5), (2, 3.7), (3, 4.7), (4, 5.5), (5, 6.2) 


: EXAMPLES 
: 2,3,5, апа 6 


: on pp. 530-533 | 


: for Exs. 31-35 


| 
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WRITING POWER FUNCTIONS Write a power function у = ах” whose graph 


passes through the given points. 
15. (4, 3), (8, 15) 
19. (4, 8), (8, 30) 


16. (5, 9), (8, 34) 
20. (5, 10), (12, 81) 


17. (2, 3), (6, 12) 
21. (4, 6.2), (7, 23) 


18. (3, 14), (9, 44) 
22. (3.1, 5), (6.8, 9.7) 


FINDING POWER MODELS Use the given points (x, y) to draw a scatter plot of the 
points (In x, In y). Then find a power model for the data. 


24. (1, 1.5), (2, 4.8), (3, 9.5), (4, 15.4), (5, 22.3) 
26. (1, 0.81), (2, 0.99), (3, 1.11), (4, 1.21), (5, 1.29) 


27. ж MULTIPLE CHOICE Which equation is equivalent to log y = 2x + 1? 


QD y-10000* — (B y=10* 


ERROR ANALYSIS Describe and correct the error in writing y as a function of x. 


28. 
2x 


X 


© y=! ® y= 
29. 
In 3 In 
In In3 X 
In 3 
In 3 
(3 )(0155) 0.405 


30. CHALLENGE Take the natural logarithm of both sides of the equations 
y = ab* and y = ax”. What are the slope and y-intercept of the line relating 
x and In y for y = ab*? of the line relating In x and In y for у = ax"? 


exercises. 


31. 


(in kilograms) for several animals. 


GRAPHING CALCULATOR You may wish to use a graphing 
calculator to complete the following Problem Solving 


BIOLOGY Scientists use the circumference of an animal's 
femur to estimate the animal's weight. The table shows the 
femur circumference C (in millimeters) and the weight W 


Animal | Giraffe Polar bear Lion Squirrel 
C(mm) | 173 135 93.5 13 
Wikg | 710 | 448 143 0.399 


a. Draw a scatter plot of the data pairs (In C, In W). 


b. Find a power model for the original data. 


Otter 
28 
9.68 


c. Predict the weight of a cheetah if the circumference of its femur is 


68.7 millimeters. 


AL. 


T pri > " | 
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СС) = WORKED-OUT SOLUTIONS 


on p. WS1 


Ж = STANDARDIZED 
TEST PRACTICE 


32. ASTRONOMY The table shows the mean distance x from the sun (in 
astronomical units) and the period y (in years) of six planets. Draw a scatter 
plot of the data pairs (In x, In y). Find a power model for the original data. 


Earth | Mars Jupiter Saturn 
1.000 1.524 5.203 9.539 
1.000 | 1.881 11.862 29,458 


Planet Mercury Venus 
0.387 0.723 
0.241 0.615 


d 
1 
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* SHORT RESPONSE The table shows the numbers of business and non- 
business users of instant messaging for the years 1998-2004. 


a. Find an exponential model for the number of business users over time. 


b. Explain how to tell whether a linear, exponential, or power function best 
models the number of non-business users over time. Then find the best- 
fitting model. 


34. MULTI-STEP PROBLEM The boiling point of water increases 
with atmospheric pressure. At sea level, where the atmospheric 
pressure is about 760 millimeters of mercury, water boils at 100°C. 
The table shows the boiling point T of water (in degrees Celsius) 
for several different values of atmospheric pressure P (in millimeters 
of mercury). 


a. Graph Draw a scatter plot of the data pairs (In P, In T). 
b. Model Find a power model for the original data. 


c. Predict When the atmospheric pressure is 620 millimeters of 
mercury, at what temperature does water boil? 


35. ж EXTENDED RESPONSE Your visual 
near point is the closest point at which your | 
eyes can see an object distinctly. Your near 
point moves farther away from you as you 
grow older. The diagram shows the near 
point y (in centimeters) at age x (in years). 


a. Graph Draw a scatter plot of the data 
pairs (x, In y). 


b. Graph Draw a scatter plot of the data 
pairs (In x, In y). 


c. Interpret Based on your scatter plots, 
does an exponential function or a power 
function best fit the original data? 
Explain your reasoning. 


d. Model Based on your answer for part (c), 
write a model for the original data. Use 
your model to predict the near point for 
an 80-year-old person. 


7.7 Write and Apply Exponential and Power Functions 


36. CHALLENGE A doctor measures an astronaut's pulse 
rate y (in beats per minute) at various times x (in 
minutes) after the astronaut has finished exercising. 
The results are shown in the table. The astronaut's 
resting pulse rate is 70 beats per minute. Write an 
exponential model for the data. 


EM o 2 | 4 6 | 8 16: | e | 
y | 172 | 132 | 110 


MIXED REVIEW 


: PREVIEW 


: Prepare for 
: Lesson 8.1 
: in Exs. 37-42. 


The variables x and y vary directly. Write an equation that relates x and y. (p. 107) 
37. х= 6, y = 48 38. x= —7, y = 28 39. x= 10,y = 6 
40. х = 35,y = 15 41. x 0.3, y = 12 42. x= 12,y = 15 


Graph the function. State the domain and range. (p. 492) 
49; yug 44. y = 4e* 45. f(x) = 2e* + 1 
46. y-e* —4 47. y=2e" ? 48. р(х) = 0.5e* ^ ! +3 


Condense the expression. (p. 507) 
49. 3 log, 4 — log, 8 50. 2 log 5 + log 4 51. Inx - 9Iny 
52. 21n6-—3Inx 53. log. 7 + 6log. x – 108.3 54. log8 – 2log 2 + 4logx 


55. PIZZA А pizza costs $11 plus $2 per topping. You have $18. Use an inequality 
to find the maximum number of toppings you can order. (p. 41) 


Quiz for Lessons 7.6-7.7 


536 


Solve the equation. Check for extraneous solutions. (p. 515) 


1, 277" =16*** 2. €*-—4 3. 37-5 = 13 
& 4 -5- 10 5. log, (4x + 7) = log, 11x 6. In (3x — 2) = In 6x 
5 dog х=] 8. 6In x = 30 9. log, (x - 4) = 5 


Write an exponential function y — ab* whose graph passes through the given 
points. (p. 529) 


10. (1, 5), (2, 30) 11. (1, 4), (2, 32) 12. (2, 15), (3, 45) 
Write a power function y = ax? whose graph passes through the given points. 

(p. 529) 

13. (4, 8), (9, 23) 14. (3, 12), (10, 36) 15. (5, 4), (11, 51) 
16. BIOLOGY The average weight y (in kilograms) of an Atlantic cod from the 


Gulf of Maine can be modeled by y = 0.51(1.46)* where x is the age of the cod 
(in years). Estimate the age of a cod that weighs 15 kilograms. (p. 515) 
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Lessons 7.5-7.7 


1. MULTI-STEP PROBLEM The total expenditures 3. OPEN-ENDED Write an exponential function 


in the United States for elementary and 
secondary schools are shown below. 


a. Draw a scatter plot of the data pairs (x, In y). 


b. Draw a scatter plot of the data pairs 
(In x, In y). 


. Based on your results from parts (a) and (b), 
find a model for the original data. 


. Predict the total expenditures in 2005. 


Total expenditures 


Years since 1997, x (billions of dollars), y 


1 | 398 


2 416 
3 433 
4 | 450 
2 | 463 


MULTI-STEP PROBLEM In music, a cent is a unit 
that is used to express a small step up or down 
in pitch. The number c of cents by which two 
notes differ in pitch is given by 


c — 1200 log, $ 


where a and b are the frequencies of the notes 


E4 | G4 


64 


a. Three notes on the standard scale are C4, 
E4, and G4. You can compare the difference 
in the number of cents from C4 to E4 with 
the difference from E4 to G4 by evaluating 
this expression: 


1200 log, £4 — 1200 log, 24 


Write the expression as a single logarithm. 


. C4 has a frequency of 264 hertz, E4 has 
a frequency of 330 hertz, and G4 has a 
frequency of 396 hertz. Use this information 
to evaluate your expression from part (a). 


whose graph passes through the point (2, 7). 


. SHORT RESPONSE The total number of miles 


traveled by motor vehicles in the United States 
is shown below for various years. Does an 
exponential model or a power model best fit 
the data? Explain your reasoning. 


| Years since 1990, x 


Miles (billions), y - 
7 2562 
8 | 2632 
| 2691 


2747 
11 2782 


. EXTENDED RESPONSE The effective interest 


rate is a rate associated with the formula 

for continuously compounded interest. The 
effective interest rate takes into account 

the effects of compounding on the nominal 
interest rate (the interest rate in the formula for 
continuous compounding). 


The relationship between the effective interest 
rate E and the nominal interest rate Nis given 
by the equation 


М = In (E + 1) 
where E and N are expressed as decimals. 


a. Whatis the effective interest rate for an 
account that has a nominal interest rate of 
5%? Leave your answer in terms of e. 


. What is the effective interest rate for an 
account that has a nominal interest rate of 
10%? Leave your answer in terms of e. 


The effective interest rate from part (b) is 
how many times as great as the effective 
interest rate from part (a)? Write your 
answer as a ratio in terms of e. 


. Show that the ratio from part (с) is equal to 
e995 + 1, 


. GRIDDED ANSWER You invest $4000 in 


an account that pays 2% annual interest 
compounded continuously. To the nearest year, 
how long will it take to earn $1000 interest? 
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- BIG IDEAS For Your Notebook 
Big ldea (7) к Graphing Exponential апа Logarithmic Functions 


Parent functions for exponential functions have the form y = b*. Parent functions 
: for logarithmic functions have the form y = log, x. 


Exponential Growth Exponential Decay Logarithmic Functions 


: b»1 0<b<1 b>1 0«b«1 
Big (deo, [2] : Solving Exponential and Logarithmic Equations 


+ 


Solving an Exponential Equation Solving a Logarithmic Equation 
If each side can be written using the If the equation has the form 
same base, equate exponents. log, x = log, у, use the fact that x = y. 
3х+1 = o* log, (4x — 2) = log, 3x 
3x+1 — (32 4x — 2 = Зх 
Х+ 1 = 2x x=2 
1=х | 
If each side cannot be written using the T If a logarithm is set equal to a constant, | 
same base, take a logarithm of each side. exponentiate each side. 
6* = 15 log. (х + 1) = 2 
log, 6* = log, 15 х+ 1 = 5? 
E ТЭП х= 24 


: | Write an Exponential Model Write a Power Model 


es A e — — —— ——— ———Á—— ——M 


An exponential model fits a set of data 
pairs (x, y) if a linear model fits the set of (x, y) if a linear model fits the set of data 
data pairs (x, In y). pairs (In x, In y). 


An y 


In y= bin x 


In y = xin b 
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TM линч anguage Glo SSi гу 
REVIEW KEY VOCABULARY — 
* exponential function, р. 478 * exponential decay function, p.486 * common logarithm, p. 500 
* exponential growth function, p. 478 • decay factor, p. 486 • natural logarithm, p. 500 
* growth factor, p. 478 * natural base e, p. 492 • exponential equation, p. 515 
* asymptote, p. 478 * logarithm of y with base b, р. 499 *logarithmic equation, p. 517 
VOCABULARY EXERCISES 
url 
1. What is the asymptote of the graph of the function y = 2/2) + 5? 
2. Identify the decay factor in the model у = 7.2(0.89)*. 
3. WRITING Explain the meaning of log,, y. 
4. Copy and complete: A logarithm with base eis called a(n) ? logarithm. 
5. Is y = (1.4)* an exponential function or a power function? Explain. 
Use the review examples and exercises below to check your understanding of the 
concepts you have learned in each lesson of Chapter 7. 
Graph Exponential Growth Functions pp. 478-485 


: EXAMPLES 
: 1,2, 3, and 5 


E FEA 


: оп pp. 478- 481 | 
: for Exs. 6-9 


Graph y = 2* 3* ^? + 3. State the domain and range. 


Begin by sketching the graph of y = 2 * 3*, which 
passes through (0, 2) and (1, 6). Then translate the 
graph right 2 units and up 3 units. Notice that the 
translated graph passes through (2, 5) and (3, 9). E RR of A 
peria Aes 


z 

The graph’s asymptote is the line y = 3. The domain = 

is all real numbers, and the range is у > 3. / | + 
ete, 
TE 

EXERCISES 

Graph the function. State the domain and range. 

6. у=5* 7. y = 3(2.5)* 8. f(x) = -3-4**1—2 


9. FINANCE You deposit $1500 in an account that pays 7% annual interest 
compounded daily. Find the balance after 2 years. 
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СНАРТЕН 


i EXAMPLES 
: 1,2,and 3 


: on pp. 486-487 
: for Exs. 10-12 


pp. 486-491 


py +2 
Graph y = 211. — 2. State the domain and range. 
X 
Begin by sketching the graph of y = 211) 


which passes through (0, 2) and (1, 3) Then 


translate the graph left 2 units and down 2 units. 
Notice that the translated graph passes through 


(2, 0) and [1 3) 


The graph's asymptote is the line y = —2. 
The domain is all real numbers, and the range 
I$ y» —2. 


EXERCISES 

Graph the function. State the domain and range. 

10. у= (1) 11. у= (1) -4 12. f(x) = 2(0.8*-! +3 
Use Functions Involving e pp. 492-498 


: EXAMPLES 


: on pp. 493-495. 
: for Exs. 13-16 


. Because a = 1 is positive and r = 0.25 is positive, 


| Graph у = e??565- U — 5, State the domain | „к eeais 


and range. 


the function is an exponential growth function. 


Begin by sketching the graph of y = e??5*. | EE ЕНИ ЕР: 
| Translate the graph right 1 unit and down | нах IBS AE 
5 units. y= ef 25(x—1) -5 5} Эа 


zi 


The domain is all real numbers, and the range 
15y 5 —5. 


EXERCISES 
Graph the function. State the domain and range. 
13. y=2e * lA, poe 15. f(x) =e +2 46 


16. PHYSIOLOGY Nitrogen-13 is a radioactive isotope of nitrogen used ina 
physiological test called positron emission tomograph (PET). A typical PET 
scan begins with 6.9 picograms of nitrogen-13 (1 picogram = 10 !^ grams). 
The number N of picograms of nitrogen-13 remaining after t minutes can be 
modeled by N = 6.9е 99695* How many picograms of nitrogen-13 remain after 
10 minutes? 
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: EXAMPLES 


E $ 


: for Exs. 17—24 


_ Evaluate the logarithm. 


| 1 
а. log. 625 b. log 0.001 с. log),.5 d. log, ет 
To help you find the value of log, y, ask yourself what power of b gives you y. 
a. 5 to what power gives 625? b. 10 to what power gives 0.001? 
5% = 625, so log. 625 — 4. 107% = 0.001, so log 0.001 = —3. 
c. 125 to what power gives 5? d. 2 to what power gives ap 


-6 _ L n 
27° = , 50 log, су = —6. 


1/3 Ж 1 
125°" = 5, 50 10855 5 = 3 GA 
EXERCISES 
Evaluate the logarithm without using a calculator. 


17. log, 243 18. log, 1 19. log, 6 216 sa 10815 5 


Graph the function. State the domain and range. 


21. у = log, ¡¿ х 22. y=log,x—4 23. f(x) =In@-1)+3 


24. BIOLOGY Researchers have found that after 25 years of age, the average 
size of the pupil in a person’s eye decreases. The relationship between 
pupil diameter d (in millimeters) and age a (in years) can be modeled by 
d = —2.1158 In a + 13.669. What is the average diameter of a pupil for a 
person 25 years old? 50 years old? 


Apply Properties of Logarithms pp. 507-513 


; EXAMPLES 
3 er EVE 
: for Exs. 25-31 


| EXAMPLES 


Expand the expression. Condense the expression. 
log, 3 = log. 6x — log. у? 3 log, 8 — log, 16 = log, 8° — log, 16 
= = 83 
= log, 6 + log. x — log, y” = log, i; 
= log. 6 + log, x — 3 log. y = log, 32 
|, EXERCISES 
Expand the expression. 
25. log, 3xy 26. In 10x?y 27. log È 28. in 
Т 
Condense the expression. 
29. 3 log, 4 + log, 6 30. In 12 – 21пх 31. 2103 - 51n2 — 108 
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Solve the equation. 


a. de 12 b. log, (3x — 7) = 5 
log, 7* ces log, 12 glog2 (3x — 7) x 25 
х = log, 12 3х — 7 = 32 
_ 10812 277 х= 13 
log 7 


e. | EXERCISES 
Pe error анн -| Solve the equation. Check for extraneous solutions. 
: On pp. 516-518 


: for Exs. 32-34 32. 5" = 32 33. log, (2x — 5) = 2 34. Inx - In(x- 2) 23 


Д Write and Apply Exponential and Power Functions  pp.529-536 - 


ED 


Write an exponential function y = ab* whose graph passes through (—1, 2) and 
(3, 32). 


Substitute the coordinates of the two given points into y = ab*. 
2=ab” Substitute 2 for y and —1 for x. 
32 = ab? Substitute 32 for y and 3 for x. 


Solve for a in the first equation to obtain а = 2b, and substitute this expression for 
ain the second equation. 


32 = (2b)b? Substitute 2b for ain second equation. 


32 = 2b* Product of powers property 
16 = b* Divide each side by 2. 
2=b Take the positive fourth root because b> 0. 


Because b = 2, it follows that a = 2(2) = 4. So, y = 4 • 2”. 


EXERCISES 


: EXAMPLES Write an exponential function y = ab* whose graph passes through the points. 
: anes cec act frig 35. (3, 8), (5, 2) 36. (742, i]; (1, 0.25) 37. (2, 97; (4, 324) 


: оп pp. 529-532 


CONEA AS Be 38. SPORTING GOODS A store begins selling a new type of basketball shoe. The 


table shows sales of the shoe over time. Find a power model for the data. 
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]. y= 3* 2.352.447 3. f(x) = -5*2* ^? +3 
+2 x 

4. у= 4(0.25)* 5. у= 2(2| в. g(x) = (2) +2 

oie ie? 8. p=250%% +41 9. h(x) = qe 71-2 


Evaluate the logarithm without using a calculator. 


10. log, 25 Li. log, 12. log, 1 


Graph the function. State the domain and range. 


13. y = log, x 14. у= ах - 3 15. f(x) = log (x + 3) + 2 


Condense the expression. 


16. 2117—3104 17. log, 3 + 5 log, 2 18. log 5 + logx — 2 log 3 


Use the change-of-base formula to evaluate the logarithm. 


19. 


log, 50 20. log, 23 21. log, 45 


Solve the equation. Check for extraneous solutions. 


22. 


25. 


26. 


27. 


29. 


72% — 30 23. З log (x — 4) = 6 24. log, x + log, (х + 6) = 


Write an exponential function y = ab* whose graph passes through (—1, 48) 
and (2, 6). 


Write a power function y = ax? whose graph passes through (3, 8) and (6, 15). 


LANDSCAPING From 1996 to 2001, the number of households that purchased 
lawn and garden products at home gardening centers increased by about 
4.85% per year. In 1996, about 62 million households purchased lawn and 
garden products. Write a function giving the number of households H (in 
millions) that purchased lawn and garden products í years after 1996. 


. FINANCE You deposit $2500 in an account that pays 3.5% annual interest 


compounded continuously. What is the balance after 8 years? 


EARTH SCIENCE Rivers and streams carry small 
particles of sediment downstream. The table 

shows the diameter x (in millimeters) of several 
particles of sediment and the speed y (in meters 
per second) of the current needed to carry each 
particle downstream. Coarse gravel 


Gravel 


a. Draw a scatter plot of the data pairs (In x, In y). Pebbles 


b. Find a power model for the original data. 
Estimate the speed of the current needed 
to carry a particle with a diameter of 
120 millimeters downstream. 


Small stones 
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MULTIPLE CHOICE QUESTIONS 


If you have difficulty solving a multiple choice problem directly, you may be 
able to use another approach to eliminate incorrect answer choices and obtain 


the correct answer. 


METHOD 1 


SOLVE DIRECTLY Substitute the coordinates of 
the two points into y = ab* and solve the resulting 


system. 
STEP T Substitute the coordinates of the points 
into y = ab’. 
-12 = ab? Substitute (2, —12). 
—48 = ab* Substitute (4, —48). 
STEP 2 Solve the first equation for a. 
AE а Divide each side by Б^. 
STEP 3 Substitute 12 for a in the second 
equation and solve for b. 


—48 = Fid Substitute. 


—48 = —125? Simplify. 
4 =P Divide each side by —12. 
2=b Take the positive square 
root because b> 0. 


STEP 4 Substitute the value of b into a = ex to 


find the value of a. 


The equation is y = —3 » 2*. 


> The correct answer is D. (AD (B) (C) 
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METHOD 2 


ELIMINATE CHOICES Another method is to check 
whether both of the points are solutions of the 
equations given in the answer choices. 


Substitute the coordinates of the points into the 
equation in each answer choice. You can stop as 
soon as you realize that one of the points is not a 
solution. 


ChoiceA: y=3+2* 
—12 23.22 
—12 + 12 
ChoiceB: y=-—V3+2* 
-12 2 —V3 + 22 
—12 + —4V3 
Choice С: у= -i.gt у= -4.3 
-12 Ż -$ . 3? -4g 2-2. 3¢ 
-12 = -12⁄  —48 + —108 
Choice D: y=-3+2* y=-3. 2* 
-1223.2 -482-3+2* 
-12=-12Y  -48=-48Y 


> The correct answer is D. СА) (В) СС) 


METHOD 1 


SOLVE DIRECTLY Write and solve an equation 
to find the time it takes for the computer to 
depreciate to $250. 


Let y be the value (in dollars) of the computer 
t years after the purchase. An exponential decay 
model for the value is: 


у= a(l- т)! 
250 = 1600(1 — 0.5)! 
0.156 == (0.5)! 
log, ; 0.156 = log, ; (0.5)' 


log 0.156 
log 0.5 


The computer will be worth $250 after about 
2.68 = 22 years. 
» The correct answer is С. (В) (р) 


=з 2.68 = г 


PRACTICE 


METHOD 2 


ELIMINATE CHOICES Use estimation to find how 
long it will take for the computer to depreciate to 
$250. 


The computer depreciates by 50% each year. 
After 0 years, it is worth $1600. 

After 1 year, it will be worth 0.5($1600) = $800. 
After 2 years, it will be worth 0.5($800) = $400. 
After 3 years, it will be worth 0.5($400) = $200. 


The computer will be worth $250 at some time 
strictly between 2 and 3 years after purchase. So, 
you can eliminate choices A, B, and D. 


> The correct answer is C. СА) (B5 D 


Explain why you can eliminate the highlighted answer choice. 
1. Which power function has a graph that passes through the points 


(—2, —16) and (1, 2)? 
Dy= ® y-2» 

2. For which equation is 4 a solution? 
Хе" +1 = 17 
(Сб) 35-2 +1 = 10 


E -— “J і 
У ay o — A 
Є Sele 


(BD log, (x + 2) 
(D In(x+2)+Inx=1 


= log, 2x 


3. What is the domain of the function y = —5 • 2* * ?? 


СА) Allreal numbers 
СС) Allreal numbers less than 0 


УАП real numbers except –2 
(DD All real numbers greater rm —5 
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MULTIPLE CHOICE 


1. In 1999, the tuition for one year at Harvard 


2 


5 


University was $22,054. During the next 
4 years, the tuition increased by 4.25% each 
year. Which model represents the situation? 


(А) у= 22,054(0.0425)' 
(В) у= 22,054(0.425)' 
© у= 22,054(1.0425)' 
@ у= 22,054(1.425)' 


You deposit $1000 in an account that pays 


3% annual interest. How much more interest 


is earned after 2 years if the interest is 
compounded daily than if the interest is 


compounded monthly? 
(А) $.07 (В) $1.27 
$61.76 (D) $1061.76 


. The graph of which function is shown? 


BD y=2:4+1 O y=-2-4* +1 
O y-2-4-1 © у=-2.4*—1 


. Which function can be obtained by 


translating the graph of y = log, (x + 2) — 4 
left 1 unit? 


QD у = log, (x + 2) — 
(В) y-log, (x +2) -3 
© у= log, (x * 1) - 
(D у= log, (x + 3) — 4 


Which expression is equivalent to 
3 log x + log 3? 

СА) log 9x (В) 4 log 3x 
©) log 3x? O 108 (х + 3) 


Chapter 7 Exponential and Logarithmic Functions 


6. 


Т. 


10. 


The population of the United States is 
expected to increase by 0.9% each year from 
2003 to 2014. The U.S. population was about 
290 million in 2003. To the nearest million, 
what is the projected population for 2010? 


CA) 295 million 
309 million 
(C) 574 million 
(D> 4891 million 


Which expression is equivalent to V100e**? 
(А) 10e* (В) тех + Зе?х 

© Qe? O 10e" * 

Which function is an exponential decay 
function? 

(А) у=2.5* 
(С) y=2e* 


(В) у= —2 « 5% 
(DD y=2(0.5)* 


. Which function is the inverse of y = e?* — 3? 


(СА) y=2In(x+3) (B y=2In(x- 3) 
O у= mets) d» y= me - 3) 
What is (are) the solution(s) of the equation 
log (x + 3) + log x = 1? 

(А) 2,-5 (В) 2 

O 5 D 2,5 


11. The graph of which function is shown? 


GRIDDED ANSWER 


12. You deposit $500 in an account that pays 3.5% 


annual interest compounded continuously. To 
the nearest dollar, how much interest have you 
earned after 1 year? 


13. The model y = 7.7e°™ gives the number y (in 
thousands per cubic centimeter) of bacteria 
in a liquid culture after x hours. After how 
many hours will there be 50,000 bacteria per 
cubic centimeter? Round your answer to the 
nearest tenth of an hour. 


14. Whatis the solution of the equation 
g2x +1 35x- 19 


15. What is the value of log, 72 — 2 log, 3? 


16. The graph of an exponential function 
f(x) = ab* passes through the points (0, 8) 
and (2, 2). What is the value of f(5)? 


17. What is the solution of the equation 
log, (5x + 3) = 5? 


EXTENDED RESPONSE 


21. The table shows the number of transistors per integrated circuit for 


computers introduced in various years. 


a. Letxbe the number of years since 1974, and let y be the number of 
transistors. Draw a scatter plot of the data pairs (x, 1п y). 


b. Find an exponential model for the original data. 
с. Use your model to predict the number of transistors per integrated 


circuit in 2008. 


d. In 1965, Gordon Moore made an observation that became known as 
Moore's law. Moore's law states that the number of transistors per 
integrated circuit would double about every 18 months. According to 
your model, does Moore's law hold? Explain your reasoning. 


22. For a temperature of 60°F and a height of h feet above sea level, the air 
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SHORT RESPONSE 


18. To make fudge, you must heat the mixture 


to 232°F and then let it cool at room 
temperature, 68°F. According to the recipe, 

it should take 20 minutes for the fudge to 
reach 110°Е. To the nearest thousandth, what 
is the cooling rate of the fudge? If you are in 
a hurry, how could you increase the cooling 
rate? Explain your reasoning. 


19. A movie grosses $37 million in its first week 


of release. The weekly gross y decreases by 
30% each week. Write an exponential decay 
model for the weekly gross in week x. What 
is a reasonable domain for this situation? 
Explain your reasoning. 


. A double exponential function is a function of 


the form y = a^. Graph the functions y = 2* 
and y = 2” in the same coordinate plane. 
Which function grows more quickly? 
Explain. 


Year | Transistors 


Year 
6,000 


1979 29,000 
1982 


134,000 
1985 


275,000 
1,200,000 
3,100,000 
7,500,000 
9,500,000 


1989 


E 


pressure P (in pounds per square inch) can be modeled by the equation 
P = 14.7е 99004^. and the air density D (in pounds per cubic foot) can be 
modeled by the equation D = 0.0761e 9-904”, 

a. What is the air density at 10,000 feet above sea level? 


b. To the nearest foot, at what height is the air pressure 12 pounds per 
square inch? 


c. Whatis the relationship between air pressure and air density at 60°F? 


Explain your reasoning. 


d. One rule of thumb states that air pressure decreases by about 1% for 
every 80 meter increase in altitude. Do you agree with this? Explain. 


125,000,000 


42,000,000 


Test Practice 547 


Making Sense 
of Chapter 8 


Rational expressions 
are ratios of 
polynomials. In this 
chapter, you will learn = 
that rational functions, = | 
unlike polynomials 

functions, often require . 
restricted domains to 

avoid division by zero. 


id Divic le Rational’ Expressions 
tract ation Expressions 


Previously, you learned the following skills, which you'll use in Chapter 8: 
factoring polynomials, performing polynomial operations, and finding least 
common multiples. 


VOCABULARY CHECK 
1. The asymptote of the graph at therightis ? . 


2. Two variables x and y show direct variation 
provided ? where ais a nonzero constant. 


3. An extraneous solution of a transformed equation 
is not an actual ? ofthe original equation. 


SKILLS CHECK 
Factor the polynomial. (Prerequisite skill for 8.4, 8.5) 
4. х? — 11x — 26 5. x^ - 5x 4 6 6. x^ — 13x + 40 


Perform the indicated operation. (Prerequisite skill for 8.4, 8.5) 
7. Gx* 6) + (7х2 — ж) 8. (2х2 + 6) – (х2 — х) 9. (x + 2)(х – 9)? 


Find the least common multiple (LCM) of the numbers. (Prerequisite skill for 8.5, 8.6) 
10. 14,6 11. 8,10 12. 4,13 
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In Chapter 8, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 602. You will also use the key vocabulary listed below. 


O Graphing rational functions 
Ө Performing operations with rational expressions 
©) solving rational equations 


KEY VOCABULARY 

* inverse variation, p. 551 * rational function, p. 558 * complex fraction, p. 584 

* constant of variation, * simplified form of a * cross multiplying, p. 589 
p. 551 rational expression, p. 573 


* joint variation, p. 553 


You can use rational functions to model real-life situations. For example, you can 
model the time it takes to travel across the United States and back in an airplane. 


The animation illustrated below for Exercise 41 on page 587 helps you answer this 
question: How does the time required to fly from New York to Los Angeles and back 
depend on the speeds of the airplane and the jet stream? 


rl he creche ein of he nui teo thet votes he 
E СО 


Exanifié how "ттт with the wind or 
against the wind affects the flight time. 


туе берг ACTIVITY Use before Lesson 8.1 


Investigating Inverse Variation 


MATERIALS + tape measure or meter stick + centimeter ruler + masking tape 


Mark distances 

Work with a partner. Have your partner 
stand against a wall. Place the end of 
the tape measure against the wall 
between your partner's feet. Use tape 
to mark off distances from 3 meters 

to 9 meters away from the wall. 


Repeat for other distances 


Measure apparent height 


Face your partner, with your toes touching 
the 3 meter mark. Hold a centimeter ruler 
at arm's length and line up the “0” end of 
the ruler with the top of your partner's 
head. Measure the apparent height of 
your partner to the nearest centimeter. 


Repeat Step 2 for each marked distance and record your results 


in a table like the one shown. 


| Distance (m), x 


| Apparent height (cm), y | 


„Т Ў T, = " , 
| L EV | | 


А а 


„= 


ба | 
E 


1. Does apparent height vary directly with distance? Justify your answer 


mathematically. 


. Find the product x « y for each ordered pair in the table. What do you 


notice? 


. Based on your results from Exercise 2, write an equation relating distance 


and apparent height. 


. Use your equation to predict your partner's apparent height at an 
unmeasured distance. Then test your prediction by measuring your 
partner's apparent height at that distance. How close was your prediction? 


550 = Chapter 8 Rational Functions 


Model Inverse and 
Joint Variation 


You wrote and used direct variation models. 
You will use inverse variation and joint variation models. 
So you can model music frequencies, as in Ex. 40. 


Key Vocabulary You have learned that two variables x and y show direct variation if y = ax for 
• inverse variation some nonzero constant a. Another type of variation is called inverse variation. 
* constant of variation 


* joint variation i- KEY CONCEPT For Your Notebook 


Inverse Variation 


Two variables x and y show inverse variation if they are related as follows: 
у= S a*0 


The constant a is the constant of variation, and y is said to vary inversely with x. 


[ EXAMPLE 1 | Classify direct and inverse variation 


| 


Tell whether x and y show direct variation, inverse variation, or neither. 
Given Equation Rewritten Equation Type of Variation 
: REVIEW а. xy= 7 y Inverse 
D eene e B yy td Neither 
: The equation in part (b) 
: does not show direct y_ - Direet 
: variation because ы 4 й у нер 


: y =x + З is not of the 


: form y = ax. 
IN ARPA Write an inverse variation equation 


|| 


The variables x and y vary inversely, and y = 7 when x = 4. Write an equation 
that relates x and y. Then find y when x = —2. 


у= = Write general equation for inverse variation. 


г T Substitute 7 for y and 4 for x. 
28 = а Solve for а. 
» The inverse variation equation is y = 2 When x = —2, у = = = —14. 


8.1 Model Inverse and Joint Variation 551 


s> [ EXAMPLE 3 | Write an inverse variation model 


MP3 PLAYERS The number of songs that can be stored on 
an MP3 player varies inversely with the average size of a 
song. A certain MP3 player can store 2500 songs when the 
average size of a song is 4 megabytes (MB). 


* Write a model that gives the number п of songs that will 
fit on the MP3 player as a function of the average song 
size s (in megabytes). 


* Make a table showing the number of songs that will fit 
on the MP3 player if the average size of a song is 2 MB, 
2.5 MB, 3 MB, and 5 MB as shown below. What happens 
to the number of songs as the average song size increases? 


2 MB 


Solution 


STEP? Write an inverse variation model. 


n= = Write general equation for inverse variation. 
2500 = x Substitute 2500 for n and 4 for s. 
10,000 = a Solve for a. 


» A model is n = 


10,000 
e 


STEP 2 Make a table of values. 


а 
5000 4000 | 3333 | 


» From the table, you can see that the number of songs that will fit on 
the MP3 player decreases as the average song size increases. 


ог Examples 1, 2, and 3 


Tell whether x and y show direct variation, inverse variation, or neither. 
1. Зх = у 2. ху = 0.75 3. у= х- 5 


The variables х and y vary inversely. Use the given values to write an equation 
relating x and y. Then find y when x = 2. 


4. х= 4,у= 3 5. х= 8,у= -l 6. => y= 12 


7. WHAT IF? In Example 3, what is a model for the MP3 player if it stores 
3000 songs when the average song size is 5 MB? 
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CHECKING FOR INVERSE VARIATION The general equation y = = for inverse 


variation can be rewritten as xy = a. This tells you that a set of data pairs (x, y) 
shows inverse variation if the products xy are constant or approximately 
constant. 


( ExaMPLE 4 check data for inverse variation 


COMPUTER CHIPS The table compares the area A (in square 


millimeters) of a computer chip with the number c of chips that 
| can be obtained from a silicon wafer. 
e Write a model that gives c as a function of A. 
* Predict the number of chips per wafer when the area 
of a chip is 81 square millimeters. 


Solution 
: AVOID ERRORS | uw 
ED Ie pairs aa Э ТЕРТ Calculate the product A * c for each data pair in the table. 
: (x, y) for direct variation, 58(448) = 25,984 
: you find the quotients | 
62(424) — 26,288 
However, to check 


¡Y 
DX 66(392) — 25,872 
: data pairs for inverse T 

: variation, you find the 70(376) — 26,320 
: products xy. Each product is approximately equal to 26,000. So, the data show 
inverse variation. A model relating A and c is: 


26,000 


A+c=26,000, orc = A 


STEP 2 Make a prediction. The number of chips per wafer for a chip with an 
26,000 _ 
8] 321. 


area of 81 square millimeters is c = 


Mt J - 
GUIDED s e J _ 
Y —— —r: 


8. WHAT IF? In Example 4, predict the number of chips per wafer when the 
area of each chip is 79 square millimeters. 


for Example 4 


KEY CONCEPT For Your Notebook 


Joint Variation 


Joint variation occurs when a quantity varies directly with the product of two 


or more other quantities. In the equations below, a is a nonzero constant. 


2 = аху z varies jointly with хапа y. 
р = aqrs p varies jointly with q, r, and s. 


8.1 Model Inverse and Joint Variation 553 


[| EXAMPLE 5 | Write a joint variation equation m 


The variable z varies jointly with x and y. Also, z = —75 when x = 3 and y = —5. 
Write an equation that relates x, y, and 2. Then find z when x = 2 and y = 6. 


Solution 


| STEP? Write a general joint variation equation. 
Z= аху 
STEP2 Use the given values ofz, x, and y to find the constant of variation а. 
—15 = a(3)(—5) Substitute —75 for z, 3 for x, and —5 for y. 
—15 = —15a Simplify. 
5=а Solve for а. 
STEP 3 Rewrite the joint variation equation with the value of a from Step 2. 
2 = oxy 
STEP 4 Calculate z when x = 2 and y = 6 using substitution. 
2 = 5ху = 5(2)(6) = 60 


[ EXAMPLE 6 | Compare different types of variation o 


Write an equation for the given relationship. 

Relationship Equation 
a. y varies inversely with x. y= = 
b. z varies jointly with x, y, and г. 2 = axyr 
с. y varies inversely with the square of x. y = 3 

; ; i ; ay 

d. z varies directly with y and inversely with x. ы" 
e. x varies jointly with t and r and inversely with s. х= 27 


Animated Aleebra 
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ACTICE for Examples 5 and 6 


| The variable 2 varies jointly with x and y. Use the given values to write an 
equation relating х, y, and z. Then find z when x = —2 and y = 5. 


9. х=1,у=2,2=7 10. х= 4, y = —3, z = 24 
11. x=-2,y=6,z= 18 12. x = —6,y = —4,z = 56 
| Write an equation for the given relationship. 
13. xvaries inversely with y and directly with w. 


14. p varies jointly with q and rand inversely with s. 


554 Сһаріег8 Rational Functions 


EXERCISES HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
8.1 KEY: on p. WS14 for Exs. 15, 21, and 39 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 11, 30, 35, and 41 


жай 


- SKILL PRACTICE 


1. VOCABULARY Copy and complete: If z varies directly with the product of x 
and y, thenzissaidto vary ? with x and y. 


2. * WRITING Describe how to tell whether a set of data pairs (x, y) shows 
inverse variation. 


; EXAMPLE 1 | DETERMINING VARIATION Tell whether x and y show direct variation, inverse 


: on p. 551 | variation, or neither. 

: for Exs. 3-11 i » 
З. ху= = 4 y=x+4 $C =8 6. 4x=y 
7. у= 2 8. х+у= 6 9. 8у = х 10. ху = 12 


11. * MULTIPLE CHOICE Which equation represents inverse variation? 


Ф) у= 4х ®y=x-1  Ф@зу=5 D 7=x 
: EXAMPLE2 | USING INVERSE VARIATION The variables x and y vary inversely. Use the given 
: on p. 551 | values to write an equation relating x and y. Then find y when x = 3. 
Os T2719. | i» 5 A 13. х= Ly - 9 14. х= -3,y-8 (is) х= у= 2 
16. х ay 28 17. x 4,y 4 18. x 12, у 6 19; x qi 7 
; EXAMPLE4 | INTERPRETING DATA Determine whether x and y show direct variation, inverse 
: on p. 553 variation, or neither. 
: for Exs. 20-23 @1) | | | 
20. | 23. 
x | y | x | y | 
15 | 40 | 12 132 
25 | 24 18 198 
4 | 15 23 253 
7.5 8 29 319 
10 6 34 374 


: EXAMPLE 5 | USING JOINT VARIATION Write an equation relating х, у, and z given that z 


= ras 


: on p. 554 | varies jointly with x and y. Then find z when x = —4 and у = 5. 
: for Exs. 24-30 j 
24. x= 2, y = —6,z = 24 25. х= 8,у = 6,2 = 12 26. х= —D Y= 3,2 = 15 


27. х= 6,у= –—7,2 = —3 28. х= 9, у = —2,2 = 6 29. х= 5, у = 3,2 = 75 


30. * MULTIPLE CHOICE Suppose 2 varies jointly with x and y, and 2 = —36 when 
x = —3 and y = —4. What is the constant of variation? 


qo -3 (Б) -2 O 3 O 12 


8.1 Model Inverse and Joint Variation 555 


; EXAMPLE6 | WRITING EQUATIONS Write an equation for the given relationship. 


ATT 


: for Exs. 31-33 


33. 


35. 


31. 
32. 


x varies directly with y and inversely with z. 
y varies jointly with x and the square of z. 


w varies inversely with y and jointly with x and z. 


. ERROR ANALYSIS A variable z varies jointly 


; : v 
with x and the cube of y and inversely with the 
square root of w. Describe and correct the error ху 

in writing an equation relating the variables. 


* OPEN-ENDED MATH Let f(x) represent a direct variation function, g(x) 
represent an inverse variation function, and h(x) be the sum of f(x) and g(x). 
Write possible functions f(x) and g(x) so that h(2) = 5 


. CHALLENGE Suppose x varies inversely with y and y varies inversely with z. 


How does x vary with z? Justify your answer algebraically. 


‘PROBLEM SOLVING 


: EXAMPLES 37. 


3 and 4 
: on pp. 552-553 
: for Exs. 37-39 


38. 


(39) SNOWSHOES When you stand on snow, the average pressure P 


40. 


DIGITAL CAMERAS The number 7 of photos your digital camera can store 
varies inversely with the average size s (in megapixels) of the photos. 

Your digital camera can store 54 photos when the average photo size is 

1.92 megapixels. Write a model that gives n as a function of s. How many 
photos can your camera store when the average photo size is 3.87 megapixels? 


AGL агч ESA Ek А 
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ELECTRONICS The table below compares the current / (in milliamps) with 
the resistance R (in ohms) for several electrical circuits. Write a model that 
gives Ras a function of I. Then predict А when J = 34 milliamps. 

Current (milliamps), 1 7.4 8.9 12.1 


1200 1000 750 


@Н‹ оте Tut to ro for problem solving help at dasszone.com 


(in pounds per square inch) that you exert on the snow varies 
inversely with the total area A (in square inches) of the soles of 
your footwear. Suppose the pressure is 0.43 pound per square 
inch when you wear the snowshoes shown. Write an equation 
that gives P as a function of A. Then find the pressure if you 
wear the boots shown. 


А = 400 іп.2 A = 60 in.? 


MULTI-STEP PROBLEM A piano string's frequency f (in hertz) varies directly 
with the square root of the string's tension T (in Newtons) and inversely with 
both the string's length L and diameter d (each in centimeters). 


a. The middle C note has a frequency of 262 Hz. The string producing this 
note has a tension of 670 N, a length of 62 cm, and a diameter of 0.1025 cm. 
Write an equation relating f, T, L, and d. 


b. Find the frequency of the note produced by a string with a tension of 
1629 N, a length of 201.6 cm, and a diameter of 0.49 cm. 


(С) = WORKED-OUT SOLUTIONS * = STANDARDIZED 
556 on p. WS1 TEST PRACTICE 


41. * EXTENDED RESPONSE The law of universal gravitation states that the 
gravitational force F (in Newtons) between two objects varies jointly with 
their masses m, and m, (in kilograms) and inversely with the square of the 
distance d (in meters) between the two objects. The constant of variation is 
denoted by С and is called the universal gravitational constant. 


m, = 5.98 х 10% kg т» = 1.99 x 10% kg 
Е = 3.53 x 1022 № 


k d = 1.50 x 10% s ———___1 


a. Model Write an equation that gives Fin terms of m,, m,, d and G. 


b. Approximate Use the information above about Earth and the Sun to 
approximate the universal gravitational constant G. 


c. Reasoning Explain what happens to the gravitational force as the masses of 
the two objects increase and the distance between them is held constant. 
Explain what happens to the gravitational force as the masses of the two 
objects are held constant and the distance between them increases. 


42. CHALLENGE The load P (in pounds) that can be safely 
supported by a horizontal beam varies jointly with 
the beam's width W and the square of its depth D, and 
inversely with its unsupported length L. 


a. How does P change when the width and length of the 
beam are doubled? 


b. How does P change when the width and depth of the 
beam are doubled? 


c. How does P change when all three dimensions are 
doubled? 


d. Describe several ways a beam can be modified if the 
safe load it is required to support is increased by a 
factor of 4. 


Basics AN Graph the function. 
РИО TOF 43. у= x? + 8x — 20 (p. 236) 44. у= -x° + 4x +3 (p.236) 45. f(x) = х? + 1 (p. 337) 
: Lesson 8.2 
Pn EXS. 48-51. | 46. g(x) = —Vx (p. 446) 47. у= Vx + A — 1 (p.446) 48. у= ¿Vx — 1 +1 (p. 446) 
ax 1 
49. y — —3* (p. 478) 50. h(x) = 3** ! + 2 (p. 478) 51. у= (3) (р. 486) 


Solve the equation. Check for extraneous solutions. (p. 452) 


52. Vx = 14 53. 2Vx — 5 = 45 54. (x + 3)5/3 = 32 


55. x 6 = V3x 56. V2x=x-4 57. VAx — 3 = V2x + 13 


EXTRA PRACTICE for Lesson 8.1, p. 1017 2) ONLINE QUIZ at classzone.com 557 


9.2 


Key Vocabula 
e rational functi 
* domain, p. 72 
e range, p. 72 


* asymptote, p. 478 


: ANALYZE GRAPHS 


я 
а READ 


: The function f(x) = 5 
: (a > 0) lies entirely in 


: quadrants | and Ill. So 
: f(x) is negative for x < 0 
: and positive for x > 0. 


: INTERPRET 


: TRANSFORMATIONS 


ERA 


: The graph of y — Sis a 


: vertical stretch of the 
A by a 


: graph of y = - 


: factor of 6. 


558 


Graph Simple 
Rational Functions 


You graphed polynomial functions. 
You will graph rational functions. 
So you can find average monthly costs, as in Ex. 38. 


rational function has the form f(x) = Pos where p(x) and q(x) are polynomials 


and q(x) * 0. The inverse variation function f(x) = = is a rational function. The 


graph of this function when a = 1 is shown below. 


For Your Notebook 


KEY CONCEPT 


Parent Function for Simple Rational Functions 


The graph of the parent function f(x) = + isa 
> hyperbola, which consists of two symmetrical 
parts called branches. The domain and range 
are all nonzero real numbers. 

ШЕ: 
horizontal 
asymptote 


Any function of the form g(x) = = (а + 0) has 


the same asymptotes, domain, and range as 
the function f(x) = L, 


CAED raph a rational function ofthetormy = _ 


Graph the function y = S, Compare the graph with the graph of y = E 


Solution 
STEP? Draw the asymptotes x = 0 and y = 0. 


STEP 2 Plot points to the left and to the right of 
the vertical asymptote, such as (—3, —2), 
(-2, -3), (2; 3), and (3, 2). 


Draw the branches of the hyperbola 
so that they pass through the plotted 
points and approach the asymptotes. 


STEP 3 


The graph of y = lies farther from the axes than the graph of y = =. 


Both graphs lie in the first and third quadrants and have the same asymptotes, 
domain, and range. 


Chapter 8 Rational Functions 


| ExaMPLE Graph a rational function of the form y = 9 + К 


: INTERPRET 


в 9999559944595 PT? ECTS Pee ETE 


а | 
: The graph of 
: -4 


рута ade 
: _4 
: graph of y = = 


: translated left 2 units 
: and down 1 unit. 


|! Graph y = 


KEY CONCEPT For Your Notebook 


Graphing Translations of Simple Rational Functions 


To graph a rational function of the form у = —& 5 + К, follow these steps: 


Eq 
STEP? Draw the asymptotes x = Л and y = К. 


STEP 2 Plot points to the left and to the right of 
the vertical asymptote. 


STEP 3 Draw the two branches of the hyperbola 
so that they pass through the plotted 
points and approach the asymptotes. 


—4 


a 47" 1. State the domain and range. 


Solution 


STEP? Draw the asymptotes x = —2 and y = -1. 


STEP2 Plot points to the left of the vertical 
asymptote, such as (—3, 3) and (-4, 1), 
and points to the right, such as (—1, —5) 
and (0, —3). 


STEP3 Draw the two branches of the hyperbola 
so that they pass through the plotted 
points and approach the asymptotes. 


The domain is all real numbers except —2, and the 
range is all real numbers except - 1. 


rated Algebra | at classzone.com 


for Examples 1 and 2 


Graph the function. State the domain and range. 


OTHER RATIONAL FUNCTIONS АП rational functions of the form y = = n 5 also 


have graphs that are hyperbolas. 
* The vertical asymptote of the graph is the line x = -£ because the function is 
undefined when the denominator cx + d is zero. 


a 


* The horizontal asymptote is the line y — c 


8.2 Graph Simple Rational Functions 


559 


| EXAMPLE 3 | Graph a rational function of the form y = ate г 


2x 


Graph y = = = 1 . State the domain and range. 


Solution 


STEP? Draw the asymptotes. Solve x — 3 = 0 
for x to find the vertical asymptote x = 3. 
The horizontal asymptote is the line 


STEP 2 Plot points to the left of the vertical 
asymptote, such as (2, —5) and (0, -3) 


and points to the right, such as (4, 9) 
13 
and (6, 2) 
STEP 3 Draw the two branches of the hyperbola so that they pass through the 
plotted points and approach the asymptotes. 


* The domain is all real numbers except 3. 
The range is all real numbers except 2. 


< Solve a multi-step problem __ 


3-D MODELING A 3-D printer builds up layers of material to make three- 
dimensional models. Each deposited layer bonds to the layer below it. 

A company decides to make small display models of engine components 
using a 3-D printer. The printer costs $24,000. The material for each 
model costs $300. 


* Write an equation that gives the average cost per 
model as a function of the number of models printed. 


• Graph the function. Use the graph to estimate 
how many models must be printed for the average 
cost per model to fall to $700. 


* What happens to the average cost as more models 
are printed? 


Solution 


STEP? Write a function. Let c be the average cost and m be the number of 
models printed. 


A Unit cost • Number printed + Cost of printer _ 300m + 24,000 


Number printed m 

: DRAW GRAPHS STEP2 Graph the function. The asymptotes = 

: Because the number are the lines m = 0 and c = 300. The € 

: of models and average average cost falls to $700 per model 5 

: cost cannot be negative, after 60 models are printed. —ERIIEEERLIS 
: graph only the branch p E; тшш аша ы 
: of the hyperbola that STEP3 Interpret the graph. As more models © LI ЫЕ ОЗ b ЕЈ 
: А аге printed, the average cost рег 0 20 40 60 80 ” 
: lies in the first quadrant. 

model approaches $300. Number printed 
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Graph the function. State the domain and range. 


-> „ше - 31 +2 

в P id w Y= ду—2 de PS 

| 7. WHAT IF? In Example 4, how do the function and graph change if the cost of 
the 3-D printer is $21,000? 


8.2 EXERCIS ES HOMEWORK: () = WORKED-OUT SOLUTIONS 
^ | KEY ; on p. WS14 for Exs. 5, 21, and 39 


: EXAMPLE 1 


è CSTR ee 


: on p. 558 
: for Exs. 3-10 


: EXAMPLE 2 


ъ esas 


: on p. 559 
: for Exs. 11-23 


SKILL PRACTICE 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 23, 35, 40, and 41 
¡ $) = MULTIPLE REPRESENTATIONS 
| Ex. 39 


1. VOCABULARY Сору and complete: The function у = + 3 has a(n) ? of 


fà 
x+4 
all real numbers except 3 and a(n) ? ofall real numbers except —4. 


2. * WRITING Is f(x) = = em a rational function? Explain your answer. 


GRAPHING FUNCTIONS Graph the function. Compare the graph with the 


graph ofy = 1. 
x 
A E (5), х n y s 
_ 0.1 ШЕ: on 8 _-3 
d ye 8. f(x) E 9. g(x) = — 10. h(x) = — 


GRAPHING FUNCTIONS Graph the function. State the domain and range. 


п. y= 443 12. y= 2-2 13. y => 14. f) => 
15. y — т 7 16. y ^ +4 17. у UD 18. gí(x) Um 
19. у= — 4 +3 20. у= 10, -5 En) y 31 22. ha) = +9 


23. A MULTIPLE CHOICE What are the asymptotes of the graph of y = FE. 


(А) x=8,y=3 ® x=8y=-3 © x--8y-3 (D x--8y--3 


—8t 


24. GRAPHING CALCULATOR Consider the function y = — а z + kwhere a = 1, 
h = 3, and К = —2. Predict the effect on the functions graph of each change 
in a, h, or k described in parts (a)—(c). Use a graphing calculator to check 
your prediction by graphing the original and revised functions in the same 
coordinate plane. 


a. achanges to —3 b. h changes to —1 c. k changes to 2 
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ERROR ANALYSIS Describe and correct the error in the graph. 


-p 2 
25. YS 26. y 7? 


: EXAMPLE 3 GRAPHING FUNCTIONS Graph the function. State the domain and range. 


: on p. 560 
: 240 9 LX] QI XB _ 8х + 3 
; for Exs. 27-34 | 27. у= ——3 28. у = = 29. у= 338 SU. y — WB 
"m "ux ME cU —. ӘЖ _ Bees 
Bl. у=. 32. Јо) = — 33. g(X) = 5275 34. h(x) = 55 


35. * OPEN-ENDED MATH Write a rational function such that the domain is all 
real numbers except —8 and the range is all real numbers except 3. 


36. CHALLENGE Show that the equation f(x) = —“ п + k represents a rational 


q— 
function by writing the right side as a quotient of polynomials. 


——— —— 


PROBLEM SOLVIN 


37. INTERNET SERVICE An Internet service provider charges a $50 installation 
fee and a monthly fee of $43. Write and graph an equation that gives the 
average cost per month as a function of the number of months of service. 
After how many months will the average cost be $53? 


: EXAMPLE 4 


on p. 560 Stitt ee ee 
: for Exs. 37-38 


AllnmoTiétnr | 
@Но melutor for problem solving help at classzone.com 


38. ROCK CLIMBING GYM To join a rock climbing gym, you must pay an initial 
fee of $100 and a monthly fee of $59. Write and graph an equation that 
gives the average cost per month as a function of the number of months of 
membership. After how many months will the average cost be $69? 


melutor for problem solving help at classzone.com 


V MULTIPLE REPRESENTATIONS The time f (in seconds) it takes for 
1000 


06T +331 where Tis 


sound to travel 1 kilometer can be modeled by t — 
the air temperature (in degrees Celsius). 


a. Evaluating a Function How long does it take for sound to travel 5 kilometers 
when the air temperature is 25°С? Explain. 


b. Drawing a Graph Suppose you are 1 kilometer from a lightning strike, 
and it takes 3 seconds to hear the thunder. Graph the given function, 
and use the graph to estimate the air temperature. 


O) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED = MULTIPLE 
562 on p. WS1 TEST PRACTICE REPRESENTATIONS 


40. * SHORT RESPONSE A business is studying the cost to remove a pollutant 

from the ground at its site. The function y = i dl = 
cost у (in thousands of dollars) to remove х percent (expressed as а 
decimal) of the pollutant. 


models the estimated 


a. Graph the function. Describe a reasonable domain and range. 


b. How much does it cost to remove 20% of the pollutant? 40% of the 
pollutant? 80% of the pollutant? Does doubling the percent of the 
pollutant removed double the cost? Explain. 


41. * EXTENDED RESPONSE The Doppler effect occurs when the source of a 
sound is moving relative to a listener, so that the frequency f, (in hertz) 
heard by the listener is different from the frequency / (in hertz) at the 
source. The frequency heard depends on whether the sound source is 
approaching or moving away from the listener. In both equations below, 
ris the speed (in miles per hour) of the sound source. 


ТТ; а a 
Moving away: fim 710 3. 7 Approaching: f = n= 


а. An ambulance siren has a frequency of 2000 hertz. Write two equations 
modeling the frequencies you hear when the ambulance is approaching 
and when the ambulance is moving away. 


b. Graph the equations from part (a) using the domain 0 < г< 60. 


c. For any speed r, how does the frequency heard for an approaching 
sound source compare with the frequency heard when the source 
moves away? 


42. CHALLENGE А sailboat travels at a speed of 10 knots for 3 hours. It then uses 
a motor for power, which increases its speed to 15 knots. Write and graph an 
equation giving the boat's average speed s (in knots) for the entire trip asa 
function of the time t (in hours) that it uses the motor for power. 


: PREVIEW Factor the expression. (p. 252) 

{терге хог 43. m? + 18m + 65 44. р? + 15р + 56 45. 42 — 49 

: Lesson 8.3 

:1п Exs. 43-48. | 46. r? — 20r + 100 47. х? — Ax 21 48. z^ — 92+ 20 


Graph the polynomial function. (p. 337) 
49. f(x) = 2x* 50. f(x) = х? +5 51. f(x) =x°-1 
52. f(x) = 3ax* +2 53. f(x) = —x? 54. f(x) = -2x° + З 


Simplify the expression. (p. 492) 


55. e? «e? 56. Зеб • ех 57. et ек? 
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сепа ACTIVITY Use after Lesson 8.2 Tutor 


т classzone.com 
Keystrokes 


9.2 Graph Rational Functions 


Most graphing calculators have two graphing modes: connected mode and dot 
mode. Connected mode displays the graph of a rational function as a smooth 
curve, while dot mode displays the graph as a series of dots. 


Graph y = rra, 


Enter function Use connected mode Use dot mode 


Enter the rational function, Graph the function in Graph the function in 
using parentheses. connected mode. dot mode. 


| үз (х+3)/(Х-3) 
Үг= 
Y3= 
Y4- 
Ys- 
Ye- 
Y7= 


L J 


The graph in Step 2 includes a vertical line at approximately x = 3. This line is not 
part of the graph. It is simply the graphing calculator's attempt at connecting the 
two branches of the graph. 


cTi¢ 


Use a graphing calculator to graph the rational function. Choose a viewing 
window that displays the important characteristics of the graph. 
25 To penus 8 ы 
1. PES 2 2, Y= = 3. у= 4 CT 4, y 2 
7 


„Уту: 


_x—4 PENES oar 
ДЫ х+2 8. EL) 3x +9 


9. SKATEBOARDING You are trying to decide whether 1ї 15 worth joining 
a skate park. It costs $100 to join and then $4 for each visit. Write a 
function that gives the average cost y per visit after x visits. Graph the 
function. What happens to the average cost as the number of visits 
increases? What are a reasonable domain and range for the function? 
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еп 


Graph General 
Rational Functions 


8.3 


You graphed rational functions involving linear polynomials. 
You will graph rational functions with higher-degree polynomials. 


So you can solve problems about altitude, as in Ex. 35. 


` KEY CONCEPT For Your Notebook 


* asymptote, p. 478 : Graphs of Rational Functions 


* rational function, 


p. 558 


Let p(x) and q(x) be polynomials with no common factors other than +1. The 
graph of the following rational function has the characteristics listed below. 


6 6 6 6 6 


59 
| poo HA Xx" A а 


PO GC) ge + by PE 


1. The x-intercepts of the graph of f are the real zeros of p(x). 

2. The graph of f has a vertical asymptote at each real zero of q(x). 

3. The graph of f has at most one horizontal asymptote, which is 
determined by the degrees m and n of p(x) and q(x). 


| m<n The line у = 0 is a horizontal asymptote. 


а 
| т=п The line y = ar is a horizontal asymptote. 
n 


The graph has no horizontal asymptote. 
m Пп 


m>n Тһе graphs end behavior is the same as the graph of y = zm 


| ЕхАМРІЕ craph a rational function (m « n) 


6 


Graph y = Xu 


"à State the domain and range. 


Solution 


The numerator has no zeros, so there is no x-intercept. 
The denominator has no real zeros, so there is no 
vertical asymptote. 


The degree of the numerator, 0, is less than the degree 
of the denominator, 2. So, the line y = 0 (the x-axis) isa 
horizontal asymptote. 


The graph passes through the points (—3, 0.6), (—1, 3), 
(0, 6), (1, 3), and (3, 0.6). The domain is all real numbers, 
and the range is 0 < y = 6. 


8.3 Graph General Rational Functions 


565 


[| EXAMPLE 2 | Graph a rational function (m = n) 


2x? 
Graph y = ——. 
"WU а а 
; REVIEW ZEROS OF Solution 
SF ! : " 
E n »- The zero of the numerator 2x^ is 0, so 0 is an x-intercept. The zeros of the 
xdi dien DE denominator x^ — 9 are +3, so x = 3 and x = —3 are vertical asymptotes. 


: zeros of functions, 


: See p. 252. The numerator e denominator have the same degree, so the horizontal 


566 


asymptote is y — cm = 2 =2. 


п 


Plot points between and beyond the vertical asymptotes. 


To the left of x = —3 


Between x = —3 
and x=3 
= і и 
To the right of x = 3 | “a EHAE 


CIID capra raonat tuncionim>m 0000 


х?+3х-4 


Graph y = a 


Solution 


The numerator factors as (x + 4)(x — 1), so the x-intercepts are —4 and 1. The zero 
of the denominator x — 2 is 2, so x = 2 is a vertical asymptote. 


The degree of the numerator, 2, is greater than the degree of the denominator, 1, 
so the graph has no horizontal asymptote. The graph has the same end behavior 
as the graph of y = х?! = x. Plot points on each side of the vertical asymptote. 


To the left of x = 2 


To the right of x = 2 
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PRAC КЕ f for Examples 1, 2, and 3 


| Graph the function. 


4 Зх? -5 х^—2х—3 
1. =ч 2. m 3. X 4. = 


56 Solve а multi-step problem 


MANUFACTURING A food manufacturer wants to find the 
most efficient packaging for a can of soup with a volume 
of 342 cubic centimeters. Find the dimensions of the can 
that has this volume and uses the least amount of material 
possible. 


Solution 


STEP? Write an equation that gives the height л of the 
soup can in terms of its radius r. Use the formula 
for the volume of a cylinder and the fact that the 
soup can's volume is 342 cubic centimeters. 


V-— пг Formula for volume of cylinder 


342 = mr^h Substitute 342 for V. 


342 _ 


ar 


Solve for h. 


STEP 2 Write a function that gives the surface area S of the soup can in terms 
of only its radius r. 


S = 2пг? + 2тгһ Formula for surface area of cylinder 


= Der? + 2 | Substitute 242 for h. 
: INTERPRET т. = 


: FUNCTIONS -— ate 
: The function for the | = ¿nt 


: surface area is a rational | STEP 3 
: function because it can 


: be written as a quotient using a graphing calculator. Then use the | 
: of polynomials: minimum feature to find the minimum | 
: | value of S. | 
: $= 2лг? + 684 | 


9и Simplify. 


Graph the function for the surface area S | SSS, 


r You get a minimum value of about 271, | 
: T me | Minimum 
which occurs when r = 3.79 and у-3 789793  Y2270. ud 
=> L ч - 
q (3.79) 


» So, the soup can using the least amount of material has a radius of about 
3.79 centimeters and a height of about 7.58 centimeters. Notice that the height 
and the diameter are equal for this can. 


tn уу и AN |e 
n — : Ч E A 
А „К 7 
M = ee m ZI p RT Уфу on FUTT ru ra 
ВЕ H E DES: И а 
| 


à | for Example 4 


5. WHAT IF? In Example 4, suppose the manufacturer wants to find the most 
efficient packaging for a soup can with a volume of 544 cubic centimeters. 
Find the dimensions of this can. 
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EXERCISES POMEN key C" Shp Wis for Exe 7 15 an 
8.3 KEY: on p. WS15 for Exs. 7, 15, and 33 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 6, 14, 24, and 35 


¡ «Y = MULTIPLE REPRESENTATIONS 


Ex. 33 


‘SKILL PRACTICE - 


1. VOCABULARY Сору and complete: The graph of a rational function f has 
no ? when the degree of the function's numerator is greater than the 
degree of its denominator. 


2. ж WRITING Let f(x) = eM where p(x) and q(x) are polynomials with no 
common factors other than +1. Describe how to find the x-intercepts and 


the vertical asymptotes of the graph of f. 


: EXAMPLES MATCHING GRAPHS Match the function with its graph. 
: 1, 2, and 3 h.m 
: on рр. 565-566) 3. 4. y=% ТЕ 5. 
: for Exs. 3-23 ^ 
a I T " e. 


6. * MULTIPLE CHOICE The graph of which function is shown? 


= BE 
(В) у "NT 
3 


gr = A 


D y= 


Algebra at classzone.com 


ANALYZING GRAPHS Identify the x-intercept(s) and vertical asymptote(s) of the 


graph of the function. 
5 x+1 х? +9 
= B. == 9. f(x) = 
Ey x*-1 Y 3-5 f х? – 2х— 15 
2 3 2 
E 27 ak 20 
ny y. AAA 11. y = === I2. g(yj AE ex 
4 x+3 Yat +x : x?+1 
13. ERROR ANALYSIS Describe and correct 
the error in finding the vertical The vertical asymptote occurs at 
asymptote(s) of f(x) = — x—2 _ the zero of the numeratorx 2. м 
x"—Bx +7 So, the vertical asymptoteisx 2 
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14. * MULTIPLE CHOICE What is the horizontal asymptote of the graph of the 
4х2 — 21x +5» 


function y = 219 

(А) у= 0 O y-i © у= 4 (QD у= 4х 
GRAPHING FUNCTIONS Graph the function. 
(15) y Е a 1 16. у= aa 17. f(x) = x 


24. * OPEN-ENDED MATH Write two different rational functions whose graphs 
have the same end behavior as the graph of y = 3x’. 


GRAPHING CALCULATOR Use a graphing calculator to find the range of the 


rational function. 
_ 15 _ 3x? _ x? – 2х 
Б i 26. y ТУШЕТ: 27. y 2r 3 


2 


CHALLENGE The graph of a function of the form f(x) = —^—— is shown. Find the 
values of a and b. x'*b 


PROBLEM SOLVING 


: EXAMPLE 4 


ШШ) GRAPHING CALCULATOR You may wish to use a graphing calculator to 
н: complete the following Problem Solving exercises. 


31. AGRICULTURE A farmer makes cylindrical bales of hay that 
have a volume of 100 cubic feet. Each bale is to be wrapped in 
plastic to keep the hay dry. 


a. Using the formula for the volume of a cylinder, write an 
equation that gives the length £ of a bale in terms of the 
radius r. 


b. Write a function that gives the surface area of a bale in 
terms of only the radius r. 


c. Find the dimensions of a bale that has the given volume and 
uses the least amount of plastic possible when the bale is 
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32. AQUARIUM DESIGN A manufacturer is designing an aquarium 
whose base is a regular hexagon. The aquarium should have a 
volume of 24 cubic feet and use the least amount of material 
possible. Let s be the length (in feet) of a side of the base, and 
let h be the height (in feet). 


a. Write an equation that gives h in terms of s. (Hint: The 


343 " 
ST sh) 


volume of the aquarium is given by V — 


b. Find the dimensions s and h that minimize the amount of material used. 


(Hint: The surface area of the aquarium is given by S — Sg t 6sh.) 


_ for problem solving help at dasszone.com 


(63) «f» MULTIPLE REPRESENTATIONS The mean 
temperature T (in degrees Celsius) of the Atlantic 
Ocean between latitudes 40°N and 40°S can be 
modeled by 


_ 17,8004 + 20,000 
3d? + 740d + 1000 


where d is the depth (in meters). 


a. Making a Table Make a table of values showing the 
mean temperature for depths from 1000 meters to 
1300 meters in 50 meter intervals. 


b. Using a Graph Graph the model. Use your graph to 
estimate the depth at which the mean temperature 
is 4°C. 


34. MULTI-STEP PROBLEM From 1993 to 2002, the number z (in billions) of 
shares of stock sold on the New York Stock Exchange can be modeled by 


_ 1054t + 6204 
—6.62t + 100 


where tis the number of years since 1993. 


n 


a. Graph the model. 
b. Describe the general trends shown by the graph. 


c. Estimate the year when the number of shares of stock sold was first 
greater than 100 billion. 


35. * EXTENDED RESPONSE The acceleration due to gravity g 
(in meters per second squared) changes as altitude 
changes and is given by the function 


ge Axi 

h? + (1.28 x 107)h + (4.07 x 10%) 
where h is the altitude (in meters) above sea level. 
a. Graph Graph the function. 


b. Apply A mountaineer is climbing to a height of 
8000 meters. What is the value of g at this altitude? 


c. Apply A spacecraft reaches an altitude of 112 kilometers 
above Earth. What is the value of g at this altitude? 


d. Explain Describe what happens to the value of g as altitude increases. 


This spacecraft reached an 
altitude of 112 km in 2004. 


| = WORKED-OUT SOLUTIONS ж = STANDARDIZED ca = MULTIPLE 
570 on p. WS1 TEST PRACTICE REPRESENTATIONS 


MIXED REVIEW 


36. CHALLENGE You need to build a cylindrical water tank using 100 cubic feet of 


concrete. The sides and the base of the tank must be 1 foot thick. 


a. Write an equation that gives the tank's inner height h in T^ 
terms of its inner radius r. 


e» 


b. Write an equation that gives the volume V of water that the 
tank can hold as a function of r. 


c. Graph the equation from part (b). What values of r and h 
maximize the tank's capacity? 


: PREVIEW 


Pope 
; Lesson 8.4 
: in Exs. 37-45. 


Factor the expression. 

37. x? — 64 (p. 252) 38. x^ — 8x — 48 (p. 252) 39. 18x? — 37x — 20 (p. 259) 
40. 12x* — 15x — 18 (p. 259) 41. 5x* + 22x — 30 (p. 259) 42. 5x? + 40 (p. 353) 

43. x! — 4x* + 8x — 32 (p.353) 44. x? + 2x^ — 35x (p. 353) 45. X? — 9x? — 36x (p. 353) 


Simplify the expression. Tell which properties of exponents you used. (p. 330) 


К 2 14-1 
ху a7, 48% LA Рт xy! m ey 
" wei d 2 5 á -1,2 
xy бх?у? 12х "y 
= E = = а A — LJ 2 5 
36xy ah" 18x !y x*y 


QUIZ for Lessons 8.1-8.3 


11. SOFTBALL А pitcher throws 16 strikes 


The variables x and y vary inversely. Use the given values to write an equation 
relating x and y. Then find y when x — —4. (p. 551) 


1. x -8,y = 3 2. х= 2, у= —9 3. x--5y-2 4. x= —4, y = -32 
Graph the function. 
5. y= 2 (p. 558) 6. y= ii + 1 (p. 558) 7. fix) = == = (p. 558) 
D == 2 (p. 565) 9. y= (p. 565) 10. р(х) = s (р. 565) 


in her first 38 pitches. The table shows 
how the pitcher's strike percentage 
changes if she throws x consecutive 
strikes after the first 38 pitches. Write 
a rational function for the strike 
percentage in terms of x. Graph the 
function. How many consecutive 
strikes must the pitcher throw to reach 
a strike percentage of 0.60? (p. 558) 
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Lessons 8.1-8.3 


1. MULTI-STEP PROBLEM Your family buys a 
photo printer to print out digital pictures. The 
printer costs $200. The ink and paper cost 
about $.60 for each photo you print. 


a. Write an equation that gives the average 
cost of a printed photo as a function of the 
number of photos printed. 


b. Graph the function from part (a). Use the 
graph to estimate the number of photos you 
have to print before the average cost drops 
to $10 per printed photo. 


c. What happens to the average cost as the 
number of photos printed increases? 


2. MULTI-STEP PROBLEM A food manufacturer 
wants to find the most efficient packaging for a 
canister of oatmeal with a volume of 1663 cubic 
centimeters. 


a. Use the formula for the volume of a cylinder, 
V = тг°һ, to write an equation that gives the 
height h of a possible canister in terms of its 
radius г. 


b. Write an equation that gives the canister's 
surface area 5 in terms of its radius r by 
substituting the expression for h from 
part (a) into the formula for the surface 
area of a cylinder, S = 2ar* + 27rh. 


c. Graph the equation from part (b) using 
a graphing calculator. What are the 
dimensions r and h of the canister that uses 
the least material possible? 


3. SHORT RESPONSE The table shows the 
number y of candy boxes a manufacturer sells 
each month at different prices x (in dollars). Do 
the data show inverse variation? Explain your 
reasoning. 


4. OPEN-ENDED Write a rational function whose 
domain is all real numbers except x = 2 and 
х = 3. 


5. GRIDDED ANSWER The variables хапа y vary 


inversely, and у = 4 when x = 5. What is the 
value of y when x = 10? 
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6. EXTENDED RESPONSE The body mass index b 


of a person varies directly with the person's 
weight w and inversely with the square of the 
person's height h. A person who is 1.6 meters 
tall and weighs 51.2 kilograms has a body mass 
index of 20. 


a. Write an equation that relates b, w, and h. 


b. Use the equation from part (a) to complete 
the table below. 


? 1.4 4) 
19 1.5 ? 


c. Suppose two people weigh the same, but 
the height of one person is 10% greater than 
the height of the other person. Compare the 
body mass indices of the two people. 


. GRIDDED ANSWER The intensity I of a sound 


(in watts per square meter) varies inversely 
with the square of the distance d (in meters) 
from the source of the sound. At a distance of 

1 meter from the stage, the sound intensity of a 
rock concert is about 10 watts per square meter. 
What is the intensity of the sound you hear if 
you are 15 meters from the stage? 


. SHORT RESPONSE The value M (in dollars) 


of a motorcycle t years after it was purchased 
new can be estimated using the function 


M(f = 5500 + 500 where t= 1. 


a. Estimate the motorcycle's value 5 years after 
itwas purchased. 


b. What does the value of the motorcycle 
approach as time passes? Explain. 


4 


You graphed rational functions. 


Key Vocabulary 

* simplified form 
of a rational 
expression 


* reciprocal, p. 4 


following property. 


KEY CONCEPT 


Multiply and Divide 
Rational Expressions 


QUEUE vou will multiply and divide rational expressions. 
So you can compare the efficiencies of two designs, as in Ex. 51. 2 


| 


plified form if its numerator and denominator have 
no common factors (other than +1. To simplify a rational expression, apply the 


For Your Notebook 


Simplifying Rational Expressions 


Let a, b, and c be expressions with Р + 0 and с + 0. Then the following 


Г ЕхАМРІЕ simpury a rational expression 


я ERA EIA 


: Do not divide out 


; variable terms that аге 

: not factors. 

: E ye HS 
x-3 -3 


property applies. 
= Property pe =! i Divide out the common factor c. 
15. „808.18. 
Examples 5 3 13 Divide out the common factor 5. 
> 40х93) _ 4 | 
: (x — 5) ER Divide out the common factor x + 3. 


Simplifying a rational expression usually requires two steps. First, factor the 
numerator and denominator. Then, divide out any factors that are common to 
both the numerator and denominator. Here is an example: 


+ Tx (Xx7) _ 


x* Ex x 


Notice that you can divide out common factors in the second expression above. 
However, you cannot divide out like terms in the third expression. 


2 
Simplify: * 2x — 15 


х? – 9 
2-15 = ааа Factor numerator апа denominator. 
= a Divide out common factor. 
= = 2 Simplified form 


8.4 Multiply and Divide Rational Expressions 
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| base. The company is designing a new tin with the 


EFFICIENCY Manufacturers often package their products in a way that uses the 
least amount of packaging material. One measure of the efficiency of a package is 
the ratio of its surface area to its volume. The smaller the ratio, the more efficient 
the packaging. 


Г ExAMPLE 2 sova | multi-step problem 


PACKAGING A company makes a tin to hold flavored 
popcorn. The tin is a rectangular prism with a square 
same base and twice the height of the old tin. 

* Find the surface area and volume of each tin. 


* Calculate the ratio of surface area to volume for 
each tin. 


• What do the ratios tell you about the efficiencies 
of the two tins? 


Solution 
Old tin New tin 
STEP? S=2s* + Ash S = 252 + 4s(2h) Find surface area, S. 
= 2s? + 8sh 
V=sh V= s*(2h) Find volume, V. 
z2s^h 
2 2 
STEP 2 $ = 2s" + 4sh S . 2s" + 8sh Write ratio of 5 to V. 
s*h V 2s?h 
= 210 = E Divide out common factor. 
_ 25+ Ah _ 5 +4һ | 
eh ch Simplified form 


STEP 3 ast Аһ. s+ Ah 
sh sh 
numerator than the right side and both have the same (positive) 
denominator. The ratio of surface area to volume is greater for the old 
tin than for the new tin. So, the old tin is less efficient than the new tin. 


because the left side of the inequality has a greater 


E for Examples 1 and 2 


Simplify the expression, if possible. 
2(x + 1) 9. 40x + 20 4 


"(a+ D + 3) " 10x + 30 x(x + 2) 
x+4 5 i^-—24—3 2x* + 10x 
x? — 16 x-x-6 3x? + 16x +5 


7. WHAT IF? In Example 2, suppose the new popcorn tin is the same height as 
the old tin but has a base with sides twice as long. What is the ratio of surface 
area to volume for this tin? 


Chapter 8 Rational Functions 


* 


: ANOTHER WAY 


: In Example 3. you can 
: also first simplify each 

: fraction, then multiply, 

: and finally simplify the 

: result: 

: By Y 

: 2ху2 Y 
: _ 42 7X*y 
ка 

" AK.7- xb D y 
с Ау 

= 7x5y 


КЕҮ СОМСЕРТ 


Multiplying Rational Expressions 


For Your Notebook 


The rule for multiplying rational expressions is the same as the rule for 
multiplying numerical fractions: multiply numerators, multiply denominators, 


and write the new fraction in simplified form. 


Let a, b, c, and d be expressions with b + 0 and d # 0. 


Property > . F = Wd Simplify ~ if possible. 


2 3 ` 3 3 . * * 2 Lj] 
2xy? 10у  20xy? 18*2 2c? 
Standardized Test Practice 
3 4,,3 
What is a simplified form of 7. Y з 
2xy 4y 
Ф) 55у ® ту O my 
Solution 
8x?y 7x*y?  56x'y* 
2xy? 4y 8xy? 
8*7 xexP ahy 
Box y 
обу Simplified form 


| Fk The correct answer is B. (А) © O Ф) 


Multiply rational expressions 


Зх? 
2 


D 7x! 13 


Multiply numerators and denominators. 


Factor and divide out common factors. 


3x— 3x? .x^-x-—20 


Multiply: 

Py x2+4x-5 3x 

3x—3x% .x^^x-20 3501-х) (х+5)(х-—4) 
x“+4x-5 3x (6— Dx 5) 3x 


- 3x(1 — x)(x + 5)(x — 4) 
(x — 1){х + 5)(3x) 


_ 3x(- D(x — (х + 5)x —4) 
(x — 1)(x + 5)(3x) 


_ 3x(- D x— Der 5)(x — 4) 
(x— T) (+5) (3x) 


= (105-4) 
= х +4 


8.4 Multiply and Divide Rational Expressions 


Factor numerators 
and denominators. 


Multiply numerators 
and denominators. 


Rewrite 1 — xas 
(—1)(x — 1). 


Divide out common 
factors. 


Simplify. 
Multiply. 


575 


41,121 3-M Multiply a rational expression by a polynomial | 


. Multiply: £^. . (x? + 3x + 9) 
x” — 27 
VED. EP _ x+2 .x?+3x+9 Write polynomial as 
х3 — 97 КЕЛАР х3 — 97 1 a rational expression. 
2 2 
= Trae Torra Factor denominator. 
INF 3x-r:9) 
(x2 3-9} 
y МЕКЕН А ӘР ЭУ Divide out common factors. 
(x — 3) 523x479) 
c XE 
b Simplified form 


RACTICE | for Examples 3, 4, and 5 


. Multiply the expressions. Simplify the result. 


By ye 2 2 
B. EF ao g LA, sts 10. 43 .(2+x+1D 
8xy эхЗу x^—25 2x х%— 1 


КЕҮ СОМСЕРТ For Your Notebook 


Dividing Rational Expressions 


To divide one rational expression by another, multiply the first rational 
expression by the reciprocal of the second rational expression. 


Let a, b, c, and d be expressions with b # 0, с 0 and d + 0. 


: operty pd x' ш Simplify ', if possible 
: Examples ET E F ДБ 

: 7 2 .x+2_ 7 ,2x-3__70x-3) 

z EtL ZA: ETI zxtz + DO) 


| EXAMPLE 6 | Divide rational expressions 


2 
Divide: 5. ХХ -ör — 
2x -10 xy?^— 11x - 30 


Tx.  x^- 6x 7х  ,x^— 11x + 30 


2x - 10. y2— 11x30 2x— 10 x? — 6x 


7x | (х 5)(x- 6) 
A(x — 5) x(x — 6) 


Multiply by reciprocal. 


Factor. 


TE 0) 

NUS СА mn Divide out common factors. 
2(x— 3) Ge) (x— 6) 

= > Simplified form 
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( ExAMPLE vivide a rational expression by a polynomial 


2 
Divide: P x + (3х2 + 5x) 


6x^-x—15 . (4,2 _6x7+x-15. 1 Multiply by 
Ax? ние AS 4x? 3x? + 5x reciprocal. 
.(Gx*9)0x-3. 1 — 
a? XGx +5) Factor. 
_ (xr 5)2x — 3) Divide out 
Ax*(x)(3x-+5) common factors. 
= 2 =% Simplified form 
4x 
v GUIDED PRACTICE for Examples 6 and 7 
| - - ———————————— — 
| Divide the expressions. Simplify the result. 
| Аю. x?—2x 2x^-3x—5 . (9,2 
. — ———— o AE ie + 
| 11 Sp OO AB 12 Bx (2x 5x) 


HOMEWORK: (7 = WORKED-OUT SOLUTIONS 
KEY: on p. WS15 for Exs. 7, 25, and 49 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 20, 23, 50, and 52 


8.4 EXERCISES 


‘SKILL PRACTICE 


1. VOCABULARY Copy and complete: To divide one rational expression by 
another, multiply the first rational expression by the ? of the second 
rational expression. 


2. ж WRITING How do you know when a rational expression is simplified? 


; EXAMPLE 1 | REASONING Match the rational expression with its simplified form. 


è CEPA 


: ON p. 573 2 _ 2 2 E 
X5 Seo lA x°+9x+14 xo Ax +4 
to xX—42 x+7 

ык, Н; as „с=т 


SIMPLIFYING Simplify the rational expression, if possible. 


6 Ax? d uem a 444224 a 2=1lp +24 
20x* — 12x x? + 2Хх— 15 х2 + 7х + 6 х? — ax — 40 
10 х2 +4x+4 T 2x? + 2x —4 ia m 13 х? — 36 
x^—5x-4 x^ — 5x — 14 x? — 64 x? + 12x +36 
3 2 2 = 2 ies A. E Fuss | 
14. Эл POR + 12x 15. uxt 10x — 3 16. 5x T ler 8 17. X Эх 3x + 15 
х°—8 6x* + l3x+6 IUx^— ғ х°^— 8х +15 
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ERROR ANALYSIS Describe and correct the error in simplifying the rational 


expression. 
18. F 19. 
16x 80 16x 80 5 У! 
"d 16 16 _ Vx 48 LIOS ERE] X 
Bx 16 


20. * MULTIPLE CHOICE Which rational expression is in simplified form? 
Lg х? + 6х + 8 x? — 6х + 9 x*--3x-—4 
ESE T 3 ea 3 FEE 


: EXAMPLE2 | @ GEOMETRY A farmer wants to fence in the field shown. Write a simplified 


Ser 


: on p. 574 rational expression for the ratio of the field's perimeter to its area. 


21. 22. x 


2х А 
3x 
23. * SHORT RESPONSE Which of the fields in Exercises 21 and 22 has the lower 


fencing cost per unit of area? Explain. 


: EXAMPLES MULTIPLYING Multiply the expressions. Simplify the result. 


:3,4,and5 | A s кл ый 
i on рр. 575-876) 24, S2. Y tr. 2 
: for Exs. 24-33 xy? 15x y 6x"y 
x(x-3) (xr3í(x—2) Axt x(x+1) 
26. x—2 X es x* 2(x 5) 
3x—12, x+6 х+5 .2x?/-32 
Tre aet e dx — 18 x? — 25 
2 - 2 2 _ Ge 
30. a " oe ttx 31. x 3-10 . (x? + 10x + 21) 
х“+А+Ах+4 х Ax Хх —– 2х — 15 
2 - 2 
32, X + 9X 536 , (x? — 11x + 28) 33. 4X + 20X , (x2 + gx + 16) 


x^ — 49 x? + 4x? 


: EXAMPLES DIVIDING Divide the expressions. Simplify the result. 


6 and 7 — ы m 
: on pp. 576-577| 34. 277 + 2 gs; SYA у Mo 
: for Exs. 34-43 x y XZ x*z 
(х+3)}(х—-2). #33 ce. & 
36. —_== + == 37. P 
x(x + 1) X x+4 2(х- 4) 


2... E: > ec P 
38. * 6x 27 . X 14x + 45 39. Х Ax 9 c (x2 + 6x + 5) 


2x? + 2x x? x+5 
4o, 3х2 13x £ 4 . Ax + 16 др. Х?—х-2_._х—2 
| x*-4 x+2 '" x? -4Ax—5 5x+25 
2. 2 2 
42, X —8X * 15 . (x2 —  — 20) аз. Х2 12x +32 , х? + 4x 
х? + Ax бх + 42 х2 — 49 
= WORKED-OUT SOLUTIONS * = STANDARDIZED 


578 on p. WS1 TEST PRACTICE 


The graph of a rational function can have a 


POINT DISCONTINUITY In Exercises 44—46, use the following information. 


hole in it, called a point discontinuity, where 
the function is undefined. An example is 
shown below. 


— 16. 
x+4 
graph of y = x — 4 except that there is a hole 
at (—4, —8) because the rational function is 
not defined when x = —4. 


The graph of y = is the same as the 


Graph the rational function. Use an open circle for a point discontinuity. 


2 2 
_ EAD 1 _ * — ab _ E ID 
TRU x3 oI" 8 # y х+2 
47. CHALLENGE Find the ratio of the perimeter to the area of i 
the triangle shown at the right. p 
A i 
6x 15x 


‘PROBLEM SOLVING 


: EXAMPLE 2 


: on p. 574 for 
: Exs. 48, 50-52 


48. (E GEOMETRY Find the ratio of the volume of the 
square pyramid to the volume of the inscribed cone. 
Write your answer in simplified form. 


Tutor for problem solving help at classzone.com 


ENTERTAINMENT From 1992 to 2002, the gross ticket sales S (in millions of 


dollars) to Broadway shows and the total attendance A (in millions) at the 
shows can be modeled by 


—6420t + 292,000 and i —407t + 7220 


© 6.021? — 125t + 1000 — 5921? — ]31t + 1000 


where f is the number of years since 1992. Write a model for the average dollar 
amount a person paid per ticket as a function of the year. What was the 
average amount a person paid per ticket in 1999? 


eer ЖК 
utor for problem solving help at classzone.com 


50. * SHORT RESPONSE Almost all of the energy generated by a 
long-distance runner is released in the form of heat. For a runner 
with height Н and speed V, the rate h, of heat generated and the 
rate h, of heat released can be modeled by h, = k,H ?V* and 
h= k, H* where k, and k, are constants. 


a. Write the ratio of heat generated to heat released. 
Simplify the expression. 


b. When the ratio of heat generated to heat released equals 1, 
how is speed related to height? Does a taller or shorter 
runner have the advantage? Explain. Thermogram of runner 


8.4 Multiply and Divide Rational Expressions 579 


51. MULTI-STEP PROBLEM A manufacturer is comparing two designs for a 
water tower: a sphere and a cylinder. Both designs have the same volume 
and the same radius. 


4 
3^ 


a. Show that the height h of the cylindrical tank is 


b. Write an expression for the surface area of each tank in terms of r. 


c. Find the ratio of the surface area of the spherical tank to the surface area 
of the cylindrical tank. Explain what the ratio tells you about which water 
tower would take less material to build. 


52. ж EXTENDED RESPONSE The surface area 5 and the volume V of a 
cylindrical can are given by S = 2ar* + 2arh and V = ar*h where r is the 
radius and h is the height. 


a. Model Write and simplify an expression for the efficiency ratio 8 


V 
b. Calculate Find the efficiency ratio for each can listed in the table. 


Radius, г | 3.4 cm 


c. Compare Rank the three cans in part (b) according to efficiency. Explain 
your ranking. 


53. CHALLENGE A fuel storage container is shaped like a 
cylinder with a hemisphere on each end, as shown. 
The length of the cylinder is £ and the radius of each 
hemisphere is r. Show that the ratio of the surface area 


to the volume of the container is G(2r+ £) pH 
r(4r + 34) 


Mixen REVIEW 


; PREVIEW Find the greatest common factor and the least common multiple of the pair of 
: Prepare for numbers. (p. 978) 
: Lesson 8.5 
: in Exs. 54—59. 54. 48,80 55. 120, 155 56. 38,95 
57. 52,91 58. 66, 154 59. 360, 450 


Find the product. (p. 346) 
60. x(x* + Ax — 7) 61. (x + 9)(x —5) 62. (x + 1D(x — 7) 
63. (х + 2)(x? — 6x + 10) 64. (3x — 7)(x? — 5x) 65. (x + 5)(x? + 8x?) 
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сСгарніпо ACTIVITY Use after Lesson 8.4 Tutor 


classzone.com 
Keystrokes 


Verify Operations with 
Rational Expressions 


2 
Simplify E = е . Then verify the result numerically and graphically. 
x^ — 9x + 20 


[STEP Т] Simplify expression 
Simplify the rational expression by factoring the numerator and denominator, 
then dividing out common factors. 


x*-x-12 _ {ж—Ф%(х+3) _ х+3 
x^—9x-20  £r-—45(x-5 x-5 


STEP 2| Enter expressions STEP 3| Display table Display graphs 


Enter the original expression as Use the table feature to examine Put your calculator in connected 
y, and the simplified result as y,. corresponding values of the two mode. Display the graphs in an 
Use the thick graph style for y,. expressions. appropriate viewing window. 


\ү18 (х2 -Х-12)/ 
(X2-9X*20) 
1128 (x+3)/(%-5) 
1Y3= 
1Y4= 
1AY5= 
\Үё= 


H | : 
. 
= . 
+ а -* 
ы ж 
* 
г? е ] в 
* - - = - s = 
т * - 
a M " 
* ë . 


Remember to use parentheses The values of y, and y, are By using the thick graph style 

correctly. the same, except that y, 15 for y,, you can see the graph of 
undefined when x = 4 and y, being drawn over the graph 
x = 5, and y, is undefined of y,. So, the graphs coincide. 
only when x = 5. 


Simplify the expression. Verify your result numerically and graphically. 
EE E 9, _3х°+6х g X 5x4 
Tae 10 x'—2x-8 xx 12 
Perform the indicated operation and simplify. Verify your result numerically 
and graphically. 


x4. x-—l 5 4x*— 8x . x-2 6 x^—3x-— 10, x*+2x-3 


4, „о ————_ 4 T - 
5x^ x+3 ax +. 15 X+3 х? + 3х + З х°+х—2 


8.4 Multiply and Divide Rational Expressions 


Key Vocabula 


° complex fraction 


582 Chapter 8 


O. 


С 
a 
D 


Add and Subtract 
Rational Expressions 


You multiplied and divided rational expressions. 
You will add and subtract rational expressions. 
So you can determine monthly car loan payments, as in Ex. 43. 


As with numerical fractions, the procedure used to add (or subtract) two 


rational expressions depends upon whether the expressions have like or unlike 
denominators. 


~ 


KEY CONCEPT for Your Notebook 


Adding or Subtracting with Like Denominators 


= To add (or subtract) rational expressions with like denominators, simply add 
+ (or subtract) their numerators. Then place the result over the common 
denominator. 


Let a, b, and c be expressions with c 7 0. 


Addition Subtraction 

a,b a-cb a b a-b 
Properties CEN Ша ME m 

Зх |, 7 _3x+7 -- /— X 9x? — x? 
Pompies 5х2 бх? 5x2 RI Ed x +1 


Add numerators and simplify result. 


Subtract numerators. 


Y GUIDED PRACTICE _ for Example 1 
Perform the indicated operation and simplify. 


7 5 2 2 1 


aa Oe Wo 7 x T Pe)... ee a 
12x 12x gy? 3x? a 


Rational Functions 


: REVIEW LCDS 


: For help with finding 
: least common 

: denominators, 

: see p. 986. 


с KEY CONCEPT For Vour Notebook 


Adding or Subtracting with Unlike Denominators 


To add (or subtract) two rational expressions with unlike denominators, find 
a common denominator. Rewrite each rational expression using the common 
denominator. Then add (or subtract). 


Let a, b, c, and d be expressions with c + 0 and d # 0. 


Addition Subtraction 
> 4,b_ ad, bc_ ad * bc a b..ad bc. ad — bc 
|: € d cd са cd с d cd cd cd 


You can always find a common denominator of two rational expressions by 
multiplying their denominators, as shown above. However, if you use the least 
common denominator (LCD), which is the least common multiple (LCM) of 
the denominators, you may have less simplifying to do. 


CTA Find a least common multiple (LCM) EN 


Find the least common multiple of 4x* — 16 and 6x* — 24x + 24. 


Solution 
STEP? Factor each polynomial. Write numerical factors as products of primes. 
4x? — 16 = 4(x? — 4) = (22) (x + 2)(x — 2) 
6x^ — 24x + 24 = 6(x* — Ax + 4) = (2)(3)(x — 2)* 


STEP2 Form the LCM by writing each factor to the highest power it occurs in 
| either polynomial. 


LCM = (22)(3)(x + 2)(x — 2)? = 12(x + 2)(x — 2)? 


| ExaMPLE З Ш with unlike denominators uM 


T X 
Add: + —_ 
9х2 3x? + 3x 


| Solution 


To find the LCD, factor each denominator and write each factor to the highest 
power it occurs. Note that 9x? = 3?x? and 3x? + 3x = 3x(x + 1), so the LCD is 
3?x^(x + 1) = 9x?(x + 1). 


T x 7 X - 
A AA ise M 2 Factor second denominator. 
9х2? Зх? + Зх 9x% Зх(х+1) 

7 x+1 x Зх 
= ‚2 Ru E sc E | $ 
ot wed mur d LCD is 9x*(x + 1) 
| 2 
= IE. + E — Multiply. 
grex l1) ax^tx + 1) 
2 
= ox ieee Add numerators. 
9x*(x + 1) 


8.5 Add and Subtract Rational Expressions 


583 


Subtract with unlike denominators 


Subtract: * * 2 2 —2x—]1. 
25-2 x*— 4x3 
Solution 
KA.» A 
2x 2.  x%-4x+3 
eS Rd 
Грат w= nes Factor denominators. 
i NS SS  —x—1 .x zs. = 
Sx-1 Li dea 2 eae eS 
_ x*-x-6 _  -4x-2 | 
- ?2x-D(«-3) 2(- DG-3) Multiply. 
| coq н 

"T ie сы. ма! AA Subtract numerators. 
: AVOID ERRORS 2(x — (х — 3) 
: After you simplify the _ x^-3x-4 
: numerator, check to see а= Dix-—3) M NL каа 
: if the numerator has a 
actor ico mon wt _ H— Dix + 4) Factor numerator. 
: the denominator. If so, 2(x—1)(x — 3) Divide out common factor. 
: the expression can be _ x4 
: simplified further. — 2(x 3) Simplify. 


— r1 La Ta UNS 
ї « »" 

| > = T 
ES ce a ce a mega MAT EO TV IS 


Find the least common multiple of the polynomials. 
5. 5х? and 10x? — 15x 6. 8x — 16 and 12x* + 12x — 72 
Perform the indicated operation and simplify. 
3 1 1 x 
la — — + EE _— RM 
4х 7 3x^  9x^— 12x 
7 жЕ] 6 
9, —— +52 10. E=— — 
x^—x-12 125-48 x?+4x+4 x*—4 


KEY CONCEPT for Your Notebook 


Simplifying Complex Fractions 


ri 7 


IU UE T y 
=F i 


complex fraction is a fraction that contains a fraction in its numerator or 
denominator. A complex fraction can be simplified using either of the 
methods below. 


Method 1: If necessary, simplify the numerator and denominator by writing 
each as a single fraction. Then divide the numerator by the 
denominator. 


Method 2: Multiply the numerator and the denominator by the least common 
> denominator (LCD) of every fraction in the numerator and 
denominator. Then simplify. 


584 Сһаріег8 Rational Functions 


( EXAMPLE 5 | Simplify a complex fraction (Method 1) 


PHYSICS Let f be the focal length of a thin camera lens, p be the distance 
between an object being photographed and the lens, and q be the distance 
between the lens and the film. For the photograph to be in focus, the variables 
should satisfy the lens equation below. Simplify the complex fraction. 


Lens equation: f = 


=_= f 
E 


Solution 
= NM 1 _ 1 
Р 1.1 4 p @+р Write denominator as a single fraction. 
P 4 pq pq pq 
= р Divide numerator by denominator. 


Simplify a complex fraction (Method 2) 


5 
s x+4 
Simplify: Az 
x+4 x 
Solution 


The LCD of all the fractions in the numerator and denominator is x(x + 4). 


5 
x+4 _ x+4 „x(x+4) Multiply numerator and 
1 2 10 ,2 x(x+4) denominator by the LCD. 
х+4 x x+4 x 
E ox 
x42 4 4) Simplify. 
o ОХ 


Y Gume Practice for Examples 5 and 6 


Simplify the complex fraction. 


E dE S cry 3 

li; 2 3 12. X 13 x ES 
M и 249 T X 
5 10 m x4 es 
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8.5 EXERCISES HOMEWORK: (Ç) = WORKED-OUT SOLUTIONS 
> KEY: on p. WS15 for Exs. 5, 17, and 43 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 26, 37, and 44 


F SKILL PRACTICE 


1. VOCABULARY Copy and complete: A fraction that contains a fraction in 
its numerator or denominator is called a(n) _?_. 


2. * WRITING Explain how to add rational expressions with unlike 
denominators. 


: EXAMPLE 1 LIKE DENOMINATORS Perform the indicated operation and simplify. 


я EFE 


: on p. 582 
. 15 5 x 4 9 2x 
: | x 5 oM uo, à = krr aN 
: for Exs. 3-8 3 Ax Ax 4 lex? lex? Q x+1 x+1 
3x? 6x 5x 15 4x? 1 
6, —_4 == eo Se . = | 
x-8 x-8 x+3 x3 B 2x — 1 2x — 1 


: EXAMPLE 2 FINDING LCMS Find the least common multiple of the polynomials. 


# Al 


; опр. 583 9. 3x and 3(x — 2) 10. 2x% and Ax + 12 11. 2x and 2x(x — 5) 
: for Exs. 9—15 


12. 24x? and 8х? — 16x 13. x^ —25, x, and x — 5 14. 9x? - 16 and Зх? — 2х – 8 


15. * MULTIPLE CHOICE What is the least common multiple of the polynomials 
Зх? — 9x and 6х? 


QD 3x(x — 3) (В) 6x" (б) 6x(x — 3) D 6x^(x— 3) 


: EXAMPLES UNLIKE DENOMINATORS Perform the indicated operation and simplify. 


s PA | 12 F 8 5 er: 12 
: .583-584| 16. == + —— — -> 18. == - _£_ 
kia E. ^ ies wu uw 3х2 4х 5x B(x —4) 
12 3 3 1 9 2х 
19. ———5——— + 20. E i + 
" x*-5x-24 x-3 " x+4 х+б y лел os] 
2 
99; EL 1S, 23. Dx ¿4_12 og . X —B E 
x-4 x-2 x^—8x-16 5—4 х?°+5х-14 Х+7 


25. ERROR ANALYSIS Describe and correct the 
error in adding the rational expressions. ey ee 


2 
26. * MULTIPLE CHOICE Which expression is equivalent to ES 1 pO 
X — 


1 ‚ rele 2) x^—8x-4 Зх? – 8х +4 
C» x+4 (x + 4)(x — 4) © (x + 4)(x — 4) qp» (x + 4)(x — 4) 


UNLIKE DENOMINATORS Perform the indicated operation(s) and simplify. 


27 x x.l 28 x+3 " p$ 
x^—9 х°+6х+9 x^—2x-8 x^—12x + 32 
xl rc: 5x +3 xl 3 

. EE +2 A ‚е – == + 
ч X— x ^ SX—1 " x*—25  X—23 X3 
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: EXAMPLES 


: ps T-— 
: for Exs. 31-36 


: EXAMPLE 3 


: on p. 583 
: for Ex. 41 


: EXAMPLES 


: Е КОТОРОЕ, 
: for Exs. 42-43 


SIMPLIFYING COMPLEX FRACTIONS Simplify the complex fraction. 


16 
сш. 15 — E х—2 
31. 7 32. — 33. E 
fy = + 4 2 
m x 5 x+1 x 
1 Е 7 з _ 6 1 
2x 5 8х—20 RZ z =i 3х? — 3 
34. x 35. z : 36 c-— СГ 
2x — 5 x12 x-2 (DE y =3r= 4 


37. k OPEN-ENDED MATH Write two different complex fractions that each 


х=3 
x+4' 


simplify to 


CHALLENGE Simplify the complex fraction. 


l X Э =:2% 
T -1 3 -2 + bu 
38. — X t1 39. — ŽŽ —— — до. AFP D 
5 2 1 6 =Ï 
x 2  .8 2 = + Зх 
ba xx X +2 


PROBLEM SOLVING | 


41. JET STREAM The total time T (in hours) needed to fly from New York to 
Los Angeles and back (ignoring layovers) can be modeled by the equation 
in the diagram, where d is the distance each way (in miles), a is the average 
airplane speed (in miles per hour), and j is the average speed of the jet 
stream (in miles per hour). 


Rewrite the equation so that the right side is simplified. Then find the total 
time if d = 2468 miles, a = 510 mi/h, апа у = 115 mi/h. 


É ‘apra at classzone.com 


В, 
42. ELECTRONICS If two resistors in a parallel circuit 
have resistances R, and Es (both in ohms), then TT E 
the total resistance R, (in ohms) is given by the R, 
equation shown. Simplify the complex fraction. A 
Then find the total resistance if R, — 2000 ohms Z 


and R, = 5600 ohms. R=! 
А 1 1 
for problem solving help at classzone.com R, * R 


8.5 Add and Subtract Rational Expressions 587 


| CAR LOANS If you borrow Р dollars to buy а car and agree to repay the loan 
over t years at a monthly interest rate of i (expressed as a decimal), then your 
monthly payment Mis given by either formula below. 


; ; y 121 
Formula 1: M = — GH Formula 2: M = e 
= | 1 | LU FD 

EDT 


a. Show that the formulas are equivalent by simplifying the first formula. 
b. Find your monthly payment if you borrow $15,500 at a monthly interest 
rate of 0.596 and repay the loan over 4 years. 


44. * EXTENDED RESPONSE The amount A (in milligrams) of aspirin in a 
person's bloodstream can be modeled by 


a HE EDS 
0.2181* + 0.9914 + 1 


where fis the time (in hours) after one dose is taken. 
A 


combined 
effect 


і і 


а. Graph the equation using a graphing calculator. 


b. A second dose of the drug is taken 1 hour after the first dose. Write an 
equation to model the amount of the second dose in the bloodstream. 


c. Write and graph a model for the total amount of aspirin in the 
bloodstream after the second dose is taken. 


d. About how long after the second dose has been taken is the greatest 
amount of aspirin in the bloodstream? 


45. CHALLENGE Find the next two іре —_ ре 1 — 
expressions in the pattern shown. Then 2+ 5 $4:—4 i 24 1 
simplify all five expressions. What 2+2 Ed 
value do the expressions approach? ui 


MIXED REVIEW — - j 


: PREVIEW | Solve the equation. 
: Prepare for 1 5 14 
: Lesson 8.6 46. 3* + 4 = 15 (р. 18) 47. 2х= гъ — 18 (р. 18) 48. 12x+ 7 = ER (p. 18) 
: in Exs. 46—54. 
49. х? + 9х — 36 = 0 (p.252) 50. 3x%+x- 14 = 0 (p. 259) 51. 4x(x — 5) = 4х — 35 (р. 259) 
52. 6х? — 25 = х? (p. 266) 53. 4(х — 2)? = 144 (р. 266) 54. 3(x + 5)? — 10 = 182 (p. 266) 
Graph the function. 
55. y — 4* (p. 478) 56. у= —2 - 3* (p. 478) 57. f(x) = 2 » 2% (p. 478) 
Dr lY зү 
58. у= 42) (р. 486) 59. у= -3/4 (p. 486) 60. g(x) = 5/3] (p. 486) 
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Solve Rational 
Equations 


You solved polynomial equations. 


You will solve rational equations. 
So you can model mobile phone costs, as in Ex. 38. 


You can use cross multiplying to solve a rational equation when each side of the 
equation is a single rational expression. 
* extraneous solution, 
р. 52 
Г EXAMPLE ДГ a rational equation by cross multiplying 
„ F n З 
Solve: X¥+1 Ах+5 
3 9 


Write original equation. 


3(4x + 5) = 9(х + 1) Cross multiply. 
12x + 15 = 9x + 9 Distributive property 


3x+15=9 Subtract 9x from each side. 
Зх = —6 Subtract 15 from each side. 
х= —2 Divide each side by 3. 


» The solution is —2. Check this in the original equation. 


d EXAMPLE 2 | Write and use a rational model 


ALLOYS An alloy is formed by mixing two or more metals. Sterling silver is 
an alloy composed of 92.5% silver and 7.5% copper by weight. Jewelry silver 
is composed of 80% silver and 20% copper by weight. How much pure silver 
should you mix with 15 ounces of jewelry silver to make sterling silver? 


Solution 
: ; _ Weight of copper in mixture 
Percent of copper in mixture — ~ ‘Total weight of mixture _ 
7.5 _ 0.2(15) 
100 is +x xis the amount of silver added. 
7.5(15 + x) = 100(0.2)(15) Cross multiply. 
112.5 + 7.5x = 300 Simplify. 
75x = 187.5 Subtract 112.5 from each side. 
x=25 Divide each side by 7.5. 


» You should mix 25 ounces of pure silver with the jewelry silver. 


8.6 Solve Rational Equations 589 


Y GuinEDPracrice | for Examples 1 and 2 


Solve the equation by cross multiplying. Check your solution(s). 


“5х x-7 “x+3 x-3 " 2x45. 11x+8 


4. WHAT IF? In Example 2, suppose you have 10 ounces of jewelry silver. 
How much pure silver must be mixed with the jewelry silver to make 
sterling silver? 


USING LCDS When a rational equation is not expressed as a proportion, you 
can solve it by multiplying each side of the equation by the least common 
denominator of each rational expression. 


Ж Э эзелтен roce 


What is the solution of 2 4 1 =- E 
: ELIMINATE CHOICES | 
MORA Кеде кеу —10 —8 =й. 6 
: You can eliminate * e ® © O) 
: Choice О because it 
: yields a positive value Solution 
: on the left side of the 
; equation and a negative | З. EE] 
: value on the right side. x 4 x Мөө иа едо, 

AÑ _ Ө 
ах|®. + 4 = 4x * Multiply each side by the LCD, 4x. 
20 + 7x = —36 Simplify. 
7x = —56 Subtract 20 from each side. 
x=-8 Divide each side by 7. 


| >» The correct answer is B. GO ® © UD 


Solve a rational equation with two solutions 


| 


Solve: 1 — FRE = E 
ME ONE. 2 Write original equation. 
uo Ж 
x(x — 5)(1 = ==) = x(x — 5) * E Multiply each side by the LCD, x(x — 5). 

Хес 5] —9x4 — 306—959) Simplify. 
х? — 5x — 8x = 3x — 15 simplify. 

х? – 165 + 15-0 Write in standard form. 

(x — 1)(x — 15) =0 Factor. 
x=1 or x=15 Zero product property 

| » The solutions are 1 and 15. Check these in the original equation. 
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: REVIEW 
: EXTRANEOUS 
: SOLUTIONS 


AAA AAA AAA 


: For help with 


} extraneous solutions, 


: see p. 51. 


EXTRANEOUS SOLUTIONS When solving a rational equation, you may obtain 
solutions that are extraneous. Be sure to check for extraneous solutions by 
substituting back into the original equation. 


«e (IIR check for extraneous solutions 


Solution 


Write each denominator in factored form. The LCD is (x + 3)(x — 3). 


-— 8х? _ 4x 
x-3 (Fl DY rxt3 
су. б - 2-93. e o o зу. АЎ 
(®#+3)(®-—8)+-—= ESE- aaa Ata 
6(х + 3) = 8x — 4х(х — 3) 
бх + 18 = 8x^ — 4x* + 12x 
0 = 4x? + 6x — 18 
0 = 222 + Зх – 9 
02x — 3)(= +3) 
2х-3=0 or ЕЗ3 = 0 
=3 =-— 
х= ог x 3 
өөн æ You сап use algebra or a graph to check whether either of the two solutions 
is extraneous. 
Algebra The solution > checks, but the 6 ¿330 _ 43) 


apparent solution —3 is extraneous, because 
substituting it in the equation results in 


-3-3* (3-9 -3+3 


division by zero, which is undefined. Division by zero is undefined 
— 6 "- 8x? S Ax AS шри, == 
ndi Ed UT ау 2-9 x:+3 | NM | 
| | 


The graphs intersect when x — 5, but not | 
when х = —3. | 


| Intersection 


А gs y X-1.5 Yz-4 | 
> The solution is > = == == y 


PRACTICE | for Examples 3, 4, and 5 


. Solve the equation by using the LCD. Check for extraneous solutions. 


| "ME. 


2 4 3 8 
"Ee — = E =з — = == A 
5 27 x 3 6 z +3 2 7 - Е" 
E. 4 ай Зх 5 3 5X _ 10 
i; 2 x x-i Э x+1 2x 2x B са gom 


8.6 Solve Rational Equations 


591 


[ ExampLE sove a rational equation given a function 


VIDEO GAME SALES From 1995 through 2003, the annual sales S 
(in billions of dollars) of entertainment software can be modeled by 


2 | 
S(t) = 8481" +3220 gereg 
1151? + 1000 


where fis the number of years since 1995. For which year were 
the total sales of entertainment software about $5.3 billion? 


: ANOTHER WAY Solution 


ия кайт. AAA AAA AAA 949599589595 


: For alternative methods " 
: for solving the problem S(t) — Bir * 3220 
: in Example 6, turn 1151“ + 1000 
: to page 596 for the pic 94022-3920 
: Problem Solving 1151? + 1000 


: Workshop. 
5.3(1151% + 1000) = 8481? + 3220 Multiply each side by 115t? + 1000. 


Write given function. 


Substitute 5.3 for S(é). 


609.517 + 5300 = 84812 + 3220 Simplify. 


5300 = 238.514 + 3220 Subtract 609.5t? from each side. 


2080 = 238.51* Subtract 3220 from each side. 
8.72 = t? Divide each side by 238.5. 
+2.95 =f Take square roots of each side. 


Because —2.95 is not in the domain (0 = fs 8), the only solution is 2.95. 


» So, the total sales of entertainment software were about $5.3 billion about 
3 years after 1995, or in 1998. 


\CTICE for Example 6 


11. WHAT IF? Use the information in Example 6 to determine in which year the 
total sales of entertainment software were about $4.5 billion. 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 13, 28, 29, 34, and 36 


8.6 EXERCISES HOMEWORK: (O) = WORKED-OUT SOLUTIONS 
= KEY: on p. WS15 for Exs. 5, 15, and 35 


SKILL PRACTICE 


1. VOCABULARY Сору and complete: When you write 3 = 


5х —3(x*2),youare ?. 


d X 


x—4 x-4 
solutions 4 and 5. Which, if either, of these is extraneous? Explain. 


2. ж WRITING A student solved the equation 


and got the 


3. REASONING Describe how you can use a graph to determine if an 
apparent solution of a rational equation is extraneous. 
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Pa ss 


: on p. 589 
: for Exs. 4-13 


: EXAMPLES 
:3,4,and5 — 
: on pp. 590-591 
: for Exs. 14—27 


CROSS MULTIPLYING Solve the equation by cross multiplying. Check for 
extraneous solutions. 


"X x+6 Зх x+2 'Х—1 х+1 
7 8B — 42 > „ч g, X-3.- x 
=й cl A PI xl xx ж+#2 
—] A(x — 4) 4 9 3x 

10. X =—1 п. —— 7» ы O 5 

х2-2 x x^--2x-8 xt*4 x?—- 6x49 x1%-3x 
13. Ж MULTIPLE CHOICE What is the solution of —— = 0—3 

(А) -5 D -4 © -1 D 4 


LEAST COMMON DENOMINATOR Solve the equation by using the LCD. Check for 
extraneous solutions. 


14. 2+ x=5 (is) 2. 1..4. в; E 2 

17. += 18. 3.422. 19. 241 
-— sr 
To md Eee 


ERROR ANALYSIS Describe and correct the error in the first step of solving the 
equation. 


26. 27. 


28. * MULTIPLE CHOICE What is (are) the solution(s) of —2 = —_ 27 
x-3 х°—2х—3 
® -3,-1 5,3 © -; ® 3 


29. * OPEN-ENDED MATH Give an example of a rational equation that you would 
solve using cross multiplication. Then give an example of a rational equation 
that you would solve by multiplying each side by the LCD of the fractions. 


CHALLENGE In Exercises 30-32, ais a nonzero real number. Tell whether the 
algebraic statement is always true, sometimes true, or never true. Explain your 
answer. 


i _ x 
xa x-a 


30. For the equation x = ais an extraneous solution. 


31. The equation = З me * FS has exactly one solution. 


32. The equation 


um - p has no solution. 
x-a xta x?- ag? 


8.6 Solve Rational Equations 
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PROBLEM SOLVING 


: EXAMPLE2 | 33. VOLLEYBALL So far in your volleyball match, you have put 


: on p. 589 
+ for Exs. 33-34 


34. 


| EXAMPLE 6, 
: on p. 592 
: for Ex. 35 


36. 


37. 


into play 37 of the 44 serves you have attempted. Solve the 

SU: 37 -X 
100 44-4x 
serves you need to put into play in order to raise your service 
percentage to 9076. 


equation to find the number of consecutive 


T ge al 


là 


(DHame à 3 
(norm relutor _ for problem solving help at classzone.com 


* EXTENDED RESPONSE A speed skater travels 9 kilometers 
in the same amount of time that it takes a second skater to 
travel 8 kilometers. The first skater travels 4.38 kilometers 
per hour faster than the second skater. 


a. Use the verbal model below to write an equation that 
relates the skating times of the skaters. 


Distance for skater 1 _ Distance for skater 2 
Skater 1 speed Skater 2 speed 


b. Solve the equation in part (a) to find the speeds of both skaters. 
c. How long did the skaters skate? Explain your answer. 


PTE ae 
rome lu tor for problem solving help at classzone.com 


MUSIC INDUSTRY From 1994 through 2003, the number n (in millions) of 
CDs shipped can be modeled by 


y — 6351° — 7350 + 27,200 


, Osts9 
t? — 11.51 + 39.4 


where fis the number of years since 1994. During which year was the total 
number of CDs shipped about 720 million? 


* EXTENDED RESPONSE You can paint a room in 8 hours. Working 
together, you and your friend can paint the room in just 5 hours. 


a. Let tbe the time (in hours) your friend would take to paint the room 
when working alone. Copy and complete the table. 


1 room 
X hon 5 hours ? 
? 5 hours ? 


b. What is the sum of the expressions in the table's last column? Explain. 


c. Write and solve an equation to find how long your friend would take to 
paint the room when working alone. Explain your answer. 


@ GEOMETRY Golden rectangles are rectangles 
for which the ratio of the width w to the length £ 
is equal to the ratio of £ to £ + ш. The ratio of the w 
length to the width for these rectangles is called 
the golden ratio. Find the value of the golden 
ratio using a rectangle with a width of 1 unit. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
594 on p. WS1 TEST PRACTICE 


38. CHALLENGE Let x be the number of years since 1998, let g(x) be the average 
monthly bill (in dollars) for mobile phone users in the United States, and 
let h(x) be the average number of minutes used by U.S. mobile phone users. 
Then g(x) and h(x) are as given below. 


р(х) = -0.27 + 1.40x? + 1.05x + 39.4 
h(x) = —8.25x? + 53.11? — 7.82x + 138 


a. Write a rational function f(x) that gives the average price per minute 
x years after 1998. 


b. Find the average price per minute in 1998. 
c. In what year did the average price per minute fall to 11 cents? 


MIXED REVIEW — 


: PREVIEW 


н EII 


: Prepare for 
: Lesson 9.1 
: in Exs. 45—52. 


Graph the function. 

39. у= —2x + 7 (p. 89) 40. у= x? — 8x + 21 (p. 236) 41. f(x) = x? — 3 (p. 337) 
42. у= -Vx —4 + 1(p.446) 43. y = log 4x (p. 499) 44. р(х) = — + 6 (p. 558) 
Simplify the expression. (p. 266) 

45. V52 46. V24 47. V125 48. V252 

49. V8 • V90 50. V5 - V80 si. 2 52, ¡20 


QUIZ for Lessons 8.4-8.6 


Perform the indicated operation and simplify. (p. 573) 


2 _ = ты _. 2 _ 

] *`—2х—24 , 3x' — 6х 9, X 10x +16 , (v — р 
х? +3х- 10 х + 4x? х? — 
PAREADO y a ВЕ 15 4, X*+ 12x +36 . (х2 _ 36) 
х? – 11х+28  x^—3x—4 x? — 8x + 12 


Perform the indicated operation and simplify. (p. 582) 


uL MT drm m „Козго 
Solve the equation. Check for extraneous solutions. (р. 589) 

л ҮТ Szaz ME iE 
"itk uero VY $ed rl 


14. BATTING AVERAGE So far this baseball season, you have gotten a hit 12 times 
12 * x 
60 + x 
consecutive hits you have to get to raise your batting average to 0.360. (p. 589) 


out of 60 at-bats. Solve the equation 0.360 = to find the number of 
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PROBLEM Using ALTERNATIVE METHODS 


Another Way to Solve Example 6, page 592 


4% MULTIPLE REPRESENTATIONS In Example 6 on page 592, you solved a rational 
Ф equation algebraically. You can also solve rational equations using tables апа graphs. 


PROBLEM VIDEO GAME SALES From 1995 through 2003, the annual sales 5 (in billions 
of dollars) of entertainment software can be modeled by 


8481? + 3220 


S(t = j 
(0 11512 + 1000 


0<1<8 


where tis the number of years since 1995. For which year were the total 
sales of entertainment software about $5.3 billion? 


_ 8481? + 3220 
1151? + 1000 


Using a Table The problem requires solving the following rational equation: 
5 


One way to solve this equation is to make a table of values. You can use a 
graphing calculator to make the table. 


2 
848x? + 3220 ;,, 


STEP 7 Enter the function y = 
115x? + 1000 


to , = — 
Y18(848x2+3220)/ 
(115x2+1000) 

Y2= 

Y3= 

Y4= 

Ys= 
Y6= 


a graphing calculator. 


STEP 2 Set up a table of values for the function. 


Start the table at zero so that the first TABLE SETUP 
several x-values in the table are in the TblStart=0 

б | : ATblz1 = 
domain of the function. The step value таан. кек 
(АТЫ) should represent one entire year. Depend: Axk 


STEP 3 Create the table of values. You can see 
that y = 5.3 when x = 3. 


» Because x = 3 represents the number of years 
after 1995, total sales of entertainment software 
were about $5.3 billion in 1998. 
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- = РА | 
METHOD 2 Using a Graph You can also use a graph to solve 5.3 = PAGE TA 
| 1151? + 1000 


2 
STEP? Enter the functions y = SUE, T2220 | = 
| LESE OO Y18(848X2+3220)/ 
and y = 5.3 into a graphing calculator. (115xX2+1000) 
Y285.3 
Үз= 
Y4= 
Ys- 


Үб= 


$ТЕР 2 Graph the functions. Adjust the viewing 
window so that it shows the point in the 
first quadrant where the graphs intersect. 


STEP 3 Find the intersection point of the 
graphs using the calculator's intersect 
feature. The graphs intersect at about 
(3.0, 5.3). 


Intersection 
X=2.9531634 Y=5.3 


» Total sales of entertainment software were about $5.3 billion 3 years after 1995, 
or in the year 1998. 


RATIONAL EQUATIONS Solve the equation using a 
table and using a graph. 


2 
1. 80x“ + 300 _ ¿9 


15x? + 200 
se ер! 
з. Э*+ 2 — 2075 
х— 5 
бх? _ 
4, ae 
2 
ley + 46 
5x° +7 


6. WHAT IF? In the problem on page 596, suppose 
you want to find the year when total sales of 
entertainment software were $4.5 billion. Find 
this year using a table and using a graph. 


7. DIVING The recommended percent p of oxygen 
(by volume) in the air that a diver breathes is 


660 - | 
i4 38 where d is the depth 


(in feet) of the diver. 

a. Atwhat depth is air containing 596 oxygen 
recommended? Use a table to find the 
answer. 

b. At what depth is air containing 10% oxygen 
recommended? Use a graph to find the 
answer. 


given by p — 


Using Alternative Methods 597 


Solve Rational Inequalities 


lise after Lesson 8.6 


FITA Find solutions of rational inequalities. 


In Lesson 8.6, you solved rational equations. You can also solve rational 
inequalities using tables, graphs, or algebraic methods, 


Solve a rational inequality using a table 


2 
Use a table to solve AA >X. 


Solution 


Subtract x from each side of the inequality so that 0 is on one side. 


8 | 
х » ext 1 _ x>0 Subtract x from each side. 
2 суз * * 
Enter y — ro — x into a graphing calculator. 


Use the table feature to find values of x for which 
y is positive. 


The value of y is undefined when x = 2 and 
appears to be positive when x > 2. Use a smaller 
step value for x to convince yourself of this. 


» The solution is x > 2. 


Solve a rational inequality by graphing 


From 1990 to 2001, the number d (in thousands) of doctors in the United 
9661? + 50,300 
t? + 79.7 
number of years since 1990. When were there fewer than 800,000 doctors? 


States can be modeled by the function d — where t is the 


Solution 


The problem requires solving this inequality: 
9661? + 50,300 


> < 800 
t^ + 79.7 
966x* + 50,300 | 
Enter y = = and y = 800 intoa 
Jı х? + 79.7 Ya 
graphing calculator. 


Graph the functions and use the intersect 
feature. The graph of y, lies below the graph 


of y, when 0<x<9. Intersection 
X=9.0046842  Y-800 
» In the years 1990-1999, there were fewer 


than 800,000 doctors. 
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| EXAMPLE З | Solve a rational inequality algebraically 


6 
x-2 


Solve > —4 algebraically. 


Solution 


STEP? Rewrite the inequality so that one side is 0. Then write the other side as 
a simplified rational expression. 


ds lee 6 4 Write original inequalit 

: Do not multiply each | yy — —" 

: side of an inequality by 

: an expression involving nr +420 Add 4 to each side. 

: x if the expression can ы 

: take on both positive 6 + A(x — 2) 

: and negative values. E " Y 0 Write left side as a single fraction. 
4х—2 
rm d 0 Simplify. 


STEP2 Identify the critical x-values, which are the x-values that make the 
numerator or denominator equal to 0. 


Numerator equal to 0: Denominator equal to 0: 
4x 2 = 0 х-2 = 0 
= 1 = 
ny x=2 


So, the critical x-values are x = 5 and x = 2. 


-1 0 1 1 2 3 4 
2 


The critical x-values divide the number line into three intervals. Note 
that x = 5 will be included in the solution, but x = 2 will not because 
it results in division by zero. 


STEP 3 Test an x-value in each interval to see if it satisfies the original 
inequality. If it does, every x-value in the interval will satisfy the 
inequality. If it does not, no x-value in the interval will satisfy the 


inequality. 
фр ASAS A > 
—1 0 1 1 2 3 4 
| \ 
Test x = -1 Test x = Test x = 3 
6 E 6 E 6 7_ 
эз” 4 : 2^ 4 a-2^ 4 
-2 2 -4x —6>=-4X 6 =-4yY 


STEP 4 Graph the intervals where the tested x-values produce true statements. 


=] 0 1 2 3 4 


1 
2 
STEPS Write inequalities to describe the solution. 


> The solution is x = 5 orx>2. 


Extension: Solve Rational Inequalities 599 


PRACTICE 


; EXAMPLE 1 | Usea table to solve the inequality. 


: on p. 598 


: 5 х—5 x*—3x+2 
: for Exs. 1-6 1. 795 <9 2. vag td 3. — o ^u 
10 —2x-3 х – 4х + 8 
4, Iq М 5. ae >0 6. a ЫЫ 


: EXAMPLE 2 Use a graph to solve the inequality. 


: on p. 598 4 á A 
: for Exs. 7-12 7. “sy 5 <0 8. a € 9. Zaye 
10. — <2 11. 3$Х+2_ 12, ЗХ+2 y 
х° +1 Ж 1 x—1 


: EXAMPLE3 | Solve the inequality algebraically. 
: on p. 599 


: 3 _ T E y 1 
: for Exs. 13-18 13. ae 14. ees 2 15. EC иЗ 
5 1 5 4. 2 -3 
I AGRA Ме 1-38 x42 Hk EB x-8 


19. EGG PRODUCTION From 1994 to 2002, the total number E (in billions) of 
eggs produced in the United States can be modeled by 


_ 793680 
E= 507 O<f<8 
where fis the number of years since 1994. For what years was the number of 
eggs produced greater than 80 billion? 


20. PHONE COSTS One phone company advertises a flat rate of $.07 per minute 
for long-distance calls. Your long-distance plan charges $5.00 per month plus 
a rate of $.05 per minute. How many minutes do you have to talk each month 
so that your average cost is less than $.07 per minute? 


21. SATELLITE TV You subscribe to a satellite television service. The monthly 
cost for programming is $43, and there is a one-time installation fee of $50. 


431 + 50 
t 


The average monthly cost c of the service is given by c = where t is 


the time (in months) that you have subscribed to the service. For what 
subscription times is the average monthly cost at most $47? Solve the 
problem using a table and using a graph. 


22. FUNDRAISER Your school is publishing a wildlife calendar to raise money 
for a local charity. The total cost of using the photos in the calendar is $710. 
In addition to this one-time charge, the unit cost of printing each calendar 
is $4.50. 


a. The school wants the average cost per calendar to be below $10. Write a 
rational inequality relating the average cost per calendar to the desired 
cost per calendar. 


b. Solve the inequality from part (a) by graphing. How many calendars 
need to be printed to bring the average cost per calendar below $10? 


c. Suppose the school wanted to have the average cost per calendar be 
below $6. How many calendars would then need to be printed? 
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Lessons 8.4-8.6 


1. MULTI-STEP PROBLEM А cyclist travels 5. MULTI-STEP PROBLEM Brass is an alloy 
50 miles from her home to a state park at a composed of 55% copper and 45% zinc by 
speed of s miles per hour. On the return trip, weight. You have 25 ounces of copper, and you 
she increases her speed by 5 miles per hour. want to determine how many ounces of zinc 


you need to make brass. 


a. Let x bethe number of ounces of zinc you 
need. Write a verbal model and then a 
rational equation that you can use to find x. 


b. Solve the equation from part (a) to find the 
number of ounces of zinc you need to make 
brass. 


c. Consider the more general case where you 
have c ounces of copper. In terms of c, how 


a. Write an expression in terms of s for the many ounces of zinc must be added to make 
time the cyclist takes to travel from her brass? 
home to the state park. 

b. Write an expression in terms of s for the 6. EXTENDED RESPONSE А car travels 120 miles in 
time the cyclist takes to return home from the same amount of time that it takes a truck 
the state park. to travel 100 miles. The car travels 10 miles per 


c. Write an expression in simplified form for тшне ETHIC CHO е 


the total time of the cyclist's round trip. a. Use the verbal model below to write an 
equation that relates the speeds of the 
2. SHORT RESPONSE The speed of a river's vehicles. 
current is 3 miles per hour. You travel 2 miles Distance forcar _ Distance for truck 
with the current and then return to where you Speed of car Speed of truck 


started in a total time of 1.25 hours. What is 


your speed in still water? b. Solve the equation from part (a) to find the 


speeds of the car and the truck. 


3. SHORT RESPONSE A manufacturer of instant c. How much time did the vehicles spend 
rice is considering two different styles of traveling? Explain your answer. 
packaging. One is a rectangular container with 
a square base. The other is a cylinder. 7. GRIDDED ANSWER Find the ratio of the volume 
of the sphere to the volume of the cube in the 


diagram below. 


a. Find the ratio of surface area to volume for 
each container. 


b. Using the ratios, what can you determine 


about the efficiencies of the containers? Use the formula V = inr? for the volume of a 


sphere and the formula V — s? for the volume 


4. OPEN-ENDED Write two rational expressions of a cube where r is the radius of the sphere 


r(x) and 5(х) such that r(x) and s(x) each and sis the side length of the cube. Write your 
contain a quadratic polynomial and answer as a decimal rounded to the nearest 
r(x) « s(x) = X - = | hundreth. 

X 
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BIG IDEAS For Your Notebook 


Graphing Rational Functions 


m is s 
¡E + + 2х + ау 


Use the following steps to graph f(x) = —— = 
а p py b. 


q(x) bx b... 


- where p(x) and q(x) have no common factors other than +1. 


= > 
z 
"+ 
" 
ы 
= 
D 
a 
8 (de > 
Q ы 
E 
=, 
E 
- 
3 
* 
=) 
к. 
5 


Big ldea © : 


STEP Y Plot the x-intercepts. The x-intercepts are 
the real zeros of p(x). 


3 
я 
STEP2 Draw the vertical asymptote(s). A vertical 
asymptote occurs at each real zero of q(x). [| 3 
@ 


STEP 3 Draw the horizontal asymptote, if it exists. 1 


If m< п, у = 015 a horizontal asymptote. 


a 
Ет = п, у = ъ- is a horizontal asymptote. 


п -—À 
y 
If m > n, there is no horizontal asymptote. х? – 4 


STEP 4 Plot several points on both sides of each vertical asymptote. 


Performing Operations with Rational Expressions 


ra aiu Ж 
х? + 8х +15  (x-5)be-3 x*5 


x 3 3x 1 


Simplify Divide out common factors 
from the numerator and denominator. 


Multiply Multiply numerators and 
denominators. Then simplify. 


Divide Multiply the first expression by 
the reciprocal of the second expression. 
Then simplify. 


o oh aoc A, s 


Add or Subtract Write the expressions 


with like denominators. Then add 5, x _ 5 +2) A x! _ х?+5х+10 
or subtract the numerators over the X х+2 Mx+2) xx+2) хх+2 
common denominator. Lastly, simplify. 
Solving Rational Equations 
X p 4 a 
Solve 75 BILE b 
STEP? Find the LCD. LCD is (x + 1)(x + 4). 
STEP 2 Multiply each side of the x(x + 4) + 2(х + 1) = (x + D(x + 4) 
equation by the LCD. 
STEP 3 Solve the resulting equation. x°+4x+2x+2=x%+5x+4 
Ox+2=5x+4 
x=2 
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“ы al ш 


REVIEW KEY VOCABULARY 


* inverse variation, р. 557 » rational function, p. 558 * complex fraction, p. 584 


* constant of variation, p. 551 • simplified form of a rational • cross multiplying, p. 589 


* joint variation, p. 553 expression, p. 573 


VOCABULARY EXERCISES 
1. Copy and complete: If two variables x and y are related by an equation of the form 


у= “where а +0, then хапа yshow_?_. 


2. Suppose z varies jointly with x and y. What can you say about ay 


p(x) 


PE — where р(х) and q(x) are 


3. Copy and complete: A function of the form f(x) — 
polynomials and g(x) + 0 is called a(n). ? . 


4. Give two examples of a complex fraction. 


5. Copy and complete: When you rewrite the equation ~ 3 = -— 


1 as 3(x — 1) = 2x, 
youare ? . 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding of the 
concepts you have learned in each lesson of Chapter 8. 


Model Inverse and Joint Variation pp. 551-557 


L EXAMPLE ] 
The variables x and y vary inversely, and y = 12 when x = 3. Write an equation 
that relates x and y. Then find y when x = —4. 


y= = Write general equation for inverse variation. 


12 S Substitute 12 for y and 3 for x. 
36 = a Solve for a. 
» The inverse variation equation is y = E When x = -4, y = 25. = —9, 
EXERCISES 
: EXAMPLE 2 The variables x and y vary inversely. Use the given values to write an equation 
: опр. 55] relating x and y. Then find y when x = —3. 
: for Exs. 6-9 5 2 
6. х= ,у= 5 7. х= —4, у = —6 8. х= 5, y= 18 9. х= –12,у= 3 
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: EXAMPLES 


оп pp. 559-560 
: for Exs. 10-12 


: EXAMPLES 
: 1, 2, and з 


: on pp. 565-566 
: for Exs. 13-18 


| Graphy= 


| Graph y = 


ER REVIEW 


Graph Simple Rational Functions 


EXAMPLE 


2x +5 
x 


e State the domain and range. 


STEP? Draw the asymptotes. Solve x — 1 = 0 for x 


to find the vertical asymptote x = 1. "ei 


horizontal asymptote is the line y = — = 


STEP2 Plot points to the left and to the m of the 


vertical asymptote. 


STEP3 Draw the two branches of the hyperbola so 
that they pass through the plotted points and 


approach the asymptotes. 


» The domain is all real numbers except 1. The range is all real numbers except 2. 


EXERCISES 

Graph the function. State the domain and range. 
ы 4 1 

и у ll. y= x45 +2 


2? 
x+2' 


* The numerator has 0 as its only zero, so the graph 


has an x-intercept at (0, 0). 


* The denominator has —2 as its only zero, so the 
graph has a vertical asymptote at x = —2. 


* The degree of the numerator (2) is greater than 
the degree of the denominator (1). So, there is no 
horizontal asymptote. The graph has the same 


end behavior as the graph of y — £x "omit. 


EXERCISES 
Graph the function. 
2.5 _ 4x? 
i = LA 
-8 х^ +6 
16. у= 17. y= — 
У 43 2-30-40 
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p.558-563 | 


12. f(x) = 


3x- 2 
— 4 


TEN 


NN д Mex poo 
"m p PECES 
A се 
Chapter 
ту Lom 


J^ 44 Multiply and Divide Rational Expressions рр. 573-580 


3x + 27 x^ + 9x 
Divide: == e 
6x—48  y?— 4x —32 
| oe: | | o = 
3x+ 27 , X +9х  _ 3x +27 х — 4x — 32 Multiply by reciprocal. 


61-48 x?—4x-32  6x—48 х? + 9x 
A et 068) 


= G(x — 8) xa +9) Factor. 
— -36ca-9)(x + 4) (x—8] | 
= 2)/0—8)00 4-9] Divide out common factors. 
= х+4 
A Simplified form 
EXERCISES 
: EXAMPLES Perform the indicated operation. Simplify the result. 
Einer 80x! | Xy 3. , 6x7 — 96 
: оп pp.575-577| 19. ——+——. a. 
: for Exs. 19-22 y — x dim 
2_ 2 rn 2_ | 
| gj, 200—801 20v — 9 22, X — 13x * 40 + (y? — 5x — 24) 
| ao Т 2х 15x x — 95—15 


«HA Add and Subtract Rational Expressions pp. 582-588 


T. e ТА 
бх +24 52 + 9x + 20 


Add 


The denominators factor as 6(x + 4) and (x + 4)(x + 5), so the LCD is 
6(x + 4)(x + 5). Use this result to rewrite each expression with a common 
denominator, and then add. 


x FS Z x X2 
6x+24  x?.9x.20 б(х+4) (х+4)(х+5) 
TE __ n5 x2 „8 
64+4) SFF (xr4(xt5) 6 
ee BE dio. L9 
B(x + 4)(х + 5) 6(х + 4)(х + 5) 
х2 +11х+12 
6(x + 4)(x + 5) 
EXERCISES 
: жашыры LES | Perform the indicated operation and simplify. 
rx rumen RAR RAS | 
: onpp.583-584| 53, 5 ¿xX+4 OR A 7 Qm PE 
: for Exs. 23-25 6x+3) 2х Х+В х2 +55 – 24 x +4х+3 x*-9 
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| EXAMPLE 
Зе 0. 7 
х+1 2x x 


Solve: 


The least common denominator is 2x(x + 1). 


ar o B. f£ 
rcl" 2X x 


2x(x + Ds, +2) = 2x0 + 1.2 
2x(3x) + 6(x + 1) = 2(x + 1)(7) 
6x^ + 6x + 6 = 14x + 14 
бх? – 8x—8-0 
3x* – 45-4 = 0 
(3x + 2)(х — 2) = 0 
3х +2 = 0 


ЖИЕ. = 
z 3 Or x2 


or x—2=0 


Write original equation. 


Multiply each side by the LCD, 2x(x + 1). 
Simplify. 

Simplify. 

Write in standard form. 

Divide each side by 2. 

Factor. 


Zero product property 


Solve for x. 


» The solutions are -$ and 2. Check these in the original equation to make sure 


neither solution is extraneous. 


EXERCISES 
: EXAMPLES Solve the equation by cross multiplying. Check your solution(s). 
: 1,4, апа 5 | E” 5 ; -" 
: for Exs. 26-36 
2 . 6 CET 2x3 2X OX 
ME II m 30. = =e 81: се весе 


Solve the equation by using the LCD. Check for extraneous solutions. 


32. 24 3 23 
X 


Зх _ 12 
ear? 


35. 


8(x—1) | 4 
247) _ 9 2x+20 
x+4 2x+8 


36. BASKETBALL So far this season, a basketball player has made 60 of 


75 free-throw attempts. 


a. Write a rational expression that represents the player’s free-throw 
percentage (expressed as a decimal) if she makes her next x free throws. 


b. How many consecutive free throws must the player make in order to raise 


her free-throw percentage to at least 82%? 
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The variables x and y vary inversely. Use the given values to write an equation 


relating x and y. Then find y when x = 4. 


lo Xx—53,y—2 ae EA 3 х= 5,у= 10 
4. х= 3,у = 6 5. X 4, y 2 6. x ary 3 
Graph the function. State the domain and range. 
ZEE SEM _ тй _ .6—X 
dmi o гай. 8. yer. ! a TM) 2x +1 
Graph the function. 
4 х? – 4 х? +3 
10. у= 11. y 2 — 12. р(х) = 52 
я x^ +2 Е х? + 8x + 15 glx) 2x — 1 
Find the least common multiple of the polynomials. 
13. (x — 3) (x + 5) and x(x + 5) 14. 4x^(x — 2) and 8x(x + 2) 
15. х? - 4хапа х? - 2x – 8 16. 2х + бапа x? + 10x* + 21x 
Perform the indicated operation and simplify. 
3xy _ бу" o x°-3x-4 .x-6 
17. —= + —— 18. — —— —— : 
4x)y?  2xy x^—3x-18 71 
2 2 l 
19. r — Bet be А ats 29, EEE + 62 48) 
x--r12x-T.32 х—75 x" + 5х+ А 
ax . del 4 2 
A. mes -—2 EET 
3x =x 6 4 2X 
28. Bax- x+ E X-5 52—05 
Solve the equation. Check for extraneous solutions. 
3 _ x-3 1 x+1_ 13 x-2_x+2 
25, x+2 2x+4 2% X-8 i х +6 215 x-1 x+4 


28. SOUND INTENSITY The intensity 7 of a sound varies inversely with the 
square of the distance r from the source of the sound. Write an equation 
relating J, т, and a constant a. 


29. CABLE TV You have subscribed to a cable television service. The cable 
company charges you a one-time installation fee of $30 and a monthly fee 
of $50. Write and graph a model that gives the average cost per month as a 
function of the number of months you have subscribed to the service. After 
how many months will the average cost be $56? 


30. WEB HOSTING You are building a new website for your school. A company 
that hosts websites offers a dedicated server for a $50 setup fee plus a 
monthly fee of $99. How many months would you need to use this service 
in order for your average monthly cost to fall to $100? 
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NAAA 


Find the missing 
dimensions and write 
an expression for the 
perimeter. 


EA 


Write an expression for 
the area. 


AAA AAA AAA AAA EEEE E E E E] 


Find the ratio of the 
perimeter to the area. 


» The playground consists of two rectangles, 


CONTEXT-BASED 
MULTIPLE CHOICE QUESTIONS 


Some of the information you need to solve a context-based multiple choice 
question may appear in a table, a diagram, or a graph. 


| PROBLEM 1 


Which rational expression represents the 
ratio of the perimeter to de area gi the 


Plan 


INTERPRET THE DIAGRAM Determine the missing dimensions on the 
diagram. Then use them to write expressions for the perimeter and area of the 
playground. 


» Solution rc Fed y 
Copy the diagram. Then find and label the \ x 
missing dimensions. 2x IX + 2x = 3x 


Use subtraction and addition to find the 
dimensions that are not labeled on the 
diagram. The missing dimensions are 4x and 3x. 


Perimeter = Ax + x + 2x + 3x + 6x + 2x 
= 18x 


6x 


one with dimensions x by 2x and the other 
with dimensions 2x by 6x. 


To find the area of the playground, add the 
areas of the two rectangles. 


Area = x(2x) + 2x(6x) 
= 2x7 + 12x 
= 14x? 


y The ratio of the perimeter to the area is: 


Perimeter | 18x _ 9419) 9 


—— ЕС 


Area 142 - 2x(7x) NEZ 
» The correct answer is A. (В) СС) dD 
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AAA AAA ES 


Identify a pattern in the 
data pairs (£ Р). 


Write an equation tha 
relates £ and F. 


| PROBLEM 2 | 


Plan 


INTERPRET THE TABLE The table shows four data pairs (£, F). To write an 
equation relating £ and F, you need to find a pattern in the data. 


Solution 
Find the product £ * F for each data pair. 
4(375) = 1500 6(250) = 1500 


10(150) = 1500 12(125) = 1500 
Each product equals 1500, so the data show inverse variation. 
An equation relating £ and Fis the following: 

1. Е = 1500 Use the result from Step 1. 

Е= 1900 solve for F. 


£ 
> The correct answer is C. DO Ф) 


PRACTICE 
1. Which rational expression represents the 6x 
ratio of the perimeter to the area of the 
figure shown? 
29 $. 
т (В) E 
Atx 9 
© TC С) а 


2. Which equation represents the ordered pairs in the table? 
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MULTIPLE CHOICE 


In Exercises 1 and 2, use the given graph of a 
rational function. 


A Mal Пп рти ZUM 


1. What is the range of the function? 
СА) Allreal numbers 
(В) Allreal numbers except 2 


(C All real numbers except 3 
(DD All real numbers except 5 
2. Which statement is false? 
The line x = 3 is an asymptote. 
(В) The line у = 215 an asymptote. 
СС) The function is undefined for x = 2. 
(D> The point (-2, 1) lies on the graph. 


In Exercises 3 and 4, use the given table. 


3. Whatis the relationship among the variables? 
СА) The variable p varies jointly with q and r. 


(B> The variable p varies jointly with q and 
the square of r. 


СС) The variable r varies inversely with the 
sum of p and q. 


(D> The variable q varies inversely with the 
sum of p and r. 


4. What is the value of r when p = 20 and q = —4? 
® -5 O -F 

5 1 

© -3 D -5 
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In Exercises 5 and 6, use the given graph of a 
rational function. 


ШИШ ШЕШШ ЕЕ ME 


A 


5. What are the x-intercepts of the graph? 


СА) —5and -2.5 (В) -2.5and4 
© -4and5 (б) —5and4 
6. What is the horizontal asymptote of the graph? 
(А) x=-2 (В) y=0 
© x=1 © y=1 


7. Consider a rectangle whose dimensions 
change but whose area remains constant. 
The rectangle’s length £ varies inversely with 
its width w. The diagram below shows the 
rectangle at one moment in time. Which 
equation relates £ and w? 


172 in. 
QD ш= 0.671 (В) lw = 1.1524 
(б) w- 172! (D 1 = 11524w 


8. What is the approximate radius of a cylinder 
that has the same volume as the rectangular 
prism below and has the least surface area 
possible? 


3.61 cm 
СС) 6.00 cm 


GRIDDED ANSWER 


9. What is the solution of the equation 
4 -l-p 
Aci x 


10. The variables m and n vary inversely, and 
m = —2 when n = —8. What is the value of n 
when m = 5? 


11. The variable q varies jointly with r and the 
square of s and inversely with the square 
root of t. Also, q = —1.75 when r = —2, 5 = 1, 
and t = 16. What is the value of q when r = 5, 


s= —3, and t = 25? 


* 


12. What number is not in the domain of the 


| —3 
function f(x) — о 
ft 2x! – Ax +2 


13. So far this quarter, a student has handed in 
15 of 17 homework assignments. Solve the 

; = 15 +х 
equation 0.95 17x 
number of consecutive assignments the 
student must turn in to raise her homework 


percentage up to 95%. 


LJ 


to determine the 


EXTENDED RESPONSE 


)) STATE TEST PRACTICE 
A ur 


SHORT RESPONSE 


14. 


15. 


Lisa steps onto an escalator and begins 
descending. After riding for 12 feet, she 
realized that she dropped her keys on the 
upper floor and walks back up the escalator to 
retrieve them. The total time T' of her trip down 
and up the escalator is given by the equation 
_ Je 12 

Гез 
where s is the speed of the escalator and 
w is Lisa’s walking speed. The trip took 9 
seconds and Lisa walks at a speed of 6 feet 
per second. Find the speed of the escalator. 


From 1960 to 1995 in the United States, the 
daily water consumption C (in billions of 
gallons) and the population P (in thousands) 
can be modeled by 


c = 2.89 + 61.0 and p = 2460x + 180,000 


0.0293x? + 1 
where x represents the number of years since 
1960. Write a model for the daily per capita 
water consumption (in gallons per person) as a 
function of the year. Explain all of your steps. 


16. From 1980 to 2001, the number z (in millions) of males enrolled in high 


school in the United States can be modeled by 


p= _0,0441x* — 1.08x + 7.25_ 
0.00565x* — 0.142x + 1.00 


where x is the number of years since 1980. 


a. Make a table of values showing the enrollment at 2 year intervals for the 


years 1980 to 2000. 
b. Graph the model. 


c. Use your graph to estimate the year in which 7.7 million males were 


enrolled in high school. 


d. Analyze the graph’s trend. Do you think it will it continue indefinitely? 


Explain your answer. 
17 


A digital video recorder costs $99.99, and a programming service for the 
digital video recorder costs $12.95 per month. 


a. Write a model that gives the average cost per month Cas a function of 
the number of months m you have subscribed to the service. 


b. Graph the model. Use the graph to estimate the number of months that 
you need to subscribe before the average cost drops to $14 per month. 


c. What is the equation of the horizontal asymptote? What does the 


asymptote represent? 
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Making Sense 


of Chapter 9 ЭЛ Apply the Distance and Midpoint Formulas 

In Chapter 4, you 92 Graph and Write Equations of Parabolas 

para 93 Graph and Write Equations of Circles 

parabola. Bythe end of — а Graph and Write Equations of Ellipses 

A NE 95 Ссгартапа Write Equations of Hyperbolas: l 
equations of parabolas 9:6 Translate and Classify Gonic Sections | 
ccna okra 9.7 Solve Quadratic Systems М 


geometric properties. 


Previously, you learned the following skills, which you'll use in Chapter 9: 
simplifying radical expressions, rewriting equations, and completing the square. 


Are You Ready? 


VOCABULARY CHECK 
Copy and complete the statement. 


1. The graph ofa(n) ? function is a parabola. 


2. The graph of the rational function y = =, 
shown at the right, isa_? . 


3. Two equations of the form Ах + Ву = Сапа 
Dx + Ey - Fforma_?_ system of equations. 


SKILLS CHECK 
Simplify the expression. (Prerequisite skill for 9.1, 9.3, 9.4, 9.5, 9.6) 


4. V25 +V144 5. V3(12) 6. Ve 


Solve the equation for y. (Prerequisite skill for 9.3, 9.7) 
7. 6x — Зу = 12 8. 4y + 8x = 14 9. Зх + ту = 42 


Find the value of c that makes the expression а perfect square trinomial, and 
write the expression as the square of a binomial. (Prerequisite skill for 9.6) 


10. x2-4x+c ll. x^ - 8x ^ c 12. х2 + 3x + с 


(DHomeTutor Prerequisite skills practice at classzone.com 


In Chapter 9, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 668. You will also use the key vocabulary listed below, 


o Га 3 1 
EE р m A чы, 
в] i= С c 


4 а ға "ый тай 


© Writing equations of conic sections 
Є Graphing equations of conic sections 
© Solving quadratic systems 


KEY VOCABULARY 

* distance formula, p. 614 * vertices, рр. 634, 642 * transverse axis, p. 642 

* focus, foci, pp. 620, 634, 642 * major axis, p. 634 * conic sections, p. 650 

* directrix, p. 620 * CO-Vertices, p. 634 • general second-degree 
* circle, p. 626 * minor axis, p. 634 equation, p. 653 
 ellipse, p. 634 * hyperbola, p. 642 * quadratic system, p. 658 


You can use conic sections to describe the shapes of real-world objects. For 
example, you can use a parabola to model the cross section of a radio telescope. 


| m i 
=” A р 
F Чы ^ 


The animation illustrated below for Exercise 58 on page 625 helps you answer 
this question: How do the dimensions of a radio telescope determine the equation 
that models its cross section? 


Diameter of des 25 meters 
Vertex of the dish: 40, 0) 
Ratio of the focal length to the diameter: 0.36 


Focal Diameter of 
length =~ dish 


Radio telescopes have a parabolic cross 


| Calculate the focal length and depth of the! 4 | 
section that concentrates radio waves. 4 


telescope dish. 


Other animations for Chapter 9: pages 615, 621, 635, 643, 649, and 651 


1 Apply the Distance and 
°" Midpoint Formulas 


You found the slope of a line passing through two points. 
You will find the length and midpoint of a line segment. 


So you can find real-world distances, as in Exs. 48-51. 


. Key Vocabulary To find the distance d between A(x, y,) and B(x,, y,), y Blx,, у.) 
° distance formula apply the Pythagorean theorem to right triangle ABC. = 
* midpoint formula (AB)? = (АС)? + (ВС)? d 
E=l "2 +51, 
= N : Aoc, Vi) Сх, y.) 


а= x: + б 
The final equation is the distance formula. 


KEY CONCEPT For Your Notebook 


: The Distance Formula 


: The distance d between (x,, y,) and (x,, y,) isd = V@, — x)? + (y, — уу). 


Ж d EXAMPLE » Standardized Test Practice 


What is the distance between (—3, 5) and (4, —1)? 
Qo У13 v65 © v85 D 13 


Solution 
Let (xp y,) = (—3, 5) and (x,, y,) = (4, —1). 


а= (х, — x)? + (у„— yp? = 04 — (-3))? + (-1 — 5)? = V49 + 36 = V85 


» The correct answer is С. (А) O D 


Classify a triangle using the distance formula 


Classify AABC as scalene, isosceles, or equilateral. 
AB = Ү(7 — 4)? + (3 — 6)? = V18 = 3V2 
BC = VQ — 7)? + (1 — 3)? = v29 HHH Pera 
AC = VQ — 4)? + (1 — 6)? = V29 nue 


> Because BC = AC, A ABC 15 isosceles. 
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Y салоєр Practice | for Examples 1 and2 | EE 


1. What is the distance between (3, —3) and (-1, 5)? 


2. The vertices of a triangle are R(—1, 3), S(5, 2), and T(3, 6). Classify ARST as 
scalene, isosceles, or equilateral. 


: KEY CONCEPT For Vour Notebook 


The Midpoint Formula 


: Aline segment's midpoint is equidistant from 

: thesegment's endpoints. The midpoint formula 
shown below, gives the midpoint of the line 
segment joining A(x, y,) and B(x., у,). 


X, FX, Y, ty, 
2 ', 2 

In words, each coordinate of Mis the mean of the corresponding coordinates 

of A and В. 


y 
Alx, у) 


BE m M 
B(x,, у,) 


M 


| Example З наа midpoint of a line segment 


_ Find the midpoint of the line segment joining (—5, 1) and (—1, 6). 


Solution 
Let (x,, yj) = (—5, 1) and (x,, y,) = (71, 6). 
E 1 +, RAN 1 +8). [- x 


— Find a perpendicular bisector a 


: REVIEW EQUATIONS | Write an equation for the perpendicular bisector of the line segment 


AAA AAA KSEE HSER EEE SH 


: For help with joining A(—3, 4) and B(5, 6). 
: writing equations of 

: perpendicular lines, Solution 

: see р. 98. 


STEP? Find the midpoint of the line segment. 
X tX Y o 4 


з B 
STEP 2 Calculate the slope of AB. 
H h E —4 _2_1 


STEP 3 Find the slope of the perpendicular bisector: — 


STEP 4 Use point-slope form: y — 5 = —4(x— 1), ory = —4х + 9. 


| > An equation for the perpendicular bisector of AB is y = —Ax + 9. 
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FINDING A CIRCLE'S CENTER Recall from geometry that the perpendicular 
bisector of any chord of a circle passes through the circle's center. You can use 
this theorem to find the center of a circle given three points on the circle. 


Solve a multi-step problem 


ASTEROID CRATER Many scientists 
believe that an asteroid slammed 

into Earth about 65 million years 

ago on what is now Mexico's Yucatan 
peninsula, creating an enormous crater 
that is now deeply buried by sediment. 
Use the labeled points on the outline 

of the circular crater to estimate its 
diameter. (Each unit in the coordinate 
plane represents 1 mile.) 


Solution 


STEP Y Write equations for the perpendicular bisectors of АО and OB using 
the method of Example 4. 


у= —x + 34 Perpendicular bisector of АО 


y=3x+110 Perpendicular bisector of OB 
: REVIEW SYSTEMS STEP 2 Find the coordinates of the center of the circle, 


: For help with solving where AO and OB intersect, by solving the 
: systems of equations, system formed by the two equations in Step 1. 


Seem у= -x + 34 Write first equation. 
3x + 110 = —x + 34 Substitute for y. 
4x = —76 Simplify. 


A 
LOSA 
Mea YO | 


x= —19 Solve for x. 


Substitute the x-value into 


у= —(719) +34 ino first equation. 


y= 53 Solve for y. 
The center of the circle is C(—19, 53). 


STEP3 Calculate the radius of the circle using the distance formula. The 
radius is the distance between C and any of the three given points. 


OC = Ү(—19 — 0)* + (53 — 0)? = V3170 = 56.3 нае а iu 53) 
222 " i 


> The crater has a diameter of about 2(56.3) = 112.6 miles. 


. for Examples 3, 4, and 5 


For the line segment joining the two given points, (a) find the midpoint and 
(b) write an equation for the perpendicular bisector. 


З. (0, 0), (—4, 12) 4. (—2, D, (4, —7) 5. (3, 8), (25, —10) 


_ 6. The points (0, 0), (6, —2), and (16, 8) lie on a circle. Use the method given in 
| Example 5 to find the diameter of the circle. 
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= AAA 


9.1 EXERCISES 


HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
KEY : on p. WS15 for Exs. 7, 27, and 53 


* = STANDARDIZED TEST PRACTICE | 
Exs. 2, 18, 19, 37, and 56 


SKILL PRACTICE 


: EXAMPLES 


: on pp. 614-615 
: for Exs. 3-21 


: EXAMPLE 2 
: on p. 614 | 
: for Exs. 22-30 


: EXAMPLE 4 | 
: опр. 615 
: for Exs. 31-36 


1. VOCABULARY State the distance and midpoint formulas. 


2. * WRITING When finding the midpoint of a line segment joining two points, 
does it matter which point you choose as (x,, y,)? Explain. 


USING THE FORMULAS Find the distance between the two points. Then find the 
midpoint of the line segment joining the two points. 


3. (0, 0), (8, 15) 4. (0, 0), (4, 2) 5. (0, 6), (5, —4) 
6. (-7,0), (5, 3) Ge -5, (6, —5) 8. (-1, 2), (8, 4) 
9. (—4, 8), (8, —4) 10. (6, —3), (10, —9) 11. (—4, 4), (5, —4) 


12. (11, —12), (18, 12) 13. (—5, L), (15, B) 14. (9, 9), (C16, —16) 
13.. 38,15), (5:2, — 1T) 16. (1.5, 4), (2.3, 9) 17. [—241, 70.7; (3:1,—5,3) 
18. * MULTIPLE CHOICE What is the distance between (—4, 3) and (6, 6)? 

(А) vi3 (В) v85 © У109 © v181 
19. * MULTIPLE CHOICE What is the midpoint of the line segment joining (—3, 7) 

and (5, —2)? 

5 E" 9 4 9 
® (1,3) ® (4,2) © (1,5 ® |-42) 


ERROR ANALYSIS Describe and correct the error in finding the distance 


between the two points. 


20. (5, mI}; (2, 6) 
CLASSIFYING TRIANGLES The vertices of a triangle are given. Classify the 


Vie: my [9 H 
triangle as scalene, isosceles, or equilateral. 


V 25 V34 
22. [-5, 0), (0, 6), (5, 0) 23. (0, 3), (0, 3), (3, 0) 
25. (-2, 5), (1, —1), (4, 6) 26. (1, 4), (4, 1), (7, 4) 
28. LE —6), (1, D, (4, —5) 29. (—4, 3j; (2, =i}, (8, =) 


2l. (—4, 3), (2; 8) 


ү(2 a. 3) 
V36 25 


24. (3, 5), (5, =з], (7) —3) 


(7) (4, 1), (2, 6), (0, —1) 


30. (3, 5) (6, 9), (11, 9) 
WRITING EQUATIONS Write an equation for the perpendicular bisector of the 

line segment joining the two points. 

31. (3, 8), (7, 14) 32. (—5, 6), (1, 8) 
34. (1, 4), (6, —6) 35. E, —3), (9, —2) 


3X 4-3, 5: 51,2) 
36. (5, 10), (10, 7) 


37. * OPEN-ENDED MATH Find two points not on the lines x = 4 or y = 2 such 
that the midpoint of the line segment joining the points is (4, 2). 


9.1 Apply the Distance and Midpoint Formulas 617 


| CS GEOMETRY A median of a triangle is a line segment joining a vertex and the 


midpoint of the opposite side. The ordered pairs represent vertices of a triangle. 
Write an equation of the line containing the median that joins the first vertex to 
the side opposite it. 


38. (8, 4), (0, 0), (10, 0) 39. (3, 10), (4, 2), (10, 8) 40. (2, 6), (3, 1), (7, 5) 
FINDING A COORDINATE Use the given distance d between the two points to find 

the value of x or y. 

41. (0,3), (х, 5); d = 2/10 42. (-3, —1), 2, y; d = V41 

43. (x, 7), (C4, D;d = 6V2 44. (1, y), (8, 13; d = V74 


45. REASONING Let (x, y) be any point on the line y — 2x. Write and simplify an 
equation that gives the distance d between (x, y) and (2, 3) as a function of 
x alone. Then find the coordinates of two points on the line y = 2x that are 
each V10 units from (2, 3). 


x, + X, Y; + Vo 
^ + 2 

with endpoints (ху, y,) and (x,, y,). To do this, show that M is equidistant 

from each endpoint and that M lies on the line containing (x,, y,) and (x,, у,). 


46. CHALLENGE Show that M is the midpoint of the line segment 


PROBLEM SOLVING 


Ba dan 


: on p. 614 
: for Exs. 47—52 


618 


47. ROBOTS A remote-controlled robot can be instructed 
to move by entering coordinates on a control panel. 
If the robot is instructed to move from (6, 11) straight 
to (—2, 26), how far does the robot move? Assume the 
coordinates are in meters. 


РРА УЛ | 
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HELICOPTER RESCUE In Exercises 48—51, use the 
information given to find the distance a medical 
evacuation (“medevac”) helicopter would have 


to fly to Memorial Medical Center from each айса 


^ .. |... Memorial Medical 
location. | m | Шоо 5N uda WA 
The Highway Department in Sangamon County, Га = ү |" > 
shinat n ап P E. jald 


Illinois, uses a map that has its origin in central 
Springfield. Each unit on the map represents 

1 mile, and the letters N, 5, E, and W indicate 
direction. For example, 4W 5.6N is 4 miles west 
and 5.6 miles north of the origin. On a coordinate 
plane, 4W 5.6N corresponds to the point (—4, 5.6). 
Memorial Medical is at 0 0.5N, or (0, 0.5). 


48. Capital Airport 49. University of Illinois 
50. Washington Park 51. Spaulding Dam 


PEA sn 
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52. COMMUTING То get from her home to her office, Li must drive around a lake. 
If she drives 2 miles north, then 5 miles east, and then 4 miles south, what is 
the straight-line distance between Li's home and her office? 


= WORKED-OUT SOLUTIONS ж = STANDARDIZED 
on p. WS1 TEST PRACTICE 


= EII 


: for Ex. 53 


: i El die 
: for Exs. 54-55 


(53, MULTI-STEP PROBLEM The diagram shows part 


55. 


57. 


of a trail system at a nature preserve. Each unit 
represents 0.1 mile. Suppose that you go from 
the visitor center V to the observation stand 5, 
and then take a break at M, halfway between the 
observation stand and the picnic area P. 


a. What are the coordinates of M? 
b. What is the total distance traveled from V to M? 
c. What is the distance from M back to V through P? 


. ARCHAEOLOGY While on an archaeological dig, you uncover a piece of a 


circular dish. You lay the piece on a coordinate plane and mark three points 
on the dish's edge at (—4, 2), (0, 0), and (6, 4) where each unit represents 
1 inch. What was the original diameter of the dish? 


METEOR CRATERS Five meteor craters are clustered together near 

Odessa, Texas. Three points on the edge of the circular main crater can be 
represented by (—220, 220), (0, 0), and (200, 40) where each unit represents 
1 foot. What is the diameter of the crater to the nearest 10 feet? 


. * EXTENDED RESPONSE You are ordering a triangular sail for your 


sailboat. When you get the sail, you plan to sew a thin decorative strip 
connecting the midpoints M, and M, of two sides of the 
sail, as shown in the diagram. 


a. Write expressions for the coordinates of M, and M,. 


b. Write a simplified expression for the length of the strip. 
Compare this length with the length of the sail's base. 


c. Do your results from part (b) depend upon the shape (0, 0) 05,0) Хх 
of the triangular sail? Explain. 


CHALLENGE At time £ = 0, a car begins traveling east at 60 miles per hour 
from a point 100 miles west and 40 miles north of a radio tower. The tower 
has a transmission range of 50 miles. Use the distance formula to find the 
times t during which the car is in range of the tower. 


Prepare for 
{ Lesson 9.2 
: in Exs. 58-63. 


Graph the function. (p. 236) 


58. y = 31% 59. у= —4x* 60. у= —2x* 
224 — & p= 3 
61. y= 20° 62. у 3x 63. y "ud 
Factor the expression. 
64. x^ — 6x — 16 (p. 252) 65. x^ — 15x + 54 (p. 252) 66. 8x^ + 37x + 20 (p. 259) 
67. 12x? — 13x + 3 (p. 259) 68. х? + 5x* – 9x – 45(p.353) 69. x? — 64 (p. 353) 


Solve the equation. Check for extraneous solutions. 


70. 


73. 


V3x + 1 = 10 (p. 452) 71. V5x 8 = Vx + 12 (р. 452) 72. Vx— 3 =x — 5 (р. 452) 
eee 6 r-Ó. 0—2 1 _ 4% 
х1 4409 а те m ri т € 
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9.2 


e directrix 
e parabola, р. 236 
evertex, p. 236 


: IDENTIFY 
: FUNCTIONS 


EA AAA ee AAA а 


: Notice that parabolas 
: that open left or right 
: do not represent 

: functions. 


Graph and Write 
Equations of Parabolas 


You graphed and wrote equations of parabolas that open up or down. 
You will graph and write equations of parabolas that open left or right. 
So you can model sound projection, as in Ex. 56. 


You know that the graph of y = ax? is a parabola that opens up or down with 
vertex (0, 0) and axis of symmetry x = 0. -On any parabola, each ровы is 
equidistant from a point called the focus and a line called the directrix. 


The focus lies on the 
axis of symmetry. 


The directrix is 
perpendicular to the 


axis of symmetry. 


The vertex lies halfway 
between the focus and 
the directrix. 


The equation of a parabola that opens up or down and has vertex (0, 0) can also 
be written in the form x* = 4py. Parabolas can open left or right as well, in which 
case the equation has the form y” = 4px when the vertex is (0, 0). Note below that 
for any parabola, the focus and directrix each lie |p| units from the vertex. 


directrix: 


(0, p) vertex: (0, 0) 


vertex: (0,0) — 
directrix: 


py >0 py <0 


directrix: 


vertex: (0, 0) vertex: (0, 0) 
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КЕҮ СОМСЕРТ For Your Notebook 


Standard Equation of a Parabola with Vertex at the Origin 


The standard form of the equation of a parabola with vertex at (0, 0) is as 


follows: 

Equation Focus Directrix Axis of Symmetry 
x? = Ару (0, р) y=-p Vertical (x = 0) 

y? = 4px (p, 0) x= -p Horizontal (y = 0) 


[| EXAMPLE 1 ] Graph an equation of a parabola _· 


| Graph x = Y Identify the focus, directrix, and axis of symmetry. 


Solution 


STEP? Rewrite the equation in standard form. 
x= - Y Write original equation. 


—8x = у? Multiply each side by —8. 


STEP 2 Identify the focus, directrix, and axis of 
symmetry. The equation has the form y? = 4px 
where р = —2. The focus is (р, 0), or (—2, 0). 
The directrix is x = —p, or x = 2, Because y is 
squared, the axis of symmetry is the x-axis. 


: SOLVEFORY STEP 3 Draw the parabola by making a table of values 
: To fill in the table, note | and plotting points. Because p < 0, the parabola 
: that because —8x = y?, opens to the left. So, use only negative x-values. 


: y = =V-8x. The value 
: of y will be a real 

: number only when 
:Х<0. 


+4 | +4.90 | +566 | +6.32 


jini ated Algebra | 
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CAM write an equation of EM | 
_ Write an equation of the parabola shown. | 


Solution 


| The graph shows that the vertex is (0, 0) and the 


directrix is у = —p = => Substitute 3 for pin the 


standard form of the equation of a parabola. 


х? = 4ру Standard form, vertical axis of symmetry 
2. ale 3 
х° = 4| Sly Substitute 2 for p. 


х? = 6y Simplify. 


9.2 Graph and Write Equations of Parabolas 621 


GUIDED PRACTICE for Examples 1 and 2 


Graph the equation. Identify the focus, directrix, and axis of symmetry of the 
parabola. 


1. y = —6x 2, х = 2у 3. у = -lg 4. х= ay 


Write the standard form of the equation of the parabola with vertex at (0, 0) 
and the given directrix or focus. 


5. Directrix:y=2 6. Directrix:x=4 7. Focus: (-2, 0) 8. Focus: (0, 3) 


PARABOLIC REFLECTORS Parabolic reflectors 
have cross sections that are parabolas. 
Incoming sound, light, or other energy that 
arrives at a parabolic reflector parallel to 

the axis of symmetry is directed to the focus 
(Diagram 1). Similarly, energy that is emitted 
from the focus of a parabolic reflector and 
then strikes the reflector is directed parallel 


to the axis of symmetry (Diagram 2). риаш 1 Diagram 2 
# EXAMPLE 3 ] Solve a multi-step problem 


provide electricity in remote areas, uses a 
parabolic reflector to concentrate sunlight 
onto a high-efficiency engine located at the 
reflector's focus. The sunlight heats helium 
to 650°C to power the engine. 


SOLAR ENERGY The EuroDish, developed to | ———-83 m—— ——| 
E: 


* Write an equation for the EuroDish's 
cross section with its vertex at (0, 0). 


* How deep is the dish? 


Solution 


STEP? Write an equation for the cross section. The engine is at the focus, 
which is |p| — 4.5 meters from the vertex. Because the focus is above 
the vertex, p is positive, so p — 4.5. An equation for the cross section of 
the EuroDish with its vertex at the origin is as follows: 


х? = 4ру Standard form, vertical axis of symmetry 
х? = 4(4.5)y Substitute 4.5 for p. 
x^ = 18у Simplify. 


STEP2 Find the depth of the EuroDish. The depth is the y-value at the dish's 
outside edge. The dish extends 2E — 4.25 meters to either side of the 
vertex (0, 0), so substitute 4.25 for x in the equation from Step 1. 
х? = 18у Equation for the cross section 
(4.25)? = 18y Substitute 4.25 for x. 
1.0= y Solve for y. 


» The dish is about 1 meter deep. 
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9. MICROWAVES A parabolic microwave antenna is 16 feet in diameter. Find ап 
equation for the cross section of the antenna with its vertex at the origin and 
its focus 10 feet to the right of its vertex. Then find the antenna's depth. 


Y Guiep Practice for Example 3 


9.2 EXERCISES 


HOMEWORK: () = WORKED-OUT SOLUTIONS 
KEY: on p. WS16 for Exs. 15, 27, and 57 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 25, 38, 51, 52, and 59 


‘SKILL PRACTICE 


1. VOCABULARY Copy and complete: A parabola is the set of all points in a 
plane equidistant from a point called the ? and a line called the ? . 


2. Ж WRITING Compare the graphs of x* = 4py and у? = 4px. 


: EXAMPLE 1 GRAPHING Graph the equation. Identify the focus, directrix, and axis of 


= PCCP CCP 


: on p. 621 | symmetry of the parabola. 
OTE 3. y? = 16x 4. x2 = —6y 5. x2 = 20у 6. y? = 28x 
7. у? = —10x 8. x^ = 30у 9. y? = —2x 10. x^ = —36y 
PL. ¿e = 129 12. —2y = x* 13. = 4 14. —x? = 48у 
(is) 5x? = —15у 16. —y^ = 18x 17. —24x = 3y? 18. 14x = бу” 
19. ax? —y=0 20. 4x — lly? = 0 21. 5x2 + 12y=0 22. -5x + iy! = 0 


ERROR ANALYSIS Describe and correct the error in ргарһїпр the parabola. 
23. 24. 


25. ж MULTIPLE CHOICE What is the directrix of the parabola 15у + 3x* = 0? 


Ф) x=-5 (В) х= –1.25 © у= -1.25 (D у= 1.25 
: EXAMPLE2 | WRITING EQUATIONS Write the standard form of the equation of the parabola 
: on p. 621 | with the given focus and vertex at (0, 0). 
i for Exs. 26—50 | 26 (2,0) (27) (5, 0) 28. (3, 0) 29. (0, —4) 
30. (0, 8) 31. (0, —10) 32. (0, —6) 33. (—9, 0) 
7 -3 5 37. [Y 
34. 0, а 35. (0, 3 36. (3,0 37. | 2,0) 


9.2 Graph and Write Equations of Parabolas 623 


38. * MULTIPLE CHOICE What is an equation of the parabola with focus at 
(—8, 0) and vertex at (0, 0)? 


(А) у = -32x y” = —0.5х O х^=-8у D х2 = -32y 


WRITING EQUATIONS Write the standard form of the equation of the parabola 
with the given directrix and vertex at (0, 0). 


43. у= —4 44. x= —2 45. у= 6 46. х= 11 
ee ES = «DE iu. 
47. x= 2 48. y 12 49. y 6 50. x 18 


51. * SHORT RESPONSE Predict how the indicated change in a will affect the 
focus, directrix, and shape of the given equation's graph. Then graph both 
the original and revised equations in the same coordinate plane. 


a. х? = ay; a changes from 1 to 4 b. y? = ах; a changes from 6 to -2 


52. Ж WRITING Suppose that x? = 4py and y = ах? represent the same parabola. 
Explain how a and p are related. 


53. VISUAL THINKING As |p| increases, how does the width of the graph of 
х? = Ару change? Explain. 


54. CHALLENGE Consider the parabola with focus (0, p) and directrix у = —р. 
Let (x, y) be any point on the parabola. Use the fact that (x, y) is equidistant 
from the focus and directrix to show that x^ = 4py. 


: EXAMPLE 3 55. SOLAR ENERGY Solar energy can be concentrated using long troughs that 

: onp.622 have a parabolic cross section. The collected energy's uses include heating 

: for Exs. 55—59 buildings, producing electricity, and producing fresh water from seawater. 
Write an equation for the cross section of the trough shown. How deep is it? 


E "| y ра 


T 
көп 
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56. BIOLOGY Scientists studying dolphin echolocation can simulate y 
the projection of a dolphin's clicking sounds using computer (3, 4) 
models. The models originate the sounds at the focus of a 
parabolic reflector. The parabola in the graph models the cross focus 
section (with units in inches) of the reflector used to simulate x 


sound projection for a bottlenose dolphin. What is the focal 
length (the distance from the vertex to the focus)? 


иар ана 
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(С) = WORKED-OUT SOLUTIONS * = STANDARDIZED 
624 on p. WS1 TEST PRACTICE 


| (57) MULTI-STEP PROBLEM The parabolic antenna used by a television station to 
transmit is 146 inches in diameter. Its focus is 48 inches from the vertex. 


a. Sketch the antenna twice: once opening upward and once opening left. 
b. Use your sketches from part (a) to write two equations for the antenna's 
cross section: one of the form x* = 4py and one of the form y” = 4px. 


с. How deep is the antenna's dish? Does it matter which equation from 
part (b) you use to find your answer? Explain. 


58. RADIO TELESCOPES The Very Large Array in New Mexico consists of 27 radio 
telescopes. For each parabolic telescope dish, the diameter is 25 meters and 
the distance between the vertex and focus is 0.36 times the diameter. Write 
an equation for the cross section of a dish opening upward with its vertex at 


59. ж EXTENDED RESPONSE Searchlights use parabolic 
reflectors to project their beams. The cross section of a 
9.5-inch-deep searchlight reflector has equation x* = 10.5y. 


a. How wide is the beam of light projected from the 
searchlight’s reflector? 


b. Write an equation for the cross section of a reflector 
that has the same depth as the original reflector, but 
which projects a wider beam. Explain how you found 
your answer. How wide is the new reflector's beam? 


c. Repeat part (b) for a beam narrower than the original. 


60. CHALLENGE The latus rectum of a parabola 
is the line segment that is parallel to the 
directrix, passes through the focus, and has 
endpoints that lie on the parabola. Find the 
length in terms of p of the latus rectum of a 
parabola with equation x* = 4py. x 


Perform the indicated operation. 


61. (x^ — 3) — (—x* + Ax — 1) (p. 346) 62. (2x? — 2x — 3) + (7 — x — 3x?) (p. 346) 
63. (х2 — 5x)(2x^ + 9x — 3) (p. 346) 64. (x + D(2x — 3)(x — 4) (p. 346) 
24x?y^ xy x? + 15х +36 . 8x + 96 
65. +» 573 66, ATA E. AE 
22 egy P» ie ee M^ 
67. —* 4 žil psa 68, ОХ 3 3582 
x? — 25 Za Т x^ +x 20 ; LU 
; PREVIEW. Find the distance between the two points. (p. 614) 
: Prepare for | NT T 
: Lesson 9.3 Ж. (21h (8:9 70. (8, —1),(—2,4) 71. (3,2), (5, 1) 
} in Exs. 69-74. 72. (—15, 6), (71, -3) 73. (2.3, 1.1), (-4.6, —1.4) 74. (9.4, 6.3), (8.5, —3.7) 
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“Key Vocabulary A circle is the set of all points (x, y) in a plane that are 
e circle _ | equidistant from a fixed point, called the center of 

* center the circle. The distance r between the center and any 
e radius point (x, y) on the circle is the radius. 


626 


O 3 Graph and Write 
*» Equations of Circles 


You graphed and wrote equations of parabolas. 


| Now | You will graph and write equations of circles. 
So you can model transmission ranges, as in Ex. 62. 


For a circle with center at the origin and radius r, the 
distance between any point (x, y) on the circle and the 
center (0, 0) is r, so the following is true: 


V(x-0)7+ (у – 0)? =r Distance formula 
(х – 0)? + (y—0)*=r* Square each side. 
х? + уг = г Simplify. 


КЕҮ СОМСЕРТ For Your Notebook 


Standard Equation of a Circle with Center at the Origin 


The standard form of the equation of a circle with center at (0, 0) and radius r 
is as follows: 


у= 


Сгарһ an equation of a circle 
Graph y? = —x? + 36. Identify the radius of the circle. 


Solution 


STEP? Rewrite the equation y? = —x* + 36in 
standard form as x? + y? = 36. 


STEP 2 Identify the center and radius. From the 
equation, the graph is a circle centered 


at the origin with radius r = V36 = 6. 


STEP3 Draw the circle. First plot several 
convenient points that are 6 units from 
the origin, such as (0, 6), (6, 0), (0, —6), 
and (—6, 0). Then draw the circle that 
passes through the points. 
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Г ExamPLE 2 write an equation of a circle 


Ж (EI standardized Test Practice 


What is an equation of the line tangent to the circle x* + y? = 13 at (-3, 2)? 


mU ES 
(В) y УЕ 5 


ECU 


: In Example 3, you can 

: eliminate choice D 

: because a quick sketch 

: of the circle shows that 

: the slope of the tangent 
{ line at (-3, 2) must be 

: positive. 


| The point (2, —5) lies on a circle whose center is the origin. Write the standard 
form of the equation of the circle. 
| Solution 


Because the point (2, —5) lies on the circle, the circle’s radius r must be the 
distance between the center (0, 0) and (2, —5). Use the distance formula. 


r=\V(2-0)? + (-5 – 0)? =V4+25=V29 =‘ The radius is V29. 


Use the standard form with г = V29 to write an equation of the circle. 


xy =r Standard form 
х2 + у? = (Vag)* Substitute V29 for r. 
х? + у? = 29 Simplify. 


® y=3x+4 


O у= эх 


pis 


13 


—— 


3 


Solution 


A line tangent to a circle is perpendicular to the 
radius at the point of tangency. Because the radius 


HHAH 
миа ef 9 HHHH 
to the point (—3, 2) has slope m = — — TE ENUT == 
the slope of the tangent line at (—3, 2) is the 4-32) mhi 


SE 
hi 
LH 
Y 


LA || 
negative reciprocal of -, or 3. An equation of ИМ | 
the tangent line is as follows: A 

y-2= 2G — (—3)) Point-slope form 
PE 9 
y-2= 5* t 2 Distributive property 
у= 3x + 12 Solve for у. 


|! р The correct answer is C. СА BD © © 


L4 GUIDED PRACTICE | for Examples 1, 2, and 3 


BEHEHE:SEDENEE 


Graph the equation. Identify the radius of the circle. 
lL x?-y^-29 2. у? = -x* + 49 3. -18=-y 


4. Write the standard form of the equation of the circle that passes through 
(5, —1) and whose center is the origin. 


5. Write an equation of the line tangent to the circle x* + y* = 37 at (6, 1). 


9.3 Graph and Write Equations of Circles 


627 


628 


CIRCLES AND INEQUALITIES The regions inside and 
outside the circle х? + y? = г? can be described by 
inequalities, with х? + y? < г? representing the region 
inside the circle and x? + y? > г? representing 

the region outside the circle. 


ЕХАМРІЕ 4 Write a circular model 


CELL PHONES А cellular phone tower services a 10 mile radius. You get a flat tire 
4 miles east and 9 miles north of the tower. Are you in the tower's range? 


Solution 
STEP? Write an inequality for the region 
covered by the tower. From the а! TR 
diagram, this region is all points that | [P iium 
satisfy the following inequality: | | ACAD ID ia 
| EE "EE 
хубат“ mE Big а F 
STEP2 Substitute the coordinates (4, 9) into the  - [m i iig LE i as | 
inequality from Step 1. | + ETA E 


2 Emn TT D 
х? + у? ә 10 Inequality from Step 1 
42 +922 10? substitute for x and y. ТОШУ ЕО M ш 
j dia , 
97<100 Y The inequality is true. cs тон doen em 


» So, you are in the tower's range. positive y-axis represents north. 


ply a circular model 


CELL PHONES In Example 4, suppose that you fix your tire and then drive south. 
For how many more miles will you be in range of the tower? 


Solution 


When you leave the tower's range, you will be at a 
point on the circle x? + y? = 10? whose x-coordinate 
is 4 and whose y-coordinate is negative. Find the 
point (4, y) where y < 0 on the circle x? + y? = 10°. 


х? y? = 10? Equation of the circle 
4? + y? = 10? Substitute 4 for x. 

у = +У84 Solve for y. 

y = +9.2 Use a calculator. 


» Because y < 0, y = —9.2. You will be in the tower's range from (4, 9) 
to (4, —9.2), a distance of |9 — (—9.2)| = 18.2 miles. 


A A E 
- GUIDED PRACTICE for Examples 4 and 5 


6. WHAT IF? In Examples 4 and 5, suppose you drive west after fixing your tire. 
For how many more miles will you be in range of the tower? 
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9.3 EXERCISES нона. Oe 
a KEY: on p. WS16 for Exs. 17, 39, and 65 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 21, 43, 59, 64, and 66 


: @ = MULTIPLE REPRESENTATIONS 
EX. 68 


SKILL PRACTICE 


1. VOCABULARY The radius of a circle is the distance from any point on the 
circle to a fixed point called the circle's ? . 


2. Ж WRITING How are the slope of a line tangent to a circle and the slope of 
the radius at the point of tangency related? 


: EXAMPLE 1 

: on p. 626 MN. NN 

: for Exs. 3-21 5. a^ y -4 
8. х2 + уг = 3 


GRAPHING Graph the equation. Identify the radius of the circle. 


9. x - y^ = 1 10. x^ + y” = 81 11. x? + y? = 25 
12. &^4-j^- 12 13. y = 27 – х? 14. х? = —y* + 40 
15. х? = 15 – y 16. у2 = -x° + 9 (17) 15x? + 15y? = 60 
18. 7х? + 7y? = 112 19. 4х? + 4y* = 128 20. 8x* + 8y^ = 192 


21. ж MULTIPLE CHOICE What is the radius of the circle 3x* + 3y^ = 54? 


(А) 3v2 3V6 © 18 D 54 
: EXAMPLE2 | WRITING EQUATIONS Write the standard form of the equation of the circle with 
: on p. 627 the given radius and whose center is the origin. 
: for EXS. 22-43 | 22, 12 23. 8 24. 2 25. 16 
26. У2 27. V15 28. 5V2 29. 4V6 
30. ERROR ANALYSIS Describe and correct the error 
in writing an equation of the circle with the given Center: (О, O); Radius: 12 м 
center and radius. Equation: x 12 


9.3 Graph and Write Equations of Circles 629 


WRITING EQUATIONS Write the standard form of the equation of the circle that 
passes through the given point and whose center is the origin. 


31. (—6; 0) 32. (0, 5) 43. (—4, 3) 34. (2, —4) 
35. (—6, 8) 36. (—9, 2) 37. (4, —10) 38. (-8, —5) 
(з) (-8, 14) 40. (5, -12) 41. C11, -11) 42. (9, 40) 


43. Ж MULTIPLE CHOICE What is the equation in standard form of the circle that 
passes through the point (4, —6) and whose center is the origin? 


Ф) x-y-5 O 2+y=10 © xy--y-5 Qo 2+y=2v13 


GRAPHING In Exercises 44-52, equations of both circles and parabolas are 
given. Graph the equation. 


44. y^ + x? = 49 45. АХ - y - 0 46. 7х? + 7y? = 63 
47. у? — 121 = —x? 48. x^ + 16y = 0 49. Зх = —y? 
50. 12x? + 12y? = 192 51. 2x* + 2y? = 16 52. 6x + 65? = 0 


: EXAMPLE3 | TANGENT LINES Write an equation of the line tangent to the given circle at the 
: on p. 627 | given point. 


TOf EXS: 5358. | ве. 24 P= IK 0,4) 54. x? + у? = 13; (2, -3) 55. x2 + y? = 34; (-5, 3) 
56. x^ + y^ = 40; (—6, —2) 57. x^ + у? = 106; (—5, 9) 58. x^ + y^ = 250; (15, 5) 


59. ж OPEN-ENDED MATH Write equations in standard form for three circles 
centered at the origin so that each circle passes between (—3, 5) and (—6, 2). 


60. REASONING Use the diagram to show that an 
angle inscribed in a semicircle is a right angle. 
(Hint: Show that the segments meeting at (x, y) 
have slopes that are negative reciprocals.) 


61. CHALLENGE Suppose two congruent circles 


intersect so that each passes through the other's / N 
center, as shown. Write an equation that gives | 
the length £ of the chord formed by joining the aF 
intersection points in terms of the radius r of 

each circle. 


PROBLEM SOLVING 


: EXAMPLE 4 62. CELL PHONES А cellular phone tower services a 15 mile radius. On a hiking 


LL AAA 


: on p. 628 trip, you are 9 miles east and 11 miles north of the cell tower. Are you in the 
: for Exs. 62-64 region served by the tower? 


L tor for problem solving help at classzone.com 


63. BATS During the warmer months, more than 1 million Mexican free-tailed 
bats live under the Congress Avenue Bridge in Austin, Texas. The bats have 
an estimated feeding range of 50 miles. Is a location 40 miles north and 


(С) = WORKED-OUT SOLUTIONS * = STANDARDIZED e = MULTIPLE 
630 on p. WS1 TEST PRACTICE REPRESENTATIONS 


64. 


67. 


MULTIPLE CHOICE An appliance store claims to provide free delivery up 
to 100 miles from the store. The following points represent the locations of 
houses, with the origin representing the store. (All coordinates are in miles.) 
Which house is located outside the free delivery area? 


СА) (95, 30) (90, 35) (С) (80, 55) Œ> (75, 70) 


(65, MULTI-STEP PROBLEM “Class B” airspace sometimes consists of a stack of 


cylindrical layers as shown. Seen from above, the airspace forms circles 
whose origin is the control tower. A plane in straight and level flight flies 
through the top layer along the line y = —4, as shown. 


15 mi 
10 mi 
5 mi 


Top view 


Control tower 


a. For how many miles will the plane be in the top-most layer of Class B 
airspace? 


b. For how many miles will the plane be above the middle layer of Class В 
airspace? 


c. For how many miles will the plane be above the lowest layer of Class B 
airspace? 


Ж SHORT RESPONSE A circular utility tunnel 8 feet in diameter has a 
6-foot-wide walkway across its bottom. Could a worker who is 6 feet 2 inches 
tall walk down the center of the walkway without ducking? Explain. (Hint: 
Write an equation of the tunnel’s cross section. Find the x-coordinate of an 
endpoint of the walkway and substitute to find the y-coordinate.) 


GROUNDSKEEPING A row of sprinklers 
is to be installed parallel to and 4.5 feet 
away from the back edge of a flower 
bed. Each sprinkler waters a region with 
a 6 foot radius. How far apart should 
the sprinklers be placed to water the 
entire flower bed with the least possible 
overlap in coverage, as shown? 


; D MULTIPLE REPRESENTATIONS The Modified Mercalli Intensity Scale 


rates an earthquake's "shaking strength." In general, the rating decreases as 
distance from the earthquake's epicenter increases. Suppose an earthquake 
has a Mercalli rating of 6.0 at its epicenter, a 5.7 rating 15 miles away from the 
epicenter, a 5.4 rating 25 miles away, and a 5.1 rating 35 miles away. 


a. Drawing Graphs Represent the situation described above using circles in a 
coordinate plane. 


b. Writing Inequalities For each circle from part (a), write an inequality 
describing the coordinates of locations with a Mercalli rating at least as 
great as the Mercalli rating represented by the circle. 


c. Making a Prediction What can you predict about the Mercalli rating 
12 miles west and 16 miles south of the epicenter? Explain. 


9.3 Graph and Write Equations of Circles — 631 


69. CHALLENGE Two radio transmitters, one with 
a 40 mile range and one with a 60 mile range, 
stand 80 miles apart. You are driving 60 miles per 
hour on a highway parallel to the line segment 
connecting the two towers. How long will you be 
within range of both transmitters simultaneously? 


10 mi 


MIXED REVIEW =a | 


Solve the system using any algebraic method. (pp. 160 and 178) 


70. 3x + 5у = 2 71. Зх - у= —2 72. 2x + 5у = 13 
—x + 2y = —19 6x + y = —25 Зх — 4y = 8 
73. 2x+5y-2= —T7 74. X + 2y - Z = 10 75. х + 4у – 22-2 


x + 3у + 22 = 12 
_—*+д2у=>5 


3х – 2y +2=-18 
2x + y + 32 = 16 


a os ra 
2x + 5у +2 = 27 


: PREVIEW 


: Prepare for 
: Lesson 9.4 
: in Exs. 79—84. 


Find the product. If it is not defined, state the reason. (p. 195) 


& ou Wd 2—5 011-4 1 4 111 —14 

E Ие 77.11 8 -4 9 3 78. |2 9 3 
2 6 1 74 0 5 |1 -12 

Solve the equation. (p. 266) 

T9. x^ — 60 80. x^ — 50 81. c* = 15? — 122 

82. c? = 20? — 16? 83. 36 = 64 — D? 84. 100 = 324 — P? 


QUIZ for Lessons 9.1-9.3 


632 


Find the distance between the two points. Then find the midpoint of the line 
segment joining the two points. (p. 614) 


1. (4, —3), (8, Т) 2. (2, 5), (4, 9) 
4. (1, 2), (7, 1) 5. (6, -—»h [=], 8) 


3. [rs 1), (—4, 8) 
6. (3, z^ (6, 5) 


Write the standard form of the equation of the parabola with the given focus 
and vertex at (0, 0). (p. 620) 


7. (0,3) 8. (-2,0) 9. (6, 0) 
10. (0, —4) 11. (0, 5) 12. (—1,.0) 
Graph the equation. Identify the radius of the circle. (p. 626) 
13. х? * y^ = 4 14. х? + у? = 64 15. х? + у? = 20 
16. х? + у? = 75 17. Зх? + Зу? = 48 18. 6x” + 6y* = 108 


19. ASTRONOMY If the plane in which Jupiter orbits the sun is a coordinate 
plane with its origin at the sun and coordinates in millions of miles, then 
a circle through the point (350, 370) just encloses Jupiter's orbit. Imagine 
replacing the sun with the star KY Cygni, whose radius is about 650 million 
miles. Would KY Cygni contain Jupiter's orbit? Explain. (p. 626) 


EXTRA PRACTICE for Lesson 9.3, p. 1018 2 ONLINE QUIZ at classzone.com 


T ACTIVITY Use after Lesson 9.3 elutor 


classzone.com 
Keystrokes 


9.3 Graph Equations of Circles 


To graph a circle on most graphing calculators, you must first rewrite the circle’s 
equation as two functions that taken together represent the circle. 


ji "a | RET . E T x - 
j | | = D Г 
1] = JF PIV Pr LE Ti | BS 


Use a graphing calculator to graph x^ + y^ = 25. 


[STEP T] Solve for y [STEP 2] Enter functions 


Begin by solving the equation for y. Enter the two functions as y, and y,. 
You can enter y, as —y,. 
25 
25 Y1R/(25-X2) 
—— YeR- Ya 
/ Y3= 
ү25 Уяа 
Ys- 
Р = Y6= 
Together, the functions y = V25 — x* and Y7= 


у -V25 — x* represent the circle. L 


STEP 3| Graph functions Adjust graph 


The graphs are shown in the standard window To show the circle in true proportion, set a 
(—10 s x s 10 and —10 = y = 10). Because the window so that the ratio of (Xmax — Xmin) 
calculator screen is not square, a horizontal to (Ymax — Ymin) is 3:2. Such a “square 
distance of 1 unit is longer than a vertical distance window” can also be obtained by pressing 
of 1 unit, and the circle is stretched into an oval. ЕД and selecting ZSquare. 


Use a graphing calculator to graph the equation. Give the viewing window that 
you used and verify that it is a “square window." 


1. x? + y? = 144 2. x^ + y^ = 80 3. x^ + y* = 576 
4. 0.5x^ + 0.5y* = 12 5. 7x^ + Ту“ = 105 6. 16x* + 16y^ = 9 


9.3 Graph and Write Equations of Circles 


Graph and Write 
* * Equations of Ellipses 


You graphed and wrote equations of parabolas and circles. 
You will graph and write equations of ellipses. 
So you can model an elliptical region, as in Example 3. 


. Key Vocabular lipse is the set of all points P in a plane 

• ellipse such that the sum of the distances between 

foci P and two fixed points, called the foci, is a 

e vertices constant. focus focus 

* major axis The line through the foci intersects the ellipse 

e center at the two vertices. The major axis j joins the d, + d, = constant 

* co-vertices vertices. Its midpoint is the ellipse scen 

e minor axis The line perpendicular to the major a axis at the center intersects the ellipse 


: IDENTIFY AXES (—a, 0) 


Observe that the major 


: contains the foci and is ae «І Lo axis. 


: always longer than the 


axis of an ellipse 


at the two co-vertices, which are joined by the minor axis. In this chapter, 
ellipses have a horizontal or a vertical major axis. 


y y 

vertex (0, a) 
co-vertex 
(0, b) 


vertex co-vertex 


| 


AAA r 


co-vertex 


: minor axis. (0, —b) 
Ellipse with horizontal major axis Ellipse with vertical major axis 
2 у? 2 y 
KEY CONCEPT For Your Notebook 
: Standard Equation of an Ellipse with Center at the Origin 
z Equation Major Axis Vertices Co-Vertices 
: Ls y = 1 Horizontal (ta, 0) (0, +b) 
4" F 
e Y | | 
rr = Vertical 0, +a +b, 0 
> 2 x ( ) ( ) 
: The major and minor axes are of lengths 2a and 2b, respectively, where 
а> Б> 0. The foci of the ellipse lie on the major axis at a distance of c units 
from the center, where c^ = a? — р? 
634  cChapter9 Quadratic Relations and Conic Sections 


EXAMPLE 1 craph ап equation of an ellipse 


Graph the equation 4x* + 25y* = 100. Identify the vertices, co-vertices, 
and foci of the ellipse. 
Solution 
STEP? Rewrite the equation in standard form. 
4x* + 25у? = 100 Write original equation. 
Ax? , 25y" _ 100 


100 + 100 100 Divide each side by 100. 
2 y? 
X = ыыы 
ЭЕ + Д 1 Simplify. 


STEP 2 Identify the vertices, co-vertices, and foci. 
Note that a? = 25 and b? = 4, so a = 5 and 
b = 2. The denominator of the x*-term is 
greater than that of the y^-term, so the 
major axis is horizontal. 

: ANOTHER WAY . . 

ретро | The vertices of the ellipse are at 

: (+a, 0) = (+5, 0). The co-vertices are at 


: ellipse using a graphing Е . | 
? calculator by solving for (0, +b) = (0, +2). Find the foci. 


: y to obtain с = а? – №2 = 52 – 22 = 21,вос= V21 

: | x 

¡y = ®2ү1 – E The foci are at (+V21, 0), or about (+4.6, 0). 

: and then e 2а STEP 3 Draw the ellipse that passes through each vertex and co-vertex. 


та ы 
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CA GUIDED P 


Graph the equation. Identify the vertices, co-vertices, and foci of the ellipse. 


: this equation as two 
: separate functions. 


СЕ | for Example 1 


2 
Ls el 2, Ela 1 3. 25x? + 9y? = 225 


«^ | ExaMPLE 2 write an equation given a vertex and a co-vertex 


Write an equation of the ellipse that has a vertex at (0, 4), a co-vertex at 
(—3, 0), and center at (0, 0). 


| Solution 


Sketch the ellipse as a check for your final 
equation. By symmetry, the ellipse must also 
have a vertex at (0, —4) and a co-vertex at (3, 0). 


Because the vertex is on the y-axis and the 
co-vertex is on the x-axis, the major axis is 
vertical with a = 4, and the minor axis is 
horizontal with b = 3. 


y y 


» An equation is % + 75 = 1, Е m о 


9 16 


9.4 Graph and Write Equations of Ellipses 635 


[ EXAMPLE 3 | Solve a multi-step problem | 


LIGHTNING When lightning strikes, 

an elliptical region where the strike 
most likely hit can often be identified. 
Suppose it is determined that there is a 
50% chance that a lightning strike hit 
within the elliptical region shown in 
the diagram. 


* Write an equation of the ellipse. 
* The area A of an ellipse is A = пар. 
Find the area of the elliptical region. 
Posen onthe lect cis | Solution 
STEP T The major axis is horizontal, with a = 200 = 200 and b = 200 = 100. 


: For an alternative 
: method for solving the 


: problem in Example 3, 2 Е Р y 
: turn to page 640 for An equation is >> --—— lorc 109 1, 
: the Problem Solving 200" 100 , , 
ret STEP2 The areais A = 7(200)(100) = 62,800 square meters. 


e Write an equation given a vertex and a focus 


Write an equation of the ellipse that has a vertex at (—8, 0), a focus 
at (4, 0), and center at (0, 0). 


Solution 


Make a sketch of the ellipse. Because the given 
vertex and focus lie on the x-axis, the major 
axis is horizontal, with a = 8 and c = 4. To find 
b, use the equation c? = a? — b*. 


4-g-—p 
b^ = 8? — 4^ = 48 
р = V48, or 4V3 
| 2 
P An equation is 2 + y als a 
8° (4/3)? 64 48 


DED PRACTICE for Examples 2, 3, and 4 


Write an equation of the ellipse with the given characteristics and center 


at (0, 0). 
4. Vertex: (7, 0); co-vertex: (0, 2) 5. Vertex: (0, б); co-vertex: (—5, 0) 
6. Vertex: (0, 8); focus: (0, —3) 7. Vertex: (—5, 0); focus: (3, 0) 


8. WHAT IF? In Example 3, suppose that the elliptical region is 250 meters from 
east to west and 350 meters from north to south. Write an equation of the 
| elliptical boundary and find the area of the region. 


636 Chapter 9 Quadratic Relations and Conic Sections 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 35, 45, 46, 51, and 52 


EXERCISES HOMEWORK: (D = WORKED-OUT SOLUTIONS 
9.4 KEY: on p. WS16 for Exs. 11, 29, and 49 


j 


KILL PRACTICE 


1. VOCABULARY Copy and complete: An ellipse is the set of all points P such 
that the sum of the distances between Р and two fixed points, called the _?, 
is a constant. 


2. * WRITING Describe how to find the foci of an ellipse given the coordinates 
of its vertices and co-vertices. 


: EXAMPLE1 | GRAPHING Graph the equation. Identify the vertices, co-vertices, and foci of 
: for Exs. 3-16 2 y 2 а. y^ 
X 47 = ms. - A С - 
а ae E & ct 25 B oe] 
ЯС Ld 5 „Де, DÍ 
ee ee” + ^ 400 Б |. 8. 36 225 — 
9. Ax? + y? = 36 10. 9? + у? = 9 (11) 16x? + 9y? = 144 
12. 25x? + 49y? = 1225 13. 16x? + 25y* = 1600 14. 72x? + 8y? = 648 


ERROR ANALYSIS Describe and correct the error in graphing the ellipse. 
15. 16. 


: on p. 635 the ellipse. 


: EXAMPLES WRITING EQUATIONS Write an equation of the ellipse with the given 
: 2and 4 | characteristics and center at (0, 0). 
: е рр. 635-636, 17, vertex: (5, 0) 18. Vertex: (0, —10) 19. Vertex: (14, 0) 
: for Exs. 17-35 Co-vertex: (0, —3) Co-vertex: (6, 0) Co-vertex: (0, —9) 
20. Vertex: (0, —6) 21. Vertex: (0, 12) 22. Vertex: (20, 0) 
Co-vertex: (4, 0) Co-vertex: (11, 0) Co-vertex: (0, —16) 
23. Vertex: (0, 8) 24. Vertex: (4, 0) 25. Vertex: (0, 9) 
Focus: (0, 6) Focus: (V7, 0) Focus: (0, —4V2) 
26. Vertex: (—5, 0) 27. Vertex: (0, —4) 28. Vertex: (13, 0) 
Focus: (3, 0) Focus: (0, -2V3) Focus: (—4V3, 0) 
Co-vertex: (0, ут) 30. Co-vertex: (-3V5 ,0) 31. Co-vertex: (0, —5V7) 
Focus: (—3, 0) Focus: (0, 6) Focus: (—15, 0) 
32. Co-vertex: (0, 15) 33. Co-vertex: (2V15, 0) 34. Co-vertex: (—32, 0) 
Focus: (—8, 0) Focus: (0, 14) Focus: (0, 24) 


9.4 Graph and Write Equations of Ellipses 637 


35. * MULTIPLE CHOICE What is an equation of the ellipse with center at the 
origin, a vertex at (0, —12), and a co-vertex at (—8, 0)? 


GRAPHING In Exercises 36-44, the equations of parabolas, circles, and ellipses 
are given. Graph the equation. 


36. x? + y? = 64 37. 25x? + 81у? = 2025 38. 36у + х2 = 0 
x 4 4y 
39. 65y^ — 130x 40. 30x* + 30у? = 480 M. Le sm 


йэ; E 13. сые = 44. 16x? + 10y? = 160 


45. * SHORT RESPONSE Consider the graph of E + x = 1, Describe the effects 


on the graph of changing the denominator of the y*-term first from 25 to 
9 and then from 9 to 4. Graph the original equation and the two revised 
equations in the same coordinate plane. 


46. * OPEN-ENDED MATH Write an equation of an ellipse in standard form. 
Graph the equation on a graphing calculator by rewriting it as two functions. 
Give a viewing window that does not distort the shape of the ellipse, and 
explain how you found your viewing window. 


47. CHALLENGE Use the definition of an ellipse to show that c? = a? — b? for any 


2 
ellipse with equation ^— + y- = ] and foci at (c, 0) and (—с, 0). (Hint: Draw а 


a y 
diagram. Consider the point P(a, 0) on the ellipse.) 


PROBLEM SOLVING 


: EXAMPLE 3 48. MARS On January 3, 2004, the Mars rover Spirit bounced on its airbags to 
: onp.636 a landing within Gusev crater. Scientists had estimated that there was a 
: for Exs. 48—50 99% chance the rover would land inside an ellipse with a major axis 
81 kilometers long and a minor axis 12 kilometers long. Write an 


equation of the ellipse. Then find its area. 


Artist's rendering 
of landing 


(49, AUSTRALIAN FOOTBALL The playing field for Australian football is an ellipse 
that is between 135 and 185 meters long and between 110 and 155 meters 
wide. Write equations of ellipses with vertical major axes that model the 
largest and smallest fields described. Then write an inequality that describes 
the possible areas of these fields. 


(QHomeTutor 
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| (С) = WORKED-OUT SOLUTIONS * = STANDARDIZED 
638 on p. WS1 TEST PRACTICE 


break apart kidney stones or gallstones inside 

the body. Shock waves generated at one focus of 
an ellipsoid (a three-dimensional shape with an 
elliptical cross section) reflect to the stone 
positioned at the second focus. Write an equation 
for the cross section of the ellipsoid with the 
dimensions shown. How far apart are the foci? 


Shock wave 
^. generator 


51. * SHORT RESPONSE Halley's comet ranges from 0.59 to 35.3 astronomical 
units from the sun, which is at one focus of the comet's elliptical orbit. (An 
astronomical unit is Earth’s mean distance from the sun.) Explain using a 
sketch how to find a and c. Then write an equation for the orbit. 


52. * EXTENDED RESPONSE A small airplane with enough fuel to fly 600 miles 
safely will take off from airport A and land at airport B, 450 miles away. 


a. Reason The region in which the airplane can fly is 
bounded by an ellipse. Explain why this is so. 


b. Calculate Let (0, 0) represent the center of the ellipse. 
Find the coordinates of each airport. 


c. Apply Suppose the plane flies from airport A straight 
past airport B to a vertex of the ellipse and then 
straight back to airport B. How far does the plane fly? 
Use your answer to find the coordinates of the vertex. 


| d. Model Write an equation of the ellipse. 


53. CHALLENGE An art museum worker leaves an А 2 ft 
8-foot-tall painting leaning against a wall. Later, (0, y) w« Y) 
the top of the painting slides down the wall, and 6 ft 
the painting falls to the floor. Use the diagram to 
find an equation of the path of the point (x, y) as 
the painting falls. (x, 0) x 


Evaluate the determinant of the matrix. (p. 203) 


The variables x and y vary inversely. Use the given values to write an equation 
relating x and y. Then find y when x — —4. (p. 551) 


58. x=3,y= —6 59. x=8,y=5 60. x= –15,у= —5 
e = фен =2y=3 
6l. x 6, y 1 62. x 22У Т 63, х y Y 10 
: PREVIEW Graph the function. State the domain and range. (p. 558) 
: Prepare for 3 4 5 
: Lesson 9.5 64. y —— 65. y——— 08. y——— 
: x x Era 
: in Exs. 64—69. 
ш? | 6 2 
ве у m AO вз. SS 
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50. HEALTH CARE A lithotripter uses shock waves to [— — 28 em — — —] 


MixEppRvEW 2 


54 A” 55. | 1 4 56 : 4r 57 - 
"| ip > 3 12 : " 


2 0 5 =} 1 
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PROBLEM SOLVING Using ALTERNATIVE METHO 
WORKSHOP = 2- 214 


Another Way to Solve Example 3, page 636 


MULTIPLE REPRESENTATIONS In the second part of Example 3 on page 636, you 
found the area of an ellipse using a formula. You can also approximate the area 
of an ellipse by summing the areas of rectangles. 


PROBLEM LIGHTNING When lightning strikes, an 


elliptical region where the strike most 
likely hit can often be identified. Suppose 
it is determined that there is a 50% chance 
that a lightning strike hit within the 


elliptical region shown in the diagram. 
* Write an equation of the ellipse. 


* Find the area of the elliptical region. 


Summing Rectangles As you saw on page 636, the ellipse has the equation 


2 
+ y 7 = 1. Approximate the area of the ellipse as follows. 
200° 100 | 


STEP? Graph the first-quadrant portion of the TT TH Tree ia 
ellipse. Then draw rectangles of width 40 | TE 
and height equal to the y-value of the 
ellipse at the rectangle’s left edge. The 
first rectangle’s height is y, = 100. To find 
the other y-values, solve for y to obtain 


- A 
| | x 
y = \ 100° — =. Use a calculator to get 0 40 80 120 160 200 = 


y, = 98.0, y, = 91.7, y, = 80, and ys = 60. 


чч 


STEP 2 Calculate the total area A of the rectangles. 
А = 40(100) + 40(98.0) + 40(91.7) + 40(80) + 40(60) = 17,188 т? 


STEP 3 Multiply the total area of the rectangles by 4 to obtain an estimate of 
4(17,188) = 68,800 square meters for the area of the ellipse. 


erm» 


1. Solve the problem above using rectangles of 3. WHAT IF? Suppose that the ellipse in the 
width 20. Is this estimate better or worse than problem had a horizontal major axis of 
the estimate above? Explain. 250 meters and a minor axis of 200 meters. 

2. REASONING Explain using your results from a. Write an equation of the ellipse. 
Exercise 1 how to obtain a closer and closer b. Use the method above to approximate the 
approximation of the ellipse's area. area of the ellipse. 
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ME 


Lessons 9.1-9.4 


1. MULTI-STEP PROBLEM Parabolic reflectors 5. EXTENDED RESPONSE А car skids while 


with a microphone at the focus allow you to 
listen to sounds from far away. A parabolic 
microphone has a reflector that is 22.4 inches 
in diameter and 8 inches deep. 


a. How far is the focus from the vertex? 


b. Write an equation for the cross section of 
the reflector such that the vertex is at (0, 0) 
and the reflector opens to the right. 


c. Graph the equation from part (b). 


. MULTI-STEP PROBLEM А fishing boat's radar 
has a range of 16 miles. A second boat is 

12 miles west and 12 miles south of the fishing 
boat. 


a. Write an inequality describing the region 
covered by the radar if the fishing boat is 
anchored at the origin. 


b. Isthe second boat in range of the radar? 


c. A third boat 6 miles north and 4 miles east 


of the fishing boat begins moving westward. 


For what distance will the third boat be in 
radar range of the fishing boat? 


. MULTI-STEP PROBLEM In its elliptical orbit, 
Mercury ranges from 29 million miles to 

44 million miles from the sun, which is at one 
focus of the orbit. 


a. Draw a sketch of the situation. 
b. Find the values of a and c. 


c. Write an equation for Mercury 's orbit. 


. OPEN-ENDED Write an equation of an ellipse 
that has its center at the origin, a horizontal 

minor axis, and lies completeiy between the 
circles х? + y? = 25 and x* + y^ = 64. 


turning to avoid an accident. The car's speed 
v (in meters per second) can be estimated 
using v = \/9.8ur where r is the radius (in 
meters) of the circular skid mark and p is a 
constant that depends on the road surface 
and weather conditions (0 = u x 1). 


a. Find the radius of the skid mark shown. 


b. Estimate how fast the car was traveling if it 
is determined that и = 0.7. 


c. How does the car's speed while skidding 
affect the radius of the circle? Explain. 


. SHORT RESPONSE Two lines are tangent to the 


circle х? + у? = 13, one at (-2, —3) and one at 
(3, —2). What is the relationship between the 
two lines? Explain. 


. OPEN-ENDED Write an equation of a parabola 


that has its vertex at the origin and passes 
between (—2, 4) and (—3, 9). 


. GRIDDED ANSWER To get from your home 


to the beach, you drive 8 miles south, then 

16 miles east, and then 4 miles south. What is 
the straight-line distance from your home to 
the beach? 


. GRIDDED ANSWER You can make a solar hot 


dog cooker by shaping foil-lined cardboard into 
a parabolic trough and passing a wire through 
the focus of each end piece. For the trough 
shown, how far from the bottom, to the nearest 
tenth of an inch, should the wire be placed? 


L—12 in 


Mixed Review of Problem Solving 641 


° —n 

e foci 

* vertices 

e transverse axis 
* center 


: IDENTIFY AXES 


: If the x^-term in 

: the equation of a 

: hyperbola is positive, 

: the transverse axis lies 
: on the x-axis. If the 

: y?-term is positive, the 
: transverse axis lies on 
: the y-axis. 


Graph and Write 
Equations of Hyperbolas 


You graphed and wrote equations of parabolas, circles, and ellipses. 
You will graph and write equations of hyperbolas. 
So you can model curved mirrors, as in Example 3. 


Recall that an ellipse is the set of all points Pin a plane such that the sum of the 
distances between P and two fixed points (the foci) is a constant. 


el of the distances between P and two 
fixed points, again called the foci, is a constant. 


The line pin ud the ос Se pest е. 


-—€— sente 
contain the diagonals ofa Ecole centered at the hyperbola's center, as shown. 


transverse a 


axis 


^ 
/ transverse 


/ axis (0, —a) 
Hyperbola with horizontal transverse axis Hyperbola with vertical transverse axis 
x. LO = 1 y " 08 1 
@ b? a bo 


For Your Notebook 


KEY CONCEPT 
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Standard Equation of a Hyperbola with Center at the Origin 


Equation Transverse Axis Asymptotes Vertices 
2 . 
; х. = = = 1 Horizontal у= +P, (+a, 0) 
o a b a 
у xx ; a 
: d — PE =] Vertical y= Ex (0, =a) 
: The foci lie on the transverse axis, c units from the center, where c? = a? + Ь?. 


Chapter 9 Quadratic Relations and Conic Sections 


: SOLVE FOR Y 


: To plot points on the 
: hyperbola, solve its 


: equation for y to obtain The asymptotes pass through opposite 


у 
у= 2211 + x. Then 


: make a table of values. and approaching the asymptotes. 


| ExaMPLE 1 Craph an equation of a hyperbola 


Graph 25y? — Ax? = 100. Identify the vertices, foci, and asymptotes of the 


hyperbola. 


Solution 
STEP? Rewrite the equation in standard form. 
25у? — 4х2 = 100 Write original equation. 


25y ax? 100 


100 100 100 Divide each side by 100. 
y x. 
"ЭБ 1 Simplify. 


c? = д? + b’ = 22 + 5? = 29, so c = V29 
The foci are at (0, +V29) == (0, +5.4). 
The asymptotes are y = +4 or y= tiy, 
STEP 3 Draw the hyperbola. First draw а 


rectangle centered at the origin that is 
2a = 4 units high and 2b = 10 units wide. 


corners of the rectangle. Then, draw the 
hyperbola passing through the vertices 


vied Aloohra 
mates Algebra | at classzone.com 


(TTD write an equation ora hyperbola 


vertices at (—3, 0) and (3, 0). 


Solution 


The foci and vertices lie on the x-axis equidistant 
from the origin, so the transverse axis is 
horizontal and the center is the origin. The foci 
are each 4 units from the center, so c = 4. The 

| vertices are each З units from the center, so a = 3. 


Because с? = а? + b*, you have b^ = c? — a”. Find b°. 
p-c-a-4-3-7 


Because the transverse axis is horizontal, the 


standard form of the equation is as follows: 
2 
= — У - 1 Substitute 3 for a and 7 for b?. 
2 y 
ds 
9 7 1 Simplify. 


9.5 Graph and Write Equations of Hyperbolas 


Write an equation of the hyperbola with foci at (—4, 0) and (4, 0) and 


STEP2 Identify the vertices, foci, and asymptotes. Note that a? = 4 and 
b° = 25, so a = 2 and b = 5. The y?-term is positive, so the transverse 
axis is vertical and the vertices are at (0, +2). Find the foci. 


643 


GUIDED PRACTICE for Examples 1 and 2 


| Graph the equation. Identify the vertices, foci, and asymptotes of the 


hyperbola. 
1 EJ a1 2 P gea 3. 4у? — 9x? = 36 
' 16 49 ' 36 | 


Write an equation of the hyperbola with the given foci and vertices. 


4. Foci: (—3, 0), (3, 0) 5. Foci: (0, —10), (0, 10) 
Vertices: (—1, 0), (1, 0) Vertices: (0, —6), (0, 6) 


( ExAMPLE З solve a multi-step problem 


PHOTOGRAPHY You can take panoramic photographs 
using a hyperbolic mirror. Light rays heading toward 
the focus behind the mirror are reflected to a camera 

| positioned at the other focus as shown. After a 
photograph is taken, computers can "unwarp" the 
distorted image into a 360° view. 


* Write an equation for the cross section of the mirror. 


• The mirror is 6 centimeters wide. How tall is it? 


Solution 
STEP? From the diagram, a = 2.81 and c = 3.66. 


To write an equation, find b?. 
р? = c^ — а? = 3.66^ — 2.81? == 5.50 


> Because the transverse axis is vertical, the standard form of the 
equation for the cross section of the mirror is as follows: 


y _ ж =i, BL E A =) 
2.812 5.50 n 


Г 790 5.50 


STEP2 Find the y-coordinate at the mirror's bottom edge. Because the mirror 
is 6 centimeters wide, substitute x = 3 into the equation and solve. 


2 
y # ў 


798 559g = Substitute 3 for x. 


уг = 20.83 Solve for y". 
: AVOID ERRORS 


B FCS 


: The mirror is below the y^ —4.56 Solve for y. 
: x-axis, so choose the 
: negative square root. » So, the mirror has a height of —2.81 — (—4.56) = 1.75 centimeters. 


| 6. WHAT IF? In Example 3, suppose that the mirror remains 6 centimeters wide, 
but that а = 3 centimeters and c = 5 centimeters. How tall is the mirror? 
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9.5 EXERCISES un caet ree 
o KEY: on р. WS17 for Exs. 13, 23, and 41 
¿e = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 26, 33, 35, and 43 


| €- = MULTIPLE REPRESENTATIONS 
Ех, 42 


‘SKILL PRACTICE 


1. VOCABULARY Copy and complete: The points 
(—2, 0) and (2, 0) in the graph at the right are 
the ? of the hyperbola. The line segment 
joining these two points is the _? . 


2. * WRITING Compare the definitions of an 
ellipse and a hyperbola. 


: EXAMPLE 1 GRAPHING Graph the equation. Identify the vertices, foci, and asymptotes of 


з AAA 


: on p. 643 the hyperbola. 


: for Exs. 3-17 А х2 Y, : 4 y . sP or 
" 25 4 ' 9 36 ' 81 25 
' 144 36 ' 196 100 ` 49 121 
9. 4x° — y^ = 256 10. 49x? — 4у? = 196 11. 9y? — 25x? = 225 
12. 25y* — 64x? = 1600 (i2) 81x? — 16у? = 1296 14. 49y* — 100х° = 4900 


15. * MULTIPLE CHOICE What are the foci of the hyperbola with equation 
45y* — 200x* = 1800? 


(А) (+2V10, 0) (В) (0, +2V10) © (+7,0) © (0, +7) 
ERROR ANALYSIS Describe and correct the error in graphing the equation. 
16. 17. 
ES mE 
36 oon ы ДЕ 


шшк у иш 


a 

= 

ишак чш 
DEN 


: EXAMPLE 2 WRITING EQUATIONS Write an equation of the hyperbola with the given foci 


CESE 


: on p. 643 and vertices. 
: for Exs. 18-26 


18. Foci: (0, —4), (0, 4) 19. Foci: (—6, 0), (6, 0) 
Vertices: (0, —2), (0, 2) Vertices: (—2, 0), (2, 0) 
20. Foci: (—5, 0), (5, 0) 21. Foci: (0, —12), (0, 12) 
Vertices: (—1, 0), (1, 0) Vertices: (0, —7), (0, 7) 
22. Foci: (—10, 0), (10, 0) (23) Foci: (0, -4V5), (0, 4V5) 
Vertices: (-5V3, 0), (5V3, 0) Vertices: (0, —4), (0, 4) 
24. Foci: (0, —3), (0, 3) 25. Foci: (—3V6, 0), (3V6, 0) 
Vertices: (0, -2V2) A (0, 2V2) Vertices: (—2, 0), (2, 0) 


9.5 Graph and Write Equations of Hyperbolas 645 


26. * MULTIPLE CHOICE What is an equation of the hyperbola with foci at 
(0, -6V3) and (0, 6/3) and with vertices at (0, —8) and (0, 8)? 


Ф 2-7-1 ®#-F-1 OL-£-1 OL-£-1 


108 44 68 64 44 108 64 


GRAPHING In Exercises 27-32, the equations of parabolas, circles, ellipses, and 
hyperbolas are given. Graph the equation. 


2 y 
27. 28 — 49 28. y^ — 18x 29. 48x* + 12y* = 48 
2 y? у? 2 
б xs eria eld £u ie 2 2 — 
30. 144 + 256 1 31. 25 121 1 32. 18х° + 18y” = 288 


33. * SHORT RESPONSE Describe the effects of the indicated change on the 
shape of the hyperbola and on the locations of the vertices and foci. 
y me e 


2 
X". ^ a 
a dmi 1; change 36 to 4 


= 1; change 4 to 25 
34. GRAPHING CALCULATOR Graph each hyperbola using a graphing calculator. 
Tell what two functions you entered into the calculator. 
2 2 2 y? 


PP OO rt GEM a E - 
а. ре е аи i с. 5х“ — 7.5y* = 12 


35. ж OPEN-ENDED MATH Give equations of three hyperbolas with horizontal 
transverse axes and asymptotes y = +2x. Compare the hyperbolas. 


36. REASONING Use the diagram at the right to show 
that ld, = а | = 2a. (Hint: |d, — d,| is constant, so 
choose a convenient location for (x, y).) 


37. CHALLENGE Using the distance formula and the 
definition of a hyperbola, write an equation in 
standard form of the hyperbola with foci at 
(+2, 0) if the difference in the distances from a 
point (x, y) on the hyperbola to the foci is 2. 


PROBLEM SOLVING 


¡ EXAMPLE 3 | 


: on p. 644 
: for Exs. 38-40 
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38. TELESCOPES A satellite is carrying a telescope that has a hyperbolic mirror 
for which а = 33 and с = 56 (in centimeters). Write an equation for the cross 
section of the mirror if the transverse axis is horizontal. 


MILL Tu 
@Homelutor for problem solving help at dasszone.com 


39. SPINNING CUBE The outline of a cube spinning 
around an axis through a pair of opposite 
corners contains a portion of a hyperbola, 
as shown. The coordinates given represent a 
vertex and a focus of the hyperbola for a cube 
that measures 1 unit on each edge. Write an 
equation that models this hyperbola. 


utor for problem solving help at dasszone.com 


De gn е 1 


= WORKED-OUT SOLUTIONS Ж = STANDARDIZED e = MULTIPLE 
on p. WS1 TEST PRACTICE REPRESENTATIONS 


40. SUN'S SHADOW Each day, except at the fall and spring equinoxes, the tip 
of the shadow of a vertical pole traces a branch of a hyperbola across the 
ground. The diagram shows shadow paths for a 20 meter tall flagpole in 
Dallas, Texas. 


Dec 21 


a. Write an equation of the hyperbola with center at the origin that models 
the June 21 path, given that a = 13.3 meters and c = 28.2 meters. 


b. Write an equation of the hyperbola with center at the origin that models 
the September 1 path, given that a = 4.1 meters and c = 25.0 meters. 


(41.) MULTI-STEP PROBLEM The roof of the 
St. Louis Science Center has a hyperbolic 
cross section with the dimensions shown. 


a. Suppose a coordinate grid is overlaid on 
the diagram with its origin at O, the center 
of the narrowest part of the roof. What are 
the coordinates of the points at A and B? 


b. Use your answers from part (a) to write an 
equation that models the cross section. 


с. Find the total height Л of the roof. 


42. 49 MULTIPLE REPRESENTATIONS A circular walkway is to be built around 
a statue in a park. There is enough concrete available for the walkway to 
have an area of 600 square feet. 


a. Writing an Equation Let the inside and outside radii of the walkway be 
x feet and y feet, respectively. Draw a diagram of the situation. Then 
write an equation relating x and y. 


b. Making a Table Give four possible pairs of dimensions x and y that 
satisfy the equation from part (a). 


c. Drawing a Graph Graph the equation from part (a). What portion of the 
graph represents solutions that make sense in this situation? 


d. Reasoning How does the width of the walkway, y — x, change as both 
хапа y increase? Explain why this makes sense. 


43. * SHORT RESPONSE Two stones dropped at the 
same time into still water produce circular ripples 
whose intersection points form hyperbolas with 
foci where the stones hit the water. The graph 
shows one hyperbola formed by stones dropped 


ner 
SAN 


12 feet apart with ripples at 1 foot intervals. A y 
a. Write an equation of this hyperbola. ÓN 
b. Use the definition of a hyperbola to explain M A OXON 


why the graph shown is a hyperbola. 
(Hint: Examine the distances from each 
intersection point to the foci.) 
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44. CHALLENGE Two microphones placed 
1 mile apart record the bugling of a 
bull elk. Microphone A receives the 
sound 2 seconds after microphone B. 
Sound travels at 1100 feet per second. Is 
this enough information to determine 
where the elk is located? If so, give the 
location. If not, explain why not. 


Mixen Review = 


Perform the indicated operation, if possible. If not possible, state the reason. 


T4 —5 6 12 6 24 8 12 
4. |; a| t| 4 а | 192 46. |-1 3|-—| 5 —6 | (p.187) 
—8 15 32. —9 
1.1271 : F 195 a ER ASA рона 
“| ж 5 lads |82 || з: т «pee 
-3 2 
: PREVIEW Write the quadratic function in vertex form. Then identify the vertex. (p. 284) 
: Prepare for a E a йы: Me | 
: Lesson 9.6 49, у= x^—Ax +7 50. y-x^—2x-—5 51. у= x^ + 14х + 54 
: in Exs. 49-54. | 52. у= —x? — 8x — 20 53. у= x? + 9x – 12 54. у= 2х? - 2x - 9 


(p. 634) 
gr. Ey A ы 
hse A lul 3. 36x^ + 9y” = 324 
Write an equation of the ellipse with the given characteristics and center at 
(0, 0). (p. 634) 
4. Vertex: (0, 5) 5. Vertex: (10, 0) 6. Co-vertex: (—V15, 0) 
Co-vertex: (—4, 0) Focus: (—8, 0) Focus: (0, —5) 
Graph the equation. Identify the vertices, foci, and asymptotes of the 
hyperbola. (p. 642) 
y x 2 2 2 2 
к or 8. 4x° — 16у = 64 9. 12у — 20x* = 240 


Write an equation of the hyperbola with the given foci and vertices. (p. 642) 


10. Foci: (—5, 0), (5, 0) 11. Foci: (0, —3), (0, 3) 12. Foci: (—3V6, 0), (3V6, 0) 
Vertices: (—2, 0), (2, 0) Vertices: (0, —1), (0, 1) Vertices: (—3, 0), (3, 0) 


13. ASTEROIDS The largest asteroid, 1 Ceres, ranges from 2.55 astronomical 
units to 2.98 astronomical units from the sun, which is located at one focus 
of the asteroid's elliptical orbit. Find a and c. Then write an equation of the 
orbit of 1 Ceres. (p. 634) 
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3.0 Exploring Intersections of 
Planes and Cones 


MATERIALS = flashlight * graph paper 


The reason that parabolas, circles, ellipses, and hyperbolas are called conics 
or conic sections is that each can be formed by the intersection of a plane anda 
double-napped cone, as shown below. 


Ellipse Parabola Hyperbola 


Ir 


[STEP t| Draw axes 


Work in a group. On a piece of graph paper, draw x- and y-axes 
to make a coordinate plane. Then tape the paper to a wall. 


STEP 2| Model a circle 


Aim a flashlight perpendicular to the paper so that the light 
forms a circle centered on the origin of the coordinate plane. 
Trace the circle on the graph paper. Find the circle's radius, 
and use it to write the standard form of the circle's equation. 


[STEP 3| Model an ellipse 


Tilt the flashlight, and aim it at the paper to form an ellipse 
with a vertical major axis and center at the origin. Trace the 
ellipse and write the standard form of its equation. 


IM, oe i ў zu = | | | i Te аса a 


. Compare the equations for your circle and for your ellipse with the equations 
of other groups. Are your equations all the same? Why or why not? 


. Refer to the diagram of a hyperbola to explain how you can orient the 
flashlight beam to form a branch of a hyperbola on the wall. 


9.6 Translate and Classify Conic Sections 


© б Translate and Classify С 
Conic Sections s 


You graphed and wrote equations of conic sections. 


| Now | You will translate conic sections. E ye 
So you can model motion, as in Ex. 49. NET au m 
СЕИ А ДНЕ ья. 
| ГЕ а i EV f 7 Р 1 


кеу Vocabulary Because parabolas, circles, ellipses, апа hyperbolas аге pst when a plane 
° conte sections intersects a double-napped cone, they are called сопіс s 

(conics) 
* general second- 

degree equation 
e discriminant 


Previously, you studied equations of parabolas with vertices at the origin and 
equations of circles, ellipses, and hyperbolas with centers at the origin. Now you 
will study how translating conics in the coordinate plane affects their equations. 


KEY CONCEPT For Vour Wotebook 


> Standard Form of Equations of Translated Conics 


In the following equations, the point (h, k) is the vertex of the parabola and the 
center of the other conics. 


: Circle (х – А)? + (у – №? = г 

: Horizontal axis Vertical axis 

: Parabola (у – b = 4p(x — №) (х h)? = 4p(y — k) 

| e -h Y-K (х – h? , (y- k* 

> Ellipse ———— + ~___ = ] PE e PA | 

| m E p p a 

: x-h? (у №? Y-K? œ- h)? 

> Hyperbola ———————=1 AA 
з @ p E p 


(EXAMPLE 1 craph the equation of a translated circle 


Graph (x — 2)? + (y + 3)? = 9. 


Solution 


STEP? Compare the given equation to the standard 
form of an equation of a circle. You can 
see that the graph is a circle with center at 
(h, k) = (2, —3) and radius r = V9 = 3. 


STEP 2 Plot the center. Then plot several points that 
are each 3 units from the center: 


(2+ 3, —-3)=(5,-3) (2-3, –3) = (71, —3) 
STEP 3 Draw a circle through the points. 
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| ExAMPLE 2 craph the equation of a translated hyperbola __ 


(y-3* (х+ 1)? 
| Стари 2—5 


= 1. 


Solution 


STEP? Compare the given equation to the standard forms of equations of 

hyperbolas. The equation's form tells you that the graph is a hyperbola 
| with a vertical transverse axis. The center is at (Л, k) = (—1, 3). Because 
а? = 4 and b° = 9, you know that a = 2 and b= 3. 


STEP 2 Plot the center, vertices, and foci. The vertices 
lie a = 2 units above and below the center, at 
(—1, 5) and (-1, 1). Because с? = a? + P? = 13, 
the foci lie c = V13 = 3.6 units above and 
below the center, at (—1, 6.6) and (—1, —0.6). 
: SOLVE FOR Y 


$s plot additio nal points Y STEP 3 Draw the hyperbola. Draw a rectangle 

: on the hyperbola, solve centered at (—1, 3) that is 2a = 4 units high 
I y to obtain and 2b = 6 units wide. Draw the asymptotes 

: z through the opposite corners of the rectangle. 
iy=3+ 211 ¿HE = » Then draw the hyperbola passing through the 
: vertices and approaching the asymptotes. 
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v GUIDED PRACTICE | for Examples 1 and 2 


Graph the equation. Identify the important characteristics of the graph. 


| 1. (x+ 1)? + (y-3)?=4 2. (x — 2)? = 8(y + 3) 
| 2 (у= 4) _ (х 2)2 ,(y-D _ 
| i. (x + 3) —q "1 4, 16 Lr =l 


< [EXAMPLE 3 J Write an equation of a translated parabola 


Write an equation of the parabola whose vertex is at (—2, 3) and whose 
focus is at (—4, 3). 


Solution 


STEP? Determine the form of the equation. Begin by 
making a rough sketch of the parabola. Because 
the focus is to the left of the vertex, the parabola 
opens to the left, and its equation has the form 
(y — k)* = 4p(x — h) where p « 0. 


STEP2 Identify h and К. The vertex is at (—2, 3), so 
h= —2and К = 3. 


STEP3 Find p. The vertex (—2, 3) and focus (—4, 3) both 
lie on the line y = 3, so the distance between them 
is |p| = |-4 — (-2)| = 2, and thus p = +2. 
Because р < 0, it follows that р = —2, so 4p = —8. 


> The standard form of the equation is (y — 3)* = —8(x + 2). 


9.6 Translate and Classify Conic Sections 651 


e [| EXAMPLE 4 | Write an equation of a translated ellipse | 


Write an equation of the ellipse with foci at (1, 2) and (7, 2) апа co-vertices at 
(4, 0) and (4, 4). 


Solution 


STEP? Determine the form of the equation. First sketch 
the ellipse. The foci lie on the major axis, so the 
axis is horizontal. The equation has this form: 


œ- (у– Ю? 
МЕ Вам ЖЕЕ] 
а? b* 


STEP 2 Identify h and k by finding the center, which is 
halfway between the foci (or the co-vertices). 


: FIND DISTANCE Г 
do eo STEP 3 Find b, the distance between a co-vertex and the center (4, 2), and c, the 


| The Corvertices Пе ап distance between a focus and the center. Choose the co-vertex (4, 4) 


: a vertical line through 
i she ceriter and the de and the focus (1, 2): b = |4 — 2| = Запа: |1 — 4| =@ 


: Не on a horizontal line STEP 4 Find a. For an ellipse, a? = b? + c? = 2° + 3? = 13, soa = V13. 
: through the center, so 


a - 2 =. 2 2 
: you do not have to use » The standard form of the equation is GA + we ИВ i. 
: the distance formula. — — 13 4 


ЄТ) identify symmetries of conic sections 


Identify the line(s) of symmetry for each conic section in Examples 1-4. 


Solution 


For the circle in Example 1, any For the hyperbola in Example 2, 


line through the center (2, —3) х= —1 and y = 3 are lines of 
is a line of symmetry. symmetry. 


For the parabola in Example 3, For the ellipse in Example 4, x = 4 
| y=3isaline of symmetry. and y = 2 are lines of symmetry. 
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for Examples 3,4, und 5 


Write an equation of the conic section. 
5. Parabola with vertex at (3, —1) and focus at (3, 2) 
6. Hyperbola with vertices at (—7, 3) and (—1, 3) and foci at (—9, 3) and (1, 3) 


Identify the line(s) of symmetry for the conic section. 


(a 5? y? NT CNN ip, 0-2 
XP ous 8. (x + 5) = 8(y — 2) э. 49 121 


= 1 


For Your Notebook 


: Any conic can be described by a general second-degree equatior 
and y: Ax? + Bry + Cy? + Dx + Ey + Е= 0. The e expression nB- AACI is the 
ninant of the equation and can be used to identify the type of conic. 


liscrii 


Discriminant Type of Conic 
В? —4AC«0, В = 0, апад = C Circle 

В? — 4AC «0 and either B + ОогА + C Ellipse 

В? – ДАС = 0 Parabola 

B* — 4AC>0 Hyperbola 


If B = 0, each axis of the conic is horizontal or vertical. 


(IER iassityaconic - 


Classify the conic given by 4x? + y? — 8x — 8 = 0. Then graph the equation. 


| Solution 
Note that = 4, В = 0, and C = 1, so the value of the discriminant is: 
В? — 4AC = 0% — 4(4)(1) = —16 


: COMPLETE | Because B^ — 4AC « 0 and A # C, the conic is an ellipse. 
: THE SQUARE | | | 

: For help with » To graph the ellipse, first complete the square in x. 

: completing the square, Ax? + у? —8x— 8-20 


: see p. 284. 
idis (Ax? - 8x) + y? = 8 


4(х2 — 2х) + у? = 8 
A(x? — 2х + 2) + у? = 8 + 40%) 
402 — 2x + 1) + y? = 8 + 4(1) 

A(x — D* + у? = 12 


| 
| From the equation, you can see that (h, k) = (1, 0), a = V12 = 2V3, and b = УЗ. 


| Use these facts to draw the ellipse. 
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Solve a multi-step problem MEN 


PHYSICAL SCIENCE In a lab experiment, you record 
images of a steel ball rolling past a magnet. The 
equation 16x? — 9y? — 96x + 36y — 36 = 0 models 
the ball's path. 


* What is the shape of the path? 


M 


у ge Magnet 


* Write an equation for the path in standard form. 


* Graph the equation of the path. 


Solution 


STEP? Identify the shape. The equation is a general second-degree equation 
with A = 16, B = 0, and C = —9. Find the value of the discriminant. 


В? — 4AC = 0? — 4(16)(-9) = 576 


Because B* — 4AC > 0, the shape of the path is a hyperbola. 


STEP 2 Write an equation. To write an equation of the hyperbola, complete the 
square in both x and y simultaneously. 


16x* — 9y^ — 96x + 36y — 36 = 0 


(16x* — 96x) — (9y* — 36y) = 36 
: AVOID ERRORS 


: To compleie He square. 16(x* — 6x + Ф) — 9(y* — 4y + @) = 36 + 16( 7) — 9(2) 
: in two variables, you 16(х2 — 6x + 9) — 9(y? — dy + 4) = 36 + 16(9) — 9(4) 

: must add a quantity to 2 a 

: or subtract a quantity 16(х — 3)" — 9(у - 2)" = 144 

: from each side for each x-3? (y-2) 

: variable. — pp >? 


STEP 3 Graph the equation. From the equation, the 
transverse axis is horizontal, (h, k) = (3, 2), 
a= V9 = 3, and b = V16 = 4. The vertices are 
at (3 + a, 2), or (6, 2) and (0, 2). 


Plot the center and vertices. Then draw a 
rectangle 2a = 6 units wide and 2b = 8 units 
high centered at (3, 2), draw the asymptotes, 
and draw the hyperbola. 


Notice that the path of the ball is modeled by 
just the right-hand branch of the hyperbola. 


р PRACTICE for Examples 6 and 7 


| Classify the conic section and write its equation in standard form. Then graph 


the equation. 
10. х? + у? -—2x+ 4y+1=0 11. 2x7 + y^ — 4х-4= 0 
12. у – 4у – 2х+6 = 0 13. 4х2 — у? — 16x – 4у – 4 = 0 


14. ASTRONOMY An asteroid's path is modeled by 4x* + 6.25y^ — 12x — 16 = 0 
where x and y are in astronomical units from the sun. Classify the path and 
write its equation in standard form. Then graph the equation. 
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* = STANDARDIZED TEST PRACTICE 
Exs. 2, 12, 36, 45, 51, and 52 


EXERCISES HOMEWORK: (C) = WORKED-OUT SOLUTIONS 
9.6 KEY: on p. WS17 for Exs. 3, 19, and 49 


SKILL PRACTICE 


1. VOCABULARY Explain why circles, ellipses, parabolas, and hyperbolas are 
called conic sections. 


2. * WRITING Explain how the discriminant of a general second-degree 
equation can be used to identify what conic the equation represents. 


: EXAMPLES GRAPHING Graph the equation. Identify the important characteristics of the 

ICH NE 

: on pp. 650-651 | (x — 6)? 

: for Exs. 3-12 (з) + 4)? = -80-2 4. x 2) + (y- 7)? = 9 B ИЕ Ш 
в. Ut _ wre _, 7, +20 0-28 8. (x— 5)? + (y + 1)? = 64 

"49 9 `2 16 36 4 
NT х2, (у= 2)? _ (х + 3)2 _ (у 4)? _ 

9. (y - D)* = 4(x + 6) 10. 25 T 1 1 11. 9 TE 1 


12. * MULTIPLE CHOICE What are the coordinates of the co-vertices of the 
16 4 


СА) (0, 1), (8, 1) (В) (8, 1); (0, 1) © (4, 3), (4, -H D (—4, 3), (+4, =H 


ellipse with equation 


: EXAMPLES WRITING EQUATIONS Write an equation of the conic section. 
: д 13. Circle with center at (—5, 1) and radius 6 
: for Exs. 13-21 14. Circle with center at (9, —1) and radius 2 

15. Parabola with vertex at (—4, —3) and focus at (1, —3) 

16. Parabola with vertex at (5, 3) and directrix y = 6 

17. Ellipse with vertices at (—3, 4) and (5, 4) and foci at (—1, 4) and (3, 4) 

18. Ellipse with vertices at (-2, 1) and (—2, 9) and co-vertices at (—4, 5) and (0, 5) 
Hyperbola with vertices at (6, —3) and (6, 1) and foci at (6, —6) and (6, 4) 
| 20. Hyperbola with vertices at (1, 7) and (7, 7) and foci at (—1, 7) and (9, 7) 

21. ERROR ANALYSIS Describe and 

correct the error in writing an Axis is horizontal; (h, k) 2, 3); 


equation of the ellipse with 2) 3. 
vertices at (—7, 3) and (3, 3) and : 


= i = = 2 5 
co-vertices at (—2, 6) and (—2, 0). Equation: (x = ) (y 3) yq 


: EXAMPLE 5 LINES OF SYMMETRY Identify the line(s) of symmetry for the сопіс section. 


: опр. 652 ae RE жнр 
i for Exs.22-27 | 22, S a 23. (y — 4)? = 6(x + 6) 24. — Y E = 1 
a 
25. (y-5*- E 1 26. (х + 3)? = 10(y - 1) 27. (x + 2)? + (y+ 1? = 121 
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: EXAMPLEG | CLASSIFYING CONICS Use the discriminant to classify the conic section. 


TEA AAA 


: on p. 653 | E a ES pus D S Eom 
lor үе 28 86 28. 6х°—2у + 24x+2y-1=0 29. х? + y^ — 10x — 6y + 18-0 
30. y” — 10у – 5х + 57 = 0 31. 4x? + y? — 48x — My + 189 = 0 
32. 9х? + 4y? + 8y + 18x – 41 = 0 33. x? — 18x + 6y + 99 = 0 
34. х? + у? - 6х + 8у – 24 = 0 35. 8х? — 9y? — 40x + 4y + 145 = 0 


36. * MULTIPLE CHOICE The equation 4x? + у? + 32x — 10у + 85 = 0 represents 
what conic section? 


СА) Circle (B> Ellipse (С) Hyperbola (D> Parabola 

: EXAMPLES CLASSIFYING AND GRAPHING Classify the conic section and write its equation 
:6and7 — —— in standard form. Then graph the equation. 
: On pp. 653-654 | ay ee ap $ _ = 
ore 39-44 | 3^ х? + у? —14x + 4y-11=0 38. х? + 4y* — 10х + 16у + 37 = 0 

39. х? — 16x — 8y + 80 = 0 40. 9у2 — х? — 54у + 8х + 56 = 0 

41. 9x? + 4y? — 36x — 24у + 36 = 0 42. y? + My + 16x + 33 = 0 

43. x^ + у? + 16x — 8y + 16 = 0 44. х? — 4у? + 8x — 24у – 24 = 0 


45. * SHORT RESPONSE Consider a general second-degree equation where 
В = 0. Explain how you can classify the equation's graph without graphing or 
using the discriminant. 


46. REASONING In Chapter 8, you graphed hyperbolas with equations of the 
form y = = Write y = = as a general second-degree equation, and use the 
discriminant to show that the graph is a hyperbola. 

47. CHALLENGE Find expressions in terms of c, h, and k for the coordinates of the 


foci of a hyperbola with a vertical transverse axis and center (h, k). Then find 
| equations of the asymptotes in terms of a, b, h, and К. 


PROBLEM SOLVING 


: EXAMPLES 48. ICESKATING A figure skater practices skating figure eights, which are 
:3and4 — formed by etching two externally tangent circles in the ice. Write equations 
: on pp. 651-652 for the circles in a figure eight if each is 8 feet in diameter, the circles 
: for Ex. 48 — at the origin, and the centers of the circles are on the y-axis. 
Tuto! or for problem solving help at classzone.com - : 
: EXAMPLES Du JUMPING STILTS The leap of a person wearing “jumping stilts” is modeled 
: Gand 7 by x? — 10x + 4y = 0 where x and y are in feet and the origin marks the start 
: on рр. 653—654 of the leap. Write an equation in standard form for the path of the leap. How 
: for Exs. 49-50 high and how far does the person jump? 


(OCT 790 > 
п lomeTutor - 


for problem solving help at classzone.com 


50. SPACECRAFT A spacecraft uses Saturn’s gravitational force to “slingshot” 
around the planet on the path 21y* — 210y — 4x* = —441, where the origin 
represents Saturn’s center and x and y are in hundreds of thousands of 
kilometers. What is the shape of the path? Write an equation in standard 
form for the path. Then graph the equation. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
656 on p. WS1 TEST PRACTICE 


51. * EXTENDED RESPONSE You are in a park surfing the Internet on a 
wireless connection. A hotel's wireless transmitter is located 100 yards east 
and 60 yards south of you. It has a range of 150 yards. A café's transmitter is 
located 80 yards west and 70 yards south of you. It has a range of 100 yards. 


a. With your location as the origin, write inequalities for circular regions 
around the hotel and café in which you can get wireless Internet access. 


b. Graph the inequalities. Are you in only one region or in both? Explain. 
c. Explain how to determine whether the regions overlap without graphing. 


52. * SHORT RESPONSE Tell what conic section is formed in 
the situation described. Explain your reasoning. 


Conic sections 


a. To use a new tube of caulk for the first time, you cut the 
cone-shaped tip diagonally as shown. 


b. When you sharpen a pencil with flat sides, each side 
intersects the cone-shaped tip as shown. 


53. CHALLENGE A degenerate conic results when the intersection of a plane 
with a double-napped cone is not a parabola, circle, ellipse, or hyperbola. 


Diagram 1 Diagram 2 Diagram 3 


a. In Diagram 1, a plane perpendicular to the cone's axis passes through 
the cone, intersecting it in a circle whose radius decreases and then 
increases. When is the intersection not a circle? What is it? 


b. In Diagram 2, a plane parallel to the cone's axis passes through the cone, 
intersecting it in a hyperbola whose vertices get closer together and then 
farther apart. When is the intersection not a hyperbola? What is it? 


c. In Diagram 3, a plane parallel to the cone's nappe passes through the 
cone, intersecting it in a parabola that first gets narrower, then flips and 
gets wider. When is the intersection not a parabola? What is it? 


MIXED REVIEW. 


; PREVIEW č  — _ Solve the system using the substitution or elimination method. (р. 160) 
: dei t 54. Ax + Зу = 7 55. x+ 3y = —2 56. 3x — 2y — 13 
: in Exs. 54-59. —x + 2у = 12 5x t 7y = 14 ox + Зу = —29 
57. 4x — 5y = —14 58. 5х + 2у = 5 59. 2x + y= —7 
Зх + 2y = 24 —2x + Зу = —21 ox + 4у = -1 


Expand the expression. (p. 507) 


60. In ху 61. log, 2 62. log, 48x? 63. In ух 
Condense the expression. (p. 507) 
64. 6 log. s — 3 log, t 65. log 20 + log 125 + 21og2 66. 21n x — 2(In y + 0.25 In y) 
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Solve Quadratic 
Systems 


You solved linear systems. 
[ Now | You will solve quadratic systems. 


So you can find intersections involving conics, as in Ex. 40. 


y In Chapter 3, you solved systems of linear equations by graphing, substitution, 
. quadratic system and elimination. You can use the same techniques to solve systems that include 
one or more equations of conics. These systems are called quadra 


If the graphs of the equations in a system are a line and a conic section, the 
graphs can intersect in zero, one, or two points, and so the system can have zero, 
one, or two solutions. Three possible scenarios are shown below. 


A, 


No solution One solution Two solutions 


34111743 Solve а linear-quadratic system by graphing 


Solve the system using a graphing calculator. 
y -7x+3=0 Equation 1 
2X у= 3З Equation 2 

Solution 


STEP? Solve each equation for y. 


y-7x*3-20 2x-y=3 
y = 7х— 3 -y= -2x +3 

: AVOID ERRORS 
To graph Eq aioa 7 de P» yecY6x—3 Equation 1 y=2x-3 Equation 2 
: be sure to enter both , 
pese STEP2 Graph the equations у = V7x — 3, 
iy = -V7x — 3 into the у= 1788,8 iis. 
: graphing calculator. Use the calculator's intersect feature to 

find the coordinates of the intersection 

points. The graphs of y = —V7x — 3 and Intersection 


y = 2x — 3 intersect at (0.75, —1.5). The X=.75 Y=-1.5 
graphs of y = Ү7х – 3 and y = 2x – 3 a | 
intersect at (4, 5). 


* The solutions are (0.75, —1.5) and (4, 5). Check the solutions by substituting the 
coordinates of the points into each of the original equations. 
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4% | ExampLe 2 sove a linear-quadratic system by substitution 


: AVOID ERRORS 


: You can also substitute 

: x= 3 in Equation 1 to 

: find y. This yields two 

: apparent solutions, (3, 1) 
: and (3, —1). However, 

{ (3, —1) is extraneous 

: because it does not 

: satisfy Equation 2. 


| 


Solve the system using substitution. 
х? + у> = 10 Equation 1 
у= 3х + 10 Equation 2 
Solution 
Substitute —3x + 10 for y in Equation 1 and solve for x. 
x*+y*=10 Equation 1 
х? + (-Зх + 10)? = 10 Substitute for y. 
х? + 9х? – 60х + 100 = 10 Expand the power. 
10x — 60x + 90= 0 Combine like terms. 
х? – 6x +9 = 0 Divide each side by 10. 
(x – 3)* = 0 Perfect square trinomial 


x=3 Zero product property 


9» To find the y-coordinate of the solution, substitute 
| 


х = 3 in Equation 2. 
y= -3(3) + 10 =1 
* The solution is (3, 1). 


CHECK You can check the solution by graphing the 
equations in the system. You can see from the graph 
shown that the line and the circle intersect only at 
the point (3, 1). 


. GUIDED PRACTICE for Examples 1 and 2 


- Solve the system using a graphing calculator. 
1. x? + y? = 13 2. х? + 8 —4-0 3. y +6x-1=0 
y=x-1 y=2x+7 у= —0.4x + 2.6 
Solve the system using substitution. 


4. у = 0.5х – 3 5. у —2x— 10 = 0 6. у = 4х - 8 
х? + 4у2 – 4 = 0 y=-x-1 9x* — у? – 36 = 0 


QUADRATIC SYSTEMS Two distinct сопіс sections сап have from zero to four 
points of intersection. Several possible scenarios are shown below. 


10) OPM 


No solution One solution Two solutions Three solutions Four solutions 


In the examples on the next page, you will use elimination to solve systems of 
two second-degree equations. 


9.7 Solve Quadratic Systems 


659 


Solve а 


Solve the system by elimination. — 9x^ + y^ — 90x + 216 - 0 Equation 1 


adratic system by elimination 


x – у> – 16 = 0 Equation 2 
Solution 
: ANOTHER WAY 
i "can | au f meret Add the equations to eliminate the y -term and obtain a quadratic equation in x. 
: You can also solve 
: by substitution: Solve 9x? + y? — 90x + 216 — 0 
: Equation 2 for y?, then : _ 
: substitute the result in “ту 16=0 
: Equation 1. 10x2 -90x+200=0 Add. 


х? – 9х +20= 0 Divide each side by 10. 

(x —4)(x —5) =0 Factor. 
x=4orx=5 Zero product property 

When x = 4, y = 0. When x = 5, у = +3. 
> The solutions are (4, 0), (5, 3), and (5, —3), as shown. 


Solve a real-life quadratic system 


NAVIGATION А ship uses LORAN (long-distance radio 
navigation) to find its position. Radio signals from 
stations A and B locate the ship on the blue hyperbola, 
and signals from stations B and C locate the ship on 
the red hyperbola. The equations of the hyperbolas are 
given below. Find the ship's position if it is east of the 
y-axis. 


х? – у? – 16х + 32-0 Equation 1 
-x° + у? — 8у +8 = 0 Equation 2 


Solution 
STEP YT Add the equations to eliminate the x^- and y?-terms. 
х? — y? – 16x +32=0 
-—x? + y —8y+ 8-0 
-16x — By + 40 = 0 Add. 
y=-2x+5 XS Solve for y. 
STEP 2 Substitute —2x + 5 for y in Equation 1 and solve for x. 
х? – у? – 16х + 32= 0 Equation 1 
х? — (—2х + 5)? – 16х + 32= 0 Substitute for y. 
Зх? —4x-7=0 Simplify. 
(x + 1)(3x — 7) = 0 Factor. 


x =-lorx= $ Zero product property 


STEP 3 Substitute for x in y = —2x + 5 to find the solutions (—1, 7) and E +) 


> Because the ship is east of the y-axis, it is at | 2 | 


Fs 
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for Examples 3 and 4 


7. —2у +x+2=0 8. xX^-y^—16x-39-0 9. х? + Ay + Ax + 8у = 8 
x^ +y —1-20 х“-у —9=0 y —-x+2y=5 


10. WHAT IF? In Example 4, suppose that a ship’s LORAN system locates the 
ship on the two hyperbolas whose equations are given below. Find the ship’s 
location if it is south of the x-axis. 


х? – уг – 12х +18 =0 Equation 1 
y-x-4y-2-20 Equation 2 


9.7 EXERCISES "t Omnem 
e KEY: on p. WS17 for Exs. 5, 15, and 41 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 21, 34, 42, and 44 


‘SKILL PRACTICE 


1. VOCABULARY Copy and complete: The equations x? + 5x + Зу” = 9 and 
4x* — 12у + 16 = 0 form a(n) _? system of equations. 


2. * WRITING Explain what method you would use to solve the following 
system. Do not solve the system. 
3x^--y^—5x-0 Equation 1 
2x^-y^—15-0  Equation2 


: EXAMPLE 1 SOLVING BY GRAPHING Solve the system using a graphing calculator. 


E EEE 


¿ On p. 658 3. 2+y-32=0 4. y+ 2x2-9=0 (5.)y-3x+4=0 
: for Exs. 3-8 aan oe 2 —3x? m 
у-х= 0 y+4x+1=0 3x^-y^-6-20 
6. y+ 2x=6 т. х? + у? = 16 8. 3(у + 3? + 4х = 0 
3x? + y? = 12 y-2x=1 y-2x=11 
: EXAMPLE2 | SOLVING BY SUBSTITUTION Solve the system using substitution. 
Elo 9. y-x-6-0 10. 2+y2-25=0 11. -2x+y-8=0 
: for Exs. y+x=0 у=2х— 10 x*--4y^—40-0 
12. -xf + 2y*=8 13. 6x^ + 3y? = 12 14. -3х + у= 6 
—x+y=-2 y=-x+2 8х+у + 24 = 0 
(is) 4x? – 5^ = -76 16. x? + y? = 20 17. 9х? + 4y? = 36 
| 2x+y=-6 y=x-4 by E 
18. X^ +6x+4y-3=0 19. Ax? -2y, -x -y ^6 20. Ax^ — y^ — 32x — 2y = —59 
у+3х+1=0 3x-y=2 2х+у-7=0 


21. * MULTIPLE CHOICE Which ordered pair is a solution of the linear-quadratic 
system below? 


6x^ — 5х + By? + у = 23 
Ж YS 
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: EXAMPLES SOLVING QUADRATIC SYSTEMS Solve the system. 


d4 
EFE өөө 22. бх? – у? – 15 = 0 23. 5х? + 25у? — 125 = 0 24. 10у= х? 
уст бук. 23-88 х2 + у? – 13 = 0 -х+уѓ-5=0 x*-6=-2 
25. X^ —y-4x+2=0 26. х? —2y = 6 27. X^ + 2*7 — 10 = 0 
-xf +y – 4у+2= 0 х? – y = -27 Ay! - x-4-0 
28. х? + y? - 16x + 39 = 0 29. x? — y? — 8x + 8y — 24 30. 161? — y? + 16у — 128 = 0 
х“—у*—9=0 х? + у? – 8х – By = —24 у? — 48х – 16у – 32 = 0 
31. 4х? — 56x + 9y=-160 32. х^ – у – 32х+ 128=0 33. y^ * x-3-0 
4х? + у - 64 = 0 y – х? – 8у+8 = 0 х? – 4х + 3у+1= 0 


34. * MULTIPLE CHOICE How many solutions does the system consisting of the 
equations х? + у? + 6x = 0 and y^ + x — 6 = 0 have? 


@ 0 ® 1 © 2 D 4 


35. ERROR ANALYSIS Describe and 
correct the error in using substitution Solve Equation 2 for x: x 
to begin solving the system below. 


Then solve the system. Substitute for x in Equation 1: 


х? + у? – 2х – 2у = -1 Equation 1 bd 
у +x=1 Equation 2 2y 2y ay 
2y 72у X 


36. REASONING Solve the system consisting of the equations x + y = 1 апа 


4y* = 16 — 8x*. What do you notice? Е 


37. GRAPHING CALCULATOR Consider the system consisting of the equations 
Зу? + x? + 4х + 18у = —28 and 9y? — Ax? + 8х + 90у = —185. Solve each 
equation for y. Then use a graphing calculator to solve the system. 


38. CHALLENGE Solve the system x+y =l Equation 1 
of three equations shown. x+y’ +4х+4у – 5 =0 Equation 2 
x+y-1=0 Equation 3 


PROBLEM SOLVING 


: EXAMPLE 2 39. TRAFFIC SAFETY A car passes a parked police car and continues at a constant 

: оп р. 659 аа. speed т. The police car begins accelerating at a constant rate when it is passed. 

: for Exs. 39-41 The diagram indicates the distance d (in miles) the police car travels as a 
function of time ¢ (in minutes) after being passed. Write and solve a system of 


equations to find how long it takes the police car to catch up to the other car. 


РТ PAL, APO А 
@Homelu itor for problem solving help at dasszone.com 


= WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
662 on p. WS1 TEST PRACTICE 


40. BASEBALL The path of a baseball hit for a home гип can be modeled by 
x 


y--a tats where x and y are in feet and home plate is the origin. The 


ball lands in the stands, which are modeled by 4y — x = —352 for x = 400. How 
far horizontally and vertically from home plate does the ball land? 


@Homelutor for problem solving help at dasszone.com 


MULTI-STEP PROBLEM To be eligible for a parking pass on a college campus, 
a student must live at least 1 mile from the campus center. 


campus center 


College Drive 


a. Write equations that represent the circle and Oak Lane. 
b. Solve the system that consists of the equations from part (a). 
c. For what length of Oak Lane are students not eligible for a parking pass? 


: EXAMPLES 42. ж SHORT RESPONSE A high school gym has a dome-shaped ceiling modeled 


: 3and4  — Бух? + у? + 60y — 3456 = 0 where x and y are in feet. A tennis player in 
: on p. 660 the gym hits a shot modeled by x° + y = 36 where the origin is located at 
: for Exs. 42-43 the base of the net. Solve the system of equations by both elimination and 


substitution. Do any solutions represent the ball hitting the ceiling? Explain. 


43. NAVIGATION A ship's LORAN system locates the ship on hyperbolas with 
the given equations. Find the ship's location for each pair of hyperbolas. In 
part (b), assume the ship is west of the y-axis. 


а. х? – уг – 8x +8 = 0 b. xy – 24 = 0 
у – х? – 8у +8 = 0 x? – 25у? + 100 = 0 


44. * EXTENDED RESPONSE А seismograph measures 
the intensity of an earthquake. A seismograph can 
determine distance to an earthquake's epicenter, 
but not direction. On January 22, 2003, a powerful 
earthquake struck Mexico's state of Colima. The 
diagram shows approximate distances from three 
seismic stations to the epicenter. The relative positions 
of the seismic stations are described below. 


Mexico City: 700 miles south and 300 miles east of Lajitas 
La Paz: 400 miles south and 400 miles west of Lajitas 


a. Model Using Lajitas as the origin, write an equation of 
each circle. Let each unit represent 100 miles. 


b. Eliminate Use the equation for the circle centered at Lajitas with each of 
the other two equations from part (a) to eliminate the x*- and y*-terms 
and find two new equations. 


c. Solve Solve the system of linear equations that results from part (b) to 
find the coordinates of the epicenter. 


d. Reasoning Explain why three stations are required to locate the epicenter. 
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45. CHALLENGE What is the width w of the D Ех 
thickest box that will fit in a mailbox \ y | 
with the dimensions shown? (Hint: Use 
the Pythagorean theorem and the fact | 
that Л АВС ~ ACDE to write a system of 8 in. 


two second-degree equations.) C 
IN 


ВхА Not drawn 


1N in. —— го scale 


‘MIXED REVIEW 


: PREVIEW 


: Prepare for —— 
{ Lesson 10.1 
: in Exs. 46-53. 


Evaluate the power. (p. 10) 

46. 2° 47. 5° 48. 3 49. 4% 
50. 6* 51. 16° 52. 11 53. 9° 
Write a polynomial function fof least degree that has rational coefficients, a 
leading coefficient of 1, and the given zeros. (p. 379) 

54. —4, 4,1 55 —3,—3;8,2 56. 2i; —2i 

57. 3, —V5 58. —1, 2, —3i 59. —2, 0, 4, V10 
60. BIOLOGY A beehive is 5 kilometers south and 7 kilometers east of a heather 


patch. The bees will fly up to 9 kilometers to feed on the heather. Is the patch 
located within the bees’ feeding range? (p. 626) 


Quiz for Lessons 9.6-9.7 


664 


Write an equation of the conic section. (p. 650) 
1. Ellipse with vertices at (3, —10) and (3, 6) and foci at (3, —7) and (3, 3) 
2. Parabola with vertex at (—5, 2) and focus at (—5, —1) 
3. Hyperbola with foci at (—3, 1) and (6, 1) and vertices at (0, 1) and (3, 1) 


Classify the conic section and write its equation in standard form. Then graph 
the equation. (p. 650) 


4. 9x* — 4y* — 36x — 32y — 64 = 0 5. —x^— y? — Ax + 12у + 129 = 0 
6. x° -6x- y + 16 = 0 7. 12x? + 45y? + 120x + 90y — 150 = 0 
Solve the system. (p. 658) 
8. x - 2y? = —6 9. х2 - Ax + y? + 6y= 12 10. x7-y—-4=0 
x+8y=0 2х-у= 4 х? + Зу? – 4у — 10 = 0 
ll. y — 6х – 2у- 3 = 0 12. y – 4х? — 4у = 0 13. 16x? + 9y? + 32x — 18у = 119 
2y —4y+x+6=0 2x? + y? – 8x – 4у = -8 х? +y + 2x + бу = 15 


14. RADAR А radar station reports that a ship is 10 miles away. At the same time, 
a second station 20 miles east and 15 miles north of the first one reports that 
the ship is 15 miles away. Write and solve a system of equations to locate the 
ship relative to the first station. Is only one location possible? Explain. (p. 658) 


EXTRA PRACTICE for Lesson 97, p. 1018 EL) ONLINE QUIZ at classzone.com 


Conic Sections 


[25719 Find and apply the eccentricity of a conic section. 


. Key Vocabulary In an ellipse that is nearly circular, major | 

* eccentricity the ratio с: ais close to 0. In a ү axis A | ж n 
more oval ellipse, с: а is close _ 
to 1. This ratio is the eccentricity | j 
of the ellipse. Every conic has an "a. RW. 


eccentricity e associated with it. axis 


KEY CONCEPT For Your Notebook 


Eccentricity of Conic Sections 


The eccentricity of each conic section is defined below. For an ellipse or 
hyperbola, cis the distance from each focus to the center, and a is the distance 
from each vertex to the center. 


Circle: e=0 Parabola: e= 1 


, Ellipse: e = = апаб<е<1 Hyperbola: e = £, ande> 1 


Find eccentricity 


Find the eccentricity of the conic section represented by the equation. 


(+07, (y—2)° _ 


2 | — 1\2 = i 
a. (x +3)? + (y- 1)? = 25 bh Е 


Solution 
a. Because this equation represents a circle, the eccentricity is e = 0. 


b. This equation represents an ellipse with a = V36 = 6, b = V16 = 4, and 
c= Va? — Е? = 2V5. The eccentricity is e = F = 25 == 0.745. 


Use eccentricity to write an equation 
Write an equation of a hyperbola with center (—2, 6), vertex (6, 6), and e = 2. 


Solution 

x-h* (y-Kk* 
а? р? 

center, so a = 8. Because е = = = 2, you know that = = 2, огс = 16. 


(х + 2% (y-6)? _ 
64 192 — 


Use the form 


= |. The vertex lies 6 — (—2) = 8 units from the 


So, b? = c? — a? = 256 — 64 = 192. The equation is 1 
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СТЕ) use eccentricity to write a model 


ASTRONOMY Pluto orbits the sun in an elliptical path with the center of the sun 
at one focus. The eccentricity of the orbit is e = 0.249 and the length of the major 
axis is about 79.0 astronomical units. Find an equation of Pluto's orbit. (Assume 
that the major axis is horizontal.) 


Solution 

x + F = 1. Using the length of the major 
a Pp 

axis, you know that 2a = 79.0, or a = 39.5. You can use the eccentricity and the 
value of a to find the value of с, and then use the values of a and cto find Р. 


The equation of the orbit has the form 


ans so 0.249 = —&, orc = 9.84 


39.5 
c = а? — №, so b = Ма? — с? = V(39.5)* — (9.84)? = 38.3 
2 у? 2 у? 
So, an equation for Pluto's orbit is —*—- + ———. = 1, or X к = 1, 
4 (39.5)? (38.3)? 1560 1470 


where x and y are measured in astronomical units. 


PRACTICE 


: EXAMPLE 1 


| iet yum ч, АУА 
: for Exs. 1-6 


: EXAMPLE 2 


* dass 


i for Exs. 7-12 


: EXAMPLE 3 


: on p. 666 
: for Exs. 13-14 


Find the eccentricity of the conic section. 


1. 


З. 


5. 


7(x — 3)? + 7(y + 7)? = 56 2. 16(x + D? — 9(y – 5)? = 144 
x-6?, (у = 5) _ (у — 4) w+ _ 
юе! 2. = 100 go” 

(x — 5)? = 10у 6. 81x + 4)? + (у— 9)? = 81 


Write an equation of the conic section. 


de 
. Ellipse with foci at (—4, 2) and (-4, —2), and e = 0.5 


14, 


15. 


Ellipse with vertices at (—6, 4) and (6, 4), and e = 0.4 


. Ellipse with center at (0, 5), vertex at (7, 5), and e = 0.2 
. Hyperbola with foci at (4, —5) and (4, 3), and e = 2.5 
. Hyperbola with vertices at (1, —4) and (7, —4), and e = 1.8 


Hyperbola with center at (-2, 3), focus at (—5, 3), and e = 4 


ASTRONOMY Nereid, a moon of Neptune, has the most eccentric orbit of any 
moon in the solar system. The eccentricity of the orbit is e = 0.751 and the 
length of the major axis is about 11.0 million kilometers. Find an equation of 
Nereid's orbit. 


SATELLITES A communications satellite is in an elliptical orbit around 
Earth, whose center is one focus of the orbit. The eccentricity of the orbit 
is e — 0.394, and the satellite is 14,300 kilometers from Earth's center at the 
closest point in its orbit. What is the satellite's distance from Earth's center 
at the farthest point in its orbit? 


REASONING Explain why the definition of eccentricity for ellipses and 
hyperbolas implies that 0 « e « 1 for an ellipse and e» 1 for a hyperbola. 
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MIXED REVIEW of problem Solving 


Lessons 9.5-9.7 


1. MULTI-STEP PROBLEM 4A person at the focus 4. EXTENDED RESPONSE When a jet breaks the 


of one of two facing parabolic dishes can hear 
even a very soft sound made at the focus of 
the other dish. Two such "whisper dishes" are 
positioned with their vertices 47 feet apart. 
Each dish's focus is 1.5 feet from its vertex. 


a. Write an equation in standard form for the 
cross section of each dish if the vertex of 
one dish is at the origin and the vertex of the 
other dish is on the positive x-axis. 


. The diameter of each dish is 67 inches. How 
deep is each dish? 


. How far apart are the focus and vertex for a 
dish 8 feet in diameter and 1.25 feet deep? 


. MULTI-STEP PROBLEM A hyperbolic mirror 
reflects light directed toward one focus to the 
other focus. The hyperbolic mirror shown has 
foci at (+12, 0) and vertices at (+8, 0). 


a. Write an equation for the mirror. 


b. Write an equation for the path of the light 
beam originating at the point (0, 9) before 
the beam reflects off the mirror. 


c. At what point does the light beam in part (b) 
reflect off the mirror? 


3. OPEN-ENDED Sketch five different examples of 
two conics that intersect in exactly four points. 


sound barrier, sound waves form a "Mach 
cone" behind the jet, and a sonic boom is heard 
as the cone passes. The Mach cone for a jet in 
level flight meets the ground in a hyperbola 
with the jet directly above the center. Suppose 
a jet makes a sonic boom heard along 

И e. T 
36 100 > 1 where x and y are in miles. 


~ Mach cone 


Ground 


a. What is the shortest possible horizontal 
distance you could be from the jet when 
you first hear the sonic boom? Explain. 


. The jet passes a second time, creating a 
y 
25 
Answer the question from part (a) for this 
sonic boom. 


sonic boom heard along UR - 


. Describe the relationship between the two 
hyperbolas. 


. SHORT RESPONSE The diagram shows the 


mirrors in a Cassegrain telescope. The 
equations of the mirrors are given below. 
Classify each mirror as parabolic, elliptical, 
or hyperbolic. Explain your reasoning. 

a. Mirror A: y* — 72x — 450 = 0 


b. Mirror B: 88.4x” — 49.7y* — 4390 = 0 


| Eyepiece 
A. 


: 


LI 
LI 
L] 
Г) 
i 
B 


Mirror B: 


; Mirror А 


6. GRIDDED ANSWER A logo has intersecting 


ellipses modeled by 9x* + y* + 8y = 20 and 
х? + 4y* = 16. What is the y-coordinate of the 
uppermost point of intersection? 
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- BIG IDEAS For Your Notebook 
Big ldea O ; Writing Equations of Conic Sections 


Conic | Equation Key facts 
Circle х a radius r 
_ Axis of symmetry Focus Directrix 
х^ = Apy vertical (0, p) y=-p 
Parabola -~ и — ice 
у? = 4px Axis of symmetry Focus Directrix 
P horizontal (p, 0) x=-p 
L, y? 7 Мајог ахіѕ Vertices Co-vertices 
a po horizontal (+a, 0) (0, +b) 
Ellipse ш 
e y | Major axis Vertices Co-vertices 
bh a vertical (0, +a) (+b, 0) 
a y Transverse axis Asymptotes Vertices 
2 p | horizontal y= +25 (+a, 0) 
Hyperbola 
y g Transverse axis Asymptotes Vertices 
mod 1 vertical y= “Ек (0, =a) 


Big (dea Ө : Graphing Equations of Conic Sections 


Circle Parabola Ellipse Hyperbola 


: (х – А)? + (у – Ю2 = г2  (x-h?-4ply- k) 


Big (дев © : Solving Quadratic Systems 


Method Description When to use 

Graphing Graph the equations. Identify any When graphing is easy or when 
points of intersection. using a graphing calculator 

Substitution Solve one equation for one of the When you can easily solve for 
variables and substitute it into the one variable (or its square) in 
other equation. terms of the other variable 

Elimination Multiply one or both equations by When you can eliminate one or 
a constant as needed, and add. more of the variable terms 
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REVIEW KEY VOCABULARY 


* distance formula, p. 614 * ellipse, р. 634 * transverse axis, p. 642 

* midpoint formula, p. 615 * Vertices, pp. 634, 642 * conic sections, p. 650 

* focus, foci, pp. 620, 634, 642 * major axis, p. 634 * general second-degree 
* directrix, p. 620 * CO-Vertices, p. 634 equation, p. 653 

* circle, p. 626 + minor axis, p. 634 * discriminant, p. 653 

* center, pp. 626, 634, 642 * hyperbola, p. 642 • quadratic system, р. 658 


* radius, p. 626 


VOCABULARY EXERCISES 


1. Copy and complete: A(n) _?_ is the set of all points in a plane equidistant 
from a point called the focus and a line called the directrix. 


2. Copy and complete: The line segment joining the two co-vertices of an 
ellipseisthe ? . 


3. Copy and complete: The line segment joining the two vertices of a hyperbola 
isthe ? . 


4, WRITING Describe how the asymptotes of a hyperbola help you draw the 
hyperbola. 


REVIEW EXAMPLES AND EXERCISES 


: EXAMPLES 


i for Exs. 5-8 


Use the review examples and exercises below to check your understanding of the 
concepts you have learned in each lesson of Chapter 9. 


Ыр POAST, AECE t a tw CEP меу ms Duct 
ге and Midpoint Formulas 
t Y A E CNET ED Et rou anas eroi ЧҮ. 4 inem бы” 


Find the distance between (—5, 3) and (1, —3). Then find the midpoint of the 
line segment joining the two points. 


а= ү(х — х)? + (y, - у)? = V — (—5))* + (-3 — 3)? = V72 = 6V2 == 8.49 


маза. 541,340 Lea 9 
| ; 2 ’ 2 * 


EXERCISES 
Find the distance between the two points. Then find the midpoint of the line 


| segment joining the two points. 


5. (6, —5), (2, —3) 6. (—2, 5), (1, 9) 7. (73,4), (2, 5) 
8. SKYDIVING A skydiver lands 200 yards west and 40 yards north of a target. A 


second skydiver lands 30 yards east and 140 yards south of the same target. 
How far from each other do the two skydivers land? 


Chapter Review 
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: EXAMPLES 


: for Exs. 9-14 


: EXAMPLES 


: on pp. 626-627 
: for Exs. 15-20 


Graph x — iy. Identify the focus, directrix, and axis of symmetry. 
STEP? Rewrite x — Y in standard form as y? = 12x. 


STEP 2 Identify the focus, directrix, and axis of symmetry. 
The equation has the form y? = 4px with 4p = 12, so 
p = 3. The focusis (p, 0), or (3, 0), and the directrix 
is x = —p, or x = —3. Because y is squared, the axis 
of symmetry is the x-axis. 


STEP 3 Draw the parabola. Because р > 0, the parabola 
opens to the right. Some points on the parabola 
are (0, 0), (1, +3.46), and (2, +4.90). 


EXERCISES 
Graph the equation. Identify the focus, directrix, and axis of symmetry of the 
parabola. 

9. x^ = 16y 10. y^ = —6x 11. x + 4у = 0 


Write the standard form of the equation of the parabola with the given focus or 
directrix and vertex at (0, 0). 


12. Focus: (—5, 0) 13. Focus: (0, 3) 14. Directrix: x ^ —6 


Graph and Write Equations of Circles pp. 626-632 - 


| Graph х? = 64 — у”. Identify the radius of the circle. 


STEP? Rewrite x^ = 64 — y^ in standard form as 
х? + y = 64. 
STEP 2 Identify the radius. The graph is a circle with 
center at the origin and radius r = V64 = 8. 
STEP 3 Draw a circle passing through points that are 


8 units from the origin, such as (8, 0), (0, 8), 
(—8, 0), and (0, —8). 


EXERCISES 
Graph the equation. Identify the radius of the circle. 
15. х? + у? = 81 16. x = 40 – y? 17. 31% + 3y? = 147 


Write the standard form of the equation of the circle that passes through the 
given point and whose center is the origin. 


18. (5, 9) 19. (78,2) 20. (77, —4) 
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| | Чаѕѕтопе сот E 
- Chapter Review Practice — 


pp. 634-639 


: EXAMPLES 
¡12 and 
: On pp. 635-636 
: for Exs. 21-25 


Graph 4x? + у? = 16. Identify the vertices, co-vertices, and foci. 


| 


STEP Y Rewrite 4x* + y? = 16 in standard form as = + Y. =, 
STEP 2 Identify the vertices, co-vertices, and foci. Note that 
а? = 16 and b? = 4, soa=4, b= 2, and c^ = а? — b? = 12, 
or € ~ 3.5. The major axis is vertical. The vertices are 
at (0, +4). The co-vertices are at (+2, 0). The foci are at 


(0, +3.5). 
STEP 3 Draw the ellipse. 


EXERCISES 
Graph the equation. Identify the vertices, co-vertices, and foci of the ellipse. 
21. 16x* + 25y? = 400 22. 811? + 9y = 729 23. 64x? + 36y? = 2304 


Write an equation of the ellipse with the given characteristics and center at (0, 0). 


24. Vertex: (—6, 0); co-vertex: (0, —3) 25. Vertex: (0, —8); focus: (0, 5) 


AH] Graph and Write Equations of Hyperbolas 


: EXAMPLES 


: for Exs. 26-30 


| Graph 4x” — 9y? = 36. Identify the vertices, foci, and asymptotes. 


e y 


STEP Y Rewrite 4x7 — 9y* = 36 in standard form as g g УЕ 


STEP 2 Identify the vertices, foci, and asymptotes. Note 
that a? = 9 and D? = 4, so a = 3, b = 2, and 
c? = a? + b* = 13, ог с = 3.6. The transverse 
axis is horizontal. The vertices are at (+3, 0). 
The foci are at (3.6, 0). The asymptotes are 


TS > 20 = 2x. 


3 


STEP 3 Draw asymptotes through opposite corners of a 
rectangle centered at (0, 0) that is 2a = 6 units wide 
and 2b = 4 units high. Draw the hyperbola. 


EXERCISES 
Graph the equation. Identify the vertices, foci, and asymptotes. 
26. 9х? – уг = 9 27. Ax? — 16у? = 64 28. 100y” — 36x* = 3600 


Write an equation of the hyperbola with the given foci and vertices. 


29. Foci: (0, +5); vertices: (0, +2) 30. Foci: (+9, 0); vertices: (+4, 0) 
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3 nr CES т ines 
: for Exs. 31-34 


Translate and Classify Conic Sections 


Classify the conic section —4x* + y^ + 32x — 12y — 32 = 0 and write its equation 
in standard form. Then graph the equation. 


Because A = —4, B = 0, and C = 1, the discriminant is B^ — 4AC = 16 > 0, so the 
conic is a hyperbola. Complete the square to write the equation in standard form. 


—4x* + у? + 32x - 12y – 32 = 0 
(y? — 12y) — 4(x* — 8x) = 32 
(y? — 12у + 36) — 4(x? — 8х + 16) = 32 + 36 — 4(16) 
(у — 6)? – 4(х – 4)? = 4 
— бү? 
(у 6) — (x - 4) = 1 хе 
4 Ya 
From the equation, (h, k) = (4, 6), a = V4 = 2, and b = 1. The vertices are 
(4,6 + 2) = (4, 8) and (4, 6 — 2) = (4, 4). The graph is shown above. 


EXERCISES 


Classify the conic section and write its equation in standard form. Then graph 
the equation. 


31. Ax? + 9y + 40x + 72у + 208 = 0 32. у? – 10y-8x+1=0 
33. 9x* — y” — 18x - 4y - 5-0 34. x^ + у? + Ax - My + 17 = 0 


Solve Quadr atic Sys 5 pp. 658-664 


: EXAMPLES 


» TRAE 


: for Exs. 35-37 


Solve the system. 12x? — 81y? + 16 = 0 
2х? + 9у = 0 


Write the second equation as у = +. Then substitute in the first equation. 


2 
121% — 81-52) + 16 = 0 Substitute for y іп first equation. 


12x° — 4x* +16 =0 Simplify. 
x'—3x^—4-20 Divide each side by —4. 
x^—4)(x^-1)-0 Factor. 
By the zero product property, x = +2. The solutions are 2, -3) and (8, = 


EXERCISES 
Solve the system. 
35. y^ = 4х 36. х2 + y? – 100 = 0 37. 16x* — 4y* = 64 
2х – 5у = —8 х+у- И = 0 Ax? + 9y* — 40x = —64 
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Find the distance between the two points. Then find the midpoint of the line 


segment joining the two points. 


1. (1,51 153) 2. (4,2), (8, 8) *. 0, 200, 8) 
4. (2, —5), (3, 1) 5. (—6, —2), (-3, 5) 6. (1, 9), (10, —2) 
Graph the equation. 
7. y — 24x = 0 8. x? + y? = 16 9. 64y? — х? = 64 
10. 18x* + 2у = 18 11. (x 6) + (y+ 1)? = 36 12. (x + 4)? = 6(у – 2) 
ij e Е КЕ =] iz, = а E zl 15. FX — (х + 3)? = 1 
Write the standard form of the equation of the conic section with the given 
characteristics. 
16. Parabola with vertex at (0, 0) and directrix at x = —6 
17. Parabola with vertex at (—2, —1) and focus at (-2, 5) 
18. Circle with center at (0, 0) and passing through (—5, 2) 
19. Circle with center at (1, —4) and radius 6 
20. Ellipse with center at (0, 0), vertex at (0, 6), and co-vertex at (—3, 0) 
21. Ellipse with vertices at (—1, 4) and (7, 4) and foci at (1, 4) and (5, 4) 
22. Hyperbola with vertices at (0, —6) and (0, 6) and foci at (0, —9) and (0, 9) 
23. Hyperbola with vertex at (2, —5), focus at (—1, —5), and center at (5, —5) 
Classify the conic section and write its equation in standard form. 
24. x^ + 4у? — 6x – 16у + 21 = 0 25. х? + y + 8x + 12у +3 = 0 
26. 4х? — 9у? — 40x + 64 = 0 27. y^ — 16у – 12x + 40 = 0 
28. 25x? + Ay? + 50x — 24у — 39 = 0 29. y? — 16x? + Му + 64x — 31 = 0 
Solve the system. 
30. 4х? + y? = 16 31. х? + 4у? - By = 4 32. у х? + 28-5 = 0 
х+у= 2 у – 2у — 8х – 16 = 0 х? + уг – 2х3 = 0 


33. WATER SURFACE А cylindrical glass of water has a 1.5 inch radius. Ifthe 


glass is tilted 60*, the water's surface meets the glass in an ellipse with 
minor axis 3 inches long and major axis 6 inches long. Write equations 
that model the water's surface with the glass upright and after the glass 
tilted. Use the center of the water's surface as the origin. 


34, ASTRONOMY The Green Bank Telescope in West 
Virginia has a main reflector whose cross section is 
a portion of a "parent" parabola. A diagram of the 
reflector's cross section and the parent parabola is 
shown. Write an equation that models the parent 
parabola if its vertex is at (0, 0). What is the distance 
from the vertex to the focus? 


reflector 


is 
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* Standardizec 


“ScoringRubric | SHORT RESPONSE QUESTIONS 


Full Credit 


• solution is complete P PROBLEM | 
and correct 
Partial Credit 


> solution Is completa Two vertices of an equilateral triangle are A(0, 0) and B(6, 0). Write and 
but has errors, solve a system of equations to find the coordinates of the third vertex C of 
Or А ABC. Is there only one possible position for the third vertex? Explain. 

* solution is without 
error but incomplete 


No Credit Below are sample solutions to the problem. Read each solution and the 
* no solution is given, comments on the left to see why the sample represents full credit, partial 
Or credit, or no credit. 
* solution makes no 
, BOSE | SAMPLE 1: Full credit solution 
A » Because AB = 6 — 0 = бапа AABCis equilateral, AC = BC = 6. Let (x, y) 
The solution is set ир represent the coordinates of vertex С. Use the distance formula. 
logically and thoroughly. 
For AC: Y (x — 0)? + (y- 0)? =6 For BC: Y (х — 6)? + (у — 0)? = 6 
х? + у? = 36 (x — 6)? + y^ = 36 
х? — 12x + 36 + y? = 36 
х? + у? – 12x - 0 
ннн » Solve the system by adding —1 times the second equation to the first. 
The correct equations 
are obtained, and a valid x by. = 36 
method is used to solve „ү gem y 32715. 


the system. 
12x = 36. ==> y =3 


Substitute 3 for x in the first equation: 3? + y? = 36, so y? = 27, огу = +3V3. 


ССС » Тһе solutions of the system are (3, +3V3). So, the third vertex is at C(3, 3V3) 


The system is solved or C(3, —3V3). There are two solutions, because C can be above or below AB. 
correctly. A correct 


conclusion is drawn. 
SAMPLE 2: Partial credit solution 


The distance between A and Bis 6. 
AC=6 ^ 2 -y-36 BC=6 ^ 6?2-y-12x-0 


ЕЕЕ » Solve the system by substituting 36 for x^ + y^ in the second equation. 
The system is correct, 


but steps are omitted in х? + у? – 12х = 0 


writing and solving it. 36 — 127= 0 

x=3 
TIERE » Find ywhen x = 3: x? + у? = 36, so y? = 27, and y = +3V3. The coordinates of 
The additional vertex the third vertex are C(3, 3V3). This is the only possible position of the 


is omitted. An incorrect 


| vertex, because the dimensions of a triangle must be positive. 
conclusion is drawn. 
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(—————— > 
A | valid approach is used, 
and the solution is set up 
logically and thoroughly. 


The equations of the 
circles are correct. 
—————! > 
The answer is correct, but 
work is not shown. 


TROPPO CER R ECO C PERT COP Pere ree reper: | J 


The answer shows a 
basic misunderstanding. 


SAMPLE 3: Partial credit solution 


stance between А and B is 6. So, the 
other two sides of A ABC have lengths of 6. | 
Draw circles with radii of 6 centered at А and € 

B. The points of intersection of the circles will — ашы 2 г > 
be the possible positions of the third vertex. ES 
Equation of circle A: x^ + у = 36 

Equation of circle B: (x — 6)? + y? = 36 

The solutions of the system are 3, 3V3 and 3, —3V3 , so the possible 
coordinates of the third vertex are C 3,3V3 or C3, -3V3 . 


The dist 


SAMPLE 4: No credit solution 
Because AB = 6 and AB is horizontal, the vertex at C is 6 units above or 


below either A or B. The possible coordinates of C are (0, 6), (0, —6), (6, 6), 
Or (6, =9) 


PRACTICE Apply the Scoring Rubric 


Use the rubric on page 674 to score the solution to the problem below as full. 


credit, partial credit, or no credit. Explain your reasoning. 


PROBLEM ARST is isosceles with RT — STand has vertices at R(-2, 2), 


S(4, —1), апа Т(2, y. Find y. Is there any one diode value of y? Ex alain. 


L Ve-E +2 = Ve *ty- Cor 
AAA 
Y – 4у + 20 = уг + 2у + 5 
15 = Gy, во 2.5 = y 
2. If ARST is isosceles with RT = ST, then T lies 
on the perpendicular bisector of RS. 


Midpoint of RS = [ur AA) = (1, 0.5) 


Slope of RS = 1—5 = — = -05 


The perpendicular bisector of RS has a slope of 2, the negative reciprocal 
of —0.5. Its equation is y — 0.5 = 2(x — 1), or y = 2x — 1.5. Substituting 


2 for x gives y = 2.5. Since y = 2x — 1.5 is a function, this is the only 
value of y for x = 2. 


НЕЕ — — — ÉÉ 
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SHORT RESPONSE 


1. Arhombusis a quadrilateral with four 


3 


* 


> 


congruent sides. The vertices of figure ABCD 
are A(6, 3), B(-3, 5), C(—5, —4), and D(4, —5). 
Can you change the coordinates of one vertex 
of ABCD to make it a rhombus? If so, explain 
how and find the coordinates. If not, explain 
why not. 


A lamp for indoor gardening uses a parabolic 
reflector with the height and width shown 

to concentrate light on plants. Is the focus of 
the reflector above or below the reflector's 
bottom edge? Explain your reasoning. 


Three points on the edge of the circular 
Copernicus crater on the moon can be 
represented by the coordinates (—35, 35), 

(0, 0), and (40, 80) where each unit represents 
one kilometer. Is the point located at (55, 25) 
inside the crater or outside the crater? 
Explain your reasoning. 


For each set of concentric circles shown 
below, the measures of the radii are the 
consecutive integers from 1 to 9. Explain how 
you can use this information to demonstrate 
that the points of intersection shown below 
lie on an ellipse whose foci are the centers 

of the circles. Then write an equation of the 
ellipse. 
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5. Asoccer field has a penalty-kick mark 12 yards 


from the goal. From the mark’s center, an arc 
with a radius of 10 yards is drawn outside the 
penalty area as shown in the diagram. Explain 
how to use an equation of a circle to find the 
distance d along the edge of the penalty area 
between the endpoints of the arc. 


goal 


d 
penalty arc 


. A coordinate grid contains two hyperbolas 


centered at the origin, one with a vertical 
transverse axis and one with a horizontal 
transverse axis. What are the possible 
numbers of solutions of the system that the 
hyperbolas represent? Use sketches to justify 
your answer. 


. The Tractricious sculpture at the Fermi 


National Accelerator Laboratory in Batavia, 
Illinois, has a hyperbolic cross section as 
shown below. 


Use the graph to write an equation of the 
hyperbola that models the cross section of the 
sculpture. (Each unit represents 1 foot.) Then 
explain how to modify your equation so the 
origin is at the bottom left of the sculpture. 


. Without applying area formulas, compare 


the areas of the ellipses represented by 


2 2 
4x? + бу” = 48 and E 5) + ak = 1, 


Explain how you made your comparison. 


) STATE TEST PRACTICE 


MULTIPLE CHOICE GRIDDED ANSWER 
9. Which equation represents a hyperbola? 12. The conic section represented by the equation 
| _ ay 

?-3Зу+4х—15=0 2) (79 = 1 has the line of 
(В) х^ + у? + 4х – 18у – 15-0 symmetry х = s. What is the value of 5? 
© x у? +4x- 18у – 15 =0 13. То the nearest tenth, what is the distance 
D -2x?- y!4 4х — 18y — 15 = 0 between (—10, 2) and (7, 7)? 

10. At what point(s) do the graphs represented 14. What is the length of the transverse axis of 
by x? + y? = 36 and —у? + x = 6 intersect? the hyperbola represented by the equation 

| 9x? — 4y? = 324? 

(А) (6,0) ® (-6,0) o | | 
O Cz -V3 (DD (6,0) and (-6, 0) 15. What is the radius of the circle represented 


by the equation 8x* + 8y^ = 720? Round your 


11. Which statement about the graph of the answer to the nearest tenth. 


equation 12(x — 6) = —(у + 4)? isnottrue? 16, Evaluating z|3a + 3b — Vía + 3b)(b + 3a) | 
(А) The vertex is at (6, —4). approximates the circumference of an ellipse 
| | with major axis of length 2а and minor axis 
The axis of symmetry is y = —4. of length 2b. Approximate the circumference 
(С) The focus is at (6, —7). of an ellipse with center (0, 0), vertex (0, —5), 

| В апа focus (0, 3). Round your answer to the 
(D> The graph represents a function. nsd rest mE, 


EXTENDED RESPONSE 


17. Asatellite in a geostationary orbit appears to stay above 
a single place on Earth's surface. A satellite originally in 
a low orbit can be boosted using an elliptical Hohmann 
transfer orbit to a higher geostationary orbit. A satellite 
originally in a circular orbit 4200 miles from Earth's center 
is boosted to a circular geostationary orbit 22,240 miles 
from Earth's center. 


geostationary orbit 
Н = 22,240 mi 


original 
orbit 
г = 4200 mi 


a. Write equations that model the original and 
geostationary orbits. Use Earth's center as the origin. 


transfer orbit 


b. Earth's center is at one focus of the transfer orbit. 
Explain how you can find the values of a and c for the 
transfer orbit. 


c. Write an equation that models the transfer orbit. Use Earth's center as 
the origin, and choose a horizontal major axis as shown in the diagram. 


18. Points one quarter of the way along the sides of the large square are 
connected to form an inscribed square. The pattern continues. 


(0, 32) 


a. Explain how to use the midpoint formula to find the coordinates 
of the vertices for each new square in the pattern. 


b. Find the missing coordinates of the vertices of the squares shown. — 
c. Compare the areas of the squares. What do you notice? 
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Solve the equation. Check your solution(s). 


1. 5x + 24 = 11 — 2x (p. 18) 2. |Ax — 7| = 13 (p.51) 3. x? — 12x + 35 = 0 (p. 252) 
4. 2x^ — 5x + 5 = 0 (p. 292) 5. +31 — 18х = 40 (p.370) 6. Vx—2=x-— 4 (р. 452) 
Ах Б | л mo ас 0 х — 4 2—9 
7. 44 — 5 = 3 (р. 515) 8. 3717343 (р. 580) 9. 3+2 = = (p.589 
Graph the equation. 
10. у= —2x + 7 (p.89) 11. у= (х + D*(x — 2) (p. 387) 12. у=ух+ 4 +3 (p.446) 
13. y = 4e* (p. 492) 14. у= In (x — 2) (p. 499) 15. у= 2 (p.565) 
Factor the expression. 
16. 2x^ — 20x — 48 (p. 259) 17. 6x? + 7x — 20 (p. 259) 18. х? + 8x% — 4х — 32 (p. 353) 


Find the inverse of the function. (p. 438) 
19. f(x) = 6х— 1 20. f(0)=x-5 21. fœ) =? 


Tell whether the function is an example of exponential growth or exponential 
decay. (pp. 486, 492) 


22. f(x) = 50.4 23. f(x) = 3(0.6)* 24. f(x) = 8e ?* 


Condense the expression. (p. 507) 


25. 3Inx - n5 26. log, 4 + 2 log, 7 27. 5logx + logy — 3logz 
The variables x and y vary inversely. Use the given values to write an equation 

relating x and y. (p. 551) 

28. x= 18, y= 6 29. x -5, y= —15 30. x —6,y —9 


Perform the indicated operation and simplify. 


x-5 ‚3х+21 2x48 .— X4 p a x-34 7 
81 25 + 0573) 32. a зз 0978) 33. + (p 582) 


Find the distance between the two points. Then find the midpoint of the line 
segment joining the two points. (p. 614) 

34. (—8,5), (+4, —1) 35. (3,5), (8, 7) 36. (—2, 7), (1, 14) 
Classify the conic section and write its equation in standard form. Then graph 

the equation. (p. 650) 

37. x! + y? + 12x - 4у + 15 = 0 38. 4х — 16у? — 56x + 160y — 268 = 0 
39. y^ + 6x + 4y + 16 = 0 40. 2х2 + Зу? + Ax + 12у - 14 = 0 

41. FENCING You have 380 feet of fencing to enclose a rectangular garden. You 


want the length of the garden to be 40 feet greater than the width. Find the 
length and width of the garden if you use all of the fencing. (p. 34) 
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42. RECREATION You have $30 to spend at a carnival. It costs $2.50 to take 
one ride and $1.50 to play one game. Write and graph an inequality that 
represents the possible numbers of rides you can take and games you can 
play. Then list all ordered pairs (rides, games) that use all $30. (p. 132) 


43. BASKETBALL The price of admission to a high school basketball game is 
$5 for adults and $2 for students. At a game that had a total attendance of 
650 people, the total income from ticket sales was $2500. Write and solve a 
linear system to find the numbers of adults and students who attended the 
basketball game. (p. 160) 


44. BUSINESS Two telephone companies compete for customers in a town. 
Initially, each company has 700 customers. Every month, 5% of company 
A's customers switch to company B, and 2% of company B's customers 
switch to company A. The transition matrix Тапа population matrix M, 
model this situation. 


0.95 0.02 700 
m k са My = H 
Find М, = TM,, M, = TM,, and M, = TM,. Explain what these matrices 


represent. Describe what happens to the distribution of customers over 
time ifthis pattern continues. (p. 195) 


45. MAPS A county map uses a coordinate grid for which one unit represents 
a quarter of a mile. A lake on the map has an approximately triangular 
shape with vertices near (2, 2), (12, 19), and (18, 7). Estimate the area of the 
surface of the lake. (p. 203) 


46. TENNIS While serving, a tennis player strikes the ball at a height of 9 feet 
above the court. The initial downward velocity of the ball is 16 feet per 
second. How long does it take the ball to strike the court on the opponent's 
side? (Hint: Use the function h = —16f? + ot + Ny.) (p. 292) 


47. DISCOUNTS A store is having a sale in which you can take $50 off the cost 
of any television in the store. The store also offers 15% off your purchase 
if you open a charge account. Use composition of functions to write a 
new function that gives the sale price of a television that originally costs 
t dollars if $50 is subtracted before the 15% discount is applied. Then find 
the sale price of a television that originally cost $480. (p. 428) 


48. ACCOUNT BALANCE You deposit $4500 in a savings account that pays 
2.75% annual interest compounded monthly. Find the account balance 
after 5 years. (p. 478) 


49. STAMPS The table shows the cumulative number s of different designs of 
stamps produced in the United States during the period 1904-2004. The 
variable t represents the number of years since 1904. Find an exponential 
model for the data. (p. 529) 
10 | 20 | 30 | 40 | 50 | 60 | 70 | во | 90 100 


gl o 
з | 8313 | 459 | 616 | 751 | 926 | 1063 | 1260 1552 | 2109 2887 | 3894 
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Making Sense 
of Chapter 10 


— 


Counting Methods 
dnd Probability 


10.1 Apply the Counting Principle and Permutations 


In this chapter, you will 10.2 Use Combinations and the Binomial Theorem 

ктш iie: 10.3 Define and Use Probability 

techniques, and then | 

apply those techniques 104 Find Probabilities of Disjoint and Overlapping Events 

eme 0а ~ 10.5 Find Probabilities of Independent and Dependent Events 

likelihood of events. — 

TA 106 Construct and Interpret Binomial Distributions 

D ( Before 


Previously, you learned the following skills, which you'll use in Chapter 10: 
solving equations, simplifying expressions, and multiplying binomials. 


mu mi 


е “ыш ш | 
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VOCABULARY CHECK 
Copy and complete the statement. 
1. The coefficient of х? in the expression Зх? — 15x* + 4is_? . 


2. The expressions x + 3 and 2x — 1 are examples of binomials because they 
have ? terms. 


SKILLS CHECK 
Solve the equation. Check your solution. (Prerequisite skill for 10.4, 10.5) 
3. 10— 3x = 28 4. 11x -9— 3x + 17 8. 2 +FI4I=—b.— 2 


Find the area of the shaded region. Assume all shapes are circle or squares. 
(Prerequisite skill for 10.3) 


6. y ч 7. 8. 
3ft 
Simplify the expression. (Prerequisite skill for 10.1) 
6*:5*4*3 13 • 12* 11 8*:7*6*5*4 
> esl ^ 10-9+-8 Ме ral 
Find the product. (Prerequisite skill for 10.2) 
12. (x + y? 13. (5x + 1)? 14. (3x — 2у)? 
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Now 


In Chapter 10, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 733. You will also use the key vocabulary listed below. 


Ў B | a = g 
4 E 8 | Г Га = ч 
„]* LIC 

E El oo, LE ч ESL LZ 
i 


Є Using permutations and combinations 
© Finding probabilities 
©) Constructing binomial distributions 


KEY VOCABULARY 


* permutation, p. 684 * compound event, p. 707 * dependent events, p. 718 
* combination, p. 690 overlapping events, p. 707 • conditional probability, p. 718 
* binomial theorem, p. 693 * disjoint events, p. 707 * random variable, p. 724 


* probability, p. 698 • independent events, p. 717 • binomial distribution, p. 725 


Е —... E 
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You can use the fundamental counting principle and permutations to calculate 
the number of choices for a situation. For example, you can count the number of 
possible outcomes of an event or the number of ways to complete a task. 


The animation illustrated below for Exercise 69 on page 689 helps you answer this 
question: How does the number of clothing choices affect the number of different 
ways can you dress mannequins in a display? 


PRE 


тып Pola Long Sleeve 


Shorts Jeans 
Total number ofdisplay — _ Total number of display choices _ 
chances for first mannequin fer Seon) mannequin 
Total number of display choices for both mannequins = 


Different outfits fora store display can be а. Find the total number of possible displays 4. 
made using several tops and bottoms. J 


Шх =. A 
г Бр "IT. n 
Lari LHLLTIA “as | 
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Other animations for Chapter 10: pages 701, 711, 716, 722, and 726 


10.1 


_ Key Vocabular 
* permutation 
• factorial 


Apply the Counting Principle 


and Permutations $ 


You counted the number of different ways to perform a task. 
You will use the fundamental counting principle and permutations. 
So you can find numbers of racing outcomes, as in Example 4. 


In many real-life problems, you want to count the number of ways 
to perform a task. One way to do this is to use a tree diagram. 


CAMP use a tree diagram 


SNOWBOARDING A sporting goods store offers 3 types of snowboards (all- 
mountain, freestyle, and carving) and 2 types of boots (soft and hybrid). How 
many choices does the store offer for snowboarding equipment? 


Solution 


Draw a tree diagram and count the number of branches. 


С All-mountain board, soft boots 
All-mountain board, hybrid boots 
С Freestyle board, soft boots 
| Hybrid Freestyle board, hybrid boots 
Soft | Carving board, soft boots 
Carving board, hybrid boots 
| 


» The tree has 6 branches. So, there are 6 possible choices. 


FUNDAMENTAL COUNTING PRINCIPLE Another way to count the choices in 
Example 1 is to use the fundamental counting principle. You have 3 choices for 
the board and 2 choices for the boots, so the total number of choices is 3 • 2 = 6. 


KEY CONCEPT For Vour Wotebook 


: Fundamental Counting Principle 


: Two Events If one event can occur in т ways and another event can occur in 
: nways,then the number of ways that both events can occur is m • n. 


Three or More Events The fundamental counting principle can be extended 
to three or more events. For example, if three events can occur in т, n, and p 
: ways, then the number of ways that all three events can occur is m • n • р. 


682  cChapter10 Counting Methods and Probability 


( ExaMPLE 2 use the fundamental counting principle 


| PHOTOGRAPHY You are framing a picture. The frames are available in 12 


different styles. Each style is available in 55 different colors. You also want blue 
mat board, which is available in 11 different shades of blue. How many different 
|! ways can you frame the picture? 


Solution 


You can use the fundamental counting principle to find the total number of ways 
to frame the picture. Multiply the number of frame styles (12), the number of 
frame colors (55), and the number of mat boards (11). 


Number of ways = 12 • 55 • 11 = 7260 


|. » The number of different ways you can frame the picture is 7260. 


[ EXAMPLE 3 | Use the counting principle with repetition 


LICENSE PLATES The standard configuration 
for a Texas license plate is 1 letter followed by 
2 digits followed by 3 letters. 


a. How many different license plates are 
possible if letters and digits can be repeated? 


EM ux 
™ THE LONE STAR STATE 


b. How many different license plates are possible 
if letters and digits cannot be repeated? 


: AVOID ERRORS ` Solution 


B COPS | 


: For a given situation, 
: the number of choices 
: without repetition is 


a. There are 26 choices for each letter and 10 choices for each digit. You can use 
the fundamental counting principle to find the number of different plates. 


: always less than пе Number of plates = 26 - 10 - 10 - 26 - 26 - 26 = 45,697,600 
: number of choices with 
; repetition. » With repetition, the number of different license plates is 45,697,600. 


b. If you cannot repeat letters there are still 26 choices for the first letter, 
but then only 25 remaining choices for the second letter, 24 choices for 
the third letter, and 23 choices for the fourth letter. Similarly, there are 
10 choices for the first digit and 9 choices for the second digit. You can use 
the fundamental counting principle to find the number of different plates. 


Number of plates = 26 * 10 + 9 - 25 + 24 23 = 32,292,000 


» Without repetition, the number of different license plates is 32,292,000. 


Y GuieDPracricE | for Examples 1,2, and 3 


1. SPORTING GOODS The store in Example 1 also offers 3 different types 
of bicycles (mountain, racing, and BMX) and 3 different wheel sizes 
(20 in., 22 in., and 24 in.). How many bicycle choices does the store offer? 


2. WHAT IF? In Example 3, how do the answers change for the standard 
configuration of a New York license plate, which is 3 letters followed by 
4 numbers? 
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PERMUTATIONS Ап ordering of п objects is a permutation of the objects. For 
instance, there are 6 permutations of the letters A, B, and C: 


ABC ACB ВАС BCA САВ CBA 


You can use the fundamental counting principle to find the number of 
permutations of A, B, and C. There are 3 choices for the first letter. After the first 
letter has been chosen, 2 choices remain for the second letter. Finally, after the 
first two letters have been chosen, there is only 1 choice remaining for the final 
letter. So, the number of permutations is 3 • 2* 1 = 6. 


: DEFINE The expression 3 » 2 • 1 can also be written as 3!. The symbol! is the factoria 
: FACTORIALS symbol, and 3! is read as “three factorial.” In general, п! is defined where nis a 


: Zero factorial is positive integer as follows: 
: defined as 0! = 1. 
n= JU - d)... Bel 


The number of permutations of n distinct objects is n!. 


ЄТ) Find the number of permutations | 


_ OLYMPICS Ten teams are competing in 
the final round of the Olympic four-person 
bobsledding competition. 


a. In how many different ways can the 
bobsledding teams finish the competition? 
(Assume there are no ties.) 


b. In how many different ways can 3 of the 
bobsledding teams finish first, second, 
and third to win the gold, silver, and 
bronze medals? 


Solution 
a. There are 10! different ways that the teams can finish the competition. 
101—10*9*8*7*6*5*4*3-*2*1 = 3,628,800 


b. Any of the 10 teams can finish first, then any of the remaining 9 teams 
can finish second, and finally any of the remaining 8 teams can finish 
third. So, the number of ways that the teams can win the medals is: 


10-9+8= 720 


Y GUIDED PRACTICE | for Example 4 


3. WHAT IF? In Example 4, how would the answers change if there were 
| 12 bobsledding teams competing in the final round of the competition? 


The answer to part (b) of Example 4 is called the number of permutations of 
10 objects taken З at a time. It is denoted by ,,P,. Notice that this permutation 
can be computed using factorials: 


_10-9-8-7-6-5-4+3-2+1_ 10! _ 10! 
Es M9 +8 7+6»5»+4.3+.2+1 71 (10-3)! 


This result is generalized at the top of the next page. 
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: EVALUATE 
: PERMUTATIONS 


sa POSSESS TST 


: Most scientific and 

: graphing calculators 

: have a key or menu 

: item for evaluating Р. 


: KEY CONCEPT For Vour Wotebook 


Permutations of n Objects Taken r at a Time 


The number of permutations of r objects taken from a group of n distinct 
objects is denoted by „P, and is given by this formula: 


a wi 
nPr = (n — r)! 


Find permutations of n objects taken r at a time 


MUSIC You are burning a demo CD for your band. Your band has 12 songs stored 
on your computer. However, you want to put only 4 songs on the demo CD. In 
how many orders can you burn 4 of the 12 songs onto the CD? 

Solution 


| Find the number of permutations of 12 objects taken 4 at a time. 


| Find the number of permutations. 


4. „Р, 5. Р, в. D. Zi ¿Ps 


PERMUTATIONS WITH REPETITION If you consider the letters E and E to be 
distinct, there are six permutations of the letters E, E, and Y: 


EEY EYE YEE 
EEY EYE YEE 


However, if the two occurrences of E are considered interchangeable, then there 
are only three distinguishable permutations: 


EEY EYE YEE 


Each of these permutations corresponds to two of the original six permutations 


because there are 2!, or 2, permutations of E and E. So, the number of 


permutations of E, E, and Y can be written as z = Б = 3. 


KEY CONCEPT For Your Notebook 


Permutations with Repetition 


> The number of distinguishable permutations of n objects where one object is 
repeated s, times, another is repeated s, times, and so on, is: 


Т> п! 


les! ssl 
JL $95*... Si 


10.1 Apply the Counting Principle and Permutations 
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( EXAMPLE 6 | Find permutations with repetition EN 


Find the number of distinguishable permutations of the letters in 
(a) MIAMI and (b) TALLAHASSEE. 


_ Solution 
a. MIAMI has 5 letters of which M and I are each repeated 2 times. So, the 
number of distinguishable permutations is = - Mi 525, = 30. 


b. TALLAHASSEE has 11 letters of which A is repeated 3 times, and L, 5, 
and E are each repeated 2 times. So, the number of distinguishable 
11! _ 39,916,800 


permutations 15 Bl Ble Ble 2! = 6:2:2+2 = 831,600. 
Y GUIDED PRACTICE for Example 6 
| Find the number of distinguishable permutations of the letters in the word. 
8. MALL 9. KAYAK 10. CINCINNATI 


10.1 EXERCISES HOMEWORK: (O) = WORKED-OUT SOLUTIONS 
i KEY: on p. WS18 for Exs. 13, 35, and 65 


ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 17, 42, 55, 57, and 68 


SKILL PRACTICE 


| 1. VOCABULARY What is a permutation of n objects? 


2. Ж WRITING Simplify the formula for „P, when г = 0. Explain why this result 
makes sense. 


: EXAMPLE 1 TREE DIAGRAMS An object has an attribute from each list. Make a tree diagram 


EA AAA 


: on p. 682 that shows the number of different objects that can be created. 
: for Exs. 3-6 3 


Size: M, L, XL Bread: white, wheat 


Type: long-sleeved, short-sleeved Spread: jam, margarine 


5. Meal 6. 
Entrée: chicken, fish, pasta = Wood: cherry, mahogany, oak, pine 
Side: corn, green beans, potato _ Finish: stained, painted, unfinished 
: EXAMPLE2 | FUNDAMENTAL COUNTING PRINCIPLE Each event can occur in the given number 
: on p. 683 of ways. Find the number of ways all of the events can occur. 
Hora P719 7. Event A: 2 ways; Event B: 4 ways 8. Event A: 5 ways; Event B: 2 ways 
9. Event A: 4 ways; Event B: 3 ways; 10. Event A: 3 ways; Event B: 6 ways; 
Event C: 5 ways Event C: 5 ways; Event D: 2 ways 
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; EXAMPLES | LICENSE PLATES For the given configuration, determine how many different 


EFI 


: on p. 683 license plates are possible if (a) digits and letters can be repeated, and (b) digits 
: for Exs. 11-17 and letters cannot be repeated. 
11. 4 letters followed by 3 digits 12. 2 letters followed by 5 digits 
(13) 4 letters followed by 2 digits 14. 5 digits followed by 3 letters 
15. 1 digit followed by 5 letters 16. 6 letters 


17. * MULTIPLE CHOICE How many different license plates with 2 letters 
followed by 4 digits are possible if digits and letters cannot be repeated? 


СА) 3,276,000 6,760,000 (C) 32,292,000 (D> 45,697,600 
: EXAMPLES FACTORIALS Evaluate the expression. 
A s. 18. 7! 19. 11! 20. 1! 21. 8! 
: on pp. 684-685 Tm a m + ке 
: for Exs. 18-41 22. 4! 23. 0! 24. 12! 25. 6! 
8! 9! 
6. 31-4! | —À — _ 
26. 3! • 4! 27. 3(4!) 20. (8 — 5)! 29. Ale dl 
PERMUTATIONS Find the number of permutations. 
30. „Р, 31; „Р, 32. „Р, 33. „Р, 
34. „Р, (65) р, 36. „Р, зт: ¿Po 
38. „2; 39. P, 40. Р, АЗ. „Р, 


42. * SHORT RESPONSE Let n be a positive integer. Find the number of 
permutations of n objects taken n — 1 at a time. Compare your answer with 
the number of permutations of all n objects. Does this make sense? Explain. 


: EXAMPLE 6 PERMUTATIONS WITH REPETITION Find the number of distinguishable 


SPCR Sees 


: on p. 686 | permutations of the letters in the word. 

PIERS 43-55 | du Opp 44. TREE 45. SKILL 46. YELLOW 
47. GRAVEL 48. PANAMA 49. ARKANSAS 50. FACTORIAL 
51. MAGNETIC 52. HONOLULU 53. CLEVELAND 54. MISSISSIPPI 


55. * MULTIPLE CHOICE What is the number of distinguishable permutations 
of the letters in the word HAWAII? 


CA) 24 180 (С) 360 (D> 720 

56. ERROR ANALYSIS In bingo, balls labeled from 1 to 75 are 75 75 75 75 
drawn from a container without being replaced. Describe SC 
and correct the error in finding the number of ways the 31,640,625 


first 4 numbers can be chosen for a game of bingo. 

57. * SHORT RESPONSE Explain how the fundamental counting principle 
can be used to justify the formula for the number of permutations of 
n distinct objects. 


SOLVING EQUATIONS Solve for п. 
| 58. „P, =8(,Р,) 59. „Р, = 5(,P.) 60. „Р, = 9(, P.) 


| 61. CHALLENGE Find the number of distinguishable permutations of 6 letters 
that are chosen from the letters in the word MANATEE. 
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PROBLEM SOLVING . 


: EXAMPLE 2 62. CLASS RINGS You want to purchase a class ring. The ring can be made 


: on p. 683 from 3 different metals. You can choose from 6 different side designs and 
: for Exs. 62-63 12 different stones. How many different class rings are possible? 


Metal | Side Design 


Auralite Academics Literature 


Gold Art Music 
Silver Athletics Technology 


$ ч 


(Home, Tutor 


for problem solving help at classzone.com 


63. ENVIRONMENT Since 1990, the Goldman Environmental Prize has been 
awarded annually to 6 grassroots environmentalists, one from each of 
6 regions. The regions consist of 52 countries in Africa, 47 in Europe, 45 in 
Asia, 36 in island nations, 19 in South and Central America, and 3 in North 
America. How many different sets of 6 countries can be represented by the 
prize winners in a given year? 


@H 
(&Ho 


mel eTuto Fr for problem solving help at classzone.com 


: EXAMPLES 64. PHOTOGRAPHY A photographer lines up the 15 members of a family in a 

: 4, 5,and 6 single line in order to take a photograph. How many different ways can the 

: on pp. 684-686 photographer arrange the family members for the picture? 

: for Exs. 64-66 
SCHOOL CLUBS A Spanish club is electing a president, vice president, and 
secretary. The club has 9 members who are eligible for these offices. How 
many different ways can the 3 offices be filled? 


66. MUSIC The window of a music store has 8 stands in fixed positions where 
instruments can be displayed. In how many ways can 3 identical guitars, 
2 identical keyboards, and 3 identical violins be displayed? 


67. MULTI-STEP PROBLEM You are designing an entertainment center. You want 
to include three audio components and three video enmponenis: 


a. You want one of each audio component 
listed at the right. How many selections 
of audio components are possible? 


b. You want one of each video component 5 receivers 7 TV sets 
listed at the right. How many selections 
of video components are possible? 8 CD players 9 DVD players 


and video components are possible? 


68. * EXTENDED RESPONSE To keep computer files secure, many programs 
require the user to enter a password. The shortest allowable passwords are 
typically 6 characters long and can contain both letters and digits. 


a. Calculate How many 6-character passwords are possible if characters 
can be repeated? 


b. Calculate How many 6-character passwords are possible if characters 
cannot be repeated? 


c. Draw Conclusions Which type of password is more secure? Explain. 


= WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
688 on p. WS1 TEST PRACTICE 


" CABE 


69. CLOTHING DISPLAY An employee at а clothing store is creating a display. The 
display has 3 different mannequins. Each mannequin is to wear a different 
sweater and a different skirt. How many different displays can be created? 


8 DIFFERENT COLORS 


cebra at classzone.com 


70. CROSS COUNTRY Three schools are competing in a cross country race. 
School A has 6 runners, school B has 5 runners, and school C has 4 runners. 
For scoring purposes, the finishing order of the race only considers the 
school of each runner. How many different finishing orders are there for 
the 15 runners? 


71. CHALLENGE You have learned that n! represents the number of ways that 
n objects can be placed in a linear order, where it matters which object is 
placed first. Now consider circular permutations in which objects are placed 
in a circle, so that it does not matter which object is placed first. 


a. Suppose you are seating 5 people at a circular "=ч "=ч 
table. How many different ways can you LA) 24 KC) 2 
arrange the people around the table? (. E 8) { B 9) 


The two arrangements shown 


b. Find a formula for the number of permutations 
of n objects placed in clockwise order around a 
circle when only the relative order of the objects 


matters. Explain how you derived your formula. represent the same permutation. 


MIXED REVIEW 


: PREVIEW Find the product. (p. 346) 
72. (x — 8)(x + 8) 73. (Ax — 5)(4x + 5) 74. (x+ TY 


75. (5x — 6y)* 76. (3x — 2)? 77. (4x + Зу)? 


: Prepare for 
: Lesson 10.2 
: In Exs. 72-77. 


Find the inverse of the function. (p. 438) 


78. f(x) = 4х — 9 79. f(x) = x € 6 80. f(x) = 4x° 

81. f(x) = X^ x20 82. f(x) = х +5 83. f(x) = Зх? – 1 

Graph the equation. 

84. y” = —24x (p. 620) 85. x^ + y? = 20 (p. 626) 86. х + E 1 (p. 634) 
E y. P (у= 1)? 

87. 51 ia; ^ 1 @ 642) 88. (х + 3)? + уг = 16 (р. 650) 89. leg = 1 0 650) 
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Use Combinations and 
the Binomial Theorem 


You used the counting principle and permutations. 
You will use combinations and the binomial theorem. 


So you can find ways to form a set, as in Example 2. 


Key Vocabulary In Lesson 10.1, you learned that order is important for some counting problems. 
• combination For other counting problems, order is not important. For instance, if you 

* Pascal's triangle purchase a package of trading cards, the order of the cards inside the package is 
not important. A combination is a selection of r objects from a group of n objects 
where the order is not important. 


* binomial theorem 


KEY CONCEPT For Your Notebook 


Combinations of n Objects Taken r at a Time 


The number of combinations of r objects taken from a group of n distinct 
objects is denoted by „С, and is given by this formula: 


- n! 
ner = (п-п! п 


Find combinations Standard 52-Card Deck 


CARDS A standard deck of 52 playing cards has Ka Kv Ko Ka 
4 suits with 13 different cards in each suit. Ce Qe Yes Ve 
Ja Jv Je Ja 

a. If the order in which the cards are dealt is 104 10v 10 Ф 105 
not important, how many different 5-card 94 94 9 94 
hands are possible? бал 8v 8¢ 8% 

TA 74 7% Ta 

b. In how many 5-card hands are all 5 cards of ба Bw. a ба 
the same color? Se SW Sa 5ж 

44 4v 4% 44 

Solution 34 34 3% 3^4 
a. The number of ways to choose 5 cards * И : ү T : | A : 


from a deck of 52 cards is: 


52! _ 52.51-50-49.48+47Г _ 
Cs 77471. Bl ATI + 5| Lr eds 


b. For all 5 cards to be the same color, you need to choose 1 of the 
2 colors and then 5 of the 26 cards in that color. So, the number of 
possible hands is: 

C 2! 26! 26 • 25 • 24 • 23 • 22 «211 


1°2es q.d o 0.8 lel ETE: = 191980 


2 
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| EXAMPLE 2 ] Decide to multiply or add combinations 


: AVOID ERRORS 


MULTIPLE EVENTS When finding the number of ways both an event A and an 
event B can occur, you need to multiply, as in part (b) of Example 1. When finding 
the number of ways that event A or event B can occur, you add instead. 


THEATER William Shakespeare wrote 38 plays that can be divided into three 
genres. Of the 38 plays, 18 are comedies, 10 are histories, and 10 are tragedies. 


a. How many different sets of exactly 2 comedies and 1 tragedy can you read? 


b. How many different sets of at most 3 plays can you read? 


Solution 


AAA 


: When finding the 

: number of ways to 

: select at most n objects, 
: be sure to include the 

: possibility of selecting 

: O objects. 


a. You can choose 2 of the 18 comedies and 1 of the 10 tragedies. So, the 
number of possible sets of plays is: 


1872 168-21 9-1  J6-2-1 


b. You can read 0, 1, 2, or 3 plays. Because there are 38 plays that can be 
chosen, the number of possible sets of plays is: 


aaCo + ag C, + заС + 38C; = 1 + 38 + 703 + 8436 = 9178 


SUBTRACTING POSSIBILITIES Counting problems that involve phrases like “at 
least” or “at most” are sometimes easier to solve by subtracting possibilities you 
do not want from the total number of possibilities. 


BASKETBALL During the school year, the girl's basketball team is scheduled 
to play 12 home games. You want to attend at least 3 of the games. How many 
different combinations of games can you attend? 


Solution 


Of the 12 home games, you want to attend 3 games, or 4 games, or 5 games, and 
so on. So, the number of combinations of games you can attend is: 


i263 + i264 + i265 tax 


Instead of adding these combinations, use the following reasoning. For each of 

the 12 games, you can choose to attend or not attend the game, so there аге 2'? 

total combinations. If you attend at least 3 games, you do not attend only a total 
of 0, 1, or 2 games. So, the number of ways you can attend at least 3 games is: 


212 — (,C, + 12C, + ,4C;) = 4096 — (1 + 12 + 66) = 4017 


v GUIDED PRACTICE — for Examples 1, 2, and 3 


| 
| 


Find the number of combinations. 


10 76 3. 7°» 14 5 


5. WHAT IF? In Example 2, how many different sets of exactly 3 tragedies and 
2 histories can you read? 


10.2 Use Combinations and the Binomial Theorem 


691 


PASCALS TRIANGLE If you arrange the values of С, in a triangular pattern 
in which each row corresponds to a value of n, you get what is called Pascal's 
riangle. Pascal's triangle is named after the French mathematician 
Blaise Pascal (1623-1662). 


KEY CONCEPT For Your Notebook 


Pascal's Triangle 


Pascal's triangle is shown below with its entries represented by combinations 
and with its entries represented by numbers. The first and last numbers in each 
row are 1. Every number other than 1 is the sum of the closest two numbers in 
the row directly above it. 


Pascal's triangle Pascal's triangle 
as combinations as numbers 
n = 0 (Oth row) oo 1 
п = 1 (lst row) 10 y Es, 1 1 
n = 2 (2nd row) „Сы 2С 26 I 9*9 I 
n — 3 (3rd row) woe a aU sE L S d d 
n = 4 (4th row) ¿Co 4С, 4С» ¿Ca 4С, 146 4 1 
п = 5 (5th row) pU aO. gU £C. sí Ge 1 5 10 10 5 1 


CIID ан 


SCHOOL CLUBS The 6 members of a Model UN club must choose 2 representatives 
to attend a state convention. Use Pascal's triangle to find the number of 
combinations of 2 members that can be chosen as representatives. 


Solution 


Because you need to find ,C,, write the 6th row of Pascal's triangle by adding 
numbers from the previous row, 


п = 5 (5th row) 


\ Y \ / \ А \ / X " 
|. n-6(6th row) 1 15 1 
E! ¿Es 2 А x d 
» The value of ¿C, is the third number in the 6th row of Pascal's triangle, as 


shown above. Therefore, „С„ = 15. There are 15 combinations of representatives 
for the convention. 


GUIDED PRACTICE — forExample4 — 
6. WHAT IF? In Example 4, use Pascal's triangle to find the number of 


combinations of 2 members that can be chosen if the Model UN club 
has 7 members. 
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GI expanda power of a binomial sum 


BINOMIAL EXPANSIONS There is an important relationship between powers of 
binomials and combinations. The numbers in Pascal's triangle can be used to 
find coefficients in binomial expansions. For example, the coefficients in the 
expansion of (а + Б)? are the numbers of combinations in the row of Pascal's 
triangle for n = 4: 


(a + b)* = laf + 4a°b + 6a?b? + дар? + 1b* 
C, 


¿Co 4С; 4 4Сз 


This result is generalized in the binor 


- KEY CONCEPT For Vour Wotebook 


Binomial Theorem 
For any positive integer n, the binomial expansion of (a + b)" is: 
E 0 - 151 - 2,2 0 
(a+b)? = CEA CESTA Са” b.e d Cae 


Notice that each term in the expansion of (a + b)" has the form ,C, a^ ^ "b" 
where г is an integer from 0 to n. 


| Use the binomial theorem to write the binomial expansion. 
(2 + у)? = ¿CY + 0, (y! + „С, (y? + ¿Co (0 

= (DEI + 049 + 66430 + (0) (у?) 

= х° + 3xfy + 3x?y? + y? 


POWERS OF BINOMIAL DIFFERENCES To expand a power of a binomial difference, 


you can rewrite the binomial as a sum. The resulting expansion will have terms 
whose signs alternate between + and —. 


Expand a power of a binomial difference 
: AVOID ERRORS — a ee = | 


: a term or terms with a 

: coefficient other than 

: 1, the coefficients of 

: the binomial expansion 
: are not the same as the 
: corresponding row of 

: Pascal's triangle. 


Y GUIDED Practice | for Examples 5 and 6 


| Use the binomial theorem to write the binomial expansion. 
(a — 2b)* = [а + (—2b)]* 


= (1)(a*)(1) + Wwlía) eb) + (la) (42) + (4)(@)(—8b9) + 0) (1604) 


= a‘ — 8a°b + 24a*b* — 32ab* + 16b* 


= ,C,a*(—2b)° + ,C,a*(—2b)' + ,C,a*(—2b)* + ,C,a'(—2b)* + ,C,a°(—2b)* 


Use the binomial theorem to write the binomial expansion. 


7. (x + 3)? 8. (a + 2b)* 9. (2p — д)“ 10. (5 — 2y)° 


10.2 Use Combinations and the Binomial Theorem 
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Find a coefficient їп an expansion 


Find the coefficient of x* in the expansion of (3x + 2)!°. 


Solution 


From the binomial theorem, you know the following: 
(ax +12) —..C (3x) (2)? cre + „С aa" 


Each term in the expansion has the form 10€, (393) 10 = r(2)", The term containing а 
occurs when г = 6: 


6С%(3х)(2)® = (210)(81x4)(64) = 1,088,640x* 
> The coefficient of x* is 1,088,640. 


Y ‘GUIDED PRACTICE | for Example 7 


11. Find the coefficient of x? in the expansion of (x — 3)”. 


12. Find the coefficient of x? in the expansion of (2х + 5). 


10.2 EXERCISES HOMEWORK; (С) = WORKED-OUT SOLUTIONS 
à KEY: on p. WS18 for Exs. 17, 29, and 49 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 35, 40, 41, and 52 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: The binomial expansion of (a + b)" is 
givenbythe ?. 


2. k WRITING Explain the difference between permutations and combinations. 


: EXAMPLES COMBINATIONS Find the number of combinations. 
: 1,2, and з 
AAA 3. C 4. С Я {2 6. C 
: on pp. 690—691 а xd 5. 9% 8 22 

E 


: for Exs. 3-18 r GU 8. A 


11711 3. Ls 10. Св 


12 


ERROR ANALYSIS Describe and correct the error in finding the number of 
combinations. 


11. 12. 


el 720 ( 8! 40,520 
(6 2)! 24 gi X 3l Өш be 


CARD HANDS Find the number of possible 5-card hands that contain the cards 
specified. The cards are taken from a standard 52-card deck. 


13. 5 face cards (kings, queens, or jacks) 14. 4 kings and 1 other card 
15. 1асе апа 4 cards that are not aces 16. 5 hearts or 5 diamonds 
| (17) At most 1 queen 18. At least 1 spade 
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: EXAMPLE 4 19. USING PATTERNS Copy Pascal's triangle on page 692 and add rows for 


: On p. 692 n = 6, 7, 8, 9, and 10. 

: for Exs. 19-23 

PASCALS TRIANGLE Use the rows of Pascal's triangle from Exercise 19 to write 
the binomial expansion. 


20. (x + 3)8 21. (у = 3z)'° 22. (а + D?) 23. (2s — 14)" 
: EXAMPLES BINOMIAL THEOREM Use the binomial theorem to write the binomial expansion. 
: 5 and 6 
: 2 — 24. (x + 2)3 25. (с 4)? 26. (a + ЗЬ)“ 27. (4р — q)° 
: for Exs. 24-31 | 28. (w° — 3)! (254 + 5)? 30. (Зи + v?) 31. (x3 — y?)* 


: EXAMPLE 7 32. Find the coefficient of x? in the expansion of (x — 2)!0. 


: on p. 694 


j » 3; | Е 
: for EXS. 32-35 33. Find the coefficient of x” in the expansion of (3x + 2)”. 


34. Find the coefficient of x? in the expansion of (x^ — 3)°. 


35. Ж MULTIPLE CHOICE Which is the coefficient of x* in the expansion of (x — 3)? 


(А) -945 —35 (С) —27 D> 2835 


PASCALS TRIANGLE In Exercises 36 апа 37, use the diagrams shown. 


36. What is the sum of the numbers in 37. Describe the pattern formed by the 
each ofrows 0—4 of Pascal's triangle? sums of the numbers along the diagonal 
What is the sum in row n? segments of Pascal's triangle. 
1 Row 0 
1 1 Row 1 
1 2 1 Row 2 


REASONING In Exercises 38 and 39, decide whether the problem requires 
combinations or permutations to find the answer. Then solve the problem. 


38. NEWSPAPER Your school newspaper has an editor-in-chief and an assistant 
editor-in-chief. The staff of the newspaper has 12 students. In how many ways 
can students be chosen for these two positions? 


39. STUDENT COUNCIL Five representatives from a senior class of 280 students 
are to be chosen for the student council. In how many ways can students be 
chosen to represent the senior class on the student council? 


40. ж MULTIPLE CHOICE A relay race has a team of 4 runners who run different 
parts of the race. There are 20 students on your track squad. In how many 
ways can the coach select students to compete on the relay team? 


(А) 4845 40,000 (С) 116,280 D> 160,000 


41. * SHORT RESPONSE Explain how the formula for „C, suggests the definition 
0! = 1. 


CHALLENGE Verify the identity. Justify each of your steps. 
42. C971 43. „С, = 44. C+ C= 


пп пт тт n im n-m~r-m 
45. Aar gri 46 "om к=; 47. ari Ти roe e 
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Z———————— €————— 


PROBLEM SOLVING 


: EXAMPLES 48. MUSIC You want to purchase 3 CDs from an eoo © CDs 

: 1, 2, апаз online collection that contains the types of music gem 

: on pp. 690-691 shown at the right. You want each CD to contain Contemporary | Classical 

: for Exs. 48—50 a different type of music such that 2 CDs are e Blues € Opera 
different types of contemporary music and 1 CD e Country e Concerto 
is a type of classical music. How many different e Jazz e Symphony 
sets of music types can you choose? e Rap 
CHome' utor for problem solving help at classzone.com @ Rock & Roll 


| (49) FLOWERS You are buying a bouquet. The florist has 18 types of flowers that 
you can use to make the bouquet. You want to use exactly 3 types of flowers. 
How many different combinations of flower types can you use in your 
bouquet? 


ES : 
| elutor | for problem solving help at classzone.com 


50. ARCADE GAMES An arcade has 20 different arcade games. You want to play 
at least 14 of them. How many different combinations of arcade games can 


you play? 


51. MULTI-STEP PROBLEM A televised singing competition picks a winner 
from 20 original contestants over the course of five episodes. During each 
of the first, second, and third episodes, 5 singers are eliminated by the 
end of the episode. The fourth episode eliminates 2 more singers, and the 
winner is selected at the end of the fifth episode. 


a. How many combinations of 5 singers out of the original 20 can be 
eliminated during the first episode? 


b. How many combinations of 5 singers out of the 15 singers who started 
the second episode can be eliminated during the second episode? 


c. How many combinations of singers can be eliminated during the third 
episode? during the fourth episode? during the fifth episode? 


d. Find the total number of ways in which the 20 original contestants can be 
eliminated to produce a winner. 


52. * EXTENDED RESPONSE A group of 15 high school students is volunteering 
at a local fire station. Of these students, 5 will be assigned to wash fire 
trucks, 7 will be assigned to repaint the station's interior, and 3 will be 
assigned to do maintenance on the station's exterior. 


a. Calculate One way to count the number of possible job 
assignments is to find the number of permutations 
of 5 W's (for "wash"), 7 R's (for “repainting”), and з 
M's (for “maintenance”). Use this method to write 
the number of possible job assignments first as an 
expression involving factorials and then as a number. 


b. Calculate Another way to count the number of possible 
job assignments is to first choose the 5 W's, then choose 
the 7 R's, and then choose the 3 M's. Use this method to 
write the number of possible job assignments first as an 
expression involving factorials and then as a number. 


c. Analyze Compare your results from parts (a) and (b). | 
Explain why they make sense. Volunteers in Aniak, Alaska 


= WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
696 on p. WS1 TEST PRACTICE 


| 


53. CHALLENGE А polygon is convex if no line that contains diagonal 
a side of the polygon contains a point in the interior of 
the polygon. Consider a convex polygon with п sides. 


a. Use the combinations formula to write an expression 
for the number of line segments that join pairs of 
vertices on an n-sided polygon. /¿— vertex 


b. Use your result from part (a) to write a formula for the 
number of diagonals of an n-sided convex polygon. 


Mixen Review o  — 


: PREVIEW 


" EA 


: Prepare for 
: Lesson 10.3 
i in Exs. 54—57. 


Find the area of the figure. (pp. 991-992) 


54. Circle with radius 16 inches 
55. Rectangle with sides 8.25 feet and 12.1 feet 
56. Triangle with base 15 centimeters and height 18 centimeters 


57. Trapezoid with bases 12 meters and 16 meters, and height 9 meters 


Solve the equation. 
58. 8V4x — 5 = 19 (p. 452) 59. (x — 2)?? = 216 (р. 452) 60. In (x + 4) = In 5 (p. 515) 
61. 10% — 5 = 11 (p. 515) 62. _Х_ = 2+3 (5 589) 63. — + 3 =—2%_ (p, 589) 


x-2 al x—3 | X43 


Write an equation of the perpendicular bisector of the line segment joining the 
two points. (p. 614) 


B4,. (4,2), (6, 2) 65. (9, 2), (3, 6) 66. (-8, —513), (7, 10) :67. (6, 9.3), (0, 8.2) 


Quiz for Lessons 10.1—10.2 


For the given license plate configuration, find how many plates are possible if 
letters and digits (a) can be repeated and (b) cannot be repeated. (p. 682) 


1. 2 letters followed by 3 digits 2. 3 digits followed by 3 letters 


Find the number of distinguishable permutations of the letters in the word. (p. 682) 
3. AWAY 4. IDAHO 5. LETTER 6. TENNESSEE 


Find the number of combinations. (p. 690) 


ul в: 5C, 50 10. С; 


Use the binomial theorem to write the binomial expansion. (p. 690) 
11. (x + 5)? 12. (2s — 3)® 13. (Зи + v)* 14. (22° — Зу)? 
15. Find the coefficient of х? in the expansion of (х + 2)?. (р. 690) 
16. MENU CHOICES A pizza parlor runs a special where you can buy a large 
pizza with 1 cheese, 1 vegetable, and 2 meats for $12. You have a choice of 


5 cheeses, 10 vegetables, and 6 meats. How many different variations of the 
pizza special are possible? (p. 690) 
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10. 


You determined the number of ways an event could occur. 
[ Now | You will find the likelihood that an event will occur. 
So you can find real-life geometric probabilities, as in Ex. 39. 


. Key Vocabulary 

e probability 

«theoretical 
probability 

«odds 

* experimental 
probability 

* geometric 
probability 


¡Y P(A) = Number of outcomes in event A 


Define and Use 
Probability 


When you roll a standard six-sided die, the possible results are called outcomes. 
The outcomes of rolling a die are 1, 2, 3, 4, 5, and 6. An event is an outcome or a 
collection of outcomes. For example, the event “rolling an odd number” consists 
of the outcomes 1, 3, and 5. 


The probability of an event is a namber from 0 to 1 that indicates the likelihood 
the event will occur, as shown on the number line below. Probabilities can be 
written as fractions, decimals, or percents. 


Event is more likely not to occur Event is more likely to occur 


q m Ls 
P=0 P=; p=1 


Event will not occur. Event is equally likely to occur or not occur. Event is certain to occur. 


For Vour Wotebook 


KEY CONCEPT 


Theoretical Probability of an Event 


> When all outcomes are equally likely, the 
theoretical probability that an event A Š 


> will occur is: 


Total number of outcomes 


The theoretical probability of an event is often 
simply called the probability of the event. 


(TTE Find probabilities of events 


You roll a standard six-sided die. Find the probability of (a) rolling a 5 
and (b) rolling an even number. 


a. There are 6 possible outcomes. Only 1 outcome corresponds to rolling 
a5. 
Number of ways to roll a 5 1 


РтоШп& 25) = Number of ways to roll the die — 6 


b. A total of 3 outcomes correspond to rolling an even number: a 2, 4, or 6. 


a a —W 
8 Number of ways to roll the die 6 2 
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( EXAMPLE 2 ] Use permutations or combinations 


ENTERTAINMENT A community center hosts a talent contest 

| for local musicians. On a given evening, 7 musicians are 
scheduled to perform. The order in which the musicians 
perform is randomly selected during the show. 


a. What is the probability that the musicians perform in 
alphabetical order by their last names? (Assume that no 
two musicians have the same last name.) 


b. You are friends with 4 of the musicians. What is the 
probability that the first 2 performers are your friends? 


Solution 


a. There are 7! different permutations of the 7 musicians. Of these, only 1 is in 
alphabetical order by last name. So, the probability is: 


1 — 1 — _ Фа == 
P(alphabetical order) 21 5040 0.000198 
b. There are ¿Co different combinations of 2 musicians. Of these, „С, are 2 of 
your friends. So, the probability 15: 
4%. 6.2 


2 73 750286 


P(first 2 performers are your friends) — 31 
2 


7 


Y Guwen Practice | tor Examples 1 and2 


You have an equally likely chance of choosing any integer from 1 through 20. 
_ Find the probability of the given event. 


1. A perfect square is chosen. 2. A factor of 30 is chosen. 


3. WHAT IF? In Example 2, how do your answers to parts (a) and (b) change if 
there are 9 musicians scheduled to perform? 


ODDS You can also use odds to measure the likelihood that an event will occur. 
Odds measure the chances in favor of an event occurring or the chances against 
an event occurring. 


KEY CONCEPT For Your Notebook 


Odds in Favor of or Odds Against an Event 


When all outcomes are equally likely, the odds in favor of an event A and the 
odds against an event А are defined as follows: 


Number of outcomes in 4 


Odds in favor of event A = 
Number of outcomes not in A 


Number of outcomes not in A 


Odds against event A = 
8 Number of outcomes in A 


You can write the odds in favor of or against an event in the form or in the 
form a:b. 
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| | 
; AVOID ERRORS. _ Асага is drawn from a standard deck of 52 cards. Find (a) the odds in 
: Note that the odds in | favor of drawing a 10 and (b) the odds against drawing a club. 
: favor of ud" a 10, 
: which are —— + do not Solution 
: equal the probability of а. Odds in favor of drawing а 10 = . Number oftens — = de = E, or1:12 
: drawing a 10, which Number of non-tens 48 12 
PUE 

— = —. _ Number of non-clubs _ 39 _ 3 з, 

E» ^3 | b. Odds against drawing a club UNS pom 3 Y or3:1 
EXPERIMENTAL PROBABILITY Sometimes itis not possible or convenient to 
find the theoretical probability of an event. In such cases, you may be able to 
calculate an experimental probability by performing an experiment, conducting 
a survey, or looking at the history of the event. 

KEY CONCEPT For Your Notebook 
: READING 


Too —— = Experimental Probability of an Event 
: The experimental Es 


: probability of an event 5 When an exp eriment is performed that consists of a certain number of trials, 
: is also the relative t= the experimental probability of an event A is given by: 
: frequency of the event. T 


P(A) = Number of trials where A occurs 
Total number of trials 


341.1193: Find an experimental probability 


| SURVEY The bar graph shows how 

| old adults in a survey would choose 
to be if they could choose any age. 
Find the experimental probability 
that a randomly selected adult would 
prefer to be at least 40 years old. 


Number of adults 


Solution 
The total number of people surveyed is: 


463 + 1085 + 879 + 551 + 300 + 238 = 3516 


Of those surveyed, 551 + 300 + 238 = 1089 would prefer to be at least 40. 


1089 _ 
P(at least 40 years old) = 3516 ^ 0.310 
for Examples 3 and 4 


A card is randomly drawn from a standard deck. Find the indicated odds. 


4. In favor of drawing a heart 5. Against drawing a queen 


|. 6. WHAT IF? In Example 4, what is the experimental probability that an adult 
| would prefer to be (a) at most 39 years old and (b) at least 30 years old? 
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GEOMETRIC PROBABILITY Some probabilities are found by und тано of 
two lengths, areas, or volumes. Such probabilities are geometric probabilities 


GH Finda geometric probability — EE 


DARTS You throw a dart at the square board shown. 
| Your dart is equally likely to hit any point inside the 
board. Are you more likely to get 10 points or 0 points? 


Solution 
| P(10 points) = Area osma est cireie 
= 7:3 9E = 2 0.0873 
рууну? ee ee ee 


Area of entire board 


| GUIDED PRACTICE for Example 5 


7. WHAT IF? In Example 5, are you more likely to get 5 points or 0 points? 


0.3 EXERCISES Mn oc Ta 
1 ә КЕҮ: оп р. WS18 for Exs. 7, 17, and 39 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 19, 27, 32, and 42 


$- = MULTIPLE REPRESENTATIONS 
Ex. 40 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: A probability that is the ratio of two 
lengths, areas, or volumes is called a(n) ? probability. 


2. * WRITING Explain the difference between theoretical probability and 
experimental probability. Give an example of each. 


: EXAMPLE 1 | CHOOSING NUMBERS You have an equally likely chance of choosing any integer 
: on p. 698 from 1 through 50. Find the probability of the given event. 
EOT RG 38 3. An even number is chosen. 4. A number less than 35 is chosen. 
5. A perfect square is chosen. 6. A prime number is chosen. 
OR factor of 150 is chosen. 8. A multiple of 4 is chosen. 
9. A two-digit number is chosen. 10. A perfect cube is chosen. 
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: EXAMPLE 2 


: E > 608 чо РЕ 
: for Exs. 17-19 


: EXAMPLE 3 


# AAA 


¿for Exs. 20-25 


: EXAMPLE 4 


: 25 00 калу А 
: for Exs. 28-32 
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(С) = WORKED-OUT SOLUTIONS 


| CHOOSING CARDS A card is randomly drawn from a standard deck of 52 cards. 


Find the probability of drawing the given card. 
11. The king of diamonds 12. Aking 
13. A spade 14. A black card 


15. A card other than a 2 16. A face card (a king, queen, or jack) 


LOTTERIES In Exercises 17 and 18, find the probability of winning the lottery 
according to the given rules. Assume numbers are selected at random. 


You must correctly select 6 out of 48 numbers. The order of the numbers is 
not important. 


18. You must correctly select 4 numbers, each an integer from 0 to 9. The order of 
the numbers is important. 


19. * MULTIPLE CHOICE What is the probability (rounded to three decimal 
places) that 2 different randomly selected months both have 31 days? 


СА) 0.159 0.227 СС) 0.318 (D> 0.340 
ODDS You randomly choose a marble from a bag. The bag contains 10 black, 
8 red, 4 white, and 6 blue marbles. Find the indicated odds. 

20. In favor of choosing white 21. In favor of choosing blue 


22. Against choosing red 23. Against choosing black 


ERROR ANALYSIS Describe and correct the error in calculating the odds against 
getting a 5 or 6 when rolling a six-sided die. 
24. es. 


Odds against 5 or 6 X 


26. GAMES A bag is filled with 100 lettered tiles. The probability of randomly 
drawing a B is 0.03. The odds against randomly drawing a G is 24:1. Is it more 
likely to draw a B or a G? Explain. 


Odds against 5 or 6 


27. * SHORT RESPONSE The probability of event A is 0.3. What are the odds in 
favor of event A? Explain. 


ROLLING A DIE The results of rolling a six-sided die 150 times are shown. Use 
the table to find the experimental probability of the given event. Compare your 
answer to the theoretical probability of the event. 


28. Rollinga 5 
29. Rolling an even number 


30. Rolling a number less than 5 


31. Rolling any number but a 3 


32. * MULTIPLE CHOICE You flip a coin 80 times. You get heads 37 times and tails 
43 times. What is the experimental probability of getting heads? 


СА) 0.4625 0.5 (С) 0.5375 (D> 0.8605 
. REASONING Find the probability that the vertex of the graph of y = x^ — 6x + c 
is above the x-axis if cis a randomly chosen integer from 1 to 20. 


Ж = STANDARDIZED 


@ = MULTIPLE 
TEST PRACTICE 


on p. WS1 


REPRESENTATIONS 


34. CHALLENGE Suppose you throw а dart at each square target below. Assume 
that the dart is equally likely to hit any point inside the target. 


Target A Target B Target C 


12 in. 12 in. 12 in. 


a. Calculate What is the probability that the dart lands inside the circle in 
target A? inside a circle in target B? inside a circle in target C? 


b. Generalize Consider the general case where a square target with sides 
12 inches long contains п? identical circles arranged in n rows and 
n columns. Make a conjecture about the probability that a dart lands 
inside one of the circles. Then prove your conjecture. 


"PROBLEM SOLVING 


3 sss ee а 
: for Exs. 35-37 


GEOMETRIC PROBABILITY Find the probability that a dart thrown at the given 
target will hit the shaded region. Assume the dart is equally likely to hit any 
point inside the target. 


35. 37. 


е i E or for problem solving help at classzone.com 


38. JURY SELECTION A jury of 12 people is selected from a pool of 30 people that 
includes 12 men and 18 women. What is the probability that the jury will be 
composed of 12 women? 


Г ИШЕ, PO 
| @h lo 7 ieTutor for problem solving help at classzone.com 


(39) ARCHERY The standard archery target used in 
competition has a diameter of 80 centimeters. 
Find the probability that an arrow shot at the target 
will hit the center circle, which has a diameter of 
16 centimeters. Assume the arrow will hit the target 
and is equally likely to hit any point inside the target. 


кайттан 
large numbers states that as the number 
of trials in an experiment increases, the (60 | 600 | 6000 
experimental probability gets closer to 


the theoretical probability. Use the data 
from the table to answer the questions. 


a. Do the data exhibit the law of large numbers? Explain. 


b. Which number of trials (rolls) resulted in an experimental probability 
that is closest to the theoretical probability? Does this contradict the 
law of large numbers? Explain. 


c. Suppose that in the 60,000 roll experiment, there was a streak of 50 rolls 
without a 6. Is it more likely that the next roll was a 6? Explain. 
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41. GULF COAST The map shows 
the length of shoreline (in miles) 
along the Gulf of Mexico for each 
state that borders the body of 
water. What is the probability that 
a ship coming ashore at a random 
point in the Gulf of Mexico lands 
in the given state? 


a. Texas 
b. Florida 
c. Alabama 


42. * EXTENDED RESPONSE A magician claims to be able to read minds. 
To test this claim, five cards numbered 1 through 5 are used. A subject 
selects two cards from the five cards and concentrates on the numbers. 


a. Whatis the probability that the two numbers chosen are 3 and 4? 


b. Whatis the probability that the magician can correctly identify the 
two numbers by guessing? 


c. Suppose the magician was able to identify the two numbers on one try 
and wasn't able to identify the two numbers on another try. Does this 
support the magician's claim to be a mind reader? Explain. 


43. CHALLENGE In a guessing game, one player secretly places four different- 
colored pegs on a board in each of four positions: A, B, C, or D. A second 
player guesses the configuration of the pegs by placing an identical set of 
pegs in slots A, B, C, and D on an identical board. The second player is then 
told how many of the pegs are in the correct slot. 


a. Whatis the probability that the second player has all four pegs correct 
on the first guess? 


b. What is the probability that the second player has exactly one рер 
correct on the first guess? 


c. The second player is told she has placed two pegs in the correct slot. The 
player then switches two of the pegs. What is the probability that the 
player now has all four pegs in the correct slot? 


MIXED REVIEW 


Graph the function. 

44. y = 4(0.75)* (p. 486) 45. f(x) = 3e ?* (р. 492) 46. y — In x + 2 (p. 499) 
Раў _ —1 _ aera 

47. y= E (p. 478) ав. g(x) = — lr -2(58) 49. y= 7. (p.565 


Evaluate the expression without using a calculator. (p. 499) 


50. log, 64 51. Ine 52. log, 36 53. log, 512 
54. In e*? 55. log, .9 56. log, 27 57. log, + 
1/3 59 4.39 
ШОЕ 
: Prepare for Find the number of combinations. (p. 690) 
: Lesson 10.4 
: in Exs. 58-61. 58. ¿Cy 59. ¡9Cg 60. ;C, 61. 2С; 
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Lessons 10.1-10.3 


1. MULTI-STEP PROBLEM Five people walk into a 
movie theater and look for empty seats. 


a. Find the number of ways the people can be 
seated if there are 5 empty seats. 


b. Find the number of ways the people can be 
seated if there are 8 empty seats. 


c. Generalize your results from parts (a) 
and (b) by writing an expression involving 
factorials for the number of ways the people 
can be seated if there are n empty seats. 


d. What is the minimum value of n such that 
there are at least 1 million ways the people 
can be seated? 


2. MULTI-STEP PROBLEM You and a friend are 
meeting at the gym to work out. You both agree 
to arrive between 9:00 A.M. and 9:30 A.M. You 
will wait for each other for up to 10 minutes. 


a. Let x be your arrival time (in minutes after 
9:00 A.M.), and let y be your friend's arrival 
time (in minutes after 9:00 A.M.). Write 
inequalities representing the time intervals 
in which you and your friend arrive. 


b. If you and your friend are to meet, the 
difference between your arrival times 
must not exceed 10 minutes. Write two 
inequalities that show this fact. 


с. Graph your inequalities from parts (a) and 
(b) in the same coordinate plane. 
d. Using your graph from part (c), find the 


probability that you and your friend will 
meet at the gym. 


3. GRIDDED ANSWER You want to make a fruit 
smoothie using 3 of the fruits listed. How many 
different fruit smoothies can you make? 


* Or ange 
s Banana 
` Strawberry 


* Canteloy ре 


* Water el on 


* Kiwi 


* Peach 


E | 
ilu TICE 4 | 


4. GRIDDED ANSWER In a high school fashion 


show, how many ways can 1 freshman, 

2 sophomores, 2 juniors, and 3 seniors line 
up in front of the judges if the contestants in 
the same class are considered identical? 


. EXTENDED RESPONSE The graph shows the 


results of a survey in 2004 that asked U.S. 
adults which sport they would most like to 
participate in at the Summer Olympics. 


ә 400 
= -324— 

Ad ms a 

200 
: 101 

100 Ё 3 й ÀI 51 І 41 = [e 
н UIS > ; > m © NI Р S | ^ " 

CEE FFE 
SO e — Q9 QS © 
с © S QV > 
SS V 
o 


a. Find the probability that a randomly 
selected U.S. adult would like to participate 
in track and field. 


b. Is your answer from part (a) a theoretical 
or experimental probability? Explain. 


c. What are the odds in favor of a randomly 
selected U.S. adult preferring to participate 
in gymnastics? 


. SHORT RESPONSE You must take 18 elective 


courses to meet your graduation requirements 
for college. There are 30 courses that you are 
interested in. Does finding the number of 
possible course selections involve permutations 
or combinations? Explain. How many different 
course selections are possible? 


. OPEN-ENDED Give an example of a real-life 


problem for which the answer is the sum of two 
combinations. Show how to find the answer. 


. GRIDDED ANSWER Ап ice cream shop offers 


a choice of 31 flavors. How many different ice 
cream cones can be made with three scoops of 
ice cream if each scoop is a different flavor and 
the order of the scoops is not important? 


Mixed Review of Problem Solving 705 


de ДУГ БЫШ ACTIVITY Use before Lesson 10.4 


0.4 Find Probabilities Using Venn Diagrams 


In Lesson 10.3, you learned how to compute the probability of one event. 

In some situations, however, you might be interested in the probability that 
two events will occur simultaneously. You also might be interested in the 
probability that at least one of two events will occur. This activity demonstrates 
how a Venn diagram is useful for computing such probabilities. 


STEP 1| Complete a Venn diagram STEP 2| Complete a table 


Copy the Venn diagram shown below. Copy and complete the frequency table. 
Ask the members of your class if they When determining the frequency for a 
have a sister, have a brother, have both, category, be sure to include all the students 
or have neither. Write their names in the who are in the category. Note that a student 
appropriate part of the Venn diagram. can belong to more than one category. 


No sister or brother Number of students 


Have a sister 
Have a brother 


Have a Have both a 
brother sister and brother 


Do not have a 
sister or brother 


1. A student from your class is selected at random. Find the probability of 
each event. Explain how you found your answers. 


a. The student has a sister. 
b. The student has a brother. 
c. The student has a sister and a brother. 


d. The student does not have a sister or a brother. 


. Find the probability that a randomly selected student from your class 
has either a sister or a brother. Explain how you found your answer. 


. How could you calculate the answer to Exercise 2 using your answers 
from Exercise 1? 
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10.4 


Key Vocabular 
* compound event 
* overlapping events 


e disjoint or mutually 
exclusive events 


Find Probabilities of Disjoint 


and Overlapping Events 


You found probabilities of simple events. 
You will find probabilities of compound events. 
So you can solve problems about meteorology, as in Ex. 44. 


When you consider all the outcomes for either of two events A and B, you form 
the union of A and B. When you consider only the outcomes shared by both A and 
B, you form the й intersection of A and B. The union or intersection of two events is 


Union of Aand B Intersection of A and B Intersection of A and B 
is empty. 


To find Pot Or t B) you must consider what outcomes, if any, are in the intersection 
verlapping if they have one or more outcomes in 
common, as MONA in the first diagram. Two events are ИШИ, ог ти tui Шу 


КЕҮ СОМСЕРТ For Your Notebook 


| : Probability of Compound Events 


If A and B are any two events, then the probability of A or B is: 
P(A or B) = P(A) + P(B) — P(A and В) 

If A and B are disjoint events, then the probability of A or B is: 
P(A or В) = P(A) + P(B) 


CEP Fna probability o disjoint events 


A card is randomly selected from a standard deck of 52 cards. What is the 
probability that it is a 10 or a face card? 


Solution 


Let event A be selecting a 10 and event B be selecting 
a face card. A has 4 outcomes and B has 12 outcomes. 
Because A and B are disjoint, the probability is: 


P(A or B) = P(A) + P(B) = э + 12 - 15 = E = 0.308 
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Ж GUIDE) standardized test Practice mu 


A card is randomly selected from a standard deck of 52 cards. What is the 
probability that it is a face card or a spade? 


3 11 25 7: 
© = 4-5 ou O 5 (D 33 
Solution 
: AVOID ERRORS 
ЖННД > Let event А be selecting a face card and event В 


: When two events A 


be selecting a spade. A has 12 outcomes and B 
: and B overlap, as in 


: Example 2, P(A or B) has 13 outcomes. Of these, 3 outcomes are 
Í does nok eq ша common to А апа В. So, the probability of 
i P(A) + P(B). selecting a face card or a spade is: 


| А NS OS UG 
P(A or B) = P(A) + P(B) — P(Aand B) 2 52 82 52 26 


| P The correct answer is B. GO (В) O © 


| ExaMPLE З Ж formula to find P(A and B) 


SENIOR CLASS Out of 200 students in a senior class, 113 students are either 

. varsity athletes or on the honor roll. There are 74 seniors who are varsity 
athletes and 51 seniors who are on the honor roll. What is the probability 

that a randomly selected senior is both a varsity athlete апа on the honor roll? 


. Solution 


Let event A be selecting a senior who is a varsity athlete and event B be 
m^ a senior on the honor roll. From the given information you know that 


P(A) = A , P(B) = 24, and P(A or B) = AS . Find P(A and B). 


200 200 


P(A or B) = P(A) + P(B) — P(A and B) Write general formula. 


113 _ 74 , 51 
200 — 200 + -4 200 — P(A and B) Substitute known probabilities. 


P(A and B) = 2b + A = A Solve for P(A and B). 
P(A and B) = 3 = = = 0.06 Simplify. 


GUIDED PRACTICE — for Examples 1, 2, and 3 


_ А сага is randomly selected from a standard deck of 52 cards. Find the 
probability of the given event. 
1. Selecting an ace or an eight 2. Selecting a 10 or a diamond 
3. WHAT IF? In Example 3, suppose 32 seniors are in the band and 64 seniors 


are in the band or on the honor roll. What is the probability that a randomly 
selected senior is both in the band and on the honor roll? 


708 Chapter 10 Counting Methods and Probability 


: For an alternative 


: method for solving the 


SRS ER ERE HHS 


COMPLEMENTS The event A, called the complement of event A, consists of all 
outcomes that are not іп A. The notation A is read as “A bar." 


KEY CONCEPT For Your Notebook 


Probability of the Complement of an Event 
The probability of the complement of A is P(A) = 1 — P(A). 


ЄТ) Find probabilities of complements 


| DICE When two six-sided dice are rolled, [Л BOB Cig O8 00 fa 


| there are 36 possible outcomes, as shown. 
Find the probability of the given event. n gs nuo Ше MO BE. 


pte n FD 4, a. The sum is not 6. B. CJE 189 Ж]. XN. REI. 
: turn to page Or 
: the Problem Solving b. Thesum is less than or equal to 9. CIA CAR LB CORR CR IHR 
; Workshop. LIBS CRS 769 CRS LIEB EJEM 
— oa: Mo]: No]: (HB EH 
] = | — | = ] — ə = 31 = 
a. P(sum is not 6) = 1 — P(sum is 6) = 1 36 3G 0.861 


b. P(sum <9) = 1 – P(sum>9) = 1 — Ê = 30 = Э ~ 0.833 


( EXAMPLE 5 | Use a complement in real life 


FORTUNE COOKIES A restaurant gives a free fortune cookie to every guest. The 
restaurant claims there are 500 different messages hidden inside the fortune 
cookies. What is the probability that a group of 5 people receive at least 2 fortune 
cookies with the same message inside? 


Solution 


The number of ways to give messages to the 5 people is 500°. The number of 
ways to give different messages to the 5 people is 500 * 499 · 498 · 497 - 496. So, 
the probability that at least 2 of the 5 people have the same message is: 


P(at least 2 are the same) = 1 — P(none are the same) 


| — 500 + 499 - 498 - 497 - 496 
500? 


== 0.0199 


ВА GUIDED PRACTICE | for Examples 4 and 5 
Find P(A). 


4. P(A) = 0.45 5. P(A) = 1 6. P(A) = 1 7. Р(А) = 0.03 


8. WHAT IF? In Example 5, how does the answer change if there are only 
100 different messages hidden inside the fortune cookies? 


10.4 Find Probabilities of Disjoint and Overlapping Events 709 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 34, 39, 40, 44, and 47 


EXERCISES HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
1 0.4 KEY: on p. WS18 for Exs. 11, 21, and 45 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: The union or intersection of two events is 
called a(n) ? . 


2. * WRITING Are the events А and A disjoint? Explain. Then give an example 
of a real-life event and its complement. 


; EXAMPLE 1 | DISJOINT EVENTS Events A and B are disjoint. Find P(A or B). 


: on p. 707 3. P(A) = 0.3, P(B) = 0.1 4. P(A) = 0.55, P(B) = 0.2 5. P(A) = 0.41, P(B) = 0.24 
: for Exs. 3-8 
6. P(A) = =» PB) = Б 7. P(A) 3 P(B) 4 8. P(A) 3 Р(В) Е 
: ЕХАМРІЕЅ OVERLAPPING EVENTS Find the indicated probability. 
: 2and 3 | 
анны) 9, P(A) =0.5,Р(В)=035 10. P(A) = 0.6, P(B) = 0.2 (1) P(A) = 0.28, P(B) = 0.64 
; ior i 9-15 P(A and B) = 0.2 P(A or B) = 0.7 P(A or B) = 0. 1 
' | Р(АогВ) = ? Р(Аапа В) = _? Р(А апа В) = 
12. P(A) = 0.46, P(B) = 0.37 13. P(A) = 5, P(B) = 5 14. P(A) = 8, P(B) = 3 
P(Aand B) = 0.31 P(A and В) = 2 P(A or В) = L 
P(A or В) = _2_ P(A ог В) = _2_ P(A and В) =_? 
15. * MULTIPLE CHOICE What is P(A or B) if P(A) = 0.41, P(B) = 0.53, and 
P(Aand B) = 0.27? 
(А) 0.12 (В) 0.67 СС) 0.80 © 0.94 
: EXAMPLE 4 | FINDING PROBABILITIES OF COMPLEMENTS Find P(A). 
: on p. 709 " S syk = 2 
: for Exs. 16-19 16. Р(А) = 0.5 17. Р(А)=0 18. P(A) 3 19. P(A) 8 
CHOOSING CARDS A card is randomly selected from a standard deck of 52 cards. 
Find the probability of drawing the given card. 
20. A king and a diamond D A king or a diamond 22. A spade or a club 
23. A4ora5 24. A6 anda face card 25. Nota heart 
ERROR ANALYSIS Describe and correct the error in finding the probability of 
randomly drawing the given card from a standard deck of 52 cards. 
26. 27. 
P(heart or face card) P(club or 9) 
P(heart)  P(face card) P(club) P(9)  P(club and 9) 
15 12 15 


52 -PA 52 DA 62 
2 X X 
52 26 
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FINDING PROBABILITIES Find the indicated probability. State whether A апа В 
are disjoint events. 


28. P(A) = 0.25 29. P(A) = 0.6 30. P(A) =_2_ 
P(B) = 0.4 P(B) = 0.32 P(B) = 0.38 
P(A or В) = 0.50 P(AorB) =_2_ P(A or B) = 0.65 
Р(А апа В) = ?. Р(А апа В) = 0.25 Р(А апа В) = 0 
31. Р(А) = is 32. P(A) = 1 33. Р(А) = 16% 
P(B) = _?_ P(B) = = P(B) = ? 
Р(А or В) = 3 P(A ог В) = 2 Р(А or В) = 32% 
Р(А апа В) = £ P(Aand В) =_?_ P(A and B) = 8% 


34. ж OPEN-ENDED MATH Describe a real-life situation that involves two 
disjoint events A and B. Then describe a real-life situation that involves two 
overlapping events C and D. 


ROLLING DICE Two six-sided dice are rolled. Find the probability of the given 
event. (Refer to Example 4 on page 709 for the possible outcomes.) 


35. The sum is 3 or 4. 36. The sum is not 7. 


37. The sum is greater than or equal to 5. 38. The sum is less than 8 or greater than 11. 


39. * MULTIPLE CHOICE Two six-sided dice are rolled. What is the probability 
that the sum is a prime number? 


13 7 5 5 
СА) 3 ® 35 O 35 ORE 


40. * SHORT RESPONSE Use the first diagram at 
the right to explain why this equation is true: 


P(A) + P(B) = P(A or B) + P(A and B) 


41. CHALLENGE Use the second diagram at the 
right to derive a formula for P(A or B or C). Ex. 40 Ex. 41 


RR p 


PROBLEM SOLVING 
: EXAMPLES 42. CLASS ELECTIONS You and your best friend are among several candidates 
:1,2,and3 — running for class president. You estimate that there is a 45% chance you will 
: on pp. 707-708 win and a 25% chance your best friend will win. What is the probability that 
: for Exs. 42-44 either you or your best friend win the election? 


Mina Ted i 
(OHomelutor ог problem solving help at dasszone.com 


43. BIOLOGY You are performing an experiment to determine how well plants 
grow under different light sources. Out of the 30 plants in the experiment, 
12 receive visible light, 15 receive ultraviolet light, and 6 receive both visible 
and ultraviolet light. What is the probability that a plant in the experiment 
receives either visible light or ultraviolet light? 


denia] SI 


¿MIgebDra at classzone.com 
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: EXAMPLES 44. * MULTIPLE CHOICE Refer to the chart below. Which of the following 
:4and 5 probabilities is greatest? 


CA) P(rains on Sunday) P(does not rain on Saturday) 
(C> P(rains on Monday) (D> P(does not rain on Friday) 


: for Exs. 44-46 


Four Day Forecast 


Friday Saturday Sunday 


DRAMA CLUB The organizer of a cast party for a drama club asks each of 
6 cast members to bring one food item from a list of 10 items. What is the 
probability that at least 2 of the 6 cast members bring the same item? 


46. HOME ELECTRONICS A development has 6 houses with the same model of 
garage door opener. Each opener has 4096 possible transmitter codes. 
What is the probability that at least 2 of the 6 houses have the same code? 


47. * EXTENDED RESPONSE Use the given information about a farmer's 
tomato crop to complete parts (a)-(c). 


a. 40% of the tomatoes are partially rotten, 30% of the tomatoes have been 
fed on by insects, and 12% are partially rotten and have been fed on 
by insects. What is the probability that a randomly selected tomato is 
partially rotten or has been fed on by insects? 


b. 20% of the tomatoes have bite marks from a chipmunk and 7% have bite 
marks and are partially rotten. What is the probability that a randomly 
selected tomato has bite marks or is partially rotten? 


c. Suppose the farmer finds out that 6% of the tomatoes have bite marks 
and have been fed on by insects. Do you have enough information to 
determine the probability that a randomly selected tomato has been fed 
on by insects or is partially rotten or has bite marks from a chipmunk? If 
not, what other information do you require? 


48. MULTI-STEP PROBLEM Follow the steps below to explore a famous 
probability problem called the birthday problem. (Assume that there are 
365 possible birthdays.) 


a. Calculate Suppose that 6 people are chosen at random. Find the 
probability that at least 2 of the people share the same birthday. 


b. Calculate Suppose that 10 people are chosen at random. Find the 
probability that at least 2 of the people share the same birthday. 


c. Model Generalize the results from parts (a) and (b) by 
writing a formula for the probability P(x) that at least 
2 people in a group of x people share the same birthday. 
(Hint: Use , P, notation in your formula.) 


d. Analyze Enter the formula from part (c) into a graphing 
calculator. Use the table feature to make a table of 
values. For what group size does the probability that at 
least 2 people share the same birthday first exceed 5096? 


- WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
712 on p. WS1 TEST PRACTICE 


49. PET STORE A pet store has 8 black Labrador retriever puppies (5 females and 
3 males) and 12 yellow Labrador retriever puppies (4 females and 8 males). 
You randomly choose one of the Labrador retriever puppies. What is the 
probability that it is a female or a yellow Labrador retriever? 


50. CHALLENGE You own 50 DVDs consisting of 25 comedies, 15 dramas, and 
10 thrillers. You randomly pick 4 movies to watch during a long train ride. 
What is the probability that you pick at least one DVD of each type of movie? 


"MIXED REVIEW _ 


: PREVIEW 


EA 


: Prepare for 
: Lesson 10.5 
: in Exs. 61-64. 


Use the given values to write an equation relating x and y. Then find the value 
of y when x — 8. 


51. x, y vary directly; x = —5, y = 20 (p. 107) 52. x, y vary directly; x = 54, y = —9 (p. 107) 
53. x, y vary inversely; x — 12, y — —4 (p. 551) 54. x, y vary inversely; x = —2, y = —3 (p. 551) 


Find the inverse of the function. (p. 437) 
55. f(x) = 3x- 7 56. f(x) = —5x +3 57. f(x) = -6x^, x x0 
58. f(x) = —2.5x° 59. f(x) = 4x* — 12, x 20 60. f(x) = 0.2x? + 0.5 


Each event can occur in the given number of ways. Find the number of ways all 
of the events can occur. (p. 682) 


61. Event A: 2 ways, Event B: 4 ways 62. Event A: 13 ways, Event B: 7 ways 
63. Event A: 3 ways, Event B: 5 ways, 64. Event A: 12 ways, Event B: 11 ways, 
Event C: 6 ways Event C: 8 ways, Event D: 10 ways 


QUIZ for Lessons 10.3-10.4 


A card is randomly drawn from a standard deck of 52 cards. Find the 
probability of drawing the given card. (p. 698) 


1. The queen of hearts 2. An ace 3. A diamond 

4. Ared card 5. A card other than a 10 6. The 6 of clubs 
You randomly select a marble from a bag. The bag contains 8 black, 13 red, 
7 white, and 12 blue marbles. Find the indicated odds. (p. 698) 

7. In favor of choosing blue 8. In favor of choosing black or white 


9. Against choosing red 10. Against choosing red or white 


Find the indicated probability. (p. 707) 


11. P(A) — 0.6 12. P(A)= ?* 13. Р(А) = 0.75 14. Р(А) = 8% 
Р(В) = 0.35 Р(В) = 0.44 P(B)=_?_ P(B) = 33% 
P(AorB)=_?_ P(A or B) = 0.56 P(A or B) = 0.83 P(A or B) = 41% 
P(A and B) = 0.2 P(A and B) = 0.12 P(A and B) = 0.25 P(AandB)=_?_ 


15. COMPUTERS A manufacturer of computer chips finds that 1% of the chips 
produced are defective. What is the probability that out of 8 chips, at least 2 
are defective? (p. 707) 
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"PROBLEM SOLVING 


WORKSHOP 


_ LESSON 10.4. 


A 


у^ 
57? 


PROBLEM 


METHOD 


Using ALTERNATIVE METHODS 


Another Way to Solve Example 4, page 709 


MULTIPLE REPRESENTATIONS In Example 4 on page 709, you found theoretical 
probabilities involving the sum of two dice. You can also perform a simulation to 
estimate these probabilities. 


DICE When two six-sided dice are rolled, there are 36 possible outcomes. 
Find the probability of the given event. 


a. The sum is not 6. b. The sum is less than or equal to 9. 


Using a Simulation An alternative approach is to use the random number feature 
of a graphing calculator to simulate rolling two dice. You can then use the results 
of the simulation to find the experimental probabilities for the problem. 


STEP? Generate two lists of 120 STEP 2 Sort the sums in list L, in 
random integers from 1 to 6 by ascending order using the 
entering randInt(1,6,120) into command SortAl La). Scroll 
lists L, and L,. Define list L, to through the list and count the 
be the sum of lists L, апат... frequency of each sum. 


STEP 3 Find the probabilities. 


a. Divide the number of times the sum was 6 by the total number of 
simulated rolls, then subtract the result from 1. 


b. Divide the number of times the sum was greater than 9 by the total 
number of simulated rolls, then subtract the result from 1. 


[ PRACTICE | 


1. WRITING Compare the probabilities found 3. SIMULATIONS Use the results of the simulation 
in the simulation above with the theoretical above to find the experimental probability 
probabilities found in Example 4 on page 709. that the sum is not 8 or 9. Compare this to the 


2. SIMULATIONS Use the results of the simulation 


theoretical probability of the event. 


above to find the experimental probability that . REASONING How could you change the 
the sum is greater than or equal to 4. Compare simulation above so that the results would be 
this to the theoretical probability of the event. closer to the theoretical probabilities of the 


events? Explain. 
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Extension 


Use after Lesson 10.4 


«intersection 
* complement 
° subset 


= The union of two sets 

. Aand Bis written as 

> AU Band is the set AUB | 
> of all elements in 

> either A or B. 

: Theintersection of two 

> sets A and B is written 

: as AN Band is the set AQB 

> ofall elements in both 

> Aand B. 


: The compler 
> Ais written as A and is 


: the universal set U that 


Apply Set Theory 


Ге ТИ Define the concepts of sets, operations on sets, and subsets. 


A set is a collection of distinct objects. Each object in a set is called an element 
or member of the set. A set is denoted by enclosing its elements in braces. For 
example, if A is the set of positive integers less than 5, then A = {1, 2, 3, 4}. 


There are two special sets that are often used. The set with no elements is called 
the empty set and is denoted by Ø. The set of all elements under consideration is 
called the universal set and is denoted by U. 


KEY CONCEPT For Vour Wotebook 


Operations on Sets 


c 


c 


ment of a set 


>| 


the set of all elements in 


are notin A. 


Let U be the set of all integers from 1 to 10. Let A = (1, 2, 4, 8} and let 
B= {2, 4, 6, 8, 10}. Find the indicated set. 


a. AUB b. ANB с. A d. AUB 


Solution 
а. AU B= (1,2, 4, 8} U (2, 4, 6, 8, 10} = (1, 2, 4, 6, 8, 10} 
b. AN B= (1,2, 4, 8} N (2, 4, 6, 8, 10} = 12, 4, 8} 
c. A — 11,2, 4, 8} = (3,5, 6, 7, 9, 10} 
d. AU B= (1,2, 4, 8} U (2, 4, 6, 8, 10} = (1, 2, 4, 6, 8, 10} = (3,5, 7, 9} 


Extension: Apply Set Theory 715 


SUBSETS If every element of a set A is also 
an element of a set B, then Aisas 
This relationship is written as A C B. For any 
set A, с A and A C A. In the diagram at the 
right, A is a subset of B. 


Identify subsets 


Let A = (—2,1, V3, 7}, B = 11, a, 5}, and C = (-2, 1, 3, я, 5]. 
a. 5ВС A? b. ISBC C? c. ISCC (AU B)? 


Solution 


a. Not every element of B is an element of A, because 5 is not an element 
of A. So, B is not a subset of A. 


b. Every element of B is an element of C. So, B is a subset of C. 


c. Note that AU B = (—2, 1, V3, т} U (1, m, 5) = (2, 1, V3, л, 5). Not every 
element of C is an element of A U B, because 3 is not an element of 
A U B. So, C is not a subset of A U B. 


PRACTICE 


: EXAMPLE 1 OPERATIONS ON SETS Let U be the set of all whole numbers from 1 to 20. 


à AAA 


: on p. 715 Let A = {2, 3, 5, 7, 11, 13, 17}, В = 11, 4, 9, 16}, and C = 12, 5,8, 11, 14, 17, 20). 
: for Exs. 1-8 Find the indicated set. 
1. АОВ 2. ANB 3. A 4. B 
5. AUBUC 6. Ап С 7. CUB 8. BU (An C) 


: EXAMPLE 2 SUBSETS Let A = (—5, 7, 10}, B = (-5, 1, V5, 10}, and С = (-5, 2, 7, 10}. 


+ EII 


: on p. 716 SA рө " 
: for Exs. 9-12 9. ISAC B? 10. ISAC C? 11. (Ап B) c C? 


12. REASONING List all the subsets of the set A = {—2, 4, 9]. 


OPERATIONS ON SETS Consider the sets defined below. Find the indicated set. 


U — the set of all 12 months X — the set of all 30 day months 
Y — the set of all 31 day months Z — the set of all months ending with "r" 
13. XUZ 14. Xn Y 15. Z 16. XU Y 


17. REASONING Is the set of all irrational numbers a subset of the real numbers? 
of the integers? Explain. 


18. RADIO Two radio towers are set up 
at points A and B on the map at the 
right. Each radio tower has a signal 
that can reach towns up to 50 miles 
away. Find the set of all towns that 
can receive a signal from both of 
the towers. 


Ia at classzone.com 
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. Key Vocabulary 
* independent events 
* dependent events 


* conditional 
probability 


Y GUIDED PRACTICE | for Example 1 


Find Probabilities of Independent 
and Dependent Events 


You found probabilities of compound events. 
You will examine independent and dependent events. 
So you can formulate coaching strategies, as in Ex. 41. 


Two events are independ: 

no effect on the occurrence of the other. For instance, ifa 
coin is tossed twice, the outcome of the first toss (heads 
or tails) has no effect on the outcome of the second toss. 


- KEY CONCEPT For Your Notebook 


Probability of Independent Events 


If A and B are independent events, then the probability that both A and B 
occur Is: 


P(A and В) = P(A) • P(B) 


More generally, the probability that n independent events occur is the product 
of the п probabilities of the individual events. 


* Standardized Test Practice 


For a fundraiser, a class sells 150 raffle tickets for a mall gift certificate and 
200 raffle tickets for a booklet of movie passes. You buy 5 raffle tickets for each 
prize. What is the probability that you win both prizes? 


1 1 = EN 
Er ® тәф © 30 OE 


Solution 
Let events A and B be getting the winning ticket for the gift certificate and 
movie passes, respectively. The events are independent. So, the probability is: 


P(A and B) = P(A) • P(B) = 125° 555 -i.i- e 


> The correct answer is B. © ® O © 


1. WHAT IF? In Example 1, what is the probability that you win the mall gift 
certificate but not the booklet of movie passes? 


10.5 Find Probabilities of Independent and Dependent Events 717 


[ EXAMPLE 2 | Find probability of three independent events 


RACING In a BMX meet, each heat consists of 8 competitors who are randomly 
assigned lanes from 1 to 8. What is the probability that a racer will draw lane 8 in 
the 3 heats in which the racer participates? 


Solution 
Let events A, В, and С be drawing lane 8 in the first, second, and third heats, 
respectively. The three events are independent. So, the P is: 


| = * . = 1 è E. 1 == 4 ды 
P(A and B and С) = P(A) • P(B) • P(C) пв" ss 0.00195 


Use a complement to find a probability 


Y GUIDED PRACTICE - | for Examples 2 and 3 


: CONDITIONAL 
: PROBABILITIES 


: The conditional 

: probability of В given 
: A can be greater than, 
: less than, or equal to 
: the probability of B. 


MUSIC While you are riding to school, your portable CD player randomly plays 
4 different songs from a CD with 16 songs on it. What is the probability that you 
will hear your favorite song on the CD at least once during the week (5 days)? 
Solution 

For one day, the probability of not hearing your favorite song is: 


154 
16% 


P(not hearing song) = 


Hearing or not hearing your favorite song on Monday, on Tuesday, and so on are 
independent events. So, the probability of hearing the song at least once is: 


C 5 
5%| = 0.763 


P(hearing song) = 1 — [P(not hearing song)]? = 1 — | 
16 74, 


|. 2. SPINNER A spinner is divided into ten equal regions numbered 1 to 10. 
What is the probability that 3 consecutive spins result in perfect squares? 

| 

| 3. WHAT IF? In Example 3, how does your answer change if the CD has only 
12 songs on it? 


B will occur given that A has occurred is called the ot ne litional probability 
of B given A and is written as P(B|A). 


KEY CONCEPT For Your Notebook 


= Probability of Dependent Events 


If A and B are dependent events, then the probability that both A and B 
occur is: 


P(A and В) = Р(А) • P(B|A) 
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| EXAMPLE 4 | Find a conditional probability | 


WEATHER The table shows the numbers of tropical cyclones that formed during 
the hurricane seasons from 1988 to 2004. Use the table to estimate (a) the 
probability that a future tropical cyclone is a hurricane and (b) the probability 
that a future tropical cyclone in the Northern Hemisphere is a hurricane. 


Hurricane 


Solution 


Number of hurricanes |. 760 _ 0.483 


P(hurri = = = 
le BE Total number of cyclones 1575 


b. P(hurricane|Northern Hemisphere) 


Number of hurricanes in Northern Hemisphere 545 


| ExAMPLE comparing independent and dependent events 


: AVOID ERRORS 


в EFI 


: It is important to first 

: determine whether A 

: and B are independent 
: or dependent in order 
: to calculate P(A and B) 

: correctly. 


SELECTING CARDS You randomly select two cards from a standard deck of 

52 cards. What is the probability that the first card is not a heart and the second 
is a heart if (a) you replace the first card before selecting the second, and (b) you 
do not replace the first card? 


Solution 


Let A be "the first card is not a heart" and B be "the second card is a heart." 


a. If you replace the first card before selecting the second card, then A 
and B are independent events. So, the probability is: 


= PA: 239,13. 3 „ 
P(A and B) = P(A) » P(B) = <5 + =5 = =. ^ 0.188 


b. If you do not replace the first card before selecting the second card, 
then A and B are dependent events. So, the probability is: 


P(A and В) = P(A) • P(B|A) = 23 ‘ = = $ = 0.191 


GUIDED PRACTICE for Examples 4 and 5 


4. WHAT IF? Use the information in Example 4 to find (a) the probability that 
| a future tropical cyclone is a tropical storm and (b) the probability that a 
future tropical cyclone in the Southern Hemisphere is a tropical storm. 


Find the probability of drawing the given cards from a standard deck of 
52 cards (a) with replacement and (b) without replacement. 


| 


5. A spade, then a club 6. Ajack, then another jack 


10.5 Find Probabilities of Independent and Dependent Events 
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THREE OR МОНЕ DEPENDENT EVENTS The formula for finding probabilities of 
dependent events can be extended to three or more events, as shown below. 


ЄТ) Find probability of three dependent events 


COSTUME PARTY You and two friends go to the same store at different times to 
buy costumes for a costume party. There are 15 different costumes at the store, 
and the store has at least 3 duplicates of each costume. What is the probability 
that you each choose different costumes? 


Se us | 
: You can also usethe — Solution 
: fundamental counting Let event A be that you choose a costume, let event B be that one friend chooses 
: principle. a different costume, and let event C be that your other friend chooses a third 
: P(all different) costume. These events are dependent. So, the probability is: 

— different costumes P(A and B and C) = P(A) • P(B|A) • P(C|A and B) 

possible costumes | 
_ 15.14.13 _ | -=15,14,13_ 182) 
“Teas | b l 15 295 09 


SAFETY Using observations made of drivers arriving at a certain high school, 

a study reports that 69% of adults wear seat belts while driving. A high school 
student also in the car wears a seat belt 66% of the time when the adult wears a 
seat belt, and 26% of the time when the adult does not wear a seat belt. What is 
the probability that a high school student in the study wears a seat belt? 


Solution 


A probability tree diagram, where the probabilities are given along the branches, 
can help you solve the problem. Notice that the probabilities for all branches 


from the same point must sum to 1. 
(4) Event C 


— 0.66 — 
Event A ~ Student wears seat belt. 


Adult wears (à) 
0.34 Event D 


0.53" | seatbelt. 
Student does not wear seat _ Student does not wear seat belt, 


Q. 


-Student wears seat belt. — — wears seat belt. 


0.74 (O Event D 


Student does not wear seat belt. 


0.26 


wear seat belt. | 


So, the probability that a high school student wears a seat belt is: 
P(C) = P(A and C) + P(B and C) 
= P(A) * P(C|A) + P(B) • P(C|B) 
| = (0.69)(0.66) + (0.31)(0.26) = 0.536 
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KAI GUIDED PRACTICE — for Examples 6 and 7 


7. WHAT IF? In Example 6, what is the probability that you and your friends 
choose different costumes if the store sells 20 different costumes? 


8. BASKETBALL A high school basketball team leads at halftime in 6096 of 
the games in a season. The team wins 80% of the time when they have 
the halftime lead, but only 10% of the time when they do not. What is the 
probability that the team wins a particular game during the season? 


HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
KEY: on p. WS18 for Exs. 13, 25, and 39 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 32, 34, and 41 


10.5 EXERCISES 


‘SKILL PRACTICE 


1. VOCABULARY Copy and complete: The probability that B will occur given 
that A has occurred is called the ? of B given A. 


2. * WRITING Explain the difference between dependent events and 
independent events, and give an example of each. 


: EXAMPLES INDEPENDENT EVENTS Events A and B are independent. Find the indicated 

idco RR | probability. 

ee | SPA - UA 4. P(A) = 0.3 5. P(A) = 0.25 

gom P(B) = 0.6 P(B) = 0.4 P(B) = _?_ 
Р(АапаВ)=_?_ Р(АапаВ)=_?_ Р(А апа В) = 0.2 

6. P(A) = 0.5 7. P(A) =? 8. P(A) =_? 

PB)=_t_ P(B) = 0.8 P(B) = 0.9 
P(A and B) = 0.1 P(A and B) = 0.6 P(A and В) = 0.45 


SPINNING A WHEEL You are playing a game that involves spinning 
the wheel shown. Find the probability of spinning the given colors. 


9. green, then blue 10. red, then yellow 
11. blue, then red 12. yellow, then green 


(з) blue, then green, then red 14. green, then red, then yellow 


15. * MULTIPLE CHOICE Events A and В are independent. What is P(A and В) 
if P(A) = 0.3 and P(B) = 0.2? 


CA) 0.06 ® 0.1 © 0.5 D 0.6 

: EXAMPLE4 | DEPENDENT EVENTS Events A and B are dependent. Find the indicated 

: on p. 719 probability. 

DIOFEXS.16-25. | та. nog 17. P(A) = 07 18. P(A) — 0.8 
P(B|A) = 0.6 P(B|A) = 0.5 PIB = Y. 
P(AandB)=_?_ P(AandB)=_?_ P(A and B) = 0.32 

19. P(A) = 0.6 20. P(A) =? 21. P(A) = 0.7 

Р(В|А) = _?_ P(B|A) = 0.4 P(B|A) = _?_ 
P(A and B) = 0.45 P(A and B) = 0.2 P(A and B) = 0.63 
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: опрр. 719-720 
: for Exs. 26-32 


CONDITIONAL PROBABILITY Let л be a randomly selected integer from 1 to 20. 
Find the indicated probability. 


22. nis2 given that it is even 23. nis 5 given that it is less than 8 
24. nis prime given that it has 2 digits ©) n is odd given that it is prime 
: EXAMPLES DRAWING CARDS Find the probability of drawing the given cards from a 


| standard deck of 52 cards (а) with replacement and (b) without replacement. 


26. A club, then a spade 27. A queen, then an ace 
28. A face card, then a 6 29. A 10, then a 2 
| 80. A king, then a queen, then a jack 31. A spade, then a club, then another spade 


32. * MULTIPLE CHOICE What is the approximate probability of drawing 
3 consecutive hearts from a standard deck of 52 cards without replacement? 


(А) 0.0122 0.0129 © 0.0156 © 0.0166 


33. ERROR ANALYSIS Events A and B are 
independent. Describe and correct the P(A) 04,P(B) 0.5 
error in finding P(A and B). P(AandB) 04 05 09 


34. * OPEN-ENDED MATH Flip a set of 3 coins and record the number of coins 
that come up heads. Repeat until you have a total of 10 trials. 


a. What is the experimental probability that a trial results in 2 heads? 


b. Compare your answer from part (a) with the theoretical probability that a 
trial results in 2 heads. 


tte: діва 
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35. REASONING Let A and B be independent events. What is the relationship 
between P(B) and P(B|A)? Explain. 


P(B | A) • P(A 
36. CHALLENGE Bayes' Theorem states that P(A | B) = RB FU Prove it by 


using the formula on page 718 and another version of it in which A and B are 
swapped. 


PROBLEM SOLVING 


: EXAMPLES 37. SCHOOL BUS Angela usually rushes to make it to the bus stop in time to catch 
:3and4 — — the school bus, and will often miss the bus if it is early. The bus comes early 

: on рр. 718-719 to Angela's stop 28% of the time. What is the probability that the bus will 

: for Exs. 37-38 come early at least once during a 5 day school week? 


ЖААН a ме 3 E 
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38. ENVIRONMENT The table shows the 
numbers of species in the United States 
listed as endangered or threatened as of 
September, 2004. Find (a) the probability 
that a listed animal is a bird and (b) the 
probability that an endangered animal is 
a bird. 


(lame 
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= WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
on p. WS1 TEST PRACTICE 


SSQPPSSPP RESP RPS EES 


: on p. 720 | and 47% of the time when her opponent serves first. The player who serves 
: for Exs. 39-40 first is determined by a coin toss before the match. What is the probability 
that the player wins a given match? 


: EXAMPLE7 | TENNIS A tennis player wins a match 55% of the time when she serves first 


40. ACCIDENT REENACTMENT You are a juror for a trial 4 
involving a nighttime car accident in a certain city. Use 
the tree diagram and the facts below to determine the 
probability that the car involved in the accident was blue. 


* The make of the car is known. Of the cars in the city 
matching this make, 85% are green and 15% are blue. 


• А witness of the accident identified the car as blue. 
Reported 


* [n reenactments of the accident, the witness correctly pío? 


reported the color of the car 80% of the time. 


41. * EXTENDED RESPONSE A football team is losing by 14 points near the 
end of a game. The team scores two touchdowns (worth 6 points each) 
before the end of the game. After each touchdown, the coach must decide 
whether to go for 1 point with a kick (which is successful 99% of the time) 
or 2 points with a run or pass (which is successful 45% of the time). 


a. Calculate Ifthe team goes for 1 point after each touchdown, what is the 
probability that the coach's team wins? loses? ties? 


b. Calculate Ifthe team goes for 2 points after each touchdown, what is the 
probability that the coach's team wins? loses? ties? 


с. Reasoning Can you develop a strategy so that the coach's team has a 
probability of winning the game that is greater than the probability of 
losing? If so, explain your strategy and calculate the probabilities of 
winning and losing using your strategy. 


42. CHALLENGE It is estimated that 5.9% of Americans have diabetes. Suppose 
a medical lab uses a test for diabetes that is 98% accurate for people who 
have the disease and 95% accurate for people who do not have it. Find 
the conditional probability that a randomly selected person actually has 
| diabetes given that the lab test says they have it. 


; PREVIEW Use the binomial theorem to write the binomial expansion. (p. 690) 

: Prepare for 6 ass т 

: Lesson 10.6 43. (X + 1) 44, (x — 3) 45. (3x + 2) 

: in Exs. 43-48. | 46. (5x — 1) 47. (Ax + у)® 48. (2x — 3y)* 
Let f(x) = x^ + 2 and g(x) = x — 4. Perform the indicated operation and state the 
domain. (p. 428) 
49. f(x) + g(x) 50. f(x) — g(x) 51. f(x) * g(x) 52. Ге 
53. f(g(x)) 54. g(f(x)) 55. f(f(x)) 56. g(g(x)) 
Solve the equation. 
57. 4* +1) = 8% (p, 515) 58. 41nx = 10 (p. 515) 
59. 2. — 1 2*-9 (5 589) 60. X. 4 1 = 2* + 1 0 589 


x-3 х-+2 x+2 x—2 х+1 х+1 
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10.6 


• random variuble 


* probability 
distribution 


• binomial 
distribution 
• binomial 
experiment 
* symmetric 
* skewed 


> 
4% 


: REVIEW COMPOUND 
: EVENTS 


NAAA ENANA TREC 


: Recall that there аге 

: 36 possible outcomes 
: when rolling two six- 
: sided dice. These are 

: listed in Example 4 on 
: page 709. 


Construct and Interpret 
Binomial Distributions 


You found probabilities of events. 
You will study probability distributions. 
So you can describe interest in museums, as in Ex. 46. 


| able is a variable whose value is determined by the outcomes 
ОРЗ а тапдап! event. For example, when you roll a six-sided die, you can define 
a random variable X that represents the number showing on the die. So, the 
possible values of X are 1, 2, 3, 4, 5, and 6. For every random variable, a 
probability distribution can be defined. 


KEY CONCEPT For Your Notebook 
ica Distributions 


A O Probability Distribution for Rolling a Die 
isa function that gives the ee | 


^ probability of each possible x ыйа {жа 5 8 
value of a random variable. The р(х) Жїл | ал [т | æ 
sum of all the probabilities in 6 6 6 | 6 6 6 


E a probability distribution must 
Б. equal 1. 


Construct a probability distribution 


Let X be a random variable that represents the sum when two six-sided 
dice are rolled. Make a table and a histogram showing the probability 
distribution for X. 


Solution 


The possible values of 
X are the integers from 
2 to 12. The table shows 
how many outcomes of 
rolling two dice produce 
each value of X. Divide the 0 

number of outcomes for 2 3 4 5 6 7 8 9 10 11 m 
X by 36 to find P(X). Sum of two dice 


Probability 
| 


8 
5 
5 


e o N 
o 5 Uu 


UJ 


6 
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Г ExaMPLE 2 interpret a probability distribution m 


Use the probability distribution in Example 1 to answer each question. 
a. What is the most likely sum when rolling two six-sided dice? 


b. What is the probability that the sum of the two dice is at least 10? 


Solution 


a. The most likely sum when rolling two six-sided dice is the value of X 
for which P(X) is greatest. This probability is greatest for X — 7. So, the 
most likely sum when rolling the two dice is 7. 


b. The probability that the sum of the two dice is at least 10 is: 
P(X = 10) = P(X = 10) + P(X = 11) + Р(Х = 12) 


ш „ау i 
36 ' 36 36 
= 6 
3 
=i 
6 
== 0.167 


A tetrahedral die has four sides numbered 1 through 4. Let X be a random 
variable that represents the sum when two such dice are rolled. 


1. Make a table and a histogram showing the probability distribution for X. 


2. What is the most likely sum when rolling the two dice? What is the 
probability that the sum of the two dice is at most 3? 


For Your Notebook 


= аы. 


al experiment meets the following conditions: 


* There are n independent trials. 
* Each trial has only two possible outcomes: success and failure. 


* The probability of success is the same for each trial. This probability is 
denoted by p. The probability of failure is given by 1 — p 


For a binomial experiment, the probability of exactly k successes in п trials is: 


P(k successes) = ,C,p*(1 — p)" * 
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| EXAMPLE 3 | | Construct a binomial distribution | 


SPORTS SURVEYS According to a survey, about 41% of U.S. households have а 
soccer ball. Suppose you ask 6 randomly chosen U.S. households whether they 
have a soccer ball. Draw a histogram of the binomial distribution for your survey. 


Solution 


_ The probability that a randomly selected household has a soccer ball is p = 0.41. 
Because you survey 6 households, n = 6. 


: AVOID ERRORS 


I rr rra eae = = i 0 6 = 
: You can check your r3» P(k= 0) = ,CQ(0.41) (0.59)° = 0.042 
: calculations for a PIE —1) =; (0.41)! (0.59)? = 0.176 
: binomial distribution 2, 4 
: probabilities. The sum P(k = 3) = gC3(0.41)°(0.59)° = 0.283 
: should always be 1. 
P(k=4) = ¿C¿(0.41)*(0.59)* == 0.148 
P(k = 5) = ¿C¿(0.41)*(0.59)* == 0.041 „ж ESSEN 
6 5 Number of households that 


A histogram of the distribution is shown. 
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CAID interpret a binomial distribution 


Use the binomial distribution in Example 3 to answer each question. 


a. What is the most likely outcome of the survey? 


b. What is the probability that at most 2 households have a soccer ball? 


Solution 


a. The most likely outcome of the survey is the value of k for which P(K) is 
greatest. This probability is greatest for k — 2. So, the most likely outcome 
is that 2 of the 6 households have a soccer ball. 


b. The probability that at most 2 households have a soccer ball is: 
P(k<2) = P(k = 2) + P(k = 1) + P(k = 0) 
== 0.306 + 0.176 + 0.042 
== 0.524 
» So, the probability is about 52%. 


Y Guwen Practice for Examples 3 andá - 
In Sweden, 6176 of households have a soccer ball. Suppose you ask 6 randomly 
chosen Swedish households whether they have a soccer ball. 


3. Draw a histogram showing the binomial distribution for your survey. 


4. What is the most likely outcome of your survey? What is the probability that 
at most 2 households you survey have a soccer ball? 
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: CLASSIFY SYMMETRIC AND SKEWED DISTRIBUTIONS Suppose a probability distribution 
: DISTRIBUTIONS. is represented by a histogram. The distribution is symmetric if you can draw a 
: Note that the vertical line that divides the histogram into two [ arts that are mirror images. A 
: distribution in distribution that is not symmetric is called sl 


: Example 1 on p. 724 


: is symmetric, while 
; the distribution in (EXAMPLE 5 J Classify distributions as symmetric or skewed — 


: Example 3 on p. 726 


: is skewed. Describe the shape of the binomial distribution that shows the 
probability of exactly k successes in 8 trials if (a) p = 0.5 and (b) p = 0.9. 
Solution 
a. 0.30 b. 640 
E 0. 
= 020 = 
E: Š 0.20 
£ 0.10 E 
Number of successes Number of successes 

Symmetric; the left halfis a Skewed; the distribution is not 
mirror image of the right half. symmetric about any vertical line. 


= 


Y сшокрРвасткЕ | for Example 5 


5. A binomial experiment consists of 5 trials with probability p of success on 
each trial. Describe the shape of the binomial distribution that shows the 
probability of exactly k successes if (a) p = 0.4 and (b) p = 0.5. 


HOMEWORK: (_) = WORKED-OUT SOLUTIONS 
KEY: on p. WS19 for Exs. 5, 21, and 45 


ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 9, 32, 39, and 48 


ha MULTIPLE REPRESENTATIONS 
Ex. 47 


10.6 EXERCISES 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: A probability distribution represented by 
ahistogramis ? if you can draw a vertical line dividing the histogram into 
two parts that are mirror images. 


2. ж WRITING Explain the difference between a binomial experiment and a 
binomial distribution. 


: EXAMPLE 1 CONSTRUCTING PROBABILITY DISTRIBUTIONS Make a table and a histogram 


: on p. 724 | showing the probability distribution for the random variable. 


: for EXS. 3-5 3. X= the number on a table tennis ball randomly chosen from a bag that 


contains 5 balls labeled "1," 3 balls labeled "2," and 2 balls labeled "3." 
4. W= lifa randomly chosen letter is A, E, I, O, or О and 2 otherwise. 
ON = the number of digits in a random integer from 0 through 999. 
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e 


: for Exs. 6-9 


; EXAMPLES 


Š EFE 


: for Exs. 10-32 


3 gm 275 «ee Sete 
: for Exs. 33-38 
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INTERPRETING PROBABILITY DISTRIBUTIONS In Exercises 6-9, 


use the given histogram of a probability distribution for a Ё -— 
random variable X. E 020 
5 0. 
6. What is the probability that Xis equal to 1? a 
0 
7. What is the most likely value for X? 1 2 3 4 
8. What is the probability that X is odd? Уних 
9. Ж MULTIPLE CHOICE What is the probability that X is at least 3? 
(А) 0.2 ® 0.4 © 0.6 D 0.8 
CALCULATING PROBABILITIES Calculate the probability of tossing a coin 
20 times and getting the given number of heads. 
10. 1 1l. 2 12. 4 13. 6 
14. 9 155: 12 16. 15 17. 18 
BINOMIAL PROBABILITIES Calculate the probability of randomly guessing the 
given number of correct answers on a 30-question multiple choice exam that 
has choices A, B, C, and D for each question. 
18. 0 19. 2 20. 6 Ex) 11 
22, I3 23. 21 24. 26 25. 30 
ERROR ANALYSIS Describe and correct the error in calculating the probability 
of rolling a 1 exactly 3 times in 5 rolls of a six-sided die. 
26. | al. 
AE o) | | le] Y ча S le] le) s 
0.161 0.003 


BINOMIAL DISTRIBUTIONS Calculate the probability of k successes for a 
binomial experiment consisting of n trials with probability p of success on 
each trial. 


28. К=3, п= 7,р = 0.3 29. К> 5, п = 8, р = 0.6 
30. К=2, п = 5, р = 0.12 31. К> 10, п = 15, p = 0.75 
32. * MULTIPLE CHOICE You perform a binomial experiment consisting of 


10 trials with a probability of success of 36% on each trial. What is the most 
likely number of successes? 


@ 3 ® 4 © 6 (Do 7 


HISTOGRAMS A binomial experiment consists of n trials with probability p 

of success on each trial. Draw a histogram of the binomial distribution that 
shows the probability of exactly k successes. Describe the distribution as either 
symmetric or skewed. Then find the most likely number of successes. 


33. n=3,p=0.3 34. n=6,p=0.5 35. n — 4, p — 0.16 
36. n= 7, p = 0.85 37. п = 8, p = 0.025 38. n—12,p = 0.5 
39. * OPEN-ENDED MATH Construct a symmetric probability distribution for 


a random variable X and a skewed probability distribution for a random 
variable Y. Make a table and a histogram for each distribution. 


- WORKED-OUT SOLUTIONS Ж = STANDARDIZED $ = MULTIPLE 
on p. WS1 TEST PRACTICE REPRESENTATIONS 


In Exercises 40-42, you will derive the binomial probability formula on 
page 725. Consider a binomial experiment with п trials and probability р of 
success on each trial. 


40. For any particular sequence of k successes and n — k failures, what is the 
probability that the sequence occurs? Explain. 


41. How many sequences of k successes and n — k failures are there? Explain. 


42. CHALLENGE Use your results from Exercises 40 and 41 to justify the binomial 
probability formula. 


PROBLEM SOLVING 


: EXAMPLES 


: on p. 726 
: for Exs. 43-46 


43. HEALTH About 1% of people are allergic to bee stings. What is the probability 
that exactly 1 person in a class of 25 is allergic to bee stings? 


(OHomeTutor хог problem solving help at dasszone.com 


44. BASKETBALL Predrag Stojakovic of the Sacramento Kings made 92.7% of 
his free throw attempts in the 2003-2004 NBA regular season. What is the 
probability that he will make exactly 10 of his next 15 free throw attempts? 


е ө 
"| 
ж 


F1 F. IWY yA " 7 
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(45, BLOOD TYPE The chart shows the distribution of blood types (O, A, B, AB) 
and Rh factor (* or `) for human blood. If, at random, 10 people donate blood 
to a blood bank during a certain hour, find the probability of each event. 


Percent of Population by Blood Type 
о* | o | at | & | Bt | B | АВ" | AB 
37% 6% 34% 6% 10% 2% | 4% 1% 
a. Exactly 5 of the people are type A”. b. Exactly 2 of the people are Rh . 
c. At most 2 of the people are type O. d. At least 5 of the people are Rh’. 


46. FINE ARTS A survey states that 35% of people in the United States visited 
an art museum in a certain year. You randomly select 10 U.S. citizens. 


a. Draw a histogram showing the binomial distribution of the number of 
people who visited an art museum. 


b. What is the probability that at most 4 people visited an art museum? 


47. 4 MULTIPLE REPRESENTATIONS An average of 7 gopher holes 
appear on the farm shown each week. Let X represent how many 
of the 7 gopher holes appear in the carrot patch. Assume that a 
gopher hole has an equal chance of appearing at any point on 
the farm. 


a. Calculating Probabilities Find P(X) for X = 0, 1, 2,...,7. 


b. Making a Table Make a table showing the probability 
distribution for X. 


c. Making a Histogram Make a histogram showing the 
probability distribution for X. 
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48. * EXTENDED RESPONSE Assume that having a male child and having а 
female child are independent events and that the probability of each is 0.5. 


a. A couple has 4 male children. Evaluate the validity of this statement: 
“The first 4 kids were all boys, so the next one will probably be a girl.” 


b. What is the probability of having 4 male children and then a female child? 


c. Let X be a random variable that represents the number of children 
a couple already has when they have their first female child. Draw a 
histogram of the distribution of P(X) for 0 < X< 10 and describe its shape. 


49. CHALLENGE An entertainment system has n speakers. Each speaker will 
function properly with probability p, independent of whether the other 
speakers are functioning. The system will operate effectively if at least 5096 
of its speakers are functioning. For what values of p is a 5-speaker system 
more likely to operate than a 3-speaker system? 


LITE 


: PREVIEW 


; Prepare for 
: Lesson 11.1 
: in Exs. 50—55. 


Evaluate the expression. (p. 2) 
50. 8 + 24=4 51. 4-3 +28 +7 52, 39—3*2 -B 
53. 6 — (15 • 2) + 9 54. 24+48+6+4-5 55. 4243-9 -3--40—-8 


Solve the inequality algebraically. Then graph the solution. 
56. 5 —2x € 12 (p. 41) 57. 1<4х-3 < 7 (p. 41) 58. —2 < 3x — 5 <4 (p. 41) 
59. 6x^ > 36 (p. 300) 60. Зх? + 11x —4« 0(p.300) 61. 3x? + 9x « x^ + 4 (p. 300) 


Find all zeros of the polynomial function. (p. 379) 
62. f(x) = x? — Ax? — 7x + 10 63. р(х) = 3x? — Зх? + 75x — 75 
64. h(x) = х - x5 -5x^—-x- 6 65. f(x) = 2x* + 5x? + 29x? + 80x — 48 


Quiz for Lessons 10.5-10.6 


730 


Find the probability of randomly drawing the given marbles from a bag of 6 red, 
9 green, and 5 blue marbles without replacement. (p. 717) 


1. red, then green 2. blue, then red 3. green, then green 
Calculate the probability of getting the given number of 6’s when rolling a 
six-sided die 10 times. (p. 724) 

4. 0 5. 1 6. 4 7. 8 
A binomial experiment consists of n trials with probability р of success on each 


trial. Draw a histogram of the binomial distribution that shows the probability 
of exactly k successes. (p. 724) 


8. п= 5, р = 0.2 9. п= 8, р = 0.5 10. п = 6, p = 0.72 


11. МЕМО CHOICES You and 4 friends аге in line at lunch and аге each selecting 
a beverage. There are 5 types of beverages available. What is the probability 
that all of you will select different beverages? (p. 717) 
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Keystrokes 


10.6 Create a Binomial Distribution 


Some calculators have a binomial probability distribution function that you can 
use to calculate binomial probabilities. You can then use the calculator to draw a 
histogram of the distribution. 


"M21. 119 2 Calculate binomial probabilities 
TV NEWS According to a survey, 38% of U.S. adults get their news primarily 
from television. Suppose you survey 6 adults at random. Draw a histogram of 
the binomial distribution showing the probability that television is the primary 
news source for exactly k adults. What is the most likely number of adults in your 
survey who get their news primarily through television? 


Enter values of k STEP 2| Find values of P(k) STEP 3| Draw histogram 


Let p = 0.38 be the probability Enter the binomial probability Set up the histogram to use the 
that television is a person's command to generate P(k) for numbers in list L, as x-values 
primary news source. Enter the all seven k-values. Store the and the numbers in list L, as 
k-values 0 through 6 into list L, results in list Т... frequencies. Draw the histogram 
on the graphing calculator. in a suitable viewing window. 


| binompdf(6,.38) 
(.0568002356 .2... 
Ans-L2 

| (.0568002356 .2... 


L | k J 


From the histogram in Step 3, you can see that k = 2 is the most likely number 
of the 6 adults surveyed who get their news primarily through television. 


eieaa naida A 


A binomial experiment consists of n trials with probability p of success on 
each trial. Use a graphing calculator to draw a histogram of the binomial 
distribution that shows the probability of exactly k successes. Then find the 
most likely number of successes. 


1. n= 12, p = 0.29 2. n — 14, p — 0.58 3. n — 15, p — 0.805 


4. WHAT IF? In the example, how do your histogram and the most likely 
number of adults change if you survey 14 adults at random? 
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MIXED REVIEW or problem solving POETAS 


a We C нен 


Lessons 10.4-10.6 


1. MULTI-STEP PROBLEM You and a friend are 4. OPEN-ENDED Write a real-life problem that you 


playing a word game that involves lettered 
tiles. The distribution of letters is shown below. 


H2 08 V2 
Ajo dj W: 
У 1 X 
K) Y2 


и: Ts >o 


a. You randomly draw 1 tile. What is the 
probability of getting a vowel? (Assume 
that Y is a consonant.) 


. You randomly draw 2 tiles without 
replacement. What is the probability of 
getting 2 vowels? 


. Atthe start of the game, you randomly 
choose 7 tiles without replacement. What 
is the probability that all of the tiles are 
vowels? 


. MULTI-STEP PROBLEM According to a survey, 
62% of U.S. adults consider themselves sports 
fans. You randomly select 14 adults to survey. 


a. Draw a histogram of the binomial 
distribution showing the probability that 
k adults consider themselves sports fans. 


b. What is the most likely number of adults 
who consider themselves sports fans? 


c. What is the probability that at least 7 adults 
consider themselves sports fans? 


. SHORT RESPONSE А manufacturer makes 
briefcases with numbered locks. The locks can 
be set so that any one of 1000 different codes 
will open the briefcase. Four friends have 
briefcases from this manufacturer. What is the 
probability that at least 2 of the 4 briefcases 
have the same code? If two more friends buy 
the same briefcase, how does the probability 
that at least 2 of the briefcases have the same 
code change? 


Chapter 10 Counting Methods and Probability 


can solve using a tree diagram and conditional 
probabilities. Draw the tree diagram and show 
how to solve the problem. 


. GRIDDED ANSWER А softball player gets a 


hit in about 3196 of her at-bats. You randomly 
select 15 of the player's at-bats. What is the 
most likely number of hits the player will have 
in those at bats? 


. EXTENDED RESPONSE The owner ofa 


lawn mowing business owns three old and 
unreliable riding mowers. As long as one of 
the mowers is working, the owner can stay 
productive. From past experience, one of the 
mowers is unusable 1096 of the time, one is 
unusable 8% of the time, and one is unusable 
18% of the time. 


a. Find the probability that all three mowers 
are unusable on a given day. 


b. Find the probability that at least one of the 
mowers is usable on a given day. 


Suppose the least reliable mower stops 
working completely. How does this affect the 
probability that the lawn mowing business 
can be productive on a given day? 


. EXTENDED RESPONSE A computer software 


company is performing a market test on two 
designs, А and B, for its new software program. 
Out of 250 people who view the designs, 85 like 
design A, 135 like design B, and 45 like both 
designs. 


a. Copy and complete the Venn diagram. 


Design А Design B 


b. What is the probability that a person likes 
design A or design B? 

c. What is the probability that a person does 
not like either design? 

d. Explain how you can calculate the 
probability from part (c) if you know the 
probability from part (b). 


Big ldea @ : 


BIG IDEAS 


Using Permutations and Combinations 


For Your Notebook 


PERMUTATIONS Permutations of п! . Number of ways to 
Orderis n distinct objects arrange 10 students at 
important 10 desks: 
10! = 3,628,800 
Permutations of p= M Number of ways to 
n distinct objects TE Goll arrange 8 students at 
taken r at a time 10 desks: 
10! _ 
31 1,814,400 
Permutations of п! Number of 
n objects where one 511.51 * 5! distinguishable 
object is repeated permutations of the 
s, times, another is letters in STUDENTS: 
repeated s, times, ч 
and so on 21.21 — 10,080 
4 | | 
COMBINATIONS Combinations of = n^ | | Number of ways to 
Order is not r objects taken from пт (n—r)-r! | choose 8 students from 
important a group of n distinct a set of 10 students: 
objects ETE 
A 
Finding Probabilities 


< The following table shows which formula to use when finding probabilities 
. involving two events A and B. 


Overlapping Events | Independent Events | Dependent Events 


P(A or B) = P(A) + P(B) — P(A and B) P(A and В) = P(A) • P(B) | P(A and B) = P(A) • P(B|A) 


: Constructing Binomial Distributions 


> For a binomial experiment, the probability 
of exactly k successes in n trials is 


-- where the probability of success on each 
- trialis p. 


Binomial Distribution for n — 6, p — 0.6 


e 
> 


P(k successes) = 5 


= 
E 0.2 
е 
а. 


> A binomial distribution shows the 

> probabilities of all possible outcomes in а 
binomial experiment. The distribution is 
skewed if p = 0.5. 


0 1 4 5 6 
Number of successes, k 
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REVIEW KEY VOCABULARY 


й В "m | РЕ ГЕ р Е | m | FEE 
pre AN v. ) = , | ; 
Lr, АР MER {Е | 


MN {= WV ЕЕ 


P, 


* permutation, p. 684 * experimental probability, p.700 ^ * conditional probability, р. 718 
* factorial, р. 684 * geometric probability, p. 701 * random variable, p. 724 

* combination, p. 690 * compound event, p. 707 * probability distribution, p. 724 
* Pascal's triangle, p. 692 * overlapping events, p. 707 * binomial distribution, p. 725 

* binomial theorem, p. 693 * disjoint or mutually exclusive * binomial experiment, p. 725 


events, p. 707 
* independent events, p. 717 
* dependent events, p. 718 


* probability, p. 698 
* theoretical probability, p. 698 
* Odds, p. 699 


* symmetric distribution, p. 727 
* skewed distribution, p. 727 


VOCABULARY EXERCISES 


1. Copy and complete: A(n) _?_ is a selection of r objects from a group of 
n objects where the order of the objects selected is not important. 


2. WRITING Explain the difference between the probability of an event and the 
odds in favor of the event. 


3. WRITING You randomly select 10 cards, one by one, from a standard deck of 
52 cards without replacement. You record the number of diamonds you get. 
Is this a binomial experiment? Explain. 


4. WRITING Let event A be randomly selecting a green marble from a bag that 
contains red, green, and blue marbles. Let event B be randomly selecting a 
marble that is not red from the same bag. Are events A and B disjoint events? 
Explain. 


REVIEW EXAMPLES AND EXERCISES 


734 


Use the review examples and exercises below to check your understanding of 
the concepts you have learned in each lesson of Chapter 10. 


nciple and Permut 


ot р Lu ES 


An ice skating competition features 8 skaters. How many different ways can the 
skaters finish the competition? How many different ways can 3 of the skaters 
finish first, second, and third? 


There are 8! ways the skaters can finish the competition. 
8/—8*7*6*5*4-3-*2-*1 = 40,320 


There аге „Р, ways that 3 of the skaters can finish first, second, and third. 


Chapter 10 Counting Methods and Probability 


: EXAMPLES 
: 3, 5, and 6 


з Fe 


; on pp. 691-693 
: for Exs. 10-14 


; EXAMPLES 


S FAA 


: for Exs. 15-19 


| EXERCISES 


; EXAMPLES 5. PHOTOGRAPHY You are placing 12 pictures on separate pages in an album. 
4and5 č — | How many different ways can you order the 12 pictures in the album? How 
: on pp. 684-685 | many different ways can 4 of the 12 pictures be placed on the first 4 pages? 
A Find the number of permutations. 
ёр, 7; „Р. BP 9. „Р, 


Use the binomial theorem to expand (x + 5y)*. 
(x + Sy)* CAN CAN + Cx y)* + Cp + C (Бу 
= MAM + 4) 64) + (06365 + 69025?) + (1)(1)(625у/) 
= x! + 201% + 150х2у? + 500ху? + 625y* 


EXERCISES 
Use the binomial theorem to write the binomial expansion. 
10. (t+ 3)6 11. (2a + b?)4 12. (ш — 8v)* 13. (r? — 4s)? 


4. ICECREAM An ice cream vendor sells 15 flavors of ice cream. You want to 
sample at least 4 of the flavors. How many different combinations of ice 
cream flavors can you sample? 


і 


You roll a standard ѕіх-ѕійеа die. Find the probability of rolling a number less 
than 3. 


Two outcomes correspond to rolling a number less than 3: rolling a 1 or 2. 


Э _ Number of ways to roll lessthan3 2 | 
песа Number of ways to roll the die. 6 3 
EXERCISES 


You have an equally likely chance of choosing any integer from 1 through 30. 
Find the probability of the given event. 


15. An even number is chosen. 16. A multiple of 5 is chosen. 
17. A factor of 60 is chosen. 18. A prime number is chosen. 


19. COMMUTING Out of 250 work days, a commuter arrived at work on time 
47 times on Mondays, 43 times on Tuesdays, 48 times on Wednesdays, 
39 times on Thursdays, and 40 times on Fridays. For a randomly selected 
work day, what is the probability that the commuter arrived at work on time? 


Chapter Review 


Define and Use Probability pp. 698-704 - 


735 


¡(14 Probabilities of Disjoint and Overlapping Events pp- 707-713 


Let A and B be events such that P(A) — $, P(B) = 5, and P(A and В) = 1. Find 


P(A or B). 
P(AorB) = P(A) + P(B) - P(AandB) = 24 1-1-5 
3j E 3 $ 
ee EXERCISES 
: 2 and 4 Let A and B be events such that P(4) = 0.32, P(B) = 0.48, and P(A and B) = 0.12. 
: on pp. 708-709 Find the indicated probability. Е Е 
: for Exs. 20-22 | 20. Р(АогВ) 21. Р(А) 22. Р(В) 


Probabilities of Independent and Dependent Events р». 717-723 


| Find the probability of selecting a club and then another club from a standard 
deck of 52 cards if (a) you replace the first card before selecting the second, and 
(b) you do not replace the first card. 


Let event A be "the first card is a club” and B be “the second card is a club.” 


CE 8 
a. P(Aand B) = P(A) • P(B) = >" 52 16 0.0625 
12 1 
b. P(A and B) = P(A) + P(B|A) = E v 0.0588 
EXERCISES 
; EXAMPLES | Find the probability of randomly selecting the given marbles from a bag of 
: on p. 719 5 red, 8 green, and 3 blue marbles if (a) you replace the first marble before 


: for Exs. 23-25 drawing the second and (b) you do not replace the first marble. 


23. red, then green 24. blue, then red 25. green, then green 


Construct and Interpret Binomial Distributions pp. 724-730. 


| Find the probability of tossing a coin 12 times and getting exactly 4 heads. 
P(k = 4) = ,C,p*(1 — p)" = ,,C,(0.5)*(1 — 0.5)? = 495(0.5)*(0.5)9 ~ 0.121 


EXERCISES 
: EXAMPLE3 | Find the probability of tossing a coin 8 times and getting the given number of 
: on p. 726 heads. 
Tor Exs 20-29. Ү. 27. 4 28. 7 29. 0 
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Find the number of permutations or combinations. 


1. „Р, 2. „P, 3. Р. Lands 
5. ¿Cy 6. „С, 7. Сл 8. 4C. 
Use the binomial theorem to write the binomial expansion. 
9. (x + 5)? 10. (3a — 3)? 11. (s+ 2) 12. (с? — 24?) 
Acard is randomly drawn from a standard deck of 52 cards. Find the 
probability of drawing the given card. 
13. A queen 14. Ared king 15. A diamond 16. Nota club 
Find the indicated probability. 
17. P(A) = 0.3 18. P(A) = 35% 19. P(A) =_2_ 
P(B) = 0.6 Р(В) = _¢ p(a) = 2 
P(A or В) = _?_ P(A or В) = 80% 5 
Р(А апа В) = 0.1 Р(А апа В) = 20% 
20. Aand Bare independent. 21. A and Bare dependent. 22. Aand Bare dependent. 
P(A) = 0.15 P(A) = 60% P(A) = _@_ 
P(B) = 0.6 Р(В|А = _ї_ Р(В|А) = 0.4 
Р(АапаВ)=_?_ Р(А апа В) = 25% Р(А апа В) = 0.36 


Calculate the probability of К successes for a binomial experiment consisting 
of n trials with probability p of success on each trial. 


23. k=4,n=11,p=0.4 24. k<2,n=5,p=0.7 25. k=8,n=9,p=0.9 


26. TRUE-OR-FALSE QUIZ Calculate the probability of randomly guessing at 
least 8 correct answers on a 10 question true-or-false quiz. 


27. GOVERNMENT There are 15 members on a city council. On a recent agenda 
item, 8 of the council members voted in favor of a budget increase for city 
park improvements. How many combinations of council members could 
have voted in favor of the budget increase? 


28. PARACHUTING A parachuter is attempting to land within a square in the 
middle of a circular landing area. The square has sides 25 feet long, and the 
diameter of the landing area is 40 feet. Ifthe parachuter is equally likely 
to first touch the ground at any point within the landing area, what is the 
probability that the parachuter first touches the ground within the square? 


29. EDUCATION A high school has an enrollment of 1800 students. There are 
1050 females enrolled in the school. The high school has 1200 students who 
are involved in an after-school activity, 725 of whom are female. What is 
the probability that a randomly selected student at the school is a female 
who is not involved in an after-school activity? 


30. FISHING A study found that 9% of people cite fishing as their favorite 
leisure-time activity. Suppose you randomly survey 8 people about their 
leisure-time activities. What is the probability that at least 2 of the people 
cite fishing as their favorite? 
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* Standardizec 


‘ScoringRubric | EXTENDED RESPONSE QUESTIONS 


Full Credit 


• solution is complete ( PROBLEM - 
and correct = - 
Partial Credit A dart is thrown at the square target shown. Assume 
* solution is complete the dart is equally likely to hit any point inside the target. 2 EN 
but has errors, 12 in 


a. Find the probability that the dart lands on a white, 


Or 
* solution is without gray, or black region. 


error but incomplete 


No Credit b. You get 5 points for landing on white, 3 points 12 1n. 
* no solution is given, for gray, and 1 point for black. Does the scoring make 
Or sense based on the probabilities? Explain. 
* solution makes no 
sense | c. Develop your own system of scoring based on the probabilities from 


part (a). Explain your reasoning. 
Below are sample solutions to the problem. Read each solution and the 


comments on the left to see why the sample represents full credit, partial 
credit, or no credit. 


SAMPLE T: Full credit solution 


Í————— RN » а. To find the area of the white section, split the white 


The areas are calculated square into two triangles, as shown. 
correctly and fully СА 
explained. White area = 0.5(12)(6) + 0.5(12)(6) = 72 in. 


The area of the gray section is the difference of the 
areas of the circle and white square. 


Gray area = (6)? — 72 = 367 — 72 = 41.1 inj? 


The area of the black section is the difference of the areas of the large 


square and the circle. 
Black area = 122 — z(6)* = 144 — 36r ~ 30.9 in.” 
, 72 41.1 
—————— € » P(white) = < = 0.5 P(gray) = 222 = 0.285 
The answers are correct. 144 prey) 14 
_ 30.9 _ 
P(black) = 144 ^ 0215 
өөө eee ÓÓM b. The scoring does not make sense. You have the greatest chance of 
The reasoning is clearly landing on white, yet this outcome is awarded the highest number of 


explained. points. You should get the most points for landing on white. 
TE J c. The lower the probability x of landing in a region, the more points y 
The scoring system you should receive. One type of model that displays this behavior is 


is based on the an inverse variation model xy = a, where ais a constant. 
probabilities and clearly 


explained. If we assign 5 as the value of the constant a, then the scores for the 
regions would be as follows: 
P(white) 0.5 P(gray) 0.285 P(black) 0.215 


738 Chapter 10 Counting Methods and Probability 


SAMPLE 2: Partial credit solution 


a. The area of the entire board is вое нш 


The probabilities are 
correct, but the student 
did not explain how the 
area of the green square 


was found. 
о 
144 ^ 0-285 
sessssssssssesesesssessscssecsseselü- b. No, the scoring does not make sense. 
There is no explanation D И ЕНИКИ CE ae 
О Sie с. Iwould award 1 point for white, 3 points for ray, and 5 pi ir t | 


Probabilities are not used 
to justify the answer. 


SAMPLE 3: No credit solution 
Л ГГ К К P(white) = 2 
The probabilities are ; 
їпсогтесї. __.................: >» Б.` m makes sense. You getn more points for hitting 
The answer is incorrect, the middle, like when you get a Бш: -eye in a standard game of darts. 
rici мна Н нена с. I would use the scoring system given in the problem. 
scoring system. 


PRACTICE Apply the Scoring Rubric 


1. A student's solution to the problem on the previous page is given below. 
Score the solution as full credit, partial credit, or no credit. Explain your 
reasoning. If you choose partial credit or no credit, explain how you would 
change the solution so that it earns a score of full credit. 


a. Area of white = 6(6) = 36 in2 — — P(whiite) = ze = 0.25 
Area of black = 144 — 36r = 31 in. 7 P(black) = u^ 0.215 


Area of gray = Эбт — 36 = 77 in? * P(gray) = 27 = 0.535 
b. The scoring system does not make sense because you are awarded 

only 1 point for landing on the section that you are least likely to hit. 
с. You are most likely to land on gray (53.57%), so award 5 points for | 

gray. You are next most likely to land on white (25%), so award | 

& points for white. You are least likely to land on black (21.5%), so 

award 10 points for black. 
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. 740 


EXTENDED RESPONSE 


1. A9 digit Social Security Number (SSN) is assigned to every citizen of the 


2 


[e 
. 


4 


LI 


United States. The digits are 0 to 9 and can repeat. 
a. How many possible SSNs are there? 
b. So far, about 415 million SSNs have been assigned. If 6 million new 


SSNs are assigned each year, after how many years will the Social 
Security Administration run out of new numbers? 


c. After the Social Security Administration runs out of new numbers to 
assign, what do you think it should do? Explain. 

Each year, the National Basketball Association (NBA) holds a lottery to 

determine which team gets to select first when choosing new players. 


a. Between 1990 and 1993, each of the 11 teams that did not qualify for the 
playoffs was assigned a certain number of lottery entries. The team with 
the worst record was assigned 11 entries, the team with the second-worst 
record was assigned 10 entries, and so on. For each of the 11 teams, find 
the probability that the team got to choose new players first. 


b. In 1994 the lottery system changed, and in 1995 the number of non- 
playoff teams increased to 13. Under the new system, the teams were 
assigned the numbers of entries shown in the table. The team with the 
worst record is A, the second worst is B, and so on. For each ofthe 13 
teams, find the probability that the team got to choose new players first. 


casera ГЫ Гы нз км 
54 


"Emilee 250 200 157 | 120 | вө | ба CREREREREN 


c. Compare the probabilities from parts (a) and (b). Why do you think that 
the NBA changed the lottery? Explain your reasoning. 

A survey is administered to all students in a high school. Based on the 

results, the survey's authors conclude that 61% of students in the United 

States like school, 95% of students who like school plan to attend college, 

and 7096 of students who do not like school plan to attend college. 


a. Construct a probability tree diagram for this situation. 


b. Estimate the probability that a randomly selected high school student 
in the United States plans to attend college. 


c. Is your answer to part (b) a theoretical or experimental probability? 


Explain. 
The table shows the numbers of Democratic | | Midwest Northeast South | West | 
and Republican Presidents born in different | Democrat | 2 6 |4 | о | 


parts of the United States. The table includes 
the Presidents in office from 1853 to 2005. Republican | 9 | 5 | 3 | 1 
a. Find the probability that a President chosen at random was born in the South. 


b. Find the probability that a President chosen at random was born in the 
South, given that the President was a Republican. 


c. Can you conclude from the information in the table that a Democratic 
candidate from the West has no chance to be elected President? Explain. 
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MULTIPLE CHOICE 


5. Two dice are rolled in a trivia board game. 
You roll a 6-sided die to find the number of 
spaces to advance. You roll a 10-sided die 
to find which type of question you must 
answer. How many possible outcomes are 
there when rolling these two dice? 


СА) 16 (В) 60 
© 210 (D> 5040 


A card is randomly selected from a standard 
deck of 52 cards. The probability of drawing 
which type of card is 25%? 


СА) Aspade The 3 of hearts 
(C A queen (D> Ared card 


pe hier binomial expansion includes the term 
40х°? 


g 


(А) (x+1)° (В) (x+5)° 
(С) (2х+ 1)? (D (2x + 5)? 
SHORT RESPONSE 


2 dasszone.com | 


GRIDDED ANSWER 


8. 


9. 


10. 
11. 


12 


13. 


Find the number of distinguishable 
permutations of the letters in the word 
WEEKEND. 


What is the coefficient of x? in the expansion 
of (4x — 1)?? 


What is the value of the expression ¿C, — ¿C,? 


Find P(A and B) given that P(A) = 0.52, 
P(B) = 0.24, and P(A or B) = 0.61. 


What is the probability rounded to the 
nearest thousandth of tossing a coin 50 times 
and getting exactly 15 heads? 


In a survey of adults who follow more than 
one sport, 30% listed football as their favorite 
sport. You survey 15 adults who follow more 
than one sport. What is the probability 
rounded to the nearest thousandth that 
fewer than 4 of them will say that football is 
their favorite sport? 


14. For an online checking account, you must choose a personal password. 
The password must be between 6 and 8 characters and may contain letters 
or digits. How many different passwords are possible, assuming the digits 


and letters can be repeated? Explain how you found your answer. 


15. Asurvey asked adults who use the Internet 
how frequently they send or receive e-mail. 
The results of the survey are shown in the 
bar graph at the right. Find the experimental 
probability that a randomly selected adult 
Internet user uses the Internet to send or 
receive e-mail often or very often. If the 
survey had polled computer programmers 
instead of all adults, describe how you think 
the results of the survey would be different. 


16. 


Number of 
Internet users 
Ges 


-i 


The table shows the length (in miles) of Interstate 95 in each state, from 


south to north. What is the probability that a randomly selected segment 
of Interstate 95 is in the five states stretching from Virginia to New Jersey? 


Explain how you found your answer. 


State | FL GA | SC | NC| VA MD DE PA | NJ | NY CN | RI | MA 
Miles | 381 | 112 | 201 | 183 | 178 | TIO | 26 | 58 | 44 | 29 | 118| 47 | 97- 


NH | ME 
Y 306 
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Data Analysis 
and Statistics 


Гу 11,1) Find Measures of Central Tendency and Dispersion 


Making Sense 
of Chapter 11 


In this chapter, ? 11.2 Apply Transformations to Data 
you will apply 
your knowledge 
of probability to 11.4 Select and Draw Conclusions from Samples 
EM ERU аен 11.5 Choose the Best Model for Two-Variable Data 
about probability 
distributions. 


11.3 Use Normal Distributions 


In previous chapters, you learned the following skills, which you'll use in Chapter 11: 
describing distributions, ordering real numbers, and finding probabilities. 


| A a а Е" № | а ¡AT Га " Р tt E 
f b] | К . | | 1 
a | "мы B -- — бей. ЖШ qm Ё Чы Mar шы Ш Ж.Ш 8 3 Tl 


VOCABULARY CHECK 04 
Сору and complete the statement. 2 03 
1. The probability of an event is а number 3 02 
from ? to ? thatindicates the E 
likelihood the event will occur. & 01 
2. The binomial distribution at the right е ТЕ Е 
is not skewed. Instead, itis ? . Number of successes 


SKILLS CHECK 


Graph the numbers on a number line. Then write the numbers in increasing order. 
(Prerequisite skill for 11.1) 


_3 7 2132-1412 bs [5 xa 6 
3. p 04, V7, 13,7 v12 4. 1.5, 3 1,24, V2; УЗ, = 


5. Evaluate һе expression х — 68 for the x-values 64, 72, and 76. 
(Prerequisite skill for 11.3) 


Find the square root of each number. (Prerequisite skill for 11.4) 
6. V100 7. V49 8. V900 9. ү10,000 


(DHomeTutor Prerequisite skills practice at classzone.com 


In Chapter 11, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 783. You will also use the key vocabulary listed below. 


E чыта "heus чы ығ 


© Finding measures of central tendency and dispersion 
ES Using normal distributions 
© Working with samples 


KEY VOCABULARY 

* statistics, p. 744 * standard deviation, p. 745 * z-score, p. 758 

* mean, p. 744 * normal distribution, p. 757 * sample, p. 766 

* median, p. 744 * normal curve, p. 757 * unbiased sample, p. 767 
* mode, p. 744 * standard normal * biased sample, p. 767 

+ range, р. 745 distribution, p. 758 • margin of error, p. 768 


You can use statistics to compare two or more sets of data. For example, you can 
compare data for two athletes to see who performs better. 


—— 
"LS z P | - ш "| 
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The animation illustrated below for Exercise 28 on page 748 helps you answer this 
question: Which contestant has the best average score after four rounds of an 
archery competition? 


ica ae contesten 
Aod i 


ege e. 
0.6: 6.0/0 


I mí ri” га" pr 


ггг тегер 
[coro С СЗ or fioa [ozs |ia (196 | 110 [106 | 10] 


синов connue 


Calculate the mean, median, mode, and 
standard deviation ofthe scores. 


Several contestants shoot arrows at 
archery targets. 


(Animatea Algebra at classzone.com 


Other animations for Chapter 11: pages 744, 754, 757, and 776 


Find Measures of Central 
* Tendency and Dispersion 


You displayed data using graphs. 
You will describe data using statistical measures. 
So you can calculate softball statistics, as in Ex. 27. 


Statistics are numerical values used to summarize and compare sets of 


SES 


А statistics == data. Two important types of statistics are measures of central tendency and 
e measure of central Measures of dispersion. 
tendency measure of central tendency is a namber used to represent the center or 
* measure of middle of a set of data values. The mean, median, and mode are three commonly 


dispersion used measures of central tendency. 


° standard deviation 
• outlier 


% б 49 % Q G б 60 (6 # 0 € D dG Е б) t EOE X O0 ft 6 б GOUR 


KEY CONCEPT For Vour Wotebook 


Measures of Central Tendency 


* The mean, or average, of n numbers is the sum of the numbers divided 
by n. The mean is denoted by x, which is read as “x-bar.” For the data set 
KS PX Ter RAE. 


Xp Moy ++ +X, the mean is x= = 


• The median of n numbers is the middle number when the numbers are 
written in order. (If п is even, the median is the mean of the two middle 
numbers.) 


* The mode of л numbers is the number or numbers that occur most 
frequently. There may be one mode, no mode, or more than one mode. 


Find measures of central tendency 


: AVOID ERRORS 


: Before identifying the 
: median as the middle 
: number in a list, make 
: sure the numbers are 

: ordered from least 

: to greatest or from 

: greatest to least. 


WAITING TIMES The data sets at Office A Office B 
the right give the waiting times (in | 

minutes) of several people at two 14, 17, 18, 19, 20, | 8,11,12, 16, 18, 
veterinary offices. Find the mean, 24, 24, 30,32 | 18, 18, 20, 23 


median, and mode of each data set. 


Solution 


Office A: Mean: x = LA A = 228 = 22  Median:20 Mode: 24 


Office В: Mean: х = кы + = E = 16 Median: 18 Mode: 18 
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Y Guen Practice {огЕхатре1 


1. TRANSPORTATION The data set below gives the waiting times (in minutes) 


of 10 students waiting for a bus. Find the mean, median, and mode of the 
data set, 


АВ; 12,15,3,2,05,93 &, 7 


MEASURES OF DISPERSION A measi "rsion is a statistic that tells you 


how dispersed, or spread out, data values are. One simple measure of dispersion is 
the range, which is the difference between the greatest and least data values. 


( EXAMPLE 2 Find ranges of data sets 


Find the range of the waiting times in each data set in Example 1. 


Solution 


Office A: Range = 32 — 14 = 18 Office B: Range = 23 — 8 = 15 


Because the range for office A is greater, its waiting times are more spread out. 


STANDARD DEVIATION Another measure of dispersion is standard deviation, 


which describes the typical difference (or deviation) between a data value and 
the mean. 


E 


KEY CONCEPT For Your Notebook 


Standard Deviation of a Data Set 


CUTE 


eviation с (read as "sigma") of x,, x,, . . . , Xx, is: 


| ic md ice a аа EXC 

[е X) Fix XY ee 7 

Oo o 
n 


g = 


Ж ( EXAMPLE 3 É Standardized Test Practice 


What is the standard deviation of the waiting times in each data set in 
Example 1? 


(А) 47and5.2 (В) 57and52 Сб) 47and45 (D) 5.7and4.5 


- Solution 
| РТ 2 єл 2 ы T" 2 
сй ТЕРЕ (14 — 22)* + (17 — 22)* + +(82=22._. [290 = 57 
\ 9 V9 
lta теу (11 182 4... 4 гоз — 182 qa 
Office B: с = \ BID A = (282 = 4.5 


| >The correct answer is D. DO © © 


11.1 Find Measures of Central Tendency and Dispersion 745 


Y GUIDED PRACTICE .. for Examples 2 апа з 


| 


2. Find the range and standard deviation of the data set in Guided Practice 
Exercise 1 on page 745. 


OUTLIERS Measures of central tendency and dispersion can give misleading 

impressions of a data set if the set contains one or more outliers. An outlier is a 
value that is much greater than or much less than most of the other values in a 
data set. 


241.1293: Examine the effect of an outlier 


AIR HOCKEY You are competing in an air 
hockey tournament. The winning scores for 
the first 10 games are given below. 


14, 15, 15, L7, H; 15, 13, 12, 15, 13 


a. Find the mean, median, mode, range, 
and standard deviation of the data set. 


b. The winning score in the next game is an 
outlier, 3. Find the new mean, median, 
mode, range, and standard deviation. 


c. Which measure of central tendency does 
the outlier affect the most? the least? 


d. What effect does the outlier have on the 
range and standard deviation? 


Solution 


a. Mean: X— — —M = 14 Median: 14.5 Mode: 15 


Range: 17—11—6 


(14 — 14)2 rü5— 14? + 03-14 , , 


Std. Dev.: с = \ In T 


b. Mean: х= IE = 13 Median: 14 Mode: 15 


Range: 17 —3 = 14 


14.— 13)? + (15. — 13) 3 (8 = 13i? - 


Std. Dev.: o = \ 11 5 


c. The mean is most affected by the outlier. The mode is least affected by 
the outlier. 


d. The outlier causes both the range and standard deviation to increase. 


_ GUIDED Practice for Example 4 


| 3. WHAT IF? In part (b) of Example 4, suppose the winning score in the next 
game is 25 instead of 3. Find the new mean, median, mode, range, and 
standard deviation of the data set. 
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EXERCISES NOMEN key O = Grp wSta for Ex 15 an 
1 1 T KEY: on p. WS19 for Exs. 5, 15, and 29 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 7, 8, 23, 24, and 30 


SKILL PRACTICE 


: EXAMPLE 1 


: on p. 744 ERT ERC E] 
: for Exs. 3-10 


: EXAMPLES 


e SSSR TEETER eee 


: for Exs. 11-16 


: EXAMPLE 4 


а PFC PPP RPP PRP ee е а 


? for Exs. 17-22 


1. VOCABULARY Copy and complete: Measures of ? represent the center or 
middle of a data set. Measures of _?_ tell you how spread out the values in a 
data set are. 


2. * WRITING Define the mean, median, and mode of a set of n numbers. 
MEASURES OF CENTRAL TENDENCY In Exercises 3-6, find the mean, median, 
and mode of the data set. 

3. The numbers of mice born in nine different litters: 5, 7, 6, 3, 8, 6, 4, 5, 4 


4. Astudent’s quiz scores for the first semester of an algebra class: 
18, 20, 14, 15, 20, 17, 16 


(5) The heights (in inches) of the members of a men's college basketball team: 
69, 70, 75, 84, 73, 78, 74, 73, 78, 71 


6. The waiting times (in minutes) of several people at a doctor’s office: 
24, 19, 30, 39, 22, 19, 26, 35, 42, 15, 25 


7. ж MULTIPLE CHOICE What is the median of 0.5, 0.6, 0.7, 1.2, 1.5, and 1.5? 


CA) 0.7 (В) 0,95 (O 1 (D 1.5 
8. * MULTIPLE CHOICE What is the mean of 2, 2, 6, 7, 9, and 10? 
(А) 2 (В) 6 (б) 6.5 @бу 72 


ERROR ANALYSIS Describe and correct the error in finding the measure of 
central tendency. 


9, 10. 
The median of the data set The only mode of the data set 
below is 5 because 5 is the | below ie 12 because 12 occurs 
middle number. most frequently. 
12, 8, 9, 5, 10, 10, 5 12, 9, 24, 12, 18, 9, 12, 11, 9 


MEASURES OF DISPERSION Find the range and standard deviation of the 
data set. 


11. 7,4, 6,8, 5,9,5,7 12. 10, 12, 7, 11, 20, 7, 6, 8, 9 
13, 3.1, 2,7, 5.0, 5.8, 2.3, 2.0, 1,3 14. 44, 47, 45, 48, 45, 47, 50, 44, 48, 42 
(is) 135, 142, 148, 136, 152, 140, 158, 154 16. 301, 312, 308, 320, 318, 315, 325, 336 


IDENTIFYING OUTLIERS Identify the outlier in the data set. Then find the mean, 
median, mode, range, and standard deviation of the data set when the outlier is 
included and when it is not. 


17. 2, 2, 3, 3, 4, 4, 4, 6, 68 18. 0, 72, 75, 75, 83, 83, 83, 91 
19. 10.9, 12.4, 0.7, 11.6, 12.8, 11.6 20. 28, 20, 25, 28, 100, 25, 20 
21. 60, 68, 75, 78, 152, 71, 66, 72, 66, 80 22. 184, 192, 173, 181, 199, 65, 190, 188 


11.1 Find Measures of Central Tendency and Dispersion 747 


23. * OPEN-ENDED MATH Create a data set with a mean of 10, a median of 11, 
and a mode of 8. 


24. ж SHORT RESPONSE An outlier can be defined as a value in a data set that 
lies more than three standard deviations from the mean. So, х 15 an outlier 


if id > 3. In parts (a)- (c), use this definition to identify the outlier(s) 


in ёё data set. Justify your answers mathematically. 

a. 70,55, 54, 75, 60, 58, 55, 56, 6, 62, 68, 94, 55, 82, 69, 74 
b. 18, 20, 22, 25, 16, 40, 24, 19, 38, 3, 21, 27, 88, 24, 23, 26 
c. 50, 93, 81, 84, 88, 85, 90, 99, 92, 199, 96, 89, 87, 94, 37 


25. CHALLENGE The formula for standard deviation can also be written as: 


E 2 2 
АРЕ - 
с = 1 2 = п — Y? 


For n = 3, show that this formula is equivalent to the formula given on 
page 745. (Hint: You will need to show that x, + x, + x, = 3x.) 


‘PROBLEM SOLVING 


: EXAMPLES 26. FOOTBALL The data set below gives the numbers of passing 
:1,2,and3 | touchdowns for the 12 quarterbacks who threw the most 

: on pp. 744-745 touchdowns during the 2004 NFL regular season. Find the 

: for Exs. 26-28 mean, median, mode, range, and standard deviation. 


49, 39,31, 30, 28, 28, 27, 27, 27, 22, 21, 21 


ШАТ Ан á 
Кто! melutor for problem solving help at classzone.com 


27. OLYMPIC SOFTBALL The data set below gives the total number 
of at-bats for each player on the 2004 U.S. women's Olympic 
softball team. Find the mean, median, and mode of the data set. 


2,8, 6, 16, 19, 20, 20, 21, 22, 25, 26, 30 


F — E A : — 
(Homelutor for problem solving help at classzone.com 


28. ARCHERY The data set below gives the scores of the contestants in the first 
round of a junior archery competition. Find the mean, median, mode, range, 
and standard deviation. 


111, 114, 97, 102, 120, 113, 116, 114, 106, 110 


T "m vu ЕЕЕ 


ated Al; geb re а at classzone.com 


: EXAMPLE4 | (29) MULTI-STEP PROBLEM The data set below gives the numbers of trials 
: опр. 746 required by 10 puppies to learn a trick. 


: for Ex. 29 20, 23, 19, 25, 21, 23, 5, 24, 19, 23 
a. Analyze Identify the outlier of the data set. 


b. Calculate Find the mean, median, mode, range, and standard deviation 
of the data set when the outlier is included and when it is not. 


c. Reasoning Describe the outlier's effect on the measures of central 
tendency and dispersion. 


- WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
748 on p. WS1 TEST PRACTICE 


: PREVIEW 


= NAAA sI 


: Prepare for 
: Lesson 11.2 
: In Exs. 32-37. 


MIXED REVIEW 


30. * EXTENDED RESPONSE The table shows the results (in meters) for the 
final round of the 2004 and 1964 men's Olympic javelin throw events. 


2004 data 1964 data 


86.50, 84.95, 84.84, 84.13, 82.66, 82.32, 80.57, 80.17, 
83.31, 83.25, 83.14, 83.01, | 78.72, 76.94, 74.72, 74.26 
80.59, 80.28, 79.43, 74.36 


a. Calculate Find the mean, median, mode, range, and 
standard deviation of the 2004 data. 


b. Calculate Find the mean, median, mode, range, and 
standard deviation of the 1964 data. 


c. Analyze Compare the statistics for each set of data. 
Draw one or more conclusions about the data. 


31. CHALLENGE The mean discussed in this lesson is called the arithmetic 
mean. Another type of mean is the geometric mean. The geometric mean of 


two positive numbers a and b is Vab. Use the steps below to prove that the 
arithmetic mean of a and b is always greater than or equal to the geometric 
mean of a and b. 


a. Explain why (a — b)? 2 0. 
b. Use the inequality in part (a) to show that (a + b)? > 4ab. 


c. Usethe inequality in part (b) to show that the arithmetic mean of 
a and b is greater than or equal to the geometric mean of a and b, or 


2 bs Va, 


d. Under what condition is the arithmetic mean of a and b equal to the 
geometric mean of a and b? 


Evaluate the function when x = 3.8 and when x = 600. (p. 72) 
32. f(x) = x + 709 33. f(x) = x + 11.68 34. f(x) = 15.4x 
35. f(x) = 200x 36. f(x) = 5x + 136 37. f(x) = 22x — 450 


Write an equation of the ellipse with the given characteristics and center at 
(0, 0). (p. 634) 


38. Vertex: (0, 5) 39. Vertex: (7, 0) 40. Co-vertex: (0, —\11) 
Co-vertex: (3, 0) Focus: (—3, 0) Focus: (—2, 0) 


41. OHM'S LAW Ohm’s law states that the resistance R (in ohms) of a conductor 
varies directly with the potential difference V (in volts) between two points 
and inversely with the current / (in amperes). The constant of variation is 1. 
What is the resistance of a light bulb when there is a current of 0.8 ampere 
and a potential difference of 120 volts? (p. 551) 


42. DOG SHOW In a dog show, how many ways can 3 German shepherds, 


5 collies, 4 cocker spaniels, and 3 corgis line up in front of the judges if 
dogs of the same breed are considered identical? (p. 682) 
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Use after Lesson 11.2 


. weighted а vera 
* expected value 


: AVOID ERRORS 


я SPREE PPP 


Weighted Averages and 
Expected Values 


FITA Calculate weighted averages and expected values. 


reighted average is an average that assigns a value (weight) to each element of a 
üt of data. To calculate a weighted average, multiply each data value by its weight, 
add these products, and then divide by the sum of the weights. 


Find a weighted avera 


GPA A college uses a weighted average Spring Semester Grades 


to calculate a student's GPA (grade point 

average) for a semester. Letter grades are Physics (3 credits) ........................... 
converted to numbers as follows: А = 4, B = 3, | Calculus 1 (4 credits) rene 
C=2 and D = 1. The weight for each courseis | English Comp (3 credits) ................... 
its number of credits. Determine the student's | Physics lab (1 credit)........................... 
GPA for the semester. C Programming (3 credits) ................ 


Solution 


= Seeded Ее 44. 
ae STETIT 14 ms 


In probability, expec alue is a weighted average where outcomes are 
multiplied by their probabilities (weights) and summed. 


Calculate expected value 


RAFFLE At a raffle, 500 tickets are sold for $2 each. One winner will get a $100 


: In Example 2 solution, gift certificate, and three runner-ups will get a $50 gift certificate. If you buy one 
: $2 is subtracted from 
: the value of each prize 

: for the cost of the ticket. Solution 


Expected value = (-$2) + E dX ($98) « 


: EXAMPLE X — 
: on р. 750 for 

: Ex. 1 

i EXAMPLE CA 
: on p. 750 for 

: Exs. 2 and 3 


750 Chapter 11 


PRACT ICE 


1. Suppose in Example 1 the grades for Physics and Calculus I are — How will this 


ticket, what is the expected value? 


7+ ($48) • - g^ 9150 


change the GPA? Calculate the new GPA. 


2. The raffle from Example 2 would be fair if the expected value were zero. Change the values 


of the gift certificates so that the raffle is fair. 


3. CHALLENGE Calculate the expected value from Example 2 if you were to buy 2 tickets. How 


does this compare with buying 1 ticket? Explain. 


Data Analysis and Statistics 


* mean, р. 744 
* median, p. 744 
* mode, p. 744 
* range, p. 745 


e standard deviation, 
p. 745 


Apply Transformations 
to Data 


You calculated statistics for data sets. 
You will learn how transformations of data affect statistics. 
So you can solve problems about space travel, as in Example 1. 


The following statistics describe the data set 7, 12, 16, 20, and 20. 
Mean: 15  Median:16 Mode:20 £Range:13 Std. Dev.:5.0 


Adding 10 to each data value produces the data set 17, 22, 26, 30, and 30. The 
statistics for this data set are shown below. 


Mean:25 Median:26  Mode:30 Range:13 Std. Dev.: 5.0 


Notice that the mean, median, and mode have each increased by 10, but the 
range and standard deviation are unchanged. These results can be generalized. 


KEY CONCEPT For Your Notebook 


* Adding a Constant to Data Values 


: When a constant is added to every value in a data set, the following are true: 


: * The mean, median, and mode of the new data set can be obtained by adding 
> the same constant to the mean, median, and mode of the original data set. 


* The range and standard deviation are unchanged. 


@ EXAMPLE ` p Add a constant to data values 


ASTRONAUTS The data set below gives the weights (in pounds) on Earth of eight 
astronauts without their space suits. A space suit weighs 250 pounds on Earth. 
Find the mean, median, mode, range, and standard deviation of the weights of 
the astronauts without their space suits and with their space suits. 


142, 150, 155, 156, 160, 160, 166, 175 


Solution 
| Weights without suits | Weights with suits 
| Mean | Е 158 | 158 + 250 = 408 
Median | 158 | 158 + 250 = 408 
Mode | 160 | 160 + 250 = 410 
| Range 33 ў 33 (unchanged) 
Standard deviation © 9.3 9.3 (unchanged) 


11.2 Apply Transformations to Data 751 


TRANSFORMING DATA BY MULTIPLICATION Another type of transformation you 
can apply to a data set is to multiply each data value by the same constant. 


KEY CONCEPT For Your Notebook 


> Multiplying Data Values by a Constant 


When each value of a data set is multiplied by a positive constant, the 
new mean, median, mode, range, and standard deviation can be found by 
multiplying each original statistic by the same constant. 


Multiply data values by a constant 


OLYMPICS The data set below gives the winning distances (in meters) in the 
men's Olympic triple jump events from 1964 to 2004. Find the mean, median, 
mode, range, and standard deviation of the distances in meters and of the 
distances in feet. (Note: 1 meter = 3.28 feet.) 


16.85, 17.39, 17,35, 17.29, 17.35, 17.26, 17.61, 18.17, 18.09, 17.71, 17.79 


Solution 


| 17.53 3.28(1 753) = 57.50 
(Mem | EN 
3.28(17.35) = 56.91 
Range 3.28(1.32) = 4.33 
Standard deviation | P 3.28(0.37) = 1.21 


рр Laas 
Muncn DnpAarmTiCE 
‘GUIDED PRACTICE 


= 


тоғ Examples 1 and 2 


1. ASTRONAUTS The Manned Maneuvering Unit (MMU) is equipment that 
latches onto an astronaut’s space suit and enables the astronaut to move 
around outside the spacecraft. The MMU weighs about 300 pounds on Earth. 
Find the mean, median, mode, range, and standard deviation of the weights 
of the astronauts in Example 1 with their space suits and MMUs. 


2. WHAT IF? In Example 2, find the mean, median, mode, range, and standard 
deviation of the distances in yards. (Note: 1 meter = 1.09 yards.) 
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2 EXERCISES NOMEN kev О = anp wszo fori an 
1 1 o KEY: on p. WS20 for Exs. 5, 11, and 19 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 16, 20, 22, and 23 


: @ = MULTIPLE REPRESENTATIONS 
: Ех. 21 


‘SKILL PRACTICE 


1. VOCABULARY Copy and complete: Multiplying each value in a data set by a 
constant is an example of a(n) _?_ of the data. 


2. k WRITING Describe how adding the same constant to every value in a data 
set affects the mean, median, mode, range, and standard deviation. 


: EXAMPLE 1 ADDING A CONSTANT Find the mean, median, mode, range, and standard 


E EA 


: on p. 751 deviation of the given data set and of the data set obtained by adding the given 
: for Exs. 3-9 constant to each data value. 
3. 14, 15, 17, 17, 19, 21, 23; constant: 6 4. 31, 35, 38, 39, 42, 42, 48; constant: 18 
g T6, 77, 77, 78, 81, 83; constant: 17 6. 178, 193, 204, 211, 211, 216; constant; 155 
7. 53, 64, 51, 60, 53, 45, 66; constant: —21 8. 295, 279, 278, 282, 279, 301; constant: —45 


9. ERROR ANALYSIS The standard deviation of a data 
setis 10. Describe and correct the error in finding the New standard deviation: 
standard deviation if 3 is added to each data value. 10 13 


: EXAMPLE 2 MULTIPLYING BY A CONSTANT Find the mean, median, mode, range, and 


E ERE 


: on p. 752 standard deviation of the given data set and of the data set obtained by 

: for Exs. 10-16 multiplying each data value by the given constant. 
10. 19, 23, 23, 26, 30, 31, 34; constant: 3 (11) 58, 58, 59, 62, 64, 65, 67; constant: 4 
12. 28, 31, 32, 35, 35, 39, 40; constant: 1.5 13. 88, 91, 99, 102, 102, 107; constant: 2.5 


14. 130, 121, 132, 115, 130, 108; constant: 0.5 15. 222, 231, 222, 212, 250, 235; constant: 0.9 


16. * MULTIPLE CHOICE The range of a data set is 21. Each value in the data set is 
multiplied by 3. What is the new range? 


СА) 7 (В) 21 (С) 24 (р) 63 


17. CHALLENGE Let x,,x,,...,x, be the values in a data set, and let x be the 
mean of the data set. Show that the mean of ax,, ax,,..., ax, is ax. 


PROBLEM SOLVING 
: EXAMPLES | 18. SALARIES The data set below gives the annual salaries (in thousands of 
: тапа 2 dollars) of nine DJs working at a local radio station. 


E FEA 


: for Exs. 18-22 39, 29, 42.5, 28.5, 48, 45, 38, 36.5, 28.5 


a. Find the mean, median, mode, range, and standard deviation of the salaries. 


b. Each DJ receives an annual bonus of $1200. Find the mean, median, 
mode, range, and standard deviation of the salaries including the bonus. 


@Home Tutor for problem solving help at classzone.com 


3e 


11.2 Apply Transformations to Data 753 


| CONSTRUCTION People who plaster ceilings sometimes walk on stilts. 
This allows them to reach high ceilings without having to move a ladder. 
The data set below gives the heights (in inches) of nine plasterers. 


72, 73, 71, 66, 74, 68, 72, 69, 72 


a. Find the mean, median, mode, range, and standard deviation of the 
given heights. 


b. The plasterers use stilts that are 28 inches high. Find the mean, 
median, mode, range, and standard deviation of the plasterers' 
heights with stilts. 


UN зех стер 
Г pod - ra at classzone.com 


20. * MULTIPLE CHOICE A teacher gives a test for which the mean of the 
scores is 68 and the standard deviation is 15. The teacher decides to 
scale the test scores by adding 10 points to each score. What are the 
mean and standard deviation of the scaled test scores? 


СА) mean: 68, standard deviation: 25 (В) mean: 78, standard deviation: 15 


СС) mean: 78, standard deviation: 25 (D? mean: 78, standard deviation: 5 


21. К MULTIPLE REPRESENTATIONS The data set gives the winning distances 
(in meters) in the women's Olympic long jump event from 1952 to 2004. 


6.24, 6.35, 6.37, 6.76, 6.82, 6.78, 6.72, 7.06, 6.96, 7.40, 7.14, 7.12, 6.99, 7.07 


a. Find Statistics in Meters Find the mean, median, mode, range, and 
standard deviation of the distances in meters. 


b. Find Statistics in Feet Find the statistics listed in part (a) for the 
distances in feet. (Note: 1 meter = 3.28 feet.) 


22. * SHORT RESPONSE The data set below gives the weights 
(in pounds) of eight smokejumpers with their equipment. 


287, 265, 273, 275, 295, 280, 290, 280 


a. Find the mean, median, mode, range, and standard 
deviation of the given weights. 


b. The equipment each smokejumper carries weighs 
about 115 pounds. Find the mean, median, mode, 
range, and standard deviation of the weights of the 
smokejumpers without their equipment. Explain 
your reasoning. 


23. * EXTENDED RESPONSE The water temperature in an outdoor pool is 
measured 12 times during a certain week. The temperatures (in degrees 
Fahrenheit) are listed below. 


74.5, 81.9, 72.5, 73.4, 78.4, 72.6, 76.8, 74.5, 77.6, 72.0, 79.2, 76.2 


a. Find the mean, median, mode, range, and standard deviation of the 
Fahrenheit temperatures. 


b. Convert all of the Fahrenheit temperatures F to Celsius temperatures C 
using the formula C = SC — 32]. 


c. Find the mean, median, mode, range, and standard deviation of the 
Celsius temperatures. 


d. Describe the effects of converting from Fahrenheit to Celsius on the 
measures of central tendency and dispersion. 


= WORKED-OUT SOLUTIONS ж = STANDARDIZED ee = MULTIPLE 
754 on p. WS1 TEST PRACTICE REPRESENTATIONS 


24. WEATHER The graph shows the average rainfall (in centimeters) for New 
York's Central Park during each month of the year. Find the mean, median, 
mode, range, and standard deviation of the rainfall amounts in centimeters 
and in inches. (Note: 1 centimeter = 0.3937 inch.) 


Average rainfall (cm) 


Jan Feb Mar Арг May Jun Jul Aug Sep Oct Nov Dec 


25. CHALLENGE А company has 5 executives, 15 supervisors, and 80 production 
workers. The salary ranges are $100,000-$140,000 for the executives, 
$60,000-$90,000 for the supervisors, and $30,000-$50,000 for the production 
workers. The mean of all the salaries is $49,500, and the median is $42,000. 


Each supervisor gets a $5000 raise and no one else gets a raise. What are the 
new mean and median? Explain. 


"MIXED REVIEW 


Solve the equation. 
26. x^ — 11x + 24 = 0 (p. 252) 27. 3x? — 13x + 8 = 0 (p. 292) 
28. V4x + 6 = V7x — 15 (р. 452) 29. 2* — 17 (p. 515) 

; PREVIEW. Calculate the probability of tossing a coin 30 times and getting the given 

: Prepare for number of heads. (p. 724) 

: Lesson 11.3 

: in Ех. 30-37. 30. 4 31. 17 32. 21 33. 7 
34. 14 35. 11 36. 27 37. 18 


38. TRADE SHOWS You are attending a trade show that has booths from 


20 different vendors. You plan to visit at least 5 of the booths. How many 
combinations of booths can you visit? (p. 690) 


QUIZ for Lessons 11.1-11.2 


Find the mean, median, mode, range, and standard deviation of the data set. 


(p. 744) 
1,:8,5,5, 8, H, 15, 7; 11, 18 2. 18, 19, 23, 17, 19, 15, 4, 24, 21 
3. 56, 45, 48, 47, 56, 55, 43, 44 4. 67, 70, 73, 68, 71, 73, 74, 73, 70 
5. 145, 181, 163, 150, 158, 172, 159 6. 246, 231, 261, 244, 250, 232, 246, 258 


7. DIGITAL CAMERAS The data set below gives the original prices of nine different 
digital cameras at an electronics store. The store is offering a promotion in which all 
digital cameras ordered online are 2076 off. Find the mean, median, mode, range, 
and standard deviation of the original prices and of the sale prices. (p. 751) 


$120, $130, $150, $180, $230, $280, $320, $320, $350 
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Б) STATE TEST PRACTICE | 
acre | zs | 
/ classzone.com | 


Lessons 11.1-11.2 


1. MULTI-STEP PROBLEM The data set below gives 4. SHORT RESPONSE Two track-and-field 


the original prices of eight 13-inch color TVs teammates record their times (in seconds) for 
sold by an online electronics store. The store five trials in the 100 meter sprint event. The 
is having a three-day sale in which all 13-inch times are listed in the table. 
color TVs are 25% off. | | 
$84, $75, $70, $100, $80, $120, $80, $75 | Trial | Teammate 1 | Teammate 2 
a. Find the mean, median, mode, range, and 1 11.3 11.8 


standard deviation of the original prices and 


of the sale prices. 2 за | 12.3 
b. Suppose the store had instead offered a 3 | 111 | 12.5 | | 
fixed $20 discount on each TV. Compare the 4 12.5 11.9 | 
effects of this discount on the measures of : == | т | 
1k 1.8 


central tendency and dispersion with the 
effects of the 2596 discount. 
a. Find the mean, median, mode, range, and 


2. EXTENDED RESPONSE The tables below standard deviation of each teammate's 
show the average temperature (in degrees times. 
Fahrenheit) for each month of the year in b. Which teammate has the more consistent 
Miami, Florida, and in Buffalo, New York. times? Explain your reasoning. 
Average Monthly 5. EXTENDED RESPONSE The data set below gives 
bir =н di the prices of 14 mountain bikes in a sporting 


У LL goods store. | 


67.6, 68.2, 71.2, 
74.5, 77.9, 80.8 $195, $250, $290, $200, $260, $200, $270, 
82.2, 82.6, 81.3, $670, $250, $230, $200, $210, $270, $850 
LUIS, BRA a. Find the mean, median, mode, range, and 
standard deviation of the prices. 
Average Monthly b. Which data values would you consider to be 
ы ring = їп outliers? Explain. 
uffalo, 
с. Find the mean, median, mode, range, and 
Pi Sie кзн. standard deviation of the prices when 
7] 1 68.9 61 9. | the outliers identified in part (b) are not 
51.1, 40.5, 29.1 - included. 
d. Which of the statistics is most affected by 
a. Find the mean, median, range, and standard the outliers? Which is least affected by the 
deviation of the average temperatures in outliers? 


Miami, Florida. 

6. GRIDDED ANSWER The data set below gives 
the score of each member of a high school 
golf team in the first round of the season. 


b. Find the mean, median, range, and standard 
deviation of the average temperatures in 
Buffalo, New York. 


c. Compare the statistics for each set of data. 76, 84, 81, 92, 87 
What is one conclusion you can make about In the last round of the season, all the golfers 
the data? decreased their scores by 2 strokes. What is 


the average score in the last round? 
3. OPEN-ENDED Give an example of a data set 


of five different values that has a mean of 20. 
Apply a transformation to the data values that 
changes the mean from 20 to 30. 
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Use Normal 
Distributions 


You interpreted probability distributions. ¿442 759 
You will study normal distributions. VM ales epee 


So you can model animal populations, as in Example 3. 


In Lesson 10.6, you studied probability distributions. One type of probability 


" normal distribution distribution is a normal ME A normal distribution is modeled bya 
• normal curve bell-shaped curve called a normal curve that is symmetric about the mean. 
e standard normal 
distribution 

KEY CONCEPT For Your Notebook 
e z-score 

Areas Under a Normal Curve 

| > A normal distribution with mean x and standard deviation o has the 

following properties: 

* The total area under the related normal curve is 1. 

• About 68% of the area lies within 1 standard deviation of the mean. 

• About 95% of the area lies within 2 standard deviations of the mean. 

* About 99.7% of the area lies within 3 standard deviations of the mean. 
: INTERPRET 
: GRAPHS 


BOE 


: An area under a normal += 
: curve can be interpreted +: 
: either as a percentage 4° 
: of the data values in 

: the distribution or as a 

: probability. 


P бф 6 4,6 of of 
/ al qu 4 4х aX 


4^ 


(TTE Find a normal probability 


A normal distribution has mean x and standard deviation o. Fora 
randomly selected x-value from the distribution, find Р(х — 20 <x<x). 


Solution 
34% 

The probability that a randomly selected | 

x-value lies between between x — 20 and x 

is the shaded area under the normal curve 13.5% 

shown. 

<x<xX)= 
POE = «9 =a x)= 0.135 + 0.34 = 0.475 ES ле x A. x: Ө 
JAI g abra at classzone.com = 4 + q 4 4 
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( EXAMPLE 2 | Interpret normally distributed data E 


: READING HEALTH The blood cholesterol readings for a group of women are normally 
: The abbreviation — distributed with a mean of 172 mg/dl and a standard deviation of 14 mg/dl. 
: "mg/dl" stands for 
: "milligrams per 

: deciliter.” b. Readings less than 158 are considered desirable. About what percent of 
the readings are desirable? 


a. About what percent of the women have readings between 158 and 186? 


: USE PERCENTILES | Solution 

: йет — a. The readings of 158 and 186 b. Areading of 158 is one 

l dca certain una represent one standard deviation standard deviation to the 

: that value Is call Bd the on either side of the mean, as left of the mean, as shown. 

: nth percentile. Part (b) shown below. So, 68% of the So, the percent of readings 

y Example > SHOWS women have readings between that are desirable is 

: that 158 is the 16th 158 and 186. 0.15% + 2.35% + 13.5%, or 16%. 
: percentile. Similarly, 172 


: is the 50th percentile. 


130 144 158 172 186 200 214 130 144 158 172 186 200 214 
Cholesterol readings Cholesterol readings 


CE {ог Examples 1 and 2 


A normal distribution has mean x and standard deviation o. Find the 
indicated probability for a randomly selected x-value from the distribution. 


1. Р(х<х) 2. P(xz x) 3. Р(х<х<х-+ 2o) 
4 Plx—o<x<x) 5. P(xsx 30) 6. P(x>x + о) 


7. WHAT IF? In Example 2, what percent of the women have readings between 
172 and 200? 


STANDARD NORMAL DISTRIBUTION The standard norm ion is the 
normal distribution with mean 0 and standard deviation 1. Тһе оша below 
can be used to transform x-values from a normal distribution with mean x and 
standard deviation o into z-values having a standard normal distribution. 


xx 


Formula: z = 


Subtract the mean from the 


given x-value, then divide by э АХА F Ae gie oe 
the standard deviation. 12 47 "nd 4 + + 4 
The z-value for a particular x-value is called the z-score for the x-value and is the 


number of standard deviations the x-value lies above or below the mean x. 
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ESA 


STANDARD NORMAL TABLE If zis a randomly selected value from a standard 
normal distribution, you can use the table below to find the probability that 

zis less than or equal to some given value. For example, the table shows that 
P(z s —0.4) = 0.3446. You can find the value of P(z s —0.4) in the table by finding 
the value where row —0 and column .4 intersect. 


Standard Normal Table 


READING |-3|. m ; 0000+ 


SERRE TRS а 


In the table, the value 
.0000+ means ‘slightly | —1 |. 
more than 0” and the .500€ .460 | 
value 1.0000- means | о | 5000  .5398 5793 6179 6554 6915 757 7580 7881 8159 
slightly less than 1. 8413 .8643 8849 9032 9192 9332 9452 9554 9641 9713 


9821 9861 .9893 9918 9938 9953 9965 9974 .9981 
| 3 |9987  .9990 9993 9995 9997 9998 9998 9999 .9999 1.0000- 


You can also use the standard normal table to find probabilities for any 
normal distribution by first converting values from the distribution to z-scores. 


[EXAMPLE З us a z-score and the standard normal table 


BIOLOGY Scientists conducted aerial surveys of a 
seal sanctuary and recorded the number x of seals 
they observed during each survey. The numbers 

of seals observed were normally distributed with 

a mean of 73 seals and a standard deviation of 

14.1 seals. Find the probability that at most 50 seals 
were observed during a survey. 


Solution 


STEP? Find the z-score corresponding to an x-value of 50. — 


STEP 2 Use the table to find P(x = 50) = P(zs —1.6). 


The table shows that P(z < —1.6) = 0.0548. So, the probability that at 
most 50 seals were observed during a survey is about 0.0548. 


0010 0007 0005 ооз 0002 0002 0001 0001 0000+ 
0179 0139 0107 0082 0062 0047 0035 
1587 1357 1151 .0968 0808 0668 0548 0446 0359 .0287 
| —0 | 5000 4602 4207 3821 3446 3085 2743 2420 2119 1841 


| 0 | 5000  .5398  .5793 6179 6554 6915 7257 7580 7881 8159 


ICE for Example 3 


8. WHAT IF? In Example 3, find the probability that at most 90 seals were 
observed during a survey. 


9. REASONING Explain why it makes sense that P(z = 0) = 0.5. 


11.3 Use Normal Distributions 759 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 17, 18, 28, and 35 


1.3 EXERCISES HOMEWORK: (Су = WORKED-OUT SOLUTIONS 
1 .З КЕҮ: on р. WS20 for Exs. 3, 11, and 33 


Г SKILL PRACTICE 


1. VOCABULARY Copy and complete: A(n) ? is a bell-shaped curve that is 
symmetric about the mean. 


2. * WRITING Describe how to use the standard normal table to find P(z < 1.4). 


: EXAMPLE 1 FIND A NORMAL PROBABILITY A normal distribution has mean x and standard 


DECIDA 


: on p. 757 deviation o. Find the indicated probability for a randomly selected x-value from 
: for Exs. 3-10 the distribution. 
(3.)Pw<¥- с) 4. Р(х» +20) 5. P(x zx t o) 
6. P(x 2x — o) 7 Píx-oszxzx-co) 8. P(x —30sx<X) 


USING A NORMAL CURVE Give the percent of the area under the normal curve 
represented by the shaded region. 


9. 10. 
aÓ q Ó € 
« ж «A 


: EXAMPLE 2. |, NORMAL DISTRIBUTIONS A normal distribution has a mean of 33 and a 


: on p. 758 _ standard deviation of 4. Find the probability that a randomly selected x-value 
: for Exs. 11-18 from the distribution is in the given interval. 
| (11) Between 29 and 37 12. Between 33 and 45 13. Between 21 and 41 
14. At least 25 15. At least 29 16. At most 37 


17. * MULTIPLE CHOICE A normal distribution has a mean of 84 and a standard 
deviation of 5. What is the probability that a randomly selected x-value from 
the distribution is between 74 and 94? 


0.475 (В) 0.68 (C) 0.95 (D> 0.997 


18. * MULTIPLE CHOICE A normal distribution has a mean of 51 and a standard 
deviation of 3. What is the probability that a randomly selected x-value from 
the distribution is at most 48? 


СА) 0.025 0.16 СС) 0.84 (D> 0.975 


; EXAMPLE3 | STANDARD NORMAL TABLE A normal distribution has a mean of 64 and a 


DA | 


: on p. 759 standard deviation of 7. Use the standard normal table on page 759 to find the 
: for Exs. 19-27 indicated probability for a randomly selected x-value from the distribution. 


19. Р(х = 68) 20. Р(х = 80) 21. Р(х = 45) 
22. P(x = 54) 23. Р(х s 64) 24. Р(х > 59) 
25, P(xz75) 26. Р(60<х< 75) 27. Р(45 = х= 65) 
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28. * WRITING When n% of the data are less than or equal to a certain value, 
that value is called the nth percentile. For normally distributed data, 
describe the value that represents the 84th percentile in terms of the mean 
and standard deviation. 


29. ERROR ANALYSIS In a study, the wheat 


yields (in bushels) for several plots of 58 ов 

land were normally distributed with 0.25 

a mean of 4 bushels and a standard From the standard normal table, 
deviation of 0.25 bushel. Describe P(z 0.8) 0.2119, So, the 

and correct the error in finding the probability that a plot yielded at yl 
probability that a plot yielded at least least 3.8 bushels is 0.2119. 

3.8 bushels. 


30. CHALLENGE A normal curve is defined by an equation of this form: 
03) 
у= 1 g x 9 
oV2r 
a. Graphing Calculator Graph three equations of the given form. The 
equations should use the same mean but different standard deviations. 


b. Reasoning Describe the effect of the standard deviation on the shape of a 
normal curve. 


PROBLEM SOLVING 


; EXAMPLES 


: оп pp. 758-759 
: for Exs. 31-34 


31. BIOLOGY The illustration shows a housefly at several times its 
actual size and indicates the fly's wing length. A study found 
that the wing lengths of houseflies are normally distributed 
with a mean of about 4.6 millimeters and a standard 
deviation of about 0.4 millimeter. What is the probability that 
a randomly selected housefly has a wing length of at least 
5 millimeters? 


FT LESA, AIN =) 
@Homelutor for problem solving help at classzone.com 


32. FIRE DEPARTMENT The time a fire department takes to arrive at the scene 
of an emergency is normally distributed with a mean of 6 minutes and a 
standard deviation of 1 minute. 


а. Whatis the probability that the fire department takes at most 8 minutes 
to arrive at the scene of an emergency? 


b. What is the probability that the fire department takes between 
4 minutes and 7 minutes to arrive at the scene of an emergency? 


' ZA. MNT Te 
(Hom Tutor J 


for problem solving help at dasszone.com 


(зз) MULTI-STEP PROBLEM Boxes of cereal are filled by a machine. Tests of the 
machine's accuracy show that the amount of cereal in each box varies. The 
weights are normally distributed with a mean of 20 ounces and a standard 
deviation of 0.25 ounce. 

a. Find the z-scores for weights of 19.4 ounces and 20.4 ounces. 
b. What is the probability that a randomly selected cereal box weighs at 
most 19.4 ounces? 


c. What is the probability that a randomly selected cereal box weighs 
between 19.4 ounces and 20.4 ounces? Explain your reasoning. 
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34. BOTANY The guayule plant, which grows in the southwestern 
United States and in Mexico, is one of several plants that can be 
used as a source of rubber. In a large group of guayule plants, 
the heights of the plants are normally distributed with a mean 
of 12 inches and a standard deviation of 2 inches. 


- 


a. What percent of the plants are taller than 16 inches? 
b. What percent of the plants are at most 13 inches? 


c. What percent of the plants are between 7 inches and 
14 inches? 


d. What percent of the plants are at least 3 inches taller than or - 
at least 3 inches shorter than the mean height? Guayule plants 


35. * EXTENDED RESPONSE Lisa and Ann took different college entrance 
tests. The scores on the test that Lisa took are normally distributed 
with a mean of 20 points and a standard deviation of 4.2 points. The 
scores on the test that Ann took are normally distributed with a mean 
of 500 points and a standard deviation of 90 points. Lisa scored 30 on 
her test, and Ann scored 610 on her test. 


a. Calculate Find the z-score for Lisa's test score. 
b. Calculate Find the z-score for Ann's test score. 


c. Interpret Which student scored better on her college entrance test? 
Explain your reasoning. 


36. CHALLENGE According to a survey by the National Center for Health 
Statistics, the heights of adult men in the United States are normally 
distributed with a mean of 69 inches and a standard deviation of 
2.75 inches. 


a. If you randomly choose 3 adult men, what is the probability that all of 
them are more than 6 feet tall? 


b. What is the probability that 5 randomly selected men all have heights 
between 65 inches and 75 inches? 


Mixen Review ——— ÁN 


Use synthetic substitution to evaluate the polynomial function for the given 


value of x. (p. 337) 
37. f(x) = Ax + 5х2 – 3x - 5x = 2 38. f(x) = —3x° — 5x^ + 10; x = 4 
39. f(x) 22x! + хў – 252 + x; x 22 40. f(x) = х — 4х? + 3x — 6; x = —3 
Let f(x) = 4x — 9 and g(x) = 6x7. Perform the indicated operation and state the 
domain. (p. 428) 
41. f(x) + р(х) 42. f(x) — g(x) 43. g(x) — f(x) 44. f(x) * g(x) 
Го) g(x) 
45. —— . — 47. 48. 
5. y 46. = f(g) з. g(fG9) 
: PREVIEW. Solve the equation. Check for extraneous solutions. (p. 452) 
: Prepare for ES. Е z 3. 
i Lesson 11.4 49. Vx +3 = 11 50. VAx -5 = 9 51: Vax -2 = 
: іп Exs. 49—54. 
52. ү5(х + 3) = 10 58. Ух-3=х—5 54. V9x —2—- x - 2 
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Use after Lesson 11.3 


: CHECK 
: REASONABLENESS 


: np=6025 

: and that 

: п —p)=19025. 
: So, it is reasonable 

: to use a normal 

: approximation. 


Approximate Binomial 
Distributions and Test Hypotheses 


СУВ Use normal distributions to approximate binomial distributions. 


In Lesson 10.6, you found probabilities related to a binomial distribution using 
the formula P(k) = Gp — 0)" К However, it can be tedious to use this 
formula when the number of probabilities to compute is large. In such cases, 
you may be able to use a normal distribution to approximate the binomial 
distribution. 


KEY CONCEPT For Your Notebook 


Normal Approximation of a Binomial Distribution 


Consider the binomial distribution consisting of n trials with probability p of 
* success on each trial. If np = 5 and n(1 — р) > 5, then the binomial distribution 
; can be approximated by a normal distribution with the following mean and 
. Standard deviation. 


Mean: x — np Standard Deviation: с = \/np(1 — p) 


Find a binomial probability 


SURVEYS According to a survey conducted by the Harris Poll, 2496 of adults in 
the United States say that their favorite leisure-time activity is reading. You are 
conducting a random survey of 250 adults. What is the probability that you will 
find at most 53 adults who say that reading is their favorite leisure-time activity? 


Solution 


The number x of adults in your survey who say reading is their favorite leisure- 
time activity has a binomial distribution with n = 250 and p = 0.24. To solve the 
problem using the binomial probability formula, you would have to calculate the 
following: 


Р(х s 53) = Р(х = 0) + P(x = 1) + P(x = 2) + «++ + Р(х = 53) 


This would be tedious. Instead, you can approximate the answer using a normal 
distribution with the mean and standard deviation given below. 


x — пр = 250(0.24) = 60 Find mean. 
c = үпр(1 – р) = V250(0.24)(0.76) ~ 7 X Find standard deviation. 


For this normal distribution, 53 is about one 
standard deviation to the left of the mean. 
Therefore: 


Р(х < 53) = 0.0015 + 0.0235 + 0.135 = 0.16 


0.16 
» The probability that at most 53 of the people 
surveyed say reading is their favorite leisure- 39 46 53 60 67 74 81 
time activity is about 0.16. People that answered “reading” 
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HYPOTHESIS TESTING You can use the following procedure to test a hypothesis 
about a statistical measure for a population. 


KEY CONCEPT For Your Notebook 


Hypothesis Testing 


= 
а 
= 
a 
2 
à 
2 
ә 
a 
2 


STEP? State the hypothesis you are testing. The hypothesis should make 
a statement about some statistical measure of a population (such 
as the percent of the population that has a certain characteristic). 


STEP2 Collect data from a random sample of the population and compute 


: CHOOSE —— 

: CRITERION the statistical measure of the sample. 

: In Step 3, some. 1:  $TEP3 Assume that the hypothesis is true and calculate the resulting 

: statisticians use » probability p of obtaining the sample statistical measure or a more 
:р<01 огр< 0.01 asa : extreme sample statistical measure. If this probability is small 

: condition for rejecting a * (typically р < 0.05), you should reject the hypothesis. 

: hypothesis. : 


(EXAMPLE 2 | Test a hypothesis o 


FIREFIGHTING A recent Harris Poll claimed that 48% of adults consider 
firefighting to be a prestigious occupation. To test this finding, you survey 
40 adults and find that 15 of them do consider firefighting a prestigious 
occupation. Should you reject the Harris Poll's findings? Explain. 


Solution 
STEP? State the hypothesis. 
48% of adults consider firefighting a prestigious occupation. 
STEP 2 Collect data and calculate a statistical measure. 


In your survey, 15 out of 40 people, or 37.5%, consider firefighting to be 
a prestigious occupation. 


STEP 3 Assume that the hypothesis in Step 1 is true. Find the resulting 
probability that you could randomly select 15 or fewer adults out of 40 
who consider firefighting a prestigious occupation. This probability is 


P(x < 15) = P(x = 0) + P(x = 1) + P& = 2) + +++ + Р(х = 15) 


where each term in the sum is a binomial probability with n = 40 and 
p = 0.48. 


You can approximate the binomial distribution with a normal 
distribution having the following mean and standard deviation: 


x = np = 40(0.48) = 19.2 
с = Vnp(1 — p) = V40(0.48) (0.52) = 3.16 


Using a z-score and the standard normal table on page 759 gives: 


pol, 15— 19.2) _ ss 

Р(х = 15) plz Me | P(z < —1.3) = 0.0968 

> So, if it is true that 48% of adults consider firefighting a prestigious occupation, 
then there is about a 10% probability of finding 15 or fewer adults who consider 
firefighting prestigious in a random sample of 40 adults. With a probability this 
large, you should not reject the hypothesis. 
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PRACTICE | 


| Оп р 763 vp aT МЕ 
: for Exs. 1-18 


: EXAMPLE 2 


CEPA 


APPROXIMATING BINOMIAL DISTRIBUTIONS Find the mean and standard 
deviation of a normal distribution that approximates the binomial distribution 
with n trials and probability p of success on each trial. 


1. п= 24,р = 0.4 2. n = 40, р = 0.6 3. п = 46, р = 0.3 
4. n = 55, p = 0.15 5. n= 36, p = 0.7 6. п = 66, p = 0.2 
7. n= 110, р = 0.08 8. п = 125, p = 0.35 9. n — 140, p = 0.75 


COLORBLINDNESS Use the fact that approximately 4% of people are 
colorblind. Consider a class of 460 students. 


10. What is the probability that 15 or fewer students are colorblind? 
11. What is the probability that 12 or more students are colorblind? 


12. What is the probability that between 6 and 18 students are 
colorblind? 


LEFT-HANDEDNESS Use the fact that approximately 9% of people are 
left-handed. Consider a high school with 1221 students. 


Color vision test 


13. What is the probability that at least 140 students are left-handed? 
14. What is the probability that at most 100 students are left-handed? 
15. What is the probability that between 80 and 130 students are left-handed? 


MYOPIA Use the fact that myopia, or nearsightedness, is a condition that affects 
approximately 2576 of the adult population in the United States. Consider a 
random sample of 192 U.S. adults. 


16. What is the probability that 42 ог more people are nearsighted? 
17. What is the probability that 66 or fewer people are nearsighted? 
18. What is the probability that between 36 and 60 people are nearsighted? 


19. SURVEYS A survey that asked people in the United States about their 
feelings of personal well-being found that 85% are generally happy. To test 
this finding, you question 75 people at random and find that 56 consider 
themselves generally happy. Would you reject the survey's findings? Explain. 


20. CLASS RINGS You read an article that claims 30% of graduating seniors will 
buy a class ring. To test this claim, you survey 45 randomly selected seniors 
in your school and find that 9 are planning to buy a class ring. Should you 
reject the article's claim? Explain. 


21. COMPUTERS A manufacturer of personal computers claims that under 
normal work use only 1% of its computers will fail to operate at some point 
during a month. A business uses 600 of the manufacturer's computers 
under normal work use and has 12 failures in a month. Would you reject the 
manufacturer's claim? Explain. 


22. JUICE PREFERENCES A company that makes bottled juices has created a 
new brand of apple juice. The company claims 8076 of people prefer the new 
apple juice over a competitor's apple juice. A taste test is conducted to test 
this claim. Of 50 people, 34 prefer the new apple juice. Would you reject the 
company's claim? Explain. 
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d Uem 

* sample 

e unbiased sample 
* biased sample 

* margin of error 


: READING 


AAA AAA EA AAA AA AAA 


A survey of an entire 
: population is called a 
| census. 


Select and Draw Conclusions 
from Samples 


You used statistics to describe sets of data. 
You will study different sampling methods for collecting data. 
So you can interpret the results of a survey, as in Ex. 27. 


'opulation is a group of people or objects that you want information about. 
When it is too difficult, time-consuming, or expensive to survey everyone in а 
population, information is gathered from a sample, or subset, of the population. 
Some methods for selecting a sample are described below. 


ii ДД, 
ДАР. MIL 


In a self-selected sample, members of a In a systematic sample, a rule is used 
population can volunteer to be in the to select members of a population, 
sample. such as selecting every other person. 


ALLE ALLE 
n AU 


In a convenience sample, easy-to-reach In a random sample, each member of 
members of a population are selected, a population has an equal chance of 
such as those in the first row. being selected. 


Classify samples 


BASEBALL A sportswriter wants to survey college baseball coaches about 
whether they think wooden bats should be mandatory throughout college 
baseball. Identify the type of sample described. 


a. The sportswriter contacts only the coaches that he has cell phone 
numbers for in order to get quick responses. 


b. The sportswriter mails out surveys to all the coaches and uses only the 
surveys that are returned. 


Solution 


a. The sportswriter selected coaches that are easily accessible. So, the 
sample is a convenience sample. 


b. The coaches can choose whether or not to respond. So, the sample is a 
self-selected sample. 
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BIAS IN SAMPLING In order to draw accurate conclusions about a | population 
from a sample, you should select an unbiased sample. An unbiased sample i 


representative of the population you want information about. A samp Је that 
overrepresents or underrepresents part of the population is a biased sample. 


GATES identity a biased sample 


| CONCERT ATTENDANCE The manager of a concert hall wants to know how often 

| people in the community attend concerts. The manager asks 50 people standing 
in line for a rock concert how many concerts per year they attend. Tell whether 
the sample is biased or unbiased. Explain your reasoning. 


Solution 


The sample is biased because people standing in line for a rock concert are more 
likely to attend concerts than people in general. 


| 


CHOOSING UNBIASED SAMPLES Although there are many ways of sampling 
a population, a random sample is preferred because it is most likely to be 
representative of the population. 


| EXAMPLE 3 | Choose an unbiased sample | m 


SENIOR CLASS PROM You are a member of the prom committee. You want to poll 
members of the senior class to find out where they want to hold the prom. There 


are 324 students in the senior class. Describe a method for selecting a random 
sample of 40 seniors to poll. 


Solution 


STEP? Make a list of all 324 seniors. Assign each senior a different integer 
from 1 to 324. 


|. S$TEP2 Generate 40 unique random integers (he EOE a ts bo 
| from 1 to 324 using the randInt feature of f randint(1,324) 
a graphing calculator. The screen at the Ñ 184 
right shows six such random integers. be 
If while generating the integers you | 215 
е à í i t 67 
obtain a duplicate, discard it and ) 213 — 
generate a new, unique integer as a & J 


replacement. o — 


STEP 3 Choose the 40 students that correspond to 
the 40 integers you generated in Step 2. 


Y GUIDED PRACTICE for Examples 1, 2, and 3 


1. SCHOOL WEBSITE A computer science teacher wants to know if students 
would like the morning announcements posted on the school's website. He 
surveys students in one of his computer science classes. Identify the type of 
sample described, and tell whether the sample is biased. 


2. WHAT IF? In Example 3, what is another method you could use to generate a 
random sample of 40 students? 
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SAMPLE SIZE When conducting a survey, you need to make the size of your 
sample large enough so that it accurately represents the population. As the 
sample size increases, the margin of error decreases. 


margin of error gives a limit on how much the responses of the sample 

etit differ from the responses of the population. For example, if 40% of the 
people in a poll prefer candidate A, and the margin of error is +4%, then it is 
likely that between 3696 and 4496 of the entire population prefer candidate A. 


KEY CONCEPT For Vour Notebook 


Margin of Error Formula 


: Whena random sample of size п is taken from a large population, the margin 
of error is approximated by this formula: 


| 1 
E Margin of error = +—— 
Es Vn 


This means that if the percent of the sample responding a certain way is 
р (expressed as a decimal), then the percent of the population that would 
respond the same way is likely to be between p — — and р + 1 


Vn Vn 


Find a margin of error 


MEDIA SURVEY In a survey of 1011 people, | 
52% said that television is their main Main Source of News 
source of news. 


a. What is the margin of error for the Television 52% 


survey? 
| Newspaper 29% 
b. Give an interval that is likely to 


contain the exact percent of all Radio 10% 
people who use television as their Internet 5% 
main source of news. 


Other 4% 


Solution 


a. Usethe margin of error formula. 


1 


Margin of error = 67 Write margin of error formula. 
n 
1 
= ob Substitute 1011 for n. 
V1011 
= —- 0.031 Use a calculator. 


» The margin of error for the survey is about +3.1%. 


b. To find the interval, subtract and add 3.1% to the percent of people 
surveyed who said television is their main source of news (52%). 


52% — 3.196 = 48.9% 52% + 3.1% = 55.1% 


> It is likely that the exact percent of all people who use television as their 
main source of news is between 48.9% and 55.1%. 
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A ( EXAMPLE standardized Test Practice 


А polling company conducts a poll for a U.S. presidential election. How 
many people did the company survey if the margin of error is 7-596? 


СА) 25 people (B) 250people (C) 400people (D) 625 people 


: REVIEW RADICALS | Solution 


: equations involving 
: square roots, see p. 452. 


11.4 EXERCISES 


PEEPS Re ee} 


Use the margin of error formula. 


Margin of error = т Write margin of error formula. 


+0.05 = + Substitute +0.05 for margin of error. 


0.0025 = - Square each side. 


n = 400 Solve for n. 
There were 400 people surveyed. 
> The correct answer is C. © ®© O © 


KA GUIDED PRACTICE for Examples 4 and 5 


3. INTERNET In a survey of 1202 people, 11% said that they use the Internet 
or e-mail more than 10 hours per week. What is the margin of error for the 
survey? How many people would need to be surveyed to reduce the margin 
of error to +2%? 


HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
KEY: on p. WS20 for Exs. 7, 19, and 29 


Ж = STANDARDIZED TEST PRACTICE 


Exs. 2, 14, 23, 29, and 31 


“SKILL PRACTICE 


: EXAMPLES 
:1and2 — . | 
: on pp. 766—767 | 
: for Exs. 3-5 


1. VOCABULARY Copy and complete: A sample for which each member of a 
population has an equal chance of being selected is а(п) ? sample. 


2. * WRITING Describe the difference between an unbiased sample and a 
biased sample. 


CLASSIFYING SAMPLES Identify the type of sample described. Then tell if the 
sample is biased. Explain your reasoning. 


3. Ataxicab company wants to know if its customers are satisfied with the 
service. Each driver surveys every tenth customer during the day. 


4. A town council wants to know if residents support having an off-leash area 
for dogs in the town park. Eighty dog owners are surveyed at the park. 


5. An English teacher needs to pick 5 students to present book reports to the 
class. The teacher writes the names of all students in the class on pieces of 
paper, puts the pieces in a hat, and chooses 5 names without looking. 


11.4 Select and Draw Conclusions from Samples 
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; EXAMPLE4 | FINDING MARGIN OF ERROR Find the margin of error for a survey that has the 
on p. 768 given sample size. Round your answer to the nearest tenth of a percent. 
IRSA BUE 6. 260 O 1000 8. 750 9. 6400 
10. 3275 1L. 575 12. 2024 13. 10,000 


14. * MULTIPLE CHOICE In a survey of 2000 voters, 45% said they planned to vote 
for candidate A. What is the margin of error for the survey? 


(СА) +1.8% (В) +2.2% (СС) +3.6% (DD +4.5% 


: EXAMPLE 5 FINDING SAMPLE SIZES Find the sample size required to achieve the given 


= AAA 


: on p. 769 margin of error. Round your answer to the nearest whole number. 
ТОГ EAS 19-99. | aw 230% 16. +8% 17. +10% 18. +4.2% 
(19) 19.) +5.6% 20. +1.5% 21. +6.5% 22. +2.5% 


23. * MULTIPLE CHOICE The margin of error for a poll is +2%. What is the size of 
the sample? 


(А) 200 400 (б) 1000 © 2500 
24. ERROR ANALYSIS In a survey of high 

school students, 13% said that they play 015 y 

basketball regularly. The margin of 

error is +4%. Describe and correct the 0.0169 

error in calculating the sample size. 59 


25. REASONING A survey claims the percent of a city's residents that favor 
building a new football stadium is likely between 52.3% and 61.7%. How 
many people were surveyed? 


26. CHALLENGE Suppose a random sample of size n is required to produce a 
margin of error of +E. Write an expression in terms of n for the sample size 


needed to reduce the margin of error to 2E. By how many times must 


the sample size be increased in order to cut the margin of error in half? 


PROBLEM SOLVING 
: EXAMPLES 27. VACATION SURVEY In a survey of 439 teenagers in the United States, 14% 
: 3, 4, and 5 said that they worked during their summer vacation. 
: оп pp. 767-769 a. Whatis the margin of error for the survey? 


: for Exs. 27-31 аа . 
b. Give an interval that is likely to contain the exact percent of all U.S. 


„с, who worked during their summer vacation. 


omelutor for problem solving help at classzone.com 


28. NEWSLETTER The staff for a student newsletter wants to conduct a survey 
of students' favorite TV shows. There are 1225 students in the school. The 
newsletter staff would like to survey 250 students. Describe a method for 
d an unbiased, random sample of students. 


| CH ome Tuto Р. for problem solving help at classzone.com 


= WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
770 on p. WS1 TEST PRACTICE 


| SHORT RESPONSE Based on the newspaper report shown below, is it 
reasonable to assume that Kosta is certain to win the election? Explain. 


"eoe Today's News 
ELECTIONREPORT 
In a telephone poll, local voters were asked which 
mayoral candidate they planned to vote for in the 
upcoming election. The margin of error is 3:596. Kosta 


This poll shows an increase of 22% for Kosta 
since the beginning of the year, while support 
far Murdack continues to decline. 


46% 
Murdock 


30. MULTI-STEP PROBLEM A Gallup Youth Survey reported that 23% of 
students surveyed, or about 181 students, say that math is their favorite 
subject in school. 


a. How many students were surveyed? 
b. What is the margin of error for the survey? 


c. Give an interval that is likely to contain the exact percent of all students 
who would say that math is their favorite subject. 


31. * EXTENDED RESPONSE A survey reported that 235 out of 500 voters ina 
sample voted for candidate A and the remainder voted for candidate B. 


a. Find Percents What percent of the voters in the sample voted for 
candidate A? for candidate B? 


b. Find Margin of Error What is the margin of error for the survey? 


c. Find Intervals For each candidate, find an interval that is likely to 
contain the exact percent of all voters who voted for the candidate. 


d. Reasoning Based on your intervals, can you be confident that candidate B 
won? If not, how many people in the sample would need to vote for 
candidate B for you to be confident of her victory? (Hint: Find the least 
number of voters for candidate B such that the intervals do not overlap.) 


32. CHALLENGE In a survey, 52% of the respondents said they prefer cola X and 
48% said they prefer cola Y. How many people would have to be surveyed 
for you to be confident that cola X is truly preferred by more than half the 
population? Explain your reasoning. 


MIXED Review О 


¡ PREVIEW | Graph the function. 

: Prepare for — — ETE -— Ж ТШ 

I Lesson 11.5 33. y= —=х + 4 (p.89) 34. у= x^ — 5x — 24 (p. 236) 

: in Exs. 33-38. 1 
35. у= 4(x — 3)? + 2 (p. 245) 36. f(x) = (x + DG — 3x + 3) (p. 387) 
37. р(х) = 4 • 2* (p. 478) 38. h(x) = —2(0.25)* (p. 486) 


39. Use finite differences and a system of equations to find a polynomial 
function that fits the data in the table. (p. 393) 


EXTRA PRACTICE for Lesson 11.4, р. 1020 2) ONLINE QUIZ at classzone.com 771 


ы lased 


* experimental group 


Use after Lesson 11.4 


question 


e control group 
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Chapter 11 


Design Surveys and Experiments 


CTO Write unbiased survey questions and unflawed experimental procedures. 


When designing a survey, it is important that the survey 
questions be carefully written. If a question is poorly 
written, then the responses of the people surveyed may 
not accurately reflect their opinions or actions. These 
types of flawed questions are called biased questions. 


There are several reasons why a question may be biased: 


* The question may encourage the respondent to answer 
in a particular way. 


* The question may be perceived as too sensitive to 
answer truthfully. 


• The question may not provide the respondent with 
enough information to give an accurate opinion. 


Bias may also be introduced through the order in which the questions are 
asked or may result when the person conducting the interview intentionally or 
unintentionally influences the responses of those interviewed. 


Identify and correct bias in survey questions 


Tell why the question may be biased. Describe how to correct the flaw. 


a. "Many national parks are being heavily damaged by acid rain. Do you 
favor government funding to help prevent acid rain?" 


This is an example of a leading question. Respondents may think a "no" 
response means they are not in favor of supporting national parks. In 
this way, the question encourages the respondent to answer "yes." 


A better way to ask this question is to eliminate the first sentence and 
just ask, "Do you favor government funding to help prevent acid rain?" 


b. "Do you agree with the amendments to the Clean Air Act?" 


The question assumes that the respondent is familiar with the 
amendments to the Clean Air Act. Responses by people unfamiliar 
with the amendments could lead to misleading conclusions. 


A better way to ask this question is to first state each amendment and 
then ask, "Do you agree with this amendment?" 


c. Police officers ask mall visitors, "Do you wear your seat belt regularly?" 


Many motorists may answer untruthfully because a police officer is 
asking the question, especially if the law requires seat belt use. The 
data collected might not accurately represent the percent of people 
who wear seat belts regularly. 


In this case, the correction is to have the question be asked by someone 
not involved in law enforcement. 


Data Analysis and Statistics 


EXPERIMENTS An experiment is often conducted with two groups. One group, 
called the ex peri -imen nt: al gi roup, , undergoes some procedure or treatment. The 
other group, called the contro , does not undergo the procedure or 
treatment. 


| PI оп Г 


In a well-designed experiment, everything else about the experimental group 
and the control group is as similar as possible so that the effect of the procedure 
or treatment can be determined. 


[ EXAMPLE 2 ] | Identify flaws in an experiment i 


| 


RESEARCH A drug company conducts an experiment to test whether a new pain 
relief medication is effective at relieving headaches. The experimental group 
consists of college students who are given the medication. The control group 
consists of college professors who are not given the medication. 


The company finds that the headaches of people in the experimental group are 
of shorter duration than those of people in the control group. As a result, the 
company concludes that the medication is effective. Identify any flaws in this 
experiment, and describe how they can be corrected. 


Solution 


On average, college students are likely to be younger than college professors. So, 
it could be age rather than the medication that explains why the experimental 
group had shorter-lasting headaches than the control group. 


To correct this flaw, the drug company could redesign the experiment so that the 
ages of the people in the experimental group are similar to the ages of the people 


in the control group. 


" PRACTICE 


: EXAMPLE 1 


: on p. 772 
: for Exs. 1-6 


; EXAMPLE 2 


CERA 


; for Ex. 7 


In Exercises 1-6, tell why the question may be biased. Describe how to correct 
the flaw. 


1. 


2. 


ри р p 


“Do you agree that building a beautiful new baseball stadium would be a 
good investment for the city to make?” 


“A survey of the voters in this state shows that 85% favor a tax cut. Do you 
favor a tax cut?” 


A dentist asks her patients, “Do you floss every day?” 


“Don't you think that renovating the old town hall would be a mistake?” 


‚ “Do you think the defendant in the Carter case was given a fair trial?” 


. “Which city council candidate's platform do you support?” 


. EDUCATION A research company conducts an experiment to test whether a 


new mathematics software program will increase test scores of students. The 
experimental group consists of students enrolled in Algebra 2 who are given 
the software. The control group consists of students enrolled in Algebra 1 
who are not given the software. 


The company finds that the students in the experimental group test higher 
than the students in the control group and concludes that the software is 
effective at increasing test scores. Identify any flaws in the experiment, and 
describe how they can be corrected. 


Extension: Design Surveys and Experiments 
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z ebr A CTIVITY Use before Lesson 71.5 Tutor 


classzone.com 
Keystrokes 


3 Fitting a Model to Data 
MATERIALS + 20 index cards + graphing calculator 


j "а B EM. три | 
| Y „ B ! | 
b. 


———————— A 


In this activity, you will measure the time it takes to learn a new task as it 
becomes more familiar. You will then find a function that models the data 
you collect. Work with a partner. 


| EYXYPLORE ) lec 
D dd rr DOES KK A EIT AT, 


Perform task STEP 2| Record data Make scatter plot 


Write a different word on each Have your partner repeat the Let x be the task number and 
index card. Shuffle the cards, task described in Step 1 at let y be the completion time. 
then have your partner put least five more times. Record Use a graphing calculator to 
them in alphabetical order. your partner’s completion make a scatter plot of the data 
Measure the time your partner times in a table like the one pairs (x, y) from the table in 
takes to complete the task. shown below. Step 2. 


Task 
number 


1 


L uM Lise 
. Describe the pattern shown in your scatter plot from Step 3. Explain 
why the pattern makes sense. 


. Find a function that is a good model for the data in your scatter plot. 
You can use one of the graphing calculator’s regression features to find 
a model, or you may experiment with other types of functions that the 
regression features cannot generate. 


. Use the function you chose in Exercise 2 to predict the time your 
partner would take to alphabetize the index cards on the 10th trial. 


. Work with a second partner and repeat the experiment. Find a 
mathematical model to describe this partner's learning times. Do you 
get similar or different results? Explain why you might expect similar 
or different results. 
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1 1 Choose the Best Model 
| °~ for Two-Variable Data 


[ Before ] You wrote different types of functions to model sets of data. 
[ Now ] You will choose the best model to represent a set of data. 
So you can relate engine speed and horsepower, as in Ex. 14. 


Cubic у = ах? + bx? + сх + а 


Key Vocabulary | You have used the functions shown 
• linear function at the right to model sets of data. 
Р. To find the best model for a set of data | 
* quadratic function, pairs (x, y), make a scatter plot of the Quadratic у =ax?+bx +c 
aed data and determine the type of function 
* cubic function, suggested by the pattern in the data | 
p. 537 points. Then find a model of this type | Exponential 
* exponential using one of the regression features of a 


function, p. 478 


* power function, 
p. 531 


graphing calculator. 


TUITION The table shows the average tuition y (in dollars) for a private four-year 
college in the United States from 1995 to 2002, where x is the number of years 
since 1995. Use a graphing calculator to find a model for the data. 


x 0 1 2 3 4 | 5 6 7 | 
y | 14537 | 15,605 | 16,552 | 17229 | 18,340 | 19,307 


Solution 


STEP? Make a scatter plot. The points 
lie approximately on a line. This 
suggests a linear model. 


STEP2 Use the linear regression STEP 3 Graph the model along with 


feature to find an equation the data to verify that the 
of the model. model fits the data well. 


LinReg 
y=ax+b 
a=933.3690476 
b=14590.58333 


> A model for the data is y = 933x + 14,600. 
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Use ап exponential model 


COOLING RATES You are storing leftover chili in a freezer. The table shows the 
chili's temperature y (in degrees Fahrenheit) after x minutes in the freezer. Use a 
graphing calculator to find a model for the data. 


: ANOTHER WAY Solution 


: For an extension of the 
: problem in Example 2, 
: turn to page 781 for 

: the Problem Solving 

: Workshop. 


STEP? Make a scatter plot. The points 
fall rapidly at first and then begin 
to level off. This suggests an 
exponential decay model. 


STEP2 Use the exponential regression 
feature to find an equation of ExpReg 


the model. y=a*b*x 
a=98.24196058 
b=.9686633194 


STEP 3 Graph the model along with the 
data to verify that the model fits 
the data well. 


» A model for the data is y = 98.2(0.969)*. 


Use a graphing calculator to find a model for the data. Then graph the model 
and the data in the same coordinate plane. 
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FUEL EFFICIENCY А study compared the speed x (in miles per hour) and the 
average fuel efficiency y (in miles per gallon) of cars. The results are shown in 
the table. Use a graphing calculator to find a model for the data. 


Solution 


STEP? Make a scatter plot. The points 
form an inverted U-shape. This 
suggests a quadratic model. 


: CHOOSE A MODEL — STEP 2 Use the quadratic regression 

: The data in Example 3 feature to find an equation of duadReg 

: can be modeled by both the model. y=ax2+bx+c 

У таң i a=-.0079300699 
га а “н | b=.726951049 
eee | c=13.75622378 


: When this occurs, it is 
: often better to choose 
: the simpler model. 


STEP3 Graph the model along with the 
data to verify that the model fits 
the data well. 


> A model for the data is y = —0.00793x* + 0.727x + 13.8. 


Y GUIDED PRACTICE {ог Example 3 


3. FUEL EFFICIENCY Use the model from Example 3 to predict the average fuel 
efficiency of a car traveling 70 miles per hour. 


Use a graphing calculator to find a model for the data. Then graph the model 
and the data in the same coordinate plane. 
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EXERCISES HOMEWORK: () = WORKED-OUT SOLUTIONS 
1 1 5 KEY : on p. WS20 for Exs. 3 and 11 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 5, 6, 8, and 13 

¡ Ф = MULTIPLE REPRESENTATIONS 

: Ex. 12 


SKILL PRACTICE 


: EXAMPLES 
:1,2.апаз 
: on pp. 775-777 | 
i for Exs. 3-7 
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5. Ж MULTIPLE CHOICE Which type of 


1. VOCABULARY Copy and complete: A function of the form y = ab” is a(n) ? - 
function. 


2. k WRITING Explain how you can determine whether a linear function or a 


quadratic function is a better model for a set of data. 


MODELING DATA Use a graphing calculator to find a model for the data. Then 
graph the model and the data in the same coordinate plane. 


function best models the data points? 


СА) Linear (B) Quadratic 
СС) Cubic (D> Exponential 


QD у= -3.4x + 104 (В) у= 126(0.931)* 
(С) y=125x °° © у= 0.1222 + 124 

. ERROR ANALYSIS Describe and 
correct the error made in using The ExpReg A model for 
the information on a graphing screen shows: the data is: 
gla screen to write a box y 9.711 1:55 
жин. 9.714963274 X, 

1.550355116 


. * OPEN-ENDED MATH Write a table of values that can be modeled by a 


quadratic function. 


. CHALLENGE The function y = 5x%* models a table of data in which x-values 


are measured in inches and y-values are measured in pounds. If the table is 
changed to give the x-values in feet, what function models the revised data? 


Data Analysis and Statistics 


: EXAMPLES 
:1,2,and3 .— 
: on pp. 775-777 
: for Exs. 10-13 


PROBLEM SOLVING 


10. ECONOMICS The gross domestic product (GDP) is the total value of goods 
and services produced by a country in any given year. The table shows the 
GDP y (in billions of dollars) of the United States for selected years from 
1930 to 2000. In the table, x represents the number of years since 1930. Use a 
graphing calculator to find a model for the data. 


х) o | 10 20 30 | 40 50 


| 2795.6 


60 | 70 


= ча 


| 
——[- 
y | 913 а] 1013 | 2943 | 5274 


An woe — Е m 


AGRICULTURE The table shows the ages x (in years) and trunk diameters y 
(in inches) of several Texas grapefruit trees. Use a graphing calculator to find 
a model for the data. 


12. $n MULTIPLE REPRESENTATIONS The graph below shows the price of a first- 


class stamp in the United States for selected years from 1975 to 2002. Use a 
graphing calculator to find a model for the data. Then graph the model and 
the data in the same coordinate plane. 


Price of a First-Class Postage Stamp 
40 


30 
20 


Price (cents) 


10 


1975 1978 1981 1985 1988 1991 1995 1999 2001 2002 


13. * EXTENDED RESPONSE The manager of a restaurant kept a record of the 


number y of customers each hour, where x — 3 represents 3:00 P.M. 


a. Make a scatter plot of the data and determine the type of function that 
best models the data. 


b. Use a regression feature of a graphing calculator to find a function that 
models the data. 


c. Graph the function and data to verify that the function is a good model. 


d. Do you think the function you found would accurately predict the 
number of customers at 1 P.M.? Explain. 
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5803.2 | 9824.6 
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14. CAR ENGINES The table shows the relationship between a car's engine 
speed (in revolutions per minute) and the power (in horsepower) that 
the engine produces. Use a graphing calculator to find a model for 
the data. What engine speed maximizes this car's engine power? 


1000 2000 -3000 4000 5000 6000 


a 72 | 77 68 


15. CHALLENGE As a chair manufacturer produces more chairs, the 
production cost per chair decreases. The table shows the number x 
of chairs produced and the production cost y (in dollars) per chair. 
Model the data with a function whose graph has a horizontal 
asympote. What does the asymptote represent in this situation? 


2000 3000 
45 35 


MIXED Review ЭО 


: PREVIEW Evaluate the expression for the given value of x. (р. 10) 

{ Prepare for 16. бх – 2 when х = 5 17. 8 — 3x when x = —6 18. 4* | whenx=3 

{ Lesson 12.1 

: in Exs. 16-21. 19. 8(x — 2) when х = 8 20. 5x— 7 + 2x when x = 4 21. 6x — (x + 5) when x = —9 


Condense the expression. (p. 507) 

22. log, 5 — log, 8 23. 21п4+1п3 24. ае 4 
25. 7 log, x + 5log,y 26. log, 2 + > log, y 27. — L log, 81 — — 1 log, 4 
28. RADIO SIGNALS The signals of a radio station can be received up to 65 miles 


away. Your home is 35 miles east and 56 miles south of the radio station. Can 
you receive the radio station’s signals? Explain. (р. 626) 


pamm—Ó——— ERR 


QUIZ for Lessons 11.3-11.5 
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A normal distribution has a mean of 47 and a standard deviation of 6. Find the 
probability that a randomly selected x-value is in the given interval. (p. 757) 


1. Between 35 and 65 2. Atleast 41 3. At most 29 
Find the sample size required to achieve the given margin of error. Round your 
answer to the nearest whole number. (p. 766) 

4, +3% 5. =7% 6. +4.5% 7. +0.8% 

8. SPORTS The table shows the winning times y (in seconds) for various men’s 


races of length x (in meters) at the 2004 Summer Olympics. Use a graphing 
calculator to find a model for the data. (р. 775) 


—- 


19.79 44.00 10445 | 21418 794.39 


100 | 200 | 400 800 | 1500 5000 [m 


9.85 | 1625.10 
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(С) Using ALTERNATIVE METHODS 
PROBLEM SOLVING ALTERNATIVE METHODS 


Extending Example 2, page 776 


MULTIPLE REPRESENTATIONS In Example 2 on page 776, you used a graphing 
calculator to find an exponential model of the form у = ab” for a data set. You 
can extend this method to find exponential models of the form у = ab* + с. 


COOLING RATES You are storing leftover chili in a refrigerator. The table 
shows the chili's temperature y (in degrees Fahrenheit) after x minutes in 
the refrigerator. Use a graphing calculator to find a model for the data. 


METHOD Transforming Data One approach to solving the problem is to perform a 


transformation on the data and then find a model for the transformed data. 


STEP 7 Enter the data in lists STEP 2 Define a new variable STEP 3 Use exponential 

L, and L,. Then make a scatter y, = y — 40. Then the data pairs regression to find a model 

plot. The temperature appears (x, y,) are modeled by a function for the data in lists L, and L,. 

to decay exponentially to 40°F. of the form у, = ab*. Make a list The model is y, = 60.2(0.969)*. 
So the model has the form of the values of y, by defining So, a model for the original data 
у= ab* + 40, or y — 40 = ар“. is y = 60.2(0.969)* + 40. 


a=60.22785996 
b=.9686364797 


| 
К. 


» A model for the original data is у = 60.2(0.969)* + 40. Graph the model along 
with the original data to verify that the model fits the data well. 


«ex» 0 0 1 


1. The data pairs (x, y) below give the temperature 2. The data pairs (x, y) below give the temperature 
y (in degrees Fahrenheit) of a hot cup of soup y (in degrees Celsius) of a cold glass of water 
after it sits for x minutes at room temperature. after it sits x minutes at room temperature. 
Estimate the temperature of the room. Then Estimate the temperature of the room. Then 
find a model for the data. find a model for the data. 


(0, 132.8), (10, 105.8), (30, 92.3), (50, 84.2), (0, 3.5), (20, 8.1), (40, 12.2), (60, 15.4), 
(70, 79.2), (90, 76.1), (110, 75), (120, 74.7), (80, 17), (100, 18.2), (110, 18.6), (120, 18.9) 
(130, 74.2) 
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Lessons 11.3-11.5 


1. MULTI-STEP PROBLEM A biologist caught, 5. EXTENDED RESPONSE The table shows the 


782 


measured, weighed, and then released eight 
Maine landlocked salmon. 


A Lam 


E 
Fly fishing for salmon 


The table shows each fish's length x (in inches) 
and weight y (in pounds). 
10.3 15.2 | 16.2 16.4 
0,4 1.0 1,3 1.3 
12,5 18.1 22 23.6 
1.7 | 2.0 3:5 | 4.2 


Е. x 


a. Use a graphing calculator to find a model for 
the data. 


b. Use the model from part (a) to estimate the 
weight of a Maine landlocked salmon that is 
20 inches long. 


2. MULTI-STEP PROBLEM In a survey of 


1022 people who shop online, 73% said that 
they do so because of the convenience. 


a. What is the margin of error for the survey? 


b. Give an interval that is likely to contain the 
exact percent of all online shoppers who 
shop because of the convenience. 


3. GRIDDED ANSWER At a tree nursery, the 


heights of scotch pine trees are normally 
distributed with a mean of 200 centimeters and 
a standard deviation of 20 centimeters. Find 
the percent of scotch pine trees that have a 
height of at least 220 centimeters. Round your 
answer to the nearest whole number. 


4. OPEN-ENDED Create a table of data pairs 


(x, y) that can be modeled by an exponential 
function. 


Chapter 11 Data Analysis and Statistics 


shoe size of a boy at different ages (in years). 
Age 6 7 8 10 
Shoe size 5 6 7 9 
Age 12 14 15 16 
Shoe size 10 11 11 12 


a. Use a graphing calculator to find a model 
for the data. 


b. Use the model from part (a) to estimate the 
boy's shoe size when he is 17 years old. 


c. Describe any limitations on the domain of 
the model from part (a). 


. SHORT RESPONSE The amount of juice 


dispensed from a machine is normally 
distributed with a mean of 10.5 ounces and a 
standard deviation of 0.75 ounce. Within what 
range do about 68% of the amounts dispensed 
fall? Explain your reasoning. 


. SHORT RESPONSE A survey shows that the time 


spent by shoppers in a supermarket is normally 
distributed with a mean of 45 minutes and a 
standard deviation of 12 minutes. What is the 
probability that a randomly chosen shopper 
will spend between 45 and 69 minutes in the 
supermarket? Explain your reasoning. 


. MULTI-STEP PROBLEM A survey of students 


shows that 15% of respondents, or 315 students, 
prefer having gym class during the last period 
of the day. 


a. How many students were surveyed? 
b. What is the margin of error for the survey? 


с. Give an interval that is likely to contain the 
exact percent of all students who would 
prefer to have gym class during the last 
period of the day. 


. SHORT RESPONSE A local sports TV station 


wants to find the number of hours per week 
people in the viewing area watch sporting 
events on television. The station surveys 
people at a nearby sports stadium. What type 
of sample is described? Is this sample biased? 
Explain your reasoning. 


BIG IDEAS For Your Notebook 


Finding Measures of Central Tendency and Dispersion 


The table shows common measures of central tendency and dispersion for a data 


set. It also shows how these measures are affected when a constant is added to 
each data value or when each data value is multiplied by a constant. 


| Data:1,4,4, | Add5toeachvaluein Multiply each value in 


| 5,8,9,9, 15 data set ata set by 3 
6.875 6.875 + 5 = 11.875 3(6.875) = 20.625 
T 1 i 
6.5 6.5 + 5 = 11.5 3(6.5) = 19.5 


4 and 9 4+5 = 9 апад + 5 = 14 3(4) = 12 and 3(9) = 27 


15-1 = 14 14 3(14) = 42 


| Standard = 
4.04 4.04 3(4.04) = 1212 
deviation l | 


Using Normal Distributions 


: Anormal distribution is modeled by a symmetric, bell-shaped curve. The area 


under a normal curve is distributed as shown below. A z-score is the number of 
standard deviations a data value lies above or below the mean. You can use 


~ 2-ѕсогеѕ and the standard normal table on page 759 to find probabilities related 


to any normal distribution. 


Working with Samples 


- You can use several different methods to choose a sample from a population. 


Random sampling is most likely to produce an unbiased sample. 


. Members volunteer. Often biased 


4 ti |! A rule is used to select Sometimes biased 
sys sample members. 
| Easy-to-reach members are Often biased 
Convenience sample selected. 
i 
Random sample Every member has an equal Unbiased 


chance of being selected. 
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REVIEW KEY VOCABULARY 


* Statistics, p. 744 « standard deviation, p. 745 * Z-SCOIe, р. 758 
* measure of central tendency, * outlier, p. 746 * population, p. 766 
pros * normal distribution, p. 757 * sample, p. 766 
* mean, median, mode, p. 744 * normal curve, p. 757 • unbiased sample, p. 767 
* measure of dispersion, p. 745 * standard normal distribution, ^ * biased sample, p. 767 
* range, p. 745 p. 758 


* margin of error, p. 768 


VOCABULARY EXERCISES 


1. Copy and complete: ? isa measure of dispersion that describes the typical 
difference between a value in a data set and the mean. 


2. WRITING Describe how multiplying every value in a data set by the same positive 
constant affects the mean, median, mode, range, and standard deviation. 


3. Copy and complete: The ? for an x-value from a normal distribution represents 
the number of standard deviations the x-value lies above or below the mean. 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding of the 
concepts you have learned in each lesson of Chapter 11. 


Find the mean, median, mode, range, and standard deviation of the following 
data set: 13, 13, 13, 19, 24, 24, 27, 28, 34, 35. 


13 + 13 - 13 +19 +... + 35 _ 
SEC ME. 


Median: 24 Mode: 13 Range = 35 — 13 = 22 
(13 ~ 23)" + (13 — 23) +... + (35 — 23) _ 


Меап: х = 


Standard Deviation: с = 10 7.9 
EXERCISES 
: EXAMPLES Find the mean, median, mode, range, and standard deviation of the data set. 
: Тапа 2 | 
| on pp. 744—745 4. 35, 36, 36, 38, 41, 42, 45, 48 5. 75, 76, 79, 85, 88, 88, 90, 92 
: for Exs. 4-8 6. 76, 102, 87, 85, 91, 92, 91, 97 7. 103, 155, 140, 125, 130, 140, 115 


8. GAS PRICES The list shows the average price of a gallon of gasoline each year 
from 1994 to 2004. Find the median and standard deviation of the prices. 


$1.04, $1.13, $1.13, $1.26, $1.13, $.97, $1.30, $1.47, $1.14, $1.47, $1.59 
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ЁТ Apply Transformations to Data 


‘Chapter Review Practice 


| EXAMPLE] 
| 


: EXAMPLES 


: оп pp. 751-752 
: for Exs. 9-11 


Find the mean, median, mode, range, and standard deviation of the data set 
below and of the data set obtained by multiplying each data value by 0.8. 


200, 220, 280, 290, 320, 320, 340, 380 


Original data Transformed data - 


Mean | | 293.75 0.8(293.75) = 235 

Median 0.8(305) = 244 

Range 0.8(180) = 144 

Standard deviation 56.33 |. 0.8(56.33) = 45.06 
EXERCISES 


Find the mean, median, mode, range, and standard deviation of the given data 
set and of the data set obtained by performing the given transformation. 


9. 34,35, 37, 37, 38, 41, 42, 46, 48; add —7 to each data value 
10. 62, 66, 66, 68, 74, 76, 78, 80, 82; multiply each data value by 1.2 


11. RAINFALL The list below shows the average rainfall (in millimeters) for 
Lubbock, Texas, during each month of the year. Find the mean, median, 
mode, range, and standard deviation of the data in millimeters and of 
the data in inches. (Note: 1 mm = 0.03937 in.) 


14.9, 14.3, 20.1, 30.5, 76.9, 59.8, 57.2, 40.2, 59.8, 46.5, 16.4, 18.8 


| 

j 
| EXAMPLE) 
i 


: EXAMPLE 3 


: отра 7 
: for Exs. 12-17 


A normal distribution has a mean of 76 and a standard deviation of 9. Use the 
standard normal table on page 759 to find the probability that a randomly 
selected x-value from the distribution is at most 64. 


z= a - E = —1.3 Find z-score for х = 64. 


P(x = 64) = P(z = —1.3) = 0.0968 Use the standard normal table. 


EXERCISES 


A normal distribution has a mean of 95 and a standard deviation of 7. Use 
the standard normal table on page 759 to find the indicated probability for a 
randomly selected x-value from the distribution. 


12. P(x = 89) 13. Р(х = 84) 14. Р(91 < x = 100) 
15. Р(х s 50) 16. P(x > 100) 17. Р(50 < х= 80) 
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ТЕЛ Select and Draw Conclusions from Samples 


In a survey of 582 people, 57% said that summer is their favorite season. What 
is the margin of error for the survey? 


: EXAMPLE 4 


= SPCR PPR 


: on p. 768 
: for Exs. 18-22 


111.5 | Choose the Best Model for Two-Variable Data 


Margin of error = + 


EXERCISES 


pp.766-771 | 


=+—l = +0,041 = +4.1% 


Find the margin of error for a survey that has the given sample size. Round 


your answer to the nearest tenth of a percent. 


18. 300 19. 2500 


20. 800 


21. 4900 


22. SURVEYS In a Gallup Youth Survey of 517 teenagers, 34% said that their 
favorite way to spend an evening was to hang out with family or friends. 


What is the margin of error for the survey? 


EXAMPLE 


Use a graphing calculator to find a model for the data. Then graph the model 


and the data in the same coordinate plane. 


Make a scatter plot. The 
points form an inverted 
U-shape. This suggests 


Use the quadratic 
regression feature to 
find an equation of 
the model. 


: EXAMPLES 
¡2 and3 
: on pp. 775-777 
: for Ex. 23 


a quadratic model. 


| QuadReg 
y=axe+bxt+c 
| a=-.0171428571 
> b=1.535714286 
| | c=18.07142857 


JL 


> A model for the data is y = —0.0171x? + 1.54x + 18.1. 


EXERCISES 

23. Use a graphing calculator to 
find a model for the data. Then 
graph the model and the data 
in the same coordinate plane. 
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Graph the model along 
with the data to verify 
that the model fits the 
data well. 


Find the mean, median, mode, range, and standard deviation of the given 
data set and of the data set obtained by performing the given transformation. 


1. 41, 38, 42, 41, 45, 44, 48, 35; multiply each data value by 3 
2. 16, 21, 19, 21, 17, 25, 15, 18; add 14 to each data value 
3. 108, 92, 102, 99, 116, 92; multiply each data value by 4.5 


A normal distribution has a mean of 72 and a standard deviation of 5. Find 
the probability that a randomly selected x-value from the distribution is in 
the given interval. 


4. Between 67 and 77 5. Between 57 and 72 6. At least 62 


Find the margin of error for a survey that has the given sample size. Round 
your answer to the nearest tenth of a percent. 


7. 340 8. 8125 3.:931 10. 1560 


11. FOOTBALL Teams in the National Football League are divided into two 
conferences, the American Football Conference (AFC) and the National 
Football Conference (NEC). The table below shows the margin of victory in 
each conference's championship game for the 1990-2004 seasons. 


AFC Championship margins of victory | NFC Championship margins of victory 


48, 3, 19, 17, 4, 4, 14, 3, 2.9110, 17; 10, 11, 17, 13, 
13, 19, 13, 7, 17, 10, 14 3, 5, 41, 5, 17, 11, 17 


a. Find the mean, median, mode, range, and standard deviation of the 
AFC margins of victory. 


b. Find the mean, median, mode, range, and standard deviation of the 
NFC margins of victory. 


c. Compare the statistics for each set of data and make a conclusion about 
the data. 


12. TEST SCORES The scores on a standardized test administered to 10,000 
students have a mean of 50 and a standard deviation of 10. Find the z-score 
for each student whose score is given. 


a, Kevin: 55 b. Manuel: 70 c. Colby: 40 d. Neal: 47 


13. SHOPPING SURVEY In a survey of 1600 U.S. adults, 6196 said that they have 
purchased a product online. Find the margin of error for the survey. Then 
give an interval that is likely to contain the exact percent of all U.S. adults 
who have purchased a product online. 


14. TYPING ERRORS The table shows the average number y of errors made by 
students in a typing course when they took tests given x days after the start 
of the course. Use a graphing calculator to find a model for the data. 


10 14 


361 | 30.2 
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MULTIPLE CHOICE QUESTIONS 


If you have difficulty solving a multiple choice problem directly, you may be 
able to use another approach to eliminate incorrect answer choices and obtain 


the correct answer. 


The Nielsen ratings measure how many viewers watch different TV 
programs. There are 5000 Nielsen households, which are chosen 
randomly from U.S. households with televisions. Suppose the Nielsen 
ratings report that 9.2% of Neilson households watched a certain 
program. What interval is likely to contain the exact percent of all U.S. 
households with televisions that watched the program? 


CA) 4.0% to 14.0% (В) 7.8% to 10.6% 
©) 8.3% to 10.3% 9.2% to 9.6% 


METHOD 1 


SOLVE DIRECTLY Calculate the margin of 
error. Then use the margin of error and the 
percent given in the problem to find the 
interval. 


STEP 7 Calculate the margin of error. 
Margin of error = +—— 


1 
v 5000 
= 0.014 


= +1.4% 


= + 


STEP 2 Find the lower bound for the interval. 


Lower bound = 9.2% — 1.4% 
= 7.8% 


STEP 3 Find the upper bound for the interval. 


Upper bound = 9.2% + 1.4% 
= 10.6% 
STEP 4 Write the interval. 
The interval is 7.8% to 10.6%. 


» The correct answer is B. в) СС) 
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METHOD 2 


ELIMINATE CHOICES Another method is to check 
the intervals given in the answer choices. 


You know that 9.2% must fall exactly in the 
middle of the interval. 


Choice A: E = 122 — 9.0, so 9.296 does 
not fall exactly in the middle of the 
interval. You can eliminate choice A. X 

Choice B: 2826 = 124 = 9,2, so 9.2% falls 


exactly in the middle of the interval. 


Choice C: ёз оз — ae = 9.3, so 9.2% does 


not fall exactly in the middle of the 
interval. You can eliminate choice C. X 


Choice D: het 28 == 183 = 9,4, so 9.2% does 


not fall exactly in the middle of the 
interval. You can eliminate choice D. X 


> The correct answer is B. (А) CORO) 


METHOD 1 


SOLVE DIRECTLY Use a z-score and the standard 
normal table on page 759 to find the desired 
probability. 


STEP 7 Find the z-score for a waiting time of 13 
minutes. 
_ 0 


STEP 2 Use the standard normal table to find 
P(z='1.5): 


Р(2< 1.5) = 0.9332 == 93.3% 


The probability of waiting no more 
than 13 minutes is about 93.3%. 


> The correct answer is С. (В) D 


PRACTICE 


METHOD 2 


ELIMINATE CHOICES Use the facts about normal 
distributions on page 757 to eliminate incorrect 
answer choices. 


For a randomly selected customer with a waiting 
time of x minutes, you know the following: 


P(x < 12) = P(x<x + o) 
= 50% + 34% 
= 84% 
Р(х < 14) = P(x< x + 2o) 
= 50% + 34% + 13.5% 
= 97.5% 


It follows that P(x < 13) is between 84% and 
97.5%. Only the probability of 93.3% in answer 
choice C satisfies this condition. 


> The correct answer is C. СА) ОВ) D 


Explain why you can eliminate the highlighted answer choice. 


1. A normal distribution has a mean of 4.06 and a standard deviation of 
0.04. What is the probability that a randomly selected value from the 


distribution is between 4.06 and 4.14? 


(К) 0.01 (В) 0.475 


(C> 0.68 


2. Ifyou add the same nonzero constant to each value in a data set, which 


statistic does not change? 


@® Mean (B> Median ©XMode 
3. Which type of function best models the data represented by the scatter 
plot at the right? 
CA) Linear 
© Cubic Exp 


(В) Quadratic 


- 3 
ADUIICIILIdl 


(D> Range 
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MULTIPLE CHOICE 


In Exercises 1 and 2, use the data below giving 
the lengths (in minutes) of the movies showing 
at a local movie theater. 


94, 109, 166, 136, 97, 110, 113, 114, 94, 101 
1. What is the median of the data set? 
CA) 94min (В) 109.5 min 
(б) 110 min (DD 111.5 min 
2. To the nearest tenth of a minute, what is the 
standard deviation of the data set? 
QD 7.2min (В) 21.2 min 
(CO 25.6 min (D> 67.0 min 


3. According to a survey from the National 
Center for Health Statistics, the heights 
of adult women in the United States are 
normally distributed with a mean of 64 
inches and a standard deviation of 2.7 
inches. What is the approximate probability 
that 4 randomly selected women are all 
between 58.6 inches and 66.7 inches tall? 


СА) 34% (В) 44% 
(С) 68% (D) 81.5% 

4. What is the percent of the area under a 
normal curve that is represented by the 
shaded region? 

СА) 50% (В) 81.5% 
(C) 83.85% (D) 84% 

5. Rachel scored an 88 on her physics test. 
The class average was 79.3, and the standard 
deviation was 7.5. What is the z-score for 
Rachel's test score? 

1.16 (B> 1.30 
(С) 1.45 (D> 1.60 
Chapter 11 Data Analysis and Statistics 


6. 


go 


© 


The data set below gives the numbers of 
pages in five high school textbooks. 


384, 480, 576, 640, 768 
Which statement is false? 
СА) There is no mode. 
The mean is greater than the median. 
СС) The mean is 569.6 pages. 
(D> The range is 384 pages. 
In a nationwide poll of 1015 U.S. adults, Tom 
Hanks was voted America’s favorite movie 


star. What is the approximate margin of error 
for the survey? 


+0.031% (В) 
(СС) +3.1% (р) 
The table shows the attendance (in millions) 
at Boston Red Sox games in Fenway Park 


from 1995 to 2004. Which type of function 
best models the data? 


ce 


+0.31% 
+31% 


199 


СА) Linear 
(C> Exponential 


mo 
ME 
1997 | 23 | 2 
21 _ 
_ 2% _ 


(В) Quadratic 
(D> Power 
The delays (in minutes) for a commercial 


airline flight are listed below for Sunday 
through Friday of a certain week. 


20, 10, 0, 30, 0, 45 


On Saturday, the flight is delayed 150 minutes. 
Which statistic is most affected when this 
outlier is added to the given data set? 


СА) Mean (B> Median 
(C> Mode (D> Range 


GRIDDED ANSWER 


10. A normal distribution has a mean of 77 and 
a standard deviation of 4. What is the z-score 
corresponding to an x-value of 80? 


11. The standard deviation of a data set is 12.2. 
A new data set is created by adding 5.1 
to each data value. What is the standard 
deviation of the new data set? 


12. What is the mean of the data set below? 
1,3,5,5, 7, ILLA 1024212824, 25 


13. In a normal distribution, about what percent 
of the area under the related normal curve lies 
within 2 standard deviations of the mean? 


EXTENDED RESPONSE 


) STATE TEST PRACTICE 
^ dasszone.com 


SHORT RESPONSE 
14. According to a certain poll, 5196 of adults 


in the United States follow professional 
football. The margin of error is +2%. About 
how many people were surveyed? Explain 
whether you know for certain that football 
is followed by the majority of adults in the 
United States. 


15. Astudent is conducting a survey about the 


Internet usage of high school students. He 
sends the survey by e-mail to each person in 
his address book, and uses only the surveys 
that are returned. What type of sample is this? 
Is the sample biased or unbiased? Explain. 


16. The data set below gives the average rainfall for each month in 


San Antonio, Texas, and Chicago, Illinois. 
San Antonio, Texas (in inches): 


1.5, 1.8, 1.8, 2.B, 3.4, 3.1, 2.2, 2.5, 3.4, 2.5, 2.2, 1.8 


Chicago, Illinois (in millimeters): 


48.2, 41.8, 72.2, 96.6, 82.5, 103.4, 102.7, 89.3, 78.6, 69.7, 72.7, 64.8 


a. Find the mean, median, mode, range, and standard deviation for each 


city's rainfall data. 


b. Compare the statistics for each city. Make a conclusion about the data. 


(Hint: 1 millimeter = 0.03937 inch.) 


17. The table shows the numbers of people (in millions) who voted in U.S. 


Presidential elections since 1940. 


— . |+] ||| ж жїз 


(Gs | 6203 | ossa | 7065 | 7321” 


earainceroso | 32 в мю м ав м | в o 


_Voteamilon) | 7772 | 8156 | 8652 


"9265 | 9160 | 10443 | 962810540. 


a. Use a graphing calculator to make a scatter plot of the data. Determine 


the type of function that best fits the data. 


b. Use a regression feature to find an equation of the function. 


c. Graph the equation along with the data to verify that the equation fits 


the data well. 


d. Use your equation to predict the number of people who voted in the 
2004 U.S. Presidential election. Compare your prediction to the actual 
number of voters in that election, which was 122.30 million voters. 
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12.1 Define and Use Sequences and Series м ^ 
^ 12.2: Analyze Arithmetic Sequences and Series Tes 
3 Analyze Geometric Sequences and Series 


T 12.4 Find Sums of Infinite Geometric Series 
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Use Recursive Rules with Sequences and Functions 


In previous chapters, you learned the following skills, which you'll use in 
A P VE Chapter 12: solving equations and performing function composition. 


Prerequisite Skills 


P x ra» PREDEN A r EEEF 
ТД | | ER 1 | - y PME А 
E І |, =. 1:1" LP MAGNA =, 


Copy and complete the statement using f(x) = 1 апа р(х) = 4х + 2. 
main of (х) is ? . 
2. The range ofg(x)is ? . 
3. The composition f(g(x)) is equal to ? . 


ЕГЕН BH E “ЛЕ ГГ 
ъ=, | CR ГЕ = | y 
Le] "у= уз 


2.2) 


q = 
Pa - 
Е dms de 


4. 7x+3=31l 5. 9 =2x—7 6. 14 = —3x + 8 


Solve the equation. Check your solution. (Prerequisite skill for 


7. 10— 3x — 28 8. lix + 9 = 3x + 17 9. 2€c73-—7—b—X 


mi^ Copy and complete the table for the linear function. (Prerequisite skill for 12.2) 
pA 10. y-3—2x 11. у=5х+1 12. у= -x + 24 


X y x y 
Ет 1 | 5 
| 10 
15 
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In Chapter 12, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 839. You will also use the key vocabulary listed below. 


(д Analyze sequences 
€3 Find sums of series 
€) Use recursive rules 


KEY VOCABULARY 

* sequence, p. 794 * arithmetic sequence, p. 802 * geometric series, p. 812 
• terms of a sequence, р. 794 • common difference, p. 802  * partial sum, p. 820 

* series, p. 796 * arithmetic series, p. 804 * explicit rule, p. 827 

* summation notation, p. 796 • geometric sequence, p. 810 — * recursive rule, p. 827 

* sigma notation, p. 796 * common ratio, p. 810 * iteration, p. 830 
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You can use sequences to describe patterns in the real world. For example, you 
can use the Fibonacci sequence to describe patterns in nature. 


The animation illustrated below for Example 3 on page 828 helps you answer 
this question: How can you generate Fibonacci numbers? 


, Check Answer 


| Fibonacci numbers are seen in objects Use the recursive rule to find numbersin {4 
such as shells, pinecones, and broccoli. the Fibonacci sequence. la 


Dra at classzone.com 


Other animations for Chapter 12: pages 805, 811, 820, and 832 


1 2 Define and Use 


* sequence = 
*termsofasequence 1: Sequences 
° series re 
*summation notation |: А Sequence 


* sigma notation 
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You identified and wrote functions. 
[ Now | You will recognize and write rules for number patterns. 


So you can find angle measures, as in Ex. 63. 


Sequences and Series 


[Sens MES 
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Range: д, a, а, а,...а Terms ofthe sequence 


- KEY CONCEPT For Your Notebook 


is a function whose domain is a set of consecutive integers. Ifa 
domain is not specified, it is understood that the domain starts with 1. The 


> values in the range are called the terms of the sequence. 
= Domain: 1 2 3 4...n The relative position of each term 


© А finite sequence has a limited number of terms. An infinite sequence continues 


; without stopping. 


Finite sequence: 2, 4, 6, 8 Infinite sequence: 2, 4, 6, 8,.. 


sequences above can be described by the rule a, = 2п or f(n) = 


I: A sequence can be specified by an equation, or rule. For example, both 


g EXAMPLE | Write terms of sequences | 


Write the first six terms of (a) а, = 2n + 5 and (b) f(n) = (-3)"- 1, 


Solution 
а. ау =20) +5=7  1stterm b. f) = (-3) ! =1 Ist term 
а, = 2(2) +5 =9  2ndterm f(2) = (3)?! = -3 2nd term 
a,=2(3)+5=11 3rdterm f(3) =(-3147!=9 3rd term 
a,=2(4)+5=13 4thterm КА) =(-3)4-'=-27 = 4thterm 
a,=2(5)+5=15 5thterm f6) = (3) -1= 81 5th term 
a,=2(6)+5=17  6thterm f(6) = (-3)®" ! = —243  6thterm 


V GUIDED PRACTICE _ for Example 1 


Write the first six terms of the sequence. 


1. a,=n+4 2. f(n) = (-27^ ^! 3. 
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СТЛ) write rules for sequences EN 


: WRITE RULES 


: If you are given only 

{ the first several terms 

: of a sequence, there is 

: no single rule for the nth 
: term. For instance, the 

: sequence 2, 4, 8, ... can 
; be given by a, = 2” or 
а= п -п+ 2. 


Ф, 
b d 


: AVOID ERRORS 


PPC ETT ECTS TESST ee TE eee 


: Although the plotted 

: points in Example З 

: follow a curve, do not 

: draw the curve because 
: the sequence is defined 
: only for integer values 

: of n. 


Solve a multi-step problem 


WRITING RULES If the terms of a sequence have a recognizable pattern, then you 
may be able to write a rule for the nth term of the sequence. 


Describe the pattern, write the next term, and write a rule for the nth term of 
the sequence (a) —1, —8, —27, —64,... and (b) 0, 2, 6, 12,.... 


Solution 


a. You can write the terms as (—1)?, (-2)?, 3, (-4)?,. ... The next term is 
a, = (—5)* = —125. A rule for the nth term is a, = (—n)’. 


b. You can write the terms as 0(1), 1(2), 2(3), 3(4), .... The next term is 
f(5) = 4(5) = 20. A rule for the nth term is f(n) = (n — Dn. 


GRAPHING SEQUENCES To graph a sequence, let the horizontal axis represent the 
position numbers (the domain) and the vertical axis represent the terms (the range). 


RETAIL DISPLAYS You work in a grocery store 
and are stacking apples in the shape of a square 
pyramid with 7 layers. Write a rule for the 
number of apples in each layer. Then graph the 
sequence. 


+— First layer 


Solution 


STEP? Make a table showing the number of fruit in the first three layers. 
Let a, represent the number of apples in layer n. 


STEP2 Write a rule for the number of apples in 
each layer. From the table, you can see 


| ABE. 
that a, — n : 


Plot the points (1, 1), (2, 4), (3, 9), .. ., 
(7, 49). The graph is shown at the right. 


STEP 3 


Y GUIDED PRACTICE for Examples 2 and 3 


4. For the sequence 3, 8, 15, 24, . . . , describe the pattern, write the next term, 
graph the first five terms, and write a rule for the nth term. 


5. WHAT IF? In Example 3, suppose there are 9 layers of apples. How many 
apples are in the 9th layer? 


12.1 Define and Use Sequences and Series 
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: KEY CONCEPT For Vour Wotebook 


Series and Summation Notation 


When the terms of a sequence are added together, the resulting expression is a 
series. A series can be finite or infinite. 


Finite series: 2+4+6+8  Infiniteseries: 2+4+6+8+::: 


You can use summation notation to write a series. For example, the two series 
above can be written in тано notation as follows: 


p TrTTTITITLT TTT itt Le2crA4484159- У, 21 2+4+6+8+---= У 2i 


: When written іп rs ¡=1 i^ 
: summation notation, г> | . MET — ; 
For both series, the index of summation is i and the lower limit of summation 


: this series is read 
: as “the sum of 2i for is 1. The upper limit of summation is 4 for the finite E o for 


- values of i from 1 to 4.” 


it uses the uppercase Greek letter sigma, written >. 


Write series using summation notation 


Write the series using summation notation. 


+++ 


1:25 +00 + 9 te ДЫ) b. 5 


d 
2 
Solution 


a. Notice that the first term is 25(1), the second is 25(2), the third is 25(3), 
and the last is 25(10). So, the terms of the series can be written as: 


а; = 25i where i = 1.2.3, $ 


The lower limit of summation is 1 and the upper limit of summation 
is 10. 
10 


» The summation notation for the series is b 251. 
i=1 


b. Notice that for each term the denominator of the fraction is 1 more 
than the numerator. So, the terms of the series can be written as: 


_ i 
A 11 
The lower limit of summation is 1 and the upper limit of summation 
is infinity. 


E 


> The summation notation for the series is 


 GuiDEDPRAcTICE — for Example 4 
Write the series using summation notation. 


B..5 TIU T IS EE 100 d. BL 


B. 6 +36 F216 + 1286 t = Se PF Be ese 12 
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INDEX OF SUMMATION The index of summation for a series does not have to 
be i—any letter can be used. Also, the index does not have to begin at 1. For 
instance, the index begins at 4 in the next example. 


GI Find the sum of a series 


: AVOID ERRORS | 


лан балансын" Po Find the sum of the series. 
: Be sure to use the 
: Correct lower and upper - 
: limits of summation | PIE + 12) = (3 + 42) + (3 + 52) + (3 + 6?) + (3 + 7) + (3 + 82) 
: when finding the sum of — 19 + 28 + 39 + 52 4 67 
: a series. 
= 205 


SPECIAL FORMULAS For series with many terms, finding the sum by adding the 
terms can be tedious. Below are formulas you can use to find the sums of three 
special types of series. 


KEY CONCEPT For Your Notebook 


: Formulas for Special Series 


, Sum of n Sum of first n Sum of squares of 
> terms of 1 positive integers first n positive integers 
: Sn $i- nig $e- . As Шарын 


Use a formula for a sum 


RETAIL DISPLAYS How many apples are in the stack in Example 3 on page 795? 


Solution 


From Example 3 you know that the ith term of the series is given by a; — i? where 
¡=1,2,3,...,7. Using summation notation and the third formula listed above, 
you can find the total number of apples as follows: 


7 
"TU n YA Е = +e 7+1) = 18105) _ | 


» There аге 140 apples in the stack, Check this by actually adding the number оѓ 
apples in each of the seven layers. 


Y GUIDED Practice | for Examples 5 and 6 
Find the sum of the series. 


T 34 
10. Yaoi 11. PU —1) 12. 21 13. Ул 
= i | 


і= 1 


14. WHAT IF? Suppose there аге 9 layers in the apple stack in Example 3. 
How many apples are in the stack? 


12.1 Define and Use Sequences and Series 
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2.1 EXERCISES HOMEWORK: (Су = WORKED-OUT SOLUTIONS 
1 1 КЕҮ: on р. WS20 for Exs. 19, 47, and 65 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 27, 58, 64, and 67 | 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: Another name for summation notation 
1n. D a 


2. * WRITING Explain the difference between a sequence and a series. 


: EXAMPLE 1 WRITING TERMS Write the first six terms of the sequence. 


: on p. 794 "үү LB = п? = п? + 2 
ае ceili 3. а = п | «dE, 6 " 5. 4, = п | 6. f(n) ^n | 
7a = 4" 8. ад, = —n 9. fín) = п – 5 10. а, = (п + 3) 
E oo _ 2n _ п 
11. f(n) = = 12. a, an 13. a, FEN 14. f(n) In 
: EXAMPLE2 | WRITING RULES For the sequence, describe the pattern, write the next term, 
: on p. 795 | and write a rule for the nth term. 
: for Exs. 15—27 15. 1,6, 11, 16,... 10, LAA Bia 17. —4,8, —12, I5... 
| 222 2 2468 
18. 2, 9, 28, 65, ... G9) 2,28 2.,... 20. 48,8... 
123425 EM OU 
21. таааа `` 2. 10° 20° 30° 40 ^ 29. 3.1,3.8,4.5; 5.2,.... 
24 AAA A 5.4 Be LA WO 5... 26. 9, 16.8, 24.6, 32.4,... 
27. * MULTIPLE CHOICE Which rule gives the 
total number of squares in the nth figure of 
the pattern shown? Е 
1 2 3 4 
QD a=3n-3 @®a=4n-5 Oa=n D a = 242) 
n n n n 2 
: ЕХАМРІЕ З d al GRAPHING SEQUENCES Graph the sequence. 
: on p. 795 -9 -5 -8 р — | 
: for Exs. 28-36 ОВ: —2,—5,—B, -1], —-H 29. 2,4,8, 16, 32, 64 30. 1,5,9, 13,....,29 
4l —2,4,—8,8,..., 22 32. 0,3, 8, 15, 24, 35 33 —1,0,1,8,27 
— 195 18 1234 9 
34. 4, —9, 14, —19, 24 30. PIDA 36. ese? 1 


: EXAMPLE4 | WRITING SUMMATION NOTATION Write the series using summation notation. 


; on p. 796 37. 7+10 + 13 + 16 + 19 38. 5 +11 + 17 + 23 + 29 
: for Exs. 37-44 


19: -1 t L FI F5 Tps д. -2g —8-4 16539 pa 
41. 3+10+17+24+31++-- 49: didikai 
з 9 27 81 
1152294414548. 7 = E 
AX, Еа ERE 44. -1+2+7+14+23+ 
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: EXAMPLES USING SUMMATION NOTATION Find the sum of the series. 


: for Exs. 45-58 " d ^ gd E= 1 
6 5 8 6 k 
49. Y (5k — 2) 50. У, (и2 1) 51 2 52, У —K_ 
= n=1 i=1 Í k=1k+1 
35 16 25 18 
53. 71 54. Уп 55. Di 56. Уи 
t=1 n=1 i=] n= 1 
57. ERROR ANALYSIS Describe and 
correct the error in finding the y (21 3) 15 45 
sum of the series. 


58. РІ NOTATION You use sigma notation for all sum. You 


pi notation for writing a product. For example, F = 5 . £. 
= : 


a. Write the factors for the product Ца — D as fractions. Then find the 
pu 


: REVIEW 

: LOGIC product. " 

: For help with b. Use the pattern from part (a) to write an expression for I (1 =<). 
т = 

: counter- 


: examples see CHALLENGE Tell whether the statement is true or false. If the statement is true, 
: p. 1002. prove it. If the statement is false, give a counterexample. 


59. У, ка, = k La, 60. (a, +b)= Ха, + Lb, 
= i=) i21 E| 


Hn 
Sa 
i=] 


k 


> b, 62. Ze (a)*= 


: EXAMPLES 63. (E GEOMETRY For a regular n-sided polygon (n 23), the 
: 3 and Каз measure а, of an interior angle is given by this formula: 

: on pp. 795-797 _ 180(n — 2) 

: for Exs. 63-64 uz MEE ш 


Write the first five terms of the sequence. Write a rule for 
the sequence giving the total measure Т of the interior 
angles in each regular n-sided polygon. Use the rule to 
find the total measure of the angles in the Guggenheim 
Museum skylight, which is a regular dodecagon. 


for problem solving help at dasszone.com 


Guggenheim Museum Skylight 


64. * SHORT RESPONSE You want to save $500 for a school trip. You begin by 
saving a penny on the first day. You plan to save an additional penny each 
day after that. For example, you will save 2 pennies on the second day, 

3 pennies on the third day, and so on. How much money will you have saved 
after 100 days? How many days must you save to have saved $500? Explain 
how you used a series to find your answer. 


VERSER M S I 
«nom lut r for problem solving help at classzone.com 
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TOWER OF HANOI In the puzzle called the Tower of Hanoi, the object is 

to use a series of moves to take the rings from one peg and stack them in 
order on another peg. A move consists of moving exactly one ring, and no 
ring may be placed on top of a smaller ring. The minimum number a, of 
moves required to move лп rings is 1 for 1 ring, 3 for 2 rings, 7 for 3 rings, 

15 for 4 rings, and 31 for 5 rings. Find a formula for the sequence. What is the 
minimum number of moves required to move 6 rings? 7 rings? 8 rings? 


GOOD / 


Start Step 1 Step 2 Step 3 


66. MULTI-STEP PROBLEM The mean distance d, (in astronomical units) 
of each planet (except Neptune) from the sun is approximated by the 
Titius-Bode rule, d, = 0.3(2)" ~ ° + 0.4, where n is a positive integer 
representing the position of the planet from the sun. 


a. Evaluate The value of n is 4 for Mars. Use the Titius-Bode rule to 
approximate the distance of Mars from the sun. 


b. Convert One astronomical unit is equal to about 149,600,000 kilometers. 
How far is Mars from the sun in kilometers? 


c. Graph Graph the sequence given by the Titius-Bode rule. 


67. * EXTENDED RESPONSE For a display at a sports store, you are stacking 
soccer balls in a pyramid whose base is an equilateral triangle. The 
_nín+l) 


2 where n = 1 


number a, of balls per layer is given by a, 
represents the top layer. 


a. How many balls are in the fifth layer? 
b. How many balls are in a stack with five layers? 


c. Compare the number of balls in a layer of a triangular pyramid with the 
number of balls in the same layer of a square pyramid. 


68. CHALLENGE Using the true statements from Exercises 59-62 on page 799 and 
the special formulas on page 797, find a formula for the number of balls in 
the top n layers of the pyramid from Exercise 67. 


MIXED REVIEW O 7 


; PREVIEW Solve the equation. Check your solution. (p. 18) 

[o 69. 18 = 4x — 2 70. 23 = 6x— 1 71. 12-2 — 5x 

: Lesson 12.2 

: їп Exs. 69—77. 72. 5=8x- 5 73. 17 = 20 — 2x 74. 14 = 5x + 4 
75. 7 — 3x = 16 76. 9 + 8x = 25 77. llx —6 = —39 


Find the distance between the points. (p. 614) 


78. (4, —5), (6, 1) 79. (7, 4), (2; —}) 80. (0, 5), (5, —2) 
81. (4161, (1, 9) 82. (2, —5), (6, —4) 83. 1=5,—4у, (2,8) 
84. (9, 7), (5; 6) 85. (=; 8), (8, 2) 86. (4, 0), (9; —6) 
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сбгарнтд ACTIVI { y Use after Lesson 12.1 elutor 


classzone.com 
Keystrokes 


| Work with Sequences 


| Finc 


Use a graphing calculator to find the first eight terms of a, = 5n — 3. Graph the 
sequence. Then find the sum of the first eight terms of the sequence. 


Enter sequence Calculate terms 


Put the graphing calculator in Use the table feature to view the 
sequence mode and dot mode. Enter terms of the sequence. The first eight 
the sequence. Note that the calculator terms are 2, 7, 12, 17, 22, 27, 32, and 37. 
uses u(n) rather than a,. 


nMin=1 
u(niB5n-3 
uínMin)= 
vin)= 
vínMin)= 
мп) = 
мспМіп) = 


J 
STEP 3| Graph sequence STEP 4| Find sum of terms 


Set the viewing window so that Use the summation feature to find 
l<ns8,0sx<9,and0<y<40. Graph the sum of the first eight terms of the 
the sequence. Use the trace feature to sequence. The screen shows that the 
view the terms of the sequence. sum is 156. 


| sum(€seq(5n-3,n,1, { 


156 


| PRACTICE 


Use a graphing calculator to (a) find the first ten terms of the sequence, (b) graph 
the sequence, and (c) find the sum of the first ten terms of the sequence. 


1. = An + 1 2. „= 3(n + 2) 3. a Jg — 2H 


4. „= 15 + 2n 5. = 3 + п? G. а, = әп — 1 


12.1 Define and Use Sequences and Series 


> mri o 
sequence 


* common 
difference 


* arithmetic series 


Analyze Arithmetic 
Sequences and Series 


You worked with general sequences and series. 
You will study arithmetic sequences and series. 
So you can arrange a marching band, as in Ex. 64. 


A 


t х псе, the difference of consecutive terms is constant. This 
constant difference] is called the common difference and is denoted by d. 


d^ d. 


[ ExaMPLE 1 шш arithmetic sequences 


Tell whether the sequence is arithmetic. 
ш. =4, Т6, 16... i 3.579, [5 23. 


Solution 


Find the differences of consecutive terms. 


a а, а =1-(-4)=5 b. а,-а,=5-3=2 
a a =b-.1=3 а, 4=9-5=4 
ü,—4,—11—675 a, — а= DD =9=b 
aa =16- 11-5 a —a4,=23-15=8 
> Each difference is 5, so the » The differences are not 
sequence is arithmetic. constant, so the sequence is 


not arithmetic. 


Y GUIDED PRACTICE for Example 1 


| 1. Tell whether the sequence 17, 14, 11, 8, 5, . . . is arithmetic. Explain why or 
why not. 


KEY CONCEPT For Your Notebook 


Rule for an Arithmetic Sequence 


Algebra Тһе nth term of an arithmetic sequence with first term a, and 
common difference d is given by: 


a, — à, + (n- Did 


` 
- 
- 
3 
2 
2 
ә 
2 
ә 
a 
ә 
2 
E 
ә 
2 
ЕЈ 
a 
ә 
ud 
"2 
ә 


Example The nth term of an arithmetic sequence with a first term of 2 and 
common difference 3 is given by: 


a, =2+ (п — 1)8, or a, =-—1+3n 
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(ETE write a rule for the nth term 


: AVOID ERRORS 


Lao 


: an arithmetic sequence, 
: note that the common 

: difference d is multiplied 
: by n — 1, notn. 


[ EXAMPLE З | Write a rule given a term and common difference 


» 


Write a rule for the nth term of the sequence. Then find a,.. 


а. 4, 9,14, 13,... b. 60, 52, 44, 36, ... 


Solution 


a. The sequence is arithmetic with first term a, — 4 and common 
difference d = 9 — 4 = 5. So, a rule for the nth term is: 


a, = a, + (n - Dd Write general rule. 
=4 + (n- 1)5 Substitute 4 for a, and 5 for d. 
= —1 + 5n Simplify. 


The 15th term is di = —1 + 5(15) = 74. 


b. The sequence is arithmetic with first term a, = 60 and common 
difference d = 52 — 60 = —8. So, a rule for the mth term is: 


a, = a, + (п – Dd Write general rule. 
= 60 + (п – 1)(-8) Substitute 60 for a, and —8 for d. 
= 68 — 8n Simplify. 


The 15th term is 45 = 68 — 8(15) = —52. 


One term of an arithmetic sequence is a,, = 48. The common difference 


is d = 3. 


a. Writea rule for the nth term. b. Graph the sequence. 


Solution 
a. Use the general rule to find the first term. 
a, = а, + (n — Dd Write general rule. 
а = а + (19 – 1d Substitute 19 for n. 
48 = a, + 18(3) Substitute 48 for a, and 3 for d. 
—6 = a, Solve for a,. 
So, a rule for the nth term is: 
а. = ё + (n— Dd Write general rule. 
-6 + (n— 03 Substitute —6 for a, and 3 for d. 
= —9 + Зп Simplify. 


b. Create a table of values for the sequence. 
The graph of the first 6 terms of the sequence 
is shown. Notice that the points lie on a line. 
This is true for any arithmetic sequence. 


12.2 Analyze Arithmetic Sequences and Series 
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341 1493: Write a rule given two terms 


Two terms of an arithmetic sequence are a, = 21 and a, = 97. Find a rule 
for the nth term. 
Solution 


STEP? Write a system of equations using a, = a, + (n — 1)d and substituting 
27 for n (Equation 1) and then 8 for n (Equation 2). 


4, = a, + (27 — Dd ==} 97 = a, + 26d Equation 1 
d¿=4,+(8- Dd 21-a, 7d Equation 2 
STEP 2 Solve the system. 76 = 19d Subtract. 
4=d Solve for d. 
97 = a, + 26(4) Substitute for din 
Equation 1. 
E =a; Solve for a,. 
STEP 3 Find a rule for a,,. a. =a, + m- Dd Write general rule. 
=-7+(n-1)J4 X Substitute for a, 
апаа. 
= —11 + 4n Simplify. 


Е | for Examples 2, 3, and 4 


Write a rule for the nth term of the arithmetic sequence. Then find Ag" 


3.. re es Si: = 7 4. a, = 26,4,, = 71 


sequence is called an arith netic series. The sum of the first п terms of an 
arithmetic series is denoted by - To find a rule for S, you can write S, in two 
different ways and add the results. 
5,744 + (G+ @) +(a,+2d) ta, 
5. a, + (a, — d) +(a, — 2d) +::*+a, 
25 = (a, + a,)+ (a, +а,) + (a, +а) tr (aua) 


You can conclude that 25, = n(a, + a,), which leads to the following result. 


KEY CONCEPT For Your Notebook 


The Sum of a Finite Arithmetic Series 


The sum of the first л terms of an arithmetic series is: 


| [a*a 
Ld п 2 ) 
In words, 5, is the mean of the first and nth terms, multiplied by the number 


of terms. 
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A | ExaMPLE 5 standardized Test Practice | 


20 
What is the sum of the arithmetic series » (3 + 5i)? 
zl 


СА) 103 O 111 (С) 1110 © 2220 
CES s Solution 
: You can verify that the | 
: series in Example 5 і5 | а|=3+5(1) =8 Identify first term. 
: arithmetic by evaluating ES ES 
| 3 + 5I for the first few â» = 3 + 5(20) = 103 Identify last term. 
: values of the index і. _ 918+ 198 | 
i The resulting terms Sap 20| a Write rule for S, substituting 8 for a, and 103 for ap 
: are B, 13, 18, 23,..., E 
: which have a common =E рну 
: difference of 5. > The correct answer is C. © ®© © © 


| EXAMPLE 6 | Use an arithmetic sequence and series in real life 


HOUSE OF CARDS You are making a 
house of cards similar to the one shown. 


a. Writea rule for the number of cards 
in the nth row if the top row is row 1. 


b. What is the total number of cards if 
the house of cards has 14 rows? 


Solution 


a. Starting with the top row, the numbers of cards in the rows are 3, 6, 9, 
12, .... These numbers form an arithmetic sequence with a first term 
of 3 and a common difference of 3. So, a rule for the sequence is: 


а, = 0, + (n — Dd Write general rule. 
= 3 + (п – 1)3 Substitute 3 for a, and 3 for d. 
= 3n Simplify. 
b. Find the sum of an arithmetic series with first term a, = 3 and last 
term a,, = 3(14) = 42. 


aita 
Total number of cards = S,, = 144% = 14472, = 315 


at classzone.com 


"| for Examples 5 and 6 


12 
5. Find the sum of the arithmetic series Y [2 4- 11). 
p=] 


6. WHAT IF? In Example 6, what is the total number of cards if the house of 
cards has 8 rows? 


12.2 Analyze Arithmetic Sequences and Series 805 


2.2 EXERCISES "m Отт 
1 > KEY: on p. WS21 for Exs. 15, 41, and 65 
| * = STANDARDIZED TEST PRACTICE 
Exs. 2, 29, 39, 52, and 68 


¡ @ = MULTIPLE REPRESENTATIONS 
EX. 66 


‘SKILL PRACTICE 


1. VOCABULARY Copy and complete: The constant difference between 
consecutive terms of an arithmetic sequence is called the _?_. 


2. * WRITING Explain the difference between an arithmetic sequence and an 
arithmetic series. 


| 
: EXAMPLE 1 TM IDENTIFYING ARITHMETIC SEQUENCES Tell whether the sequence is arithmetic. 
: on p. 802 Explain why or why not. 
Ore #10 а: 1-25. Hi... 4. 16, 14, 11,6,3;.... 5. 5, 14, 23, 32, 41, ... 
& —10, —7,—5; AD Te OA LISA 2:5... 8. 20:10: 5225. 1206 
753 3 5 12498 16 9.1157 
9. DEP 4 4n 10. TTTTaee 11. 2! Ly 


; EXAMPLE 2 WRITING RULES Write a rule for the nth term of the arithmetic sequence. Then 


: Я s = a Seer ein ita | find i. 
: for Exs. 12-22 


12. 1,4, 7, 10,13, ... 13. 5, 11, 17, 23,29, ... 14. 8, 21,34, 47, 60, ... 

| (is) -3, 113,5... 16. 6,2, 2, —6, -10,... 17. 25, 14, 3, -8, -19,... 
2 4 8 5 4 2 

в; uii... 19, 25,41,28... 20. 1.5,3.6,5.7,78,9.9,... 


ERROR ANALYSIS Describe and correct the error in writing the rule for the nth 
term of the arithmetic sequence 37, 24, 11, —2, —15,.... 


21. 22. 
Use a 37 and а 13. The first term is 37 and the 


common difference is 13. 


13 (n 137 


27 n( 15) 
50 37n 
57 15и 


па 


я EA IIA 


: on p. 803 | graph the first six terms of the sequence. 
for Exs. 23-29 | 23, а ic Sy е5 24. a, = -16,d=9 25.а, = 96,4 = —14 
| — e =; ES eb A dE. 
| 26. 4,,— 3,0 — —7 27. ag = 30,4 = 5 28. а = a= 3 


29. ж MULTIPLE CHOICE For a certain arithmetic sequence, a,, = 57 and d = 4. 
What is a rule for the nth term of the sequence? 


QD a, = —63 — 4n (B a, = —59 — 4n 
© a, = —63 + 4n D a, = —59 + 4n 
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: EXAMPLE 4 


EEE 


¿for Exs. 30-39 


; EXAMPLE 5 


ъта-„ттватнттеттттвтатттвтттпаит+твитв 


: on p. 805 
: for Exs. 40-48 


WRITING RULES Write a rule for the nth term of the arithmetic sequence that 
has the two given terms. 


30. a, = 31, a, = 85 31. a, = 39, 4,,=79 32. a, = —2, Aj; = 40 
33. a, = —10, а, = —58 34. a, = 89, a, = 137 35. а, = 17, а = 35 
36. 2, = 4, а; = —9 37. a; = 15, а, = 24 38. a; = 0, а = —2 


39. ж MULTIPLE CHOICE For a certain arithmetic sequence, a, = —6 and 
ауз = 748. What is a rule for the nth term of the sequence? 


СА) a, = 18 + 6n a, = 30 — 6n 
(С) а = —6- 24n D a, = —36 — 6n 


FINDING SUMS Find the sum of the arithmetic series. 


10 8 18 
4. Уп +30 Уеа az. У (14 — 6i) 


22 9 14 
аз. > (-9 + 11i) 44. 2, 02 – 6i) 45. Y (—54 + 90) 
i=l i=3 i=5 
46. 2-- 6 - 10  --- + 58 87, “APO 34 48. 44 + 37 +30 + ::: + 


USING GRAPHS Write a rule for the sequence whose graph is shown. 


" mm 


E 
Jee 


52. * WRITING Compare the graph of a, = 3n + 2, where n is a positive integer, 
with the graph of f(x) = 3x + 2, where x is a real number. Discuss how the 
graph of an arithmetic sequence is similar to and different from the graph of 
a linear function. 


REASONING Tell whether the statement is true or false. Explain your answer. 


53. Ifthe common difference of an arithmetic series is doubled while the first 
term and number of terms in the series remain unchanged, then the sum of 
the series is doubled. 


54. Ifthe numbers a, b, and c are the first three terms of an arithmetic sequence, 
then bis half the sum of a and c. 


SOLVING EQUATIONS Find the value of n. 


п 
55. 2 (—5 + 7i) = 486 56. Y (10 — 31) = — 57. У (58 — 81) = -1150 
i=] 
it п n 
58. У (5 – 5i) = —50 59. Y (-3- 4i) = —507 во. Y (7 + 12i) = 455 
¡2 i3 ¡2% 


61. REASONING Find the sum of all positive odd integers less than 300. 


| 62. CHALLENGE The numbers 3 — x, x, and 1 — Зх are the first three terms in an 
arithmetic sequence. Find the value of x and the next term in the sequence. 
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2 


807 


CEPEDA 


808 


63. 


67. 


HONEYCOMBS Domestic bees make their honeycomb 

by starting with a single hexagonal cell, then forming 

ring after ring of hexagonal cells around the initial e cee 
cell, as shown. The numbers of cells in successive rings 

form an arithmetic sequence. 


a. Write a rule for the number of cells in the nth ring. Initial 1 ring 2 rings 


b. What is the total number of cells in the honeycomb cell 


after the 9th ring is formed? (Hint: Do not forget to 
count the initial cell.) 


for problem solving help at classzone.com 


. MARCHING BAND A marching band is arranged in 7 rows. The first row has 


3 band members, and each row after the first has 2 more band members 
than the row before it. Write a rule for the number of band members in the 
nth row. Then find the total number of band members. 


for problem solving help at classzone.com 


(65. SCULPTURE Sol LeWitt's sculpture Four-Sided Pyramid in the National 


Gallery of Art Sculpture Garden is made of concrete blocks. As shown in the 
diagram, each layer has 8 more visible blocks than the layer in front of it. 


a. Write a rule for the number of visible blocks in the nth layer where n = 1 
represents the front layer. 


b. When you view the pyramid from one corner, a total of 12 layers are 
visible. How many of the pyramid's blocks are visible? 


. Є? MULTIPLE REPRESENTATIONS The distance D (in feet) that an object 


falls in t seconds can be modeled by D(t) = 162. 


a. Making a Table Let d(n) represent the distance the object falls in the 
nth second. Make a table of values showing d(1), d(2), d(3), and d(4). 
(Hint: The distance d(1) that the object falls in the first second is 
D(1) — D(0).) 


b. Writing a Rule Write a rule for the sequence of distances given by d(n). 
c. Drawing a Graph Graph the sequence from part (b). 


ENTERTAINMENT During a high school spirit week, students dress up 

in costumes. A cash prize is given each day to the student with the best 
costume. The organizing committee has $1000 to give away over five days. 
The committee wants to increase the amount of the prize by $50 each day. 
How much should the committee give away on the first day? 


- WORKED-OUT SOLUTIONS Ж = STANDARDIZED = MULTIPLE 


on p. WS1 TEST PRACTICE REPRESENTATIONS 


68. * EXTENDED RESPONSE A paper towel manufacturer sells paper towels 
rolled onto cardboard dowels. The thickness of the paper is 0.004 inch. 
The diameter of a dowel is 2 inches, and the total diameter of a roll is 
5 inches. 


a. Calculate Let п be the number of times the paper towel is wrapped 
around the dowel, let d, be the diameter of the roll just before the 
nth wrap, and let £, be the length of paper added in the nth wrap. 
Copy and complete the table. 


b. Model What kind of sequence is £,, £,, La, f,,...? Write a rule for the 
nth term of the sequence. 


c. Apply Find the number of times the paper must be wrapped around 
the dowel to create a roll with a 5 inch diameter. Use your answer and 
the rule from part (b) to find the length of paper in a roll with a 5 inch 
diameter. 


d. Interpret Suppose a roll with a 5 inch diameter costs $1.50. How much 
would you expect to pay for a roll with a 7 inch diameter whose dowel 
also has a diameter of 2 inches? Explain your reasoning and any 
assumptions you make. 


69. CHALLENGE A theater has n rows of seats, and each row has d more seats 
than the row in front of it. There are x seats in the last (nth) row and a total 
of y seats in the entire theater. How many seats are in the front row of the 
theater? Write your answer in terms of n, x, and y. 


"MIXED REVIEW 


| 


: PREVIEW Solve the equation. 

: Prepare for 70. х1/5 = 7 (p. 452 71. x?" = 36 (р. 452 72. 62/5 — 5 = 19 (р. 452 

: Lesson 12.3 i NN Ox (p. 452) (p. 452) 

:inExs.70-81. | 73. 3x? — 4 = 5 (р. 452) 74. (х + 10)!^ = 5 (р. 452) 75. (x — 3)? = 64 (p. 452) 
76. 6* — 216 (p. 515) 77. 5* — 32 (p. 515) 78. 10% — 6 = 12 (p. 515) 
79. 10?** 1 + 5 = 19 (p. 515) 80. 77 ? = 49* ? (p.515) 81. 31 +! = 729* (p. 515) 
Find the mean, median, and mode of the data set. (p. 744) 


82. 5,6,6,6,8,9 83. 32, 36, 38, 43, 43, 45, 46 
84. 82, 81, 92, 80, 75, 83, 92, 92 B5. -2,— O 1 
B8. 3.1, 1.9, 2.6, 1.9, 2.5, 2.8, 3.5 87. 2.5, 6.7, 3.8, 4.2, 5.2, 1.8, 0.9 


88. CRAFT FAIR You are selling handmade hats and scarves at a craft fair. You 
| charge $16 for each hat and $18 for each scarf. You sell a total of 42 items at 
| the craft fair and your revenue is $710. How many hats did you sell? (p. 160) 
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Analyze Geometric 
Sequences and Series 


You studied arithmetic sequences and series. 
You will study geometric sequences and series. 
So you can solve problems about sports tournaments, as in Ex. 58. 


quence, the ratio of any any tet term to the previous term is constant. 


" — sequence This constant "ratio [s called the common ratio and is denoted by r. 
* common ratio 
* geometric series à 
B Identify geometric sequences 
Tell whether the sequence is geometric. 
a. 4, 10, 18, 28, 40,... b.-623, 125,250; 1. 
Solution 
To decide whether a sequence is geometric, find the ratios of consecutive terms. 
a SMS ш. з ЖЩ, 14 %..40,. 10 
a 4 2 a, 10 5 a, 18 9 a, 28 7 
» The ratios are different, so the sequence is not geometric 
A E P. 5 I dl 
а 65 S а 115 5 а, 5 5 5 
» Each ratio is =, so the sequence is geometric. 
GUIDED PRACTICE for Example 1 
Tell whether the sequence is geometric. Explain why or why not. 
181, 2593, b vs 2, 1,2,0; 24,120 ... 3, —LB.—15,32,—61,.., 
: KEY CONCEPT For Your Notebook 
: Rule for a Geometric Sequence 
: Algebra The nth term of a geometric sequence with first term a, and 
: common ratio ris given by: 
м E —1 
: a, = ar” 
. Example The nth term of a geometric sequence with a first term of 3 and 
s common ratio 2 is given by: 
a,-3(2"-! 
810 Chapter 12 Sequences and Series 


Г ExamPLE 2 write a rule for the nth term —— | 


| Write a rule for the nth term of the sequence. Then find a.. 


| а. 4,20, 100, 500,... Bi. 152, 70,238; ^18... 


Solution 


a. The sequence is geometric with first term a, — 4 and common ratio 


| r= 20 = 5. So, a rule for the nth term is: 
AV SEERE end | a, = арг"! Write general гше. 
: In the general rule for pe 
À а geometric sequence, = 4(5)” Substitute 4 for a, and 5 for r. 
; note that the exponent The 7th term is a, = 4(5)7 - ! = 62,500. 


: isn — 1, not n. 
b. The sequence is geometric with first term a, — 152 and common ratio 


= LM 76 == ci | ice 
r= 55 2" So, a rule for the nth term is: 
a, = ar"! Write general rule. 
= 152| 3) Substitute 152 for a, and => for r. 


71 
| The 7th term is a, = 152 x =19 


Write a rule given a term and common ratio 


One term of a geometric sequence is a, = 12. The common ratio is r = 2. 


a. Write arule for the nth term. b. Graph the sequence. 


Solution 


a. Use the general rule to find the first term. 
1 


a, =ar" Write general rule. 

а, = ау! Substitute 4 for л. 

12 = a,(2)° Substitute 12 for a, and 2 for r. 
15= а Solve for а. 


So, a rule for the nth term is: 


1 


= n — 
a, = aT Write general rule. 


= 1.5(2)" ! Substitute 1.5 for a, and 2 for r. 


b. Create a table of values for the sequence. The graph 
of the first 6 terms of the sequence is shown. Notice 
that the points lie on an exponential curve. This is 
true for any geometric sequence with г> 0. 
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Write a rule given two terms 


Two terms of a geometric sequence are a, = —48 and a, = 3072. Find a 
rule for the nth term. 
- Solution 


STEP? Write a system of equations using a, = ar" ^ ! and substituting 3 for п 
(Equation 1) and then 6 for n (Equation 2). 


аз = аг | ms -48-a,^ Equation 1 
а, = арг ! bh 3072=a,r°  Equation2 


STEP2 Solve the system. —— =а, Solve Equation 1 for а,. 
r 
3072 = =F (r4) Substitute for a, in Equation 2. 
r 
3072 = —48r° Simplify. 
—4 = Solve for г. 
—48 = a,(—4)* Substitute for rin Equation 1. 
-3 = a, Solve for a,. 
STEP 3 Find arule for a. a, = аг" : Write general rule. 
a, = —3(-4)" ! Substitute for a, and r. 


CE | for Examples 2,3, and 4 


Write a rule for the nth term of the geometric sequence. Then find a,. 
i3, I5, T3 STR s 9. d, = —96,r—2 6. à, = —12, a, = —3 


GEOMETRIC SERIES The expression formed by adding the terms of a geometric 
sequence is called a geometric series. The sum of the first n terms of a geometric 
series is denoted by 5. You can develop a rule for S, as follows. 


= 2 3 Loa п — | 
S74 tartar Pert tar 


ys = ES ye 2 o corem ct n1... n 
r$, аг ar ar ar ar 


So, S, (1 — 1) = а (1 — г"). If r + 1, you can divide each side of this equation by 
1 — rto obtain the following rule for S, . 


: KEY CONCEPT For Your Notebook 


The Sum of a Finite Geometric Series 


600464 


The sum of the first n terms of a geometric series with common ratio г + 1 is: 
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Find the sum of a geometric series 


16 
Find the sum of the geometric series >, 4(3)'7?. 
ї= 1 


а, =4(3)'"'=4 Identify first term. 


r=3 Identify common ratio. 
1-rl$ 
dig = aji | Write rule for S,¿. 
1-30 | 
= al 1-3 | Substitute 4 for a, and 3 for r. 


— 86,093,440 Simplify. 
» The sum of the series is 86,093,440. 


[ EXAMPLE 6 | Use a geometric sequence and series in real life 


MOVIE REVENUE In 1990, the total box office 
revenue at U.S. movie theaters was about 
$5.02 billion. From 1990 through 2003, the 
total box office revenue increased by about 
5.9% per year. 


a. Write a rule for the total box office 
revenue a, (in billions of dollars) in 
terms of the year. Let n = 1 
represent 1990. 


b. What was the total box office revenue 
at U.S. movie theaters for the entire 
period 1990-2003? 


Solution 


a. Because the total box office revenue increased by the same percent 
each year, the total revenues from year to year form a geometric 
sequence. Use a, = 5.02 and r = 1 + 0.059 = 1.059 to write a rule for 
the sequence. 


а, = 5.02(1.059)" 1 Write a rule for a, 
b. There are 14 years in the period 1990-2003, so find 5, ,. 


— ,[1- r4) ¿[1 0.059) |) _ 
S, 7 0 (150) = 502 | 


| 11,089 , 189 


» The total movie box office revenue for the period 1990-2003 was about 
$105 billion. 


Y GUIDED PRACTICE | for Examples 5 and 6 
amm 8 
7. Find the sum of the geometric series >, 6(—2)/- !. 
{= 1 
8. MOVIE REVENUE Use the rule in part (a) of Example 6 to estimate the total 
box office revenue at U.S. movie theaters in 2000. 
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2.3 EXERCISES "mi Олот 
1 .З КЕҮ: on p. WS21 for Exs. 19, 49, and 59 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 27, 54, 55, and 59 


| €- = MULTIPLE REPRESENTATIONS 
Ex. 61 


‘SKILL PRACTICE 


: EXAMPLE 1 — 
{ on p. 810 
: for Exs. 3-14 


: EXAMPLE 2 L 
: on p. 811 
: for Exs. 15-27 


: EXAMPLE 3 


(AAA 


: for Exs. 28-38 


1. VOCABULARY Copy and complete: The constant ratio of consecutive terms 
in a geometric sequence is called the  ? . 


2. * WRITING How can you determine whether a sequence is geometric? 


IDENTIFYING GEOMETRIC SEQUENCES Tell whether the sequence is geometric. 
Explain why or why not. 


3. 1, 4, 8, 16, 32,... 4. 4, 16, 64, 256, 1024,... 5. 216, 36, 6, 1, i T 
12 4 8 16 E 3 35 « BN т оа 

Á з'3'3'3' grt" " Pro а 4’8’ 16' 32° 64'77 

9. 10,5, 2.5, E25, 6,625,» 5: 10. —3,—6,12, 24, —48,.... ІІ. -—4,12.—30,108, —324, ... 
12. 0.2, 0.6, 1.8, 5.4, 16.2,... 13. —5, 10, 20, 40, 80,... 14; 0.75, 1.512.425, 3, 3.7/5, ... 
WRITING RULES Write a rule for the nth term of the geometric sequence. Then 
find a.. 
IS; 1,—4, 15, —84,.... 16. 6, 18, 54, 162, .... 17. 4, 24, 144, 864, ... 

зв à 3: Ө 2. _6 12 .24 

18. 7, —35, 175, —875,... (19) 2, 3,8, 27, 20. 3, 8,12, 24... 
21. 4,4,1, Обу eU. 7030.08, 712,24, 28: —25,—0.8,—1.34, E O 
24, 7, —42,252,—1514,.... 75. 3; — 14, 33,2, ЛОО; Gy ose: 26. 120, 180, 270, 405, ... 


27. * MULTIPLE CHOICE What is a rule for the rith term of the geometric 
sequence 5, 20, 80, 320,...? 


(А) а, = 5(2)" ! а, = 504)" ! 
O a, = 5(-4)"! a B2) 9 


WRITING RULES Write a rule for the nth term of the geometric sequence. Then 
graph the first six terms of the sequence. 


28. a, =5,r=3 29. a, = -2,r=6 30. a, = 6,г= 2 

31. а, = 15, r- 1 32. а. = 1г= і 33. а, =-12,r=-1 
Ы 2 , 2 . 5 Н) 8 Ы 4 7 4 

34. а, = 75,г = 5 35. а, = 8,г = 4 36. а, = 500, г = 5 


ERROR ANALYSIS Describe and correct the error in writing the rule for the nth 
term of the geometric sequence for which a, = 3 and r= 2. 


37. 38. 


= ` ы m 
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: опр. 812 has the two given terms. 
: for Exs. 39-47 


39. a, = 3, a, = 12 40. a, = 1,a, = 625 41. а= —4,4, = —16 

42. а, = 10, a, = 270 43. а, = —40, a, = —10 44. а, = —24, a, = 1536 
5 e E PO = 243 

45. a, = 162, a, = 4374 46. аз =T 7 16 47. a, = 6,4, ==> 


; EXAMPLES. | FINDING SUMS Find the sum of the geometric series. 


= CERA IA 


: on p. 813 10 | 8 - 7 T 
Н - t= ш шш 
: for Exs. 48-54 | 48. 2.50) (49) Yew 50. 2,12 5) 
12 i3 10 
51. Lal B 52. 2,8[5) 53. У, 4) 
$1 i=] i=0 


9 
54. Ж MULTIPLE CHOICE What is the sum of the geometric series Y 2(3)- 1 
i=] 
СА) 19,680 (В) 19,681 (C) 19,682 (D) 19,683 


55. ж WRITING Compare the graph. of a, =5(3)"~ ! where л is a positive integer, 
with the graph of f(x) = 5*3* 7°, 1 where xisa e number. 


56. CHALLENGE Using the rule for the sum of a finite geometric series, write 
each polynomial as a rational expression. 


а-1+х+х + d+ b. 3x + 6х3 + 1217 + 24x’ 


PROBLEM SOLVING 


: EXAMPLE 6 57. SKYDIVING In a skydiving formation 

: on p. 81 эмет with R rings, each ring after the first 

: for Exs. 57-59 has twice as many skydivers as the 
preceding ring. The formation for 


R= 2 is shown. 


a. Let а, be the number of 
skydivers in the nth ring. 
Find a rule for a. 


b. Find the total number 
of skydivers if there are 
Е = 4 rings. 


= 


Second ring 


рр RU ler wee =, 
(DHomeTutor for problem solving help at classzone.com 


58. SOCCER A regional soccer tournament has 64 participating teams. In the 
first round of the tournament, 32 games are played. In each successive 
round, the number of games played decreases by a factor of one half. 


a. Find a rule for the number of games played in the nth round. For what 
values of п does your rule make sense? 


b. Find the total number of games played in the regional soccer 
tournament. 


(04 Home 
= 


m nelutor Г for problem solving help at dasszone.com 
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| (59, * SHORT RESPONSE A binary search technique used on a computer involves 
jumping to the middle of an ordered list of data (such as an alphabetical list 
of names) and deciding whether the item being searched for is there. If not, 
the computer decides whether the item comes before or after the middle. Half 
of the list is ignored on the next pass, and the computer jumps to the middle 
of the remaining list. This is repeated until the item is found. 


Initial data First pass | Second pass Third pass 


ШШ Пет to be searched C3 Items to be ignored 


a. Findarule for the number of items remaining after the nth pass 
through an ordered list of 1024 items. 


b. In the worst case, the item to be found is the only one left in the list after 
n passes through the list. What is the worst-case value of n for a binary 
search of a list with 1024 items? Explain. 


60. FRACTALS The Sierpinski carpet is a fractal created using squares. The 
process involves removing smaller squares from larger squares. First, 
divide a large square into nine congruent squares. Remove the center 
square. Repeat these steps for each smaller square, as shown below. 
Assume that each side of the initial square is one unit long. 


BNEHNEENEN 


uuum 


ALLEE 


LL sl 
E SS hax A A L] 
aa B F ES mE 


Stage 1 Stage 2 | Stage 3 


a. Let a, be the number of squares removed at the nth stage. Find a rule 
for a, . Then find the total number of squares removed through stage 8. 


b. Let b, be the remaining area of the original square after the nth stage. 
Find a rule for b,. Then find the remaining area of the original square 
after stage 12. 


61. e MULTIPLE REPRESENTATIONS Two companies, company A and 
company B, offer the same starting salary of $20,000 per year. Company A 
gives a raise of $1000 each year. Company B gives a raise of 4% each year. 


a. Writing Rules Write rules giving the salaries a, and b, in the nth year at 
companies A and B, respectively. Tell whether the sequence represented 
by each rule is arithmetic, geometric, or neither. 


b. Drawing Graphs Graph each sequence in the same coordinate plane. 


c. Finding Sums For each company, find the sum of wages earned during 
the first 20 years of employment. 


d. Using Technology Use a graphing calculator or spreadsheet to find after 
how many years the total amount earned at company B is greater than 
the total amount earned at company A. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED D = MULTIPLE 
816 on p. WS1 TEST PRACTICE REPRESENTATIONS 


62. CHALLENGE On January 1 of each year, you deposit $2000 in an individual 
retirement account (IRA) that pays 5% annual interest. You make a total of 
30 deposits. How much money do you have in your IRA immediately after 
you make your last deposit? 


: PREVIEW 


= EXA 


: Lesson 12.4 
: in Exs. 72-77. 


Graph the numbers on a number line. (p. 2) 


121545 | "PS ре Н. —' 
63. 5 27 64. V6, —3, > 1,5 65. 2,7, 1.8, —7, V8 


Solve the equation. Check your solution. (p. 589) 


66.50 ^ Bn усш 10 68. ax Xd 
E IX EN AE a s 
> Е E 71. x * 16 2 —— 


Find the sum of the series. (p. 794) 


8 11 6 

72. X (Ë+ 73. У 6i 74, 9.(5— i) 
=? і= 3 i=l 
15 12 9 

75. У (3i+ 4) 76. У (21+ 1) 77. У 4р 
i7 i25 i=d 


‘QUIZ for Lessons 12.1-12.3. 


Write the next term in the sequence. Then write a rule for the nth term. (p. 794) 


E E 1 2 3 4 
I; 198,52. 2, —5,10, —15,20, .... $ учран 
4. 4, 16, 64, 256, ... K 2,6; 12,20... 6. 9, 36, 81, 144, . .. 


Find the sum of the series. (p. 794) 


4 5 6 
т. Dok в. У (+3) TE 


[=] t=] 


Write a rule for the nth term a, of the arithmetic or geometric sequence. Find 
ау» then find the sum of the first 15 terms of the sequence. 


10. 1, 7, 13, 19, . . . (p. 802) 11. 5 2, 5,5,... (p.802) 12. 5,2, —1, —4, —7,... (p. 802) 


Үй 
2 
13. 2,8,32, 128,... (p.810) 14. 2,3 5, 25... (р.810) 15. —3, 15, —75, 375, . . . (p. 810) 


16. COLLEGE TUITION In 1995, the average tuition at a public college in the 
United States was $2057. From 1995 through 2002, the average tuition at 
public colleges increased by about 6% per year. Write a rule for the average 
tuition a, in terms of the year. Let n — 1 represent 1995. What was the 
average tuition at a public college in 2002? (p. 810) 
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me.com | 


\ TIXED REV {| EN Y Mo of Problem Solving Bx 5 дтн нна \CTICE 


Lessons 12.1-12.3 


1. MULTI-STEP PROBLEM You accept a job as ап 4. OPEN-ENDED Write an arithmetic series with 


environmental engineer that pays a salary of 
$45,000 in the first year. After the first year, 
your salary increases by 3.5% per year. 


a. Write a rule giving your salary a, for your 
nth year of employment. 


b. What will your salary be during your 5th 
year of employment? 


. What is the total amount you will earn if you 
work for the company for 30 years? 


. EXTENDED RESPONSE A target has rings that 
are each 1 foot wide. 


The 3 innermost / 
rings of the target | 


a. Write a rule for the area of the nth ring. 


b. Use summation notation to write a series 
that gives the total area of a target with 
n rings. 


Evaluate your expression from part (b) when 
n — 1, 2, 4, and 8. What effect does doubling 
the number of rings have on the area of the 
target? 


. SHORT RESPONSE Rectangular tables are 
placed together along their short edges, as 
shown in the diagram. Write a rule for the 
number of people that can be seated around 
n tables. Compare the number of people 
that can be seated around п tables in this 
arrangement with the number that can be 
seated around п tables if the same tables are 
placed together along their long edges. 


Chapter 12 Sequences and Series 


eight terms such that the sum of the series 
is 70. 


. GRIDDED ANSWER Pieces of chalk are stacked 


in a pile. Part of the pile is shown below. 


The bottom row has 15 pieces of chalk and the 
top row has 6 pieces of chalk. Each row has one 
less piece of chalk than the row below it. How 
many pieces of chalk are in the pile? 


. SHORT RESPONSE А builder is constructing a 


staircase for a deck. At the foot of the staircase, 
there is a concrete slab that is 2 inches tall. 
Each stair is 7 inches tall. Write a rule for the 
height of the top of the nth stair. Find the 
height of the top of the 10th stair. Explain how 
you could modify the rule so that it gives the 
height of the bottom of the nth stair. 


. EXTENDED RESPONSE 4A scientist is studying 


the radioactive decay of Platinum-197. The 
scientist starts with a 66 gram sample of 
Platinum-197 and measures the amount 
remaining every two hours. The amounts 

(in grams) recorded are 66, 33, 16.5, 8.25,.... 


a. Is this sequence arithmetic, geometric, or 
neither? Explain how you know. 


. Writea rule for the nth term of the sequence. 


Graph the sequence. Describe the curve on 
which the points lie. 


. After how many hours will the scientist first 
measure an amount of Platinum-197 that is 
less than 1 gram? 


. OPEN-ENDED Write an arithmetic series and a 


geometric series such that both series have five 
terms and the same sum. 


ш era ACTIVITY Use before Lesson 12.4 


12.4 Investigating an Infinite 
Geometric Series 


MATERIALS *scissors * paper 


You can illustrate an infinite geometric series by cutting a piece of paper into 
smaller and smaller pieces. 


|J. EXPIORE | 
A Km лл М къ = | 
‘= ai == 


Start with a rectangular piece of paper. Define its area to be 1 square unit. 


[STEP 7] Cut paper in half [STEP 2] Cut paper again Repeat steps 


Fold the paper in half and cut Fold the piece of paper you Repeat Steps 1 and 2 until you 
along the fold. Place one half are holding in half and cut find it too difficult to fold and 
on a desktop and hold the along the fold. Place one half cut the piece of paper you are 
remaining half. on the desktop and hold the holding. 

remaining half. 


STEP 4| Find areas The first piece of paper on the desktop has an area of 
5 square unit. The second piece has an area of 4 square unit. Write the areas 
of the next three pieces of paper. Explain why these areas form a geometric 


sequence. 


Copy and complete the table by recording the 
number of pieces of paper on the desktop and Combined area 
the combined area of the pieces at each step. 


| ! ЕЕЕ CE | [ 
| = Ыы 


1. Based on your table, what number does the combined area of the pieces of 
paper appear to be approaching? 


2. Using the formula for the sum of a finite geometric series, write and simplify 
a rule for the combined area A, of the pieces of paper after n cuts. What 


happens to A, as n — œ? Justify your answer mathematically. 


12.4 Find Sums of Infinite Geometric Series 


1 2 Find Sums of Infinite 
* * Geometric Series 


You found the sums of finite geometric series. 


[ Now ] You will find the sums of infinite geometric series. 
[ Why? ] So you can analyze a fractal, as in Ex. 42. 


| | The sum S, of the first n terms of an infinite series is called a partial 
• partial sum partial sums of an infinite geometric series may approach a limiting value. 


Find partial sums 


1 b: cou 1 1 - 
graph the partial sums S, for n — 1, 2, 3, 4, and 5. Then describe what happens 


to S, asn increases. 


Consider the infinite geometric series 


SUMS OF INFINITE SERIES In Example 1, you can understand why S, approaches 1 
as n increases by considering the rule for S, : 


s, - a|L—7]- : mix zi 
2 


As n increases, | >) approaches 0, so S, approaches 1. Therefore, 1 is defined to 


be the sum of the infinite geometric series in Example 1. More generally, as п 

increases for any infinite geometric series with common ratio r between —1 and 
" "|= (1-0) - à 

1, the value of S, ae E AI 
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For Your Notebook 


KEY CONCEPT 


The Sum of an Infinite Geometric Series 


The sum of an infinite geometric series with first term a, and common ratio r 
is given by 


provided |r| « 1. If |r| > 1, the series has no sum. 


[| EXAMPLE 2 ] Find sums of infinite geometric series _ _ 


Ж СТГ) standardized Test Practice 


: AVOID ERRORS 


| 
жаапттаташтататанинтвятпт=втттияттв=т= | 


: If you substitute 1 for a, 
: and —3 for rin the 
: а, 

TE 


: formula 5 = уои 


E 
: 4 

: for the sum. However, 

: this answer is not 

: correct because the sum 
: formula does not apply 
: when |r| > 1. 


: get an answer of 5 = 


Find the sum of the infinite geometric series. 


а. 2,5(0.8) -1 


Solution 


mc 


a. Forthis series, a, —5 and r — 0.8. b. For this series, a, =d and r= — 


What is the sum of the infinite geometric series 1 — 3 + 9 — 27 + ··· ? 


Ф 1 ® 4 O 3 


= D Does not exist 


Solution 
You know that a,=1 and a, = —3.50,г = = =—3, 


Because |-3| > 1, the sum does not exist. 


» The correct answer is D. СА) ® © Ф) 


LW Guwen Practice | for Examples 1, 2, and 3 


А a 4 8 16 32 

" mop mde oem E 
1. Consider the series - 25 125 25 3125 
partial sums 8 for n = 1, 2,3, 4, and 5. Then describe what happens to $, as 


n increases. 


+--+, Find and graph the 


Find the sum of the infinite geometric series, if it exists. 


3. Y (3) | 


n=] 


3 3 
4 16 64 


12.4 Find Sums of Infinite Geometric Series 


PT By Be AA 


821 


822 


( EXAMPLE usean infinite series as a model | | 


PENDULUMS A pendulum that is released to swing freely travels 18 inches on the 
first swing. On each successive swing, the pendulum travels 80% of the distance 
of the previous swing. What is the total distance the pendulum swings? 


18 


Solution 
The total distance traveled by the pendulum is: 
d = 18 + 18(0.8) + 18(0.8)? + 18(0.8)? + --- 


a; 


mir me Write formula for sum. 
3 16 8 Substitute 18 for a, and 0.8 for г. 
= 90 Simplify. 


> The pendulum travels a total distance of 90 inches, or 7.5 feet. 


Write a repeating decimal as a fraction 


| Write 0.242424. . . as a fraction in lowest terms. 
0.242424... = 24(0.01) + 24(0.01)? + 24(0.01)? + --- 

a 
= _ = Write formula for sum. 
= TO Substitute 24(0.01) for a, and 0.01 for r. 
_ 0.24 

0.99 Simplify. 
_ 24 
= 99 Write as a quotient of integers. 
= £ Reduce fraction to lowest terms. 
» The repeating decimal 0.242424. . . is a as a fraction. 
ical GUIDED PRACTICE | for Examples 4 and 5 


| 
| 


5. WHAT IF? In Example 4, suppose the pendulum travels 10 inches on its first 
swing. What is the total distance the pendulum swings? 


Write the repeating decimal as a fraction in lowest terms. 
6. 0.555... (ALETA 8. 0.131313... 
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12.4 EXERCISES 


HOMEWORK: 
KEY: 


= WORKED-OUT SOLUTIONS 
on р. W821 for Exs. 13, 27, and 39 


ж = STANDARDIZED TEST PRACTICE | 
Exs. 2, 32, 34, 39, 40, and 41 


- SKILL PRACTICE 


: EXAMPLE 1 


: on p. 820 
: for Exs. 3-6 


: EXAMPLES 


LIZIEIIILAIMIIILILIILLILI 


: for Exs. 7-23 


; EXAMPLE 3 


: : on p. 822 
: for Exs. 24-32 


1. VOCABULARY Copy and complete: The sum S, of the first n terms of an 
infinite series is called а(п) ? . 


2. ж WRITING Explain how to tell whether the series > ar ! has a sum. 
i^ 


PARTIAL SUMS For the given series, find and graph the partial sums S, for 
n = 1, 2, 3, 4, and 5. Describe what happens to S, as п increases. 


1 1 1 1 1 


liste Lada. Ls. Bed А а. 
3 tet ja ы 16 ТИЕТ 

12 | 36, 108 , 324 ,... 1.5. 05.. 125... BBB ass 
ub Е Rao AE ui ы Rc RENE WU 


FINDING SUMS Find the sum of the infinite geometric series, if it exists. 


x 117—1 c 3-1 9/5\i-1 = 11/3\¥-I 
i 28) ч) bui " 2.88 "n 288) 

= 11471 5 9\n-1 8-1 e 1 101 - 1 
B 226) 12. $ -5(5) (з) 2 = а. 5,54 er 
15, 2, 9) l 16. PEE 17. A 18. 2. 3g)" 


19. ERROR ANALYSIS Describe and correct the 


error in finding the sum of the infinite landr 


For this series, a 


п — 1 
geometric series » (3 | . 


FINDING SUMS Find the sum of the infinite geometric series, if it exists. 


И ЖОГ ЭЖЕСИ. oss Au Big gs 
0 ve т ert 1.579727 8] 
4 ,4,20,100,.. 5,25, 125 
O tt 23. 3+5+5 +2 


REWRITING DECIMALS Write the repeating decimal as a fraction in 


lowest terms. 
24. 0.222... 25. 0.444... 26. 0.161616... © 0.625625625. . 
20. 32,3232. .. 29. 130.130130... 30. 0.090909... ¿ UT T fs 
32. * MULTIPLE CHOICE Which fraction is equal to the repeating decimal 
18.1818. . .? 
z 1836 Er 181 
2. qp 1836 © qp E 


33. REASONING Show that 0.999. . . is equal to 1. 
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34. * OPEN-ENDED MATH Find two infinite geometric series whose sums are each 5. 


CHALLENGE Specify the values of x for which the given infinite geometric series 
has a sum. Then find the sum in terms of x. 


35. 1+4x+ 16x? + 64x +++: 36. 63x A 


PROBLEM SOLVING 


: on p. 822 EUA 
: for Exs. 37-39 


824 


37. TIRE SWING A person is given one push on a tire swing and then allowed to 
swing freely. On the first swing, the person travels a distance of 14 feet. On 
each successive swing, the person travels 80% of the distance of the previous 
swing. What is the total distance the person swings? 


"17 PO, а 
(OHomelutor for problem solving help at classzone.com 


38. BUSINESS A company had a profit of $350,000 in its first year. Since then, the 
company’s profit has decreased by 12% per year. If this trend continues, what 
is an upper limit on the total profit the company can make over the course of 
its lifetime? Justify your answer using an infinite geometric series. 


@Homelutor хог problem solving help at classzone.com 


Ж MULTIPLE CHOICE In 1994, the number of cassette tapes shipped in the 


United States was 345 million. In each successive year, the number decreased 
by about 21.7%. What is the total number of cassettes that will ship in 1994 
and after if this trend continues? 


СА) 420 million (В) 440 million (C) 615 million (D) 1.59 billion 


40. * SHORT RESPONSE Can the Greek hero Achilles, running at 20 feet 
per second, ever catch up to a tortoise that runs 10 feet per second if the 
tortoise has a 20 foot head start? The Greek mathematician Zeno said no. 
He reasoned as follows: 


When Achilles runs 20 feet, Then, when Achilles gets to Achilles will keep halving 
the tortoise will be in a new that spot, the tortoise will the distance but will never 
spot, 10 feet away. be 5 feet away. catch up to the tortoise. 


In actuality, looking at the race as Zeno did, you can see that both the 
distances and the times Achilles required to traverse them form infinite 
geometric series. Using the table, show that both series have finite sums. 
Does Achilles catch up to the tortoise? Explain. 


1.25 0.625 


0.0625 | 0.03125 Г 


= WORKED-OUT SOLUTIONS * = STANDARDIZED 
on p. WS1 TEST PRACTICE 


41. 


42. 


Ж EXTENDED RESPONSE A student drops a rubber 8 ft 


ball from a height of 8 feet. Each time the ball Ç ak 

hits the ground, it bounces to 75% of its previous | 6 ft 4.5 ft 

height. | © „у; 55 

a. How far does the ball travel between the first ' А | i 2.531 ft 

| © 3375f + 

and second bounces? between the second апа | |! | Ф 2518 
third bounces? | | | | i Y © 

b. Write an infinite series to model the total : | | By | y 
distance traveled by the ball, excluding the Y | Y | Y i + | y 
distance traveled before the first bounce. 1 2 3 4 5 

c. Find the total distance traveled by the ball, Bounce number 
including the distance traveled before the first 
bounce. 


d. Show that if the ball is dropped from a height of h feet, then the total 
distance traveled by the ball (including the distance traveled before the 
first bounce) is 7h feet. 


CHALLENGE The Sierpinski triangle is a fractal created using equilateral 
triangles. The process involves removing smaller triangles from larger 
triangles by joining the midpoints of the sides of the larger triangles as 
shown below. Assume that the initial triangle has an area of 1 square unit. 


А AA ES 


Stage 1 Stage 2 Stage 3 


a. Let a, be the total area of all the triangles that are removed at stage л. 
Write a rule for a,,. 


b. Find У а„. What does your answer mean іп the context of this 
n=1 


problem? 


“MIXED REVIEW 


: PREVIEW 


: Prepare for —— 
f Lesson 12.5 
: їп Exs. 46-57. 


Find the indicated probability. (p. 707) 


43. 


P(A) = 32% 44, P(A)=_?_ 45. P(A) = 0.2 

P(B) = _?_ Р(В) = 0.17 Р(В) = 0.4 

Р(А от В) = 82% Р(А ог В) = 0.6 P(A or В) = 0.5 
P(A and B) = 11% P(A and B) = 0.03 P(AandB)=_?_ 


Write a rule for the nth term a, of the arithmetic sequence with common 
difference d or the geometric sequence with common ratio r. 


d = 5, a, = 2 (p. 802) 47. d= 8, a, = —27 (p. 802) 48. d= —18, a, = 72 (p. 802) 

d = —7, a, = —8 (p.802) 50. d = 6.5, а„ = 92 (p. 802) 51. d= —1.5, a, = 4 (p. 802) 
. T= 2.5, A, = 25 (р. 810) 53. r= —3, a, = —18 (p. 810) 54. r= —0.25, a, = 40.5 (р. 810) 
. r= 6,а, = 24 (p.810) 56. r= 0.75, a, = 30 (p. 810) 57. r= 4, a, = 128 (p. 810) 
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i~ | | Í Use before lesson 12.5 


12.5 Exploring Recursive Rules 


MATERIALS + computer with spreadsheet program 


How can you evaluate a recursive rule for a sequence? 


A recursive rule for a sequence gives the beginning term or terms of the sequence 
and then an equation relating the nth term a, to one or more preceding terms. 


For example, the rule a, = 4, a, = a, _ ү + 7 defines a sequence recursively. 


Find terms of a sequence given by a recursive rule 


Find the first eight terms of the sequence defined by a, =4,a,=a, ,- 7. 
What type of sequence does this rule represent? 


Enter first term [STEP 2] Enter recursive equation Fill cells 


Enter the value of a, into Enter the formula “=A1+7” into Use the fill down command 
cell Al. cell A2. to copy the recursive equation 
into the rest of column A. 


в |с 


la, == 


| B 


Al Bic Lona VE A 


Identify terms and type of sequence 
The first eight terms of the sequence are 4, 11, 18, 25, 32, 39, 46, and 53. This 
sequence is an arithmetic sequence because the difference of consecutive terms 


is always 7. 


Use your observations to complete these exercises 


1. Find the first eight terms of the sequence defined by a, = 4, a, = 7а, ,. 
What type of sequence does this rule represent? 


—=—+——_—_—————_———ҥ—_°©ҥтҥт-—+-—=—“——ҤҤСЄСЄСЄүЄС аА ЛЕЕ zz __ > _ _ a _ q 0 + „к> { 


2. Write a recursive rule for the sequence 15, 11, 7, 3, —1, —5, .... 


3 


Write a recursive rule for the sequence 81, 27, 9, 3, 1, i — 
4. What equation relates the nth term а, to the preceding term a,  , for 


an arithmetic sequence with common difference d? for a geometric 
sequence with common ratio r? 
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12. 


| Before You used explicit rules for sequences. 
| Now ] You will use recursive rules for sequences. 


So you can model evaporation from a pool, as in Ех. 44. 


lary 


° — — 
* recursive rule 
• iteration 


Use Recursive Rules with Д 
Sequences and Functions $9515; 


function of ihe term's P alti number n in the — 


In this lesson you will learn another way to define a sequence—by a recursive 
rule. A recursive rule gives the beginning term or terms of a sequence and then 
a recursive equation that tells how a, is related to one or more preceding terms. 


( EXAMPLE 1 | $1,119 3:980 Evaluate recursive rules 


Write the first six terms of the sequence. 


a.ad,=1,4,=a,_,+4 р. a, =1,a. = За 


1 п n-1 

Solution 

а. a,=1 b.a,-1 
4,=a,+4=1+4=5 a, = 3a, = 3(1) = 
=a, FA=5+4=3 a, = За, = 3(3) = 
aa a5 41-94-13 a, = 3a, = 3(9) = 27 
a,=a,+4=13+4=17 a, = За, = 3(27) = 81 
a,=4,+4=1f +4=21 a, = 3a, = 3(81) = 243 


ARITHMETIC AND GEOMETRIC SEQUENCES In part (a) of Example 1, observe that 
the differences of consecutive terms of the sequence are constant, so the sequence 
is arithmetic. In part (b), the ratios of consecutive terms are constant, so the 
sequence is geometric. In general, rules for arithmetic and geometric sequences 
can be written recursively as follows. 


: KEY CONCEPT For Vour Notebook 


Recursive Equations for Arithmetic and Geometric Sequences 


Arithmetic Sequence 
a, = а„_ ү + d where d is the common difference 


Geometric Sequence 
a, =r+*a, _ ү where ris the common ratio 
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CE write recursive rules ___ o 


Write a recursive rule for the sequence. 
A3 13 23,2349, A b. 16, 40, 100, 250, 625, ... 


Solution 


a. The sequence is arithmetic with first term a, — 3 and common 
difference d — 13 — 3 — 10. 
: AVOID ERRORS 


Prep врттен — ü,—6, td General recursive equation for a, 
: A recursive equation for 


: a sequence does not m oy + 10 Substitute 10 for d. 
: include the initial term. 


: > So, a recursive rule for the sequence isa, —3,a, —a, ,- 10. 
: To write a recursive 1 n n=l 
: rule for a sequence, the b. The sequence is geometric with first term a, = 16 and common ratio 
: initial term must be 40 
: included. r=36 720 
A. =P y General recursive equation for a, 
= 2.54, ; Substitute 2.5 for r. 
> So, a recursive rule for the sequence is a, = 16, a, = 2.54, _,. 


Y GUIDED PRACTICE for Examples 1 and 2 
| Write the first five terms of the sequence. 
boai =h a 74. 7 2. а„= 162, a, = 0.5a, | 
| 3. 4,—^71,8,—aà, ,-th 4. а. = 4,а = 2а, ,—1 


Write а recursive rule for the sequence. 
5. 2, 14, 98, 686, 4802, ... B. 19,13, 5 1,8 
7. 11,22, 33, 44, 55, .... 8. 324, 108, 36, 12, 4, ... 


RECURSIVE RULES FOR SPECIAL SEQUENCES For some sequences, it is difficult to 
write an explicit rule but relatively easy to write a recursive rule. 


| EXAMPLE 3 J Write recursive rules for special sequences 


Write a recursive rule for the sequence. 


аг: 1,1,4, 3,5555 b. 1,1,2,6,24,... 


: NAME SEQUENCES Solution 


: The sequence in part (a) 
: Of Example 3 is called 

: the Fibonacci sequence. 

: The sequence in part (b) > So, a recursive rule isa, = 1,а, = 1,а =а,_,+а, ,. 

: Of Example 3 lists the : | 

: factorial numbers you b. Denote the first term by a, = 1. Then note that a, = 1=1+ 4), 


: studied in Chapter 10. à,—2—2-*-a,a,—6-—3-a,, and so on. 


a. Beginning with the third term in the sequence, each term is the sum of 
the two previous terms. 


» So, a recursive rule is а= а = па, _; 


828 Сһаріег12 Sequences and Series 


CEP ove mutti-step problem 


MUSIC SERVICE An online music service initially has 50,000 annual members. 
Each year it loses 20% of its current members and adds 5000 new members. 


| Beginning of first year ar 


lc ginnii g of second | ye 


Hd ent Hn 
RC КАННА Т titi 


50,000 members 20% leave leave 5000 jo join 45,000 members 


* Write a recursive rule for the number a, of members at the start of the nth year. 
* Find the number of members at the start of the 5th year. 


* Describe what happens to the number of members over time. 


: ANOTHER WAY Solution 


а EIA 


: For alternative methods 
: for solving the problem 
: in Example 4, turn 

: to page 834 for the 

: Problem Solving 


STEP? Write a recursive rule. Because the number of members declines 20% 
each year, 80% of the members are retained from one year to the next. 
Also, 5000 new members are added each year. 


: Worksho Members . Members | New © 
‚ р. at start of = 0.8 + at start of + members 
year n year (n — 1) added 
y ЕЧ v 
a, = 0.8 - Ко + 5000 


> A recursive гше is a, = 50,000, a, = 0.84, _ , + 5000. 


STEP 2 Find the number of members at the start 
of the 5th year. Enter 50,000 (the value of 
a,) into a graphing calculator. Then enter | 


the rule 0.8 х Ans + 5000 to find a,. Press HANS ABRA 45000 
three more times to find a.. 41000 | 


» There are about 35,240 members at the 
start of the 5th year. 


STEP3 Describe what happens to the number of 
members over time. Continue pressing 
on the calculator. As shown at 
the right, after many years the number of 
members approaches 25,000. 


> The number of members stabilizes at 


about 25,000 members. 1. = === | 


_ for Examples 3 and 4 
9. Write a recursive rule for the sequence 1, 2, 2, 4, 8, 32, .... 


10. WHAT IF? In Example 4, suppose 70% of the members are retained each 
year. What happens to the number of members over time? 


12.5 Use Recursive Rules with Sequences and Functions 829 


ITERATING FUNCTIONS Iteration involves the repeated composition of a function 
f with itself. The result of one » iteration is f(f(x)). The result of two iterations is 
f(fUf())). You can use iteration to generate a sequence recursively. Begin with an 
initial value x,, and let x, = f(x,), x, = f(x,) = f(fx4)), and so on. 


GI teratea funcion 
: READING 


l srsssesssssssasnsssssesssssseenn | Find the first three iterates x,, x,, and x, of the function f(x) = —3x + 1 for an 


: An iterate is a number 
: initial v Z9, 
: that is the result of tial value of x, = 2 


: iterating a function. | Solution 
x, = f х, = f(x) X4 = f(x) 
- f(2) = f(—5) = f(16) 
= —3(2) + 1 = —3(—5) + 1 = —3(16) +1 
= —5 = 16 = —4/ 


> The first three iterates are —5, 16, and —47. 


Y GUIDED PRACTICE. | for Example 5 


| Find the first three iterates of the function for the given initial value. 


| 


| 1l. f(x) =4x— 3,x, = 2 12; fi - X^ —5,x,-——1 


12.5 EXERCISES —— "t5 O-reererer 
° KEY: p. WS21 for Exs. 15, 27, and 45 

: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 12, 33, 40, 45, and 47 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: The repeated composition of a function 
with itselfis called ? . 


2. * WRITING Explain the difference between an explicit rule for a sequence 
and a recursive rule for a sequence. 


: e S um & a= 4. a,=4 5. а = -1 
` | a, = pag tS a, = 20, 1 a, =a,_,—9 
6. a, = 7. a, = 2 8. 4, = 
_ — Ls 2 1 "- es 10 
ар a п a, = (A, _ 1) + a, = (A, _ 1) 
9. a, = 2 10. 4 = 2,82) = 4 11. а= 2,а, = З 
ап П + Зп йһ- 1 4, = An-17 An-2 a, = 04 1* 4-2 
12. * MULTIPLE CHOICE What are the first four terms of the sequence for which 
a, = 1,а, = 4, anda, =а, а, 5% 


| СА) 1,4,4,16 (В) 1,4,16,64 (С) 1,4,8,16 D 1,4,4,8 
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: EXAMPLES 


: on p. 828 AAA 
: for Exs. 13-23 


: EXAMPLE 5 


: = És a „27-Й 
: for Exs. 24-33 


WRITING RULES Write a recursive rule for the sequence. The sequence may be 
arithmetic, geometric, or neither. 


IS. 2L ЈА 14. 3, 12, 48, 192, 768, ... (5) 4, —12, 36, —109, 324... 
y: ини | 

I6.. 1,8,.15,22,29,... 17. 44,11, 4’ 16’ 64" 18; 1,425,595; М, 

19. 54, 43, 32, 21, 10,... 20; 3,5; 15; 75, 1E25; «4 21. 16,9, 7,2, 5,... 


ERROR ANALYSIS Describe and correct the error in writing a recursive rule for 
the sequence 5, 2, 3, —1,4,.... 


22. 23. 
Beginning with the third term in Beginning with the second term 
the sequence, each term a equals in the sequence, each term a 
‚ бо a recursive rule is a 5. бо a recursive rule 
is given by: is given by: 


A 


ITERATING FUNCTIONS Find the first three iterates of the function for the given 
initial value. 


24. f(x) = 3x— 2,х = 2 25. f(x) =5x + 6, x, = —2 26. g(x) = -4x+7, xp =1 


(27) f = 1x- 3,3, =2 28. fix) = Ex + 5,х,= 6 29. h(x) = х? — 4,х„= —3 


30. f(x) = 2x°+1,x,=-1 з. 0-37-21 32 g()--—3x +2xx, =2 


33. ж MULTIPLE CHOICE What are the first three iterates x,, х„ and x, of the 
function f(x) = —2x + 3 for an initial value of x, = 2? 


=L, 1, 3 1, —5, 1 © e, 3 =F (р) j A =I, — 


WRITING RULES Write a recursive rule for the sequence. 


34, 3,8, 17; BL, 370,... 35; L2; 12:90, 2725.5. 36. 5,5V3, 15, 15V3, 45, ... 


97. 2,5, 11, 256; 959; ss 8 5,5,2,2, lyons 38, —3, Sees: M Teo 


40. * OPEN-ENDED MATH Give an example of a sequence in which each term 
after the third term is a function of the three terms preceding it. Write a 
recursive rule for the sequence and find its first eight terms. 


41. REASONING Explain why there are not a function f and an initial value x, 
such that the function's first three iterates are x, — 2, x, — 2, and x, — 8. 


42. CHALLENGE The rule for a recursive sequence is as follows: 
a, = 3,а, = 10 


a =4+2a, — а 


п—2 
a. Write the first five terms of the sequence. 


b. Use finite differences (see Lesson 5.9) to find a pattern. What type of 
relationship do the terms of the sequence show? 


с. Find an explicit rule for the sequence. 


12.5 Use Recursive Rules with Sequences and Functions 
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PROBLEM SOLVING 


; EXAMPLE4 | 43. FISH POPULATION A lake initially contains 5000 fish. Each year the 


: on p. 829 population declines 20% due to fishing and other causes, and the lake is 
: for Exs. 43-45 restocked with 500 fish. 


a. Write a recursive rule for the number a, of fish at the beginning of the nth 
year. How many fish are there at the beginning of the 5th year? 


b. What happens to the population of fish in the lake over time? 


Мм mem Т. T 4 "n ro 
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44. POOL CARE You are adding chlorine to a swimming pool. You add 
34 ounces of chlorine the first week and 16 ounces every week thereafter. 
Each week 40% of the chlorine in the pool evaporates. Write a recursive 
rule for the amount of chlorine in the pool each week. What happens to the 
amount of chlorine in the pool over time? 


= r ГЕ 

= у ера Р 
FITSI WEEK 

Fist Week - 


——— 34 oz of chlorine — 16 oz of chlorine 


a — are added сахо" added 


D Ras | | i vi 40% of chlorine 
| | | | i | has evaporated | 
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* SHORT RESPONSE Gladys owes $2000 to a credit card company that 
charges interest at a rate of 1.4% per month. At the end of each month she 
makes a payment of $100. Write a recursive rule for the balance a, of the 
account at the beginning of the nth month. How long will it take to pay off 
the account? Explain your reasoning. 


46. FIBONACCI SEQUENCE The Fibonacci sequence, which is defined recursively 
in Example 3 on page 828, occurs many places in nature. This sequence can 
also be defined explicitly as follows: 


„= EUST - 1135] nii 


47. * EXTENDED RESPONSE A person repeatedly takes 20 milligrams of a 
prescribed drug every 4 hours. Thirty percent of the drug is removed from 
the bloodstream every 4 hours. 


a. Write a recursive rule for the amount of the drug in the bloodstream 
after n doses. 


b. The value that a drug level in a person's body approaches after an 
extended period of time is called the maintenance level. What is the 
maintenance level of this drug, given a dosage of 20 milligrams? 


c. How does doubling the dosage affect the maintenance level of the drug? 
Justify your answer mathematically. 


= WORKED-OUT SOLUTIONS * - STANDARDIZED 


48. CHALLENGE You are saving money for retirement. You plan to withdraw 
$30,000 at the beginning of each year for 20 years after you retire. Based on 
the type of investment you are making, you can expect to earn an annual 
return of 8% on your savings after you retire. 


a. Let a, be your balance n years after retiring. Write a recursive equation 
that shows how a, is related to , 1 
b. Solve the equation from part (a) fora, _ ,. Find aj, the minimum amount 
of money you should have in your account when you retire. (Hint: Let 
ау = 0.) 
20 


- MIXED REVIEW 


: PREVIEW Find the value of x. (p. 995) 


: Prepare for 
Н | 49. 50. 3) 
: Lesson 13.1 12 m X 
: in Exs. 49—51. 3cem| X 
T" $n - 
3 cm - 


Evaluate the expression without using a calculator. (p. 414) 
| 52. 16%? 53. (—243)?/* 54. 64 1? 


Quiz for Lessons 12.4-12.5 


Find the sum of the infinite geometric series, if it exists. (p. 820) 


a п— 1 LU n 
1. A22) 2. У a(-3) 3,34,15,75,37, 
n=l 7 n=0 6 4 


Write the repeating decimal as a fraction in lowest terms. (p. 820) 


4, ОЛ. а 5, 0.393939... 6. 123123123... 


Write the first five terms of the sequence. (р. 827) 


7. & = 8. а = 3 9. а,=1,а„= 
a, = p. 1754 ар = (a, – 5 da = 4-17 4-2 

Write a recursive rule for the sequence. The sequence may be arithmetic, 
geometric, or neither. (p. 827) 
10. 5,14, 7, 1.5,... 11. 2,6, 12, 72, 864, ... 12. 8, 24, 72, 216, 648, . .. 
Find the first three iterates of the function for the given initial value. (p. 827) 
13. fœ) = —3х—2, X971 14. g(x) = Ax * 1,x,—2 15 fix) = «2x3, Xy = 2 
16. f(x) = 5x — 7, x} = —3 17. h(x) 2 x - 6, x)= –1 18. f(x) = Зх? + 2,x,-0 


19. PENDULUMS А pendulum that is released to swing freely travels 25 inches on 
the first swing. On each successive swing, the pendulum travels 8596 as far as 
the previous swing. What is the total distance the pendulum swings? (p. 820) 
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Using ALTERNATIVE METHODS 


LESSON 12.5 
Another Way to Solve Example 4, page 829 


de MULTIPLE REPRESENTATIONS In Example 4 on page 829, you found the number 
e d that a real-life sequence approaches over time by using a calculator to evaluate 
$ the rule for the sequence. You can also solve this problem using a graph or an 
algebraic method. 


and adds 5000 new members. What happens to the number of members 
over time? 


METHOD 1 Using a Graph A recursive rule for the number a,, of members at the beginning 
of the nth year is a, = 50,000, a, = 0.8a, _ , + 5000. One alternative method for 
finding the number this sequence approaches is to graph the sequence оп а 
graphing calculator. 


PROBLEM MUSIC SERVICE An online music service initially has 50,000 annual 
members. Each year the music service loses 20% of its current members 


STEP? Set the calculator to sequence mode and 


dot mode. - ТШТЕН 
0123456789 


Radian OTHE 
Func Раг Pol EET] 
Connected (3 — 


TIN Horiz G- 


STEP 2 Press and enter the equations 
nMin = 1, u(n) = 0.8u(n — 1) + 5000, and 


— À— | nMin=1 
u(nMin) = 50,000. Press ДП 7*4 and enter utn @.8и‹п-1 )+5000 
the following parameters: | F : ds їп Ы‹50000› 
nMin = 1 Хтїп =0 Ymin = 15,000 vínMin)= 


Ww(n)= 


nMax= 100 Хтах = 100 Ymax = 35,000 испи) = 
PlotStart - 1 Xscl=10 Yscl = 5000 | 
PlotStep = 1 


STEP 3 Graph the sequence. Use the trace feature 
to find the value that the sequence 
approaches as n becomes large. From 
the graph, you can see that the sequence 
approaches 25,000. 


» Over time, the number of members of the music service approaches 25,000. 
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METHOD 2 Using Algebra Another approach is to use an algebraic method to determine 


what happens to the number of members over time. 


STEP Y Write the recursive rule. 
a, = 50,000, а, = 0.8a,, _ , + 5000. 


STEP 2 Assume that the sequence has a limit L, which is the value that the 
sequence approaches as n becomes large. 


STEP 3 Consider what happens to the equation a, = 0.8a, _ , + 5000 as n becomes 
large. The value of a, (the left-hand side) approaches L while the value of 
0.8a, _ , + 5000 (the right-hand side) approaches 0.8L + 5000. So, you can 
conclude that L = 0.8L + 5000. 


STEP 4 Solve the equation L = 0.8L + 5000 for L. 


L = 0.81 + 5000 
0.2L = 5000 
L = 25,000 


Write equation. 
Subtract 0.8L from each side. 
Divide each side by 0.2. 


» The sequence approaches the limit L = 25,000 as п becomes large. So, over time 
the number of members of the music service approaches 25,000. 


Ралстіс ШО. 


Describe what happens to the terms of the 
sequence as n becomes large. 


1. a, = 3000, а, = 0.254, , + 300 
2. a; = 1700, a, = 0.384, _, + 512 


3. WHAT IF? Suppose the online music service 
in the problem on page 834 loses 896 of its 
current members and adds 1200 new members 
each year. Use the graphing method and the 
algebraic method to determine what happens 
to the number of members over time. 


4 


TOWN LIBRARY A town library initially has 
54,000 books in its collection. Each year 2% 
of the books are lost or discarded. The library 
can afford to purchase 1150 new books each 
year. Write a recursive rule for the number a, 
of books in the library at the beginning of the 
nth year. Use the graphing method and the 
algebraic method to determine what happens 


to the number of books in the library over time. 


5. ERROR ANALYSIS A student attempted to solve 
the problem in Exercise 4 as shown below. 
Describe and correct the error in the student's 
work. 


54,000,a 0.02а 1150 | 
Let L be the limit of the sequence. Then: 
O.O2L 1150 
0.98L 1150 
1175 


So, over time the number of books | 
in the library approaches about 1173. | 


3 
———— - — = 


6. REASONING Give an example of a real-life 
situation which you can represent with a 
recursive rule that does not approach a limit. 
Write a recursive rule that represents the 
situation. 
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| Mathematical Induction 


СУТ Use mathematical induction to prove statements about all positive integers. 


In Lesson 12.1, you saw the rule for the sum of the first n positive integers: 


_ n(n + 1) 


n 
Yi-1424---n 
it^ 2 


You can use mathematical induction to prove statements about positive integers. 


KEY CONCEPT For Your Wotebook 


Mathematical Induction 
To show that a statement is true for all positive integers п, perform these steps. 
Basis Step: Show that the statement is true for п = 1. 


Inductive Step: Assume that the statement is true for n — k where k is any 
positive integer. Show that this implies the statement is true for n = k + 1. 


€ EXAMPLE ` p Use mathematical induction 


: UNDERSTAND 
: INDUCTION 


AAA EA AAA AAA EA AAA AAA EA AAA AAN] 


: the basis step that 

: a statement is true 

: for n = 1, then the 

: inductive step implies 
: that it is true for n = 2, 
: and therefore for 

: n — 3, and so on for all 
: positive integers п. 


Use mathematical induction to prove that 1 + 2 + ··· + п = "әт, 
Solution 
Basis Step: Check that the formula works for n = 1. 
12 мір 1-14 
Inductive Step: Assume that 1 +2+---+k= EY D. 
Show that] +2++**+k+(k+ 1) = AN 
142400 += = Assume true for К. 
1+2+ ++ (+ = МЕО кър) Add k + 1 to each side. 


_ Kk(k+ 1) +2(k+1) 


> Add. 
= = Factor out k + 1. 
= tn tnr Rewrite К + 2 as (К + 1) + 1. 


Therefore, 1 -2 + ---- п = m for all positive integers л. 
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[ EXAMPLE 2 ] Use mathematical induction 


Let a, =5a,_, + 2 with a, = 2. Use mathematical induction to prove that 
5" — 1 
2 


an explicit rule for the nth termis a, = 


Solution 
Basis Step: Check that the formula works for n = 1. 


15-1 а 
a, = E XA == 2=2 Y 
5k = 1 БЕ +1 us 1 
Inductive Step: Assume that a, = 3 ^" Show that a, , , — - E 
A, ,1 =54,+2 Definition of a, for n = К+ 1 


zu Ei 
=>] +2 Substitute for a, . 


_ 5ktl_5 


2 Ts Multiply. 
k+1 _ 
= 2 3 Add. 


5 Simplify. 


"— J 


5 for all positive 


Therefore, an explicit rule for the nth term is а, = 3 
integers л. 


PRACTICE 
: EXAMPLES Use mathematical induction to prove the statement. 
апы У à + D)(Qn +1 
: on pp. 836-837, 1. У, (21-1) = т g Ye „Жа І п +1) 
: for Exs. 1-8 ns iH 
п n | m | 
Es] — | M ES | E — 
и 2? uidi а PU а l-r | 
v 1l : 2n(n + 1)(2п + 1) 
=" A2 
> 2, ii+1) n+l 6. 2, (2i) —_ — 


т. ©З GEOMETRY The numbers 1, 6, 15, 28,... are called hexagonal numbers 
because they represent the numbers of dots used to make hexagons, as shown 
below. Prove that the nth hexagonal number H, is given by H, = n(2n — 1). 


з р у) 


8. REASONING Let ў, f,...,f,,... be the Fibonacci sequence. Prove that 
htht +f" faya 11or all positive integers n. 
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Lessons 12.4-12.5 


1. MULTI-STEP PROBLEM A ball is dropped from 
a height of 12 feet. Each time the ball hits 
the ground, it bounces to 70% of its previous 
height. 


a. Write an infinite series to model the total 
distance traveled by the ball, excluding the 
distance traveled before the first bounce. 


b. Find the total distance traveled by the ball, 
including the distance traveled before the 
first bounce. 


2. MULTI-STEP PROBLEM A fractal tree starts 
with a single branch (the trunk). At each stage, 
the new branches from the previous stage 
each grow two more branches as shown. 


cw | — 


Stage 1 Stage 2 Stage 3 


a. Listthe number of new branches in each of 
the first six stages. 


b. Is the sequence of numbers from part (a) 
arithmetic, geometric, or neither? 


c. Write an explicit rule and a recursive rule for 
the sequence from part (a). 


3. GRIDDED ANSWER What is the sum of the first 
three iterates of the function f(x) = x* — 8 when 
the initial value is x, = 2? 


4. OPEN-ENDED Give an example of an explicit 


rule for a sequence and a recursive rule for the 
same sequence. 
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5. SHORT RESPONSE Why does the sum of an 


infinite geometric series not exist if |r| = 1 
where r is the common ratio? 


. SHORT RESPONSE The length £, of the first loop 


of a spring is 16 inches. The length £, of the 
second loop is 0.9 times the length of the first 
loop. The length £, of the third loop is 0.9 times 
the length of the second loop, and so on. If the 
spring could have infinitely many loops, would 
its length be finite or infinite? Explain. If its 
length is finite, find the length. 


. EXTENDED RESPONSE You take out a five year 


loan of $10,000 to buy a car. The loan has an 
annual interest rate of 6.5% compounded 
monthly. Each month you make a monthly 
payment of $196 (except the last month when 
you make a payment of only $165). 


a. Find the monthly interest rate. Then write a 
recursive rule for the amount of money you 
owe after n months. 


b. How much money do you owe after 
12 months? 


c. Suppose you had decided to pay an 
additional $50 with each monthly payment. 
Use a graphing calculator to find the 
number of months you would have needed 
to repay the loan. 


d. In your opinion, is it beneficial to pay the 
additional $50 with each payment? Explain 
your reasoning. 


. GRIDDED ANSWER A tree farm initially has 


8000 trees. Each year 10% of the trees are 
harvested and 500 seedlings are planted. What 
number of trees eventually exists on the farm 
after an extended period of time? 


. OPEN-ENDED Write an infinite geometric series 


that has asum of 4. 


BIG IDEAS 


Analyze Sequences 


arithmetic and geometric sequences. 


a, =a, + (n — 1)d 
First term: a, 


Common 
difference: d 


Graph is 
| linear. 


Big (deo (2) : Find Sums of Series 


Geometric Sequence 


The information below highlights the similarities and differences between 


For Vour Wotebook 


| РЕ n= 1 


First term: а, 


. Common 
ratio: r 

| 

| Graphis 

" exponential. 


The most common formulas for sums of series are shown below. 


Arithmetic Series | 


Sum of the first n terms: 


Geometric Series 


Sum of the first n terms: 


la, + à, q ap 

> a $, = а), 1 
Example: Example: 
4+9+ 14+ 19 + 24 3+6+ 12 + 24 

те ЭЛ... 31-291. 
S; = 5| 57744) = 70 5, = 3|1—5-| = 45 

Other common sum formulas: 
"n 1 n 
n(n + 1) 2 
l=n P-—————— i“ = 

i^^ ¡1 2 к 


Use Recursive Rules 


Infinite Geometric Series 


Sum of the series: 


<= 


а, 
Top |r| < 1 


Ехатр!е: 
St T +02 540.047. 


—— A 
$= 7, = 625 


n(n + 1)(2n + 1) 
6 


The table shows explicit and recursive rules for arithmetic and geometric 


sequences. 


o| ExplicitRule | 


Arithmetic Sequence 
Example: 3, 5, 7, 9, 11,... 


a, = a, + (n — 1)d 


+d 


ESE =й... 


a, = 4-1 


1+2 


Geometric Sequence 
Example: 8, 4, 2, 1, 0.5, ... 


GR a 


ad, = 8,a, = 0.54, _ 


1 
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REVIEW KEY VOCABULARY 


* Sequence, p. 794 * arithmetic sequence, p. 802 * geometric series, p. 812 
«terms of a sequence, р. 794 • соттоп difference, p. 802 * partial sum, р. 820 

* Series, р. 796 * arithmetic series, p. 804 * explicit rule, p. 827 

* summation notation, p. 796 * geometric sequence, p. 810 * recursive rule, р. 827 

* sigma notation, p. 796 * common ratio, p. 810 * iteration, p. 830 
VOCABULARY EXERCISES 


1. Copy and complete: The values in the range of a sequence are called the ? _ 
of the sequence. 


2. WRITING How can you determine whether a sequence is arithmetic? 


3. Copy and complete: A(n) ? rule gives a, as a function of the term's position 
number п in the sequence. 


4. Copy and complete: In a(n) ? sequence, the ratio of any term to the 
previous term is constant. 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding of 
the concepts you have learned in each lesson of Chapter 12. 


4 
Find the sum of the series BA (i? — 4). 


a, =14-4=-3  Firstterm 


a= 2? -—4=0 Second term 


2 
a,=3°-4=5 Third term 


a,=4°-4=12 Fourth term 


4 
The sum of the series is b (®—4)=-3+0+5+12= M. 
=1 


EXERCISES 
| QURE Find the sum of the series. 
ы 5 and 6 — 6 6 17 25 
; on p. 797 5; 247 6. 10 — 4i 7. di 8. УК? 
: for Exs. 5-8 P 2 ý P El 
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| 
| à 
j m ыы т]. T ч, т; 
—— Ы 50 
| 


: EXAMPLES 
:2,3,4,and 5 


з SERA 


i for Exs. 9-16 


: EXAMPLES 
:2,3,4,and 5 


: on pp. 811-813 
: for Exs. 17—23 


Write a rule for the nth term of the sequence 9, 13, 17, 21,25,.... 


The sequence is arithmetic with first term a, = 9 and common difference d = 4. 
So, a rule for the nth term is: 


a,=4,+(n- Dd Write general rule. 
=9 + (п – 1)(4) Substitute 9 for a, and 4 for d. 
= 5 + 4п Simplify. 


EXERCISES 


Write a rule for the nth term of the arithmetic sequence. 


9. 8,5,2,-—1, —4,... 10. d=7, a, = 54 11. a, = 27, q,, = 69 


Find the sum of the series. 


15 26 22 30 
12. > (3- 2i) 13. У, (25 — 30) 14. У (61 – 5) 15. У (-84 + 80) 
i=l i=1 і= 1 [= 1 


16. COMPUTER Joe buys a $600 computer оп layaway by making а $200 down 
payment and then paying $25 per month. Write a rule for the total amount of 
money paid on the computer after n months. 


Analyze Geometric Sequences and Series Pp.B10-817 


7 
Find the sum of the series 256) -1 


The series is geometric with first term a, = 5 and common ratio г = 3. 


S =a fir) Write rule for 
‚= 41-7 s. 


ig 
= 5| к= | Substitute 5 for a, and 3 for г. 


rÉr- 

= 5465 Simplify. 
EXERCISES 
Write a rule for the nth term of the geometric sequence. 
17. 256, 64, 16, 4, 1,... 18. r= 5, a, = 200 19. a, = 144, a, = 16 
Find the sum of the series. 

6 9 5 | 1 | 

; af 24-1 i-1 
20. > 3(5)'~} 2i. »8(2!-! 22. $ 15/2) 23. Y 4011} 
it it^ it^ 13 it^ 12, 
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: EXAMPLES 


: оп pp. 821-822 
: for Exs. 24-31 


: EXAMPLES 
: 1,2, and 3 


: on pp. 827-828 
: for Exs. 32-38 
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Bp RS 


Find the sum of the series > HI Е к if it exists. 


For this series, a, =1 and г = 2, Because |r] < 1, the sum of this series exists. 


EXERCISES 


Find the sum of the infinite geometric series, if it exists. 


e „/5\ї—1 Cu gyn e Ж S 7 
24. » 33] 25. Ex i 26. Улаз)! ! 27. de 0.2(0.5)! - ! 


Write the repeating decimal as a fraction in lowest terms. 


28. 0.888... 29. 0.546546546. .. 30. 0.3787878. .. 31. 0.7838383... 


x 


| Write a recursive rule for the sequence 6, 10, 14, 18, 22,.... 


The sequence is arithmetic with first term a, — 6 and common difference 
а= 10 — 6 = 4. 

a,=a, + General recursive rule for a, 
+4 Substitute 4 for а. 


mi | 


So, a recursive rule for the sequence is a, = 6,4, = à, _, 


EXERCISES 


Write the first five terms of the sequence. 


32. a,=4,a,=a,_,+9 33. а, = 8,а, = 5а, | 34. a; = 2,а, = па, | 
Write а recursive rule for the sequence. 


35. 6, 18, 54, 162, 486,... 36. 4, 5, 9, 13, 18, 35: 37, /,13,19,23, 31... 


38. POPULATION 4A town's population increases at a rate of about 196 per year. 
In 2000, the town had a population of 26,000. Write a recursive rule for the 
town's population P, in year n. Let n — 1 represent 2000. 


Chapter 12 Sequences and Series 


Tell whether the sequence is arithmetic, geometric, or neither. Explain. 


15,9, Mo 2. 3,6,12,24,... 3. 40, 10, $e 4. 4, 7,12, 19,... 


Write the first six terms of the sequence. 


5. а, =6 – п? 6. a, = 7n? 7. a, = 4 8.a,——1 
а, = 90, | а = +6 


Write the next term of the sequence, and then write a rule for the nth term. 


] D vc BH 9 : 
8.5; IL, U Aiea: AT 10.: 3, 15,79, 319, ax 11. 5101520 *** 12. 1.6, 3.2, 4.8, 6.4 


Find the sum of the series. 


48 28 10 19 
13. Yi 14. Y n? 15. > (4i — 9) 16. Y (21+ 5) 
i=] n=1 i-1 i=1 
5 6 ob © 
B 1141 4-1 3 1-1 
17. PO 18. 2,123) 19. 28) 20. 2,20; 


Write the repeating decimal as a fraction in lowest terms. 


21. 0.111... 22. 0.464646... 23. 0.187187187... 24. 0.3252525... 


Write a recursive rule for the sequence. 


i] ü ë а 


28. 2,12, 72, 432,... 26. 3, 10, 17, 24,... 21.135,45 15, 5,....... 2H. 1, 73,9, —21... 


Find the first three iterates of the function for the given initial value. 


29. f(x) = 3x — 7, X, 24 30. f(x) = 8 – 5х, х= 1 31. f(x) - 3^ +2,ду= — 


32. QUILTS Use the pattern of checkerboard quilts shown. 


r | иш ш = 
M EM 
B | B is 
п = 1,а, = 1 п= 2,а, = 2 п = 3,а, = п = 4,а, = 8 


a. What does л represent for each quilt? What does а, represent? 
b. Make a table that shows n and a, for n = 1, 2, 3, 4, 5, 6, 7, and 8. 


n? 
2 
апа 8. Compare these values with the results in your table. What сап 
you conclude about the sequence defined by this rule? 


c. Use the rule a, = + ni — (—1)"] to find a, for n = 1,.2,3,.4, 5,6; 7, 


33. AUDITIONS Several rounds of auditions are being held to cast the three 
main parts in a play. There are 3072 actors at the first round of auditions. 
In each successive round of auditions, one fourth of the actors from the 
previous round remain. Find a rule for the number a, of actors in the nth 
round of auditions. For what values of п does your rule make sense? 
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STEP 1 


Write a system of 
equations. 


equations to find the 
values of r and а,. 


SEE 


Write a rule for the nth 


term and find a,. 


CONTEXT-BASED 
MULTIPLE CHOICE QUESTIONS 


Some of the information you need to solve a context-based multiple choice 
question may appear in a table, a diagram, or a graph. 


PROBLEM 1 


The frequencies (in hertz) of the notes on 

a piano form a geometric sequence. The 
frequencies of G (labeled “8”) and A (labeled 
“10”) are shown in the diagram. What is the 
approximate frequency of E flat (labeled “4”)? 


(А) 247 Hz (В) 311 Hz 392Hz 440Hz 
(С) 330 Hz (D) 554 Hz 


Plan 


INTERPRET THE DIAGRAM The diagram gives you the frequencies of the 8th 
and 10th notes. Use these frequencies to find the frequency of the 4th note. 


Solution 


“> Let a, be the frequency (in hertz) of the nth note. Because the frequencies form 


a idis sequence, a rule for а, has the form a, = ау" 1. From the diagram, 
= 392 and a,, = 440. Use these values to write a system of equations. 


a, =ar’? mm) 392 = a,r/ Equation 1 


10 — 1 | 9 . 
Bo == TF — 440 = ar” Equation 2 


eq a, = = Solve Equation 1 for a.. 
440 — Ea . y? Substitute 292 for a, in Equation 2. 
440 = 392r* Simplify. 
12. y^ Divide each side by 392. 
1.06 =r Take positive square root of 


each side. 


Find a, by substituting the value of rinto revised Equation 1. 


392 _ 392 
a = LS 996 об] 
tr 01.06)" 


æ A rule for the sequence is а, = a,r” ~ ! = 261(1.06)" — ?. 
So, a, = 261(1.06)* = 311. 
> The correct answer is B. СА) @ O (DD 
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| PROBLEM 2 | 


STEP 7 
O 
Write the terms of the 


sequence. 


AAA i a 


the common difference. 


$ 


Write a rule for the nth 
term. 


Plan 


INTERPRET THE GRAPH In order to find a rule for the sequence, you must first 


use the graph to write the terms of the sequence. 
Solution 
The points shown in the graph are: 
(1, «d. (2, —1), (3, 1), (4, 3) 
Therefore, the sequence is —3, —1, 1, 3,.... 


The first term a, of the sequence is —3. 


Because each term after the first is 2 more than the previous term, the common 


difference d is 2. 
a, = a, + (n — Dd Write general rule for an arithmetic sequence. 
= 3 + (n- 1)2 Substitute —3 for a, and 2 for d. 
=-3+2n-2 Distributive property 
=2n-5 Simplify. 
» The correct answer is A. (в) Сб) dD 


PRACTICE 
In Exercises 1 and 2, use the graph in Problem 2. 
1. What is the value of a,.? 
СА) —35 (В) 25 
(С) 30 (D> 165 
2. Which statement is true about the sequence that is graphed? 
СА) The sum of the first 14 terms is 140. 
(В) The value of a,, is 40. 
©) Arecursive rule for the sequence is a, = 2,a,=a,_,—5. 


(D> The ratio of any term to the previous term is constant. 


Test Preparation 
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MULTIPLE CHOICE 


1. The diagram shows the bounce heights of 
a basketball and a baseball dropped from 
a height of 10 feet. On each bounce, the 
basketball bounces to 36% of its previous 
height, and the baseball bounces to 30% of its 
previous height. About how much greater is the 
total distance traveled by the basketball than 
the total distance traveled by the baseball? 


| 
| 
| | 
| | 
3.6 ft | 
+ 
| 36ft Ж, 
| © 1.3 ft | 3ft -— 
T | 
13ft | pl a 
| l | 0.9 
| a] e «=. г! Q etc 
Basketball Baseball 
CA) 1.34 feet (В) 2.00 feet 
СС) 2.62 feet (р) 5.63 feet 


2. The table shows the domain and range of a 


sequence. Which recursive rule describes the 
sequence? 


Domain | 1 | 2 | 3 | 4 5 
Range | 20 | 10 5 (25 125 


QD a,=20,4,=a,_,+10 
(В) a,=20,a,=a,_,-—10 
© a, = 20, a, = 0.5а, , 
(D> a,=20,a,=2a,_, 


3. What type of sequence 
is graphed at the right? 


Arithmetic 


Geometric with 
O<r<l 


o 08 


Geometric with 
r1 


Neither arithmetic 
nor geometric 


Ө 
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In Exercises 4 and 5, use the information below. 
Cheryl is researching her lineage for a history 
project. So far, she has created a family tree for 
three generations, as shown below. Cheryl is 
only including relatives from whom she is 
directly descended. Siblings are not included. 


Paternal | Paternal 
grandmother grandfather 


4. Assume that Cheryl is in generation 1, her 
parents are in generation 2, and so on. Let a, 
be the number of relatives in generation n. 


What is a rule for a, ? 

2x ee 1 
QD a, =n+2 (В) a, = 2" 
© a, =2" D а,=2"*! 


5. Cheryl creates a family tree with 8 generations 
of her family. How many people are in her 


family tree? 

(А) 8 (В) 64 

СС) 128 D 255 
In Exercises 6 and 7, use the diagram of a stack 
of blocks. 


6. Which rule describes the number of blocks 
in the nth layer, where n = 1 represents the 


top layer? 

QD a, =n+1 (В) a, =n(n+1) 

© a, =2n* D a, =n*+1 
7. Which sum gives the number of blocks 

shown? 

20 4 
(А) 2. +1) (В) 2.4 1) 
O 2, i1 D dias 1) 


GRIDDED ANSWER 


8. 


10. 


11. 


12, 


13. 


14. 


15. 


Two terms of a geometric sequence аге 
a, = 12 and a; = 48. What is the value of a,? 


What is the eighth term of this sequence? 
—4, 12, —36, 108,... 


What is the sum of the following series? 


Losey TÉ 


Write the repeating decimal 0.151515... asa 
fraction in lowest terms. 


What is the sum of the first three iterates of 
the function f(x) = 2x — 1 for an initial value 
of x, = 2? 

What is the eighth term of the sequence given 
by the recursive rule a, = 0.5, a, —2a, , + 5? 
What is the sum of the first 15 terms of the 
sequence a, = 6n + 3? 


What is the common difference d of the 
sequence 3, 6, 9, 12, ...? 


EXTENDED RESPONSE 


19. Arunning track is shaped like a rectangle with two 


20. 


semicircular ends, as shown. The track has 8 lanes that are 
each 1.22 meters wide. The lanes are numbered from 1 to 

8 starting from the inside lane. The length of each red line 

segment that extends from the center of the left semicircle 
to the inside of a lane is called the lane's curve radius. 


а. Is the sequence formed by the curve radii arithmetic, 


geometric, or neither? Explain. 


200) STATE TEST PRACTICE. 
2 dasszone.com 


SHORT RESPONSE 


16. 


17. 


18. 


b. Write a formula for the sequence from part (a). 


You receive an e-mail that you are to forward 
to 10 of your friends. There were 10 recipients 
in the first round, 100 recipients in the 
second round, and so on. By the time you 
receive the e-mail, it has already been sent 

to just over 100 million people. What round 
of recipients must you be in? Explain your 
reasoning. 


The number of diagonals in a convex polygon 
is given by the formula d, — jn — 3) where 


nis the number of sides of the polygon 
(n 2 3). Write the first six terms of the 
sequence given by the formula. Then 
tell whether the sequence is arithmetic, 
geometric, or neither. Explain. 


During a baseball season, a company pledges 
a donation to a charity of $5000 plus $100 for 
every home run hit by the local team. Does it 
make more sense to represent this situation 
using a sequence or a series? Explain your 
reasoning. 


Not drawn to scale 


c. World records must be set on tracks that have a curve radius of at 
most 50 meters in the outside lane. Does the track shown meet the 


requirement? Explain. 


Mark takes out a loan for $16,000 with an interest rate of 0.75% per month. 
At the end of each month he makes a payment of $300. 


a. Write a recursive rule for the balance a, of the loan at the beginning of 


the nth month. 


b. How much will Mark owe at the beginning of the 18th month? 
c. How long will it take Mark to pay off the loan? 


d. If Mark pays $350 instead of $300 each month, how long will it take him 
to pay off the loan? Will he end up paying less overall? Explain. 


Test Practice 
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Graph the function. 


1. 3x— y = 5 (p. 89) 2. 5x + Зу = —4 (p.89) 3. y= |x+3| — 8 (p. 123) 
4. у= х? — 6x — 27 (p. 236) 5. y= —2(x + 6)(x — 1) (p.245) 6. у= (x — 3)* + 4 (p. 245) 
7. у= Vx + 6 (p. 446) 8. у= Vx — 2 (p.446) 9. y= 3 + 4* 2 (p. 478) 
10. у= 12i (p. 486) 11. y=—4 + 5 (p.558) 12. у= —,5— (p. 565) 


Evaluate the determinant of the matrix. (р. 203) 


The variables x and y vary inversely. Use the given values to write an equation 
relating x and y. Then find the value of y when x = —8. (p. 551) 


17. x=3,y=6 18. х= —4,у= 9 19. xC4y- i 20. х= 9,у= 2 
Graph the equation. 
21. BY рева 22. Jw iig 23. (x — 3)? — 16y (p. 650) 
36 4 100 49 
Find the number of permutations or combinations. 
24. „Р, (p. 682) 25. „P. (p. 682) 26. „С, (p. 690) 27. „С, (p. 690) 
Find the indicated probability. 
28. P(A) — 0.32 29. A and B are 30. Aand B are 
P(B) = 0.6 dependent events. independent events. 
P(A or B) = 0.85 P(A) = 0.5 P(A) = 0.25 
P(Aand B) = ? (p.707) Р(В|А) = 0,3 Р(В) =? 
Р(А апа В) = ? (р. 717) Р(А апа В) = 0.2 (р. 717) 
Find the mean, median, mode, range, and standard deviation of the data set. 
(p. 744) 
31. 19, 11,8, 10, 11, 15, 16 32. 54, 58, 49, 60, 63, 58, 42 
33. 216, 203, 225, 216, 212, 228, 209 34 —3.5, 511; 5, —3,2 
35. 99,92, 93, 82, 55, 71, 97 36. 78, 4, 28, 57, 88, 24, 57, 37, 65 
Find the sum of the series. 
6 16 12 41-1 AS 
37. У, Зі (p. 794) 38. 2,(2+1) (p.802) 39. 2, EH (p.810) 40. У, 55) (р. 820) 
i=1 i=] i=1 i=] 
Write an explicit rule and a recursive rule for the sequence. (p. 827) 
41, —7, -3 lh 5... 42. 1, —14, —29, —44,... 43, 3, 12, 48, 192,... 
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45. 


46. 


47. 


49. 


50. 


51. 


. FUNDRAISER You are organizing a school fundraiser that involves selling 


holiday cookies and decorative calendars. You want to raise $2400. You 
charge $2 for a bag of cookies and $7 for a calendar. Write and graph an 
equation to represent the situation. If you sell 200 calendars, how many 
bags of cookies do you need to sell in order to meet your goal? (р. 98) 


(ES GEOMETRY A designer is creating a kit for 
making sand castles. The designer wants one of the 
molds to be a cone that will hold 757 cubic inches 
of sand. What should the dimensions of the cone 
be if the height should be 4 inches more than the 
radius of the base? (p. 370) 


ELECTRICITY The current / (in amperes) required for an electrical 

Ix 
appliance is given by J = (5 where Pis the power (in watts) апа R is the 
resistance (in ohms). Find the power consumed by a portable hair dryer for 


which I = 17 amperes and R = 6.5 ohms. (p. 452) 


DEPRECIATION Rachel buys a new car for $18,600. The value of the car 
decreases by 15.5% each year. Estimate when the car will have a value of 
$8000. (p. 486) 


. СЗ GEOMETRY Steve is a lifeguard at a pond. The pond is approximately 


circular in shape with a diameter of 330 feet. He ropes off a section of 

the pond for swimming. The rope forms a chord of the circle and is a 
maximum distance of 50 feet from the edge of the pond. What is the length 
of the rope? (p. 626) 


DINING OUT You and three friends go to a restaurant for dinner. There are 
20 different items on the menu. Each of you is equally likely to order any 
item. What is the probability that each of you orders a different item from 
the menu? (p. 717) 


REAL ESTATE COMMISSIONS The data set below gives the selling prices of 
seven homes that are being sold by one real estate agent. The agent will 
receive 5% of the selling price of each home as a commission. (pp. 744, 751) 


Selling Prices of Homes 


—————————— 


$201,900; $205,200; $195,800; $210,300; $199,900; $215,500; $192,100 


a. Find the mean, median, mode, range, and standard deviation of the data. 


b. Find the agent's commission for each home. Then find the mean, 
median, mode, range, and standard deviation of the commissions. 


c. Compare the statistics from parts (a) and (b). 


SALARY An accountant takes a job that pays an annual salary of $31,000 
for the first year. The employer offers a $1600 raise for each of the next 

8 years. Write a rule for the accountant's salary in the nth year. What will 
the accountant's salary be in the 9th year? (p. 802) 
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рш” 
and Function: 


Making Sense 23 D. 
of Chapter 13 1. Use d ak with Right Triangles N 
In this chapter, you will Е 2 D Define Ge Tere Ples and Use Radian Measure | 
use your knowledge of rali am 
ош. bacily 13:3 Er luat , 9 Functions of Any Angle” | 
circles, triangles, and 1 3.4 E Eva ei Inverse Trigonometric Functions” 
angle measures, to А - o. 
study tigesometiic | 5 Applythe Law of Sines P». 
functions. | 13.6 Apply the Law ‘of Cosines, "dE. 
— ren, = s 
= > ку, <A dis S " 7 
к A 
Before А 


| In previous courses and in previous chapters, you learned the following skills, 
which you'll use in Chapter 13: using the Pythagorean theorem, solving equations 
using inverse functions, and finding angle measures in triangles. 


Prerequisite Skills 
VOCABULARY CHECK 


Copy and complete the statement. 
1. The reciprocal of = [ü. ES 


2. Functions fand g are inverses of each otherif ? and ?. 


3. An equation of the circle with center (0, 0) and a radius of lunitis ? . 


SKILLS CHECK 
Aright triangle has legs with lengths a and b and a hypotenuse with length c. 
Find the unknown side length. (Prerequisite skill for 13.1) 
4. 14—8,b = 10 5. a O 6. b=9,c= 11 
Solve each proportion. (Prerequisite skill for 13.5, 13.6) 
7, x — 4 8. 22-23 g, 98 — x 
"10 15 "21 x 21 3 


The measures of the angles of a triangle are given. Find the value of x. 
(Prerequisite skill for 13.5, 13.6) 
10:27, 65,55" 11.. 905,35, 4? 12.. 4, 107, x^ 


@Homelutor Prerequisite skills practice at classzone.com 


* r » 


In Chapter 13, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 897. You will also use the key vocabulary listed below. 


a | zi Ze 
"hh "a 
tm D rum 


› Ide 
Ө Using trigonometric functions 

O Using inverse trigonometric functions 

Ө Applying the law of sines and law of cosines 


KEY VOCABULARY 

* sine, p. 852 * cotangent, p. 852 * inverse sine, p. 875 

* cosine, p. 852 * radian, p. 860 * inverse cosine, p. 875 

* tangent, p. 852 * central angle, p. 861 * inverse tangent, p. 875 
* cosecant, p. 852 * unit circle, p. 867 * aw of sines, p. 882 


* secant, p. 852 * reference angle, p. 868 * law of cosines, p. 889 


You can use angle measures and trigonometry to find lengths and areas in real life. 
For example, you can use an angle measure to find the area of each step in a spiral 
staircase. 


The animation illustrated below for Exercise 53 on page 864 helps you answer this 
Hm question: How does the central angle of a step in a spiral staircase affect the step's 
- у= | агеа? 


Use the sbder to set the hei pin 
$n inches] of each step in е marcina 


Examine the effect of the central angle on A 
t the arc length and area of each step. 


a - RA oe 
Animated ñAloahra 
gn 
— 


ASE bra at classzone.com 


Use Trigonometry 
* * with Right Triangles 


You used the Pythagorean theorem to find lengths. 


You will use trigonometric functions to find lengths. 


So you can measure distances indirectly, as in Example 5. 


Consider a right triangle that has an acute angle 0 (the 


: х hypotenuse 
Greek letter theta). The three sides of the triangle are the 
° cosine hypotenuse, the side opposite 0, and the side adjacent to 6. s opposite 
* tangent Ratios of a right triangle’ s side m ths are used to define side 
° cosecant sine ng 
* secant | " 
* cotangent adjacent side 
KEY CONCEPT For Vour Notebook 
: Right Triangle Definitions of Trigonometric Functions 
E Let 0 be an acute angle of a right triangle. The six trigonometric functions of 0 
~ are defined as follows: 
> dag opposite m adjacent — opposite 
p hypotenuse hypotenuse adjacent 
Б аваа hypotenuse — Hypotenuse — adjacent 
> opposite adjacent opposite 
1: The abbreviations opp, adj, and hyp are often used to represent the side lengths 
> of the right triangle. Note that the ratios in the second row are reciprocals of 
~ the ratios in the first row: 
— Ин M — 
csc 0 dns sec 0 е cot 0 a 
Evaluate trigonometric functions 
Evaluate the six trigonometric functions of the angle Ө. 
hypotenuse 
5 
: REVIEW GEOMETRY 
ra sumus чүл "аа From the Pythagorean theorem, the length of the 12 
; For help with the | 
: Pythagorean theorem, hypotenuse is V5? + 12° = V169 = 13. 
: . 995. 
Mii sin 8 = OPP . 12 cos 0 — at) = 5. tan 0 = OPP . 12 
hyp 13 hyp 13 adj 5 
_ hyp _ 13 _ hyp _ 13 _ adj 5 
Ble S B send m E tg vn B 
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Ж СТРУ standardized test Practice 


If 0 is an acute angle of a right triangle and sin 0 = $» what is tan 0? 


к. d 4V33 v33 
® 7 ® “3 © -7 


Solution 


STEP? Draw a right triangle with acute angle 0 such that 
the leg opposite 0 has length 4 and the hypotenuse 
has length 7. By the Pythagorean theorem, the 


length x of the other leg is x = V7* — 4? = V33. 
STEP2 Find the value of tan 0. 


| » The correct answer is B. (А) ®© © Ф) 


GUIDED PRACTICE | for Examples 1 and2 _ 


1. 2. 
17 
3 
E El 


4 
O 


| 4. Inaright triangle, 015 an acute angle and cos 6 = f. What is sin 6? 


SPECIAL ANGLES The angles 30^, 45°, and 60* occur frequently in trigonometry. 
You can use the trigonometric values for these angles to find unknown side 


lengths in special right triangles. 


KEY CONCEPT 
Trigonometric Values for Special Angles 


For Vour Wotebook 


The table below gives the values of the six trigonometric functions for the 
angles 30°, 45°, and 60°. You can obtain these values from the triangles shown. 


13.1 Use Trigonometry with Right Triangles 
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: READING 


: Throughout this 


3 A and В are complementary angles, 


( EXAMPLE 3 | Find an unknown side length of a right triangle 


Find the value of x for the right triangle shown. 


Solution 


_ Write an equation using a trigonometric function that involves the ratio of x 


and 8. Solve the equation for x. 


cos 30° = i Write trigonometric equation. 


УЗ x 
эр Substitute. 
4V3 =x Multiply each side by 8. 


> The length of the side is x = 4V3 = 6.93. 


тт 


арР хыз 
Al zebra at classzone.com 


SOLVING A TRIANGLE Finding all unknown side lengths and angle measures of 
a triangle is called solving the triangle. Solving right triangles that have acute 
angles other than 30°, 45°, and 60? may require the use of a calculator. 


To find values of the sine, cosine, and tangent functions on a calculator, use the 
keys ERY, ‚апа 1]. Use these keys and the reciprocal key for cosecant, 
secant, and cotangent. Be sure the calculator is set in degree mode. 


(TUE Use a calculator to solve a right triangle 


Solve AABC. B 


Solution a 


so B = 90° — 28° = 62°. 


: chapter, a capital letter 


: is used to denote both - opp , hyp 
: an angle of a triangle tan 28° = adj sec 28° = "adi Write trigonometric equation. 
: and its measure. The 
: same letter in lowercase | a C 
: ЭҢ” = 2 28° = = bstitute. 
; 15 used to denote the шаа 15 setae 15 эашашше 
: length of the side 
: Opposite that angle. 15(tan 28°) = a 15| — 7 =| = с Solve for the variable. 
7.98 = a 17.0 = c Оѕе а са!си!аїог. 
> So, B = 62°, a = 7.98, and с = 17.0. 


Solve ^ ABC using the diagram at the right and the 


given measurements. с 
5. B=45,c=5 6. А = 32°, р = 10 
| 7. А= 71°, с= 20 8. В= 60° а= 7 А b 
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ф EXAMPLE 5 | Use indirect measurement 


GRAND CANYON While standing at Yavapai Point 
near the Grand Canyon, you measure an angle of 
90° between Powell Point and Widforss Point, as 
shown. You then walk to Powell Point and measure 
an angle of 76” between Yavapai Point and Widforss 
Point. The distance between Yavapai Point and 
Powell Point is about 2 miles. How wide is the Grand 
Canyon between Yavapai Point and Widforss Point? 


Solution 
: A ыл pcre tan76°=~ Write trigonometric equation. 
: The tangent function 2 


: is used to find the 
: unknown distance 
: because it involves the 8.0 = x Use a calculator. 


: ratio of x and 2. > The width is about 8.0 miles. 


2(tan 76°) = x Multiply each side by 2. 


ANGLES OF SIGHT If you look at a point above you, 
such as the top of a building, the angle that your 

line of sight makes with a line parallel to the ground 
is called the angle of elevation. At the top of the 
building, the angle between a line parallel to the 
eround and your line of sight is called the angle of 
depression. These two angles have the same measure. 


Use an angle of elevation 


PARASAILING A parasailer is attached to a boat with a rope 300 feet long. The 
angle of elevation from the boat to the parasailer is 48°. Estimate the parasailer's 
height above the boat. 
Solution 

STEP? Draw a diagram that represents the situation. 


STEP 2 Write and solve an equation to find the height А. 300 ft 


h 
заве, 3 | 
sin 48 300 Write trigonometric equation. " 
300 (sin 48°) = h Multiply each side by 300. 
223 = h Use a calculator. 


» The height of the parasailer above the boat is about 223 feet. 


SUIDED PRACTICE for Examples 5 and 6 


6 ч re. 
A o JS 


9. GRAND CANYON In Example 5, find the distance between Powell Point and 
Widforss Point. 


10. WHAT IF? In Example 6, estimate the height of the parasailer above the boat 
if the angle of elevation is 38°. 
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EXERCISES HOMEWORK: (7) = WORKED-OUT SOLUTIONS 
1 3.1 KEY: on p. WS21 for Exs. 5, 11, and 33 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 20, 33, and 36 


«^ = MULTIPLE REPRESENTATIONS | 
Ex. 34 | 


‘SKILL PRACTICE 


1. VOCABULARY What is an angle of elevation? 
2. * WRITING Explain what it means to solve a right triangle. 


: EXAMPLE 1 EVALUATING FUNCTIONS Evaluate the six trigonometric functions of the 


а rre 


: on p. 852 angle 0. 


: for Exs. 3-8 
: RA 4. 
[p N 
E] 
24 
6. CN Ta 
1 
15 


Ы 8. b I 0 


: EXAMPLE 2 FINDING VALUES Let 0 be an acute angle of a right triangle. Find the values of 


PPR 


: on p. 853 | the other five trigonometric functions of Ө. 
: for Exs. 9—16 | 5 8 я 
9. sin 0 = = 10 cos 0= = (11) tano=2 
19 - = 6 
12. csc 0 = > 13. sec 6 5 14. cot 0 11 


15. ж MULTIPLE CHOICE In a right triangle, 0 is an acute angle and cos 0 = 5 
What is the value of tan 6? 


ce fen 
d ES m © XE ® 2 


16. ERROR ANALYSIS Describe and correct the 
error in finding csc 6, given that 0 is an acute csc = У 
Т 


angle of a right triangle and cos 0 = 1T 


: EXAMPLE3 | FINDING SIDE LENGTHS Find the exact values of x and y. 


+ CECI 


: on p. 854 
: for Exs. 17-20 


20. * MULTIPLE CHOICE In a 30°-60°-90° triangle, the longer leg has a length of 5. 
What is the length of the shorter leg? 


qo 3 qo 3 © 1003 O 5V3 
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AENA AT 


: On p. 854 | 21. A- 35, c - 16 22. В = 53° а = 12 
: for Exs. 21-28 o i | { А 
23. В=18°,с=24 24. A=67°,b=7 , 
25. В = 75°, а = 15 26. А = 49°, c = 27 B 
27. A=64%,b=32 28. B — 24, c — 10.8 C m B 


29. CHALLENGE A procedure for approximating 7 based оп the work of 
Archimedes is to inscribe a regular hexagon in a circle. 


a. Use the diagram at the right to solve for x. What is the 
perimeter of the hexagon? 


b. Show that a regular n-sided polygon inscribed in 
a circle of radius 1 has a perimeter of 27 + sin (180). 
с. Use the result from part (b) to find an expression in 
terms of n that approximates 7. Then evaluate the 
| expression when n = 50. 


PROBLEM SOLVING 


: EXAMPLES In Exercises 30 and 31, use the information in the diagram to solve the problem. 
: е өөө 30. TREE HEIGHT A tree casts the shadow 31. GRAND PIANO Find the length of the 
КОЧЕ: shown. What is the height of the tree? prop holding open the piano. 


: for Exs. 30-35 


AL ИШНИ РЕ 
(Home! utor 


= 


for problem solving help at dasszone.com 


32. RAILWAY The Falls Incline Railway at Niagara Falls has an angle of elevation 
of 36°. The railway extends a horizontal distance of about 138 feet. Find the 
height and length of the railway. 


* SHORT RESPONSE A submersible traveling at a depth of 250 feet dives at 
an angle of 15° with respect to a line parallel to the water’s surface. It travels 
a horizontal distance of 1500 feet during the dive. What is the depth of the 
submersible after the dive? Explain how the angle of the dive affects the final 
depth. 


34. D MULTIPLE REPRESENTATIONS You are climbing Mount Massive in 
Colorado. You are at an altitude of 11,200 feet. You measure the angle of 
elevation to a ridge above you to be 29.4”. The distance (along the face of 
the mountain) between you and the ridge is 6315 feet. 

a. Drawing a Diagram Draw a diagram that represents this situation. 


| b. Writing an Equation Write and solve an equation to find the altitude of 
the ridge. 
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35. TROPIC ОЕ CANCER The Tropic of Cancer is the circle of latitude farthest 
north of the equator where the sun can appear directly overhead. It lies 
23.5” north of the equator, as shown. 


a. Find the circumference of the Tropic 
of Cancer using 3960 miles as Еагї 5 
approximate radius. 


b. What is the distance between two points 
on the Tropic of Cancer that lie directly 
across from each other? 


36. * EXTENDED RESPONSE A passenger in an airplane sees two towns 
directly to the left of the plane. 


a. What is the distance d from the airplane to the first town? 
b. What is the horizontal distance x from the airplane to the first town? 


c. What is the distance y between the two towns? Explain the process you 
used to find your answer. 


37. CHALLENGE You measure the angle of elevation from the ground to the top of 
a building as 32°. When you move 50 meters closer to the building, the angle 
of elevation is 53°. How high is the building? 


MIXED REVIEW 


: PREVIEW č Perform the indicated conversion. (p. 2) 

: Prepare for 

: Lesson 13.2 38. 3 years to seconds 39. 10 pints to gallons 

: in Exs. 38-43, 40. 500 feet to yards 41. 9.4 kilograms to grams 
42. 2 tons to ounces 43. 5.6 meters to millimeters 


Solve the system using any algebraic method. (p. 160) 


44. 2X – у= 8 45. 4х + Зу = —1 46. 9x — 12y = 20 
3x t 4y — 23 Зх+у= 3 =6x + 8у = 11 
47. 12x + 5у = 4 48. —2x + 7y = 16 49. 4x — 6y = 18 
Зх — 10у = -8 їх—Пу=—2 “2b YS 3 


Classify the conic section and write its equation in standard form. (p. 650) 


50. x^ + у? + Ax + 6у – 17 = 0 51. x^ — 4у + 6x + 16у + 137 = 0 
52. y? — 4у + 16х + 116 = 0 53. 9х? + 25у? + 162х + 250у + 454 = 0 
54. x^ + 8x + 4у + 28 = 0 55. x^ — y^ + 14х + 16у – 5 = 0 
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13.2 


ғ еэ side - 

* terminal side 

* standard position 
* coterminal 
eradian 

* sector 

* central angle 


Define General Angles 
and Use Radian Measure 


You used acute angles measured in degrees. 
QUEUE You will use general angles that may be measured in radians. 
So you can find the area of a curved playing field, as in Example 4. 


In Lesson 13.1, you worked only with acute angles. In this lesson, you will study 
angles with measures that can be any real numbers. 


side 


KEY CONCEPT For Vour Notebook 
Angles in Standard Position 90° A y 
In a coordinate plane, an angle с; can E formed terminal 


by fixing one ray, called the si 
rotating the other ray, called the ter 


about the vertex. 


> An angle is in standar: 


> X-axis. 


d position if its vertex is at 
the origin and its initial side lies on the positive 


The measure of an angle is positive if the rotation of its terminal side is 
counterclockwise, and negative if the rotation is clockwise. The terminal 
side of an angle can make more than one complete rotation. 


Draw angles in standard position 


Draw an angle with the given measure in standard position. 


a. 240° 


Solution 


a. Because 240° is 60° 
more than 180°, the 
terminal side is 60° 
counterclockwise past 
the negative x-axis. 


240° 


b. 500° Got: 


b. Because 500° is 140° c. Because —50° 


more than 360°, the is negative, the 
terminal side makes terminal side is 50° 
one whole revolution clockwise from the 
counterclockwise positive x-axis. 


plus 140° more. 
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COTERMINAL ANGLES In Example 1, the angles 500° and 140° are cotermina 
because their terminal sides coincide. An angle coterminal with a given angle 
can be found by adding or subtracting multiples of 360°. 


| Find coterminal angles 


Find one positive angle and one negative angle that are coterminal with 
(a) —45° and (b) 395". 


Solution 
There are many such angles, depending on what multiple of 360° is added or 
subtracted. 
a. —45° + 360° = 315° b. 395° — 360° = 35° 
—45° — 360° = —405° 395° — 2(360°) = —325° 


GUIDED PRACTICE -. | for r Examples 1 and 2 


| 


. Draw an angle with the given measure in standard position. Then find one 
| positive coterminal angle and one negative coterminal angle. 


| iL 55 2. 230° 3. 300° 4. 740* 


RADIAN MEASURE Angles can also be measured in 
radians. To define a radian, consider a circle with 
radius r centered at the origin as shown. One radiar 
is the measure of an angle in standard position 
whose terminal side intercepts an arc of length r. 


Because the circumference of a circle is 27r, there 
are 27 radians in a full circle. Degree measure and 
radian measure are therefore related by the equation 
360° = 27 radians, or 180° = 7 radians. 


: KEY CONCEPT For Your Notebook 


Converting Between Degrees and Radians 


Degrees to radians Radians to degrees 

Multiply degree measure Multiply radian measure 
7 radians . 180° 

by "180 OY radians’ 
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| EXAMPLE З | Convert between degrees and radians. 


: READING 


: The unit "radians" is 

: often omitted. For 

: Instance, the measure 
: 45 radians may be 


: written simply as E. 


v GUIDED PRACTICE for Example З 


Convert (a) 125° to radians and (b) — 12 7. radians to degrees. 
— E 7 radians | ola ааа А0 ТВП" 
а. 125° = 125 тайа b. -Z =(--7 radians | 9— Lo 
- 257 7 radians = —15° 


CONCEPT SUMMARY 


Degree and Radian Measures of Special Angles 


The diagram shows equivalent degree 
and radian measures for special angles 
from 0? to 360° (0 radians to 27 radians). 


You may find it helpful to memorize the 
equivalent degree and radian measures of 
special angles in the first quadrant and for 


90° = = radians. All other special angles 
are just multiples of these angles. 


Convert the degree measure to radians or the radian measure to degrees. 


i —50° эт m 
5. 135 6. —50 wa E 


SECTORS OF CIRCLES A sector is a region of a circle that is bounded by two radii 
sentral angle 0 of a sector is the angle formed by the 


and an arc of the circle. The centr Г 
two гааіі. There are simple formas for the arc length and area of a sector when 
the central angle is measured in radians. 


KEY CONCEPT For Your Notebook 
Arc Length and Area of a Sector 


The arc length s and area A of a sector with 
radius г and central angle Ө (measured in 
radians) are as follows. 


Arclength: s = ré 


Area: А = ire 
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41.129 3 Solve a multi-step problem 


SOFTBALL A softball field forms a sector with the 
dimensions shown. Find the length of the outfield 
fence and the area of the field. 


Outfield 
fence 


Solution 
STEP? Convert the measure of the central 
angle to radians. 

: AVOID ERRORS | T dians| 7.3. 
Жр РК Н НЕРИР 90° = 90 [ zragians | = — radians 
: You must write the = 180° 2 
; Measure of an angle STEP2 Find the arc length and the area of 
: in radians when using нина 
: the formulas for the arc ` 
: length and area of a Arc length: s = r0 = 180/5) = 907 = 283 feet 


: sector. 


Area: A = 570 = ¿1805 = 81007 = 25,400 ft? 


» The length of the outfield fence is about 283 feet. The area of the field is about 
25,400 square feet. 


ACTICE for Example 4 


9. WHAT IF? In Example 4, estimate the length of the outfield fence and the 
area of the field if the outfield fence is 220 feet from home plate. 


13.2 EXERCISES HOMEWORK’ (Су = WORKED-OUT SOLUTIONS 
KEY: on р. WS22 for Exs. 11, 23, and 51 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 14, 31,50, and 53 


‘SKILL PRACTICE 


1. VOCABULARY Copy and complete: An angle is in standard position if its 
vertexisatthe ? andits_? lies on the positive x-axis. 


2. * WRITING How does the sign of an angle's measure determine its direction 
of rotation? 


: EXAMPLES VISUAL THINKING Match the angle measure with the angle. 


1 and 3 
: on pp. 859-861| 3. —240° 4. 600° 5. -2m 
: for Exs. 3-14 
А. у B. y C. y 
X X X 
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: EXAMPLES 


DECENAS 


: on pp. 860-861 | 


: for Exs. 15-22 


: EXAMPLE 3 


E FAA 


: for Exs. 23-31 


: on p. 862 
: for Exs. 32-38 


E ERA AAA 


: set your 
: Calculator in 
: radian mode. 


DRAWING ANGLES Draw an angle with the given measure in standard position. 


6. 110° Ze =107 8. 450° 9. —900° 
5т _5т ‚ 26т 
10. 67 18 12. 3 13. 9 
14. * MULTIPLE CHOICE Which angle measure is shown in y 
the diagram? 
СЖ) —150° (В) 210° > 
СС) 570° 930° 


FINDING COTERMINAL ANGLES Find one positive angle and one negative angle 
that are coterminal with the given angle. 


15. 1 0° 16. 255° 1 1 à 125° 18. 820° 
97r Г т 287 207 
Wc * 1. Um. a = 1m oF 


CONVERTING MEASURES Convert the degree measure to radians or the radian 
measure to degrees. 


(з) 40° 24. 315° 25, 260” 26. 500° 
z uu 14т 

27. 9 28. 4 28. 57 30. 15 

31. * MULTIPLE CHOICE Which angle measure is equivalent to 157 radians? 
СА) 30° (В) 390° (С) 750° © 1110? 


FINDING АНС LENGTH AND AREA Find the arc length and area of a sector with 
the given radius r and central angle 0. 


ы у= 37 
33. r=3m,0 12 


36. r=18m,0=25 


32. r-4in, 0 T 34. r — 15 cm, 0 — 45? 


6 


35. r= 12 ft, 0 = 150° 37. r= 25 in,, 0 = 270° 


(6) (40) 720 cm X 


EVALUATING FUNCTIONS Evaluate the trigonometric function using a calculator 
if necessary. If possible, give an exact answer. 


38. ERROR ANALYSIS Describe and correct 
the error in finding the area of a sector 
with a radius of 6 centimeters and a 
central angle of 40°. 


39. cos Z 40. sin Z 41. tan Z 42. sec Z 
Os 1 ec? 

43. сої Z 44. cos 2 45. sin 37 46. csc 17 
8 6 7 15 


47. CHALLENGE There are 60 minutes in 1 degree of arc, and 60 secondsin 1 
minute of arc. The notation 50? 30' 10" represents an angle with a measure of 
50 degrees, 30 minutes, and 10 seconds. 


a. Write the angle measure 70.55” using the notation above. 


b. Write the angle measure 110? 45' 30" to the nearest thousandth of a degree. 
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PROBLEM SOLVING 


; EXAMPLES 


: on pp. 859-861 
: for Exs. 48-50 


: E T ons элй: 
: for Exs. 51-53 
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48. 


49. 


50. 


D MULTI-STEP PROBLEM A scientist performed an 


52. 


ASTRONOMY In astronomy, the terminator is the 
day-night line on a planet that divides the planet 
into daytime and nighttime regions. The terminator 
moves across the planet’s surface as the planet 
rotates. It takes about 4 hours for Earth’s terminator 
to move across the continental United States. 
Through what angle has Earth rotated during this 
time? Give the answer in both degrees and radians. 


EA > > 
@Нот elutor for problem solving help at classzone.com 


CD PLAYER When a CD player reads information from the outer edge of a CD, 
the CD spins about 200 revolutions per minute. At that speed, through what 
angle does a point on the CD spin in one minute? Give the answer in both 
degrees and radians. 


Fe poss v NL А 
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Ж SHORT RESPONSE You work every Saturday from 9:00 A.M. to 5:00 P.M. 
Draw a diagram that shows the rotation completed by the hour hand of 

a clock during this time. Find the measure of the angle generated by the 
hour hand in both degrees and radians. Compare this angle with the angle 
generated by the minute hand from 9:00 A.M. to 5:00 P.M. 


experiment to study the effects of gravitational 
force on humans. In order for humans to 
experience twice Earth’s gravity, they were 
placed in a centrifuge 58 feet long and spun 

at a rate of about 15 revolutions per minute. 


a. Through how many radians did the people 
rotate each second? 


b. Find the length of the arc through which the 
people rotated each second. 


MULTI-STEP PROBLEM In the shot put event at the 2004 Summer Olympic 
Games, the winning shot was 21.16 meters. For a shot put to be fair, it must 
land within a sector having a central angle of 34.92°. 


a. If the officials drew an arc across the fair landing area marking the 
farthest throw, how long would the arc be? 


b. All fair shot puts in the 2004 Olympics landed within a sector bounded by 
the arc from part (a). What is the area of this sector? 


. ж EXTENDED RESPONSE A spiral staircase has 15 steps. Each step is a sector 


with a radius of 42 inches and a central angle of s 


a. What is the length of the arc formed by the outer edge of a step? 


b. Through what angle would you rotate by climbing the stairs? Include a 
sixteenth turn for stepping up on the landing. Explain your reasoning. 


c. How many square inches of carpeting would you need to cover the 
15 steps? 


j AT mured f 1 ca a ge = 
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= WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
on p. WS1 TEST PRACTICE 


54. CHALLENGE A dartboard is divided into 20 sectors. Each sector is worth а 
point value from 1 to 20 and has shaded regions that double or triple this 
value. А sector is shown below. 3. 


a. Find the areas of the entire sector, the double region, and the triple 
region. 


b. A dart you throw randomly lands somewhere inside the sector. What is 
the probability that it lands in the double region? in the triple region? 


LIMITED |. 1 1 


; PREVIEW Simplify the expression. (p. 266) 
Missi 55. V54 56. V320 57. V36 - V18 58. УЗ. V60 
: in Exs. 55-62. [5. 27 У12 o V28 
59. Vas 60. {27 61. Vs 62. Vs 
| Write an equation of the line tangent to the given circle at the given point. (p. 626) 
63. x^ + y? = 53; (7, 2) 64. x? + y? = 40; (2, 6) 65. x? + y? = 146; (5, 11) 
Find the number of permutations or combinations. 
66. „Р, (р. 682) 67. „Р, (р.682) 68. ,,P, (p. 682) 69. „Р, (p. 682) 
70. „С, (р. 690) 71. „С, (р. 690) 72. C, (р. 690) 73. „С, (р. 690) 


QUIZ for Lessons 13.1-13.2 


Solve A АВС using the diagram and the given measurements. (p. 852) 


1. А = 50%, а = 14 2, А = 25°, b = 10 В 
$.B-70,2a—5 4. В = 42°, c = 18 а E 
5. А = 15% а = 9 6. В = 37°, с = 12 
C b A 
Find one positive angle and one negative angle that are coterminal with the 
given angle. (p. 859) 
7. 115° 8. 290° g; sm fü; um 


9 5 


11. Find the arc length and area of a sector with a radius of 8 inches and a 
central angle of @ = 115”. (p. 859) 


12. ESCALATOR The escalator at the Wilshire/Vermont Metro Rail Station in 


Los Angeles has an angle of elevation of 30°. The length of the escalator is 
152 feet. What is the height of the escalator? (p. 852) 
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13.3 


You evaluated trigonometric functions of an acute angle. 
You will evaluate trigonometric functions of any angle. 


“Key Voca 
» unit circle 
e quadrantal angle 
* reference angle 


Evaluate Trigonometric 
Functions of Any Angle 


You can generalize the right-triangle definitions of trigonometric functions from 
Lesson 13.1 so that they apply to any angle in standard position. 


KEY CONCEPT 


General Definitions of Trigonometric Functions 


Let 0 be an angle in standard position, and let (x, y) 
be the point where the terminal side of 0 intersects 
the circle х? + у? = r°. The six trigonometric 


functions of 8 are defined as follows: 


у r 


sin 0 = = cscóo==,y*0 
r y 

cos 0 == secd=—1,x#0 

tan 9— 7 x #0 сої6 = 5, y * 0 


These functions are sometimes called circular functions. 


(TED eaae trigonometric funcions given a poi 


Let (—4, 3) bea point on the terminal side of an 
angle 0 in standard position. Evaluate the six 
trigonometric functions of 0. 


Solution 


Use the Pythagorean theorem to find the value of r. 


г=\х? + у? = V(-4? + 3? =V25 = 5 


Using x = —4, y= 3, and г = 5, you can write 


the following: 
sin 0 = cos 0 a - 
csc ө y 3 sec 0 = 1 
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я SPREE 


КЕҮ СОМСЕРТ For Your Notebook 


The Unit Circle 
The circle x + y! = 1, which пан center (0, 0) 


of sin 0 апіс cos Ü are simply the y-coordinate and 
x-coordinate, respectively, of the point where the 
terminal side of 0 intersects the unit circle. 


en н а А quadrantal angle 
terminal side lies on an axis. The measure of a Judi nid is deem a 


multiple of 90*, or S 7 radians. 


| EXAMPLE 2 ] Use the unit circle 


| Use the unit circle to evaluate the six trigonometric functions of Ө = 270°. 


: ANOTHER WAY _ Solution 
: The general circle 

: x? + y? = г can also 

: be used to find the 

: trigonometric functions 


Draw the unit circle, then draw the angle 6 = 270° in 
standard position. The terminal side of 0 intersects 
the unit circle at (0, —1), so use x = 0 and y = —1 to 


: of 0 = 270°. The evaluate the trigonometric functions. 

: terminal side of 6 meus Sl PN 

: intersects the circle at singe SS csc 0 = = а 1 

: (0, —r). Therefore: 

Wa ee ЖГ соз Ө= ® = = 0 sec 0 = © = Y undefined 
. F 

: The other functions can y " 

: be evaluated similarly. fnac а undefined meg ea 


“a mec ed Aleebra 
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4. Use the unit circle to evaluate the six trigonometric functions of 0 = 180°. 
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КЕҮ СОМСЕРТ For Your Notebook 


Reference Angle Relationships 


; READING — > Let @be an angle in standard position. The reference angle for 0 is the acute 
: The symbol 6’ is read : angle 6' formed by the terminal side of 9 and the x- axis. The relationship 
: as “theta prime." |: between 0 and 6' is shown below for nonquadrantal angles 0 such that 


90? < 0 < 360° de 0< 27), 


Quadrant Il Quadrant 111 Quadrant IV 


> Degrees: 0' = 180° — 0 Degrees: 0' = 0 — 180° Degrees: 0' = 360° — 0 
Radians: 0' = 7— 0 Radians: 6’ = 0— 7 Radians: 0' = 27 — 0 


MM 


Find the reference angle 0' for (a) 0 — and (b) 0 = —130*. 
Solution 
a. The terminal side of 0lies in Quadrant IV. So, 0' = 2a — OF = q 


b. Note that 0 is coterminal with 230°, whose terminal side lies in 
Quadrant III. So, 6’ = 230° — 180° = 50°. 


EVALUATING TRIGONOMETRIC FUNCTIONS Reference angles allow you to 
evaluate a trigonometric function for any angle 8. The sign of the trigonometric 
function value depends on the quadrant in which 0 lies. 


KEY CONCEPT for Vour Wotebook 


Evaluating Trigonometric Functions 


Use these steps to evaluate a Signs of Function Values 


trigonometric function for any angle 6: Quadrantl| Ay Quadrant! 


STEP? Find the reference angle 6’. sin 0,csc 0: +| sine esco: + 
cos 0, 5ес 0: — | cosé,secé@: + 
STEP 2 Evaluate the trigonometric tan6,cotó: — | tan@,coté: + 


function for 0”. 


| Quadrant III QuadrantlV х 
Ж паа the quadrant in which tsná.cotó: -| tanó.cotó: — 
À jes. 
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GUTI use reference angles to evaluate functions | 


173r 
6 . 


Evaluate (a) tan (—240?) and (b) csc 
| 
Solution 
a. The angle —240° is coterminal with 120°. The 
reference angle is 6’ = 180° — 120° = 60°. The 


tangent function is negative in Quadrant II, 
so you can write: 


tan (—240°) = —tan 60° = —V3 


b. The angle 177 is coterminal with эл, Тһе 


6 
reference angle is 0' = т — э” = e The 
cosecant function is positive in Quadrant II, 


so you can write: 
177 


= AE ы. 
С5С 6 csc = 2 


.V/ Gume Practice | for Examples 3 anda 
Sketch the angle. Then find its reference angle. 


5. 210° 6. —260° 7. -tm 8. Ex 


|. 9. Evaluate cos (—210°) without using a calculator. 


| EXAMPLE 5 ] Calculate horizontal distance traveled О 
| S S 


ROBOTICS The "frogbot" is a robot designed for exploring 
rough terrain on other planets. It can jump at a 45° angle 
and with an initial speed of 16 feet per second. On 
Earth, the horizontal distance d (in feet) traveled 
by a projectile launched at an angle 0 and with 

an initial speed v (in feet per second) is given by: 


ч. 
== + 
__———————— 


Frogbot 


: INTERPRET MODELS v . 
dm СЕЎ 5 = — sin 20 
: This model neglects air 32 
: resistance and assumes | How far can the frogbot jump on Earth? 
: that the projectile's 
: starting and ending s 
: heights are the same. Solution 
d = = sin 20 Write model for horizontal distance. 


2 
- = sin (2 • 45°) Substitute 16 for v and 45° for 0. 


| =8 Simplify. 


» The frogbot can jump a horizontal distance of 8 feet on Earth. 
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341 14932 Model with a trigonometric function 


ROCK CLIMBING А rock climber is using a rock 
climbing treadmill that is 10.5 feet long. The climber 
begins by lying horizontally on the treadmill, which 

is then rotated about its midpoint by 110? so that 

| the rock climber is climbing towards the top. If the 
midpoint of the treadmill is 6 feet above the ground, 
how high above the ground is the top of the treadmill? 


Solution 6 ft 
sin 0 = 7 Use definition of sine. | 
sin 110°=—2— Substitute 110° for @ and 105 = 5.25 forr. 
5.25 2 
4.9 = y Solve for y. 


» The top of the treadmill is about 6 + 4.9 = 10.9 feet above the ground. 


" 


Y GUIDED PRACTICE — for Examples 5 and 6 


10. TRACK AND FIELD Estimate the horizontal distance traveled by a track and 
field long jumper who jumps at an angle of 20° and with an initial speed of 
27 feet per second. 


11. WHAT IF? In Example 6, how high is the top of the rock climbing treadmill 
if it is rotated 100° about its midpoint? 


HOMEWORK: () = WORKED-OUT SOLUTIONS | 
KEY: on p. WS22 for Exs. 5, 17, and 37 | 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 11, 33, 37, and 39 


13.3 EXERCISES 


1. VOCABULARY Copy and complete: A(n) _? is an angle in standard position 
whose terminal side lies on an axis. 


2. Ж WRITING Given an angle 68 in Quadrant III, explain how you can use a 
reference angle to find cos Ө. 


: EXAMPLE 1 | USINGA POINT Use the given point on the terminal side of an angle 0 in 


: on p. 866 standard position to evaluate the six trigonometric functions of Ө. 
eee 3. (8, 15) 4. (-9, 12) (s) —24) 6. (5, —12) 
7. (2, 2) 8. (—6, 9) 9. (—3, —5) 10. (5, -V11) 


11. * MULTIPLE CHOICE Let (—7, —4) be a point on the terminal side of an angle 0 
in standard position. What is the value of tan 0? 


qo -1 & -4 © 4 ® 


Fi 


> | 
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: EXAMPLE 2 


= RA 


: on p. 867 
: for Exs. 12-15 


: EXAMPLE 3 


: on p. 868 
: for Exs. 16-23 


: EXAMPLE 4 


| 


QUADRANTAL ANGLES Evaluate the six trigonometric functions of Ө. 


12. 0=0° 13. 0-2 14. 0 = 540° 15. 0= 77 


FINDING REFERENCE ANGLES Sketch the angle. Then find its reference angle. 


16. —100° (17) 150° 18. 320° 19; -370 
97 8T 157 _ 137 
20. 6 21. 3 22. 1 28. 6 


EVALUATING FUNCTIONS Evaluate the function without using a calculator. 


24. sec 135° 25. tan 240° 26. sin (—150°) 27. csc (—420°) 
in Ex) (¿7 | Пт 
28. COS 1 29. cot | 3 30. tan n 3l. sec 6 
32. ERROR ANALYSIS Let (4, 3) be a point on the 
terminal side of an angle 0 in standard position. tan 
Describe and correct the error in finding tan Ө. 


33. ж SHORT RESPONSE Write tan 0 as the ratio of two other trigonometric 
functions. Use this ratio to explain why tan 90° is undefined but cot 90° = 0, 


34. CHALLENGE A line with slope т passes through the origin. Ап angle 0 in 
standard position has a terminal side that coincides with the line. Use a 
trigonometric function to relate the slope of the line to the angle. 


B AAA 


: on p. 869 
: for Exs. 35-36 


: for Exs. 37-38 


In Exercises 35 and 36, use the formula in Example 5 on page 869. 


35. FOOTBALL You and a friend each kick a football with an initial speed of 
49 feet per second. Your kick is projected at an angle of 45° and your friend's 
kick is projected at an angle of 60°. About how much farther will your football 
travel than your friend's football? 


ч 


@HomeTutor | Iving h | 
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A 


36. IN-LINE SKATING At what speed must the in-line skater launch himself off 
the ramp in order to land on the other side of the ramp? 


бнг) 
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67) Ж SHORT RESPONSE A Ferris wheel has a radius of 75 feet. You board a car at 
the bottom of the Ferris wheel, which is 10 feet above the ground, and rotate 
255° counterclockwise before the ride temporarily stops. How high above 
the ground are you when the ride stops? If the radius of the Ferris wheel is 
doubled, is your height above the ground doubled? Explain. 
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38. MULTI-STEP PROBLEM When two atoms in a molecule 
are bonded to a common atom, chemists are interested 
in both the bond angle and the lengths of the bonds. An 
ozone molecule (O,) is made up of two oxygen atoms 
bonded to a third oxygen atom, as shown. 


a. In the diagram, coordinates are given in picometers 
(pm). (Note: 1 pm = 107! m.) Find the coordinates 
(x, y) of the center of the oxygen atom in Quadrant II. 


b. Find the distance d (in picometers) between the 
centers of the two unbonded oxygen atoms. 


39. * EXTENDED RESPONSE A sprinkler at ground level is used to water a garden. 
The water leaving the sprinkler has an initial speed of 25 feet per second. 


a. Calculate Copy the table below. Use the formula in Example 5 on 
page 869 to complete the table. 


b. Interpret What value of 6 appears to maximize the horizontal distance 
traveled by the water? Use the formula for horizontal distance traveled 
and the unit circle to explain why your answer makes sense. 


c. Compare Compare the horizontal distance traveled by the water when 
0 = (45 — k)? with the distance when 0 = (45 + k)”. 


40. CHALLENGE The latitude of a point on Earth is the Circle of 
degree measure of the shortest arc from that point to latitude 
the equator. For example, the latitude of point P in the | 
diagram equals the degree measure of arc РЕ. At what 
latitude 0 is the circumference of the circle of latitude 
at P half the distance around the equator? 


Equator 


‘MIXED Review ЗЭЭ ` 


: PREVIEW 
} Prepare for 
: Lesson 13.4 


? in Exs. 41-46. 
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Graph the function f. Then use the graph to determine whether the inverse of f 
is a function. (p. 438) 


41. f(x) =5x+2 42. f(x) = x - 7 43. f(x) = х? +5 
44. f(x) = 422, x20 45. f(x) = 0.25x? 46. f(x) = |x- 7| 


Find the range and standard deviation of the data set. (p. 744) 
47, 3,5;2,3, 51,8,4 48, 18,12; 15,9, 13,7, 4,17 
49. 5.9, 8.2, 3.7, 6.1, 2.9, 1.8, 5.7 50. 54, 60, 57, 53, 59, 51, 56, 62 


Find the sum of the series. 


15 18 24 
51. à. Gi + 2) (p. 802) 52. 2. ai + 1) (p. 802) 53. 2,07 — 2i) (p. 802) 
i=] i= i= 
2 — L lai! Sil 
54. 2,263) (p. 810) 55. Las (p. 810) 56. PED (p. 820) 


EXTRA PRACTICE for Lesson 13.3, p. 1022 #9 ONLINE QUIZ at classzone.com 


Lessons 13.1-13.3 


1. MULTI-STEP PROBLEM Your school's marching 5. SHORT RESPONSE The top of the Space Needle 


band is performing at halftime during a 
football game. In the last formation, the band 
members form a circle 100 feet wide in the 
center of the field. You start at a point on the 
circle 100 feet from the goal line, march 300° 
around the circle, and then walk toward the 
goal line to exit the field. 


TT, ч аг 
„ 
[ ositi Пп 


E 
oa) | 
^ jn. 
sapirparpropiipas rey 300; brije вт гарав рва 
РТ E 


[Г 


Goal line 


Г А 


aapripaa raris 5 CE "i 
| | E 


a. How far from the goal line are you at the 
point where you leave the circle? 


b. How far do you march around the circle? 


2. MULTI-STEP PROBLEM You are flying a kite 


at an angle of 70°. You have let out a total of 
400 feet of string and are holding the reel 
steady 4 feet above the ground. 


Not drawn 
to scale 


a. How high above the ground is the kite? 


b. A friend watching the kite estimates that the 
angle of elevation to the kite is 85°. How far 
from your friend are you standing? 


3. GRIDDED ANSWER What is the reference angle, 


in degrees, for the angle 0 = 560°? 


4. OPEN-ENDED What is the measure, in 


degrees, of an angle for which the secant 
is positive and the cotangent is negative? 


in Seattle, Washington, is a revolving, circular 
restaurant. The restaurant has a radius of 
47.25 feet and makes one complete revolution 
in about an hour. You have dinner at a window 
table from 7:00 P.M. to 8:55 P.M. 


a. How many feet do you revolve? 


b. Do diners seated 5 feet away from the 
windows revolve the same distance? 
Explain. 


. MULTI-STEP PROBLEM You are standing 

100 meters from the main entrance of the 
Sears Tower in Chicago, Illinois. You estimate 
that the angle of elevation to the top of the 
skyscraper is 77°. 


а. What is the approximate height h of the 
Sears Tower? 


b. Suppose one of your friends is at the top of 
the Sears Tower. What is the straight-line 
distance d between you and your friend? 


. EXTENDED RESPONSE A pizza shop offers 


two choices for individual pizza slices, as 
shown. 


a. Find the area of each slice of pizza. 


b. Which slice is the better deal? Explain 
your reasoning. 


c. How could you change the price of the 
7 inch slice so that neither slice offers a 
better deal than the other? 


Tin. 
Eih: М 


$1.50 $1.70 
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Ї 
in venice н ne ACTIVITY Use before Lesson 13.4 


Investigating Inverse 
Trigonometric Functions 


MATERIALS + paper and pencil 


STEP T| Make a table Copy and complete the table to find the values of 
f(8) = sin бапа g(0) = cos 0 for each of the given values of 6. 


0 —ar 


Ад = пө |? | 
g(0-cosó | ? 


Analyze sine Use the table Anatyze cosine Does 

to explain why f(8) = sin 0 does not g(0) = cos Ө have an inverse function 
have an inverse function on the оп the domain —7 s 0 = т? Explain 
domain —7 s 0 s т. why or why not. 


Use graphs The graphs of f(0) = sin 9 and g(0) = cos 0 are shown for the 
domain —7 s 0 < т. Explain how the graphs justify your answers in Steps 2 and 3. 


f(0) — sin 0 g(@) = cos 0 


Inc. caun nee ne niafafhaca aye 


1. Use the graph of f(0) = sin 0 in Step 4 to choose a restricted domain for 
which the sine function does have an inverse function. Explain how you 
made your choice. 

. Give a restricted domain for which g(@) = cos 6 has an inverse function. 
Explain how you chose the domain. 


. Are the domains that you wrote in Exercises 1 and 2 the only domains 
for which the trigonometric functions have inverse functions? Explain. 
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* inverse sine 
* inverse cosine 
* inverse tangent 


Evaluate Inverse 
Trigonometric Functions 


You found values of trigonometric functions given angles. 
You will find angles given values of trigonometric functions. 
So you can find launch angles, as in Example 4. 


So far in this chapter, you have learned to evaluate trigonometric functions of a 
given angle. In this lesson, you will study the reverse problem—finding an angle 
that corresponds to a given value of a trigonometric function. 


Suppose you were asked to find an angle 0 whose sine is 0.5. After considering the 
problem, you would realize many such angles exist. For instance, the angles 


т от 137» l77 jung 7/7 


Hg ud uui 
all have a sine value of 0.5. To obtain a unique angle 0 such that sin 0 — 0.5, you 


must restrict the domain of the sine function. Domain restrictions allow the 
inverse sine, inverse cosine, and inverse tangent functions to be defined. 


i- KEY CONCEPT For Vour Wotebook 


1: Inverse Trigonometric Functions 


P: If —1 sa = 1l, then the invers erse sine of a is an 
: angle 6, written 0 = sin” a, a, where: 


(1) sin 0 =a 
(2) EL 0 = 2 (or —90° s 0 < 90°) 


oO 8 6 6 € 9 65 6 ш 6 6 V 


> If —1<a<1l, then the inverse cosine of a is an 
>= angle 6, written 0 — cos ^! a, nc 


(1) cos 8— a 
(2)0<6<7 (or 0° < 6s 180°) 


If a is апу real number, then the inverse 
ent of ais an angle 6, written Ө = tan” Lu 
р where: 


(1) tan 0 = a 
H= 5 <0<-> (or —90° < 9 < 90°) 


13.4 Evaluate Inverse Trigonometric Functions 
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[ EXAMPLE 1 | Evaluate inverse trigonometric functions | 


Evaluate the expression in both radians and degrees. 


a. cos ! YR b. sin”? 2 c. tan ! (- V3) 
Solution 
a When 0 = 0 = 7, or 0° < 0 <s 180°, the angle whose cosine is Уз is: 
-ї УЗ 


6 or Ө = cos ) 30 


b. There is no angle whose sine is 2. So, sin ! 2 is undefined. 


c. When =? «0« » or —90° < 6 < 90°, the angle whose tangent is —V3 is: 


Ө = tan? (- V3) = = or 6=tan !(—V3) = —60° 


CAEP solve a trigonometric equation 


Solve the equation sin 0 = = where 180° < 0 < 270°. 


Solution 


: USE A CALCULATOR | 
Ж ЕДЕНДЕ Э ТЕРТ Usea calculator to determine that in the 


: ON MORE пов, interval —90° « 0 « 90°, the angle whose 
: you can evaluate 


: inverse trigonometric sine is — is sin! [-2) == —38.7°. This 

: functions using the | - 8 сана ^ d h 

: keys ERE) EX for angle is in Quadrant IV, as shown. 

: inverse sine, 7] STEP 2 Find the angle in Quadrant III (where 

for inverse cosine, and | 180° < 8 < 270°) that has the same sine 

: ER eens | value as the angle in Step 1. The angle is: 
: tangent. 0 — 180° + 38.7? = 218.7" 


CHECK Use a calculator to check the answer. 


sin 218.7? = —0.625 = -2 " 


GUIDED PRACTICE for Examples 1 and 2 


Evaluate the expression in both radians and degrees. 


1. sin! V2 2. cos! 3. tan ! (-1) 4. sin (-1| 


Solve the equation for 0. 


5. cos 0 = 0.4; 270° < 8 < 360° 6. tan 0 = 2.1; 180° < 0 < 270° 
7. sin 0 = — 0.23; 270° < 0 < 360° 8. їап 0 = 4.7; 180° < 0 < 270° 
9. sin 0 = 0.62; 90° < 0 < 180° 10. cos 0 = — 0.39; 180° < 8 < 270° 


876  Chapter13 Trigonometric Ratios and Functions 


Ж (ТЇЇШТҮЎ standardized test Practice О _ 


What is the measure of the angle 0 in the triangle shown? 


| 11 
CA) 28.6° (В) 33.1° 6 
(С) 56.9 (Б) 614? E 
: AVOID ERRORS Solution 


: All the answer choices 


E In the right triangle, you are given the lengths of the side adjacent to дапа the 
: are in degrees. : : 


: Therefore, check that hypotenuse, so use the inverse cosine function to solve for Ө. 


: your calculator is set adj _ 6 


sj = —— = —— — = E: 
: in degree mode, not cos 0 hyp 11 Ө = cos 


> The correct answerisC. GO (В) © OD 


Write and solve a trigonometric equation m 


MONSTER TRUCKS A monster truck 
drives off a ramp in order to jump 
onto a row of cars. The ramp has a 
height of 8 feet and a horizontal 
length of 20 feet. What is the angle 0 
of the ramp? 


le 


== 56.9° 


E 


1 
: radian mode. 


Solution 


STEP? Draw a triangle that represents the ramp. 
STEP2 Write a trigonometric equation that 8ft 
involves the ratio of the ramp's height and в) 


horizontal length. 


STEP 3 Use a calculator to find the measure of 8. 


a8 


3 ^ 21.8 


0 — tan 


_ > The angle of the ramp is about 22°. 


Y Guwen Practice for Examples 3 and 4 


Find the measure of the angle Ө. 


11. 12. 10 13. 
p 9 12 
4 8 5 
& 


14. WHAT IF? In Example 4, suppose a monster truck drives 26 feet on a ramp 
before jumping onto a row of cars. If the ramp is 10 feet high, what is the 
angle 0 of the ramp? 
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EXERCISES HOMEWORK: (Су = WORKED-OUT SOLUTIONS 
1 3 A KEY: on p. WS22 for Exs. 7, 23, and 37 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 11, 30, 31, 37, and 38 


Г SKILL PRACTICE 


1. VOCABULARY Copy and complete: The, ? sine of 5 is T or 30*. 


2. ж WRITING Explain why tan? 3 is defined, but cos ! 3 is undefined. 


: EXAMPLE 1 | EVALUATING EXPRESSIONS Evaluate the expression without using a calculator. 
: опр.876 | Give your answer in both radians and degrees. 


: for Exs. 3—1] 3. sin! 1 4. tan? (—1) 5. cos 10 6. cos | (—2) 


¿1 V3 se a- a (1) 
(T)sin 2 8. sin 2 9. tan 3 10. cos 2 


11. * MULTIPLE CHOICE What is the value of the expression cos ! уз 


(СА) 0° 30° СС) 45° 60° 


USING A CALCULATOR Use a calculator to evaluate the expression in both 
radians and degrees. 
12. sin ! 0.18 13. tan ! 2.6 14. cos * 0.36 15. cos * (—0.4) 


16. tan ! (—0.75) 17. sin ! (-0.2) 18. sin ! 0.8 19. cos ! 0.99 


: EXAMPLE2 | SOLVING EQUATIONS Solve the equation for 0. 


B sarna asas | 


:onp.876 — | 20. cos 0 = —0.82; 180° < 0 < 270° 21. sin 0 = —0.45; 180° < 0 < 270? 
: for Exs. 20-26 
22. sin 0 = 0.15; 90° < 0 < 180? (23) tan 0 = 3.2; 180° « 0 « 270? 
24. tan 0 = —5.3; 90° < 0 < 180° 25. cos 0 = 0.25; 270° < 0 < 360° 


26. ERROR ANALYSIS Describe and correct the 


E : : 3 The angle whose sine is O.7 is 

error in solving the equation sin 0 — 0.7 | 
en в sin 07 444,50 44 4 

where 90° < 0 < 180°. 


: EXAMPLE 3 FINDING ANGLES Find the measure of the angle 0. 


ESI Ser 27. 28. @ 


: for Exs. 27—29 » 
ч 1 Fo 
ÓN 6 


30. ж OPEN-ENDED MATH Suppose cos 0 > 0 and sin 0 < 0. Give a possible value 
of 0 such that —360° < 0 < 0°. 


31. ж OPEN-ENDED MATH Suppose sin 0 < 0 and tan 0 > 0. Give a possible value 
of 0 such that 360° < 0 < 720°. 


CHALLENGE Rewrite the expression so that it does not involve trigonometric 
functions or inverse trigonometric functions. 


32. csc (sin ! x) 33. cot (tan ! x) 34. sec (cos | x) 
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: EXAMPLE 4 


SPP SSSR SPR SEES SES 


: for EXS: 35-37 


PROBLEM SOLVING 


35. 


(37) Ж SHORT RESPONSE Different types of granular 


39. 


LADDER ANGLE A fire truck has a 100 foot ladder whose base is 10 feet above 
the ground. A firefighter extends a ladder toward a burning building to 
reach a window 90 feet above the ground. Draw a diagram to represent this 
situation. At what angle should the firefighter set the ladder? 


ieTut о! ог F for problem solving help at classzone.com 


. ANGLE OF DESCENT An airplane is flying at an altitude of 31,000 feet when it 


begins its descent for landing. If the runway is 104 miles away, at what angle 
does the airplane descend? 


ym: eTut to! or for problem solving help at dasszone.com 


substances naturally settle at different angles when 
stored in cone-shaped piles. The angle 8 is called 
the angle of repose. When rock salt is stored in a 
cone-shaped pile 11 feet high, the diameter of the 
pile's base is about 34 feet. Find the angle of repose 
for rock salt. If another pile of rock salt is 15 feet 
high, what is the diameter of its base? Explain. 


. * EXTENDED RESPONSE If you are in shallow water and look at an object 


below the surface of the water, the object will look farther away from you 
than it really is. This is because when light rays pass between air and 
water, the water refracts, or bends, the light rays. The index of refraction 
for water is 1.333. This is the ratio of the sine of 6, to the sine of 6, for the 
angles 6, and 6, shown below. 


a. You are in 4 feet of water in the shallow end of a pool. You look down at 
some goggles at angle 0, — 70^ (measured from a line perpendicular to 
the surface of the water). Find 6,. 


b. Find the distances x and y. 


c. Find the distance d between where the goggles are and where they 
appear to be. 


d. Explain what happens to d as you move closer to the goggles. 


CYCLING As a spectator at a cycling road race, you are sitting 100 feet from 
the center of a straightaway. A cyclist traveling 30 miles per hour passes in 
front of you. At what angle do you have to turn your head to see the cyclist 

t seconds later? Assume the cyclist is still on the straightaway and is traveling 
at a constant speed. (Hint: First convert 30 miles per hour to a speed vin 

feet per second. The expression vt represents the distance, in feet, traveled by 
the cyclist.) 


13.4 Evaluate Inverse Trigonometric Functions 


IZA potra Gp A 
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40. CHALLENGE You want to photograph a painting 
with a camera mounted on a tripod. The painting 
is 3 feet tall, and the bottom of the painting is 1 foot 
above the camera lens, as shown. How far should 
the camera be positioned from the wall in order 
to have the largest possible viewing angle 0 when 
you take the photograph? (Hint: Write an equation 
for 0 in terms of x only, and then use a graphing 
calculator to find the value of x that maximizes Ө.) 


: PREVIEW 


: Prepare for —— 
{ Lesson 13.5 
: in Exs. 50-55. 


Solve the equation. 


41. х+4= 1х — 5 (p.18) 42. 18x? + x — 5 = 0 (p.259) 43. 12x? = 8х + 15 (p. 259) 


44. Зх? —30x — 9 = 0 (p.284) 45. 27x? — 64 = 0 (p. 353) 46. Wx + 12 = 5 (р. 452) 
47. (6x — 10 = 243 (р. 452) 48. 8* * = 32?* 8 (p, 515) 49. 10% — 6 = 12 (р. 515) 


Solve the rational equation. Check for extraneous solutions. (р. 589) 


a x x-5 uns x-6 x = 2+x Ах 
5 7 1 x 3x 12 

= — к нн = + 
= x+1 3 х+1 3 x-E3 ЗЕТ 16 за 4 E х= 4 


QUIZ for Lessons 13.3-13.4 
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Use the given point on the terminal side of an angle 0 in standard position to 
evaluate the six trigonometric functions of Ө. (р. 866) 


1. (6, —2) 2. (71,5) 3. (4, 8) 4. (—12, —3) 
Evaluate the expression without using a calculator. (p. 866) 


5. cos 150° 6. tan ЁТ 7. sin (—840°) 8. зес[ 42€) 


Evaluate the expression without using a calculator. Give your answer in both 
radians and degrees. (p. 875) 


V2 


=] Ya 
9. СО$ | > 


10. sin ! (-1) 11. гап”! УЗ 12. cos” 


Solve the equation for Ө. (р. 875) 

13. sin 0 = 0.3; 90° < 0 < 180° 14. tan 0 = 6; 180° < 0 < 270° 

15. cos 0 = —0.72; 90° < 0 < 180° 16. sin 0 = —0.55; 270° < 0< 360° 

17. ACROBATICS A stuntman uses a 30 foot rope to swing 136” between two 
platforms of equal height, grazing the ground in the middle of the swing. If 
the rope stays taut throughout the swing, how far above the ground was the 


stuntman at the beginning and the end of the swing? How far apart are the 
two platforms? (p. 875) 


EXTRA PRACTICE for Lesson 13.4, p.1022 2) ONLINE QUIZ at classzone.com 


«Software ACTIVI { | ү Use before Lesson 13.5 eTutor 


classzone.com 
Keystrokes 


„э Explore the Law of Sines 


[STEP 1] Draw a triangle [STEP 2| Measure parts of triangle 
Draw A ABC. Label the vertices and Find the side lengths a, b, and c. Also 
sides as shown. find the measures of angles A, B, and C. 


Find the ratios 224, sng 


‚апа me 


| Пп | i NO 1 Н 610 E 
L "PA ҮШ N 


1. What are the values of the ratios 34, mE and эп © for your triangle? 


What do you notice about these values? 


2. Change the shape of your triangle by dragging its vertices, and observe how 
the ratios you found in Step 3 change. Make a conjecture about how these 
ratios are related for any triangle. 


13.5 Apply the Law of Sines 


Apply the Law of Sines 


1 


3 ® 
You solved right triangles. 


[ Now | You will solve triangles that have no right angle. 
So you can find the distance between faraway objects, as in Ex. 44. 


. Key Vocabulary In Lesson 13.1, you solved right triangles. To solve a triangle with no right angle, 

* law of sines you need to know the length of at least one side and any two other parts of the 
triangle. The law of sines can be used to solve triangles when two angles and the 
length of any side are known (AAS or ASA cases), or when the lengths of two sides 
and an angle opposite one of the two sides are known (SSA case). 


: KEY CONCEPT For Your Notebook 
: Law of Sines 
> The law of sines can be written in either of the following B 
forms for AABC with sides of length a, b, and c. с i h a 
sinA _ sinB _ sinC Ba B = E 
a b C sinA  sinB  sinC A b É 


Solve a triangle for the AAS or ASA case 


Solve ^ ABC with C = 107°, B = 25°, and b = 15. C 

b = 15 а 
Solution 
First find the angle: А = 180° — 107° — 25° = 48°. А с В 


By the law of sines, you can write —@—— =—19— = ——© 


sin 48° sin25° sin 107° 


& 15 Write two equations, each c _ 15 
sin 48° sin 25° with one variable. sin 107° зіп 25° 
а= 15 sin 48° Solve for each variable. c= 15 sin 107° 
sin 25° sin 25° 
а= 26.4 Use a calculator. c = 33.9 


>In Л АВС, A = 48°, a = 26.4, and с = 33.9. 


СА GUIDED PRACTICE for Example 1 


Solve AABC. 
I; H-34,6C2100,.5-28 2. À-25L.B-BÉc-1l 
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: DESCRIBE CASES 


: Because the SSA case 

: can result in 0, 1, or 2 

: triangles, it is called the 
: ambiguous case. 


SSA CASE Two angles and one side (AAS or ASA) determine exactly one triangle. 
Two sides and an angle opposite one of the sides (SSA) may determine no 
triangle, one triangle, or two triangles. 


KEY CONCEPT For Your Notebook 


Possible Triangles in the SSA Case 


Consider a triangle in which you are given a, b, and A. By fixing side b and 
angle A, you can sketch the possible positions of side a to figure out how many 
triangles can be formed. In the diagrams below, note that h = bsin A. 


Ais obtuse. Ais acute. 
a а b 
b ГТ а 
N á n 
A A n 
а<р h>a h=a 
No triangle No triangle One triangle 
b b a 
NV 
A "END CU. A 
a>b h<a<b a2b 
One triangle Two triangles One triangle 


(EXAMPLE 2 ) Solve the SSA case with one solution 


Solve A ABC with A = 115°, a = 20, and b = 11. 


Solution 


First make a sketch. Because A is obtuse and the side 
opposite A is longer than the given adjacent side, you 
know that only one triangle can be formed. Use the law 
of sines to find B. 


sin B _ sin 115° А 
ll 29 Law of ѕіпеѕ 


sin B = 


Hsi He = 0.4985 Multiply each side by 11. 


В == 29.9° Use inverse sine function. 


You then know that C = 180° — 115° — 29.9? = 35.1". Use the law of sines again to 
find the remaining side length c of the triangle. 


C 20 А 
sin35.1° віп 115° кашап» 
20 sin 35.1° , : . 
= эле, Multiply each side by sin 35.1°. 
sin 115° ply y 
c= 12.7 Use a calculator. 


> In AABC, B = 29.9°, C = 35.1°, and с = 12.7. 


13.5 Apply the Law of Sines 
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[| EXAMPLE 3 | Examine the SSA case with no solution | 


Solve ^ ABC with A = 51°, a = 3.5, and b= 5. 


| Solution 


Begin by drawing a horizontal line. On one end 

. form a 51° angle (А) and draw a segment 5 units 
long (AC, or b). At vertex C, draw a segment 3.5 units 
long (a). You can see that a needs to be at least 

5 sin 51° = 3.9 units long to reach the horizontal side 
and form a triangle. So, it is not possible to draw the 
indicated triangle. 


( EXAMPLE 4 ] Solve the SSA case with two solutions NM 


Solve ^ ABC with A = 40°, a = 13, and b = 16. 


Solution 


First make a sketch. Because b sin A = 16 sin 40? = 10.3, and 
10.3 « 13 « 16 (h « a « b), two triangles can be formed. 


Triangle 1 | Triangle 2 


Use the law of sines to find the possible measures of B. 


sin B _ sin 40° 


16 13 Law of sines 


sin В = Done. = 0.7911 Use a calculator. 
There are two angles B between 0? and 180? for which sin B = 0.7911. One is 
acute and the other is obtuse. Use your calculator to find the acute angle: 


sin ! 0.7911 = 52.3", 


The obtuse angle has 52.3” as a reference angle, so its measure is 
180° — 52.3” = 127.7". Therefore, В = 52.3” or B = 127.7". 


Now find the remaining angle C and side length c for each triangle. 


Triangle 1 Triangle 2 
С = 180° — 40° — 52.3° = 87.7" C = 180° — 40° — 127.7° = 12.3° 
с a d _ C s 13 
sin87.7 . sin 40° sin 12.3 sin 40° 
_ 13sin 87.7 _ — 13 ѕіп 12.3 _ 
nap E станар ^07 
> In Triangle 1, В = 52.35, C = 87.7", > In Triangle 2, В = 127.7°, C = 12.3", 


and c = 20.2. and c = 4.3. 


*dAlgebDra at classzone.com 
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rice for Examples 2, 3, and 4 


LE 


Tr m 
"RAL 
ЕА 


3. А = 122°, а = 18, b = 12 4. А = 36% а = 9, Б = 12 
5. А = 50%, а = 2.8, Б = 4 6. В = 105°, р = 13,а = 6 


AREA ОЕ A TRIANGLE You can use the following result to find the area of a 
triangle when you know the lengths of two sides and the measure of the included 
angle. This result can also be used to derive the law of sines (see Exercise 42). 


KEY CONCEPT For Your Notebook 


Area of a Triangle 


The area of any triangle is given by one half the 
product of the lengths of two sides times the sine 
of their included angle. For AABC shown, there 
are three ways to calculate the area: 


> Area = she sin A Area = jac sin B Area — jab sin C 


Find the area of a triangle 


BIOLOGY Black-necked stilts are 
birds that live throughout Florida 
and surrounding areas but breed 
mostly in the triangular region 
shown on the map. Find the area 
of this region. 


Solution 


The area of the region is: 


Area — ibc sin А Write area formula. 


- 10125) (223) sin 54.2? Substitute. 


= 11,300 Use a calculator. 


> The area of the region is about 11,300 square miles. 


ег вау СТАЙ. 
GUIDED PRACTICE for Example 5 


Find the area of ^ ABC with the given side lengths and included angle. 
7. a=10,b= 14, C= 46° 8. a= 19, с = 8, В = 75° 
9. b= 11, с= 7,А = 120° 10. a = 20, b = 24, С = 87° 
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13.5 EXERCISES "=" Omara 
1 3.5 KEY: on p. WS23 for Exs. 13, 31, and 45 


Ж = STANDARDIZED TEST PRACTICE 
: Exs. 2, 28, 41, 47, апа 48 

: 4 = MULTIPLE REPRESENTATIONS 

i Ex. 45 


‘SKILL PRACTICE 


1. VOCABULARY What information do you need to use the law of sines? 


2. * WRITING Suppose a, b, and A are given for ^ ABC where A « 90°. Under 
what conditions would you have no triangle? one triangle? two triangles? 


: EXAMPLES IDENTIFYING CASES State the case (AAS, ASA, or SSA) applicable to the given 
: 1,2,3, and4 measurements, Then decide whether the measurements determine one 


: on pp. 882-884 | triangle, two triangles, or no triangle. 
: for Exs. 3-28 


3. А = 112°,a=9,b=4 4. A= 40°, C= 75°, с = 20 5. А = 52°, a = 32, b = 42 
6. А = 37°, а = 8, Б = 14 7. А = 28°, В = 64°, с = 55 8. А = 149% а= 7, р = 10 
9. В = 34°%р = 5,а = 16 10. В = 70°, р = 85, с = 88 11. С = 48°, с = 28, р = 20 


SOLVING TRIANGLES Solve ^ АВС. 


12. А 25 B 14. 
-— 
C 

15. B 16. A 1" B 17 B 

1° 

34 43 , 

17 
24° C 
C A C A 


SOLVING TRIANGLES Solve А ABC. (Hint: Some of the “triangles” have no 
solution and some have two solutions.) 


18. А = 73°, а = 18, b= 11 19. А = 26°, С = 35°, р = 13 20. В = 102°, С = 43°, р = 21 
21. А = 38°, а = 19, b = 25 22. А = 55°, В = 64°, с = 34 23. А = 114%, а = 15, b = 10 
24. С = 98°, с = 29, а = 33 25. А = 49°, В = 32°, b= 44 26. В = 21°, р = 17, с = 32 


27. ERROR ANALYSIS Describe and correct the error іп 
finding the measure of angle Cin the triangle below. sinC віп 55 


A C 
sinc *sn55 — 56908530 


3 ^6 79.4 
B 


28. * MULTIPLE CHOICE What is the side length cin AABCif A = 32°, C = 67°, 
and b = 31 ft? 


СА) 16.6 ft 28.9 ft (C 33.3 ft (D> 57.8 ft 
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: on p. 885 EEEE 0.55 
: for Exs. 29-41 


FINDING AREA Find the area of ^ ABC with the given side lengths and included 


angle. 

29. В = 12f,a=9,c= 11 30. А = 68°, b = 13,с= 7 (81) A = 34°, b = 29, с = 36 
32. C= 79°, а = 25, b = 17 33. В = 57° а = 9, с = 5 34. С = 96%, а = т, b = 15 
35. А = 130°, b = 23, с = 20 36. В = 60%, а = 19, с = 14 37. С = 29°, a = 38, b = 31 


FINDING AREA Find the area of ^ АВС. 


38. 


Р 39. A, — 


A " B C 


41. * MULTIPLE CHOICE What is the area of AABCif B = 52°, a = 29, and с = 24? 
274 units? (В) 348 units? (O) 548 units? (D) 696 units? 


42. CHALLENGE Using the triangle shown at the right as a 
reference, derive the formulas for the area of a triangle 
given on page 885. Then use the area formulas to 
derive the law of sines. 


| moe | -— 
: for Ex. 43 


: EXAMPLE 2 


© SPCC PPT 


: for Ex. 44 


tonp.885 
: for Exs. 45-46 


43. LIFEGUARDS Two lifeguards are watching 
a windsurfer. Use the information in the 
diagram to find the distance from each 
lifeguard to the windsurfer. 

@ HomeTutor | for problem solving help 

at classzone.com 


44. NEW YORK CITY You are on the observation deck of the Empire State 
Building looking at the Chrysler Building. When you turn 145° clockwise, 
you see the Statue of Liberty. You know that the Chrysler Building and the 
Empire State Building are about 0.6 mile apart and that the Chrysler Building 
and the Statue of Liberty are about 5.7 miles apart. Estimate the distance 
between the Empire State Building and the Statue of Liberty. 


ТЕ IPR 
()Homelutor | 


for problem solving help at classzone.com 


“Р MULTIPLE REPRESENTATIONS You are fertilizing a triangular garden. 
One side of the garden is 62 feet long and another side is 54 feet long. The 
angle opposite the 62 foot side is 58°. 


a. Drawing a Diagram Draw a diagram to represent this situation. 


b. Solving a Triangle Use the law of sines to solve the triangle you drew in 
part (a). 


c. Applying a Formula One bag of fertilizer covers an area of 200 square feet. 
How many bags of fertilizer will you need to cover the entire garden? 
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¡ PREVIEW | 


: Prepare for 
: Lesson 13.6 
: in Exs. 62—67. 
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| 


MIXED REVIEW S z 


46. MULTI-STEP PROBLEM Quadrilateral ABCD shown at 
the right is a kite. 


a. Find the area of AABD. 
b. Find the area of ABCD. 
c. Whatis the area of the kite? 


47. ж SHORT RESPONSE A building is constructed on top of a cliff that is 
300 meters high. A person standing on level ground below the cliff observes 
that the angle of elevation to the top of the building is 72^, and the angle of 
elevation to the top of the cliff is 63°. 


a. How far away is the person from the base of the cliff? 


b. Describe two different methods you can use to find the height of the 
building. Use one of these methods to find the building's height. 


48. * EXTENDED RESPONSE Use a graphing calculator to explore how the 
included angle in the formulas on page 885 affects a triangle's area. 


a. Model Choose lengths for two sides of the triangle. Let x represent the 
measure (in degrees) of the included angle. Write an equation that gives 
the triangle's area y as a function of x. 


b. Graphing Calculator Enter the equation from part (a) into a graphing 
calculator. Use the table feature to examine values of the area for 
0° < x? < 180°. Does the area always increase as x increases? Explain. 


c. Interpret What value of x maximizes the triangle's area? What is the 
maximum area, and how is it related to the side lengths you chose in 
part (a)? 


49. CHALLENGE The distance between Mercury and the sun is approximately 
36 million miles. The distance between Earth and the sun is approximately 
93 million miles. If on a certain day the angle (measured from Earth) 
between the sun and Mercury is 22°, what are the possible distances between 
Mercury and Earth? 


Perform the indicated operation. (p. 420) 


50. 6V13 — V13 51. 5(250)!? — 10(54)!/3 52. —2V160 + 4V 810 
53. 5(20)!/2 — 3(45)!/2 54. 9V/56 — V189 55. —6(88)!/3 + 9(297)!/3 


Perform the indicated operation and simplify. (p. 573) 


5x5 Xy 57, Lx cy” , 10xy gg, 30-9, x7 
xy 20xy? 2XyZ  х?уш? x=1 6x?—18 
4x°-16 х+5 x?+5x+6 . 6x2 + 11x+4 . 6x-8 
Ng, HA уа ко. во. —L 0 987 9 BER ау, AAA A 
x*^—25  4x-8 Зх? + 13x + 14 2xX^-3x-1 +1 
Solve the equation for 0. (p. 875) 
62. cos 0 = 0.75; 270° < 0 < 360? 63. cos 0 = —0.6; 180° < 0 < 270° 
64. cos 0 = —0.35; 90° < 0 < 180° 65. cos 0 = 0.92; 270° < 0 < 360° 
66. cos 0 = —0.28; 180° < 0 < 270° 67. cos 0 = 0.47; 270° < 08 < 360° 
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1 3.6 Apply the 


Law of Cosines 


You solved triangles using the law of sines. 


You will solve triangles using the law of cosines. 


So you can find angles formed by trapeze artists, as in Ex. 43. 


gles fo for the AAS, ASA, and SSA cases. In this 


Key Vocabula In Lesson 13.5, you solved uan 
e je of cosines lesson, you will use the law of cosines to solve triangles when two sides and the 


included angle are known (SAS), or when all three sides are known (SSS). 


KEY CONCEPT For Your Wotebook 
Law of Cosines 
If AABC has sides of length a, b, and c as shown, then: B 


a^ = b? + c? — 2bccos A м, 
b? = а? + c? — 2ас cos B 


с^ = д? + b? – 2ab cos С 


[| EXAMPLE | p Solve a triangle for the SAS case 


| 
| Solve AABCwith a = 11, c = 14, and B = 34°. B с = 14 А 
Solution А 
а = 11 
Use the law of cosines to find side length Р. А 
b? = а? + c? — 2ас соз В Law of cosines 
р? = 11% + 14? — 2(11)(14) cos 34° Substitute for a, c, and B. 
b* == 61.7 Simplify. 
= V61.7 = 7.85 Take positive square root. 
: ANOTHER WAY 
7 setessocensersoccrerseerseccsened Use the law of sines to find the measure of angle A. 
: When you know all - 
: three sides and one sinA _ sinB | 
: angle, you can use the a b wor ens 
: law of cosines or the и 
: law of sines to find the sin А _ sin 34 Substitute for a, b, and B. 
: Measure of a second 11 7.85 
: angle. 


sin A = Han... == 0.7836 Multiply each side by 11 and simplify. 


А = sin! 0.7836 = 51.67 Use inverse sine. 
The third angle C of the triangle is C = 180° — 34° — 51.6? = 94,4. 
> In AABC, b = 7.85, A = 51.6”, and C = 94.4”. 
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( EXAMPLE 2 | Solve a triangle for the SSS case m 


Solve ^ABC with a = 12, b = 27, and c = 20. 


Solution 


e rre estu un » First find the angle opposite the longest side, AC. Use 
the law of cosines to solve for B. 


: largest angle is found 


: first to make sure that b* = а? + c? — 2accos B Law of cosines 

: the other two angles are 2. i42 2 

: acute. This way, when 27° = 12° + 20° — 2(12)(20) cos B Substitute. 

: you use the law of sines 272 — 122 — 202 

: to find another angle -2ü2)g9 S — 

: measure, you will know 

: that it is between 0° —0.3854 = cos B — 

: and 90*. В = cos ! (-0.3854) = 112.7? Use inverse cosine. 


Now use the law of sines to find A. 


sinA  sinB 


Law of sines 
а b 


sinA _ sin 112.7" 
12. = 027 — Substitute for a, b, and B. 
sin А = йаш 112.7 = (0.4100 Multiply each side by 12 and simplify. 


A= sin? 0.4100 = 24.2? Use inverse sine. 


The third angle C of the triangle is C = 180° — 24.2° — 112.7° = 43.1. 
> In AABC, А = 24.2%, В = 112.7”, and C = 43.1°. 


Use the law of cosines in real life 


SCIENCE Scientists can use a set of footprints to calculate an organism's step 
angle, which is a measure of walking efficiency. The closer the step angle is to 
180*, the more efficiently the organism walked. 


The diagram at the right shows a set of 
footprints for a dinosaur. Find the step 
angle B. 


Solution 
b? = a? + с? — 2accos B Law of cosines 

316^ = 155^ + 197° — 2(155)(197) cos В Substitute. 
316^ — 155° — 197° 


—2055)097) — cos B Solve for cos B. 
—0.6062 = cos B Simplify. 
B = cos ! (—0.6062) = 127.3? Use inverse cosine. 


» The step angle B is about 127.3*. 
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1. a=8,c= 10, В = 48? 2. а= 14, Б = 16,с= 9 


3. WHAT IF? In Example 3, suppose that a = 193 cm, b = 335 cm, and 
с = 186 cm. Find the step angle Ө. 


HERON'S AREA FORMULA The law of cosines can be used to establish the 
following formula for the area of a triangle. The formula is credited to the Greek 
mathematician Heron (circa A.D. 100). 


i: KEY CONCEPT For Vour Wotebook 


Heron's Area Formula 


The area of the triangle with sides of length a, b, and c is 
Area = Vs(s — a)(s — bs — c) 


where s = F(a + b + c). The variable s is called the semiperimeter, or 


half-perimeter, of the triangle. 


oo Solve a multi-step problem o 
| URBAN PLANNING The intersection of A 
three streets forms a piece of land called > С - 
a traffic triangle. Find the area of the a = 170 yd a b = 240 yd 
traffic triangle shown. Кы 
| E p `D 
: ANOTHER WAY | Solution A Ed RE 


: For an alternative 

{ method for solving the 
: problem in Example 4, 
: turn to page 895 for 

: the Problem Solving 

: Workshop. 


STEP? Find the semiperimeter s. 
s-la-b-og- Lazo + 240 + 350) = 380 


STEP 2 Use Heron’s formula to find the area of А АВС. 
Area = Vs(s — a(s — b)(s — c) 
= V380(380 — 170)(380 — 240)(380 — 350) = 18,300 


| » The area of the traffic triangle is about 18,300 square yards. 


Jor Example 4 


| Find the area of ^ ABC. 
4, B 8 C S. B 6. A 23 C 
1 | 
p Ф; 
T " 15 
| A А g C 
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Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 20, 33, 34, 45, and 47 


EXERCISES HOMEWORK: (Су = WORKED-OUT SOLUTIONS 
1 3.6 KEY: on p. WS23 for Exs. 17, 25, and 45 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: In a triangle with sides of length a, b, 
and c, 1а + b + с) is called ће ? . 


2. * WRITING Express Heron's formula in words. 


: EXAMPLES CHOOSING A METHOD For the given case, tell whether you would use the law of 


| land2 зіпеѕ or the law of cosines to solve the triangle. 
ies | 8:598 4. ASA 5. SSA 6. SAS 7. AAS 
SOLVING TRIANGLES Solve AABC. 
8. A 9 B 9. А 10. 23 А 
23 26 C 
7 PAN 25 " 
С К а В 
SOLVING TRIANGLES Solve AABC. 
11. B=25,4=8,c=6 12. A= 103°, b = 15, c = 24 13. a= 18, b= 28, с = 13 
14. a= 38, b = 31, с = 35 15. С = 48°, а = 17, b= 20 16. В = 63°, а = 29, с = 38 
(17) a= 10,6=3,с= 12 18. а = 23, b = 24, с = 20 19. C = 96°, а = 35, р = 43 
20. * MULTIPLE CHOICE What is the measure of angle Bin AABCifa = 17, 
b — 29, and c = 14? 
QD 18.7? (В) 22.9? (бу 171.2" О) 138.4° 
: EXAMPLE4 | FINDING AREA Find the area of A ABC. 
: > se a dic = С T Y 30 - 
T 12 


21 B 20 C 


A 


FINDING AREA Find the area of ^ ABC with the given side lengths. 


2 gG—l12,b— Lg-8B (55)a- 5, b= 1, c= 10 26. а= 25,Б=24,6Є= 19 
27. a=14, Б = 20, c = 28 28. а = 31, р = 23, с = 17 29. а = 81, р = 67, с = 71 
30. a= 43, р = 59, с = 48 JL п 51р 5], б= 43 32. d= 38. b = 25,c = 61 


33. * MULTIPLE CHOICE What is the area of ^ ABC if a = 21, b = 16, and c = 13? 
QD 66 units? 104 units? ОС) 1350 units? (D) 4368 units? 


34. * SHORT RESPONSE Use the law of cosines to show that the measure of each 
angle of an equilateral triangle is 60°. Explain your reasoning. 
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35. ERROR ANALYSIS Describe and 
correct the error in finding the 


15 10 18 
cosA  ——— — ——. — 0.0019 
measure of angle A in AABC if 2(18)(15) ys 
d= 18, b= 15, and c = 10. cos 0.0019 89.9 


CHOOSING A METHOD Use the law of sines, the law of cosines, or the 
Pythagorean theorem to solve A ABC. 


36. А = 72°, В = 44°, р = 14 37. B = 98°, С = 37°, а = 18 38. С = 65°, а = 12, р = 21 
39. В = 90°, а = 15,с= 6 40. С = 40°, b = 36, с = 27 41. а = 34, b = 19, с = 27 


42. CHALLENGE Given А ABC with height h, derive the law of cosines. Explain 
how the Pythagorean theorem is related to the law of cosines. 


‘PROBLEM SOLVING 


: EXAMPLE 3 


: on p. 890 
: for Ex. 43 


: EXAMPLE 4 


© PPPS TPP E] 


{ for Exs. 44-45 


43. TRAPEZE ARTISTS The diagram shows the paths of 
two trapeze artists who are both 5 feet long when 
hanging by their knees. The “flyer” on the left bar is 
preparing to make hand-to-hand contact with the 
"catcher" on the right bar. At what angle 0 will the 
two meet? 


@HomeTuto 
wn lomeluto 


f for problem solving help at dasszone.com 


44. RESEARCH TRIANGLE Raleigh, Durham, and Chapel Hill are three cities 
in North Carolina that form what is known as the Research Triangle. 
It is about 18 miles from Raleigh to Durham, 23 miles from Raleigh to 
Chapel Hill, and 8 miles from Chapel Hill to Durham. Find the area of 
the Research Triangle. 


= 


PTT P 
@HomeTutor for problem solving help at dasszone.com 


Ж SHORT RESPONSE The diagram shows the dimensions 
of a plot of land. What is the area of the land in acres? 
(Use the fact that 1 acre = 43,560 square feet.) Explain 
how you could also determine the area by first finding PE 

the length of AC. D woof (С 


46. MULTI-STEP PROBLEM A golfer hits a drive 260 yards on a hole that is 
400 yards long. The shot is 15° off target. 


a. What is the distance x from the golfer’s ball to the hole? 


b. Assume the golfer is able to hit the ball precisely the distance found in 
part (a). What is the maximum angle Ө by which the ball can be off target 
in order to land no more than 10 yards from the hole? 
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47. * EXTENDED RESPONSE Starting at the same point in a forest, two hikers 
take different paths. The first hiker walks due north at a speed of 2 miles 
per hour. The second hiker walks 60° east of north at a speed of 3 miles 


per hour. 


a. How far apart are the hikers after 1 hour? 


b. The two hikers carry walkie-talkies with a range of 10 miles. After how 
much time are the hikers out of range of each other? 


c. Suppose after two hours the first hiker stops and tells the second hiker to 
meet her. How long will it take the second hiker to meet the first hiker? In 
what direction should the second hiker walk? Explain your reasoning. 


48. CHALLENGE An airplane flies 55” east of north from city A to city B, a 
distance of 470 miles. Another airplane flies 7° north of east from city A to 
city C, a distance of 890 miles. What is the distance between cities B and C? 


Aerea 


: Lesson 14.1 


: in Exs. 49—54. 


Graph the function. 
49. y = 9 — 4x (p. 89) 
52. у= 2Vx +7 — 3 (р. 446) 


Divide using synthetic division. (p. 362) 


55. (X? + 8х2 + 17x + 1) + (x + 4) 
57. (x* + x? + 3x? + 7x + 4) + (x + 2) 


50. у= |4x — 5| (p. 123) 
53. y = 1.5е * (p. 492) 


51. f(x) = x? — 10x + 12 (p. 236) 
54. р(х) = In (x + 4) (p. 499) 


56. (x? — 9x? + 26x — 17) + (x — 3) 
58. (x* + x? — 31x? + 8x — 22) + (x — 5) 


Perform the indicated operation and state the domain. (p. 428) 


59. f + g; f(x) =x +7, g(x) = 10x 
61. f+ g f(x) = 3x - 2, р(х) = 2x 


QUIZ for Lessons 13.5-13.6 


60. f- g; f(x) = BRE, g(x) = —4x!? 
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Solve A ABC. (pp. 882 and 889) 
1. А = 50°, В = 74°, с = 12 
3. а= 20, b = 14, с = 23 
5. А = 102°, С = 25%, a = 31 
7. В = 53%, а = 41, с = 29 


Find the area of A АВС. (рр. 882 and 889) 
9. В=94°, а= 13, с = 15 

11. а= 18, b = 25, с = 19 

13. а = 62, b = 47, с = 53 


. С= 66%, a = 18, с = 17 
. C= 118°, а = 26, b= 34 
a = 49, b = 52, с = 38 

. А = 112°, В = 48°, с = 5 


of e yN 


10. C= 18°, а = 16,b = 11 
12. a= 27, b = 21, c = 37 
14, A= 70°, b = 44, с = 36 


15. С GEOMETRY The base of a right triangular prism has sides of length 
8 centimeters, 10 centimeters, and 13 centimeters. The height of the prism is 
5 centimeters. What is the volume of the prism? (p. 889) 


EXTRA PRACTICE for Lesson 13.6, p. 1022 
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(ТТ Using ALTERNATIVE METHO ээ 


WORKSHOP 
LESSON 13.6 d 
: Another Way to Solve Example 4, page 891 


A MULTIPLE REPRESENTATIONS In Example 4 on page 891, you found the area of a 
СЯ triangle given the lengths of its sides by using Heron's formula. You can also find 


the area of the triangle by writing and solving a system of equations. 
PROBLEM URBAN PLANNING The intersection SK 
of three streets forms a piece of land >< 


called a traffic triangle. Find the а = 170 lo b = 240 y 
area of the traffic triangle shown. 


D O 350 ы 


Using а System of Equations Use a system of quadratic equations to find the 
triangle's height h. Then find the area of the triangle using the formula A = 7 bh, 


STEP? Draw a new diagram of the triangle 


E 
as shown. Let h be the height of the 170 240 
triangle. The altitude labeled by h - 
e i > 


divides AB into two segments of B x D M-x 
length x and 350 — x. 


Use the Pythagorean theorem to write h? + x? = 170? 
a system of quadratic equations. h? + (350 — x)? = 240° 


Solve the first equation for 170% — x? + (350 — x)? = 240° 

2 2 1702 _ +2 
№ to get h” = 170 = x°. воро — x? + 122,500 — 700x + x? = 57,600 
Substitute this expression 
for h? in the second —700x = —93,800 
equation, and solve for x. 


x= 134 
Use the Pythagorean theorem to find that h = У 170° — 134? = 104.6. 
So the area of the triangle is A = = bh = 2 (850)(104.6) = 18,300. 


» The area of the triangle is about 18,300 square yards. 


«ex» 0 0 1. 


FINDING AREAS Use the method above to find the 4. WHAT IF? Suppose a — 200 yd in the problem 
area of ^ ABC with the given side lengths. above. Find the area of the triangle. 


1. 4-12, b = 17,c = 26 . GARDEN AREA А triangular garden has sides 
_ Е Е with lengths 50 feet, 38 feet, and 43 feet. Use 

d Be ee the method above to find the area of the 

3. a= 101, р = 94, c = 153 garden. 
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Lessons 13.4-13.6 


1. MULTI-STEP PROBLEM You are buying a 
triangular piece of property. Two sides of the 
triangle are 540 yards and 330 yards long and 
have an included angle of 100°. 


5. SHORT RESPONSE On a baseball field, the 


pitcher's mound at Pis 60.5 feet from home 
plate at H and 95 feet from an arc where the 
outfield grass begins. 


a. How long is the third side of the property? 


b. The price of the land is $2500 per acre 
(1 acre = 4840 square yards). How much 
does the land cost? 


2. MULTI-STEP PROBLEM The IKONOS satellite 
takes images of Earth's surface from a height 
of about 423 miles. 


1m resolution 1.5 m resolution 2, . . 

A ball is hit 25° to the right of the pitcher's 
mound and travels to the edge of the grass. 
What distance d must an outfielder at G throw 


the ball to make an out at home plate? Explain. 


6. EXTENDED RESPONSE 4A trough can be made by 
folding a rectangular piece of metal in half and 
then enclosing the ends. The volume of water 
the trough can hold depends on how far you 
bend the metal. 


Not drawn to scale 


a. IKONOS can take photographs that show 
objects 1 meter across provided the objects 
lie within a region about 413 miles across, as 
shown above. Find the value of 6,. 


b. The largest region IKONOS can view is about a. Predict the value of 8 that will maximize the 
1045 miles across, as shown above. What volume of the trough shown. 
is the maximum angle 6, through which b. Find the volume of the trough as a function 
IKONOS can rotate? of 8. (Hint: You will need to find the area of 


one of the triangular faces.) 
3. OPEN-ENDED А triangle has a 30° angle. Give 
the lengths of two sides that include the angle 
and produce a triangle with an area of 
40 square inches. 


c. Describe how the volume changes as 0 
increases from 0° to 180*. 


d. What value of 0 maximizes the volume? 
Compare this value with your prediction. 


4. GRIDDED ANSWER After walking 20 feet into к= 
the water at a beach, you notice that the depth 7. SHORT RESPONSE You are building a triangular 
of the water is 3 feet. Find the angle Ө at which concrete patio that has sides of length 8 feet, 
the beach slopes. Round your answer to the 11 feet, and 15 feet, and a thickness of 0.5 foot. 
nearest tenth of a degree. If one bag of cement makes 0.33 cubic foot 
of concrete, how many bags of cement do 
20 ft | you need to build the patio? Explain your 
reasoning. 
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Big Idea т +: 


BIG IDEAS 


Using Trigonometric Functions 


adjacent 


Using Inverse Trigonometric Functions 


Inverse trigonometric functions can be used to solve trigonometric equations. 


If -1 sa =s 1, then the 
inverse cosine of a is an 
angle 6, written cos”? a = 6, 
where cos @ = a and 


If -1sas1,then the 
inverse sine of a is an angle 6, 
written sin”? a = 0, where 


If a is any real number, then 
the inverse tangent of a is an 
angle 6, written tan? a = 6, 


sin @=aand -2 < 0 = Z. where tan 0 = a and 
2 2 Os0s7. „Ж жай 
2 z= 

60° 

VA 2% 
| E : x 
- V2 V3 
sin”? > = 30° cos”? E = 45° tan”? үз = 60° 


Applying the Law of Sines and Law of Cosines 


Use the table below to help you remember when to apply each law. 


If you know this information... | usethislaw... 


Law of sines 


to find this information. 


angle-angle-side remaining sides" 


angle-side-angle Law of sines remaining sides” 


| | 


side-side-angle 


| Law of sines remaining side and one angle" 


side-angle-side remaining side and one angle* 


Law of cosines 


side-side-side two angles* 


Law of cosines 


* Find the remaining angle by using the triangle sum theorem. 
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REVIEW KEY VOCABULARY 


sine, p. 852 * initial side of an angle, p. 859 * quadrantal angle, p. 867 
* COSine, p. 852 » terminal side of an angle, p. 859 • reference angle, p. 868 

* tangent, p. 852 * standard position of an angle, p.859 • іпмегѕе sine, p. 875 

* cosecant, p. 852 * coterminal angles, p. 860 * inverse cosine, p. 875 

* Secant, p. 852 * radian, p. 860 * inverse tangent, р. 875 

* cotangent, p. 852 * Sector, p. 861 * law of sines, р. 882 

* angle of elevation, p. 855 • central angle, p. 861 * law of cosines, p. 889 


* angle of depression, p. 855 * unit circle, p. 867 


VOCABULARY EXERCISES 
1. WRITING Describe an angle in standard position. 
Identify the relationship between the angles —225° and 135°, 
What is the name of a circle with center at the origin and radius 1 unit? 


Copy and complete: If cos 0 = a and 0 < 9 < v, thenthe. ? of a equals Ө. 


moe м 


. WRITING State the law of sines in words. 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding of the 
concepts you have learned in each lesson of Chapter 13. 


Evaluate the six trigonometric functions of the angle 0. 


From the Pythagorean theorem, the length of 6 
the hypotenuse is V6^ + 8% = V100 = 10. _ > 
ш 5.4 QE ИЕ Cd 0D 5. 3 
sin 0 hvp 19 5 cos 0 mo m Б tan 0 ad 8 d 
SP IDs B EB. 10 5 = u н. E 
csc Ө opp соз 9€ 0 d EL cot 0 Opp 6 3 
EXERCISES 
: EXAMPLES 6. In AABC, a = 4, b = 5, and C = 90°. Evaluate the six trigonometric functions 
аа. of angle В. 
: on pp. 852-854 
: for Exs. 6-7 7. HOT AIR BALLOON You are standing 50 meters from a hot air balloon that is 


preparing to take off. The angle of elevation to the top of the balloon is 28°. 
Find the height of the balloon. 
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Chapter Review Practice 
Define General Angles and Use Radian Measure pp. 859-865 
Convert 110° to radians and + radians to degrees. 
o — 1199/ Tradians Ta ae ar 180* 
110° = 110 rs 180° rudes 12 radians E 12 radians | x 
Al ds — 1050 
BET radians 105 
EXERCISES 
: EXAMPLE 3 Convert the degree measure to radians or the radian measure to degrees. 
on p. 861 
P" же" | 8. 145° 9. —80° 10. e 11. in 
13.3 Evaluate Trigonometric Functions of Any Angle pp. 866-872 


i 
| EXAMPLE} 


Evaluate sec 120°. 


The reference angle is 6’ = 180° — 120° = 60°. The secant function is negative in 
Quadrant II, so you can write: 


sec 120° = —sec 60° = —2 


EXERCISES 
: EXAMPLE 4 Evaluate the function without using a calculator. 


: on p. 869 


: for Exs. 12-15 12. tan 330° 13. csc (—405°) 14, sin 122 15. вес ыт 


_ Evaluate tan”? 1 in both radians and degrees. 


When —— 2 7 <0< > or —90? < 0 < 90°, the angle 0 whose tangent is 1 is: 


otn Leser or 60-tan 1-245 


EXERCISES 
; EXAMPLES 16. Evaluate sin”? (—0.5) in both radians and degrees. 
1 and 4 
: on pp. 876-877 | 17. RAMP You use a 12 foot ramp to load items into a van. If the floor of the van 
: for Exs. 16-17 | is 4 feet off the ground, what is the angle of elevation of the ramp? 
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CHAPTER REVIEW. 


(EX) Apply the Law of Sines pp. 882-888 


Solve ^ ABC with A = 28°, C = 74°, and b = 22. 
Find angle B: B = 180* — 28° — 74^ = 78°. 


Use the law of sines to solve for a and c. 


Ei  . 22 > 28 A с В 
sin 28° sin 78° sin 74° зіп 78° 
22 sin 28? 22 sin 74? 
= == = 10. = == = 2]. 
dnyg 27009 C sin78 9 


> For AABC, В = 78°, а = 10.6, апа c = 21.6. 


EXERCISES 
: EXAMPLES Solve AABC. (Hint: Some of the “triangles” may have no solution and some 
:1,2,3and4 | may have two solutions.) 
; On pp. 882—884 18, д = 43°, C= 83°, b = 12 19. В = 104°, b = 25, с = 18 
: for Exs. 18—21 
20. С = 55%, а = 17, с = 15 21. В = 60°, С = 73°, b= 20 
(EX Apply the Law of Cosines ‘pp. 889-894 


Solve ^ ABC with А = 66°, b = 16, and c = 21. 
Use the law of cosines to find the length a. 
а? = b? + c? – 2bc cos А 
а? = 16? + 21? — 2(16)(21) cos 66° 
a? = 423.7 
a = 20.6 


Now find angle B and angle C. 


sin B sin 66° 


16 20.6 


_ 16 sin 66° es 
sin B A n 0.7095 


В = sin 0.7095 = 45.2? 
С = 180° — 66° — 45.2° == 68.8° 


» For Л АВС, В = 45.2°, C = 68.87, and a = 20.6. 


: EXAMPLES EXERCISES 


: тапа 2 
: on pp. 889-890 Solve AABC. 
: for Exs. 22-24 | 22. a=19,b=11,c= 14 23. B=75°,a=20,c= 17 24. a= 30, b = 35, с = 39 
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Evaluate the six trigonometric functions of the angle Ө. 
l. 2. 3. 
4 11 
— а 
е 8 
Convert the degree measure to radians or the radian measure to degrees. 


o —50° Ar 87 
4. 260 5. —50 6. = LA 


Evaluate the function without using a calculator. 


8. tan 150° 9. sec (—480°) 10. sin |-3%) 11. cos 17 


Evaluate the expression in both radians and degrees without using a calculator. 


12. cos ! 1 13. tan ! V3 14. sin? |-M2) 15. cos ! -13 


Solve ^ ABC. (Hint: Some of the “triangles” may have no solution and some 
may have two solutions.) 


16. A= 47°, C = 32°, с = 12 17. а= 24, b = 12,c = 17 

18. B=63°,a=11,b=8 19. С = 101°, a = 23, b= 19 
20. a = 24, b = 30, с = 21 21. A= 26°, В = 77°, с = 50 
Find the area of А АВС. 

22. А = 81°, р = 16, с = 18 23. a= 8,b=6,c=7 

24. a= 25, b = 24, c = 38 25. C=111a=7,b=13 
26. a= 16, b = 33, c = 24 27. B=61%a=12,c= 18 


28. SURVEYING To measure the width 
of a river, you plant a stake at point A 
on one side of the riverbank, directly 
across from a tree stump at point B on 
the other side of the riverbank. From 
point A, you walk 80 meters along 
the riverbank to point C. You find the 
measure of angle C to be 39*. What is 
the width w of the river? 


29. CONSTRUCTION А crane has a 200 foot arm with a lower end that is 5 feet 
off the ground. The arm has to reach to the top of a building that is 160 feet 
high. At what angle 0 should the arm be set? 


30. NAVIGATION А boat travels 40 miles due west before turning 20^ and 


traveling an additional 25 miles. How far is the boat from its point of 
departure? 
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Scoring Rubric 


Full Credit 
• solution is complete 
and correct 


Partial Credit 

* solution is complete 
but has errors, 
or 

* solution is without 
error but incomplete 


No Credit 

* no solution is given, 
or 

« solution makes no 
sense 
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куелалар байанда Р: > 


The diagram, 
calculations, and 
reasoning are correct. 


ПТТ d 


The diagram and 
calculations are correct 
and clearly explained. 


AED > 


The answer is correct, 


AE ETT pe 


The maximum 
acceptable angle is 
correctly calculated. 


SIA “Ee. 


The student forgot to 


use the same units when 
calculating slope, so the 


rest of the answers are 
incorrect, 


SHORT RESPONSE QUESTIONS 


According to the ADA Accessibility Guidelines, the maximum slope of a 
wheelchair ramp is 1:12. What is the maximum angle of elevation of an 
acceptable ramp? What is the angle of elevation of the ramp shown? Does 
the ramp shown meet the guidelines? Explain your reasoning. 


Not drawn to scale 


Below are sample solutions to the problem. Read each solution and the 
comments on the left to see why the sample represents full credit, partial 
credit, or no credit. 


SAMPLE 1: Full credit solution 


12: 12 12 
Ramp meeting 
ADA guidelines 


A ramp with the maximum acceptable slope is shown. ) 
From the diagram, tan 0 = 1 so 0 = tan ! L = 4.76°. 1 
The maximum angle of elevation is about 4.76". 


The length of the ramp given in the problem is 30 feet. 
The rise of this ramp is 18 inches, or 18 — 1.5 feet. 0 


| 12 
So, tan 0 — 15 and ө = tan ! 15 = 2.86*. 1.5 ft 


30 30 30 ft 
The ramps angle of elevation is about 2.86”. 


The ramp given in the problem has an angle of elevation less than the 
maximum acceptable angle, so the ramp meets the ADA guidelines. 


SAMPLE 2: Partial credit solution 


The slope of an acceptable ramp can be at most 1:12, so tan @ = 5 where 0 
=j Ai 


is the maximum angle. Therefore, 0 = tan а 4.76°. The maximum angle 


of elevation for a wheelchair ramp is about 4.76”. 


The slope of the ramp given in the problem is 25, so tan 0 = 25. Therefore, 
$= tan ` 28 = 30.96°. The ramp’s angle of elevation is about 31°. 


The angle of elevation exceeds the maximum acceptable angle of elevation, 
so the ramp does not meet the guidelines. 
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SAMPLE 3: Partial credit solution 


o » The гіѕе is 18 inches. The run is 30 feet, 
The answer is correct | 
and clearly explained, ‘or 30 ft. 2 12 in. _ 360 inches. 
but only one of the three | E әсас 
questions is answered. You know the lengths of the sides opposite and adjacent i to the angle, so 
use the tangent ratio. 
tanx = OPP - 18 x= tan! 18 ~ 2.86 


adj 360 v= fan 360 


—————— I > | 
The student confused | P 
slope and angle measure, п an: Ji F of elevation i IE $ ied 0. 083°. The n ofthe ramp shown i in 


BUR re the p ик is 18 in.:30 ft, or 120, so the angle of elevation is- 55 0.05°. 
final question. 


PRACTICE Apply the Scoring Rubric 


Use the rubric on page 902 to score the solution to the problem below as full 
credit, partial credit, or no credit. Explain your reasoning. 


1. To find the prism's voume, multiply the three given measures: i 
50(6)(67) = 12, O60 cm? 


2. To find the area of the base of the prism, first find 
the eide lengthe b and h ehown in the diagram. 


= 8 = A 
sin 67° = 30 cos 67° 30 
30(sin 67°) = b 30(cos 67°) = 
27.62 = р 11.72 = h 


The area of the base is Sh = 3 (27.62)(11.72) = 161.9 cm’. 
The volume of the prism ie (area of base)(height) = 161.9(6) = 971.4 cm". 
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SHORT RESPONSE 


1. Kepler's second law states that an imaginary 
line connecting the center of a planet and 
the center of the sun sweeps out equal areas 
in equal time intervals. The diagram below 
shows the location of Mars in orbit over a ten 
day period. 


Mars 
(position 1) 


Mars 
(position 2) 


a. Approximate the area Mars swept out 
during this time by finding the area of the 
triangle formed by the sun and the starting 
and ending positions of Mars. Give the 
answer in square miles. (Hint: 1 AU is 1 
astronomical unit, which is equal to about 
93 million miles.) 


b. Asa planet moves closer to the sun along 
its orbit, what does Kepler's law imply 
about the planet's speed? Explain. 


2. The wheel of a unicycle completes 6 full 


revolutions. 


a. Through what angle, in degrees and 
radians, has the wheel rotated? 


b. Ifthe diameter of the wheel is 24 inches, 
how far does the unicycle travel in 6 
wheel revolutions? Explain. 


3. The table lists several tools used to make 


vertical transitions from one point to a higher 
point. It also lists the recommended range of 
angles of elevation for each tool. If a certain 
task requires making a vertical transition with 


a slope of 3, which tool would be appropriate 
for the task? Explain your reasoning. 


Отон (Rangeofangles | 


Ramp 0*-30* 
307-35" 
35-75" 


Fixed steps 


Ladder stairs 
Portable stairs 68°—80° 
Fixed ladder 75-90? 
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4. A tennis player is practicing her serve. She 


6 


aims for a can placed 57 feet from her in the 
service box. If she hits the ball when it is 9 feet 
in the air, what angle must the path of the ball 
make with the ground in order for the ball 

to hit the can's base? Assume the ball travels 
along a straight line. Explain your answer. 


. The diagrams below show the distances 


between atoms in a water molecule in liquid 
and ice forms. The measurements are given 
in picometers (pm), where 1 pm = 10?'^ m. 
Are the obtuse angles in the diagrams the 
same? Explain. 


Ice 


Liquid 


You are standing 30 feet from the base of a 
tree. The angle of elevation from your eyes to 
the top of the tree is 70*. If the height at eye 
level is 5 feet, what is the height of the tree to 
the nearest foot? Explain all of your steps. 


7. You kick a soccer ball with an initial velocity 


of 40 feet per second at an angle of 45°. Your 
teammate kicks a soccer ball at an angle 

of 25*. With what initial velocity does your 
teammate have to kick the ball in order for 
both of the soccer balls to travel the same 
horizontal distance? Explain your reasoning. 


Find the radius r (in inches) and the central 
angle 6 (in radians) of a sector with an arc 


length of 107 2571 


E inches and an area of = Square 
inches. Explain your reasoning. 


^ STATE TEST PRACTICE - 
| _ аѕѕгопе.сот 


MULTIPLE CHOICE GRIDDED ANSWER 
9. Which angle measure is — in the 12. If0isan ше angle of a right — Яни 
diagram? Ў sin 6 = =, what is the value of cos 6? 

13. What angle, in degrees, is equivalent to oF 
radians? 


14. What is the value of sin ! 0.5 in degrees? 


15. What is the area of the triangle, to the 
y nearest tenth of a square unit? 
(А) 4 radians (В) 4 radians 


O 2 51 radians (Бу 3 > radians 


10. T. is the approximate - ofain ^ABC 


if A = 85°, В = 27°, and c = 5.0 cm? 16. Let (10, 24) be a point on the terminal side of 
QD 10cm (В) 54cm an angle 0 in standard position. What is the 
© D value of sec 0? 
5.9 cm 11.0 cm 
17. What is the degree measure of angle A in 

1. What is the reference angle for 300°? AABCif a = 13, Б = 9, апіс = 7? Round your 
30° (В) 60° answer to the nearest degree. 
© 120° D 240° 

EXTENDED RESPONSE 


18. A boat uses 50 feet of rope to drop anchor in a lake. The angle 6 that the 
rope makes with the bottom of the lake is 20°. 


a. Find the depth of the water. 


b. The boat moves to deeper water but still lets out the same amount of rope 
when dropping anchor. If the horizontal distance from the boat to the 
anchor is 37 feet, what angle 6 does the rope make with the lake bottom? 


c. Describe how 0 changes as the boat travels to deeper water with a 
constant length of anchor rope let out. Assume the rope is always taut. 
19. You are making a lampshade out of fabric for the lamp shown. The pattern 
for the lampshade is shown in the diagram on the left. 


a. Use the smaller sector to write an 
equation that relates 0 and x. 


14r in. 


b. Use the larger sector to write an 
equation that relates 0 and x + 10. 


c. Solve the system of equations from 
parts (а) and (b) to find x and 6. 


d. Use the formula for the area of a sector | X 10 in. 
to find the amount of fabric (in square inches) 
that you will use. 
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Trigonometric Graphs, 


Identities, and Equatións 
$ 


14.1 Graph Sine, Cosine, and Tangént Funcion 


14.2 Translate and Reflect Trigonometric Graph) 


14.3 Verify Trigonometric Identities 


14.4 Solve Trigonometric Equations 


14:5 Write Trigonometric Functions and Models 


14.6. Apply Sum and Difference Formulas 


14.7 Apply Double-Angle and Half-AfiPle Formulas 


Ге 
і 


c 


In Chapter 13, you learned the following skills, which you'll 
use in Chapter 14: evaluating trigonometric functions, finding 
reference angles, and evaluating inverse trigonometric functions. 


Prerequisite Skills 


VOCABULARY CHECK 
Copy and complete the statement. 

1. Thesineof60is ?. 

2. Thecosineof6is ?. 

3. The tangent of ĝis ?. 

LS CHECK 

Simplify the expression. (Prerequisite skill fos 

4. 10-6 5 LM 7. |-3| 


Solve the equation. (Prerequisit 


8. 5x^ = 3x^ +50 9. 144 — x? +23 10. x -4—40— Зх? 


Simplify the square root. (Prerequisite skill for Lesso 


12. Vu 


Tuto for Prerequisite skills practice at classzone. com 
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In Chapter 14, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 964. You will also use the key vocabulary listed below. 


Fara ME 
I 8—8, "n 
2% CB. 


BM ға oS аы 


© Graphing trigonometric functions 
©) solving trigonometric equations 
© Applying trigonometric formulas 


KEY VOCABULARY 

* amplitude, p. 908 * period, p. 908 • trigonometric identity, р. 924 
* periodic function, p. 908 * frequency, p. 910 * sinusoid, p. 941 

* cycle, p. 908 


You can use trigonometric functions to model characteristics of a projectile's 
path. For example, you can find the horizontal distance traveled by a soccer ball 
using trigonometric functions. 


The animation illustrated below for Exercise 51 on page 961 helps you answer this 
question: How does changing the initial speed and angle of a soccer ball kicked 
from ground level affect the horizontal distance the ball travels? 


Lise the equation below to determine the maximum angle at which the ball can be 
kicked at an initial velocity of 50 Ffsec and still trae! 150 ft 


к= V vi dn28 First, substitute the biyan values. 
32 к= 1508 
y = 50 fiser 


Fj 
a unde B-T 


The angle and speed at which a ball is "n Given a speed and distance, use the 
kicked influence the distance it travels. "i motion equation to solve for the kick angle. Lẹ 


¿Animatea Algebra at classzone.com 


Other animations for Chapter 14: pages 912, 917, and 964 


1 4 1 Graph Sine, Cosine, 
* " and Tangent Functions 


You evaluated sine, cosine, and tangent functions. 


QUEUE You will graph sine, cosine, and tangent functions. 
[ why? } So you can model oscillating motion, as in Ex. 31. 


In this lesson, you will learn to graph functions of the form y = a sin bx and 


. amplitude а у = a соз bx where а and b are positive constants and x is in radian measure. 
* periodic function The graphs of all sine and cosine functions are related to the graphs of the 
e cycle parent functions y = sin x and y = cos x, which are shown below. 
* period 
* frequency 
amplitude: 1 
HE 
amplitude: 1 
ENG" EM 


KEY CONCEPT For Your Notebook 


Characteristics of y = sin xand y = cos x 


• The domain of each function is all real numbers. 


* The range of each function is —1 s ys 1. Therefore, the minimum 
value of each function is m = —1 and the maximum value is M= 1. 


The horizontal length of each ipa is called the perio 
shown above has a period of 27. 


* The x-intercepts for y = sin x occur when x = 0, +7, +27, +37, .... 


* The x-intercepts for y = cos x occur when x = Q0, 6, + 7.... 
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КЕҮ СОМСЕРТ For Your Notebook 


“ 

= 

= 
=] 
2 
2 
Б 


Amplitude and Period 


The amplitude and period of the graphs of y = asin bx and y = a cos bx, 
where a and Р are nonzero real numbers, are as follows: 


Amplitude = |a| Period —-27. 


ial! 


GRAPHING KEY POINTS Each graph below shows five key x-values on the interval 
Qars 78 that you can use to sketch the graphs of y = a sin bx and y = а соѕ bx for 


а> Оапа b > 0. These are the x-values where the maximum and minimum values 
occur and the x-intercepts. 


у = acos bx 


UL 


a) y= asin bx 
ia 


(EXAMPLE 1 crapr sine and cosine functions o 


: VARY CONSTANTS 


S AAA AAA 


: Notice how changes 

: ina and Б affect the 

: graphs of y = a sin bx 

: and y = a cos bx. When 
: the value of a increases, 
: the amplitude increases. 
: When the value of b 

: increases, the period 

: decreases. 


Y] GUIDED PRACTICE | for Example 1 


Graph (a) y = 4 sin x and (b) y = cos 4x. 


Solution 


a. The amplitude is a = 4 and the period is каш 


| Intercepts: (0, 0); 5 ° 27, 0) = (7,0); (22, 0) 


E e EL. 
Maximum: 1 2, 4| | 2:4) 


Minimum: E + 27, -4 = Eu -4) 


4 g7 
b. The amplitude is a = 1 and the period is “тл 
Ls A Г eG) = 
Intercepts: (4 2.0 (O 2,0) | 


Maximums: (0, 1); | 5 1 | 


; El E Ww | 
Minimum: 2..7, = (Z,-1) 


_ Graph the function. 


| 1. y=2 cosx 2. y=5sinx 3. f(x) = sin zx 4. g(x) = cos 47x 
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CUED crapha cosine function — o 


| Graphy= 5 cos 2пх. 


FARELER ойе. Solution 
; After you have drawn | The amplitude is a = > and the period is 27 = 27 |, 
: one complete cycle of 27 


: the graph in Example 2 i 
: on the interval O sx « 1, | Intercepts: " 
: you can extend the 

: graph by copying the | 3. 
: cycle as many times as 4 
: desired to the left and 

: right of O «x = 1. Maximums: (o, 


MODELING WITH TRIGONOMETRIC FUNCTIONS The periodic nature of 
trigonometric functions is useful for modeling oscillating motions or repeating 
patterns that occur in real life. Some examples are sound waves, the motion of 

a pendulum, and seasons of the year. In such applications, the reciprocal of the 
period is called the frequency, which gives the number of cycles per unit of time. 


4^ ( EXAMPLE 3 | Model with a sine function 


AUDIO TEST A sound consisting of a single frequency is 
called a pure tone. An audiometer produces pure tones to 
test a person's auditory functions. Suppose an audiometer 
produces a pure tone with a frequency f of 2000 hertz (cycles 
per second). The maximum pressure P produced from the 
pure tone is 2 millipascals. Write and graph a sine model that 
gives the pressure P as a function of the time £ (in seconds). 


Solution 


STEP? Find the values of a and b in the model Р = a sin bt. The maximum 
pressure is 2, so a = 2. You can use the frequency fto find b. 


— 2000 = £ =b 40007 = b 


frequency = 


— 


The pressure P as a function of time fis given by P = 2 sin 40007, 


STEP2 Graph the model. The amplitude is a = 2 and the period is 


1 
f 2000 


Intercepts: (0, 0); 


E 9 N 0) 5 E 0) or 0) 
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for Examples 2 and: 3 


Graph the function. 


5. у= tsin TX 6. y- 4 cos TX 7. f(x) = 2sin 3x 8. g(x) = 3cos 4x 


9. WHAT IF? In Example 3, how would the function change if the audiometer 
produced a pure tone with a frequency of 1000 hertz? 


GRAPH OF Y = TAN X The graphs of all tangent functions are related to the graph 
of the parent function y — tan x, which is shown below. 


| | | | | 
y=tanx | | | á | | 

| | | | 

| | 1 | | 

| | ) | 

—2т Зат — т ЖЕ, т т Зт 27 d 

2 2 2 2 

| | à 

| | period: 

| | 7 
: FIND ODD The function y = tan x has the following characteristics: 
: MULTIPLES ее т 
Dee J, The domain is all real numbers except odd multiples of 5. At these 


: Odd multiples of = are | 
; 2 x-values, the graph has vertical asymptotes. 
: values such as these: 


m » 2. The range is all real numbers. So, the function y = tan x does not have 


"p rae wy a maximum or minimum value, and therefore the graph of y = tan x 
+3. T= 43m does not have ап amplitude. 

= ж сша 

i5. T 5T 3. The graph has a period of 7. 

= и “а 


4. The x-intercepts of the graph occur when x = 0, ta, 227, +37,.... 


с KEY CONCEPT For Your Notebook 


Characteristics of y = atan bx 


The period and vertical asymptotes of the graph of y = a tan bx, where 
a and b are nonzero real numbers, are as follows: 


> * The period is m 


* The vertical asymptotes are at odd multiples of —7 


2|b| 


GRAPHING KEY POINTS The graph at the right 
shows five key x-values that can help you sketch 
the graph of y = atan bx for a > 0 and b > 0. 
These are the x-intercept, the x-values where 
the asymptotes occur, and the x-values halfway 
between the x-intercept and the asymptotes. At 
each halfway point, the function's value is either 
aor —a. 
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( EXAMPLE 4 | Graph a tangent function 


Graph one period of the function y = 2 tan 3x. 
Solution 
The period is y = 


Intercept: (0, 0) 


eee MN. S E m. 
Asymptotes: x 2b TaJ Or x p 
T 2b 2.3' m 6 


Y | GUIDED PRACTICE | for Example 4 | m 


Graph one period of the function. 


10. у= 3 tanx 11. у = їап 2х 12. f(x) = 2tan4x 13. g(x) = 5tan тх 


14.1 EXERCISES неву O = onp WS2a for тл and3: 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 24, 25, and 31 
: Ф = MULTIPLE REPRESENTATIONS 
: Ex. 32 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: The graphs of the functions у = sin x 
and у = cos x both have a(n) ? of 27. 


2. Ж WRITING Compare the domains and ranges of the functions у = a sin bx, 
y = a cos bx, and y = atan bx where a and b are positive constants. 


: EXAMPLE 1 | ANALYZING FUNCTIONS Identify the amplitude and the period of the graph of 
: on p. 909 the function. 
: for Exs. 3-14 


912 Chapter 14 Trigonometric Graphs, Identities, and Equations 


: EXAMPLES 
¡2 anda 
; оп рр. 910—912 
: for Exs. 16-24 


: m "a А 
: for Exs. 29-30 


GRAPHING Graph the function. 


1 2 


6. y = sin Б^ 7. y=4cosx 8. f(x) = cos ЕХ 9. y = sin тх 
10. f(x) = B sin x 11. f(x) = sin 2* 12, j F cosx 13. f(x) = cos 24x 
14. ERROR ANALYSIS Describe and correct 
the error in finding the period of the bd 
function y = sin 2x. Rene 


15. A MULTIPLE CHOICE The graph of which function has an amplitude of 4 and 
a period of 2? 


СА) y=4cos2x (В) y=2sin4x © y=4sin zx D y = 2 cos Lax 


GRAPHING Graph the function. 


16. y = 2 sin 8x A)r = 4 tan x 18. y = 3 соѕ тх 19. y = 5 ѕіп 2х 
20. f(x) = 2 tan 4х 21. y = 2 cos iux 22. f(x) = 4 tan zx 23. y= T COS 47x 


24. Ж MULTIPLE CHOICE Which of the following is an asymptote of the graph of 
y = 2 tan 3x? 


Ф) х= O х= –т © х= D xe 


25. ж OPEN-ENDED MATH Describe a real-life situation that сап be modeled by a 
periodic function. 


CHALLENGE Sketch the graph of the function by plotting points. Then state the 
function’s domain, range, and period. 


26. y=cscx 27. y= secx 28. y = cotx 


29. PENDULUMS The motion of a certain pendulum can be modeled by the 
function d = 4 cos zt where d is the pendulum’s horizontal displacement 
(in inches) relative to its position at rest and fis the time (in seconds). 
Graph the function. What is the greatest horizontal distance the pendulum 
will travel from its position at rest? 


OH lomeTutor for problem solving help at classzone.com 


30. TUNING FORKS A tuning fork produces a 
sound pressure wave that can be modeled by 


Р = 0.001 sin 880t 


where Pis the pressure (in pascals) and fis 
the time (in seconds). Find the period and 

frequency of this function. Then graph the 
function. 


or for problem solving help at classzone.com 
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Ж SHORT RESPONSE A buoy oscillates up and down as waves go past. 
The buoy moves a total of 3.5 feet from its low point to its high point, and 
then returns to its high point every 6 seconds. 


a. Write an equation that gives the buoy’s vertical position y at time rif the 
buoy is at its highest point when t = 0. 


b. Explain why you chose у = a sin bt or y = a cos bt for part (a). 


32. e MULTIPLE REPRESENTATIONS You are standing on a bridge, 140 feet 
above the ground. You look down at a car traveling away from the underpass. 


a. Writing an Equation Write an equation that gives the car's distance d 
from the base of the bridge as a function of the angle 6. 


b. Drawing a Graph Graph the function found in part (a). Explain how the 
graph relates to the given situation. 


c. Making a Table Make a table of values for the function. Use the table to 
find the car's distance from the bridge when 0 = 20°, 40°, and 60°. 


33. CHALLENGE The motion of a spring can be modeled by y = A cos kt where 
y is the spring's vertical displacement (in feet) relative to its position at 
rest, A is the initial displacement (in feet), k is a constant that measures 
the elasticity of the spring, and fis the time (in seconds). 


a. Suppose you have a spring whose motion can be modeled by the 
function y — 0.2 cos 6t. Find the initial displacement and the period of 
the spring. Then graph the given function. 


b. Graphing Calculator If a damping force is applied to the spring, the 
motion of the spring can be modeled by the function y = 0.2e ^*' cos At. 
Graph this function. What effect does damping have on the motion? 


‘MIXED REVIEW 


Ta t NR 
: Prepare for 

: Lesson 14.2 

: in Exs. 34-39, 
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Graph the function. Label the vertex and the axis of symmetry. (p. 245) 
34. y= —(x – 2)? +1 35. у= 5(х – 1) +7 36. f(x) = 2(х + 6)? – 3 
37. у= -3(x + 3)? + 2 38. у = 0.5(х + 2)? + 5 39. р(х) = -2(x + 4) – 3 


Let f(x) = x^ — 5, g(x) = —7x, and h(x) = x". Find the indicated value. (p. 428) 


40. g(f(9)) 41. h(g(3)) 42. f(g(—7)) 43. f(h(8)) 


Sketch the angle. Then find its reference angle. (p. 866) 


44, 250° 45. 290° 46. —145° 47. —430° 
137 д ¿lr _ 137 _16т 
48. Ea 49. ГЕ 50. E 51. "m 
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e Me p. 123 
• reflection, p. 124 

e amplitude, p. 908 
* period, p. 908 


: FIND KEY POINTS 


B URI 


i Because the graph is 
: shifted up 3 units, the 
: y-coordinates of the 

: five key points will be 
: increased by 3. 


Translate and Reflect 
Trigonometric Graphs 


You graphed sine, cosine, and tangent functions. 
You will translate and reflect trigonometric graphs. 
So you can model predator-prey populations, as in Ex. 54. 


: KEY CONCEPT For Your Wotebook 


Translations of Sine and Cosine Graphs 


To graph y = asin р(х — h) + kor y = a cos р(х — h) + k where a > 0 and b > 0, 
follow these steps: 


STEP? Identify the amplitude a, the period 27 , the horizontal shift h, and 
the vertical shift k of the graph. 
STEP2 Draw the horizontal line y = К, called the midline of the graph. 


. |. STEP3 Find the five key points by translating the key points of y = a sin bx 
ог у = a cos bx horizontally h units and vertically k units. 


> STEPE Draw the graph through the five translated key points. 


| ExaMPLE 1 craph a vertical translation 


Graph y = 2 sin 4x + 3. 


Solution 
STEP? Identify the amplitude, period, horizontal shift, and vertical shift. 
Amplitude: a = 2 Horizontal shift: h = 0 


Period: = = 27 = " Vertical shift: k = 3 


STEP2 Draw the midline of the graph, y = 3. 
=  STEPÍ Find the five key points. 
On y = К: (0, 0 + 3) = (0, 3); 


STEP 4 Draw the graph through the key points. 
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Graph a horizontal translation 


Graph y = 5 cos 2(x — 377). 


Solution 
STEP? Identify the amplitude, period, horizontal shift, and vertical shift. 
Amplitude: a = 5 Horizontal shift: h = 37 


а: TZ =2T —. Vertical shift: k=0 


Perio b EN 


STEP2 Draw the midline of the graph. Because К = 0, the midline is the x-axis. 


: FIND KEY POINTS e 

: Because the graph is STEP 3 Find the five key points. Ay 
: shifted to the right 37 nd _ [139 nl 

: units, the x-coordinates Ony - К: т + Зя, 0) Е ow o}; Т 
: of the five key points А 
: will be increased by 37. (22 + 3ar, 0) = 251, ) l 


Maximums: (0 + 37, 5) = (37, 5); т x 
(т + 37, 5) = (47, 5) 
Minimum: [» + 37, -5) = |22, =5) 


STEP 4 Draw the graph through the key points. 


41, [193-28 Graph а model for circular motion 


FERRIS WHEEL Suppose you are riding a Ferris wheel that turns for 180 seconds. 
Your height h (in feet) above the ground at any time ¢ (in seconds) can be 


modeled by the equation h — 85 sin aye — 10) + 90. 


a. Graph your height above the ground as a function of time. 


b. What are your maximum and minimum heights? 


Solution 
a. The amplitude is 85 and the period is = = 40. The wheel turns 
20 
m = 4.5 times in 180 seconds, so the graph below shows 4.5 cycles. 


The five key points are (10, 90), (20, 175), (30, 90), (40, 5), and (50, 90). 


b. Your maximum height is 90 + 85 = 175 feet and your minimum height 
is 90 — 85 = 5 feet. 
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| Graph the function. 


| 


| L y=cosx+4 2. у= 3sin(x — 5] 3. f(x) = sin (х + т) – 1 


REFLECTIONS You have graphed functions of the form у = asin р(х — h) + Капа 
y = acos р(х — h) + k where a > 0. To see what happens when a < 0, consider the 
graphs of y= —sin x and y = —cos x. 


Notice that the graphs are reflections of the graphs of y = sin x and y = cos x 
in the x-axis. In general, when a « 0 the graphs of y = asin b(x — h) + Капа 

y = acos р(х — h) + kare reflections of the graphs of y = |а| sin р(х — h) + k 
and у= |a| cos b(x — h) + К, respectively, in the midline y = К. 


ЄТ) combine a translation and a reflection 


Graph y = —2 sin E(x - z) 


Solution 
STEP? Identify the amplitude, period, horizontal shift, and vertical shift. 


Amplitude: la| = | -2| = 2 Horizontal shift: h = = 
Period: = = £T = 3r Vertical shift: k = 0 
3 


STEP2 Draw the midline of the graph. Because k = 0, the midline is the x-axis. 


STEP3 Find the five key points of y = |—2| sin E(x - 2] 


Ony- к: (0+ 2,0) = (7, 0}; (32 +-7,0) = (2л, 0); (3+ 2,0) = (7, 0) 


2' 2” 2 Ет 
: GRAPH Maximum: | 4 + 2.2) Е ,2) Minimum: (Sz + э? 2 | 4^ 2j 
: REFLECTIONS 


Durex roria ana des ossi UP VER > STEP 4 Reflect the graph. Because a < 0, 


: The maximum and the graph is reflected in the midline 
: minimum of the 


: original graph become y = 0. So, (22, 2| becomes (87, -2) 
: the minimum and | | 
: maximum, respectively, and | Hz, -2) becomes ow 2), 


: of the reflected graph. 


er Draw the graph through the key points. 
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^ EEE 


: Notice that the 

: asymptotes are not 

: shifted. This is because 
: there is no horizontal 

: shift. 


TANGENT FUNCTIONS Graphing tangent functions using translations and 


reflections is similar to graphing sine and cosine functions. 


Graph y = —3 tan x + 5. 


Solution 


STEP2 Draw the midline of the graph, y — 5. 


77 ТГ EG i 


= —— y = 


2*1 2 201 
On y = К: (0, 0 + 5) = (0, 5) 


Asymptotes: x = — 


= 7 
2 


STEP 4 Reflect the graph. Because a < 0, 
the graph is reflected in the midline 


у = 5. So, [р 2) becomes [76 8) 
and (b 8) becomes | D 2). 


STEPS Draw the graph through the key 
points. 


Combine a translation and a reflection 


STEP? Identify the period, horizontal shift, and vertical shift. 
Period: 7 Horizontal shift: h = 0 Vertical shift: k = 5 


STEP 3 Find the asymptotes and key points of y = |—3| tan x + 5. 


Model with a tangent function 


GLASS ELEVATOR You are standing 
120 feet from the base of a 260 foot 
building. You watch your friend go 
down the side of the building in a 
glass elevator. Write and graph a 
model that gives your friend's 
distance d (in feet) from the top 

of the building as a function of 

the angle of elevation Ө. 


Solution 


Use a tangent function to write an equation relating d and 0. 


Opp _ 260 — d 


tan 0 = ad 1% Definition of tangent 
120tan 0 —260— d Multiply each side by 120. 
120 tan 0 — 260 = —d Subtract 260 from each side. 
—120 tan 6+ 260 = d Solve for d. 


The graph of d = —120 tan 0 + 260 is shown at the right. 
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Distance (ft) 


20 40 60 Ө 
Angle (degrees) 


| GUIDED PRACTICE for Examples 4, 5, and 6 
Graph the function. 


4. у= —cos E T | 5. у= —3sin 5х +2 6. f(x) = —tan 2x — 1 


| 7. WHAT IF? In Example 6, how does the model change if you are standing 
150 feet from a building that is 400 feet tall? 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 21, 35, 48, and 54 


| HOMEWORK: = Ө 
14.2 EXERCISES m m | 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: The graph of у = cos 2(x — 3) is the graph 
of y= cos 2x translated, ? units to the right. 


2. * WRITING Describe the difference between the graphs of y = tan x and 
y = —tan x. How are the graphs related? 


: EXAMPLES MATCHING Match the function with its graph. 


1 and 2 
: оп рр. 915-916 | 3. y=sin 2(x + a 4. f(x) = cos (x + 7) 5. у= cosx— 2 
: for Exs. 3-21 
6. y = sin [x + a 7. y — cos 3x +1 8. f(x) = sin iG — 4r) 


GRAPHING Graph the sine or cosine function. 


9. y=sinx+3 10. y= cosx- 5 (1) у= 2cosx +1 
12. y- sin3x — 4 13. f(x) = sin(x + 7 14. y= cos Card 
4 2 
= p = l sin(x - 37 = Asin Hx + Z 
15. y = cos 2(x + т) 16. f(x) z Sin [x 2 | 17. y=4sin 35+ F] 
_ _ т Pe 3m. — | = 
18. f(x) = cos (x 8)*? 19. y = З cos [x + 32] 1 20. y= sin 2(x + 27) — 3 
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тас. АИЙ 


: опр. 917 
: for Exs. 22-33 


: ES See qo A 
* for Exs. 36-41 
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21. * MULTIPLE CHOICE The graph of which function is shown? 


СА) у= cos 3x +3 (D y=cosx+3 


(Сб) y=cos2x+3 (D у= соѕ (х + т) + З 


GRAPHING Graph the sine or cosine function. 


22. f(x) = -sinx + 2 (з) у = —sin 2x +3 24. y= —cos 2х — 2 

25. y= —sin E = t| 26. f(x) = —sin (x — 7) 27. у= —2 cos ix 

28. у= -3cos(x— 7) +4 29. у= —cos (x+ т) + 1 30. f(x) = 1 — 3 sin (x + т) 
31. y= —sin (x = Эт) +2 32. f(x) = —cos (x + =| =R 33. у= —4 cos 2[x ad 1] 


34. ERROR ANALYSIS Describe and 


correct the error in determining Mamas ( | ) 2) | : 2) (0, 2) 
the maximum point of the | 


function y = 2 sin (x — 3) X 


35. * MULTIPLE CHOICE Which of the following is a maximum point of the graph 


of y = —4 cos [x - a} 


д: 
Ф) (-54) (0, 4) © (5 4) (D) (7,4) 
GRAPHING Graph the tangent function. 
36. у= —уїапх 37. y*tn2x-—3 38. у=—(ап4х+2 
= х+-7 E =i St E 
39. y= 2tan(x + 7| 40. y= tan 2(x 5] 4l. y > tan (x 4] 


WRITING EQUATIONS In Exercises 42-46, write an equation of the graph 
described. 


42. The graph of y = cos 2zx translated down 4 units and left 3 units 


43. The graph of y = 3 sin x translated up 2 units and right 7 units 


44. The graph of y = 5 tan x translated right * unit and then reflected 


in the x-axis 

45. The graph of y = 3 cos zx translated down 1 unit and then reflected 
in the line y= —1 

46. The graph of y = 5 sin бх translated down 5 units and right 1 unit, 


and then reflected in the line y = -$ 


47. REASONING Explain how you can obtain the graph of y = cos x by 
translating the graph of y = sin x. 


= WORKED-OUT SOLUTIONS ж = STANDARDIZED 
on p. WS1 TEST PRACTICE 


48. * SHORT RESPONSE Explain why there is more than one tangent function 


whose graph passes through the origin and has asymptotes at x = —7 and 
x=. 


49. CHALLENGE Find a tangent function whose graph intersects the graph of 


у= 2 + 2 sin x only at minimum points of the sine graph. 


PROBLEM SOLVING 


: EXAMPLE 3 


: on p. 916 
: for Exs. 50—51 


E CAPA 


: On p. 918 
: for Ex. 53 


50. WATER WHEEL The Great Laxey wheel, located on the Isle of Man, is one of 


the largest working water wheels in the world. The wheel was built in 1854 
to pump water from the mines underneath it. The height h (in feet) above 
the viewing platform of a bucket on the wheel can be approximated by the 
function 


h = 36.25 sin 151 + 34.25 


where t is time (in seconds). Graph the function. Find the diameter of the 
wheel if the lowest point on the wheel is 2 feet below the viewing platform. 


"P" 7 # 4t LEY: „> n Е 
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51. AUTOMOTIVE MECHANICS The pistons in an engine force the crank pins to 


rotate in a circle around the center of the crankshaft. The graph shows the 
height h (in inches) of a crank pin relative to the axle as a function of time £ 
(in seconds). Write a cosine function for the height of the crank pin. 


52. BLOOD PRESSURE For a certain person at rest, the blood pressure P 


(in millimeters of mercury) at time £ (in seconds) is given by this function: 


Р = 100 — 20 cos E 
Graph the function. If one cycle is equivalent to one heartbeat, what is the 
person's pulse rate in heartbeats per minute? 


MULTI-STEP PROBLEM You are standing 300 feet from 
the base of a 200 foot cliff. Your friend is rappelling 
down the cliff. 


a. Write a model that gives your friend's distance d 
(in feet) from the top of the cliff as a function of 
the angle of elevation Ө. 


b. Graph the function from part (a). 


c. Determine the angle of elevation if your friend 
has rappelled halfway down the cliff. 
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54. * EXTENDED RESPONSE In a particular region, the population С of coyotes 
(the predator) and the population R of rabbits (the prey) can be modeled by 


С = 9000 + 3000 sin sar and R= 20,000 + 8000 cos FEL 


where t is the time in months. 
a. Determine the ratio of rabbits to coyotes when t = 0, 6, 12, and 18 months. 
b. Graph both functions in the same coordinate plane. 


c. Usethe graphs to explain how the changes in the two populations appear 
to be related. 


55. CHALLENGE Suppose a Ferris wheel has a radius of 25 feet and operates at a 
speed of 2 revolutions per minute. The bottom car is 5 feet above the ground. 
Write a model for a person's height h (in feet) above the ground if the value of 
his 44 feet when t = 0. 


MIXED REVIEW = 


; PREVIEW 


: Prepare for 
: Lesson 14.3 
: in Exs. 56—59. 


Simplify the rational expression, if possible. (р. 573) 


lex? — 24х* x* — 7x 4- 12 x* — 12x + 36 x^— 6х + 9 


Find the number of combinations. (р. 690) 


60. „С, Es б 62. 46; B8. ¡Es 

Find the arc length and area of a sector with the given radius r and central 

angle 8. (p. 859) 

64. r— 61n., 0 1 65. r=3cm, 12 66. r= 15m, 3 
67. r= 10in., Ө = 135° 68. r= 16cm, 0 = 50° 69. r= 24m, 0 — 240° 


QUIZ for Lessons 14.1-14.2 
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Find the amplitude and the period of the graph of the function. (p. 908) 


1. y= cos 4х 2. у=-у5їп AE 3. f(x) -isinx 

4. у= 5 COS 2тх 5. y = sin пх 6. g(x) = 3cos 2X 
Graph the function. 

7. y = A sin тх (p. 908) 8. у= 5 cos Sax (p. 908) 9. g(x) =2tan ax (p. 908) 


10. f(x) = —2 sin 3x + 4 (р. 915) 11. у = cos (х + 7) + 2 (p.915) 12. y= —tan 2|х + | (р. 915) 


13. WINDOW WASHERS You are standing 70 feet from the base of a 250 foot 
building watching a window washer lower himself to the ground. Write and 
graph a model that gives the window washer's distance d (in feet) from the 
top of the building as a function of the angle of elevation 6. (p. 915) 


EXTRA PRACTICE for Lesson 14.2, p. 1023 2 ONLINE QUIZ at classzone.com 


ebro ACTIVITY Use before Lesson 14.3 Tutor 


classzone.com 
Keystrokes 


14.3 Investigating Trigonometric 
Identities 


MATERIALS = graphing calculator 


Determine whether the equation sin? x + cos? x = 1 is true for no x-values, 
some x-values, or all x-values. 


Enter equations Set viewing window Graph equations 
Enter the left side of the Set your calculator in radian Graph the equations. The 
equation as y, and the right mode. Adjust the viewing calculator first graphs 

side as y,. Use the "thick" window so that the x-axis y, = sinf x + соѕ x and 
graph style for y, to shows —27 < x < 27 and the then y, = 1 as a thicker line 
distinguish the graphs. y-axis shows —2 s y s 2. over the graph of y,. 


\Y1BCsin(x) 24 | WINDOW 
C(cos(xX))e Xmin--6.285185 
\¥ 281 Xmax=6.2831853 
\Y3= | Xscl=1.5707963 
1Y4= Ymin=-2 

1Y5= Ymax=2 

\Y6= Yscl=.5 


L д L J 


The graphs of each side of the equation sinf x + cos* x = 1 are the same. 
So, the equation is true for all x-values. 


n r 
"EL. 
= 


Use a graphing calculator to determine whether the equation is true for 
no x-values, some x-values, or all x-values. (Set your calculator in radian 
mode and use —27 <x = 27 and —2 = y = 2 for the viewing window.) 


sin x 


1. tanx= ойл 2. SIN Xx = —cosx 3. tan x = 


4. cos (—3x) = cos 3x 5. cosx = 1.5 6. sin (x — т) = cosx 


7. sin (—x) = —sin x 8. Cos = = 5 COS X 9. cos (x — 


| = sin х 


. REASONING Trigonometric equations that are true for all values 
of x (in their domain) are called trigonometric identities. Which 
trigonometric equations in Exercises 1-9 are trigonometric identities? 


14.3 Verify Trigonometric Identities 


Verify Trigonometric 
Identities Yum 


You graphed trigonometric functions. 
You will verify trigonometric identities. 


So you can model the path of Halley's comet, as in Ex. 41. 


Key Vocabulary Recall from Lesson 13.3 that if an 
• trigonometric angle 015 in standard position with its 
identity terminal side intersecting the unit circle 
at (x, y), then x = cos 0 and y = sin 0. 
Because (x, y) is on a circle centered 
at the origin with radius 1, it follows that: 


x -y-1 


cos? 0 + sin? 0 = 1 


(cos 6, sin 8) = (x, y) 


The equation cos? 0 + sin? 0 = 1 is true for any value of Ө. A trigonometric 
equation that is true for all values of the variable for which both sides of the 
equation are defined is called a trigonometric identity. Several fundamental 
trigonometric identities are listed below, some of which you have already learned. 


KEY CONCEPT For Your Notebook 


Fundamental Trigonometric Identities 


Reciprocal Identities 


> csc 67 -> sec 0 = eos B cot Ө = —— 

: Tangent and Cotangent Identities 

| tan ө = 500 cot 0 = 0S 

: Pythagorean Identities 

> — sin + cos^ 8-1 1 + tan? Ө = sec” Ө 1 + cot^ 0 = csc* 0 
; Cofunction Identities 

: sin (5 — 0) = cos 0 cos (5 — 0) = sin 6 tan (5 — 0) = cot 8 
; Negative Angle Identities 


> sin (—8) = —sin 0 cos (—0) = cos 0 tan (—0) = —tan ө 


You can use trigonometric identities to evaluate trigonometric functions, 
simplify trigonometric expressions, and verify other identities. 
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(CIDO Find trigonometric values 


: REVIEW 
: TRIGONOMETRY 


: For help with finding the | 


: sign of a trigonometric 
: function value, see 
: p. 866. 


| EXAMPLE 2 | Simplify a trigonometric expression 


| бөк ou i and 7 < 0« m find the values of the other five 


BE . Э. 
| trigonometric functions of 0. 


Solution 
STEP Y Find cos б. 


sin? 0 + cos? 0 = 1 


AW cos? 6 = 
($) + cos“ 6 = 1 


cos* = 1 – Bl 
cos? 0 = э 
cos 0 = +3 
и cos = -2 


Write Pythagorean identity. 


Substitute H for sin Ө. 

Subtract e y from each side. 
Simplify. 

Take square roots of each side. 


Because 0 is in Quadrant II, cos 0 is negative. 


Find the values of the other four trigonometric functions of 0 using the 


_3 
.cco080 5 3 
cot 0 in б 4 1 
5 
а Е о Re 
Seng cos 0 3 3 


STEP 2 
known values of sin 0 and cos Ө. 
4 
аав coso _3 3 
5 
csc 0 QE 1 
5 


Cofunction identity 


Cotangent identity 


Simplify the expression tan (S - ө) sin Ө. 
їап Ei - J sin 0 = cot 0 sin Ө 
_ [| cos @\,..- 
= (Sing Jin 0 
= cos 0 


Simplify. 


ЄТ) simplity a trigonometric expression 


| Simplify the expression csc 0 cot? 0 + =>" 
csc 0 cot? Ө + uis = csc 0 сої? Ө + csc 0 Reciprocal identity 


= csc 0 (csc? 0 — 1) + csc Ө 
= csc? 0 — csc Ө + csc Ө 


— csc? 0 


Pythagorean identity 
Distributive property 
Simplify. 
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_ GUIDED Practice for Examples 1, 2, and 3 


— —'—— a 


Find the values of the other five trigonometric functions of Ө. 


| == Ду T lud 3T 
1. cos 0 gr 0*9, 2. sin 0 q T<0< 2 
|. Simplify the expression. 
cos (7 zs J zu qd 
| S8. sinxcotxsecx 4, lanxcscx Y a i 
sec x 1 + sin (— 0) 


VERIFYING IDENTITIES You can use the fundamental identities on page 924 to 
verify new trigonometric identities. When verifying an identity, begin with the 
expression on one side. Use algebra and trigonometric properties to manipulate 
the expression until it is identical to the other side. 


(TUE verity a trigonometric identity 


| 
Verify the identity sec Ө—1 = sin? Ө. 
sec" 0 


sec^Q—1 _ sec _ 1 
sec? 0 secta  sec^0 


Write as separate fractions. 


exl 4 (ls) simplify. 


sec Ө 
= ] — cos? 0 Reciprocal identity 
= sin” 0 Pythagorean identity 
GH Verify a trigonometric identity 
" Р . _ cosx 
Verify the identity sec x + tan x = DET S 
secx + tanx =—! + tanx Reciprocal identity 
COS х 
1 sin x 
= —— + == Tangent ident 
cosx cosx Б "y 
= 1+sinx Add fractions. 
cos x 
: VERIFY IDENTITIES | _l+sinx l-sinx "n 1 — sinx 
: To verify the identity, | т |  cosx 1 —sinx Multiply бу 1— sinx 


: you must introduce 
: 1 — sin x into the u 1 — sin? x 


t = Simplify numerator. 
: denominator. Multiply cos x (1 — sin x) 
: the numerator and и 
: {һе denominator by = cos x. Pythagorean identity 
: 1 — sin x so you get an cos x (1 — sin x) 
: equivalent expression. 
= 08 Simplify. 


1 — sin x 
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€ EXAMPLE 6 ] Verify a real-life trigonometric identity | 


SHADOW LENGTH A vertical gnomon (the part of 
a sundial that projects a shadow) has height h. 
The length s of the shadow cast by the gnomon 
when the angle of the sun above the horizon is 6 
can be modeled by the equation below. Show that 
the equation is equivalent to s = h cot Ө. 


_ hsin (90° — 0 
sin 0 

Solution 
Simplify the equation. 

_ hsin (90° — 8) 

ao Write original equation. 
h sin E: E 0) 
-—————— Convert 90° to radians. 
sin Ө 
=- h cos 6 Cofunction identity 
sin Ө 
= hcotð Cotangent identity 


E | for Examples 4, 5, and 6 


Verify the identity. 
6. cot (—8) = —cot 8 7. csc’ x (1 — sin? x) = сої? x 
8. cos х сѕсхїапх = 1 9. (tan? x + 1)(cos* x - 1) = —tan? x 


14.3 EXERCISES HOMEWORK: () = WORKED-OUT SOLUTIONS 
" KEY : оп р. WS24 for Exs. 5, 11, and 41 


Ж = STANDARDIZED TEST PRACTICE 


Exs. 2, 9, 24, 42, 43, and 44 


: «9 = MULTIPLE REPRESENTATIONS 
: Ех. 41 


‘SKILL PRACTICE 


1. VOCABULARY What is a trigonometric identity? 


2. * WRITING What does the cofunction identity sin £ = ө) = cos 0 tell you 


about the graphs of y = sin x and y = cos x? 


: EXAMPLE 1 FINDING VALUES Find the values of the other five trigonometric functions of 0. 


а EA 


: on p. 925 


: for Exs. 3-9 3. sin 0 = z, 0< 0<- 4. tan 0 7, 0<0< (5.)cos ө = 5, 37 <0<2т 
| Y 37 _ WE Ge — 198 97 
6. sin 0 = — 9) 7<0<%- 7. cotó==2 3 <0<T 8. sec ө = UT <0<rm 
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| 9. * MULTIPLE CHOICE If csc 0 = 5 and F < 0 < п, what is the value of tan 6? 


_ Vi se 
25 o -A © 208 q 25 
: EXAMPLES SIMPLIFYING EXPRESSIONS Simplify the expression. 
: 2and 3 M gin’ БЕ, 
: on p. 925 10. sinxcot x (п) ens (301 12. csc 0sin 0 + cot? 0 
: for Exs. 10—24 
| COS E3 — x) 
13. cos 0 (1 + tan! 6) 14. 1+ tan? is — x) A: ——— 5 
Era CSC X 
COS Us E J я - cos? x 
+ с віп (7 — ‚ COS” x 
16 — cos? 0 17. sin | 2 0) sec 6 18 СО 
" ТГ у 
sec х sin x + cos (5 х) es ata 1 
19 > 2 ` ‚ esc" x — cot x gj, HE сй 
l + secx sin (—x) cot x cos’ x 


ERROR ANALYSIS Describe and correct the error in simplifying the expression. 
22. 23. 


sin 1 cos sin x 
( tan( x)cscx с, эш 


COS X 
cos 
бес 


24. Ж MULTIPLE CHOICE Which of the following is the simplified form of the 
expression cos 0 sec 0? 


(А) tano (В) 1 (С) 2 (D 1- sin? ө 
: EXAMPLES VERIFYING IDENTITIES Verify the identity. 
;4ands 25. sinxcscx = 1 26. tan 0 сѕс 0 соѕ 0 = 1 


| ar o” a 
: for Exs. 25-34 cog (я - 6) + 1 


27. = 1 28. ѕіп |7 — x\tanx = sin x 
1 — sin (-0) [3 | 
29. Сас 0 — coU 9 ее 30. 2 — cos? 8 = 1 + sin? 0 
l — sin? 0 
sin? (—x) 2 
31. sin x + cosx cot x = csc x 32. = COS" X 
tan” x 
зз. 1+ С05Х |, sinX  —2cscx 34. ПХ .'-—cscx- cotx 
sin x 1 + cos x l —e08[—3413 


35. ODD AND EVEN FUNCTIONS А function f is odd if f(—x) = —f(x). A function 
fis even if f(—x) = f(x). Which of the six trigonometric functions are odd? 
Which are even? 


VERIFYING IDENTITIES Verify the identity. 


36. In [sec 6| = —In [cos 6| 37. In [tan 6| = In [sin 6| — In |cos 6| 


38. CHALLENGE Use the Pythagorean identity sin” 0 + cos? 0 = 1 to derive the 
other Pythagorean identities, 1 + tan? 0 = sec? 0 and 1 + cot? Ө = csc? Ө. 


(С) = WORKED-OUT SOLUTIONS ж = STANDARDIZED D = MULTIPLE 
928 on p. WS1 TEST PRACTICE REPRESENTATIONS 


PROBLEM SOLVING 


39. RATE OF CHANGE Їп calculus, it can be shown that the rate of change 
of the function f(x) = sec x + cos x is given by this expression: 


sec x tan x — sin x 
Show that the expression for the rate of change can be written as sin x tan! x. 


Cw CRT IM 
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40. PHYSICAL SCIENCE Static friction is the amount of force 
necessary to keep a stationary object on a flat surface 
from moving. Suppose a book weighing W pounds is 
lying on a ramp inclined at an angle 0. The coefficient 
of static friction u for the book can be found using 
this equation: 


uW cos Ө = Wsin 0 


a. Solve the equation for u and simplify the result. 


b. Use the equation from part (a) to determine what 
happens to the value of u as the angle 0 increases 
from 0° to 90°. 


Tiga, 
p 


RON 
| Ти ' . for problem solving help at dasszone.com 
` Erari i me lutor > p 8 p 


^ MULTIPLE REPRESENTATIONS The path of Halley's comet is an ellipse with 
the sun as a focus. The equation below gives the comet's distance r from the 
sun (in astronomical units) as a function of the angle 0 (in radians) between 
the major axis and the comet. 


Halley's 
comet 


pz 


1.069 
А / 4T \ 
1 — 0.97 sin Ua — 0 


r= 


a. Writing an Equation Simplify the equation given above. 

b. Drawing a Graph Use a graphing calculator to graph the equation 
from part (a). 

c. Making a Table Make a table of values for the equation from part (a) in 
which 6 starts at 0 and increases in increments of T Use the table to 


approximate the closest and farthest distance, in miles, that Halley's 
comet is from the sun. (Note: 1 astronomical unit = 93 million miles.) 


42. * SHORT RESPONSE Use a reciprocal identity to describe what happens 
to the value of sec 6 as the value of cos 0 increases. On what intervals 
does this happen? 


43. * EXTENDED RESPONSE Find the intervals on which sin 0 and cos 0 are both 
positive. Then tell whether sin 8 and cos 8 are increasing or decreasing 
on those intervals. Finally, use the tangent identity to describe what 
happens to the value of tan 8 on these intervals. 
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44. * EXTENDED RESPONSE When light traveling in a 
medium (such as air) strikes the surface of a second 
medium (such as water) at an angle 0,, the light begins 
to travel at a different angle 0,. This change of direction 61 
is defined by Snell's law, n, sin Ө, = n, sin Ө, where п, 
and n, are the indices of refraction for the two mediums. 
Snell's law can be derived from the equation: 


m 


n, _ n, 
Vcot^60, +1 со ө, +1 


а. Derive Simplify the equation to derive Snell's law: n, sin 6, = n, sin 6,. 
b. Solve If 0, = 55°, Ө, = 35°, and n, = 2, what is the value of n,? 


c. Interpret If 0, = 6,, what must be true about the values of n, and n,? 
Explain when this situation would occur. 


45. CHALLENGE Brewster's angle is the angle 6,, at which light reflected off 
water is completely polarized, so that glare is minimized when you look at 
the water with polarized sunglasses. Brewster's angle can be found using 
Snell's law (see Exercise 44). 

з 


ha A „ш. 
a. Let sin 0, — п, 


a 2 2 
sin o, and cos 9, == 


n. 2 
n, COS 0, 4 


Add the two equations to show that 
2 2 

n n | 
MEX. 2 2а = 

аш" + — eos" B, — 1. 
2 1 


b. Show that the equation from part (а) can be simplified 
22 AUR. 
; - sin? Ө, = 2—— cos? 6,. 
2 n 


to 2 


c. Solve the equation from part (b) to find Brewster's angle: 


n 
- - [52 
0, = fan E 


: Prepare for 
{ Lesson 14.4 
: in Exs. 49—54. 
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Find the product. (p. 195) 


ik Ifa PE „ож 51-3|l1 2 3 

46. |- 2 5 al ral y 48. | 08 2||8 -7 6 
| 1 0 | -1 3 4|]0 5 -6 

Solve the equation. 

49. х? + 5x + 4 = 0 (p. 252) 50. x? — 8x + 12 = 0 (p.252) 51. x^ + Зх — 10 = 0 (p. 252) 


52. 242 — x 1 = 0 (p. 259) 53. 10x? + 17x —6 = 0(p.259) 54. Ax? — 12x — 27 = 0 (p. 259) 


Evaluate the expression without using a calculator. Give your answer in both 
radians and degrees. (p. 875) 


УЗ 


1 ш. КЛА. 
57. sin | 3 


-1 V2 
2 


55. COS 56. sin 


X 
2 
58. tan ! (- V3) 59. tan? 1 60. cos ! 0 
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1 4 4 Solve Trigonometric 
* ™ Equations 


You verified trigonometric identities. 
QUEUE You will solve trigonometric equations. 


So you can solve surface area problems, as in Ex. 43. 


Key Vocabulary. 


In Lesson 14.3, you verified trigonometric identities. In this lesson, you will solve 


*extraneous solution, trigonometric equations. To see the difference, consider the following: 


p. 52 sin? x + cos^x-1 Equation 1 


sinx=1 Equation 2 


Equation 1 is an identity because it is true for all real values of x. Equation 2, 
however, is true only for some values of x. When you find these values, you are 


solving the equation. 


«^ € EXAMPLE | J Solve a trigonometric equation 


Solve 2 sin x — V3 = 0. 


Solution 
First isolate sin x on one side of the equation. 
2sinx - V3 =0 Write original equation. 
2sinx=V3 Add 3 to each side. 


v3 


sin x — > Divide each side by 2. 


ҮЗ 


One solution of sin х = E in the interval 0 <s x< 2ris x= sin ! 
T 2m 


3 3 
y = sin x is periodic, there will be infinitely many solutions. 


The other solution in the interval is x = т — 


. Moreover, because 


: WRITE GENERAL You can use the two solutions found above to write the general solution: 


: SOLUTION 


dic нөн ie X m T +2пт ог x=27 +2пт (where п is any integer) 


: To write the general 3 
: solution of a 


: trigonometric equation, | CHECK — You can check the answer by graphing y = sin x and y = 2 


: you can add multiples 


: of the period to all the 
: solutions from one 


: cycle. 


the same coordinate plane. Then find the points where the graphs 
intersect. You can see that there are infinitely many such points. 


y = sin x 
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[| EXAMPLE 2 | Solve a trigonometric equation in an interval | 


| Solve 9 tan? x + 2 = З in the interval 0 = x < 27. 


9tan^x-2-3 Write original equation. 


9 tanéx= 1 Subtract 2 from each side. 


Divide each side by 9. 


i Take square roots of each side. 
: REVIEW INVERSE 
: FUNCTIONS 
Жү tesecerecsrescrets 3» Using a calculator, you find that tan | 1 ~ 0.322 and tan” (3) == —0.322. 
: For help with inverse 3 3 
: trigonometric functions, | Therefore, the general solution of the equation is: 
: pe pesas. х = 0.322 + пт or x= —0.322 + пт (where л is any integer) 
> The specific solutions in the interval 0 x х < 27 are: 

x == 0.322 x = —0.322 + т = 2.820 


x = 0.322 + т = 3.464 x = —0.322 + 27 = 5.961 


Solve a real-life trigonometric equation — 


| OCEANOGRAPHY The water depth d for the Bay of Fundy can be modeled by 


"п ren EPA 
d = 35 — 28 cos 6.2 


where d is measured in feet and t is the time in hours. If t = 0 represents 
midnight, at what time(s) is the water depth 7 feet? 


High tide =“ 


: ANOTHER WAY _ Solution 


а FEA | 


: For alternative methods 


: | Substitute 7 for d in the model and solve for £. 

: for solving the problem 

: in Example 3, turn 35 — 28 cos p =7 Substitute 7 for d. 

: to page 938 for the 

: Problem Solving | T. 

: Workshop. —28 cos 62 = —28 Subtract 35 from each side. 
cos 53 =] Divide each side by —28. 

eu = 2пт cos 0 = 1 when 0 = 2nz. 


t= 12.4n Solve for t. 


> On the interval 0 = t = 24 (representing one full day), the water depth is 7 feet 
when t = 12.4(0) = 0 (that is, at midnight) and when t = 12.4(1) = 12.4 (that is, 
at 12:24 P.M.). 
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Y Guwen practice | for Examples 1,2, and 3 


1. Find the general solution of the equation 2 sin x + 4 = 5. 


2. Solve the equation 3 csc* x = 4 in the interval 0 < x « 27. 


3. OCEANOGRAPHY In Example 3, at what time(s) is the water depth 63 feet? 


Ж СТТ) standardized test Practice | 


: ELIMINATE 
: SOLUTIONS 


|! 
CREAN 


ЕЕ x=00rx=>" sin x = —2 sin. x= 2 


: Because sin х is never 
: less than —1 or greater 
: than 1, there are no 

: solutions of sin x = —2 
: and sin x = 2. 


What is the general solution of sin? x — 4 sin x = 0? 


СА) х=-+2лт or х= 37 +2пт х=-+2пт огх=т+?2пт 
(СС) х=т+2пт D) х=2пт ог х= т + 2пт 


Solution 
sin’x—4sinx=0 Write original equation. 
sinx(sin*x—4)=0 Factor out sin x. 
sin x (sin x + 2)(sin x — 2) = 0 Factor difference of squares. 
Set each factor equal to 0 and solve for x, if possible. 


sinx = 0 sinx+2=0 sinx-2=0 


The only solutions in the interval 0 <s x < 27 are x = 0 and x = т. 
The general solution is x = 2n7 or x = т + 2пт where n is any integer. 


> The correct answer is D. © (В) O © 


2 


Solve cos“ x — 5 cos x + 2 = 0 іп the interval 0 = х = 7. 


Solution 


Because the equation is in the form au? + bu + с = 0 where u = cos x, you сап 
use the quadratic formula to solve for cos x. 


cos’ х – 5cosx+2=0 Write original equation. 
E It —R32 — 
COS X — AA QA Quadratic formula 
= пеш Simplify. 
== 4.56 or 0.44 Use a calculator. 


x = соз ! 4.56 x = cos! 0.44 Use inverse cosine. 
No solution = 1,12 Use a calculator, if possible. 


> In the interval 0 = х = 7, the only solution is x = 1.12. 
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EXTRANEOUS SOLUTIONS When solving a trigonometric equation, it is possible 
to obtain extraneous solutions. So, you should always check your solutions in the 
original equation. 


“eo [ EXAMPLE 6 | Solve an equation with an extraneous solution 


Solve 1 + cos x = sin xin the interval 0 x x < 27. 


l + cosx = sinx Write original equation. 
: REVIEW (1 + cos x) = (sin x)? Square both sides. 
| m eio rei өөө » 1+2cosx+cos* x= sin?x Multiply. 
; binomials, see р. 245. 1+2cosx+cos*x=1-cos*x Pythagorean identity 
2 сов” х + 2cosx=0 Quadratic form 
2cosx(cosx+ 1) = 0 Factor out 2 cos х, 
2cosx=0 or cosx+1=0 Zero product property 
cosx=0 or cosx=-l Solve for cos x. 


On the interval 0 < x < 27, cos x = 0 has two solutions: x = E orx = эт. 
On the interval 0 € x < 27, cos x = —1 has one solution: x = 7. 


Therefore, 1 + cos x = sin x has three possible solutions: x = 7 m, and эл. 


CHECK То check the solutions, substitute them into the original equation 


and simplify. 

1 + cosx = sinx l + cos x = sin х 1 + cos x= sin х 
1 + cos 7 = sin 7 1 + cos z Ê sin z 1 + cos 37 2 sin $7 
1-041 1+(—1) 20 1+0%-1 

l=1Y 0-0/ 1% -l 


37 


» The apparent solution x = "3 is extraneous у= 1 + соѕ х 


because it does not check in the original 
equation. The only solutions in the interval 


0<х<2тагех= > and х = т. Graphs of each 


side of the original equation confirm the 
solutions. 


y = sin x 


RACTICE for Examples 4, 5, and 6 


| Find the general solution of the equation. 


3 


4. sin’ x —sinx=0 5. 1— cos x = V3 sinx 


| 
| Solve the equation in the interval 0<x< m. 


| 6 2sinx=cscx 7. tan’ х — sinxtan* х = 0 
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14.4 EXERCISES E Э = морил зати 

a KEY: on p. WS24 for Exs. 5, 13, and 43 
: ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 36, 42, and 44 


| €- = MULTIPLE REPRESENTATIONS 
Ех, 43 


SKILL PRACTICE 


1. VOCABULARY What is the difference between a trigonometric equation and 
a trigonometric identity? 


2. * WRITING Describe several techniques for solving trigonometric equations. 


: EXAMPLE 1 CHECKING SOLUTIONS Verify that the given x-value is a solution of the equation. 


EG 


: on p. 931 


» - + =з =), = 3 + яг = " = 
: for Exs, 3-15 3. 2+3cosx—5=0,x = 4т 4. пѕесх + т = 0, х = т 
(5)12sin?x-3=0,5=1 6. 5tan'x-5-0,x- 7 
7, 2 cos’ х — cos’ x = 0,x =F 8. 3 cott x — co? x – 24 = 0, x = ^7 
GENERAL SOLUTIONS Find the pep solution of the equation. 
9. 2sinx—l1=0 0. V3cscx-2-0 11. 3tanx— УЗ = 
12. sinx + V2 = —sinx @) soe х-3 = 0 14. Зїап2х – 9 = 0 
15. A MULTIPLE CHOICE What is the general solution of the equation 
4 sin x= 2 sin x + 1? 
х= = + 2nm or x= 77  2nm (В) х= + пт огх= 27 + пт 
<; х= Я + 2nm or x= + 2пт D х= 1 + пт or x - 4 пт 
: EXAMPLE2 | SOLVING EQUATIONS Solve the equation in the interval 0 < x < 27. 
: ON p. 932 16. 5 + 2sinx—7=0 17. 3tanx — V3 = 0 18. 3 cos x = cosx- 1 
: for Exs. 16-23 
19. 2sin?x—1=0 20. 5tan*x—15=0 21. 4cos?*x-1-0 


ERROR ANALYSIS Describe and correct the error in solving the equation in the 


interval 
22. 23. 
sin sin x 2 COS x 
COS X 
sin x 


x, X 


: EXAMPLE 4 GENERAL SOLUTIONS Find the general solution of the equation. 


= EII 


: On p. 933 


: 24. sinxcosx—3cosx=0 25. УЗ cosxtanx—cosx=0 26. 2sin?x = sinx 
: for Exs. 24-29 


27. 2tan x -tan^x — 15 = 0 28. Vcosx 22cosx- 1 29. 1 + cos x = УЗ sin x 
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; EXAMPLES | SOLVING Solve the equation in the given interval. Check your solutions. 


EE 30. sec x csc* x = 2sec x; 0s x « 2m 31. ҮЗ соѕ2 х = cos? хїап х; О = х= т 

: оп pp. 933-934 

for Exs. 30-35 | 39 2sin?x —cosx—1=0;0<x<2m 33. sin^x + 5sinx — 3 = 0; —$5X«5 
34. tan“x—3tanx+2=0;0<x<7 35. cos х + sin хїапх = 2; п=х<2т 


36. * MULTIPLE CHOICE What аге the points of intersection of the graphs of 
y=4sinx+ land y = 2 sin х + 2 on the interval 0 = х < 27? 


To КОЕ 
® ($3) 3) ® (53) (63) 
T з\ [7m | 117 
© (73) (53) »ü 3) 88) 
INTERSECTION POINTS Find the points of intersection of the graphs of the given 
functions in the interval 0 = x < 27. 
37. y = cos? x 38. y=9sin? x 39. y= V3 tan? x 
y=2cosx- 1 y =sinéx+8sinx-2 = V3 —2tanx 
40. CHALLENGE A number cis a fixed point of a function fif f(c) = c. For example, 


0 is a fixed point of f(x) = sin x because f(0) = sin 0 = 0. 


a. Reasoning Use graphs to explain why the function g(x) = cos x has only 
one fixed point. 


b. Graphing Calculator Find the fixed point of g(x) = cos x. 


PROBLEM SOLVING 


: EXAMPLE 3 41. WIND SPEED The average wind speed s (in miles per hour) in the Boston 


on p. 932 Harbor can be approximated by s = 3.38 sin —7—(т + 3) + 11.6 where tis the 

" 180 

: for Exs. 41-42 | . | . . 
time in days, with £ = 0 representing January 1. On which days of the year is 


the average wind speed 10 miles per hour? 


HARE ТА 
@Homelutor ог problem solving help at dasszone.com 


42. * SHORT RESPONSE The number of degrees 0 north of due east (0 » 0) or 
south of due east (0 « 0) that the sun rises in Cheyenne, Wyoming, can be 
modeled by 


6(t) = 31 sin (£21 — 1 4) 


where fis the time in days, with t = 1 representing January 1. Use an 
algebraic method to find at what day(s) the sun is 20° north of due east at 
sunrise. Explain how you can use the graph of 6(f) to check your answer. 


r for problem solving help at classzone.com 


(С) = WORKED-OUT SOLUTIONS * = STANDARDIZED $ = MULTIPLE 
936 on p. WS1 TEST PRACTICE REPRESENTATIONS 


«^ MULTIPLE REPRESENTATIONS The surface area 5 of a 
honeycomb cell can be estimated by the equation shown 
at the right. In the equation, h is the height (in inches), 
sis the width of a side (in inches), and 0 is the angle 
(in degrees) indicated in the diagram. 


a. Using a Diagram Use the values of h and sin the diagram 
to simplify the equation. Ё 

b. Making a Table Use a graphing calculator to make a table ай: ч 
for the function from part (a). For what value(s) of 0 does $ = 6hs + 2s [Уз soe | 
S = 9 square inches? е 


с. Drawing а Graph Use a graphing calculator to graph the 
function from part (a). What value of Ө minimizes the 
surface area? 


44. * EXTENDED RESPONSE The power Р (in watts) used by a microwave oven is 
the product of the voltage V (in volts) and the current / (in amperes). Suppose 
the voltage and current can be modeled by 


V= 170 cos 1207t апа Г = 11.3 cos 1207f 


where fis the time (in seconds). 


a. Model Write the function P(t) for the power used by the microwave. 
b. Solve At what times does the microwave use 375 watts of power? 


c. Graphing Calculator Graph the function P(t). Describe how the graph 
differs from that of a cosine function of the form у = a cos bt. 


45. CHALLENGE Matrix multiplication can be used to rotate 
a point (x, y) counterclockwise about the origin through 
an angle Ө. The coordinates of the resulting point (x', y”) 
are determined by the matrix equation shown at the right. 


lx”, y") 


a. The point (2, 3) is rotated counterclockwise about the 
origin through an angle of E What are the 


coordinates of the resulting point? Г 0 -sin 1 | 4 _ H 


b. Through what angle 0 must the point (6, 2) be rotated sinó — cos 
to produce (x’, y) = (3V3 — 1, V3 + 3)? 


MIXED REVIEW 


Perform the indicated operation (s). 


2 2 2 2 
46. X 3x 4 , x" — 3x — 10 , 573 47, 2X5 — 7x *3 . 3x" — Эх 573 
х? – 4х – 5 вара, > | х° + 5x — 36 "-— Р 
ag, — t4 __ ф___х-2__ (582) 49. +2 -_3 44-1 (582) 
х? – 3x — 10 2 -9x420" x*-16 4+4 TER 
: PREVIEW Graph the function. 
: Prepare for 1 
: Lesson 14.5 50. y = 3 sin x (p. 908) 51. y = tan 3* (p. 908) 52. y — cos 2x (p. 908) 
: in Exs. 50—58. 
53. р(х) = 3 sin Ах (p. 908) 54. y = cos 4х + 3 (p. 915) 55. f(x) = cos x + 9 (p. 915) 
| 56. g(x) = —sin x + 2 (p. 915) 57. y = tan 4(x — 77) (p. 915) 58. y = 2 cos [x F 2 (p. 915) 
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‘PROBLEM 
WORKSHOP 


LESSON 144 — 


Ф, 
b d 


METHOD 1 


Using ALTERNATIVE METHODS 


Another Way to Solve Example 3, page 932 


MULTIPLE REPRESENTATIONS In Example 3 on page 932, you solved a 
trigonometric equation algebraically. You can also solve a trigonometric 
equation using a table or using a graph. 


OCEANOGRAPHY The water depth d for the Bay of Fundy can be modeled by 
d = 35 — 28 cos —t 


6.2 


where d is measured in feet and tis the time in hours. If t = 0 represents 
midnight, at what time(s) is the water depth 7 feet? 


Using a Table The problem requires solving the equation 35 — 28 cos 23! = 7. 


One way to solve this equation is to make a table of values. You can use a 
graphing calculator to make the table. 


STEP Y Enter the function у = 35 — 28 cos 9% 


into a graphing calculator. Note that E E55-28cos(1X/6.2) 
time is now represented by x and water rx 


depth is now represented by y. Y4= 
Ys- 
Y6= 
Y7= 


STEP 2 Make a table of values for the function. 
Set the table so that the x-values start 
at 0 and increase in increments of 0.1. 
(Be sure that the calculator is set in 
radian mode.) 


STEP 3 Scroll through the table to find all the 
times x at which the water depth y is 
7 feet. On the interval 0 « x « 24 
(which represents one full day), you 
can see that the function equals 7 
when x is 0 and 12.4. 


» The water depth is 7 feet when x = 0 (that is, at midnight) and when x = 12.4 
(that is, at 12:24 P.M.). 
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METHOD 2 Using a Graph Another approach is to use a graph to solve the equation 


35 — 28 cos — t = 7. You can use a graphing calculator to make the graph. 


SOLVING EQUATIONS Solve the equation 
using a table and using a graph. 


1. 


20sin*x-6=8 


4 


5 cos Ex + 6 = 


6 


2 


—10 cos 27x = З 


3 +4sin x= 2 


STEP 1 


STEP 2 


STEP 3 


— te — ix ee Б 
15 — 10 sin 20* 11 


—34 cos su == 


ТГ 


10 


6.2 


Enter the functions у = 35 – 28 cos c2 

and y = 7 into a graphing calculator. Y 1855-28cos(1X/6.2) 
А : х Y 287 

Again, note that time is now represented Y3= 

by x and water depth is now represented hi. 

by y. Yee 


Y7= 


Graph the functions. Set your calculator 
in radian mode. Adjust the viewing 
window so that you can see where the 
graphs intersect on the interval 0 = x = 24. 


Find the intersection points of the two 
graphs using the intersect feature of the 
graphing calculator. On the interval 

0 <x = 24, the graphs intersect at (0, 7) 
and (12.4, 7). Because x represents the 
number of hours since midnight, you 
know that the water depth is 7 feet at 
midnight and 12:24 P.M. 


Intersection 
X=12.4 Y=7 


7. WHAT IF? In the problem on page 938, suppose 
you want to find the time(s) when the depth of 
the water in the Bay of Fundy is 15 feet. Find 
the time(s) using a table and using a graph. 


8. WRITING Explain why the equation 
2 sin x + 3 = 0 has no solution. How does a 
graph show this? 


9. BUOY An ocean buoy bobs up and down as 
waves travel past it. The buoy's displacement 
d (in feet) with respect to sea level can be 
modeled by d = 3 sin тї where tis the time 
(in seconds). During the one second interval 


| + 22 = 17 0 < ts 1, when is the buoy 1.5 feet above sea 


level? Solve the problem using a table and using 
a graph. 
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Lessons 14.1-14.4 


1. MULTI-STEP PROBLEM You put a reflector on 
a spoke of your bicycle wheel. As you ride your 
bicycle, the reflector’s height h (in inches) 
above the ground is modeled by 


h = 13.5 + 11.5 cos 27t 


where fis the time (in seconds). 
a. Graph the given function. 


b. What is the frequency of the function? 
What does the frequency represent in this 
situation? 

c. At what time(s) on the interval 0 = t = > will 
the reflector be 8 inches above the ground? 


2. MULTI-STEP PROBLEM You stand 80 feet from 
the launch site of a hot air balloon. You look at 
your friend who is traveling straight up in the 
balloon to a height of 150 feet. 


a. Write and graph an equation that gives 
your friend's distance d (in feet) above 
the ground as a function of the angle of 
elevation 0 from you to your friend. 


b. What is the angle of elevation when your 
friend is at a height of 120 feet? 
3. GRIDDED ANSWER What is the amplitude 
of the graph below? 


* 


-4 


E 


mam 


4. EXTENDED RESPONSE At an amusement 


park you watch your friend go on a ride that 
simulates a free-fall. You are standing 200 feet 
from the base of the ride as it slowly begins to 
pull your friend up to the top. The ride is 120 
feet tall. 


a. Write an equation that gives the distance 
d (in feet) your friend is from the top as a 
function of the angle of elevation Ө. 


b. What is the domain of the function? 


c. Graph the function. Explain how the graph 
relates to the given situation. 


. OPEN-ENDED Find two different cosine 


functions that have (0, 6) as a maximum and 
(m, —4) as a minimum. 


. GRIDDED ANSWER The number п (in millions) 


of gallons of ice cream produced in the United 
States can be approximated by 


= . ТГ 
п = 24.5 sin бту 1.09) + 113 
where t is the time (in days) with f= 1 
representing January 1. What value of t 
corresponds to the first day that 125 million 
gallons of ice cream will be produced? Round 
your answer to the nearest integer. 


. SHORT RESPONSE In calculus, it can be 


shown that the rate of change of the function 
f(x) = —csc x — sin x is given by this 
expression: 


CSC X COL X — COS X 


a. Show that the expression for the rate of 
change can be written as cos x cot? x. 


b. List the identities used to solve part (a). 
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14 z Write Trigonometric 
Functions and Models 


You graphed sine and cosine functions. 
E You will model data using sine and cosine functions. 
So you can model the number of bicyclists, as in Ex. 26. 


abulary Graphs of sine and cosine functions are called sinusoids. One method to write a 
e sinusoid sine or cosine function that models a sinusoid is to find the values of a, b, h, and 


k for 


where |а| is the amplitude, Ed is the period (b » 0), h is the horizontal shift, and 
k is the vertical shift. 


@ EXAMPLE - » Solve a multi-step problem 


Write a function for the sinusoid shown below. 


Solution 
STEP? Find the maximum value M and minimum value m. From the graph, 
М = 5and m = -1. 
STEP2 Identify the vertical shift, К. The value of k is the mean of the ecce 


and minimum values. The vertical shift is k — Mm. a DAMM ads = 2. 


So, k= 2. 


STEP 3 Decide whether the graph should be modeled by a sine or cosine 
function. Because the graph crosses the midline y = 2 on the y-axis, 
the graph is a sine curve with no horizontal shift. So, h = 0. 


: FIND PERIOD 


AAA È | | i riod is = = 27 R 
Because the graph »- STEP 4 Find the amplitude and period. The period is 5-7 So, b= 4. 

: repeats every > = units, The amplitude is |a|— Hm = A = 5 = = 3. The graph is nota 
: the period is = reflection, so a » 0. Therefore, a — 3. 

: 2 


> The function is y = 3 sin 4x + 2. 
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Model circular motion 


JUMP ROPE Ata Double Dutch competition, two people swing jump ropes as 

shown in the diagram below. The highest point of the middle of each rope is 

| 75 inches above the ground, and the lowest point is 3 inches. The rope makes 
2 revolutions per second. Write a model for the height h (in feet) of a rope as a 
function of the time t (in seconds) if the rope is at its lowest point when f = 0. 


.  . ein. above ground 


Solution 


STEP? Findthe maximum and minimum values of the function. A rope's 
maximum height is 75 inches, so M = 75. А rope's minimum height 
is 3 inches, so m = 3. 


STEP2 Identify the vertical shift. The vertical shift for the model is: 


STEP3 Decide whether the height should be modeled by a sine or cosine 
function. When 1 = 0, the height is at its minimum. So, use a cosine 
function whose graph is a reflection in the x-axis with no horizontal 
shift (h — 0). 


STEP 4 Find the amplitude and period. 


Because the graph is a reflection, a « 0. So, a = —36. Because a rope 
is rotating at a rate of 2 revolutions per second, one revolution is 


completed in 0.5 second. So, the period is = = 0.5, and b = 4т. 


» A model for the height of a rope is h = —36 cos 4111 + 39. 


Y GUIDED PRACTICE | for Examples 1 and 2 
ae LENS os 


Write a function for the sinusoid. 


3. WHAT IF? Describe how the model in Example 2 would change if the 
lowest point of a rope is 5 inches above the ground and the highest point 
is 70 inches above the ground. 
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SINUSOIDAL REGRESSION Another way to model sinusoids is to use a graphing 
calculator that has a sinusoidal regression feature. The advantage of this method 
is that it uses all of the data points to find the model. 


Use sinusoidal regression 


ENERGY The table below shows the number of kilowatt hours K (in thousands) 
used each month for a given year by a hangar at the Cape Canaveral Air Station in 
Florida. The time tis measured in months, with t = 1 representing January. Write 
a trigonometric model that gives К as a function of t. 


а 5 г геру ге га Го Гара 


UK 619 s 62 701 a 831 1023 1068 1054 929 812 699 


Solution 
STEP Y Enter the data in a graphing STEP 2 Make a scatter plot. 
calculator. 
STEP 3 Perform a sinusoidal regression, STEP 4 Graph the model and the 
because the scatter plot appears data in the same viewing 


sinusoidal. window. 


SinReg 
y=a*xsin(bx+c)+d 
a=23.91304529 
b=.5325144426 
c=-2.691761344 
d=82.44844029 


> The model appears to be a good fit. So, a model for the data is 
K = 23.9 sin (0.533t — 2.69) + 82.4. 


v GUIDED PRACTICE for Example 3 


4. METEOROLOGY Use a graphing calculator to write a sine model that 
gives the average daily temperature T (in degrees Fahrenheit) for Boston, 
Massachusetts, as a function of the time t (in months), where t= 1 
represents January. 


MERRITT 


IAE 
rla] m2 [ao æ s0 [607072 ies 
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on p. WS24 for Exs. 5, 9, and 25 


Ж = STANDARDIZED TEST PRACTICE | 
Exs. 2, 18, 19, 20, and 28 


14.5 EXERCISES E e ам 


Г SKILL PRACTICE 


1. VOCABULARY What is a sinusoid? 


2. * WRITING Describe two methods you can use to model a sinusoid. 


: EXAMPLE 1 | WRITING FUNCTIONS Write a function for the sinusoid. 
3. 


ERROR ANALYSIS Describe and correct the error in finding the amplitude and 


vertical shift for a sinusoid with a maximum point at (2, 10) and a minimum 
point at (4, —6). 


7. 8. 


A A 


WRITING FUNCTIONS Write a function for the sinusoid with maximum at 
point A and minimum at point B. 


10 


Cha 6), BOr, —6) 10. A(0, 4), В(т, —4) п. A(Z, 5), BO, 3) 
12. A(z, 8), BOO, —6) 13. Еа 9) В(2т, 5) 14. A(0, 5), B(6, —11) 
15. A(0, 0), B(4rr, —4) 16. А|®, =з), вя, E) 17. А27, Ji B(0, —12) 


18. ж MULTIPLE CHOICE During one cycle, a sinusoid has a minimum at (16, 38) 
and a maximum at (24, 60). What is the amplitude of this sinusoid? 


D 8 (В) 11 (б) 22 D 49 
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19. MULTIPLE CHOICE What is an equation of the 
graph shown at the right? 


(А) у= -3 cosx + 12 (B у= -5coscx- 10 


6 6 
© y=3sin Fx + 12 ©) у= -5sinZx 10 


20. * WRITING Any sinusoid can be modeled by both a sine function and a 
cosine function. Therefore, you can choose the type of function that is more 
convenient. Explain which type of function you would choose to model a 
sinusoid whose y-intercept occurs at the minimum value of the function. 


21. REASONING Model the sinusoid in Example 1 on page 941 with a cosine 
function of the form y = a cos р(х — h) + k. Use identities to show that the 
model you found is equivalent to the sine model in Example 1. 

22. CHALLENGE Write a sine function for the sinusoid with a minimum at | » 3) 


and a maximum at ee 8), 


‘PROBLEM SOLVING 


: EXAMPLE 1. 


CEEI 


: for Exs. 23-24 


; EXAMPLE 2 


CEBADA 


: on p. 942 
: for Ex. 25 


23. CIRCUITS A circuit has an alternating 
voltage of 100 volts that peaks every 
0.5 second. Use the graph shown at 
the right to write a sinusoidal model 
for the voltage V as a function of the 
time f (in seconds). 


Маат. я 
@Нот eTutor 


for problem solving help at classzone.com 


24. CLIMATOLOGY The graph below shows the average daily temperature of 
Houston, Texas. Write a sinusoidal model for the average daily temperature T 
(in degrees Fahrenheit) as a function of time t (in months). 


РЕБЕ 

ишш T 
ЕТЕ 
ЕЕЕ 


Р 
2 4 B 
Months since January 1 


CIRCULAR MOTION One of the largest sewing machines in the world has a 
flywheel (which turns as the machine sews) that is 5 feet in diameter. Write a 
model for the height A (in feet) of the handle at the edge of the flywheel as a 
function of the time t (in seconds). Assume that the wheel makes a complete 
turn every 2 seconds and the handle is at its minimum height of 4 feet above 
the ground when t = 0. 
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26. 


27. 


28. 


29. 


BICYCLISTS The table below shows the number of adult residents R 

(in millions) in the United States who rode a bicycle during the months of 
October 2001 through September 2002. The time t is measured in months, 
with t = 1 representing October 2001. Use a graphing calculator to write а 
sinusoidal model that gives Ras a function of t. 


== 
DEJEJEIEIEJEJEJE 


9... 7 


MULTI-STEP PROBLEM The table below shows the number of employees N 
(in thousands) at a sporting goods company each year for eleven years. The 
time tis measured in years, with t = 1 representing the first year. 


Aa 3 [23 «a | звітів юп 


N | 208 | 227 | 246 | 232 | 20 i a| 21 


a. Model Use a graphing calculator to write a sinusoidal model that gives 
N as a function of t. 


b. Calculate Predict the number of employees in the twelfth year. 


* EXTENDED RESPONSE The low tide at Eastport, Maine, is 3.5 feet 
and occurs at midnight. After 6 hours, Eastport is at high tide, which is 
16.5 feet. 


a. Model Write a sinusoidal model that gives the tide depth d (in feet) as a 
function of the time t (in hours). Let t = 0 represent midnight. 


b. Calculate Find all the times when low and high tides occur in a 24 hour 
period. 


c. Reasoning Explain how the graph of the function you wrote in part (a) 
is related to a graph that shows the tide depth d at Eastport t hours after 
3:00 A.M. 


CHALLENGE The table below shows the average monthly sea temperatures T 
(in degrees Celsius) for Santa Barbara, California. The time tis measured in 
months, with t = 1 representing January. 


E: 2[234,sJ6 ze sm|mym 


“Tw ne BA ws Be ње лев m2 07 wa |155 |11 


a. Use a graphing calculator to write a sine model that gives Tas a 
function of t. 


b. Find a cosine model for the data. 


WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
on p. WS1 TEST PRACTICE 


"MIXED REVIEW 


: PREVIEW 


: Prepare for UAM 
: Lesson 14.6 
: in Exs. 36-41. 


Write the standard form of the equation of the parabola with the given focus 
and vertex at (0, 0). (p. 620) 


30. (6, 0) 31. (—4, 0) 82. (0,—3) 
33. (0, 3) 34. (3, 0) 35. (0, - 4) 


Evaluate the function without using a calculator. (p. 866) 


36. cos (—210°) 37. tan 315° 38. sin (—120°) 
39. sin 2 40. tan ^6 41. cos 3 


Find the area of A ABC with the given side lengths and included angle. (p. 882) 


42. А = 36°, р = 8,с = 5 43. А = 79, р = 14, с = 8 
44. С = 145%, а = 4, р = 14 45. В = 50 а= 7,с= 9 
46. А = 123°, р = 26, с = 31 47. С = 105°, a = 22, b= 19 


QUIZ for Lessons 14.3-14.5 


Simplify the expression. (p. 924) 


1. sinxsecx 2. sin 0 (1 + cot? 0) 3. tan D Е 0) cot 6 — csc? 6 
tan pi - х) sec x 
2 = 38 2 2 sin (—x) ‚ cos (—x) 
4. cos“ 0 + sin”? 0 + tan” 6 5. a ш 6. Seay tae 


Find the general solution of the equation. (p. 931) 


7. cos x + cos (—x) = I 8. V2 cos xsin x — cosx=0 9. 2sinéx—sinx= 1 


Write a function for the sinusoid. (p. 941) 


12. DAILY TEMPERATURES The table below shows the average daily 
temperature D (in degrees Fahrenheit) in Detroit, Michigan. The time t 
is measured in months, with t = 1 representing January. Use a graphing 
calculator to write a sinusoidal model that gives D as a function of t. (p. 941) 


 EBSERFIEREINEIE 8 | 9 10 
D | 24.5 | 272 | 369 481 | 598 | 69 | 73.5 | 718 | 63.9 | 51.9 


EXTRA PRACTICE for Lesson 14.5, p. 1023 


11 
40.7 


12 


29.6 
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Collect and Model 
Trigonometric Data 


MATERIALS + musical instrument + Calculator Based Laboratory (СВІ) 
• СВІ microphone - graphing calculator 


Sound is a variation in pressure transmitted through air, water, or other matter. 
Sound travels as a wave. The sound of a pure note can be represented using a sine 
(or cosine) wave. More complicated sounds can be modeled by the sum of several 
sine waves. 


Play a note on a musical instrument. Write a sine function to describe the note. 


Play note 
Play a pure note on a musical instrument. Use the 
CBL and the CBL microphone to collect the sound 
data and store itin a graphing calculator. 


[STEP 2] EP 2 2 Graph function 
Use the graphing calculator to graph the pressure 
of the sound as a function of time. 


| STEP 3| Find characteristics of graph 
Use the graph of the sound data to calculate the 
note's amplitude and frequency (the number of 
cycles in one second). 


Write function 


Write a sine function for the note. 


[1 | + | 
J k | 


. Choose a note to play and have a classmate also choose a note. Find two 
sine functions y = f(x) and y = р(х) that model the two notes. Then play 
the notes simultaneously and use the CBL and a graphing calculator to 
graph the resulting sound wave. Compare this graph with the graph of 
у= f(x) + р(х). What do you notice? 


. The pitch of a sound wave is determined by the wave's frequency. 
The greater the frequency, the higher the pitch. Which of the notes in 
Exercise 1 had a higher pitch? 


. When you change the volume of a note, what happens to the graph of the 
sound wave? 


. Compare the sine waves for different instruments playing the same note. 


Chapter 14 Trigonometric Graphs, Identities, and Equations 


14.6 


: REVIEW 
: CONJUGATES 


: For help with using 

: conjugates to rationalize 
: denominators, see 

: p. 266. 


Apply Sum and 
Difference Formulas 


You found trigonometric functions of a given angle. 


You will use trigonometric sum and difference formulas. 
So you can simplify a ratio used for aerial photography, as in Ex. 43. 


In this lesson, you will study formulas that allow you to evaluate trigonometric 
functions of the sum or difference of two angles. 


For Your Notebook 


KEY CONCEPT 


Sum and Difference Formulas 


Sum Formulas 
sin (a + b) = sin a cos b + cos asin b 


cos (a+ b) = cos a cos b — sin asin b 


Difference Formulas 
sin (a — b) = sinacos b — cos asin b 


cos (a — b) = cosa cos b + sin asin b 


tan a + tan b 


tan (a — p) = tana —tanb 
1 — tan a tan b ( ) 


вам l + tana tan b 


In general, sin (a + b) + sin a + sin b. Similar statements can be made for the 
other trigonometric functions of sums and differences. 


Evaluate a trigonometric expression 


Tar 


Find the exact value of (a) sin 15? and (b) tan 12 


a. sin 15° = sin (60? — 45°) 


= sin 60? cos 45° — cos 60° sin 45° 


Substitute 60? — 45? for 15°. 


Difference formula for sine 


V3 (2 | Е газ | 
= E EN 2 E Evaluate. 
= Уб ^ V2 Simplify. 
and = піт | Ti We T 
b. tan 12 tan (3 ES A Substitute 3 + í for 12" 
tan * 4 tan x 
= == т Sum formula for tangent 
1 — tan — tan — 
3 4 
V3 +1 
: Evaluate. 
1—V3 +1 
= -2-— V3 Simplify. 
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14.6 Apply Sum and Difference Formulas 


( EXAMPLE 2 | Use a difference formula | 


| Find cos (a — b) given that cos a = -$ with т < a< 37 and sin b = m 


with 0 « b « 7. 


Solution 


Using a Pythagorean identity and quadrant signs gives sin a — -$ and 


cos (a — b) = cos a cos b + sin a sin b Difference formula for cosine 


ШЧ ses 


_63 


65 Simplify. 


Y GUIDED PRACTICE for Examples 1 and 2 


| Find the exact value of the expression. 


: я " oT m 
|  ]. sin 105 2. COS 75 3. tan 12 4. COS 12 


| 5. Find sin (a — b) given that sin a = + withO<a< = and cos b= -55 


| with m « b « 37. 


[EXAMPLE 3 | Simplify an expression 


Simplify the expression cos (x + 77). 


COS (x + 7) = cos x cos 77 — sin xsin 77 Sum formula for cosine 


= (cos x)(—1) — (sin x)(0) Evaluate. 


| = —C08 X Simplify. 


Є) solve a trigonometric equation І 


Solve sin (x + 7) + sin(x- Z) = 1 for O<x< 27. 


: ANOTHER WAY... odis sin [x + 3] + sin (x - x —] Write equation. 


: You can also solve 3 
: by using a graphing 
: calculator. First graph sin x cos T + cos x sin $ + sin x cos " — cos x sin - —]  Useformulas. 
: each side of the original H 
: equation and then use lo: v3 d. 52. T9. 
: the intersect feature gne PEE TECSIRA ug 
: to find the x-value(s) 

: where the expressions 


: are equal. 


COS X = Evaluate. 


sinx=1 Simplify. 


> In the interval 0 < x < 27, the only solution is x = yg 
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ЄТ) solve a multi-step problem 


DAYLIGHT HOURS The number л of hours of daylight for Dallas, Texas, and 
Anchorage, Alaska, can be approximated by the equations below, where t is the 
time in days and í = 0 represents January 1. On which days of the year will the 
two cities have the same amount of daylight? 


Dallas: h, = 2 sin aL = 1.35 +H Anchorage: h, = —6 cos | i +121 
Solution 
STEP T Solve the equation h, = h, for t. 
WE a — — ті. 
2 sin | 1.35) + 12.1 6 cos |- E) + i24 
ті _ = — mt 
sin (25 1.35 3 cos (25) 
i. — ті. 
sin (22) cos 1.35 сов (25 sin 1.35 3 cos |-17) 
= — ті. 
ѕіп | SL (0.219) — cos us a (0.976) = —3 cos 5 A 
0.219 sin |92.) = —2.024 cos (25) 
qi. — 
tan [ТЕЕ 182 | 9.242 
ТЇ — tan”? (- 
182 tan | (—9.242) + пт 
MI e 
182 1.463 + пт 
= —B4.76 + 182n 
STEP 2 Find the days within one year (365 days) for which Dallas and 
Anchorage will have the same amount of daylight. 
t = —84.76 + 182(1) = 97, or on April 8 
t = —84.76 + 182(2) == 279, or on October 7 
| GUIDED PRACTICE - for Examples 3, 4, and 5 
Simplify the expression. 
6. sin (x + 27) 7. cos (x — 27) 8. tan (x — 7) 


at Е: тЇ 
9. Solve 6 cos (7) + 5 = 24 sin (TÉ + 22) + 5for0s1<2m, 


14.6 Apply Sum and Difference Formulas 
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EXERCISES HOMEWORK! (Су WORKED-OUT SOLUTIONS 
1 4.6 KEY : on р. WS25 for Exs. 9, 23, and 43 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 11, 18, 32, and 44 | 


SKILL PRACTICE 


1. VOCABULARY Give the sum and difference formulas for sine, cosine, and 
tangent. 


2. * WRITING Explain how you can evaluate tan 75° using either the sum or 
difference formula for tangent. 


; EXAMPLE1 | FINDING VALUES Find the exact value of the expression. 
: оп р. 949 3. tan (—15?) 4. sin (—165°) 5. tan 195° 6. cos 15° 
: for Exs. 3-10 
237 177 O) [- $m 1-1) 
7. sin "12 2 8. tan ETI 2 (9. COS 12 2 10. sin 12 > 


11. * SHORT RESPONSE Derive the cofunction identity sin v Z 6 — cos 0 
using the difference formula for sine. 


а AAA ва | 


: EXAMPLE 2 EVALUATING EXPRESSIONS Evaluate the expression given that cos a =4 


for Exe. 19218: | with 0 « a « 7 and sin b = —17 wit with 57 T<b<2r. 
| 
12. sin (a + b) 13. cos (a + b) 14. tan (a + b) 
| 15. sin (a — b) 16. cos (a — b) 17. tan (a — b) 
18. * MULTIPLE CHOICE What is ba value of sin (a — b) given that sin a — -3 
3r To 
with r < a < —— 2 and cos b — = 1? WithO<b< 2 
_18 E 14 20 
GO. = = © 3 DO 75 
| 
: EXAMPLE3 | SIMPLIFYING EXPRESSIONS Simplify the expression. 
: ап ран | 19. tan (x + т) 20. sin (x + 7) 21. cos (x + 277) 22. tan (x — 277) 
: for Exs. 19-31 
in |x- 37 т 3a _ Зт 
| @з) sin [x > | 24. tan (x + x] 25. sin [x + А | 26. cos (x 5 | 
| | 
| 27. tan [x + Эт) 28. cos [x — z] 29. tan E + m 30. cos (x + Эт) 
2 2 2 
31. ERROR ANALYSIS Describe and correct the error in simplifying the 
expression. 
tanx tan i 
tan | | ————== шм 
tan x tan tan x 
: EXAMPLE 4 32. * MULTIPLE CHOICE What is a solution of the equation 
: on p. 950 | sin (x — 27) + tan (x — 27) = 0 on the interval 7 < x < 37? 
: for Exs. 32-38 3 
z Зя O 2m O зт 
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SOLVING TRIGONOMETRIC EQUATIONS Solve the equation for 0 = х < 27. 


Mor КИ ЖИР, ‚ Ж Muay ры 
33. cos [x + 1 cos [x a 34. sin (x + 7) + sin (x 2) 0 
35. sin (x +3%) + sin(x-22)=1 36. tan (x + т) + cos(x + 7) = 0 
37. tan (x + т) + 2sin(x + 7) = 0 38. sin (x + 7) + cos (x + тт) = 0 


39. CHALLENGE Consider a complex number 2 = a + biin the 
complex plane shown. Let r be the length of the line segment 
joining z and the origin, and let 6 be the angle that this segment 
makes with the positive real axis, as shown. 


a. Explain why a = r cos 0and b = r sin ө, so that 
2 = (т соз 6) + i(rsin 6). 


b. Use the result from part (a) to show the following: | 3 | real 
z? = r*[(cos 0 cos 0 — sin 0sin Ө) + ¡(sin 0 cos 0 + cos 6 sin 6)] 


c. Use the sum and difference formulas to show that the equation 
in part (b) can be written as z? = r?^(cos 20 + i sin 20). 


4D 


| for Exs. 40-41 


40. METEOROLOGY The number й of hours of daylight for Rome, Italy, and 
Miami, Florida, can be approximated by the equations below, where t is the 
time in days and t = 0 represents January 1. 


Rome: h, = 2.7 sin | - 4.94) + 12.1 Miami: h, = —]1.6 cos вә + 12.1 


18 
On which days of the year will the cities have the same amount of daylight? 


UTE 
кы Homelutor _ for problem solving help at classzone.com 


41. CLOCK TOWER The heights т and h (in feet) of a clock 
tower's minute hand and hour hand, respectively, can be 
approximated by 


m = 182.5 — 11.5 sin (Z£ — z) and h= 182.5 — 7 sin (Z£) 


where tis the time in minutes and f = 0 represents 3:00 P.M. 
Use a graphing calculator to find how long it takes for the 
= of the minute hand to equal the height of the hour hand. 


(Hom elutor for problem solving help at dasszone.com 


42. PHYSICAL SCIENCE When a wave travels through a taut string, the 
displacement y of each point on the string depends on the time t and the 
point's position x. The equation of a standing wave can be obtained by 
adding the displacements of two waves traveling in opposite directions. 
Suppose two waves can be modeled by these equations: 


ATi _ 2mX 27t , 27X 
A E — A ENS Lk STR 
y= cos |27* 3 5 zax) Yə cos | 3 5 | 
Show that y, + y, = 2А cos |227 3 COS |231 | 
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| (43) MULTI-STEP PROBLEM A photographer is at a height h taking 
aerial photographs. The ratio of the image length WQ to the 
length NA of the actual object is 


WQ  ftan(8- f) ftant 
NA — h tan Ө h 
where f is the focal length of the camera, 0 is the angle between 


the vertical line perpendicular to the ground and the line from 
the camera to point A, and t is the tilt angle of the film. 


a. Usethe difference formula for tangent to simplify the ratio. 


Wo f _ 
b. Show that n h when t = 0. 


44, * EXTENDED RESPONSE Your friend pulls on a weight attached to a spring 
and then releases it. A split second later, you begin filming the spring to 
analyze its motion. You find that the spring’s distance y (in inches) from its 
equilibrium point can be modeled by y = 5 sin (2t + C) where C = tan? i 

and tis the elapsed time (in seconds) since you began filming. 

a. Find the values of sin C and cos C. 


b. Usea sum formula to show that 
y = 5 sin (2t + C) can be written 
as y= 4 sin 21 + 3 cos 2t. 


c. Graph the function found in 
part (b) and find its maximum 
value. Explain what this value 
represents. 


45. CHALLENGE The busy signal on a touch-tone phone is a combination of two 
tones with frequencies of 480 hertz and 620 hertz. The individual tones can 
be modeled by the following equations: 


480 hertz: y, = cos960zt 620 hertz: у, = cos 12407t 
The sound of the busy signal can be modeled by y, + y,. Show that: 
y, + y, = 2cos 110071 cos 1407t 


UOI 1 1. 


Sketch the angle. Then find its reference angle. (p. 866) 


46. 230° Al: 510 48. 730° 
49. —355° 50. 460° 51. 860° 
Solve A АВС. (p. 882) C 
a 
52. А = 110°, С = 30°, а = 15 53. B=20°,b=10,c=11 P ilia. 79 
54. C= 103°, B=28°,b=26 55. С=122°,а= 12, с = 18 A с В 
: PREVIEW Solve the equation in the interval 0 < x < 27. (p. 931) 
: Prepare Tor 56. tanx + V3 = 0 57. —5 + 8sinx = -1 58. 4cosx=2cosx- 1 
: Lesson 14.7 
: іп Exs. 56-61. | 59. 5tan?x-15=0 60. 4sin^x 3 = 0 61. 2cos* х —sinx—1=0 
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Key Vocabulary 
85 

* cosine, p. 852 

* tangent, p. 852 


: CHOOSE SIGNS 


T bee» 


: Because 165° is in 

: Quadrant 1 and the 

: value of cosine is 

: negative in Quadrant II, 
: the following formula 

: 15 used: 


: a 1 + cosa 
: COS — = —,/————— 
. 2 Y 2 


Apply Double-Angle and 


Half-Angle Formulas 


You evaluated expressions using sum and difference formulas. 


You will use double-angle and half-angle formulas. 


So you can find the distance an object travels, as in Example 4. 


In this lesson, you will use formulas for double angles (angles of measure 2a) 


and half angles (angles of measure >) 


KEY CONCEPT 


= 
pl 
z 
ә 
a 


sin 2a = 2 sin a cosa 


The signs of sin £ 


quadrant in which = lies. 


Find the exact value of (a) cos 165° and (b) tan H 


a. cos 165° = cos 5(330°) 


a E + cos 330° 


ll 
| 


2 


Double-Angle and Half-Angle Formulas 


cos 2а = 1 — 2їп^а 
cos 2a = 2 costa — 1 


cos 2a = cos? 


Half-Angle Formulas 


5 and cos = depend on the 


12° 


Double-Angle Formulas 


а — sin^a 


For Vour Wotebook 


ian da HD 
1 — їап a 
tan 2 =i = cosa 
2 sin a 
a sin a 
ап-==-—— 
I 2 l+ cosa 


Evaluate trigonometric expressions 


1/7 
tan 4 (6) 
= T 
1 cos = 
sin = 
¡Ya 
2 
4. 

2 
2— V3 


14.7 Apply Double-Angle and Half-Angle Formulas 
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[| EXAMPLE 2 | Evaluate trigonometric expressions 


5 


Given cos a = 13 with 37 7 <a «27, find (a) sin 2a and (b) sin 2 =, 
Solution 
: MULTIPLY AN a. Using a Pythagorean identity gives sin a = ES 
: INEQUALITY 
: In part (b), you can sin 2a = 2 sin a cos a= ats 12 353) = 120 
: multiply through the 13 A 13 169 
; am 
i печцаКу =5=-<0<4т b. Because 5 is in Quadrant П, sin A is positive. 
i by togt «m Pe г 
: а, a_ |1— cosa _ „= [4 _ 2V13 
: So, 5 15 in Quadrant Il. sin 37 > =\ Y13 13 
Ж СТЕ) standardized Test Practice 
А — А | ѕіп 20 
Which expression is equivalent to Г 9 
СА) ѕіп 0 (В) coto (C csc0 (D cos ө 
. Solution 


|  sin20 _  2sin0cos0 


1-cos20 1-(1-2sin?0 Use double-angle formulas. 


| = ¿sin 0 cos @ Simplify denominator. 
2 sin^0 
= Cos 0 Divide out common factor 2 sin 6. 
sin Ө 
— cot 0 Use cotangent identity. 


| > The correct answer is B. DO © © 


Y салор Practice | for Examples 1, 2, and 3 


Find the exact value of the expression. 


X. tain 2. sin 27 3. cos 15° 
8 8 

4. Given sin a = 32 with 0 «a <> T find cos 2a and tan > 

5. Given cos a = -2 with 7 <a ¿37 2^ 7 find sin 2a and sin » 


Simplify the expression. 


. — 00820 . 7, tan2x 8. sin 2x tan ^ 
sin @+ cos 6 tan x 2 
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CEEI 


USE ZERO PRODUCT 
PROPERTY 


AAA AAA AAA AAA AAA AAA 


One solution of this 
equation is x = 0, 
which corresponds to 
the point where the 
ball leaves the ground. 
This solution is ignored 
in later steps, because 


: the problem requires 
: finding where the ball 
: lands. 


PATH OF A PROJECTILE The path traveled by an object that is projected at 
an initial height of h, feet, an initial speed of v feet per second, and an initial 
angle 0 is given by 


= – LL 2 + (tan 0)x + h 
y v? cos? 0 0 


where х is the horizontal distance (in feet) and y is the vertical distance (in feet). 
(This model neglects air resistance.) 


Derive a trigonometric model 


Solution 
16 E 
——— —5—X* + (tan Ox +0 = 0 
v^ cos? 0 ( ) 
apane E 218. х – їіапө| = 0 
v* cos” 6 
Le. x—tan0-0 
и“ cos” 0 
16 
————Xx = tan 0 
v? cos? 0 


EY 2 
x ig’ cos O tan 0 


mE А 
x Er cos 0 sin 0 


_ 1 
= z^ (2 cos Ө sin 0) 


SOCCER Write an equation for the horizontal distance traveled by a soccer ball 
kicked from ground level (h, — 0) at speed v and angle 6. 


Let h, — 0. 
Factor. 
Zero product property 
Add tan @ to each side. 
Multiply each side by ¿Y cos? Ө. 
Use cos 0 tan Ө = sin Ө. 
1 


1 a 
Rewrite 16 as 32 2. 


Use a double-angle formula. 


9. WHAT IF? Suppose you kick a soccer ball from ground level with an initial 
speed of 70 feet per second. Can you make the ball travel 200 feet? 


10. REASONING Use the equation x = 


1 
32 


¿1? sin 20 to explain why the projection 


angle that maximizes the distance a soccer ball travels is Ө = 45°. 


14.7 Apply Double-Angle and Half-Angle Formulas 
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Verify a trigonometric identity - _ 


Verify the identity cos 3x = 4 cos? x — 3 cos x. 
COS 3x = cos (2x + x) Rewrite cos 3x as cos (2x + x). 
= cos 2x cos x — sin 2x sin x Use a sum formula. 


= (2 cos? x — 1) cos x — (2sinxcosx)sinx Usedouble-angle formulas. 


= 2 cos? x — cos x — 2 sinf x cos x Multiply. 

= 2 cos? x — cos x — 2(1 — cos? x) cos x Use a Pythagorean identity. 
—2cos?x— cos x — 2 cos x + 2cos? x Distributive property 

= 4 cos? x — 3 cos x Combine like terms. 


$ Solve a trigonometric equation 


Solve sin 2x + 2 cos x = 0 for0<x< 27. 


Solution 
sin 2х +2 соѕх= 0 Write original equation. 
2sinxcosx+2c0sx=0 Use a double-angle formula. 
2 cos x (sinx+1)=0 Factor. 


Set each factor equal to 0 and solve for x. 


2cosx=0 sinx+1=0 
cosx=0 sin x= —l 
= п 37 = 37 
жашны didi - 


CHECK Graph the function y = sin 2x + 2 cos x on | 
a graphing calculator. Then use the zero feature | 
to find the x-values on the interval 0 < x < 27 for | 


which y = 0. The two x-values are: ; 
ero 


| X=1.570796 Y=0 | 
х= 157 апа х= ЭЖ = 471 = === — 
341.1493.) Find a general solution  — | Е 
Find the general solution of 2 sin 5 =1. 
; CHECK SOLUTIONS... 
; You can check the _ 2sin* = 1 Write original equation. 
: particular solutions in 2 
: Example 7 by graphing 1 
: у= 2 5іп Х – 1 on the sin 2 == Divide each side by 2. 
i 2 


: interval O < x < 4r 


: (because the period of 5 = T +2пт or зт + 2пп General solution for 3 
: the function is 47) and 

: finding the function х= 2 +4nr or эт + 4тт General solution for x 
: zeros on this interval. d 3 
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14.7 EXERCISES 


"SKILL PRACTICE 


: EXAMPLE 1 


ш AIDA 


: on p. 955 
: for Exs. 3-11 


: EXAMPLE 2 


SERRE RECEP RRR 


: for Exs. 12-20 


———— —À — 


G ЭЕ P CTICE - for Examples 5, 6, and 7 


Verify the identity. 


| 11. sin3x = 3 sin x — 4 sin? x 12. 1 + cos 10x = 2 cos? 5x 


Solve the equation. 


13. tan 2x + tan x = 0forü0«x «2m 14. 2cos%+1=0 


2 


HOMEWORK: 


: (O) =WORKED-OUT SOLUTIONS 
KEY: 


on p. WS25 for Exs. 7, 13, and 53 


Ж = STANDARDIZED TEST PRACTICE | 
Exs. 2, 11, 27, 54, and 55 | 


1. VOCABULARY Copy and complete: sin 2a = 2 sin a cos ais called the ? 
formula for sine. 


2. * WRITING Explain how to determine the sign of the answer when 
evaluating a half-angle formula for sine or cosine. 


EVALUATING EXPRESSIONS Find the exact value of the expression. 
3. sin 105° 4. tan 112.5? 


т ү DIT 
O 8 8. sin 12 


11. * MULTIPLE CHOICE What is the exact value of tan 15°? 


5. tan (—165°) 6. cos (75?) 


(А) -v3 (B 2- v3 (б) v3 D 2-4 V3 
HALF-ANGLE FORMULAS Find the exact values of sin = cos 5S and tan D. 
= E ku = 1 Зт 
12, cosa = =,0<а<-5 (13) cos a 33 <а<2т 
TEM CONES. == 37 
14. sina 139 <4<7 15. sina pT7«a«c, 


16. ERROR ANALYSIS Describe and correct the error in finding the exact value of 


sin ^ given that cos a — -2 with T «a«. 
sin ¡a 1 | v X 
\ \ 
DOUBLE-ANGLE FORMULAS Find the exact values of sin 2a, cos 2a, and tan 2a. 
17. апа -2,7«a« 27 18. tana = -V3, 7 <а<т 
lá nus. 3T а Ж E 
19. sina 3'7<2< 5 20. cosa 5 5 <a<0 
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; EXAMPLE3 | SIMPLIFYING EXPRESSIONS Rewrite the expression without double angles or 
: on p. 956 


77 
| or Exs. 21-59 half angles, given that 0 < 0 < 9* Then simplify the expression. 


21, —€0820 — 22, Sin 26 23. (1 — tan 0) tan 20 
1 — 2 sin? 0 2 cos 0 id 
0 
—tan — 
24. — 0820 — 25. — 2 26. 2sin 2 cos 2 
sin Ө — cos 0 csc 0 2 2 


27. * MULTIPLE CHOICE Which expression is equivalent to cot 0 + tan 0? 


СА) csc20 2 csc 20 (C) sec20 (D) 2sec 20 
ERROR ANALYSIS Describe and correct the error in simplifying the expression. 
28. 29. 

юв (ope. е sin 22.5 sin (45 
cos cos 


„ Т “К 


: EXAMPLE 5 VERIFYING IDENTITIES Verify the identity. 


я essa 


: on p. 958 O ; — ei 24. 
: for Exs. 30-35 30. 2cos^ 0— 1 + cos 20 31. sin 30 = sin 0 (4 cos* 0 — 1) 
32. i sin E = sin = cos = 33. 2 sin’ x tan > = 2 sin x — sin 2x 
34. E = 2 sin 0 — csc 0 35. cos 40 = cost 0 — 6 sin? 0 cos? 0 + sin? Ө 


: EXAMPLE 6 | SOLVING EQUATIONS Solve the equation for 0 x x < 27. 
: on p. 958 


: for Exs. 36-41 36. sin > =] 37. 2 cos + +1=0 38. tan x — tan 2х = 0 
39 tan 5 = 202 40. cos 2x = —2 cos? x Al. 2sin 2x sinx = 3 cos х 


: EXAMPLE 7 FINDING GENERAL SOLUTIONS Find the general solution of the equation. 


а PFC CTT е 


: on p. 958 | 
: {ог Exs. 42-47 42. cos > =] 43. tan 7 = sin x 44. sin 2x = sin x 
45. cos 2x + cosx=0 46. cos 5 +sinx=0 47. sin 5 + cos x = 0 


48. REASONING Show that the three double-angle formulas for cosine 
are equivalent. 


49. CHALLENGE Use the diagram shown at the right to derive 
the formulas for sin 9 COS = and tan £ when 6is an 


2 2 2 
acute angle. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
960 on p. WS1 TEST PRACTICE 


‘PROBLEM SOLVING 


: EXAMPLE 4 50. GOLF Use the equation x = e sin 20 from Example 4 on page 957 to find 
: on p. 957 


: the horizontal distance a golf ball will travel if it is hit at an initial speed 
: for Exs. 50-51 


of 50 feet per second and at an initial angle of 40°. 


is 


@Homelutor for problem solving help at dasszone.com 


51. SOCCER Suppose you are attempting to kick a soccer ball from ground level. 
Through what range of angles can you kick the soccer ball with an initial 
speed of 80 feet per second to make it travel at least 150 feet? 


Algebra at classzone.com 


52. MULTI-STEP PROBLEM At latitude L, the acceleration N 
due to gravity g (in centimeters per second squared) E 
at sea level can be approximated by: 


g = 978 + 5.17 sin* L — 0.014 sin L cos L 


a. Simplify the equation above to show that 
g = 978 + 5.17 sin* L — 0.007 sin 2L. 


b. Graph the function from part (a). 


45? latitude 
30? latitude 


y A 


n 
i jJ 0° latitude 


c. Use the graph to approximate the acceleration р $ | 
due to gravity when the latitude is 45°, 30°, апа 0°. 


(sa) MACH NUMBER An airplane's Mach number M is the ratio of its speed to the 
speed of sound. When an airplane travels faster than the speed of sound, the 
sound waves form a cone behind the airplane. The Mach number is related 


to the apex angle 0 of the cone by the equation sin b- i Find the angle 0 


2 
that corresponds to a Mach number of 2.5. 


54. * SHORT RESPONSE А Mercator projection is a map projection of the globe 
onto a plane that preserves angles. On a globe with radius r, consider a 
point P that has latitude L and longitude T. The coordinates (x, y) of the 
corresponding point P' on the plane can be found using these equations: 


a. Use half-angle and sum formulas to show that the equation for the 
1 + sin L) 


y-coordinate can be written as у = r ln | 
cos L 


b. What is a reasonable domain for the equation in part (a)? Explain. 
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55. * EXTENDED RESPONSE At a basketball game, a person has a chance to win 
1 million dollars by making a half court shot. The distance from half court to 
the point below the 10-foot-high basketball rim is 41.75 feet. 


a. Write an equation that models the path of the basketball if the person 
releases the ball 6 feet high with an initial speed of 40 feet per second. 


b. Simplify the equation. Use a calculator to find the angles at which the 
person can make the half court shot. 


c. Assume the person releases the ball at one of the angles found in part (b). 
What other assumption(s) must you make to say that the shot is made? 


56. CHALLENGE A rectangle is inscribed in a 
semicircle with radius 1, as shown. What value 


~ | (cos Ө, sin 6) 
of 0 creates the rectangle with the largest area? к= BN 


MIXED REVIEW 


Graph the function. 

57. y-3|x-2| + 1(p 123) 58. y= 2x(x — 7) (p.245) 59. f(x) = х2(х + 4) (p. 387) 
60. y = In x +3 (p. 499) 61. y =3 tan x (p. 908) 62. у = З tan (x + т) (p. 915) 
Solve the equation. 

63. 111? — 44x = 0 (p. 259) 64. 2 + 922 = 0 (p. 353) 65. V6x + 7 = 3 (p.452) 

66. 43 - M = 16% (р, 515) 67. —3— = —  — (p. 589) 68. 2sinx — V3 — 0 (p.931) 


+l x-8 


69. SKIING A ski slope at a mountain has an angle of elevation of 27.4”. The 
vertical height of the slope is 1908 feet. How long is the ski slope? (p. 852) 


‘QUIZ for Lessons 14.6-14.7 


Find the exact value of the expression. (pp. 949, 955) 


1. sin 47. 2. sin (—22.5°) 3. tan (—345°) 4. cos + 


Solve the equation for 0 < x < 27. 


5. sin(x + 7 = sin (x — +) = 0 (p. 949) 6. cos 2x = 3 sin x + 2 (р. 955) 


Find the exact values of sin 2 cos = and tan 2a. (p. 955) 


E 8. cosa = -S,m«a« 37 


m 
7. tan a 5,0<а<- - 2 


9. FOOTBALL Use the formula x = ¿e sin 20 to find the horizontal distance 


x (in feet) that a football travels if it is kicked from ground level with an 
initial speed of 25 feet per second at an angle of 30°. (р. 955) 
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of Problem Solv Ig. d STATE TEST PRACTICE 
: е - = c a Е 5; оп J CO m | i Г 


Lessons 14.5-14.7 


1. MULTI-STEP PROBLEM Suppose two 4. GRIDDED ANSWER In the figure shown below, 
middle-A tuning forks are struck at different the acute angle of intersection, 6, — 6,, of two 
times so that their vibrations are slightly lines with slopes т, and m, is given by this 
out of phase. The combined pressure equation: 

Сзапве Р (in pascals) deii by the ш mm, 
orks at time f (in seconds) is given by: tan (0, — 0) = Т+ тт, 


Р = 3 sin 88071 + 4 cos 88071 


a. Graph the equation on a graphing tan $; | 
calculator. Use a viewing window of Щщ ЖЕ: 
0 = ts 0.005 and —6 = P = 6. What do ne 
you observe about the graph? A 


b. Write the given model in the form - d $ [ө› 
у = acos р(х — h). 


с. Graph the model from part (b) to confirm 


that the graphs are the same. Find the acute angle of intersection of the 
| m. NN 
2. OPEN-ENDED Recall that a special angle is one lines y = 53x and y = 2x — 4. Round your 
that is a multiple of 30° or 45°. Find an angle answer to the nearest tenth of a degree. 


that is not a special angle but that can be 
written as the sum or difference of two special 5. EXTENDED RESPONSE The graph below shows 


angles. Then use a sum or difference formula the average daily temperature T (in degrees 
to find the cosine of the angle. Fahrenheit) in Denver, Colorado. The time ft is 
measured in months, with £ = 0 representing 
3. SHORT RESPONSE The formula for the index January 1. 


of refraction n of a transparent material is the 
ratio of the speed of light in a vacuum to the ai erature nvi 
speed of light in the material. Some common — 
materials and their indices are air (1.00), water | imm mm | 
(1.33), and glass (1.5). Triangular prisms are 

often used to measure the index of refraction T 
based on the formula shown below. 3 


a. Tell whether the graph 
should be modeled by a 
sine or cosine function. 
Explain your reasoning. 


b. Write a trigonometric 
model for the average 


a. Show that the index of refraction can be daily temperature in 
simplified as shown: Denver, Colorado. 
п = cos € + sin € cot 2 c. On which days of the 
" " year is the average daily 
b. Use a graphing calculator to find the value temperature in Denver, 
of 0 when a = 60? and the prism is made of Colorado, 70?F? 
glass. 


Mixed Review of Problem Solving 963 


a. pj |» A Y 4 
| / 
| 


n 
А 1 
jj ie k A 


PTER E 


ER SUMMA! 


BIG IDEAS For Your Notebook 
Big ldea O ; Graphing Trigonometric Functions 


The graphs of y = a sin bx and y = a cos bx are shown below for a > 0 and b > 0. 


a) y = asin bx 


с>) (o) 


: To graph a function of the form y = asin р(х — h) + kor y = a cos р(х — h) + К, 
i. shift the graph of y = asin bx or y = a cos bx, respectively, horizontally h units 
- and vertically k units. Then, if a < 0, reflect the graph in the midline y = К. 


Solving Trigonometric Equations 


5 The table below shows strategies that may help you solve trigonometric 
~ equations. Only the first few steps are shown. 


| Use the quadratic formula LL. 


| 
х<їпёх-х=0 | cos 


2х – 6 соѕх+1 = 0 | cos? x — 1 = 9 sin? х 
x (sin? x - 1) = 0 — ee V36 — 4(1)(1) cos? x — 1 = 9(1 — cos? x) 
2(1 
x (sin x + 1)(sin x — 1)=0 (1) 10 cos? x = 10 


cosx=3+2V2 


cost x = 1 


Big (dea © : Applying Trigonometric Formulas 


Use the formulas below to evaluate trigonometric functions of certain angles. 


Sum sin (a + b) = sin a cos b + cos asin b tan (a + b) = - tan a + tan b 
| formulas cos (a + b) = cos a cos b — sin a sin b - tan atan b 
Difference sin (a — b) = sin a cos b — cos a sin b бат бабі tan a — tan b 
formulas cos (a — b) = cos a cos b + sina sin b 1 + tanatan b 
Ti 
cos 2a = cos? a — sin? a — zung 
Double-angle | cos 2a = 2 cos? а — 1 1-tan'a 
formulas cos 2a = 1 – 2 Ѕіп? а 
sin 2а = 2 sin a cos a 
wA a |1 — со$а а _ 1-cosa 
Half-angle si n E tam” sin a 
formulas A | 
и = tan 2 -_sina 
2 \ 2 2 1-cosa 
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ED 


CEA В 


REVIEW KEY VOCABULARY 


* amplitude, p. 908 * period, p. 908 • trigonometric identity, p. 924 
* periodic function, p. 908 * frequency, p. 910 * sinusoid, p. 941 

* cycle, p. 908 

VOCABULARY EXERCISES 


1. Copy and complete: Frequency gives the number of. ? perunit of time. 
2. WRITING Explain how to find the period of y = asin b(x — h) + К. 


Determine whether the given number is the amplitude, period, or frequency of 


the graph of y = cos ET 
3. 4 4. т 5. 0:25 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding of the 
concepts you have learned in each lesson of Chapter 14. 


. Graph Sine, Cosine, and Tangent Functions 


ENT 
Graph (a) y = 5 cos 2x and (b) y = 3 tan “3 


а. Amplitude: а= 5 Period: = = 7 
Intercepts: (0, 0); (2 0); (az, 0) 
{ЗР P к (Зат X 
Maximum: | А? L) Minimum: | 1^ 1) 
b. Period: T: = 27 Intercept: (0, 0) 
E 
Asymptotes: x= —7;Xx- т 
. E —_2\. [7 
Halfway points: | A 3); ( 2:3) 
: EXAMPLES EXERCISES 
:1,2,and4 — _ Graph the function. 
: on pp. 909-912 = |] X = Е 1 
: for Exs. 6-9 6. y=sin2x 7. f(x) = y COS 5 8. р(х) = 5 sin zx 9. y=2tan 3* 
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_CHAPTER REVIEW 


ILSA Translate and Reflect Trig phs pp. 915-922 


Graph y = 3 cos (x — 7) — 1. 


To graph у = 3 cos (x — 7) — 1, start with the graph of y = 3 cos x. Then, translate 
the graph right т units and down 1 unit. 


Amplitude: |3| =3 Period: 27 
Horizontal shift: 7 Vertical shift: —1 


ony= в (35,1) (8551 


Minimum: (27, —4) 


Maximums: (7, 2); (375, 2) 


EXERCISES 
: EXAMPLES Graph the function. 
: 1,2, and 4 
: on pp. 915-917 | 10. f(x) = соѕ2х +4 11. у= y sin 5(x — т) 12. y - 2sin [x — 5 | +З 
: for Exs. 10-15 
13. y=2c083x +3 14. р(х) = —1 — 3 cos 4x 15. у= 4 — sin 3(x – $) 


gonometric Identities _Pp. 924-930 _ 


enc ^^ cseh Pythagorean identity 
= свс? Ө = Write as separate fractions. 
csc 0 csc 0 
— pee UR 
csc 0 =з Simplify. 


= csc 0 — sin 0 Reciprocal identity 


EXERCISES 
: EXAMPLES Simplify the expression. 
: 2,3,4,and 5 
: on pp. 925-926 16. —cos x tan (—x) 17. sec x tan? x + sec x 18. sin (5 = x) tanx 
: for Exs. 16-20 

Verify the identity. 

CH. INNER ТИШ 
19. эш =, = —sin* x 20. tan E = х) cot x= csc^x—1 
cot” x 2 ! 
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Chapter Review P Practice _ 


Trigonometric Equations pp. 931-937 


Solve 2 cos? x = 1 in the interval 0 = х < 27. 


2cos^x-—1 Write original equation. 
cos" x i Divide each side by 2. 
cos x = E-37 Take square roots of each side. 
> In the interval 0 < x « 27, the solutions are x = 2 3 сҮ. 2z, апа E т. 


; EXAMPLES | EXERCISES 


TD Solve the equation in the interval 0 = x < 27. 
: оп pp. 931-933 | d ^ т. 


: {ог Ехѕ. 21-23 21. —4sin*x = —3 22. COS x = cosx 23. tan? 4x = 3 


_ Write Trigonometric Functions and Models pp. 941-947 


Write a function for the sinusoid. 


STEP? Find the maximum value M and minimum 
value m. From the graph, M = Запа m = -1. 


STEP2 Identify the vertical shift, k. 


n 


STEP 3 Decide whether the graph should be modeled by a sine or cosine function. 
Because the graph crosses the midline, y = 1, on the y-axis and then 
decreases to its minimum value, the graph is a sine curve with a reflection 
but no horizontal shift. So, a « 0 and h = 0. 


STEP4 Find the amplitude and period. The period i is 47 — = 51, So, b = 3. 
FS E 
The amplitude is |a| = m m 2 2 2. 50,а = —2 
A function for the sinusoid is y = — 2 sin Зх + 1. 
EXERCISES 
: EXAMPLE 1 | Write a function for the sinusoid. 
: on p. 941 24. 25. 


: for Exs. 24-25 


Chapter Review 


REVIEW 


| Find the exact value of the expression. 
a. cos 225° = cos (270° — 45°) Substitute 270° — 45° for 225°. 


= cos 270° cos 45° + sin 270° sin 45° Difference formula for cosine 


- o2 — ү) Evaluate. 
2 2 
= -y2 Simplify. 
in 45 = EA qe 1T 
b. sin sin | 3 ET Substitute = 3 + — 7 for 77 15 
= sin cos + cos Z sin = um 
= sin 3 51 5-2 sin q Sum formula for sine 
2/4 К 
„хз: ES 4 Evaluate. 
ув 7 V2 Simplify. 
EXERCISES 
; EXAMPLES Find the exact value of the expression. 
¿1 and 2 
: on pp. 949-950 26. cos 195° 27. tan 75° 28. sin 157 29. cos sa 
: for Exs. 26-30 8 1 
30. Find cos (a — Р), given that sin a = 17 with 5 —<а< папа cos b= 2 
with 0 « b « F 


Angle Formulas _pp. 955-962 


= 
pm; _ УЗ. 
1 1 — cos 6 1 > 


b. sin. ү; = ш (е )= 1—5 |—3--22-V8 
EXERCISES 
: EXAMPLES Find the exact value of the expression. 
1 and 2 
: оп рр. 955-956) 31. sin 75° 32. tan (—15°) 33. cos + 34. COS зт 


: for Exs. 31-35 1 
35. Given cos a = 2 with 0 « a <> T find sin 2a and tan F 
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CHAPTER TEST 


Graph the function. 

1. f(x) = 4 cos 2x 2 y= > sin TX 3. f(x) = —4 tan 2* 

4. y-sin(x— т) - 2 5. fix) = 3tan(x - $) 6. у= -2cosix +3 
Simplify the expression. 

sin (= — x 
7 ntm 8. cos? x + sin? x - csc? x 9. sm(z 71) 
tan (— 6) sec x 
Write a function for the sinusoid. 
10. 11. 
12. Verify the identity cos 3x — 4 cos? x — 3 cos x. 
Solve the equation in the interval 0 = x < 27. 
13. 9 ѕіп? x tan x = 16 tan x 14. (1 — tan? x) tan 2х = 2V3 15. sin a = TE 
Find the general solution of the equation. 
16. 6tan^x-2-0 17. cos x = sin 2x sin x 18. зіп = 1— cosx 
Find the exact value of the expression. 
19. sin 255° 20. cos Wr 21. tan 27 22. sin 107 
8 12 3 


23. BOATING The paddle wheel of a ship is 11 feet in diameter, revolves 15 
times per minute when moving at top speed, and is 2 feet below the water's 
surface at its lowest point. Using this speed and starting from a point at 
the very top of the wheel, write a model for the height h (in feet) of the 
end of the paddle relative to the water's surface as a function of time f (in 
minutes). 


24. PRECIPITATION The table below shows the monthly precipitation P 
(in inches) in Bismarck, North Dakota. The time tis measured in months, 
with f = 1 representing January. Use a graphing calculator to write а 
sinusoidal model that gives P as a function of t. 


10 | 11 12 
1.3 


8 | 9 
05 09 22 | 26 | 26 |22 |16 07 04 
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* Standardizec 


Scoring Rubric 


Full Credit 
* solution is complete 
and correct 


Partial Credit 
* solution is complete 
but has errors, 


or 
* solution is without 
error but incomplete 


No Credit 

* no solution is given, 
or 

* solution makes no 
sense 


AAA AAA AA SREP EPP 


The expression 

is correct, and its 
significance is fully 
explained. 


AAA AAA PPP 


өөн » a. Half of the horizontal distance = 


EXTENDED RESPONSE QUESTIONS 


The horizontal distance x (in feet) traveled by a football kicked from 
ground level at speed v and angle Ө can be modeled by x = i sin 28. 


a. Write an expression for half of the horizontal distance. How is this 
expression related to the football's maximum height? 


b. Write a simplified expression for the football's maximum height. 


c. What is the maximum height of a football kicked from ground level 
with a speed of 80 feet per second and an angle of 35°? 


Below are sample solutions to the problem. Read each solution and the 
comments on the left to see why the sample represents full credit, partial 
credit, or no credit. 


SAMPLE 1: Full credit solution 


i. =P sin 20 
Because the ball travels in a Mus SR the "m лаг height occurs 
at half the horizontal distance. 


b. Substitute the expression from part (a) for x in the equation for the path 
of a projectile. Note that the initial height A, is 0. 


16 
mm 5 ER. oe (tan 0)x + А, 


The 5 formula is 
used for the path of a 
projectile. 


raras arras de = = 


A double- -angle formula 
is used correctly, and the 
resulting expression is 
correctly simplified. 


PO 


U^ cos? 0 
_ ¥ (sin сл 26) Lv sin 28)tan Ө 


16 be d r3 n2 ES : 
(ar? sin 20) + (tan A sin 20) + 0 


256 cos” 0 64 


V^(2 sin 0 cos 6)(2 sin 0 cos 6) 5 V^ (2 sin 6)(cos 0 tan 6) 


256 cos 0 cos 0 64 


V sin 6.cos C sin 0 ces) mus (2 sin O) (sin 6) 


боот 64 
_ V sin*8 y 21 sin” Ө а 
| —— 64 | M 
==" sin? 6 
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c. To find the maximum hare of the e substitute 80 for v and 35° for 0. 


„азаа TT TTT TT err ка жаадай каас: > Maximum height = - s," sin sin = ac 2 80? sin? 35° == 33 feet 


The answer is correct. 
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CERA 


The answer is — but 
work is not shown and 
no explanation is given. 


The expression is ‘not 
fully simplified. 


SEPA 


The expressions in parts 
(a) and (b) are incorrect, 
and no work is shown. 


The values are 
substituted incorrectly. 
The answer is wrong. 


SAMPLE 2: Partial credit solution 


D. в + (tan 0)x + hy 


<< з lt v? sin 207 + бап oj. v? sin 20) + 0 


ened янв п” sin? 26) + (tan Na l v? sin 26) 


x .—  U^sin^20 , р? (ап 0sin 20 
„Кайс ^ 64 


E a maximum height of the football i is: 

» sin^20 , v?^tan0sin20 . 80?^sin?70*. 2 70° ессе. 

T ————— p 2-2 -2=2-z= — st СС 

2 256 cos? 0 64 256 cos? 35° € E 


п height is given by аи? sin 6. 


= sin Ө= 2 + 35? sin 80° = 19 feet 


PRACTICE Apply the Scoring Rubric 


Score the following solution to the problem on the previous page as full 
credit, partial credit, or no credit. Explain your reasoning. If you choose 
partial credit or no credit, explain how you would change the solution so 
that it earns a score of full credit. 
a. Half of the total horizontal distance ie — v^ sin 26. Thie ie the horizontal | 
distance when the ball is at ite maximum height. | 
b. A simplified expression for the maximum height of the ball is a sin? 0. 


c. Substitute 80 for v and 35° for 0 in the expression from part (b) to find 
the maximum height of the football. | 


LG н NN к E ER es ee 
a4. oin? 0 = с + 80% sin” 55° ~ = * 64ОО(О.574}° = 33 feet 


Test Preparation 971 


EXTENDED RESPONSE 


1. Sound travels in waves that can be represented using sine functions. 


3 


When two notes are played at the same time on a musical instrument, the 
resulting sound wave can be modeled by the sum of two sound waves. 


a. Playing C and G together creates harmony and Note | Soundwave | 
produces a pleasant sound. Use a graphing | 
calculator to graph the sound wave that results | € | y= sin523.26t 
from playing C and G at the same time. = эса 


b. Playing Сапа В together creates dissonance — у= sin 987.76t | 987.76t 


and produces an unpleasant sound. Use a 
graphing calculator to graph the sound wave 
that results from playing B and C at the same time. 


c. Make a conjecture about the relationship between how the notes 
sound when played together and the resulting sound wave. 
Explain your reasoning. 


The blades of a fan rotate counterclockwise at a 
speed of 800 rotations per minute. The length of 
each blade is 9 inches. The maximum height of the 
tip of the red fan blade above the ground is 

48 inches. 


a. What is the minimum height of the tip of the red 
fan blade above the ground? 


b. Write a function that models the height of the tip 
of the red fan blade as a function of time. Assume 
that the blade starts in the position shown in the 
diagram. 


c. Do your answers to parts (a) and (b) change if the 
fan rotates clockwise? Explain why or why not. 


The chart shows the average monthly temperature (in degrees Fahrenheit) 
and a household's gas usage (in cubic feet) for 12 months. 


a. Use the chart to make a table of 
values giving the month t (with E JL. IE иш. ш ape 
January corresponding to t = 0), 


| з " ; ; 
and the gas usage y, (in thousands of —» PUUT | cana EN 000 ft E 000 ft 


the average monthly temperature y,, 
cubic feet). 


b. Use the table from part (a) and = 49°F m m 62°F E. E 
a graphing calculator to find " дз кз - 
trigonometric models for the average ELMO TE MOOG S000 9,000 


monthly temperature y, asafunction | september | November | December 
a IN | November | December 


function of time. 71°F 63°F 55°F 40°F 
c. Graph the two regression equations 13,000 ft? | 15000 fé | 19,000 ft? | 23,000 ft? 


in the same coordinate plane on your 
graphing calculator. Describe the relationship between the graphs. 
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^ STATE TEST PRACTICE - 


^ dasszone.com 


MULTIPLE CHOICE GRIDDED ANSWER 


4. The graph of which function is shown? 7. What is the x-intercept of the graph of 


y = sin lax on the interval 0 « x « 3? 


8. Find the value of tan (a + b) given that the 


following are true: 
sina = 2 with 0 « a « and 
(СА) у= —3cos2x (В) у= -2cos3x cos b = Y2 with 0 « p« Z 


O y p CORE © у= -3cos 2^ 9. Find the y-coordinate of the point of 


intersection of the graphs of y = 2 + sin x 

T "uum Ten E | 
5. Which expression is not equivalent to 1? andy = 3 — sin xin the Interval 0 «x « Е 
10. Find the amplitude of the sinusoid shown 


(Фф) cos [s — x) CSC X below. 


СА) tanxsecxcosx sin? x + cos? x 
cos? (—x) tan? x 


sin? (—x) 


6. What is the general solution of the equation 
3 


cos x — 25 cos x? 

СА) T +2пт (В) F + Пт 

© +27 O T+2n7 
SHORT RESPONSE 


11. Use the fact that the frequency of a periodic function's graph is the reciprocal 
of the period to show that an oscillating motion with maximum displacement 
a and frequency f can be modeled by y = a sin 27ft or y = a cos 27nft. 


12. A basketball is dropped from a height of 15 feet. Can the height of the 
basketball over time be modeled by a trigonometric function? If so, write 
the function. If not, explain why not. 


13. Consider the following function: 


Лх) = sin xcosx 


Without graphing the function, what would you expect the graph to look 
like? Explain your reasoning. Copy and complete the table below and 
determine whether your prediction was correct. 
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Operations with Positive and Negative Numbers 


To add positive and negative 


numbers, you can use a 
number line. 


To subtract any number, 


add its opposite. 


а. 1 + (—5) 


-5 -4 -3 


Add or subtract. 


-2 
„1+(—5)=—4 


= B 


-4 3 =2 


End Move 5 units to the left. Start 


2 


hb. 2 (25) = 2.5 


—3 


„Ёё 


To add a positive number, move to the right. » 


о add a negative number, move to the left 


E—2— ee 


To multiply or divide positive and negative numbers, use the following rules. 


* The product or quotient of two numbers with the same sign is positive. 


* The product or quotient of two numbers with different signs is negative. 


а 3+7 = 21 
c. 18+2 = 9 
е. —3(7) = -21 
g -18+2=-9 


' PRACTICE 


Multiply or divide. 


Perform the indicated operation. 


1..2 +0) 
6. 7(—5) 
IL. 2053 
16. 14 — (-9) 
2L. —-8(—LD 
25. 21 T (—8) 
ЗІ. —7(—6) 


2. 
7. 


а — 28 
18 — 10 
—9(-8) 
—32 + 16 


78 ED) 
„= “ш umet 


1 — 24 


T > ROC 


. —6(10) 


—7 + (-12) 


e LEIA 


-23 +3) 


. —18 + (-3) 
„ “9 +26 


. —3(-7) =21 
. —18 + (-2) = 9 
С pla | 
, 18 + (72) = —9 


4. —30 + (-2) 
9. 11(4) 
14. 45 + (-9) 
18, ~8 = (3) 
24. 14 + (—7) 
28. =20.= (—4) 
34. 0 + (—4) 


3 


The opposite of —5 is 5. 
Start is Move 5 units to the right. - T i End 


A AAA E AAA 
-—- Ж Я 


4 


Т: 6 


81 + (—9) 


« —6(12) 


17 = 18) 


» 5(-3) 
AZ] 
16 8 
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Fractions, Decimals, апа Percents 


XE 
Z A percent is a ratio with a denominator of 100. The word percent means 
A “per hundred,” or “out of one hundred.” The symbol for percent is %. 
= In the model at the right, 71 of the 100 squares are shaded. You can write 
S the shaded part of the model as a fraction, a decimal, or a percent. 
= Fraction: seventy-one divided by one hundred, or a 
ш 
= Decimal: seventy-one hundredths, or 0.71 
к Percent: seventy-one percent, or 71% 
a 
Write as a fraction. 
| a. 94 100 ^ 50 b. 20% 100 5 c. 0.3 = three tenths 10 
— >>>= 
а. 15% = 100 0.15 Ь. 106% 100 1.06 с. з 5 + 8 = 0.625 
Write as a percent. 
UM... o ш 5.95*25 _ 125 _ 
| а. 0.41 100 41% b. 0.8 10 ^ 100 8096 €. 47 4.25 ^ 100 12590 
" PRACTICE 
Write as a fraction. 
1. 0.65 2. 0.08 З.. 1.5 4. 0.13 5. 0.7 
6. 5096 7. 2696 8. 3% 9. 9596 10. 110% 
Write as a decimal. 
1 I 30 2 3 
11. 1 12. 10 13. 25 14. 5 15. 3 
16. 16% 17. 142% 18. 1% 19. 30% 20. 6.5% 
Write as a percent. 
21. 0.6 22. 0.24 23. 1,3 24. 0.07 25. 0.45 
1 4 17 a 3 3 
26. 10 27. 5 28. 20 29. 2 30. 16 
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Calculating with Percents 


You can use equations to calculate with percents. Replace 


Word what of 15 
words with symbols as shown in the table at the right. Below — | J a 
are three types of questions you can answer with percents. | Symbol п | x | = 


Answer the question. 


a. What is 15% of 20? 


b. What percent of 8 is 6? 


c. 80% of what number is 4? 


п = 0.15 x 20 nx8-6 08xn=4 
n=3 n=6=8=0.75 = 75% п= 4 + 0.8 = 5 
3 is 15% of 20. 75% of 8 is 6. 80% of 5 is 4. 


Amount of increase or decrease 
Original amount | 


€ EXAM > - Find the percent of change. 


a. Aclass increases from 21 students to 25 students. 


To find a percent of change, calculate 


b. A price decreases from $12 to $9. 


25—21 — 
21 


" PRACTICE 


Answer the question. 
1. What is 98% of 200? 


51 == 0.19 = 19% increase 


12 


2. What is 25% of 8? 


12-9 _ 


I = 0.25 = 2596 decrease 


3. What is 3096 of 128? 


4. What is 596 of 700? 5. What is 10096 of 17? 6. What is 15096 of 14? 

7. What is 0.2% of 500? 8. What is 6.596 of 3000? 9. What percent of 100 is 54? 
10. What percent of 18 is 9? 11. What percent of 80 is 8? 12. What percent of 15 is 20? 
13. What percent of 30 is 6? 14. What percent of 5 is 8? 15. What percent of 50 is 1? 


16. 50% of what number is 6? 
18. 1096 of what number is 6? 
20. 1% of what number is 2? 
22. 1296 of what number is 60? 


17. 5596 of what number is 44? 
19. 7596 of what number is 45? 
21. 9096 of what number is 63? 
23. 20096 of what number is 16? 


Find the percent of change. Round to the nearest percent if necessary. 


24. A class increases from 20 to 28 students. 
26. A price is reduced from $200 to $180. 
28. A test is shortened from 40 to 32 items. 
30. A wage rises from $8.75 to $10.00. 


25. Time decreases from 60 to 45 minutes. 
27. Votes increase from 200 to 300. 

29. Membership increases from 820 to 1605. 
31. The temperature drops from 24°F to 5°F. 
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Factors and Multiples 


Factors are numbers or expressions that are multiplied together. Prime Numbers 
prime number is a whole number greater than 1 that has exactly Less Than 100 

two whole number factors, 1 and a The table shows all the prime 9.3.5.7 11, 13.17 18:33. 

numbers less than 100. A « compo: site ' nun imber is a whole number 29, 31, 37, 41, 43, 47, 53, 59, 

greater than 1 that has more than two Whole number factors. 61, 67, 71, 73, 79, 83, 89, 97 


When you write a composite number as a product of prime numbers, 
you are writing its prime factorization. 


Write the prime factorization of 60. 


Use a factor tree. Write 60 at the top. Then draw two branches 
and write 60 as the product of two factors. Continue to draw 
branches until all the factors are prime numbers. Two factor AN, AN 
trees for 60 are given at the right. Both show 60 = 2 • 2 •3 • 5. 2 « 15 45.5 
a. 


; x : : $e 92 
> The prime factorization of 60 is 2^ » 3 + 5. 3.5 2.2 


A whole number that is a factor of two or more nonzero whole numbers is a 
common factor of the кшн” The largest of the common factors is the 


preatesi [ CC ommon fa actor (GC 


«A Find the greatest common factor (GCF) of 18 and 45. 


Method 1 List factors. Method 2 Use prime factorization. 


Factors of 18: 1, 2, 3, 6, 9, 18 Prime factorization of 18: 2 • 3*3 
Factors of 45: 1, 3, 5, 9, 15, 45 Prime factorization of 45:3 * 3* 5 


The GCF is 9, the greatest of the The GCF is the product of the common 
common factors. prime factors: 3 * 3 — 9. 


iltiple of a whole number is the product of the number and any nonzero 
whole number. A сопи I mona nt ultiple of two or more numbers is a multiple of all of 
the numbers. The least common m ultiple (LCM) is the smallest of the common 
multiples. 


Find the least common multiple (LCM) of 12 and 15. 


Method 1 List multiples. Method 2 Use prime factorization. 
Multiples of 12: 12, 24, 36, 48, 60, ... Prime factorization of 12: 2* • 3 
Multiples of 15: 15, 30, 45, 60,... Prime factorization of 15: 3 • 5 


The LCM is 60, the least of the Form the LCM of the numbers by writing 
common multiples. each prime factor to the highest power it 
occurs in either number: 2? • 3 • 5 = 60. 


978 Student Resources 


The least common denominator (LCD) 
multiple of the denominators. Use the LCD to add or subtract fractions with 
different denominators. 


of two fractions is the least common 


‚3 |5 


The least common multiple of the denominators, 10 and 8, is 40. 
So, the least common denominator (LCD) of the fractions is 40. 


| — nai 894 U2 48. B*B д8 
Rewrite the fractions using the LCD of 40: a oA ай and а И.Е ай 
Add the numerators and keep the same denominator: m + 2 = 12 + m = 37 
анана 

PRACTICE 

Write the prime factorization of the number. If the number is prime, 

write prime. 

1. 42 2. 104 3. 795 4. 23 
6. 27 Te TE 8. 180 9. 47 

11. 88 12. 49 13. 83 14. 142 

Find the greatest common factor (GCF) of the numbers. 

16. 4,6 17. 24, 40 18. 10,25 19. 55, 44 

21. 8,20 22. 5,8 23. 15, 12 24. 16, 32 

26. 2,18 27. 9, 21 28. 36, 42, 54 28. 512,17 

Find the least common multiple (LCM) of the numbers. 

31. 4, 16 32. 2,14 33. 5,6 34. 16,24 

36. 12,20 ate 850 38. 18,8 39. 9, 12 

41. 10,15 42. 7,9 43. 40,4,5 44, 25, 30,3 

Perform the indicated operation(s). Simplify the result. 
1.3 5 4.5 

46. 2 +5 47. 4 16 48. 10 5 49. 
X ouk 441 lou 

50. as T 3 51. E 8 52. l0 3 53. 
7 4 4r 2.1 

54. 8 16 55. 10 3 56. 3 6 54. 
$..1..9 59, 23.3 3 E: а E I 

ad ТЛ б 38. 2 10 4 Mo 5 2 - 
8,2 7 E bee Я dep 2 d 

62. 573 12 63. 5 * 15 * 3 бл + ty 
A КҮ: ЖИ 1. qt. L CM T Д 

Uk phu. 8n rey d C 69. 
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20. 
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30. 


35. 
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70 
100 
32 


28, 35 
70, 90 
45, 63, 81 


6,8 
9,5 
27, 81, 33 
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Ratios and Proportions 


ratio uses division to compare two quantities. | Three Ways to Write the Ratio of ato b | 


You can write a ratio of two quantities a and Р, 
where bis not equal to 0, in three ways. atob a:b > 


You should write ratios in simplest form. 


€ A _— —_—_——— — 


Write the ratio of 12 boys to 16 girls in three ways. 


Boys 325 .1224 .3 


First write the ratio as a fraction in simplest form: Gus тета d 


» Three ways to write the ratio of boys to girls are 3 to 4, 3:4, and i. 


f 


| Using Cross Multiplication to Solve Proportions | 


You can use cross multiplication to solve 


i b d 
a proportion. | 


If € = € where b « 0 and d = 0, then ad = bc. 


Solve the proportion. 
 — 1 
" 40 8 
5:54=9+-n Cross multiply. x:8=40:+3 Cross multiply. 
270 = 9n Simplify. 8x = 120 Simplify. 
30=n Solve for n. x=15 Solve for x. 


980 


Write the ratio in simplest form. Express the answer in three ways. 


1. 3to 9 2. l6to 24 3. 10to8 4. 6to2 
5. 25 to 30 6. 60 to 10 7. 4to4 8. 8 to 20 
9. 32 to 72 10. 42 to 15 11. 14102 12. 12 to 15 
Solve the proportion. 
12 E NN S am ee 9.9 
18 14 24 м. 24 36 19. п 4 16, 45 h 
a.4 13_91 EC DE 
es 6 12 ы 7 = 12 8 = 90 3 
ЭЖ „Н. 5 _ 150 з JX E ET 
2. Mm: El > 2 90 2 8 6 РА 105 m 
17. BY 20 _ 24 38 _8 96 . t 
aa: 3 a zm 125 n ats 144 ў - 6 3 


Student Resources 


Converting Units of Measurement 


The table of measures on page 1025 gives many statements of equivalent 
measures. Using each statement, you can write two different conversion factors. 


Statement of Equivalent Measures | Conversion Factors 
" 100 ст _ EM — 
100 cm = 1 т a 1 and boo 1 


To convert from one unit of measurement to another, multiply by a conversion 
factor. Use the one that will eliminate the starting unit and keep the desired unit. 


( EXAMPLE | Copy and complete. 


a 35m- ? cm b. 620cm=_? m 
100cm _ А 1m 620. _ 
3.5 mf X 1 pf (3.5 х 100) cm = 350 cm 620 erf X туу е 100 2 6.2 т 
р So, 3.5 т = 350 cm. > So, 620 cm = 6.2 m. 


Sometimes you need to use more than one conversion factor. 


Г EXAMPLE ] Сору and complete: 7 days = ? sec 


Find the appropriate statements of equivalent measures. 
24h = 1 day, 60 min = 1 h, and 60 sec = 1 min 


24h 60min 60 sec 
тав an 50 panis 


Multiply by conversion factors to eliminate days and keep seconds. 


Write conversion factors: 


7 days х AIR x 60 min x 8056 — (7 x 24 x 60 x 60) sec = 604,800 sec 


» So, 7 days = 604,800 sec. 


" PRACTICE 


Copy and complete. 
1. 6L=_?2 mL 2. 2mi- 7? ft 3. 800z = * lb 4. 4days- * h 
5. 77 mm —. ? cm 6. 5gal=_? qt 7. 48 ft = ГЕ yd 8. 1500 ME=, *_L 
9. 40m=_*_cm 10. 1251b-.* oz 11. 800g=_? kg 12. 900 sec —. * min 
13. 721n, —. * fi 14. 2.5ton -  ? lb 15. 90min- ? h 16. 65,000 mg = ? g 
17. 100yd = .£ in. 18. 35kg- * р 19. 6pt=_% qt 20. 1 week = . * тіп 
2L Paws. + Jp 22. lkm - _? mm 23. 1 mi — © in. 24. 5 gal.= fc 
25. 288in.^— ? ft 26. 24pt=_? gal 27. Akg- .? g 28. 7hr=_? sec 
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Scientific Notation 


Scientific notation is a way to write numbers using powers of 10. A number is 


Say 


written in scientific notation if it has the form c х 10" where 1 <c< 10 and nis 
an integer. The table shows some powers of ten in order from least to greatest. 


PowerofTen | 10-3 107? 107 10? | 10 102 10 
Value 0.001 0.01 0.1 1 | 10 100 1000 
| 
| EXAMPLE | Write the number in scientific notation. 
a. 12,800,000 Standard form b. 0.0000039 Standard form 


12,800,000 Move the decimal point 
Na Y places to the left. 


1.28 x 107 Use 7 as an exponent of 10. 


а. 6.1 x 10° 
6.1x 10* The exponent of 10 is 4. 


Scientific notation 


61,000 Move the decimal point 
A 4 places to the right. 
61,000 Standard form 


" PRACTICE 


982 


Write the number in scientific notation. 


1. 0.6 2. 25,000,000 
5. 40.8 6. 7 

9. 41,236 10. 0.0000016 
13. 0.01002 14. 1,000,000,000 
17. 9850 18. 0.0000206 


Write the number in standard form. 


21. 5 x 10? 22. 4x 1072 

25. 3.2 X 10? 26. 9.01 x 107° 
29. 1.814 x 10? 30. 2.7 x 10? 
33. 8 x 10 8 34. 5.6 x 10* 
37. 6.08 x 105 38. 9.009 x 10? 


Student Resources 


0.0000039 
Paes uf 


3.9 x10 8 


Write the number in standard form. 


Move the decimal point 
6 places to the right. 


Use —6 as an exponent of 10. 


b. 5.74 X 10? Scientific notation 
5.74 X 107? The exponent of 10 is —5. 
0.0000574 Move the decimal point 
Moa 5 places to the left. 
0.0000574 Standard form 
3. 0.08 4. 0.00542 
7. 0.000385 8. 8,145,000 
11. 486,000 12. 0.000000009 
15. 7050.5 16. 0.37 
19. 805 20. 0.0005 
23. 8.2 x 10” 24. 6.93 x 10° 
27. 7.345 x 10? 28. 2.38 x 107? 
31. 1 x 10° 32. 49 x 10 * 
35. 1.87 x 10? 36. 7x 10^ 
39. 3.401 x 10° 40. 5.32 x 10! 


ny Digits 


significant digits indicate how precisely a number is known. Use the following 
"reus to determine the number of significant digits. 


• All nonzero digits are significant. 


e All zeros that appear between two nonzero digits are significant. 


* For a decimal, all zeros that appear after the last nonzero digit are significant. 
For a whole number, you cannot tell whether any zeros after the last nonzero 
digit are significant, so you should assume that they are not significant. 


Sometimes calculations involve measurements that have various numbers of 
significant digits. In this case, a general rule is to carry all digits through the 
calculation and then round the result to the same number of significant digits 
as the measurement with the fewest significant digits. When you calculate with 
units that cannot be divided into fractional parts, such as number of people, 
consider only the significant digits of the other number(s). 


a. 12.6 3 significant digits 
х 0.05 1 significant digit 
0.63 The product has 2 significant 
digits. 
0.6 Round to 1 significant digit. 


c. $61.20 restaurant bill — 6 people 


b. 


Perform the calculation. Write your answer with the 
appropriate number of significant digits. 


840 X 2significant digits 
+ 702 3 significant digits 
1542 The sum has 4 significant 
digits. 
1500 Round to 2 significant digits. 


The number of people is exact, so consider only the 4 significant digits of the bill, 
$61.20. The answer should have 4 significant digits. 


$61.20 + 6 = $10.20 
» Each person pays $10.20. 


" PRACTICE 


Perform the calculation. Write your answer with the appropriate number of 


significant digits. 

1. 600 + 30 2. 52.6 

5. 3.6053 — 1.720 6. 40 — 3.5 

9. 30.5 * 6.40 10. 3.18 + 2.0005 
13. 4016 — 3007 14. 1.35 + 14.8 
17. $1.45 per notebook * 12 notebooks 


. 260 pints of milk + 106 students 
. 27973 books + 11 libraries 
. $6.95 per ticket * 180 tickets 


5.. 12+ 675 4. 0.098 + 0.14 + 0.369 
te 80 —3.1 8. 31.7 * 6.8 • 0.435 
11. 0.088 + 2.44 12. 8650 + 380 — 49 
15. 320 — 18 16. 38.1 * 3.04 — 0.024 
18. 10.0 liters of water — 4.5 liters of water 


. 0.5 yard of fabric + 0.87 yard of fabric 
. 12.76 gallons of gas + 6.08 gallons of gas 
. 1540 pounds — 160 pounds — 85 pounds 
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Writing Algebraic Expressions 


To solve a problem using algebra, you often need to write a phrase as an 
algebraic expression. 


[ EXAMPLE ] Write the phrase as an algebraic expression. 


a. 6less than a number b. The cube of a number c. Double a number 
"Less than" indicates "Cube" indicates raising "Double" indicates 
subtraction. to the third power. multiplication by 2. 
»n-6 » п? 2n 


Write an algebraic expression to answer the question. 


a. Rebecca walks three times as far to school as Meghan does. If Meghan 


walks m blocks to school, how many blocks to school does Rebecca walk? 


b 3m 


b. Kate is 8 inches taller than Noah. If Noah is n inches tall, how tall is Kate? 


+8 


' PRACTICE - 


984 


Write the phrase as an algebraic expression. 


1. 
4, 
7. 
10. 


8 more than a number 2. 10 times a number 3. Twice a number 

6 less than a number 5. One fifth of a number 6. 4 greater than a number 

5 times a number 8. A number squared 9. 25% of a number 

Half a number 11. 2 less than a number 12. The square root of a number 


Write an algebraic expression to answer the question. 


13. 


14. 


15. 


16. 


17. 


1 8. 
19. 


Allison is 4 years younger than her sister Camille. If Camille is c years old, 
how old is Allison? 


Ryan bought a movie ticket for x dollars. He paid with a $20 bill. How much 
change should Ryan get? 


Bridget spent $5 more than Tom spent at the mall. If Tom spent x dollars, 
how much did Bridget spend? 


Marc has twice as many baseball cards as hockey cards. If Marc has h hockey 
cards, how many baseball cards does he have? 


Elizabeth's ballet class is 45 minutes long. If Elizabeth is m minutes late for 
ballet class, how many minutes will she spend in class? 


Steve drove x miles per hour for 5 hours. How many miles did Steve drive? 


Wendy bought 10 pens priced at x dollars each. How much did she spend? 


Student Resources 


Binomial Products 


A monomial is a number, a variable, or the product of a number and one or more 
variables. A binomial is the sum of two monomials. In other words, a binomial is 


a polynomial with two terms. You can use a geometric model to find the product 
of two binomials. 


Simplify (2x + 1)(x + 3). 


Draw a rectangle with dimensions 2x + 1 and x + 3. Use the 
dimensions to divide the rectangle into parts. Then find the 
area of each part. The binomial product (2x + 1)(x + 3) is 
the sum of the areas of all the parts. 


л 
~ 
г 
p 
wv 
4 
т 
= 
m 
= 
E 
> 
2 
о 
ns 
= 
© 
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There are 2 blue parts with area x?, 7 green parts with area x, 
and 3 yellow parts with area 1. 


(2x + 1)(х + 3) = 2x^ + 7x + 3 


Another way to find the product of two binomials is to use the distributive 
property systematically. Multiply the first terms, the outer terms, the inner terms, 
and the last terms of the binomials. This is called FOIL for the words First, Outer, 
Inner, and Last. 


Simplify (x + 2)(4x — 5). 


First Outer Inner Last 


(x + 2)(4x — 5) = x(Ax) + x(—5) + 2(4x) + 2(—5) 
= Ax? — 5x + 8x — 10 


Use FOIL. 
Multiply. 


= 4x? + 3x — 10 Combine like terms. 
Simplify. 
1. [ac Ske T3] 2. (m+ 4)(m 11) 3. (1+ 8)(ft t 7) 
4. (z+ 1)(z + 6) 5. (y+ 4)(у + 2) 6. (x + 9)(x + 9) 
7. (y- 2)? 8. (п + 6)? 9. (4 – 2)? 
10. (a + 10) (а — 10) 11. (у + 3)(у – 7) 12. (k+ 1? 
13. (5x — 4)(5x + 4) 14. (3 + п)? 15. (c + 5)(2c — 7) 
16. (a + 5)(a + 5) IT. G-H +2 18. (3x — 8)(x— 6) 
19. (4a + 3)? 20. (3 — g)2g +3) 21. (4—x)(8+ x) 
22. (Зп — 1) (n — 4) 23. (-a + 9)(a — 9) 24. (8x + 1)(х + 1) 


„> [5x 2)02x — 5) 


« (24 — 5)(34 — T) 


x (74z t 3)(8z — 1) 
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LCDs of Rational Expressions 


A rational expression is a fraction whose numerator and denominator are 
nonzero polynomials. The nator (LCD) of two rational 
expressions is the least common multiple of the denominators. To find the LCD, 


follow these three steps: 


E 


A A ed TE, p e SS i 
east common denomi 


STEP? Write each denominator as the product of its factors. 


STEP2 Write the product consisting of the highest power of each factor that 
appears in either denominator. 


STEP3 Simplify the product from Step 2 to write the LCD. 


SKILLS REVIEW HANDBOOK 


Find the least common denominator of the rational expressions. 


a. gy 245 b. aa and тэт с. He ЖЕН 
STEP? Factors: Factors: Factors: 
5ху= 5 :х•у er = 93 ex" 3x+6=3+ (х + 2) 
=? 12x=2%.3.x x? — 3x — 10 = (x + 2) • (x — 5) 
STEP2 Product:5* x * y? Product: 2? - 3 • x Product: 3 • (x + 2) • (x — 5) 
STEP3 LCD:5xy? LCD: 24x* LCD: 3(x + 2)(x — 5) 


f PRACTICE 


Find the least common denominator of the rational expressions. 


1 5; d 2 zu ET 3 гапа 2 

4 z: = 5 j4 and T 6. 21 Ms 

E 3 May 8. 57; and E 9. =p and Ean 
16 mimi M ae a a AET 
"n ae 6 н me 9 = 2 oe 5 E - 4 e (x _ 4)° 
16. туу апа = 17. iunii 18. TE and ait $ 
19. 7 is and EE 20. E Б апа a T 21. "a and EET 
mE шшш. Sman sed ае = м 
25. Le and a 26. = a ап —— n 5 and om ан 
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The Coordinate Plane 


———— EE. 
— Quadrant 1.4 


and IV. 


| X-axis 


pair. The first Вее is the x-coordinate, pe the тт) 


nümberl is the y-coordinate. 


~ Quadrant 11—74; Quadrant IV 


The ordered pair (3, 1) is graphed at the right. The x-coordinate 
is 3, and the y-coordinate is 1. So, the point is right 3 units and 
up 1 unit from the origin. 


Graph the points A(2, —1) and B(—4, 0) in a coordinate plane. 


A(2, -1) Start at the origin. 
The x-coordinate is 2, so move right 2 units. 
The y-coordinate is —1, so move down 1 unit. 
Draw a point at (2, —1) and label it A. 


B(—4,0) Start at the origin. 
The x-coordinate is —4, so move left 4 units. 
The y-coordinate is 0, so move up 0 units. 
Draw a point at (—4, 0) and label it B. 


' PRACTICE | 


Graph the points in a coordinate plane. 


1. AG. 2] 2. В(б,—7) 3. C(2, —3) 4. D(—8,0) 5. E(—4, —8) 
6. F(1, 3) 7. G(3, 0) 8. Н(1, —5) 9. I(0, —2) 10. /(—6, 5) 
11. K(5,8) 12,. E(B, =2) 13. M(-3, -4) 14. N(F7, 8) 15, .P(—5, 1) 
16. Q(—2, —6) 17. R(O, 6) 18. S(-4, –1) 19. T(4, 4) 20. V(—3, 7) 


Give the coordinates and the quadrant or axis of the point. 


21. A 22. B 23. C [717] y | | 
FESS qEE Seas 
24. D 25. Е 26. F 1 *r| 4 M б | 
HA 5 
27. G 28. Н 29. Ј > 
|| fo айы ис шаг. 
30. K 31. L 32. M L | 
-6 ¿54 |-2 O| 1 ) 3 4 5 6x 
33. N 34. O 35. P K R 
ЕЕГ 
36. О 37. R 38. 5 шой: y E EFTE 
39. T 40. U 4l. V Н Q Y m C 
42. W 43. X 44. Y | | | 
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Transformations 


ransformation is a change made to the position or to the size 
ofa figure. Each point (x, y) of the figure is mapped to a new point, 


and the new figure is called an image. 


and b Units Vertically 
(x, y) > (x + a, y + Б) 


| Translation a Units Horizontally 


nslation is a transformation in which each point of a figure | 
moves athe same distance in the same direction. A figure and its | 
translated image are congruent. L 


[ 


[ EXAMPLE ] Translate FG right 3 units and down 1 unit. 


To move right 3 units, use a — 3. To move down 1 unit, use 
b = —1. So, use (x, y) > (x + 3, y + (-1)) with each endpoint. 


F(2, 4) => F'(2 + 3, 4 + (-1)) = F'(5, 3) 
G(1, 1) —G'(1- 3,1 + (CD) = G'(4, 0) 


Graph the endpoints (5, 3) and (4, 0). Then draw the image. 


Reflection in x-axis ^ Reflection in y-axis 


A figure aad its тесни image are — ME | (х, y) > (x, —y) | (x, y) 2 (=x y) 


[ 


[ ExaMPLE | Reflect ^ ABC in the y-axis. 


Use (x, y) > (—x, y) with each vertex. 
A(4, 3)  A'(—4, 3) Change each 


B(1, 2)  B'(—1, 2) x-coordinate 
C(3, 1) > C'(-3, 1) to its opposite. 


Graph the new vertices. Then draw the image. 


rotation is a transformation in LH а з бриге is turned 


about a fixed point, called the center o Rotation About the Origin 


direction can be clockwise or Ea A figure 180” either direction — (x, у) E Ex y) 


and its rotated image are congruent. 


90° clockwise E (x, y) > (y —x) 


90° counterclockwise | (х, у) = Cy x 


Rotate RSTV 180° about the origin. 


Use (x, у) > (—x, —y) with each vertex. 
R(2,2) — R'(-2, —2) Change every 
S(4, 2) => S'(—4, —2) coordinate 
T(4, 1) > T'(—4, –1) to its opposite. 
V, 0) > V'(-1, 0) 
Graph the new vertices. Then draw the image. 


988 Student Resources 


stretches if k > 1 and shrinks if 0 < k < 1. A figure and its 
dilated image are similar. 


gure stretches 
cale factor. A figure 


Dilation with Scale Factor k 
with Respect to the Origin 


(x, y) > (kx, ky) 


Or Shrink E au on the dilation's s 


EXAMPLE) Dilate JKLM using a scale factor of 0.5. 


The scale factor is k = 0.5, so multiply every coordinate by 0.5. 
Use (x, y) > (0.5x, 0.5y) with each vertex. 


J(4, 4) >J'(0.5 • 4, 0.5 • 4) = J’(2, 2) 

K(6, 4) > К'(0.5 • 6, 0.5 • 4) = K'(3, 2) 

L(6, —1) > L' (0.5 + 6, 0.5 • (-1)) = L'(3, —0.5) 
M(4, -1 > M'(0.5 • 4, 0.5 • (—1)) = M'(2, —0.5) 


Graph the new vertices. Then draw the image. 


" PRACTICE 


Find the coordinates of N(—3, 8) after the given transformation. For rotations, 
rotate about the origin. 


1. Rotate 180°. 2. Reflect in x-axis. 3. Translate up 3 units. 
4. Reflect in y-axis. 5. Rotate 90° clockwise. 6. Translate left 5 units. 
7. Rotate 90° counterclockwise. 8. Translate right 2 units and down 9 units. 
Transform A PST. Graph the result. For rotations, rotate about 
the origin. 
9. Reflect in x-axis. 10. Rotate 90° counterclockwise. 
11. Rotate 90° clockwise. 12. Translate down 7 units. 
13. Reflect in y-axis. 14, Translate left 4 units. 
15. Rotate 180°. 16. Translate right 2 units. 
17. Translate right 1 unit and up 4 units. 


18. Translate left 6 units and up 2 units. 
The coordinates of the vertices of a polygon are given. Draw the polygon. Then 


find the coordinates of the vertices of the image after the specified dilation, and 
draw the image. 


19. (1,3), (3, 2), (2, 5); dilate using a scale factor of 3 


20. (2, 8), (2, 4), (6, 8), (6, 4); dilate using a scale factor of 2 


21. (3,3), (6, 3), (3, —3), (6, —3); dilate using a scale factor of i 
22. (2, 2), (2, 7), (5, 7); dilate using a scale factor of 2 


23. (2, —2), (6, —2), (4, —6), (0, —6); dilate using a scale factor of i 


Skills Review Handbook 


989 


un 
e 
m 
m 
ч 
5 
m 
= 
т 
= 
т 
> 
2 
© 
С 
© 
© 
A 


Line y 


zx 

S A figure has line symmetry if a line, called a line of symmetry 

= into two parts that аге mirror images of each other. Below a are our Узан with 

E their lines of symmetry shown in red. 

T — 

= 

= 

= 

m 

a 

а LA == 

- 

x 

л Trapezoid Isosceles Triangle Rectangle Regular Hexagon 
No lines of symmetry 1 line of symmetry 2 lines of symmetry 6 lines of symmetry 


A line of symmetry for the figure is shown in red. 
Find the coordinates of point A. 


Point A is the mirror image of the point (3, —6) with respect 
to the line of symmetry y = —2. The x-coordinate of A is 3, 
the same as the x-coordinate of (3, —6). Because —6 is the 
y-coordinate of (3, —6), and —2 — (—6) = 4, the point (3, —6) 
is down 4 units from the line of symmetry. Therefore, point A 
must be up 4 units from the line of symmetry. So, the 
y-coordinate of A is —2 + 4 = 2. The coordinates of point A 
are (3, 2). 


" PRACTICE 


Tell how many lines of symmetry the figure has. 
1. NS a i 3. y 4. О) 
5. A parallelogram 6. A square 7. Arhombus 8. An equilateral triangle 


A line of symmetry for the figure is shown in red. Find the coordinates of 
point A. 


9. Ay 10. 
(—4, 3) 


11. 
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Perimeter and Area 


rimeter P of a figure is the distance around it. To find the perimeter of a 
Rey add the side lengths. 


Find the perimeter of the figure. 


b. 18 m 
18 т 
Р = 5 + 12+ 13 =30 in. Р = 2(4) + 2(18) = 8 + 36 = 44m 


area А of a figure is the number of square units enclosed by the figure. 


Area of a Triangle Area of a Rectangle Area of a Parallelogram Area of a Trapezoid 
т aN 
m 
b £ b 2 
A = Sbh A = 1ш А = bh A = lb, + bh 


p Find the area ofth figure 
AA 
15 in. 


= (15)(7) = 105 in? А = (5)(5) = 25 ft? = 5(6) (3) = 9 m? 


" PRACTICE 


Find the perimeter and area of the figure. 


1. Т 4. 
17 ft — ATA 
- AR AA 


12 in. 


5. UM 6. Es 
10 yd 17 yd 
AR zii 3m 
= 
21 yd T 
4m 


Skills Review Handbook 


12 mm 


12 mm 


ui 
~ 
г 
p 
wv 
4 
т 
= 
m 
= 
E 
> 
2 
о 
ns 
= 
© 
A 


Circumference and Area of a Circle 


The circumference of a circle is the distance around the circle. For any circle, 
the ratio of the circumference to the diameter is 7 (pi), an irrational number 


that is approximately 3.14 or =. 


ж 

© circle consists of all points in a plane that are the same distance from a fixed circle 

a point called the center. 
= Е: гайіиѕ 
“ДИ The distance between the center and any point on the circle is the radius. The 

т distance across the circle through the center is the diameter. The diameter is 

40 twice the radius. E 

m А diameter 

S center 
ш 

a 

i 

= 

x 

Un 


To find the circumference C of a circle with radius r, use the formula С = 27r. 


To find the area A of a circle with radius r, use the formula A = ar. 


Find the circumference and area of a circle with radius 6 cm. 
Give an exact answer and an approximate answer for each. 


Circumference Area 
C = 27r А = пт? 
= 2т(6) = (6)? 
= 127 = 36r 
== 12(3.14) = 36(3.14) 
= 37.7 == 113 
> The circumference is 127 centimeters, » The area is 367 square centimeters, 
or about 37.7 centimeters. or about 113 square centimeters. 


Find the circumference and area of the circle. Give an exact answer and an 
approximate answer for each. 
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Surface Area and Volume 


ui 

m x 

A solid is a three-dimensional figure that encloses part of space. = 
| | r 

The surface area S of a solid is the area of the solid's outer surface(s). A 
lume V of a solid is the amount of space that the solid occupies. 2 

| | m 
Rectangular Prism Cylinder = 
S = 20w + 20h + 2wh S = 2112 + 2тт > 
V = Lwh И = тһ = 
=} 

© 

A 


@ EXAM | > > Find the surface area and volume of the rectangular prism. 


Surface area Volume 

S = 24w + 24h + 2wh V = {wh 
= 2(5)(3) + 2(5)(7) + 2(3)(7) = (5)(3)(7) 
= 30 + 70 + 42 = 105 ft 
= 142 ft” 


Find the surface area and volume of the cylinder. 


Surface area Volume 
S = 27r? + 2тгһ V = mr^h 
= 2n(3)* + 27(3)(12) = q(3)*(12) 
= 907 m^ Exact answer = 1087 m? Exact answer 
== 283 m? Approximate answer == 339 m? Approximate answer 


"^ PRACTICE 


Find the surface area and volume of the solid. 


1. 


10 ft 


15 ft 
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Two anglesa are c 
Two angles are = | е SAR. y an; 
а. BD bisects / АВС b. ZGFJand Z HFJ are 
and mZ ABC = 64°. complementary. 
С D 
64° 
B A G F E 
Because BD bisects Because Z GFJ and Z HF] 
Z ABC, the value of are complementary 
xis half mZ ABC. angles, their sum is 90°. 
х= 5 = 32 (2x — 6) + 4х = 90 
6x — 6 = 90 
x= 16 


f PRACTICE 


BD is the angle bisector of Z ABC. Find the value of x. 
1. 
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с. ZCBD and ZABD are 


supplementary. 


C B А 


Because “CBD and Z ABD 
are supplementary angles, 
their sum is 180*. 
(3x —1)-(x—3) = 180 
4x — 4 = 180 
х = 46 


Triangle Relationships 


The sum of the angle measures of any triangle is 180°, 


Find the value of x. 


60 + 35 + x = 180 The sum of the angle measures is 180°. 
95 + x = 180 Simplify. 


х = 85 Solve for x. 


un 
= 
г 
p 
wi 
m 
m 
< 
т 
= 
= 
E 
r- 
5 
j^ 
= 
o 
A 


In a right triangle, the hypotenuse is the side opposite the 
right angle. The legs are the sides that form the right angle. 
The Pythagorean theorem states that the sum of the squares 


of the lengths of the legs equals the square of the length of 
the hypotenuse. 


Find the value of x. 
b. 12 cm 


13 cm 


6* + 82 = x" Pythagorean theorem i 12* = 13" Pythagorean theorem 


36 + 64 = x? Simplify. х? + 144 = 169 Simplify. 
100 = x* Simplify. F= Solve for x’. 
x=10ft Solve for x. x=5cm _ Solve for x. 


f PRACTICE 
Find the value of x. 


30 cm 


9. A triangle with angles that measure x^, x^, and 70° 
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Two figures are 
If two figures are congruent, then corresponding angles are congruent 
and corresponding sides are congruent. The triangles at the right are 
congruent. Matching arcs show congruent angles, and matching tick 
marks show congruent sides. 


Two figures are similar 
size. If two figures are similar, then corresponding angles are congruent and the 
ratios of the lengths of corresponding sides are equal. 


Congruent and Similar Figures 


FA ENSE аар 
By LA y er 
hs L Р. 1gr J A 2141 - 


if they have the same shape and the same size. 


if they have the same shape but not necessarily the same 


Tell whether the figures are congruent, similar, or neither. 
7 7 As shown, corresponding 
angles are congruent and 
AB. dE. corresponding sides are 
7 7 congruent. So, the figures 
are congruent. 


F 3.15 E As shown, corresponding 

A 3 B 125 angles are congruent, but 

10 6 75 corresponding sides have 
different lengths. So, the 

D T C G 1375 y figures are not congruent, 


but they may be similar. 
The figures are similar if the ratios of the lengths of corresponding sides are equal. 


— a с — OO = —— e a a 


EF 3.75 | ЕС 7.5 | СН 13.75 i EH 125 


» Because corresponding angles are congruent and the ratios of the lengths 
of corresponding sides are equal, ABCD is similar to EFGH. 


(EXAMPLE) The two polygons are similar. Find the value of x. 
a. 


996 


The angle with measure х° 
corresponds to the angle with 
measure 60°, so x = 60, 


The side with length 12 corresponds to 
8 the side with length 8, and the side 
with length 9 corresponds to the side 
x with length x. 


12. 8 
8 E 


12x = 72 Cross multiply. 


Write a proportion. 


x=6 Solve for x. 
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== 


PRACTICE 
Tell whether the figures are congruent, similar, or neither. Explain. 


L. ^ 2 — — —Hi 
4 7 10 


43008üNVH M3IA3H STIDIS 


16. [— . © y E 
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More Problem Solving Strategies 


X 
ә Problem solving strategies can help you solve mathematical and real-life 
= problems. Lesson 1.5 shows how to apply the strategies use a formula, look for a 
E pattern, draw a diagram, and use a verbal model. Below are four more strategies. 
I 
2 Strategy | When to Use | How to Use 
S Make a list or table Make a list or table when a problem Make a table with columns, rows, and any 
шыш requires you to record, generate, or given information. Generate a systematic list 
a organize information. that can help you solve the problem. 
ml "T 
= Work backward Work backward when a problem Work backward from the given information 
x gives you an end result and you until you solve the problem. Work forward 
need to find beginning conditions. through the problem to check your answer. 
Guess, check, and revise Guess, check, and revise when you Make a reasonable guess. Check to see if 
need a place to start or you want to your guess solves the problem. If it does not, 
see how the problem works. revise your guess and check again. 
Solve a simpler problem Solve a simpler problem when a Think of a way to make the problem simpler. 
problem can be made easier by Solve the simpler problem, then use what 
using simpler numbers. you learned to solve the original problem. 


Lee works as a cashier. In how many different ways can Lee 
make $.50 in change using quarters, dimes, and nickels? 


Use the strategy make a list or table. Then count the number of different ways. 


Quarters | Dimes | Nickels 


= 


<—— Start with the greatest number of quarters. 


Then list all the possibilities with 1 quarter, 
starting with the greatest number of dimes. 


Then list all the possibilities with 0 quarters, 
starting with the greatest number of dimes. 


oo о/о о ое е 
O= NW hu ое мо 
2 о оь моил шо 


» Lee сап make $.50 in quarters, dimes, and nickels in 10 different ways. 


In a cafeteria, 3 cookies cost $.50 less than a sandwich. If a 
sandwich costs $4.25, how much does one cookie cost? 


Use the strategy work backward. 
4.25 — 0.50 = 3.75 Cost of 3 cookies CHECK 1.25 X 3— 3.75 Cost of 3 cookies 
3.75 +З = 1.25 Cost of 1 cookie 3.75 + 0.50 = 4,25 Cost of sandwich 
» One cookie costs $1.25. 
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Nolan's class has 6 more boys than girls. There аге 
28 students altogether. How many girls are in Nolan’s class? 


Use the strategy guess, check, and revise. Guess a number of girls that is less than 
half of 28. 


First guess: 12 girls, 12 + 6 = 18 boys, 12 + 18 = 30 students Тоо high X 
Second guess: 10 girls, 10 + 6 = 16 boys, 10 + 16 = 26 students Too low X 
Third guess: 11 girls, 11 + 6 = 17 boys, 11 + 17 = 28 students — Correct / 


» There are 11 girls in Nolan's class. 


( ExaMPLE | How many diagonals does a regular decagon have? 


Use the strategy solve a simpler problem. A decagon has 10 sides, so find the 
number of diagonals of polygons with fewer sides and look for a pattern. 


AZ NT 
SES 


/\ 4 gy (9 ey 
CN 
3 sides 4 sides 5 sides 6 sides 7 sides 

0 diagonals 2 diagonals 5 diagonals 9 diagonals 14 diagonals 


Notice that the difference of the numbers of diagonals for consecutive figures 
keeps increasing by 1: 


2-0=2 5-2=3 9-5=4 14-9=5 


So, an 8-sided polygon has 14 + 6 = 20 diagonals, a 9-sided polygon has 
20 + 7 = 27 diagonals, and a 10-sided polygon has 27 + 8 = 35 diagonals. 


> A regular decagon (a 10-sided polygon) has 35 diagonals. 


" PRACTICE 


1. Ben has a concert at 7:30 P.M. First he must do 2 hours of homework. Then, 
dinner and a shower will take about 45 minutes. Ben wants to allow a half 
hour to get to the concert. What time should Ben start his homework? 


2. Quinn and Kyle collected 87 aluminum cans to recycle. Quinn collected 
twice as many cans as Kyle. How many cans did each person collect? 


3. In how many different ways can three sisters form a line at a ticket booth? 


4. The 8 х 8 grid at the right has some 1 X 1 squares, some 2 X 2 squares, some 
3 X 3squares, and so on. How many total squares does the grid have? 


5. If Kaleigh draws 20 different diameters in a circle, into how many parts will 
the circle be divided? 


6. Six friends form a tennis league. Each friend will play a match with every 
other friend. How many matches will be played? 


7. Susan has 13 coins in her pocket with a total value of $1.05. She has only 
dimes and nickels. How many of each type of coin does Susan have? 
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Logical Argument 


A logical arg 


sument has two given statements, called premises, and a statement, 


called a co: nclu usion, that follows from the premises. Below i is an example. 


Premise 1 Ifa triangle has a right angle, then it is a right triangle. 
Premise2 In ЛАВС, ZB is aright angle. 
Conclusion AABCis aright triangle. 


Letters are often used to represent the statements of a logical argument and 
to write a pattern for the argument. The table below gives five types of logical 
arguments. In the examples, р, q, and r represent the following statements. 


p: a figure is a square q: a figure is a rectangle г: a figure is a parallelogram 
| Type of Argument Pattern Example | 
Direct Argument If p is true, then q is true. | I ABCD is a square, then it is a rectangle. 
p is true. ABCD is a square. 
Therefore, q is true. Therefore, ABCD is a rectangle. 
Indirect Argument If p is true, then q is true. If ABCD is a square, then it is a rectangle. 
q is not true. ABCD is not a rectangle. 
Therefore, p is not true. Therefore, ABCD is not a square. 
Chain Rule If p is true, then q is true. If ABCD is a square, then it is a rectangle. If ABCD is 
If q is true, then r is true. a rectangle, then it is a parallelogram. Therefore, if 
Therefore, if p, then r. ABCD is a square, then it is a parallelogram. 
Or Rule pistrueor q is true. | ABCD is a square or a rectangle. 
p is not true. ABCD is not a square. 
Therefore, q is true. Therefore, ABCD is a rectangle. 
And Rule р and q are not both true. ABCD is not both a square and a rectangle. 
q is true. ABCD is a rectangle. 
Therefore, p is not true. Therefore, ABCD is not a square. 
An argument that follows one of these patterns correctly has a valid conclusio 


а. 


«T State whether the conclusion is valid or invalid. If the 
conclusion is valid, name the type of logical argument used. 


If it is raining at noon, Peter's family will not have a picnic lunch. Peter's 
family had a picnic lunch. Therefore, it was not raining at noon. 


» The conclusion is valid. This is an example of indirect argument. 


If a triangle is equilateral, then it is an acute triangle. Triangle XYZ is an acute 
triangle. Therefore, triangle XYZ is equilateral. 


» The conclusion is invalid. 


If x = 4, then 2x 7 = 1. If 2x — 7 = 1, then 2x = 8. Therefore, if x = 4, then 
2х = B. 


» The conclusion is valid. This is ап example of the chain rule. 


. Ifitis at least 80°F outside today, you will go swimming. It is 85°F outside today. 


Therefore, you will go swimming. 


» The conclusion is valid. This is an example of direct argument. 
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ympound statement has two or more parts joined by or or and. 


e For an and compound statement to be true, each part must be true. 


e For an or compound statement to be true, at least one part must be true, 


State whether the compound statement is true or false. 


а. 12<20 and —12 > —20 b. 2«4and4 «3 
True ^ Tue True False 
» True, because each part is true. » False, because one part is false. 
c. 10>00r—10>0 d. —-8>-—70r —7>-—6o0r -6» —5 
True False False False False 
» True, because at least one part is true. » False, because every part is false. 


- PRACTICE 


State whether the conclusion is valid or invalid. If the conclusion is valid, name 
the type of logical argument used. 


1. 


If Scott goes to the store, then he will buy sugar. If he buys sugar, then he will 
bake cookies. Scott goes to the store. Therefore, he will bake cookies. 


. Ifa triangle has at least two congruent sides, then it is isosceles. Triangle MNP 


has sides 5 in., 6 in., and 5 in. long. Therefore, triangle MNP is isosceles. 


. If a horse is an Arabian, then it is less than 16 hands tall. Andrea's horse is 


13 hands tall. Therefore, Andrea's horse is an Arabian. 


. If a figure is a rhombus, then it has four sides. Figure WXYZ has four sides. 


Therefore, WXYZ is a rhombus. 


. Jeff cannot buy both a new coat and new boots. Jeff decides to buy new 


boots. Therefore, Jeff cannot buy a new coat. 


. Их = 0, then y = 4. If y = 4, then z = 7. Therefore, if z = 7, then x = 0. 


. Kate will order either tacos or burritos for lunch. Kate does not order tacos for 


lunch. Therefore, Kate orders burritos for lunch. 


. Ifa triangle is equilateral, then it is equiangular. Triangle ABC is not 


equiangular. Therefore, triangle ABC is not equilateral. 


. An animal cannot be both a fish and a bird. Courtney's pet is not a fish. 


Therefore, Courtney's pet must be a bird. 


State whether the compound statement is true or false. 


10 
13 
16 


19 


21. 


—7< —5and —5 < —6 11. 6>20r8<4 12. 0€-10r525 
4<3or12213 14. 3<5and -3« —5 15. 1 =-lorl=lorl=0 
7<8and8< 12 17. -2<2and3>2 18. 3(—4) = 12 or -3(4) = 12 


—8> 8 ог —8 = Bor —8 20 20. 140 + 145 or 140 > —145 or —140 « —145 
—8(9) = -72 and 8(-9) = -72 22. 22x 23 and —22 < —23 and 23 > 22 
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ONAA statement is shown below. 


The ( 
and the conclusion. The converse of the statement above is as follows: 


Conditional Statements and 
a 


hesis ad the "then" part —Á -— COL mel usion. An example of a 


If a triangle is equiangular, then each angle of the triangle measures 60°. 
¡ O =—====; гг A 
Hypothesis Conclusion 


converse of a conditional statement is formed by switching the hypothesis 


If each angle of a triangle measures 60”, then the triangle is equiangular. 


m 


Rewrite the conditional statement in if-then form. Then write 
its converse and tell whether the converse is true or false. 


a. Bob will earn $20 by mowing the lawn. 
If-then form: If Bob mows the lawn, then he will earn $20. 
Converse: If Bob earns $20, then he mowed the lawn. False 
b. х= 8 when 5x + 1 = 41. 
If-then form: If5x + 1 = 41, then x = 8. 
Converse: If x = 8, then 5x + 1 = 41. True 


ТЕ" ЦИИ 
топа. s 
лы CELSUS Ra 


tatement is a statement that has the words "if and only if." You 


can write a conditional statement and its converse together as a biconditional 
statement. 


A triangle is equiangular if and only if each angle of the triangle measures 60°. 


A biconditional statement is true only when the conditional statement and its 
converse are both true. 


1002 


= 


Tell whether the biconditional statement is true or false. 
Explain. 


а. An angle measures 90° if and only if it is a right angle. 


Conditional: If an angle is a right angle, then it measures 90°. True 
Converse: If an angle measures 90°, then it is a right angle. True 


» The biconditional statement is true because the conditional and its converse 
are both true. 


b. Bonnie has $.50 if and only if she has two quarters. 


Conditional: If Bonnie has two quarters, then she has $.50. True 
Converse: If Bonnie has $.50, then she has two quarters. False 


> The biconditional statement is false because the converse is not true. 


Student Resources 


erexample is an example that shows that a statement is false. 


Tell whether the statement is true or false. If false, 
give a counterexample. 


a. Ifa polygon has four sides and opposite sides are parallel, then 
itis a rectangle. 


» False. A counterexample is the parallelogram shown. 
b. If x^ = 49, then x = 7. 


> False. A counterexample is x = —7, because (—7)* = 49. 


Rewrite the conditional statement in if-then form. Then write its converse and 
tell whether the converse is true or false. 


1. The graph of the equation y = mx + bisaline. 
. You will earn $35 for working 5 hours. 


. Abby can go swimming if she finishes her homework. 


& GW [HM 


. Inaright triangle, the sum of the squares of the lengths of the 
legs equals the square of the length of the hypotenuse. 


‚ х= 5 when Ах + 8 = 28. 


л 


6. The sum of two even numbers is an even number. 


Tell whether the biconditional statement is true or false. Explain. 


7. Two lines are perpendicular if and only if they intersect to form a right angle. 


8. х = 27 if and only if x = 3. 
9. A vegetable is a carrot if and only if it is orange. 
10. Arhombus is a square if and only if it has four right angles. 
11. The graph of a function is a parabola if and only if the function is y = x*. 


12. An integer is odd if and only if it is not even. 


Tell whether the statement is true or false. If false, give a counterexample. 
13. If an integer is not negative, then it is positive. 

14. If you were born in the summer, then you were born in July. 

15. If a polygon has exactly 5 congruent sides, then the polygon is a pentagon. 
16. If x = —6, then x* = 36. 

17. If Bis6 inches from A and 8 inches from C, then А is 14 inches from C. 

18. Ifatriangle is isosceles, then it is obtuse. 

19. If Charlie has $1.00 in coins, then he has four quarters. 


20. If you are in Montana, then you are in the United States. 
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Venn Diagrams 


nri 


diagram uses shapes to show how sets are related. 


Draw a Venn diagram of the positive integers less than 
13 where set A consists of factors of 12 and set B consists 
of even numbers. 


Positive integers less than 13: 
1,2, 3, 4,5, 0, 7,8; 9, 10, 11, 12 


Set A (factors of 12): 1, 2, 3, 4, 6, 12 
Set B (even numbers): 2, 4, 6, 8, 10, 12 
Both set A and set B: 2, 4, 6, 12 
Neither set A nor set B: 5, 7, 9, 11 


Positive integers less than 13 


[ EXAMPLE | Use the Venn diagram above to decide if the statement is true 


| or false. Explain your reasoning. 


a. If a positive integer less than 13 is not even, then it is not a factor of 12. 
» False. 1 and 3 are not even, but they are factors of 12. 
b. All positive integers less than 13 that are even are factors of 12. 


» False. 8 and 10 are even, but they are not factors of 12. 


" PRACTICE - 


Draw a Venn diagram of the sets described. 


1. Of the positive integers less than 11, set A consists of factors of 10 and set B 
consists of odd numbers. 


2. Ofthe positive integers less than 10, set A consists of prime numbers and 
set B consists of even numbers. 


3. Ofthe positive integers less than 25, set A consists of multiples of 3 and 
set B consists of multiples of 4. 
Use the Venn diagrams you drew in Exercises 1-3 to decide if the statement is 
true or false. Explain your reasoning. 
. The only factors of 10 less than 11 that are not odd are 2 and 10. 
. Ifa number is neither a multiple of 3 nor a multiple of 4, then it is odd. 
. All prime numbers less than 10 are not even. 


. If a positive odd integer less than 11 is a factor of 10, then it is 5. 


e ч ъъ c & 


. There are 2 positive integers less than 25 that are both a multiple of 3 and a 
multiple of 4. 


9. Ifa positive even integer less than 10 is prime, then it is 2. 
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Mean, Median, Mode, and Range 


Mean, median, and mode are measures of central tendency; they measure the 
center of data. Range is a measure of dispersion; it measures the spread of data. 


The mean of a data median of a data set is the The mode of a data 
set is the sum of the middle value when the values set is the value that 
values divided by the are written in numerical order. If | occurs most often. A 


data set can have no 
mode, one mode, or 


a data set has an even number 
of values, the median is the 
mean of the two middle values. 


number of values. 
The mean is also 
called the average. 


Find the mean, median, mode(s), and range of the data. 


more than one mode. 


delas sel is is the 
difference between 
the greatest value 
and the least value. 


Daily High Temperatures, Week of June 21-27 


Day | Sunday || Monday | Tuesday El | Thursday | Friday | Saturday 


Temperature (F) | 76 | 74 | 70 | 69 | л | 


Mean Add the values. Then divide by the number of values. 


76 + 744+ 70 + 69 + 70 + 75 + 78 = 512 
mean = 512 + 7 = 73 The mean of the data is about 73°F. 


78 


Median Write the values in order from least to greatest. Find the middle value(s). 


69, 70, 70, 74, 75, 76, 78 
median = 74 The median of the data is 74°Е. 
Mode Find the value that occurs most often. 


mode = 70 The mode of the data is 70°F. 


Range Subtract the least value from the greatest value. 
range = 78 — 69 — 9 The range of the data is 9°F. 


" PRACTICE 


Find the mean, median, mode(s), and range of the data. 

1. Apartment rents: $650, $800, $700, $525, $675, $750, $500, $650, $725 
. Ages of new drivers: 15, 15, 15, 15, 16, 16, 16, 16, 16, 17, 17, 17, 18, 18 
. Monthly cell-phone minutes: 581, 713, 423, 852, 948, 337, 810, 604, 897 
. Prices of a CD: $12.98, $14.99, $13.49, $12.98, $13.89, $16.98, $11.98 
. Cookies in a batch: 36, 60, 52, 44, 48, 45, 48, 41, 60, 45, 38, 55, 60, 48, 40 
. Ages of family members: 41, 45, 8, 10, 40, 44, 3, 5, 42, 42, 13, 14, 67, 70 
. Hourly rates of pay: $8.80, $6.50, $10.85, $7.90, $9.50, $9, $8.70, $12.35 
. Weekly quiz scores: 8, 9, 8, 10, 10, 7, 9, 8, 9, 9, 10, 7, 8, 6, 10, 9, 9, 8, 8, 10 
. People on a bus: 9, 14, 5, 22, 18, 30, 6, 25, 18, 12, 15, 10, 8, 22, 10, 11, 20 


© © мч DD л > Q Iw 
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Graphing Statistical Data 


There are many ways to display data. An appropriate 
graph can help you analyze data. The table at the | 
right summarizes how data are shown in some Circle Graph | Compares data as parts of a whole. 

statistical graphs. ¡ESO ER ERRATA Tf 


Bar Graph Compares data in categories. 


Shows data change over time. 


Line Graph 


Use the bar graph to answer the questions. 


a. On which day of the week were the greatest 
number of cars parked in the student lot? 
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» The tallest bar on the graph is for Friday. 
So, the answer is Friday. 


b. How many cars were parked in the student 
lot on Monday? 


» The bar for Monday shows that about 
70 cars were parked in the student lot. 


Use the circle graph to answer the questions. 


a. Which type of transportation is used almost half the 


time? 
» Almost half of the total area of the circle is labeled Car ma 
“Car 45%.” So, a car is used almost half the time. p Bus 20% 
b. Which type of transportation is used the least often? .. «——- Walk or bike 
35% 


» The smallest part of the circle is labeled “Bus 20%.” 
So, a bus is used the least often. 


Use the line graph to answer the questions. 


a. In which month(s) was Jamie's balance 
$250? Jamie's Savings Account Balance 


» The points on the graph to the right of 
$250 show that Jamie's balance was $250 
in May and December. 


b. Between which two consecutive months 
did Jamie's balance increase the most? 


» Of the graph's line segments that have 
positive slope, the graph is steepest from 
June to July. So, Jamie's balance increased 
the most between June and July. 
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Use the line graph to answer Exercises 1-5. Friday at Ferraro's Restaurant 
1. At which hour did Ferraro's have 22 diners? 


2. At which hour did Ferraro's have the most diners? 


3. How many diners were at Ferraro's at 11 P.M.? £ ea ta T T 
Were they gone by midnight? MAYA + HSH 


4. Between which two consecutive hours did the 


number of diners at Ferraro's change the most? 3 10 


Time (hours since noon) 
5. How many fewer diners were at Ferraro's at 


10 P.M. than at 6 P.M.? 
Use the bar graph to answer Exercises 6-8. 
6. In which season were the fewest students born? 
7. In which season(s) were 7 students born? 


8. How many more students were born in spring 
than in summer? 


Fall Winter Spring Summer 


Use the circle graph to answer Exercises 9-11. 


9. What is the heat source of more than half the 
homes in the United States? _ *—— Natural gas 52% 
| *—— —— Electricity 22% 


! Fuel oil 1096 
` 


10. What percent of homes in the United States are 
heated with electricity? 


11. Ifyou randomly selected 500 U.S. homes, about 
how many would be heated with fuel oil? 


12. The table below shows the high temperatures in degrees Fahrenheit for one 
week. Display the data in a line graph. 


13. A high school conducted a survey to determine the numbers of students 
involved in various school activities. Display the survey results 
in a bar graph. 


14. The table below shows the items sold at a café in one day. Display the data in 
a circle graph. 
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Organizing Statistical Data 


Because it is difficult to analyze unorganized data, it is helpful to organize data 
using a line plot, stem-and-leaf plot, histogram, or box-and-whisker plot. 


Г EXAMPLE | Sydney's math test scores are 90, 85, 88, 95, 100, 77, 85, 100, 
80, 77, and 90. 


a. Draw a line plot to display the data. 


Make a number line from 75 to 100. Each time a value is listed in the data set, 
draw an X above the value on the number line. 


X X X X 
X X X X X X X 
үүр 
15 Т 80 85 88 90 95 100 


. Draw а stem-and-leaf plot to display the data. 


First write the leaves next to their stems. Then order the leaves from least to greatest. 
ELE T 717 
81585 0 8 05 5 8 
9.05 0 9 0 0 
10/0 0 Key: 7 |7 = 77 10 0 O Кеу:7|7=77 
Draw a histogram to display the data. 
First make a frequency table. Use equal Then make a histogram. 
intervals. 


Sydney's Math Test Scores 


| Sc — | Tally | Frequency | 

71-80 NN 3 | |e 
| 81-90 ж | 5 BM! 
озо | Ww | 3 E 


71-80 81-90 91-100 
Score 


Draw a box-and-whisker plot to display the data. 


Write the data in order from least to greatest. Ordered data are divided into a 
lower half and an upper half by the median. The median of the lower half is 
the lower quartile, and the median of the upper half is the upper quartile. 


77 ТТ 80 85 85 88 90 90 95 100 100 


Low Lower Median Upper High 
value quartile quartile value 
Plot the median, quartiles, and low Sydney's Math Test Scores 


and high values below a number —_ a 


line. Draw a box between quartiles 75 80 85 90 95 100 
with a vertical line through the 
median as shown. Draw whiskers 
to the low and high values. 
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Use the following list of ticket prices to answer Exercises 1-4: $50, $42, $65, 
$54, $70, $65, $59, $30, $67, $49, $54, $30, $73, $47, and $54. 


1. Draw a line plot to display the data. 2. How many ticket prices are $50 or less? 
3. Draw a stem-and-leaf plot to display the data. 4. Whatis the range of ticket prices costs? 
Use the following list of hourly wages of employees to answer Exercises 5-8: 


$8.50, $6, $10, $14.25, $5.75, $7, $6.50, $14, $10, $9, $6.50, $8.25, $8.50, 
$11.25, $7, $16, $12, $6, $6.75. 


5. Draw a histogram to display the data. Begin with the interval $5.00 to $6.99. 


6. Copy and complete: The greatest number of employees earn from _?2_ to _?_ 
per hour. 


7. Draw a box-and-whisker plot to display the data. 
8. Copy and complete: About half of the employees have an hourly wage of _?_ 
or less. 


Use the line plot, which shows the results of a survey 


X 
asking people the average number of e-mails they x x х x 
receive daily, to answer Exercises 9 and 10. x х x x x x x 
= NS Т Те 
9. Copy and complete: Most people surveyed receive 4 5 7 10 12 15 17 
an average of. ? e-mails per day. 
10. How many people receive an average of more than 10 e-mails per day? 
Use the stem-and-leaf plot, which shows the weights 212559 
(іп pounds) of dogs at an animal shelter, to answer 3/1358 
Exercises 11-13. 
410 01 22 5 6 7 
11. How many dogs were at the shelter? 
510 358 9 
12. Find the median of the data. 645 Key:2|2 = 22 


13. Find the range of the data. 


Use the histogram to answer Exercises 14-16. 


Baseball Game Attendance 


14. Which age group had the greatest attendance at the 
baseball game? Which had the least? 


15. How many children up to the age of 9 years attended 
the baseball game? 


16. Which age group had the same attendance as the 
oldest group? 


Use the box-and-whisker plot to answer Exercises 17-19. 


17. What is the median number of songs on Sam's CDs? 


18. What is the upper quartile of songs on Sam's CDs? 


19. What is the least number of songs on one of Sam's 
CDs? What is the greatest number? 10 11 12 14 18 
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Extra Practice 


Chapter 1 
1.1 Graph the numbers on a number line. 


le E 3, 0.2, —V2, -2 2. -$, 5—Lh2;v5,19 3. 3.7, V7, E 4, V15 


1.1 Perform the indicated conversion. 


4. 18 feet to inches 5. 20 ounces to pounds 6. 3 years to hours 
2 1.2 Evaluate the expression for the given value of the variable. 
E 7. —2р + 5 when p = —5 8. 3x° — x + 7whenx = -1 9. 82? — 6z when z = 2 
S 1.2 Simplify the expression. 
< 10. 2y? — 3y + 5y? 11. 4r?-5r-4 2r + 12 12. —u? + и? — ти? — Ви? 
> 13. 2(b + 5) + 3(2b — 10) 14. —7( + 2) + 9(t— 2) 15. 4(m — 3) — 5(m? — т) 
fr 
1.3 Solve the equation. Check your solution. 

16. За +2 = 11 17. —9 = b — 14 18. 8 — 0.5c= 1 

19. -3n— f= -n+ 17 20. 12m = 15m — 7.5 21. 6p + 1 =21 — 4p 

22. 6(x+ 1) = 2x— 10 23. 4(y — 3) = 2(y + 8) 24, THe—5) —2(2z--8)— 13 


1.4 Solve the equation for y. Then find the value of y for the given value of x. 


25. 6y— x=18;x=2 26. 2x + Зу = 12; x = —6 27. 4у — 9х = 30; х = 6 
28. Зх – ху = 20; х = 8 29. 4y + бху = 10; x = -2 30. 5х + 8y + 4ху = 0; х= –1 
1.5 Look for a pattern in the table. Then write ап equation that represents the 
table. 
31. | Je. Т | | 
Moo lalala КИ о | 1 2 | 3 | 
y | 25 | 22 | 19 | 16 у 15 | 4 | 65 9 | 
1.6 Solve the inequality. Then graph the solution. 
33; х+2>9 34. —13 —3x« 11 35. 4x —9s2x —- 1 
JB. —-3€— De —9x + 10 Ят. Fe ЗЕЛ 38. —4=3х— 7<4 
39; —-955 —2x«7T 40. x -3«—2o0rx 750 41. 2xy(1923o0r—5x * L S0 
1.7 Solve the equation. Check for extraneous solutions. 
42. |lg- 5| =4 43. 24-2 = 1 44. |10—3t| =1+4 45. |32+1| = —6z 
1.7 Solve the inequality. Then graph the solution. 
46. la| <2 47. |2c| >14 48. |g  11| 22 49. |4j - 7| <9 
50. |0.25m - 3| 21 51. |10 - 2pl >9 52. |0.6r+ 8| «17 53. |5t— 9| - 9« 10 
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Chapter 2 


2.1 


2.2 


2.2 


2.3 


2.4 


2.5 


2.6 


2.7 


2.8 


Tell whether the relation is a function. Explain. 


l. Input Output 2. 4. input Output 


Find the slope of the line passing through the given points. Then tell whether 
the line rises, falls, is horizontal, or is vertical. 


5. (—3, 0), (5, —4) 6. (2, —1), (8, —1) 7. (3,5), (3, —12) 8. (1,8), (-1, —4) 


Tell whether the lines are parallel, perpendicular, or neither. 


9. Line I: through (5, —4) and (-4, 2) 10. Line 1: through (0, —4) and (-2, 2) 
Line 2: through (—5, —4) and (-2, —2) Line 2: through (4, —3) and (5, —6) 


Graph the equation using any method. 

11. у= 2х —-2 12. у= —x -2 13. fix) -x-1 14. x+ 2y = —6 
15. —4x + 5y = 10 16. y - 2-0 17. —2х=бу+5 18. 2y + 10 = —2.5x 
Write an equation of the line that satisfies the given conditions. 


19. m=7,b=-=3 20. =3b=4 


21. m=0, passes through (7, —2) 22. m= -i, passes through (3, 6) 


23. passes through (-1, —3) and (2, 7) 24. passes through (4, —2) and (0, 4) 


The variables x and y vary directly. Write an equation that relates x and y. Then 
find y when x = -2. 
25. x22, y -4 26. х= –1,у= 3 27. х= —28, y= —7 28. х= 6, у = —4 


In Exercises 29 and 30, (а) draw a scatter plot of the data, (b) approximate the 
— line, and (c) estimate as = 12. 


29. [т ЖЯ 
E | 13 | 16 


Graph the function. Compare the graph with the graph of y = |x|. 
31. y= |x+3| 32. у= -21x – 5| 33. y -3|x - 1 -2 34. у= -ilx*2| +3 
Сгарһ the inequality in a coordinate plane. 


35. x<4 36. yz —2 an YS 1 38. x + 2у> 8 
39. —x — 4y x6 40. 3x + 4у> 12 4l. y< |x * 1| 42. y23|x- 2| - 1 
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Chapter 3 


1012 


3.1 Graph the linear system and estimate the solution. Then check the solution 


algebraically. 
1. y =2x-1 2. у= — 6+3 3. x + 2у = 6 4 
y-x—4 y= -4x —5x + 6y = —2 
3.2 Solve the system using any algebraic method. 
$, E 3 6. 4x — 2y = —6 7. 4х + Зу = —5 8 
х- 4у= 9 -3x + y = -3 12x + 4y = 10 
3.3 Graph the system of inequalities. 
9. x>4 10. х+у<-—2 1l. х<5 12. 
Y] х = Зу>6 у> 3 
у> х 
3.4 Solve the system using апу algebraic method. 
13. 3x+y-z= -—6 14. x+y-z=7 15. —х+у-—22=15 16. 


-x + 2y + 3z= 1 
5x — 2y + 6z = 54 


2X— 3y+z=2 
4х + 2y — 22 = 20 


Ax — y+5z= —6 
2х + у – 22 = 6 


3.5 Perform the indicated operation. 
i; |6]. [82 a .2|-9 8 "SEL. 
роз! L[-8 1| " 3| 4-1 "1-6 4 
3.6 Find the product. If the product is not defined, state the reason. 
20 4 1 — 3 21 —16 4 95 t =1 0 
“[=30|| 7 -3 "| 21) 15 “la +2 9 
3.7 Evaluate the determinant of the matrix. 
5 8 аз 7 = 
23. E - 24. k- H 25. т 4 0 26. 
| г E d 
3.7 Use Cramer's rule to solve the linear system. 
27. 2x+y=-=8 28. 8х + 3y=1 29. 2x -2y -32-9 30. 
—bx — 2y = 13 тх + 3y=-—1 3x t.Z = 10 
x+y=0 
3.8 Find the inverse of the matrix. 
dT 2 32. |1 4 зз. | 2 > 34 
* [sg “|05 |з 8 " 
3.8 Use an inverse matrix to solve the linear system. 
35. х + Зу = —4 36. 2x + Зу = 6 37. Зх —8y = 0 за. 
—2x + y = -34 = —y==-3 2x+y=-19 
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2x + 3y< 10 
у>-—4х 


—6x + y+ 9z=4 
2х — Зу — z= —6 
8x + sy — 4z = 10 


-9| |-6 8 -2 
11 —4 -9 4 
12 
E 
3 
60 5 
=f: 2 1 
1 0 05 
2X + у + 32 = 4 


—Bx +4у +2 = -7 
х +2у +32 = -1 


Chapter 4 


4.1 


4.2 


4.2 


4.3 


4.3 


2.4 


4.4 


4.5 


4.5 


4.6 


4.7 


4.8 


4.9 


4.10 


Graph the function. Label the vertex and axis of symmetry. 
1. yz3x^-5 2. y-2-x^—4x—4 3.y--2x!t4x*l1 4. y=2x*+5x+6 


Graph the function. Label the vertex and axis of symmetry. 


5. y-4(x-2)^ +1 6. y= —(x + 3) – 2 7. y 2 3(x – D(x — 5) 8. у= 3x + 3) +2) 


Write the quadratic function in standard form. 


9. y-7xt*t2)xt*4) 10.y-2(x*t5)(x-3) 1Ly-(x—-7)0^-47 12. y--(x*t )^—4 


Factor the expression. If the expression cannot be factored, say so. m 
13. X* — Ax * A 14. 1? — 11: — 26 15. x^ + 21x + 108 16. р? — 400 - 
э 
Solve the equation. 3 
з 
17. х + 5х- 14=0 18. x7-11lx+24=0 19. с^+6с=55 20. п? = 5п Q 
= 


Factor the expression. If the expression cannot be factored, say so. 
21. 2x? + x — 15 22. 10a* — 19a + 7 23. 317 + 9r— 4 24. 4t? + 8t- 3 


Find the zeros of the function by rewriting the function in intercept form. 


25. у = 81x? — 16 26. y-2x!- 9x -5 27. y=4x7+18x+18 28. y= —3x? — 30x — 27 
Simplify the expression. 
29. V56 30. 3V2 • V50 31. "i $2, —E 
1 14 V2 
Solve the equation. 
33. b^ = 8 34. p^ + 6 = 127 35. (x — 5)? = 10 36. 3x 242) -4-2 11 


Write the expression as a complex number in standard form. 


! ; _ "m E 1-21 (3 — 2i) t 2i 
37. (5 +21) + (6— 5i) 38. —3i(7 + i) 39. == А. ET 
Solve the equation by completing the square. 
4l. х? + 6x = 10 42. х? - 9x - 2-0 43. 2c — 12€ -6- 0 44. 32? – 32+ 9-0 
Use the quadratic formula to solve the equation. 
45. х^ + 10x — 1020 46. x*-x-1=0 47. 45° + 3s = 12 48. -21?=r+ 17 
Solve the inequality using any method. 
49. х? — 10x>0 50. х? — 8x + 12«0 51. -x°+7x+6>1 52. 3х? + 16x+2<3x 
Write a quadratic function in standard form for the parabola that passes 
through the given points. 
53. (—1, —6), (0, —7), (2, 9) 54. (22, =D, (1, 2), (3, —6) 55. (73, 36), (0, 36), (2, 16) 
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5.1 Write the answer in scientific notation. 


1. (3.4 x 109) (2.8 x 108) 2. (5.8 x 1079) з. 46 X 107 
9.2 x 10? 


5.1 Simplify the expression. Tell which properties of exponents you used. 
EN TNR T =<] 
4, uw M ds 5. (4à?b ?) 3 e. (21353) (r 75) A 8 Ta 
35xy х?у y 
5.2 Graph the polynomial function. 
а. fu) =x 9. fx) = х -x-4 10. f(x) = — + 3x IL. f(a bax 


5.3 Perform the indicated operation. 
12. (477 + 9) + (322 — 42-2) 13. (х2 - 3x — D) – (4x +7) 14. (3x — 4)? 


5.4 Factor the polynomial completely using any method. 
15. 3x* + 18x? + 27x? 16. 343x° + 1000 17. 20 +x?-8x-4 
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5.4 Find the real-number solutions of the equation. 
18. 3x? + 18x? = 48x 19. x* — 32 = 14x? 20. 2x? + 48 = 3x? + 32x 


5.5 Divide using polynomial long division or synthetic division. 
21. (2x° + 47 — 5x + 16) + (x — 3) 22. (x* +21 — 7x* — 14) + w+ 2) 


5.6 Find all real zeros of the function. 
23. f(x) =2 + Зх? - 8x + З 24. f(x) = 2x* + х? — 53x? — Mx +20 


5.7 Determine the possible numbers of positive real zeros, negative real zeros, and 
imaginary zeros of the function. 


25. f(x) = —x° + 2x? - Mx - 1. 26. f(x) = 4X2 + 3x7 - 8х – 10 27. f(x) =x*- 3x? — 7x — 13 


5.8 Estimate the coordinates of each turning point and state whether each 
corresponds to a local maximum or a local minimum. Then estimate all real 
zeros and determine the least degree the function can have. 


5.9 Use finite differences and a system of equations to find a polynomial function 
that fits the data in the table. 


3 1|2|3|4]|5|06 


| І ШЕ 11:21: [445 [6 | 
y |25 | 11 |275| 55 |965 | 155 


| y | -7 | -6 | 39 188 | 525 1158 
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Chapter 6 


6.1 


6.1 


6.1 


6.2 


6.2 


6.3 


6.4 


6.4 


6.5 


Find the indicated real nth root(s) of a. 
1. п= 4, а = 81 2. п= 3, а = 512 3. n = 5,а = —243 


Evaluate the expression without using a calculator. 


а. 364 5. 645/6 e. (#216) ^ 7. (V -32)' 
Solve the equation. Round the result to two decimal places when appropriate. 
8. х? = —8 9. x! +9 = 90 10. (x — 3)? — 60 11. —4x° = —400 
Simplify the expression. 
lu. 
3/7 | так > 
12. 45/2, 4712 13, 17 14. (V5 - V5). js, SS a 
1747 V5 z 
| i 3941/4 
16. 5V7 — 797 17. V2 + 2/128 18. a а 19. 4%/108. 2V4 E 
| E 
Write the expression in simplest form. Assume all variables are positive. A 


20. V20x°y’ 21. V18xy!4z20 22. (E 23. Vl6x "y? - V6xy? 
y 


Let f(x) = —x + 4, g(x) = x*, and h(x) = T Perform the indicated operation and 
state the domain. 


24. fx) + g(x) 25. g(x) — f(x) 26. р(х) - h(x) 27. ^ 

28. f(g(x)) 29. g(h(x)) 30. h(f(x)) 31. f(f(x)) 

Verify that f and g are inverse functions. 

32. f(x) = 2х— 4,80) = 1x «2 33. f(x) = 332 + 1,x 20; g(x) = (24) 

Find the inverse of the function. 

34. f(x) = 5х – 3 35. f(x) = ах +2 36. f(x) = ix, x20 

37. f(x) = —5 - 2, x «0 зв. fix) = 4° —1 x20 39. fix) = 32x54 4 

Graph the function. Then state the domain and range. 

40. y= -iVx а. у= 2Vx 42. у= 2Vx 43. у= Vx +2 - 3 
44. у= -2Vx -1 +2 45. f(x) = 3Vx 46. р(х) = =Vx —2 47. h)=-Vx+3+4 
Solve the equation. Check your solution. 

48. V2x+3=7 49. —5Vx+1+12=2 50. V5x — 1-- 6 — 10 

51. 2V8x +9 = 5 52. TAS — 175 53. ==: 

54. x-8=V18x 55. x — VAx — 3 56. V2x+1+5=Vx+12-8 
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Chapter 7 


7.1 Graph the function. State the domain and range. 
_ (41 9, 9х —qr-3_ LE ar+l 
t. y=(%) 2. y=-—2»2 3. y=3 2 у= 3 +2 
7.2 Graph the function. State the domain and range. 


5. y= (2) 6. y= 21) 7. y=(08)*73-2 8. y= 22) ЕЯ 


7.3 Simplify the expression. 


| 3x 
9. e . g 8 10. (202) 3 n. V81e& jz, 29€ 
21e + 

7.3 Graph the function. State the domain and range. 

13. у = 0.5e?* 14. y=2e *-2 15. у = 1.5e**!+3 16. у= еЗ 72) +1 
7.4 Evaluate the logarithm without using а calculator. 

17. log, i 18. log, 6 19. log, 125 20. log., 2 
7.4 Simplify the expression. 

21. 508:7 22. 10189 23. log, 16" 24. gn5 
7.4 Graph the function. State the domain and range. 

25. y = log, x 26. у = log, ¡, (x — 4) 27. y=log.x+3 28. y = log, (x— 2) + 1 
7.5 Expand the expression. 

29. log. Z 30. log pae 31. In 20:2? 32. log, V8x! 
7.5 Condense the expression. 

33. log, 20 + 4log, x 34. log7 + 2logx – 5logy 35. 0.51n 100 — 2 lnx + 8 In y 
7.5 Use the change-of-base formula to evaluate the logarithm. 

36. log, 5 37. log, 80 38. log, 100 39. log, 27 
7.6 Solve the equation. Check for extraneous solutions. 

40. 24% +2 = gx+2 41 (Ly 5 зан 42. 79 = 18 

Г] * 9 LI F - 

43. In (3x - 7) 2 In (x — 1) 44. log; (Зх +2) = 3 45. log, (x + 9) + log, х=2 
7.7 Write an exponential function у = ab* whose graph passes through the given 

points. 

46. (1, 8), (2, 32) 47. (1,3), (3, 12) 48. (2, —9), (5, —243) 49. (1, 4), (2, 4) 
7.7 Write a power function y = ax" whose graph passes through the given points. 

50. (2, 2), (5, 16) 51. (3, 27), (6, 432) 52. (1,4), (8, 17) 53. (5, 36), (10, 220) 


1016 Student Resources 


Chapter 8 


8.1 The variables x and y vary inversely. Use the given values to write an equation 


relating x and y. Then find y when x = —5. 


1. x 2, y = —10 2. х= =, у= 24 


3. х= —3, у = —9 


2 


4. х= 25, у = "E 


8.1 Determine whether x and y show direct variation, inverse variation, or neither. 


a 6. | T Ze 8 Т 8. 
киши | y 
1 2.5 | 11 зо 
| | | 
| 35 | 875 | 14 6 
F—— | m 
5 12.5 16 85 а 
| | = x 
64 | 125 | 8 | 20 | 24 | 92 = 
8 10 | g | 225 | 27 | 105 3 
> 
8.2 Graph the function. State the domain and range. : 
8: у= 10. г" +3 Ils y FA 12. y r3 
8.3 Graph the function. 
3 à = 2х°—8 
13. y=2 14. ya 71 ШШ 5 ya tes 16. f(x) = 
ia" P +3 t х+2 j х? — 2x 
8.4 Simplify the rational expression, if possible. 
2 2: = ng gà 
p es 18. — — 100x g, X — 5x — 84 99, X * 7x t 10 
х? + 9x + 18 x^ + 20x? + 100x* 2x* — 98 х? — 7x + 10 
8.4 Multiply or divide the expressions. Simplify the result. 
2 2 ДИГЕР 2 
21. ЕСУ. E ee Le UOCE 23. ЗХ + 15x (x2. x — 30) 
ху? 9x 2х2 +5х+3 x^—4 х? – 12x + 36 
94, PY, ЗУ og S8 t+x-1. 6x-2x of x-4x-32 . x 
5p x 4x3+4x% x?— Ax—5 2x? — 13x- 24  4x?- 9 
8.5 Add or subtract the expressions. Simplify the result. 
x. 1 x45 1 5 35 
e FRI ЖЕ heen Ea AM NE se qu 
8.5 Simplify the complex fraction. 
3 
d EL a3 32, —_ A 
5 3 p 2... X1 
x x xtz2 4-—.—g 
8.6 Solve the equation. Check for extraneous solutions. 
7 14 WS MEN: | 4 _2 4 61 _ Зх 
er Xl E RT x2 Wie d x2 x dud cm ge m х+2 
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Chapter 9 


9.1 Find the distance between the two points. Then find the midpoint of the line 
segment joining the two points. 


1. (—5, 0), (5, 4) 2 DIS S 7) 3. (712, 12), (14, —4) 4. (12, —1), (18, —9) 
9.2 Graph the equation. Identify the focus, directrix, and axis of symmetry of the 
parabola. 
5, y =fr 6. х? = —4y 7. 14x* = —21у 8. 12у? + 3x=0 


9.3 Graph the equation. Identify the radius of the circle. 


9. x -y^ = 4 10. x? + y? = 14 ll. 3x? + Зу” = 75 12. 16x? + 16у? = 4 
ш 
ы 
E 9.3 Write the standard form of the equation of the circle that passes through the 
= given point and whose center is at the origin. 
8. 13. (8, 0) 14. (0, —9) 15. (7; —1) 16. (—5,—11) 
Е 9.4 Graph the equation. Identify the vertices, co-vertices, and foci of the ellipse. 
Lu 2 
17. a = r = 18. х2 + а =1 19. 9x? + 4y* = 576 20. 49x* + 64y? = 12,544 
9.4 Write an equation of the ellipse with the given characteristics and center 
21. Vertex: (4, 0) 22. Vertex: (0, —5) 23. Vertex: (9, 0) 24. Co-vertex: (0, 10) 
Co-vertex: (0, 2) Co-vertex: (4, 0) Focus: (—3, 0) Focus: (8, 0) 
9.5 Graph the equation. Identify the vertices, foci, and asymptotes of the 
hyperbola. 
yY -—" sulla 
Hl 26. X^ — y^ =4 27. 49y* — 81x* = 3969 


9.5 Write an equation of the hyperbola with the given foci and vertices. 


28. Foci: (0, —8), (0, 8) 29. Foci: (-2, 0), (2, 0) 30. Foci: (0, —5), (0, 5) 
Vertices: (0, —6), (0, 6) Vertices: (—1, 0), (1, 0) Vertices: (0, za]. (0, 3V2) 


9.6 Graph the equation. Identify the important characteristics of the graph. 


(802 y _ TCR 10И ait. MEI. 
31. Se t= 32. (Xx *2) +S =a 33. (y- 4) – 16 =1 
9.6 Classify the conic section and write its equation in standard form. Then graph 
the equation. 
34. х? + y^ + 2x -2y 7 = 0 35. 9х? + 4y* — 72x + 16у + 16 = 0 
36. 9х2 — 4y? + 16у – 52 = 0 37. х? – 6x – 4у + 17 = 0 
9.7 Solve the system. 
38. х - y^ —4 39. у= x—2 40. у = х – 5 
9x* — 4у? = 36 х? + у? – 6х – 4у – 12 = 0 9х? — 25у? = 225 
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Chapter 10 


10.1 For the given password configuration, determine how many passwords are 
possible if (a) digits and letters can be repeated, and (b) digits and letters 


cannot be repeated. 
1. 8 digits 2. 8 letters 
3. 5 letters followed by 1 digit 4. 2 digits followed by 2 letters 


10.1 Find the number of permutations. 


5. ¿P, 6. ¿P, T ahs 8. P, 
10.1 Find the number of distinguishable permutations of the letters in the word. 

m 

9. VANILLA 10. CHOCOLATE 11. STRAWBERRY 12. COFFEE a 

E 

10.2 Find the number of combinations. : 

13. „С, 14. ‚С, 16. „б, 16. ,.C, = 

10.2 Use the binomial theorem to write the binomial expansion. ^ 
17. (x—3) 18. (2x + 3y)* 19. (p? + 4)? 20. (x? + у2)6 


10.3 You have an equally likely chance of choosing any integer from 1 through 25. 
Find the probability of the given event. 


21. An odd number is chosen. 22. A multiple of 3 is chosen. 


10.3 Find the probability that a dart that hits the target will hit the shaded region. 
Assume the dart is equally likely to hit any point inside the target. 


25. Ww ' 
0 
10 
h da 4 
20 
10.4 Events A and B are disjoint. Find P(A or B). 


26. P(A) = 0.4, P(B) = 0.15 27. P(A) = 0,3, P(B) = 0,5 28. P(A) = 0.7, P(B) = 0.21 


10.4 Find the indicated probability. State whether A and B are disjoint events. 


29. P(A) = 0.25 30. P(A) = 0.52 31. P(A) = 0.54 32. P(A) = 0.5 
P(B) = 0.55 P(B) = 0.15 P(B) = 0.28 P(B) = 0.4 
P(Aor B) = _?2_ P(A or B) = 0.67 P(A or B) = 0.65 P(A or В) = ?. 
P(A and В) = 0.2 P(Aand В) = _? Р(Аапа В) = _? Р(А апа В) = 0.3 


10.5 Find the probability of drawing the given cards from а standard deck of 
52 cards (a) with replacement and (b) without replacement. 


33. Ajack, then a 3 34. A club, then another club 35. A black ace, then a red card 
10.6 Calculate the probability of tossing a coin 15 times and getting the given 

number of heads. 

36. 1 37. 4 38. 7 39. 15 
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Chapter 11 


11.1 Find the mean, median, mode, range, and standard deviation of the data set. 


1. 5, 5,9, 9, 11, 12, 14, 16, 16, 16 2. 16, 18, 29, 30, 34, 35, 35, 38, 46 
de id 3, 125.1, 0,D, 0, —5, ШП] 4, 1.7, 2,2, 1.8, 3.0, 0.4, 1.2, 2,8, 2.9 
5. 4.5, 5.7, 4.3, 6.9, —2.1, 5.7; —1.Z, 3.8 б. —.2,3:5, 2:8, 9.1, 2.5, Tay 1:8, he 


11.2 Find the mean, median, mode, range, and standard deviation of the given 
data set and of the data set obtained by adding the given constant to each data 
value. 


7. 33, 36, 36, 39, 49, 56; constant: 2 8. 10, 12, 14, 16, 16, 18, 19; constant: —1 


11.2 Find the mean, median, mode, range, and standard deviation of the given data 
set and of the data set obtained by multiplying each data value by the given 
constant. 


9. 2, C2, 5, 4,2, —2, 8, 3; constant: 1.5 10. 52,52, 76, 56, 67, 89, 70; constant: 3 


11.3 A normal distribution has a mean of 2.7 and a standard deviation of 0.3. Find 
the probability that a randomly selected x-value from the distribution is in the 
given interval. 


11. Between 2.4 and 2.7 12. Atleast 3.0 13. At most 2.1 


11.4 Identify the type of sample described. Then tell if the sample is biased. Explain 
your reasoning. 


14. The owner of a movie rental store wants to know how often her customers 
rent movies. She asks every tenth customer how many movies the customer 
rents each month. 


15. A school wants to consult parents about updating its attendance policy. Each 
student is sent home with a survey for a parent to complete. The school uses 
only surveys that are returned within one week. 


11.4 Find the margin of error for a survey that has the given sample size. Round 

your answer to the nearest tenth of a percent. 

16. 100 17. 600 18. 2900 19. 5000 
11.4 Find the sample size required to achieve the given margin of error. Round your 

answer to the nearest whole number. 

20. +1% 21. *2% 22. =5:5% 23. +6.2% 
11.5 Usea graphing calculator to find a model for the data. Then graph the model 

and the data in the same coordinate plane. 


24. | | 


*]0o/|2]|24]| е | 8 10 if 12 14 
ИЩ 10 3 | 4 | 10 | 14 | 20 | 21 | 5% 
= x | 1 | 2» | à 4 | 5 | в |7 | 8 
Ly | 05 | 08 | 11 3 | 9 | 30 | 90 | 280 
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Chapter 12 


12.1 


12.1 


12.1 


12.2 


12.2 


12.2 


12.3 


12.3 


12.4 


12.4 


12.5 


12.5 


For the sequence, describe the pattern, write the next term, and write a rule for 
the nth term. 


= "us 25,7, 15, — 
1. 9, 16,25,36,.. 2. 3? gr liars: 4e Sy fb Aes 


Write the series using summation notation. 


| i | Ep ЖИ: ЖЕ. 1 
. 16 + 32 + 48 + 64 + ··· + LEE LLL LILY 
4. 16 + 32 + 48 + 64 144 5. 5 "EE RUE WE 
Find the sum of the series. 
5 5 6 8 

в. У, (3i + 2) 7. a? в, » 9. Ук m 
i=1 i=0 n=4n +3 k=6 e 
S 
Write a rule for the rith term of the arithmetic sequence. Then graph the first 5 
six terms of the sequence. - 
10. a, = 15,d=6 П. a = —78,d = —10 12. a, =-L, d = -£ : 
5 5 A 


Write a rule for the nth term of the arithmetic sequence. Then find а... 


13. 11, 20, 29, 38,... 14, =8, 15) =22;, 529;... 15. 3, i 2, lus: 


Write a rule for the rith term of the arithmetic sequence that has the two given 


terms. 
= = - x = =, 14 __42 

16. a, = 9, a, = 37 17. a, = 10.5, а = 18.5 18. a, = “5? аы = 5 
Write a rule for the nth term of the geometric sequence. Then find a,,. 

111 16 64 256 
19. 27,937 bee: 20. 5,4,38.2,2.56,... 21. 4, 3’ gt 27'°°` 
Find the sum of the geometric series. 

4 T 5 ; T 

E ' : 1—1 
22. Y3(i^! 23. >,0.5(—3)!-} 24. У, 10(3) 25. 2,2(.2) 7! 

ер. ке i=] i=l 

Find the sum of the infinite geometric series, if it exists. 
26. 68+4+2+1+... 27-2 -~4+6-16 t --- 28. -6.75 F453 FQ 
Write the repeating decimal as a fraction in lowest terms. 
29. 0.333... 30. 0.898989. .. 31. 0.212121... 32. 1.50150150. .. 
Write a recursive rule for the sequence. The sequence may be arithmetic, 
geometric, or neither. 
33. 2.5, 5; 10,50, d 4, —4,—5; —18,.. 39: 1,2,2,14 B, di 
Find the first three iterates of the function for the given initial value. 
36. f(x) = 2x —5,3,— 3 37. f(x) = 25 e E 38. f(x) = 3x7 + x, X= 1 
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Chapter 13 


13.1 Let 0 be an acute angle of a right triangle. Find the values of the other five 
trigonometric functions of 0. 


1. sind 5 2. tan 0 15 3. sec 0 = 2 4. cos 0 = - n 
13.1 Solve ^ ABC using the diagram and the given measurements. 
5. A-21,c-8 6. В=66°,а = 14 В 
C 
7. B=60°,c= 20 8. А = 29°,b=6 j 
9. A= 18°, c = 18 10. В = 56°,c=7 А b C 
13.2 Convert the degree measure to radians or the radian measure to degrees. 
o —6° 13, 37 -T 
11. 100 12. —6 13. 4 14. б 
13.2 Find the arc length and area of a sector with the given radius гапа central 
angle 0. 
15. r=5ft, 0 = 90? 16. r= 2in., 8 = 300° 17. r=12cm,0="7 
13.3 Sketch the angle. Then find its reference angle. 
18. 250° 19. —30° 20. 97 a. -HT 
13.3 Evaluate the function without using a calculator. 
22. sin (—60°) 23. csc 240° 24. tan 77 25. cos|[- 32 


13.4 Evaluate the expression without using a calculator. Give your answer in both 
radians and degrees. 
V3 


26. sin! 0 27. cos | C 28. cos ! 3 29. tan ! 1 


13.4 Solve the equation for 0. 


30. sin Ө = 0.25; 90° < 0 < 180° 31. cos 0 = 0.9; 270° < 0< 360° 32. tan 0 = 2; 180° < 0 < 270° 


13.5 Solve Л АВС. (Hint: Some of the “triangles” may have no solution and some 
may have two solutions.) 


33. A=34a=6,b=7 34. A= 50°, C= 65°, b= 60 35. В = 86°, р = 13, с = 11 


13.5 Find the area of ^ ABC with the given side lengths and included angle. 


36. А = 35°, b = 50, c = 120 37. В = 35% а= 7,с = 12 38. C = 20°, а = 10, b = 16 


13.6 Solve Л АВС. 
39. а = 16, р = 23, с = 17 40. С = 50°, а = 12, b= 14 41. А = 80°, р = 7, с = 5 


13.6 Find the area of A ABC with the given side lengths. 
42. a=6,b=3,c=4 43. a= 14, b = 30, c = 27 44. а = 16, р = 16,c = 20 
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Chapter 14 


14.1 


14.2 


14.2 


14.3 


14.3 


14.4 


14.4 


14.5 


14.6 


14.7 


14.7 


Graph the function. 

1. у= cos $x 2. y=3sinx 3. y= sin 2zx 
Graph the sine or cosine function. 

= sin 2/ x — 7. = —] 2 E 

5. y = sin2(x Sl 6. y sin (х +) 
Graph the tangent function. 

8. y=2tanx+2 9 у= 7 tan 2x 
Simplify the expression. 

2{т_ wo (sec x — 1)(sec x + 1) 
11. cos E х) + cos" (7X) 12. ae a 
Verify the identity. 
= 2 EN, 
14, SCD —oecxi+tanx 15. COS *+5Ш x _ cos? x 
| + sin (=x) tanó x + 1 

Find the general solution of the equation. 
17. 12tan^x —4- 0 18. 3sinx = -2sinx + 3 
Solve the equation in the given interval. Check your solutions. 
20. cos? xsinx = 5 ѕіп х; 0<х<27 
22, 8 cosx = 4 ѕЅесх; О < х< т 
Write а function for the sinusoid. 


Find the exact value of the expression. 


26. sin (—15°) 27. cos 165° 28. tan 


Find the exact values of sin 2a, cos 2a, and tan 2a. 
-2 37 8. т 
30. tan a = qT << > 3l. cosa ip 9 «4« > 


Find the general solution of the equation. 


X 


33. cos 2x — cosx= 0 34. COS > = sin x 


4. y=2tan2x 


7. y=2cosx+3 


10. y=tan (x3) - 1 


13. їап Ux — x) cot x — csc? x 


m 
* 
= 
A 
E 
"O 
ad 
: 
2 


16. 2 — sec? х = 1 — tan? х 


19. tan^x — 2 tan x = -1 


21. 2— 2cosx=3+5sinx;0<x<27 


23. cosfx— 4с05х +1 = 0; 0<х<т 


T 
29. COS 12 
1 — _ :: 37 
32. sina 5 z <а<2т 


35. sin2x = —1 
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Tables 


O o fwn ae 
M 


multiplication, times 


ИГЕ 
[а [тое Ja 


reciprocal of a, a + 0 Em 


[—. emema Га 
C e [istess than orega | an 
а about value ota] 51 
[m jue — —  — — 
[1 spei — 
[ 1 Tisperpendicuiarto — 
ха 


determinant of matrix А 


s 


y inverse of matrix A 


72 
75 
| 178 
the nonnegative square root 
ofa 
275 
279 


absolute value of complex 
number z 

x approaches positive 
infinity 


l ec 
--— um [-—| © = 
y S ala 
Ó o 
== 


Va 
f^ 


nth root of a 
inverse of function f 


imaginary unit equal to V—1 
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Symbols 


e [imtondnumber-27m | a92 
Lug [logbaseboty | a99 


log x log base 10 of x 


[ms [logbasecots — [500 


n factorial; number of 
q Ж 684 
permutations of n objects 


number of permutations 
of r objects from n distinct 
objects 


number of combinations 
С of r objects from n distinct 
objects 


n r 
P(A) probability of event A 


= probability of the 
FI complement of event A 19a 


7 


15 


probability of event B given 718 
that event A has occurred | 


x-bar; the mean of a data set 


sigma; the standard 
deviation of a data set 


cotangent 
[ sm? [шезеше [вз 


Measures 


60 seconds (sec) = 1 minute (min) 


60 minutes = 1 hour (h) 
24 hours = 1 day 
7 days = 1 week 
4 weeks (approx.) = 1 month 


Length 
10 millimeters (mm) = 1 centimeter (cm) 


100 cm 
1000 :xám.| = 1 meter (m) 


1000 m = 1 kilometer (km) 


Area 


100 square millimeters — 1 square centimeter 
(mm?) (cm?) 
10,000 cm? = 1 square meter (m?) 
10,000 m? = 1 hectare (ha) 


Volume 


1000 cubic millimeters = 1 cubic centimeter 
(mm?) (cm?) 
1,000,000 cm? = 1 cubic meter (m?) 


Liquid Capacity 
1000 milliliters (mL) |  , ,. 
1000 cubic centimeters cn = Litera) 


1000 L = 1 kiloliter (kL) 


Mass 
1000 milligrams (mg) = 1 gram (g) 
1000 g = 1 kilogram (kg) 
1000 kg = 1 metric ton (t) 


Temperature Degrees Celsius (°C) 
0°C = freezing point of water 
37°C = normal body temperature 
100°C = boiling point of water 


52 weeks (approx.)| = 1 year 


365 29 


12 months 


10 years = 1 decade 
100 years = 1 century 


Length 
12 inches (in.) = 1 foot (ft) 

36 in. 

3 ft 


52808], 
1760 "i dox 


= ] yard (yd) 


Area 


144 square inches (in.?) = 1 square foot (ft?) 
9 ft? = 1 square yard (yd?) 


2 
p EP 


Volume 


1728 cubic inches (in.?) = 1 cubic foot (ft?) 
27 f? — 1 cubic yard (yd?) 


Liquid Capacity 
8 fluid ounces (fl oz) = 1 cup (c) 
2c- l pint (pt) 
2 pt = 1 quart (qt) 
4 qt — 1 gallon (gal) 


Weight 


16 ounces (oz) = 1 pound (Ib) 
2000 Ib = 1 ton 


Temperature Degrees Fahrenheit (*F) 


32°F = freezing point of water 
98.6°Е = normal body temperature 
212?F = boiling point of water 


Tables 


1025 


531911 


Wi 
ы 
" 
oe 
< 
= 


Slope of a line (р. 82) 


| Parallel and perpendicular 


lines (p. 84) 


Distance formula (p. 615) 


Midpoint formula (p. 615) 


Determinant ofa 
2 х 2 matrix 
(p. 203) 


Determinant of a 


3 x 3 matrix 
(p. 203) 


| Area of a triangle 


(p. 204) 


Cramer’s rule 
(p. 205) 


Inverse of a 
2 x 2 matrix 
(p. 210) 
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Formulas 
Formulas from Coordinate Geometry 


TA 


maz where mis the slope of the nonvertical line through 
2 1 


points (x,, y,) and (x,, у,) 


If line /, has slope m, and line l, has slope m,, then: 
1 | }Ł if and only if m, = m, 


l LL, if and only if m, = x or mm, = —1 


а= (x, — x)? + (y, — у)? where d is the distance between 
points (x,, y,) and (x,, у,) 


x, FX + 
м > а, ата 5 B is the midpoint of the line segment joining 


points (x,, y,) and (x,, у,). 


Formulas from Matrix Algebra 


The area of a triangle with vertices (х, y,), (X,, у,), and (x, ya) is given by 


1 У 1 
Area = *5,|x, y 1 


Хз Уз 1 


where the appropriate sign (+) should be chosen to yield a positive value. 


Let A = Ё 4 be the coefficient matrix of this linear system: 
ax+by=e 
сх + ау = ў 
If det A + 0, then the system has exactly one solution. 
e b a e 
f d AE i 


The solution is x = ———— and y = i 
det A det A 


Formulas and Theorems from Algebra 


Quadratic formula (p. 292) 


| Discriminant of a quadratic 
equation (p. 294) 


Special product patterns 
(p. 347) 


Special factoring patterns 
(p. 354) 


Remainder theorem (p. 363) 
Factor theorem (p. 364) 


Rational zero theorem (p. 370) 


Fundamental theorem of 
algebra (p. 379) 


Corollary to the fundamental 
theorem of algebra (p. 379) 


Complex conjugates theorem 
(p. 380) 


Irrational conjugates 
theorem (p. 380) 


Descartes' rule of signs 
(p. 381) 


The solutions of ax? + bx + с = 0 аге 


where a, b, and c are real numbers such that a + 0. 


The expression b? — 4acis called the discriminant of the associated equation 
ах? + bx + с = 0. The value of the discriminant can be positive, zero, or 
negative, which corresponds to an equation having two real solutions, one real 
solution, or two imaginary solutions, respectively. 


Sum and difference: (a+ bla — b) = а? – b° 


Square of a binomial: (а + b)? = a? + 2ab + Б? 
(а — b = a? — 2ab + b° 

Cube of a binomial: (а + b = a? + 3a?b + Зар? + P? 
(a — b)? = a — 3a?b + Зар? — p? 


Sum of two cubes: a? + b? = (a+ bla — ab + b?) 
Difference of two cubes: а? — Р? = (a — b)(a^ + ab + b?) 


If a polynomial f(x) is divided by x — k, then the remainder is г = fik). 
A polynomial f(x) has a factor x — kif and only if f(k) = 0. 


If f(x) = a, x" tre tetta has integer coefficients, then every rational zero 
of fhas this form: 


531911 


factor of constant term a, 
factor of leading coefficient а, 


If f(x) is a polynomial of degree n where n > 0, then the equation f(x) = 0 has at 
least one solution in the set of complex numbers. 


If f(x) is a polynomial of degree л where n > 0, then the equation f(x) = 0 
has exactly n solutions provided each solution repeated twice is counted as 
2 solutions, each solution repeated three times is counted as 3 solutions, 
and so on. 


If fis a polynomial function with real coefficients, and a + bi is an imaginary 
zero of f, then a — bi is also a zero of f. 


Suppose fis a polynomial function with rational coefficients, and a and b are 
rational numbers such that Vb is irrational. If a -- Vb is a zero of f, then a — Vb 
is also a zero of f. 


Let f(x) = a,x" + a, 
with real coefficients. 


п— 1 2 ye А 
1Х +++++ a,x" + 4,x + a, be a polynomial function 


* The number of positive real zeros of fis equal to the number of changes in 
sign of the coefficients of f(x) or is less than this by an even number. 


* The number of negative real zeros of fis equal to the number of changes in 
sign of the coefficients of f(—x) or is less than this by an even number. 
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TABLES 


Formulas and Theorems from Algebra (continued) 


Discriminant of a general 
second-degree equation 
(p. 653) 


Any conic can be described by a general second-degree equation in x 
and y: Ax? + Bxy + Cy? + Dx + Ey + Е = 0. The expression B^ — 4AC is 
the discriminant of the conic equation and can be used to identify it. 


Discriminant Type of Conic 


В? – 4AC <0, В = 0, апад = С Circle 

В? — 4AC < 0, and either В + 0 or A + С Ellipse 

В? – ДАС = 0 Parabola 

B* — 4AC>0 Hyperbola 
If B = 0, each axis of the conic is horizontal or vertical. 


Formulas from Combinatorics 


Fundamental counting principle 
(p. 682) 


Permutations of n objects taken r at 
a time (р. 685) 


Permutations with repetition 
(p. 685) 


Combinations of n objects taken r at 
a time (p. 690) 


Pascal’s triangle (p. 692) 


Binomial theorem (p. 693) 
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If one event can occur in т ways and another event can occur in n 
ways, then the number of ways that both events can occur is т • п. 


The number of permutations of r objects taken from a group of n 
distinct objects is denoted by „P, and is given by: 
E 
п, (n — r)! 


The number of distinguishable permutations of n objects where one 


object is repeated s, times, another is repeated s, times, and so on is: 


п! 
| ! ! 
57: Ы $5: Ы жа ё Ы Sp 


The number of combinations of r objects taken from a group of n 
distinct objects is denoted by „C, and is given by: 
= п! 
nep = (n—r!«r 


If you arrange the values of , C, in a triangular pattern in which each 
row corresponds to a value of n, you get what is called Pascal's triangle. 


зСо 36 365 зСз l1 3 X E 
¿Co 4C 46 4C3 ¿Ca 1 € 6 4 1 


The first and last numbers in each row are 1. Every number other than 
1 is the sum of the closest two numbers in the row directly above it. 


The binomial expansion of (a + b)" for any positive integer п is: 
(а +0)" = „СБ +0 ab + Ga Tb xs IC p 


= баи 
r=0 


Formulas from Probability 


Theoretical probability of 
an event (p. 698) 


Odds in favor of an event 
(p. 699) 


Odds against an event 
(p. 699) 


Experimental probability 
of an event (p. 700) 


Probability of compound 
events (p. 707) 


Binomial probabilities 
(p. 725) 


Mean of a data set 
(p. 744) 


Standard deviation of a 
data set (p. 745) 


Areas under a normal 
curve (p. 757) 


z-score (р. 758) 


| When all outcomes are equally likely, the theoretical probability that an 
event A will occur is: 


p(A) = Number of outcomes in A 
(x Total number of outcomes 


When all outcomes are equally likely, the odds in favor of an event A are: 


Number of outcomes in A 
Number of outcomes not in A 


When all outcomes are equally likely, the odds against an event A are: 


Number of outcomes not in A 
Number of outcomes in A 


When an experiment is performed that consists of a certain number of trials, 
the experimental probability of an event A is given by: 


p(A) — Number of trials where A occurs 
Total number of trials 


If A and B are any two events, then the probability of A or B is: 
P(A or B) = P(A) + P(B) — P(A and B) 
If A and B are disjoint events, then the probability of A or B is: 
Р(А от B) = P(A) + P(B) 


The probability of the complement of event A, denoted A, is: 
P(A) = 1 — P(A) 
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If A and В are independent, the probability that both A and B occur is: 
P(A and B) = P(A) • P(B) 


For a binomial experiment consisting of n trials where the probability of 
success on each trial is p, the probability of exactly k successes is: 
P(k successes) = ,C,p*(1 – p)" * 


X — L] 
" where x (read “x-bar”) is the mean of the data Жы Жаркын Oy, 


x,—X)--(x,—x)Y)--T...- (x, —xy 
с = | 2 Мы ШЫ а жы а. а, Ш where с (read “sigma”) is the standard 


deviation of the data Жү A И 


A normal distribution with mean x and standard deviation т has these properties: 


* The total area under the related normal curve is 1. 

* About 68% of the area lies within 1 standard deviation of the mean. 

* About 95% of the area lies within 2 standard deviations of the mean. 

* About 99.7% of the area lies within 3 standard deviations of the mean. 


z=% 5 Х where x is a data value, xis the mean, and o is the standard deviation 
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TABLES 


Formulas for sums of special series 
(p. 797) 


Explicit rule for an arithmetic 
sequence (p. 802) 


Sum of a finite arithmetic series 
(p. 804) 


Explicit rule for a geometric 
sequence (p. 810) 


Sum of a finite geometric series 
(p. 812) 


Sum of an infinite geometric series 
(p. 821) 


Conversion between degrees 
and radians (p. 860) 


Definition of trigonometric 
functions (p. 866) 


Law of sines (p. 882) 


Area of a triangle (given two 
sides and the included angle) 
(p. 885) 
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Formulas for Sequences and Series 


yan +1) Ў p- mnt Deen +1) 
i=] 


The nth term of an arithmetic sequence with first term а, and common 


difference dis: 
а= а +ín=D4 


л 


The sum of the first n terms of an arithmetic series is: 


ata 
oo 


The nth term of a geometric sequence with first term a, and 


common ratio ris: 
п— 1 


The sum of the first п terms of a geometric series with common ratio 


r+ lis: 
_ 1-7" 
$,-a|1—7. 


The sum of an infinite geometric series with first term a, and common 
ratio r is 
a 
"ee 

е pe 
provided |r| « 1. Е |r| > 1, the series has no sum. 


7 radians 
180* 


180° 
s radians 


To rewrite a degree measure in radians, multiply by 


To rewrite a radian measure in degrees, multiply by 


Let 6 be an angle in standard position and (x, y) be any point 
(except the origin) on the terminal side of Ө. Let r = Vx? + y?. 
_Y | 
tan0=>5x*+0 
sec 0=12,x#0 


—À —* yu 
сѕс0 = уу + 0 cot 6 УУ 0 


а C 


IT AABC has sides of length a, b, and c, then its area is: 


Area — jac sin B 


Area — ¿bc sin А 


Area = jab sin C 


Formulas and Identities from Trigonometry (continued) 


Law of cosines (p. 889) If AABC has sides of length a, b, and c, then: 
а? = b? + c? — 2рссоѕ А 
b? = а? + с? — 2accos В 
c? = a? + b* — 2ab cos C 


Heron's area formula (p. 891) The area of the triangle with sides of length a, b, and c is 
Area = Vs(s — a)(s — b)(s — c) 


where s — ja + bc). 
| Reciprocal identities (p. 924) 


Tangent and cotangent identities 
(p. 924) 


Pythagorean identities (p. 924) 1 + tan? 0 = sec’ 0 1 + cot? 0 = csc? 0 


Cofunction identities (p. 924) | cos (5 = J = sin 0 tan E = J = cot 0 


| Negative angle identities (p. 924) = cos (— 6) = cos 0 tan (—6) = —tan Ө 


| Sum formulas (p. 949) sin (a + b) = sin a cos b + cos asin b 
cos (a + b) = cos a cos b — sin asin b 
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tan (a + Б) = tan a + tan b 
1 — tan atan b 


Difference formulas (p. 949) sin (a — b) = sin a cos b — cos asin b 
cos (a — b) = cos acos b + sin asin b 


(a — b) = tan a — tan b 


tan 
1 + tan atan b 


Double-angle formulas (p. 955) cos 2а = cos? а — ѕіп? а sin 2а = 2 sin a cos a 


cos 2a = 2 соѕ2а — 1 


cos 2a = 1 – 2 ѕіп? а 


Half-angle formulas (р. 955) in 2 = 4/1 = = a 


Se 4/1 + cos a 
) 2 


The signs of sin 5 and cos 5 depend on the quadrant in which 5 lies. 
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Area of an equilateral 
triangle 


Arc length and area of 


a sector 


Area of an ellipse 


Volume and surface area 
of a right rectangular 
prism 


Volume and surface 
area of a right cylinder 


Volume and surface 
area of a right regular 
pyramid 


Volume and surface area 
of a right circular cone 


Volume and surface area 
of a sphere 
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Formulas from Geometry 


Basic geometric figures 


See pages 991-993 for area formulas for basic two-dimensional geometric figures. 
Area — ng where s is the length of a side 


Arc length = r0 where ris the radius and 0 is 
the radian measure of the central angle 
that intercepts the arc 


Area — 5720 


Area = пар where a and b are half the lengths 
of the major and minor axes of the ellipse 


Volume = wh where £ is the length, w is the 
width, and h is the height 


Surface area = 2(fw + wh + Lh) 


Volume = ar*h where ris the base radius and his the height 
Lateral surface area — 2zrh 
Surface area = 2711? + 2arh 


Volume = ¿Bh where Bis the area of the base and h is the height 


Lateral surface area = jnsl where n is the number 


of sides of the base, sis the length of a side of the 
base, and / is the slant height 


Surface area = B + jns 


Volume = ¿ah where ris the base radius and his the height 


Lateral surface area = arf where £ is the slant height 
Surface area = тт? + arf 


Volume = iar where r is the radius 


Surface area = 4772 


Properties 
Properties of Real Numbers 


Let a, b, and c be real numbers. 

Addition Multiplication 
Closure Property (p. 3) a + bis a real number. abis a real number. 
Commutative Property (p. 3) a+b=b+a ab = ba 
Associative Property (p. 3) (a+b)+c=at+(b+0) (ab)c = a(bc) 
Identity Property (p. 3) at0-a0-a-a a*1-7a,l*«a-a 


Inverse Property (p. 3) a (—-a)20 а * 5 =1,а=#0 


Distributive Property (р. 3) The distributive property involves both addition and multiplication: 
a(b + c) = ab+ ac 

Zero Product Property (p. 253) Let A and В be real numbers or algebraic expressions. 
If AB = 0, then A =00rB=0. 


Properties of Matrices 


Let A, B, апа C be matrices, and let k be a scalar. 
Associative Property of Addition (p. 188) (А+В)+С=А+(В+С) 
Commutative Property of Addition (р. 188) A+B=B+A 
Distributive Property of Addition (p. 188) k(A + B) = kA + kB 
Distributive Property of Subtraction (p. 188) k(A — B) = kA — kB 
Associative Property of Matrix Multiplication (p. 197) (AB)C = A(BC) 
Left Distributive Property of Matrix Multiplication (p. 197) A(B + C) = AB + AC 
Right Distributive Property of Matrix Multiplication (p. 197) (A+ B)C = AC + BC 
Associative Property of Scalar Multiplication (p. 197) k(AB) — (kA)B — A(KB) 


Multiplicative Identity (p. 210) An n X n matrix with 1's on the main diagonal 
and 0’s elsewhere is an identity matrix, denoted I. 
For any n X n matrix A, AI = IA = A. 
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Inverse Matrices (р. 210) If the determinant of an n X n matrix A is 
nonzero, then A has an inverse, denoted A !, such 
thatAA = АА = L 


Properties of Exponents 


Let a and b be real numbers, and let m and n be integers. 
Product of Powers Property (p. 330) a™-a®=q™rn 
Power of a Power Property (p. 330) (a™)” = gr” 


= атр" 


Power of a Product Property (р. 330) 
Negative Exponent Property (p. 330) 


Zero Exponent Property (p. 330) 


Quotient of Powers Property (p. 330) 


Power of a Quotient Property (p. 330) 
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Properties of Radicals and Rational Exponents 


Number of Real nth Roots Let n be an integer greater than 1, and let a be a real number. 


(p. 414) 


e If nis odd, then a has one real nth root: Va = al!” 
• Ifnis even and а> 0, then a has two real nth roots: +Va = ta 


l/n 


e If n is even and а = 0, then a has one nth root: V0 = 0” = 0 
e If nis even and a < 0, then a has no real nth roots. 


Radicals and Rational Let a!" be an nth root of a, and let m be a positive integer. 
Exponents (p. 415) e а!" = (giinym = (4g )m 


(a!n jm 


Properties of Rational All of the properties of exponents listed on the previous page apply to rational 
Exponents (p. 420) exponents as well as integer exponents. 


Product and Quotient Let n be an integer greater than 1, and let a and b be positive real 


Properties of Radicals (р. 421)  »umbers. Then Va + Б = Va - Up and үй - 
b 


Properties of Logarithms 


Logarithms and Exponents (p. 499) 
Special Logarithm Values (p. 499) 
Common and Natural Logarithms (p. 500) 
Product Property of Logarithms (p. 507) 
Quotient Property of Logarithms (p. 507) 
Power Property of Logarithms (p. 507) 


a 
m 
ond 
© 
< 
= 


Change of Base (р. 508) 


Properties of Functions 


Va 
Uy 


Let a, b, c, т, n, x, and y be positive real numbers such that 
b * landc + 1. 


log, y = xif and only if b* = y 

log, 1 = 0 because b?-1 and log, b — 1 because b= р 
log; x =logx and Іор, х= пх 

log, mn = log, m + log, n 

log, 7 = log, m — log, n 

log, т" = nlog, т 


log, а 


log, a = log, € 


Operations on Functions Let fand g be any two functions. A new function h can be defined using 
(pp. 428, 430) any of the following operations. 

Addition: h(x) = f(x) + р(х) 

Subtraction: h(x) = f(x) — g(x) 

Multiplication: h(x) = f(x) * g(x) 


Division: 


Composition: h(x) = g(f(x)) 


For addition, subtraction, multiplication, and division, the domain 
of h consists of the x-values that are in the domains of both fand g. 
Additionally, the domain of the quotient does not include x-values for 
which g(x) = 0. 


For composition, the domain of h is the set of all x-values such that x is in 
the domain of fand f(x) is in the domain of р. 


Inverse Functions (p. 438) Functions fand g are inverses of each other provided: 
feo) =x апа g(fw)) =x 
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English=Spanish Glossary 


cS 


absolute value (p.51) The absolute value of a number x, | 5| = > |-4.3| = 4.3, and |0| =0. 
represented by the symbol |x|, is the distance the number is 
from 0 on a number line. 


valor absoluto (pág.51) El valor absoluto de un número x, | 
representado por el símbolo |х|, es la distancia a la que está 
el número de 0 en una recta numérica. 


5, |-4.3| = 4.3y |0| =0. 


absolute value function (p.123) A function that contains y= |x|, y= |x- 3l, and y = 4|x+ 8| -9 are 
an absolute value expression. absolute value functions. 


función de valor absoluto (pág. 123) Función que contiene | y= |x|, y= |x- 3ļey= 4|x + 8| -9 son 
una expresión de valor absoluto. funciones de valor absoluto. 


absolute value of a complex number (p.279) If z= a + bi, 
then the absolute value of z, denoted |z|, is a nonnegative 


real number defined as |z| = Va? + Ё. 


valor absoluto de un número complejo (pág. 279) Si 
z= a + bi, entonces el valor absoluto de z, denotado por ||, 


1—4 + 3i| =V(-9?+3?=V25=5 


es un número real no negativo definido como |z| = Va? + P?. 


algebraic expression (р. 11) An expression that consists of £p, 75 k- 5, and п? + 2n are algebraic 
numbers, variables, operations, and grouping symbols. Also 


called variable expression. expressions. 


oy B ЧЕ 2 М 
expresión algebraica (pág. 11) Expresión formada por az =p К-5уп + 2n son expresiones 
números, variables, operaciones y signos de agrupación. algebraicas. 


amplitude (p.908) The amplitude of the graph of a sine or 
cosine function is 5(M —m), where M is the maximum value 
of the function and mis the minimum value of the function. 


amplitud (pág. 908) La amplitud de la grafica de una 


función seno o coseno es 5(M —m), donde M es el valor 


máximo de la función у т es el valor mínimo de la función. 


m 
z 
б 
= 
Wi 
T 
ui 
"y 
> 
© 
un 
= = 
a 
| 
© 
u 
un 
> 
bo! 
~~ 


The graph of y = 4 sin x has an amplitude of 
j4- (-4)) = 4. 

La gráfica de y = 4 sen x tiene una amplitud 
de 74 - (-4)) = 4. 


angle of depression (p.855) The angle by which an See angle of elevation. 
observer's line of sight must be depressed from the 
horizontal to the point observed. 


ángulo de depresión (рар. 855) El ángulo con el que se debe | Ver ángulo de elevación. 
bajar la línea de visión de un observador desde la horizontal 
hasta el punto observado. 
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angle of elevation (p.855) The angle by which an observer's 
line of sight must be elevated from the horizontal to the 
point observed. 


ángulo de elevación (pág. 855) El ángulo con el que se debe 
elevar la línea de visión de un observador desde la horizontal 
hasta el punto observado. 


arithmetic sequence (p.802) A sequence in which the 
difference of consecutive terms is constant. 


progresión aritmética (pág. 802) Progresión en la que la 
diferencia entre los términos consecutivos es constante. 


arithmetic series (p. 804) The expression formed by adding 
the terms of an arithmetic sequence. 


serie aritmética (pág. 804) La expresión formada al sumar 
los términos de una progresión aritmética. 


asymptote (p.478) A line that a graph approaches more and 


more closely. 


asintota (pág.478) Recta a la que se aproxima una gráfica 
cada vez más. 


axis of symmetry of a parabola (pp. 236, 620) The line 
perpendicular to the parabola's directrix and passing 
through its focus and vertex. 


eje de simetría de una parábola (págs. 236, 620) La recta 
perpendicular a la directriz dela parábola y que pasa por su 
foco y su vértice. 


base of a power (р. 10) The number or expression that is 
used as a factor in a repeated multiplication. 


base de una potencia (pág. 10) El número o la expresión 
que se usa como factor en la multiplicación repetida. 
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angulo de 
depresión 


A n 


—4, 1, 6, 11, 16,... is an arithmetic sequence 
with common difference 5. 


—4, 1,6, 11, 16, . . . es una progresión 
aritmética con una diferencia común de 5. 


5 
Y 2i=2+4+6+8+10 
i=1 


The asymptote for the graph shown is the line 
y=3. 
La asintota para la grafica que se muestra es la 


recta y= 3. 


See parabola. 


Ver parabola. 


єз | 


In the power 2°, the base is 2. 


En la potencia 2°, la base es 2. 


best-fitting line (p. 114) The line that lies as close as 
possible to all the data points in a scatter plot. 


mejor recta de regresión (pág. 114) La recta que se ajusta lo 
más posible a todos los puntos de datos de un diagrama de 
dispersión. 


best-fitting quadratic model (p. 311) The model given by 
using quadratic regression on a set of paired data. 


modelo cuadrático con mejor ajuste (pág. 311) El modelo 
dado al realizar una regresión cuadrática sobre un conjunto 
de pares de datos. 


biased question (p.772) A question that elicits responses 
that do not accurately reflect the opinions or actions of the 
people surveyed. 


pregunta capciosa (pág.772) Pregunta que induce a 
respuestas que no reflejan con exactitud las opiniones o 
acciones de los encuestados. 


biased sample (p.767) A sample that overrepresents or 
underrepresents part of a population. 


muestra sesgada (pág. 767) Muestra que representa de 
forma excesiva o insuficiente a parte de una población. 


binomial (p.252) The sum of two monomials. 


binomio (pág. 252) La suma de dos monomios. 


binomial distribution (p.725) The probability distribution 
associated with a binomial experiment. 


distribución binomial (pág. 725) La distribución de 
probabilidades asociada a un experimento binomial. 


“Would you rather see an exciting laser show 


or a boring movie?" is a biased question. 


"sPreferirías ver un emocionante 
espectáculo de láser o una película 
aburrida?" es una pregunta capciosa. 


The members of a school's basketball team 
would form a biased sample for a survey 
about whether to build a new gym. 


Los miembros del equipo de baloncesto de 
una escuela formarían una muestra sesgada 
si participaran en una encuesta sobre si 


quieren que se construya un nuevo gimnasio. 


Зх — 1 апа f? — 4t are binomials. 


3x—1yf? — 4t son binomios. 


Probability 
Probabilidad 


0723742525878 


Number of successes 
Nümero de éxitos 


Binomial distribution for 8 trials with p — 0.5. 


Distribución binomial de 8 pruebas con p — 0.5. 
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binomial experiment (p.725) An experiment that meets 
the following conditions. (1) There are n independent trials. 
(2) Each trial has only two possible outcomes: success and 
failure. (3) The probability of success is the same for each 
trial. 


experimento binomial (pág.725) Experimento que 
satisface las siguientes condiciones. (1) Hay n pruebas 
independientes. (2) Cada prueba tiene sólo dos resultados 
posibles: éxito y fracaso. (3) La probabilidad de éxito es igual 
para cada prueba. 


binomial theorem (p.693) The binomial expansion of 
(a + b)" for any positive integer л: 
(а b)" e Gab. cat b v Gab wor cg. 


teorema binomial (pág. 693) La expansión binomial de 
(a + b)" para cualquier número entero positivo n: 
(а b)" = Са" + Са !b! + Ca" "b^ +--+ + „С ab". 


center of a circle (p.626) See circle. 


centro de un círculo (pág. 626) Ver círculo. 


center of a hyperbola (p.642) The midpoint of the 
transverse axis of a hyperbola. 


centro de una hipérbola (pág. 642) El punto medio del eje 
transverso de una hipérbola. 


center of an ellipse (p.634) The midpoint of the major axis 
of an ellipse. 


centro de una elipse (pág.634) El punto medio del eje 
mayor de una elipse. 


central angle (p.861) An angle formed by two radii of a 
circle. 


ángulo central (pág.861) Ángulo formado por dos radios de 
un círculo. 
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A fair coin is tossed 12 times. The probability 
of getting exactly 4 heads is as follows: 


Una moneda normal se lanza 12 veces. La 
probabilidad de sacar exactamente 4 caras 
es la siguiente: 


P(k-4)- „Ср“ -p)"-* 

= ,,C,(0.5)*(1 - 0.5)? 
495(0.5)*(0.5)* 
0.121 


ll 


(х2 + y)? 
= ¿CAY + ,C,(x*)*y' + C, (x?) y? + 
кәр ¿Cy + ¿CAY y? 


= (1)(х®)(1) + 60409 + 8100 + 
(0060?) 


= хб + 3x y + Зх2у? + у? 


cz 


The circle with equation (x- 3)? + (y + 5)? = 
36 has its center at (3, —5). See also circle. 


El círculo con la ecuación (x-3)? + (y + 5)? = 
36 tiene el centro en (3,-5). Ver también 
círculo. 


See hyperbola. 


Ver hipérbola. 


See ellipse. 


Ver elipse. 


See sector. 


Ver sector. 


circle (р.626) The set of all points (x, y) in a plane that are of 
distance rfrom a fixed point, called the center of the circle. 


circulo (pág. 626) El conjunto de todos los puntos (x, y) de un 
plano que están a una distancia r de un punto fijo, llamado 
centro del círculo. 


coefficient (p. 12) When a term is the product of a number 
and a power of a variable, the number is the coefficient of the 
power. 


coeficiente (pág. 12) Cuando un término es el producto de 
un número y una potencia de una variable, el número es el 
coeficiente de la potencia. 


coefficient matrix (p.205) The coefficient matrix of the 
linear system ax + ру = e, cx + dy = f is he 4t 


matriz coeficiente (pág. 205) La matriz coeficiente del 


sistema lineal ax + by = e, cx + dy = fes b s. 


combination (p.690) A selection of r objects from a group of 
n objects where the order is not important, denoted „C, 


n! 
where С = ——— —. 
"^r m—rer 


combinación (pág.690) Selección de r objetos de un grupo 
de n objetos en el que el orden no importa, denotado „C, 


donde С = Lon oo 
FL 2 


common difference (p.802) The constant difference of 
consecutive terms of an arithmetic sequence. 


diferencia común (pág. 802) La diferencia constante entre 
los términos consecutivos de una progresión aritmética. 


common logarithm (p.500) Alogarithm with base 10. It is 
denoted by log, or simply by log. 


logaritmo común (pág. 500) Logaritmo con base 10. Se 
denota por log, б simplemente por log. 


matriz de variables: 


In the algebraic expression 
2x? + (-4x) + (—1), the coefficient of 2x? is 2 
and the coefficient of —Ax is —4. 


En la expresión algebraica 
2x? + (—4x) + (—1), el coeficiente de 2x^ es 2 


y el coeficiente de —4x es —4. 


9x + 4у = —6 
3x—5y--21 


coefficient matrix: Ё 4 
matriz coeficiente: 3 —5 


matrix of constants: | el 


matriz de constantes: 1—21 
matrix of variables: | +] 
y 


There are 6 combinations of the n = 4 letters 
A, B, C, and D selected г = 2 at a time: AB, AC, 
AD, BC, BD, and CD. 


Hay 6 combinaciones de las letras п = 4 A, B, 
C y D seleccionadas r — 2 cada vez: AB, AC, 
AD, BC, BD y CD. 


See arithmetic sequence. 
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Ver progresión aritmética. 


log, 100 = log 100 = 2 because 10° = 100. 


log, 100 = log 100 = 2 ya que 10° = 100. 
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common ratio (p.810) The constant ratio of consecutive See geometric sequence. 
terms of a geometric sequence. 


razón común (pág. 810) La razón constante entre los Ver progresión geométrica. 
términos consecutivos de una progresión geométrica. 


complement of a set (p.715) The complement of a set A, Let U be the set of all integers from 1 to 10 
written A, is the set of all elements in the universal set Uthat | and let A= {1, 2, 4, 8}. Then A = (3, 5, 6, 7, 9, 
are not in A. 10}. 

complemento de un conjunto (рар. 715) El complemento Sea U el conjunto de todos los números 

de un conjunto A, escrito A, es el conjunto de todos los enteros entre 1 y 10 y sea A = (1, 2, 4, 8}. Por 
elementos del conjunto universal U que по están en A. lo tanto, A = {3, 5, 6, 7, 9, 10}. 

completing the square (p. 284) The process of adding a To complete the square for x^ + 16x, add 


term to a quadratic expression of the form x^ + bx to make it 1612 $ 
(187 = 64:47 + 16x 64 = (x + 8)?. 


a perfect square trinomial. gg 


completar el cuadrado (pág. 284) El proceso de sumar un Para completar el cuadrado para x? + 16x, 


término a una expresión cuadrática de la forma x? + bx, de 
modo que sea un trinomio cuadrado perfecto. 


complex conjugates (p.276) Two complex numbers of the 
form a + bi and a — bi. 


: 2 + 4i, 2 — 4i 
números complejos conjugados (рар. 276) Dos números 
complejos de la forma a + bi y a — bi. 
complex fraction (p.584) A fraction that contains a fraction 
in its numerator or denominator. З 

х+4 1 
т т Ж p 

fracción compleja (pág. 584) Fracción que tiene una me Б + 7 


fracción en su numerador о en su denominador. 


complex number (р. 276) A number a + bi where a and b 


are real numbers and ¡is the imaginary unit. 
| : | 0, 2.5, V3,75,5i,2— i 
numero complejo (pág. 276) Un número a + bi, donde a y b 


son números reales e ¡es la unidad imaginaria. 


complex plane (p.278) A coordinate plane in which 
each point (a, b) represents a complex number a + bi. The 
horizontal axis is the real axis and the vertical axis is the 
imaginary axis. 


—Rimaginary | 
+ [imaginario | 


plano complejo (pág.278) Plano de coordenadas en el 

que cada punto (a, b) representa un número complejo 

а + bi. El eje horizontal es el eje real, y el eje vertical es el eje 
imaginario. 


composition of functions (p.430) The composition of a 
function g with a function fis h(x) = g(f(x)). fa) 25x-2, g(x) - Ax ! 


composición de funciones (pág. 430) La composición de g(f(x)) = g(5x-2) 24(5x-2) !- 
una función g con una función f es h(x) = g(f(x)). 
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5x — 2’ 


{ 12 
suma (=) = 64: x^ + 16x + 64 = (x + 8)”. 


2 
LEE 


compound event (p.707) The union or intersection of two 


events. 


suceso compuesto (pág. 707) La unión o la intersección de 


dos sucesos. 


compound inequality (p. 41) Two simple inequalities 
joined by “and” or “or.” 


desigualdad compuesta (pág. 41) Dos desigualdades 


di M рн |] 


simples unidas por "y" u “o”. 


conditional probability (p.718) The conditional probability 


of B given A, written P(B | A), is the probability that event B 
will occur given that event A has occurred. 


probabilidad condicional (pág. 718) La probabilidad 


condicional de В dado A, escrito P(B| A), es la probabilidad 
de que ocurra el suceso B dado que ha ocurrido el suceso A. 


conic (p.650) See conic section. 


cónica (pág. 650) Ver sección cónica. 


conic section (p.650) A curve formed by the intersection of 


a plane and a double-napped cone. Conic sections are also 
called conics. 


sección cónica (pág. 650) Una curva formada por la 
intersección de un plano y un cono doble. Las secciones 
cónicas también se llaman cónicas. 


conjugates (p.267) The expressions a + Vb and a — Vb 
where a and b are rational numbers. 


conjugados (pág. 267) Las expresiones a + Vb уа— Vb 
cuando a y bson números racionales. 


consistent system (p. 154) A system of equations that has at 


least one solution. 


sistema compatible (pág. 154) Sistema de ecuaciones que 
tiene al menos una solución. 


‚ See conic section. 


See circle, ellipse, hyperbola, and parabola. 


The conjugate of 7 + V2 is 7 — V2. 


When you roll a six-sided die, the event “rolla 
2 or an odd number” is a compound event. 


Cuando lanzas un cubo numerado de seis 


lados, el suceso “salir el 2 ó un número impar” 


es un suceso compuesto. 


2x>00rx+4<-—1 is a compound inequality. 


2х>0бх+ 4< —1 es una desigualdad 
compuesta. 


Two cards are randomly selected from a 
standard deck of 52 cards. Let event A be 
“the first card is a club” and let event B be 
“the second card is a club.” Then 


P(B| A) = ST = E because there are 12 (out of 


13) clubs left among the remaining 51 cards. 


Dos cartas se seleccionan al azar de una 
baraja normal de 52 cartas. Sea el suceso 


| A"la primera carta es de tréboles" y sea el 
suceso B “la segunda carta es de tréboles”. 


Entonces P(B | A) — 2 Б t ya que quedan 


12 (del total de 13) cartas de tréboles entre 
las 51 cartas restantes. 


Ver sección cónica. 


Ver círculo, elipse, hipérbola y parábola. 
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El conjugado de 7 + V2 es 7 — V2. 


y=2+3x 
бх + 2у = 4 


| The system above is consistent, with solution 


(0, 2). 


| El sistema de arriba es compatible, con la 
solución (0, 2). 
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constant of variation (pp. 107, 551, 553) The nonzero 
constant a in a direct variation equation y — ax, an inverse 
variation equation y = g, or a joint variation equation 

2 = аху. 

constante de variación (págs. 107, 551, 553) La constante 
distinta de cero a de una ecuación de variación directa 


y = ax, de una ecuación de variación inversa y = a o de una 
ecuación de variación conjunta 2 = аху. 


constant term (pp. 12, 337) A term that has a number part 
but no variable part. 


término constante (págs. 12, 337) Término que tiene una 
parte numérica pero sin variable. 


constraints (p.174) In linear programming, the linear 
inequalities that form a system. 


restricciones (pág. 174) En la programación lineal, las 
desigualdades lineales que forman un sistema. 


continuous function (p.80) A function whose graph is 
unbroken. 


función continua (рар. 80) Función que tiene una gráfica 
no interrumpida. 


control group (p.773) A group that does not undergo a 
procedure or treatment when an experiment is conducted. 
See also experimental group. 


grupo de control (pág. 773) Grupo que no se somete а 
ningún procedimiento o tratamiento durante la realización 
de un experimento. Ver también grupo experimental. 


correlation coefficient (p. 114) A measure, denoted by r 


where -1 € r € 1, of how well a line fits a set of data pairs (x, y). 


coeficiente de correlación (pág. 114) Medida denotada 
por г, donde -1 < г< 1, y que describe el ajuste de una recta 
aun conjunto de pares de datos (x, y). 


cosecant function (p.852) If 015 an acute angle of a right 
triangle, the cosecant of @is the length of the hypotenuse 
divided by the length of the side opposite 6. 


función cosecante (рар. 852) Si 8es un ángulo agudo de un 
triángulo rectángulo, la cosecante de Ө es la longitud de la 
hipotenusa dividida por la longitud del lado opuesto a 8. 
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In the direct variation equation у = ~ Эх, the 


constant of variation is – > 


m 


Еп la ecuación de variación directa у = – = 


la constante de variación es — > 


The constant term of the algebraic 
expression Зх? + 5x + (-7) is –7. 


El término constante de la expresión 


algebraica 3x? + 5x + (—7) es —7. 


See linear programming. 


Ver programación lineal. 


Any linear function, such as у = 2x + 4, isa 
continuous function. 


Cualquier función lineal, como y = 2x + 4, es 
una función continua. 


See experimental group. 


Ver grupo experimental. 


A data set that shows a strong positive 
correlation has a correlation coefficient of 
r= 1. See also positive correlation and 
negative correlation. 


Un conjunto de datos que muestra una 
correlación positiva fuerte tiene un 
coeficiente de correlación de r= 1. Ver 
también correlación positiva y correlación 
negativa. 


See sine function. 


Ver función seno. 


cosine function (p.852) If 015 an acute angle of a right 
triangle, the cosine of 0 is the length of the side adjacent to Ө 
divided by the length of the hypotenuse. 


función coseno (pág. 852) Si Ges un ángulo agudo de un 
triángulo rectángulo, el coseno de 0 es la longitud del lado 
adyacente a 0 dividida por la longitud de la hipotenusa. 


cotangent function (p.852) If 0is an acute angle of a right 
triangle, the cotangent of 015 the length of the side adjacent 
to 0 divided by the length of the side opposite 0. 


función cotangente (pág.852) Si Gesun ángulo agudo de un 
triángulo rectángulo, la cotangente de 0 es la longitud del lado 
adyacente a 0 dividida por la longitud del lado opuesto a 0. 


coterminal angles (p.860) Angles in standard position with 
terminal sides that coincide. 


ángulos coterminales (pág.860) Ángulos en posición 
normal cuyos lados terminales coinciden. 


co-vertices of an ellipse (p.634) The points of intersection 
of an ellipse and the line perpendicular to the major axis at 
the center. 


puntos extremos del eje menor de una elipse (pág. 634) 
Los puntos de intersección de una elipse y la recta 
perpendicular al eje mayor en el centro. 


Cramer's rule (р. 205) A method for solving a system of 
linear equations using determinants: For the linear system 
ах + by = е, сх + dy = f, let A be the coefficient matrix. If 
det А = 0, the solution of the system is as follows: 


e b a e 
NH lc f 
© detA'" detA 


regla de Cramer (pág. 205) Método para resolver un 
sistema de ecuaciones lineales usando determinantes: 
Para el sistema lineal ax + by = e, cx + dy = f, sea Ala 
matriz coeficiente. Si det A = 0, la solución del sistema es la 
siguiente: 


me a e 
[pal les 
LA 77 аел 


See sine function. 


Ver función seno. 


See sine function. 


Ver función seno. 


The angles with measures 500° and 140° are 
coterminal. 


Los ángulos que miden 500° y 140° son 
coterminales. 


m 

r- 

See ellipse. 2 
Y 

z 

uh 

Ver elipse. = 
= 

uh 

= 

2) 

pa 

9x+4y=-6 |9 4 |= -57 v4 

3x —5yz-21; 13 —5 > 
Applying Cramer's rule gives the following: “= 


Al aplicar la regla de Cramer se obtiene lo 
siguiente: 


E à 
-21 -5|_114__, 
—57 —57 
9 -6 
_|3 -21| _ -171 _ 
rs 25; ^3 


English-Spanish Glossary 1043 


> 
x 
« 
Wi 
Wi 
© 
аг 
е, 
L 
= 
= 
e 
a. 
n 
= 
2 
oul 
o 
= 
TT 


cross multiplying (p.589) A method for solving a simple 
rational equation for which each side of the equation is a 
single rational expression. 


multiplicar en cruz (pág.589) Método para resolver una 
ecuación racional simple en la que cada lado es una sola 
expresión racional. 


cycle (p.908) The shortest repeating portion of the graph of 
a periodic function. 


ciclo (pág. 908) En una función periódica, la parte más corta 
de la gráfica que se repite. 


decay factor (p.486) The quantity bin the exponential 
decay function у = ab“ with a > 0 and 0 < b < 1. 


factor de decrecimiento (pág.486) La cantidad b de la 
función de decrecimiento exponencial y = ab*, con a > 0 y 
0 «c b «1. 


degree of a polynomial function (p.337) The exponent 
in the term of a polynomial function where the variable is 
raised to the greatest power. 


grado de una función polinómica (pág.337) En una 
función polinómica, el exponente del término donde la 
variable se eleva ala mayor potencia. 


dependent events (p.718) Two events such that the 
occurrence of one event affects the occurrence of the other 
event. 


sucesos dependientes (pág.718) Dos sucesos tales que la 
ocurrencia de uno de ellos afecta a la ocurrencia del otro. 


dependent system (p. 154) A consistent system of equations 
that has infinitely many solutions. 


sistema dependiente (pág. 154) Sistema compatible de 
ecuaciones que tiene infinitas soluciones. 
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3 . 9 
To solve - +1" 443 05095 multiply. 
3 _ 3 
Para resolver 41 44 multiplica en 
cruz. 
3(Ax + 5) = 9(x + 1) 
12x + 15 = 9x +9 
Зх = —6 
x=-2 
See periodic function. 
Ver función periódica. 


Єв —— — — — — — 


The decay factor for the function y = 3(0.5)* 
is 0.5. 


El factor de decrecimiento de la función 
y = 3(0.5)* es 0.5. 


See polynomial function. 


Ver función polinómica. 


Two cards are drawn from a deck without 
replacement. The events "the first is a 3" and 
"the second is a 3" are dependent. 


Se sacan dos cartas de una baraja y no se 
reemplazan. Los sucesos "la primera es un 
3" y "la segunda es un 3" son dependientes. 


2х-у=3 
4х – 2у = 6 


Any ordered pair (x, 2x — 3) is a solution 
of the system above, so there are infinitely 
many solutions. 


Cualquier par ordenado (x, 2x — 3) es una 
solución del sistema que figura arriba, por lo 
que hay infinitas soluciones. 


dependent variable (p.74) The output variable in an 
equation in two variables. 


variable dependiente (pág.74) La variable de salida de una 
ecuación con dos variables. 


determinant (p.203) A real number associated with any 
square matrix A, denoted by det Aor |A|. 


determinante (pág. 203) Número real asociado a toda 
matriz cuadrada A, denotada por det Ao |A]. 


dimensions of a matrix (p. 187) The dimensions of a matrix 
with т rows and п columns are m X n. 


dimensiones de una matriz (pág. 187) Las dimensiones de 
una matriz con т filas y n columnas son т X n. 


direct variation (p. 107) Two variables x and y show direct 
variation provided that у = ax where а is a nonzero constant. 


variación directa (pág. 107) Dos variables x e yindican 
una variación directa siempre que y — ax, donde a es una 
constante distinta de cero. 


directrix of a parabola (p.620) See parabola. 
directriz de una parábola (pág. 620) Ver parábola. 


discrete function (p.80) A function whose graph consists of 


separate points. 


función discreta (pág.80) Función cuya gráfica consiste en 
puntos aislados. 


discriminant of a general second-degree equation 
(p.653) The expression B^ - 4AC for the equation 

Ах? + Bxy + Cy? + Dx + Ey + Е = 0. Used to identify which 
type of conic the equation represents. 


discriminante de una ecuación general de segundo 
grado (pág.653) La expresión В? — AAC para la ecuación 
Ах? + Bxy + Cy? + Dx + Ey + Е = 0. Se usa para identificar 
qué tipo de cónica representa la ecuación. 


For the equation 4x? + y? - 8x-8 = 0, 


See independent variable. 


Ver variable independiente. 


det [5 £l =5(1) -3(4) = -7 


det |^ b |= ad- ch 


A matrix with 2 rows and 3 columns has the 
dimensions 2 x 3 (read “2 by 3”). 


Una matriz con 2 filas y 3 columnas tiene por 


dimensiones 2 x 3 (leído “2 por 3”). 


The equation 5x + 2y = 0 represents direct 


variation because її is equivalent to the 


equation y = -3x. 


La ecuación 5x + 2y = 0 representa una 
variación directa ya que es equivalente a la 


ecuación y = -3x 


See parabola. 
Ver parábola. 


A=4,B=0,andC=1. 
В? - ДАС = 07 - 4(4)(1) = -16 


Because B? - 4AC < 0, B= 0, and A # C, the 
conic is an ellipse. 
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Para la ecuación 4x* + y^ —8x—8 = 0, 
A=4,B=0yC=1. 


B*-4AC=0*-4(9(1) = -16 


Debido a que B^ —4AC <0, B=0yA#C,la 
cónica es un elipse. 
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discriminant of a quadratic equation (p.294) The 
expression b^ - 4ac for the quadratic equation 

ах? + bx + c = 0; also the expression under the radical 
sign in the quadratic formula. 


discriminante de una ecuación cuadrática (pág.294) La 
expresión b’ – 4ac para la ecuación cuadrática 

ax? + bx + с = 0; es también la expresión situada bajo 

el signo radical de la fórmula cuadrática. 


disjoint events (p.707) Events A and B are disjoint if 
they have no outcomes in common; also called mutually 
exclusive events. 


sucesos disjuntos (pág.707) Los sucesos A y B son disjuntos 
si no tienen casos en comün; también se llaman sucesos 
mutuamente excluyentes. 


distance formula (p.614) The distance d between any two 


points (x,, y,) and (x, yj) isd = V(x, — х1)? + (у, — y. 


fórmula de la distancia (pág.614) La distancia d entre 
dos puntos cualesquiera (x, y,) y (X,, у„) es 
d= y Ge, — 0.) t= у)? | 


domain (p.72) The set of input values of a relation. 


dominio (pág. 72) El conjunto de los valores de entrada de 
una relación. 


eccentricity of a conic section (p.665) The eccentricity e 
of a hyperbola or an ellipse is © where cis the distance from 


each focus to the center and ais the distance from each 
vertex to the center. The eccentricity of a circle is e = 0. The 
eccentricity of a parabola is e = 1. 


excentricidad de una sección cónica (pág. 665) La 
excentricidad e de una hipérbola o de una elipse es > donde 


c es la distancia entre cada foco y el centro y a es la distancia 
entre cada vértice y el centro. La excentricidad de un círculo 
es e = 0. La excentricidad de una parábola ese = 1. 


element of a matrix (p. 187) Each number in a matrix. 


elemento de una matriz (pág. 187) Cada número de una 
matriz. 
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The value of the discriminant of 
24? — 3x – 7 = 018 b? — 4ас = 
(-3)* — 4(2)(-7) = 65. 


El valor del discriminante de 
2x? — 3x — 7 = 0 es P? — 4ас = 
(-3)? — 4(2)(—7) = 65. 


When you randomly select a card from а 
standard deck of 52 cards, selecting a club 
and selecting a heart are disjoint events. 


Al seleccionar al azar una carta de una 
baraja normal de 52 cartas, sacar una 
de tréboles y sacar una de corazones son 


sucesos disjuntos. 


The distance between (-3, 5) and (4, -1) is 
Va — (-3)? + (-1— 5)? = V49 + 36 = V85. 
La distancia entre (—3, 5) y (4, -1) es 

V(4 — (C3)? + (-1 — 5)? = V49 + 36 = V85. 


See relation. 


Ver relación. 


JE | 


x-4?,(y-2? _ 
For the ellipse =¿— LUE PES 1, 


с = V36 — 16 = 2V5, so the eccentricity is 
rs 


= С = 25 = У5 „0,245, 


а уз 
0 (a+? (у 2)? _ 

ана elipse 36. к= l, 

c= V36 — 16 = 2V5, por lo tanto la 
excentricidad es e = = = = = V5 - 0.745. 

vae 3 
See matrix. 
Ver matriz. 


element of a set (p.715) Each object in a set; also called a 
member of the set. 


elemento de un conjunto (pág.715) Cada objeto de un 
conjunto; también se llama miembro del conjunto. 


elimination method (p. 161) A method of solving a system 
of equations by multiplying equations by constants, then 
adding the revised equations to eliminate a variable. 


método de eliminación (pág. 161) Método para resolver un 
sistema de ecuaciones en el que se multiplican ecuaciones 
por constantes y se agregan luego las ecuaciones revisadas 
para eliminar una variable. 


ellipse (p. 634) The set of all points Pin a plane such that the 
sum of the distances between P and two fixed points, called 
the foci, is a constant. 


elipse (pág. 634) El conjunto de todos los puntos P de un 
plano tales que la suma de las distancias entre P y dos puntos 
fijos, llamados focos, es una constante. 


empty set (p.715) The set with no elements, denoted Ø. 


conjunto vacío (pág.715) El conjunto que no tiene 
elementos, indicado Ø. 


end behavior (p.339) The behavior of the graph of a 
function as x approaches positive infinity (+) or negative 
infinity (— о). 


comportamiento (pág.339) El comportamiento de la 
gráfica de una función al aproximarse x a infinito positivo 
(+æ) o ainfinito negativo (— х). 


The elements of the set A = {1, 2, 3, 4} are 1, 2, 
3, and 4, 


Los elementos del conjunto A = {1, 2, 3, 4} 
son 1,2, 3y 4. 


To use the elimination method to solve the 
system with equations 3x — 7y — 10 and 

бх — 8y = 8, multiply the first equation by -2 
and add the equations to eliminate x. 


Para usar el método de eliminación a fin de 
resolver el sistema con las ecuaciones 

Зх — 7y = 10 убх — 8y = 8, multiplica 

la primera ecuación por —2 y suma las 
ecuaciones para eliminar x. 


у! 
| co-vertex 
center puntos extremos 


centro 


major axis 


eje mayor А minor axis 
(0, — b) eje menor 
co-vertex constant 


puntos extremos | di + d» = constante 


The set of positive integers less than 0 is the 
empty set, Ө. 


El conjunto de los números enteros positivos 
menores que 0 es el conjunto vacío, Ø. 
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f(x) — +0 as x > — a oras x — +o, 


f(x) > +0 según x —^ —o o según x => +00, 


equal matrices (p.187) Matrices that have the same 
dimensions and equal elements in corresponding positions. 


matrices iguales (pág.187) Matrices que tienen las 
mismas dimensiones y elementos iguales en posiciones 
correspondientes. 
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equation (p. 18) A statement that two expressions are equal. 


ecuación (pág. 18) Enunciado que establece la igualdad de 
dos expresiones. 


equation in two variables (p.74) An equation that contains 
two variables. 


ecuación con dos variables (pág.74) Ecuación que tiene 
dos variables. 


equivalent equations (p.18) Equations that have the same 
solution(s). 


ecuaciones equivalentes (pág.18) Ecuaciones que tienen la 
misma solución o soluciones. 


equivalent expressions (р. 12) Two algebraic expressions 
that have the same value for all values of their variable(s). 


expresiones equivalentes (pág.12) Dos expresiones 
algebraicas que tienen el mismo valor para todos los valores 
de la variable o variables. 


equivalent inequalities (p.42) Inequalities that have the 
same solution. 


desigualdades equivalentes (pág.42) Desigualdades que 
tienen la misma solución. 


experimental group (p.773) A group that undergoes some 
procedure or treatment when an experiment is conducted. 
See also control group. 


grupo experimental (pág. 773) Grupo que se somete a 
algün procedimiento o tratamiento durante la realización de 
un experimento. Ver también grupo de control. 


experimental probability (p.700) A probability based on 
performing an experiment, conducting a survey, or looking 
at the history of an event. 


probabilidad experimental (pág. 700) Probabilidad basada 
en la realización de un experimento o una encuesta o en el 
estudio de la historia de un suceso. 
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20-3 = 7,242 = Ax 


у= 3х-5,4= -16 + 64 


x + 8 = Запа 4x = –20 are equivalent 
because both have the solution —5. 


x + 8 = 3 y 4x = —20 son equivalentes porque 
tienen ambas la solución —5. 


8x + 3x and 11x are equivalent expressions, 
as are 2(x — 3) and 2x — 6. 


8x + 3x y 11x son expresiones equivalentes, 
como también lo son 2(x — 3) y 2x — 6. 


Зп —1x8and n + 1.5 < 4.5 are equivalent 
inequalities because the solution of both 
inequalities is all numbers less than or equal 
to 3. 


Зп – 1<8уп + 1.5 < 4.5 son desigualdades 
equivalentes уа que la solución de ambas son 
todos los números menores o iguales a 3. 


One group of headache sufferers, the 
experimental group, is given pills 
containing medication. Another group, the 
control group, is given pills containing no 
medication. 


Un grupo de personas que sufren de dolores 
de cabeza, el grupo experimental, recibe 
píldoras que contienen el medicamento. 
Otro grupo, el grupo de control, recibe 
píldoras sin el medicamento. 


You roll a six-sided die 100 times and get 
a 4 nineteen times. The experimental 
probability of rolling a 4 with the die 


19 _ 
іѕ 100 = 0.19. 


Lanzas 100 veces un dado de seis caras y 
sale diecinueve veces el 4. La probabilidad 
experimental de que salga el 4 al lanzar el 


IN 23 
| dado es 100 0.19. 


explicit rule (р.827) A rule for a sequence that gives the nth 
term a, as a function of the term's position number n in the 
sequence. 


regla explícita (pág. 827) Regla de una progresión que 
expresa el término enésimo a, en función del número de 
posición n del término en la progresión. 


exponent (p.10) The number or variable that represents the 


number of times the base of a power is used as a factor. 


exponente (pág. 10) El número o la variable que representa 
la cantidad de veces que la base de una potencia se usa como 
factor. 


exponential decay function (p.486) If a» 0 andO <р < 1, 
then the function y = ab* is an exponential decay function 
with decay factor b. 


función de decrecimiento exponencial (pág. 486) Si a» 0 
у 0< Р< 1, entonces la función у = ab* es una función de 
decrecimiento exponencial con factor de decrecimiento b. 


exponential equation (p.515) An equation in which a 
variable expression occurs as an exponent. 


ecuación exponencial (pág. 515) Ecuación que tiene como 
exponente una expresión algebraica. 


exponential function (p.478) A function of the form 
y = ab^, where a+ 0, b» 0, and b 1. 


función exponencial (pág. 478) Función de la forma 
y = ab", аопдеа + 0, р>0ур 1. 


exponential growth function (p.478) If a» 0 and b» 1, 
then the function y = ab* is an exponential growth function 
with growth factor b. 


función de crecimiento exponencial (pág. 478) Sia>0 y 
b> 1, entonces la función y = ab* es una función de 
crecimiento exponencial con factor de crecimiento b. 


extraneous solution (p.52) An apparent solution that must 
be rejected because it does not satisfy the original equation. 


solución ехїгайа (pág.52) Solución aparente que debe 
rechazarse ya que no satisface la ecuación original. 


| exponential decay function. 


The rules a, = —11 + 4n and a, = 3(2)"^ І 
are explicit rules for sequences. 


Las reglas a, = —11 + 4n y a, = 3(2)"—' son 
reglas explicitas de progresiones. 


In the power 2°, the exponent is 5. 


En la potencia 2°, el exponente es 5. 


See exponential growth function and 


Ver función de crecimiento exponencial y 
función de decrecimiento exponencial. 
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Solving I2x 4 12| = 4x gives the apparent 
solutions x = 6 and x = —2. The apparent 
solution —2 is extraneous because it does not 
satisfy the original equation. 


Al resolver |2х + 12| = 4x se obtienen las 
soluciones aparentes x = 6 yx = —2. La 
solución aparente —2 es extraña ya no 
satisface la ecuación original. 
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factor by grouping (p.354) To factor a polynomial with four 
terms by grouping, factor common monomials from pairs of 
terms, and then look for a common binomial factor. 


factorizar por grupos (pág.354) Para factorizar por 

grupos un polinomio con cuatro términos, factoriza unos 
monomios comunes a partir de los pares de términos y luego 
busca un factor binómico comün. 


factored completely (p.353) A factorable polynomial with 
integer coefficients is factored completely if it is written 

as a product of unfactorable polynomials with integer 
coefficients. 


completamente factorizado (pág.353) Un polinomio 

que puede factorizarse y que tiene coeficientes enteros está 
completamente factorizado si está escrito como producto 
de polinomios que no pueden factorizarse y que tienen 
coeficientes enteros. 


factorial (p.684) For any positive integer n, the expression 
n!, read "n factorial," is the product of all the integers from 
] to п. Also, 0! is defined to be 1. 


factorial (pág. 684) Para cualquier número entero positivo 
n, la expresión n!, leída "factorial de п”, es el producto de 
todos los números enteros entre 1 y п. También, 0! se define 
como 1. 


feasible region (p. 174) In linear programming, the graph of 
the system of constraints. 


región factible (pág. 174) En la programación lineal, la 
gráfica del sistema de restricciones. 


finite differences (p.393) When the x-values in a data set 
are equally spaced, the differences of consecutive y-values 
are called finite differences. 


diferencias finitas (pág. 393) Cuando los valores de x de 
un conjunto de datos están a igual distancia entre sí, las 
diferencias entre los valores de y consecutivos se llaman 
diferencias finitas. 


foci of a hyperbola (p.642) See hyperbola. 
focos de una hipérbola (pág.642) Ver hipérbola. 


foci of an ellipse (p.634) See ellipse. 
focos de una elipse (pág.634) Ver elipse. 
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eB — 


x? — 3x? — 16x + 48 
= x" (x — 3) — 16(x — 3) 
= (x? — 16)(x – 3) 
= (x + 4)(x - 4)(x — 3) 


3x(x — 5) isfactored completely. 


(x + 2) (x? — 6x + 8) is not factored 
completely because x? — 6x + 8 can be 
factored as (x — 2)(x — 4). 


3x(x — 5) está completamente factorizado. 


(x + 2)(x* — 6x + 8) no está completamente 
factorizado ya que x^ — 6x + 8 puede 
factorizarse como (x — 2)(x — 4). 


6!=6.5.4.3.2.1=720 


See linear programming. 


Ver programación lineal. 
f(x) = x? 

f) f 0» f(3) fa) 
1 4 9 16 
Y X IN / 

4-1=3 9-4=5 16-9=7 


The first-order finite differences are 3, 5, and 7. 


Las diferencias finitas de primer orden son 


3,5y7. 


See hyperbola. 
Ver hipérbola. 


See ellipse. 
Ver elipse. 


focus of a parabola (р.620) See parabola. 


foco de una parábola (pág. 620) Ver parábola. 


formula (p.26) An equation that relates two or more 
quantities, usually represented by variables. 


fórmula (pág. 26) Ecuación que relaciona dos o más 
cantidades que generalmente se representan por variables. 


frequency of a periodic function (p. 910) The reciprocal 
ofthe period. Frequency is the number of cycles per unit of 
time. 


frecuencia de una función periódica (pág. 910) El 
recíproco del período. La frecuencia es el número de ciclos 
por unidad de tiempo. 


function (p.73) A relation for which each input has exactly 
one output. 


función (pág.73) Relación para la que cada entrada tiene 
exactamente una salida. 


function notation (p.75) Using f(x) (or a similar symbol 
such as g(x) or h(x)) to represent the dependent variable of a 
function. 


notación de función (pág.75) Usar f(x) (o un símbolo 
semejante como g(x) o h(x)) para representar la variable 
dependiente de una función. 


ЄВ = — == 


general second-degree equation in x and y (p.653) The 
form Ax? + Bxy + Cy? + Dx + Ey - F = 0. 


ecuación general de segundo grado en x e y (pág. 653) La 
forma Ax? + Bxy + Су? + Dx + Ey + F — 0. 


P = 2 sin 4000 7t has period 


The linear function y = mx + b can be 


See parabola. 
Ver parábola. 


The formula P = 2/ + 2wrelates the length 
and width of a rectangle to its perimeter. 


La fórmula P = 2/ + 2wrelaciona el largo y el 
ancho de un rectángulo con su perímetro. 


ZA 
40007 2000’ 
so its frequency is 2000 cycles per second 
(hertz) when f represents time in seconds. 


T i | | or: | 
Р = 2 sen 4000 zt tiene período 4000z miT 
por lo que su frecuencia es de 2000 ciclos por 
segundo (hertzios) cuando t representa el 


tiempo en segundos. 


The relation (-4, 6), (3, -9), and (7, -9) is 

a function. The relation (0, 3), (0, 6), and 

(10, 8) is not a function because the input 0 is 
mapped onto both 3 and 6. 


La relación (-4, 6), (3, -9) y (7, -9) es una 
función. La relación (0, 3), (0, 6) y (10, 8) no 
es una función ya que la entrada 0 se hace 
corresponder tanto con 3 como con 6. 


written using function notation as 
f(x) = mx + b. 


La función lineal y = mx + b escrita en 
notación de función es f(x) = mx + b. 


16x* - 9y* – 96x + 36y — 36 = 0 and 
4х? + y^ -8x-8 = 0 are second-degree 
equations in x and y. 


16x? - 9у? - 96x + 36y-36 = 0 y 
4х? + y^ - 8x - 8 = 0 son ecuaciones de 
segundo grado en x e y. 
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geometric probability (p.701) A probability found by 
calculating a ratio of two lengths, areas, or volumes. 


probabilidad geométrica (pág. 701) Probabilidad hallada al 
calcular una razón entre dos longitudes, áreas o volúmenes. 


geometric sequence (p. 810) A sequence in which the ratio 
of any term to the previous term is constant. 


progresión geométrica (pág. 810) Progresión en la que la 
razón entre cualquier término y el término precedente es 
constante. 


geometric series (p.812) The expression formed by adding 
the terms of a geometric sequence. 


serie geométrica (pág. 812) La expresión formada al sumar 
los términos de una progresión geométrica. 


graph of a linear inequality in two variables (p.132) The 
set of all points in a coordinate plane that represent solutions 
of the inequality. 


gráfica de una desigualdad lineal con dos variables 
(pág. 132) El conjunto de todos los puntos de un plano 
de coordenadas que representan las soluciones de la 
desigualdad. 


graph of a system of linear inequalities (p.168) The graph 
of all solutions of the system. 


gráfica de un sistema de desigualdades lineales (pág. 168) 
La gráfica de todas las soluciones del sistema. 


graph of an equation in two variables (p.74) The set of all 
points (x, y) that represent solutions of the equation. 


gráfica de una ecuación con dos variables (pág.74) El 
conjunto de todos los puntos (x, y) que representan 
soluciones de la ecuación. 
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14 


14 


The probability that a dart that hits the square 


= 2 
at random lands inside the circle is aj = 0.785. 


La probabilidad de que un dardo que da con el 
blanco cuadrado, dé al azar en el interior del 


m 
círculo es т - = 0.785. 
| 14 


—19, 38, —76, 152 is a geometric sequence 


with common ratio —2. 


—19, 38, —76, 152 es una progresión 
geométrica con una razón común de —2. 


5 
Y 4(3)'- ! 2 4 + 12 + 36 + 108 + 324 
i=l 


graph of system ——- 
gráfica del sistema Ay, 


graph of an inequality їп one variable (p.41) All points on 
a number line that represent solutions of the inequality. 


gráfica de una desigualdad con una variable (pág. 41) 
Todos los puntos de una recta numérica que representan 
soluciones de la desigualdad. 


growth factor (p.478) The quantity bin the exponential 
growth function y = ab‘ with a > 0 and b» 1. 


factor de crecimiento (pág.478) La cantidad b de la función 
de crecimiento exponencial y = ab*, cona» 0y b» 1. 


The growth factor for the function 
y = 8(3.4)* is 3.4. 


El factor de crecimiento de la función 
y = 8(3.4)* es 3.4. 


rH 


half-planes (p. 132) The two regions into which the 
boundary line of a linear inequality divides the coordinate 
plane. 


semiplanos (pag. 132) Las dos regiones en que la recta 
limite de una desigualdad lineal divide al plano de 
coordenadas. 


The solution of y < 3 is the half-plane 
consisting of all the points below the line 
y=3. 


La solución de y < 3 es el semi-plano que 
consta de todos los puntos que se encuentran 
debajo de la recta y = 3. 


hyperbola (рр. 558, 642) The set of all points Pin a plane 
such that the difference of the distances from P to two fixed 
points, called the foci, is constant. 


hipérbola (págs. 558, 642) El conjunto de todos los puntos P 
de un plano tales que la diferencia de distancias entre P y dos 
puntos fijos, llamados focos, es constante. 


au 


identity (p.12) A statement that equates two equivalent 
expressions. 


identidad (pág.12) Enunciado que hace iguales a dos 
expresiones equivalentes. 


identity matrix (p.210) The n X n matrix that has 1's on the 
main diagonal and 0's elsewhere. 


matriz identidad (pág.210) La matriz n X n que tiene los 
1 enla diagonal principal y los 0 en las otras posiciones. 


branches of hyperbola 
ramas de una hypérbola 


\ / 
center 
centro 
> PE (0, b) ^ yp 
vertex X d, vertex 
vértice Ж / | vértice -- 
(— c, 0) cls (c, 0) x u 
focus \ | focus X 
foco /! д \ 1 foco ^ 
lx VÍ к: 
РА (0,0). 2 
un 
/ N 

/ | \ u 
transverse axis e 
eje transverso — , _ g, = constant = 
2 "1l" constante Л 
Wi 
m 
Es 
€ 


8x + Зх = llxand 2(x - 3) = 2x — 6 are 
identities. 


8x + Зх = lilxy2(x — 3) = 2x — 6 son 


identidades. 


| 10 
The 2 x 2 identity matrix is : i | 


10 
La matriz identidad 2 x 2 es - | 
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imaginary number (р. 276) A complex number a + biwhere 
b + 0. 


número imaginario (pág. 276) Un número complejo a + bi, 
donde b + 0. 


imaginary unit i (p.275) i= V—1, so i? = —1. 
unidad imaginaria i (рар. 275) i = V—1, por lo que i? = —1. 


inconsistent system (p.154) A system of equations that has 
no solution. 


sistema incompatible (pag. 154) Sistema de ecuaciones que 
no tiene solución. 


independent events (p.717) Two events such that the 
occurrence of one event has no effect on the occurrence of 
the other event. 


sucesos independientes (pág. 717) Dos sucesos tales que la 
ocurrencia de uno de ellos no afecta a la ocurrencia del otro. 


independent system (p. 154) A consistent system that has 
exactly one solution. 


sistema independiente (pág. 154) Sistema compatible que 
tiene exactamente una solución. 


independent variable (p.74) The input variable in an 
equation in two variables. 


variable independiente (pág. 74) La variable de entrada de 
una ecuación con dos variables. 


index ofa radical (p. 414) The integer n, greater than 1, in 
the expression Va. 


índice de un radical (pág. 414) El número entero n, que es 
mayor que 1 y aparece en la expresión Va. 


initial side of an angle (p.859) See terminal side ofan 
angle. 


lado inicial de un ángulo (pág. 859) Ver lado terminal de un 
ángulo. 
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5i and 2 — ¡are imaginary numbers. 


5i y 2 — ¿son números imaginarios. 


V-3 =iV3 
x+y=4 
x+y=l1 


The system above has no solution because 
the sum of two numbers cannot be both 4 
and 1. 


El sistema de arriba no tiene ninguna 
solución porque la suma de dos números no 
puede ser 4 y 1. 


If a coin is tossed twice, the outcome of the 
first toss (heads or tails) and the outcome of 
the second toss are independent events. 


Al lanzar una moneda dos veces, el resultado 
del primer lanzamiento (cara o cruz) y el 
resultado del segundo lanzamiento son 
sucesos independientes. 


The system consisting of 4x + y = 8 and 
2x — Зу = 18 has exactly one solution, (3, —4). 


El sistema que consiste de 4x + y = 8 y 
2x — 3y = 18 tiene exactamente una solución, 
(3, —4). 


In y = 3x- 5, the independent variable is 
x. The dependent variable is y because the 
value of y depends on the value of x. 


En y = 3x- 5,lavariable independiente es x. 
La variable dependiente es y ya que el valor 


de y depende del valor de x. 


The index of $/—216 is 3. 


El índice de V —216 es 3. 


See standard position of an angle. 


Ver posición normal de un ángulo. 


intercept form of a quadratic function (р. 246) The form 
y = a(x — p)(x — q), where the x-intercepts of the graph аге p 
and q. 


forma de intercepto de una función cuadrática (pág. 246) 
La forma у = a(x — p)(x — q), donde los interceptos en x de la 
gráfica son ру 4. 


intersection of sets (p.715) The intersection of two sets A 


and B, written A ^ B, is the set of all elements in both A and B. 


intersección de conjuntos (pág.715) La intersección de 
dos conjuntos A y B, escrita А г B, es el conjunto de todos los 
elementos que están tanto en A como en B. 


inverse cosine function (p.875) If -1x as 1, then the 
inverse cosine of a is an angle 6, written Ө = cos ! a, where 
cos 0 = aand 0 < 6x п (or 0° < 0€ 180°). 


función inversa del coseno (pág. 875) Si-l<a<1, 
entonces el coseno inverso de a es un ángulo 6, escrito 
Ө = cos | a, donde cos 0 = a y 0 < 0x v (ó 0° < 0x 180°). 


inverse function (p.438) An inverse relation that is a 
function. Functions fand g are inverses provided that 
Д\е(х)) = x and g(f(x)) = x. 


función inversa (pág. 438) Relación inversa que es una 
función. Las funciones f y g son inversas siempre que 


fig) = xy gfw) = х. 


inverse matrices (p.210) Two n X n matrices are inverses 
of each other if their product (in both orders) is the n X n 
identity matrix. See also identity matrix. 


matrices inversas (pág.210) Dos matrices n X n son 
inversas entre sí si su producto (de ambos órdenes) es la 
matriz identidad п X n. Ver también matriz identidad. 


inverse relation (p.438) A relation that interchanges the 
input and output values of the original relation. The graph of 
an inverse relation is a reflection of the graph of the original 
relation, with y — x as the line of reflection. 


relación inversa (pág.438) Relación en la que se 
intercambian los valores de entrada y de salida de la relación 
original. La gráfica de una relación inversa es una reflexión 
de la gráfica de la relación original, con y = x como eje de 
reflexión. 


To find the inverse of y = 3x — 5, switch x 


The function у = 2(x + 3)(x — 1) isin 
intercept form. 


La función y = 2(x + 3)(x — 1) está en la forma 
de intercepto. 


If A = (1, 2, 4, 8} and B = (2, 4, 6, 8, 10}, then 


An B = {2,4,8}. 


Si A = 11,2, 4,8) y B = (2, 4, 6, 8, 10], entonces 
An B = {2,4,8}. 


When 0° < 6< 180°, the angle 0 whose cosine 


is 7 is 60°, so Ө = cos”! = 60° 
la 


- 11.7 
(or Ө = cos 7 3): 


Cuando 0° x 0 < 180", el ángulo 0 cuyo coseno 


1 


e 
55 


es de 60°, por lo que 0 = cos”? 5 = 60° 


| (60— cos 15 = а. 


fly) =х+5;р(х)=х—5 
fig) = (5-5) +5 = х 
g(f(x)) = (8+5) - 5 = х 
So, fand gare inverse functions. 


Entonces, fy gson funciones inversas. 
ih 8 IER 8 
2 -3 2:5 
3 8||-5 8 10 
salla walle 
1 


ВАТ 


because 
ya que 


and 


| 


and y to obtain x — 3y — 5. Then solve for y 


to obtain the inverse relation y — ix + >. 


Para hallar la inversa de y = 3x — 5, 
intercambia хе y para obtener x = 3y — 5. 
Luego resuelve para y para obtener la 

5 


relación inversa y = x E 
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inverse sine function (p.875) If —1 <a< 1, then the inverse 
sine of ais an angle 6, written Ө = sin ! a, where sin Ө = a 


and „Ёё 055 (or —90? < 0 € 90°). 


función inversa del seno (pág. 875) Si -1x ax 1, entonces 


el seno inverso de a es un ángulo 9, escrito 0 = sen? a, 


donde sen 9 = ay E x5 (6 —90°< 8x 90°). 


inverse tangent function (p.875) If ais any real number, 
then the inverse tangent of a is an angle 6, written 


Ө = tan ? a, where tan 0 = аапі-2< 9<> (ог —90°< 6 < 90°). 


función inversa de la tangente (рар. 875) Si aes un 
número real cualquiera, entonces la tangente inversa de a 


es un ángulo Ө, escrito 0 = tan ! a, donde tan 0 = a y -5 << 5 
(6 —90? < 0 < 90°). 


inverse variation (p.551) The relationship of two variables 
x and y if there is a nonzero number a such that у = A 
variación inversa (pág. 551) La relación entre dos variables 
xe y si hay un número a distinto de cero tal que y = ч, 


iteration (p.830) The repeated composition of a function 
with itself. The result of one iteration is f(f(x)), and of two 
iterations is f(f(f(x))). 


iteración (pág.830) La composición repetida de una función 
usando la función misma. El resultado de una iteración es 
fF), y el de dos iteraciones es f(f(fG)). 


joint variation (p.553) A relationship that occurs when 
a quantity varies directly with the product of two or more 
other quantities. 


variación conjunta (pág.553) Relación producida cuando 
una cantidad varía directamente con el producto de dos o 
más otras cantidades. 
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When -90° x 8€ 90", the angle 6 whose sine 


is; is 30°, so Ө = sin”! 5 = 30° 
-anil n A 
(or 8 = sin 2= 6) 


Cuando -90* x 6< 90°, el ángulo 0 cuyo seno 


es 5 es de 30°, por lo que Ө = sen”? 5 = 30° 
= —11.. 7 
(ó 0 = sen = "E 


When -90° < 8 « 90°, the angle 0 whose 
tangent is — V3 is —60°, so 

Ө = tan"! (- V3) = –60° 

(or 9= tan"! (- V3) = —2). 


Cuando -90° < 0 < 90°, el ángulo Ө cuya 
tangente es — УЗ es de —60°, por lo que 
Ө = tan ! (- V3) = —60° 

(ó 6— tan"! (- V3) = —2). 


The equations xy = 7 and y = T represent 
inverse variation. _ 


Las еспасїопевху=7еу= 3 
variación inversa. 


representan la 


Дх) = -3x + 1;x) =2 
x, = f(x) =f) = -3(2) + 1=-5 
x, = f(x,) = f(-5) = -3(-5) + 1 = 16 
x, = f(x,) = f(16) = -3(16) + 1 = -47 


FR 


The equation z = 5xy represents joint 
variation. 


La ecuación z = 5xy representa la variación 
conjunta. 


law of cosines (p.889) If AABC has sides B 
of length a, b, and c as shown, then а? = b” + 
c^ — 2bc cos A, D^ = a? + с? — 2ас cos B, 
and c? = а? + Б? — 2ab cos С. 


ley de los cosenos (pág. 889) Si AABC 
tiene lados de longitud a, b y c como se 
indica, entonces a? = b? + c? — 2bc cos A, 
b? = а? + с? – 2accos Вус? = а? + b^ — 
2ab cos C. 


law of sines (р. 882) If AABC has sides of B 
length a, b, and c as shown, then 


ley de los senos (pág. 882) Si AABCtiene 
lados de longitud a, b y c como se indica, entonces 


leading coefficient (p.337) The coefficient in the term of a 
polynomial function that has the greatest exponent. 


coeficiente inicial (pág. 337) En una función polinómica, el 
coeficiente del término con el mayor exponente. 


like radicals (p.422) Radical expressions with the same 
index and radicand. 


radicales semejantes (pág.422) Expresiones radicales con 
el mismo índice y el mismo radicando. 


like terms (p. 12) Terms that have the same variable parts. 
Constant terms are also like terms. 


términos semejantes (pág. 12) Términos que tienen las 
mismas variables. Los términos constantes también son 
términos semejantes. 


linear equation in one variable (p.18) An equation that 
can be written in the form ax + b = 0 where a and b are 
constants and a = 0. 


ecuación lineal con una variable (pág. 18) Ecuación que 
puede escribirse en la forma ax + b = 0, donde a y b son 
constantes y a = 0. 


V10 and 71/10 are like radicals. 


р? = а? + с? — 2accos B 
b^ = 11? + 14? — 2(11)(14) cos 34? 
b* = 61.7 

b=7.85 


A с В 


singe = Sin 107° _, ..~ 339 


к о o 
- 25° — Sen 107° .~ 33.9 


See polynomial function. 


Ver función polinómica. 


Y 10 y 7/10 son radicales semejantes. 


In the algebraic expression 

5x* + (-3x) + 7 + Ax + (-2), 
—3x and 4x are like terms, and 7 and —2 are 
like terms. 


En la expresión algebraica 

5x” + (-3x) + 7 + Ax + (-2), 
—3x y 4x son términos semejantes, y 7 у —2 
también lo son. 
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The equation ax + 8 = 0 is a linear equation 


in one variable. 


La ecuación ax + 8 = 0 es una ecuación 


lineal con una variable. 
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linear equation in three variables (p.178) An equation of 
the form ax + by + cz = d where a, b, and c are not all zero. 


ecuación lineal con tres variables (pág.178) Ecuación de la 
forma ax + by + cz = d, donde a, b y c no son todos cero. 


linear function (p.75) A function that can be written in the 
form y = mx + b where m and b are constants. 


función lineal (pág.75) Función que puede escribirse en la 
forma y = mx + b, donde m y b son constantes. 


linear inequality in one variable (p.41) An inequality that 
can be written in one of the following forms, where a and b 
are real numbers and a + 0: 

ax + b«0,ax + b<0, ax + b>0, огах + b20. 


desigualdad lineal con una variable (pág. 41) Desigualdad 
que puede escribirse de una de las siguientes formas, donde 
a y b son números reales y a + 0: 

ax+b<0,ax+ b<0,ax+ b>06ax+b>0. 


linear inequality in two variables (p. 132) An inequality 
that can be written in one of the following forms: 
Ах + By < C, Ах + By <C, Ах + By» C, or Ax + Ву> С. 


desigualdad lineal con dos variables (pág. 132) 
Desigualdad que puede escribirse de una de las siguientes 
formas: 

Ax + By« C, Ax + Bys С, Ax + By» Co Ax + Ву> С. 


linear programming (р. 174) The process of maximizing or 
minimizing a linear objective function subject to a system 
of linear inequalities called constraints. The graph of the 
system of constraints is called the feasible region. 


programacion lineal (pag. 174) El proceso de maximizar o 
minimizar una función objetivo lineal sujeta a un sistema de 
desigualdades lineales llamadas restricciones. La gráfica del 
sistema de restricciones se llama región factible. 
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The function y = 


2x + y — z= 5 İs a linear equation in three 
variables. 


2x + у – 2 = 5 es una ecuación lineal con tres 
variables. 


-2x-lisalinear function 
with m = -2 and b = -1. 


La función y = -2x - 1 es una función lineal 
con m =-2 y b=- 


5x + 2>0 is a linear inequality in one 
variable. 


5x + 2>0 es una desigualdad lineal con una 
variable. 


5х- 2у > —4 is a linear inequality in two 


variables. 


5х- 2y >-4 es una desigualdad lineal con dos 
variables. 


To maximize the objective function Р = 35x + 30у 
subject to the constraints х2 4, y>0, and 

5x + 4y x 40, evaluate Pat each vertex. The 
maximum value of 290 occurs at (4, 5). 


Para maximizar la función ohjetivo P = 35x + 30у 
sujeta а las restricciones x24, y>0y 5x  4y x 40, 


evalúa Pen cada vértice. El valor máximo de 290 
ocurre en (4, 5). 


local maximum (p.388) The y-coordinate of a turning point 
of a function if the point is higher than all nearby points. 


máximo local (pág. 388) La coordenada y de un punto 
crítico de una función si el punto está situado más alto que 
todos los puntos cercanos. 


local minimum (p.388) The y-coordinate of a turning point 
of a function if the point is lower than all nearby points. 


mínimo local (pág. 388) La coordenada y de un punto crítico 
de una función si el punto está situado más bajo que todos 
los puntos cercanos. 


logarithm of y with base b (р. 499) Let b and y be positive 
numbers with b + 1. The logarithm of y with base b, denoted 
log, y and read "log base b of y," is defined as follows: 

log, y = xif and only if b* = y. 


logaritmo de y con base b (pág. 499) Sean b e y números 
positivos, con b + 1. El logaritmo de y con base b, denotado 
por log, y y leído “log base Р de y”, se define de esta manera: 
log, y = x si y sólo si b* = y. 


logarithmic equation (p.517) An equation that involves a 
logarithm of a variable expression. 


ecuación logarítmica (pág. 517) Ecuación en la que aparece 
el logaritmo de una expresión algebraica. 


єз — — — — — — — — ———— ———————— 


major axis of an ellipse (p.634) The line segment joining 
the vertices of an ellipse. 


eje mayor de una elipse (pág.634) El segmento de recta 
que une los vértices de una elipse. 


| | 
Мах1тит Мах1то 
x=0 Y=6 


The function f(x) = x? — 3x? + 6 has a local 
maximum of y = 6 when x = 0. 


La función f(x) = x? — 3x? + 6 tiene un máximo 


local de y = 6 cuando x = 0, 


ESSEN 
| | 


Minimum Minimo 
L X=-.56971 A 


The function fix) = х*— 6x? + 3x? + 10x — 3 has a 


local minimum of y = —6.51 when x = —0.57. 


La función f(x) = x* — 6x? + 3x? + 10x — 3tiene un 


mínimo local de y = —6.51 cuando x = —0.57. 


log, 8 — 3 because 2? — 8. 


log,,, 4 = —1 because ПЕ = 4. 


log, 8 = 3 ya que 2° = 8. 


log,,,4 = —1ya que(1) ' =4, 


log, (4x — 7) = log, (x + 5) is a logarithmic 


equation. 


log. (4x — 7) = log; (x + 5) es una ecuación 
logarítmica. 


See ellipse. 


Ver elipse. 
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margin of error (р. 768) The margin of error gives a limit 
on how much the response of a sample would be expected to 
differ from the response of the population. 


margen de error (pág. 768) El margen de error indica un 
límite acerca de cuánto se prevé que diferirían las respuestas 
obtenidas en una muestra de las obtenidas en la población. 


matrix, matrices (p.187) A rectangular arrangement of 
numbers in rows and columns. Each number in a matrix is 
an element. 


matriz, matrices (pág. 187) Disposición rectangular de 
números colocados en filas y columnas. Cada numero de la 
matriz es un elemento. 


matrix of constants (p.212) The matrix of constants of the 


linear system ax + by = e, cx + dy = f is f 


F 
matriz de constantes (pág. 212) La matriz de constantes del 


sistema lineal ax + by = e, cx + dy = f es A 


f 


matrix of variables (p.212) The matrix of variables of the 


linear system ax + ру = e, cx + dy = f is И 
matriz de variables (pág. 212) La matriz de variables del 


sistema lineal ax + by = e, cx + dy=f es y 


maximum value of a quadratic function (p.238) The 
y-coordinate of the vertex for у = ах? + bx + cwhena<0. 


valor máximo de una función cuadrática (pág. 238) La 
coordenada y del vértice para y = ax? + bx + ccuando a « 0. 


mean (p.744) For the data set x}, x,,.. 
Х| FX +... FX, 
————„————.А!1во called average. 


media (pág. 744) Para el conjunto de datos x,, x,,... 
XFX +... +X, o ‚ 
— ——,4 —- También se llama promedio. 


25 nm the mean is 
т = 
‚Хх la 


media esx = 
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If 40% of the people in a poll prefer 
candidate A, and the margin of error is 
+4%, then it is expected that between 36% 
and 44% of the entire population prefer 
candidate A. 


Si el 40% de los encuestados prefiere al 
candidato A y el margen de error es +4%, 
entonces se prevé que entre el 36% y el 44% 
de la población total prefiere al candidato A. 


056 3 


Matrix A has 2 rows and 3 columns. The 
element in the second row and first column 
is 0. 


4-15 
a=] 


La matriz A tiene 2 filas y 3 columnas. El 
elemento en la segunda fila y en la primera 
columna es 0. 


See coefficient matrix. 


Ver matriz coeficiente. 


See coefficient matrix. 


Ver matriz coeficiente. 


HPHH 


y= kt 1] 


The maximum value of y= —x? + 2x — 1is 0. 


El valor máximo de у= —x? + 2x — 1es 0. 


See measure of central tendency. 


Ver medida de tendencia central. 


measure of central tendency (р.744) A number used to 
represent the center or middle of a set of data values. Mean, 
median, and mode are three measures of central tendency. 


medida de tendencia central (pág. 744) Número usado 
para representar el centro o la posición central de un 


conjunto de valores de datos. La media, la mediana y la moda 


son tres medidas de tendencia central. 


measure of dispersion (p.745) A statistic that tells you 
how dispersed, or spread out, data values are. Range and 
standard deviation are measures of dispersion. 


medida de dispersion (pág. 745) Estadística que te indica 
cómo se dispersan, o distribuyen, los valores de datos. El 
rango y la desviación típica son medidas de dispersión. 


median (p.744) The median of n numbers is the middle 
number when the numbers are written in numerical order. 
If n is even, the median is the mean of the two middle 
numbers. 


mediana (pág. 744) La mediana de n números es el número 
central cuando los números se escriben en orden numérico. 
Si n es par, la mediana es la media de los dos números 
centrales. 


midpoint formula (p.615) The midpoint M of the line 
Xp tX, уу, 

2 * 2 
fórmula del punto medio (pág. 615) El punto medio M del 
segmento de recta que une A(x,, y,) y B(x,, y,) es 


Ma Vt Vs 
2 " D F 


segment joining A(x, y,) and B(x,, y.) is MÍ 


minimum value of a quadratic function (p.238) The 
y-coordinate of the vertex for y = ах? + bx + cwhen a>0. 


valor mínimo de una función cuadrática (pág. 238) La 
coordenada y del vértice para y = ax* + bx + ccuando а> 0. 


minor axis of an ellipse (p.634) The line segment joining 
the co-vertices of an ellipse. 


eje menor de una elipse (pág. 634) El segmento de recta 
que une los puntos extremos de una elipse. 


The midpoint of the line segment joining 


14, 17, 18, 19, 20, 24, 24, 30, 32 


The median is the middle number, 20. 

The mode is 24 because 24 occurs the most 
frequently. 

Lxmojiuos E DA n Pane ЭЁ „ 198 = 22. 


La mediana es el número central, 20. 
La moda es 24 ya que 24 ocurre más veces. 


See range and standard deviation. 


Ver rango y desviación típica. 


See measure of central tendency. 


Ver medida de tendencia central. 


(-2, 3) and (8, 6) is Е A = (3,2). 


El punto medio del segmento de recta que 


une (-2, 3) y (8, 6) es (—2 48 378) - (3 2), 


2 
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The minimum value of y = х2 — 6x + 5 is —4. 


El valor mínimo de y = x? — 6x + 5 es —4. 
See ellipse. 


Ver elipse. 
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mode (p.744) The mode of п numbers is the number or See measure of central tendency. 
numbers that occur most frequently. 


moda (pág. 744) La moda de n números es el número o Ver medida de tendencia central. 
números que ocurren más veces. 


monomial (p.252) An expression that is either a number, 6, 0.2x, Lab, and —5.7n^ are monomials. 
a variable, or the product of a number and one or more 
variables with whole number exponents. 


monomio (pág. 252) Expresión que es un número, una 6, 0.2x, lab y-5.7n* son monomios. 
variable o el producto de un número y una o más variables 
con exponentes naturales. 


mutually exclusive events (p.707) See disjoint events. See disjoint events. 
sucesos mutuamente excluyentes (pág. 707) Ver sucesos Ver sucesos disjuntos. 
disjuntos. 

natural base e (p. 492) An irrational number defined as See natural logarithm. 


follows: As n approaches +00, (1 + ay approaches 
e = 2.718281828. | 


base natural e (pág. 492) Nümero irracional definido de Ver logaritmo natural. 


esta manera: Al aproximarse na +, 1 + i| se aproxima a 
e = 2.718281828. 


natural logarithm (p.500) A logarithm with base e. It can In 0.3 = —1.204 because 
be denoted log,, but is more often denoted by In. e 1.204 - (2.7183) 1-794... 0.3. 


logaritmo natural (pág. 500) Logaritmo con base e. Puede In 0.3 = —1.204 ya que 
denotarse log,, pero es más frecuente que se denote In. e 1-404 „ (2.7183) 20,3, 


negative correlation (p. 113) The paired data (x, y) havea 
negative correlation if y tends to decrease as x increases. 


correlación negativa (pág. 113) Los pares de datos (x, y) 
presentan una correlación negativa si y tiende a disminuir al 
aumentar x. 
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normal curve (p.757) A smooth, symmetrical, bell-shaped See normal distribution. 
curve that can model normal distributions and approximate 
some binomial distributions. 


curva normal (pág. 757) Curva lisa, simétrica y con forma Ver distribución normal. 
de campana que puede representar distribuciones normales 
y aproximar a algunas distribuciones binomiales. 
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normal distribution (p.757) A probability distribution with 
mean x and standard deviation o modeled by a bell-shaped 
curve with the area properties shown at the right. 


distribución normal (pag. 757) Una distribución 

de probabilidad con media x y desviación normal o 
representada por una curva en forma de campana y que 
tiene las propiedades vistas a la derecha. 


nth root of a (p. 414) For an integer п greater than 1, if 
b" = a, then bis an nth root of a. Written as Va. 


raíz enésima de a (pág. 414) Para un número entero n 
mayor que 1, si Р? = a, entonces b es una raíz enésima de a. 
Se escribe Va. 


numerical expression (p.10) An expression that consists of 
numbers, operations, and grouping symbols. 


expresión numérica (pág. 10) Expresión formada por 
números, operaciones y signos de agrupación. 


EET — 
ap Y ,9 * „© qÔ af 
4^ 4 + + 4 q 


V —216 = —6 because (—6)? = -216. 


V-216 = —6 ya que (-6)? = –216. 


—4(-3)? — 6(-3) + 11 is a numerical 
expression. 


—4(—3)? — 6(—3) + 11 es una expresión 
numérica. 


o 


objective function (р. 174) In linear programming, the 
linear function that is maximized or minimized. 


función objetivo (pág. 174) En la programación lineal, la 
función lineal que se maximiza o minimiza. 


odds against (p. 699) When all outcomes are equally likely, 


Odds against | Number of outcomes not in А 
event A Number of outcomes in A 


probabilidad en contra (pág. 699) Cuando todos los casos 
son igualmente posibles, 


Probabilidad en contra _ Número de casos no del A 
del suceso A Número de casos del A 


odds in favor (p.699) When all outcomes are equally likely, 


Oddsin favor _ _ Number of outcomes in А 
of event A Number of outcomes not in A ` 


probabilidad a favor (pág. 699) Cuando todos los casos son 


igualmente posibles, 
Probabilidad a favor. _ Número de casos del А 
del suceso A Número de casos no del A ` 


Seelinear programming. 


Ver programación lineal. 


The odds against rolling a 4 using a 
standard six-sided die are >, or 5:1, because 


5 outcomes correspond to not rolling a 4 and 
only 1 outcome corresponds to rolling a 4. 


La probabilidad en contra de sacar el 4 al 
lanzar un dado normal de seis caras es >, ó 


5:1, ya que 5 casos corresponden a un 
número que no sea el 4 y sólo 1 caso 
corresponde al 4. 
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The odds in favor of rolling a 4 using a 
standard six-sided die are 1, ог1:5, because 
only 1 outcome corresponds to rolling a 4 
and 5 outcomes correspond to not rolling a 4. 


La probabilidad a favor de sacar el 4 al lanzar 


un dado normal de seis caras es > 61:5,ya 


| que sólo 1 caso corresponde al 4 y 5 casos 


corresponden a un número que no sea el 4. 
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opposite (p.4) The opposite, or additive inverse, of any 
number bis —b. 


opuesto (pág. 4) El opuesto, o inverso aditivo, de cualquier 
número b es —b. 


ordered triple (р. 178) A set of three numbers of the form 
(x, y, z) that represents a point in space. 


terna ordenada (pág. 178) Un conjunto de tres números de 
la forma (x, y, z) que representa un punto en el espacio. 


outlier (p.746) A value that is much greater than or much 
less than most of the other values in a data set. 


valor extremo (pág. 746) Valor que es mucho mayor o 
mucho menor que la mayoría de los otros valores de un 
conjunto de datos. 


parabola (pp. 236, 620) The set of all points equidistant from 
a point called the focus and a line called the directrix. The 
graph of a quadratic function у = ах? + bx + cis a parabola. 


parábola (págs. 236,620) El conjunto de todos los puntos 
equidistantes de un punto, llamado foco, y de una recta, 
llamada directriz. La gráfica de una función cuadrática 

y = ах? + bx + ces una parábola. 


parallel lines (p. 84) Two lines in the same plane that do not 
intersect. 


rectas paralelas (pág. 84) Dos rectas del mismo plano que 
no se cortan. 


parent function (p.89) The most basic function in a family 
of functions. 


función básica (pág. 89) La función más fundamental de 
una familia de funciones. 


partial sum (p.820) The sum S, of the first n terms of an 
infinite series. 


suma parcial (pág. 820) La suma S, de los п primeros 
términos de una serie infinita. 
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6.2 and —6.2 are opposites. 


6.2 y —6.2 son opuestos. 


The ordered triple (2, 1, —3) is a solution of 


the equation 4x + 2y + З2 = 1. 


La terna ordenada (2, 1, —3) es una solución 


de la ecuación 4x + 2y + 3z = 1. 


3 is an outlier in the data set 3, 11, 12, 13, 13, 
14, 15, 15, 15, 15, 17. 


3 es un valor extremo del conjunto de datos 
3, 11, 12, 13, 13, 14, 15, 15, 15, 15, 17. 


a — ааа 


axis of symmetry 
eje de simetria 


focus 
foco 


vertex 7 


vertice 


directrix 
directriz 


The parent function for the family of all 
linear functions is y = x. 


La función básica de la familia de todas las 
funciones lineales es y = x. 


Felis A 1 1 
The series above has the partial sums 


S, = 0.5, S, = 0.75, S, = 0.88, S, =0.94,.... 


La serie de arriba tiene las sumas parciales 
$, = 0.5, $, = 0.75, S, = 0.88, 5, = 0.94,... . 


Pascal's triangle (p.692) An arrangement of the values of ¿Es 
,C,in a triangular pattern in which each row corresponds to 


a value of n. 1Со 16 
triángulo de Pascal (pág. 692) Disposición de los valores de 2% 24 26 
,C, en un patrón triangular en el que cada fila corresponde a JUS gf абу ¿E 
un valor de n. 
4Со 4Cr 4C2 абз аба 
5Со 51 562 5 5С 565 
period (р. 908) The horizontal length of each cycle of a See periodic function. 
periodic function. 
período (pág. 908) La longitud horizontal de cada ciclo de Ver función periódica. 


una función periódica. 


periodic function (p.908) A function whose graph has a 
repeating pattern. 


función periódica (pág. 908) Función cuya gráfica tiene un 
patrón que se repite. 


period: т 
período: тт 


The graph shows 3 cycles of y = tan x, a periodic 
function with a period of zr. 


La gráfica muestra 3 ciclos de y — tan x, función 
periódica con período v. 


permutation (p.684) An ordering of objects. The number of | There are 6 permutations of the n = 3 letters 


permutations of г objects taken from a group of п distinct A, B, and C taken r = 3 ata time: ABC, ACB, 
objects is denoted , P, where „Р, = zs. BAC, BCA, CAB, and CBA. 

| (n — r)! 
permutación (pág. 684) Ordenación de objetos. El número Hay 6 permutaciones de las letras n — 3 A, B 
de permutaciones de r objetos tomados de un grupo de yCtomadas r — 3 cada vez: ABC, ACB, BAC, 
n objetos diferenciados se indica ,P, , donde „P, = T n zu аы 


perpendicular lines (p.84) Two lines in the same plane that 
intersect to form a right angle. 
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rectas perpendiculares (pág. 84) Dos rectas del mismo 
plano que al cortarse forman un ángulo recto. 


piecewise function (p.130) A function defined by at least 
two equations, each of which applies to a different part of the 


function's domain. 3x—1,ifx<1 | 3x—l, six<] 
= 0, ifx=1 = 0, six=1 
función definida а trozos (pag. 130) Función definida por Bu) —x+4, ifx>1 500) la x+4, six>1 


al menos dos ecuaciones, cada una de las cuales se aplica a 
una parte diferente del dominio de la función. 
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point-slope form (p.98) An equation of a line written in 
the form y- y, = m(x—x,) where the line passes through the 
point (x,, y,) and has a slope of m. 


forma punto-pendiente (pág. 98) Ecuación de una recta 
escrita en la forma у-у, = m(x — x,), donde la recta pasa por 
el punto (x,, y,) y tiene pendiente т. 


polynomial (p. 337) A monomial or a sum of monomials, 
each of which is called a term of the polynomial. See also 
monomial. 


polinomio (pág. 337) Monomio o suma de monomios, 
cada uno de los cuales se llama término del polinomio. Ver 
también monomio. 


polynomial function (p.337) A function of the form 

Дх) =a "+a,_ x"! +: + ax +a where a, +0, the 
exponents are all whole numbers, and the coefficients are all 
real numbers. 


función polinómica (pág. 337) Función de la forma 

fix) = a,x" + a_x"! +-+ + ax + a, donde a, +0, los 
exponentes son todos números enteros y los coeficientes son 
todos números reales. 


polynomial long division (p. 362) A method used to divide 
polynomials similar to the way you divide numbers. 


división desarrollada polinómica (pág. 362) Método 
utilizado para dividir polinomios semejante a la manera en 
que divides números. 


population (p.766) A group of people or objects that you 
want information about. 


población (pág. 766) Grupo de personas u objetos acerca del 
cual deseas informarte. 
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The equation y + 2 = -4(x- 5) is in point- 
slope form. 


La ecuación y + 2 = -4(x—5) está en la forma 
punto-pendiente. 


14, х* — 2x? + 3, and 7b — V3 + ab? 
are polynomials. 


—14, x* — 242 + 3у7р – ҮЗ + ab? son 


polinomios. 


f(x) = 11x? — 0.4x? + 16x — 7 is a polynomial 
function. The degree of f(x) is 5, the leading 
coefficient is 11, and the constant term is —7. 


f(x) = 11x? – 0.4x* + 16x — 7 es una 
función polinómica. El grado de f(x) es 
5, el coeficiente inicial es 11 y el término 
constante es —7. 


x^-- 7x4 7 
x—2)84+ 50- 7x4 2 
e – 2x* 

7х^ — 7x 
7х? — 14x 

7X - 2 

7х —14 

16 


ХЗ + 502 -T+ 2 7,47. 16 
X-— 


x—2 2 


A sportswriter randomly selects 5% of 
college baseball coaches for a survey. The 
population is all college baseball coaches. 
The 5% of coaches selected is the sample. 


Un periodista deportiva selecciona al azar 
al 576 de los entrenadores universitarios de 
béisbol para que participe en una encuesta. 
La población son todos los entrenadores 
universitarios de béisbol. El 5% de los 
entrenadores que resultó seleccionado es la 
muestra. 


positive correlation (р. 113) The paired data (x, y) have a 
positive correlation if y tends to increase as x increases. 


correlacion positiva (pág. 113) Los pares de datos (x, y) 
presentan una correlación positiva si y tiende a aumentar al 
aumentar x. 


power (p.10) An expression that represents repeated 
multiplication of the same factor. 


potencia (pág. 10) Expresión que representa la 
multiplicación repetida del mismo factor. 


power function (p.428) A function of the form у = ax”, 
where ais a real number and bis a rational number. 


función potencial (pág. 428) Función de la forma у = ax’, 
donde a es un número real y bes un número racional. 


probability distribution (p.724) A function that gives the 
probability of each possible value of a random variable. The 
sum of all the probabilities in a probability distribution must 
equal 1. 


distribución de probabilidades (pág. 724) Función que 
indica la probabilidad de cada valor posible de una variable 
aleatoria. La suma de todas las probabilidades de una 
distribución de probabilidades debe ser igual a 1. 


probability of an event (р. 698) A number from 0 to 1 that 
indicates the likelihood that the event will occur. 


probabilidad de un suceso (pág. 698) Número entre 0 y 1 
que indica la probabilidad de que ocurra el suceso. 


pure imaginary number (p.276) A complex number a + bi 
where a = 0 and b = 0. 

nümero imaginario puro (pág. 276) Nümero complejo 

а + bi, donde a = 0 y b = 0. 


O 


quadrantal angle (p.867) An angle in standard position 
whose terminal side lies on an axis. 


ángulo cuadrantal (pág.867) Ángulo en posición normal 
cuyo lado terminal se encuentra en un eje. 


32 is the fifth power of 2 because 
32=2.2.2.2.2 = 2, 


32 es la quinta potencia de 2 уа que 
92=2+2+2-2+2=2', 


fix) = 4x?" is a power function. 


f(x) = 41%? es una función potencial. 


Let the random variable X represent the 


number showing after rolling a standard six- 
sided die. 


Sea la variable aleatoria X el número que 
salga al lanzar un dado normal de seis caras. 


Probability Distribution for Rollinga Die - 
Distribución de probabilidad al lanzar 


.  undado | | 
ix | i | 2/3 4 |5 | 6 
ьи БЕ! 
AX) a eels ls 


See experimental probability, geometric 
probability, and theoretical probability. 


Ver probabilidad experimental, probabilidad 


geométrica y probabilidad їебгїса. 


—4i and 1.2i are pure imaginary numbers. 


—4i y 1.2i son nümeros imaginarios puros. 
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quadratic equation in one variable (p.253) An equation 
that can be written in the form ах? + bx + c = 0 where a = 0. 


ecuación cuadrática con una variable (pág.253) Ecuación 
que puede escribirse en la forma ax^ + bx + c = 0, donde 
a = 0. 


quadratic form (p.355) The form au? + bu + c, where u is 
any expression in x. 


forma cuadrática (pág. 355) La forma au? + bu + c, donde u 
es cualquier expresión en x. 


П РЕЗ 
quadratic formula (р. 292) The formula x = = 
used to find the solutions of the quadratic equation 


ах? + bx + c= 0 when a, b, and care real numbers and a + 0. 


formula cuadrática (pág. 292) La fórmula 

_ —b+Vb* — 4ac 
2a 

la ecuación cuadrática ax? + bx + с = 0 cuando a, bycson 

números reales y a = 0. 


x que se usa para hallar las soluciones de 


quadratic function (p.236) A function that can be written 
in the form y = ax? + bx + c where a # 0. 


función cuadrática (pág. 236) Función que puede escribirse 
en la forma y = ax? + bx + c, donde a + 0. 


quadratic inequality in one variable (p. 302) An inequality 
that can be written in the form ax? + bx + с<0, 
ax? + bx + с<0, ах? + bx + c»0, огах? + bx+c20. 


desigualdad cuadratica con una variable (pag. 302) 
Desigualdad que se puede escribir en la forma ax? + bx + c« 0, 
ах? + bx + c€0, ах? + Бх+ с>0 бах" + bx + c20. 


quadratic inequality in two variables (p.300) An 
inequality that can be written in the form y « ax? + bx + c, 
ysax* + bx + с,у>ах? + bx + с, oryz ax? + bx + c. 


desigualdad cuadrática con dos variables (pág. 300) 
Desigualdad que se puede escribir en la forma y « ах“ + bx + c, 
yzax^-4 рх + с,у>ах? + рх + сбу>ах? + bx + c. 
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The equation x? — 5x — 36 is a quadratic 
equation in one variable because it can be 
written in the form x^ - 5x - 36 = 0. 


La ecuación х2 — 5x = 36 es una ecuación 
cuadrática con una variable ya que puede 
escribirse en la forma x? — 5x 36 = 0. 


The expression 16x* — 8x” — 8 is in quadratic 


form because it can be written as u*— 2и — 8 
where и = 4x”. 


La expresión 16x* — 8x^ — 8 está en la forma 
cuadrática ya que puede escribirse 


u*— 2u — 8, donde и = 4х2. 


To solve 3x? + 6x + 2 = 0, substitute З for a, 
6 for b, and 2 for cin the quadratic formula. 


Para resolver Зл? + бх + 2 = 0, sustituye 
a por 3, b por 6 y c por 2 en la fórmula 
cuadrática. 


_ Z6 + V6? - 4(3)(2) _ -3 + ҮЗ 
2(3) 3 


The functions у = 3x? — 5 and y= х? – 4х + 6 


are quadratic functions. 


Las funciones y = 3x* — 5e y = x? — Ax + 6 
son funciones cuadraticas. 


х? + x z0 and 2x? + x – 4» 0 are quadratic 
inequalities in one variable. 


x^ + х<0б у2х° + x — 4>0son desigualdades 
cuadráticas con una variable. 


y»x?-- Зх – 4 is a quadratic inequality in 
two variables. 


y»x?-- 3x — 4 es una desigualdad cuadrática 
con dos variables. 


quadratic system (p.658) A system of equations that 
includes one or more equations of conics. 


sistema cuadrático (pág. 658) Sistema de ecuaciones que 
incluye una o más ecuaciones de cónicas. 


y-7x+3=0 
2x-y=3 


x? + Ay? + 8у = 16 
2x^-y^-6x-4-0 


The systems above are quadratic systems. 


Los sistemas de arriba son sistemas 
cuadráticos. 


єс 


radian (p.860) In a circle with radius гапа center at the 
origin, one radian is the measure of an angle in standard 
position whose terminal side intercepts an arc of length r. 


radian (pág. 860) En un círculo con radio ry cuyo centro 
está en el origen, un radián es la medida de un ángulo en 
posición normal cuyo lado terminal intercepta un arco de 
longitud r. 


radical (рр. 266, 414) An expression of the form Vs or Vs 
where s is a number or an expression. 


radical (págs. 266, 414) Expresión de la forma Vs o Vs, donde 


ses un número o una expresión. 


radical equation (p. 452) An equation with one or more 
radicals that have variables in their radicands. 


ecuación radical (pág. 452) Ecuación con uno o más 
radicales en cuyo radicando aparecen variables. 


radical function (p.446) A function that contains a radical 


with a variable in its radicand. 


función radical (pág. 446) Función que tiene un radical con 


una variable en su radicando. 


radicand (p.266) The number or expression beneath a 
radical sign. 


radicando (pág. 266) El número o la expresión que aparece 


bajo el signo radical. 


radius of a circle (р. 626) The distance from the center of 
a circle to a point on the circle. Also, a line segment that 
connects the center of a circle to a point on the circle. See 
also circle. 


radio de un círculo (pág. 626) La distancia desde el centro 
de un círculo hasta un punto del círculo. También, es un 
segmento de recta que une el centro de un círculo con un 
punto del círculo. Ver también círculo. 


1 radian 
1 radian 


fa) = Vx, g(x) = -3Vx45 


The radicand of V5 is 5, and the radicand of 
үзу is ey”. 
El radicando de V5 es 5, y el radicando de 


V8y? es 8y?. 
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The circle with equation (x-3)? + 


(у + 5)? = 36 has radius V36 = 6. See also 
circle. 


El círculo con la ecuación (x - 3)? + 
(y + 5)* = 36 tiene el radio V36 = 6. Ver 
también círculo. 
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random variable (p.724) A variable whose value is 
determined by the outcomes of a random event. 


variable aleatoria (pág.724) Variable cuyo valor viene 
determinado por los resultados de un suceso aleatorio. 


range of a relation (p.72) The set of output values of a 
relation. 


rango de una relación (pág.72) El conjunto de los valores 
de salida de una relación. 


range of data values (p.745) A measure of dispersion equal 
to the difference between the greatest and least data values. 


rango de valores de datos (pág.745) Medida de dispersión 
igual ala diferencia entre el valor máximo y el valor mínimo 
de los datos. 


rate of change (p.85) A comparison of how much one 
quantity changes, on average, relative to the change in 
another quantity. 


relación de cambio (pág. 85) Comparación entre el cambio 
producido, por término medio, en una cantidad y el cambio 
producido en otra cantidad. 


rational function (p.558) A function of the form 


fx) = РЕ where p(x) and q(x) are polynomials and q(x) + 0. 
función racional (pág. 558) Función de la forma 
_ р(х) 


f(x) = qu) donde р(х) y q(x) son polinomios y q(x) + 0. 


rationalizing the denominator (p. 267) The process 
of eliminating a radical expression in the denominator 
of a fraction by multiplying both the numerator and 
denominator by an appropriate radical expression. 


racionalizar el denominador (pág. 267) El proceso 

de eliminar una expresión radical del denominador de 
una fracción al multiplicar tanto el numerador como el 
denominador por una expresión radical adecuada. 


reciprocal (p. 4) The reciprocal, or multiplicative inverse, of 
1 

p 

reciproco (pág.4) El recíproco, o inverso multiplicativo, de 


cualquier número b distinto de cero es * 


any nonzero number b is 
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The random variable X representing the 
number showing after rolling a six-sided die 
has possible values of 1, 2, 3, 4, 5, and 6. 


La variable aleatoria X que representa el 
número que sale al lanzar un dado de seis 
caras tiene como valores posibles 
1,2,3,4,5y 6. 


See relation. 


Ver relación. 


14, 17, 18, 19, 20, 24, 24, 30, 32 
The range of the data set above is 32 – 14 = 18. 


El rango del conjunto de datos de arriba es 
32 - 14 = 18. 


The temperature rises from 75°Е at 8 A.M. to 
91°F at 12 P.M. The average rate of change in 
9IlF—75F . 16% . gop, 


айту ттр" 


La temperatura sube de 75°F a las 8 de la 

mañana a 91°F a las 12 del mediodía. La 

relación de cambio media en la temperatura 
Е Е . 16°F _ jo 

Sem —-t4m. ath нь 


= © = atl 
The functions у = = and y -ag are 
rational functions. 

= 6 еу= 2341 
Las funciones у = 5947, Mm 


funciones racionales. 


To rationalize the denominator of = 


multiply the numerator and denominator 


by V2. 


Para racionalizar el denominador de s 


multiplica el numerador y el denominador 
por V2. 


—2 and + = => are reciprocals. 


-2y +5 = => son recíprocos. 


recursive rule (р. 827) A rule for a sequence that gives 

the beginning term or terms of the sequence and then a 
recursive equation that tells howthe nth term a, is related to 
one or more preceding terms. 


regla recursiva (pág. 827) Regla de una progresión que 
da el primer término o términos de la progresión y luego 
una ecuación recursiva que indica qué relación hay 
entre el término enésimo a, y uno o más de los términos 
precedentes. 


reference angle (p.868) If 015 an angle in standard 
position, its reference angle is the acute angle 0” formed by 
the terminal side of 0 and the x-axis. 


ángulo de referencia (pág. 868) Si Ges un ángulo en 
posición normal, su ángulo de referencia es el ángulo agudo 
6° formado por el lado terminal de 0 y el eje de х. 


reflection (р. 124) A transformation that flips a graph or 
figure in a line. 


reflexión (pág. 124) Transformación que vuelca una gráfica 
o una figura en una recta. 


relation (p.72) A mapping, or pairing, of input values with 
output values. 


relación (pág.72) Correspondencia entre los valores de 
entrada y los valores de salida. 


The ordered pairs (-2, —2), (-2, 2), (0, 1), 


The recursive rule a, = 1, a, = а, _, +4gives 
the arithmetic sequence 1, 5, 9, 13, ... . 


La regla recursiva a, =1,a4,=a,_,+4 da la 
progresión aritmética 1, 5, 9, 13, ... . 


The acute angle 0” is the reference angle for 
angle б. 


El ángulo agudo 0” es el ángulo de referencia para 
el ángulo 6. 


The graph of g(x) is the reflection of the graph of 
fix) in the x-axis. 


La gráfica de g(x) es la reflexión de la gráfica de 
fix) en el eje de x. 
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and (3, 1) represent the relation with inputs 
(domain) of -2, 0, and 3 and outputs (range) 
of-2, 1, and 2. 


Los pares ordenados (-2, —2), (-2, 2), (0, 1) 
y (3, 1) representan la relación con entradas 
(dominio) de -2, 0 y 3 y salidas (rango) de 
-2,1y2. 
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repeated solution (p.379) For the polynomial equation 
f(x) = 0, kis a repeated solution if and only if the factor 
x- k has an exponent greater than 1 when f(x) is factored 
completely. 


solución repetida (pag. 379) Para la ecuación polinómica 
f(x) = 0, kes una solución repetida si y sólo si el factor 

x- k tiene un exponente mayor que 1 cuando f(x) está 
completamente factorizado. 


root of an equation (p.253) The solutions of a quadratic 
equation are its roots. 


raíz de una ecuación (pág. 253) Las soluciones de una 
ecuación cuadrática son sus raíces. 


sample (p.766) A subset of a population. 


muestra (pág. 766) Subconjunto de una población. 


scalar (p. 188) A real number by which you multiply a 
matrix. 


escalar (pág. 188) Número real por el que se multiplica una 
matriz. 


scalar multiplication (p. 188) Multiplication of each 
element of a matrix by a real number, called a scalar. 


multiplicación escalar (pág. 188) Multiplicación de cada 


elemento de una matriz por un número real llamado escalar. 


scatter plot (р. 113) A graph of a set of data pairs (x, y) used 
to determine whether there is a relationship between the 
variables x and y. 


diagrama de dispersión (pág. 113) Gráfica de un conjunto 
de pares de datos (x, y) que sirve para determinar si hay una 
relación entre las variables x e y. 


scientific notation (p. 331) The representation of a number 
in the form c х 10" where 1 <c<10 and nis an integer. 


notación científica (pág. 331) La representación de un 
número de la forma c X 10", donde 1 <c<10 y n es un 
número entero. 
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—1 is a repeated solution of the equation 
(x + 1)* (x 2) = 0. 


—] es una solución repetida de la ecuación 
(x + 12 (x — 2) = 0. 


The roots of the quadratic equation 
х? — 5x — 36 = 0 are 9 and —4. 


Las raíces de la ecuación cuadrática 
x? — 5x — 36 = 0 son 9 y —4. 


Ep 


See population. 
Ver población. 


See scalar multiplication. 


Ver multiplicación escalar. 


4 —1 —8 2 
-2]14 0|2|-2 0 
2 7 —4 -14 


E 


Resultados 
de las pruebas 


Hours of studying 
Horas de estudio 


0.693 is written in scientific notation as 
6.93 x 10^. 


0.693 escrito en notación científica es 
6.93 x 1074. 


secant function (р. 852) If 015 an acute angle of a right 
triangle, the secant of 015 the length of the hypotenuse 
divided by the length of the side adjacent to 0. 


función secante (pág.852) Si 9es un ángulo agudo de un 
triángulo rectángulo, la secante de Ө es la longitud de la 
hipotenusa dividida por la longitud del lado adyacente a Ө. 


sector (p.861) A region of a circle that is bounded by two 
radii and an arc of the circle. The central angle @ of a sector is 
the angle formed by the two radii. 


sector (pág. 861) Región de un círculo delimitada por dos 
radios y un arco del círculo. El ángulo central 6 de un sector 
es el ángulo formado por dos radios. 


sequence (p.794) A function whose domain is a set of 
consecutive integers. The domain gives the relative position 
of each term of the sequence. The range gives the terms of 
the sequence. 


progresión (pág.794) Función cuyo dominio es un conjunto 
de números enteros consecutivos. El dominio da la posición 
relativa de cada término de la secuencia. El rango da los 
términos de la secuencia. 


series (p.796) The expression formed by adding the terms of 
a sequence. А series can be finite or infinite. 


serie (pág.796) La expresión formada al sumar los términos 
de una progresión. La serie puede ser finita o infinita. 


set (p.715) A collection of distinct objects. 


conjunto (pág.715) Colección de objetos diferenciados. 


sigma notation (p.796) See summation notation. 


notación sigma (рар. 796) Ver notación de sumatoria. 


simplest form of a radical (p.422) A radical with index п is 
in simplest form ifthe radicand has no perfect nth powers as 
factors and any denominator has been rationalized. 


forma más simple de un radical (pág. 422) Un radical con 
índice n está escrito en la forma más simple si el radicando 
no tiene como factor ninguna potencia enésima perfecta y el 
denominador ha sido racionalizado. 


Ver notación de sumatoria. 


See sine function. 


Ver función seno. 


arc length s 
longitud de un arco s 


central angle Ө 
ángulo central 0 


For the domain n = 1, 2,3, and 4, the 
sequence defined by a, = 2n has the terms 
2, 4, 6, and 8. 


Para el dominio п = 1, 2, 3 y 4, la secuencia 
definida рога, = 2n tiene los términos 2, 4, 
6y8. 


Finite series: 2 +4 + 6 + 8 
Infinite series: 2 - 4-6 +8 + · · · 


Serie finita: 2 + 4 +6 + 8 
Serie infinita: 2 - 4-6 +8 + · ·: 


If Ais the set of positive integers less than 5, 
then A = {1, 2, 3, 4}. 


Si A es el conjunto de números enteros positivos 
menores que 5, entonces А = [1, 2, 3, 4). 


See summation notation. 


Y 135 in simplest form is 315. 
V7 V28 
-— in simplest form is ‘ 
g 2 


1/135 en la forma más simple es З\/5. 


5/— na 
Y en la forma más simple es Y 58 à 


Ya 
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simplified form of a rational expression (p.573) A rational x —2x-15 _ (x*3)x—-5) х—5 


expression in which the numerator and denominator have x-9 (х+3З)(х-3) x-3 

no common factors other than +1. T 
forma simplificada de una expresión racional (pág. 573) Simplified form 
Expresión racional en la que el numerador y el denominador Forma simplificada 


no tienen factores comunes además de +1. 


sine function (p.852) If 015 an acute angle of a right 


triangle, the sine of 015 the length of the side opposite Ө 13 
divided by the length of the hypotenuse. ? A 
función seno (pág. 852) Si 9 es un ángulo agudo de un E: 
triángulo rectángulo, el seno de Ө es la longitud del lado 12 
opuesto a 0 dividida por la longitud de la hipotenusa. 
sin 0 = PP = 5 econ УР „13 
һур 13 орр 5 
-dj _ 12 _ hyp _ 13 
cos 0 = hyp = 13 sec Ө adj 12 
_ Орр _ 5 UM, E IX 
tan 0 adj ^12 cot 0 opp = 5 
"€ DE = PiP _ 13 
sen 8 = Dip 13 cosec 0 = ор 5 
_ айу _ 12 _ hip _ 13 
cos Ө hip 13 sec 0 = = 712 
РЧ... E e РЕ. 
мири 12 cot 0 ор 5 
sinusoids (р. 941) Graphs of sine and cosine functions. y y = 2 sin 4x + 3 


y = 2 sen 4х + 3 


sinusoides (pág. 941) Gráficas de funciones seno y coseno. 


skewed distribution (p.727) A probability distribution that 


is not symmetric. See also symmetric distribution. 0.40 


distribución asimétrica (pág. 727) Distribución de 
probabilidades que no es simétrica. Ver también distribución 
simétrica. 


0.20 


Probability 
Probabilidad 


012345 67 8 


Number of successes 
Numero de éxitos 
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slope (p.82) The ratio of vertical change (the rise) to 
horizontal change (the run) for a nonvertical line. For a 
nonvertical line passing through the points (x,, y,) and 


Ya Vy 


(x,, у„), the slope is m = LX 


pendiente (pág. 82) Para una recta no vertical, la razón 

entre el cambio vertical (distancia vertical) y el cambio 

horizontal (distancia horizontal). Para una recta no vertical 

que pasa por los puntos (x,, y,) y Œ» Y»), la pendiente es 
4A. PY 


X5 Ху 


slope-intercept form (p.90) A linear equation written in 
the form y = mx + b where mis the slope and b is the 
y-intercept of the equation's graph. 


forma pendiente-intercepto (pág.90) Ecuación lineal 


escrita en la forma y = mx + b, donde m es la pendiente y b es 


el intercepto en y de la gráfica de la ecuación. 


solution of a linear inequality in two variables (p.132) An 


ordered pair (x, y) that produces a true statement when the 
values of x and y are substituted into the inequality. 


solución de una desigualdad lineal con dos variables 
(pág. 132) Par ordenado (x, y) que produce un enunciado 
verdadero cuando x e y se sustituyen por sus valores en la 
desigualdad. 


solution of a system of linear equations in three 
variables (p.178) An ordered triple (x, y, z) whose 
coordinates make each equation in the system true. 


solución de un sistema de ecuaciones lineales en 
tres variables (pág. 178) Terna ordenada (х, у, z) cuyas 
coordenadas hacen que cada ecuación del sistema sea 
verdadera. 


solution of a system of linear equations in two 
variables (p.153) An ordered pair (x, y) that satisfies each 
equation of the system. 


solución de un sistema de ecuaciones lineales en dos 
variables (pág.153) Par ordenado (x, y) que satisface cada 
ecuación del sistema. 


solution of a system of linear inequalities in two 
variables (p.168) An ordered pair (x, y) that is a solution of 
each inequality in the system. 


solución de un sistema de desigualdades lineales en dos 
variables (pág. 168) Par ordenado (x, y) que es una solución 
de cada desigualdad del sistema. 


The slope of the line that passes through the 
points (—3, 0) and (3, 4) is: 


La pendiente de la recta que pasa por los 


puntos (—3, 0) y (3, 4) es: 


573. 4-0 _ 
4,74  3-(-3) 


т = 


4-2 
6 3 


The equation y — -2y — l isin slope- 


intercept form. 


La ecuación y = — ox — 1 está en la forma 
pendiente-intercepto. 


The ordered pair (1, 2) is a solution of 
3x + 4y > 8 because 3(1) + 4(2) = 11, and 
11 > 8. 


El par ordenado (1, 2) es una solución de 
Зх + 4y > 8 ya que 3(1) + 4(2) 211, y 11 > 8. 


4x+2y+3z=1 
2x — 3y + 52 = —14 
6x — у + 42 = –1 


(2, 1, —3) is the solution of the system above. 


(2, 1, —3) es la solución del sistema de arriba. 


4x+y=8 
2x —3y = 18 


(3, —4) is the solution of the system above. 


(3, —4) esla solución del sistema de arriba. 


y--2x-o 
у<х+3 


(-1, 1) is a solution of the system above. 


(-1, 1) es una solución del sistema de arriba. 


English-Spanish Glossary 1075 


m 
= 
б 
= 
un 
z 
un 
U 
2 
z 
un 
=” 
e 
pa 
=) 
Ww 
Ww 
m 
mA 
-€ 


> 
® 
« 
Wi 
Wi 
o 
= 
ы 
=” 
= 
= 
e 
a. 
n 
p. 
2 
oul 
ы 
2. 
Тт 


solution of an equation іп one variable (р. 18) А number 
that produces a true statement when substituted for the 
variable in the equation. 


solución de una ecuación con una variable (pág. 18) 
Número que produce un enunciado verdadero al sustituir la 
variable por él en la ecuación. 


solution of an equation in two variables (p.74) An 
ordered pair (x, y) that produces a true statement when the 
values of x and y are substituted in the equation. 


solución de una ecuación con dos variables (pág. 74) Par 
ordenado (x, y) que produce un enunciado verdadero al 
sustituir x e y por sus valores en la ecuación. 


solution of an inequality in one variable (р. 41) A number 
that produces a true statement when substituted for the 
variable in the inequality. 


solución de una desigualdad con una variable (pág. 41) 
Número que produce un enunciado verdadero al sustituir la 
variable por él en la desigualdad. 


solve for a variable (p. 26) Rewrite an equation as an 
equivalent equation in which the variable is on one side and 
does not appear on the other side. 


resolver para una variable (pág. 26) Escribir una ecuación 
como ecuación equivalente que tenga la variable en uno de 
sus lados pero no en el otro. 


square root (p.266) If D^ = a, then bis a square root of a. The 


radical symbol У represents a nonnegative square root. 


raíz cuadrada (pág. 266) Si D^ = a, entonces b es una 
raíz cuadrada de a. El signo radical V representa una raíz 
cuadrada no negativa. 


standard deviation (p.745) The typical difference (or 
deviation) between a data value and the mean. The standard 
deviation с of a numerical data set x,, х,,..., x, is given by 
the following formula: 

К ООО с M———— 

a XY + (x, — 2 +++, – 9° 

с = y 2 
п 
desviación típica (рар. 745) La diferencia (o desviación) 
más común entre un valor de los datos y la media. La 
desviación típica т de un conjunto de datos numéricos 
Xp X5, ..., X, viene dada por la siguiente fórmula: 
Е ү® + (a+ + (x, - 5) 
| n 


10706 Student Resources 


The solution of the equation їх +8 = 20 
is 15. 


La solución de la ecuación =x + 8 = 20 еѕ 15. 


(-2, 3) is a solution of y = -2x - 1. 


(-2, 3) es una solución de y = -2x - 1. 


—1 is a solution of the inequality 
5x + 2>7x — 4. 


—] es una solución de la desigualdad 
5x+2>7x- 4. 


When you solve the circumference formula 


C = 27r for г, the result is r= = 


Al resolver para r la fórmula de 
circunferencia C = 27r, el resultado es 
a E 


2T 


The square roots of 9 are 3 and —3 because 
3? = 9 and (-3)* = 9. So, V9 = 3 and 
-V9 = -3. 


Las raíces cuadradas de 9 son 3 y —3 ya que 
3? = 9 y (-3)* = 9. Así pues, V9 = Зу 
—Y9 = —3, 


14, 17, 18, 19, 20, 24, 24, 30, 32 


Because the mean of the data set is 22, the 
standard deviation is: 


Como la media del conjunto de datos es 22, la 
desviación típica es: 


_ Гаа – 22)? + (17 – 22)? + --- + (32 - 22)? 
i ә 


standard form of a complex number (р. 276) The form 
a + biwhere a and b are real numbers and ¡is the imaginary 
unit. 


forma general de un número complejo (pág. 276) La 
forma a + bi, donde a y bson números reales e ¡es la unidad 
imaginaria. 


standard form of a linear equation (p.91) Alinear 
equation written in the form Ax + By = Cwhere A and B are 
not both zero. 


forma general de una ecuación lineal (pág. 91) Ecuación 
lineal escrita en la forma Ax + By = С, donde A y B no son 
ambos cero. 


standard form of a polynomial function (p.337) The 
form of a polynomial function that has terms written in 
descending order of exponents from left to right. 


forma general de una función polinómica (pág. 337) La 
forma de una función polinómica en la que los términos 
se ordenan de tal modo que los exponentes disminuyen de 
izquierda a derecha. 


standard form of a quadratic equation in one variable 
(p.253) The form ax? + bx + с = 0 where a + 0. 


forma general de una ecuación cuadrática con una 
variable (pág. 253) La forma ax? + bx + с = 0, donde a + 0. 


standard form of a quadratic function (р. 236) The form 
y = ax? + bx + cwhere a + 0. 


forma general de una función cuadrática (рар. 236) La 
forma y = ах? + bx + c, donde a # 0. 


standard normal distribution (p.758) The normal 
distribution with mean 0 and standard deviation 1. See also 
z-score. 


distribución normal típica (pag. 758) La distribución 
normal con media 0 y desviación típica 1. Ver también 
puntuación z. 


у= 2x? + Ax — 6. 


The standard form of the complex number 
i(1 + i)is —1 + i. 


La forma general del número complejo 
¡(1 +1) es-—1 + i. 


The linear equation y = -3x + 4 can be 
written in standard form as 3x + y = 4. 


La ecuación lineal y = -3x + 4 escrita en la 
forma general es 3x + y = 4. 


The function g(x) = 7x — УЗ + zx? can 
be written in standard form as 


g(x) = ax? + 7x — УЗ. 


La función g(x) = 7x — УЗ + zx? escrita en 
la forma general es g(x) = zx? + 7x — V3. 


The quadratic equation x? — 5х = 36 can be 
written in standard form as x^ — 5x — 36 = 0. 


La ecuación cuadrática x^ — 5x = 36 escrita 
en la forma general es x* — 5x — 36 = 0. 


The quadratic function y = 2(x + 3)(x — 1) 
can be written in standard form as 


La función cuadrática y = 2(x + 3)(x — 1) 
escrita en la forma general es 
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standard position of an angle (p.859) In a coordinate 
plane, the position of an angle whose vertex is at the origin 
and whose initial side lies on the positive x-axis. 


posición normal de un ángulo (pág.859) En un plano de 
coordenadas, la posición de un ángulo cuyo vértice está en el 
origen y cuyo lado inicial se sitúa en el eje de x positivo. 


statistics (p.744) Numerical values used to summarize and 
compare sets of data. 


estadística (pág. 744) Valores numéricos utilizados para 
resumir y comparar conjuntos de datos. 


step function (p. 131) A piecewise function defined by 
a constant value over each part of its domain. Its graph 
resembles a series of stair steps. 


función escalonada (pág. 131) Función definida a trozos 
y porun valor constante en cada parte de su dominio. Su 
gráfica parece un grupo de escalones. 


subset (p.716) If every element of a set A is also an element 
of a set B, then A is a subset of B. This is written as A c B. For 
any set A, Øc Aand Ac A. 


subconjunto (pág.716) Si cada elemento de un conjunto 
A es también un elemento de un conjunto B, entonces A es 
un subconjunto de B. Esto se escribe A c B. Para cualquier 
conjunto A, Ü C Ay Ac A. 


substitution method (p. 160) A method of solving a system 
of equations by solving one of the equations for one of the 
variables and then substituting the resulting expression in 
the other equation (s). 


método de sustitución (pág. 160) Método para resolver 
un sistema de ecuaciones mediante la resolución de una 
de las ecuaciones para una de las variables seguida de 

la sustitución de la expresión resultante en la(s) otra(s) 
ecuación (ecuaciones). 


summation notation (p.796) Notation for a series that 
uses the uppercase Greek letter sigma, X. Also called sigma 
notation. 


notación de sumatoria (pág. 796) Notación de una serie 
que usa la letra griega mayúscula sigma, X. También se llama 
notación sigma. 
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terminal side 
lado terminal 


initial side | x 
lado inicial 360 


180° 
vertex 
vértice 


210° 


See mean, median, mode, range, and 


standard deviation. 
Ver media, mediana, moda, rango y 
desviación típica. 
1, if0<x<1 l, si0< x<1 
fu) = 2, 11fl<x<2 f(x) = 2, sil<x=<2 
3, if2<x<3 3, si2<x<3 


If A = [1, 2, 4, 8} and Bis the set of all positive 
integers, then A is a subset of B, or Ac B. 


Si A = {1, 2, 4, 8} y Bes el conjunto de todos 
los números enteros positivos, entonces А es 
un subconjunto de B,o Ас В. 


2x+5y=-—5 
x+3y=3 


Solve equation 2 for x: x = —3y + 3. 
Substitute the expression for x in equation 

1 and solve for y: y = 11. Use the value of y to 
find the value of x: x = —30. 


Resuelve la ecuación 2 para x: х = —3y + 3. 
Sustituye la expresión para x en la ecuación 
1 y resuelve para y: y = 11. Usa el valor de y 
para hallar el valor de x: x = —30. 


5 
Хт = 7(1) + 7(2) + 7(3) + 7(4) + 7(5) 


= 7 + 14 + 21 + 28 + 35 


symmetric distribution (p.727) A probability distribution, 
represented by a histogram, in which you can draw a vertical 
line that divides the histogram into two parts that are mirror 
images. 


distribución simétrica (pág.727) Distribución de 
probabilidad representada por un histograma en la que se 
puede trazar una recta vertical que divida al histograma en 
dos partes; éstas son imágenes especulares entre sí. 


synthetic division (p. 363) A method used to divide a 
polynomial by a divisor of the form x – К. 


división sintética (pág.363) Método utilizado para dividir 
un polinomio por un divisor en la forma x ~ К. 


synthetic substitution (p.338) A method used to evaluate a 
polynomial function. 


sustitución sintética (pág. 338) Método utilizado para 
evaluar una función polinómica. 


system of linear inequalities in two variables (p.168) A 
system consisting of two or more linear inequalities in two 
variables. See also linear inequality in two variables. 


sistema de desigualdades lineales con dos variables 
(pág. 168) Sistema que consiste de dos o más desigualdades 
lineales con dos variables. Ver también desigualdad lineal 
con dos variables. 


system of three linear equations in three variables 
(p. 178) A system consisting of three linear equations in three 
variables. See also linear equation in three variables. 


sistema de tres ecuaciones lineales en tres variables 
(pág. 178) Sistema formado por tres ecuaciones lineales con 
tres variables. Ver también ecuación lineal con tres variables. 


Probability 
Probabilidad 


ОБЕ В 
Number of successes 
Número de éxitos 


Lale. Gil dl 3 A 16 


x+3 x+3 


The synthetic substitution above indicates that for 
Лх) = 2x" — 5x? — 4x + 8, f(3) = 23. 


La sustitucion sintética de arriba indica que para 


fix) = 2x4 — 5x? — 4х + 8, 13) = 23. 


m 
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x= y> cy 
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2x+y-Z=5 u 
3x-2y+z=16 — 
4x+3y-5z=3 < 
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system of two linear equations in two variables 

(p. 153) A system consisting of two equations that can be 
written in the form Ax + By = Cand Dx + Ey = Fwhere x and 
у аге variables, A and B are not both zero, and D and E are 
not both zero. 


sistema de dos ecuaciones lineales con dos variables 

(pág. 153) Un sistema que consiste en dos ecuaciones que se 
pueden escribir de la forma Ax + By = Cy Dx + Ey = F, donde 
xe y son variables, A y B no son ambos cero, y Dy E tampoco 
son ambos cero. 


4x+y=8 
2x — 3y= 18 


B — — — — — — — — — — — — 


tangent function (p.852) If Gis an acute angle of a right 
triangle, the tangent of @ is the length of the side opposite Ө 
divided by the length of the side adjacent to 0. 


función tangente (рар. 852) Si Өеѕ un ángulo agudo de un 
triángulo rectángulo, la tangente de 0 es la longitud del lado 
opuesto a 0 dividida por la longitud del lado adyacente a Ө. 


terminal side of an angle (p.859) In a coordinate plane, an 
angle can be formed by fixing one ray, called the initial side, 
and rotating the other ray, called the terminal side, about the 
vertex. 


lado terminal de un ángulo (pág.859) En un plano de 
coordenadas, un ángulo puede formarse al fijar un rayo, 
llamado lado inicial, y al girar el otro rayo, llamado lado 
terminal, en torno al vértice. 


terms of a sequence (р. 794) The values in the range of a 
sequence. 


términos de una progresión (pág.794) Los valores del 
rango de una progresión. 


terms of an expression (p. 12) The parts of an expression 
that are added together. 


términos de una expresión (pág. 12) Las partes de una 
expresión que se suman. 
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See sine function. 


Ver función seno. 


See standard position of an angle. 


Ver posición normal de un ángulo. 


The first 4 terms of the sequence 1, —3, 9, 
—27, 81, —243, ... are 1, —3, 9, and —27. 


Los 4 primeros términos de la progresión 1, 
—3,9, —217, 81, 243, ...80n 1; -3,8 y —27. 


The terms of the algebraic expression 
Зх? + 5x + (-7) are 3x*, 5x, and —7. 


Los términos de la expresión algebraica 
Зх? + 5x + (—7) son 3x”, 5x y —7. 


theoretical probability (p. 698) When all outcomes аге 
equally likely, the theoretical probability that an event A will 
Number of outcomes in event A 

Total number of outcomes ` 


occur is P(A) — 


probabilidad teórica (pág.698) Cuando todos los casos son 
igualmente posibles, la probabilidad teórica de que ocurra 


— Numero de casos del suceso A 


un suceso A es P(A 3 
(A) Numero total de casos 


transformation (р. 123) A transformation changes a graph's 
size, shape, position, or orientation. 


transformación (pág. 123) Una transformación cambia el 
tamafio, la forma, la posición o la orientación de una gráfica. 


translation (p. 123) A transformation that shifts a graph 
horizontally and/or vertically, but does not change its size, 
shape, or orientation. 


traslación (pág. 123) Transformación que desplaza una 
gráfica horizontal o verticalmente, o de ambas maneras, 
pero que no cambia su tamafio, forma u orientación. 


transverse axis of a hyperbola (p.642) The line segment See hyperbola. 

joining the vertices of a hyperbola. 

eje transverso de una hipérbola (pág.642) El segmento de | Verhipérbola. 

recta que une los vértices de una hipérbola. 

trigonometric identity (p.924) A trigonometric equation sin (-6) = -sin Ө sin? 9 + cos^ Ө = 1 


that is true for all domain values. 


identidad trigonométrica (pág. 924) Ecuación 
trigonométrica que es verdadera para todos los valores del 
dominio. 


trinomial (p.252) The sum of three monomials. 


trinomio (pág. 252) La suma de tres monomios. 


The theoretical probability of rolling an even 
number using a standard six-sided die 


3- 
16% 


to rolling an even number out of 6 total 
outcomes. 


i because 3 outcomes correspond 


La probabilidad teórica de sacar un número 
par al riii un dado normal de seis caras 


es $73 = — ya que 3 casos corresponden a un 


I" de. par del total de 6 casos. 


Translations, vertical stretches and 
shrinks, reflections, and rotations are 
transformations. 


Las traslaciones, las expansiones y 
contracciones verticales, las reflexiones y las 


rotaciones son transformaciones. 


The graph of y = |х + 4| — 2 is the graph of 
у = |х| translated down 2 units and left 4 units. 


La gráfica de y — |x + 4| — 2 es la gráfica de 
y= |x al trasladar ésta 2 unidades hacia abajo 
y 4 unidades hacia la izquierda. 
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sen (—6) = -sen Ө sen? 6+ cos? 0 = 1 


Ax? + 3x — lisa trinomial. 


4х? + 3x — 1 es un trinomio. 
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unbiased sample (p.767) A sample that is representative of 


the population you want information about. 


muestra no sesgada (pág. 767) Muestra que es 
representativa de la población acerca de la cual deseas 
informarte. 


union of sets (p.715) The union of two sets A and B, written 


AU В, is the set of all elements in either A or B. 


unión de conjuntos (pág. 715) La unión de dos conjuntos 


A y B, escrita Au B, es el conjunto de todos los elementos que 


están en А o В. 


unit circle (р. 867) The circle х? + y? = 1, which has center 
(0, 0) and radius 1. For an angle 8 in standard position, the 
terminal side of Ө intersects the unit circle at the point 
(cos 6, sin 6). 


círculo unidad (pág.867) El círculo х? + y^ = 1, que tiene 
centro (0, 0) y radio 1. Para un ángulo Өеп posición normal, 
el lado terminal de 0 corta al círculo unidad en el punto 
(cos 6, sen 6). 


universal set (p. 715) The set of all elements under 
consideration; denoted U. 


conjunto universal (pág.715) El conjunto de todos los 
elementos tenidos en cuenta; se indica U. 


variable (p. 11) A letter that is used to represent one or more 


numbers. 


variable (pág. 11) Letra utilizada para representar uno o 
más nümeros. 


variable term (p. 12) A term that has a variable part. 


término algebraico (pág. 12) Término que tiene variable. 


verbal model (р. 34) A word equation that represents a real- 


life problem. 


modelo verbal (pág.34) Ecuación expresada mediante 
palabras que representa un problema de la vida real. 
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You want to poll members of the senior class 
about where to hold the prom. If every senior 
has an equal chance of being polled, then the 
sample is unbiased. 


Quieres encuestar a algunos estudiantes de 
último curso sobre el lugar donde organizar 
el baile de fin de año. Si cada estudiante de 
último curso tiene iguales posibilidades de 
ser encuestado, entonces es una muestra no 
sesgada. 


If A = {1, 2, 4, 8} and B = {2, 4, 6, 8, 10}, then 


AU B= {1, 2, 4, 6, 8, 10}. 


Si A = {1, 2, 4, 8} y B = 12, 4, 6, 8, 10}, entonces 
Ач B= (1, 2, 4, 6, 8, 10}. 


(cos 6, sin Ө 
(cos 6 sen 6) 


See complement of a set. 


Ver complemento de un conjunto. 


VB — — ————————— —————————— | 


In the expressions 6x, Зх? + 1, and 
12 — 5x, the letter x is the variable. 


En las expresiones 6х, Зх? + 1 y 
12 — 5x, la letra x es la variable. 


The variable terms of the algebraic 
expression 3x? + 5x + (—7) are 3x? and 5x. 


Los términos algebraicos de la expresión 
algebraica Зх? + 5x + (-7) son Зх? y 5x. 


Distance = Rate + Time 
(miles) (miles/hour) (hours) 

Distancia = Velocidad Tiempo 
(millas) (millas/hora) (horas) 


vertex form of a quadratic function (р. 245) The form The quadratic function y = E + 2)2 + 5 
у= а(х – h)? + k, where the vertex of the graph is (h, k) and is in vertex form. 
the axis of symmetry is x = h. 


forma de vértice de una función cuadrática (pág.245) La | Lafunción cuadrática y = -ix +2)* +5 
forma у = a(x — h)? + k, donde el vértice de la gráfica es (л, К) | está en la forma de vértice. 
y el eje de simetria es x = h. | 


vertex of a parabola (рр. 236, 620) The point on a parabola | See parabola. 
that lies on the axis of symmetry. 


vértice de una parábola (págs. 236, 620) El punto de una | Ver parábola. 
parábola que se encuentra en el eje de simetría. 


vertex of an absolute value graph (р. 123) The highest or 
lowest point on the graph of an absolute value function. 


vértice de una gráfica de valor absoluto (pág. 123) El 
punto más alto o más bajo de la gráfica de una función de 
valor absoluto. 


The vertex of the graph of y= |x — 4| + 3 іѕ ће 
point (4, 3). 


El vértice de la gráfica de y= |х — 4| + 3esel 
punto (4, 3). 


vertices of a hyperbola (p.642) The points of intersection See hyperbola. 
of a hyperbola and the line through the foci of the hyperbola. 


vértices de una hipérbola (pág.642) Los puntos de Ver hipérbola. 
intersección de una hipérbola y la recta que pasa por los 
focos de la hipérbola. 


vertices of an ellipse (p.634) The points of intersection of See ellipse. 
an ellipse and the line through the foci of the ellipse. 


vértices de una elipse (рар. 634) Los puntos de intersección | Verelipse. 
de una elipse y la recta que pasa por los focos de la elipse. 


зэ y —— —— — — —— 


x-intercept (p.91) The x-coordinate of a point where a 
graph intersects the x-axis. 
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intercepto en x (pág. 91) La coordenada x de un punto 
donde una gráfica corta al eje de x. 


The x-intercept is 6. 


El intercepto en x es 6. 
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y-intercept (р. 89) The y-coordinate of a point where а 
graph intersects the y-axis. 


intercepto en y (pag. 89) La coordenada y de un punto 
donde una gráfica corta al eje de y. 


zero ofa function (p. 254) A number kis a zero ofa 
function fif f(k) = 0. 


cero de una función (pág.254) Un nümero k es un cero de 
una función f'si f(k) — 0. 


z-score (p.758) The number z of standard deviations that a 
data value lies above or below the mean of the data set: 
x-—X 

E X 


2, == 


puntuación 7 (рар. 758) El número z de desviaciones típicas 
que un valor se encuentra por encima o por debajo 
de la media del conjunto de datos: z = — 


1084 Student Resources 


The y-intercept is 3. 


El intercepto en yes 3. 


єв ë =/= 


The zeros of the function f(x) = 2(x + 3)(х – 1) 
are —3 and 1. 


Los ceros de la función f(x) = 2(x + 3)(x — 1) 
son —3 y 1. 


A normal distribution has a mean of 76 and 
a standard deviation of 9. The z-score for 


- AX 64-76 — 
x=64isz= xc m 1.3. 


Una distribución normal tiene una 
media de 76 y una desviación típica de 9. 
La puntuación z para x — 64 es 


Absolute value, 50, 51 
of a complex number, 279, 280 
equations, 50-58, 60, 64, 297 
functions, 121-129, 144 
graphing, 50, 51 
inequalities, 50-58, 60, 64, 135, 136 
in a system, 169-173 
ACT, See Standardized Test 
Preparation 
Activities, See also Geometry 
software; Graphing calculator 
absolute value equations and 
inequalities, 50 
collect and model trigonometric 
data, 948 
completing the square, 283 
end behavior of polynomial 
functions, 336 
exploring inverse functions, 437 
exploring recursive rules, 826 
exploring transformations, 
121-122 
fitting a line to data, 112 
fitting a model to data, 774 
graphing linear equations in three 
variables, 177 
infinite geometric series, 819 
intersections of planes and cones, 
649 
inverse trigonometric functions, 
874 
inverse variation, 550 
using the Location Principle, 378 
modeling data with an exponential 
function, 528 
probability using Venn diagrams, 
706 
solve linear systems using tables, 
152 
trigonometric identities, 923 
Addition 
of complex numbers, 276-277, 279 
with fractions, 979 
of functions, 428-435 
integer, 975 
matrix, 187, 189-192, 194 
as opposite of subtraction, 4 
of polynomials, 346-352, 403 
properties, 3, 18 
for matrices, 188 
of rational expressions, 582-588, 
602, 605 
Additional Lessons 


Vectors, A7-A12 
Vertex-Edge Graphs, Al—A6 
Addition property of equality, 18 
Additive inverse, 4 
of a complex number, 280 
Algebra, formulas and theorems 
from, 1027-1028 
Algebra tiles 
to model binomial products, 985 
to model completing the square, 
283 
Algorithm 
for adding or subtracting a rational 
expression, 582, 583 
for evaluating a trigonometric 
function, 868 
for graphing an absolute value 
function, 124, 125 
for graphing an equation ofa 
circle, 626 
translated, 650 
for graphing an equation of an 
ellipse, 635 
translated, 652 
for graphing an equation of a 
hyperbola, 643 
translated, 651 
for graphing an equation of a 
parabola, 621 
translated, 651 
for graphing an equation in slope- 
intercept form, 90 
for graphing an equation in 
standard form, 91 
for graphing an equation in two 
variables, 74 
for graphing a horizontal 
translation, 916 
for graphing a linear inequality, 133 
for graphing a quadratic function 
in intercept form, 247 
for graphing a quadratic inequality 
in two variables, 300 
for graphing a rational function, 
558 
for graphing a system of linear 
inequalities, 168 
for graphing a vertical translation, 
915 
for order of operations, 10 
for solving an absolute value 
equation, 52 
for solving a radical equation, 452 
for translating a trigonometric 
graph, 915 


for writing an exponential 
function, 529 
for writing a power function, 531 
Alternative method, See Another 
Way; Problem Solving 
Workshop 
Ambiguous case, 883-884 
Amplitude, 908, 909 
Analyze, exercises, 8, 185, 696, 712, 
748, 749 
And rule, 1000-1001 
Angle(s) 
Brewster's, 930 
central, 861 
complementary, 994 
coterminal, 860, 863 
degree measure of, 859-864 
of depression, 855 
of elevation, 855 
initial side of, 859 
quadrantal, 867 
radian measure of, 860-864 
reference, 868, 871 
of repose, 879 
special, 963 
in standard position, 859 
supplementary, 994 
terminal side of, 859 
Angle bisector, 994 
Animated Algebra, Throughout. See 
for example 1, 71, 151, 235, 
329, 413, 477, 549, 613, 681, 
743, 793, 851, 907 
Another Way, 18, 48—49, 91, 92, 105, 
179, 189, 218-219, 272-273, 
284, 293, 360-361, 396, 
460-461, 493, 523-525, 575, 
596-597, 640, 660, 714, 720, 
781, 834-835, 867, 889, 895, 
938-939, 950 
Applications 
advertising, 170, 181, 220 
apparel, 410, 461, 681, 720 
archaeology, 105, 358, 470, 619, 890 
archery, 743, 748 
art, 200, 264, 358, 373, 400, 404, 
676, 729, 808 
astronomy, 8, 270, 332, 369, 426, 
459, 477, 519, 524, 525, 535, 
632, 638, 639, 641, 648, 654, 
666, 673, 677, 800, 864, 888, 
904 
aviation, 34, 215, 398, 426, 570, 587, 
631, 639, 667, 790, 879, 894, 961 
baseball, 54, 57, 69, 78, 173, 233, 
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287,315, 327, 345, 442, 475, 
571, 595, 663, 766, 790, 846, 
847, 862, 896 

basketball, 57, 74, 215, 241, 368, 
458, 606, 679, 691, 721, 729, 
740, 770, 846, 962, 973 

bicycling, 78, 351, 472, 601, 683, 
756, 879, 940, 946 

biology, 44, 88, 91, 108, 186, 250, 
298, 319, 335, 344, 369, 400, 
416, 421, 426, 429, 433, 458, 
485, 491, 494, 497, 505, 512, 
532, 533, 534, 536, 541, 624, 
711, 722, 759, 761, 782, 832 

botany, 38, 46, 85, 762, 779, 782 

bowling, 94, 418, 436, 469 

business, 32, 103, 117, 128, 137, 
165, 166, 174, 175, 176, 185, 
186, 192, 194, 201, 202, 209, 
213, 218, 219, 220, 262, 264, 
274, 290, 348, 365, 367, 385, 
398, 400, 405, 464, 475, 498, 
563, 631, 679, 689, 732, 769, 
779, 824, 849 

camping, 94, 368 

chemistry, 59, 69, 206, 209, 491, 
497, 504, 506, 521, 588, 589, 
601, 818, 832, 872, 904 

computers and Internet, 15, 47, 65, 
106, 139, 145, 274, 480, 484, 
535, 547, 553, 562, 607, 657, 
713, 741, 767, 769, 782, 787, 
791, 841, 847 

construction, 39, 145, 306, 323, 377, 
392, 458, 557, 594, 754, 818, 
896, 901, 902, 904 

consumer economics, 16, 23, 33, 
40, 49, 68, 103, 111, 155, 157, 
185, 223, 230, 316, 431, 433, 
473, 611, 679, 784 

contests, 46, 269, 272, 273, 303, 
696, 699, 942 

crafts, 137, 148, 174, 176, 186, 216, 
226, 261, 264, 274, 291, 326, 
843, 905 

design, 24, 31, 39, 258, 316, 326, 
358, 360, 361, 369, 376, 377, 
560, 570, 618, 667, 688, 849 

diving, 38, 76, 110, 270, 597 

earth science, 3, 6, 57, 945 

education, 119, 201, 230, 351, 392, 
485, 537, 546, 611, 688, 692, 
695, 705, 708, 737, 754, 773, 
775,817 

electricity, 144, 277, 281, 282, 556, 
587, 749, 849, 945 

employment, 7, 19, 23, 33, 49, 157, 
172, 436, 735, 753, 755, 764, 
710, 818, 864, 922 

engineering, 129, 246, 250 
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entertainment, 59, 103, 120, 200, 
208, 227, 351, 475, 579, 699, 
808, 843 

equipment, 58, 198, 484, 504, 552, 
556, 572 

exercising, 15, 439 

fairs, 11, 42, 165, 176, 258, 809 

finance, 15, 33, 62, 66, 144, 219, 
227, 352, 386, 407, 418, 475, 
481, 483, 484, 485, 488, 489, 
490, 491, 495, 497, 498, 506, 
521, 525, 526, 537, 543, 547, 
570, 588, 679, 817, 832, 838, 
847, 849 

fitness, 94, 105, 157, 184, 705 

food, 7, 33, 62, 137, 149, 176, 184, 
193, 216, 251, 351, 361, 403, 
521, 547, 572, 697, 705, 708, 
712, 730, 735, 765, 873, 940 

football, 59, 106, 247, 250, 298, 314, 
441, 485, 638, 723, 741, 748, 
787, 791, 871, 962, 970 

fundraising, 81, 104, 129, 139, 162, 
166, 475, 600, 717, 849 

games, 128, 172, 231, 290, 316, 326, 
592, 596, 687, 696, 701, 702, 
703, 704, 732, 738, 746, 800, 
865 

gardening, 67, 103, 139, 208, 230, 
258, 264, 274, 522, 543, 631, 
676, 678, 872, 887, 895 

geography, 204, 208, 209, 320, 704, 
858, 872, 951, 961 

geology, 8, 334, 335, 419, 505, 521, 
543, 616, 619, 631, 663 

golf, 149, 756, 893, 961 

government, 79, 106, 146, 147, 149, 
352, 407, 410, 703, 723, 737, 
740, 769, 771, 772. 

gymnastics, 54, 55, 57, 233 

history, 139, 148, 158, 233, 359, 385, 
392, 400, 407, 410, 598, 600, 
611, 679, 779, 846 

hockey, 33, 198, 231 

law enforcement, 157 

manufacturing, 57, 176, 189, 225, 
358, 367, 368, 369, 376, 433, 
475, 567, 572, 574, 601, 732, 
761, 780 

measurement, 31, 33, 58, 59, 68, 
81, 104, 257, 265, 343, 383, 
389, 391, 400, 408, 411, 436, 
444, 450, 451, 569, 601, 611, 
647, 664, 679, 855, 857, 901, 
927 

medicine, 490, 498, 639, 723, 729 

movies, 15, 29, 59, 134, 148, 159, 
271, 343, 398, 399, 433, 547, 
696, 705, 790, 813 

music, 101, 224, 242, 316, 367, 537, 


552, 556, 594, 688, 718, 767, 
808, 829, 844, 864, 913, 948, 
963, 972 

nutrition, 216 

oceanography, 932, 933, 938, 939 

Olympics, 119, 201, 684, 705, 748, 
749, 752, 780, 864 

parabolic reflectors, 622—625, 641 

pets, 218, 713, 749 

photography, 13, 106, 242, 426, 512, 
585, 644, 683, 688, 735, 755, 
880, 896, 954 

physics, 119, 125, 143, 272, 273, 
306, 311, 340, 418, 444, 447, 
450, 451, 453, 457, 458, 464, 
469, 475, 497, 509, 511, 512, 
513, 519, 522, 524, 535, 547, 
585, 654, 673, 864, 913, 929, 
953, 957, 972 

physiology, 57, 78, 173, 306, 385, 
444, 536, 540, 572, 765, 782, 
790, 832, 910, 921 

population, 79, 106, 119, 385, 410, 
484, 546, 842 

racing, 38, 451, 463, 718 

recreation, 8, 35, 36, 46, 68, 79, 95, 
137, 138, 166, 186, 239, 299, 
556, 562, 656, 669, 679, 737, 
815, 855, 870, 871, 873, 894, 
916, 921, 922, 940 

repairs, 23, 65 

running, 39, 314, 579 

safety, 105, 662, 720 

skateboarding, 82, 290, 343, 564 

soccer, 68, 307, 322, 676, 726, 815, 
904, 957, 961 

softball, 200, 290 

space travel, 243, 396, 570, 656, 
751; 752 

structures, 87, 88, 104, 242, 246, 
250, 257, 258, 289, 299, 311, 
314, 315, 356, 358, 359, 386, 
419, 498, 631, 716, 808, 847, 
851, 864, 873, 887, 888, 918, 
921, 953 

swimming, 46, 158, 243, 392 

telephone, 94, 113, 137, 298, 369, 
497, 595, 600, 628, 630, 954 

television, 138, 184, 323, 407, 600, 
607, 731, 768, 770, 788 

temperature, 32, 44, 57, 59, 69, 444, 
521, 535, 562, 570, 754, 756, 781, 
943, 946, 947, 963, 972, 1005 

tennis, 325, 335, 679, 723, 904 

track and field, 32, 184, 418, 689, 
695, 756, 864 

travel, 5, 7, 15, 33, 62, 63, 81, 88, 
158, 159, 243, 601, 641, 703, 
857 

vehicles, 7, 36, 38, 76, 95, 115, 128, 


166, 192, 227, 233, 298, 307, 
410, 444, 445, 469, 472, 530, 
537, 563, 572, 618, 619, 641, 
646, 660, 662, 667, 722, 777, 
780, 857, 869, 877, 879, 898, 
901, 904, 905, 921, 969 
volleyball, 64, 290, 321, 327, 594 
volunteering, 95, 696 
weather, 105, 108, 110, 458, 460, 
500, 513, 562, 636, 712, 719, 
755, 785, 791, 936, 943, 953, 
969 
wildlife, 8, 9, 16, 44, 108, 109, 111, 
172, 204, 242, 251, 273, 306, 
331, 344, 385, 400, 429, 485, 
630, 648, 664, 729, 922 
winter sports, 343, 556, 682, 734 
Approximation, See also Estimation; 
Prediction 
of the area of an ellipse, 640 
of best-fitting line, 115-120, 146 
of binomial distribution, 763—765 
of correlation, 113, 114, 117 
exercises, 335, 557, 904 
of real zeros of a function, 382—383, 
384 
of roots, 415, 417 
Arc length, of a sector, 861-865 
Archimedes, 857 
Area, See also Formulas, 991 
using determinants to find, 204, 
208, 209, 217 
of an ellipse, 636, 638, 640 
Heron's area formula, 891 
of a parallelogram, 991 
of a rectangle, 991 
of a sector, 861—865 
of a trapezoid, 991 
of a triangle, 885, 887, 888, 891, 991 
Area model 
for completing the square, 283 
for a quadratic equation, 254, 257, 
258, 261 
Arithmetic sequence, 802—809, 839, 
841 
recursive rules and, 827-833, 839, 
842 
Arithmetic series, 804—809, 839, 841 
Assessment, See also Online Quiz; 
State Test Practice 
Chapter Test, 65, 145, 227, 323, 407, 
469, 543, 607, 673, 737, 787, 
843, 901, 969 
Quiz, Throughout. See for example 
40, 58, 96, 120, 138, 167, 193, 
217, 265, 291, 315,352, 377, 
399 
Standardized Test Practice, 68-69, 
148-149, 230-231, 326-327, 
410-411, 472-473, 546-547, 


610-611, 676-677, 740-741, 
790-791, 846-847, 904-905, 
972-973 
Associative property, 3 
for matrix operations, 188, 197 
Asymptote 
for exponential decay functions, 
486, 487 
for exponential growth functions, 
478, 479 
horizontal, 558 
of a hyperbola, 642 
for logarithmic functions, 502 
for rational functions, 558, 565 
vertical, 558 
(Home Tutor, Throughout. See for 
example xxiv, 8, 15, 17, 23, 25, 
31,38, 46, 57, 61, 63, 70, 78, 
94, 97, 103, 110, 122, 141, 143 
Augmented matrices, 218-219 
Average, See Mean 
Avoid Errors, 12, 20, 28, 43, 49, 52, 
73, 82, 108, 115, 126, 133, 153, 
163, 187, 205, 238, 247, 252, 
260, 267, 277, 287, 292, 330, 
338, 347, 354, 355, 362, 370, 
371, 415, 416, 423, 430, 441, 
480, 488, 507, 553, 573, 584, 
599, 644, 654, 658, 683, 691, 
693, 700, 708, 719, 726, 744, 
750, 795, 797, 803, 811, 821, 
828, 862, 877, 890, A8 
Axis (Axes) 
coordinate, 987 
of an ellipse, 634 
of symmetry for a conic section, 
652, 655 
of symmetry for a parabola, 236, 
620 


Bar graph, 1006—1007 
Base 
of a logarithm, 499 
of a power, 10 
Bayes’ Theorem, 722 
Best-fitting line, 112—120, 143 
correlation coefficient, 114 
linear regression and, 116 
Best-fitting quadratic model, 311 
Bias in sampling, 767, 769, 770-773 
Biased question, 772-773 
Biased sample, 767 
Biconditional statement, 1002-1003 
Big Ideas, 1, 60, 71, 140, 151, 221, 235, 
317,329, 401, 413, 465, 477, 
538, 549, 602, 613, 668, 681, 
733, 743, 783, 793, 839, 851, 
964 


Binomial(s), See also Polynomial(s), 
252 

cube of, 347 

multiplying, 347-351, 985 

square of, 347 
Binomial distribution, 725-731, 733, 

736 

approximating, 763-765 

calculating, 731 

skewed, 727, 728 

symmetric, 727, 728 
Binomial expansion, 693—696 

Pascal's triangle and, 693, 695 
Binomial experiment, 725 
Binomial theorem, 693 

using, 693-696, 735 
Bisector 

angle, 994 

perpendicular, 615-617 
Bounded region, 174 
Boundary line, for an inequality, 132 
Box-and-whisker plot, 1008-1009 
Branches, of a hyperbola, 558 
Brewster's angle, 930 


Calculator, See also Graphing 
calculator 
approximating roots, 415, 417 
calculating compound 
interest, 481 
entering negative numbers, 17 
evaluating expressions, 17 
evaluating inverse trigonometric 
functions, 876 
evaluating logarithms, 500—501 
evaluating permutations, 685 
evaluating trigonometric 
functions, 854 
simplifying natural base 
expressions, 492 
Calculator Based Laboratory (CBL), 
948 
Causation, 120 
Census, 766 
Center 
of a circle, 626, 992 
of a conic section, 650—652 
of a hyperbola, 642 
of rotation, 988 
Central angle, of a sector, 861 
Central tendency, measures of, 
744—750, 783, 784, 1005 
Chain rule, 1000-1001 
Challenge, exercises, Throughout. See 
for example 7, 9, 15, 16, 23, 24, 
31, 32, 3B, 39, 45, 47, 56, 58, 
78, 79, 87, 88, 94, 96 
Change-of-base formula, 508-509, 
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511 
Chapter Review, 61-64, 141-144, 
222-226, 318-322, 402-406, 
466-468, 539-542, 603-606, 
669-672, 734—736, 784—786, 
840—842, 898—900, 965-968 
Chapter Summary, 60, 140, 221, 317, 
401, 465, 538, 602, 668, 733, 
783, 839, 897, 964 
Chapter Test, See Assessment 
Checking solutions 
using a calculator, 876 
using end behavior, 393 


by graphing, 255, 311, 440, 518, 931 


using a graphing calculator, 161, 
285, 292, 293, 462, 518, 591, 
659, 958 
using inverse operations, 362 
using logical reasoning, 373, 763 
using slope-intercept form, 154 
using substitution, 18, 19, 20, 36, 
52, 91, 133, 153, 160, 179, 205, 
267, 285, 381, 452, 454, 455, 
468, 517, 518, 591, 934 
using unit analysis, 5, 7, 34 
Choosing a method 
exercises, 94, 164, 183, 305, 357, 
892, 893 
for solving linear systems, 163 
Choosing a model, for data, 774—781, 
786 
Circle, 626, 992 
area of, 992 
center of, 626, 992 
central angle of, 861 
circumference of, 992 
degree measure of, 860 
diameter of, 992 
eccentricity of, 665-666 
equation of, 626 
graphing, 626-633, 668, 670 
translated, 650, 652-657 
writing, 627—632, 668, 670 
finding the center given three 
points, 616, 619 
inequalities and, 628, 630-632 
radian measure of, 860 
radius of, 626, 992 
sector of, 861 
translated, 650 
unit, 867 
Circle graph, 1006-1007 
Circuit, 
Euler, A1 
Hamiltonian, A1 
Circular function, 866 
Circular model, 628, 630-632 
Circular motion, modeling, 916, 921, 
922 
Circular permutation, 689 
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Circumference, of a circle, 992 
Classifying 
conics, 653, 654, 656 
functions, 75, 80-81, 337, 479, 487, 
489 
inverse and direct variation, 551 
linear systems, 154-157 
lines by slope, 83 
numbers, 2 
parallel and perpendicular lines, 
84, 86 
probability distributions, 727, 728 
samples, 766, 769 
series, 805 
triangles using the distance 
formula, 614-615, 617 
zeros of a polynomial function, 
381-382, 384, 385 
Closure property, 3 
Coefficient 
leading, 337 
of a power, 12 
Coefficient matrix, 205-206 
Cofunction identities, 924 
Combination(s), 690-697, 733, 735 
formula, 690 
Pascal's triangle and, 692, 695 
probability and, 699, 702 
Combinatorics, formulas from, 1028 
Common difference, 802 
Common factors, 978 
Common logarithm, 500 
change-of-base formula and, 
508-509, 511 
Common misconceptions, See Error 
Analysis 
Common multiple, 978 
Common ratio, 810 
Communication 
describing in words, 7, 13, 17, 22, 
30, 38, 45, 50, 56, 68, 77, 86, 
93, 94, 102, 117, 118, 119, 122, 
127, 128, 136, 149, 156, 164, 
171, 180, 186, 190, 199, 207, 
209, 214, 216, 240, 256, 263, 
270, 280, 281, 289, 296, 297, 
304, 308, 313, 316, 334, 344, 
349, 357, 366, 375, 390, 397, 
418, 424, 436, 442, 450, 456, 
483, 489, 496, 503, 505, 510, 
511,520, 534, 555, 557, 562, 
568, 570, 578, 586, 623, 624, 
629, 637, 645, 646, 655, 694, 
702, 710, 722, 747, 748, 753, 
754, 769, 770, 778, 806, 814, 
823, 829, 831, 835, 856, 863, 
878, 886, 893, 898, 905, 913, 
919, 920, 928, 935, 942, 944, 
952, 959, 960 
reading math, 54, 83, 174, 277, 339, 


830, 854, 861, 868 
writing in math, 6, 13, 21, 25, 37, 
44, 49, 55, 61, 76, 86, 93, 101, 
109, 117, 127, 128, 135, 136, 
156, 164, 171, 182, 190, 199, 
207, 214, 240, 249, 255, 263, 
269, 279, 288, 296, 304, 312, 
318, 333, 341, 349, 356, 374, 
383, 390, 392, 397, 402, 417, 
424, 432, 442, 449, 456, 466, 
482, 489, 510, 519, 525, 533, 
539, 555, 561, 568, 577, 586, 
592, 617, 624, 629, 654, 661, 
686, 694, 710, 714, 721, 734, 
747, 753, 760, 769, 778, 798, 
806, 807, 814, 823, 840, 856, 
862, 870, 878, 886, 892, 898, 
912, 919, 927, 935, 939, 944, 
945, 952, 959 
Commutative property, 3 
for matrix operations, 188, 196 
Compare, exercises, 8, 39, 61, 135, 
137, 208, 243, 251, 271, 289, 
327, 458, 472, 528, 572, 580, 
619, 623, 645, 649, 702, 714, 
740, 749, 756, 787, 791, 800, 
807, 818, 872, 896, 912, 948 
Comparing 
graphs of absolute value functions, 
121-125 
graphs of quadratic functions, 
236-237, 240 
independent and dependent 
events, 719 
standard and translated equations, 
650, 651 
types of variation, 554 
Complement 
of an event, 709-713, 718 
of a set, 715-716 
Complementary angles, 994 
Completing the square, 283-291, 317, 
321, 653 
using algebra tiles, 283 
Complex conjugates, 278, 380 
Complex conjugates theorem, 380 
Complex fraction, 584 
simplifying, 584-588 
Complex number(s), 276 
absolute value of, 279, 280 
additive inverse of, 280 
Julia set and, 282 
Mandelbrot set and, 281 
multiplicative inverse of, 280 
operations with, 276-282, 317, 
320-321 
plotting, 278 
standard form of, 276 
Complex plane, 278 
Julia set on, 282 


Mandelbrot set on, 281 
Composite number, 978 
Composition, of a function, 430-435, 

465, 467 
Compound event, 707 

probability of, 707-713 
Compound inequality, 41-47 

absolute value form of, 53 
Compound interest, 481, 483-485 
Compound statement, 1001 
Concept Summary, 188, 197, 387, 

861 
Concepts, See Big Ideas; Concept 
Summary; Key Concept 
Condensing a logarithmic 
expression, 508, 510, 541 
Conditional probability, 718-723 
Cone, intersected by a plane, See 
Conics 
Congruent figures, 996-997 
Conics, See also Circle; Ellipse; 
Hyperbola; Parabola, 649-657 

classifying, 653, 656 

degenerate, 657 

discriminant of, 653, 656 

eccentricity of, 665-666 

lines of symmetry of, 652, 655 

translated, equations of, 650-657, 

672 
Conjugates, 267 

complex, 278 
Connected Graph, A3 
Connections, See Applications 
Consistent linear system, 154-157 
Constant 

adding to data values, 751-755 

common difference, 802 
Constant ratio, 810 
Constant term, 12 
Constant of variation, 107, 551 
Constraints, 174 
Continuous function, 80-81 
Continuously compounded interest, 

494-495, 497 
Control group, 773 
Convenience sample, 766 
Converse, of a conditional statement, 
1002-1003 
Coordinate geometry, formulas from, 
1026 
Coordinate plane, 987 
Corollary to the fundamental 
theorem of algebra, 379 
Correlation, describing, 113-114 
Correlation coefficient, 114 
Cosecant function, See also 
Trigonometric function(s) 
evaluating for any angle, 866-872 
evaluating for right triangles, 
852-858 


Cosine function, See also 
Trigonometric equation(s); 
Trigonometric function(s) 

difference formula for, 949 
using, 949-954 
double-angle formula for, 955 
using, 955-962 
evaluating for any angle, 866-872 
evaluating for right triangles, 
852-858 
graphing, 874, 908-914, 964, 965 
reflections, 917, 920 
translations, 915-917, 919-922, 
966 
half-angle formula for, 955 
using, 955-962 
inverse of, 874-879, 897 
sinusoids, and, 941-948 
sum formula for, 949 
using, 949-954 

Cosines, law of, 889-895, 897, 900 

Cotangent function, See also 
Trigonometric function(s) 

evaluating for any angle, 866-872 
evaluating for right triangles, 
852-858 

Cotangent identities, 924, 966 

Coterminal angle, 860, 863 

Counterexample, 1003 

Co-vertices, of an ellipse, 634 

Cramer's rule, 205-209, 221, 226 

Critical path analysis, A4-A5 

Critical x-values, 303, 599 

Cross multiplication, to solve 
rational equations, 589-590 

Cube root function, 447-451, 465, 468 

parent, 446, 465 

Cubes 

difference of, 354 
sum of, 354 

Cubic function, See also Polynomial 

function(s), 337 
inverse of, 441 
writing, 393-399 

Cubic regression, 396 

Cumulative Review, 232-233, 
474-475, 678-679, 848-849 

Cycle, of a function, 908 

Cylinder 

surface area of, 63, 567, 572, 580, 
993 

volume of, 334, 350, 567, 572, 580, 
993 


Data, See also Graphs; Modeling; 
Statistics 
analyzing 
using best-fitting line, 112-120 


choosing a model for, 774-781, 


786 


finite differences, 393-399 
fitting a model to, 774-781 


geometric mean, 749 


hypothesis testing, 764-765 
margin of error, 768—771 


measures of central tendency, 


744—750, 783, 784, 1005 
measures of dispersion, 
744—750, 783, 784, 1005 


negative correlation, 113, 114, 


117 


normal distribution, 757-762, 


783, 785 
outlier, 746, 747 


positive correlation, 113, 114, 


117 
quartiles, 1008-1009 
range, 745-750 


standard deviation, 745-750 


applying transformations 
751-755 
collecting, 112, 550 


to, 


biased question, 772-773 


biased sample, 767 
control group, 773 


convenience sample, 766 


from an experiment, 308, 528, 


772-773, 774 
population, 766 
random sample, 766 


sampling, 766-771, 783, 786 
self-selected sample, 766 


using simulation, 714 


from a survey, 763, 764, 766-771, 


772-773, 786 
systematic sample, 766 
unbiased sample, 767 

displaying 


in a bar graph, 1006-1007 
in a circle graph, 1006-1007 
in a line graph, 1006-1007 
in a scatter plot, 113-120 


organizing 
in a box-and-whisker p 
1008-1009 


lot, 


in a histogram, 724, 726-731, 


1008-1009 


in a line plot, 1008-1009 
using matrices, 189, 192 
in a stem-and-leaf plot, 


1008-1009 
in a table, 112, 528 
in a Venn diagram, 706 
Decay factor, 486 
Decay function 


exponential, 486-491, 538, 540 


involving e, 493-498 
Decimal exponents, 425 
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Decimals, fractions, percents, and, 
976 
Degree 
converting between radians and, 
860-864, 899 
measure of a circle, 860 
minutes, 863 
of a polynomial function, 337, 339 
seconds, 863 
Dependent events, 718-723 
Dependent linear system, 154-157 
Dependent variable, 74 
Depression, angle of, 855 
Derivation 
of Snell's law, 930 
of a trigonometric model, 957 
Descartes, René, 381 
Descartes' Rule of Signs, 381 
using, 381-382, 384, 385 
Determinant, of a matrix, 203-209, 
226 
Diagram 
drawing, problem solving strategy, 
45,97, 39 
interpreting, 324, 326, 608, 609, 
610, 844, 846, 847, 937 
mapping, 72, 73, 77 
Pascal's triangle, 692, 695 
tree, 682, 686, 720, 978 
Venn, 2, 430, 706-708, 715-716, 
1004 
Diameter, of a circle, 992 
Difference 
of two cubes, 354 
of two squares, 253 
Difference formulas, 949, 964 
using, 949—954, 968 
Dilation, on the coordinate plane, 
989 
Dimensions, of a matrix, 187, 195 
Direct argument, 1000-1001 
Directed graph, A1 
Direct substitution, for evaluating 
polynomial functions, 338 
Direct variation, 107-111, 140, 143 
Directrix, of a parabola, 620 
Discrete function, 80-81 
Discrete mathematics 
counting methods, 682-689 
discrete functions, 80—81 
finite differences, 393-399 
greatest common factor (GCF), 
978—979 
least common denominator (LCD), 
979 
least common multiple (LCM), 
978-979 
matrices, 187-219 
mutually exclusive events, 707 
Pascal's triangle, 692, 695 


1090 Student Resources 


scatter plots, 113-120, 143 
sequences, 794-816 
set theory, 715—716 
tree diagram, 682, 686, 720, 978 
triangular numbers, 394 
triangular pyramidal numbers, 395 
Discriminant, 294, 296 
of a conic equation, 653, 656 
Disjoint event, 707, 736 
Dispersion, measures of, 744—750, 
783, 784, 1005 
Distance formula, 614, 619, 669 
Distribution 
binomial, 763-765 
normal, 757—762, 783, 785 
standard normal, 758-762 
Distributive property, 3 
to add and subtract like radicals, 
422 
for matrix operations, 188, 197 
for solving linear equations, 20, 
22-24 
Division 
of complex numbers, 278, 280 
of functions, 429—435 
inequalities and, 42-47 
integer, 975 
as opposite of multiplication, 4 
polynomial, 362-368 
properties, 18 
with rational expressions, 576—580, 
602, 605 
synthetic, 363-368 
Division property of equality, 18 
Domain 
of a function, 73, 76, 391, 428-430, 
446-447, 463, 479, 482, 485, 
487, 489, 491 
of a relation, 72 
of a sequence, 794 
Doppler effect, 563 
Double-angle formulas, 955, 968 
using, 955-962, 968 
Draw angles in standard position, 
859, 860, 863 
Draw conclusions 
examples, 132 
exercises, 50, 112, 122, 152, 177, 
283, 308, 336, 437, 528, 550, 
649, 688, 706, 774, 819, 826, 
874, 881, 923, 948 
from samples, 766-771 
Draw a diagram 
exercises, 887, 895 
problem solving strategy, 35, 37, 
39 
Draw a graph 
exercises, 57, 95, 104, 119, 129, 242, 
290, 306, 314, 343, 344, 451, 
631,729, 816, 914, 929, 937 


problem solving strategy, 49, 273 


Eccentricity of conic sections, 
665-666 
Edge, Al 
Efficiency, 574, 580 
Element 
of a matrix, 187 
of a set, 715-716 
Elevation, angle of, 855 
Eliminate choices, test-taking 
strategy, 3, 228, 229, 286, 544, 
545, 590, 627, 788, 789, 933 
Elimination method 
for solving linear systems, 161-167, 
179-185, 221, 223 
for solving quadratic systems, 
660-664, 668 
Ellipse, 634 
area of, 636, 638, 640 
co-vertices of, 634 
eccentricity of, 665-666 
equation of, 634 
graphing, 634-639, 668, 671 
translated, 650, 652-657 
writing, 635-639, 668, 671 
foci of, 634 
major axis of, 634 
minor axis of, 634 
vertices of, 634 
Empty set, 715 
End behavior, for a polynomial 
function, 336, 339-344 
Equation(s), See also Formulas; 
Function(s); Inequalities; 
Linear equation(s); 
Polynomial(s); Quadratic 
equation(s), 18 
absolute value, 50-58, 60, 64 
of circles, 626-633 
of conic sections, 650-657, 668, 
670-672 
direct variation, 107-111 
of ellipses, 634-639 
equivalent, 18 
exponential, 515—516, 519-525, 542 
general second-degree, 653 
of hyperbolas, 642-648, 650-657, 
668, 671, 672 
inverse variation, 551-557 
joint variation, 553—557 
logarithmic, 499-501, 503-505 
matrix, 190—192 
of parabolas, 620-625 
radical, 452-461, 465, 468 
rational, 589-597, 602, 606 
with rational exponents, 453, 456, 
458-459 


recursive, 826-833 
rewriting, 26-32, 63 
for sequences, 794—795, 798-801 
for translated conics, 650-657 
trigonometric, 876-880, 931-939, 
964, 967 
in two variables, 74-79 
Equivalent equations, 18 
Equivalent expressions, 12 
Equivalent inequalities, 42 
Error analysis 
Avoid Errors, 12, 20, 28, 43, 52, 73, 
82, 108, 115, 126, 133, 153, 
163, 187, 238, 247, 252, 260, 
267, 277, 287, 292, 330, 338, 
347, 354, 355, 362, 370, 371, 
415, 416, 423, 430, 441, 480, 
488, 507, 553, 573, 584, 599, 
644, 654, 658, 683, 691, 693, 
700, 708, 719, 726, 744, 795, 
797, 803, 811, 821, 828, 862, 
877, 890 
exercises, Throughout. See for 
example 7, 13, 17, 22, 30, 38, 
45, 56, 77, 86, 93, 102, 110, 
118, 128, 136 
Estimation, See also Approximation; 
Prediction 
of best-fitting line, 113-120, 143 
of coordinates of turning points, 
390 
of correlation coefficients, 114-120 
using exponential decay models, 
488-491 
using exponential growth models, 
480, 483-485 
using linear graphs, 91, 153 
using natural base functions, 494, 
497-498 
using nth roots, 416 
of solutions of linear systems, 
153-158 
using transformed data, 781 
Euler, 
circuit, А2 
path, A1 
Leonhard, 492 
Euler number e, 492 
Even function, 928 
Event(s) 
complement of, 709 
compound, 707, 733, 736 
dependent, 718-723, 733, 736 
disjoint, 707, 736 
independent, 717-719, 721-723, 
733, 736 
mutually exclusive, 707 
overlapping, 707, 733, 736 
probability, 698 
Expanding a logarithmic expression, 


508, 510, 541 
Expected value, 750 
Experiment, 308, 528 
binomial, 725, 728, 729 
control groups and, 773 
designing, 772-773 
Experimental group, 773 
Experimental probability, 700, 702 
Explicit rule, 827, 839 
Exponent(s) 
decimal, 425 
evaluating, 10-17 
irrational, 425 
properties of, 330, 402, 420, 465, 
1034 
using, 330-335, 402, 420-427, 
467 
rational, 415-419, 420-427, 465, 
466 
Exponential equation(s), 515 
modeling with, 516, 521-522 
property of equality for, 515 
solving, 515-516, 519-525, 538, 542 
Exponential function(s), 478 
decay, 486-491, 538, 540, 776 
graphing, 478-485, 486—491, 538, 
539, 776 
growth, 478-485, 538, 539 
as inverse of logarithmic functions, 
501 
involving e, 493-498, 540 
modeling with, 480-481, 483-485, 
488-491, 528, 530, 534-536 
natural base, 493-498 
writing, 529-531, 533-536, 542 
Exponential inequalities, 526, 527 
Exponential regression, 528, 530 
Exponentiating an equation, 517 
Expression(s) 
combining like terms in, 12-17 
equivalent, 12 
evaluating, 10-17, 60, 62, 330-335 
exponential, 330-335 
factorial, 684 
logarithmic, 499-501, 503-505, 
507-512, 541 
natural base, 492-493, 495-496 
numerical, 10-17, 330-331, 333 
in quadratic form, 355 
rational, 573-588, 602, 605 
with rational exponents, 415—419, 
420-427, 467 
simplifying, 10-17, 60, 62, 330-335, 
420-427 
terms of, 12 
trigonometric, 925-926, 928, 
955-956, 959, 960 
writing, 984 
Extended response questions, 
146-148, 470-472, 738-740, 


970-972 


practice, Throughout. See for 
example B, 32, 33, 47, 59, 69, 
88, 106, 119, 139, 158, 166, 
173, 185, 186 
Extensions 
approximate binomial 
distributions, 763-765 
design surveys and experiments, 
772-773 
determine eccentricity of conic 
sections, 665-666 
discrete and continuous functions, 
80-81 
linear programming, 174-176 
piecewise functions, 130-131 
prove statements using 
mathematical induction, 
836-837 
set theory, 715-716 
solve exponential inequalities, 526, 
227 
solve logarithmic inequalities, 527 
solve radical inequalities, 462—463 
solve rational inequalities, 598-600 
use Interval notation, 49 
weighted averages and expected 
values, 750 
Extra Practice, 1010—1023 
Extraneous solutions 
for absolute value equations, 52 
for logarithmic equations, 518 
for radical equations, 454 
for rational equations, 591 
for trigonometric equations, 934 


Factor(s), 978 
common, 978 
conversion, 981 
decay, 486 
growth, 478 
scale, 989 
Factor theorem, 364, 404 
Factor tree, 978 
Factorial, See also Combination(s); 
Permutation(s), 684 
Factoring 
completely, 353 
difference of two squares, 253 
patterns, 354 
perfect square trinomials, 253 
polynomials, 353-359, 364-368, 
404 
by grouping, 354, 357 
quadratic equations, 252-265, 317, 
319-320 
quadratic expressions, 252-253, 
255-256, 259-260, 263 
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with special patterns, 253, 256, 260, 
263 
the sum or difference of cubes, 354 
trinomials, 252-265 
zeros and, 262-265 
Factorization, prime, 978-979 
Feasible region, 174 
Fibonacci sequence, 828, 832 
recursive rule for, 828 
Find the error, See Error analysis 
Finite differences, 393-399 
first-order differences, 393 
properties of, 394 
second-order differences, 394 
third-order differences, 395 
Finite sequence, 794 
First-order differences, 393 
Focal length, 585, 624 
Focus (Foci) 
of an ellipse, 634 
of a hyperbola, 642 
of a parabola, 620 
FOIL method, 248, 985 
Formulas, 26 
area 
of a circle, 26, 992 
of a parallelogram, 991 
of a rectangle, 26, 991 
of a trapezoid, 26, 991 
of a triangle, 26, 885, 891, 991 
Beaufort number, 458 
change-of-base, 508 
circumference, 26, 992 
combinations, 690 
degrees/radians, 860 
distance, 26, 34 
to the horizon, 450 
between points, 614, 669 
double angle, 955 
Fahrenheit/Celsius, 26, 44, 69 
half angle, 955 
interest 
compound, 481 
continuously compounded, 494 
interior angle of a regular polygon, 
799 
Kelvin/ Celsius, 450 
margin of error, 768 
midpoint, 615 
Newton's law of cooling, 516 
nth pentagonal number, 394 
nth triangular number, 394 
perimeter, of a rectangle, 26, 27, 
991 
permutation, 685 
probability, 698, 700 
of the complement of an event, 
709 
of compound events, 707 
of dependent events, 718 
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of disjoint events, 707 
of independent events, 717 
rewriting, 26-32, 63 
slant height, of a truncated 
pyramid, 459 
slope, 82 
standard deviation, 748 
standard normal distribution, 758 
sum of first n positive integers, 
797 
sum of squares of first n positive 
integers, 797 
surface area 
of a cone, 451 
of a cylinder, 63, 567, 572, 580, 
993 
of a hemisphere, 472 
of a rectangular prism, 993 
of a sphere, 427 
table of, 1026-1032 
trigonometric difference, 949 
trigonometric sum, 949 
vectors, 
angle between, A9 
dot product, A7 
magnitude, A8 
volume 
of a cone, 65 
of a cube, 350, 601 
of a cylinder, 334, 350, 567, 572, 
580, 993 
of a dodecahedron, 419 
of an icosahedron, 419 
of an octahedron, 419 
of a pyramid, 350, 373 
of a rectangular prism, 68, 334, 
350, 993 
of a sphere, 332, 409, 427, 436, 
475, 601 
of a tetrahedron, 419 
Forty-five degree angle, 
trigonometric values for, 853 
Fractal geometry 
fractal tree, 838 
Julia set, 282 
Mandelbrot set, 281 
Sierpinski carpet, 816 
Sierpinski triangle, 825 
Fraction(s) 
adding, 979 
complex, 584 
decimals, percents, and, 976 
subtracting, 979 
writing repeating decimals as, 822 
Fraction bars, as grouping symbols, 
14 
Frequency, of a periodic function, 
910 
Function(s), See also Graphs; Linear 
function(s); Parent function; 


Quadratic function(s), 73, 140, 
141 
absolute value, 121-129 
classifying, 75, 80-81, 479, 487, 489 
composition of, 430-435, 465, 467 
continuous, 80—81 
cosine, 852-858, 866-872, 949-962 
cube root, 446-451, 465, 468 
discrete, 80-81 
domain of, 73, 76, 428-430 
even, 928 
exponential growth and decay, 
478-491, 528-531, 533-536 
family, 89 
greatest integer, 131 
inverse, 438-445, 465, 467, 501 
horizontal line test for, 440 
iterating, 830, 831, 833 
linear, 75-79, 89-97, 438-439, 
442—444 
logarithmic, 502-505 
logistic, 522 
natural base, 493—498 
objective, 174 
odd, 928 
operations on, 428-435, 465, 467 
piecewise, 130-131 
power, 428—435, 531—535 
properties of, 1034 
quadratic, 236-243, 245-251, 
310-315, 322 
radical, 446-451, 465, 468 
range of, 73 
rational, 548-607, 602, 604 
recursive rules and, 827-835 
representing, 73-79 
rounding, 131 
sine, 852-858, 866-872, 949-962 
square root, 446-451, 465, 468 
step, 131 
tangent, 852-858, 866-872, 
911-914, 949-962 
vertical line test for, 73-74, 77 
Function notation, 75 
Fundamental counting principle, 
682 
and permutations, 684-689, 
734-735 
with repetition, 683, 687-689 
using, 682-683, 686-689, 720 
Fundamental theorem of algebra, 
379 
applying, 379-386, 405 
corollary to, 379 


Gauss, Karl Friedrich, 379 
General rational functions, 565-571, 
602, 604 


General second-degree equation, 653 


Generalize, exercises, 703, 705, 712 
Geometric mean, 749 


Geometric probability, 701, 703, 704, 


130-739 
Geometric sequence, 810—816, 839, 
BAI 
recursive rules and, 827—835, 839, 
842 
Geometric series, 812—816, 839, 841 
infinite, 819-825, 839, 842 
Geometry, See also Angle(s); Circle; 
Formulas; Triangle(s); 
Trigonometric function(s) 
congruent figures, 996-997 
conics, 649-657, 665—666 
farmulas from, 1032 
golden rectangle, 594 
linc symmetry, 890 
parallel lines, 84—86, 99, 102 
perpendicular hisector, 615-619 
Pythagorean theorem, 995 
reflection, 988-989 
similar figures, 996-997 
transformation, 988-989 
triangle relationships, 995 
Geometry software activity, 
explore the law of sines, 881 
Golden ratio, 594 
Golden rectangle, 594 
Graphing calculator 
activities 
calculate a binomial 
distribution, 731 
end behavior of functions, 336 
evaluate expressions, 17 
lind maximum and minimum 
values, 244 
function operations, 435 
graph equations of circles, 633 
graph linear equations, 97 


eraph logarithmic functions, 514 


graph rational functions, 564 


graph systems of equations, 159 


use matrix operations, 194 


modeling data with a quadratic 


function, 308 
operations with functions, 435 


operations with sequences, 801 
seta good viewing window, 345 


solving linear systems using 
tables, 152 


use tables to solve equations, 25 


transformations, 121-122 
trigonometric identities, 923 
verify operations with rational 
expressions, 581 
binomial probability feature, 731 
checking solutions with, 161, 285, 
292, 293, 462, 518, 591, 659, 


958 
connected mode, 564, 581 
cubic regression feature, 396 
dot mode, 564 
entering equations, 25, 48, 49, 97, 
121, 122, 152, 159, 345, 396, 
455, 460, 461, 462, 463, 494, 
514, 523, 524, 525, 564, 581, 
596, 597, 633, 834, 923, 939 
examples 
approximating real zeros of a 
polynomial function, 382-383 
computing inverse matrices, 
211-213 
drawing a histogram, 731 
finding a best-fitting line, 116 
finding an exponential model, 
530 
finding a polynomial model, 396 
finding a power model, 532 
finding turning points of a 
polynomial function, 388 
maximizing a polynomial 
model, 589 
modeling natural base 
functions, 494 
modeling the period ofa 
pendulum, 447 
sinusoidal regression, 943 
solving an equation with two 
radicals, 455 
solving an exponential 
inequality, 526 
solving a linear quadratic 
system, 658 
solving a logarithmic inequality, 
527 
solving radical inequalities, 
462-463 
solving rational equations, 
596-597 
solving rational inequalities, 598 
solving trigonometric equations, 
938-939 
exercises, 118, 243, 251, 305, 434, 
444, 483, 489, 491, 496, 497, 
321, 534-536, 563-571, 638, 
662, 712, 761, 816, 888, 914, 
920, 937 
exponential regression feature, 
528, 530, 776, 781 
graphing feature, 49, 97, 121, 122, 
336, 361, 455, 461, 514, 523, 
525, 526, 527, 567, 597, 598, 
633, 658, 775, 776, 777, 801, 
834, 923, 939, 943 
intersect feature, 159, 305, 361, 455, 
461, 163, 523, 525, 526, 527, 
597, 598, 658, 939, 950 
linear regression feature, 116, 775 


list feature, 116, 308, 311, 731, 781, 
943 

LN feature, 514 

LOG feature, 514 

matrix feature, 194, 211, 213 

maximum feature, 244 

minimum feature, 244, 567 

power regression feature, 533, 535 

quadratic regression feature, 308, 
311, 777, 786 

random number feature, 714 

root feature, 382 

sequence made, 801, 834 

sinusoidal regression feature, 943 

sort feature, 714 

statistics feature, 750 

STATPLOT feature, 116, 308, 311, 
396, 528, 530, 774, 775, 781, 
786, 943 

summation feature, 801 

table feature, 25, 48, 49, 152, 360, 
460, 462, 496, 523, 524, 526, 
527, 530, 581, 596, 598, 801, 
938 

table setup feature, 25, 460, 462, 
596 

test feature, 49 

trace feature, 49, 244, 292, 293, 447, 
494 

window settings, 97, 159, 345, 361, 
463, 923 

zero feature, 243, 382 

¿00m feature, 121, 122, 633 


Graphs 


ol absolute value, 50, 51 
of absolute value functions, 
121-129 
of absolute value inequalities, 
50, 53, 54, 56, 135, 136, 169, 
172 
bar, 1006-1007 
of best-fitting lines, 115-120 
circle, 1006-1007 
connected, A3 
of continuous functions, 80-81 
of cosine functions, 874, 908-914, 
964, 965 
translations, 915-917, 919-922, 
966 
of cube root functions, 446-451, 
465, 468 
directed, A1 
of discrete functions, 80-81 
of equations of circles, 626-633, 
668, 670 
translated, 650 
of equations of ellipses, 634—633, 
668, 671 
translated, 652 
of equations of hyperbolas, 
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642-648, 668, 671 
translated, 651 
of equations of parabolas, 620—625, 
668, 670 
translated, 651 
uf equations in two variables, 
74-79 
of exponential decay functions, 
486-491, 538, 539 
of exponential growth functions, 
478—485, 538, 539 
histogram, 724, 726-731 
of horizontal and vertical lines, 
92, 94 
of horizontal and vertical 
translation, 916 
of infinite geometric series, 820 
interpreting, 325-326 
of inverse functions, 437, 438, 440, 
443, 445 
line, 1006-1007 
of linear equations, 89-97, 142 
in three variables, 177 
of linear inequalities 
in one variable, 41-49, 64, 133 
in two variables, 132-138, 144 
of linear-quadratic systems, 658, 
661, 662-664 
of linear systems, 153-159, 221, 
222 
of logarithmic functions, 502-505, 
314,541 
of natural base functions, 493-494, 
496—498 
of parallel and perpendicular lines, 
84-86 


of piecewise functions, 130-131 
of polynomial functions, 336, 
339-344, 387-392, 401, 403, 
406 
of quadratic functions 
in intercept form, 246-251, 317, 
319 
in standard form, 236-243, 317, 
318 
in vertex form, 245-246, 
249—251, 317, 319 
af quadratic inequalities, 300-307 
of quadratic systems, 658-664, 668 
of radical functions, 446—451, 465, 
468 
of rational functions, 558-571, 602, 
604 
of real numbers, 2 
of relations, 72, 76 
scatter plots, 112-120, 143 
of sequences, 795, 798, 800, 801 
of sine functions, 874, 908-914, 
964, 965 
translations, 915-917, 919-922, 


1094 Student Resources 


966 
of square root functions, 446-451, 
465, 468 
of systems of constraints, 174-176 
of systems of linear inequalities, 
168-173, 221, 223 
of systems of quadratic 
inequalities, 301, 304, 305 
of tangent functions, 911-914, 964, 
965 
translations, 918, 920, 921 
of trigonometric functions, 874, 
908-922, 964, 965 
undirected, Al 
vertex-edge, A1—A6 
vertical shrinking of, 479 
vertical stretching of, 479 
Greatest common factor (GCF), 
978-979 
Greatest integer function, 131 
Gridded-answer questions, 
Throughout. See for example 
33, 59, 69, 106, 139, 149, 186, 
220, 231, 274, 316, 327, 369, 
400, 411 
Grouping symbols 
fraction bars, 14 
parentheses, 15 
Growth factor, for an exponential 
growth function, 478 
Growth function 
exponential, 478-485, 538, 539 
involving e, 493-498, 540 
Guess, check, and revise, problem 
solving strategy, 998-999 


Half-angle formulas, 955, 964 
using, 955-962, 968 
Half plane, 132 
Hamiltonian 
path, A1 
circuit, A2 
Heron's area formula, 891 
Hexagonal number, 837 
Histogram, 1008-1009 
on a graphing calculator, 731 
probability distribution, 724, 
726-731, 733 
Hooke's law, 444 
Horizontal asymptote, 558 
Horizontal line, graph of, 92 
Horizontal line test, 440, 443 
Horizontal translation, graphing, 916 
Hyperbola, 558, 642 
asymptotes of, 642 
branches of, 642 
center of, 642 
eccentricity of, 665-666 


equation of 
graphing, 642—648, 668, 671 
translated, 650, 651, 652-657, 
672 
writing, 643-648, 668, 671 
foci of, 642 
transverse axis of, 642 
vertices of, 642 
Hypotenuse, 995 
Hypothesis, 1002-1003 
Hypothesis testing, 764—765 


Identity, 12 
Identity matrix, 210 
Identity property, 3 
If-then form, of a conditional 
statement, 1002-1003 
Imaginary number, 276 
Imaginary unit i, 275 
Inconsistent linear system, 154-157 
Independent events, 717—719, 
721-723 
Independent linear system, 154—157 
Independent variable, 74 
Index of a radical, 414 
Index of refraction, 879, 930, 963 
Index of summation, 796, 797 
Indirect argument, 1000-1001 
Indirect measurement, 855, 857-858 
Induction, mathematical, 836-837 
Inequalities, See also Linear 
inequalities 
absolute value, 50-58, 135, 136, 
169, 172 
compound, 11-47 
equivalent, 42 
exponential, 526, 527 
linear, 41-49, 132-138 
systems ol, 168-176, 221, 223 
logarithmic, 527 
quadratic, 300-307, 322 
systems of, 301, 304, 305 
radical, 462-463 
rational, 598—600 
Infinite geometric series, 819-825, 
839, 842 
Infinite sequence, 794 
Infinite series, 796 
Infinity, positive and negative, 336, 
339 
Initial side, of an angle, 859 
Integers, 2 
operations with, 975 
Intercept form, of a quadratic 
function, 246-251, 317, 319 
Interest 
compound, 481, 483, 484, 485 
continuously compounded, 


494—495, 497 
Interpret 
examples, 91, 124, 132, 429, 494, 
560, 869 
exercises, 88, 306, 307, 335, 458, 
535, 555, 762, 809, 872, 888, 
930 
probability distributions, 725, 726 
Intersection 
of graphs of linear-quadratic 
systems, 658 
of graphs of quadratic systems, 659 
of sets, 707-713, 715-716 
Interval notation, 49, 87, 95, 250, 391 
Inverse cosine, 874-879 
Inverse function(s), 437—445, 465, 
467 
logarithmic and exponential, 501 
trigonometric, 874-880, 897, 899 
Inverse matrices, 210-217, 221, 226 
Inverse property, 3, 501 
Inverse relation(s), 438, 442 
Inverse sine, 874-879 
Inverse tangent, 874-879 
Inverse variation, 550-557, 603 
equations, 551-557 
modeling with, 550, 552, 556-557 
Investigating Algebra, See Activities 
Irrational conjugates theorem, 380 
Irrational exponent, 425 
Irrational number, 2 
Iteration, 830, 831, 833 


Joint variation, 553-557, 603 

Julia set, 282 

Justify results, Throughout. See for 
example 4, 6, 7, 68, 271, 281, 
391, 398, 418, 490, 512, 550, 
556, 748, 819, 832 


Kepler's second law, 904 

Key Concept, 2, 3, 10, 12, 18, 42, 51, 
52, 53, 72, 73, 74, 80, 82, 83, 
84, 89, 90, 91, 92, 98, 107, 115, 
123, 126, 133, 154, 160, 161, 
168, 174, 179, 187, 195, 203, 
204, 205, 206, 210, 212, 218, 
236, 237, 245, 246, 248, 253, 
266, 275, 276, 279, 284, 292, 
294, 330, 339, 353, 354, 363, 
364, 370, 379, 380, 381, 388, 
394, 414, 415, 420, 421, 428, 
438, 440, 446, 452, 478, 481, 
486, 492, 493, 494, 499, 502, 
507, 508, 515, 517, 551, 553, 
558, 559, 565, 573, 575, 576, 


582, 583, 584, 614, 615, 621, 
626, 634, 642, 650, 653, 655, 
682, 685, 690, 692, 693, 698, 
699, 700, 707, 717, 718, 724, 
725, 744, 745, 751, 752, 751, 
763, 764, 768, 794, 796, 797, 
802, 804, 810, 812, 821, 827, 
852, 853, 859, 860, 861, 866, 
867, 868, 875, 882, 883, 885, 
889, 891, 908, 909, 911, 915, 
924, 949, 955, A7, A8, A9 


Law of cosines, 889—895, 897, 900 
Law of large numbers, 703 
Law of sines, 881—888, 897, 900 
Law of universal gravitation, 557 
Leading coefficient, of a polynomial 
function, 337 
Least common denominator (LCD), 
979 
of a rational expression, 583, 986 
for solving a rational equation, 590 
Least common multiple (LCM), 
978-979 
for a rational expression, 583 
Left distributive property, 197 
Legs, of a triangle, 995 
Like radicals, 422 
adding and subtracting, 422-427 
Like terms, 12 
combining, 12 
Likelihood, of an event, 698 
Line graph, 1006-1007 
Line plot, 1008-1009 
Line of reflection, 988-989 
Line symmetry, 990 
Line of symmetry 
for a conic section, 652, 655 
for a plane figure, 990 
Linear equation(s), See also Linear 
systems, 18 
for best-fitting line, 112-120, 143 
direct variation, 107-111 
forms of, 140 
graphing, 89-97, 177 
using slope-intercept form, 
90-97, 140, 142 
using standard form, 91-96 
in three variables, 177 
with no solutions, 23 
point-slope form of, 98-99, 101, 
140 
rewriting, 28, 30-32 
slope-intercept form of, 90-97, 98, 
100, 140, 142 
solving, 18-25, 60, 62 
using the distributive property, 
20-24 


standard form of, 91-96 
in three variables, 177-185 
writing, 19, 20, 23-24, 98-104, 142 
Linear function(s), 75-79 
graphing, 89-97 
inverse, 438-439, 442-444 
linear programming and, 174-176 
Linear inequalities 
constraints, 174-176 
forms of, 41 
graphing 
in one variable, 41-49, 64, 133 
systems of constraints, 174-176, 
221,223 
in two variables, 132-138, 144 
reading, 41 
solution of, 41 
solving, 41—49, 64 
systems of, 168-173 
three or more, 170-173 
in two variables, 132-138, 144 
Linear programming, 174-176 
constraints, 174 
feasible region, 174 
objective function, 174 
Linear-quadratic systems, 658-664 
Linear regression, 116 
Linear systems, 152, 153 
classifying, 154-157 
coefficient matrix of, 205-206 
with infinitely many solutions, 154, 
163, 178, 180 
with no solutions, 154, 163, 178, 
180 
number of solutions of, 154-157 
solution of, 152, 153, 178 
solving 
algebraically, 160-166, 223 
using augmented matrices, 
218-219 
using Cramer's rule, 205-206, 
208-209, 221, 226 
using the elimination method, 
161-167, 179-185, 221, 223 
by graphing, 153-159, 221, 222 
using inverse matrices, 210-217, 
221, 226 
using the substitution method, 
160-167, 181-185, 221 
using tables, 152 
in three variables, 178-185, 224 
Lines 
classifying by slope, 83 
horizontal line test, 440, 443 
parallel 
equations for, 99, 102 
slope of, 84-86 
perpendicular 
equations for, 99, 102 
slope of, 84-86 
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of reflection, 988-989 
slope of, 83, 100 
of symmetry, 652, 655, 990 
vertical, slope of, 73-74, 77 
List, making to solve problems, 
998-999 
Local maximum, of a polynomial 
function, 388 
Local minimum, of a polynomial 
function, 388 
Location Principle, 378 
Logarithm(s), 499 
change-of-base formula and, 
508-509, 511 
common, 500 
natural, 500 
properties of, 507, 1034 
using, 507-513, 541 
Logarithmic equation(s), 517 
evaluating, 499-501, 503-505, 541 
modeling with, 519, 521-522, 
524-525 
property of equality for, 517 
solving, 517-525, 538, 542 
Logarithmic expression(s) 
condensing, 508, 510, 541 
evaluating, 499-501, 503-505, 
507-512 
expanding, 508, 510, 541 
Logarithmic function(s) 
graphing, 502-505, 514, 541 
as inverse of exponential functions, 
501 
modeling with, 500, 504-505 
Logarithmic inequalities, 527 
Logical reasoning, See Reasoning 
Logistic function, 522 
Lower limit of summation, 796 
Lower quartile, 1008-1009 


Major axis, of an ellipse, 634 
Make a list, problem solving strategy, 
998-999 
Make a table, problem solving 
strategy, 48-49, 272-273, 
998-999 
Manipulatives, See also Calculator; 
Graphing calculator 
algebra tiles, 283 
Calculator Based Laboratory, 948 
coins, 308, 528 
compass, 308 
flashlight, 649 
index cards, 774 
measuring tools, 112, 437, 550 
musical instruments, 948 
Mapping diagram, 72, 73, 77, 140, 141 
Margin of error, 768—771 
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formula, 768 
Mathematical induction, 836-837 
Mathematical modeling, formulas 
from, 1031 
Matrix (Matrices), 187 
adding and subtracting, 187, 
189-193, 194 
augmented, 218-219 
coefficient, 205-206 
Cramer's rule and, 205-209 
describing products, 195 
determinant of, 203-209 
dimensions of, 187, 195 
elements of, 187 
equal, 187 
equations, 190-192 
identity, 210 
inverse, 210-217 
multiplying, 195-202, 937 
order of operations, 188 
properties, 188, 191, 197, 1033 
row operations, 218-219 
scalar multiplication, 188-192 
for solving linear systems, 205-209, 
210-219 
total cost, 198 
transition, 201 
transpose, А11 
triangular form, 218-219 
Matrix algebra, formulas from, 1026 
Maximum value 
of a polynomial function, 388-392 
of a quadratic function, 238-239, 
241, 244, 287 
of sine and cosine functions, 909 
Mean, 744, 746-750, 783, 784, 1005 
geometric, 749 
transformation and, 751-755 
Measurement 
converting measurements, 5, 7 
converting units of, 981 
Measures, table of, 1025 
Median, 744, 746-750, 783, 784, 
1005 
transformation and, 751-755 
of a triangle, 618 
Midline, of a trigonometric graph, 
915 
Midpoint 
formula, 615, 669 
of a line segment, 615, 617-619 
Minimum spanning tree, А4 
Minimum value 
of a polynomial function, 388-392 
of a quadratic function, 238-239, 
241, 244 
of sine and cosine functions, 909 
Minor axis, of an ellipse, 634 
Mixed Review, Throughout. See for 
example 9, 16, 24, 32, 40, 47, 


58, 79, 88, 96, 104, 111, 120, 
129, 138, 158 
Mixed Review of Problem Solving, 
33, 59, 106, 139, 186, 220, 274, 
316, 369, 400, 436, 464, 506, 
537,572, 601, 641, 667, 705, 
732, 756, 782, 818, 838, 873, 
896, 940, 963 
Mode, 744, 746-749, 783, 784, 1005 
transformation and, 751-755 
Modeling, See also Expression(s); 
Formulas; Graphing 
calculator; Graphs; Linear 
equation(s); Polynomial(s); 
Polynomial function(s); 
Quadratic function(s) 
absolute value, 51 
using algebraic expressions, 13, 
15-16 
using area models, 254, 257, 258, 
261, 283 
using best-fitting quadratic 
models, 311 
choosing a model, 774—781, 786 
using circular models, 628, 630-632 
circular motion, 916, 921, 922 
completing the square, 283 
using conic sections, 654, 656-657 
direct variation, 107—111, 143 
dropped objects, 268-270, 272-273 
using eccentricity, 666 
using equations of circles, 628, 
630-632 
using equations of ellipses, 636, 
638-639, 640 
using equations of hyperbolas, 644, 
646-648 
using equations of parabolas, 622, 
624-625 
exercises, 15, 39, 271, 557, 580, 639, 
809, 888, 946 
exponential decay, 488-491, 776 
with exponential equations, 516, 
521-523 
using exponential functions, 
480-481, 483-485, 488—491, 
528, 530, 534-536 
exponential growth, 480-481, 
483-485 
factors using a tree, 978 
finite differences, 395, 398 
fitting a model to data, 774—781 
using hundreds squares, 976 
infinite geometric series, 819, 822, 
824-825 
using inverse of a power functions, 
441—442, 444-445 
using inverse variation, 550, 552, 
2526-557 
launched objects, 295, 298 


using linear equations, 19, 20, 
23-24, 29, 31-32, 98-105, 775 


using linear inequalities, 44, 46-47 


using logarithmic equations, 519, 
521-522, 524-525 

using logarithmic functions, 500, 
504-505 


using mapping diagrams, 72, 73, 77 


using natural base functions, 494, 


495, 497-498 
normal distribution, 757-762 
using a number line, 2, 41-51, 53, 
54, 56, 303, 599, 975 
operations on sets, 715-716 
pendulum periods, 447 
with power functions, 532-533, 
535, 542 
using quadratic equations, 254, 
257-258, 261, 262, 264-265 
using quadratic functions, 308, 
311,314 
using quadratic inequalities, 303, 
306-307 
using quadratic regression, 308, 
311 
using quadratic systems, 660, 
662-664 
using rational equations, 589, 
594-597 
using rational expressions, 574, 
579-580 
real numbers, 2 
relations, 72 
using scatter plots, 112-120 
with sine functions, 910, 913-914 
solutions 
to absolute value equations, 50 
to absolute value inequalities, 
50, 53, 54, 56 
to linear inequalities, 41, 43, 45, 
49 
with tangent functions, 918, 921 
using tree diagrams, 682, 686, 720, 
978 
with trigonometric functions, 870, 
871-872, 941-948, 967 
using Venn diagrams, 2, 430, 698, 
706-708, 715-716, 1004 
using a verbal model, 13, 19, 20, 29, 
34, 35, 36, 42, 54, 63, 66, 100, 
101, 134, 155, 162, 181, 239, 
254, 261, 262, 356, 373, 389, 
560, 589, 829 
vertical motion, 295, 298 
Monomial, See also Polynomial(s), 
252, 985 
Moore's law, 547 
Multiples, 978 
Multiple choice questions, 228-230, 
324-326, 544-546, 608-610, 


788-790, 844-846 

examples, 3, 19, 36, 82, 132, 155, 
162, 268, 286, 332, 339, 355, 
365, 430, 453, 508, 518, 575, 
590, 614, 627, 708, 717, 745, 
769, 805, 821, 853, 877, 933, 
956 

practice, Throughout. See for 
example 6, 14, 24, 30, 37, 38, 
45, 46, 56, 69, 77, 86, 87, 93, 
101, 109 


Multiple representations, See also 


Manipulatives; Modeling 

examples, 35, 48, 53, 105, 107, 115, 
134, 153, 161, 218, 239, 272, 
285, 292, 293, 340, 360, 396, 
440, 455, 460, 480, 488, 523, 
530, 552, 560, 567, 591, 596, 
635, 636, 640, 651, 652, 659, 
714,720, 724, 781, 795, 834, 
855, 884, 895, 910, 931, 934, 
938, 958 

exercises, 15, 24, 39, 57, 95, 104, 
119, 129, 157, 173, 216, 242, 
258, 290, 306, 314, 343, 367, 
392, 434, 451, 485, 521, 562, 
570, 631, 647, 729, 754, 779, 
808, 816, 857, 887, 914, 929, 
937 


Multiplication 
of complex numbers, 277-278, 280 


cross multiplying, 589-590 


of data by a constant, 752-755, 783, 


785 
of functions, 429-435 
inequalities and, 42-47 
integer, 975 
matrix, 195-202 
as opposite of division, 4 
of polynomials, 347-352, 403 
properties, 3, 18 
for matrices, 197 
of rational expressions, 575-580, 
602, 605 
scalar, 188-192 


Multiplication property of equality, 
18 


Multiplicative inverse, 4 


of a complex number, 280 


Multi-step problems 


examples, 29, 85, 91, 134, 170, 189, 
206, 213, 239, 262, 311, 340, 
313, 396, 429, 431, 439, 447, 
480, 488, 494, 560, 567, 574, 
616, 636, 644, 654, 691, 720, 
795, 829, 862, 891, 951 

exercises, 8, 23, 32, 33, 39, 47, 57, 
59, 78, 88, 95, 103, 106, 137, 
139, 184, 186, 200, 209, 216, 
220, 250, 257, 274, 298, 307, 


314, 316, 335, 344, 351, 358, 
369, 376, 400, 418, 433, 436, 
444, 458, 464, 484, 491, 497, 
505, 506, 535, 537, 556, 570, 
572, 580, 601, 619, 625, 631, 
641, 647, 663, 667, 688, 696, 
705, 712, 732, 748, 756, 761, 
782, 800, 818, 838, 864, 872, 
873, 888, 893, 896, 921, 940, 


954, 961, 963 
Mutually exclusive events, 707 


Natural base e, 492 
Natural base expression, 492-493, 
495-496 
Natural base function, 493-498 
Natural logarithm, 500 
change-of-base formula and, 
508-509, 511 
Negative angle identities, 924 
Negative correlation, 113, 114, 117 
Negative exponent property, 330 
Negative number, square root of, 
275 
Newton's law of cooling, 516 
Normal curve, 757 
Normal distribution, 757-762, 783, 
785 
nth root, 414 
evaluating, 414-419, 466 
Number line, 2 
to add integers, 975 


for graphing absolute value, 50, 51 


for graphing absolute value 
equations, 50 

for graphing absolute value 
inequalities, 50, 53, 54, 56 

for graphing linear inequalities, 
41-49 


for graphing quadratic inequalities, 


303 

real numbers on, 2 

to show critical x-values, 599 

to subtract integers, 975 
Numbers 

absolute value of, 50, 51 

classifying, 2 

complex, 276 

composite, 978 

imaginary, 276 

integers, 2, 975 

irrational, 2 

pentagonal, 394 

prime, 978-979 

pure imaginary, 276 

rational, 2 

real, 2 

triangular, 394 
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triangular pyramidal, 395 
whole, 2 
Numerical expression, 10-17, 60 


Objective function, 174 

Odd function, 928 

Odds, for and against an event, 
699—700, 702—703 

Ohm's law, 749 

Online Quiz, Throughout. See for 
example 9, 16, 24, 32, 40, 47, 
58, 79, 88, 96, 104, 111, 120, 
129, 138 

Open-ended problems, 6, 14, 32, 33, 
45, 59, 87, 94, 103, 106, 110, 
118, 127, 136, 138, 157, 165, 
183, 186, 200, 208, 215, 220, 
257, 270, 274, 280, 289, 297, 
305, 313, 316, 334, 342, 369, 
375, 384, 391, 398, 400, 425, 
433, 436, 443, 456, 464, 483, 
490, 496, 506, 511, 520, 537, 
556, 562, 569, 572, 593, 601, 
617, 630, 638, 641, 667, 705, 
711, 722, 728, 732, 748, 756, 
782, 818, 824, 831, 838, 873, 
878, 896, 913, 940, 963 

Or rule, 1000-1001 

Order of operations, 10-17 

for matrices, 188 

Ordered pair, 987 

Ordered triple, 177, 178 

Ordering, real numbers, 3, 6 

Origin, in a coordinate plane, 987 

Outcome, 698 

Outlier, 746, 747 

Overlapping events, 707, 733, 736 


Parabola, 236 
axis of symmetry of, 236, 620 
directrix of, 620 
eccentricity of, 665—666 
equation of, 621—625, 668, 670 
translated, 650—657 
focal length of, 624 
focus of, 620 
graph of, 620—625, 668, 670 
as graph of a quadratic function, 
236-243 
latus rectum of, 625 
vertex of, 236, 620 
Parameter, 314 
Parametric Equations, 299, 314 
Parallel lines 
equations for, 99, 102 
slope of, 84-86 
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Parent function 
for absolute value functions, 121, 
123 
for cosine functions, 908 
for cube root functions, 446, 465 
for exponential decay functions, 
486 
for exponential growth functions, 
478 
for linear functions, 89 
for logarithmic functions, 502 
for quadratic functions, 236 
for simple rational functions, 558 
for sine functions, 908 
for square root functions, 446, 465 
Partial sum, 820 
Pascal, Blaise, 692 
Pascal's triangle, 692, 695 
binomial expansion and, 693, 695 
Pattern(s) 
exercises, 8, 350, 512, 695 
exponential function models and, 
529-531 
factoring, 354 
to make a generalization, 283 
Pascal's triangle, 692, 695 
power function models and, 
531-533 
product patterns for binomials, 
347 
Pentagonal numbers, 394 
Percent 
calculating with, 977 
decrease, 488-489 
fractions, decimals, and, 976 
increase, 480-481, 483-485 
Percentiles, 758, 761 
Perfect square, 284 
Perfect square trinomial, 253 
Perimeter, 991 
Period, of a function, 908, 909 
Periodic function, See also Cosine 
function; Sine function, 908 
frequency of, 910 
Permutation(s), 684-689, 733, 
734-735 
circular, 689 
formula, 685 
probability and, 699, 702 
with repetition, 685-689 
Perpendicular bisector, 615-619 
Perpendicular lines 
equations for, 99, 102 
slope of, 84-86 
Pi notation, 799 
Piecewise function, 130-131 
Point discontinuity, 579 
Point-slope form, 98-99, 101, 140, 
530, 532 
Polynomial(s), 337 


adding, 346-352, 403 
dividing, 362-368 
rational expressions, 576-577 
factoring, 353-359, 364-368, 404 
by grouping, 354, 357 
multiplying, 347-352, 403 
rational expressions, 575-576 
in quadratic form, 355, 357 
subtracting, 346-352, 403 
theorems involving, 363, 364, 379 
Polynomial equation(s) 
factoring, 353-359, 364-368, 404 
solving, 355-359, 404 
Polynomial function(s), 337 
classifying zeros of, 381-382, 384, 
385 
degree of, 337, 339 
Descartes’ Rule of Signs and, 
381-382, 384, 385 
end behavior of, 336, 339-344 
evaluating, 338-344, 402, 403 
by synthetic substitution, 338 
finding zeros of, 370-378, 379-386, 
401, 405 
fundamental theorem of algebra 
and, 379-386, 405 
graphing, 336, 340, 342-344, 
387-392, 401, 403, 406 
leading coefficient of, 337 
maximum of, 388-392 
minimum of, 388-392 
standard form of, 337 
turning points of, 388, 390 
types of, 337 
writing, 381, 384, 386, 393-399, 406 
Polynomial long division, 362-368 
Population, 766 
Positive correlation, 113, 114, 117 
Power function(s), 428-435 
inverse, 440—445 
modeling with, 532—533, 535, 538, 
542 
writing, 531-535 
Power of a power property, 330, 414, 
420 
Power of a product property, 330, 420 
Power property of logarithms, 507 
Power of quotients property, 330, 420 
Power regression, 533, 535 
Powers, See also; Exponent(s); 
Exponential function(s) 
of a binomial difference, 693, 695 
of a binomial sum, 693-695 
coefficient of, 12 
evaluating, 10-17 
Practice, See Reviews 
Precision, significant digits and, 983 
Prediction 
using direct variation, 108, 110 
exercises, 15, 104, 110, 112, 158, 


308, 344, 437,535, 550, 631, 
774,791, 896, 973 
using exponential decay models, 
488-491 
using exponential growth models, 
480, 483-485 
using exponential regression, 530 
using an inverse function, 442 
using line of fit, 116-120, 146-147 
using rate of change, 85 
using regression, 396 
Premise, 1000-1001 
Prerequisite Skills, xxiv, 70, 150, 234, 
328, 412, 476, 548, 612, 680, 
742, 792, 850, 906 
Prime factorization, 978-979 
Prime number, 978-979 
Probability 
binomial, 763-765 
binomial distribution and, 
724—731, 733, 736 
combinations and, 699, 702, 733, 
735 
of the complement of an event, 
709—713 
of compound events, 707-713 
conditional, 718-723 
of dependent events, 718-723, 733, 
736 
of disjoint events, 707 
event, 698 
experimental, 700, 702 
formulas, 698, 1028-1029 
fundamental counting principle, 
682, 684-689, 734-735 
geometric, 701, 703, 704, 738-739 
of independent events, 717-719, 
721-723, 733, 736 
of mutually exclusive events, 707 
normal distribution and, 757-762 
odds and, 699-700, 702-703 
outcome, 698 
of overlapping events, 707, 733, 736 
permutation and, 699, 702, 733, 
734-735 
standard normal table and, 
759-762 
theoretical, 698 
Venn diagrams and, 698, 706—708 
Probability distribution, 724 
binomial, 725-731 
skewed, 727, 728 
symmetric, 727, 728 
Problem solving strategies, See also 
Eliminate choices; Problem 
Solving Workshop 
draw a diagram, 35, 37-39 
draw a graph, 49, 273 
use a formula, 34, 37-39 
guess, check, and revise, 998-999 


interpret a diagram, 608, 609, 610 
look for a pattern, 35, 37-39 
make a list, 998-999 
make a table, 48-49, 272-273, 
998-999 
solve a simpler problem, 998-999 
use a verbal model, 36-39 
write an equation, 36-39 
Problem Solving Workshop, 48, 105, 
218-219, 272-273, 360—361, 
460-461, 523-525, 596-597, 
640, 714, 781, 834-835, 895, 
938-939 
Product of powers property, 330, 420 
Product property 
of logarithms, 507 
of square roots, 266 
Proof, See also Reasoning 
using mathematical induction, 
836-837 
of properties of logarithms, 511 
Properties 
of addition, 3, 18, 188 
of complex numbers, 280-281 
of division, 18 
for exponential equations, 515 
of exponents, 330, 420, 1033, 1034 
of finite differences, 394 
of functions, 1034 
inverse, 3, 501 
for logarithmic equations, 517 
of logarithms, 507, 1034 
proofs of, 511 
of matrix operations, 188, 191, 197, 
1033 
of multiplication, 3, 18, 197 
of radicals, 1034 
of rational exponents, 420, 465, 
1034 
of real numbers, 2-9, 281, 1033 
of square roots, 266 
of subtraction, 18, 188 
zero product, 253 
Proportion, 980 
Pure imaginary number, 276 
Pythagorean identities, 924 
Pythagorean theorem, 995 
using, 852-858, 866, 895, 898 


Quadrant(s), of a coordinate plane, 
987 
Quadrantal angle, 867 
Quadratic equation(s), See also 
Polynomial(s) 
with complex solutions, 276-282 
discriminant in, 294 
to model dropped objects, 
268-270, 272-273 


to model launched objects, 295, 
298 
to model vertical motion, 295, 298 
roots of, 253 
solving 
by completing the square, 
284-291,317, 321 
by factoring, 252-265, 317, 319, 
320 
by finding square roots, 266-271, 
284, 317, 320 
using the quadratic formula, 
292-299, 317, 321 
standard form of, 253 
systems of, 658-664 
Quadratic expression(s) 
completing the square for, 283 
factoring, 252-253, 255-256, 
259-260, 263 
Quadratic form, of a polynomial, 355, 
397 
Quadratic formula, 292-299, 317, 
321, 933 
Quadratic function(s) 
best-fitting quadratic model and, 
311 
graphing 
in intercept form, 246-251, 317, 
319 
in standard form, 236-243, 317, 
318 
in vertex form, 245—246, 
248-251, 287, 317, 319 
maximum value, 238-239, 241, 244, 
287 
minimum value, 238-239, 241, 244 
parent function, 236 
writing 
in intercept form, 309, 312-315, 
322 
in standard form, 310, 312-315, 
322 
in vertex form, 309, 312-315, 322 
zeros of, 254-256 
Quadratic inequality (inequalities) 
critical x-values of, 303 
graphing, 300-307, 322 
in one variable, forms, 302-305 
solving, 302-307, 322 
system of, 301, 304, 305 
Quadratic regression, 308, 311 
Quadratic system, 658-664, 668, 672 
Quartic function, 337 
Quartile, 1008-1009 
Quotient of powers property, 330, 
420 
Quotient property 
of logarithms, 507 
of square roots, 266 
Quotient of powers property, 
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495-500, 542, 544 
Quotient property of radicals, 

720—726, 753, 755 
Quotient rule, for fractions, 915 


Radian, 860 
converting between degrees and, 
860—864, 899 
Radian measure, 860—865 
Radical(s), 266 
index of, 414 
like, 422 
nth root, 414—419 
properties of, 421-427, 507, 1034 
simplest form, 422 
Radical equation 
solving, 452—461, 465, 468 
with two radicals, 455, 457 
Radical function, graphing, 446-451, 
465, 468 
Radical inequalities, 462—463 
Radical sign, 266 
Radicand, 266 
Radius, of a circle, 626, 992 
Random sample, 766 
Random variable, 724 
Range 
as an absolute value inequality, 54 
data, 745-750, 783, 784, 1005 
of a function, 73, 446-447, 479, 
487 
of a relation, 72 
of a sequence, 794 
transformation and, 751-755 
Rate, 85 
Rate of change 
average, 85, 86 
slope and, 82-88, 142 
Ratio(s) 
golden, 594 
to identify direct variation, 108, 109 
percent as, 976 
proportions and, 980 
simplest form, 980 
trigonometric, 852-858 
Rational equation, 589-597, 602, 606 
Rational exponent(s), 413-419, 465, 
466 
equations with, 453, 456, 458-459, 
468 
properties of, 420-427, 465, 467, 
1034 
Rational expression(s), 986 
adding, 582-588, 602, 605 
dividing, 576-580, 602, 605 
least common denominator of, 
583, 986 
multiplying, 575-580, 602, 605 
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point discontinuity and, 579 
simplified form of, 573 
simplifying, 573-574, 577-580, 602 
subtracting, 582-588, 602, 605 
verifying operations with, 581 
Rational function(s) 
graphing 
general, 565-571, 602, 604 
simple, 558-564, 604 
inverse variation, 550-557 
joint variation, 553-557 
parent function for, 558 
Rational inequalities, 598-600 
Rational numbers, 2 
Rational zero theorem, 370 
Rationalizing the denominator, 267 
Readiness 
Prerequisite Skills, xxiv, 70, 150, 
234, 328, 412, 476, 548, 612, 
680, 742, 792, 850, 906 
Skills Review Handbook, 975-1009 
Reading 
function notation, 75, 430, 438 
graphs, 74 
linear inequalities, 41 
subscripts, 26 
summation notation, 796 
Reading math, 54, 83, 174, 277, 339, 
700, 766, 830, 854, 861, 868 
Real numbers 
ordering, 3, 6 
properties of, 2-9, 61, 1033 
subsets of, 2 
Reasoning 
and rule, 1000-1001 
biconditional statement, 
1002-1003 
chain rule, 1000-1001 
compound statement, 1001 
conclusion, 1000-1003 
valid, 1000-1001 
conditional statement, 1002-1003 
converse, 1002-1003 
if-then form, 1002-1003 
counterexample, 1003 
derivations, 930, 957 
direct argument, 1000-1001 
exercises, 7, 25, 31, 49, 56, 87, 88, 
94, 103, 105, 110, 117, 118, 
128, 183, 219, 256, 273, 289, 
297, 334, 345, 384, 386, 391, 
417, 443, 450, 485, 491, 497, 
505, 522, 531, 557, 577, 618, 
630, 639, 640, 646, 647, 656, 
662, 666, 695, 702, 714, 716, 
722, 723, 748, 759, 761, 770, 
771, 807, 823, 831, 835, 837, 
920, 923, 936, 945, 946, 957, 
960 
hypothesis, 1002-1003 


hypothesis testing, 764-765 
indirect argument, 1000-1001 
inductive reasoning, 836-837 
or rule, 1000-1001 
using a pattern to make a 
generalization, 283 
premises, 1000-1001 
proof 
using mathematical induction, 
836-837 
for properties of logarithms, 511 
Venn diagrams, 1004 
Reciprocal, multiplying by, 4 
Reciprocal identities, 924 
Rectangle, area and perimeter of, 991 
Rectangular prism 
surface area of, 993 
volume of, 68, 334, 350, 993 
Recursive rule, 826, 827 
for a sequence, 826-835, 839, 842 
Reference angle, 868, 871 
Reflection 
on the coordinate plane, 988-989 
of the graph of a parent function 
absolute value function, 124-129 
cosine function, 917, 920 
logarithmic function, 502 
sine function, 917, 920 
line of, 988-989 
Refraction, index of, 879, 930, 963 
Regression 
cubic, 396 
exponential, 528, 530 
linear, 116 
power, 533, 535 
quadratic, 308, 311 
Relation, 72, 140, 141 
inverse, 438, 442 
Remainder theorem, 363, 404 
Repeated solution, 379 
Repeating decimal, 822 
Reviews, See Big Ideas; Chapter 
Review; Chapter Summary; 
Cumulative Review; Mixed 
Review; Mixed Review of 
Problem Solving; Prerequisite 
Skills; Skills Review Handbook 
Right distributive property, 197 
Right triangle trigonometry, 
852-858, 897, 898 
Root(s), See also Radical(s) 
evaluating nth roots, 414-419 
of a quadratic equation, 253 
square, 266, 275 
Rotation 
center of, 988 
on the coordinate plane, 988-989 
Rounding function, 131 
Row equivalent matrices, 218 
Row operations, 218-219 


Rubric 
for scoring extended response 
questions, 146, 470, 738, 970 
for scoring short response 
questions, 66, 408, 674, 902 


c» 
Sample(s) 
biased, 767 
classifying, 766, 769, 783 
selecting, 766 
size of, 768 
Sampling, 766-771, 783, 786 
SAT, See Standardized Test 
Preparation 
Scalar, 188 
Scalar multiplication, 188-192 
Scale factor, 989 
Scatter plot, 113-120, 143 
Science, See Applications 
Scientific notation, 331, 982 
properties of exponents and, 331, 
333, 334 
Secant function, See also 
Trigonometric function(s) 
evaluating for any angle, 866-872 
evaluating for right triangles, 
852-858 
Second-order differences, 394 
Sector, 861 
arc length, 861-865 
area, 861-865 
central angle of, 861 
Self-selected sample, 766 
Sequence(s), 794, 839 
arithmetic, 802-809, 839, 841 
finite, 794 
formulas from, 1029-1030 
geometric, 810-816, 839, 841 
graphing, 795, 798, 800, 801 
infinite, 794 
patterns and, 794-795, 797-801 
recursive rules and, 826-835, 839, 
842 
terms of, 794 
writing rules for, 795, 798, 799-800 
Series 
arithmetic, 804—809, 839, 841 
finite, 796 
formulas from, 797, 1029-1030 
geometric, 812-817, 839, 841 
infinite, 796 
infinite geometric, 819-825, 839, 
84: 
summation notation and, 796-800 
Set theory, 715-716 
Short response questions, 66-68, 
408—410, 674-676, 902-904 
practice, Throughout. See for 


example 9, 15, 23, 31, 33, 37, 
38, 55, 59, 77, 78, 87, 94, 95, 
103, 106 
Shrink, of the graph of the parent 
absolute value function, 
124-129 
Sierpinski carpet, 616 
Sierpinski triangle, 825 
Sigma notation, 796 
Significant digits, 348, 983 
Similar figures, 996-997 
Simplest form radical, 422 
Simulation, 714 
using random numbers, 714 
Sine function, See also Trigonometric 
equation(s); Trigonometric 
function(s) 
difference formula for, 949 
using, 949-954 
double-angle formula for, 955 
using, 955-962 
evaluating for any angle, 866-872 
evaluating for right triangles, 
052-090 
graphing, 874, 908-914, 964, 965 
reflections, 917, 920 
translations, 915-917, 919-922, 
966 
half-angle formula for, 955 
using, 955-962 
inverse of, 874-879, 897, 899 
sinusoids, and, 941-948 
sum formula for, 949 
Sines, law of, 881-888, 897, 900 
Sinusvidal regression, 943 
Sinusoids, 941-948, 967 
Sixty-degree angle, trigonometric 
values for, 853 
Skewed distribution, 727, 728 
Skills Review Handbook, 975-1009 
algebra review 
hinomial products, 985 
expressions, 984 
geometry 
angle relationships, 994 
congruent figures, 996-997 
coordinate plane, 987 
line symmetry, 990 
similar figures, 996-997 
transformations, 988-989 
triangle relationships, 995 
logical reasoning 
conditional statements, 
1002-1003 
counterexamples, 1003 
logical argument, 1000-1001 
Venn diagrams, 1004 
measurement 
area, 991 
area of a circle, 992 


circumference of a circle, 992 
converting units of, 981 
perimeter, 991 
surface area, 993 
volume, 993 
number sense 
factors and multiples, 978-979 
fractions, decimals, and 
percents, 976 
integers, operations with, 975 
least common denominators, 
986 
percent, calculating with, 977 
ratios and proportions, 980 
scientific notation, 982 
significant digits, 983 
problem solving strategies, 
998-999 
statistical dara 
graphing, 1006-1007 
mean, median, mode, and 
range, 1005 
organizing, 1008-1009 
Slope, 82 
of best-fitting lines, 114-120 
classifying lines by, 83 
rate of change and, 82-88, 142 
Slope-intercept form, 90-97, 98, 100, 
140, 142 
Snell's law, 930 
Solution(s) 
of an absolute value equation, 50 
uf an absolute value inequality, 50 
of an equation, 18 
extraneous, 52, 454, 518, 591, 934 
of a linear inequality in two 
variables, 132 
of a polynomial function, 379, 387 
of a quadratic equation, 253, 294 
of a system of linear equations, 
152, 153 
in three variahles, 178 
of a system of linear inequalities, 
168 
Solve a simpler problem, problem 
solving strategy, 998-999 
Special angle, 963 
Special patterns, factoring with, 253, 
256, 260 
Spreadsheet 
to evaluate a recursive rule, 826 
use the Location Principle, 378 
Square(s) 
of a binomial, 347 
difference of two, 353 
Square rout(s), 266 
imaginary unit i and, 275, 317 
ofa negative number, 275 
properties of, 266 
as solutions to quadratic 
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equations, 267-271, 317, 320 
Square root function 
graphing, 446-451, 465, 468 
parent, 446, 465 
Standard deviation, 745—750, 783, 
784 
transformation and, 751-755 
Standard form 
of a complex number, 276 
of a linear equation, 91-96, 140 
of a number, 982 
of a polynomial function, 337 
of a quadratic equation, 253 
of a quadratic function, 236-243, 
317,318 
Standard normal distribution, 
758-762 
Standard normal table, 759 
Standard position, 859 
Standardized Test Practice, See also 
Eliminate choices, 68-69, 
148-149, 230-231, 326-327, 
410-411, 472-473, 546-547, 
610-611, 676-677, 740-741, 
790—791, 846-847, 904-905, 
972-973 
examples, 3, 19, 36, 82, 132, 155, 
162, 254, 268, 286, 332, 339, 
355, 365, 453, 508, 575, 590, 
614, 627, 708, 717, 769, 877, 
933, 956 
exercises, Throughout. See for 
example 6, 8, 14, 15, 23, 32 
Standardized Test Preparation, 
See also Gridded-answer 
questions; Multi-step 
problems; Open-ended 
problems 
Standardized Test Preparation 
context-based multiple choice 
questions, 324-326, 608-610, 
844-846 
extended response questions, 
146-148, 470-472, 738-740, 
970-972 
multiple choice questions, 
228-230, 544-546, 788—790 
short response questions, 66-68, 
408-410, 674-676, 902-904 
Standing wave, 953 
State Test Practice, 33, 59, 69, 139, 
149, 186, 220, 231, 274, 316, 
327, 369, 400, 411, 436, 464, 
473,506, 537, 547,572, 601, 
641, 667, 677, 732, 741, 782, 
818, 838, 847, 873, 896, 940, 
963, 973 
Statistics, See also Data; Graphs; 
Probability 
best-fitting line, 114-120 
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bias in sampling, 767, 769, 771 
biased question, 772-773 
binomial distribution, 763-765 
control group, 773 
convenience sample, 766 
direct variation, 107-111, 140, 143 
experimental group, 773 
experiments, designing, 772-773 
formulas from, 1029 
geometric mean, 749 
margin of error, 768—771 
measures of central tendency, 
744—750, 783, 784, 1005 
measures of dispersion, 744—750, 
783, 784, 1005 
negative correlation, 113, 114, 117 
normal distribution, 757-762, 783, 
785 
outlier, 746, 747 
population, 766 
positive correlation, 113, 114, 117 
random sample, 766 
sampling, 766—771, 783, 786 
self-selected sample, 766 
standard deviation, 745-750, 783, 
784 
surveys 
designing, 772-773 
sampling, 766-771 
systematic sample, 766 
tolerance, 54 
unbiased sample, 767 
Stem-and-leaf plot, 1008—1009 
Step function, 131 
Stretch, of the graph of the parent 
absolute value function, 
124—129 
Subscripts, reading, 26 
Subset, 716 
Substitution, for checking solutions, 
18,19, 20, 36, 57, 91, 133, 153, 
160, 179, 205, 267, 285, 381, 
452, 454, 455, 468, 517, 518, 
591, 934 
Substitution method 
for evaluating polynomial 
functions, 338 
for solving linear-quadratic 
systems, 659, 661, 662-664 
for solving linear systems, 160-167, 
181-185, 221 
for solving quadratic systems, 
660-664, 668, 672 
Subtraction 
of complex numbers, 276, 279 
counting problems and, 691 
with fractions, 979 
of functions, 428-435 
inequalities and, 42-47 
integer, 975 


matrix, 187, 189-192, 194 
as opposite of addition, 4 
of polynomials, 346-352, 403 
properties, 18 
for matrices, 188 
with rational expressions, 582-588, 
602, 605 
Subtraction property of equality, 18 
Sum formulas, 949, 964 
for special series, 797 
using, 949-954, 968 
Sum of two cubes, 354 
Summation notation, 796-800 
Summing rectangles, 640 
Supplementary angles, 994 
Surface area, 993 
Survey 
designing, 772-773, 786 
probability and, 726, 729, 731, 732, 
740, 741 
sampling and, 766-771, 786 
Symbols, table of, 1024 
Symmetric distribution, 727, 728 
Symmetry 
line of 
for a conic section, 652, 655 
for a plane figure, 990 
Synthetic division, 363-368 
Synthetic substitution, 363 
for evaluating polynomial 
functions, 338 
System of linear equations, See 
Linear systems 
System of linear inequalities, 
168-173 
with no solution, 169 
three or more inequalities, 170-173 
System of quadratic inequalities, 
301, 304, 305 
Systematic sample, 766 


Table(s) 

to display data, 8, 9, 47, 57, 59, 69, 
108, 110, 111, 112, 115, 117, 
118, 119, 120, 206, 400, 421, 
426, 472, 552, 553, 570, 580, 
777, 779, 780, 781, 782, 787, 
824, 904, 946, 969, 973, 1007 

to graph cube root functions, 447 

to graph equations of parabolas, 
621 

to graph exponential decay 
functions, 486 

to graph exponential growth 
functions, 478 

to graph linear functions, 75, 80 


to graph polynomial functions, 
340, 342-344 
to graph quadratic functions, 236, 
237, 240 
to graph square root functions, 446 
interpreting, 609, 610 
for natural base e, 492 
lor recording experimental data, 
308, 819 
to represent relations, 72 
to solve linear equations, 25 
to solve linear systems, 152 
to solve problems, exercises, 15, 24, 
39, 95, 104, 129, 290, 306, 314, 
343, 451, 570, 647, 729, 808, 
914, 929, 937 
to solve quadratic inequalities, 302 
to solve radical inequalities, 462 
to solve rational inequalities, 598 
spreadsheet, 826 
standard normal, 759 
Tables of reference 
Formulas, 1026-1032 
Identities, from trigonometry, 
1030-1031 
Measures, 1025 
Properties 
of exponents, 1033 
of functions, 1034 
of logarithms, 1034 
of matrices, 1033 
of radicals, 1034 
of rational exponents, 1034 
of real numbers, 1033 
Symbols, 1024 
Theorems, from algebra, 
1027-1028 
Tangent function, See also 
Trigonometric equation(s); 
Trigonometric function(s) 
difference formula for, 949 
using, 949-954 
double-angle formula tor, 955 
using, 955-962 
evaluating for any angle, 866-872 
evaluating for right triangles, 
852-858 
graphing, 911-914, 965 
translations, 918, 920, 921 
half-angle formula for, 955 
using, 955-962 
inverse, 875-879, 897, 899 
sum formula for, 949 
using, 949-954 
Tangent identities, 924 
Technology, See Calculator; Graphing 
calculator 
Technology support, See Animated 
Algebra; & Home Tutor; Online 
Quiz; State Test Practice 


Term(s) 
constant, 12 
of an expression, 12 
like, 12 
of a sequence, 794 
variable, 12 
Terminal side, ofan angle, 859 
Test-taking strategies, eliminate 
choices, 3, 228, 229, 286, 544, 
Theorems 
binomial theorem, 693 
complex conjugates theorem, 380 
factor theorem, 364 
fundamental theorem of algebra, 
379-386, 405 
irrational conjugates theorem, 380 
Pythagorean theorem, 995 
rational zero theorem, 370 
remainder theorem, 363 
Theoretical probability, 698 
Third-order differences, 395 
Tolerance, 54 
‘Total cost matrix, 198 
Tower of Hanoi, 800 
Transformation, 123 
on the coordinate plane, 988-989 
data and, 751-755 
of exponential data, 529 
of general graphs, 126 
of the graph of a parent function 
absolute value, 121-129, 144 
exponential, 479, 487 
radical, 448 
rational, 558, 559 
multiple, 125-129 
of power data, 532 
producing equivalent inequalities, 
42 
vertical shrinking of a graph, 479, 
487 
vertical stretching of a graph, 479, 
487 
Transition matrix, 201 
Translation 
of conic sections, 650-657, 672 
on the coordinate plane, 988-989 
exercises, 39 
of the graph of a parent function 
absolute value, 121, 122, 123-129 
cosine, 915-917, 919-922, 966 
exponential, 487 
exponential growth, 479 
logarithmic, 503 
radical, 448 
rational, 559 
sine, 915-917, 919-922, 966 
tangent, 918, 920, 921 
horizontal, 316 
vertical, 916 


Transverse axis, of a hyperbola, 642 
Tree, A3-A4 
minimum spanning, A4 
spanning, A3 


for factoring numbers, 978 
for finding probability, 720 
Triangle(s) 
AAS, 882 
ambiguous case, 883-884 
area ol, 885, 887, 888, 991 
ASA, 882 
classifying, using the distance 
formula, 614-615, 617 
hypotenuse of, 995 
legs of, 995 
median of, 618 
perimeter of, 991 
right, trigonometry and, 852-858, 
898 
SAS, 889 
SSA, 883-884 
555, 890—891 
sum of angle measures of, 995 
Triangular numbers, 394 
Triangular pyramidal numbers, 395 
Trigonometric equation(s), 876-880 
identities and, 923-930 
solving, 931-939, 964, 967 
using double-angle and half- 
angle formulas, 958, 960-962 
in an interval, 932, 935-937 
using sum and difference 
formulas, 949-954 
Trigonometric expressions, 925-926, 
928, 955-956, 959, 960 
Trigonometric formulas 
double-angle and half-angle, 
955-962, 964, 968 
sum and difference, 949-954, 964, 
968 
Trigonometric function(s) 
of any angle, 866-872, 899 
difference formulas for, 949 
using, 949-954 
double-angle formulas for, 955 
using, 955-962 
graphing, 874, 908-922, 964, 965 
half-angle formulas for, 955 
using, 955-962 
inverse, 874-880, 897, 899 
modeling with, 870, 871-872, 
941-948, 967 
right angle, 852-858, 898 
sum formulas for, 949 
using, 949-954 
Trigonometric identities, 923-930, 
966 
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Trigonometric ratios, 852-858 
Trigonometry 
formulas from, 1030-1031 
identities from, 1030-1031 
Trinomial(s), 252 
factoring, 252-265 
Turning points, of a polynomial 
function, 388, 390 


Unbiased sample, 767 
Unbounded region, 174 
Undefined slope, 83 
Union, of sets, 707-713, 715-716 
Unit analysis, 5 
for checking solutions, 7, 34 
with conversions, 5 
with operations, 5 
Unit circle, 867 
Universal gravitational constant, 
997 
Universal set, 715 
Upper limit of summation, 796 
Upper quartile, 1008-1009 


Variable(s), 11 
dependent, 74 
independent, 74 
random, 724 
solving for, 26 
Variable term, 12 
Variation 
constant of, 107, 551 
direct, 107-111, 140, 143 
inverse, 550-557, 603 
joint, 553-557, 603 
Venn diagram, 1004 
classifying numbers, 2 
to show composition of functions, 
430 
to show operations on sets, 
715-716 
to show probability, 698, 706-708 
Verbal model 
examples, 13, 19, 20, 29, 34, 35, 36, 
42, 54, 63, 66, 100, 101, 134, 
155, 162, 181, 239, 254, 261, 
262, 356, 373, 389, 560, 589, 
829 


writing and evaluating, 11 
Verification, of trigonometric 
identities, 923, 926-930, 958, 
966 
Vertex (Vertices) 
of an absolute value graph, 123 
of an angle, 859 
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exercises, 15, 30, 242, 257, 594, 601 


of an ellipse, 634, 650 
of a feasible region, 174 
of a hyperbola, 642, 650 
of a parabola, 236, 620, 650 
of a vertex-edge graph, Al 
Vertex coloring, A2 
Vertex-edge graph, Al—A6 
Vertex form, of quadratic a function, 
245-246, 248-251, 287, 317, 
319 
Vertical asymptote, 558 
Vertical line, graph of, 92 
Vertical line test, 73-74, 77 
Vertical motion problem, 295, 298 
Vertical shrinking, of a graph, 479, 
487 
Vertical stretching, of a graph, 479, 
487 
Vertical translation, graphing, 916 
Visual thinking, See also Graphs; 
Manipulatives; Modeling; 
Multiple representations; 
Transformation 
exercises, 15, 102, 185, 281, 297, 
342, 624, 862 
Vocabulary 
overview, 1, 71, 151, 235, 329, 413, 
477,549, 613, 681, 743, 793, 
851, 907 
prerequisite, xxiv, 70, 150, 234, 328, 
412, 476, 548, 612, 680, 742, 
792, 850, 906 
review, 61, 141, 222, 318, 402, 466, 
539, 603, 669, 734, 784, 840, 
898, 965 
Volume, See Formulas 


Weighted average, 750 
What If? questions, Throughout. See 
for example 11, 13, 21, 29, 36, 
44, 74, 83, 85, 91, 101, 109 
Whole numbers, 2 
Work rate problems, 20, 24 
Writing, See also Communication; 
Verbal model 
absolute value functions, 125 
algebraic expressions, 984 
direct variation equations, 107-111 
equations of circles, 627-632 
equations of ellipses, 635-639 
equations of hyperbolas, 643-648 
equations of parabolas, 621-625 
exponential functions, 529-531, 
533-536, 542 
linear equations, 19, 20, 23-24, 
98-104, 142 
linear systems as matrix equations, 
212-213, 215-217 


piecewise functions, 131 

polynomial functions, 381, 384, 
386, 392-399 

power functions, 531-535 

quadratic functions, 309-315, 322 

rational equations, 589, 594-595 

rules for nth term of a sequence, 
803-809, 810-816 

rules for sequences, 795, 798, 
799-800 

systems of equations, 155, 157-158, 
162, 165-166, 181, 184-185 

systems of linear inequalities, 170, 
172-173 

trigonometric equations, 877, 
879-880 

trigonometric functions, 941-948 


x-axis, 987 
x-coordinate, 987 
x-intercept, 91 
of the graph of a polynomial 
function, 387 
x-values, critical, 303, 599 


y-axis, 987 
y-coordinate, 987 
as local maximum of a function, 
388 
as local minimum of a function, 
388 
y-intercept, 89 


z-intercept, 177 
z-score, 758 
standard normal table and, 
759-762 
Zero exponent property, 330 
Zero product property, 253 
Zero slope, 83 
Zeros 
of a polynomial function, 364, 365, 
366, 367, 370-378, 387, 405 
approximating real, 382-383, 384 
Descartes’ Rule of Signs and, 
381-382, 384, 385 
fundamental theorem of algebra 
and, 379-386, 405 
of a quadratic function, 254-256 
average of, 262 
of a rational function, 566 
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500; Carol Zuber-Mallison 111, 204, 208, 209, 358, 521, 587, 
616, 618, 619, 663, 704, 855, 885, 961 top right, 961 bottom. 
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Worked-Out Solutions 


This section of the book provides step-by-step solutions to exercises with 
circled exercise numbers. These solutions provide models that can help 


guide your work with the homework exercises. 


The separate Selected Answers section follows this section. It provides 
numerous answers that you can use to check your own answers. 


Chapter 1 


Lesson 1.1 (pp. 6-9) 
21. 7a + (4 + 5a) 


= 7а + (5a + 4) Commutative property of 
addition 


= (7а + 5а) + 4 Associative property of 
addition 


= (7 + 5)а +4 Distributive property 


= 12а + 4 Simplify 
1 yard 
31. 350 feet • те 116.7 уагаѕ 


59. а. Pluto, Neptune, Uranus, Saturn, Jupiter, 


Mars, Earth, Mercury, Venus 


b. Mercury, Venus, Earth, Mars, Jupiter, 
Saturn, Uranus, Neptune, Pluto 


с. The greater the distance from the sun, the 
colder the surface temperature. 


d. Venus 


Lesson 1.2 (pp. 13-16) 
21. When т = 6: 
8m + (2m — 9)? = 8(6) + (2(6) — 9)° 
= 8(6) + (3)° 
= 48 + 27 = 75 
29. 7(m — 3) + 4(m + 5) = 7m — 21 + 4m + 20 
= (7m + 4m) + 21 + 20) = 11m — 1 


59. 270 — 4.5(x). The expression makes sense 
for all positive integer values of x less than 
or equal to 60. When x > 60, the balance is 
negative. 


Lesson 1.3 (pp. 21-24) 
23. 5b-4=2b>+8 Check: 
3b-4=8 5b-4=2b+8 
3b = 12 5(4) —4 4 2(4) + 8 
b=4 20-428+8 
16 = 16 Y 
43 li + at = 10 Check: 
oe Ш ы Lu — 
6|22+ з= 6(10) ls + ir- 10 
32+ 22=60 112) +312) 2 10 
5t = 60 6+4 2 10 
t = 12 10 = 10 


71. 7.75(25) + 6.25x = 250 
193.79 + 6.25% = 250 
x=9 
You must work 9 hours/week at the second 


job. 


Lesson 1.4 (pp. 30-32) 


3. A=lw>%=/1 
Uu 


The length of the rectangle is 5 millimeters. 


_ 6x 


9. бх + 5у = 31 > 5у = 31 -6x y= - 5 


31 _ 6(—4) _ 55 


When x = —4: y = == - pH 
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35. F=2C+ 32 + Е — 32 = 5С AF - 32) = С 
When F = 50: 2(50 ~ $3) = 9 


5 НР 
9(18) = С 


10 = С 


The temperature of 10°C corresponds to 50°F. 


Lesson 1.5 (pp. 37-40) 


3. а = rt 20 = 40t > 2 =f; t= 5 hour 
11. 11 15 19 23 An equation is y = 11 + 4x. 
+4 +4 +4 
27. 15 16.5 18 19.5 21 
| — A a хл 


HLS FLS 15 +5 


An equation is y = 15 + 1.5x. Itis not 
reasonable to assume the pattern in the table 
continues indefinitely. If it did, the plant 
would become indefinitely tall. 


WORKED-OUT SOLUTIONS 


Lesson 1.6 (pp. 44-47) 
13. x « -20rx»4 
25. 15 —3x»3 
01234568 
x<4 
55. a. Lowland: 0 < e < 500 
b. Alpine: 2000 < e < 2429 
Subalpine: 1400 < e « 2000 
Alpine and subalpine: 1400 < e « 2429 


c. Notin montane zone: e < 500 or e > 1400 
Lesson 1.7 (pp. 55-58) 


21. |2d 5| = 13 
2d — 5 = —13 or 2d – 5 = 13 


2d = —8 or 2d = 18 
d=-4 or а= 9 
47. ld+4|>3 
= -7 -5 -3 -1 1 


d+4<-3 or d+4>3 
d<-—7 or de —1 
77. Accept: |b — 21| € 1; Reject: |b – 21| > 1 


WS2 Worked-Out Solutions 


Chapter 2 
Lesson 2.1 (pp. 76-79) 
7. (5, 20), (10, 20), (15, 30), (20, 30) 
Domain: 5, 10, 15, and 20; Range: 20 and 30 


Mapping Diagram 


Input Output 


17. The relation is not a function because the 
input —2 is mapped to both 0 and 5. 


45. V(r) = iar? 


V(6) = ám(6)? = 288т = 905 units? 


V(6) represents the volume of a sphere with а 
radius of 6 units. 


Lesson 2.2 (pp. 86-88) 


a um ow „Т „ж ' . 
9. m=- С-Б) a 0; the line rises. 


19. Line 1: through (1, 5) and (3, —2) 
Line 2: through (—3, 2) and (4, 0) 


к aie 
173—1 

0-2 2 

т. = EM: 


Because m, • m = -£.-£=1+#-1and 


1 2 2 
т, + m,, the lines are neither perpendicular 
nor parallel. 

45. A; 


change in gallons 

Average rate of change = ——______— 
change in days 

_ 214 gallons — 400 gallons 

30 days — 0 days 


_ 7186 gallons _ T d 
mde. ^ —6.2 gallons per day 


Lesson 2.3 (pp. 93-96) 
15. | | Ж 


y E 


37. —5х + 10y = 20 
x-intercept: 
—5x + 10(0) = 20 


х= —4 


y-intercept: 
—5(0) + 10y = 20 
y=2 


The y-intercept, 1.5, 
represents the cost to rent 
shoes, $1.50. The slope, 

3, represents the cost per 
game, $3. 


Г 
E 
© 
2 
% 
8 
3 
2 


01234 
Games bowled 


Lesson 2.4 (pp. 101-104) 


15. Let (х,у) = (7, —3) and m = -i. 


у-у = míx- xy) 


y - (53) = -$œ - 7) 


у= -ix41 


35. Let (х, yj) = (75, -2) and (5, y) = (73,8). 


у-у = т(х - xy) 
А0) 
y = 5х + 23 
53. An equation is 15x + 9у = 4500. 


From the graph, you 
can see that if 200 
general admissions 
tickets were sold, about 
167 student tickets were 
sold. 


+ 
de 
E 
@ 
ч 
= 
ù 


200 400 400 
General 
admission tickets 


Lesson 2.5 (pp. 109-111) 


5. у=ах 
—21 = а(6) | 
n - E 
37 Ll 


Substitute -i fora — 


іп у = ах. у = -ix 
15. y=ax When x — 12: = 
_ — lg = a 
—1.6 = a(-4.8) у= 32) =4 a 
T 
La © 
p - 
=j 
So, y = i © 
0,y = ax 2 
S 
23 40 82 _ = 
41 45 5.1 78 5.1 16 2-1 © 
Y 


Because the ratios are approximately equal, 
the data show direct variation. An equation 
relating s and tis t = 5.15. 


Lesson 2.6 (pp. 117-120) 


9. The correlation coefficient is closest to —1 
because the scatter plot shows a strong 
negative correlation. 


d 


(х, y,) = (1, 120) and (x,, у,) = (5, 42). 


|. J2 Ур 42-120 78 _ 
E E ow сл ge В 


у-у = m(x — xy) 
y - 120 = -19.5(x — 1) 
y = —19.5x + 139.5 
с. When x = 20: 
y = —19.5(20) + 139.5 = —250.5 


Worked-Out Solutions WS3 


25. A scatter plot and possible line of best fit are 
shown. The line appears to pass through 
(x у) = (0, 2240) and (x,, у„) = (6, 2850). 


_ Ya Уу _ 2850—2240 _ 610 _ 
= LA - Eca == 101.7 


y — 2240 = 101.7(x — 0) 
y = 101.7x + 2240 


An approximation of the best-fitting line is 
y = 101.7x + 2240. 


Average annual public 
college tuition 


WORKED-OUT SOLUTIONS 


Years since 1997 


Lesson 2.7 (pp. 127-129) 

13. The graph of f(x) = => lx — 1| + 5is the 
graph of f(x) = |x| reflected in the x-axis, 
vertically shrunk by a factor of 5 and 


translated right 1 unit and up 5 units. 


19. Vertex is (-2, -1); y = alx + 2| — 1 
Using point (0, 0): 0 = alo +2| -1 


=a 
An equation is y = A + 2| = 1, 


39. Vertex is (69, 140); y = a|x — 69| + 140 
0 = а|0 — 69| + 140 


Using point (0, 0): 


An equation is y — A |x — 69| + 140. 


WS4  worked-Out Solutions 


Lesson 2.8 (pp. 135-138) 
15. [Г TT] | 25. 


| || 
+ 1) 


y Е 
у=—;|х—2| 


ADS 


45. x = yards of cotton lace; y = yards of linen lace 
1:5x +Z0y< 73 


Let x = 24: 
1.5(24)  2.5y < 75 
y < 15.6 


E 
= 
а 
8 
c 
ES 
J 


You can buy 15.6 or less 
yards of linen lace. 


Cotton lace (yards) 


Chapter 3 
Lesson 3.1 (pp. 156-158) 
8. y-—-3x-—2 
2 -3(-2)-2 
426-2 
424 
5x + 2у=—2 
5(—2) + 2(4) 4 -2 
—10 +8 2 -2 
-2 =-2Y 


The solution is (—2, 4). 


| | The graphs of the equations 
| | | | | are the same line. The 
| system has infinitely many 
T> solutions. The system is 

| consistent and dependent. 


37. Let y = total cost. 


Let x = number of 
days. 


Option A: y = 121 + x 


T 
E 
3 
E 
E 


| , | | | 

|, | MA 

O 5 10 15 20 25 30 35 * 
Number of days 


Option B: y = 12x 


The plans are equal after 11 days. If the daily 
cost of option B increases, the plans will be 
equal in fewer days. 


Lesson 3.2 (pp. 164-167) 
5. бх —2y=5 
-3x +t y= 7 ә y=3x 547 
When у = 3x + 7: 
6х — 2(3x + 7) = 5 
бх — бх — 14 = 5 


—14 +5 There is no solution. 


29. 2х – Зу = 8 х2 4x — бу = 16 
AX + Sy =-—10 —4x + by = —10 
-y-6 
When y = —6: 
2x — 3(-6) =8 


x=-5 The solution is (—5, —6). 


59. x = double x+y=26>y=26-x 


y = singles 4x + 2y = 76 
4х + 2(26 — x) = 76 у= 26 – х 
4x + 52 — 2x = 76 y = 26 – 12 
х = 12 у= 14 


There were 12 doubles games and 14 singles 
games in progress. 
Lesson 3.3 (pp. 171-173) 
9. 4x — 4y> —16 19, 3x --2y» —5 
Hilo e 


5. NES 
of 


37. a. X22 ГА 
2 

> 2 B 

i s 
x+ys.8 3 

EI 

х + у> 5 Е 


Number of juniors 


c. Sample answer: 3 juniors, 4 seniors; 
4 juniors, 4 seniors. 


Lesson 3.4 (pp. 182-185) 
11. 3x-y+2z2=4 
6x — 2y + 42 = -8 
2x —y + 32 = 10 
6x — 2y + 4z = —8 Add —2 times Equation 1 
—6x + 2y — Az = —8 to Equation 2. 


0 = -8 
No solution 
25. AFD 23= 1 = 
ру z 
-2x 7у +32 = 7 = 
' 
х + 5у – 22 = -1 Add Equation 2 to = 
—y—2y+z=6 Equation 1. is 
3у – 2 = 5 New Equation 1 2 
Ay yr ae 7 Add 2 times Equation z 
2x + 10у — 4z = —2 1 to Equation 3. 2 
3у – 2 = 5 New Equation 2 
3y-z=5 Add —1 times new Equation 
—3y + z= -5 1to new Equation 2 
0=0 


Infinitely many solutions 


Using new equation 2, z = 3y — 5. Substitute 
into the first equation: 


EFD 225 -i 
e+ by (Зу 5) = 
х-у+ 10 = -1 

х= у- 11 


So, any ordered triple of the form (y — 11, y, 
Зу — 5) is a solution of the system. 


45. a. f — 1st place; s = 2nd place; t = 3rd place 


f+s+t=20 Equation 1 
5f + 3s + t= 68 Equation 2 
s=f+t Equation 3 


f+ (f+ 1) + 1=20>2f+ 21 = 20 New Eq. 1 
of + 3(f + t) + t = 68 > 8f + 4t = 68 New Eq. 2 
—8f — 81 = —80 

8f + At = 68 
—4f = —12, ort = 3 


Add —4 times new 


Eq. 1 to new Eq. 2. 


Worked-Out Solutions WS5 


Substitute f = 3 into new Equation 1. 
2f + 2(3) =20>f=7 


Substitute f= 7 and t = 3 into 
Equation 3. 


s=f+t>:s=7+3=10 


7 athletes placed first, 10 athletes placed 
second, and 3 athletes placed third. 


b. f+s+t= 20 Equation 1 
5f+ 3s + t = 70 Equation 2 
s=f+t Equation 3 


f+(f+0+ t= 20 2f+ 21 = 20 New Ед. 1 
5f -- 307+ £) + t= 70 ә 8f + 4t = 70 New Eq. 2 


—8f—8t=-80 Add —4 times new 
af + 4t = 70 Eq. 1 to new Eq. 2. 
—4t = —10 


WORKED-OUT SOLUTIONS 


t cannot be a fraction; you cannot have 
part of a person. This claim must be false. 


Lesson 3.5 (pp. 191-193) 

в |10 -8| |12 -3 

"| 5 -3 3 —4 
[10-12 -8-(-3) |_|-2 -5 
5-3 —3—(—4) 2 1 


L8 —15 10.6 72 0 —54 
21. +3 
Е 3.4 d К —1.9 | 


[18-4216 1540 30563 (—153) 
-8.--53. 34 (57 0+ 9.9 
[234 -1.5 -56 

-25 —23 99 

May(M) June (J) 
A В С А В С 
33 Downtown] 31 42 18 25 36 12 
а. Mall 22 25 11 ||38 32 15 
31 42 18 25: 36) 12 

. М+]= + 
В J È 25 4 E 32 -| 


[31425 4236 18-12] [56 78 зо 
22-38 25-32 11+15| |60 57 26 


WS6  Worked-Out Solutions 


The downtown store sold 56 of Model A, 
78 of Model B, and 30 of Model C. The 
mall store sold 60 of Model A, 57 of Model 
B, and 26 of Model C. 


56 78 30 
60 57 26 


_ [28 39 15 
30 28.5 13 


Lesson 3.6 (pp. 199-202) 


s [o alla -2 


_ | 9(0) + (—3)(4) 
0(0) + 2(4) 


1 „еш 
C. 1+ =3| 


9(1) + (—3)(-2) 
O(1) + 2(—2) 


1 x d Ss =3 -6 3 
23. -1АС= E All i 


.1| 56) + (-3)(4) 5(3) + (—3)(1) 
(—2)(—6) + (604 (—2)(3) + (4)(1) 


2 


__1[-42 12] | 21 —6 
2| 28 —2 -M 1 


41. PS is defined, since P has 3 columns and 5 


has 3 rows. 
21 16 
PS = [650 825 1050] | 40 33 
15 19 


= [650(21) + 825(40) + 1050(15) 
650(16) + 825(33) + 1050(19)] 


= [62,400 57,575] 
Dealer A: $62,400; Dealer B: $57,575 


Lesson 3.7 (pp. 207-209) 


—1 12 4|-1 12 
11. G ® —5| uU 2 
3 Q0 1| Ж 09 


= (-2 — 180 + 0) — (24 + 0 + 0) = —206 


|| ^ 2 1 ' 4 2 1|4 2 
23. Area = 234 8 1|==5 |4 8 1/4 8 
8 5 1 8 5 1/8 5 


= +5 [(32 +16 + 20) — (64 + 20 +8)] = 12 


The area of the triangle is 12 square units. 


43. a. х = single; у = double; 2 = triple 
х+у+2 = 120 
0.90х + 1.2у + 1.62 = 134 
х=у+29х-у- 2 = 0 
l1 1 . i 1 
09 L2 15|0.9 L2 
L= =f] LI 
= (—-L2+16 —0.3)— 0:2 — 1,6—0:9) = 0.8 


120 1 1 
134 12 16 
DU -i -1 
x= ————= 05 = 60 
0.8 1 
1 120 1 
09 134 16 
i бё -i 
32 
у= = — = 40 
0.8 0.8 
1 1 120 
0.9 12 134 
i =й B 
gm = 08 = 20 
0.8 " 


There аге 60 single-scoop, 40 double- 
ѕсоор, and 20 triple-scoop cones sold. 


b. New price = 1.1 X old price 


1.1($.90) = $.99; 1.1($1.20) = $1.32; 
1.1($1.60) = $1.76 


New sales = 0.95 X old sales 

0.95(60) = 57; 0.95(40) = 38; 0.95(20) = 19 
New revenue = $.99(57) + $1.32(38) 

+ $1.76(19) = $140.03 


Lesson 3.8 (pp. 214-217) 


| : p 
-]p d 


2 1l 
m ш: 7 4 UE _4 
15 15 
2 xL 
15 
X=ATB= 15 10 I 3 EE: 
4 | 4 || —25 2 y 
15 15 z 
The solution of the system is (3, 2). © 
>, 
78 104 198 b 500 ы 
4.|1 0 06 || |= | 3 Ò 
22 255 238 | {ш 100 С 
© 
2.3 
= 
X=A'B= Е 
0.8 d 
1:2 © 
= 
Un 


2.3 oz Bran Crunchies; 0.8 oz Toasted Oats; 
and 1.2 oz Whole Wheat Flakes 


Chapter 4 
Lesson 4.1 ФР. 240-243) 
15. | Both graphs have the same 


axis of symmetry. The graph 
of f(x) = —x* + 2 opens 
down, and its vertex is 2 units 
higher than that of y = x*. 


37. f(x) = 2x? + 6х +4 


a > 0; the function has a minimum value. 


EL NE c; NE 
= 52 = WE E = —2 
2) 
Minimum: Ks = 5(—2)? + 6(-2) + 4 = -2 
1 
57. y sae ^ Ex + 500 
— —b = 2) = 2100 
2a dt 1 | Е 
19000 


у = 5000 (2100)? — (2100) + 500 = 10 


The cable is 10 feet above the road. 


Worked-Out Solutions WS7 


Lesson 4.2 (pp. 249-251) 


19. | X» a=1p=-1,andg=-2 


x-int.: x = —2 and х = -1 


Axis of sym.: 
_-2+(—1)__ 
х= —3  --Ll5 


| Vertex: [-1,3,.—1.25) 
29. у = (x - 3)? + 6 = (х – 3)(х – 3) +6 


y = —0.000234(80)(80 — 160) = 1.5 


2 = (х2 – 3x — 3x + 9) + 6= x^? — 6x + 15 
2 53. а. у = —0.000234x(x — 160) 

z = —0.000234(x — 0)(x — 160) 

sá р = 0, q = 160; the field is 160 feet wide. 
E p + 

© һ. х= 21 = 52 = go 

= 

тт 

к 5 

СА 

=] 


The maximum height is about 1.5 feet. 


Lesson 4.3 (pp. 255-258) 
33. z^ — 3z — 54 = 0 > (z – 9)(2 + 6) = 0 


2-9=0-02=9 опг2+6 = 0 ә 2 = –6 
47. у= х? + 7x — 30 = (x + 10)(x — 3) 

The zeros аге —10 and 3. 
67. a. A= (30)(20) = 600 ft” 


b. Newarea | _ | Newlength New width 
(feet) (feet) 7 (feet) 


1064 = (x + 30)(x + 20) 
c. X^ + 50x + 600 = 1064 
(x — 58)(x — 8) = 0 ә х= —58orx=8 
Expand the length and width by 8 feet. 


Lesson 4.4 (pp. 263-265) 
27. 20x* + 124x + 24 = 4(5x* + 31x + 6) 

= 4(5x + 1)(x + 6) 
39. 6r^— 7r- 5 = 0» (3r – 5)(2r + 1) = 0 


r=,=I5 or fo 
3 2 


WSS8  worked-Out Solutions 


63. 96 = (2x + 8)(2x + 12) — 96 
0 = Ax? + 40x — 96 
0 = (4x — 8)(x + 12) 
x=2or x--12 


The border's width should be 2 feet. 


Lesson 4.5 (pp. 269-271) 
v2 __V2 .4—V5  4V2 - VIO 
"афу 4+V5 4-5 11 
27. -3w? = -213 >w?=71>w= +71 
41. a. тг? = 10° = 100 


b. rr? = 100 — r? = 199. r = 5.6 feet 


C. FE = Tr 


Lesson 4.6 (pp. 279-282) 
ll. —5(n — 3)? = 10 (n – 3? = -2 
n—-3=+V-25n=32iV2 


6 | 6i 3-i 18i-0i* 
= p en EA AE (eA . 
ft 3-—1 3-1 g-31—3i1—1 


29. 


| -6418 6 ,18, 3,9, 
——'1i ag dd aTa 


67. Impedance: 12 + 8i — 6i — 10i = 12 — 8i 
ohms 


Lesson 4.7 (pp. 288-291) 


27. xX – 25 = —25 
x —2x+1=-2541 
(x — D^ = —24 


x-1=+V-24>x=1+2iV6 


45. —y=x%-3x+4 
yt2=(2-3x+ 3) +4 
—[ 3p Ai 
у= {х er 


„ 13: 7 
The vertex is 5, | 


65. у = (200 + 10x)(40 — x) 
y = 8000 + 200x — 10x? 
y — 8000 = —10(x? — 20x) 
y — 8000 + (—10)(100) = —10(x* — 20x + 100) 
y — 9000 = —10(x — 10)? 
y = —10(x — 10)? + 9000 
The revenue is maximized when the price is 
increased 10 times; 10($10) = $100. 


Lesson 4.8 (pp. 296-299) 


19. 4х2 +3 = х2 — 7х 3 3x7 + 7x - 3 = 0 


| -7tWV—4(3() _ -7+V13 
2(3) ~ 6 


39. 772 — s= 2r + 9r^ 5 -2r^ - 2r- 5 = 0) 
b? — Дас = (-2)* — 4(-2)(-5) = -36<0 
-[-2] &€V-35 , ^ 


T 
2(—2) 2 
71. S = —0.000013E? + 0.042E — 21 
10 = —0.000013E* + 0.042E — 21 


Two imaginary: E Ši 


0 = —0.000013E* + 0.042E — 31 


_ 70.042 = V (0.042)? — 4(—0.000013)(—31) 
Е 2(— 0.000013) 


—0.042 + V0.000152 
—0.000026 


E 
Ha 
E = 1141 meters or E == 2090 meters 


Lesson 4.9 (pp. 304-307) 


17. ys ¿d+ 3х + 1 


39. 322 + 2x —8<0 
(Зх — 4)(x + 2) =0 


EE! = эй BEBURBFIASBBN 
X-—30rx-— 2 ШШШ "AN 


- "n 4 | 4. z + | i 
. : |_| ly=3x + 6x - 8 | 
The solution is II LIS LII! 


| 4 
—J<eyo = 
25х52 


73. 0.0017x? + 0.145x + 2.35 > 10 
0.0017х2 + 0.145x — 7.65 > 0 


КЕКСЕ 


_ 0.145 + V0.073045 


0.0034 == 36.84, —122.13 


X 


Test values x = 0 and x = 37 to determine that 
x > 36.84. The domain is 0 € x < 40. So, the 
larvae's length tends to be greater than 10 mm 
between around 37 to 40 days. 


Lesson 4.10 (pp. 312-315) 


19. у= а(х - p(x—q) > y = а(х + 3)(x — 3) 


-4 = a(l + 3)(1 - 3) 93 


=a 


A quadratic function is y = ix + 3)(х — 3). 


35. у=ах + bx + c 
9—a(-D^-b(-D-*coa-b-c-9 
1 = a(l)? +b) -coa-*b*c-1 
17 = a(3)* + (3) + c 9а + 3b + c = 17 
Using substitution апас = 9 — a + b: 
a+b+(9-a+b=1>b=-4 
9а + 3(-4) + (9-a-4)=17>a=3 
З-(—4)+с=9—әс=2 
A quadratic function is у = 3x* — 4x + 2. 
49. а. 


BuadReg 
у=ахё+һх+с 
a=.0119047619 
b=-.3085714286 


c--4.761905E-4 
R2=.9999912262 


y = 0.01190x* — 0.309x — 0.00048 
b. When x = 10, y = -1.90 seconds 


Chapter 5 

Lesson 5.1 (pp. 333-335) 

17. (6.3 x 105)(8.9 x 10717) = 56.07 x 1077 
= 5.607 x 10* x 10 = 5.607 x 10 5 


Worked-Out Solutions WS9 


= 
© 
5 
A 
m 
T 
© 
= 
E 
un 
© 
P 
= 
- 
© 
2 
un 


WORKED-OUT SOLUTIONS 


3d 
1. ——7* 
$ 9cd 


Quotient of powers property 


=3,3-1g1-(-) — l2, 
«$36 d =d 


51. Bead: d = 6 mm, r = 3 mm 


4 


y = Sar = эт (3)° = 367 


Pearl: d = 9 mm, r = ? mm 


2 

4 3 4 [9? 243m 
243 пт 

Volume of pearl 2 243 


Volume ofbead 367 72 | 


About 3.4 times greater 


Lesson 5.2 (pp. 341-344) 
21.3 |-7 11 4 0 
—21 -30 -78 

-7 —10 -26 —78 


27. The degree is even and the leading 
coefficient is negative. 


тео оа вів ію 
ciues енн an unen 


— | The number of 

i | snowboarders was 

| | greater than 2 million 
| |in 2002 (when £ = 10). 


> 
nta 


Number of people 
snowboarding (millions) 
ort һю кю ошо оь 


ol 
5 
0 
5 
0 
Б 
0 
© 
0 


4 6 8 10121 
ars since 1992 


Lesson 5.3 (pp. 349-352) 

11. (5b — 6b? + 2b*) — (9b? + 4b* — 7) 
= 2b* — 4b* — 6b? — ӘБ? + 5b + 7 
= —2b* — 15b? + 5b + 7 

21. (2a — 3)la? — 10a — 2) 
= (2a — 3)(а?) — (2a — 3)(10a) — 
= 2a° — 23a* + 26а + 6 


(2а — 3)(2) 


WS10 Worked-Out Solutions 


61. P = 0.00267sF = 0.00267s(0.0116s? + 0.789) 
= 0.0000309725° + 0.00210663s 
When s = 10, P(10) = 0.0520383. 
About 0.052 horsepower is needed. 


Lesson 5.4 (pp. 356-359) 
т. Зу? — 48y? = 3y*(y? — 16) = 3y?(y + 4)(у — 4) 
23. 4c? + 8c? — 9c — 18 = 4c*(c + 2) — 9(с + 2) 
= (c + 2)(2c + 3)(2c — 3) 
61. l=x3h=x-—5w=x- 5 
v = fwh > 250 = (x)(x — 5)(x — 5) 
250 = x(x? — 10x + 25) 
0 = x? — 10x* + 25x — 250 
0 = х2(х — 10) + 25(x — 10) 
0 = (x? + 25)(x — 10) >x = 10 
£ = 1010, h = 5 in., w= 5 in. 


Lesson 5.5 (pp. 366-368) 
17.6 1 -5 -8 13 -12 
6 6 -12 6 


I 1 -2 1 -6 
ERE s 
25. -9 1 2 -51 108 
-9 63 -108 
| +x 12 0 


f(x) = (x + 9)(x* — 7x + 12) 
= (x + 9)(x — A)(x — 3) 
—0.13x? + 11.2x — 560.9 
= 8x + 7251 —1.95х5 + 70.142 — 188x + 2150 
—1.95x° — 95.5x? 
165.61 — 188x 
165.61 + 8113.3x 
—8301.3x + 2150 
—8301.3x — 406,652.5 
408,802.5 


408,802.5 


fed = 01339? + 11.20 — 5609 +3 2273755 


Lesson 5.6 (pp. 374-377) 
7. р(х) = 4 + Зх? — 2x — 14 


Factors of the constant term: +1, +2, +7, +14 


Factors of the leading coefficient: +1, +2, +4 


Possible rational zeros: +1, +$, +1, +i, +5, 
ge yt LH li (2 Qf 4 
а а Y e A | 

_ Ll oW wb Q4 

=] $2 жү жы, =>) tp tp =1 


21. Possible rational zeros: +1, +3, +5, +15 +1 


UNES id 
d+ «Юю». ып cb ix 


+= += tt += += += + 


Reasonable zeros: х = —3,x = -$ х= 5 


Test x = —3:—3 |6 25 16: =i 
—18 —21 15 


6 T —5 0 


f(x) = (x + 3)(6х2 + 7x — 5) 
= (x + 3)(2x — 1)(3х + 5) 


Real zeros are —3, 5 -3 


47. V= x(x — 1)(х— 2) > 24 = xl? — 3x + 2) 
0 = xX – 3x? + 2х — 24 
Possible rational zeros: +1, +2, +3, +4, +6, 
HS 12, E24 
Lesson 5.7 (pp. 383-386) 
15. Possible rational zeros: +1, +2, +4, +8 
Р) = х + x + 2x7 + 4х – 8 
= (x + 2)(x3 — x? + 4x - 4) 
= (x + 2)(x — Dx? + 4) 
= (x + 2)(x — D(x — 2i)(x + 2i) 
The zeros are —2, 1, 2í, and —2i. 
37. h(x) = х - 2x? — x^ + 6х + 5 
2 sign changes; 2 or 0 positive real zeros 
h(—x) = (-3)* — 2(-3)* — (01 + 6(—®) +5 
-x + 24 — х? – 6х + 5 


3 sign changes; 3 or 1 positive real zeros. 


Possible numbers of zeros: 


з [эз po fs 
co [3 [315 
[3 | 3 fa ИГЕ 
ИГЕ fs CI fs 


61. S = —0.015x° + 0.6x? — 2.4x + 19 
0 = —0.015x? + 0.6х2 — 2.4x — 56 


| | There are two positive 
: zeros of this function, 
\ x = 16.4 and x = 30.9, 
| but x == 16.4 is the most 


lero 
X=16.428642 Y=0 . 
likely amount. 


Lesson 5.8 (pp. 390-392) 


19. Turning pts: (-2.2, —38), local minimum; 
(—1.1, 0.8), local maximum; (0.3, —40), local 
minimum; (1.9, 8), local maximum; 

(2.75, —10.5), local minimum 


Zeros: x^ —2.6, x = —14,x = —1,x = 1.5, 
1223 


It must be at least a degree 6 function. 


| At about 0.95 seconds 
into the stroke the 
swimmer is going the 


Maximum fa ste St. 
N=. 94826843 Y=3.6292599 


41. 


Lesson 5.9 (pp. 397-399) 
9. f(x) = a(x + 5)(х)(х — 6) 
-12 = a(1 + 5)(1)(1 — 6) >; = а 


fix) = Ex(x + 5)(x — 6) 
15. fü) Д2) АЗ) fu fe fi 


-3 011 30 57 82 
M Ur Oy ot A NL 


3 11 19 27 35 First-order differences 


"wed TS ы чы. Ut 
8 8 


8 Second-order differences 


Worked-Out Solutions 151 1 
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27. a. т=0.000817421°— 0.021541%+0.249t+ 3.17 


Intersection 
M=12.354934 Y= 4.5, j| 


— 6,141,250,000 = s? > s = 1831 


About $10.30 In 1995 (t = 12.4) 
Chapter 6 
2 Lesson 6.1 (pp. 417-419) 
= 9. Va)" =a" £V =" 
= | 
- 25. 27^ = 075, = (3)? = 9 
л ы 13579 17003 — — 
= 63. р = К > 1.2 = К(1700)° > k = 12,282,500,000 
© = o A E э 15 = 55353 
a Р = 12,282,500,000 ~~ 12,282,500,000 
7 
c 
© 
> 


About 1800 revolutions per minute 


Lesson 6.2 (pp. 424-427) 
5, 31/4. 971/4 — 31/4 , 31/4 , 41/4 , 41/4 
= g0/4* 1/4 + 1/44 1/4) - gl - 3 


27. 5/64 • 218 = 10V512 = 40V2 
85. d = 1.9|(5.5 х 10 54]! 
$£ = 10cm = 100 mm 
d = 1.9|(5.5 x 107(100)]? = 0.4456 


The optimum diameter is about 0.45 mm. 


Lesson 6.3 майр 432-434) 
3. f(x) + gi) = 3x? + 4512 + 518 + 40102 


1/3 + gx? 


= 2x 
Domain of f: all nonnegative reals 
Domain of g: all nonnegative reals 
Domain of f + g: all nonnegative reals 
13. g(x) • f(x) = (5x2) (ax?5) = 20x7/6 
Domain of f: all reals 
Domain of g: all nonnegative reals 


Domain of g * f: all nonnegative reals 


WS12 Worked-Out Solutions 


45. For $15 discount: f(x) = x — 15 
For 1096 discount: g(x) = x — 0.1x = 0.9x 
a. g(f00) = g(x — 15) = 0.9(x — 15) 
x = 85: 0.9(85 — 15) = 0.9(70) = $63.00 
b. f(g(x)) = f(0.9x) = 0.9x — 15 
x = 85:0.9(85) — 15 = 76.5 — 15 = $61.50 
c. The 10% discount before the $15 discount. 


Lesson 6.4 (pp. 442-445) 
7. у= 12x +7 әх = 12у + 792-2 = 
15. f(g(x)) = fæ- 4) = (x-4) +4 = хи 
gf) = р(х + 4) = (х +4) - 4= хи 


49. v = 1.34V1 The waterline length 


" should be 
ux) ^! pe 5 = 31.3 feet. 


Lesson 6.5 (pp. 449-451) 


|] The domain and range аге 
" | all real numbers. 


17. [| | Г" Domain: x 2 —1 


Range: у> 8 


у= (х+ 1)12 +8 | 


| _ 10273.15 + С) 
7 de E 331.51 —927315 


b. Domain: C 2 —273.15; range: v2 0 


‚ Жо. 
= 331. 5ү1 + 37315 


Lesson 6.6 (pp. 456-459) 
5. Vox + 11 = 14 Check: V9(1) + 11 2 14 


V9x =3 V9 + 11 2 14 
9x=9>5x=1 14 = 14 Y 

13. Vx- 10 =-3 Check: V343 - 10 2 -3 

Ух = 7 7—10 2 -3 
(Vx)! = (73 > x = 343 -3-2-3/ 


59. һ = 150: 150 = 62.5Vt + 75.8 
17 = 

h=250:  250=625Vt + 75.8 
217 5t 


The elephant with a shoulder height of 
250 cm is about 20 years older than the 


elephant with the shoulder height of 150 cm. 


Chapter 7 


Lesson 7.1 (pp. 482-485) 


| The domain is all real 
numbers and the range 
—118y>:3, 


0.02 ү 


r | 
29. A= Pll + z) = 800|1 + 002 


37. а. леи 


а А = 2200(1 m" Шү = 2479.38 

The balance is $2479.38. 

b. Р = 2200; г = 0.0225: п = 12;1= 4 

12 -4 

Equ 22001 + 0.0225] = 2406.98 
The balance is $2406.98. 

с. Р = 2200; r= 0.02; n ре 

0.02 

Аё 22001 A 002/18. = 2383.23 
The balance is $2383.23. 


Lesson 7.2 (pp. 489-491) 


Domain: all real 
numbers 
Range: у> —1 


33. a. 


® 
3 
3 
3 
8 
© 
m el 
3 
5 


0 1 
02 4 6 8 10 12 14 16 18 20 ! 
Years since car was purchased 


About 5 years after it was purchased 
b. у= 24,000(0.845)?? = $5.29; too low 


Lesson 7.3 (pp. 495-498) 
5. id = P(e)? gg 


35. f(x) = те ?*; exponential decay 


57. Р = 2000; г = 0.04; = 5 
А = Pe™ = 2000e8 9 = $2442.81 


Lesson 7.4 (рр. 503-505) 


1 _ n 
13. (5) = 8, so log, ,, 8 = —3. 


33. log, BI*-— log, (3 34)* = 
бїз. E=35 x 16" 
M = 0.29(In(2.5 x 1074)) — 9.9 == 6.39 
b. M = 0.29(In E) — 9.9 


log, 3% = 4x 


М + 9.9 _ (М + 9.9)/0.29 _ 
029 In Ee E 


This represents the amount of energy 
released as a function of the energy 
magnitude. 


Lesson 7.5 (pp. 510-513) 
11. log 144 = log 12° = 2 log 12 = 2.158 
17. log 3x* = log 3 + logx* = log 3 + 4 log x 


71. 10100) - LU) = 10108-7" МИ ap log 7 
= to — log + 7 E 
- 10/108 10 + log + — log. 
"Ü 0, 


= 10 log 10 = 10 decibels 
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Lesson 7.6 (pp. 519-522) 
15. ji" ='33 
log,, 11°* = log,, 33 


log 33 
5x = log,, 33 = log Tl — x = 0.2916 
35. 5.2 log, 2x = 16 Check: 


log, 2x = 3.0769 
4 0084 ax) 43-0769 
2x = 71.2020 Intersection 
X-35.601007 Y=16 
x == 35.6010 


- 


57. В = 100e 900043; 5 = 1008 0.00043: 
0.05 = g 9.00043: 
In 0.05 — Ing 9996 
—2.9957 = —0.00043t 
t = 6967 years 


WORKED-OUT SOLUTIONS 


Lesson 7.7 (pp. 533-536) 


ll. m = 292—585? = 0.69 


In y — 2.89 = 0.69(x — 1) 
In y = 0.69x + 2.2 


y= e0-69x + 2.2 


y = e7(¢e9-89)* = 9(2)* MEM 


23. [ mx | o | osos | 1098 | 1908 | 1008 
Tiny [=osn | tan | 2510 | a256 | 3002 


_ 3.902 — (—0.511) 
1.609 — 0 


= 2,743 


In y — (20.511) = 2.743(In x — 0) 


In y = In x^^? — 0.511 
i= ein x2-143 — 0,511 


y-e 99, gn 3*5 _ gg 276 
33. a. А model is у = 0.48(2.08)". 


b. Linear if a graph of (x, y) appears linear; 
exponential if a graph of (x, In y) appears 
linear; power if a graph of (In x, In y) 
appears linear. The graph of (x, y) appears 
linear, so a model is y = 33.8x + 28. 


WS14 Worked-Out Solutions 


Chapter 8 


Lesson 8.1 (pp. 554—557) 
15. y- 522-7 214-4 


у= yA 

21. x * y: 12(132) = 1584 
18(198) = 3564 
23(253) — 5819 
29(319) — 9251 
34(374) — 12,716 


yix: 132/12 = 11 


198/18 = 11 
253/23 = 11 
319/29 = 11 
374/34 = 11 


х and y show direct variation because the 


ratios y/x are equal. 


39. Snow shoes: P = % 47> 0.43 = 400 > 172 = 
An equation is P = ME 
Boots: P — P — P = 2.87 lb/in.* 


Lesson es 2 (Фр. dinh 
ЕЕ ГГ | The graph of y = 


| EE E 


E 


| lies farther from im 


m axes than the graph 


21. | 


— ofy = 2, and it lies 


| in Quadrants П 
~~ апа IV instead of 
| Quadrants I and III. 


EN The domain is all real 


— numbers except 4, and 


the range is all real 
numbers except —1. 


2.89 seconds to travel 1 kilometer; 
2.89(5) = 14.45 seconds to travel 5 


kilometers 


39. b. From the graph, 
you can estimate 
the temperature to 


be 3.9"C. 


Time (seconds) 


o | 
012345867 
Air temperature (°С) 


Lesson 8.3 (pp. 568-571) 


I E ИНЕ 
eS De D 


No x-intercept; x = —1 and x = 1 are vertical 
asymptotes. 


1000 1100 1200 1300 4 
Depth (meters) 


The mean temperature is 
4°C at about 1238 meters. 


[190 [sau 


Lesson 8.4 (pp. 577-580) 
(x — 5)(x + 4) 

* (x + 5)(x — 3) 
gg E, IL XD RD ME. 
| ey yy y 


49. 


Cannot be simplified 


m _—64201+ 292,000. _ —407t + 7220 — 
6.0212 — 125t + 1000 5.9212 — 1317 + 1000 
_ 764201 + 292,000 5,92% — 131t + 1000 
— 6.0212 — 1251 + 1000 —407t + 7220 

247,060 | 373.08 

419.98 ° 4371 


For 1999, t= 7: S + А = = $50.21 


Lesson 8.5 (pp. 586-588) 


9 2х _ 3-2 
x+1 x+1 x+1 
үт... 8-3 32. 15r | 82 = 15х 
"3x2 4x 12x? 12x? 12x? 
43. а. М = 1—1; = o В. 
р п + i)?! 
Е Pi _ Pi(1 + i)? 
"^ Q0-)0*-1 (+07-1 
+” 
b. P= 15,500: i = 0:005: = 4 
15,500(0.005)(1 + 0.005)® 
= A ыш = $364.02 
(1 + 0.005) — 1 
Lesson 8.6 (pp. 593-595) 
Ls A ¿Y A 
5. ar E Check: ¿5 ^6 42 
- Ho» 
4(3x) = 9(x + 2) 188 
- lud 
x-6 272 Y 
2 145 _ 2 2 S RES 
15. ast 3x Check 30 + § = 304) 
2 F а E Talit 
ET Tg 7 E | 12 6 12 
_ _ a _ 1 
2(2) + lx) = 4(2) 9 x=4 12^ 19 Y 
6351? — 73501 + 27,200 
35. n = — == 


12 — 11.5t+ 39.4 
6351? — 7350t + 27,200 
t? — 11.51 + 39.4 


7201? — 82801 + 28,368 = 6351? — 73501 + 27,200 
8512 — 930 + 1168 = 0 


_ 930 + ү(930)2 — 4(1168)(85) 
- 2(85) 


720 — 


t = 1.45, 9.45 


Because 9.45 is not in the domain (0 < t x 9), 
t = 1.45 > 1995. 


Chapter 9 


Lesson 9.1 (pp. 617-619) 


7. a€=V(6—2)* + (C5 — (CDY* = 
Midpoint = (7—5, = E9] = (a, -3) 


Worked-Out Solutions WS15 


= 
© 
5 
> 
m 
T 
© 
= 
E 
un 
© 
P 
= 
- 
© 
z 
un 


WORKED-OUT SOLUTIONS 


24. A(-4, D, В(—2,6), C(0.. 1) 
АВ = \(—2 — (—4))? + (6 – 1)? = V29 


BC «W(0 — (—2))? + (-1 — 6)? = V53 


AC = ү(0 — (—4))? + (-1 - 1)? = V20 = 2V5 


AB + BC + AC, so ЛАВС is scalene. 


53. a. М= [ES 5 + п = (-3, 8) 


2 2 
b. VS = V(-6 — 0)? + (5 — 0)? = У61 
sm = (E —-(-6)| + (8 – 5)? = E 
уз + sM=V61 + 427 
= 13.2 units ее 182 
c. Mp = Vz 


PV -W(0 — 3)? + (0 — 11)? = V130 


MP + PV= и? + V130 


0.1 mi 


= 16.8 units • 7 = 1.68 mi 


Lesson 9.2 (pp. 623-625) 
15. 5x* = —15y > x° = —3y 


4р=—3=р = -$ 


Focus: (0, -3| 


Directrix: y = A Axis of symmetry: x = 0 
==} 


27. Focus: (—5, 0) 
57. а. 


p=-5>y = —20х 


b. x? = 4(48)y > x? = 192y 
y? = 4(-48)x > y? = —192х 

c. Using x^ = 192y and x = 73, y = 27.8 
Using y? = —192х and y = 73, x == —27.8. 
The dish is about 27.8 inches deep. 


WS16 Worked-Out Solutions 


Lesson 9.3 (pp. 629-632) 
17. 15x? + 15y? = 60 
x? +y*=4 


r=V4=2 


39. r - V(—8 — 0)* + (14 — 0)? = У260 
x? + у? = (V260 ? > x? + y? = 260 


65. | | | | | P) 
x? + y? = 225] x 


ГГ ttre i | 
Aix? + uw = 595 xe 515-3 (—14.5, —4) 
B: x? + (-4)* = 100 > x = +9.2 > (-9.2, —4) 
C: x? + (4)? = 25 > x = +3 > (-3, -4) 

D: x? + (—4)? = 25 > x = +3 > (3, 4) 

E: х? + (-4)? = 100 > x = +9.2 > (9.2, —4) 
F: x? + (24)? = 225 2 x = +14.5 > (14.5, —4) 
a. AF = |14.5 — (—14.5)| = 29 mi 

b. BE = |9.2 — (-9.2)| = 18.4 mi 

c. CD = |3 — (-3)| = 6 mi 


Lesson 9.4 (pp. 637-639) 


11. 16x? + 9y? = 144 


Vertices: (0, +4); 
Co-vertices: (+3, 0); 
Foci: (0, + V7) 

29. b=V7:c=3:0=b? + с за = 4 


£l cw T 
49. Largest field: 
2а = 185 > a = 92.5; 2b = 155 >b = 77.5 
E AE y 
7752 92.5? 


х? - 
l, OF 500625 ' 8556.25 ~ 
А = п(92.5)(77.5) == 22,521 square meters 


1 


Smallest field: 

2а = 135 > а = 67.5; 2b = 110 > b = 55 
? Y _ x y _ 

sg t ozs? ' 013025 * 455625 — | 


A = п(67.5)(55) = 11,663 square meters 
11,663 € A x 22,521 


Lesson 9.5 (pp. 645-648) 


13. 


23. 


41. 


81x* — 16у? = 1296 


2 
x:* X 


Vertices: (+4, 0) 
Foci: (+97, 0) 
Asymptotes: y = +34 ГЛ 


c= А4АҮ5;а=4А;Ь=с—-а°-а—һБр=8 
2 2 2 
y x. r 
S g loris 
a. A(30.5, 0); B(85, —40) 


b. Vertices: (+30.5, 0); horizontal trans. axis 


2 
X 
— 74 


Sod rad зы 

@ b 30.52 b’ 

887. CO р = 236.5 

So, an equation is Ж 2 = 1. 
в x= 42: 2-1 y М 


һ = 40 + 14.6 = 54.6 feet 


Lesson 9.6 (pp. 655-657) 


3. 


19. 


(x + 4)* = —8(у- 2) 


Parabola; vertical axis; 
vertex at (Л, К) = (-4, 2). 


4p = -8 әр = -2 | 
Focus: (h, k + р) = (4,0) U 
Directrix: y= k- poy=4 

Vertices: (6, —3), (6, 1); Focus: (6, —6), (6, 4) 


=D? (x-h^ | 
г в 5 


Vertical transverse axis; 


1 


49. 


Center: (h, К) = ie Ела 


Distance between vertex (6, —3) and (h, К): 


а= |-3- k| = |-3-(-b| = 2 
Distance between focus (6, —6) апа (л, К): 
c= |-6-k| = |-6- (-0| = 5 


р = с2 – д? = 25 — 4 = 21 > b = V21 


y+)? (x-6? _ 
a 21 


An equation is 


х? – 10x + 4y=0;A=1,B=0,C=0 
B? — ДАС = 0 — 4(1)(0) = 0 > Parabola 
x? — 10x + 4y=0 
(x? — 10x + 25) = —4y + 25 
= | 25 Ы 1 = 25 — 
(h, k) = (5, =; height = =? = 6.25 feet 


When у = 0, the x-intercepts are 0 and 10, so 
the distance of the jump is 10 feet. 


Lesson 9.7 (pp. 661-664) 


15. 


Intersection 
Х=3.5275252 Y=6. 5825757 | 


| Intersection 
X=. 47247477 Y=-2.582576 


The solutions are approximately (0.5, —2.6) 
and (3.5, 6.6). 


4х? — 5у? = —76 
2х+у= 69у = 2х — 6 
Substitute —2х — 6 for y in Equation 1. 
4x* — 5(-2x — 6)? = —76 
4x* — 20x* — 120x — 180 = —76 
—16x* — 120x — 104 = 0 
2х° + 15х + 13 = 0 


(2x + 2) + Ë] =0>x= -1x = -Ë 
When x = —1: y = —2(-1) - 6 = —4 

_ _13.,,_ _5/_13\_ eT 
When x = —5:y- 2| 2) 6=7 


The solutions are (—1, —4) and -#8 7}. 
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WORKED-OUT SOLUTIONS 


41. a. Oak Lane: m = -i, (х, y) = (C2, D 


"AE TS. 
y-1= zx + 2) > y = 7Xt375 


Circle: x^ + у? = 1 


49x? + x? — 10x + 25 = 49 


50x^— 10x — 24 =0 
(5х — 4)(10x + 6) =0>1=%x=-5 
ir HH 
The solutions are (4, 3) and (5, 2) 
с. иш туш, = V2 = 14 mi 
Chapter 10 


Lesson 10.1 (pp. 686-689) 
13. a. 26 • 26» 26 • 26 • 10 • 10 = 45,697,600 
b. 26 • 25 • 24» 23 • 10 » 9 = 32,292,000 
gl 9! 362,880 


65. Permutations of 9 objects taken 3 at a time: 
91 9! 362,880 


376-317 Gg 720 


= 504 ways 


Lesson 10.2 (pp. 694-697) 


17. Exactly one queen: Choose 1 of the 4 queens 
and 4 of the 48 that are not queens. 


4! 48! | 
4C "ава = 3m * дад 78,320 
No queen: Choose 5 cards from the 48 in a 
deck that are not queens. 

AB! | 
4885 = 4315; ^ 1,712,304 
The total number of possible hands is 
778,320 + 1,712,304 = 2,490,624. 


WS18 Worked-Out Solutions 


29. (254 + 5)* = .C,(2s*)°5° + C (2s4)*5! 
+ Cas P5? + C. 2s1)?5? + „С,(255)15* 
+ .C,(2s4)°5° = 1(32520) + 5(16516)(5) 
+ 10(85!2) (25) + 10(459) (125) + 5(25*)(625) 
+ 1(1)(3125) = 32520 + 400518 + 2000s!” 
+ 5000s? + 6250s* + 3125 

49. You can choose 3 of the 18 types of flowers. 


_ 18! _ 18+17+16+15T — 
1531 дл = 818 


Lesson 10.3 (pp. 702-704) 


7. Factors of 150 from 1 to 50: 1, 2,3, 5, 6, 10, 15, 
25, 30, 50 


| - Factors of 150 10 1 
Integers from 1 їо50 50 5 


17. There are ,,C. different combinations of 6 
numbers. Only 1 is the correct combination. 


1 1 
P(correct numbers) = — = === 
40 12271512 


. p. Areaofsmallest circle — 7*8^ _ 1 _ 
39. P= Area of entire target — 4.40? 25 0.04 


Lesson 10.4 (pp. 710-713) 
11. P(Aor B) = P(A) + P(B) — P(A and В) 
0.71 = 0.28 + 0.64 — P(A and B) 
—0.21 = —P(A and B) > P(A and В) = 0.21 
21. P(Kor 4) = P(K) + P(#) — P(Kand +) 
= (52) + (52) - (53) =13 
45. The number of combinations of 6 food items 
is 10°. The number of combinations of 6 
different food items is 10 • 9 • 8 • 7 • 6 • 5. 50, 


the probability that at least 2 bring the same 
item is P = 1 — P(none are the same) = 


Eoo oOo 


Lesson 10.5 (рр. 721-723) 
13. P = P(blue) • P(green) • P(red) 


_ За pe 80 
= (55) fa 55) = 2008 0.015 


25. Primes from 1 to 20: 2, 3, 5, 7, 11, 13, 17, 19. d. p = P(Rh”) = P(O") + P(A‘) + P(B”) 


P(number of odd primes) H 
Proda| prima = -L F M у + P(AB*) = 0.85 


P(number of pr 8 
(number ot primes) Pk = 5) — ¿(0 85)°(1 — 0.85)? ^? ~ 0.008 


aw pl mer uim Tones 
— d E a 2. 23> [ Event D:player loses | P(k = 7) = ,,C,(0.85)(1 — 0.85)? - 7 = 0.130 

of P(k = 8) = ,,C,(0.85)?(1 — 0.85)/9 ^ 9 = 0.276 
matches |@3\\| Event B: | $ Р(Е = 9) = 0 j^ 85)%(1 — 0.85)? ^? = 0,347 


player 


39. 


P(k = 10) =,.C..(0.85)% (1 — 0.85) - 10 ~ 0.197 
P(k> 5) = P(k = 5) + P(k = 6) + P(k = 7) © 
Р(С) = P(A апа С) + P(B and С) -- 
+ P(k = 8) + P(k = 9) + P(k = 10) = 0.998 x 
= P(A) * P(C|A) + P(B) • P(C|B) m 
= (0.50) « (0, 55) + (0, 50)(0.47) = 0.51 
Chapter 11 © 
= 
Lesson 10.6 (pp. 727-730) Lesson 11.1 (pp. 747-749) 2 
5. p" 
Out 1 5. Mean: 
DE : 
ё 69 + 70 + 75 + 84 + 73 + 78 + 74 + 73 + 78 + 71 © 
10 
T 2 
E a = "74.5 
‚| Median: 69, 76, 71, 73, 73, 74, 75, 76, 78, 94 
10 
73 + 74 _ 73.5 


Number of digits 


Mode: 73 and 78 


21. Each question has 4 possible answers, so 15. Range: 158 — 135 — 23 


the probability of guessing a correct answer 


is p — 0.25. There are 30 questions, so e 135 + 142 + 148 + 136 + 152 + 140 + 158 + 154 
n = 30. The probability of randomly 8 
guessing 11 correct answers is P(k = 11) = = 145.625 
¿3p€,,(0.25)%(1 — 0.25)99 M = 0,055, 
45. a. p=0.34; A ic 
6 ТИЕТ (135 — 145.625)? + (142 — 145.625) +: - -+(154 — 145.625)” 
P(k = 5) = ,)C,(0.34)°(1 — 0.34)? ^? ~ 0.14 = = 
b. р = P(Rh’) = P(O”) + P(A) + Р(В-)+ Р(АВ?) _ [819875 . yy 
= 0.15 8 | 
P(k = 2) = ¡¿C,(0. 15)*(1 — 0.15)? - ^ = 0.28 29. a. The outlier is 5. 
с. р = P(O) = P(o*) + P(O7) = 0.43 b. With outlier: 
ES _ 10-0 — 2 
P(k = 0) = ,,€, (0. 43)°(1 — 0.43) 0.004 ейте 20 + 23 m t23 _ 20.2 
P(k = 1) = ,,C,(0.43)! (1 — 0.43) ^ ! = 0.027 
P(k — 2) = 196, (0.43)^ (1 __ 0.43) -2 = 0.093 Median: 22 Mode: 23 Range: 25 -— 5 = 20 
P(k <2) = P(k = 0) + P(k = 1) + P(k=2) piel. Devis 
20 — 20.2)* + (23 — 202) + - . - + (23 — 202)* 
<= 0.124 q = Q0- 202) + (23 ш (23 — 20.2) 


= 5,4 
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WORKED-OUT SOLUTIONS 


Without outlier: 


T3 1 CU 219 


Median: 23 Mode: 23 Range: 25 — 19 = 6 
Std. Dev.: 


Mean: x = 


$$$ 

1020 — 20.2)? + (23 — 20.2)? +... + (23 — 20.2)? 

| Є 
== 2.1 


с. The outlier causes the mean and median 
to decrease, and the range and standard 
deviation to increase. The mode stays the 
same. 


Lesson 11.2 (pp. 753-755) 


11. 


19. 


data set | data values 
Men | m [wms 
“range | 5 | 9 — 


Standard 

deviation 

Üriginal Multiplying 
data set | data values by 4 


Tween | юз | а zars 
"Mea | 62 | 64—248 

Mode | s | suom 
Range | э | 94-9 — 


Seni 3.4(4) = 13.6 


deviation 
without stilts with stilts 
70.8 + 28 = 98.8 
"Mode | m | 2 +28= 100 
Rane | 8 | 8 | 


Standard 
gwa) w | w 


Lesson 11.3 (pp. 760-762) 


3. 
11. 


P(x € x — o) = 0.0015 + 0.0235 + 0.135 = 0.16 


29 and 37 are one standard deviation on 
either side of the mean, which accounts for 
68% of the data. So, the probability is 0.68. 


WS20 Worked-Out Solutions 


19.4 — 20 _ 


33. a. 19.4 ounces: z = ^ 025 = —2.4 
204-20 . 
20.4 ounces: z — dos > 1.6 


b. The table shows that P(x € —2.4) — 0.0082. 
So, the probability is 0.0082. 


c. P(x < 20.4) = 0.9452; Р(х € 19.4) = 0.0082 
Р(х < 20.4) — P(x x 19.4) = 0.937 


Lesson 11.4 (pp. 769-771) 


: 1 1 
7. Margin of error = +== + = +0.032 
8 Vn V1000 


The margin of error is about +3.2%. 


: 1 
19. Margin of error = + — 
5 Vn 
1 
+0.056 = +— 
Vn 


0.003136 = => n = 319 


29. Sample answer: It is not reasonable to 
assume that Kosta is going to win the 
election, because the margin of error is 
+5%. If the margin of error works in favor of 
Murdock, Kosta will have 4996 (5496 — 5%) 
and Murdock will have 51% (46% + 5%). 


Lesson 11.5 (pp. 778-780) 
3. Model: у = —0.38x* + 1.1x + 16 


11. A model for the data is y = 0.00211x? — 
0.0766x* + 1.26x — 0.0664. 


Chapter 12. 


Lesson 12.1 (pp. 798-800) 


= - 0. _ = 
Next term: 3.5 7 15 A rule is a, = зт. 
4 
47. У пЗ = 03 + 13 + 23 + 33 + 43 
п = 0 


=0+1+8 + 27 + 64 = 100 


бы то [з [а [в 
а тзт | a 
A formula for the sequence is a, = 2" — 1. 
a. = 2° — 1 = 63 moves for 6 rings 


a, = 2! — 1 = 127 moves for 7 rings 


ак = 28 — 1 = 255 moves for 8 rings 


Lesson 12.2 (pp. 806-809) 
15. Arithmetic sequence 
a, = 33d = -1 – (-3) = 2 
A rule for the nth term is 
a, = a+ (n — Dd = -3+ (n- 1)2 = 2п – 5 
Gy, = 2(20) = 5 = 35 


B 
4l. Y (3 -20 
j=] 
a, = —3— 2(1) = -5;4, = —3 — 2(8) = —19 


e PAR E219) 
56 = 8 2-69 


65. а. a, = 4; й = 8 
a, = ау + (п – Dd = 4 + (п – 1)8 = —4 + 8n 


lh. а, а, += + cba, Ha, — 576 blocks 


| = —96 


Lesson 12.3 (pp. 814-817) 


n 1 4 
үн 23): 1458 _ 729 
T z) © 4096 2048 


49. 2, 6(4) -1 


a, = 6(4)' !-6;r-4 


sy = a1") = 6(1=* = 131,070 


1024 + 2 = 512; г= 1 


59. а. а 2 


im] 
| 


"44m — 1 
„= a0)" = 512(3) 
b. n = 10; after 10 passes, the number of 


mE 10 — 1 
items remaining is а, = 512(5] = 1. 


Lesson 12.4 (pp. 823-825) 
= g\k-1 
13. b E 


а 
a, =7,r=- —— E =e 


Se al 3 


27. 625(0.001) + 625(0.001)? + 625(0.00D? +... 


39. D; 
п = 345 + 345(0.783) + 345(0.783)* 
+ 345(0.783)3 +- - - 


_ 4 _ 345 _ — 
—X4371-0783 “1:09 billion 


Lesson 12.5 (pp. 830-833) 
15. Geometric sequence; а=4;г=—3 


а —T*ü, 47 —390,. | 


= 
© 
5 
x 
m 
T 
© 
= 
E 
un 
© 
p 
z 
- 
e 
z 
uh 


A recursive rule is a, = 4, а, = —3a 


27. f(x) = 5x — Зу 2 


y 17 


x, = f(%) X, = f(x) x, = f(x) 
= fQ) - f(-2) = f(-4) 
-ig-3 -ic2-3 -ic2-3 
= —2 = —4 = —5 
45. Кесигѕіуе гие: 
a, = 2000, а, = 1.014а, , — 100. 


Because a,, = 62.14, the balance at the 
beginning of the 24th month is $62.14. So, 
she will be able to pay off the balance at the 
end of the 24th month. 


Chapter 13 
Lesson 13.1 (pp. 856-858) 
Using the Pythagorean theorem: 


x =V11? — 8 = V57 


a _ V57 _ 8V57 

sin @ 11 cos @ 11 tan 6 57 
Ew |. 11V57 _ V57 

csc 0 = -g sec O = 57 cot 9 = 8 
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WORKED-OUT SOLUTIONS 


E ИШК. 
11. tan 0 = dd 
-- x 
x = Ү7? +3? = У58 
|| 
7V58 _ 3V58 E 
sin 0 = 58 cos 0 = === tand=3 
_ V58 | 4. V58 _3 
csc 6 = => sec 0 ==> cot 0 = 5 
33. от 45 | tan 15° L 
t pee 
i _ d= 402 
1500 ft 


The total depth is 402 + 250 = 652 feet. 


As the angle of the dive increases, the depth 
increases, 


Lesson 13.2 (pp. 862-865) 


om. 
11. 18 


5 1: radians 180° | = 50° 
18 ar radians, 


аттап nd = £7 radians 
180° 


23. 40° = 40° | ; 


ТГ 
+ rad/sec 


51. a. > 


15 rev | 1 min gras) = 
1 min \ 60 ѕес/\ 1 rev 


b. Arclength: s = г0 = 295) = 45.6 feet 


Lesson 13.3 (pp. 870-872) 


x 
sin Ө= = 224 сов 0= ®=-у5 
апб= > == H esc Ө= у = SP 
sec = 2 = 225 cot Ө = = 3i 


17. 


WS22 Worked-Out Solutions 


37. 


23. 


37. Ps tan 0 = = 
z SPS 1 
ө = tan 45) = 33° 


19.4 = А 


When the ride stops, you аге about 10 + 75 

+ 19.4 = 104.4 feet above the ground. If the 
radius is doubled, your height above the 
ground is doubled only if your starting height 
above the ground is also doubled. 


Lesson 13.4 (pp. 878-880) 


7. When a < 0< о! or —90° < 0 < 90°, the 


angle whose sine is үз is 0 = sin a 
-1 V3 _ 60° 
5 60°. 
tan 0 = 3.2; 180° < 0 « 270° 


tan !(3.2) = 72.6°, which is in 
Quadrant I. To find the angle 
in Quadrant III (180° < 8 < 
270°): 0 = 180 + 72.6 = 252.6" 


or Ө = sin 


72,6" 


1 
17 
Because the angle of repose remains the 


same, you can use 0 = 33° to find the radius 
of the 15 foot high pile: 


The diameter is about d = 2r = 2(23) = 46 ft. 


Lesson 13.5 (pp. 886-888) 
13 sin В _ sin 104° 


16 25 
sin В = OSGI == 0.6210 >В = 38.4" 
А = 180? — 104° — 38.4? = 37.6? 
a 25а 2890306 
sin376*  sinio 22 = sinioa =P 
31. Area = > bc sin A 
= 1 (29)(36)(sin 34°) 
= 292 units? 
45. a. B 
C 
54 ft 
62 ft 
A 
p, nc — sin 58° 
"54 62 
sin C = 4505" ~ 0.7386 —› C ~ 47.6" 


А = 180° — 58? — 47.6° = 74.4° 


a __62 _ 62 ѕіп 74.4° _ 
sin744^ sin58° ? ^^ віп 58° 70.4 


C 


* 


Area = 5 bcsin A = 5(62)(54) (sin 74.4?) 


= 1612 
1612 ft? + 200 ft^/bag = 8.1 bags 


You will need 9 bags of fertilizer. 


Lesson 13.6 (pp. 892-894) 
17. a? = b? + c? — 2bccos A 
10? = 3? + 12? — 2(3)(12)cos A 


E = 43° 
72 cos A > A = 43 

10 __3 _ 3(sin 43°) _ 
sn43* sinB 10 sin B 


В = 12°; С = 180 — 43° — 12° = 125° 
In AABC, А = 43°, B = 12°, and C = 125". 


25. s=5(a + b+ с) = (5 + 11 + 10) = 13 


Area = Vsís — a)(s — b)(s — c) 
= V13(13 — 5)(13 — 11)(13 — 10) = V624 


== 25 square units 


45. AADB: s = 1(743 + 1210 + 1480) = 1716.5 


Area — 
V1716.5(1716.5 — 743)(1716.5 — 1210)(1716.5 — 1480) 
== 447,399 


ACDB: s = 5(1000 + 858 + 1480) = 1669 


Area = 
V1669(1669 — 1000)(1669 — 858)(1669 — 1480) 
= 413,697 


Area = (447,399 + 413,697) 4? ee 
43,5600. 


= 20 acres 


If you first found the length of AC, you could 
repeat the same process using AABC and 
AADC. 


Chapter 14 


Lesson 14.1 (pp. 912-914) 
5. Amplitude: 1; period: 2 


= 
© 
5 
x 
m 
T 
© 
= 
E 
un 
© 
P 
= 
- 
© 
z 
un 


17. f(x) = 4tanx 
Period: т; intercept: (0, 0) 


Asymptotes: x = +5 
Halfway points: [n AY у -4) 
31. a. Equation has the form y = a cos bt. 
а = 343.5) = 175 


Period is 6,506 = =" > b = т. 

TT 

3 E 

b. Choose y = a cos bt because at t = 0, the 


buoy is at its highest point. 


Equation is y = 1.75 cos 


Lesson 14.2 (pp. 919-922) 
ll. y=2cosx+1 
Amplitude: a = 2 


Period: “л = 27 


Horizontal shift: h = 0; Vertical shift: k = 1 
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23. у= -sin ix +3 


Amplitude: | а|= 1 


2T 


TE AT И 
Period: =~ = 1 = AT 


N 


h = 0; k = 3; a < 0, so graph is reflected. 


200-d 
93. а. 300 = tan 0 |4 Your friend 
d= —300 tan 0+ 200 | р You 
b 300 ft 


| 
| 
| 
І 
200 | 
| 
| 
І 
І 


Distance from top 


c. 100 = —300 tan 0 + 200 > 0 = 18.4° 


Lesson 14.3 (pp. 927-930) 


WORKED-OUT SOLUTIONS 


5. COS 0 = 2, 37 < < 27 
sinó 0 + cos? 0 = 1 
2 
sin? + (2) =1 
6 
v11 Negative because ĝis 


angam 6 “in Quadrant III 
_ sing _ VII _cosg_ 5 
tan 0 = coso 5 Ce аот VIL 
СВ no CIT SeC Ó — cos 5 
sin(— 0) —sin 0 
= y = tan 
cos(— 0) cos 0 Ө 
йй ыле =з Р 
m x MR A 
b. 
C. 


WS24 wWorked-Out Solutions 


Closest distance: 


93,000,000 mi 


1 = 50.5 million mi 
а.и. 


0.543 a.u. + 


Farthest distance: 


93,000,000 mi 


35.6 a.u 
] a.u. 


== 3.31 billion mi 


Lesson 14.4 (pp. 935-937) 
‚2, TY _ 2 
5. 12 sin ES 320 


121 -320>3-3=04 


13. 4cos* x — 3 = 0 > соѕ? x = = > cos x = - 
Ond sed E E ТЕ cu БЕ 
== › 6 2 6 ) 6 › 6 
X—gtnmorx-^g tnm 
43. a. S = 6(1.5)(0.75) + 5(0.75)? ҮЗ — cos 6 
sin 0 
= 6.75 + 0.84375 Y3 соз € 
sin 0 
b. When 6 = 122°, 
S = 9in.* 
es A value of Ө = 54.7? 


minimizes the surface 
area. 


Minimum 
X=54.735619 Y=7.9432427 


Lesson 14.5 (pp. 944-947) 
5. M=6,m=2 


Vertical shift: k = a M ae > a 4 


The graph is a cosine curve with Л = 0. 


od=4=-22 Eu 
Period = 4 = b ES E 
AM El _ 
al == 702 
The graph is a reflection, so a = —2. 
The function is у = —2 COS FX + 4. 


9. М = 6, т = —6 43. а. 
es: nac ЧЕ... BB. WQ _ ftan(@— 0 + ftant 
Vertical shift: К = 2 = —— = 0 a Бай 
The graph is a sine curve with h = 0. _ - (tan(9 — 8 + tan 9-1 1 " 
r 24 1 | 
Period = 2(3т— т) = Ag SB - Í| an o= tant tias . ЖИШП ES А = 
mom E-G h\1+ tan tant 1 + tanótaní)  Atan 0 
lg] === == e ишш Г ty 1 | 
1+tané@tant [tano 
The graph is not a reflection, so a = 6. , SER Өн 
tan 0(1 + tan? шен гака. 1 
| PE а ‚1 = 7 
The function is у = 6 sin ¿Y El La tan Btanf zi 5) = 
25. When t = 0, m = 4; when t= 1, М = 9. = sec? t | = 
р Мът 9+4 _ 13 п \1 + tan tant т 
2 z 2 b. Whent=0 © 
The graph is a cosine curve with h = 0. WQ _ f A sec^(0) |= f | 1 Е Fi c 
NA  hl1+tanótan(0)/ hi1+0/ А e 
Period = 2 = 27 L>b=" 7-4. = 
x ded 7 OK Lesson 14.7 (pp. 959-962) - 
.M m 93 _9 = E =] 
|a| = 8S ^.^ 23 1 кө ach А [1 + cos т Z 
шк СТ 7. COS = = cos sed == wv 
The graph is a reflection, so a = =>. 
v2 
| 5 13 me 2+V2 _ N24 V2 
A model is y — —5 COS TX t^. zi 2 A 2 
22 ME 
Lesson 14.6 (pp. 952-954) аа аа: 
Зар: SERT Зт -a á isj 
9. cos| а = cos 7 1 | 4 <2<т 2 9 15 1 Quadrant П. 
e ——— 1-3 pas P 
37 Зт іи 116084 e 3 4l уз 
= cos = cos = + sin t sin 97 da iz a 
-1( V2), V8 = үм ae 
=P + ae cos Ei ¡LE goss _ү! їз __[2__\6 
Ve 2 Y 2 177 Үз 3 
Е sin 2 уз 
4 —— PON. OI A 
2 a ve 3 i ~ - 
23. sin — е4 = sin x cos 27 = cos x sin 27 VES CU v8 9 
ns Pu 
= (sin x)(0) — (cos x)(—1) = cos x 53. When M = 2.5: SIL т 25 
Using the Pythagorean Theorem: 
0. V5.25 
ыы EN 25 
] = 1 8 B. En NAs 
sin @ = 2 sin $ cos у = 212 le 0.7332 


Ө = 47° 
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Selected ¡Answers 


Chapter 1 
1.1 Skill Practice (рр. 6-7) 1. reciprocal 
s = a 1 3 5 
5. | 
-2 -1 0 1 2 


11. Associative property of addition 13. Commutative 
property of multiplication 15. Distributive property 


17.6+(a+3)=6-. а . 5) Definition of division 


3 
= 6 • (5 . aj Commutative property 
of multiplication 
= 6 * d «ea Associative property 
of multiplication 
= 2a Multiplication 
19. (c 3) +3 = (c + (-3)+3 Definition of 
subtraction 
= с+ ((—3) +3) Associative 
property of 
addition 
=c+0 Inverse property 
of addition 
=C Identity property 
of addition 


Commutative 
property of 
addition 
Associative 
property of 
addition 
Combine like 
terms. 


21. 7a + (4 + ба) = Та + (ba + 4) 
= (7а + 5а) +4 


= 12а + 4 


23. Sample answer: a = 2, Б = -i 25. $8.50 per h 


27. $36.25 29.195 mi 31. 1165 yd 33. 2200 g 
35. 1.75 gal 37. 0.00175 ton 39. The unit multiplier 


should be nee IO; 25 dollars • „всего = 20.5 епгоз. 


ollar 1 dollar 
41. 29.3 ft/sec 43. 31.1 mi/h 45. 0.04 oz/sec 


47. 1800 mi/h 49. Always; this represents the 
associative property of addition, which is true for all 
real numbers. 51. Sometimes; it is true when с = 0. 
53. Always; this represents the distributive property, 
which 15 true for all real numbers. 


55. + 2 = > ^ а Definition of division 
= ad Definition of multiplication 
bc А 

of fractions 

= ed Commutative property of 
multiplication 

= z - 1 Definition of multiplication 
of fractions 

=з 2 Definition of division 


1.1 Problem Solving (рр. 8-9) 57. a. Lance: 6, Darcy: 2, 
Javier: 3, Sandra: —2 b. Sandra, Darcy, Javier, Lance 
59. a. Pluto, Neptune, Uranus, Saturn, Jupiter, Mars, 
Earth, Mercury, Venus b. Mercury, Venus, Earth, Mars, 
Jupiter, Saturn, Uranus, Neptune, Pluto c. Sample 
answer: The planets are in opposite orders in parts 
(a) and (b) with the exception of Mercury and 
Venus. d. Mercury or Venus 61.a. cheetah: 102.67; 
three-toed sloth: 0.15; squirrel: 17.6; grizzly bear: 30 
b. Sample answer: The cheetah is about 467 times 
faster than the three-toed sloth. 


1.2 Skill Practice (рр. 13-15) 1. base: 12, exponent: 7 
3. The negative sign should be applied after 
evaluating the power, —3* = —81. 5.81 7.49 9. —32 
11. —10,000 13. —64 15.64 17. —5 19. —100 21. 75 
23.6 25.5x 5 27. 132^ 210 29. 11m 1 


31. —5p? + 21 35. 10n + 24; 44 37. 26 39. 49 41.5 
43. —7d + llc 45.2т? + п? — 8m 47. 13т? — 5 

49. —8s + 8f 51. Sample answer: 3k + 4k + (-8) — 2]; 
7k—8—2j 53. (4 + 3) • (5 — 2) = 21 

55. (3 • 4)? — (23 + 3? = 23 


1.2 Problem Solving (pp. 15-16) 57.0, 10, 20, 30; 
$1.89, $3.20, $4.51, $5.82 59. 270 — 4.5x; no; when 
x > 60 there will be a negative balance on the card, 
which means you will have spent more than what 
you had on the card. 63. —6.5x — 6y + 200; $88 
1.3 Skill Practice (pp.21-23) 1. solution 3.3 5.12 


7.6 9.—2 11.4 13. —1 15.18 17.—9 21.1 23.4 
25. —7 27.11 29.4 31. —22 33.4 35. —7 37. -2 
39. 28 41. Both sides of the equations should be 
divided by? instead of subtracting > from each side; 


3x = Mis Ta > x = 35. 43.12 45.60 47. —23 


SAT 


Selected Answers 


49. E 51. 6; 15, 8, 15,8 53.2; 6, 6,3 55.4 57.2 


59.4 61. 2.9 63. no solution 65. all real numbers 
67. X = d-d q= cand b з d;a = сапар = а 
1.3 Problem Solving (рр. 23-24) 69.3 ћ 71.9 һ 


73.а.3с+ 2g = 8 Ь.27;7; 122. 1 75.18 min 


1.4 Skill Practice = ны 1. formula 3.4 = " 


5mm 5.й = ББ 
9. у= $e» П n.y-3x- 25-3 

13. y = fx = 11, 6 17. Тһе variable y should only 
appear on one side of the equation, not both; 


Ay—xy=9,y(4—x)=9 =— 19. h=2-=k; 


about 4.96 cm a y = 03 11 ag y= 180028 


бст 7.y -26— Зх; 5 


pp ago gamme 15 + 2 — 9y = 27, 


30 — 9y = 27, -9y = -3, y = 


Method 1 is more efficient on: itis already 
Ty E Xy 
‚;=———— 
Xy-y-z 


3 Sample answer: 


solved for y. 


35. С = SC — 32); 10°С 37. R= 80c + 150d; 


_ R—80c 
d= 156 
tuxedos; 240 designer tuxedos 39. V = =; y = 


‚ 80 designer tuxedos; 160 ni 


wt 
4т 


1.5 Skill Practice (pp. 37-38) 1. verbal ai 
3.0.5h 5.90 mi 7.54ft 9.20m 11. у= 4х + 11 
13. y = 46 — 10x 17. 4x + 9 = 12, 0.75 ft 19. The 
pattern shows the output is decreased by 10 each 
time; an equation that represents the table is 

у= 75— 10x. 23. y= 7x — 16 


1.5 Problem Solving (pp.38-39) 25. 3.75 km/min 
27. y = 1.5x + 15; no; the bamboo shoot will 
eventually slow its growth rate and stop growing. 
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1.4 Problem Solving (pp.31-32) 33. d — ©; about 36 in. 


29. ox + 18 = 72, 


18 in., 24 in., 30 in. 


х + 12 


31. 40х + 7(20 — х) = 404; 8 boxes of books, 
12 boxes of clothes 33. about 4.07 in. 


1.6 Skill Practice (pp. 44-45) 1. graph 
AAA Oe 
3 _2 0 2 4 6 


5. 
-6 4 -2 0 2 


11,—35x Sl 13.х<-2огїх>4 
17. =M 
—4 —2 0 2 4 


19. 
E 0 2 4 6 
23.05 2 =e 
-3 m =] 0 1 
25.x<4 
== 0 2 4 6 
35. The inequality symbol should not be reversed 


when subtracting; 10 > 2x, 5 » x. 
37. -6« x «3 == +0 
—B8 -4 0 4 8 


39.1<х<7 —S___ 
0 2 4 6 8 
43.x« —4o0r x> 2 =O OO 
—4 —2 0 2 4 


4a5.x<—torx> 1 oH 
2 E 4 0 1 2 


49. no solution 51. no solution 


1.6 Problem Solving (pp.46-47) 53. 45x + 35 € 250, 
х< 45 days; 4 or fewer days 55.a.0<e<500 


b. 1400 < e < 2429 c.0<e< 500 or 1400 € e < 2429 
57.50 < F< 95; 10<C<35 

59. a. Amy: 0.65(84) + 0.15(80) + 0.202 85, 

Brian: 0.65(80) + 0.15(100) + 0.2x > 85, Clara: 
0.65(75) + 0,15(95) + 0.2y > 85, Dan: 0.65(80) + 
0.15(90) + 0.222 85 b. w> 92; x 290; у> 110; 22 97.5 
с. Amy, Brian, and Dan. Sample answer: It is 
impossible to score over 100 points on a test, so Clara 
will not be able to achieve a grade of 85 or better. 


1.6 Problem Solving Workshop (p. 49) 
1. y = —35x + 200; x 20 3. x 2 $7000 


1.7 Skill Practice (pp.55-56) 1. An apparent solution 
that must be rejected because it does not satisfy 
the original equation. 3. solution 5. not a solution 
7. solution 


9. 9,9 44 
-12 -ő 0 6 12 
I CSEE EE EE LI a 


2 
21. -4,9 23.5,2 25. —7,4 27. -7,2 29.153 


31. —20, 4. 33. ING; the equation has no hits 
because an absolute value will never be negative. 
35. -3 37. -13, - 1, 39. — t -3 41. When writing 
the second equation, the right side of the equation 
should be -x—3;5x—9— —x—3,6x-9= —3, 
6x = 6, x= 1, the solutions are 3 and 1. 

43,—5&185 -5 5 
—6 —2 2 6 10 


45.-5<m<9 
—2 2 6 10 


65.c>0,c=0,c<0 67. no solution 
69. х<9огх> 9 


71. x< 2P 
a 


3 в 9 12 


or x > “2 -2 73, < C-B rx» 2 


75. |p—6.5| <1 77. Deal >1 79. |х – 45| x15 
81. [е — 6008 | < 5992, | m — 46,000 | < 45,000 
Chapter Review (рр. 61-64) 1. exponent, base 

3. extraneous solution 5. Sample answer: 3(x — 4) 


and 3x — 12 7. Inverse property of multiplication 
9. Distributive property 11.3x — бу 13. 18b —33 


15. —21* + 51? 17. -i 19.9 21. —1 23. $74.99 


25. y = —10x +7; Po 19:15 29.y 2 3x — 5; 


—20 31. h = B about Көңү cm 33. 602 mi 


35.x€6 == A ——— 
0 2 4 6 8 


2 =g | 0 1 2 


39.—3€x£€3 mtrt A 
-4 E 0 2 4 

41. —3, 15 43. no solution 

.y«-lor — LO ——_— S S S 

45.y« —lory»6 TOM TI 


12 


47. |v —26| <0.5, 25.5 in. < v< 26.5 in. 


Chapter 2 
2.1 Skill Practice (pp.76-78) 1. independent, dependent 
3. domain: —4, 


—2, 1, 3, range: —3, —1,2, 3 


5. domain: 21,6; , range: — —1,5,8 


11. Yes; each input has exactly one output. 13. Yes; 
each input has exactly one output. 15. x is the input 
and y is the output, so there should be one value of y 
for each value of x; the relation given by the table is 
not a function because the inputs 1 and 0 each have 
more than one output. 17. No; the input —2 has more 
than one output. 19. No; the input —1 has more than 
one output. 21. function 23. not a function 


35. not ineat: 10 37. linear; 6 39. linear; —3 


2.1 Problem Solving (рр. 78-79) 43. Yes; each input has 
exactly one output. 45. About 905; V(6) represents the 
volume of a sphere with radius 6. 


47.а. 50) янна аотаіп: 
5 — _| 15<£<24, 
$ 7 range: 
E а СЕС -FH 57.95 € h(4) € 75.5 
ia 
$ e 
60 
58 


O 15 17 19 21 231 
Length (inches) 
b. 59 in. or 4 ft 11 in. c. 21.7 in. 49.a. domain: 
11,350,000, 12,280,000, 12,420,000, 15,980,000, 
18,980,000, 20,850,000, 33,870,000, range: 20, 21, 27, 
31, 34,55 b. Yes; each input p has exactly one output. 
с. No; the input 21 has more than one output. 


Extension (p. 81) 


|_| discrete; —1,1,3,.5,7 
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_| | continuous; у> —6 2.3 Skill Practice (рр. 93-94) 1. slope-intercept 
Ed. з. || Both graphs have a 


pf y-intercept of 0, but the 


= graph of y = 3x has a slope 
| of 3 instead of 1. 


/ | Both graphs have a slope 
of 1, but the graph of 

у = х + 5 has а y-intercept 
of 5 instead of 0. 


Distance (miles) 


domain: x 2 0, range: d(x) = 0; continuous 
7.тіх) = 3х 


21. The slope and y-intercept 
were switched around. 


Gallons of milk 


01234567 89 Wx 
Weeks 


domain: whole numbers, range: multiples of 3; 25. x-intercept: — 15, y-intercept: —3 27. x-intercept: 5, 
discrete y-intercept: —10 29. x-intercept: 6, y-intercept: —4.5 


2.2 Skill Practice (pp.86-87) 1. slope 3. З, rises 


5. — > falls 7. —4; falls 9. 5 rises 11. undefined; 


is vertical 13. 0; is horizontal 15. The x and y 
coordinates were not subtracted in the correct 
AA I 
2 — {—4) g 
23. parallel 25. 13 mi/gal 27.2 m/sec 29.2 31. 


order; 19. neither 21. perpendicular 


33. — 5 35. Мо; no. Sample answer: The slope of 


or^ 2 – 1 cesa: AB — — 0 = 
M e aa ш 7 Lhe slope of QR Ai 
-L The slope of 37 = — 9 = -1 


3—5 2: 


2.2 Problem Solving (рр. 87-88) 11.5 43. 6.5% 


3 1 
47.8. g b. yes C 5 


y-intercept: 4 
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2.3 Problem Solving (pp. 94-96) 
59. 


т2з45 B f 8 
Number of games 
63. 30; fall; the value of the card will decrease after 
you buy each smoothie, so the line will fall from left 
to right. 
Sample answer: 
_| r=Oandw=4, 
| r-—1.75 and ш = 1, 
т = 0.875 and ш = 2.5 


Walking time (hours) 


67.a. t 
(minutes) 


c. h(t) = 150t + 200 


2.4 Skill Practice (pp.101-103) 1. standard 3. у = 2 
5. y = бх 7. y = 2:47 9. y =4x-2 11.y=2x+11 


4 
13. y = -9x +85 15.y= -x+ 1 17.у= -ix-2 


19. The x- and y-coordinates were transposed; 
y-17-2(x—5),y—-1-7 —-2x +10, y= —2x + 11. 
1 1 


21.у= —x + 8 23. y = —3х + 13 25.у= —-43X — 4 


27.y = -2x -6 29. y- - ix +? gi. y- -3x 11 


33. y = -3х+7 35. у = 5х + 23 37.у = —3x + 17.5 


47. Sample answer: у = — 5x +8 


2.4 Problem Solving (pp. 103-104) 51. n = 15t + 50 
53. 15x + 9y = 4500 БЫ 


0 50 100 150 200 + 


Find the point on the line where х is 200 then the 
corresponding y-coordinate is how many student 
tickets were sold. 55. y = 1.66x + 21.62; $48.18 
57.a. 21 + 2ш = 24 


2.4 Problem Solving Workshop (р. 105) 1. у = 4x +7 


3.y= -3x + 16 5. y = 32.14х + 1764.36 


2.5 Skill Practice (pp. 109-110) 1. Sample answer: 
If y = ax, then a is the constant of variation. a is a 
constant ratio of y to x for all ordered pairs (x, y) 
except for (0, 0). 
3.y-3x | | | 
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5. y = HAT 


11.y = 25 24 13. y = —0.2x; —2.4 15. y = ix 4 
19. not direct variation 21. direct variation; 2.5 
23. direct variation; E 25.y = — =; 3:27. Y = —T% ы 


29. y = —7.2x; 2 31. direct variation; у = — ix 
33. direct variation; y = —4x 35. The quotients need 
to be compared to each other, not the products; 


5 = 24, = = 6, = 27,8 = 1.5, because the ratios 


are not equal, the data do not show direct variation. 


2.5 Problem Solving (рр. 110-111) 39. ш = 36004; 
6300 Ib 41. direct variation; t = 5.15 43.a. direct 
variation; Р = 4s b. Not a direct variation; the ratios 
of A to s are not equal. c. Not a direct variation; the 
ratios of A to P are not equal. 


2.6 Skill Practice (pp. 117-118) 1. best-fitting line 

3. negative correlation 5. approximately no 

correlation 7.0 9. —1 

ll.a. » [TT TT TT T4 b. Sample answer: 
el |. | у= —20х + 141 

|| c. about —259 


0 1 2 3 4 БОХ 
b. Sample answer: 


CORY y= 6.7x+1 


aga c. about 135 


17. The line should go through the middle of the 
data points. Sample answer: 3 
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21.a. Sample answer: Measuring the depth of water 
at different times while filling a swimming pool. 
The number of gallons of milk you buy and the 
total cost. b. Sample answer: The age of a car and its 
current value. The number of miles you have driven 
since you last put gas in the tank and the amount of 
gas left in the tank. c. Sample answer: The height of 
a person and the month they were born. The age 

of a person and the number of vehicles they own. 


2.6 Problem Solving (pp.119-120) 25. Sample answer: 
y = 101.3x + 2236.6 27.a. (0, 37), (4, 49), (8, 57), 
(12, 64), (14, 67), (18, 72), (22, 77) 
b. [T] e Sample answer: 
*| | | y= 1.8x + 40.7; 
102 countries 


Countries 


0 6 12 18 24 x 
Years since 1980 


2.7 Skill Practice (рр. 127-128) 1. vertex 
translated down 7 units 


translated left 4 units and 
down 2 units 


29. The graph should be 
translated left 3 units. 


33. No. Sample answer: It does not pass the vertical 
line test. 


2.7 Problem Solving (pp. 128-129) 


37. 50,000 pairs of shoes 
g 40 
£ 
E 
3 | 
= 
3 
a 
! 0 10 20 30 40 t 
Weeks 
39. y — A lx- 69 | + 140 


taj cj o fos] 1 (t5| 2 [25] 3| 
[d | зо | во | зо | о | 30| 60] 90 

| e.d— 60|t- 1.5]; 

2<1<22 


5 


"2 


2.8 Skill Practice (рр. 135-136) 1. half-plane 3. solution, 
nota solution 5. solution, БШШ. 


be a dashed line. 


39. Sample answer: y » x +3 41. у> =Íx + 3; pick 


two points on the boundary line to find the slope 
and then use the point-slope form of an equation to 
find the equation. The boundary line is dotted, so the 
inequality dos not include points on the boundary. 
Then choose a point to determine which inequality 
sign to use. Sample answer: You and your sister want 
to spend at least $15 on your little brother's birthday. 
You want to buy him some racecars that cost $3 each 
and some building block sets that cost $5 each. 


2.8 Problem Solving PEIRAS 43. 0.03x + dones 20 
45. 1.5x + 2.5y < 75 k 


y< 15.6 yd 
47.a. 11x + 26y < 120 


0) 2 4 6 8 10121416187 
Canoe 


b. Sample answer: 2 days canoeing and 5 days biking, 
3 days canoeing and 2 days biking, 2 days canoeing 
and 2 days biking 

c. 11x + 26y € 96 y 
Sample answer: 1 day pi - 
canoeing and 3 days biking, 3 T» 
4 days canoeing and 2 days ? 
biking, 2 days canoeing and j 
2 days biking 


01234567897 
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Chapter Review (рр. 141-144) 1. standard 3. direct 
variation 5. domain: —2, —1, 2, 3, range: —2, 0, 6, 8; 
function 7. linear function; 51 9. undefined 11.0 


І. 1 | LEFI] 15. 


—-— 


17.у= — Ax +2 19.y— —8x; —24 21. y= —0.8x; —2.4 
23. Sample answer: y = —х + 2.3 
25.5) | | | bi | | Ls” shrunk vertically by 
| | afactor of z 
$1.75, $1.25 


29. solution 


31. 


Chapter 3 

3.1 Skill Practice (pp. 156-157) 1. independent 
3.(1, -1) 5.(4, —1) 7.(5,0) 9, (=2,4) 

11. infinitely many solutions 13. (3, 3) 17. (2, — 1); 
consistent and independent 19. no solution; 
inconsistent 21. infinitely many solutions; 
consistent and dependent 23. (2, 0); consistent 
and independent 25. (3, —1); consistent and 
independent 27. infinitely many solutions; 
consistent and dependent 31. no solution 

33. (—4, 2) and (-4, 2) 


3.1 Problem Solving (pp.157-158) 35. lifeguard: 6 h, 
cashier: 8h 37. 11 days; the number of days will 
decrease; the number of days will be divided by a 
larger number, which will decrease the quotient, 
which is the number of days. 39.a. m = —0.0958x + 
50.8 b. ш = —0.124x + 57.1 c. in the year 2195 

d. No. Sample answer: It is not likely that the same 
linear models will apply indefinitely. 
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3.2 Skill Practice (pp. 164-165) 1. substitution 3. (6, — 1) 
5. no solution 7. ($2) 9. (0,3) 11. (73, 8) 

" 1 = д sok d 
13. (44, -17) 15. (7, у 17. (—6, —2) 19. | L4) 


21. (—8, 6) 23. no solution 25. (7, 3) 
27. Failed to multiply the constant by —2. 


—6x — Ay = —14 
5x+4y= 15 
-x= 1 

x= -1 


29. (—5, —6) 31. infinitely many solutions 33. (—8, 0) 
7 ш _3 a | 

35. (7, —6) 37.| 24 39. | ч, 3 Al. (2,3) 43. (3, 2) 
45. about (2.90, —2:16) 47.(—1,2) 49. (7, 1) 

51. (—¿, 6) 53. (5, 4) 


3.2 Problem Solving (pp. 165-166) 55. 5 acoustic, 

4 electric 57. The company can fill its orders by 
operating Factory A for 5 weeks and Factory B for 
3 weeks. 59. 12 doubles games, 14 singles games 
61. 80 pounds of peanuts, 20 pounds of cashews 


3.3 Skill Practice (pp.171-172) 1. The ordered pair 
must satisfy each inequality of the system. 


| | fy] Т | | | | 7.nosolution 
иш 


3.3 Problem Solving (pp. 172-173) 35.x> 20, x<50, 
y 2 0.3х, y x 0.7x, where x represents the regular 
price and y represents the sale price; 6<y<14 
S758. 022 NEL TINEO, EAS 

bb 


| | c. Sample answer: 
-|| 3 juniors, 4 seniors; 
— 4 juniors, 4 seniors 


| 


39.a. x 220, x < 65, y 2 0.5(220 — x), ys 0.75(220 — x) 
| c. No; the person's 
heart rate is above the 
target zone. A 40-year 
old persons heart rate 
should be between 
90 and 135 heartbeats 
per minute. 


0 
0 10 20 30 40 50 60 70 80 90 x 
Age (years) 


Extension (p.176) 1. 1; 14 3. 170; 580 5. 5; 55 
7. 6 mini piñatas, 6 regular-sized piñatas 
9. 12 jars of tomato sauce, 4 jars of salsa 


3.4 Skill Practice (pp.182-183) 1. Sample answer: 
2x – 3y + z = 6; a lane 3. по 5. yes 7. no 

9. (1, 5, 6) 11. no solution 13. infinitely many 
solutions 15. (3, 2, 1)17. (—6, 4, —4) 19. (0, 0, —2) 
21. In the 2nd equation, the coefficient of y was 
not multiplied by 2; 

2х+ у-2ж=23 

бх + 4y + 22 = 22 

8х + 5y = 45 

25. infinitely many solutions 27. (—1, 4, 0) 

29. (-4, 5, —4) 31. infinitely many solutions 

33. (2, 6, —5) 35. (2, 1,0) 37.a = 12, b= —4, c= 10; 
when you substitute —1 for x, 2 for y, and —3 for z 
into each of the equations, you get the results for a, 
b, and c. 


3.4 Problem Solving (pp. 184-185) 43. 1st delivery: 
300 gal; 2nd delivery: 750 gal; 3rd delivery: 2050 gal 
45.a. f+ s + t= 20, 5f+ 35 + t= 68, s = ѓ+ f, 
where frepresents the number of first-place finishes, 
s represents the number of second-place finishes, 
and f represents the number of third-place finishes; 
7 first-place finishes, 10 second-place finishes, 

3 third-place finishes b. When you solve for fand 

t, you get a fractional answer and you cannot have 
fractions of a person. 47.a. 2.5г + 44 + 2i =32, 
r+1+1i=12,r= 2(£ + i) where r represents the 
number of roses, £ represents the number of lilies, 
and i represents the number of irises b. 8 roses, 


2 lilies, 2 irises c. yes; 8 roses, 2 lilies, 2 irises 


3.5 Skill Practice (рр. 190-193) 1. dimensions 3. The 
corresponding entries were not added together to 


create a 2 X 1 matrix; ki 5. i 1| 


2 1 
36 47 -84 =j 
т. 62 75|9.| 14 -1 u.| 3 m H 
143 -—L2 —10 6 
13.2 —5.00 —99 
aF б. A 15.| 22 0  —55 
| ' — 12.1 3.96 —14.08 
13 —8 12 —8 ae —15 -55 
|^ 1 DB | E -23 +] 
—M3 —Ш "107 19. _ 
23.| s 3.6 | и дай: а. 
у= —16 
3.5 Problem Solving (рр. 192-193) 
0 Б T —1 Model A | 31 22 
31.| -7 —1 —5 —2 | 33.a.M= ModelB | 42 25 |, 
1—1 4 70 Model C | 18 11 
Model A | 25 38 56 60 
J = ModelB | 36 32 | b.| 78 57 |; the sum represents 
Model C | 12 15 30 26 
28 30 
the total sales for May and June. c. | 39 28.5 
15 13 


3.6 Skill Practice (pp.199-200) 1. columns; rows 
3. defined; 2 X 2 5. not defined 7. not defined 


11 35 
x 1 —12 718 


8 0 
24. =g TI 
17. | | 19. The multiplication should be 


=“ f 
74 —50 
row 1 of left matrix by column 1 of the right matrix; 


3(7) + (C D(1) = 20. 2n ki 25.19 ka 


240 
27.| 5 15 8 29. 729 3 31.x=3,y=35 
-16 17 36 


18 -5| [-82 23 
ss. | M 46 С 


| 37||1 0 
35. Sample answer: E lo J 


5А9 
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3.6 Problem Solving (pp. 200-202) 


37 Lich is Bat Ball Uniform . Cost 
Uniforms | 15 'Cost[21 4 30 ]'Item[882] 


39. Friday: $1150, Saturday: $1675 
41. PS; [62,400 57,575 ], it shows the profit for all 


0.8 zl 


of the cars sold by each dealer. 43.a. | 02 095 


b. M, = El ; the number of commuters after 1 year 


[3950] ,, _ [36125] ,, _ [3359375], 
icm FE! = EAR = —— the 


number of commuters after 2, 3, and 4 years 


3.7 Skill Practice (pp. 207-208) 1. determinant 3. —6 
5.25 7.8 9.39 11. —206 13. —34 15.1160 17. —480 
19. The sum of the products for the diagonals that 
go up should be subtracted from the sum of the 
products for the diagonals that go down; 10+ 0 + 
(—8) — (3 + 24 + 0) = —25 23.12 25.21 27.25 

29. (—4, 3) 81. (77, —5). 38. (B, —3, 7) :35 (0,4, 1) 
37. (8, 6, 7) 


3.7 Problem Solving (pp. 208-209) 41. 12 ft? 

43. a. 60 single scoop, 40 double scoop, 20 triple scoop 
b. $140.03 45.a. 4786 mi? b. 3201 mi? c. 7987 mi? 

d. Connect Vernal, UT, to Moab, UT. 


3.8 Skill Practice (рр. 214-215) 


1. matrix of variables H! matrix of constants | k] 


anle | 
9. "m 11. The scalar should be d. 
ai q det 
60 15 
5 2 
t. 5 =. 6 3 11 9 
| = _1 | 9 J 
6 3 


= 
a 
= 
— —— | 
| 
= Y 
| 
|= = 
AS | 
ыы 
ч 
PA 
— 
eo 
Lia 
Ac] 
loa 
м с 
ыі 


E3 
$ ag Há 1 
10 5 10 2 2 
9 з mig 
19-| w 5 10) ^-| 16 8 16 
- 3. Я T l eak, 
5 5 5 22 16 32 
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3 3 A 
20 10 20 
233.|-% 3 3 | 95. (3 2) 27. (-1, —4) 
å 160 80 160 мын Ё i 
al i ad 
40 20 40 


29..00,—2] 31, (1, —8) 333,5). 35. (39, 19,—10) 
37. (—1, —2, 3) 39. (—2, 10, 0) 


41. Sample answer: | : 4 


3.8 Problem Solving (рр. 215-217) 43. single-engine: 
150 h, twin-engine: 50h 45.a. 2х + у = 8, Зх + у= 11 
where х represents rolls and y represents muffins 


b. f IH = Ki c. 3 batches of rolls, 


2 batches of muffins 47. Bran Crunchies: 2.3 oz, 
Toasted Oats: 0.8 oz, Whole Wheat Flakes: 1.2 oz 

1 4 2 =f =9 Bl sa | 
49. а. | 4 3 4l | oh гй 3l 90* clockwise 
rotation b. multiply AAT by A and then again by A 


3.8 Problem Solving Workshop (p.219) 1. DVD: $15, 
popcorn: $1.75, movie pass: $8 3. 11 lbs of sunflower 
seed, 9 Ibs of thistle seed 


Chapter Review (pp.222-226) 1. consistent, inconsistent 
3. The number of columns in the left hand matrix is the 
same as the number of rows in the right hand matrix. 


sO »L4 (—4, -2) 


15. (—3, —8, 4) 17. 10 wind instruments, 3 string 
instruments, 2 percussion instruments 


6 4 2 <4. 0 64 32 40 
D M AF 6 J 5. 5 48 A 
28 —76 -2 6 —1Б 
25.| | 27. | + v 29. —42 31.18 
33.07; D 35.1=1,=9) 
Cumulative Review (pp.232-233) 1. —2x? + 7x 
3. —Ax? + 6x + 15 5.-2 7. —8,2 9. —16, 25 


11.5<х<10 += 
—1 1 3 5 7 9 11 
13.—1«x«9 oT 
—@ 0 2 4 6 8 10 
11 11 
3 


15. —4<х<-= 


6 4 2 0 2 4 6 
17. — s falls 19. 0; is horizontal 
2L TT TTTTT PT] 23. 


6 2 


TR? 


R? + А? 


43.a. W = 


b. About 98 games; it’s the same. 


Chapter 4 

4.1 Skill Practice (рр. 240-241) 1. parabola 3. 16, 4, 0, 
4,16 5.8, 2,0, 2,8 

same axis of symmetry 

and vertex, opens up, and 
is narrower 


same axis of symmetry 
and vertex, opens down, 


19. The formula for the x-coordinate of the vertex is 


33. maximum value; —1 35. minimum value; —1 
37. minimum value; -2 41. а = —0.02,b=1,c=6 
43. Sample answer: y = —x* + 8x + 3, 

у=2х°— 16хХ— 1,у=х°—8х— 6 


53. The axis of symmetry has to lie half way between 
the two x-coordinates; x = —1. 


4.1 Problem Solving (рр. 242-243) 55. Raise the price 
by $0.75 to increase revenue to $4900 per day. 

57. about 10 ft 59.a. profit = price * sales — expenses; 
P(x) = (20 — x)(150 + 10x) — 1500 


[ | Reduce the price 
| by $2.50 to increase 
- -— profits to $1562.50 per 


|| week. 


Selected Answers 
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23. p = 2 and q = —3; the x-intercepts are 2 and 

—3. 25.у=х°^—2х— 15 27. y = 3X" + 18x — 24 
29. y = х? — бх + 15 31. y = 5х? + 30x + 41 

33. minimum: —4 35. minimum: 130 37. maximum: 
729 39.minimum: —450 41. maximum: 211.25 


49. (—1, 5); (~, — 1) and (5, +09) 


4.2 Problem Solving (pp.250-251) 51. 6 ft; about 28 ft 
53.a. 160 ft b. about 1.5 ft 55. a. about 1496; about 
55.5 cm? b. about 13.6%; about 44.1 cm? c. hot-air: 
domain: 5.52 « x « 22.6, range: 0 < y < 55.5; hot oil: 
domain: 5.35 « x « 21.8, range: 0 « y « 44.1; since 
moisture content and popping volume cannot 

be negative, the domain and range must each be 
positive numbers. A positive domain occurs between 
the x-intercepts and the greatest number in the range 
occurs at the maximum point, which is the vertex. 


4.3 Skill Practice (pp.255-257) 1. an x value that 
makes the function equal to zero 3. (x + 1)(x + 5) 
5. (a — 11)(a — 2) 7. cannot be factored 
8.(b--Blb-—5) IL ix —9)x--2) 13. (x t- 12)(x — 3) 
15, (x -8)x—86) 17.(x —12)^ 1S. [x -4)* 
¿Lime 23, 1e — Tbe ID 28:5,8:27,= 7 
29.—c4,—1 31. —5 33.—6,9 35.0, -9 37.7 39. The 
equation was not factored correctly; x^ — x — 6 = 0, 
(x— 3)(x + 2) = 0, х= Зогх = —2. 43.3(10)(12) = 
(10+ x)(I2 - x) 45.4.47. —10, 3. 49. 0, 8 51. —5, 
553.—12,—-7 55.—1 57.43^— 19x -88 — 0 89.4 
61.3 63. Sample answer: х? — 20x + 91 = 0 


4.3 Problem Solving (pp.257-258) 65. 3(50)(100) — 
(50 + x) (100 + x), —200, 50; 100 ft by 150 ft 

67.a. 600 ft? b. area of new patio = area of existing 
patio + area of expansion, (30 + x)(20 +x) = 600 + 
464 c. —58,8; 8 ft 69. 3(18)(15) = (18 + x)(15 + x), 
—45, 12; 114 ft 71. 2(100) = (10 + x)(10 + x); 

no; there are no real numbers a and b such that 
ab = —100 and a + b — 20. 


4.4 Skill Practice (pp. 263-264) 1. 4 3. (2x + 3)(x + 1) 
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5. (Ar + D)(r + 1) 7. (11z — 9)(z + 1) 9. cannot be 
factored 11. (94 + 5)(d — 2) 13. (3x + D) (3x — 1) 
IS (78 — AA +4) TRE +S) I9.130 —2F 
21; (6% —7)- 23.2(3z - 4682+ 2) 25. 6u(u — 4) 
27. 4(5x + 1)(х + 6) 29. —3(6n — 5)(2n — 1) 
31. 4 should be factored out of each term in the 
binomial; 4x? — 36 = 4(x? — 9) = 4(x + 3)(x — 3). 
2 1 ] 42 1 
dd.—2,2 35.0,——- 37. 715 39. > 15 41. ay Ue 


43. -$ 6 i. — > 247, —1. 11 49. -1, 2 51,3 


a 

Ir 
53. —1, т» 5, 2 57.0,4 
4.4 Problem Solving (рр. 264-265) 63. 2 65. $5.75; 
letting x represent the number of $.25 decreases іп 
the sandwich price, the revenue R is given by the 
function R = (330 + 15x)(6 — 0.25x). The zeros of 
this function are —22 and 24, and their average is 1. 
So, to maximize the daily revenue, each sandwich 
should be sold for 6 — 0.25(1), or $5.75. The 
maximum daily revenue is then (330 + 15(1))(5.75) = 
(345)(5.75) = $1983.75. 67.a.72in. b. w = 32 — h; 
V = 36(36 — R)(h) c. 18 in., 18 in., 11,664 in.*; find 
the roots of the equation in part (b) to be 0 and 36, 


so the line of symmetry is at x = siio = 18. To find 
the maximum volume, substitute 18 for h into the 
equation from part (b). 


4.5 Skill — = 269-270) 1. radicand 3.2V7 


5.5V6 7,24.9,% 11. sa eo 1543 — 


4V2 — V10 
17. 1 1 


x? = 81,х = +9. 23. +5V2 25. т 27. +V71 
29. +10 31.1+V2 33. —2 + У26 35. Factor: 


2—4=0, (x+ 2)(x — 2) =0, ы —2огх = 2; 
Solve the equation х? — 4 = 0, х? = 4, х = +2. 


21. The equation has two solutions; 


4.5 Problem Solving (рр. 270-271) 39. Earth: about 
3.1 sec, Mars: 5 sec, Jupiter: about 2.0 sec, Saturn: 
about 3.2 sec, Pluto: about 12.2 sec 41.a. тг? = 100 


Е 
pa, ¡Er 


4.5 Problem Solving Workshop (p.273) 1.1,5 3. 15 
5. about —4.4, about 1.4 7. about 108 mph 9. 1.25 sec 


b. about 5.6 ft c. {27:52 = тга, 2 St ¿2 


4.6 Skill Practice (pp.279-280) 1. а + bi 3. +2iV7 
5. +2] 7. +iV11 9.+i 11.3+1V2 13.17- i 
15. —8 + 6i 17.19 — 9i 19.21 + 9i 23. —8 — 4i 


25. —18 — 13i 27. 73 29. +21 31. 3-ii 
59 


3 
33. CHDEU T 43. V109 45. УЗ? 47.4 49.7V2 


ET 


51. —20 + 2i 53. —125 + 90i 55. — 2 — Žli 


26 26 
57.1? = —1,80 212 = 2;4 — i + Bi — 21? = 6 + Ti. 
59. a. additive: —2 — i, multiplicative: 2 = 5! 


b. additive: —5 + i, multiplicative: — E 


k 26! 
c. additive: 1 — 3i, multiplicative: — 56 -Ži 


4.6 Problem Solving (рр. 281-282) 65. 4 — 3i ohms 
67. 12 — 8i ohms 


89. powersoti | i [e | p | | |e | P | a 


Simplified | i |1) +) 1 | i |1] =i] 1 


The pattern repeats every four powers of i; 
]|-15i1"—-—],ij"--—1ii"-]. 
71.[(7 —20(D](-1-- ) = @+7)C-14 D = —9 — 5i 
(7 — 20(@(—1 + 0] = (7 — 2ġ)(—1 — i) = —9 — 5i 


519 , 167. 
79.8. 155 + 125! 


4668; „98 _ 4, 


i b. 2326 2326 
265 af 37 


265 
4.7 Skill Practice (pp.288-289) 1. A binomial is the 
sum of two monomials and a trinomial is the sum of 
three monomials. 3. —5,1 5. —14, -2 7.11 + V13 


9, 4 + 3V5 11. == 13.9; (x + 3)? 15. 144; 
2 C TENE 
2 21. 5x i 
23. 4 + V15 25. —6 + 3V2 27.1 +2iV6 
29. 7 + VA] 31. -1* iV2 33. — lii 


35. —5 + 5V3 37. —2 + 2V21 39. 28 125.44); at 
2.8 seconds the water will reach a maximum height 
of 125.44 feet. 41. y = (x — 4)? + 3; (4, 3) 


43. y = (x + 6)? + 1; (-6, 1) 45. y = [x — Ji T 5 


(x — 12? 17. 1; (x - 1)? 19. 2 а, (х + 


3 7 Е кира. 
(3,2) 47. y = 2(x + 6)? — 47; (-6, -47) 


49. y = 2(x — 7? + 1; (7, 1) 51. 36 should be added 
to each side instead of 9; 4(x? + 6x + 9) = 11 + 36; 


= 
A(x + 3) = 47; (x + 39 = Sx 3 = x 3 


к= —3 УФ, 53. — 


57. —0.5 + 0.5iV19 


4.7 Problem Solving (pp. 290-291) 63. 40 ft 65. Selling 
systems for $300 would maximize monthly revenue 
at $9000. 67.a. 1500 = (120 — 2х)(х) b. about 17.75, 
about 42.25; reject 17.75 because it gives a length for 
the eating section that is greater than the length of 
the side of the school. c. about 42.25 ft by 35.5 ft 


4.8 Skill Practice (рр. 296-297) 1. discriminant 3. —1,5 
5. —4 + 143 7.5 9, 2+ V3 л da 13.2 
ҮҮТ De ATE 
(s 32 iV47 17, 5:5 2V10 19 772: V13 
2 5 6 
EID 44.2.9328 —1.3 97.2.4 28.—5. —3 


31. 0; one real solution 33. —32; two imaginary 
solutions 35. —20; two imaginary solutions 
37. —335; two imaginary solutions 39. —36; two 


imaginary solutions 41,12 iV67 4 43. -21, 2 
(na 
45.12 47.0.875 + 0.7521 49. V — 144 = 121; 
yo EN .. -6t12L... уу 
6 6 
abt EA —b-Vb'—4ac —2Ь 
2a Ed T. 
51, — > Эа? 


which is the нола for the axis of symmetry. 
53. negative 57.a.c<16 b.c=16 c.c» 16 
59.а.с<48 b.c= 48 c.c>48 61.a.c« 0.25 
b.c=0.25 с.с>0.25 63. —x?—3x+4=0 


65. 2x7 + 4x + 4 = 0 67.а.—3,—2,5,6 b. —3,3 
4.8 Problem Solving (рр. 298-299) 71. 1141 m, 2090 m 


жЕ еа аы аі 

[OA 
717] e. No; the height of the ball 
when x = 15 is 12.75 feet, 
which is above the 


backboard, so the free 
| throw would not be made. 


4.9 Skill Practice (pp. 304-305) 
I; Sample ar answer: 3x* — 2x + 5» 0, y2x* + 4x-8 


_| | The inside of the parabola 
— should be shaded. 
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Selected Answers 


2. <-30rx>1l 29.05 —0 01х24 31. 2<x<8 
33:—1= 153 35,0<x<6 237, x< 0.590r x> 3.4 
39. ~422 3213 41.0.б67<х=<2.5 4X —12«x«3.7 


47. 9« x« —1 49.x< -20гх>5 51.x € —3.5 or 


x21.5 53. -0.27<x<1.5 55. -2.8€ xs —0.72 
57. x< —0.460rx» 1.8 59. —0.89 « x « 1.3 61. no 
solution 63. x «0.520r x» 11.5 65.0 xx 0.5 
67. no solution 


4.9 Problem эпи (pp. vom 
71. | | 


Weight (pounds) 


Thickness (inches) 


73.37 € x € 40; the domain restricts the number of 
days to less than or equal to 40. 75.a. —0.054x? + 
1.43x — 8 < 0; x 8.0 or x2 18.5 b. No; the ball will 
go over the goal by 1.3 feet. 


4.10 Skill Practice (рр. 312-313) 1. best-fitting quadratic 


model 3. у = (x – 3)? + 2 5.у= (+ p- 


7.у= -(x 1? * 6 9.у= (+3) +3 


11. y= 2(x +4} — 2 13.у= 3 1) - 


17.y = -(x - (x + 2) 19. y - 3(x + 3)(x — 3) 
21. y= x(x +3) 23. y = 3(x-— 3)(x— 7) 
25. y = + 6)(x — 3) 27. The vertex form of the 


equation should be used instead of the intercept 
form; у = a(x — 2)? + 3;5 = a(l — 2} + 3;5 =a +3; 
а = 2, Fd P 2)* + 3. 29. y = 2x* + 20x + 46 


31.у= 7 Tega Sx 2 33. у = — ax? - “рх +5 


1 


м MAS 37. у = —30 40-3 


2 


39. y — -3* + 2х + 10 41. у = 8x? + 64x — 264 


43. Sample answer: y = Sy? 
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4.10 Problem Solving (pp. 314-315) 

47.у= — Š (x — 20) + 15 49.a. y = 0.012x? — 
0.309x — 0.00048 b. about —1.90 sec 

Chapter Review (pp. 318-322) 1. If a « 0, the function 


has a maximum value and if a > 0, then the function 
has a minimum value. 3. vertex form 


15. —5,0 17. —3,9 19. —9 21. (72 + х)(48 + х) = 
2(72)(48); 24 ft 23.4 + 4V2 25. +6 27. 1 + 3V3 


—9 — 18i 31.29 33. —4 + 2i 35.3 + 2V6 
37. =3 + V13 39. -i 41. about 0.2 sec 
43. —0.65 € x € 4.6 45. y = 2(x  3)(x — 2) 
az.y--2(x-2* +7 


Chapter 5 


5.1 Skill Practice (pp.333-334) 1.a. Product of powers 
property b. Negative exponent property c. Power of a 
product property 3. 243; product of powers property 


5. —3125; product of powers property 7. T 


quotient of powers property 9. == Ls ; power of a 
quotient property, negative "n Вере 
11. 729; quotient of powers property 13. 56 36 1. product 


of powers property, negative exponent жый 
15. 6.3 x 10? 17.5.607 X 10% 19. 9.261 х 10” 
21.15 X IF 23.225 X 107 


25. 1024y'5; power of a product property, power of a 
ш", 
x? 
negative exponent property 29. 


product of powers property, 


— power of a 
27a3b5 | 
product property, power of a power property, negative 


power property 27. 


242 
exponent property 31.525 quotient of powers 


property 33. = quotient of powers property, 
3a?b* P 

3y? 

powers property, quotient of powers property, 

negative exponent property 37. The exponents 

should be subtracted, not divided; x?. 39. The base 


should not change; (—3)*. 41.5 АЗ; as ar е 
45. a *b? 


negative exponent property 35.45 product of 


5.1 Problem Solving (pp. 334-335) 49. Pacific: 
6.2868 х 10” m?, Atlantic: 3.01824 х 10" m», Indian: 
2.71656 х 10” më, Arctic: 1.7061 х 10!5 m? 


51. Sample answer: The volume of the pearl is ri times 


as large as the volume of the bead. 53. a. about 
4.4225 x 107 m? 


5.2 Skill Practice (рр. 341-343) 1. degree: 4, type: 
quartic, leading coefficient: —5, constant term: 6 

3. polynomial function; f(x) = —x* + 8, degree: 2, 
type: quadratic, leading coefficient: —1 

5. polynomial function; g(x) = тх* + V6, degree: 4, 
type: quartic, leading coefficient: 7. polynomial 
function; h(x) = -$x + 3x — 10, degree: 3, 


type: cubic, leading coefficient: -3 9, —32 11.378 
13.182 15.109 17.149 19.—11 21. —78 


23. The coefficient of x? -? | =4 : F- T "i 
was left out. ay os F 
25. degree: even, leading coefficient: positive 
27. degree: even, leading coefficient: negative 
29. — 00, — 31, —~, +% 33, +00, — 35, +00, +00 
37. Sample answer: f(x) = —х° — 2x* + 1 


| 41. TH Е 


51. р(х) > —% as x —^ —% and р(х) > +% as х ә +00 


5.2 Problem Solving (рр. 343-344) 
55. | 1998 


Skateboarding 
participants (millions) 


012345678910: 
Years since 1992 


97. $ 


Snowboarding 
participants (millions) 


° 123456789 107 


Years since 1992 


59. a. 35.625 g 


Weight (grams) 


Days after hatching 


c. Sarus. Sample answer: Substituting 3 into each 
equation gives the Sarus chick weighing about 

120 grams and the hooded chick weighing about 
92 grams. The weight of the Sarus chick is closer to 
130 grams than the weight of the hooded chick is. 


5.3 Skill Practice (pp. 349-350) 1. like terms 
3.1038 §:14y— 8 7:78 —2s^-- Bs-F-10 
382%+5%+.059 1E. -2b* 15b? 4- Bb - 7 
13:243? —3^ 17,30x^-4-10x^ 18:32" —82 — 3 

2L 2a” — 234° +.264 - 6 23. —x* + lan? —34x^ 
Ax +3 25.12y* — 9y* — 85y* — 19y - 5 27. The cube 
of a binomial (a — b)? is found by a? — 3a*b + 3ab* — 
6% (2x — 7p = (20* — 3QITO + 30222007) — (7 = 
Bx*— B4x^- P 2944 — 23, 29.1  — 34^ — 25x —21 
31.24% —5d^— 370—330 83. -2b^ -7b* — 7b +2 
35. —12w* + 9510? — 1430 +30 37. 274^ +1324? — 
1724 + 32 39. w? — 18w + 81 41. 4c? + 20c + 25 
43. 25p° — 9 45.4a* — 81b* 49. 27x? — 13zx* + 


8тх + 48m 51. 4x* — Px? — 7x + 12 58. (a + b}? = 


(a+ ba + b) = a? + ab + ab + b? = œ + 2ab + b? 
55. (a — b = (a — ha — ha — b) = 

(a — b)(a? — 2ab + b?) = a? — 2a?b + ab? — a?b + 
2ab? — b? = аз? — За?р + Зар? — b? 


Selected Answers 


SA15 


Ва (х= Dc bae +o ot 1]; 
(х DE + xt + x8 + x? +241) 


b. (x = Díx"1+x72+x3+..+1) 


5.3 Problem Solving (рр. 351-352) 59. 0.28117 — 

16.81? + 460t + 8600 61. Р = 0.0000315? + 0.0021075; 
about 0.05 horsepower 63. N = —1.51503t* — 
25.451061* + 215.92261? + 127.75t + 9858.5; 
calculate L+ S +1 • S, 


5.4 Skill Practice (pp. 356-357) 1. quadratic 

3. 7x(2x 3) 5. c(c + 3)(c + 6) 

7. 3y*(y — 4)(у +4) 11. (y — 4) (y? + 4y + 16) 

13. (5n + 6)(25n? — 30n + 36) 

15. (2с + 7) (4c? + 14c + 49) 

17. —5(z — A)(z? + Az + 16) 19. (y — 7)(y? + 4) 

21. (3m — D) (m? + 3) 23. (c + 2)(2c — 3)(2с + 3) 
25. (a? + 1)(a? + 6) 27. 2z(2z — 1)(22 + Dy (Az? + 1) 
29. 3x(x? — 6)(5х? + 6) 31. The factor 3x should 
also be set equal to 0; x = Oorx = —40rx = 4. 


33.0, -15 12 35.2, —2, —6:37: 0, -V21, V21 


39. — V3, V3,2, —2 43. (n? — 10)(n? + 6) 

45. (12a — 5)(3a? + 7) 47. (d + 3(d — 3) (2d? + 5) 
49. 2y"( y? — 5)(4y? + 1) 51.2 53.5 

55. (c + d)(c — d)(7a + Б) 


5.4 Problem Solving (pp. 358-359) 59.3 cm by 9 cm 
by 18 cm 61. length: 10 in., width: 5 in., height: 5 in. 


63. The volume cannot be 5 because the only x value 


that corresponds to that volume is about — 1.37, 
which would yield a negative side length. 


5.4 Problem Solving Workshop (p.361) 1.4 3.6 
5. about 1.4, 4 7. 2.5 9. height: 12 in., width: 8 in., 
length: 18 in. 


5.5 Skill Practice (рр. 366-367) 1. If a polynomial f(x) 
is divided by x — k, then the remainder is г = f(k). 
9 


3.x+5+— 2. 5. x? + 4x + 7 + —— 
x—4 х=] 


7.3% +8 + 0+1 9, 542 — 12x + 37 + 1220 + 109 
+ do oo x2 A ad 
-15 
-— 
11. 2x 3 += gg att T4 


; 17. х% +x? 2х+1+——— 5 


15.14 —Xx—4 жыт 5 
19. The degree ой ifie: answer should be reduced by 1; 
х?+2х- 1 t 21. (x — 6)(x — 5)(х + 1) 

23. (x - 8) (x + 2)(x + 4) 25.(x ^ 4)(x - 3) @+ 9) 
27. (2x — Tix —3)(x— 1) 29. -1,6 31, —0.4, 1.5 


al 
ga, == 37.x+8 
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5.5 Problem Solving (pp. 367-368) 41. 1 million T-shirts 
43. f(x) = —0.132x? + 11.2x — 560.9 + 0888 


14.8x + 725 
45. —0.00233x° + 0.249x* — 21.0x + 1740 
—445,000 


3.10x + 256’ 
by the total visits function 


; divided the overnight stays function 


5.6 Skill Practice (pp. 374-375) 1. constant, leading 
coefficient 3. +1, +2, +4, +7, +14, P БЕ] EN 


1 3 9 7 1 
+0 +i +9 424 =]. we gm: B + +L +t 
+9, +, 545 17. л. Ж жы, tp =p ig 

T l 3 5 15 1 3 
+" + + TA + +i + + 42" +2 + 
A 9 +], +3; Edy Pr ж Жл и Es 
+9 + 15 Ha +3 +2 + 2 -— 
15. —2, =1 17 bpm 19.1,—! ут 


wg 39 Lje 233 "NC 
21. -8, -2,1 25, —1,5,3 27. 4, - 5,8 
29. —3.5, 1,2 31. -2,2 33. —2, 1,3,3 35. —3, l1 


37. p should be factors of 5 and q should be factors of 


6; possible zeros: +1, +5, +1, +5 +1 +3, t +5, 


аг агу 
41, -1,1,2; B 48, —2; A 
5.6 Problem Solving (pp.376-377) 45. length: 3 in., 
width: 3 in., height: 7 in. 47. x? — 3x? + 2x — 24 = 0; 
+1, 542,43, +4, £6, tB, 512, 524 49.8. 10 + 
140t? — 20t — 2150 = 0 b.1,2,5 c. 5; 1999 


5.7 Skill Practice (pp.383-385) 1. repeated 3.4 5.6 
57 1175,-3,1,28;/-55,—2,2. 1&. —2,1, 21, — 21 
H.1,-1, 1 4 8,1- V3 19,4,-2,- 5] 


21. f(x) =x? — 2x? — be +6 28. f(x) =x? —4x* = 
15x + 18 25. f(x) = x* — Ax? + 14x? — 36x + 45 


27. f(x) = x* — 18x? + 122x? — 370x + 425 
29. f(x) = x* ^ x* - 18x? + 10x + 8 
3L. f(x) = x* - I3x* + ot 82x? — 144x + 360 


33. Sample answer: f(x) = x^ — 4x* + 6x? — 6x? + 

5x — 2 35. positive: 1, deis 0, imaginary: 2 

37. positive: 2 or 0, negative: 3 or 1, imaginary: 4, 2, 
or 0 39. positive: З or 1, negative: 2 or 0, imaginary: 
4, 2, 0r 0 41. positive: 2 or 0, negative: 1, imaginary: 
60r4 43.x= —1.1, x» L3 45. х = —0.58, x == 1.9 
47. Xx == —0.42, x = 2.0 49. х= 3.5, x» -—1.1,x= —1, 
x == 2.1, x= 3.6 51. There could be 3, 2, 1, or 0 
positive zeros, 3, 2, 1, or 0 negative zeros, and 2 or 

0 imaginary zeros. 53. Positive real zeros: 1, 
negative real zeros: 2, imaginary zeros: 0; the graph 
crosses the positive x-axis once and the negative 
x-axis twice. 55. Positive real zeros: 0, negative real 
zeros: 1, imaginary zeros: 4; the graph does not cross 
the positive x-axis and it crosses the negative x-axis 
once. Since the function has degree 5, the remaining 
4 zeros must be imaginary. 


5.7 Problem Solving (pp. 385-386) 59. year 3 and year 
9 61. about 16.4 g per mL 63. 0 in., about 59 in.; the 
bookshelf would have nearly 0 inches of deflection 
near each end because of the supports holding the 
bookshelf, so the answers make sense because they 
represent each end of a 60 inch bookshelf. 


5.8 Skill Practice (pp. 390-391) 1. turning 


13. The x-intercepts should | | 
be at —2 and 1. | 


15-19. Sample answers are given. 15. local maximum: 
(—0.3, 0.3), local minimum: (0.9, —1.3); zeros: —0.75, 
0, 1.4, least degree: 3 17. local maximums: (1, 0), 

(3, 0), local minimum: (2, —2); zeros: 1, 3, least 
degree: 4 19. local maximums: (—1.1, 0.8), (1.9, 8), 
local minimums: (2.2, —38), (0.3, —41), (2.8, — 13); 
zeros: —2.6, — 1.2, —1, 1.5, 2.2, 3, least degree: 6 

23. x-intercept: —2.5; local maximum: (— 1.2, 4.0); 
local minimum: (1.2, 0.96) 25. x-intercepts: —2.2, 1, 
1.7; local maximums: (— 1.6, 10.5), (0.17, 2.0); local 
minimums: (0, 2), (1.5, — 1.7) 27. x-intercepts: —0.77, 
4.5; local maximum: (0.47, —2.6); local minimums: 
(—0.16, —3.1), (3.4, —39.4) 29. x-intercepts: —0.77, 
0, 0.82; local maximum: (0.47, 1.6); local minimum: 
(—0.46, —1.5) 31. Sample answer: Quadratic 
functions only have one turning point, therefore one 
maximum or minimum value of the function. Cubic 
functions can have two turning points, therefore one 
local maximum and one local minimum, and the 
end behavior is to positive and negative infinity, so 
there is no real maximum or minimum value of the 


function. 


| domain: all real numbers, 
; range: all real numbers 


5.8 Problem Solving (pp.391-392) 39. maximum: 
about 5.8 in. by 13.8 in. by 2.1 in.; about 168 in.? 


41. after about 0.95 sec 


5 
4 


Speed (meters per second) 
Pa 


43. a. 


Enrollment 


0 8 16 24 32 40x 
Years since 1960 

b. Maximum: (11.7, 44,971), minimum: 

(29.8, 40,078). Sample answer: The maximum 

indicates that in 1972 the number of students 

enrolled was about 44,971,000. The minimum 

indicates that in 1990 there were about 40,078,000 


students enrolled. c. 36,300 < y < 47,978 


5.9 Skill Practice (pp.397-398) 1. finite differences 


A.y-—DB5r - 2x"-F 0.5x-F3 5. y= 2x3 — 3x? — 


Ex +2 TY = 25° +252 —8x. —8 9.y = 2x3 – 


Ey? — 12x 11. 1 should have been substituted for x 


and 3 for y; 3 = a(l + 1)(1 - 211 — 5),3 = 8a, a =È. 


VV NV NN M 
V V V V V 
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15. Av 5. а) ды, "m T. de 


NAVAVAVAVAVA 
WAAA/ 


19. f(x) = e + - er fin = —0.5x? + 5x? — 
2.5х + 3 23. 5; 6; there must be one more data point 
than the degree of the equation. 


5.9 Problem Solving (pp. 398-399) 25. d = 0.5n* — 1.5n 
27.a. т = 0.0008171* — 0.0215? + 0.249t +3.17 

b. about $10.30 c. 1995 

29. p ba P "M ju P ДА 


WAVAVAVAVAVA 
AAAA 
NA/N/N/ 


Chapter Review (pp. 402-406) 1. local maximum, 
local minimum 3. If it is in the form c X 10” where 


1<c<10 and nis an integer. 5. 128; product of 
10 

powers property 1 power of a power property, 

x 


negative exponent property 9. E quotient of powers 


property, negative exponent property 11. - ; power 
xy" 
ofa quotient: n — exponent property 


in 


17. 6x? — 9x? + 3x + 3 19. 5x? — 29x? — 14x + 48 
21. 82x — D (Ax? + 2x + 1) 23. (x 2)(х + 2)(2x - 7) 


25.x — 6 + 19% 4 


E A: +4. 
х2 +35 1 23 

29. (x + 2) i — 3)(x — 4) 31. (x - D(3x- ix + 2) 

33. —3, 2, 5 35. x? — 2x? — 19x + 20 

37. x^ — 15x? + 72x?— 120x + 56 

39. x-intercept: — 1.7; local maximum: (0, — 1); 

local minimum: (7-1, -2) 41. y = x? - 8x? + 2x- 1 
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Chapter 6 


6.1 Skill Practice (рр. 417-418) 1. index 7. 12!% 
9.12 11. V5 13. V2t 15.+8 17.0 19. no real 


roots 21.2 23.64 25.9 27.1 29. 31.5; 


35. 2.89 37.2.10 39. 12 41. 0.01 43. 0.02 

45. —0.18 47.3 and 4; 3* = 81 and 4* = 256, 

and 81 < 125 < 256 49. There are two real solutions; 
х= +3. 51.6 53.1,9 55. +1.68 57. —7.66 


6.1 тави Solving (рр. 418-419) 61. about 4.30 in. 
63. — ———— —; about 1800 RPM 65. a. 4096 mm? 


12,282, ET 000' 
b. tetrahedron: about 32.6 mm, octahedron: 


about 20.6 mm, dodecahedron: about 8.12 mm, 
icosahedron: about 12.3 mm c. No. Sample answer: 
The icosahedron has the greatest number of faces, 20, 
and an edge length of 12.3 millimeters which is 
greater than the edge length of the dodecahedron, 
which has 12 faces. 


6.2 Skill Practice (pp.424-425) 1. No; they do not 
X 
have the same index. 3.25 5.3 7.2+5'” 9, VI 


vss 
т (ай. d 10 17.2V2 19.2 21.3 


25.22 27.40V2 29. "3. 3 31.473 3 33. 25 
35.17 37. -2V2. 39. 607 2 41.The radicands 


are not the same, so they cannot be caminen; 
2/10 + 65, 43.172 45. 3x 47.) — 49.1 


11.7 15 


yos x 
51. Sample answer: x?" and х!'? 53. yz? V 12х?у? 
ae 
55. x'z*Vxy 57.217 59. Vx" 61. 1 1 узг 


63. 2х?у!? 65. 2y + va а perimeter: 24x**, 


area: 351 71.—— 73. —— 75.— 77. ТЕ?" 
— = a 


79.х\% 81. 4х2у"? 


6.2 Problem Solving (рр. 426-427) 83. a. about 580 cm? 
b. about 16,671 cm? 85. about 0.45 mm 87. a. about 
2 times fainter b. about 1.6 times fainter c. about 


3 times fainter 89. a. г = apa b. 5 = an| iV | = 
4т NAT, 


3Vyms _ ЗҮҮ"... 1/3 2/3 
am zi apes 7 т) ЗИ) e. The balloon 


with twice as much water will have VA, or about 1.59, 
times the surface area of the balloon with less water. 


6.3 Skill Practice (pp. 432-433) 1. composition 
3. 2x!? + 8x*”, all nonnegative real numbers 
5. —6x' + 8x!^, all nonnegative real numbers 


7. —8x", all nonnegative real numbers 9. 0, all 
nonnegative real numbers 13. 20x75, nonnegative 
real numbers 15. 25x, all nonnegative real numbers 


2 


17. rm. positive real "m 19. 1, positive real 
x! 


—625 
2x — 13 
3 , 


numbers 21. —64 23. — 59 25. Т1 27. 


29. 5 z 5 all real e^t... except x = 0 31. 


all real numbers 33. x, all real numbers except x — 0 
35. 4x — 21, all real numbers 37. 4 should be 
distributed to each term, not just the first term; 

4х? — 12. 39. Sample answer: f(x) = Зх, g(x) = 


6.3 Problem Solving (pp. 433-434) 43. r(w) = 220и "^95 
about 134 breaths per minute, about 48.3 breaths 
per minute, about 11.3 breaths per minute 45. a. $63 
b. $61.50 c. Apply the 1096 discount before the 

$15 discount; you pay $61.50 using this method and 
$63 using the other method. 


6.4 Skill Practice (pp.442-443) 1. An inverse relation 
interchanges the input and output values of the 


original relation. 3. y =~ = Lj. у= LIS 


= {— ОХ 

7.у = 3 

13. "M. the LA of x and y does not include 
switching the sign of the variables; 
х=-у+3,х-д=—уз—х=у. 

15. f(g(x)) =x-4+4=x Р(х) =x+4-4=x 


= П.у= 


17. f(g) = ¿(499 = (40) = x, g(flx)) = 
(df= tero x 19700 “hth 
9=x-94+9=x,g(f(x)) = 1(04х+9) -3=х+3 – 
9 _ ы] — až - = Wc 

zd 23. f(x) = 1 25. f(x) = > 

27. fx) = -2Vx 29. function 31. not a function 


33. function 35. not a function 37. not a function 


39. f(x) = Vx € 2 41. fx) = JH 
43. f (x) = Vx - 9 

6.4 Problem Solving (pp. 444-445) 47.a. ш = 2/ — 6 
b.7lb 49.1 = КЕТЕ about 31.3 ft 


655 Skill Practice (pp. 449-450) 1. radical 
| domain: x 2 0, range: yx 0 


| | domain: x 2 0, range: yx 0 


_ domain: all real numbers, 
| range: all real numbers 


|, | domain: all real numbers, 
range: all real numbers 


| | domain: х2 —1, 
range: y2 8 


| domain: all real numbers, 
— range: all real numbers 


25. The domain is limited because the square root of 
a negative number is not a real number. The range 
is limited because the square root of a number is 
nonnegative. 29. Domain: x 2 12, range: y 2 0; the 
expression under the radical sign must be greater 
than or equal to 0, so substitute the least value of x 
into the equation and find y. 31. Domain: all real 
numbers, range: all real numbers; there are no 
restrictions on finding the cube root of a number 
and therefore no restrictions on the range. 33. 
Domain: x > 3, range: y > 6; the expression under the 
radical sign must be greater than or equal to 0, so 
substitute the least value of x into the equation and 
find y. 


6.5 Problem Solving (pp. 450-451) 35. about 43 ft above 


sealevel 37.a. v — 331. 54 1 +55 b. domain: 


C 
273.15 


C2 —273.15, range: v2 0 39.a. v, = 33. NES 
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b. Sample answer: 


6.6 Skill Practice (pp. 456-457) 1. extraneous 3.7 
5.1 7.6 9.29 11.705 13.343 15.18 17.8 
19.11 21. —37 23. +64 25. +32 27.40 29. 108 
3L -— rd 7 33. Both sides must be raised to the 
power; ((x + 7)! 2? = 52, x + 7 = 25, x = 18. 
35.25 37.3,8 39. —2-5 41.5 45.3 47.4 49.4 
51. —2,2 53. (4, 25) 


6.6 Problem Solving (pp. 457-459) 57. about 391 min 
59. Sample answer: The elephant with a shoulder 
height of 250 centimeters is about 20 years older 
than the elephant with a shoulder height of 

150 centimeters. 61. a. about 0.162 mi/h b. about 
80.4 mi/h c. 0.162 < s < 80.4 


6.6 Problem Solving Workshop (p.461) 1. —39 
3. about 55.7 5. about 97 ft 7. about 37.5 cm 


6.6 Extension (p.463) 1.x2 16 3.0<x<4 5.x21 
7.0<х<6.25 9.0<x<1.3 11.0<х<4 13. about 
413 т? 


Chapter Review (рр. 466-468) 1. 4 3. power 5. Ifa 
horizontal line crosses the graph of the function 
more than once, the inverse is not a function. 

7. Take the square root of each side; raise each side 


to the 5 power. 9.0 11.5 13.1 15.-8 17. - 


9 15 
3x?y?V2z g 


2; === 
19. 2 21.3x — 14 23.4х + 26 25.у= 42 
722 2 


domain: x 2 —3, 
range: у> 5 
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domain: all real numbers, 
range: all real numbers 


31.16 
Cumulative Review (рр. 474-475) 1. у = 4x — 11 


3. y = —8x — 22 5.y =x + 12 7.=4:9,2,7 


НЕЕ 
m 


m LIE. 


NE | ШЕ: 
23. (—1,6) 25.9 —i 27.34 + 8i 29. у = —(x — 6)? — 10 
Эі. Ву 338.59 Sa Se ^ 5x 16 
37. 2x3 + 3x? — 34x + 35 39. (x? — 8)(x? + 5) 
41. (x — 6)(x — 3)(x + 3) 43. 10x? — 28x — 6, all 
real numbers 45. 10x — 29, all real numbers 


47. f(x) = at 49. f(x) = V6x +5 


51.) = 935118 53. у = 0.499х + 1.25; 


about $5,240,000 55. $4642 57. у = — zx? t 5x46 
59. y = x? — 5x + 6; $690 


Chapter 7 
7.1 Skill Practice (pp. 482-483) 1. 2.4, 1.5, 50% 
| | 9. ¿2 TT 


~ | domain: £2 0, 
— range: P» 494.29 


oe 


0012 3 4 5 6 7 8 9 t 
Year (t = 0; 1990) 


c. 1996 41.а. p = 48.28(1.06)' 
b ЕТО 2003 


domain: all real numbers, = 
range: у< 0 8 БОЕ 


Years (t = 0; 2000) 


c. Sample answer: Since the function is only defined 
when fis between 0 and 4, you can look at the graph 
between these values to determine the minimum 

or maximum that gives meaningful results. 43. No. 
Sample answer: The amounts are not equal except 
initially and one year after the investments are made. 


MOMO MES 7.2 Skill Practice (pp. 489-490) 1. 1250, 0.85, 15% 
27. The power of (x — 3) E] 3. exponential decay 5. exponential growth 
translates the parent graph —- 


3 units to the right, not to 
the left. 


domain: all real numbers, 
range: y»3 


.| domain: all real numbers, 
range: y « 0 


0.02 "m where A represents the 


29. A = 800(1 + се 
amount in the account after t years. 31. a. $1844.81 
b. 18 yr 33.a. The graph no longer has a vertical 
stretch of 2. b. The graph will increase slower. 

c. The graph will be translated 3 units to the right 
instead of 4 units to the left. d. The graph will be 
translated 1 unit down instead of 3 units up. 

| domain: all real numbers, 
7.1 Problem Solving (pp. 484-485) | range: y» —1 
35. a. 0.42 million, 2.47, 14796 | 


b. [ 7 1| about 16 million DVD 
А | | players 
E 
E e" 4 
E 25. a. The graph is a vertical stretch by a factor of 3 
la b. The graph will be steeper because the decay factor 
- is smaller. c. The graph moves 5 units to the right 
ani instead of 2 units to the right. d. The horizontal 
37.a. $2479.38 b. $2406.98 c. $2383.23 asymptote moves to x = 3. 


39. a. Р = 494.29(1.03)' 664,284 people 


Selected Answers SA21 


7.2 Problem Solving (pp. 490-491) 31.a. у = 200(0.75)5 
about $84.38 
г] e. after about 2.5 yr 


Value (dollars) 


Years 


FT after 5 yr b. $5.29; no. 
| || | | | Sample answer: А car 
HAHH- — does not normally 


— last 50 years. 


00 12345878 i 
Years 

35. a. 0.89, 11% 

c. about 134 eggs per yr 

_ d. Change the exponent 

^, to just w. 


7.3 Skill Practice (pp.495-496) 1.e 3. e" 5. Ве? 224. 


e^ 
9. 3e? 11.3e! х 13.2e* 17. The3 should be raised to 
the second power also; (3e5*)? = 328602) = gel, 

19. about 20.086 21. about 9.025 23. about 0.670 

25. about 1096.633 27. about 1.482 29. about —66.139 
31. exponential decay 33. exponential decay 

35. exponential decay 37. exponential growth 

A3.| | | | | ff | | | | domain: all real numbers, 


domain: all real numbers, 
range: y» —1 
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51. 10,000,000,000. Sample answer: Since small 
values of n were increasing the function very slowly, I 
checked larger intervals. I noticed that every power of 
10 gave an answer one digit closer to the actual value 
of e. 53. Sample answer: f(x) — ze, р(х) = ees 

7.3 Problem Solving (pp.497-498) 55. about 895 
million camera phones 57. $2442.81 


59. a. L(x) = 100e °°" 


Percent of light 


Depth below water surface (m) 


b. about 45% c. about 35 m 61. about 1.986 cm? 


7.4 Skill Practice (pp.503-504) 1. common 3. 4? = 16 
5.67 = ac 7. Sample answer: The —3 and 5 are 
Е _ 


switched around; log, = = —3. 9.2 11.6 13. —3 


15. -5 17.3 19.2 21.about 1.792 23. about 0.793 
25. about 1.683 27. about 4.700 29. x 31. 8 33. 4х 
35. 5х 37.y = 8* 39.y = log,,x 41.y = ах - 2 
43. у = e*— 1 


domain: х > 0, 
range: all real numbers 


| | domain: x>0, 
range: all real numbers 


7.4 Problem Solving (рр. 504-505) 59. 2.3 61.a. about 


6.4 b. Е = e™* 99/029: the inverse represents the 
amount of energy released, in ergs, as a function of 
the energy magnitude. 


7.5 Skill Practice (pp.510-511) 1. product 7. 0.477 

9. 1.204 11. 2.158 13. —0.602 15. log, 4 + log, x 

17. log 3 + 4log x 19. log, 2 — log, 5 21.log, x — 
log, 3 — log, y 23.1og, 5 + 3 log, x + log, y + 2 log, 2 
25,2Inx+ 5 In y 27. > log, x 29. In x 31. The two 


parts should be added, not multiplied; log, 5 + log, x. 


33. ов 35. log 11x? 37. log - 39. In 10x 


4 45. about 1.404 47. Fo 2.465 49. about 


y 
1.631 51. about 1.581 53. about 1.513 55.1.5 
57. about 0.875 59. about —1.358 61. When using 
the change of base formula, the base goes in the 


41. In 94 


log7 
denominator; D. 63. 150 decibels 
log3 


7.5 Problem Solving (pp.512-513) 69. about 76 decibels 


71.10; LOD — LT) = 101g 7" 191 10 log += 
0 


10/ 


0| log 77 = 10 


log y 
10 log 10 = 10(1) = 10 73.а. $ = 2 log, f 


boy | ia [ 2000 | ова | 4000 
Ts [about a [wes] 4 — 


Pr | sesr | eoo | nist | 16000 
Ps [abouts [6 EN 


Sample answer: The amount of light increases by 
about 1 each time. с. About 22.627; if you set up the 
equation 9 = 2 log, f and solve for f, the result is 2°”. 


log 10 + eel log 7 - 
0 0 


7.6 Skill Practice (рр. 519-520) 1. exponential 3. 8 
5. 7. -2 9. -2 11. —2 13. about — 1.609 

15. about 0.292 17. about —0.723 19. about 0.650 
21. about —0.378 к about —0.203 25.6 27.по 


solution 29. al 31. = 33. e’ or about 1096.633 


35. about 35.601 37.4 39. about 0.729 41. about 
2.720 43. about 10.243 45. The logarithm was not 
simplified correctly, x log, 6 # 2x; log, 6 = 1.631, 

x = 1.585. 47. Sample answer: 3* = 81, log, (x + 4) = 


7.6 Problem Solving (pp. 521-522) 
55. about 24°F 57. about 6967 yr 


59. a. 3 | Japan: about 
Es — 127,000,000 kilowatt- 
© 5 hours, Greece: about 
: ? H- 11,500,000 kilowatt- 
sort i TT TT hours, USA: about 
E, ÉE 23,500 kilowatt-hours 
rnnt S F 

SOS 

Energy released 

(kilowatt-hours) 


b. Japan: 6.6 = 0.67 log (0.37E) + 1.46, 126,893,702 
kilowatt-hours; Greece: 5.9 = 0.67 log (0.37F) + 1.46, 
11,446,269 kilowatt-hours; USA; 4.1 = 0.67 log (0.37E) 
+ 1.46, 23,556 kilowatt-hours 


7.6 Problem Solving Workshop (p.525) 1. about 
0.799 3. about 2.10 5.0.8 7. about 4.48 9. 2001 
11. about 251.19 mm 13. about 0.03225°C 


Extension (p.527) 1.x x 2.727 3.x<1.51 5.x € 6.03 
7.x227 9.0<x<36 11.0«x«32 13. after 5.25 yr 


7.7 Skill Practice (рр. 533—534) 1. exponential 


g.y-2.4 5.y-i 


1 әх — 2, 6х 
At RY 5 5 


9.у= 4.99, 0499. 


21. y = 0.2411? 


-|y-90* 


| | у= 7.83(1.25)* 


29. The x should be тайый to the 3, not multiplied 


by it; In y = In x? — 


[Г] у= 2.50x^5€ 


2,у= = gx -2 y= — gx * e+, 


у= en. е-?, у = 0.135x? 
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7.7 Problem Solving (pp. 534-536) 
b. у = 0.000466x?9? 
c. about 64.8 kg 


domain: all real numbers, 
range: y>0 


| | domain: all real numbers, 
range: у> 6 


33.а. у = 0.475(2.08)* b. Graph the points (х, y); if 
they appear linear, then a line is the best fit. If not, 
graph the points (x, In y); if these points appear 
linear, then an exponential model is the best fit for 
the data. If not, graph the points (In x, In y); if these 
points appear linear, then a power model is the best 


fit for the data у= 33.8x + 2. 8. 
— domain: x » 0, 


range: all real numbers 


domain: x » 0, 
range: all real numbers 


c. Exponential function; the points for (x, In y) 
appear more linear than the points (In x, In y), so an 
exponential model appears to be the best fit for the 
data. d. y — 4.98(1.05)5 about 247 cm 


Chapter Review (pp.538-542) 1. у = 5 3. Sample 25. log, 3 + log, x + log, y 27.1og8 — 4 log y 


answer: log, y = xit and only if b* = y. 5. Exponential „о log 384 31.1n36 33.7 35. у = 64| 1¥ 
function. Sample answer: The variable is in the ' 0% ` | Уу B 
exponent. 37.y = 1 ° 6x 

yt {| | | domain: all real numbers, 


Chapter 8 


8.1 Skill Practice (pp.555-556) 1. jointly 3. inverse 
variation 5. direct a 7. inverse variation 
14. 14 

F 


-2 Zl. m variation 


9. direct variation 13. = 3.3 15. paa 


17. =; 


23. inverse variation 25, z = ¿Y —5 27.2 = L xy; 


10 29, z = —5xy; 100 з1.х= 2 33. ш = 22 


35. Sample answer: f(x) = 2x, g(x) = = 


8.1 Problem Solving (рр. 556-557) 37. п = 


26 photos 39. Р = ча, about 2.87 lb/in.? 


Gm,m, ' 
41.а. Ре b. 6.7 х 10^ c. It increases; 
it decreases. 


103.68, 
$ , 
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8.2 Skill Practice (pp.561—562) 1. range; domain 
38. | | || XL | | | The graph lies farther from 


| et fab | Abe the axes than the graph of 


||| te y= 1 Both graphs lie in the 
HEr : 


lst and 3rd quadrants and 
have the same asymptotes, 
domain, and range. 


The graph lies farther from 
| the axes than the graph 

of y = - and is located in 
| quadrants 2 and 4. Both 
graphs have the same 
asymptotes, domain, and 
range. 
| domain: all real numbers 
except 0, range: all real 
| numbers except З 


except 1, range: all real 
numbers except 0 


- 


| 
| ¡TM 
25. The graph should be | | 


< 8 =9 
y = not y Y 


domain: all real numbers 
except 3, range: all real 
numbers except 1 


domain: all real numbers 
except 2, range: all real 


| numbers except Я 


3x +1 
x 


T8 


35. Sample answer: y — 


8.2 Problem Solving (pp. 562-563) 
37.c — 43m + 50. 
т 


Average monthly cost 


39. a. About 14.5 sec. Sample answer: Substitute 
25 for T to find t = 2.89.Since you are 5 kilometers 
away, multiply t by 5 to get 5(2.89) = 14.5 seconds. 


b. about 3.9°C 
Е 
а 
z 
E 
% 10 20 30 40 T 
Air temperature (°C) 
_ 1,480,000 
41. a. approaching: f, = "Dr 
moving away: f, — 1450000 
6 амау: hU Or 
c. The frequency 
~ ofa sound that is 
approaching is 
greater than that of a 
sound moving away. 


Speed (mi/h) 


8.3 Skill Practice (рр. 568-569) 1. horizontal asymptote 
З.С 5. В 7. попе; х = 1 and x= –1 9. попе; x = 5 


andx= 3 11. 3; х= О0апах = -i 13. The 


vertical asymptote occurs at the zeros of the 
denominator not the numerator; the vertical 
asymptotes occur at the zeros of the denominator 
x* — 8x + 7. So, the vertical asymptotes are at x = 7 
and x = 1. 
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17. 25.0<у<7.5 
27. all real numbers except 


~| —4.791<у< —0.209 


-n 
ALL I 


||| | 
H HHH 


rT 
11| 


ШИШ 
VIA 
pt tte Tt | | 


8.3 Problem Solving (pp.569-571) 31.a. 1 = 222 


лт? 
b. S = 2лт? + 2 c.r — 2.515 ft, 2 ~ 5.032 ft 
Ою | е 


LE LI tT | 
ү 
NT tT tT TT 
BNE 


Mean temperature (°C) 


0 
0 400 800 1200 1600 4 
Depth (m) 


—_— A A A a. | 


0 
0 4000 8000 1200016000 ^ 
Altitude above sea level (m) 


b. about 9.78 m/sec* c. about 9.47 m/sec* 
d. Sample answer: g decreases, but at a very small rate. 


8.4 Skill Practice (рр. 577-579) 1. reciprocal З.В 5. С 


: T х—3 2(x — 1) x—6 

7. simplified form 9. үт М” үс К® т 
z 22 

15. 2-1 17,23 19. You can only divide out 
Ox 2 = 


common factors. Since the factors that are divided 
out are not common factors of the entire numerator 
and denominator, you cannot divide them out; 

x? + 16х +48 _ (Х+4)(хХ+ 12) _ x+12 2 

x? + 8x + 16 (x-F4)x-4) x+4 x 

23. Exercise 21. Sample answer: The perimeter of 
Exercise 21 is smaller and the areas are the same. 
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8x! 97 20 * D og _х+4 
y? x 2(x — 5) 
4 4 
33, Ax + 9)(x + 4) 35. Y 37. 
x 5Z (x + 4) 
5(x + 1) 43 (x + 8)(x — 7) 
"o x-1 ° 6x 


25 


31. (x + 2)(x + 7) 


16x(x — 4) 


39 x=5 
(x + 5)? 


И 
A | tet | fe 
Yi tit et tt 


8.4 Problem Solving (рр. 579-580) 


49 S _ (764201 + 292,000) (5.9212 — 131£ + 1000). 


A (6.0212 — 125t + 1000)(—407t + 7220) 


$50.21 51.a. V er = gar А V finder = rrr?h, since 


the volumes are the same, set the equations equal 


to each other resulting in h = ir. b. S = Amr*, 


sphere 
_ 14 


ng Т q ar с. 2. Sample answer: The spherical 


tank uses less material. 


8.5 Skill Practice (pp.586-587) 1. complex fraction 
3.2 5.9 —2* 7,5 9.3x(x — 2) 11. 2x(x — 5) 

TOT 32 — 15x 3(x t 12) 
IS.xix — 5)0x 4-5) TZ, TE 19. CENTRE 

2x? - 3x +9 —3( + 16) 

"(x + D- 3) (x — 4)? 
common denominator before you can add values in 
x(x—5)-4(x*2 . x?—-x-—8 
(x+2)(x-5) (х—5)(х+2)` 

ox —9x-—20x 8 
"x(x — 4)(3x — 1) 


25. You must have a 


the numerator; 
27. (2x 3 =1) 
(x33) 


31 x(x — 18) 8x(x + 1) 3x 
°6(5x+ 2) ```(х— 2)(5х+3) " A4(x- 1) 
x^—x—6 х?+3х—18 
37. Sample answer: ——- 4X, — 4 ___ 
x+2 52+ 10х + 24 
x 4 
8.5 Problem Solving (pp.587-588) 41. T — MEM E 
(а — ])(а + j) 
about 10.2h 43.a. M= — HM 2. ” -= 
[| 1 r E 1 
h TX (1 + i)" 
. 7\12t 
a Pi | P+D" b. $364.02 
eat т = 


(1 + i) 


8.6 Skill Practice (рр. 592-593) 1. cross multiplying 19.16% 21, MEU әз, Sx” + 26х + 36 
3. Graph both sides of the equation. If the graphs у, (оха pi а ES niis 
intersect at a possible solution, then it is a solution. ^ 25. шырыс E 27.5 29. —1 31. — iD 0 
If the graphs do not intersect at a possible solution, зз 9 35 no solution 
then it is an extraneous solution. 5. 6 na 9. —1 
| 7 —1+\У79 
11. по solution 15.4 17. 3 19. a um 21.1 Chapter 9 
23. — 2, 8 25.0, 7 27. The student simply added 9.1 Skill Practice (pp. 617-618) 


numerators and denominators on the left side ofthe + The distance d between (x, У) ой Uta y.) is 
equation. Both sides of the equation should have а= Nx, — x? + (y, — y^; the midpoint of the 


been multiplied by the LCD, 6x; 6x2 + 3 - 6x [43 line segment joining A(x,, y,) and B(x,, y,) is 


Tel X, + X, EA х 15 PH 
30 + 23x = 270. 29. Sample answer: - - a= 2х. ME S 6x. ps 4, 2| 5. 5V5; (2 | 
4,5_12 7.4V2; (4, —3) 9. 12V2; (2,2) 11. V145; (1, 0) 
X^ а dX ы 
Зла. 9 лая. V3221 
8.6 Problem Solving (pp. 594-595) 33. 26 serves 13, V449; (5,3) 15. 2V 194; (1.2, 2) 17. m ~ 
] 4- V5 about 5.68; (0.35, —6) 21. The difference of the 


с 2 squares should be added not subtracted; 


8.6 Problem Solving Workshop (p.597) 1. about +5.6 f= VQ – (-4)* + (8 — 3)? = V36 + 25 = V61. 


3.9 5. about +3.2 7.a. 99 ft b. 33 ft 23. isosceles 25. scalene 27. scalene 29. scalene 

2 43 l 9 17 
Extension (p.600) 1. x «x2 3.x<3 5.—1.5«x«4 y 3 3 y 4 2 y 2 
7.X» —5 9.—1<x<1 11.0<x<1 13.x>-2 37. Sample answer: (6, 4), (2, 0) 39. y = -2x di P 
15, —4«Xx«-—3ü0rx» —2 17,—-3«x«-—20rx»2 н ieee Wee а ра 
19. 1999 to 2002 21. at least 13 mo 41. +6 43. —10, 2 45. а(х) = Vox" — 16x + 13; 


| » (55) 6, 6) 

Chapter Review (pp. 603-606) 1. inverse variation 29 

3. rational function 5. cross multiplying 9.1 Problem Solving (pp.618-619) 47. 17 m 49. about 
6.02 mi 51. about 4.55 mi 53.а. (—1.5, 8) b. about 
1.32 mi c. about 1.68 mi 55. about 550 ft 


domain: all real numbers 


except x — —5, range: all 9.2 Skill Practice (pp.623-624) 1. focus, directrix 
real numbers except y — 2 r3 | 


23. The parabola should open 
to the right rather than up; 
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27. y? = —20x 29. х? = —16y 31. х? = —40y 
33. у? = —36x 35. x^ = - Зу 37. y! = — "x 
39. y? = —12x 41. y? = 20x 43. x? = 16y 
45. x^ = —24y 47. у? = 6x 49. x^ = 22 y 


51.a. The new focus will be 
located at (0, 1) rather than 


0, 7) The new directrix will 


be y = — 1 rather than y = – 2. 
The parabola will be wider. 
b. The new focus will be 


located at |- > o) rather ПЕ 
Шап E 0) The new directrix — 

2j 

EN 

ВЕРЕС ЕЕЕ. 
open left rather than right 
and be narrower. 
53. The graph gets wider. Sample answer: As the value 
of | p | increases, then the focus and directrix (each of 
which lie | p | units from the vertex) get further and 
further away from the vertex and from each other. 
Since each point on a parabola is equidistant from the 


focus and the directrix, this has the effect of making 
the parabola wider and wider as |р | increases. 


5 rather than 


x=- 2. The parabola will 


will be at x — 


9.2 Problem Solving (pp. 624-625) 
55. x? = 24y; about 3 ft 


b. х? = 192y, y? = —192x c. About 27.8 in.; no. Sample 
answer: Except for the direction they open, they 

are identical. 59. a. about 20 in. b. Sample answer: 
x? = 50у; choose a value for p such that 4p > 10.5; 
about 43.6 in. c. Sample answer: х? = 8y; choose а 
value for p such that 0 < 4p < 10.5; about 17.4 in. 


9.3 Skill Practice (pp. 629-630) 1. center 3. С 5.А 7.F 
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23. x? + у? = 64 25. x? + y? = 256 27. x? + у? = 15 
29. x^ + у? = 96 31. x? + у? = 36 33. х? + y? = 25 
35. x? + у? = 100 37. x? + y? = 116 39. x? + y? = 260 
41. х? + y? = 242 


106 


53. у= -ix i 17 55. y ES 57. y = Эх + 106 
59. ple х? + у? = 35, х? + у? = 36, 
х? + у? = 38 


9.3 Problem Solving (рр. 630-632) 63. yes 65.a. about 
28.9 mi b. about 18.3 mi c. 6 mi 67. about 7.94 ft 


9.4 Skill Practice (pp.637-638) 1. foci 
| LT] (£4, 0), (0, +2), (+2V3, 0) 


(0, +7), (+3, 0), (0, +2V10) 


15. The major axis should be 
the y-axis, not the x-axis. 


c am x i NX 
17.5 + Gk thea mii т iu 1 
х2. y x? y? : 
42 = += 
23.55 La ы 81 
x? _ du. 
29, +7. 1.31; € 200 + Ix 


mi us 


45. The conic changes from 
an ellipse elongated along the 
y-axis to a circle to an ellipse 
elongated along the x-axis. 


9.4 Problem Solving (pp. 638-639) 
2 y? 2 у? 
49.—+ =1, 4 Е 
(77.5? (92.5)? 


"(ББ)? (67.5) 
about 11,700 € A < 22,500 


51. ¿Comet Halley Sample answer: 


59, E FO 
21.1] 320.4 


9.4 Problem Solving Workshop (p.640) 1. About 
66,100 т; better. Sample answer: More rectangles 


means — is less area of the ellipse not included. 


a.—— +-% 1 b. about 39,000 m? 
125? = 


9.5 Skill Practice (pp. 645-646) 
1. vertices, transverse axis 


, (+V29, 0), 


‚ £V106), 


vertices should be 


17. The equation of a 
hyperbola must equal 


located at (+4, 0). 


33. a. The = will be narrower, the vertices 
are the same, but the foci move to (+v1 
hyperbola will be wider, the vertices are i same, 


but the foci move to (0, + V41). 35. Sample answer: 


E ш x? y x? y 
т iie — => Lo MN ъъ = 
x "um l, i^ 718 E g sg = 1; as the value of 


a gets larger the hyperbola is stretched vertically. 


9.5 Problem Solving (pp. 646-647) "әт = x =] 
2 4 
| M 
e i 


c. about 54.6 ft 43. a. 4 = 1 b. Sample answer: 


16 20 


Choose any point on the graph and observe that the 


difference of the distances from that point and the 
foci remain constant. 


9.6 Skill Practice (pp.655-656) 1. The intersection of 
plane and a double-napped cone form them. 


Dun ралат 
ТО ЖЫГЫ and directrixy = 4 


and directrix y = 4 


ШШЕН 


/ hyperbola with center (6, — 1), 


ст | 4— 


11 
9 


13. (x + 5? + (y - 1)? = 36 15. (y + 3? = 20(x + 4) 
x-1?»,l(Qy-4"* — (УЗЕЛ w= 
a 7.453 Ld 5р md 
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3,0). b. The 


а 


| vertices (11, — 1) de [1:1], 
asymptotes y — zx — — and 
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21. The center is at (—2, 3), not (2, —3); 


xt 2)? 00—38) _ _ = _ 
25 9 = 1. 23.у= 4 25.х=3,у= 5 


27. any line passing through the point (—2, —1) 
29. circle 31. ellipse 33. parabola as da! ачыка 
37. circle, 

(x — 7)? + (y + 2)? = 64 


39. parabola, 
(x — 8)* = 8(y — 2) 


TE 


45. If the non-zero Bm of x? and y? are the 
same it's a circle. If the non-zero coefficients of x? and 
y? are both positive and different it's an ellipse. If one 
of the non-zero coefficients of x? or y? is negative and 
the other one is positive it's a hyperbola. If one of the 
coefficients of x? or у? is zero it's a parabola. 


9.6 Problem Solving (pp. 656-657) 

49. (x — 5)? = -4(у = 25, 61 ft, 10 ft 

51,8. (x — 100)* + y + 60)" $ 150", 

(x + 80)* + (y + 70)* € 100° 

One; the distance 

from your position to 
the hotel is less than 
the radius of the hotel's 
transmitter, but you are 
about 106 yards from 
the café's transmitter 
which is out of range. 
c. Sample answer: Find the distance from the hotel 
to the cafe. If it's greater than 250 yards they do not 
overlap. It it's less than or equal to 250 yards they 
overlap. 


9.7 Skill Practice (pp.661-662) 1. quadratic 

3. (—4, —4), (4, 4) 5. (0.472, —2.58), (3.53, 6.58) 

7:(—2:18, —3.358), 1:38, 3:78). 9. (3, —35 (22,2) 

T (6 - 2/106 8 – um = + 2V106 4 + 2106 
17 i 17 x 17 " 17 


13. (0, 2), E 5) i5: (-1, -4), | - 


19 E + 3V3 -1 + HEN ше =Ï E 
А 11 ' 11 ' 11 е 11 
23. (0, + V5), (-5, 0) 25. 5, 5) 27. no solution 
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2 7 | 17. по solution 


29. no solution 31. (4, 0) 33. (—1, —2), (2, 1) 35. When 
(1 — y?)? was expanded, the last term should have 
beeny*1—2y* 4 y*-: y^—2-H2y^ —2y —— 1, 

y* + y* — 2y = 0; (0, 1), (1, 0). 37. about (—2.32, —2.02), 
(—0.296, —2.82) 


9.7 Problem Solving (pp.662-664) 39. d = 0.81, 


d = 2.51°, 0.32 min 41.а. x^ + у? = 1, y--1x«3 


_3 4\ [43 
b. | 34) (2.3) с. about 1.41 mi 43.a. (1, 1) 
b. about (—8.94, —2.68) 


9.7 Extension (p.666) 1.0 3. VIS ~ 0,484 5.1 
2: 250y — 4* ETT. x? ¿A 

"36 756 | — 49 ' 1176 ^ 

к-4°  25(y*4Y 
9 504 

y* . : 
Tes 25 ERT =] 15. In the ellipse 0 < c < a, therefore 
0< x « 1. In the hyperbola 0 « a « c, therefore a >l. 


11. 


= 1 13. Sample answer: 


Chapter Review (рр. 669-672) 1. ae 3. transverse 
axis 8. 2V17; 72, -4) 7. V106;| - 1, 1) 


шры салы 0 


ia (0, -ly- l,x= 0 


19. х? + y? = 68 


31. ellipse, 


2 
(х + 5) | (y + 4) -— 


9 


(к= 02 +2 _ 


33. hyperbola, 
10 
9 


17. (3x — 4)(2х + 5) 19. fx) = 22 


LT 
21.f !(x) = х!” 23. decay 25. In 27. log — 
2 


- 2 
29. y = zT 31. 3 33, X% 2x t 41 35. V29; (2, 6 
x x+5  x24+3x-10 2 


37. circle, 
(x + 6)? + (y — 2)? = 25; 


39. parabola, 
(y + 2)? = —6(x + 2); = 


41.115 ft, 75 ft 43. 400 adults, 250 students 
45. about 7 mi? 47. 0.85(t — 50), $365.50 
49. s = 348(1.02)' 


Chapter 10 


10.1 Skill Practice (pp.686-687) 1. The number of 
ways n objects can be ordered. 


3. long-sleeve —— M long-sleeve 
M miralo — M short-sleeve 
long-sleeve —— L long-sleeve 
L Me chonaleeue — L short-sleeve 
long-sleeve —— XL long-sleeve 
XL short-sleeve —— XL short-sleeve 
corn —— chicken, corn 
chicken < green bean chicken, green bean 
potato chicken, potato 
corn ———— — fish, corn 
fish green bean —— fish, green bean 
potato fish, potato 
corn ——————— pasta, corn 
pasta < green bean —— pasta, green bean 
potato pasta, potato 


7.8 ways 9.60 ways 11. a. 456,976,000 license 
plates b. 258,336,000 license plates 

13. a. 45,697,600 license plates b. 32,292,000 license 
plates 15.a. 118,813,760 license plates 

b. 78,936,000 license plates 19. 39,916,800 21. 40,320 
23.1 25.720 27.72 29.630 31.30 33.40,320 
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35.72 37.5040 39.3024 41.1 43.3 45.60 47.720 
49. 3360 51.40,320 53.90,720 59. 10 


10.1 Problem Solving (pp. 688-689) 

63. 225,678,960 sets 65. 504 ways 67.a. 240 selections 
b. 252 selections с. 60,480 selections 

69. 70,560 displays 


10.2 Skill Practice (pp. 694-695) 1. nth row of 
Pascal's triangle 3.10 5.84 7.1 9.21 11.The 
denominator should have been multiplied by 2!; 


6! _ 720 _ 
15. hue hands 17.2,490,624 hands 
19. 1 6 15 20 15 6 1 


8 28 56 56 238 8 
1 9 36 84 126 126 84 36 9 1 
1 10 45 120 210 252 210 120 45 10 1 


21.y* —30y?z + A05yfz? — 3240y'z* + 17,010y*z* 

— 61,236yz? + 153,090y'z* — 262,440y?z + 
295,245y*z? — 196,830yz* + 59,0492" 23. 1285° — 
44858 + 6725°1° — 560s*t'? + 280s?t!5 — BAs?r?? + 
last — 1 25.65 —206* + 1600 — 640c* + 1280€ — 
1024 27. 4096p* — 6144p?q + 3840p*q? — 1280p*g? 
+ 240p*q' — 24pq? + q* 29.325" + 400s'® + 2000s" 
+ 50005? + 6250s* + 3125 

glr убху" —4x*yS-F- у* 33. 1080 

37. The sum along each diagonal segment is equal 
to the sum of the two previous diagonal segment 
sums. 39. combinations; 13,836,130,056 ways 


! ! 1 
41. 1 = = | hn — = E a = —, 
n^n (n — n)! „y! 0! « y! 0! 


equal 1. 


so 0! must 


10.2 Problem Solving (рр. 696-697) 

49.816 combinations 51.a. 15,504 combinations 
b. 3,003 combinations c. 252 combinations; 

10 combinations; 3 combinations 

d. 351,982,350,720 ways 


10.3 Skill Practice (pp.701-703) 1. — 3.5 


1 
5. 7.1 9.21 11. 13.2 15.5 ; ра 
21.3. 23.2 25. The fraction should be outcomes 


not in the event, 4, to outcomes in the event, 2; 2 = 


| 


27.5 =. Sample answer: Since the probability is : 3, 


"c there are 3 out of 10 favorable outcomes 
for event A. The number of outcomes against event 
Ais 10 — 3 = 7. So the odds in favor of event A is the 
ratio of the number of favorable outcomes, 3, to the 
number of unfavorable outcomes, 7. 
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29. x the experimental probability is iid 


MN than the theoretical probability of 5. = 31.5 == 
the experimental probability is slightly "н фп 


the theoretical probability of 2, 33. 5 


10.3 Problem н (рр. 703-704) 35. 2 37.1 – f or 


367 р 110. 53. 
about0.215 39.2- 41.а, 2 Б. 522 02 


10.4 Skill Practice (pp.710-711) 1. compound event 
la mes 11. 0.21 13.2 17.1 


19.2 21.4 23,4 25.3 27. The probability of a 


lub and 9; must Le ариза instead of added; 

) — 215,34. 1, З 
P(club) + P(9) — P(club and 9) 52 T 52 52 1-3» 
29. 0.67; not disjoint 31. = not disjoint 33. 24%; 
not disjoint 35. x 37. > 
10.4 Problem Solving (рр. 711-713) 43. 0.7 45. about 
0.8488 47.a. 58% b.53% c. No; what percent of the 
tomatoes have been fed on by insects and are 


partially rotten and have bite marks. 49. 55 


Extension (p.716) 1. {1, 2, 3, 4, 5, 7,9, 11, 13, 16, 17} 
3. 11, 4, 6, 8, 9, 10, 12, 14, 15, 16, 18, 19, 20} 

5..[1, 2, 3, 4, 5, 7, B, 9, 11,13, 14, 16, 17, 20] 

7.13, 6, 7, 10, 12, 13, 15, 18, 19} 8. no 11. yes 

13. April, June, September, October, November, 
December 15. January, February, March, April, 
May, June, July, August 17. Yes; no; an irrational is 
a real number but is not an integer. 


10.5 Skill Practice (pp.721-722) 1. conditional 
probability 3.0.24 5.0.8 7.0.75 9. about 0.047 
11. about 0.059 13. about 0.015 17.0.35 19.0.75 


21.0.9 23.5 25,2 27.8... b. 2 9.a .1 


169 663 169 
4 ; Ej — 
b. 663 31. ET b. 850 33. The probabilities should 


be multiplied rta of added; P(A and B) = 

0.4 • 0.5 = 0.2. 35. Since A and B are independent 
events, P(A) has no effect on P(B |A) 50 
P(B| A) = P(B). 

10.5 Problem Solving (pp.722-723) 37. about 81% 
39.51% 41.a.0%; about 2%; about 98% b. about 
20%, about 30%, about 50% c. Yes; go for 2 points 
after the first touchdown. If the 2 points are scored, 
go for 1 point after the second touchdown. If the two 
points are not scored, go for 2 points after the second 
touchdown; win: about 45%, lose: about 30%. 


10.6 Skill Practice (рр. 727-729) 1. symmetric 


Probability 


"| x (value) 


E 
m |a 


Number of digits 


7.3 11. about 0.00018 13. about 0.037 

15. about 0.120 17. about 0.00018 19. about 0.0086 
21. about 0.055 23. about 0.00000024 25. about 
0.00000000000000000087 27. The .C, was left out of 


the equation; СМГ 7° = 0.03. 29. about 0.594 


31. about 0.852 


33. skewed; 1 success 


Probability 


Number of successes 


35. 05 skewed; 0 successes 


Probability 


Number of successes 


41. С; since order does not matter, find the 


nk 


combination of n things taken k at a time. 


10.6 Problem Solving (pp.729-730) 43. about 0.196 
45.a. about 0.143 b. about 0.276 c. about 0.124 
d. about 0.999 


47.a. P(0) = about 0.099, P(1) = about 0.271, 
P(2) = about 0.319, P(3) = 0.208, P(4) = about 
0.081, P(5) = about 0.019, P(6) = about 0.0025, 
P(7) = about 0.00014 


Chapter Review (pp.734-736) 1. combination 3. No; 
there are more than two outcomes for each card 
selection. 5. 479,001,600 ways; 11,880 ways 7. 120 
9.90 11. 16a* + 32a*b*? + 24a*b* + 8ab5 + p? 
13.1% — 201% + 160r?s* — 640r"s* + 12807°5* — 


Tu NET үз 
102455 15.2 17.11. 19.0.868 21.0.68 23.а. 2 Ь.= 
25.2.1 b. -4 27. about 0.273 29. about 0.0039 


Chapter 11 


11.1 Skill Practice (рр. 747-748) 1. central tendency; 
dispersion 3. about 5.3; 5; 4, 5 and 6 5. 74.5, 73.5, 

73 and 78 9. The numbers need to be written in 
increasing order prior to choosing the median; 9. 

11. 5, about 1.6 13. 4.7, about 1.7 15. 23, about 8.1 
17. 68; about 10.7, 4, 4, 66, about 20.3; 3.5, 3.5, 4, 4, 
about 1.2 19. 0.7; 10, 11.6, 11.6, 12.1, about 4.2; 
about 11.9, 11.6, 11.6, 1.9, about 0.67 21. 152; 78.8, 
71.5, 66, 92, about 25.1; about 70.7, 71, 66, 20, about 6.0 
23. Sample answer: 8, 8, 8, 8, 11, 11, 12, 12, 12 


11.1 Problem Solving (pp.748-749) 27. about 17.8, 

20, бапа 20 29.a. 5 b. 20.2, 22, 23, 20, about 5.4; 
about 21.9, 23, 23, 6, about 2.1 c. Sample answer: 
The mean and the median increase when the outlier 
is removed and the range and standard deviation 
decrease. 


11.2 Skill Practice (p.753) 1. transformation 

3. 18, 17, 17, 9, about 3.0; 24, 23, 23, 9, about 3.0 

5. 78, 77, 77, 9, about 2.8; 95, 94, 94, 9, about 2.8 

7. 56, 53, 53, 21, about 7.0; 35, 32, 32, 21; about 7.0 
9. The standard deviation does not change when 
adding a constant; 10. 11. about 61.9, 62, 58, 9, 
about 3.36; about 248, 248, 232, 36, about 13.4 

13. about 98.2, 100.5, 102, 19, about 6.62; about 245.5, 
about 251.3, 255, 47.5, about 16.6 
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15. about 229, 226.5, 222, 38, about 12.0; about 
206.1, about 203.9, 199.8, 34.2, about 10.8 


11.2 Problem Solving (рр. 753-755) 19. a. about 70.8, 
72, 72, 8, about 2.4 b. about 98.8, 100, 100, 8, about 2.4 
21.a. about 6.84, 6.89, no mode, 1.16, about 0.324 

b. about 22.4, about 22.6, no mode, about 3.80, 
about 1.06 23.a. 75.8, about 75.4, 74.5, 9.9, about 3.0 
b. about 23.6, about 27.7, 22.5, 23.0, about 25.8, 
about 22.6, about 24.9, about 23.6, about 25.3, 

about 22.2, about 26.2, about 24.6 c. about 

24.3, 24.1, 23.6, 5.5, about 1.6 d. The effect is a 
multiplication transformation with a factor 


of 2, along with an addition transformation of 
about —17.8 for the mean, median, and mode. 


11.3 Skill Practice (pp. 760-761) 1. normal curve 
3.0.16 5.0.84 7.0.68 9.16% 11.0.68 13. 0.9735 
15. 0.84 19. 0.7257 21.0.0035 23.0.5 25. 0.0548 
27.0.5363 29. The table was interpreted incorrectly; 
P(z> —0.8) = 1 — 0.2119 = 0.7881. 


11.3 Problem Solving (pp.761-762) 31. 0.16 33.a. —2.4, 
1.6 b. 0.0082. c. 0.937; P(zx 1.6) — P(zs —2.4) 

35.a. 2.4 b. 1.2 c. Lisa; in a standard normal 
distribution Lisa's score is higher. 


Extension (p.765) 1.9.6, 2.4 3. 13.8, about 3.1 

5. 25.2, about 2.7 7. 8.8, about 2.8 9. 105, about 5.1 
11. about 0.93 13. about 0.0013 15. about 0.98 

17. about 0.9987 19. Yes; Р(х € 56) == 0.01, which is 
less than 0.05. 21. Yes; P(x 212) = 1 — P(z < 2.5) = 

] — 0.9938 = 0.0062, which is less than 0.05. 


11.4 Skill Practice (pp.769-770) 1. random 

3. Systematic; unbiased; the sample is representative 
ofthe customers. 5. Random; unbiased; each 
student has an equal change of being selected. 
7.£3.2% 9. 1.396 11. +4.4% 13. 1.096 

15. 1111 people 17. 100 people 19. 319 people 

21. 237 people 25. about 453 people 


11.4 Problem Solving (pp.770-771) 27.a. about +4.8% 
b. between 9.2% and 18.8% 29. No. Sample answer: 
Since the margin of error is +5%, Kosta could have 
49% of the votes and Murdock could have 51% of the 
votes. 31.a. 4796, 53% b. about 4.596 c. between 
42.596 and 51.596, between 48.596 and 57.596 d. no; 
273 people 


Extension (p.773) 1. Sample answer: This is a leading 
question. Respondents may think a "no" response 
means they are not supporters of city growth. 
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3. Sample answer: Many patients may answer 
untruthfully because their dentist is asking the 
question. The information should be collected 
anonymously. 5. Sample answer: The question 
assumes that the respondent is familiar with the 
facts of the case. Any presentation of the facts (as 
interpreted by the pollster) may be biased as well. 

It might be best then to ask the question as given 
only to those who reply affirmatively to the question, 
“Are you familiar with the facts of the Carter case?” 
7. Sample answer: The flaw is that Algebra 2 students 
are the experimental group and Algebra 1 students 
are the control group; the experimental and control 
groups should both be Algebra 2 students. 


11.5 Skill Practice (p.778) 1. exponential 
3.0) = 0.3810 + LIA AISZ 


012345676831 


7. The x and the value of b have been interchanged; 
y = 9.71(1.55)*. 


11.5 Problem Solving (p.779) 11. Sample answer: 
y = 0.00211x? — 0.0766x* + 1.26x — 0.0664 
13. a. quadratic b. y= —2.97x* + 40.4x — 85.9 


c. 60 ГЇ [| d. No; at 1:00 P.M., 
a ~ | | | the function predicts 
42 a negative number 
36 | of customers. 


Number of customers 


| | | | 
012 345678 9 1011 
Time (P.M.) 


11.5 Problem Solving Workshop (p. 781) 
1. about 74°F; y = 61.3(0.962)* + 74 


Chapter Review (pp.784-786) 1. Standard deviation 
3. z-score 5. about 84.1, 86.5, 88, 17, about 6.2 

7. about 130, 130, 140, 52, about 16.1 9. about 39.8, 
38, 37, 14, about 4.6; about 32.8, 31, 30, 14, about 4.6 
11. about 38.0, about 35.4, 59.8, 62.6, about 20.8; 
about 1.50, about 1.39, about 2.35, about 2.46, 
about 0.8 13. about 0.0548 15. about 0 

17. about 0.0179 19. +2% 21. 31.496 


23. y = —3.79х + 28.3; › 


01234567897 


Chapter 12 


12.1 Skill Practice (рр. 798-799) 1. sigma notation 
3. 3, 4, 5, 6, 7, 8 5.1,4,9,16, 25, 36 7. 1, 4, 16, 64, 


256, 1024 9. —4, —1,4, 11, 20,31 11. —4, —2, -5, 
ee = = 2 13,5 = 1, S x18 5 15. You can write the 


5’ Б”? 7” 
CHR >] A (R02 = 5 (5•3 — 4), (5 •4 — 4), 
а. = 21, a, — 5n — 4. 17. You can write the terms as 
(—1)'(4 * 1), (- D*(4 * 2, (—1)5(4 * 3), EDU • 4), 

= —20, a, = (-1)"(4 • n). 19. You can с the 
es d. 2. EEN а, um ii =-=, 21. You 

3(1)’ 3(2)' 3(3)'3(4)' 15 
12345 Е" п 


can write the terms as 7, 2, P p p @ = Lien = 


23. You can write the terms as 0.7(1) + 2.4, 0.7(2) + 2.4, 


0.7(3) + 2.4, 0.7(4) + 2.4, a, =5.9, a, — 0.7n + 2.4. 
25. You can write the terms as 1? + 0.2, 2? + 0.2, 
3 + 0.2,4 + 0.2, a, = 25.2, a, = т + 0.2. 

31. | 


012 3 45 6 7" 
5 со со 
37. Y, (3i+ 4) 39. >, (2i-3) 41. У (7i 4) 
i-1 F=] t=] 
T 
761 
43. к zi 45.42 47.100 49.82 51.797 53.35 


55. 325 57. The lower limit is zero, so the first term 
should be 3;3+5+7+9+11+13 = 48. 


12.1 Problem Solving (pp.799-800) 63. 60°, 90°, 108°, 
120°, about 128.57°; Т = 180(n — 2); 1800* 

65. a, = 2” — 1; 63 moves, 127 moves, 255 moves 
67.a. 15 balls b. 35 balls c. Except for layer 1, 

there are always more balls in the same layer of the 
square pyramid. The difference in the number of 


balls is nn- B 


12.2 Skill Practice (pp.806-807) 1. common difference 
3. Arithmetic; there is a common difference of 3 
between consecutive terms. 5. Arithmetic; there is a 
common difference of 9 between consecutive terms. 
7. Arithmetic; there is a common difference of 0.5 
between consecutive terms. 9. Not arithmetic; there is 
not a common difference between consecutive terms. 
11. Arithmetic; there is a common difference of 1.5 
between consecutive terms. 13. 2, = —1 + 6n; 119 


15.4, = —5 +2п; 35 17.4, = 36 — lln; —184 
19. a, — c = im —— 13 51. The equation for an 


arithmetic кн. is not correct; а = a, + (n – 1)d, 
=з t (E B 13), a, SB 13n. 


25.4, = 152 — 14n; 


ЗІ. а, = 9 + 57 33. a, = 22 — 4n 35.4, = 13 + 2n 
37. 4, = 12 + 2n 41. —96 43.2585 45.315 47. 132 


4 4 
49.а = —3 + bn 51.а = —1 — 2n 53. False. 
Sample answer: Doubling the common difference 
alone does not double the sum. 55. 12 57. 25 


59. 15 61. 22,500 


12.2 Problem Solving (pp. 808-809) 63.a. a, = бл 
b. 271 cells 65. a. a, = —4 + 8n b. 576 blocks 
67. $100 


12.3 Skill Practice (pp.814-815) 1. common ratio 
3. Not geometric; there is no common ratio. 
7. Not 


geometric; there is no common ratio. 9. Geometric; 


5. Geometric; there is a common ratio of 5 


there is a common ratio of 5 11. Geometric; there 


is a common ratio of —3. 13. Not geometric; there 
is no common ratio. 15. а, = (-4)”"*; 4096 
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= n=l: = SA 
17. a, = 4(6)"-'; 186,624 19. a, =2(3) ТЕЗ, 


21.4, = 41256 23. a, = —2(0.4)"~!; 0.008192 


25. 4, = 5(—2.8)" 3,2408. 45152 
29.4. = —2(6)^- 5 Е 


37. The exponent should be n — 1 instead of n; 
d, 302)71..39.a, 30)" * ota, = a 


12-1 ora = 


Tak 


49. 131,070 51. 1263 53. 838,861 55. Sample answer: 


41.0, =(-Z)@"" 43. a, = -80/4 
80 -5)'=1 45. a, = 6(38)"-} 47. a, = 32 


The graph of f(x) is a curve defined for all real numbers, 


and the graph of a, is each point from the graph of f(x) 
for positive integer values of x. 


12.3 Problem Solving (pp.815-817) 57.a. а, = 5(2)^^! 
b. 75 skydivers 59.a. а, = 512 (1| ' b.10. 

Sample answer: On the 10th pass, there is only 1 term 
to choose from so it must be the answer 61.a. а, = 


19,000 + 10007, arithmetic; b, = 20,000(1.04)" ~t, 
geometric 


c. Company A: 

a® T $590,000; 

| Company B: 

| about $595,562 
d. 19 yr 
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12.4 Skill Practice (рр. 823-824) 1. partial sum 
3. 5, pi. 9, = 0.67, 5, = 0.72, S, = 0.74, 5. = 0.75; 


4 * | S appears to be approaching 0.75. 


— 1 1 


= 6.4, S, = 7.84, S, = 8.71, S, = 9.22; 
| S, appears to be approaching 10. 


H 
| 
A 
| 
|| 
| 
Г] 
H 


7.10 9. no sum 11. E 13.7 = 5 15. nosum 17. T 
19. Since г> 1, the infinite „ти series has п! 
sum. 21.5 23. 18 25.2 27. ES 29. a 31. c 
33, 08 - 92 = 

124 Problem Solving (pp.824-825) 37. 70 ft 41.a. 12 ft; 


9 ft b. È 1200.75)" ! c. 56 ft d. AO + h=7h 


12.5 Skill Practice (рр. 830-831) 1. iteration 3. 1, 4, 
1.10.18: 5—l,—6,—11,-—16; 21 745;2; 3: 26; D7 Y; 
458,330 9. 2, 8, 10, 18,22 11, 2,3, 5, 18; 108 

13.8, - 21,8, a8, ,—7 15.4, =4,4,=-—34 


п = | п n-1 


Po diia La 19. a, = 54,а =a — 11 


A -n=l 1 п п — 1 
21.4, = 16,4, =9,a,=4,._,—4,., 23. The rule 
does not work for all of the terms of the sequence; 
a, =5,4,=2,4, =4,_,7 а, ,. 25. —4, —14, —64 
24. —2, —4, —5 29.5,21,437 31.2, 4, 14 35. a, = I, 
,—2,üg —4( „а. J 950,—2,,-—5, 
a, = За ta; 39.а = —3, a, = —2, 
a, — —l(a, ,+a,_,) 41. Sample answer: If the 
first two iterates are 2, the third iterate must also 
be 2. 


12.5 Problem Solving (рр. 832-833) 43. a. a, = 5000, a, 
= 0.84, , + 500; 3524 fish b. The population 


of the lake approaches 2500 fish. 


45. а, = 2000, a, — 1.014а__,— 100; 24 mo. 
Sample answer: As long Gladys does not add 
anything to her credit card and continues her 
payments, her 24th payment will only be $62.14. 


47.a. a, = 20,a,=0.74,_, +20 b.66 mg 


c. The maintenance level of the drug doubles as well; 
a, = 40,a,=0.7a,_, +40 


12.5 Problem Solving Workshop (p. 835) 

1. The sequence approaches 400. 3. The number 
of members approaches 15,000. 5. Sample answer: 
2% of the books are lost of discarded so 98% are 
retained; a, = 0.98а, , + 1150. 


Extension (р. 837) 

1. Basis Step: 

Check that the formula works for n = 1. 
2()-1=1?% 1=1Y 

Inductive Step: 

Assume that] +3+5+...+ (26 — 1) = 2, 
Show that 1 +3 +5 +... + (2k — 1) + Q(k+ 1) - 1) 
= (k+ 1). 

1+3+5 +... (2k-— 1) - 2(k - 1) — 1) 

=k? + (206+ 1) — 1) 

=Xk*+2k+2-— 1 

=k*+2k+1 

= (k+ 1)? Y 

3. Basis Step: 

Check that the formula works for n = 1. 
2-1=21-1>32=2-1l= 1=1 Y 

Inductive Step: 

Assume that 1 + 2 + 22 + 23+... + 24-1 = 26 —– 1, 
Show that 1 + 2 + 22 + 23 +... + 28-1 + 26-571 


= дЕ+1 _. 1. 25. 524,160 27.1 29.0.15 31. about 12.857, 11, 11, 11, 
1 ERES BRA] ооф - 0-1 about 3.603 33. about 215.571, 216, 216, 25, about 

= (2* — 1) + 2+D-1 8.086 35. about 88.857, 92, no mode, 28, about 8.967 
= 9k] 498 37.273 39. about 2.977 41.а = —11 + 4n, 

= 2(2*) —1 а,=—7,а„=а„_,+4 43.0, = 3(4)"- а, —83, 
ERE. Uf a, =4a, , 45.5in. 47.in 5 yr 49. about 0.727 


51. a, = 29,400 + 16007; $43,800 
Chapter Review (рр. 840-842) 1. terms 3. explicit 


5.133 7.153 9.4, = 11 – 3n 11.2, =3 + 6n Chapter 13 


xa 1 \n-1 
13. —403 15.1200 17. a, = 256(1. 13.1 Skill Practice (pp.856-857) 1. The angle formed 
19.4, = 1441) “ш, а = 1444-1)" 1 by the line of sight to an object and a line parallel to 


the ground. 3. sin 0 = 12 cos 0 ==, 
21.4088 23.999 95.4 27.-0.4 29.182 31, 388 i a 75 x g 
8 333 495 tan 0 = ==, CSCÓ = т>, Sec 6 = =, cot 0— 15 
33. 8, 40, 200, 1000, 5000 35. a, = 6,а, = За, , 8 vm miss 
37.a,— 7,а =a ‚+6 5. sin 0 = ту, cos Ө = rr, tan 0 ==, 
. 11 _ 11V57 _ V57 
csc 0 = ==, sec 0 = 57 , cot 0 8 
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7. sin Ө = H5, cos ө = 2, tan 9 = VII, 
= 14V115 14 - 9v115 
csc 0 115 ,sec 0 = g^ cot 0 — 115 
_ vil _ 5V11 _6 _ 6V11 
9. cos 0 = 6 , tan 0 = 11 , CSC 0 = E, SECO “үү? 
laa 
cot 9 — УН. 11. sin 9 = 7/58. cos 0 = +в, 
н 
csc 0 = "58. sec 0 = V38, corg=3 13. sin o = 119. 
fj 3 12 
5 |J V119 _ 12V119 
cos 0 i»! LEE mE. csc 0 119 > 
5V1 


cot 0 = 119 17. x = 8V3, у= 16 19.x = 4V3, 

y =8V3 21. В = 55°, a = 9.18, b = 13.11 23.A = 72°, 
а = 22.83, b = 7.42 25. А = 15°, р = 55.98, с = 57.96 
27. В = 26°, а = 65.61, c == 73.0 


13.1 Problem Solving (рр. 857-858) 31. about 63.4 cm 
33. About 652 ft. Sample answer: The larger the angle 
the deeper the final depth. 35. a. about 22,818 mi 

b. about 7263 mi 


13.2 Skill Practice (pp. 862-863) 
1. origin, initial side 3. B 5. A 


15-21. Sample answers pe * 15. 430°, —290° 


17. 238°, —485° 19. z- айыы T 9]. 10m, - E 23, 77 


ЯБ. D 27.20? 29. и. 33. км 3.93 m, 
about 5.89 m? 35. about 31.4 ft, about 188 ft? 
37. about 118 in., about 1470 in.? 39. 5 І gy, УЗ 


41. 3 
43. about 2.41 45. about 0.975 


13.2 Problem Solving (pp. 864-865) 49. 72,000", 4007 
51.a. b. about 45.6 ft 53. а. about 16.5 in. 

b. 360°. Sample answer: Since each step has a central 
angle of ч and there are 16 steps, the staircase will 


coverl6(7. or 27r, which is equivalent to 360°. 
c. about 5195.4 in.? 


13.3 Skill — (pp. арив. 1. quadrata: angle 


17 
3. sin 0 — B, cos 0 = z, , tan 0 = 13, csc 0 = 15 
17 _24 = 7 
sec 0 = ==, cot 0 — = 5. іп 0 = 25! cos 0 E 
_ 24 _ _ 25 — 2:20 
tan 0 = =, csc Ө — 547 Sec 0 7» cot 0 = 5 
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V2 


z.sin 9 = —*2, cos = Y2, tang — -1, csc 0 = —\2, 
sec Ө = V2,cot0 = —1 9. sin Ө = — 534, 
_ _ 3V34 _ 5 _ _уз4 
cos 0 АШАА 5 
_ _ V34 _ E 
sec 0 FE cot 0 = 2 13. sin 0 — 1, cos 0 — 0, 


tan 0 — undefined, csc p = 1, sec 0 = undefined, 
cot Ө = 0 15. sin 0 = —1,cos 0 = 0, tan 6 = undefined, 
csc 0 = — 1, sec 6 = undefined, cot 0 = 0 


30° 19. 10° 


5. V3 27. — apal 31. = 33. tan 0 = sine, 


sin 90° = 1 = cos M. = 0 so - 90* is undefined 
because you cannot divide by zero but cot 0 — Н = 0). 


13.3 Problem Solving (рр. 871-872) 35. about 10 ft 
37. About 104 ft; no. Sample answer: If your starting 
height above the ground is not doubled, the entire 
height is not doubled. 


39.a angle ofsprinkior 0 | 25° | 30 | 35 | ай Гав 
Horizontal distance 
water travels, d 


angle otsprinkior o | 50 | s5 | oo" [5% 


Horizontal distance 
water travels, d 


b. 45°; since 5 is constant, the maximum distance 


traveled will occur when sin 20 is as large as 
possible. The maximum value of sin 20 occurs 
when 20 = 90°, that is, when 0 = 45°. 

c. The distances are the same. 


13.4 Skill Practice (р. 878) 1. іпуегѕе 3.2 z 90° 5 Zl 90° 


7. 3 60? 9. E —30° 13. about 1.20, shew! 69.0° 


15. about 1.98, about 113.6° 17. about —0.20, about 
—11.5° 19. about 0.14, about 8.1° 21. about 206.7° 
23. about 252.6° 25. about 284.5° 27. about 38.7° 
29. 120° 31. Sample answer: 600° 


13.4 Problem Solving (pp. 879-880) 
about 53° 


37. About 32.9°; about 46.4 ft. Sample answer: The 
pile is 15 feet high and the angle of repose is about 
32.9°, the base of the right triangle formed is about 
23.2 feet. Since this represents the radius of the pile, 
you need to multiply by 2 to get the diameter. 

=; -1| 44t 
39. 0 = tan к 
13.5 Skill Practice (pp. 886-887) 1. two angle measures 
and the length of a side, or the lengths of two sides 
and the measure of an angle opposite one ofthe two 
sides 3. SSA; one triangle 5. SSA; no triangle 
7. ASA; one triangle 9. SSA; no triangle 11. SSA; one 
triangle 13. A = 37.6, В = 38.4°, а = 15.7 15. = 65°, 
а= 23.8, b = 32.2 17.С= 95°, a = 17.6, b = 37.8 
19. В = 119°, а = 6.5, c = 8.5 21. В = 54.1”, C= 87.9, 
с = 30.8, ог В = 125.9°, С = 16.1%, с = 8.6 23. В = 37.5°, 
С = 28.5, c = 7.8 25. С = 99°, a = 62.7, c = 82.0 
27. The sides were not paired with their opposite 


angles; эш - эп ээ, sin C = эш э» = 0.6826, 


C = 43.07. 29. about 41.0 31. about 291.9 
33. about 18.9 35. about 176.2 37. about 285.6 
39. about 205.3 


13.5 Problem Solving (pp. 887-888) 

43. about 193.6 ft, about 212.9 ft 

45. a. b. third side: about 70.4 ft; 
other angles: about 47.6°, 
about 74.4? c. 9 bags 


54 ft 
62% 47.a. about 152.9 m 


13.6 Skill Practice (pp. 892-893) 1. semiperimeter 

3. law of cosines 5. law of sines 7. law of sines 

9. В = 30.7°, С = 35.3°, а = 41.1 11.A = 110.4, 

С = 44.6°, b= 3.60 13. А = 30.3°, В = 128.4°, С = 21.3? 
15. A = 55.7°, В = 76.3°, с = 15.3 17. А = 42.6°, 

В = 11.7°, С = 125.7° 19. A = 36.7°, В = 47.3°, с = 58.2 
21. about 104 23. about 1108.6 25. about 25 

27. about 131.9 29. about 2259.7 31. about 994.3 
35. Since you are looking for A the equation 

should be a? = Б? + c? — 2bccos A; 18? = 15? + 10? 
—2(15)(10) cos A, А = cos™ 0.0033 = 89.8". 

37. A = 45°, b = 25.2, c = 15.3 39. A = 68.22, С = 
21.8, b = 16.2 41. A = 93.7”, В = 33.9”, С = 52.4? 


13.6 Problem Solving (pp. 893-894) 43. about 119.6" 
45. About 19.8 acres. Sample answer: Find AC then find 
the area of AACD and AABC using Heron's formula. 
47. a. about 2.6 mi b. about 3 h 45 min c. About 

1 h 46 min; 79.2° W of N. Sample answer: The angle at 
hiker 1 is 79.2? and you have parallel lines at each hiker 
pointing in the North direction. The angle at hiker 2 is 
then an alternate interior angle, and is congruent. 


13.6 Problem Solving Workshop (p. 895) 
1. about 81.9 3. about 4619.5 5. about 792.6 ft? 


Chapter Review (pp. 898-900) 1. An angle in 
standard position has its vertex at the origin, and 
its initial side lies on the positive x-axis. 3. unit 
circle 5. Sample answer: The law of sines is a ratio 
relating the sine of an angle and its corresponding 
side to the other angles 


and corresponding sides. 7. about 26.6 m 9. — Nn 


11.330? 13. —V2 15.2 17.about 19.5? 19. A = 31.7", 
C= 44.3°, a = 13.5 21. A = 47°, а = 16.9, c = 22.1 
23. A = 58.7°, C = 46.3°, р = 22.6 


Chapter 14 


14.1 Skill Practice (pp. 912-913) 
1. period 3. 1,5 5.1,2 


25. Sample answer: The rise and fall of the tides 
versus time. 


14.1 Problem Solving (pp. 913-914) 
29. |а 8 in. 


31.a. y = 1.75 cos 3 t b. Since the high point occurs at 
t = 0, the cosine function best represents situation. 
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14.2 Skill Practice (pp.919-921) 1.3 3.E 5.D 7.A 
9. | 


43.y = 3 sin (x— 7) + 2 45.y = – Cos mx – 1 


47. The graph of y = cos x can be obtained by 
translating the graph of y = sin x either to the left 


by > or to the right zT 


14.2 Problem Solving (pp. 921-922) 
51. h = 3.75 cos (20071) 53.a. d = —300 tan 0 + 200 


c. about 18.4? 


200 


of cliff (feet) 


Distance from top 


oy ð 
1 
1 


14.3 Skill Practice (рр. 927-928) 1. А trigonometric 
equation that is true for all values of 0 in its domain 


{9 
3. cos Ө = 212, tan ө = У?, csc Ө = 3, sec ө = ЗУ?, 
RT 
cot 0 = 2V2 Б. sin Ө = — 1, tan ө = — Vl, 
_ _6У11 _ БУП 
csc 0 = n sec 6 = 2, cot Ө = NE d 
са 5\28 NS |. 2 5 
7. sin 0 = 29 329 cos 0 = 9 , tan 0 > 
csc 0 — Y29, вес ө = —У2 v29 11. —tan 0 


13. sec 0. 15. sin? x 17. ч 19.sinx 21.—1 
23. tan (—x) = 


six. F a 1 
COSI aix COS X 


substitution; — 


= —5S€C X. 
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sin x (1 — cos? x) _ 


— tan (x), so Step 1 used an incorrect 


25, sin x csc x = sin x{—— 1 |= 1 
sin x 


- cos|7 — 6) * 1 _ Sinó-1 _sing+1_ 


1 — sin (— 8) ]—(—-sin8) 1-4sin8 


csc^8 —cotü 1 
1 — sin’ 8 cos* Ө 


29. = sec? 0 


31. sin x + cos x cot x = sin x + cos x (S937) = 


.8n'rJcosx . l . cr 
in x sin X sin X 
3,1 + cos x sinx _ 1+ 2cosx + cos? x + sin? x 
sin x 1 + cos x (1 + cos x)(sin x) 
= lt2cosxTtl a “2+2e0sx 
(1 + cosx)(sinx) (1 + cos x)(sin x) 
= SEDEM... Xi -—5 -2c8cx 
(1 + cosx)(sinx) sinx 
35. sin x, csc x, tan x, cot x; cos x, sec x 


37.1n | tan 0| = In E =1п | sin 0| — In | cos 6| 
cos Ө 


sin x + Der X= 


14.3 Problem Solving (pp. 929-930) 


1 . sin x 

COSX cosx 

sinx  sinxcosx _ sin x — sin x cos’ x. 
cos! X cos? X cos* x 


sin x (sin? x) 


39. sec x tan X — sin x = — sin X — 


= sin x tan? x 
cos? X COS* X 


11.2. 7— 10:97 cos 6 fr 


about 50.5 million mi, about 3.31 billion mi 


43. The unit circle shows that sin 8 and cos 0 are 
positive in the first quadrant, or the intervals 
0+ 2лхт < 0< 7 + 27. On these intervals, sin 0 


is increasing and cos 0 is decreasing. Since 


_ sinó 
tan 0 = ттт 


and a positive, decreasing denominator, tan 0 is 
increasing on these intervals. 


14.4 Skill Practice (pp.935-936) 1. A trigonometric 
identity is true for all values of the variable for which 
both sides of the equation are defined. 3. 2 + З cos 
(47) -5=2+3(1)-5=0 


5. 12 sin? Е -8- 12 (3 -3=0 


has a positive, increasing numerator 


7.2.cos* (2) — cos? [7 |= 2 (0)* — (0)? = 0 


27 + 2пт 11.2 + пт 
эт T Тт п Зп эп 77 
13. — в + птог + пт 17. =, E 19.7, "ааа 


21.2 т En fa 3 ЭТ 23. When two negative values are 
divided, the quotient is positive; cos x = > х= F 
25; ar пт 27. Qu nm or = + пт 29. q + 2пт or 


9. = 6 2nm Or 


m+ 2nm 31.7 33. about 0.572 35,27 37. (0, 1) 


se (g 18) (22,005) (2, 3} (Gz ava) 


14.4 Problem Solving (рр. 936-937) 41. July 26 and 


In _ 
November 26 43.а.5 = a ¿IS E - cos 0 
^3 sin Ө 


b. Sample: IYTIEXTIYT-3 
[S | 91095 | 93007 | 8.8825 | 8.7884 


o| uo | m | m | us 
_s | 8.9246 | $3619 | 90005 | 9.0405 | 


about 17° and about 122° 
about 54.7? 


14.4 Problem Solving Workshop (p.939) 1. about 0.987, 


about 3.01 3. about 0.298, about 0.702 5. about 22.6, 
about 37.4 7. 1:32 AM, 10:52 AM, 1:56 PM, 11:16 PM 
9. about 0.17 sec and about 0.83 sec 


14.5 Skill Practice (pp.944-945) 1. The graph of a sine 
or cosine function 3. Sample answer: y = 3 sin 2x 


5. Sample answer: y — —2 cos 5H +4 


7. To determine the amplitude, you must take half 
of the difference between the maximum and the 
10-68) 9 

—— 9E 

9-17. Sample answers are given. 9. y = 6 sin 5х 


11. у = —cos3x + 4 13. у = 2.cos {х - 32] T 


minimum; 


15. y= 2sin $ (x + 27) —2 17.y = —6 cos$x — 6 
= — 45. 

21.y — 3 cos 4( x z) Tag 

у = 3 соз (4x - z) + 2 (Dist. property); 

y=3 cos(7 — 4x | + 2 (Neg. angle identity); 


y = 3 sin Ах + 2 (Cofunction identity) 


1 —tanatan Ё’ 


14.5 Problem Solving (рр. 945-946) 

23. V = 100 sin 4zt 25. h = —2.5 cos mt + 6.5 
27.a. М = 3.68 sin (0.7761 — 0.703) + 20.4 

b. about 23,100 employees 


14.6 Skill Practice (pp.952-953) 1. sin (a + b) = 

sina cos b + cos asin b, sin (a — b) = sin a cos b — 
cos asin b, cos (a + b) = cosa cos b — sin asin b, 
cos (a — b) = cosa cos b + sin a sin b, tan (a + b) = 


tan a — tan b 

1 + tan atan b 
— у _ Б 

3. V3 — 2 5.2- V3 ya 8162 

"E Haee men, иад 8) — 

2 2 2 

O(sin 6) = cos Ө 13. £ Ll 2 15.2 == = 17. — 


21. cos x 23. cos x 25. иш. 3 21. ns 
29. —cot x 31. The sign in the denominator should 
be negative when using the sum formula; 

tan x tan 


tana + tanb iy (a— bj- 


т=н = 19. tan х 


ыз 
4 _ tan x +] 


‚ 33.27 35. about 3.757, 
1 — tan х 2 


1 – {ап xtan т 


about 5.668 37. 0, Z, т, 27 
14.6 Problem Solving (рр. 953-954) 41. about 15 min 

fü + tan? f) fü. + tan?0) f 

h 


48 sec 43. a. Hita бант) b. hü + tan tan 0) E 


14.7 Skill Practice (pp.959-960) 1. double angle 
lo + уз E Мә 2 
g, et V3 52.03 7, y mud 9. V2 +1 


2 
E Y 15. 3V10 VIO 

я 3° VE 10” 10” 

4 3 4V5 1  2tan60 
DE 4 19, 45,1 4V5 on, 123. 
25. cos 0 — Г 29. тһе GEB half angle formula is 

is YE a V2 — — 
" [T=eosa, 4 2 1 2 _ |[2-V2 2-2 
Е 8S if 3 2 \ 4 2 
31. sin 30 = sin (20 + Ө) = sin 20cos 0 + 
cos 20sin Ө = 2 sin 0 cos 0 cos 0 + (2 cos? 0 — 1) sin 0 
= 2 sin 0 cos? 0 + (2 cos? 0 — 1)sin 0 = 
sin 0 (2 cos? 0 + 2 cos? 0 — 1) = sin 0 (4 cos? 0 — 1) 
33. 2 sin? x tan X = 2 sin? x [225] - 

2 sin x 
2 sin x (1 — cos x) = 2 sin x — 2 sin x cos x = 
2 sin x — sin 2x 35. cos 40 = cos (20 + 26) = 
cos 20 cos 20 — sin 26 sin 20 = (cos? 0 — sin? 0)? — 
(2 sin 0 cos 6)? = cost 0 — 2 cos? 0 sin? 0 + sint Ө — 
s Pag cos* 0 — 6 sin? 0 cos? 6 + sin! 0 


—À 


ж + иңү at nar к кын 2пт or 
т + 2пт 47.т + Anm or 47 + Anm or + Ana 
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14.7 Problem Solving (pp. 961-962) Calculating with Percents (p.977) 1.196 3.38.4 5.17 


51. 24.3° < 0< 65.7° 53. about 47.2° 7.1 9.54% 11.10% 13.20% 15.2% 17.80 19. 60 
55.4. y= — (41.75)? + tan 0 (41.75) + 6 21.70 23.8 25. 25% decrease 27. 50% increase 
(40)? cos? Ө 29. 96% increase 31. 79% decrease 
_ _ 1743.0625 o 
b. y = Е + tan 0 (41.75) + 6; about 36.7” or Factors and Multiples (p.979) 1.2.3.7 3.3 +5 
about 58.8” c. Sample answer: The person aims 5.2.5.7 7.23» 3? 9. prime 11.2? • 11 13. prime 
toward the basket and the ball does not bounce off 15,2” 17.8 19,11 21.4 23.3 25.10 27.3 29.1 
the rim. 31.16 33.30 35. Е 37. > Кы 41.30 43.40 
17 13 

Chapter Review (рр. 965-968) 1. cycles 3. period See) 47. 16 49.5 6 51.7 40 0 53.3 3 3 9930 97. 20 
5. frequenc 2 61.12 683.4 65.22 67.24 бо 14 

| q y | 59. Э 20 61.1 16 З 63.2 30 З 65. 80 Э 67.1 20 7 69,1 T 


Ratios and T (p.980) 1.1t03, 1:3, 5 
3.5104,5:4,2 5.5106, 5: 6,2 7.1101,1:1, 1 


оон 11. 7 to 1,7:1,+ 13.7 15.20 - 
19. 5 21. 40 23. 6.75 25.99 27. 72 


Converting Units of Measurement (p.981) 1. 6000 
3.5 5.7.7 7.16 9. 4000 11.0.8 13.6 15.1.5 


17.3600 19.3 21.5 23. 63,360 25.2 27. 4000 


Scientific Notation (р. 982) 1. 6 х 107! 3.8 х 107? 
5.4.08 X 10! 7.3.85 х 107+ 9, 4.1236 х 10° 

11. 4.86 х 10° 13. 1.002 х 10? 15. 7.0505 х 10? 
17. 9.85 х 10° 19. 8.05 х 10? 21. 5000 23. 0.82 
25. 0.0032 27. 734,500 29, 1.814 31. 1,000,000 
33. 0.000008 35. 1,870,000,000 37. 6,080,000 
39. 34,010,000 


Significant Digits (р. 983) 1. 600 3.81 5. 1.885 
7.4.9 9. 195 11. 0.036 13. 1009 15. 18 17. $17.40 
19. 2.5 pints per student 21. 2543 books per library 


sin? x sin? x ! 
* 9T. = 2m Ат Ат Эт п пп бп Tr 27 57 23. $1250 


—sin* 
llr l3r Tr Ат 177 1997 57 llr d 


За 2*3 gta saga gg" Writing Algebraic Expressions (p.984) 1. п + 8 3. 2n 


32'12' 6’ 3’ 12’ 12'3' e" 12 29 Sample в. Еп 7.5n 9.025n 11.n — 2 13.c 4yr 
V3 
answer: у = cos пх — 2 27.2 + УЗ 29. E 15. x + 5 dollars 17.45 — m min 19. 10x dollars 
1 2 V8. gg 2 t V3 5 V3 a5. c уз Binomial Products (p.985) 1. a? + 8a + 15 
2 2 3.12 + 151+ 56 5.y2+6y+8 7. y? — 4y+4 
8-82 +16 IL3*—4y -21 123;25x-— 16 
Skills Review Handbook 15. 2c? + 3c — 35 17. —z? + 49 19. 16a? + 24a +9 


Operations with Positive and Negative Numbers (p.975) 21. ^x^ —4x + 32 23. —a* + 18a — 81 
.—6 3.—60 5.2 7.8 9.44 11. —4 13.12 15.-72 25.10x* — 21x — 10 27. —24z^ + 222 — З 


e Pe m als pee p ZaD Ema BE 299 LCDs of Rational Expressions (p.986) 1.2a?b 3. 23 

] и = 5. 126m 7.3y? 9. (n + 2)(п – 2) 11.5(n+ 1) 
3 13. 6(m — 3) 15. (x — 4)? 17. 2n?(5n + 4) 19. (k + 3)* 
Fractions, Decimals, and Percents (p. 976) 1.2 = 3 3. 2 21. 70(n + 2) 23. (a + 2)? 25. (k — 3)(k — 2) 


B. 16 7-50 = 9.5 19 1. 0.25 13.1.2 15.0.375 17.1.42 27. (т — 7)(т — 4)(m? + 5m — 45) 


19.0.3 21. 60% 23. 130% 25.45% 27.80% 29. 250% 


SA42 Selected Answers 


The Coordinate Plane (р. 987) 
1-20. Las] Li "| LLI] 21. (2,5); 1 

23. (5, —5); IV 
25. (4, 0); x-axis 
| 27. (5, 4; I 
à 29. (4, 2); IV 

| 31. (72, 0); x-axis 

93. (72, 23711 
35. (2, —4); IV 
ar, (2, —13; IV 
39 (—1,5); II 
41, (—4, —3); III 
43. (1, —3); IV 


I—1-4— ai 


н 


Transformations (р. 989) 

118,:=8):3, (3,11) 5: (8,3) (58, —3) 

9.| [sl | | pl | 11.[5' BE 
Е 


Line Symmetry (р. 990) 1. попе 3.1 5. попе 7. 2 
904,1) E1.(—-2, 2) 


Perimeter and Area (p.991) 1. 10 cm, 6 cm? 3.26 in., 
24 in.? 5.48 yd, 84 yd? 7. 14 m, 10.8 т? 


Circumference and Area of a Circle (p. 992) 

1. C = 107r in. or about 31 in., A = 257 in.’ or about 
79 in.? 3. С = 8r in. or about 25 in., A = 1677 in.’ 

or about 50 in.? 5. C = 247 ft or about 75 ft, 

A = 1447 ft? or about 452 ft? 7. C = 6r ft or about 

19 ft, A = 97 ft or about 28 ft? 9. C = 27: cm or about 
бст, А = тст? or about 3 ст? 11. C = 227 in. 

or about 69 in., A = 1217 in.* or about 380 in.* 


Surface Area and Volume (p.993) 1. 158 in.?, 120 in.* 
3. 54 сп, 27 ст? 5. 1547 yd? or about 484 уа?, 
1967 yd? or about 616 yd? 


Angle Relationships (p.994) 1.39 3.8 5.16 7.23 9.29 


Triangle Relationships (p.995) 1. 40 3. 60 5. 50cm 
5121t 9,55" 


Congruent and Similar Figures (p.997) 1. similar 
3. congruent 5. congruent 7. neither 9. congruent 
11.11.5 13.14 15.40 17.7 


More Problem Solving Strategies (p.999) 1. 4:15 P.M. 
3.6 ways 5.40 parts 7.8 dimes, 5 nickels 


Logical Argument (р. 1001) 1. valid; Chain Rule 
3. invalid 5. valid; And Rule 7. valid; Or Rule 
9. invalid 11.true 13.false 15. true 17. true 
19. false 21. true 


Conditional Statements and Counterexamples (p. 1003) 
1. If you have the equation y = mx + b, then you 
have the graph of a line; if you have the graph of 

a line, then you have the equation y = mx + b, 
false. 3. If Abby finishes her homework, then she 
can go swimming; if Abby goes swimming, then 
she finished her homework, false. 5. If 4x + 8 = 28, 
then x = 5; if x = 5, then 4x + 8 = 28, true. 7. True; 
if two lines are perpendicular, then they intersect to 
form a right angle and if two lines intersect to form 
a right angle, then they are perpendicular. 9. False; 
not all orange vegetables are carrots. 11. False; 

the converse is not true. 13. False; zero is neither 
positive nor negative. 15. False. Sample answer: 

An octagon could have exactly 5 congruent sides. 
17. False; A could be in between B and C and 
therefore would only be 2 inches from C. 19. False. 
Sample answer: Charlie could have 10 dimes. 


Venn Diagrams (p. 1004) 
1. 


10 13 


17 22 
14 19 23 


5. False. Sample answer: 10 is even, but it is not a 
multiple of 3 or 4. 7. False; 1 is a positive odd integer 
and a factor of 10. 9. True; 2 is the only even prime 
number. 


Mean, Median, Mode, and Range (p. 1005) 

1. about $664, $675, $650, $300 3. 685 min, 713 min, 
none, 611 min 5. 48 cookies, 48 cookies, 48 cookies 
and 60 cookies, 24 cookies 7. $9.20, $8.90, none, 
$5.85 9. 15 people, 14 people, 10 people and 18 
people and 22 people, 25 people 
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Graphing Statistical Data (р. 1006) 1.6 р.м. 3.5 diners; 
yes 5. 14 diners 7. winter and summer 9. natural gas 
11.50 homes 

13. Students in School Activities 


о ою 
S 3 
© © © 


М. 
sj E d 
& wv SS x S aj 

cP Bi 


X 
1. х 
х Хх X X 


AX X 


Key: 3|0 — 30 


$5.75 / $8.50 $11.25 $16.00 
$6.50 


9. 5 11. 23 dogs 13. 43]b 15. 25 children 
17. 12 songs 19. 10 songs; 18 songs 


Extra Practice 
Chapter 1 (р. 1010) 


do AECA 0.2 3 
-3 -2 — 01 2 3 
3. "NC A5 
wur UR 3.7 | 
-4 -2 0 2 4 


5.1.2516 7.15 9,52: 11ә6гт^°—Бї+12 13,8b — 20 
15. —5m*^ + 9m —12 17.5 19. -12 21,2 


lv юу 2 9. 5 
— 5 s 29 — = | 
29. y 132 i 31. y Ax--25 
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A t ES ae ig 
35.155 


= wid 
43. —1,5 45. — 2 


47.c<-Torc>?7 
—-B-6-4-2 0 2 4 Б B 


Ys E 
49. 5$] S4 2 
—2 0 2 4 6 
Chapter 2 (p.1011) 1. Function; for each input there 
is exactly one output. 3. Not a function; there is 
more than one output for the input —2. 5. — 2; falls 
7. undefined; is vertical 9. neither 


19.y=7x-3 21.y=-2 23.у= рх ++ 
1 


2 
| | c. about 36 


shifted down 2, left 1, and 
vertically stretched 


Chapter 3 (p.1012) — 


(2:9, 1.79) 


-12 9 
-8 4 


| 21. not defined; the number of 


13; (2, —7,5) 15. (5, =3, -8) 17.| 


" 


columns in the left matrix does not equal the number 
of rows in the right matrix. 23. 66 25. —9 27. (3, —14) 


S. t -8 —5 
= 


19 9 -7 
—2 13 ff 


1 


35. (14, —6) 37. (—8, —3) 


Chapter 4 (p. 1013) 


9.y = TPE d iiy x^— hix4-56 
iS. —2) 15 FOG I2I 17.—7,2: 19; —11,.5 


21. (2x — 5)(x + 3) 23. not factorable 25. — 5, а 

27. —3, ‚—5 29.2V14 31. E 33. +2V2 35.5 + V10 

37.11 —3i 39. "mn! 41. —3 + V19 43.3 + V6 
+ V201 


45. 5 + ү35 47. — 49. < 0 огх2> 10 


51. —0.653<х<7.65 53. y Sa R2xX—7 
55. y = —2x* — 6x + 36 
Chapter 5 (p.1014) 1.9.52 X 10!! 3.5 x 10! 5. = 


al 


power of a product property, negative exponent 
property 7. 7x? y^; product of powers property, 
quotient of powers property, negative exponent 
property 


13, -3x^* F 3X —B 1&3x"[X FR) 
17. (x — 2)(x + 2)(2x + x 19. —- 4 
21.2x? + 10x + 25 ++. 23. 3,5 1 


25. positive: 2 or 0, оти 1, imaginary: 2 ог0 

27. positive: 1, negative: 1, imaginary: 2 29. (— 1.5, —4) 
local minimum, (0, 0) local maximum, (1.5, —4) 
local minimum; (—2, 0), (0, 0), (0, 0), (2, 0), degree 4 
SL. y= ОБЕРЕТЕ 2X—] 


Chapter 6 (p.1015) 1. +3 3. —3 5.32 7.16 9. +3 
11. +2.15 13.—— 15.3 17.9V2 19.48V2 


21. y?z^V 18x3y* 23.2x?y?V 12x?y 25.x? + x — 4, 


all real numbers 27. — 4 , all real numbers except 
x? 
x=0 29.27 - all real numbers 31. x, all real numbers 
33. илы = s(e;t^y LUSE-14LER 
(8x2+1)-1' 
ўр [Ee 97306. Ја, 
35. f(x) = 2x - 2 37. f(x) = -V-x +2 


domain: all real numbers, 
range: all real numbers 
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domain: x> —2, 
= range: у> —3 


49.3 51.—1 83,3 85. 3 


Chapter 7 (p. 1016) 
_ domain: all real numbers, 
-| range: y» 0 


domain: all real numbers, 
range: y» —2 


domain: all real numbers, 
range: у> 0 


FI 
EJERNE 
|| domain: all real numbers, 
range: y» —2 


|| domain: all real numbers, 
range: y» 0 
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17. —2 19. 3 21. xX 23. 2X 
domain: x » 0, range: all 
real numbers 


domain: x » 0, range: all 
real numbers 


FFEHEHEHH 
ane + = | 31. In 20 + 3 In x + 2 In y 
33. log, 20x* 35. in 37. about 3.161 

39. about 1.694 41.1 43. no solution 45. 3 

47. y= 3+ 2!ory= —3+ (—2)* 49.y- 4+ 1^ 
51.y— 5 . X* 53. y = 0.538 • х261 


Chapter 8 (p.1017) 1.y==%%4 3.у = E -5 

5. inverse variation 7. neither variation 

domain: all real numbers 
except x = 0, range: all real 
numbers except y = 0 


domain: all real numbers 
except x = 1, range: all real 
numbers except y = —2 


95 (2x + Dx 5) 27.х— 1 29 a 
8x3 x—5 
x(x + 6) Е 
31. 3(1 + Зх) 33. 3 35. 1, 2 


Chapter 9 (р. 1018) 1. 2V29; (0, 2) 3. 2V233; (1, 4) 


“HA 
AY] |. 


center: (3, 0), 
vertices: (—2, 0) (8, 0), 
co-vertices: 

(53) (3, 39; 

foci: (—1, 0) (7, 0) 


= vertices: (—1, 5) (—1, 3), 
| foci: (-1,4 + V17) 
(-1,4 -y17], 


| asymptotes: y = tix 
35. ellipse, 


w-4 (0+2) _ 
16 36 


37. parabola, 
(x — 3)? = 4(y — 2) 


39. (0, —2) (7, 5) 


Chapter 10 (p. 1019) 1. a. 100,000,000 passwords 

b. 1,814,400 passwords 3.a. 118,813,760 passwords 
b. 78,936,000 passwords 5. 20 7. 362,880 9. 1260 
11. 504,800 13.35 15.10 17.17 —9x^ +t 27TX — 27 
19. p* + 20p? + 160p* + 640p* + 1280p* + 1024 


21.52 23.5 25.1 — 7 27.0.8 29. 0.6; not disjoint 


Selected Answers SA47 


4 
ies ез 35. а. 55 


Ь. = 37. about 0.0417 39. about 0.0000305 


31. 0.17; not disjoint 33. a. 7 


Chapter 11 (p.1020) 1.11,11.5, 16, 11, 4.313 

3. 1, 0, —3, 15, 4.991 5. 3.45, 4.4, 5.7, 9, 3.09 

7. 41.5, 37.5, 36, 23, 8.221; 43.5, 39.5, 38, 23, 8.221 
9,2;2.5.—2,10, 3.5; 3, 3.75, —9, 15,5.25 11. 0.34 
13. 0.025 15. Self-selected; biased; only those 
parents who received the survey and feel strongly 
about the attendance policy are likely to respond. 
17. + 4.1% 19. + 1.4% 21. 2500 23. 260 

25. y = 0.108(2.56)* 


Chapter 12. (p. 1021) 1. perfect squares listed in order 
starting at 3, 49, a, = (n + 2)? 3. each term 
is decreased by 5.5, —9.5, a, = 18 — 5.5n 


5. p 7.220 9.1071 
11.а = 

_ . =_2 11. _ 19 
13. a, = 9n + 2; 137 15. a, zn + 37 3 
17.a, = 2.5 + п 19.а = 5 = e 3"—1;729 


21.4, =4- (2 y A 23. 273.5 


25. about 25.8 27. no sum 29. i 31. 5 33. a, = 2.5, 
) 35.a, = landa, = 2,а = (a, ))(a, |) 
— 10, —10 


a= 2a, _ 
37. —10, 


n=1 


Chapter 13 (р. 1022) 1. cos 0 = x tan 0 — 3, csc 0 — 2, 


es a 2: ol 
2, cot 0 = +З. sin Ө =>, cos0= 7, 
V8, csc ө = 213, cot ө = УЗ. s, p = 69°, 
а == 2.867, b= ыс ое 
9. В = 72°, а = 5.562, р = 17.119 11. T 13. 135° 


sec 0 = 


tan 0 = 
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15. 27 ft, 22 f? 17.127 cm, 727 cm? 


30° 21. 


23. – 213 25. -¥2 27,2 LI T 150° 29. 7 — = сы 

31. about 334.16? 33. B = 2 40.7°, C= 105.3* с == 10.35 
or В = 139.3°, C = 6.722, с = 1.26 35. A = 36.4°, 

С = 57.6°,a = 7.73 37. about 24.1 39. A = 44.1", 

В == 88.3°, С = 47.6° 41. В = 61.3°, С = 38.7", 

а = 7.86 43. about 189 


Chapter 14 (р. 1023) 


2 2 
11.1 13. 1 15,909 X * Sim x... 1. =- cos x 
tan? х + 1 sec? x 
17. 7 na, 274 пт 19. tnm 21. i EDT 
6 "6 6' 6 


23. about 1.2995 25.у= 3 + 5 COS 7 X 


-V2 - V6 49, V2 t V6 9v19 31 9VI9 
4 ' 4 50 9 31 


33. 21 T 2йт, = + 2n7,0+ 2n7 35.3 Ут ng 


27. 31. 
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About Larson Geometry 


In Geometry, you will develop reasoning and problem solving skills 

as you study topics such as congruence and similarity, and apply 
properties of lines, triangles, quadrilaterals, and circles. You will also 
develop problem solving skills by using length, perimeter, area, 
circumference, surface area, and volume to solve real-world problems. 


In addition to its geometry content, Geometry includes numerous 
examples and exercises involving algebra, data analysis, and 
probability. These math topics often appear on standardized tests, 

so maintaining your familiarity with them is important. To help you 
prepare for standardized tests, Geometry provides instruction and 
practice on standardized test questions in a variety of formats—multiple 
choice, short response, extended response, and so on. Technology 
support for both learning geometry and preparing for standardized tests 
is available at classzone.com. 
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Additional M 


Use with Chapter 1 


Key Vocabulary 
e taxicab geometry 


: REVIEW 
: ABSOLUTE VALUE 


: For help with absolute 
: value, see p. 870. 


T Taxicab Distance 


Taxicab Geometry 


Се ТИ Find distances in a non-Euclidean geometry. 


You have learned that the shortest distance between two points is the length 
of the straight line segment between them. This is true in the Euclidean 
geometry that you are studying. But think about what happens when you are 
in a city and want to get from point A to point B. You cannot walk through the 
buildings, so you have to go along the streets. 


Taxicab geometry is the non-Euclidean geometry 

that a taxicab or a pedestrian must obey. tt tie ta 

In taxicab geometry, you can travel either — [bd паша Е 

horizontally or vertically parallel to the axes. spacer Ty ү 

In this geometry, the distance between two points | | | | y | | | | 

is the shortest number of blocks between them. | | | | J 8 | | | | | 
ett ttt tt 


ptt tet tt le 


For Your Notebook 


KEY CONCEPT 


> The distance between two points is 
the sum of the absolute values of the 
differences in their coordinates. 


. AH- Ix, — x, | + ly, — Xil 


Find a taxicab distance 


Find the taxicab distance from A(-1, 5) to B(4, 2). Draw two different 
shortest paths from A to B. 


Solution 


AB = |x, — x,| + ly, — Xil 
= |4-(-b| + |2- 5] 
= [5| + |-3| 
= 8 


* The shortest path is 8 blocks. 


Two possible paths are shown. 
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Taxicab Geometry 


Al 


CIRCLES In Euclidean geometry, a circle is all points that are the same 
distance from a fixed point, called the center. That distance is the radius. 
Taxicab geometry uses the same definition for a circle, but taxicab circles 
are not round. 


Draw a taxicab circle 


Draw the taxicab circle with the given radius r and center C. 
a. r= 2, C(I, 3) b. r= 1, C(-2, -4) 


BEEE аии 
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: EXAMPLE 1 FINDING DISTANCE Find the taxicab distance between the points. 


: on p. A1 » 

E for Exs. 1-6 1. (4, 2), (0, 0) 2. (3, 5), (6, 2) 3. (—6, 3), (8, 5) 
4. =], = 1), (5, —2) 5. [-3, 5), (=L 5) 6. Te 3), (=h —4) 

: EXAMPLE2 | DRAWING CIRCLES Draw the taxicab circle with radius r and center C. 

: on p. A2 — = = = 

: for Exs. 7-9 7. г= 2, C(3, 4) 8. r — 4, C(0, 0) 9. r= 5,C(-1, 3) 


FINDING MIDPOINTS A midpoint in taxicab geometry is a point where 
the distances to the endpoints are equal. Find all the midpoints of AB. 


10. A(2, 4), B(-2, —2) 11. A(1, —3), BC, 3) 12. .AL2, 2), B(—3, 0) 


13. TRAVEL PLANNING А hotel's website claims that the hotel is an easy walk 
to a number of sites of interest. What are the coordinates of the hotel? 


® Subway stop: 2 blocks 
® Aquarium: 8 blocks 
® Shopping mall: 5 blocks 


14. REASONING The taxicab distance between two points is always greater 
than or equal to the Euclidean distance between the two points. Explain 
what must be true about the points for both distances to be equal. 


A2 Additional Lessons 


Additional {Э 
Lesson АЎ 


Use with Chapter 7 


Key Vocabulary 
* cotangent 

e secant 

e cosecant 


: ABBREVIATE 


: Remember these 
: abbreviations: 

: cotangent > cot 
: secant — sec 

: cosecant — csc 


Cotangent, Secant, and 
Cosecant Ratios 


Ге ТӘ Use the cotangent, secant, and cosecant ratios. 


Ratios of a right triangle’s side lengths are used to define the six trigonometric 


functions. You have already studied the tangent, cosine, and sine ratios. The 


remaining three ratios, cotangent, secant, and cosecant, are defined below. 


i- KEY CONCEPT For Your Notebook 


< 
ч, 
iJ 
ә 
К^, 
E 


Cotangent, Secant, and Cosecant Ratios 


TO 


+ Let AABC be a right triangle with acute ZA. The cotangent of ZA, secant 
1: of ZA, and cosecant of ZA (written as cot A, sec A, and csc A) are defined 


as follows: 
TL length of leg adjacent to ZA дс B 
Б “ÁS "pensthoflegopposite ZA BC 
F ength of leg opposite -—.. hypotenuse 
length of hypotenuse 
sec A = gth УР a 


length of leg adjacentto ZA AC - 

C legadjacentto ZA А 
| —" length of hypotenuse дв 
> length of leg opposite ZA BC 


Note that these ratios are the reciprocals of the tangent, cosine, and sine 
ratios. 


1 sec A = 1 csc A = 1 


cot A = tan A COS А sin A 


Find cotangent, secant, and cosecant ratios 


Find cot X, sec X, and csc X. Write each answer as a fraction and as a decimal 


rounded to four places. 


pM 

7 35 X 

Solution 
с (х= 11053 — B= 35 2.9167 
secX-— _ = AY _ 37 z 1.0571 


Cotangent, Secant, and Cosecant Ratios 


A3 


Use trigonometric ratios 


Use a trigonometric ratio to find the value of the variable. 


a. b. 
: 16 
” 2.9 
EJ 
£ 
Solution 
a. You are given an angle, a side b. You are given an angle, a side 
opposite it, and asked to find the opposite it, and asked to find the 
length of the hypotenuse. length of the side adjacent to it. 
| hyp. _ adj. 
Use cosecant = Opp- Use cotangent — Opp- 
: CALCULATOR HELP >  hyp. - adj. 
: If your calculator does - Е орр. СОЁ 54 = opp. 
: not have a csc key, you o x . 4 
: can find sin 32? and csc32 = 16 Cot 54 = 5g 
: then use the x | key to 16 csc 32° = x 
: find csc 32°. 2.9 cot 54° = ] 
30.2 = x 
21 = 1 


: EXAMPLE 1 FINDING RATIOS Find cot T, sec T, and csc T. Write each answer as a 


: on p. A3 fraction and as a decimal. Round to four decimal places, if necessary. 


pred 1. 5 2. T 3. я 
25 12 
3 ч : 3 
ш 24 i S т Т 
г i 
Н 4 


: EXAMPLE 2 FINDING VALUES Use a cotangent, secant, or cosecant ratio to find 


: on p. А4 the value of x. Round decimals to the nearest tenth. 


: for Exs. 4-6 
* x 
4. — 5. 30 T 6. 
LN x 
15 x 
Ni 
48 


7. TRANSMISSION TOWER Sam is looking up at the top of a 
transmission tower. The angle of elevation is 46*. The tower 
is 200 feet tall. Sam is 6 feet tall. How far is the top of the 
tower from Sam along the line of sight, to the nearest foot? 


А4 Additional Lessons 


Lesson М 


Use with Chapter 9 


Key Vocabulary 
e vector, p. 574 
• component form, 
p. 574 
e resultant 
* opposite of a vector 
* scalar 


• magnitude of a 
vector 


Operations with Vectors 


Ге ТӘ Add and subtract vectors, multiply a vector by a scalar, and describe the 
magnitude and direction of a vector. 


Recall from Lesson 9.1 that a vector is a quantity that has both direction and 
magnitude. The component form of a vector uses the notation (a, b) to describe 
the horizontal component а and vertical component Р of a vector. 


If you know the coordinates of the initial and terminal points of a vector, you 
can use subtraction to find the horizontal and vertical components of the vector. 


Find vector components 


Graph the vector with the given initial point and terminal point. 
Then write the component form of the vector. 


a. Initial point: (—1, —2) b. Initial point: (5, —3) 
Terminal point: (4, 1) Terminal point: (2, 1) 


ан 2288855 
ЕЕЕ 


ъа 
инни чини 


атаа 
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ly | | = 6-3 


Horizontal component: 4 — (C1) = 5 Horizontal component: 2 — 5 = —3 


Vertical component: 1 — (-2) = 3 Vertical component: 1 — (-3) = 4 


The component form is (5, 3). The component form is (—3, 4). 


KEY CONCEPT For Your Notebook 


Addition of Vectors 


To add vectors, add their corresponding components. 


ab +e d= a+c, b+d 
(a, b) + (с, йу = ( ) ҮТ 
The sum of two vectors is a vector 
called the resultant. 


If you draw two vectors so that the 
terminal point of the first vector is the 
initial point of the second vector, the 


resultant has the initial point of the The resultant is a diagonal 
first vector and the terminal point of of the parallelogram formed by 
the second vector. the vectors being added. 


Operations with Vectors A5 


A6 


Add two vectors 


Find the sum. Then graph the vectors. 


a. (5, —2) + @, 4) b. (3, —5) + 44, -D 
Solution 
a 6, —5 T 2,4 b $3, -9 T4 -D 
= (5 +2, —2 + 4) = (3 + (-4), -5+ (—1)) 


= (7,2) 


тшт шшш 
ENS 


To add more than two vectors, add all of their corresponding components. 
You can graph the vectors so that the terminal point of one vector is the 
initial point of the next vector. The sum of the vectors is the vector with the 
initial point of the first vector and the terminal point of the last vector. 


Add more than two vectors 


Find (—4, 2) + (6, 1) + (0, —5). Then graph the vectors. 


Solution 

(4, 2) + (6, D + (0, —5) 
= (—4 + 6 + 0,2 + 1 + (—5) 
= (2, —2) 


The opposite of a vector (c, d) is the vector (—с, —d). 
A vector and its opposite point in opposite directions. 


You can use the opposite of a vector to define the 
subtraction of vectors. 


Additional Lessons 


КЕҮ СОМСЕРТ For Your Notebook 


> Subtraction of Vectors 


Subtracting a vector is equivalent to 
adding the opposite of the vector. 


F (a, b) — (c, d) = (a, b) + (=c, -d) 
: —(a—c,b-—d) 


Subtract two vectors 


Find (-4, —3) — (1, —4). Then graph the vectors. 


Solution 
(—4, —3) — (1, -4) = (—4, -3) + El, 4) 
= (—4 + (-1), -3+ 4) 


+ Ms 

- (5,1) SUA „| Ца, 0 
тшн: с шы 
ишишишииш 


SCALARS You can multiply a vector by a real number, called a scalar. To do this, 
multiply each component of the vector by the scalar. 


KEY CONCEPT For Your Notebook 


: Multiplication of a Vector by a Scalar 


> To multiply (а, b) by a scalar К, multiply each 
component by К. 


k(a, b) = (Ка, kb) 


> The graph is a dilation with a scale factor of К. 


Multiply a vector by a scalar 


Write the vector in component form. Then graph the vector. 
a. 2, 1) b. —3(2, D 

Solution ENNEBLENENE 
a. 2(2,1)=(2+2,2+1)=(4,2) 
b. —3(2, 1) = (3 • 2, -3+ 1) = C6, -3) 


Operations with Vectors A7 


The magnitude of a vector is its length. You can use the Pythagorean 
Theorem to find the magnitude of a vector. In Example 6 below, velocities are 
represented by vectors. The magnitude of a velocity vector represents speed. 


The direction of a vector can be described by finding an angle in the right 
triangle that has the vector as its hypotenuse. 


Find the magnitude and direction of a vector 


CANOEING You are in a canoe on a stream that is flowing east at 3 feet per 
second. You paddle north at a rate of 6 feet per second. What is your overall 
speed and direction of travel? 


3 ft/sec 
current 


Solution 


You can use vectors to represent the velocities of the stream 
and your paddling. The vector (3, 0) represents the velocity of 
the stream flowing east. The vector (0, 6) represents the velocity 


of your paddling north. В 
The sum of the vectors, (3, 0) + (0, 6) = (3, 6), represents 

your overall velocity. The magnitude of this vector is your > 
overall speed. 3 


V 3? + 6? = V9 + 36 = У45 = 3V5 = 6.7 ft/sec 


You can use the inverse tangent function to find your overall direction. 
sein” (8) = 63.4 


- REVIEW TANGENT > 
: For help with the 


: inverse tangent 


p CONERO, BES р. АНЯ, » Your overall speed is about 6.7 feet per second, and your direction of travel 


is about 63.4° north of east. 


: EXAMPLE 1 Graph the vector with the given initial point and terminal point. 
t'onpA5 — — Then write the component form of the vector. 
: for Exs. 1-4 1. Initial point: (0, 0) 2. Initial point: (—3, 1) 
Terminal point: (—2, 4) Terminal point: (2, 4) 
3. Initial point: (0, —2) 4. Initial point: (3, —5) 
Terminal point: (3, —3) Terminal point: (1, 0) 


A8 Additional Lessons 


: EXAMPLES Find the sum. Then graph the vectors. 
: 2 and 3 
о 09000090000000000000000 Я i + А я А 1 + 4, 
Lon p. A6 5. (0, 5) + (7, 0) 6. (3, 1) + (4, 5) 
: for Exs. 5-14 7. (6, 0) + (8, —2) 8. (3,3) + (-6, —3) 
9. (2, —1) + (1, —4) 10. (77, 1) + (3, 2) 
11. (3,3) + (7, 1) + (0, —5 12. (22,2) + C4, —3) + (6, 4) 
13. (1,2) + (5, 0) + (22, —6) 14. (7,8) + (2, -3) + (2, —3) 
: EXAMPLE 4 Find the difference. Then graph the vectors. 
; on p. A7 15. (5, 1) - (7,4 16. (-2, 1) – (0,7 
: for Exs. 15-20 Sa ) 40,7) 
17. 4, —3›— C1, -5 18. (8, —3) — (6, 0) 
19. (-4, —8) — C3, -2) 20. (0, —6) — (3, —4) 
¡EXAMPLE5 | Write the vectors in component form. Then graph the vectors. 
; On p. A7 21. 3(1, 1), 4(1, 1 22. 5(1, 0), -1(1, 0 
: for EXs. 21-26 ‹ J ), ‹ ) ) ( ) » ( ) ) 
23. 2(1, —2), —2(1, —2) 24. 2-2, 2), —3(—2, 2) 
25. 1(-6, —4), -1C-6, 4) 26. (8,4, — £(8, 4) 
:EXAMPLEG 27. TUG-OF-WAR The forces in a game of tug-of-war 
: on p. A8 can be represented by vectors. The magnitude of шиши шшш ш 
: for Exs. 27—29 each vector represents the amount of force with | ү 
which the горе is pulled by one team. The direction ENEB 000 A 
of each vector represents the direction of the pull. ri Td PEt fl 
The diagram at the right shows the forces in a game center line 


of tug-of-war. What is the outcome? How must the 
vectors change so that Team 2 wins? Explain. 


28. KAYAKING A river is flowing south at 4 feet per second. A kayaker 
paddles west at a rate of 7 feet per second. What is the overall speed 
and direction of travel? 


29. AIRPLANE A plane traveling east at 400 miles per hour encounters a 
wind from the north at 60 miles per hour. What is the overall speed 
and direction of the plane? 


30. REASONING Use algebra to show that the order in which you add two 
vectors does not affect the sum. Draw an example to demonstrate. 


31. OPEN-ENDED Choose three different vectors. Use graphs to show that 
the sum of the vectors can be found in more than one way. 


32. ALGEBRA Write the following statement about scalar multiplication 
in words: k((a, b) + (c, d)) = kla, b) + kc, d). Then use vector rules and 
properties of algebra to prove that the statement is true. 


33. OPEN-ENDED Give an example of two vectors whose sum has a 
magnitude that is greater than the magnitude of either of the two 
vectors. Give an example of two vectors whose sum has a magnitude 
that is less than the magnitude of either of the two vectors. 
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Additional f 3 
Lesson А 


Use with Chapter 12 


Key Vocabulary 
e plane of symmetry 
e axis of symmetry 


A10 Additional Lessons 


Symmetries of Solids 


Ге ТИ Describe planes of symmetry and axes of rotational symmetry of solids. 


You learned in Lesson 9.6 that a two-dimensional figure has line symmetry if 
it can be mapped onto itself by a reflection in a line, and a two-dimensional 
figure has rotational symmetry if it can be mapped onto itself by a rotation of 
180? or less about the center of the figure. 


60° 


line symmetry rotational symmetry 
A three-dimensional solid can also have symmetry. 


REFLECTION When a solid can be mapped onto itself by reflection in a plane, 
the plane is called a plane of symmetry. A solid can have more than one plane 
of symmetry. 


Identify planes of symmetry 


Describe a plane of symmetry for the solid. 


a. Cube b. Right cylinder c. Right cone 
Solution 
a. b. 


A plane that A plane parallel to A plane that contains 
passes through and equidistant from the cone’s vertex and 
the midpoints the two bases a diameter of the 

of four parallel base 

edges 


OTHER PLANES OF SYMMETRY The solids in Example 1 
have other planes of symmetry not shown above. For 
example, a plane that contains the diagonals of two 
parallel faces is also a plane of symmetry for a cube, as 
shown at the right. 


ROTATION A solid has rotational symmetry if it can be mapped onto itself 
by a rotation of 180° or less about a line. The line is the axis of symmetry. 


Identify rotational symmetry 


Describe an axis of symmetry for the solid and a rotation angle that 
maps the solid onto itself. 


a. Rectangular prism b. Regular tetrahedron с. Right cylinder 
Solution 
a. b. с. 
The axis contains The axis contains The axis contains 
the centers of two the vertex and the the centers ofthe 
rectangular bases. center of the base. circular bases. 
Rotation: 180° Rotation: 120° Rotation: any angle 


: EXAMPLE 1 


: ear c b 
: for Exs. 1-3 


: EXAMPLE 2 


: aa ju € 
: for Exs. 4-6 


Describe a plane of symmetry for the solid. 


1. Right hexagonal prism 2. Right square pyramid 


Describe an axis of symmetry for the solid and a rotation angle that maps 
the solid onto itself. 


4. Regular triangular prism 5. Regular hexagonal pyramid 6. Regular octahedron 


A A 


7. REASONING Is it possible for a solid to have a plane of symmetry but 
not rotational symmetry? If so, sketch an example of such a solid. 


8. OPEN-ENDED Give an example of a three-dimensional object in your 
home that has symmetry. Describe the symmetry. 


9. CHALLENGE Besides the 3 lines that pass through the centers of 
opposite faces of a cube, there are 10 other lines that are axes of 
rotational symmetry for a cube. Describe the axes and rotations. 


Symmetries of Solids А11 


Making Sense а 

of Chapter 1 —11 Identify Points, Lines, and Plar 

In this chapter you will .2 Use Segments and Congruence _ 
become familiar with - 
the basic elements 
of geometry, such as 4 Measure and Classify Angles 
points, lines, angles, 
and polygons. You will 
also review perimeter .6 Classify Polygons 
and area of simple 
geometric figures. 


Describe Angle Pair Relationships 


Find Perimeter, Circumference, and Area . | 


Previously, you learned the following skills, which you'll use in Chapter 1: 
finding measures, simplifying and evaluating expressions, and solving 
equations. 


VOCABULARY CHECK 
Copy and complete the statement. 


1. The distance around a polygon is called its. ? , and the distance around a 
circle is called its. ? . 


2. The number of square units covered by a figure is called its, ? . 


SKILLS AND ALGEBRA CHECK 
Simplify the expression. (Prerequisite skill for 1.2, 1.3, 1.7) 


3. |4— 6| 4. |3 — 11| 6. |-8 — 10| 


Evaluate the expression when x = 2. (Prerequisite skill for 1.3-1.6) 
7. 5х 8. 20 — 8х 9. —18 + 3x 10. —5x — 4 + 2x 


Solve the equation. (Prerequisite skill for 1.2-1.7) 
11. 274 = —2z 12. 8x + 12 = 60 13. 2y — 5 + ту = -32 


14. 6р + 11 + Зр = —7 15. 4+ 7 = 10 16. 5n — 8 = 47 


AHomeTutor Prerequisite skills practice at classzone.com 


In Chapter 1, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 59. You will also use the key vocabulary listed below. 


© Describing geometric figures 
Ө Measuring geometric figures 
Ө Understanding equality and congruence 


KEY VOCABULARY 
* undefined terms, p. 2 e congruent segments, p. 11 • linear pair, р. 37 
point, line, plane e midpoint, р. 15 • vertical angles, p. 37 
e defined terms, р. 3 * segment bisector, p. 15 * polygon, p. 42 
* line segment, endpoints, * acute, right, obtuse, * convex, concave, p. 42 
p.3 straight angles, p. 25  n-gon, p. 43 
ray, opposite rays, p. 3 * congruent angles, p. 26 * equilateral, equiangular, 
* postulate, axiom, p. 9 • angle bisector, p. 28 regular, p. 43 
XU p HE. Ag | + 


à C | р “A | 
Geometric figures сап be used to represent real-world situations. For 


example, you can show a climber's position along a stretched rope by a point 
on a line segment. 


YT E 

A — = 

The animation illustrated below for Exercise 35 on page 14 helps you answer 
this question: How far must a climber descend to reach the bottom of a cliff? 


AC is 52 feet and AB is 31 feet. How much farther must the climber descend to reach the 
bottom of the cliff? Enter your answer in the box below and click “Check Answer.” 


С 


| Distance the climber has to descend = feet. Check Answer 


Your goal is to find the distance from а | Use the given information to enter a А| 
climber's position to the bottom of a cliff. lr distance. Then check your answer. 


A pnunated at classzone.com 


Other animations for Chapter 1: pages 3, 21, 25, 43, and 52 


Key Vocabulary 

• undefined terms 
point, line, plane 

e collinear points 

e coplanar points 

e defined terms 

* line segment 

• endpoints 

e ray 

* opposite rays 

e intersection 


: TAKE NOTES 


: When you write new 

: concepts and yellow- 

: highlighted vocabulary 
: in your notebook, 

: be sure to copy all 

: associated diagrams. 


Identify Points, Lines, 
and Planes 


You studied basic concepts of geometry. 
You will name and sketch geometric figures. 
So you can use geometry terms in the real world, as in Ex. 13. 


In the diagram of 

a football field, the 

positions of players are 

represented by points. 

The yard lines suggest 

lines, and the flat surface 

of the playing field can 

be thought of as a plane. 


In geometry, the words point, line, and plane are undefined terms. 
These words do not have formal definitions, but there is agreement about 
what they mean. 


KEY CONCEPT For Your Notebook 
Undefined Terms Р 
Point A point has по dimension. It is " 
represented by a dot. point A 
: Line Aline has one dimension. It is 
represented by a line with two arrowheads, 4 A 
> but it extends without end. B 
> Through any two points, there is exactly one 
t line. You can use any two points on a line line /, line AB (АВ), 
F toname it. or line BA (BÀ) 


Plane A plane has two dimensions. It is 
| represented by a shape that looks like a floor 
+ ora wall, but it extends without end. 


+ Through any three points not on the same 

: line, there is exactly one plane. You can use 

4; three points that are not all on the same line plane M or plane ABC 
+ to name a plane. 


Collinear points are points that lie on the same line. Coplanar points are 
points that lie in the same plane. 


2 Chapter 1 Essentials of Geometry 


( EXAMPLE 1 ) Name points, lines, and planes 


<> 
: VISUAL REASONING a. Give two other names for PQ and for plane R. 


: There is a line through 

: points S and Q that 

: is not shown in the 

: diagram. Try to imagine | 
: what plane SPQ would Solution 


b. Name three points that are collinear. 
Name four points that are coplanar. 


; look like if it were a. Other names for РО are ОР and line n. 
: shown. Other names for plane R are plane SVT 
and plane PTV. 


b. Points S, P, and T lie on the same line, so they are collinear. Points S, P, T, 
and V lie in the same plane, so they are coplanar. 
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GUIDED PRACTICE for Example 1 


1. Use the diagram in Example 1. Give two other names for ST. Мате а point 
that is not coplanar with points Q, S, and T. 


DEFINED TERMS In geometry, terms that can be described using known 
words such as point or line are called defined terms. 


KEY CONCEPT For Your Notebook 


Defined Terms: Segments and Rays 


line 
: Line AB (written as AB) and points A and B are 
> used here to define the terms below. A B 
: Segment The line segment AB, or segment AB, segment 
> (written as AB) consists of the endpoints A and . 
: | <> endpoint endpoint 
> Band all points on AB that are between A and B. СС 
> Note that АВ can also be named ВА. Е 2 
: Ray Theray AB (written as AB) consists of the ray 
2 = 
> endpoint A and all points on AB that lie on the endpoint 
: same side of A as В. à — B 
м — — , 
> Note that АВ and BA are different rays. | 
м endpoint 
> A) 
> A B 
: . < — 
If point C lies on AB between A and B, then CA m ^ С B > 


—> 
and CB are opposite rays. 


Segments and rays are collinear if they lie on the same line. So, opposite rays 
are collinear. Lines, segments, and rays are coplanar if they lie in the 
same plane. 


1.1 Identify Points, Lines, and Planes 


: AVOID ERRORS 


( EXAMPLE 2 | Name segments, rays, and opposite rays 


a. Give another name for GH. 


b. Name all rays with endpoint J. Which 
of these rays are opposite rays? 


: In Example 2, JG and Solution 

: JF have a common a. Another name for GH is HG. 

: endpoint, but are not | > > > — | | 

: collinear. So they are b. The rays with endpoint J are ЈЕ, ЈС, JF ‚апа ЈН . The pairs of opposite гауѕ 
: not opposite rays. with endpoint J are JE and JF, and JG and JH. 


4 


GUIDED PRACTICE | for Example 2 


Use the diagram in Example 2. 
2. Give another name for EF. 


— — — — 
3. Are HJ and ЈН the same ray? Are HJ and HG the same ray? Explain. 


INTERSECTIONS Two or more geometric figures intersect if they have one or 
more points in common. The intersection of the figures is the set of points 
the figures have in common. Some examples of intersections are 


shown below. 
m 
` p 
n 
The intersection of two The intersection of two 
different lines is a point. different planes is a line. 


( EXAMPLE 3 | Sketch intersections of lines and planes 


a. Sketch a plane and a line that is in the plane. 
b. Sketch a plane and a line that does not intersect the plane. 


с. Sketch a plane and a line that intersects the plane at a point. 


Solution 
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(EXAMPLE 4 ] Sketch intersections of planes 


Sketch two planes that intersect in a line. 


Solution 


STEP Y Draw a vertical plane. Shade the 
plane. 


STEP 2 Draw a second plane that is 
horizontal. Shade this plane a 
different color. Use dashed lines to 
show where one plane is hidden. 


STEP 3 Draw the line of intersection. 


Y GUIDED PRACTICE | for Examples 3 and 4 


4. Sketch two different lines that intersect a 
plane at the same point. 


Use the diagram at the right. 


5. Name the intersection of PO and line k. 


6. Name the intersection of plane A and plane B. 


7. Name the intersection of line k and plane A. 


HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
KEY: on p. WS1 for Exs. 15, 19, and 43 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 7, 13, 16, and 43 


11 EXERCISES 


' SKILL PRACTICE 


1. VOCABULARY Write in words what each of the following symbols means. 
a. Q b. MN c. ST d. FG 


2. ж WRITING Compare collinear points and coplanar points. Are collinear 
points also coplanar? Are coplanar points also collinear? Explain. 


: EXAMPLE 1 NAMING POINTS, LINES, AND PLANES In Exercises 3-7, use the diagram. 


: опр. з 


. <> 
: for EXS. 3-7 3. Give two other names for WQ. 0 


4. Give another name for plane V. W 


5. Name three points that are collinear. Then name a „Хо A 
fourth point that is not collinear with these three points. 


6. Name a point that is not coplanar with R, S, and T. 


7. Ж WRITING Is point W coplanar with points Q and R? Explain. 


1.1 Identify Points, Lines, and Planes 


5 


: EXAMPLE 2 NAMING SEGMENTS AND RAYS In Exercises 8-12, use the diagram. 


| d seii : 


. What is another name for ZY? 
: for Exs. 8—13 at is anothe 


9. Name all rays with endpoint V. 


10. Name two pairs of opposite rays. 


. ——> 
11. Give another name for WV. 


12. ERROR ANALYSIS A student says that VW and VZ are opposite rays 
because they have the same endpoint. Describe the error. 


13. Ж MULTIPLE CHOICE Which statement 
about the diagram at the right is true? 
CA) A, B, and Care collinear. 

C, D, E, and G are coplanar. 
(С) Blies on GÉ. 
D> ЕР апа ЕР are opposite rays. 


: EXAMPLES SKETCHING INTERSECTIONS Sketch the figure described. 
С eeeeeeeeeeeeseseeeeeee 14. Three lines that lie in a plane and intersect at one point 
: for Ех. 14-23 (is) One line that lies in a plane, and one line that does not lie in the plane 
16. Ж MULTIPLE CHOICE Line AB and line CD intersect at point E, with point 
E between A and B and between C and D. Which rays are opposite rays? 
A EC and ED CE and DE (С) АВ апа ВА D) AÈ and BÉ 


READING DIAGRAMS In Exercises 17-22, use the diagram at the right. 

17. Name the intersection of РЁ and ИР. 

18. Name the intersection of plane EFG and plane FGS. 
Name the intersection of plane PQS and plane HGS. 

20. Are points P, Q, and F collinear? Are they coplanar? 


21. Are points P and G collinear? Are they coplanar? 


22. Name three planes that intersect at point E. 


23. SKETCHING PLANES Sketch plane J intersecting plane K. Then draw 
a line £ in plane J that intersects plane K at a single point. 


24. NAMING RAYS Name 10 different rays in the diagram at 
the right. Then name 2 pairs of opposite rays. 


25. SKETCHING Draw three noncollinear points J, K, and L. 
— == — 
Sketch JK and add a point М on JK. Then sketch ML. 


26. SKETCHING Draw two points P and Q. Then sketch РО. Add a point R on 
the ray so that Q is between P and R. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
6 on p. WS1 TEST PRACTICE 


: REVIEW 
: ALGEBRA 


: For help with 
: equations of 
: lines, see 

: p. 878. 


€ ALGEBRA In Exercises 27-32, you are given an equation of a line and a 
point. Use substitution to determine whether the point is on the line. 


27. у= x — 4; A(5, 1) 28. у= х + 1; AG, 0) 29. у = 3x + 4; А(7, 1) 

30. y = 4х + 2; А(1, 6) 31. у= 3x – 2; А( 1, —5) 32. у = -2x + 8; A(-4, 0) 
СВАРНІМС Graph the inequality on a number line. Tell whether the graph 

is a segment, a ray or rays, a point, or a line. 

33. x<3 34. х>—4 35. -7<x<4 


36. x>250rx<-—2 37. x2-lorx<5 38. |x| <0 


39. CHALLENGE Tell whether each of the following situations involving 
three planes is possible. If a situation is possible, make a sketch. 


a. None of the three planes intersect. 

. The three planes intersect in one line. 

. The three planes intersect in one point. 

. Two planes do not intersect. The third plane intersects the other two. 


oe geo zc 


Exactly two planes intersect. The third plane does not intersect the 
other two. 


: p codec anions 
: for Exs. 40—42 


PROBLEM SOLVING 


EVERYDAY INTERSECTIONS What kind of geometric intersection does the 
photograph suggest? 


40. 42. 


Ж SHORT RESPONSE Explain why a four-legged table may rock from side 
to side even if the floor is level. Would a three-legged table on the same 
level floor rock from side to side? Why or why not? 


for problem solving help at classzone.com 


44. SURVEYING А surveying instrument is placed on a 
tripod. The tripod has three legs whose lengths can 
be adjusted. 


a. When the tripod is sitting on a level surface, are the 
tips of the legs coplanar? 


b. Suppose the tripod is used on a sloping surface. 
The length of each leg is adjusted so that the base 
of the surveying instrument is level with the horizon. 
Are the tips of the legs coplanar? Explain. 
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45. MULTI-STEP PROBLEM In a perspective drawing, lines that do not 
intersect in real life are represented by lines that appear to intersect at 
a point far away on the horizon. This point is called a vanishing point. 
The diagram shows a drawing of a house with two vanishing points. 


a. Trace the black line segments in the drawing. Using lightly dashed 
lines, join points A and B to the vanishing point W. Join points E and 
F to the vanishing point V. 


b. Label the intersection of EV and AW as С. Label the intersection of 
<> «———> 
FV and BW as Н. 


с. Using heavy dashed lines, draw the hidden edges of the house: 


AG, EG, BH, FH, and GH. 


46. CHALLENGE Each street in a particular town intersects every existing 
street exactly one time. Only two streets pass through each intersection. 


2 streets | 3 streets І 4 streets 


a. A traffic light is needed at each intersection. How many traffic lights 
are needed if there are 5 streets in the town? 6 streets? 


b. Describe a pattern you can use to find the number of additional 
traffic lights that are needed each time a street is added to the town. 


“MIXED REVIEW 7 


Find the difference. (p. 869) 


47. —15 – 9 48. 6 — 10 49. —25 — (-12) 
50. 13—20 51. 16 — (-4) al. —9 — L3 
: PREVIEW Evaluate the expression. (p. 870) 
pore 53. Б, |-2 1] 54. |-8+7| ^ 6 55. —7. |8 — 10| 
: Lesson 1.2 
: [n Exs. 53—58. 


Plot the point in a coordinate plane. (p. 878) 
56. A(2, 4) 57. B(-3, 6) 58. E(6, 7.5) 


8 EXTRA PRACTICE for Lesson 1.1, p. 896 2) ONLINE QUIZ at classzone.com 


1.2 


Key Vocabulary 


• postulate, 
axiom 


e coordinate 
e distance 
e between 


* congruent 
segments 


Use Segments 
and Congruence x 


You learned about points, lines, and planes. 
You will use segment postulates to identify congruent segments. 


So you can calculate flight distances, as in Ex. 33. 


In Geometry, a rule that is accepted without proof is called a postulate or 
axiom. A rule that can be proved is called a theorem, as you will see later. 
Postulate 1 shows how to find the distance between two points on a line. 


POSTULATE For Your Notebook 


POSTULATE 1 Ruler Postulate 
| | names of points 
The points on a line can be matched one A B 


to one with the real numbers. The real 
number that corresponds to a point is the | 
coordinate of the point. coordinates of points 


E X» 


The distance between points A and B, A 
written as AB, is the absolute value of the ——— —ÀÀ 
difference of the coordinates of A and B. i АВ = |x, - x,| 

E 2 1 


In the diagrams above, the small numbers in the coordinates x, and x, are 
called subscripts. The coordinates are read as “x sub one” and “x sub two.” 


The distance between points A and B, or AB, is also called the length of AB. 


Apply the Ruler Postulate 


Measure the length of ST to the nearest tenth of a centimeter. 


S Т 


Oam) 
Solution 


Align one mark of a metric ruler with S. Then estimate the coordinate of T. 
For example, if you align S with 2, T appears to align with 5.4. 


S T 


в ——% 
Dl 


cm 1 2 3 4 5 6 


ST = 15.4 = 2| = 3.4 Use Ruler Postulate. 


> The length of ST is about 3.4 centimeters. 
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ADDING SEGMENT LENGTHS When three points are collinear, you can say 
that one point is between the other two. 


A ; D E 
C MM 


Point B is between points A and C. Point E is not between points D and Е. 


POSTULATE For Vour Wotebook 


POSTULATE 2. Segment Addition Postulate 
If Bis between A and C, then AB + BC = AC. HAC 


A B С 
I—AB—1-BC- 


If AB + BC = AC, then B is between A and C. 


Apply the Segment Addition Postulate 


MAPS The cities shown on 
the map lie approximately 
in a straight line. Use the 
given distances to find the 
distance from Lubbock, 
Texas, to St. Louis, Missouri. 


Solution 


Because Tulsa, Oklahoma, lies 
between Lubbock and St. Louis, 
you can apply the Segment 
Addition Postulate. 


LS = LT + TS = 380 + 360 = 740 


* The distance from Lubbock to St. Louis is about 740 miles. 


GUIDED PRACTICE for Examples 1 and 2 


Use a ruler to measure the length of the segment to the nearest 5 inch. 


1. = + 2. e——————————e 


"M N Р Q 


In Exercises 3 and 4, use the diagram shown. 


3. Use the Segment Addition Postulate to 
find XZ. 


4. In the diagram, WY = 30. Can you use 
the Segment Addition Postulate to find 
the distance between points W and Z? 
Explain your reasoning. 
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: READ DIAGRAMS 


: In the diagram, the red 
; tick marks indicate that 
: АВ = СР. 


: REVIEW USING А 
: COORDINATE PLANE 


: For help with usinga 
: coordinate plane, see 
: p. 878. 


Use the diagram to find GH. e 
— OOOO OO > 
Solution F ?" G H 


Use the Segment Addition Postulate to write an equation. Then solve the 
equation to find GH. 


FH = FG + GH Segment Addition Postulate 
36 = 21 + GH Substitute 36 for FH and 21 for FG. 
15 = GH Subtract 21 from each side. 


CONGRUENT SEGMENTS Line segments that have the same length are called 
congruent segments. In the diagram below, you can say “the length of AB is 
equal to the length of CD,” or you can say “AB is congruent to CD.” 

The symbol = means “is congruent to.” 


Lengths are equal. Segments are congruent. 
е o n 
A B AB = CD AB = CD 
^. ^. 
€— | —e «e „ “e ” 
C D 1S equal to 1S congruent to 


Compare segments for congruence 


Plot J(—3, 4), K(2, 4), L(1, 3), and M(1, —2) in a coordinate plane. 
Then determine whether JK and LM are congruent. 


Solution 


To find the length of a horizontal segment, 
find the absolute value of the difference of 
the x-coordinates of the endpoints. 


JK= |2 = (=3) | = 59 Use Ruler Postulate. 


To find the length of a vertical segment, 
find the absolute value of the difference of 
the y-coordinates of the endpoints. 


LM = |—2 = 3| =5 Use Ruler Postulate. 
> JK and LM have the same length. So, JK = LM. 


GUIDED PRACTICE for Examples 3 and 4 


5. Use the diagram at the right to find WX. [— — — 48— — —] 


6. Plot the points A(—2, 4), B(3, 4), C(0, 2), = " Y 


and D(0, —2) ina coordinate plane. Then 
determine whether AB and CD are congruent. 


1.2 Use Segments and Congruence 
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EXERCISES HOMEWORK: Q = WORKED-OUT SOLUTIONS 
1 „2 КЕҮ: on p. WS1 for Exs. 13, 17, and 33 


Ж - STANDARDIZED TEST PRACTICE 
Exs. 2, 20, 27, and 34 


: EXAMPLE 1 


: for Exs. 3-5 


: EXAMPLES 


: ии — 
: for Exs. 6-12 


" SKILL PRACTICE | 


In Exercises 1 and 2, use the diagram at the right. 


1. VOCABULARY Explain what MN means and what $— —9——————9————9 
MN means. 


2. ж WRITING Explain how you can find PN if you know 
PQ and QN. How can you find PN if you know MP and MN? 


MEASUREMENT Measure the length of the segment to the nearest tenth of 
a centimeter. 


3. —————9 4, © 5. + 


A B C D Е Е 


SEGMENT ADDITION POSTULATE Find the indicated length. 


6. Find MP. 7. Find RT. 8. Find UW. 
MSN 18 P R 2 S m Т U 39 V ж W 
9. Find XY. 10. Find BC. 11. Find DE. 
| 30 — —] = 42 — — 63 — 
x Viz А п B С DE w F 


12. ERROR ANALYSIS In the figure at the right, 
AC = 14 and AB = 9. Describe and correct the A Б С 


error made in finding ВС. 
BC = 14 + 9 = 25 


CONGRUENCE In Exercises 13-15, plot the given points іп a coordinate 
plane. Then determine whether the line segments named are congruent. 


(13) ло, 1), B(4, D, CQ, 2), DU, 6); AB and CD 
14. J(—6, —8), K(—6, 2), L(-2, —4), M(—6, —4); JK and LM 
15. R(—200, 300), S(200, 300), T(300, —200), U(300, 100); RS and TU 


Є) ALGEBRA Use the number line to find the indicated distance. 
16. JK (17) JL 18. JM 19. KM 
J K L M 


—7 —6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 


20. Ж SHORT RESPONSE Use the diagram. Is it possible to use the Segment 
Addition Postulate to show that FB > CB or that AC > DB? Explain. 


A D F C B 
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FINDING LENGTHS In the diagram, points V, W, X, Y, апа Z are collinear, 
VZ = 52, XZ = 20, and WX = XY = YZ. Find the indicated length. 


21. WX 22. VW 23. WY 


V 
24. VX 25. WZ 26. VY W Y 
Y 
Z 

27. Ж MULTIPLE CHOICE Use the diagram. 

What is the length of EG? P - 

0X 
1 4.4 E 

do Ay 

СС) 10 ® 16 ы 
Ed) ALGEBRA Point S is between R and T on RT. Use the given information 
to write an equation in terms of x. Solve the equation. Then find RS and ST. 
28. RS = 2x +10 29. RS = 3x — 16 30. RS = 2х – 8 

ST=x-4 ST = 4x- 8 ST = 3x — 10 

RT = 21 RT = 60 RT = 17 
31. CHALLENGE In the diagram, AB = BC, AC = CD, and ; 

AD - 12. Find the lengths of all the segments in the 

diagram. Suppose you choose one of the segments at C 

random. What is the probability that the measure of B 

the segment is greater than 3? Explain. A 


PROBLEM SOLVING 


: EXAMPLE 2 


3 E hors SLM 
: for Ex. 33 


32. SCIENCE The photograph shows an insect called a 
walkingstick. Use the ruler to estimate the length 
of the abdomen and the length of the thorax to 
the nearest Я inch. About how much longer is the 
walkingstick’s abdomen than its thorax? 


| @НотетТиїог ) for problem solving help at classzone.com 


MODEL AIRPLANE In 2003, a remote-controlled model airplane became 
the first ever to fly nonstop across the Atlantic Ocean. The map shows 
the airplane’s position at three different points during its flight. 


A Leave Cape Spear, 
Newfoundland 


B Approximate position 
after about 1 day 


=< | С Land at Mannin Вау, 
| Ireland, after nearly 
38 hours 


a. Find the total distance the model simis flew. 


b. The model airplane's flight lasted nearly 38 hours. Estimate the 
airplane's average speed in miles per hour. 


@Homelutor _ for problem solving help at classzone.com 


1.2 Use Segments and Congruence 13 


34. Ж SHORT RESPONSE The bar graph shows the win-loss record for а 
lacrosse team over a period of three years. 


of the yellow bar for each year. 
What does the length represent? le 


b. For each year, find the percent 
of games lost by the team. 


c. Explain how you are applying 
the Segment Addition Postulate 
when you find information from 
a stacked bar graph like the 8 10 
one shown. Number of games 

Mi Wins E Losses 


35. MULTI-STEP PROBLEM A climber uses a rope to descend a vertical cliff. 
Let A represent the point where the rope is secured at the top of the 
cliff, let B represent the climber's position, and let C represent the point 
where the rope is secured at the bottom of the cliff. 


a. Model Draw and label a line segment that represents the situation. 


b. Calculate If AC is 52 feet and AB is 31 feet, how much farther must the 
climber descend to reach the bottom of the cliff? 
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36. CHALLENGE Four cities lie along 
a straight highway in this order: 
City A, City B, City C, and City D. 
The distance from City A to City B 
is 5 times the distance from City B 
to City C. The distance from City 
A to City Р 15 2 times the distance 
from City A to City B. Copy and 
complete the mileage chart. 


MIXED REVIEW l 
: PREVIEW Simplify the expression. Write your answer in simplest radical form. (p. 874) 
: iiid 37. V45 + 99 38. V14 + 36 39. V42 + (-2)? 
: in Exs. 37-42. 


Solve the equation. (p. 875) 
40. 4m+5=7+6m 41. 13 - 4h = 3h - 8 42. 17 + 3x = 18x — 28 


Use the diagram to decide whether the 
statement is true or false. (p. 2) 


43. Points A, C, E, and G are coplanar. f d 
o <> 
44. DF and AG intersect at point Е. 7 


— — : 
45. AE and EG are opposite rays. 
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Use Midpoint and 
Distance Formulas 


1.3 


You found lengths of segments. 
QUEUE = You will find lengths of segments in the coordinate plane. 


So you can find an unknown length, as in Example 1. 


Key Vocabulary FOLD A SEGMENT BISECTOR 
e midpoint 


* segment bisector STEPT STEP 2 STEP 3 


E 
B— | 


Draw AB on a piece of Fold the paper so that Label point M. Compare 
paper. B is on top of A. AM, MB, and AB. 


MIDPOINTS AND BISECTORS The midpoint of a segment is the point that 
divides the segment into two congruent segments. A segment bisector is 
a point, ray, line, line segment, or plane that intersects the segment at its 
midpoint. A midpoint or a segment bisector bisects a segment. 


е o 

А М В 

Mis the midpoint of AB. CD is a segment bisector of AB. 
So, AM = MB and AM = MB. So, AM = MB and AM = MB. 


2341/11894 Find segment lengths 


SKATEBOARD In the skateboard design, VW bisects XY at 
point 7; and XT — 39.9 cm. Find XY. 


Solution 
Point T is the midpoint of XY. So, XT = TY = 39.9 cm. 

XY — XT + TY Segment Addition Postulate 
= 39.9 + 39.9 
— 79.8 cm 


Substitute. 
Add. 


X 


1.3 Use Midpoint and Distance Formulas 


15 


Use algebra with segment lengths 


С) ALGEBRA Point Mis the midpoint 4x — 1 3x +3 
т = $— — | ——.—— | 9 
of VW. Find the length of VM. V M W 
Solution 
: REVIEW ALGEBRA STEP Y Write and solve an equation. Use the fact that VM = MW. 
: For help with solving VM = MW Write equation. 


: equations, see p. 875. 
4х – 1 = Зх + З Substitute. 


x-1=3 Subtract 3x from each side. 
x=4 Add 1 to each side. 
STEP 2 Evaluate the expression for VM when x = 4. 
VM = 4х— 1=4(4) – 1 = 15 
> So, the length of VM is 15. 


CHECK Because VM = MV, the length of MW should be 15. If you evaluate 
the expression for MW, you should find that MW = 15. 


MW=3x+3=3(4)+3=15Y 


r4 GUIDED PRACTICE | for Examples 1 and 2 


: READ DIRECTIONS In Exercises 1 and 2, identify the segment bisector of PQ. Then find PQ. 


: Always read direction з 
: lines carefully. Notice ls !g | Е 1 


: that this direction line b | MN | Q 
: has two parts. 
N 


COORDINATE PLANE You can use the coordinates of the endpoints of a 
segment to find the coordinates of the midpoint. 


KEY CONCEPT For Vour Wotebook 


The Midpoint Formula 


The coordinates of the midpoint of a 

segment are the averages of the Y 
x-coordinates and of the y-coordinates 

of the endpoints. hh 


х+х у + Y 
д * 2 


M 


If A(x,, yi) and B(x,, у,) are points in a 
coordinate plane, then the midpoint M 
of AB has coordinates 
Xi + X, Fi + Yo 
2 ? д 


X 


Xx tX X, 
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(EXAMPLE 3 ] Use the Midpoint Formula 


: CLEAR FRACTIONS 


: Multiply each side of 
: the equation by the 

: denominator to clear 
: the fraction. 


a. FIND MIDPOINT The endpoints of RS are R(1, —3) and S(4, 2). Find 
the coordinates of the midpoint M. 


b. FIND ENDPOINT The midpoint of JKis M(2, 1). One endpoint is 
J(1, 4). Find the coordinates of endpoint K. 
Solution 
a. FIND MIDPOINT Use the Midpoint Formula. 


1-4 —3+2\_ [5 1 
M| 37? 2 |= м$, 1 


* The coordinates of the midpoint M 
5 1 
are e >) 


b. FIND ENDPOINT Let (x, y) be the coordinates 
of endpoint K. Use the Midpoint Formula. 


STEP 7 Find x. STEP 2 Find y. 
1+x_ 4+у _ 
2 * 21 
1+х=4 4+y=2 
x=3 y= -2 


> The coordinates of endpoint K are (3, —2). 


Y GUIDED PRACTICE | for Example 3 


: READ DIAGRAMS 


: The red mark at one 
: corner of the triangle 
: shown indicates a 

: right triangle. 


3. The endpoints of AB are A(1, 2) and B(7, 8). Find the coordinates of the 
midpoint M. 


4. The midpoint of VW is M(-1, —2). One endpoint is W(4, 4). Find the 
coordinates of endpoint V. 


DISTANCE FORMULA The Distance Formula is a formula for computing the 
distance between two points in a coordinate plane. 


KEY CONCEPT For Vour Wotebook 


: TheDistance Formula y 


If A(x, y,) and B(x,, у,) are points in 
a coordinate plane, then the distance ly, — у | 
> between A and B is 


АВ = Nx, — х1) + (y, — yy. 


Alx, yi) 


lx = x1 ee Pi 


1.3 Use Midpoint and Distance Formulas 


17 


The Distance Formula is based on the Pythagorean Theorem, which you will 
see again when you work with right triangles in Chapter 7. 


Distance Formula Pythagorean Theorem 
(AB) = (x, — x + (y, — y с? = а? + Б? 
y 
| Y) — У | С b 
A(x, у) Coo, y) 
1' 71 | X, — X, | 21 У a 


* Standardized Test Practice 


: ELIMINATE CHOICES What is the approximate length of RS with endpoints А (2, 3) 
: Drawing a diagram and S(4, —1)? 
: can help you eliminate 
: касан can sea СА) 1.4 units 4.0 units (С) 4.5 units (D> 6units 
: that choice A 15 not 
: large enough to be RS. | 
Solution 
Use the Distance Formula. You may find it helpful |^ | ТТТ 


to draw a diagram. 


E 
RS = Y (x, — Ж + 0 – уу)? Distance Formula IN] 
= V[(4 — 2)]* + [(—1) – 3^ Substitute. 
= \/(2)* + (—4)2 Subtract. 


= V4 + 16 Evaluate powers. 
= V20 Add. 
: READ SYMBOLS 
e оөөөөөөөөөөөөөөө”өөөөөөөөөөөөө wi i > = 4.47 Use a calculator to approximate 
: The symbol = means “is 
the square root. 


: approximately equal to." 
> The correct answer is C. @ © O 


Y GUIDED PRACTICE for Example 4 


5. In Example 4, does it matter which ordered pair you choose to substitute 
for (x,, yj) and which ordered pair you choose to substitute for (x,, у,)? 
Explain. 


6. What is the approximate length of AB, with endpoints A(—3, 2) and 
B(1, -4)? 


СА) 6.1 units 7.2 units (С) 8.5 units (D> 10.0 units 
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1.3 EXERCIS ES HOMEWORK: (C) = WORKED-OUT SOLUTIONS 
KEY: on р. WS1 for Exs. 15, 35, and 49 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 23, 34, 41, 42, and 53 


S 


KILL PRACTICE 


1. VOCABULARY Copy and complete: To find the length of AB, with 
endpoints A(—7, 5) and B(4, —6), you can use the . ? . 


2. ж WRITING Explain what it means to bisect a segment. Why is it 
impossible to bisect a line? 


: EXAMPLE 1 FINDING LENGTHS Line / bisects the segment. Find the indicated length. 


| on p. 75 3. Find RT if RS = 51 in. 4. Find UWif VW = Žin. 5. Find EGif EF — 13 cm. 
: for Exs. 3-10 8 8 


£ 1 4 


6. Find BCifAC=19cm. 7. Find QR if PR = 9 in. 8. Find LM if LN = 137 mm. 


9. SEGMENT BISECTOR Line RS bisects PQ at point R. Find RQ if PQ — 42 inches. 


10. SEGMENT BISECTOR Point T bisects UV. Find UVif UT = 21 inches. 


: EXAMPLE 2 E) ALGEBRA In each diagram, M is the midpoint of the segment. Find the 


: on p. 16 | indicated length. 


: for Exs. 11-16 | 11, ping AM. 12. Find EM. 13. Find JM. 
x5 2x 1х 8х — 6 6х +7 4x+5 
A M C E M G J M L 
14. Find PR. (5) Find SU, 16. Find XZ. 
6x — 11 10x — 51 х +15 4х— 45 2х + 35 5x — 22 
Р М R $ М U Х М Z 


: EXAMPLE 3 FINDING MIDPOINTS Find the coordinates of the midpoint of the segment 
: on p. 17 with the given endpoints. 


: for Exs. 17-30 | 17 C(3, 5) and D(7, 5) 18. E(0, 4) and F(4, 3) 19. G(-4, 4) and H(6, 4) 
20. J(—7, 5) and K(-3,7) 21. P(-8, -7) and Q(11,5) 22. S(—3,3) and T(—8, 6) 


23. * WRITING Develop a formula for finding the midpoint of a segment 
with endpoints A(0, 0) and В(т, n). Explain your thinking. 


1.3 Use Midpoint and Distance Formulas 19 


: EXAMPLE 4 


: for Exs. 31-34 


20 


24. ERROR ANALYSIS Describe the error made in 3 — (1) 
finding the coordinates of the midpoint of a 28 =" = (5,2) 
segment with endpoints S(8, 3) and T(2, —1). 


FINDING ENDPOINTS Use the given endpoint R and midpoint M of RS to find 
the coordinates of the other endpoint S. 


25. R(3, 0), M(O, 5) 26. R(5, 1), МП, 4) 27. R(6, —2), M(5, 3) 
28. R(—7, 11), M(2, 1) 29. R(4, —6), M(-7, 8) 30. R(—4, —6), M(3, —4) 


DISTANCE FORMULA Find the length of the segment. Round to the nearest 
tenth of a unit. 


E 
a 
E 
Е 
Ер m 
NXNENENNK 


pl 


34. Ж MULTIPLE CHOICE The endpoints of MN are M(—3, —9) and N(4, 8). 
What is the approximate length of MN? 


СА) 1.4 units 7.2 units (С) 13 units (D> 18.4 units 


NUMBER LINE Find the length of the segment. Then find the coordinate of 
the midpoint of the segment. 


36. 4——4——L——4— 37. 


G5) -4-2 0 2 4 -8-6-4-2 0 2 4 —20 —10 0 10 20 30 


38. +t 39. --4---------M99»- 40. A A > 
-30 -20 -10 0 3 -§ -3 4 3 3 $ -4 23 0 


41. Ж MULTIPLE CHOICE The endpoints of LF are L(—2, 2) and F(3, 1). 
The endpoints of JR are J(1, —1) and R(2, —3). What is the approximate 
difference in the lengths of the two segments? 


(А) 2.24 2.86 (С) 5.10 D 7.96 


42. Ж SHORT RESPONSE One endpoint of PQ is P(—2, 4). The midpoint of PQ 
is M(1, 0). Explain how to find PQ. 


COMPARING LENGTHS The endpoints of two segments are given. Find each 

segment length. Tell whether the segments are congruent. 

43. AB: A(0, 2), В(—3, 8) 44. EF: E(1, 4), F(5, 1) 45. JK: J(—4, 0), K(4, 8) 
CD: C(-2, 2), D(0, —4) GH: G(-3, 1), НО, 6) LM: L(-4, 2), M(3, —7) 


46. Є ALGEBRA Points S, Т, and P lie on a number line. Their coordinates 
are 0, 1, and x, respectively. Given SP = PT, what is the value of x? 


47. CHALLENGE Mis the midpoint of JK, JM = 2 and JK = 3 — 6. Find MK. 


©) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 


on p. WS1 TEST PRACTICE 


PROBLEM SOLVING 


: EXAMPLE 1 48. WINDMILL In the photograph of a windmill, ST 


: on p. 15 bisects QR at point M. The length of QM is 
pel eae 181 feet. Find QR and MR. 
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DISTANCES A house and a school are 5.7 kilometers apart on the same 
straight road. The library is on the same road, halfway between the house 
and the school. Draw a sketch to represent this situation. Mark the locations 
of the house, school, and library. How far is the library from the house? 


 (QHomelutor for problem solving help at classzone.com 


ARCHAEOLOGY The points on the diagram show the positions of objects at 
an underwater archaeological site. Use the diagram for Exercises 50 and 51. 


Distance (m) 


50. Find the distance between each pair of objects. Round 
to the nearest tenth of a meter if necessary. 


a. Aand B b. Band C c. Сапар 
d. Aand D e. Band D f. Aand C 


51. Which two objects are closest to each other? Which two are farthest apart? 


Distance (m) 


52. WATER POLO The diagram 
shows the positions of three 
players during part of a water 
polo match. Player A throws 
the ball to Player B, who 
then throws it to Player C. 
How far did Player A throw 
the ball? How far did Player B 
throw the ball? How far would 
Player A have thrown the 
ball if he had thrown it 
directly to Player C? Round all 
answers to the nearest tenth of 
a meter. 


Distance (m) 


0 4 В 12 16 20 24 28 x 
Distance (m) 
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53. Ж EXTENDED RESPONSE As shown, a path goes around a triangular park. 


a. Find the distance around the park to the 
nearest yard. 


Р 
» a 


b. A new path and a bridge are constructed from 
point Q to the midpoint M of PR. Find QM 
to the nearest yard. 


c. A man jogs from P to Q to M to R to Q and 
back to P at an average speed of 150 yards 
per minute. About how many minutes does 
it take? Explain. Distance (yd) 


Distance (yd) 


54. CHALLENGE AB bisects CD at point M, CD bisects AB at point M, 
and AB = 4 + CM. Describe the relationship between АМ and CD. 


MIXED REVIEW 


The graph shows data about the number of children in the families of 
students in a math class. (p. 888) 


55. What percent of the students in the class 1 child 28% 
belong to families with two or more children? 2 children 56% 
56. If there are 25 students in the class, how 3 or more 


many students belong to families with two children? children 16% 


: PREVIEW Solve the equation. (p. 875) 

el 57. 3x + 12 + x = 20 58. 9x + 2x -6 x= 10 59. 5x — 22 — 7x + 2 = 40 
: Lesson 1.4 

: in Exs. 57—59. 


In Exercises 60-64, use the diagram at the right. (p. 2) 


60. Name all rays with endpoint B. y 97 


61. Name all the rays that contain point C. > a 


62. Name a pair of opposite rays. 


O 1> Е 
63. Name the intersection of AB and BC. ARS 


64. Name the intersection of BC and plane P. 


QUIZ for Lessons 1.1-1.3 


1. Sketch two lines that intersect the same plane at two different points. 
The lines intersect each other at a point not in the plane. (p. 2) 


In the diagram of collinear points, AE = 26, AD = 15, 


ө А е A 0) 

and АВ = ВС = CD. Find the indicated length. (р. 9) A B С р Е 
2. РЕ 3. АВ 4. АС 
5. ВР 6. СЕ 7. ВЕ 


8. Тһе endpoints | of RS are R(—2, —1) and S(2, 3). Find the coordinates of the 
midpoint of RS. Then find the distance between R апа S. (р. 15) 
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MIXED REVIEW. of Problem Solving r^ | STATE TEST PRACTICE 


A dasszone.com 


v 


Lessons 1.1-1.3 


1. MULTI-STEP PROBLEM The diagram shows 5. SHORT RESPONSE Point E is the midpoint of 
e <> FEI А " m . 
existing roads (BD and DE) and a new road AB and the midpoint of CD. The endpoints of 
(CE) under construction. AB are A(-4, 5) and B(6, —5). The coordinates 


of point C are (2, 8). Find the coordinates of 
point D. Explain how you got your answer. 


6. OPEN-ENDED The distance around a figure 
is its perimeter. Choose four points in a 
coordinate plane that can be connected to 
form a rectangle with a perimeter of 
16 units. Then choose four other points 
and draw a different rectangle that has 
a perimeter of 16 units. Show how you 
determined that each rectangle has a 


Distance (mi) 


Distance (mi) perimeter of 16 units. 
a. Ifyou drive from point B to point E on 
existing roads, how far do you travel? 7. SHORT RESPONSE Use the diagram of a box. 


What are all the names that can be used to 
describe the plane that contains points B, F, 
and C? Name the intersection of planes ABC 
and BFE. Explain. 


b. If you use the new road as you drive from 
B to E, about how far do you travel? Round 
to the nearest tenth of a mile if necessary. 


c. About how much shorter is the trip from 


B to E if you use the new road? E E 
2. GRIDDED ANSWER Point Mis the midpoint 
of PQ. If PM = 23x + 5 and МО = 25x — 4, A G 
find the length of PQ. 
D 
3. GRIDDED ANSWER You are hiking on a trail 
that lies along a straight railroad track. The 
total length of the trail is 5.4 kilometers. 8. EXTENDED RESPONSE Jill is a salesperson 
You have been hiking for 45 minutes at an who needs to visit towns A, B, and C. On the 
average speed of 2.4 kilometers per hour. map below, AB = 18.7 km and BC = 2AB. 
How much farther (in kilometers) do you Assume Jill travels along the road shown. 


need to hike to reach the end of the trail? 


4. SHORT RESPONSE The diagram below shows 
the frame for a wall. FH represents a vertical 


board, and EG represents a brace. If 
EG = 143 em. does the brace bisect FE a. Find the distance Jill travels if she starts 


If not, how long should FG be so that the чеч кыы Frid B and C, and then 
brace does bisect FH? Explain. returns to 10wn A. 


b. About how much time does Jill spend 
driving if her average driving speed is 
70 kilometers per hour? 
28m c. Jill needs to spend 2.5 hours in each town. 


Can she visit all three towns and return to 
Town A in an 8 hour workday ? Explain. 


Mixed Review of Problem Solving 23 


1 


Key Vocabulary 
* angle 
acute, right, 
obtuse, straight 


e sides, vertex of 
an angle 


e measure of 
an angle 


• congruent angles 
* angle bisector 


* ™ Classify Angles 


Measure and 


You named and measured line segments. 
You will name, measure, and classify angles. 


So you can identify congruent angles, as in Example 4. 


An angle consists of two different rays with the same 
endpoint. The rays are the sides of the angle. The 
endpoint is the vertex of the angle. 


— —> 
The angle with sides AB and AC can be named / BAC, 
Z CAB, or ZA. Point A is the vertex of the angle. 


Name angles 


Name the three angles in the diagram. 
Z WXY, or ZYXW 
ZYXZ, or ZZXY x 
Z WXZ, or ZZXW £ 


You should not name any of these angles Z X because all three angles 
have X as their vertex. 


MEASURING ANGLES A protractor can be used to approximate the measure 
of an angle. An angle is measured in units called degrees (°). For instance, the 
measure of Z WXZ in Example 1 above is 32°. You can write this statement in 
two ways. 


Words The measure of Z WXZ is 32°. 
Symbols mZ WXZ = 32° 


POSTULATE For Your Notebook 


POSTULATE 3 Protractor Postulate 


<— < 
Consider OB and a point А on one side of ОВ. 
— 
The rays of the form OA can be matched КОШТО 
Ny 19 Ч 
MEE l 


у, 
0 7 ^ 


one to one with the real numbers 
from 0 to 180. 


The measure of Z АОВ is equal БИ; A 
Ew 2 

to the absolute value of the EO ed 
PR NA 


difference between the real 2 
— — E 
numbers for OA and OB. 0 B 
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CLASSIFYING ANGLES Angles сап be classified as acute, right, obtuse, and 
straight, as shown below. 


: READ DIAGRAMS | | 
: A red square inside an 

; angle indicates that the 

: angle is a right angle. A A Е S 


Acute angle Right angle Obtuse angle Straight angle 
0^«mzA«90? mZA = 90° 90? < mZA < 180? mZA = 180° 


( EXAMPLE 2 ] Measure and classify angles 


Use the diagram to find the measure of the indicated 
angle. Then classify the angle. 


a. ZKHJ  b.ZGHK c. ZGHJ d ZGHL os 


aga II 

WW UN 1, //, 7 

ado 80 gy 100 77 Дд 
<0 


NV 


QNS 
a AN A 
N 


M 


V 
MN 
CD 


Solution FE 


A protractor has an inner and an outer 
scale. When you measure an angle, | 
check to see which scale to use. G H J 


П 
\ 


081 O 


а. Hj is lined up with the 0? on the inner scale of the protractor. HK passes 
through 55° on the inner scale. So, mZ КН] = 55°. It is an acute angle. 


b. HG is lined up with the 0° on the outer scale, and HK passes through 125° 
on the outer scale. So, mZ СНК = 125°. It is an obtuse angle. 


c. mZ GHJ = 180°. It is a straight angle. 
d. mZ GHL = 90°. It is a right angle. 
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v GUIDED PRACTICE | for Examples 1 and 2 


1. Name all the angles in the diagram at the right. 
Which angle is a right angle? P R 


2. Draw a pair of opposite rays. What type of angle 
do the rays form? Q 


POSTULATE 
: READ DIAGRAMS 


: A point is in the interior +: 
: of an angle if it is 

: between points that 

: lie on each side of the 
: angle. 


POSTULATE 4. Angle Addition Postulate 


Words If Pis in the interior of Z RST, then 
the measure of Z RST is equal to the sum of 
the measures of Z RSP and Z PST. 


Symbols If Р is in the interior of Z RST, then 
mz RST = mZ RSP + mz PST. 
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(EXAMPLE З | Find angle measures 


Є) ALGEBRA Given that mZ LKN = 145°, find 
mZ LKM and mZ МКМ. 


Solution 
STEP? Write and solve an equation to find the value of x. 
mz LKN = mZ LKM + mZ MKN Angle Addition Postulate 
145° = (2x + 10)” + (4х — 3) Substitute angle measures. 


145 = 6x +7 Combine like terms. 
138 = 6x Subtract 7 from each side. 
23=X Divide each side by 6. 


STEP 2 Evaluate the given expressions when x = 23. 
mZ LKM = (2x + 10)? = (2 • 23 + 10)” = 56° 
mZMKN = (4x — 3)” = (4 • 23 — 3)” = 89° 

р So, mZ LKM = 56? and mZ МКМ = 89°. 


Y GUIDED PRACTICE | for Example 3 


: READ DIAGRAMS 


: Matching arcs are used 

: to show that angles are 
: congruent. If more than 
: one pair of angles are 

: congruent, double arcs 

: are used, as in 

: Example 4 on page 27. 


Find the indicated angle measures. 


3. Given that Z KLM is a straight angle, 4. Given that Z EFG is a right angle, 
find mZ KLN and mZ NLM. find mZ EFH and mZ HFG. 


(2x + 2)” 


(10x — 5)/ (4x + 3)? 


CONGRUENT ANGLES Two angles are congruent angles if they have the same 
measure. In the diagram below, you can say that “the measure of angle A is 
equal to the measure of angle B," or you can say "angle A is congruent to 
angle B." 


mzA-mzB ZA=ZB 
A. ^ 


“is equal to” “is congruent to” 


d Angle measures are equal. Angles are congruent. 
A 
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Identify congruent angles 


TRAPEZE The photograph shows some of the angles formed by the 
ropes in a trapeze apparatus. Identify the congruent angles. 
If mz DEG = 157°, what is mz GKI? 


Solution 
There are two pairs of congruent angles: 
Z DEF = Z JKL апа Z DEG = 2 СКІ. 
Because Z DEG = Z СКІ, mZ DEG = mZ СКІ. So, mZ GKL = 157°. 


for Example 4 


Use the diagram shown at the right. 


5. Identify all pairs of congruent angles in P R 
the diagram. 


6. In the diagram, mZ PQR = 130°, mZ QRS = 84°, 
and mZ TSR = 121°. Find the other angle measures T S 
in the diagram. 


FOLD AN ANGLE BISECTOR 


— 
Use a straightedge to draw and Fold the paper so that BC is on Draw a point D on the fold inside 
label an acute angle, Z ABC. top of ВА. Z ABC. Then measure Z ABD, Z DBC, 
and Z ABC. What do you observe? 
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An angle bisector is a ray that divides an angle into two angles that are 


congruent. In the activity on page 27, BD bisects ZABC. So, ZABD = Z DBC 
and mZ ABD = mz DBC. 


| EXAMPLE 5 | Double an angle measure 


In the diagram at the right, YW bisects Х 
Z XYZ, and m/XYW = 18°. Find mZ XYZ. 


W 


Solution 2 


By the Angle Addition Postulate, mz XYZ = mZXYW + т^ WYZ. Because 
—> 
YW bisects Z XYZ, you know that ZXYW= ZWYZ. 


So, mz XYW = mz WYZ, and you can write 
mz XYZ = mz XYW + mz WYZ = 18? + 18° = 36°. 


/ | GUIDED PRACTICE for Example 5 


7. Angle MNP is a straight angle, and NQ bisects Z MNP. Draw Z MNP 


—> 
and NQ. Use arcs to mark the congruent angles in your diagram, and 
give the angle measures of these congruent angles. 


1.4 EXERCISES HOMEWORK? С) = wonxen our оштон; 
е KEY: on p. WS1 for Exs. 15, 23, and 53 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 21, 27, 43, and 62 


© SKILL PRACTICE 


1. VOCABULARY Sketch an example of each of 
the following types of angles: acute, obtuse, 
right, and straight. 


2. ж WRITING Explain how to find the measure 
of Z PQR, shown at the right. 


: EXAMPLE 1 NAMING ANGLES AND ANGLE PARTS In Exercises 3-5, write three names for 


: on p. 24 the angle shown. Then name the vertex and sides of the angle. 


: for Exs. 3-6 3. А 4. 5. 
М М 
T 
7 
Q P 
B C 
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: ЕХАМРГЕ 2 


: on p. 25 
: for Exs. 7—21 


: ЕХАМРГЕЗ 


: опр. 26 
: for Exs. 22-27 


6. NAMING ANGLES Name three different angles in the 
diagram at the right. S 
T 


Q R 


CLASSIFYING ANGLES Classify the angle with the given measure as acute, 
obtuse, right, or straight. 


7. mZ W = 180° 8. mZX = 30° 9. mz Y = 90° 10. MZZ = 95° 
MEASURING ANGLES Trace the diagram and extend the rays. H 
Use a protractor to find the measure of the given angle. G 
Then classify the angle as acute, obtuse, right, or straight. А 
11. ZJFL 12. Z СЕН J 
L 
13. ZGFK 14. ZGFL K 
NAMING AND CLASSIFYING Give another name for the angle in the diagram 
below. Tell whether the angle appears to be acute, obtuse, right, or straight. 
(15) ZACB 16. ZABC B 
17. ZBED 18. ZAEC E 
19. ZBDC 20. Z BEC 
A D C 
21. Ж MULTIPLE CHOICE Which is a correct 
name for the obtuse angle in the diagram? р Б 
CA) ZACB ZACD 
(С) ZBCD D> ZC C D 
ANGLE ADDITION POSTULATE Find the indicated angle measure. 
22. mZOST = _2 бз) mZADC=_? 24. mZNPM = _2 
A D L Р М 
79° 
N 
@ ALGEBRA Use the given information to find the indicated angle measure. 
25. Given mZ WXZ = 80°, find mZ YXZ. 26. Given mZ FJH = 168°, find mz FJG. 


27. Ж MULTIPLE CHOICE In the diagram, the measure 
of Z XYZ is 140°. What is the value of x? 


СА) 27 (В) 33 
©) 67 (Б) 73 
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: EXAMPLE 4 


: on p. 27 
: for Ex. 28 


: EXAMPLE 5 


: on p. 28 
: for Exs. 29-32 


30 


28. CONGRUENT ANGLES In the photograph below, т AED = 34? and 
mZ EAD = 112°. Identify the congruent angles in the diagram. Then find 
mZ BDC and mZ АРВ. 


ANGLE BISECTORS Given that WZ bisects / XWY, find the two angle 
measures not given in the diagram. 


29. 30. 31. X W 


71° 


32. ERROR ANALYSIS KM bisects ZJKL and mZJKM = 30°. Describe and 
correct the error made in stating that 7mZ /KL = 15°. Draw a sketch to 
support your answer. 


FINDING ANGLE MEASURES Find the indicated angle measure. 


33. a^ 34. b° 
35. c? 36. d^ 
37. e” 38. f° 


39. ERROR ANALYSIS A student states that AD can bisect / АСС. Describe 
and correct the student's error. Draw a sketch to support your answer. 


E) ALGEBRA In each diagram, BD bisects Z ABC. Find mZ ABC. 


43. Ж SHORT RESPONSE You are measuring Z PQR with a protractor. When 
you line up QR with the 20? mark, QP lines up with the 80? mark. Then 
you move the protractor so that QR lines up with the 15? mark. What 
mark does QP line up with? Explain. 


€) ALGEBRA Plot the points in a coordinate plane and draw Z ABC. 
Classify the angle. Then give the coordinates of a point that lies in the 
interior of the angle. 


44. A(3, 3), B(0, 0), C(3, 0) 45. A(—5, 4), В(1, 4), C(-2, -2) 
46. A(—5, 2), B(-2, -2), C(4, —3) 47. A(—3, —1), B(2, 1), C(6, —2) 
СО) = WORKED-OUT SOLUTIONS * - STANDARDIZED 


on p. WS1 TEST PRACTICE 


48. E) ALGEBRA Let (2x — 12)? represent the measure of an acute angle. 
What are the possible values of x? 


49. CHALLENGE SQ bisects Z RST, SP bisects Z RSQ, and SV bisects Z RSP. 
The measure of Z VSP is 17°. Find mZ TSQ. Explain. 


50. FINDING MEASURES In the diagram, B 
mZAEB = 5 - mZ СЕР, and ZAED 
is a straight angle. Find mz AEB and mZ CED. 


" PROBLEM SOLVING 


51. SCULPTURE In the sculpture shown in the photograph, 
suppose the measure of ZLMN is 79? and the measure 
of Z PMN is 47°. What is the measure of Z LMP? 
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52. MAP The map shows the intersection of three roads. Malcom Way intersects 
Sydney Street at an angle of 162*. Park Road intersects Sydney Street at an angle 
of 87°. Find the angle at which Malcom Way intersects Park Road. 


: EXAMPLES CONSTRUCTION In Exercises 53—55, use the photograph of a roof truss. 


: 4and 5 
; soho In the roof truss, BG bisects ZABC and Z DEF, 


үн. mZABC = 112°, and ZABC = Z DEF. Find the 
: for Exs. 53-55 н 

measure of the following angles. 
a. mZ DEF b. MZABG 


c. mz CBG d. mz DEG 


54. In the roof truss, GB bisects Z DGF. 
Find mz DGE and mz FGE. 


55. Name an example of each of the | 
following types of angles: acute, = 
obtuse, right, and straight. | 


vq) MEL лан ишти 
І ы йо 4-0 


1.4 Measure and Classify Angles 31 


GEOGRAPHY For the given location on the map, estimate the measure of 
Z PSL, where Pis on the Prime Meridian (0° longitude), S is the South Pole, 
and L is the location of the indicated research station. 


56. Macquarie Island 57. Dumont d’Urville 58. McMurdo 
59. Mawson 60. Syowa 61. Vostok 


62. * EXTENDED RESPONSE In the flag shown, ZAFE is a straight angle and 
FC bisects ZAFE and / ВЕР. 
a. Which angles are acute? obtuse? right? в 
b. Identify the congruent angles. 


c. If mZ AFB = 26°, find mZ DFE, 
mZ BFC, mZ CFD, mZ АЕС, mZ AFD, 
and mZ BFD. Explain. 


63. CHALLENGE Create a set of data that could be represented 
by the circle graph at the right. Explain your reasoning. 


"MIXED REVIEW 


: PREVIEW 64. You and a friend go out to dinner and each pay for your own meal. 
: Prepare for The total cost of the two meals is $25. Your meal cost $4 more than 
: Lesson 1.5 your friend's meal. How much does each meal cost? (p. 894) 

: in Ex. 64. 


Graph the inequality on a number line. Tell whether the graph is a segment, 
a ray or rays, a point, or a line. (p. 2) 


65. x € —8 66. x26 67. —3<х<5 


68. x2 -and x< -1 69. x>-20rx<4 70. |x| 20 


Find the coordinate of the midpoint of the segment. (p. 15) 


a ee ee | 
—6 -4 -2 0 — 30 0 30 60 —24  —16 —8 0 
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D INS L3 oT RL ы [e | M ) ON Use after Lesson 1.4 


y 


1.4 Copy and Bisect Segments and Angles 


MATERIALS • compass • straightedge 


How can you copy and bisect segments and angles? 


construction is a geometric drawing that uses a limited set of tools, usually 
a compass and straightedge. You can use a compass and straightedge (a ruler 
without marks) to construct a segment that is congruent to a given segment, 
and an angle that is congruent to a given angle. 


Use the following steps to construct a segment that is congruent to AB. 


STEP 1 STEP 3 

C—O 

A B 

бе —- 

С 
Draw a segment Use a Measure length Set your Copy length Place the compass 
straightedge to draw a segment compass at the length of AB. at C. Mark point D on the new 
longer than AB. Label point C segment. CD = AB. 


on the new segment. 


( EXPLORE 2 | Bisect a segment 


Use the following steps to construct a bisector of AB and to find the midpoint 
M of AB. This construction is justified in Lesson 5.2, Exercise 27. 


STEP 1 


Draw an ате Place the compass Braw a second are Keep the Bisect segment Draw a segment 


at A. Use a compass setting same compass setting. Place through the two points of 

that is greater than half the the compass at В. Draw an intersection. This segment 

length of AB. Draw an arc. arc. It should intersect the bisects AB at M, the midpoint 
other arc at two points. of AB. 
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Use the following steps to construct an angle that is congruent to ZA. In this 
construction, the radius of an arc is the distance from the point where the 
compass point rests (the center of the arc) to a point on the arc drawn 

by the compass. This construction is justified in Lesson 4.6, Example 4. 


STEP 1 STEP 2 STEP 3 STEP 4 


Oraw a segment Oraw ares Draw ares Oraw a ray 
Draw a segment. Draw an arc with Label В, С, and E. Draw Draw DÉ. 
Label a point D on center A. Using the an arc with radius ВС <EDF= Z ВАС. 
the segment. same radius, draw an and center E. Label 

arc with center D. the intersection F. 


> 410): 3 Bisect an angle 


Use the following steps to construct an angle bisector of Z A. This 
construction is justified in Lesson 4.6, Exercise 32. 


STEP 1 STEP 2 STEP 3 


Draw an arc Place the compass Braw ares Place the compassat Orawaray Label the 

at A. Draw an arc that intersects C. Draw an arc. Then place the intersection G. Use a straightedge 
both sides of the angle. Label the compass point at B. Using the to draw a ray through A and G. 
intersections C and B. same radius, draw another arc. AG bisects ZA. 


RAIN RADARES) ES! Use your observations to complete these exercises 


1. Describe how you could use a compass and a straightedge to draw a 
segment that is twice as long as a given segment. 


2. Draw an obtuse angle. Copy the angle using a compass and a 
straightedge. Then bisect the angle using a compass and straightedge. 
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1. 


Key Vocabulary 


• complementary 
angles 


e supplementary 
angles 


• adjacent angles 
* linear pair 
e vertical angles 


: AVOID ERRORS 


: In Example 1, Z DAC and 
: Z DAB share a common 

; vertex. But they share 

: common interior points, 
: so they are not adjacent 
: angles. 


Describe Angle Pair 
Relationships 


You used angle postulates to measure and classify angles. 
You will use special angle relationships to find angle measures. 
So you can find measures in a building, as in Ex. 53. 


Two angles are complementary angles if the sum of their measures is 90*. 
Each angle is the complement of the other. Two angles are supplementary 
angles if the sum of their measures is 180°. Each angle is the supplement of 
the other. 


Complementary angles and supplementary angles can be adjacent angles 
or nonadjacent angles. Adjacent angles are two angles that share a common 
vertex and side, but have no common interior points. 


Complementary angles Supplementary angles 


Adjacent Nonadjacent Adjacent Nonadjacent 


Identify complements and supplements 


In the figure, name a pair of complementary D R 
angles, a pair of supplementary angles, and 
a pair of adjacent angles. С 122 58° 
q^ б Т 
В 


Solution 
Because 32° + 58° = 90°, Z BAC and Z RST are complementary angles. 
Because 122° + 58° = 180°, Z CAD and Z RST are supplementary angles. 


Because Z BAC and Z CAD share a common vertex and side, they are adjacent. 


GUIDED PRACTICE for Example 1 


1. In the figure, name a pair of complementary 
angles, a pair of supplementary angles, anda 
pair of adjacent angles. 


2. Ате Z KGH and Z ІКС adjacent angles? Are 
Z FGK and Z FGH adjacent angles? Explain. 


1.5 Describe Angle Pair Relationships 
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| EXAMPLE 2 ] Find measures of a complement and a supplement 


: READ DIAGRAMS a. Given that Z1 is a complement of Z2 and mZ 1 = 68°, find mZ 2. 


: Angles are sometimes 
: named with numbers. 
: An angle measure in a 
: diagram has a degree 


: symbol. An angle name a. You can draw a diagram with complementary 


b. Given that Z3 is a supplement of Z4 and mZ4 = 56°, find mZ 3. 


Solution 


: does not. adjacent angles to illustrate the relationship. | 68° 
mZ2 = 90° — mZ1 = 90° — 68° = 22° - 
b. You can draw a diagram with supplementary 
adjacent angles to illustrate the relationship. 
mZ3 = 180? — mZ4 = 180? — 56° = 124° 56° № 3 


CUB Find angle тезше _ 


: READ DIAGRAMS SPORTS When viewed from the side, 
; їп а diagram, уои сап | the frame of a ball-return net forms 
: assume that a line that a pair of supplementary angles 

: looks straight is straight. | with the ground. Find mZ BCE and 

: In Example 3, В, С, and mZ ECD. 

: D lie on BD. So, ZBCD is 

: a straight angle. 


Solution 


STEP Y Use the fact that the sum of the measures 
of supplementary angles is 180°. 


mZ BCE + mZ ECD = 180° Write equation. 
(4x + 8)? + (x + 2)? = 180° Substitute. 
5x + 10 = 180 Combine like terms. 
5x = 170 Subtract 10 from each side. 
x = 34 Divide each side by 5. 
STEP 2 Evaluate the original expressions when x = 34. 
mz ВСЕ = (4х + 8)° = (4 • 34 + 8)° = 144° 
mz ECD = (х + 2)° = (34 + 2)” = 36° 


. > The angle measures аге 144° and 36°. 


Y GUIDED PRACTICE for Examples 2 and 3 o 


3. Given that Z1 is a complement of 72 and mZ2 = 8°, find mZ 1. 


4. Given that Z3 is a supplement of Z4 and mZ3 = 117°, find mZ 4. 


5. ZLMN and Z PQR are complementary angles. Find the measures of the 
angles if mZ LMN = (4x — 2)? and mZ PQR = (9x + 1). 
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: AVOID ERRORS 


: In the diagram, one side 
: of Z1 and one side of 

: Z3 are opposite rays. 

: But the angles are not a 
: linear pair because they 
: are not adjacent. 


: DRAW DIAGRAMS 


: You may find it useful 

: to draw a diagram 

: to represent a word 

: problem like the one in 
: Example 5. 


ANGLE PAIRS Two adjacent angles are a linear pair if their noncommon sides 
are opposite rays. The angles in a linear pair are supplementary angles. 


Two angles are vertical angles if their sides form two pairs of opposite rays. 


2 4 
1 3 
O 


Z1and Z2 are a linear pair. Z3 and Z6 are vertical angles. 
Z4 and Z5 are vertical angles. 


Identify angle pairs 


Identify all of the linear pairs and all of the 

vertical angles in the figure at the right. 

Solution ING 
4 NS 

To find vertical angles, look for angles 

formed by intersecting lines. 


> Zl and /5 are vertical angles. 


To find linear pairs, look for adjacent angles whose noncommon 
sides are opposite rays. 


> Zl and 44 area linear pair. Z4 and £5 are also a linear pair. 


| EXAMPLE 5 ] Find angle measures in a linear pair 


€) ALGEBRA Two angles form a linear pair. The measure of one angle is 
5 times the measure of the other. Find the measure of each angle. 


Solution 


Let x° be the measure of one angle. The measure of the 
other angle is 5x”. Then use the fact that the angles of a 5x 
linear pair are supplementary to write an equation. 
x° + 5x? = 180° Write an equation. 
6x — 180 Combine like terms. 
x — 30 Divide each side by 6. 


* The measures of the angles are 30° and 5(30°) = 150°. 


GUIDED PRACTICE for Examples 4 and 5 


6. Do any of the numbered angles in the 
diagram at the right form a linear pair? T 


Which angles are vertical angles? Explain. 6 3 
5M 
7. The measure of an angle is twice the measure of 


its complement. Find the measure of each angle. 
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CONCEPT SUMMARY For Your Notebook 


Interpreting a Diagram 


: There are some things you can conclude from a diagram, a 
and some you cannot. For example, here are some things D 
that you can conclude from the diagram at the right: 


* All points shown are coplanar. A B C 
* Points A, B, and Care collinear, and B is between A and С. 
«——> — — 
* AC, BD, and BE intersect at point B. 
* ZDBE and Z EBC are adjacent angles, and ZABC is a straight angle. 
* Point E lies in the interior of Z DBC. 


In the diagram above, you cannot conclude that AB « BC, D E 
that Z DBE = ZEBC, or that ZABD is a right angle. This 
information must be indicated, as shown at the right. 


1.5 EXERCISES "у О-оо рты» | 
5 KEY : on p. WS1 for Exs. 9, 21, and 47 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 16, 30, and 53 


; es = MULTIPLE REPRESENTATIONS 
Ex. 55 


' SKILL PRACTICE 


1. VOCABULARY Sketch an example of adjacent angles that are 
complementary. Are all complementary angles adjacent angles? Explain. 


2. Ж WRITING Are all linear pairs supplementary angles? Are all 
supplementary angles linear pairs? Explain. 


: EXAMPLE 1 IDENTIFYING ANGLES Tell whether the indicated angles are adjacent. 


: Е ое 3. ZABD and Z DBC 4. ZWXY and Z XYZ 5. ZLQM and ZNQM 


A B X Y 


IDENTIFYING ANGLES Name a pair of complementary angles and a pair of 
supplementary angles. 


6. 
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: louer: 8,2-8. ЖЕРИ 
: for Exs. 8-16 


: ЕХАМРІЕ З 


: erp data tel 
: for Exs. 17-19 


: EXAMPLE 4 


: for Exs. 20-27 


: EXAMPLE 5 


| ipe аа 
: for Exs. 28-30 


COMPLEMENTARY ANGLES Z1 and Z2 are complementary angles. Given the 
measure of Z 1, find m7 2. 


8. mZ1 = 43° (э)т/1 = 21° 10. mZ1= 89° 11. mZ1=5° 
SUPPLEMENTARY ANGLES Z1 and Z2 are supplementary angles. Given the 
measure of Z 1, find m7 2. 

12. mZ1 = 60° 13. mZ1 = 155° 14. mZ1 = 130° 15. т/1 = 27° 


16. Ж MULTIPLE CHOICE The arm of a crossing gate moves 37° from vertical. 
How many more degrees does the arm have to move so that it is horizontal? 


CA) 37° 
53° 
O 90° == сга og 
(D> 143° - SS Е 


a AMATER A | LET M 


Ed) ALGEBRA Find mZ DEG and mZ СЕЕ. 


IDENTIFYING ANGLE PAIRS Use the diagram below. Tell whether the angles 
are vertical angles, a linear pair, or neither. 


20. Zl and 24 (21) 21 and Z2 
22. Z3 and Z5 23. Z2 апа Z3 
24. /7, /8, апа 49 25. Z5and 46 
26. /бапа Z7 27. Z5and Z9 


28. E) ALGEBRA Two angles form a linear pair. The measure of one angle is 
4 times the measure of the other angle. Find the measure of each angle. 


29. ERROR ANALYSIS Describe and , eee 
correct the error made in finding х + ox = 


the value of x. a 4x = 180 
x? x = 45 


30. Ж MULTIPLE CHOICE The measure of one angle is 24? greater than the 
measure of its complement. What are the measures of the angles? 


CA) 24° and 66° 24° and 156° (б) 33° апа 57° (D> 78° and 102° 


С) ALGEBRA Find the values of x and y. 


31. 32. 33. 


ву + ag 287 


Зх 


2y° \ (4х — 100)? 
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REASONING Tell whether the statement is always, sometimes, or never true. 
Explain your reasoning. 


34. An obtuse angle has a complement. 

35. A straight angle has a complement. 

36. An angle has a supplement. 

37. The complement of an acute angle is an acute angle. 


38. The supplement of an acute angle is an obtuse angle. 


FINDING ANGLES ZA and Z B аге complementary. Find m2 A and mZ B. 

39. mZ A = (3x + 2)" 40. mz A = (15x + 3)" 41. mZ A = (11x + 24) 
mz B = (x- 4)" mZ B= (bx — 13)? mz В = (x + 18)? 

FINDING ANGLES ZA and Z B are supplementary. Find mZ A and mz B. 

42. mZ A = (8х + 100)? 43. MZA = (2x — 20) 44. MLA = (6x + 72)? 
mz B = (2x + 50)? mz B = (3x + 5)* mz B= (2x + 28)° 


45. CHALLENGE You are given that Z GH/ is a complement of Z RST and Z RST 
is a supplement of Z ABC. Let mz GHJ be x°. What is the measure 
of ZABC? Explain your reasoning. 


. PROBLEM SOLVING 


IDENTIFYING ANGLES Tell whether the two angles shown are 
complementary, supplementary, or neither. 


ARCHITECTURE The photograph shows the Rock and Roll Hall of Fame 


in Cleveland, Ohio. Use the photograph to identify an 
example of the indicated type of angle pair. 


49. Supplementary angles 50. Vertical angles 
51. Linear pair 52. Adjacent angles 
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53. Ж SHORT RESPONSE Use the photograph 
shown at the right. Given that Z FGB and 
Z BGC are supplementary angles, and 
т“ FGB = 120°, explain how to find the 
measure of the complement of Z BGC. 


(С) = WORKED-OUT SOLUTIONS * - STANDARDIZED ф = MULTIPLE 
on p. WS1 TEST PRACTICE REPRESENTATIONS 


: PREVIEW 


: Prepare for 
: Lesson 1.6 in 
: Exs. 61-63. 


54. SHADOWS The length of a shadow changes as the sun rises. In the 
diagram below, the length of CB is the length of a shadow. The end of the 
shadow is the vertex of Z ABC, which is formed by the ground and the 
sun's rays. Describe how the shadow and angle change as the sun rises. 


55. e MULTIPLE REPRESENTATIONS Let x^ be an angle measure. Let y,° be 
the measure of a complement of the angle and let у„° be the measure of 
a supplement of the angle. 


a. Writing an Equation Write equations for y, as a function of x, and for 
y, as a function of x. What is the domain of each function? Explain. 


b. Drawing a Graph Graph each function and describe its range. 


56. CHALLENGE The sum of the measures of two complementary angles 
exceeds the difference of their measures by 86*. Find the measure of each 
angle. Explain how you found the angle measures. 


"MIXED REVIEW 


Make a table of values and graph the function. (p. 884) 
57. y-5- x 58. y — 3x 59. у= x – 1 60. у = —2х^ 


In each figure, name the congruent sides and congruent angles. (рр. 9, 24) 


62. E 63. А B 


(6x + 10)? 


D 


Find the measure of (a) the complement and (b) the supplement of Z 1. (p. 35) 
4. т21 = 47° 5. mZ1 = 19° 6.т21 = 75° 7. т21 = 2° 
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You classified angles. 
| Now ) You will classify polygons. 


So you can find lengths in a floor plan, as in Ex. 32. 


1 б Classify Polygons 


Key Vocabulary KEY CONCEPT For Your Notebook 
e polygon - 

side, vertex t Identifying Polygons 
e convex 


In geometry, a figure that lies in a plane is called a plane figure. A polygon 


* concave 
- n-gon is a closed plane figure with the following properties. 
• equilateral + 1. It is formed by three or more line segments called sides. 
• equiangular } 2. Each side intersects exactly two sides, one at each endpoint, 
e regular T so that no two sides with a common endpoint are collinear. 
Each endpoint of a side is a vertex of the polygon. C 
The plural of vertex is vertices. A polygon can be D 
named by listing the vertices in consecutive order. B 
For example, ABCDE and CDEAB are both correct 
names for the polygon at the right. A E 


A polygon is convex if no line 
that contains a side of the 
polygon contains a point in 
the interior of the polygon. 

A polygon that is not convex 

is called nonconvex or concave. 


. interior ` 


interior _ 


convex polygon concave polygon 


Identify polygons 


: READ VOCABULARY | Tell whether the figure is a polygon and whether it is convex or concave. 


: A plane figure is two- 


: dimensional. Later, " b. c. d. 
: you will study three- 
: dimensional space 


: figures such as prisms 


: and cylinders. 


42 


Solution 
a. Some segments intersect more than two segments, so it is not a polygon. 
b. The figure is a convex polygon. 
c. Part of the figure is not a segment, so it is not a polygon. 
d. The figure is a concave polygon. 
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CLASSIFYING POLYGONS A polygon is named by the number of its sides. 


n-gon 


Heptagon 


The term n-gon, where n is the number of a polygon’s sides, 


can also be used to name a polygon. For example, a polygon 
with 14 sides is a 14-gon. 

In an equilateral polygon, all sides are congruent. 

In an equiangular polygon, all angles in the interior 


of the polygon are congruent. A regular polygon is a 
convex polygon that is both equilateral and equiangular. ^ regular pentagon 


(EXAMPLE 2 ] Classify polygons 


: READ DIAGRAMS 


: Double marks are used 
: in part (b) of Example 2 
: to show that more than 
: one pair of sides are 

: congruent and more 

: than one pair of angles 
: are congruent. 


Classify the polygon by the number of sides. Tell whether the polygon is 
equilateral, equiangular, or regular. Explain your reasoning. 


M 22 3 


a. The polygon has 6 sides. It is equilateral and equiangular, so itis a 
regular hexagon. 


b. The polygon has 4 sides, so it is a quadrilateral. It is not equilateral or 
equiangular, so it is not regular. 


с. The polygon has 12 sides, so itis a dodecagon. The sides are congruent, so 
it is equilateral. The polygon is not convex, so it is not regular. 
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GUIDED PRACTICE for Examples 1 and 2 


1. Sketch an example of a convex heptagon and an 
example of a concave heptagon. 2m 


2. Classify the polygon shown at the right by the 
number of sides. Explain how you know that 
the sides of the polygon are congruent and that 
the angles of the polygon are congruent. 2m 
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Find side lengths 


: READ VOCABULARY | C ALGEBRA A table is shaped like a regular hexagon. 
Гана meane The expressions shown represent side lengths of the 
: “shaped like a hexagon.” | hexagonal table. Find the length of a side. 


(3x + 6) in. 


Solution (4x — 2) in. 


First, write and solve an equation to find 
the value of x. Use the fact that the sides 
of a regular hexagon are congruent. 


3Ix+6=4x-2 Write equation. 


6=x-2 Subtract 3x from each side. 
8=x Add 2 to each side. 
Then find a side length. Evaluate one of the expressions when x = 8. 
3x + 6 = 3(8) + 6 = 30 
» The length of a side of the table is 30 inches. 


GUIDED PRACTICE for Example 3 


3. The expressions 8y? and (9y — 15)? represent the measures of two of the 
angles in the table in Example 3. Find the measure of an angle. 


1.6 EXERCISES "T О оозе 

е KEY: on p. WS1 for Exs. 13, 19, and 33 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 7, 37, 39, and 40 


' SKILL PRACTICE 


1. VOCABULARY Explain what is meant by the term n-gon. 

2. * WRITING Imagine that you can tie a string tightly around a polygon. 
If the polygon is convex, will the length of the string be equal to the 
distance around the polygon? What if the polygon is concave? Explain. 


: EXAMPLE 1 | IDENTIFYING POLYGONS Tell whether the figure is a polygon. If it is not, 


: on p. 42 | explain why. If it is a polygon, tell whether it is convex or concave. 


: for Exs. 3-7 3. 4. 5. 6. 


7. Ж MULTIPLE CHOICE 
и 21] 


Za Chapter 1 Essentials of Geometry 


> 


hich of the figures is a сопсауе polygon? 


2] е 


@ 


: Ie bi. = ЖИР 
: for Exs. 8-14 


3 ener la 
: for Exs. 15-17 


CLASSIFYING Classify the polygon by the number of sides. Tell whether the 
polygon is equilateral, equiangular, or regular. Explain your reasoning. 


8. 9. 10. 


+» £7 Ea 


14. ERROR ANALYSIS Two students were asked to draw a regular hexagon, as 
shown below. Describe the error made by each student. 


Student А < ba Student B C e X 


15. @ ALGEBRA The lengths (in inches) of two sides of a regular pentagon 
are represented by the expressions 5x — 27 and 2x — 6. Find the length 
of a side of the pentagon. 


16. E) ALGEBRA The expressions (9x + 5)? and (11x — 25)? represent the 
measures of two angles of a regular nonagon. Find the measure of an 
angle of the nonagon. 


17. E) ALGEBRA The expressions 3x — 9 and 23 — 5x represent the lengths 
(in feet) of two sides of an equilateral triangle. Find the length of a side. 


USING PROPERTIES Tell whether the statement is always, sometimes, or 
never true. 


18. A triangle is convex. A decagon is regular. 
20. Aregular polygon is equiangular. 21. Acircle is a polygon. 
22. A polygon is a plane figure. 23. A concave polygon is regular. 


DRAWING Draw a figure that fits the description. 

24. Atriangle that is not regular 

25. А concave quadrilateral 

26. A pentagon that is equilateral but not equiangular 

27. An octagon that is equiangular but not equilateral 

€) ALGEBRA Each figure is a regular polygon. Expressions are given for 
two side lengths. Find the value of x. 


28. 29. 


x? + x 


2 30. 
x" + 3x x? + 2x + 40 


2 2.. 
X++ — x + 190 


x? +4 
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31. 


CHALLENGE Regular pentagonal tiles and 
triangular tiles are arranged in the pattern 
shown. The pentagonal tiles are all the 
same size and shape and the triangular 
tiles are all the same size and shape. Find 
the angle measures of the triangular tiles. 
Explain your reasoning. 


ERI 
IAS IAS 


а ГМ ^ de 


' PROBLEM SOLVING 


32. 


ARCHITECTURE Longwood House, shown in the 
photograph on page 42, is located in Natchez, 
Mississippi. The diagram at the right shows 

the floor plan of a part of the house. 


a. Tell whether the red polygon in the diagram 
is convex or concave. 


b. Classify the red polygon and tell whether it 
appears to be regular. 
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: EXAMPLE 2 SIGNS Each sign suggests a polygon. Classify the polygon by the number of 


: on p. 43 . sides. Tell whether it appears to be equilateral, equiangular, or regular. 


34. 35. 


RESERVED 
PARKING 


TUE кїй тана: 
тил. аа 


V 
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37. Ж MULTIPLE CHOICE Two vertices of a regular quadrilateral are A(0, 4) 


38. 


46 


and B(0, —4). Which of the following could be the other two vertices? 
СА) C(4, 4) and D(4, —4) C(-4, 4) and D(-4, —4) 
СС) C(8, —4) and D(8, 4) > C(0, 8) and D(0, —8) 


ARIS IO 


MULTI-STEP PROBLEM The diagram shows the 
design of a lattice made in China in 1850. 


a. Sketch five different polygons you see in 
the diagram. Classify each polygon by the 
number of sides. 


b. Tell whether each polygon you sketched 
is concave or convex, and whether the 
polygon appears to be equilateral, 
equiangular, or regular. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
on p. WS1 TEST PRACTICE 


: опр. 44 
: {ог ЕХ. 39 


39. 


40. 


41. 


42. 


Ж SHORT RESPONSE The shape of the button 

shown is a regular polygon. The button has a border 
made of silver wire. How many millimeters of silver 
wire are needed for this border? Explain. (20 — 5x) mm —7 


(Зх + 12) mm > 


Ж EXTENDED RESPONSE A segment that joins two nonconsecutive 
vertices of a polygon is called a diagonal. For example, a quadrilateral 
has two diagonals, as shown below. 


a. Copy and complete the table. Describe any patterns you see. 
b. How many diagonals does an octagon have? a nonagon? Explain. 


(n — 3) 
2 


с. The expression ds can be used to find the number of diagonals 


in an n-gon. Find the number of diagonals in a 60-gon. 


LINE SYMMETRY A figure has line symmetry if it can be folded 
over exactly onto itself. The fold line is called the line of symmetry. 
A regular quadrilateral has four lines of symmetry, as shown. 
Find the number of lines of symmetry in each polygon. 


a. A regular triangle b. Aregular pentagon 
regular quadrilateral 


c. A regular hexagon а. A regular octagon 4 lines of symmetry 


CHALLENGE The diagram shows four identical squares lying 
edge-to-edge. Sketch all the different ways you can arrange 
four squares edge-to-edge. Sketch all the different ways you 
can arrange five identical squares edge-to-edge. 


: PREVIEW 


: Prepare for 
: Lesson 1.7 
: in Exs. 43-51. 


Solve the equation. 


43. 


5(35)b = 140 (p. 875) 44. x? = 144 (p. 882) 45. 3.1472 = 314 (p. 882) 


Copy and complete the statement. (p. 886) 


46. 


49. 


500m=_? cm 47. 12mi=_2? ft 48. 672in. = _? yd 


1200kn- ? m 50. 45 = ? yd 51. 3800m=_? km 


Find the distance between the two points. (p. 15) 


52. 


D(—13, 13), E(0, —12) 53, F(—9, —8), G(—9, 7) 54. H(10, 5), J(—2, —2) 
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A 
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ГАДА | Use before Lesson 1.7 


1.7 Investigate Perimeter and Area 


MATERIALS - graph paper + graphing calculator 


How can you use a graphing calculator to find the smallest 
possible perimeter for a rectangle with a given area? 


You can use the formulas below to find the perimeter P and the area A ofa 
rectangle with length £ and width ш. 


Р = 2] + 2 А = lw 


(EXPLORE) Find perimeters of rectangles with fixed areas 


STEP 1| Draw rectangles Draw different rectangles, each p 
with an area of 36 square units. Use lengths of 
2, 4, 6, 8, 10, 12, 14, 16, and 18 units. HIIS III IgE 


Enter data Use the STATISTICS menu on a graphing 
calculator. Enter the rectangle lengths in List 1. Use the 
keystrokes below to calculate and enter the rectangle 
widths and perimeters in Lists 2 and 3. 


Keystrokes for entering widths in List 2: 
36 EB EX п 
Keystrokes for entering perimeters in List 3: 


2 ES ES (11 ES? х 012) 


3| Make a scatter plot Make a scatter plot using the lengths 
from List 1 as the x-values and the perimeters from List 3 as 
the y-values. Choose an appropriate viewing window. Then 
use the trace feature to see the coordinates of each point. 


How does the graph show which of your rectangles from 
Step 1 has the smallest perimeter? 


AN ИЧ ea SUES ES) Use your observations to complete these exercises 


1. Repeat the steps above for rectangles with areas of 64 square units. 


2. Based on the Explore and your results from Exercise 1, what do you 
notice about the shape of the rectangle with the smallest perimeter? 
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Key Vocabulary 
* perimeter, р. 923 


• circumference, 
p. 923 


° area, р. 923 
e diameter, p. 923 
e radius, p. 923 


°” and Area 


Find Perimeter, Circumference, 


You classified polygons. 
You will find dimensions of polygons. 


So you can use measures in science, as in Ex. 46. 


Recall that perimeter is the distance around a figure, circumference is the 
distance around a circle, and area is the amount of surface covered by a 
figure. Perimeter and circumference are measured in units of length, such 
as meters (m) and feet (ft). Area is measured in square units, such as square 
meters (m^) and square feet (#2). 


KEY CONCEPT For Your Notebook 


Formulas for Perimeter P Area A, and Circumference C 


Square Rectangle 

side length s length £ and width ш 
Р = 4$ P = 21 + 2w Р 
A= A= lw 


Triangle Circle 
sidelengthsa,b, 4 5 diameter d NON 
and c, base b, and radius r 
and height h C= ad = 2nr «Ӯ 
p 
P=a+b+c А = тт” 
А = bh Pi (77) is the ratio of a circle's 


circumference to its diameter. 


Find the perimeter and area of a rectangle 


BASKETBALL Find the perimeter and area of the 
rectangular basketball court shown. 


Perimeter Area 

P = 2 + 2w A= fw 
= 2(84) + 2(50) = 84(50) 
= 268 = 4200 


» The perimeter is 268 feet and the area 
is 4200 square feet. 
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Find the circumference and area of a circle 


TEAM PATCH You are ordering circular cloth patches for your soccer 
team's uniforms. Find the approximate circumference and area of 
the patch shown. 


Solution 
: APPROXIMATE 7 First find the radius. The diameter is 9 centimeters, 
; The ка TANNI so the radius is 5(9) = 4.5 centimeters. 
; 22 9 cm 
; idu and 5 rare Then find the circumference and area. 
commonly used as Use 3.14 to approximate the value of 7. 
: approximations for the 
: irrational number 7. C = 2тт = 2(3.14)(4.5) = 28.26 
: Unless told otherwise, 


— — 2 _ 
[пзе 3:14 form А = пг == 3.14(4.5) = 63.585 


> The circumference is about 28.3 cm. The area is about 63.6 cm?. 


r4 GUIDED PRACTICE | for Examples 1 and 2 


Find the area and perimeter (or circumference) of the figure. If necessary, 
round to the nearest tenth. 


1. p 3. 
5.7 m 
1.6 cm 
13m 


Ж (EXAMPLE 3 ] Standardized Test Practice 


Triangle QRS has vertices Q(1, 2), R(4, 6), and S(5, 2). What 
is the approximate perimeter of triangle QRS? 


CA) 8 units 8.3 units ©) 13.1 units (D> 25.4 units 
Solution 
: AVOID ERRORS First draw triangle QRS in a coordinate plane. 
: Write down your Find the side lengths. Use the Distance Formula 
: calculations to make to find QR and RS. 
: sure you do not make . 
: a mistake substituting QS = |5- 1| = 4units 


: values in the Distance QR = V(4 _ 1)2 +(6— 2)? = V25 = 5 units 
: Formula. 
= ү(5 – 4)? + (2 – 6)? = V17 = 4.1 units 
Then find the perimeter. 
Р = QS + QR + RS = 4 + 5+ 4.1 = 13.1 units 
> The correct answer is С. Dd © D 
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(EXAMPLE 4 ] Solve a multi-step problem 


: ANOTHER WAY 


: For an alternative 

: method for solving the 
: problem in Example 4, 
: turn to page 57 for 

: the Problem Solving 

: Workshop. 


SKATING RINK An ice-resurfacing machine 

is used to smooth the surface of the ice at a 
skating rink. The machine can resurface about 
270 square yards of ice in one minute. 


About how many minutes does it take the 
machine to resurface a rectangular skating 
rink that is 200 feet long and 90 feet wide? 


Solution 


The machine can resurface the ice at a rate of 270 square yards per minute. 
So, the amount of time it takes to resurface the skating rink depends on 
its area. 


STEP 7 Find the area of the rectangular skating rink. 
Area = fw = 200(90) = 18,000 ft” 


The resurfacing rate is in square yards per minute. Rewrite 
the area of the rink in square yards. There are 3 feet in 1 yard, 
and 3° = 9 square feet in 1 square yard. 


18,000 • 2 — 2000 yd? Use unit analysis. 


STEP2 Write a verbal model to represent the situation. Then write and 
solve an equation based on the verbal model. 


Let t represent the total time (in minutes) needed to resurface 


the skating rink. 
Area of rink  — Resurfacing rate Total time 
(yd?) E (yd? per min) (min) 


2000 = 270.1 X Substitute. 
ТА = f Divide each side by 270. 


» It takes the ice-resurfacing machine about 7 minutes to resurface 
the skating rink. 


Y GUIDED PRACTICE | for Examples 3 and 4 


4. Describe how to find the height from F 
to EG in the triangle at the right. 


5. Find the perimeter and the area of the 
triangle shown at the right. 


6. WHAT IF? In Example 4, suppose the 
skating rink is twice as long and twice 


as wide. Will it take an ice-resurfacing TT IL | | T 1 T JL ER 
machine twice as long to resurface the ТЕТТЕ 


skating rink? Explain your reasoning. 
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CIT Fina unknown length 


The base of a triangle is 28 meters. Its area is 
308 square meters. Find the height of the triangle. 


Solution 


— ¿Ph Write formula for the area of a triangle. 28 m 
308 = 5(28) h X Substitute 308 for A and 28 for b. 


22=h Solve for h. 
» The height is 22 meters. 


GUIDED PRACTICE | for Example 5 


7. The area of a triangle is 64 square meters, and its height is 16 meters. 
Find the length of its base. 


EXERCISES (cy Оооо 
1 .7 КЕҮ: оп р. WS2 for Exs. 7, 21, and 41 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 19, 26, 38, and 45 


: es = MULTIPLE REPRESENTATIONS 
Ex. 44 


SKILL PRACTICE 
| 


1. VOCABULARY How are the diameter and radius of a circle related? 


2. ж WRITING Describe a real-world situation in which you would need to 
find a perimeter, and a situation in which you would need to find an area. 
What measurement units would you use in each situation? 


: EXAMPLE 1 | 3. ERROR ANALYSIS Describe and correct the A 
: on p. 49 error made in finding the area of a triangle А = 52(9) = 466 ft X 
: for Exs. 3-10 with a height of 9 feet and a base of 52 feet. 


PERIMETER AND AREA Find the perimeter and area of the shaded figure. 


18 ft 7m 
(С) 8. 9. 10 ст 
78 уа 
Ems Сә p" f | 
- 8 cm 
TAYU 24 mm 
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: ЕХАМРГЕ 2 


: Erw hr. MA 
: for Exs. 11—15 


: EXAMPLE 3 


: for Exs. 16-19 


: EXAMPLE 4 


3 i йон РР 
: for Exs. 20—26 


: EXAMPLE 5 


: On p. 52 
: for Exs. 27-30 


10. DRAWING A DIAGRAM The base of a triangle is 32 feet. Its height is 

165 feet. Sketch the triangle and find its area. 
CIRCUMFERENCE AND AREA Use the given diameter d or radius r to find the 
circumference and area of the circle. Round to the nearest tenth. 


11. d=27cm 12. d—5in. 13. г= 12.1 mm 14. r=3.9cm 


15. DRAWING A DIAGRAM The diameter of a circle is 18.9 centimeters. 
Sketch the circle and find its circumference and area. Round your 
answers to the nearest tenth. 


DISTANCE FORMULA Find the perimeter of the figure. Round to the nearest 
tenth of a unit. 


Tel PT tT TT 
_ NNL LL 
| PRN IEE TE 


19. Ж MULTIPLE CHOICE To the nearest tenth of 
a unit, what is the perimeter of the rectangle 
shown at the right? 


СА) 6.7 8.4 
СС) 12.0 (D> 13.4 


CONVERTING UNITS Copy and complete the statement. 
20.187 ст? = _? т? Ex) 13 ft? =_? уа? 22. 18in.2=_2? ft? 
23. 8km^- ? т? 24. 12 yd" =_?_ ft’ 25. 24ft^— ? in? 


26. Ж MULTIPLE CHOICE A triangle has an area of 2.25 square feet. What is 
the area of the triangle in square inches? 


(А) 27 in.’ 54 in.” © 144 in.* D 324 in.” 


UNKNOWN MEASURES Use the information about the figure to find the 
indicated measure. 


27. Area = 261 т? 28. Area = 66 in.” 29. Perimeter = 25 in. 
Find the height h. Find the base Р. Find the width w. 
1- 
87 in. 
h w 


36 m 
b 8 in. 
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30. UNKNOWN MEASURE The width of a rectangle is 17 inches. Its perimeter 
is 102 inches. Find the length of the rectangle. 


31. Ed) ALGEBRA The area of a rectangle is 18 square inches. The length of the 
rectangle is twice its width. Find the length and width of the rectangle. 


32. E) ALGEBRA The area of a triangle is 27 square feet. Its height is three 
times the length of its base. Find the height and base of the triangle. 


33. E) ALGEBRA Let x represent the side length of a square. Find a regular 
polygon with side length x whose perimeter is twice the perimeter of the 
square. Find a regular polygon with side length x whose perimeter is three 
times the length of the square. Explain your thinking. 


FINDING SIDE LENGTHS Find the side length of the square with the given 

area. Write your answer as a radical in simplest form. 

34. A — 184 cm* 35. А = 346 in.” 36. A = 1008 ті? 37. A — 1050 km* 
38. Ж SHORT RESPONSE In the diagram, the diameter of the yellow 


circle is half the diameter of the red circle. What fraction of the 
area of the red circle is not covered by the yellow circle? Explain. o 


39. CHALLENGE The area of a rectangle is 30 ст? and its perimeter is 
26 cm. Find the length and width of the rectangle. 


: EXAMPLES | 40. WATER LILIES The giant Amazon water lily 


: onpp.49-50 - 
: for Exs. 40-41 


: for Ex. 42 
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. PROBLEM SOLVING 


has a lily pad that is shaped like a circle. Find 
the circumference and area of a lily pad with a 
diameter of 60 inches. Round your answers to 
the nearest tenth. 
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Y 


LAND You are planting grass on a rectangular plot of land. 
You are also building a fence around the edge of the plot. The plot is 
45 yards long and 30 yards wide. How much area do you need to cover 
with grass seed? How many feet of fencing do you need? 


for problem solving help at classzone.com 


42. MULTI-STEP PROBLEM Chris is installing a solar panel. The maximum 
amount of power the solar panel can generate in a day depends in part 
on its area. On a sunny day in the city where Chris lives, each square 
meter of the panel can generate up to 125 watts of power. The flat 
rectangular panel is 84 centimeters long and 54 centimeters wide. 


a. Find the area of the solar panel in square meters. 


b. What is the maximum amount of power (in watts) that the panel could 
generate if its area was 1 square meter? 2 square meters? Explain. 


c. Estimate the maximum amount of power Chris's solar panel can 
generate. Explain your reasoning. 


(С) = WORKED-OUT SOLUTIONS Ж - STANDARDIZED e = MULTIPLE 


on p. WS1 TEST PRACTICE REPRESENTATIONS 


43. MULTI-STEP PROBLEM The eight spokes of a ship's wheel 
are joined at the wheel's center and pass through a large 
wooden circle, forming handles on the outside of the 
circle. From the wheel’s center to the tip of the handle, 
each spoke is 21 inches long. 


a. The circumference of the outer edge of the large 
wooden circle is 94 inches. Find the radius of the 
outer edge of the circle to the nearest inch. 


b. Find the length x of a handle on the wheel. Explain. 


44. e MULTIPLE REPRESENTATIONS Let x represent the length of a side of 
a square. Let y, and y, represent the perimeter and area of that square. 


a. Making a Table Copy and complete the table. 


b. Making a Graph Use the completed table to write two sets of ordered 
pairs: (x, y,) and (x, у,). Graph each set of ordered pairs. 


c. Analyzing Data Describe any patterns you see in the table from part (a) 
and in the graphs from part (b). 


45. Ж EXTENDED RESPONSE The photograph at the right shows the Crown 
Fountain in Chicago, Illinois. At this fountain, images of faces appear 
on a large screen. The images are created by light-emitting 
diodes (LEDs) that are clustered in groups called modules. 
The LED modules are arranged in a rectangular grid. 


a. The rectangular grid is approximately 7 meters 
wide and 15.2 meters high. Find the area of the grid. 


b. Suppose an LED module is a square with a side 
length of 4 centimeters. How many rows and how 
many columns of LED modules would be needed 
to make the Crown Fountain screen? Explain 
your reasoning. 


46. ASTRONOMY The diagram shows a gap in Saturn's circular rings. This 
gap is known as the Cassini division. In the diagram, the red circle 
represents the ring that borders the inside of the Cassini division. The 
yellow circle represents the ring that borders the outside of the division. 


a. The radius of the red ring is 
115,800 kilometers. The radius of the 
yellow ring is 120,600 kilometers. Find 
the circumference of the red ring and 
the circumference of the yellow ring. 
Round your answers to the nearest 
hundred kilometers. 


b. Compare the circumferences of the 
two rings. About how many kilometers 
greater is the yellow ring's circumference 
than the red ring's circumference? 
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: PREVIEW 


: Prepare for 
: Lesson 2.1 
: in Exs. 49-50. 


47. CHALLENGE In the diagram at the right, how many times as great is the 
area of the circle as the area of the square? Explain your reasoning. DIN 
Е 
48. C1) ALGEBRA You have 30 yards of fencing with which to make a 
rectangular pen. Let x be the length of the pen. 
a. Write an expression for the width of the pen in terms of x. Then write 
a formula for the area y of the pen in terms of x. 


b. You want the pen to have the greatest possible area. What length and 
width should you use? Explain your reasoning. 


MIXED REVIEW 


49. Use the equation y = 2x + 1 to copy and complete the table of values. (p. 884) 


50. Each number in a pattern is 6 less than the previous number. The first 
number in the pattern is 100. Write the next three numbers. (р. 894) 


In Exercises 51 and 52, draw a diagram to represent the problem. Then find 
the indicated measure. (p. 42) 


51. The lengths (in inches) of two sides of a regular triangle are given by the 
expressions 5x + 40 and 8x — 13. Find the length of a side of the triangle. 


52. The measures of two angles of an equiangular hexagon are 12x” and 
(10x + 20)”. Find the measure of an angle of the hexagon. 


QUIZ for Lessons 1.6-1.7 
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Tell whether the figure is a polygon. If it is not, explain why. If it is a 
polygon, tell whether it is convex or concave. (p. 42) 


Find the perimeter and area of the shaded figure. (p. 49) 


4. 5. 
5 yd 


16 yd 


7. GARDENING You are spreading wood chips on a rectangular garden. The 


garden is 35 yards long and 25 yards wide. Опе bag of wood chips covers 


10 square feet. How many bags of wood chips do you need? (p. 49) 
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Using ALTERNATIVE METHODS 


Another Way to Solve Example 4, page 51 


MULTIPLE REPRESENTATIONS In Example 4 on page 51, you saw how to use 
an equation to solve a problem about a skating rink. Looking for a pattern can 
help you write an equation. 


e 


, PROBLEM . SKATING RINK An ice-resurfacing machine is used to smooth the 


surface of the ice at a skating rink. The machine can resurface about 
270 square yards of ice in one minute. About how many minutes does it 


take the machine to resurface a rectangular skating rink that is 200 feet 
long and 90 feet wide? 


A ИИ UsingaPattern You can use a table to look for a pattern. 


STEP 1 Find the area of the rink in square yards. In Example 4 on 
page 51, you found that the area was 2000 square yards. 


STEP 2 Make a table that shows the relationship between the time spent 
resurfacing the ice and the area resurfaced. Look for a pattern. 


1 1 - 270 = 270 = 

4 2.270 = 540 ed а; 
паѕ 1 resurfaced after 

t t. 270 =A -jel 1 minutes. 


STEP 3 Use the equation to find the time t 
(in minutes) that it takes the machine 270t= A 


to resurface 2000 square yards of ice. 270+ = 2000 
t~ 74 
» It takes about 7 minutes. 


ex» 0 0 0 1 


1. PLOWING А square field is 5 mile long 3. PARKING LOT A rectangular parking lot is 
110 yards long and 45 yards wide. It costs 
180,000 square feet per hour. To the nearest sans m to E ium y me Ек of ind 
tenth of an hour, about how long does it take parking lot with asphalt. About ш muc 
to plow the field? (1 mi = 5280 ft.) will it cost to pave the parking lot? 


on each side. A tractor can plow about 


2. ERROR ANALYSIS To solve Exercise 1 above, € DOE! A лен path has о 
a student writes the equation 660 = 180,000Y, M, Loe LLIELELSS SOLI АНЛЫ ма UE BES 
where tis the number of hours spent is 4 kilometers per hour. About how many 


plowing. Describe and correct the error in the minutes will it take you to walk around the 
equation. path 3 times? 
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MIXED REVIEW of Problem Solving 2» STATE TEST PRACTICE 
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Lessons 1.4-1.7 


1. MULTI-STEP PROBLEM You are covering the 5. EXTENDED RESPONSE You use bricks to 


rectangular roof of a shed with shingles. 
The roof is a rectangle that is 4 yards long 
and 3 yards wide. Asphalt shingles cost 
$.75 per square foot and wood shingles cost 
$1.15 per square foot. 


a. Find the area of the roof in square feet. 


b. Find the cost of using asphalt shingles and 
the cost of using wood shingles. 


c. About how much more will you pay to use 
wood shingles for the roof? 


. OPEN-ENDED In the window below, name 
a convex polygon and a concave polygon. 
Classify each of your polygons by the 
number of sides. 


B C 


F E 


. EXTENDED RESPONSE The diagram shows 
a decoration on a house. In the diagram, 
Z HGD and Z HGF are right angles, 

mz DGB = 21°, mz HBG = 55°, 

Z DGB = Z ЕСС, and Z НВС = Z HCG. 


a. List two pairs of complementary angles 
and five pairs of supplementary angles. 


b. Find mz FGC, mZ ВСН, and mZ НСС. 
Explain your reasoning. 


c. Find mZ HCG, mZ РВС, and mz ЕСС. 
Explain your reasoning. 


. GRIDDED ANSWER Z1 and Z2 are 
supplementary angles, and 71 and Z3 
are complementary angles. Given mZ 1 is 
28° less than mZ 2, find mZ3 in degrees. 
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outline the borders of the two gardens 
shown below. Each brick is 10 inches long. 


„ @ 


a. You lay the bricks end-to-end around the 
border of each garden. How many bricks 
do you need for each garden? Explain. 


b. The bricks are sold in bundles of 100. How 
many bundles should you buy? Explain. 


. SHORT RESPONSE The frame of a mirror 


is a regular pentagon made from pieces of 
bamboo. Use the diagram to find how many 
feet of bamboo are used in the frame. 


(7x — 3) in. 


(4x + 6) in. 


. GRIDDED ANSWER As shown in the diagram, 


a skateboarder tilts one end of a skateboard. 
Find mZ ZWX in degrees. 


a. Find the perimeter of quadrilateral ABCD. 


b. Find the area of triangle ABC and the 
area of triangle ADC. What is the area of 
quadrilateral ABCD? Explain. 


CHAPTER SUMMARY 


с BIG IDEAS For Your Notebook 
Big (deo © Е Describing Geometric Figures 


: You learned to identify and classify geometric figures. 


O е — > pop 
Point A Line AB (AB) Plane M Segment AB (AB) 

e e oe 

e A B A B 

—> 
Ray AB (AB) Angle A Polygon 
(ZA, 2 BAC, or Z CAB) 
B Q 
SO 
A C A D T $ 
Quadrilateral ABCD Pentagon PQRST 


Big : Measuring Geometric Figures 
= SEGMENTS You measured segments in the coordinate plane. 
Distance Formula Midpoint Formula 
> Distance between A(x,, у,) Coordinates of midpoint M of AB, 
E and B(x,, y): with endpoints A(x,, у) and B(x,, у,): 
zo AB= x, = x)" + y YL 


ANGLES You classified angles and found their measures. 


2 3 4 
Complementary angles Supplementary angles 
т21 + т22 = 90° mz3 + т24 = 180° 


> FORMULAS Perimeter and area formulas are reviewed on page 49. 


Big (deo, O + Understanding Equality and Congruence 


Congruent segments have equal lengths. Congruent angles have 
> equal measures. 


T Jj L 
Е K М 
| АВ = BC and АВ = BC ZJKL = ZLKM and mZJKL = mZLKM 


Chapter Summary 


59 


CHAPTER REVIEW 


: For a list of * undefined terms, p. 2 * congruent segments, p. 11 
: postulates and point, line, plane - midpoint, p. 15 
: pee = e collinear, coplanar points, p. 2 - segment bisector, p. 15 
"ИР • defined terms, р. 3 - angle, p. 24 

* line segment, endpoints, p. 3 sides, vertex, measure 

* ray, opposite rays, p.3 * acute, right, obtuse, 


straight, p. 25 
* congruent angles, p. 26 


• intersection, p. 4 


* postulate, axiom, p. 9 


• coordinate, p. 9 angle bisector, p. 28 


• distance, p. 9 * construction, p. 33 


* between, p. 10 


VOCABULARY EXERCISES 


1. Copy and complete: Points A and В аге the _?_ of AB. 


2. Draw an example of a linear pair. 


* complementary angles, p. 35 


 QHomeTlutor 
classzone.com 
* Multi-Language Glossary 
. * Vocabulary Practice 


* supplementary angles, p. 35 
* adjacent angles, p. 35 

* linear pair, p. 37 

• vertical angles, p. 37 


* polygon, p. 42 
side, vertex 


* convex, concave, p. 42 
* n-gOn, p. 43 


• equilateral, equiangular, 
regular, p. 43 


3. If Qis between points P and R on PR, and РО = QR, then Qis the ? of PR. 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding 


of the concepts you have learned in each lesson of Chapter 1. 


Identify Points, Lines, and Planes 


Use the diagram shown at the right. 


Another name for CD is line т. EAS 


Points A, B, and C are collinear. 


Points A, В, С, and F are coplanar. 


EXERCISES 
: EXAMPLES 4. Give another name for line g. 
: 1, 2, and 3 : 
С себебн е е енен nnn 5. Name three points that are not collinear. 
: on pp. 3-4 
: for Exs. 4-8 6. Name four points that are coplanar. 


el 


. Name a pair of opposite rays. 
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. Name the intersection of line Л and plane M. 
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Chapter Review Practice 


Use Segments and Congruence pp. 9-14 
Find the length of HJ. z7 — — 
a) 
GJ = GH + HJ Segment Addition Postulate G 18 H J 
27 = 18 + HJ Substitute 27 for GJ and 18 for GH. 
9 = HJ Subtract 18 from each side. 
EXERCISES 
: EXAMPLES Find the indicated length. 
: 2, 3, and 4 | ' ; 
Vi 9. Find AB. 10. Find NP. 11. Find XY. 
: on pp. 10—11 
: for Exs. 9-12 32] c — 4g ___ 
7 ——— o———_———_-® дь дь 
А В 2 C N 22 М 8 P Х Y 9 Z 


12. The endpoints of DE are D(-4, 11) and E(—4, —13). The endpoints of GH 
are G(-14, 5) and Н(—9, 5). Are DE and GH congruent? Explain. 


É 3 Use Midpoint and Distance Formulas pp. 15-22 | 


EF has endpoints E(1, 4) and F(3, 2). Find (a) the length of EF rounded to | 
the nearest tenth of a unit, and (b) the coordinates of the midpoint M of EF. 


a. Use the Distance Formula. 
EF = V(3 — 1? + (2 – 4 = V2? + (-2)? = V8 ~ 2.8 units 


b. Use the Midpoint Formula. 


M3, 222, = M(2, 3) 


2 
EXERCISES 
: EXAMPLES 13. Point Mis the midpoint of JK. Find JK when JM = 6x — 7 and MK = 2x + 3. 
: 2, 3, and 4 ' ; i i 
: vs E cg "| In Exercises 14-17, the endpoints of a segment are given. Find the length of 


: the segment rounded to the nearest tenth. Then find the coordinates of the 
: for Exs. 13-19 и a 
midpoint of the segment. 


14. A(2, 5) and B(4, 3) 15. F(1, 7) and G(6, 0) 

16. H(—3, 9) and J(5, 4) 17. K(10, 6) and L(0, —7) 

18. Point C(3, 8) is the midpoint of AB. One endpoint is A(—1, 5). Find the 
coordinates of endpoint B. 


19. The endpoints of EF are E(2, 3) and F(8, 11). The midpoint of EFis M. 
Find the length of EM. 
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CHAPTER REVIEW 


Measure and Classify Angles pp. 24-32 


Given that mZ YXV is 60°, 
find mZ YXZ and mZ ZXV. 


STEP 7 Find the value of x. 
mz YXV = mZ YXZ + mZZXV Angle Addition Postulate 
60° = (2х + 11)° + (х + 1332 Substitute angle measures. 
х= 12 Solve for x. 
STEP 2 Evaluate the given expressions when x = 12. 
mZYXZ = (2x + 11)” = (2 + 12 + 11? = 35° 
mZZXV = (x + 13)” = (12 + 13? = 25° 


EXERCISES 
: EXAMPLES 20. In the diagram shown at the right, mZ LMN = 140°. 
Lilo -- Find mZPMN. 
: On pp. 26, 28 — 
: for Exs. 20—21 21. VZ bisects Z UVW, and mZ UVZ = 81°. Find 
mZ UVW. Then classify Z UVW by its angle measure. M N 


Ё a Describe Angle Pair Relationships pp. 35-41 | 


а. Zl and Z2 are complementary angles. Given that mZ 1 = 37°, find mZ 2. 
mZ2 = 90° — mZ1 = 90° — 37° = 53° 

b. 13 and 24 are supplementary angles. Given that 7/3 = 106°, find m< 4. 
mz4 = 180° — mZ3 = 180° — 106° = 74° 


EXERCISES 
: EXAMPLES Z1and 72 are complementary angles. Given the measure of Z 1, find m< 2. 
: 2and 3 
A 22. mZ1 = 12° 23. mZ1 = 83° 24. mZ1 = 46° 25. mZ1 = 2° 
: On p. 36 


: for Exs. 22-31 | | 
Z3 and Z4 are supplementary angles. Given the measure of 23, find m< 4. 


26. mZ3 = 116° 27. mZ 3 = 56? 28. mZ3 = 89? 29. mZ3 = 12? 
30. 41 and Z2 are complementary angles. Find the measures of the angles 
when mz 1 = (х — 10)” and mZ2 = (2x + 40)". 


31. 41 and Z2 are supplementary angles. Find the measures of the angles 
when mz 1 = (3x + 50)? and mZ2 = (4x + 32)*. Then classify 41 by its 
angle measure. 
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: EXAMPLES 


: on pp. 43-44 
: for Exs. 32-35 


@HomeTutor 
classzone.com 
Chapter Review Practice 


Classify Polygons pp. 42-47 


Classify the polygon by the number of sides. Tell whether 
it is equilateral, equiangular, or regular. Explain. 

The polygon has four sides, so it is a quadrilateral. It is not 
equiangular or equilateral, so it is not regular. 


EXERCISES 


Classify the polygon by the number of sides. Tell whether it is equilateral, 
equiangular, or regular. Explain. 


32. 33. 25m 34. 
2 cm 2.5 m 


35. Pentagon ABCDE is a regular polygon. The length of BCis represented by 
the expression 5x — 4. The length of DE is represented by the expression 
2x + 11. Find the length of AB. 


Find Perimeter, Circumference, and Area pp. 49-56 


: EXAMPLES 
: 1,2, and з 


: on pp. 49-50 
: for Exs. 36-40 


The diameter of a circle is 10 feet. Find the circumference and area of the 
circle. Round to the nearest tenth. 


The radius is half of the diameter, so r = 5(10) = 


Circumference Area 
С = 27r = 2(3.14)(5) = 31.4 ft А = ar? == 3.14(5*) = 78.5 ft? 
EXERCISES 


In Exercises 36-38, find the perimeter (or circumference) and area of the 
figure described. If necessary, round to the nearest tenth. 


36. Circle with diameter 15.6 meters 
37. Rectangle with length 4, inches and width 22 inches 
38. Triangle with vertices U(1, 2), V(—8, 2), and W(-4, 6) 


39. The height of a triangle is 18.6 meters. Its area is 46.5 square meters. Find 
the length of the triangle's base. 


40. The area of a circle is 320 square meters. Find the radius of the circle. 
Then find the circumference. Round your answers to the nearest tenth. 
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CHAPTER TEST 


Use the diagram to decide whether the statement is true or false. 


1. Point A lies on line m. n 
Q 
2. Point D lies on line n. 
3. Points B, C, E, and Q are coplanar. LO AA 
4. Points C, E, and B are collinear. KE у D 
5. Another name for plane С is plane QEC. 


Find the indicated length. 
6. Find HJ. 7. Find BC. 8. Find XZ. 


s52 — [— — 18 ———] X 26 Y 


H J 30 К A 1 B C 


In Exercises 9-11, find the distance between the two points. 


9. T(3, 4) and W(2, 7) 10. C(5, 10) and D(6, —1) 11. M(-8, 0) and N(-1, 3) 


12. The midpoint of AB is M(9, 7). One endpoint is A(3, 9). Find the 
coordinates of endpoint B. 


13. Line t bisects CD at point M, CM = 3x, and MD = 27. Find CD. 


In Exercises 14 and 15, use the diagram. 


14. Trace the diagram and extend the rays. Use a 
protractor to measure Z GHJ. Classify it as acute, 
obtuse, right, or straight. 


15. Given mZ KH] = 90°, find mZ LH). 

16. The measure of Z QRT is 154^, and R$ bisects Z QRT. What are the 
measures of Z QRS and Z SRT? 

In Exercises 17 and 18, use the diagram at the right. 2 

17. Name four linear pairs. 4 

18. Name two pairs of vertical angles. 

19. The measure of an angle is 64°. What is the measure of its complement? 
What is the measure of its supplement? 


20. A convex polygon has half as many sides as a concave 10-gon. Draw the 
concave polygon and the convex polygon. Classify the convex polygon 
by the number of sides it has. 


21. Find the perimeter of the regular pentagon shown at the right. 
22. CARPET You can afford to spend $300 to carpet a room that is 
5.5 yards long and 4.5 yards wide. The cost to purchase and 


install the carpet you like is $1.50 per square foot. Can you afford 
to buy this carpet? Explain. 
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45 Z 


6x — 12 


3x +6 
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SOLVE LINEAR EQUATIONS AND WORD PROBLEMS 


LXV] | EXAMPLE 1) Solve linear equations 


Solve the equation —3(x + 5) + 4x = 25. 
31 +t 6) + Ах = 25 Write original equation. 


—3x — 15 + 4x — 25 Use the Distributive Property. 
х= 15 = 25 Group and combine like terms. 


x = 40 Add 15 to each side. 


6» | EXAMPLE 2 | Solve a real-world problem 


MEMBERSHIP COSTS A health club charges an initiation fee of $50. 
Members then pay $45 per month. You have $400 to spend on a health club 
membership. For how many months can you afford to be a member? 


Let n represent the number of months you can pay for a membership. 
$400 = Initiation fee + (Monthly Rate х Number of Months) 


400 = 50+ 45n Substitute. 
350 = 45n Subtract 50 from each side. 
7.8 = п Divide each side by 45. 


» You can afford to be a member at the health club for 7 months. 


EXERCISES 
: EXAMPLE1 | Solve the equation. 
CES ES 1. 9y+1—y=49 2. 5z47 + z— —8 3. —4(2 — f) = -16 
4. 7a - 2(a — 1) = 17 5. + 2-x)=5 6. 222 a4 
7. 9c 11 = —c + 29 8. 2(0.3r+1)=23-0.lr 9. 5(k + 2) = 3(k — 4) 


: EXAMPLE 2 10. GIFT CERTIFICATE You have a $50 gift certificate at a store. You want to 


: for Exs. 10-12 buy a book that costs $8.99 and boxes of stationery for your friends. Each 
box costs $4.59. How many boxes can you buy with your gift certificate? 


11. CATERING [It costs $350 to rent a room for a party. You also want to hire 
a caterer. The caterer charges $8.75 per person. How many people can 
come to the party if you have $500 to spend on the room and the caterer? 


12. JEWELRY You are making a necklace out of glass beads. You use one bead 
that is 15 inches long and smaller beads that are each 7 inch long. The 


necklace is 18 inches long. How many smaller beads do you need? 
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Scoring Rubric 


Full Credit 
• solution is complete 
and correct 


Partial Credit 

• solution is complete 
but has errors, 
or 

* solution is without 
error but incomplete 


No Credit 

* no solution is given, 
or 

e solution makes no 
sense 


Т Ja 
The reasoning is correct, 


and the computations 


are accurate. 


SHORT RESPONSE QUESTIONS 


PROBLEM ` 


You want to rent portable flooring to set up a dance floor for a party. 
The table below shows the cost of renting portable flooring from a local 
company. You want to have a rectangular dance floor that is 5 yards 
long and 4 yards wide. How much will it cost to rent flooring? Explain 
your reasoning. 


If the floor area is... Then the costis... 


less than 100 square feet $6.50 per square foot 


between 100 and 200 square feet $6.25 per square foot 


Below are sample solutions to the problem. Read each solution and the 
comments on the left to see why the sample represents full credit, partial 
credit, or no credit. 


SAMPLE 1: Full credit solution 


Find the area of the dance floor. Area = 4w = 5(4) = 20 yd’. 
Then convert this area to square feet. There are 3° = 9 ft^ in 1 yd’. 
2 
20yd? - 2 = 180 ft? 
yd гуд? 
Because 180 ft^ is between 100 ft^ and 200 ft^, the price of flooring is 


$6.25 per square foot. Multiply the price per square foot by the area. 


$6.25 


Total cost — 
Ife 


* 180% = $1125 


A: y» It will cost $1125 to rent flooring. 
The answer is correct. 


SAMPLE 2: Partial credit solution 


The area of the dance floor is 5(4) = 20 square yards. Convert this area to 
square feet. There are 3 feet in 1 yard. 


2 
2034 + Ра = Soft 


The flooring will cost $6.50 per square foot because 60 ft? is less than 
100 ft”. To find the total cost, multiply the area by the cost per square foot. 


$6.50 
60 R? . 2 = $390 
TK T $ 


It will cost $390 to rent flooring. 


0000000900009009000909900090000099099 р> 
The reasoning is 


correct, but an incorrect 
conversion leads to an 
incorrect answer. 


Chapter 1 Essentials of Geometry 


SAMPLE 3: Partial credit solution 


ЖН Н АЕ » The area of the room is 180 ft^, so the flooring price is $6.25. The total 


The computations and cost is 180 • 6.25 = $1125. 

the answer are correct, 

but the reasoning is It will cost $1125 to rent flooring. 
incomplete. 


SAMPLE 4: No credit solution 


eet ККК ТТ » Floor area = 4 X 5 = 20. 
The student's reasoning 
is incorrect, and the Cost — 20 x $650 — $13,000. 


answer is incorrect. It will cost $13,000 to rent flooring. 


PRACTICE Apply the Scoring Rubric 


Use the rubric on page 66 to score the solution to the problem below as full 
credit, partial credit, or no credit. Explain your reasoning. 


PROBLEM You have 450 daffodil bulbs. You divide a 5 yard by 2 yard 
rectangular garden into 1 foot by 1 foot squares. You want to plant the 


same number of bulbs in each square. How many bulbs should you 
plant in each square? Explain your reasoning. 


1.  Firet find the area of the plot in square feet. There are 5 feet in 1 yard, so 
the length is 5(3) = 15 feet, and the width ie 2(2) = O feet. The area ie 
15(6) = 90 square feet. The garden plot can be divided into 90 squares 
with side length 1 foot. Divide 450 by 90 to get 5 bulbe in each square. 


2. The area of the garden plot ie 5(2) = 10 square yards. There are 3 feet in 
1 yard, eo you can multiply 1O equare yarde by 5 to get an area of 
50 square feet. You can divide the garden plot into 50 squares. To find 
how many bulbs per square, divide 450 bulbs by 30 to get 15 bulbs. 


3. Divide 450 by the area of the plot: 450 bulbs — 10 yards = 45 bulbs. You 
should plant 45 bulbs in each square. 


4. Multiply the length and Diagram of garden plot 
width by 5 feet to convert [ T T T1 1T |I | | TL T TL T T T 4 
yarde to feet. The area ie 
15 ft X 6 ft = 90 ft” 
Divide the garden into 
90 squares. 
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SHORT RESPONSE 


1. It costs $2 per square foot to refinish a 
hardwood floor if the area is less than 
300 square feet, and $1.75 per square foot if 
the area is greater than or equal to 
300 square feet. How much does it cost 
to refinish a rectangular floor that is 6 yards 
long and 4.5 yards wide? Explain your 
reasoning. 


2. As shown below, the library (point L) and the 
Town Hall (point T) are on the same straight 
road. Your house is on the same road, 
halfway between the library and the Town 
Hall. Let point H mark the location of your 
house. Find the coordinates of H and the 
approximate distance between the library 
and your house. Explain your reasoning. 


Distance (km) 


Distance (km) 


3. The water in a swimming pool evaporates 
over time if the pool is not covered. In 
one year, a swimming pool can lose about 
17.6 gallons of water for every square foot of 
water that is exposed to air. About how much 
water would evaporate in one year from 
the surface of the water in the pool shown? 
Explain your reasoning. 


3.5 yd 


1.5 yd 


4. A company is designing a cover for a circular 
swimming pool. The diameter of the pool 
is 20 feet. The material for the cover costs 
$4 per square yard. About how much will it 
cost the company to make the pool cover? 
Explain your reasoning. 
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5. You are making a mat with a fringed border. 
The mat is shaped like a regular pentagon, 
as shown below. Fringe costs $1.50 per yard. 
How much will the fringe for the mat cost? 
Explain your reasoning. 


W, (x + 5) in. 


ашшшшишшишишиш›. 


NS da. 
ашин 
ашшшшш 
A 
7 EHE 


H 
Аг шинни 


H (4x — 7) in. 


EHI EL EL EI IE E] ET EI EL BE EL EIE 
Bless 


6. Angles A and B are complementary angles, 
mZA = (2x — 4) and mZ B = (4х — 8)". 
Find the measure of the supplement of Z B. 
Explain your reasoning. 


7. As shown on the map, you have two ways 
to drive from Atkins to Canton. You can 
either drive through Baxton, or you can 
drive directly from Atkins to Canton. About 
how much shorter is the trip from Atkins 
to Canton if you do not go through Baxton? 
Explain your reasoning. 


Distance (km) 


Distance (km) 


8. A jeweler is making pairs of gold earrings. 
For each earring, the jeweler will make a 
circular hoop like the one shown below. The 
jeweler has 2 meters of gold wire. How many 
pairs of gold hoops can the jeweler make? 
Justify your reasoning. 


MULTIPLE CHOICE 


9. The midpoint of AB is M(4, —2). One 
endpoint is A(—2, 6). What is the length 
of АВ? 


СА) 5units 
10 units 
© 20units 
(D> 28 units 
10. The perimeter of a rectangle is 85 feet. The 
length of the rectangle is 4 feet more than its 


width. Which equation can be used to find 
the width w of the rectangle? 


СА) 85 = 2(w + 4) 
85 = 2w + 2(w — 4) 
(C) 85 = 2(2w + 4) 
(D 85 = ш(ш + 4) 


EXTENDED RESPONSE 
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2) STATE TEST PRACTICE 


GRIDDED ANSWER 


mZ XYZ in degrees. 


(6x — 9)? 


12. Angles A and B are complements, and the 
measure of ZA is 8 times the measure of 
Z B. Find the measure (in degrees) of the 
supplement of ZA. 


13. The perimeter of the triangle shown is 
400 feet. Find its area in square feet. 


ft 
(x + 90) - 


(x + 70) ft 


14. The athletic director at a college wants to build an indoor playing field. 
The playing field will be twice as long as it is wide. Artificial turf costs 
$4 per square foot. The director has $50,000 to spend on artificial turf. 


a. Whatis the largest area that the director can afford to cover with 


artificial turf? Explain. 


b. Find the approximate length and width of the field to the nearest foot. 


15. An artist uses black ink to draw the outlines of 30 circles and 25 squares, 
and red ink to fill in the area of each circle and square. The diameter of 
each circle is 1 inch, and the side length of each square is 1 inch. Which 
group of drawings uses more black ink, the circles or the squares? Which 


group of drawings uses more red ink? Explain. 


16. Points A and C represent the positions of two boats in a 
large lake. Point B represents the position of a fixed buoy. 


a. Find the distance from each boat to the buoy. 


b. The boat at point A travels toward the buoy 
in a straight line at a rate of 5 kilometers 
per hour. The boat at point C travels to the 
buoy at a rate of 5.2 kilometers per hour. 
Which boat reaches the buoy first? Explain. 


Distance (km) 


Distance (km) 


Test Practice 


11. In the diagram, YW bisects Z XYZ. Find 
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Previously, you learned the following skills, which you'll use in Chapter 2: 
naming figures, using notations, solving equations, and drawing diagrams. 


on ра 9 
Drawe гъ Cilla 
m | | i | =н 7h M b. ! 
rerequisite Skills 
к Е < à Se. Al 


VOCABULARY CHECK 
Use the diagram to name an example of the described figure. 
1. Aright angle 


2. A pair of vertical angles 

3. A pair of supplementary angles 

4. A pair of complementary angles 
SKILLS AND ALGEBRA CHECK 


Describe what the notation means. Draw the figure. (Prerequisite skill for 2.4) 
5. AB 6. CD 7. EF 8. GH 


Solve the equation. (Prerequisite skill for 2.5) 
9. 3x+5=20 10. 4(x — 7) = -12 11. 5(x + 8) = 


Draw the angles. (Prerequisite skill for 2.7) 
12. Z1 and 42 are vertical angles. 13. ZABDand Z DBC are complementary. 


m. E 5. Ц 
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In Chapter 2, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 133. You will also use the key vocabulary listed below. 


O Use inductive and deductive reasoning 
Ө) Understanding geometric relationships in diagrams 
© writing proofs of geometric relationships 


KEY VOCABULARY 
* conjecture, p. 73 • if-then form, р. 79 * biconditional statement, 
e inductive reasoning, р. 73 hypothesis, conclusion р. 82 
* counterexample, p. 74 * negation, p. 79 * deductive reasoning, p. 87 
• conditional statement, p. 79 e equivalent statements, p. 80 * proof, p. 112 
converse, inverse, * perpendicular lines, p. 81 * two-column proof, p. 112 


contrapositive * theorem, p. 113 


You can use reasoning to draw conclusions. For example, by making logical 
conclusions from organized information, you can make a layout of a city street. 


> BS Ра o 
| 5 LI Ma 


Y, The animation illustrated below for Exercise 29 on page 119 helps you answer 
- — f: this question: Is the distance from the restaurant to the movie theater the 
same as the distance from the cafe to the dry cleaners? 


The distance from the restaurant to the shoe store is the same as the distance from the cafe to the florist. 
The distance from the shoe store to the movie theater is the same as the distance from the movie theater 
to the cafe and from the florist to the dry cleaners. 


| You are walking down a street and want | 
to find distances between businesses. 


Label a number line to represent given а. 
information aboutthe businesses. | 


Key Vocabulary 
* conjecture 


e inductive 
reasoning 


• counterexample 


Use Inductive — 
Reasoning | re eee ТЕТ 


You classified polygons by the number of sides. 
You will describe patterns and use inductive reasoning. 


So you can make predictions about baseball, as in Ex. 32. 


Geometry, like much of science and mathematics, was developed partly as a 
result of people recognizing and describing patterns. In this lesson, you will 
discover patterns yourself and use them to make predictions. 


Describe a visual pattern 


Describe how to sketch the fourth figure in the pattern. Then sketch the 
fourth figure. 


Figure 1 Figure 2 Figure 3 


Solution 


Each circle is divided into twice as many equal regions 

as the figure number. Sketch the fourth figure by 

dividing a circle into eighths. Shade the section just 

above the horizontal segment at the left. Figure 4 


Describe a number pattern 


: READ SYMBOLS 


: The three dots (. . .) tell 
: you that the pattern 
: continues. 


Describe the pattern in the numbers —7, —21, —63, —189,... and write the 
next three numbers in the pattern. 


Notice that each number in the pattern is three times the previous number. 
m gi —63, -189,... 
xA A AA NNS N 
x3 x3 x3 x3 


> Continue the pattern. The next three numbers are —567, —1701, and —5103. 
¿AnimateaGeometry at classzone.com 


GUIDED PRACTICE for Examples 1 and 2 


1. Sketch the fifth figure in the pattern in Example 1. 


2. Describe the pattern in the numbers 5.01, 5.03, 5.05, 5.07, .. .. Write the 
next three numbers in the pattern. 
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INDUCTIVE REASONING А conjecture is an unproven statement that is based 
on observations. You use inductive reasoning when you find a pattern in 
specific cases and then write a conjecture for the general case. 


(EXAMPLE 3 ] Make a conjecture 


Given five collinear points, make a conjecture about the number of ways to 
connect different pairs of the points. 


Solution 


Make a table and look for a pattern. Notice the pattern in how the number of 
connections increases. You can use the pattern to make a conjecture. 


Number of 
— Rm O 5 
Number of 4 3 m 
connections | 
чс A SHA PSA a OLLOS 
+ 1 +2 +3 + ? 


» Conjecture You can connect five collinear points 6 + 4, or 10 different ways. 


(EXAMPLE 4 ] Make and test a conjecture 


Numbers such as 3, 4, and 5 are called consecutive integers. Make and test a 
conjecture about the sum of any three consecutive integers. 


Solution 
STEP 1 Find a pattern using a few groups of small numbers. 
3+4+5=12=4+3 (+8+9=24=8+3 
10 + 11 + 12 = 33 = 11 *3 16 + 17 + 18 = 51 = 17 +3 
» Conjecture The sum of any three consecutive integers is three times the 
second number. 
STEP 2 Test your conjecture using other numbers. For example, test that it 
works with the groups —1, 0, 1 and 100, 101, 102. 
-1+0+1=0=0+3Y 100 + 101 + 102 = 303 = 101 • 3 


GUIDED PRACTICE for Examples 3 and 4 


3. Suppose you are given seven collinear points. Make a conjecture about the 
number of ways to connect different pairs of the points. 


4. Make and test a conjecture about the sign of the product of any three 
negative integers. 
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DISPROVING CONJECTURES To show that а conjecture is true, you must show 
that it is true for all cases. You can show that a conjecture is false, however, by 
simply finding one counterexample. A counterexample is a specific case for 
which the conjecture is false. 


( EXAMPLE 5 | Find a counterexample 


* | EXAMPLE 6 ] Standardized Test Practice 4 
4i 


: ELIMINATE CHOICES 


: Because the graph does 
: not show data about 

: boys or the World 

: Cup games, you can 

: eliminate choices 

: Aand C. 


A student makes the following conjecture about the sum of two numbers. 
Find a counterexample to disprove the student's conjecture. 


Conjecture The sum of two numbers is always greater than the 
larger number. 
Solution 


To find a counterexample, you need to find a sum that is less than the 
larger number. 


-2 + -3 = —5 
-5 ž —2 


> Because a counterexample exists, the conjecture is false. 


Which conjecture could a high school athletic director 
make based on the graph at the right? 


a» WN 


СА) More boys play soccer than girls. Girls' Soccer Participa tion 


More girls are playing soccer 
today than in 2001. 


СС) More people are playing soccer 
today than in the past because 
the 2000 World Cup games were 
held in the United States. 


Girls' registrations 
(thousands) 


(D> The number of girls playing soccer 
was more in 2001 than in 2007. 


1995 2000 


Year 


2005 


Solution 


Choices A and C can be eliminated because they refer to facts not presented 
by the graph. Choice B is a reasonable conjecture because the graph shows an 
increase over time. Choice D is a statement that the graph shows is false. 


> The correct answer is B. ® © Фф) 


r4 GUIDED PRACTICE | for Examples 5 and 6 


5. Finda counterexample to show that the following conjecture is false. 
Conjecture The value of x’ is always greater than the value of x. 


6. Use the graph in Example 6 to make a conjecture that could be true. 
Give an explanation that supports your reasoning. 
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21 EXERCISES 


: EXAMPLE 1 


: on p. 72 
: for Exs. 3—5 


: EXAMPLE 2 


: on p. 72 
: for Exs. 6-11 


: EXAMPLE 3 


: for EX. 12 


: EXAMPLE 4 


: on p. 73 
: for Ex. 13 


HOMEWORK: () = wORKED-OUT SOLUTIONS 
KEY: on p. WS2 for Exs. 7, 15, and 33 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 5, 19, 22, and 36 


: e = MULTIPLE REPRESENTATIONS 
Ex. 35 


SKILL PRACTICE 


1. VOCABULARY Write a definition of conjecture in your own words. 

2. * WRITING The word counter has several meanings. Look up the word in 
a dictionary. Identify which meaning helps you understand the definition 
of counterexample. 


SKETCHING VISUAL PATTERNS Sketch the next figure in the pattern. 


3. 4. Е 
и; 
5. Ж MULTIPLE CHOICE What is the next 
figure in the pattern? N V NJ 
Мом Ии N 


DESCRIBING NUMBER PATTERNS Describe the pattern in the numbers. 
Write the next number in the pattern. 


6. 1,5,9,13,... (725. 12, 48, 192, ... 


9. 4,3, 1, 2,... 10. 1210... 


В. 10, 5,2.з,‚1.25,... 


11, —5,—2,4,18,... 


MAKING CONJECTURES In Exercises 12 and 13, сору and complete the 
conjecture based on the pattern you observe in the specific cases. 


12. Given seven noncollinear points, make a conjecture about the number of 
ways to connect different pairs of the points. 


Number of 
os 


КЕ 
-xR 


Number of 
2 
connections оз в ою ов 0 


Conjecture You can connect seven noncollinear points, ? different ways. 


13. Use these sums of odd integers: 3 + 7 = 10, 1 + 7 = 8, 17 + 21 = 38 


Conjecture The sum of any two odd integers is ? . 
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: EXAMPLE 5 FINDING COUNTEREXAMPLES In Exercises 14-17, show the conjecture is false 


: on p. 74 by finding a counterexample. 
: for Exs. 14-17 


14. Ifthe product of two numbers is positive, then the two numbers 
must both be positive. 
(15) The product (a + РБ)? is equal to a? + b*, for a # 0 and b = 0. 
16. All prime numbers are odd. 
17. Ifthe product of two numbers is even, then the two numbers 
must both be even. 


18. ERROR ANALYSIS Describe and correct 
the error in the student’s reasoning. True conjecture: All angles are acute. 


Example: k C X 
А Б 


19. Ж SHORT RESPONSE Explain why only one counterexample is necessary 
to show that a conjecture is false. 


€ ALGEBRA In Exercises 20 and 21, write a function rule relating x and y. 
21. 


22. Ж MULTIPLE CHOICE What is the first number in the pattern? 
?2, ?, 2? , 81, 243, 729 


> ————) 


QD 1 e (С) 9 D 27 


MAKING PREDICTIONS Describe a pattern in the numbers. Write the next 
number in the pattern. Graph the pattern on a number line. 


23. 2, 5, S, > m 24. 1, 8, 27, 64, 125,... 25. 0.45, 0.7, 0.95, L2, ... 
26. 1,3, 6, 10, 15,... 27. 2, 20, 10, 100, 50,... 28. 0.4(6), 0.4(6)2, 0.4(6)°,... 


29. E) ALGEBRA Consider the pattern 5, 57, 5r*, 5r°, . . .. For what values of 
r will the values of the numbers in the pattern be increasing? For what 
values of r will the values of the numbers be decreasing? Explain. 


30. REASONING A student claims that the next number in the pattern 
1, 2, 4,... is 8, because each number shown is two times the previous 
number. Is there another description of the pattern that will give the 
same first three numbers but will lead to a different pattern? Explain. 


31. CHALLENGE Consider the pattern 1, 15, 15, 14 "o 


a. Describe the pattern. Write the next three numbers in the pattern. 
b. What is happening to the values of the numbers? 


c. Make a conjecture about later numbers. Explain your reasoning. 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED ф = MULTIPLE 
76 on p. WS1 TEST PRACTICE REPRESENTATIONS 


: d M 
: for Ex. 33 


PROBLEM SOLVING 


32. BASEBALL You are watching a pitcher who throws two types of pitches, a 
fastball (F, in white below) and a curveball (C, in red below). You notice 
that the order of pitches was F, C, F, F, C, C, F, F, F. Assuming that this 
pattern continues, predict the next five pitches. 


utor . for problem solving help at classzone.com 


STATISTICS The scatter plot shows the number of person-to-person 
e-mail messages sent each year. Make a conjecture that could be true. 
Give an explanation that supports your reasoning. 


1996 1997 1998 1999 2000 2001 2002 2003 * 


34. VISUAL REASONING Use the pattern below. Each figure is made of squares 


35. 


that are 1 unit by 1 unit. 


tB Bs s 


a. Find the distance around each figure. Organize your results in a table. 
b. Use your table to describe a pattern in the distances. 
c. Predict the distance around the 20th figure in this pattern. 


es MULTIPLE REPRESENTATIONS Use the given 
function table relating x and y. 


a. Making a Table Copy and complete the table. 
b. Drawing a Graph Graph the table of values. 


c. Writing an Equation Describe the pattern in 
words and then write an equation relating 
x and y. 
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36. Ж EXTENDED RESPONSE Your class is selling raffle tickets for $.25 each. 


a. Make a table showing your income if you sold 0, 1, 2, 3, 4, 5, 10, or 
20 raffle tickets. 


b. Graph your results. Describe any pattern you see. 
c. Write an equation for your income y if you sold x tickets. 


d. If your class paid $14 for the raffle prize, at least how many tickets 
does your class need to sell to make a profit? Explain. 


e. How many tickets does your class need to sell to make a profit of $50? 


37. FIBONACCI NUMBERS The Fibonacci numbers are shown below. 
Use the Fibonacci numbers to answer the following questions. 


1, 1, 2, 3, 5, 8, 13, ZL 34,55, 89, ... 
a. Copy and complete: After the first two 
numbers, each numberisthe ? ofthe ? 
previous numbers. 
b. Write the next three numbers in the pattern. 


c. Research This pattern has been used to 
describe the growth of the nautilus shell. 
Use an encyclopedia or the Internet to find 
another real-world example of this pattern. 


38. CHALLENGE Set A consists of all multiples of 5 greater than 10 and 
less than 100. Set B consists of all multiples of 8 greater than 16 
and less than 100. Show that each conjecture is false by finding a 
counterexample. 


a. Any number in set A is also in set B. 
b. Any number less than 100 is either in set A or in set B. 
c. No number is in both set A and set B. 


. MIXED REVIEW 


: PREVIEW 


: Prepare for 
: Lesson 2.2 
: in Exs. 43-46. 
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Use the Distributive Property to write the expression without parentheses. 
(p. 872) 


39. 4(x — 5) 40. —2(x — 7) 41. (—2n + 5)4 42. x(x + 8) 


You ask your friends how many pets they have. The results are: 1, 5, 1, 0, 3, 
6, 4, 2, 10, and 1. Use these data in Exercises 43-46. (p. 887) 


43. Find the mean. 44. Find the median. 45. Find the mode(s). 


46. Tell whether the mean, median, or mode(s) best represent(s) the data. 


Find the perimeter and area of the figure. (p. 49) 


47. 48. 49. 
10 ft 
7 in. 8 ft 


EXTRA PRACTICE tor Lesson 2.1, p. 898 2) ONLINE QUIZ at classzone.com 


Analyze Conditional 57 
Statements Ч 


You used definitions. 
You will write definitions as conditional statements. 


So you can verify statements, as in Example 2. 


Key Vocabulary A conditional statement is a logical statement that has two parts, a 

e conditional hypothesis and a conclusion. When a conditional statement is written in 
statement if-then form, the “if” part contains the hypothesis and the “then” part 
converse, inverse, contains the conclusion. Here is an example: 
contrapositive р m : 

«¡then form If itis raining, then there are clouds in the sky. 
hypothesis, —v — A 
conelusion Hypothesis Conclusion 


* negation 
• equivalent 
statements 


* perpendicular lines Rewrite the conditional statement in if-then form. 
e biconditional 
statement 


Rewrite a statement in if-then form 


a. All birds have feathers. 


b. Two angles are supplementary if they are a linear pair. 


Solution 


First, identify the hypothesis and the conclusion. When you rewrite 
the statement in if-then form, you may need to reword the hypothesis 
or conclusion. 


a. All birds have feathers. 
If an animal is a bird, then it has feathers. 
b. Two angles are supplementary if they are a linear pair. 
If two angles are a linear pair, then they are supplementary. 


| v/ | GUIDED PRACTICE for Example 1 


Rewrite the conditional statement in if-then form. 
1. All 90? angles are right angles. 2. 2x + 7 = 1, because x = —3. 


3. When n = 9, и? = 81. 4. Tourists at the Alamo are in Texas. 


NEGATION The negation of a statement is the opposite of the original statement. 
Notice that Statement 2 is already negative, so its negation is positive. 


Statement 1 The ball is red. Statement 2 The cat is not black. 
Negation 1 The ball is not red. Negation 2 The cat is black. 


2.2 Analyze Conditional Statements 


VERIFYING STATEMENTS Conditional statements сап be true or false. To 
show that a conditional statement is true, you must prove that the conclusion 
is true every time the hypothesis is true. To show that a conditional statement 
is false, you need to give only one counterexample. 


RELATED CONDITIONALS To write the converse of a conditional statement, 
exchange the hypothesis and conclusion. 


: READ VOCABULARY То write the inverse of a conditional statement, negate both the hypothesis 


: To negate part of a and the conclusion. To write the contrapositive, first write the converse and 

: conditional statement, | then negate both the hypothesis and the conclusion. 

: you write its negation. 
Conditional statement If mZA = 99% then ZA is obtuse. —_— 
Converse If ZA is obtuse, then mzA = 99°. =p both 
Inverse If mZA = 99° then ZA is not obtuse. 4«—— false true 


Contrapositive If ZA is not obtuse, then mZA + 99°. 


| EXAMPLE 2 | Write four related conditional statements 


Write the if-then form, the converse, the inverse, and the contrapositive of 
the conditional statement *Guitar players are musicians." Decide whether 
each statement is true or false. 


Solution 


If-then form If you are a guitar player, then you are a musician. 
True, guitars players are musicians. 


Converse If you are a musician, then you are a guitar player. 
False, not all musicians play the guitar. 


Inverse If you are not a guitar player, then you are not a musician. 
False, even if you don't play a guitar, you can still be a musician. 


Contrapositive If you are not a musician, then you are not a guitar 
player. True, a person who is not a musician cannot be a guitar player. 


GUIDED PRACTICE for Example 2 


Write the converse, the inverse, and the contrapositive 
of the conditional statement. Tell whether each 
statement is true or false. 


5. Ifa dog is a Great Dane, then it is large. 


6. Ifa polygon is equilateral, then the polygon is regular. 


EQUIVALENT STATEMENTS А conditional statement and its contrapositive 
are either both true or both false. Similarly, the converse and inverse of a 
conditional statement are either both true or both false. Pairs of statements 
such as these are called equivalent statements. In general, when two 
statements are both true or both false, they are called equivalent statements. 
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DEFINITIONS You can write a definition as a conditional statement in if-then 
form or as its converse. Both the conditional statement and its converse are 
true. For example, consider the definition of perpendicular lines. 


KEY CONCEPT For Your Notebook 


Perpendicular Lines 


: READ DIAGRAMS Definition If two lines intersect to form a right angle, 


: Ina diagram, a red L then they are perpendicular lines. 


: square may be used to $> ae ; А | 
i indicate aright angle E The definition can also be written using the converse: a 


: or that two intersecting 1 If two lines are perpendicular lines, then they intersect 
: lines are perpendicular. 1: to form a right angle. 


You can write “line £ is perpendicular to line m” as £ L rn. fim 


| EXAMPLE 3 | Use definitions 


Decide whether each statement about the 
diagram is true. Explain your answer using B 
the definitions you have learned. 


a. АС LBD A E C 
b. ZAEB and Z СЕВ are a linear pair. D 


— — . 
c. EA and EB are opposite rays. 


Solution 


a. This statement is true. The right angle symbol in the diagram indicates 
that the lines intersect to form a right angle. So you can say the lines 
are perpendicular. 


b. This statement is true. By definition, if the noncommon sides of adjacent 
—À 
angles are opposite rays, then the angles are a linear pair. Because EA 
— 
and EC are opposite rays, ZAEB and Z CEB are a linear pair. 


c. This statement is false. Point E does not lie on the same line as A and B, 
so the rays are not opposite rays. 
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GUIDED PRACTICE for Example З 


Use the diagram shown. Decide whether each statement is true. 
Explain your answer using the definitions you have learned. 


7. ZJMF and Z FMG are supplementary. 
8. Point M is the midpoint of FH. 
9. JMF and Z HMG are vertical angles. 
<> < 
10. FHL ЈС 


2.2 Analyze Conditional Statements 


: READ DEFINITIONS BICONDITIONAL STATEMENTS When a conditional statement and its converse 
: All definitions can be are both true, you can write them as a single biconditional statement. A 
: interpreted forward and biconditional statement is a statement that contains the phrase “if and only if.” 


: backward in this way. — - 
? Any valid definition can be written as a biconditional statement. 


( EXAMPLE 4 | Write a biconditional 


Write the definition of perpendicular lines as a biconditional. 


Solution 


Definition If two lines intersect to form a right angle, then they are perpendicular. 
Converse If two lines are perpendicular, then they intersect to form a right angle. 


Biconditional Two lines are perpendicular if and only if they intersect to form 
a right angle. 


Y GUIDED PRACTICE | for Example 4 


11. Rewrite the definition of right angle as a biconditional statement. 


12. Rewrite the statements as a biconditional. 


If Mary is in theater class, she will be in the fall play. If Mary is in 
the fall play, she must be taking theater class. 


2.2 EXERCISES "T orcas 
o KEY: on p. WS2 for Exs. 11, 17, and 33 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 25, 29, 33, 34, and 35 


. SKILL PRACTICE 


1. VOCABULARY Copy and complete: The ? of a conditional statement is 
found by switching the hypothesis and the conclusion. 


2. ж WRITING Write a definition for the term collinear points, and show 
how the definition can be interpreted as a biconditional. 


: EXAMPLE1 | REWRITING STATEMENTS Rewrite the conditional statement in if-then form. 


: on p. 79 ии 
: for Exs. 3-6 3. When x = 6, x^ = 36. 


4. The measure of a straight angle is 180°. 


5. Only people who are registered are allowed to vote. 


6. ERROR ANALYSIS Describe and correct the error in writing the if-then 
statement. 


If-then statement: If a high school student takes four courses, then 


Given statement: All high school students take four English courses. d 
All four are English courses. 
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ЕХАМРГЕ 2 


: for Exs. 7-15 


: for Exs. 16-18 


: for Exs. 19-21 


WRITING RELATED STATEMENTS For the given statement, write the if-then 
form, the converse, the inverse, and the contrapositive. 


7. The complementary angles add to 90*. 8. Ants are insects. 

9. 3x+ 10 = 16, because x = 2. 10. A midpoint bisects a segment. 
ANALYZING STATEMENTS Decide whether the statement is true or false. If 
false, provide a counterexample. 

(и) If a polygon has five sides, then it is a regular pentagon. 

12. If mZA is 85°, then the measure of the complement of ZA is 5°. 
13. Supplementary angles are always linear pairs. 

14. Ifa number is an integer, then it is rational. 

15. Ifa number is a real number, then it is irrational. 


USING DEFINITIONS Decide whether each statement about the diagram is 
true. Explain your answer using the definitions you have learned. 


«<> <> 
16. mZABC= 90° (17) PO 187 18. mZ2 + mZ3 = 180° 
, Q 
T. 3 
M N P 
B C 


REWRITING STATEMENTS In Exercises 19-21, rewrite the definition as a 
biconditional statement. 


19. An angle with a measure between 90° and 180° is called obtuse. 


20. Two angles are a linear pair if they are adjacent angles whose 
noncommon sides are opposite rays. 


21. Coplanar points are points that lie in the same plane. 


DEFINITIONS Determine whether the statement is a valid definition. 
22. If two rays are opposite rays, then they have a common endpoint. 


23. If the sides of a triangle are all the same length, then the triangle 
is equilateral. 


24. If an angle is a right angle, then its measure is greater than that of 
an acute angle. 
25. * MULTIPLE CHOICE Which statement has the same meaning as the 
given statement? 
GIVEN > You can go to the movie after you do your homework. 
СА) If you do your homework, then you can go to the movie afterwards. 
If you do not do your homework, then you can go to the movie afterwards. 
СС) If you cannot go to the movie afterwards, then do your homework. 


(DD If you are going to the movie afterwards, then do not do your homework. 


2.2 Analyze Conditional Statements 
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Є) ALGEBRA Write the converse of each true statement. Tell whether the 
converse is true. If false, explain why. 


26. If x » 4, then x » O. 27. If x «6, then —x > —6. 28. If x z—x, then x x 0. 


29. * OPEN-ENDED MATH Write a statement that is true but whose converse 
is false. 


30. CHALLENGE Write a series of if-then statements that allow you to 
find the measure of each angle, given that mZ1 = 90°. Use the 4 
definition of linear pairs. 3|2 


. PROBLEM SOLVING 
: EXAMPLE4 | In Exercises 31 and 32, use the information about volcanoes to determine 
: on p. 82 whether the biconditional statement is true or false. If false, provide a 


: forExs. 31-32 | counterexample. 


VOLCANOES Solid fragments are sometimes ejected from volcanoes during 
an eruption. The fragments are classified by size, as shown in the table. 


Type of Diameter d 
fragment (millimeters) | 
for problem solving help at classzone.com "a | 
32. A fragment is called a lapilli if and only if its = Lapli | 2<d<64 | AA 
, , ба Lapilli 2<d<64 & pE 
diameter is less than 64 millimeters. р a | : 
GHomelutor | for problem solving help at classzone.com Block or bomb a 


(6з) Ж SHORT RESPONSE How can you show that the statement, “If you play a 
sport, then you wear a helmet.” is false? Explain. 


31. A fragment is called a block or bomb if and only 
if its diameter is greater than 64 millimeters. 


34. Ж EXTENDED RESPONSE You measure the heights of your classmates to 
get a data set. 


a. Tell whether this statement is true: If x and y are the least and 
greatest values in your data set, then the mean of the data is between 
x and y. Explain your reasoning. 


b. Write the converse of the statement in part (a). Is the converse true? 
Explain. 


c. Copy and complete the statement using mean, median, or mode 
to make a conditional that is true for any data set. Explain your 
reasoning. 


Statement If a data set has a mean, a median, and a mode, then the ? 
of the data set will always be one of the measurements. 


35. MW OPEN-ENDED MATH The Venn diagram 
at the right represents all of the musicians 
at a high school. Write an if-then statement 
that describes a relationship between the 
various groups of musicians. 


Musicians 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
84 on p. WS1 TEST PRACTICE 


: PREVIEW 


: Prepare for 
: Lesson 2.3 in 
: EXS. 40—45. 


36. MULTI-STEP PROBLEM The statements below describe three ways that 
rocks are formed. Use these statements in parts (a)- (c). 


Igneous rock is formed from the cooling of molten rock. 
Sedimentary rock is formed from pieces of other rocks. 


Metamorphic rock is formed by changing temperature, pressure, or 
chemistry. 


a. Write each statement in if-then form. 


b. Write the converse of each of the statements in part (a). Is the 
converse of each statement true? Explain your reasoning. 


c. Write a true if-then statement about rocks. Is the converse of your 
statement true or false? Explain your reasoning. 


37. C$) ALGEBRA Can the statement, “If x? — 10 = x + 2, then x = 4,” be 
combined with its converse to form a true biconditional? 


38. REASONING You are given that the contrapositive of a statement is true. 
Will that help you determine whether the statement can be written as a 
true biconditional? Explain. 


39. CHALLENGE Suppose each of the following statements is true. What can 
you conclude? Explain your answer. 


If itis Tuesday, then I have art class. 

It is Tuesday. 

Each school day, I have either an art class or study hall. 
If itis Friday, then I have gym class. 

Today, I have either music class or study hall. 


Find the product of the integers. (p. 869) 
40. (—2)(10) 41. (15)(—3) 42. (—12)(—4) 
43. (—5)(—4)(10) 44. (-3)(6)(-2) 45. (—4)(-2)(-5) 


Sketch the figure described. (p. 2) 

<= <— e, . 
46. AB intersects CD at point E. 47. XY intersects plane P at point Z. 
48. GHis parallel to IK. 49. Planes X and Yintersect in MN. 
Find the coordinates of the midpoint of the segment with the given 
endpoints. (p. 15) 
50. A(10, 5) and B(4, 5) 51. P(4, —1) and Q(-2, 3) 52. L(2, 2) and N(1, —2) 


Tell whether the figure is a polygon. If it is not, explain why. If it is a 
polygon, tell whether it is convex or concave. (p. 42) 
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ziii ACTIVITY Use before Lesson 2.3 


Logic Puzzles 


MATERIALS - graph paper + pencils 


Using the clues below, you can determine an important mathematical 
contribution and interesting fact about each of five mathematicians. 


Copy the chart onto your graph paper. Use the chart to keep track of the 
information given in Clues 1-7. Place an X in a box to indicate a definite 
“no.” Place an O in a box to indicate a definite “yes.” 


Clue 7 Pythagoras had his contribution 
named after him. He was known to avoid 
eating beans. 


Clue 2 Albert Einstein considered 
Emmy Noether to be one of the greatest 
mathematicians and used her work to 
show the theory of relativity. 


Clue 3 Anaxagoras was the first to 
theorize that the moon's light is actually 
the sun's light being reflected. 


Clue 4 Julio Rey Pastor wrote a book at 


age 17. 


Clue 5 The mathematician who is fluent 


in Latin contributed to the study of 
differential calculus. 
Clwe 6 The mathematician who did work 
with n-dimensional geometry was not the 
piano player. 
Clue 7 The person who first used 

perspective drawing to make scenery for 

plays was not Maria Agnesi or Julio 

Rey Pastor. 


1. Write Clue 4 as a conditional statement in if-then form. Then write the 
contrapositive of the statement. Explain why the contrapositive of this 
statement is a helpful clue. 


2. Explain how you can use Clue 6 to figure out who played the piano. 


3. Explain how you can use Clue 7 to figure out who worked with 
perspective drawing. 


Chapter 2 Reasoning and Proof 


2 3 Apply Deductive 
*- Reasoning 


You used inductive reasoning to form a conjecture. 
You will use deductive reasoning to form a logical argument. 


So you can reach logical conclusions about locations, as in Ex. 18. 


Key Vocabulary Deductive reasoning uses facts, definitions, accepted properties, and the 
laws of logic to form a logical argument. This is different from inductive 


e deductive 
reasoning, which uses specific examples and patterns to form a conjecture. 


reasoning 


KEY CONCEPT For Your Notebook 


Laws of Logic 


: READ VOCABULARY | Law of Detachment 


: The Law of Detachment 1- If the hypothesis of a true conditional statement is true, then the conclusion 


: is also called a direct b: 
: argument. The Law of : is also true. 
: Syllogism is sometimes © Law of Syllogism 


: called the chain rule. 
If hypothesis p, then conclusion q. 


If hypothesis g, then conclusion r. 


If hypothesis p, then conclusion r. «—then this statement is true. 


If these statements are true, 


. Use the Law of Detachment 


Use the Law of Detachment to make a valid conclusion in the true situation. 
a. If two segments have the same length, then they are congruent. You 
know that BC — XY. 
b. Mary goes to the movies every Friday and Saturday night. Today is Friday. 


Solution 


a. Because BC = XY satisfies the hypothesis of a true conditional statement, 
the conclusion is also true. So, BC z XY. 

b. First, identify the hypothesis and the conclusion of the first statement. 
The hypothesis is "If it is Friday or Saturday night," and the conclusion is 
"then Mary goes to the movies." 


"Today is Friday" satisfies the hypothesis of the conditional statement, so 
you can conclude that Mary will go to the movies tonight. 


2.3 Apply Deductive Reasoning 
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(EXAMPLE 2 | Use the Law of Syllogism 


If possible, use the Law of Syllogism to write a new conditional statement 
that follows from the pair of true statements. 


a. If Rick takes chemistry this year, then Jesse will be Rick’s lab partner. 
If Jesse is Rick’s lab partner, then Rick will get an A in chemistry. 

b. If x? > 25, then x? > 20. 
If x > 5, then х? > 25. 


c. If a polygon is regular, then all angles in the interior of the polygon 
are congruent. 


If a polygon is regular, then all of its sides are congruent. 


Solution 


a. The conclusion of the first statement is the hypothesis of the second 
statement, so you can write the following new statement. 


If Rick takes chemistry this year, then Rick will get an A in chemistry. 


: AVOID ERRORS 


ТЛ b. Notice that the conclusion of the second statement is the hypothesis 
: The order in which the ” yp 


: Statements are given 


of the first statement, so you can write the following new statement. 


: does not affect whether If x > 5, then x° > 20. 


: you can use the Law of 


c. Neither statement's conclusion is the same as the other statement's 


: Syllogism. | , , 
dis hypothesis. You cannot use the Law of Syllogism to write a new 
conditional statement. 
Animatea Geometry | at classzone.com 
GUIDED PRACTICE for Examples 1 and 2 

1. If90° < mZR < 180°, then ZR is obtuse. The measure Ta 155° 
of Z К is 155°. Using the Law of Detachment, what > 
statement can you make? 

2. IfJenelle gets a job, then she can afford a car. If Jenelle can afford a car, 
then she will drive to school. Using the Law of Syllogism, what statement 
can you make? 

State the law of logic that is illustrated. 

3. If you get an A or better on your math test, then you can go to the movies. 
If you go to the movies, then you can watch your favorite actor. 

If you get an A or better on your math test, then you can watch your 
favorite actor. 

4. Ifx> 12, then x + 9 > 20. The value of x is 14. 

Therefore, x + 9 > 20. 
ANALYZING REASONING In Geometry, you will frequently use inductive 
reasoning to make conjectures. You will also be using deductive reasoning 
to show that conjectures are true or false. You will need to know which 
type of reasoning is being used. 
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(EXAMPLE З ] Use inductive and deductive reasoning 


E) ALGEBRA What conclusion can you make about the product of an 
even integer and any other integer? 


Solution 


STEP 7 Look for a pattern in several examples. Use inductive reasoning to 
make a conjecture. 


(-2)(2) = —4, (-D(2) = —2, 2(2) = 4, 3(2) = 6, 
(—2)(—4) = 8, (—1)(—4) = 4, 2(-4) = —8, 3(-4) = —12 
Conjecture Even integer • Any integer = Even integer 


STEP 2 Let n and m each be any integer. Use deductive reasoning to show 
the conjecture is true. 


2п 15 an even integer because any integer multiplied by 2 is even. 
2nm represents the product of an even integer and any integer т. 


2nm is the product of 2 and an integer nm. So, 2nm is an even 
integer. 


* The product of an even integer and any integer is an even integer. 


| EXAMPLE 4 ] Compare inductive and deductive reasoning 


Decide whether inductive or deductive 
reasoning is used to reach the conclusion. 
Explain your reasoning. 


a. Each time Monica kicks a ball up 
in the air, it returns to the ground. 
So the next time Monica kicks a 
ball up in the air, it will return to 
the ground. 


b. All reptiles are cold-blooded. Parrots 
are not cold-blooded. Sue's pet parrot 
is not a reptile. 

Solution 
a. Inductive reasoning, because a pattern is used to reach the conclusion. 


b. Deductive reasoning, because facts about animals and the laws of logic 
are used to reach the conclusion. 


Y GUIDED PRACTICE | for Examples 3 and 4 


5. Use inductive reasoning to make a conjecture about the sum of a number 
and itself. Then use deductive reasoning to show the conjecture is true. 


6. Give an example of when you used deductive reasoning in everyday life. 


2.3 Apply Deductive Reasoning 
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2.3 EXERCISES "vi О-о 
ө КЕҮ: on p. WS2 for Exs. 7, 17, and 21 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 3, 12, 20, and 23 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: If the hypothesis of a true if-then 
statement is true, then the conclusion is also true by the Law of. ? . 


Ж WRITING Use deductive reasoning to make a statement about the picture. 


: EXAMPLE 1 LAW OF DETACHMENT Make a valid conclusion in the situation. 


3 xg MERO DÀ 
: for Exs. 4-6 


4. Ifthe measure of an angle is 905, then it is a right angle. The measure of 
ZA is 90°. 


5. Ifx> 12, then —x < —12. The value of x is 15. 


6. If a book is a biography, then it is nonfiction. You are reading a biography. 


: EXAMPLE2 | LAW OF SYLLOGISM In Exercises 7-10, write the statement that follows from 


: on p. 88 the pair of statements that are given. 


E Tor Exs. 7-10 Oj a rectangle has four equal side lengths, then it is a square. If a polygon 


is a square, then itis a regular polygon. 

8. If y > 0, then 2y > 0. If 2y 0, then 2y — 5 # —5. 

9. If you play the clarinet, then you play a woodwind instrument. If you play 
a woodwind instrument, then you are a musician. 


10. If a = 3, then 5a = 15. fa = 15, then a = 3. 


: EXAMPLE 3 11. REASONING What can you say about the sum of an even integer and an 


: on p. 89 even integer? Use inductive reasoning to form a conjecture. Then use 
: for Ex. 11 deductive reasoning to show that the conjecture is true. 


12. Ж MULTIPLE CHOICE If two angles are vertical angles, then they have the 
same measure. You know that Z 1 and Z2 are vertical angles. Using the 
Law of Detachment, which conclusion could you make? 


(СА) mz1»mz2 т/1= т/2 
(СС) т/1 + т/2 = 90° D mZ1+m2Z2= 180° 


13. ERROR ANALYSIS Describe and correct the error in the argument: “If two 
angles are a linear pair, then they are supplementary. Angles Cand D are 
supplementary, so the angles are a linear pair.” 


90 Chapter 2 Reasoning and Proof 


14. E) ALGEBRA Use the segments in the coordinate plane. 


a. Use the distance formula to show that the 
segments are congruent. 


b. Make a conjecture about some segments in 
the coordinate plane that are congruent to 
the given segments. Test your conjecture, 
and explain your reasoning. 


c. Let one endpoint of a segment be (x, y). Use 
algebra to show that segments drawn using 
your conjecture will always be congruent. 
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d. A student states that the segments described 
below will each be congruent to the ones 
shown above. Determine whether the 
student is correct. Explain your reasoning. 


MN, with endpoints M(3, 5) and N(5, 2) 
PQ, with endpoints P(1, —1) and Q(4, —3) 
RS, with endpoints R(—2, 2) and S(1, 4) 


15. CHALLENGE Make a conjecture about whether the Law of Syllogism 
works when used with the contrapositives of a pair of statements. 
Use this pair of statements to justify your conjecture. 


If a creature is a wombat, then it is a marsupial. 
If a creature is a marsupial, then it has a pouch. 


A 
PROBLEM SOLVING 


: EXAMPLES 


: for Exs. 16-17 


USING THE LAWS OF LOGIC In Exercises 16 and 17, what conclusions can 
you make using the true statement? 


16. CAR COSTS If you save $2000, then you can buy a car. You have 
saved $1200. 


_(OHomelutor © for problem solving help at dasszone.com 


PROFIT The bakery makes a profit if its revenue is greater than 
its costs. You will get a raise ifthe bakery makes a profit. 


 QHomelutor _ for problem solving help at classzone.com 


USING DEDUCTIVE REASONING Select the 
word(s) that make(s) the conclusion true. 


18. Mesa Verde National Park is in Colorado. 
Simone vacationed in Colorado. So, 
Simone (must have, may have, or never) 
visited Mesa Verde National Park. 


19. The cliff dwellings in Mesa Verde 
National Park are accessible to visitors 
only when accompanied by a park 
ranger. Billy is at a cliff dwelling in 
Mesa Verde National Park. So, Billy 
(is, may be, is not) with a park ranger. 


2.3 Apply Deductive Reasoning 91 


3 орбо pcre 
: for Ex. 20 
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20. 


Ж EXTENDED RESPONSE Geologists use the Mohs scale to determine a 
mineral’s hardness. Using the scale, a mineral with a higher rating will 
leave a scratch on a mineral with a lower rating. Geologists use scratch 
tests to help identify an unknown mineral. 


Mohs 
AN 


a. Use the table to write three if-then statements such as “If talc is 
scratched against gypsum, then a scratch mark is left on the talc.” 


b. The four minerals in the table are randomly labeled A, B, C, and D. 
You must identify them. The results of your scratch tests are shown 
below. What can you conclude? Explain your reasoning. 


Mineral A is scratched by Mineral B. 
Mineral C is scratched by all three of the other minerals. 


c. What additional test(s) can you use to identify all the minerals in 
part (b)? 


REASONING In Exercises 21 and 22, decide whether inductive or deductive 
reasoning is used to reach the conclusion. Explain your reasoning. 


22. 


23. 


24. 


The rule at your school is that you must attend all of your classes in order 
to participate in sports after school. You played in a soccer game after 
school on Monday. Therefore, you went to all of your classes on Monday. 


For the past 5 years, your neighbor goes on vacation every July 4th and 
asks you to feed her hamster. You conclude that you will be asked to feed 
her hamster on the next July 4th. 


Ж SHORT RESPONSE Use inductive reasoning to form a conjecture about 
whether the sum of an even integer and an odd integer is even or odd. 
Then use deductive reasoning to show that the conjecture is true. (Hint: 
Let the even integer be 2m and the odd integer be 2n + 1.) 


LITERATURE George Herbert wrote a 
poem, Jacula Prudentum, that includes 
the statements shown. Use the Law of 
Syllogism to write a new conditional 
statement. Explain your reasoning. 


For want of a nail the 
for want of a shoe the 
for want of a horse th 


Shoe is lost, 
hor Se is lost, 
€ rider is lost. 


REASONING In Exercises 25-28, use the true statements below to determine 
whether you know the conclusion is true or false. Explain your reasoning. 


If Arlo goes to the baseball game, then he will buy a hot dog. 


If the baseball game is not sold out, then Arlo and Mia will 
go to the game. 


If Mia goes to the baseball game, then she will buy popcorn. 
The baseball game is not sold out. 


25. Arlo bought a hot dog. 26. Arlo and Mia went to the game. 


27. 


Mia bought a hot dog. 28. Arlo had some of Mia’s popcorn. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
on p. WS1 TEST PRACTICE 


29. CHALLENGE Use these statements to answer parts (а)—(с). 
Adam says Bob lies. 
Bob says Charlie lies. 
Charlie says Adam and Bob both lie. 


a. If Adam is telling the truth, then Bob is lying. What can you conclude 
about Charlie's statement? 


b. Assume Adam is telling the truth. Explain how this leads to a contradiction. 
с. Who is telling the truth? Who is lying? How do you know? 


MIXED REVIEW ш. i 


: PREVIEW In Exercises 30-33, use the diagram. (р. 2) 
: Prepare for 


: Lesson 2.4 30. Name two lines. 
: in Exs. 30-33. 31. Name four rays. y 


32. Name three collinear points. F 


33. Name four coplanar points. 

Plot the given points in a coordinate plane. Then determine whether AB and 

CD are congruent. (p. 9) 

34. А(1, 4), B(5, 4), C(3, —4), D(3, 0) 35. ACI, 0), B(-1, ol CL, 2), D(=5, 2) 


_ Rewrite the conditional statement іп if-then form. (p. 79) 
36. When x = —2, х? = 4. 


37. The measure of an acute angle is less than 90°. 


38. Only people who are members can access the website. 


т | 


UIZ for Lessons 2.1-2.3 


Show the conjecture is false by finding a counterexample. (p. 72) 


1. Ifthe product of two numbers is positive, then the two numbers 
must be negative. 


2. The sum of two numbers is always greater than the larger number. 
In Exercises 3 and 4, write the if-then form and the contrapositive of 
the statement. (p. 79) 

3. Points that lie on the same line are called collinear points. 


4. 2x — 8 = 2, because x = 5. 


5. Make a valid conclusion about the following statements: 
If it is above 90°F outside, then I will wear shorts. It is 98°F. (p. 87) 


6. Explain why a number that is divisible by a multiple of 3 is also 
| divisible by 3. (р. 87) 
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Use after Lesson 2.3 


Key Vocabulary 
e truth value 
e truth table 


Symbolic Notation and 
Truth Tables 


(eT) Use symbolic notation to represent logical statements. 


Conditional statements can be written using symbolic notation, where letters 
are used to represent statements. An arrow (>), read “implies,” connects the 
hypothesis and conclusion. To write the negation of a statement p you write 
the symbol for negation (~) before the letter. So, “not р” is written —p. 


KEY CONCEPT For Your Notebook 


Symbolic Notation 


Let p be “the angle is a right angle” and let g be “the measure of the 
angle is 90°.” 


Conditional If p, then q. pq 

Example: If an angle is a right angle, then its measure is 90°. 

Converse If q, then p. qp 

Example: If the measure of an angle is 90°, then the angle is a right angle. 
Inverse If not p, then not q. ~р => q 


Example: If ап angle is not a right angle, then its measure is not 90°. 


Contrapositive If not q, then not p. ~q > ~p 
If the measure of an angle is not 90°, then the angle is not a right angle. 
Biconditional p if and only if q peq 


Example: An angle is a right angle if and only if its measure is 90°. 


Use symbolic notation 


Let p be “the car is running” and let q be “the key is in the ignition.” 
a. Write the conditional statement p > q in words. 
b. Write the converse q > p in words. 
c. Write the inverse ~p > —q in words. 
d. Write the contrapositive ~q > ~p in words. 
Solution 
a. Conditional: Ifthe car is running, then the key is in the ignition. 
b. Converse: If the key is in the ignition, then the car is running. 
с. Inverse: Ifthe car is not running, then the key is not in the ignition. 


d. Contrapositive: If the key is not in the ignition, then the car is not running. 
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TRUTH TABLES The truth value of a statement is either 
true (Т) or false (F). You can determine the conditions 
under which a conditional statement is true by using 

a truth table. The truth table at the right shows the 
truth values for hypothesis p and conclusion q. The 
conditional p > q is only false when a true hypothesis 
produces a false conclusion. 


Two statements are logically equivalent if they have the 
same truth table. 


( EXAMPLE 2 | Make a truth table 


contrapositive of a conditional statement р — 4. 
Solution 


: READ TRUTH 
: TABLES 


: A conditional statement 
: and its contrapositive 

: are equivalent statements 
: because they have 

: the same truth table. 

: The same is true of 

: the converse and the 


: inverse. 
PRACTICE 
: EXAMPLE1 | 1. WRITING Describe how to use symbolic notation to represent the 
: on p. 94 contrapositive of a conditional statement. 
: for Exs. 1-5 


WRITING STATEMENTS Use p and q to write the symbolic statement 
in words. 


р: Polygon ABCDE is equiangular and equilateral. 
q: Polygon ABCDE is a regular polygon. 


MAKING TRUTH TABLES Make a truth table for the logical statement. 


10. LOGICAL EQUIVALENCE The truth table shows that 


: on p. 95 


: for Exs. 6-10 р or q” is false only when р and q are both false. 


logically equivalent. 


Conditional 


Use the truth table above to make truth tables for the converse, inverse, and 


2. pq 3. —p 4. ~9 э ~р 9. p oq 


6. p 4 7 p> 8. ~(р- q) 9. —(9 > р) 
a ye Conjunction | Disjunction 

: EXAMPLE2 | the conjunction “р and q” is true only when p and q BV 

Ж ү рр are both true. It also shows that the disjunction 

a. Make a truth table for ~ (р or q). 


b. Make a truth table for (~p and ~g). 
c. Show that ~ (p or q) and (~p and ~q) are 


Extension: Symbolic Notation and Truth Tables 


You used postulates involving angle and segment measures. 


| Ми ) You will use postulates involving points, lines, and planes. 
So you can draw the layout of a neighborhood, as in Ex. 39. 


Use Postulates 
* ` апа Diagrams 


Key Vocabulary In geometry, rules that are accepted without proof are called postulates or 

e line perpendicular axioms. Rules that are proved are called theorems. Postulates and theorems 
to a plane are often written in conditional form. Unlike the converse of a definition, the 

* postulate, p. 8 converse of a postulate or theorem cannot be assumed to be true. 


You learned four postulates in Chapter 1. 


POSTULATE 1 Ruler Postulate page 9 

POSTULATE 2 Segment Addition Postulate page 10 
POSTULATE 3 Protractor Postulate page 24 
POSTULATE 4 Angle Addition Postulate page 25 


Here are seven new postulates involving points, lines, and planes. 


- POSTULATES 


For Your Notebook 


Point, Line, and Plane Postulates 


POSTULATE 5 
1: POSTULATE 6 


+ POSTULATE 7 
POSTULATE 8 


» POSTULATE 9 


1; POSTULATE 10 


POSTULATE 11 


Through any two points there exists exactly one line. 
A line contains at least two points. 


If two lines intersect, then their intersection is exactly 
one point. 


Through any three noncollinear points there exists 
exactly one plane. 


A plane contains at least three noncollinear points. 


If two points lie in a plane, then the line containing 
them lies in the plane. 


If two planes intersect, then their intersection is a line. 


ALGEBRA CONNECTION You have been using many of Postulates 5-11 in 


previous courses. 


One way to graph a linear equation is to plot two points whose coordinates 
satisfy the equation and then connect them with a line. Postulate 5 
guarantees that there is exactly one such line. A familiar way to find a 
common solution of two linear equations is to graph the lines and find the 
coordinates of their intersection. This process is guaranteed to work by 


Postulate 7. 
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(EXAMPLE 1 ] Identify a postulate illustrated by a diagram 


State the postulate illustrated by the diagram. 


a. b. / 
н MX then X н 4 Wen AZ 


Solution 


a. Postulate 7 If two lines intersect, then their intersection is exactly 
one point. 


b. Postulate 11 If two planes intersect, then their intersection is a line. 


| EXAMPLE 2 | Identify postulates from a diagram 


Use the diagram to write examples of Postulates 9 and 10. 


Postulate 9 Plane P contains at least 
three noncollinear points, A, B, and C. 


Postulate 10 Point A and point B lie in 
plane P, so line n containing A and B 
also lies in plane P. 
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r4 GUIDED PRACTICE for Examples 1 and 2 


1. Use the diagram in Example 2. Which postulate allows you to say that 
the intersection of plane P and plane Q is a line? 


2. Use the diagram in Example 2 to write examples of Postulates 5, 6, and 7. 


j: CONCEPT SUMMARY For Your Notebook 


Interpreting a Diagram 


When you interpret a diagram, you can assume information 
about size or measure only if it is marked. anf, Z 


YOU CAN ASSUME YOU CANNOT ASSUME 

All points shown are coplanar. G, F, and E are collinear. 
ZAHB and ZBHD are a linear pair. BF and CE intersect. 

ZAHF and ZBHD are vertical angles. BF and CE do not intersect. 
A, H, J, and D are collinear. ZBHA = 2 СЈА 

< O < O 

AD and BF intersect at H. AD L BF or mZAHB = 90° 
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( EXAMPLE З | Use given information to sketch a diagram 


Sketch a diagram showing TV intersecting PQ at point W, so that TW = WV. 


Solution 
: AVOID ERRORS STEP 1 Draw TV and label points T and V. p 
а diria STEP2 Draw point Wat the midpoint of TV. V 
: was drawn so that W Mark th : A W Q 
: does not look like a ark the congruent segments. T 


: midpoint of PQ. Also,it |  STEP3 Draw PQ through W. 
: was drawn so that PQ is 
: not perpendicular to TV. 


PERPENDICULAR FIGURES 4A line isa line 
perpendicular to a plane if and only if the 


line intersects the plane in a point and is © 


perpendicular to every line in the plane that 


intersects it at that point. a 


In a diagram, a line perpendicular to a plane 
must be marked with a right angle symbol. 


( EXAMPLE 4 ) Interpret a diagram in three dimensions 


Which of the following statements cannot be 
assumed from the diagram? 


A, В, and F are collinear. 

E, B, and D are collinear. 
AB 1 plane S 

CD 1 plane T 

< < 

AF intersects BC at point В. 


Solution 


No drawn line connects E, B, and D, so you cannot assume they are collinear. 
With no right angle marked, you cannot assume CD . plane T. 


Y Gumrp PRACTICE for Examples З and 4 


In Exercises 3 and 4, refer back to Example 3. 


3. If the given information stated PW and QW are congruent, how would 
you indicate that in the diagram? 


4. Name a pair of supplementary angles in the diagram. Explain. 


5. In the diagram for Example 4, can you assume plane S intersects 
=> 
plane Таї BC? 


<э <>, 
6. Explain how you know that AB L BC in Example 4. 
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EXERCIS ES HOMEWORK: () = WORKED-OUT SOLUTIONS 
2 4 KEY: on p. WS2 for Exs. 7, 13, and 31 


: argon i.q. P 
: for Exs. 3—5 


: EXAMPLE 2 


: bat Loo M 
: for Exs. 6-8 


: EXAMPLES 


: for Exs. 9-10 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 10, 24, 25, 33, 39, and 41 


1. VOCABULARY Copy and complete: A. ? isaline that intersects the 
plane in a point and is perpendicular to every line in the plane that 
intersects it. 


2. ж WRITING Explain why you cannot assume Z ВНА = Z CJA in the 
Concept Summary on page 97. 


IDENTIFYING POSTULATES State the postulate illustrated by the diagram. 


"o EN ow LD wa LT 


5. CONDITIONAL STATEMENTS Postulate 8 states that through any three 
noncollinear points there exists exactly one plane. 


a. Rewrite Postulate 8 in if-then form. 
b. Write the converse, inverse, and contrapositive of Postulate 8. 
c. Which statements in part (b) are true? 


USING A DIAGRAM Use the diagram to write an example of each postulate. 
6. Postulate 6 

(7.)Postulate 7 DEE 
8. Postulate 8 aN 


9. SKETCHING Sketch a diagram showing XY intersecting WV at point T, 


< <> | — A 
so XY 1 WV. In your diagram, does WT have to be congruent to TV? 
Explain your reasoning. 


10. Ж MULTIPLE CHOICE Which of the following statements 
cannot be assumed from the diagram? 


СА) Points A, В, С, and E are coplanar. 
Points F, B, and G are collinear. 
(б) HC 1 СЕ 

(D) EC intersects plane M at point C. 


ANALYZING STATEMENTS Decide whether the statement 
is true or false. If it is false, give a real-world counterexample. 


11. Through any three points, there exists exactly one line. 


12. A point can be in more than one plane. 


| (з) Any two planes intersect. 
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USING A DIAGRAM Use the diagram to determine if the statement is 
true or false. 


14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 


24. 


25. 


26. 


27. 


28. 


29. 


100 


Planes W and X intersect at КТ. 
Points Q, J, and M are collinear. 
Points K, L, M, and R are coplanar. 
<— < 

ММ and RP intersect. 

O 

RP L plane W 

O 

JK lies in plane X. 

Z PLK is a right angle. 

Z NKL and ZJKM are vertical angles. 


Z NKJ and ZJKM are supplementary angles. 
ZJKM and 2 КІР are congruent angles. 


* MULTIPLE CHOICE Choose the diagram showing iN, AB, and DC 
<> =———— — <— 
intersecting at point М, AB bisecting LN, and DC 1 LN. 


Ж OPEN-ENDED MATH Sketch a diagram of a real-world object 
illustrating three of the postulates about points, lines, and planes. 
List the postulates used. 


ERROR ANALYSIS A student made the false | 
statement shown. Change the statement in Three lada always y 
two different ways to make it true. contained in a line. 


REASONING Use Postulates 5 and 9 to explain why every plane contains 
at least one line. 


REASONING Point X lies in plane M. Use Postulates 5 and 9 to explain 
why there are at least two lines in plane M that contain point X. 


CHALLENGE Sketch a line m and a point C not on line m. Make a 
conjecture about how many planes can be drawn so that line m and 
point C lie in the plane. Use postulates to justify your conjecture. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
on p. WS1 TEST PRACTICE 


PROBLEM SOLVING 


REAL-WORLD SITUATIONS Which postulate is suggested by the photo? 


33. Ж SHORT RESPONSE Give a real-world example of Postulate 6, which 
states that a line contains at least two points. 
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34. DRAW A DIAGRAM Sketch two lines that intersect, and another line 
that does not intersect either one. 
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USING A DIAGRAM Use the pyramid to write 
examples of the postulate indicated. 


35. Postulate 5 
36. Postulate 7 
37. Postulate 9 
38. Postulate 10 


39. X EXTENDED RESPONSE A friend e-mailed you the following statements 
about a neighborhood. Use the statements to complete parts (a)—(e). 


Subject | Neighborhood 
Building B is due west of Building A. 


Buildings A and B are on Street 1. 

Building D is due north of Building A. Ф 
Buildings А апа О are on Street 2. 

Building С is southwest of Building А. 

Buildings A and C are on Street 3. 

Building E is due east of Building B. 

Z CAE formed by Streets 1 and 3 is obtuse. = 


a. Draw a diagram of the neighborhood. 

b. Where do Streets 1 and 2 intersect? 

c. Classify the angle formed by Streets 1 and 2. W E 
d. Is Building E between Buildings A and B? Explain. 

| е. What street is Building E on? S 
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: PREVIEW 


: Prepare for 
: Lesson 2.5 
: in Exs. 46-48. 
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40. MULTI-STEP PROBLEM Copy the figure and label the following points, 
lines, and planes appropriately. 


a. Label the horizontal plane as X and the vertical plane as Y. 


b. Draw two points A and B on your diagram so they 
lie in plane Y, but not in plane X. 

c. Illustrate Postulate 5 on your diagram. 

d. If point Clies in both plane X and plane Y, where would 
it lie? Draw point C on your diagram. 


e. Illustrate Postulate 9 for plane X on your diagram. 


41. ж SHORT RESPONSE Points E, F, and Gall lie in plane P and in 
plane Q. What must be true about points E, F, and Gif P and Q are 
different planes? What must be true about points E, F, and G to force P 
and Q to be the same plane? Make sketches to support your answers. 


DRAWING DIAGRAMS AC and DB intersect at point E. Draw one diagram 
that meets the additional condition(s) and another diagram that does not. 


42. ZAED and Z AEB are right angles. 
43. Point Eis the midpoint of AC. 
— —À —> —> | 
44. EA апа ЕС are opposite rays. ЕВ апа ED are not opposite rays. 
45. CHALLENGE Suppose none of the four legs of a chair are the same length. 
What is the maximum number of planes determined by the lower ends 
of the legs? Suppose exactly three of the legs of a second chair have the 


same length. What is the maximum number of planes determined by the 
lower ends of the legs of the second chair? Explain your reasoning. 


Find the indicated length. (p. 9) 


46. Find MP. 47. Find AC. 48. Find RS. 
[ ————— (f OA) 
M 18 N 9 P A 16 B 16 С [—— — 28 — ——]1 
р) 
В S 8 Т 


Line / bisects the segment. Find the indicated length. (p. 15) 
49. Find JK. 50. Find XZ. 51. Find BC. 


Draw an example of the type of angle described. (p. 24) 
52. Right angle 53. Acute angle 54. Obtuse angle 55. Straight angle 


56. Two angles form a linear pair. The measure of one angle is 9 times the 
measure of the other angle. Find the measure of each angle. (p. 35) 
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MIXED REVIEW o of Problem Solving #9 STATE TEST PRACTICE 


classzone.com 


Lessons 2.1-2.4 


1. MULTI-STEP PROBLEM The table below 3. GRIDDED ANSWER Write the next number in 


shows the time of the sunrise on different 
days in Galveston, Texas. 


Jan. 1 7:14 A.M. 
Feb. 1 7:08 A.M. 
Mar. 1 6:45 A.M. 
Apr. 1 6:09 A.M. 
May 1 5:37 A.M. 
June 1 5:20 A.M. 
July 1 5:23 A.M. 
Aug. 1 5:40 A.M. 


a. Describe the pattern, if any, in the times 
shown in the table. 


b. Use the times in the table to make a 
reasonable prediction about the time of 
the sunrise on September 1, 2006. 


. SHORT RESPONSE As shown in the table 
below, hurricanes are categorized by the 
speed of the wind in the storm. Use the table 
to determine whether the statement is true or 
false. If false, provide a counterexample. 


1 74 <w<95 

2 96 < w < 110 
3 111 € w € 130 
4 131 < и < 155 
5 и> 155 


а. A hurricane is a category 5 hurricane if 
and only if its wind speed is greater than 
155 miles per hour. 


b. A hurricane is a category З hurricane if 
and only if its wind speed is less than 130 
miles per hour. 


the pattern. 
1, 2,5, ID, 17, 2404... 


. EXTENDED RESPONSE The graph shows 


concession sales at six high school football 
games. Tell whether each statement is the 
result of inductive reasoning or deductive 
reasoning. Explain your thinking. 


a. If 500 students attend a football game, the 
high school can expect concession sales to 
reach $300. 


b. Concession sales were highest at the game 
attended by 550 students. 


c. The average number of students who 
come to a game is about 300. 


. SHORT RESPONSE Select the phrase that 


makes the conclusion true. Explain your 
reasoning. 


a. A person needs a library card to check out 
books at the public library. You checked 
out a book at the public library. You (must 
have, may have, or do not have) a library 
card. 


b. The islands of Hawaii are volcanoes. Bob 
has never been to the Hawaiian Islands. 
Bob (has visited, may have visited, or has 
never visited) volcanoes. 


. SHORT RESPONSE Sketch a diagram 


showing РО intersecting RS at point N. In 
your diagram, Z PNS should be an obtuse 
angle. Identify two acute angles in your 
diagram. Explain how you know that these 
angles are acute. 


Mixed Review of Problem Solving 103 


Zi ACTIVITY Use before Lesson 2.5 


Justify a Number Trick 


MATERIALS *рарег + pencil 


|, | 
VN 


b 


Number tricks can allow you to guess the result of a series of calculations. 


A 
\ 


STEP 1| Pick a number Follow the directions below. 


a. Pick any number between 11 and 98 
that does not end in a zero. 23 


. Double the number. 25.2 
‚ Add 4 to your answer. 46 + 4 
а. Multiply your answer by 5. 50 +5 
e. Add 12 to your answer. 250 + 12 
f. Multiply your answer by 10. 262 • 10 
. Subtract 320 from your answer. 2620 — 320 


E 
h. Cross out the zeros in your answer. 2300 


STEP 2| Repeat the trick Repeat the trick three times using three different 
numbers. What do you notice? 


1. Let x represent the number you chose in the Explore. Write algebraic 
expressions for each step. Remember to use the Order of Operations. 


2. Justify each expression you wrote in Exercise 1. 


3. Another number trick is as follows: 


Pick any number. 

Multiply your number by 2. 

Add 18 to your answer. 

Divide your answer by 2. 

Subtract your original number from your answer. 


What is your answer? Does your answer depend on the number you 
chose? How can you change the trick so your answer is always 15? 
Explain. 


4. REASONING Write your own number trick. 
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2 Reason Using Properties 
© 


from Algebra 


You used deductive reasoning to form logical arguments. 


Г Now ] You will use algebraic properties in logical arguments too. 
So you can apply a heart rate formula, as in Example 3. 


Key Vocabulary When you solve an equation, you use properties of real numbers. Segment 
• equation, p. 875 lengths and angle measures are real numbers, so you can also use these 
* solve an equation, properties to write logical arguments about geometric figures. 


p. 875 
KEY CONCEPT 


For Vour Wotebook 


Algebraic Properties of Equality 


Let a, b, and c be real numbers. 


: Addition Property lfa=b,thena+c=b+c. 


Subtraction Property Ifa = Б, ћепа- с= р – c. 


Multiplication Property Ifa = №, then ас = bc. 


Division Property Ifa = 


Substitution Property Ifa = 


b and c #0, then 2 = 


b, then a can be substituted for Р 


in any equation or expression. 


Write reasons for each step 


Solve 2x + 5 = 20 — 3x. Write a reason for each step. 


Equation 
2x + 5 = 20 – Зх 
2x + 5 + 3x = 20 — 3x + 3x 
5x + 5 = 20 
ox = 15 
х= З 


> The value of x is 3. 


Explanation Reason 

Write original Given 

equation. 

Add 3x to each Addition Property 
side. of Equality 
Combine like Simplify. 

terms. 

Subtract 5 from Subtraction Property 
each side. of Equality 


Divide each side ^ Division Property 
by 5. of Equality 
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КЕҮ СОМСЕРТ For Your Notebook 


Distributive Property 


a(b + с) = ab + ac, where a, b, and с are real numbers. 


( EXAMPLE 2 | Use the Distributive Property 


Solve —4(11x + 2) = 80. Write a reason for each step. 


Solution 
Equation Explanation Reason 


—4(11х + 2) = 80 Write original equation. Given 


—44x — 8 = 80 Multiply. Distributive Property 
—44x = 88 Add 8 to each side. Addition Property 
of Equality 


x=-—2 Divide each side by —44. Division Property 
of Equality 
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| EXAMPLE 3 | Use properties in the real world 


HEART RATE When you exercise, your target heart rate should be between 
50% to 7096 of your maximum heart rate. Your target heart rate r at 70% can 
be determined by the formula r — 0.70(220 — a) where a represents your age 
in years. Solve the formula for a. 


Solution 
Equation Explanation Reason 
r=0.70(220 — a) Write original equation. Given 
— 154 — 0.70a Multiply. Distributive Property 
r — 154 = —0.70a Subtract 154 from each side. Subtraction Property 
of Equality 
=, = =a Divide each side by —0.70. Division Property 
| of Equality 


Y GUIDED PRACTICE | for Examples 1, 2, and 3 


In Exercises 1 and 2, solve the equation and write a reason for each step. 


1. 4x + 9 = -3x + 2 2. 14x + 3(7 — x) = –1 


3. Solve the formula A = ¿bh for b. 
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PROPERTIES The following properties of equality are true for all real 
numbers. Segment lengths and angle measures are real numbers, so these 
properties of equality are true for segment lengths and angle measures. 


: KEY CONCEPT For Your Notebook 


Reflexive Property of Equality 


Real Numbers For any real number a, a = a. 
Segment Length For апу segment AB, AB = AB. 
Angle Measure For any angle A, т A = MZA. 


Symmetric Property of Equality 


Real Numbers For any real numbers a and b, if a = b, then b = a. 
Segment Length For any segments AB and CD, if AB = CD, then CD = AB. 
Angle Measure For any angles A and B, ifmZA = mZ B, then 

mz B = mz A. 


Transitive Property of Equality 


Real Numbers For any real numbers a, b, and c, if a — b and 
b = c, Шепа = c. 


Segment Length For any segments AB, CD, and EF, if AB = CD 
and CD = EF, then AB = EF. 


Angle Measure For any angles A, B, and C, if m ZA = mZ B and 
mz B = mZ С, then mZA = mZ С. 


( EXAMPLE 4 ] Use properties of equality 


LOGO You are designing a logo to sell 
daffodils. Use the information given. 
Determine whether mZ EBA = mZ DEC. 


Solution 
Equation Explanation Reason 
mZ1=mZ3 Markedindiagram. Given 
mz EBA — mZ3 + mz2 Add measures of Angle Addition Postulate 


adjacent angles. 


mz ЕВА = mZ1 + mZ2 Substitute mZ 1 for Substitution Property 


mz 3. of Equality 
mZ1+mZ2=mZDBC Add measures of Angle Addition Postulate 
adjacent angles. 
mZ EBA = mZ DBC Both measures are Transitive Property 
equal to the sum of of Equality 
mZ1+m22. 
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(EXAMPLE 5 ) Use properties of equality 


In the diagram, AB = CD. Show that AC = BD. HAC — — 
AA 
A B C D 
——— BD ———] 
Solution 
Equation Explanation Reason 
AB = CD Marked in diagram. Given 
AC = AB + BC Add lengths of Segment Addition 
adjacent segments. Postulate 
BD = BC + CD Add lengths of Segment Addition 
adjacent segments. Postulate 
AB + ВС = CD + ВС Add BC to each side of Addition Property 
AB = CD. of Equality 
AC = BD Substitute AC for Substitution Property 
AB + BC and BD for of Equality 
BC + CD. 


LA GUIDED PRACTICE for Examples 4 and 5 


Name the property of equality the statement illustrates. 
4. If m76 = mZ7, then mZ7 = mz 6. 
5. If JK = KL and KL = 12, then JK = 12. 

| 6 mZW - mZW 


25 EXERCISES "T Оогон 
a KEY: on p. WS2 for Exs. 9, 21, and 31 
: Ж = STANDARDIZED TEST PRACTICE 
Ех$. 2, 5, 27, and 35 


: e = MULTIPLE REPRESENTATIONS 
: Ex. 36 


SKILL PRACTICE 


1. VOCABULARY The following statement is true because of what property? 
The measure of an angle is equal to itself. 


2. ж WRITING Explain how to check the answer to Example 3 on page 106. 


: EXAMPLES WRITING REASONS Copy the logical argument. Write a reason for each step. 


: оп рр. 105-106 3. 3x-12=7x+8 Сїмеп 4. 5(х— 1) = 4х + 13 Сімеп 
: for Exs. 3-14 —4x-12=8 ? 5x — 5 = Ax + 13 ? 
—4x = 20 ? x—5-213 ? 
x= =b ? x=18 ? 
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5. Ж MULTIPLE CHOICE Name the property of equality the statement 
illustrates: If XY = AB and AB = GH, then XY = GH. 


СА) Substitution Reflexive СС) Symmetric (D> Transitive 


WRITING REASONS Solve the equation. Write a reason for each step. 

6. 5x — 10 = —40 7. 4x +9 = 16 - Зх 8. 5(3x — 20) = —10 
(9.)3(2x + 11) = 9 10. 2(—x — 5) = 12 11. 44 — 2(3x + 4) = -18x 
12. 4(5x — 9) = -2(x + 7) 13. 2x-15-x=21+10x 14. 3(7x — 9) – 19x = –15 


: EXAMPLE 3 € ALGEBRA Solve the equation for y. Write a reason for each step. 


: on p. 106 = _ Е _ зу = 
: for Exs. 15-20 15. 5x + у= 18 16. —4x + 2у = 8 17. 12 — Зу = 30x 
18. 3x + 9y = -7 19. 2у + 0.5х = 16 20. $x -3y = 2 


: EXAMPLES COMPLETING STATEMENTS In Exercises 21-25, use the property to copy and 
: дапа 5 complete the statement. 


¿0 pp. 207 108 CD Substitution Property of Equality: If AB = 20, then AB + Ср = _? . 


: for Exs. 21-25 
22. Symmetric Property of Equality: If т 1 = mZ2,then ? . 
23. Addition Property of Equality: If AB = CD, then. ? + EF- ? + EF. 
24. Distributive Property: If 5(x + 8) = 2, then ? x+_? = 2. 


25. Transitive Property of Equality: If m< 1 = mZ2 and mZ2 = mzZ3, 
then _? . 


26. ERROR ANALYSIS Describe and correct the error in solving the equation 
for x. 


7x =x + 24 Given 
Ox = 24 Addition Property of Equality < 
х= 5 Division Property of Equality 


27. Ж OPEN-ENDED MATH Write examples from your everyday life that could 
help you remember the Reflexive, Symmetric, and Transitive Properties of 
Equality. 


PERIMETER In Exercises 28 and 29, show that the perimeter of triangle ABC 
is equal to the perimeter of triangle ADC. 


28. A 29. A B 
D C B D C 
30. CHALLENGE In the figure at the right, V 


ZY = XW, ZX = 5x + 17, YW = 10 — 2x, 
and YX = 3. Find ZY and XW. 


Z Y X W 
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| 


ROBLEM SOLVING 


: EXAMPLE 3 


: on p. 106 
: for Exs. 31-32 


: EXAMPLE 4 


: vp iE 
: for Ex. 35 
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PERIMETER The formula for the perimeter P of a rectangle is P = 24 + 2w 
where / is the length and wis the width. Solve the formula for / and write 
a reason for each step. Then find the length of a rectangular lawn whose 
perimeter is 55 meters and whose width is 11 meters. 
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32. AREA The formula for the area A of a triangle is A — S bh where bis the 


33. 


34. 


base and Л is the height. Solve the formula for Л and write a reason for 
each step. Then find the height of a triangle whose area is 1768 square 
inches and whose base is 52 inches. 
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PROPERTIES OF EQUALITY Copy and complete F 
the table to show mz2 = mZ3. 2|3 
1 4 
E H G 


MEN UM 


mz1-mz4,mzEHF = 90°, Given 
mz СНЕ = 90° 


т EHF = mZ СНЕ Substitution Property of | Substitution Property of Equality - 
mzEHF = mZ1 + mz2 Add measures of 
mz GHF = mZ3 + mz4 | adjacent angles. 
mz1 + mZ2 = mZ3 + mZ4 | Write expressions equal 
r i the angle measures. 
Substitute mZ1 for mz4. 
——— Property of Equality 


MULTI-STEP PROBLEM Points A, B, C, and D represent stops, in order, 
along a subway route. The distance between Stops A and C is the same 
as the distance between Stops B and D. 


a. Draw a diagram to represent the situation. 


b. Use the Segment Addition Postulate to show that the distance 
between Stops A and B is the same as the distance between 
Stops C and D. 


c. Justify part (b) using the Properties of Equality. 


35. Ж SHORT RESPONSE A flashlight beam is 
reflected off a mirror lying flat on the ground. 
Use the information given below to find 7mZ 2. 
mZ1+mZ2+mZ3 = 180° 
т21 + т22 = 148° 
mzl-mz3 
(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED es = MULTIPLE 


on p. WS1 TEST PRACTICE REPRESENTATIONS 


36. es MULTIPLE REPRESENTATIONS The formula to convert a temperature 
in degrees Fahrenheit (°F) to degrees Celsius (°C) is C = Э(Е — 32). 


a. Writing an Equation Solve the formula for F. Write a reason for each step. 
b. Making a Table Make a table that shows the conversion to 
Fahrenheit for each temperature: 0°С, 20°С, 32°С, and 41°С. 


c. Drawing a Graph Use your table to graph the temperature in degrees 
Fahrenheit (%F) as a function of the temperature in degrees Celsius (*C). 
Is this a linear function? 


CHALLENGE In Exercises 37 and 38, decide whether the relationship is 
reflexive, symmetric, or transitive. 


37. Group: two employees in a 38. Group: negative numbers on a 
grocery store number line 
Relationship: “worked the same Relationship: “is less than” 
hours as” Example: —4 is less than —1. 


Example: Yen worked the same 
hours as Jim. 


: PREVIEW 


: Prepare for 
: Lesson 2.6 
: in Exs. 39-40. 


Q 


"MIXED REVIEW 


In the diagram, mZ ADC = 124". (p. 24) 
39. Find mZ ADB. 
40. Find mZ BDC. 


41. Finda counterexample to show the conjecture is false. 
Conjecture АП polygons have five sides. (p. 72) 


42. Select the word(s) that make(s) the conclusion true. If mz X = mz Y and 
mZ Y = mZ Z, then mZ X (is, may be, or is not) equal to mZ Z. (p. 87) 


UIZ for Lessons 2.4-2.5 


Use the diagram to determine if the statement is true or false. (p. 96) 


1. Points B, C, and D are coplanar. 
2. Point A is on line /. 


3. Plane P and plane Q are perpendicular. 


Solve the equation. Write a reason for each step. (p. 105) 


4. x + 20 = 35 5. 5x — 14 = 16 + Зх 


Use the property to copy and complete the statement. (p. 105) 
6. Subtraction Property of Equality: If AB = CD, then ? —EF—- ? -— EF. 
7. Transitive Property of Equality: If a = bandb=c,then_? = ?. 
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Key Vocabulary 

e proof 

e two-column proof 
e theorem 


: WRITE PROOFS 


: Writing a two-column 
: proof is a formal way 
: of organizing your 

: reasons to show a 

: statement is true. 


You used deductive reasoning. 
You will write proofs using geometric theorems. 


So you can prove angles are congruent, as in Ex. 21. 


Prove Statements about 
°™ Segments and Angles 


A proof is a logical argument that shows a statement is true. There are several 
formats for proofs. A two-column proof has numbered statements and 
corresponding reasons that show an argument in a logical order. 


In a two-column proof, each statement in the left-hand column is either given 
information or the result of applying a known property or fact to statements 
already made. Each reason in the right-hand column is the explanation for 
the corresponding statement. 


Write a two-column proof 


Write a two-column proof for the 
situation in Example 4 on page 107. 


GIVEN > т/1= mz3 
PROVE > mz ЕВА = mz DBC 


STATEMENTS 


1. mz l^ mz3 

. MZ ЕВА = mZ3 + mZ2 
. тг ЕВА = mz1 + mz2 
‚т 1+ т22 = тг ПВС 
‚ mZ ЕВА = mz DBC 


REASONS 


1. Given 

2. Angle Addition Postulate 

3. Substitution Property of Equality 
4. Angle Addition Postulate 

5. Transitive Property of Equality 


л Fm 0 IN 


GUIDED PRACTICE for Example 1 


1. Four steps of a proof are shown. Give the reasons for the last two steps. 


GIVEN > AC = AB + AB $—— — — — —9——— — —e 
PROVE b AB = BC 


STATEMENTS REASONS 


1. AC = AB + AB 1. Given 

2. AB+ BC — AC 2. Segment Addition Postulate 
3. АВ + AB = AB + BC 3. ?. 

4. AB — BC 4. ? 
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THEOREMS The reasons used in a proof can include definitions, properties, 
postulates, and theorems. A theorem is a statement that can be proven. 
Once you have proven a theorem, you can use the theorem as a reason in 
other proofs. 


THEOREMS For Your Notebook 


: TAKE NOTES } THEOREM 2.1 Congruence of Segments 


: Be sure to copy all 
: new theorems in your f> BEEN 
: notebook. Notice that 4 Reflexive For any segment AB, AB = AB. 


: the theorem box tells s | = — == 
: you where to find ће it Symmetric IfAB = CD, then CD = AB. 


: proof(s). |: Transitive ГАВ = CD and CD = EF, then AB = EF. 
> Proofs: p. 137; Ex. 5, p. 121; Ex. 26, p. 118 


Segment congruence is reflexive, symmetric, and transitive. 


THEOREM 2.2 Congruence of Angles 

Angle congruence is reflexive, symmetric, and transitive. 
Reflexive For any angle A, ZA = Z A. 
Symmetric If ZA = ZB, then ZB = ZA. 
Transitive If ZA = ZBand ZB = ZC, then ZA = ZC. 


696406006660 0 Ф 


Proofs: Ex. 25, р. 118; Concept Summary, р. 114; Ex. 21, р. 137 


( EXAMPLE 2 ) Name the property shown 


Name the property illustrated by the statement. 
а. If 7R=ZTand /Т = ZP, then ZR = ZP. 
b. If NK = BD, then BD = NK. 


Solution 
a. Transitive Property of Angle Congruence 


b. Symmetric Property of Segment Congruence 


r4 GUIDED PRACTICE | for Example 2 


Name the property illustrated by the statement. 
2. CD=CD 
3. IfZQzZVthenZVzzqQ. 


In this lesson, most of the proofs involve showing that congruence and 
equality are equivalent. You may find that what you are asked to prove seems 
to be obviously true. It is important to practice writing these proofs so that 
you will be prepared to write more complicated proofs in later chapters. 
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Use properties of equality 


Prove this property of midpoints: If you know that Mis the midpoint of AB, 
prove that AB is two times AM and AMis one half of AB. 


: WRITE PROOFS GIVEN > Mis the midpoint of AB. A M B 


: Before writing a proof, PROVE > a. АВ = 2 • АМ 
: Organize your reasoning 


: by copying or drawing b. АМ = +АВ 
; 2 
: a diagram for the 
: situation described. 
: Then identify the GIVEN | STATEMENTS REASONS 
: and PROVE statements. 1. Mis the midpoint of AB. 1. Given 
2. AM= MB 2. Definition of midpoint 
3. AM = MB 3. Definition of congruent segments 
4. АМ + MB = AB 4. Segment Addition Postulate 
5. АМ + АМ = AB 5. Substitution Property of Equality 
a. 6. 2АМ = AB 6. Distributive Property 
b. 7. AM = ¿AB 7. Division Property of Equality 


r4 GUIDED PRACTICE for Example З 


4. WHAT IF? Look back at Example 3. What would be different if you were 
proving that AB = 2 * MB and that MB = АВ instead? 


For Your Notebook 


CONCEPT SUMMARY 


Writing a Two-Column Proof 


In a proof, you make one statement at a time, until you 
reach the conclusion. Because you make statements based 
on facts, you are using deductive reasoning. Usually the first 
statement-and-reason pair you write is given information. 


a< 


Copy or draw diagrams and 
label given information to help 
develop proofs. 


Proof of the Symmetric Property of Angle Congruence 


GIVEN > 41 = 2 
PROVE > Z2 = Z1 


on facts that 


114 


STATEMENTS REASONS 
> Statements based 1. /1=/2 1. Given Definitions, 


2. m/1=mZ2 
3.mZ2=mZ1 
4.Z2=Z1 


> you know or ___» 
on conclusions 
from deductive 


reasoning A 
The number of 
statements will vary. 
Chapter 2 Reasoning and Proof 


2. Definition of congruent angles 
3. Symmetric Property of Equality 
4. Definition of congruent angles 


\ 


Remember to give a reason 
for the last statement. 


postulates, or proven 
< theorems that 

allow you to state 

the corresponding 

statement 


(EXAMPLE 4 ) Solve a multi-step problem 


SHOPPING MALL Walking down a hallway at the mall, you notice the music 
store is halfway between the food court and the shoe store. The shoe store is 
halfway between the music store and the bookstore. Prove that the distance 
between the entrances of the food court and music store is the same as the 


distance between the entrances of the shoe store and bookstore. 


: ANOTHER WAY Solution 

als ici STEP Y Draw and label a diagram. 

: method for solving the 

: problem in Example 4, food music shoe bookstore 
: turn to page 120 for court store store 

: the Problem Solving y B A D 

: Workshop. 


STEP 2 Draw separate diagrams to show mathematical relationships. 


Á B C D A B C D 


STEP 3 State what is given and what is to be proved for the situation. 
Then write a proof. 
GIVEN > Bis the midpoint of AC. 
Cis the midpoint of BD. 
PROVE > AB = CD 


STATEMENTS _ ___| REASONS 
1. Bis the midpoint of AC. 1. Given 
Cis the midpoint of BD. 
2. AB = BC 2. Definition of midpoint 
з. ВС = CD 3. Definition of midpoint 
4. AB=CD 4. Transitive Property of Congruence 
5. AB= CD | 5. Definition of congruent segments 


Y GUIDED PRACTICE | for Example 4 


5. In Example 4, does it matter what the actual distances are in order to 
prove the relationship between AB and CD? Explain. 


6. In Example 4, there is a clothing store halfway between the music store 
and the shoe store. What other two store entrances are the same distance 
from the entrance of the clothing store? 
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2.6 EXERCISES "t О-оо 
ө КЕҮ: on p. WS2 for Exs. 7, 15, and 21 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 4, 12, 19, 27, and 28 


' SKILL PRACTICE 


1. VOCABULARY What is a theorem? How is it different from a postulate? 


2. ж WRITING You can use theorems as reasons in a two-column proof. 
What other types of statements can you use as reasons in a two-column 
proof? Give examples. 


: EXAMPLE 1 | 3. DEVELOPING PROOF Copy and complete the proof. 
; 9n p. Me GIVEN > AB = 5, ВС = 6 A 
: for Exs. 3-4 A 5 B 6 C 
PROVE b» AC = 11 
STATEMENTS | REASONS . _ 
1. АВ=5,ВС=6 1. Given 
2. AC=AB + BC 2. Segment Addition Postulate 
3. AC=5+6 3. ?.— 
4. ? 4. Simplify. 


4. Ж MULTIPLE CHOICE Which property listed is the reason for the last step 
in the proof? 
GIVEN > mz 1 = 59°, mZ 2 = 59° 
PROVE b mZ1 =m2Z2 


STATEMENTS | REASONS 

1. т/1 = 59°, mZ 2 = 59° 1. Given 

2. 59 — mZ2 2. Symmetric Property of Equality 
3. ml = mz2 3. ? 


СА) Transitive Property of Equality Reflexive Property of Equality 
(C Symmetric Property of Equality — (D) Distributive Property 


: EXAMPLES USING PROPERTIES Use the property to copy and complete the statement. 


lq———— es , - TEE — 
: on pp. 113-114 5. Reflexive Property of Congruence SE 


: for Exs. 5-13 6. Symmetric Property of Congruence: If_? = ? , then ZRST = ZJKL. 
(7.) Transitive Property of Congruence: If ИЕ = ZJand_? = ? ,then 
ZB. 


NAMING PROPERTIES Name the property illustrated by the statement. 
8. If DG = CT, then CT = DG. 9. ZVWX = ZVWX 
10. If /K = MN and MN = XY, then JK = XY. 11. YZ = ZY 
12. ж MULTIPLE CHOICE Name the property illustrated by the statement 
“If CD = MN, then MN = CD." 
СА) Reflexive Property of Equality Symmetric Property of Equality 


СС) Symmetric Property of Congruence (D) Transitive Property of Congruence 


116 Сһарїег2 Reasoning and Proof 


3 ane lib Di 
: for Exs. 14-15 


13. ERROR ANALYSIS In the diagram below, MN = LQ and LQ = PN. Describe 
and correct the error in the reasoning. 


E M 
Because MN = LQ and LQ = PN, 
then MN = PN by the Reflexive X 
Property of Segment Congruence. 
Q Р М 


MAKING A SKETCH In Exercises 14 апа 15, sketch a diagram that 
represents the given information. 


14. CRYSTALS The shape of a crystal can be 
represented by intersecting lines and planes. 
Suppose a crystal is cubic, which means it can 
be represented by six planes that intersect at 
right angles. 


BEACH VACATION You are on vacation at the 
beach. Along the boardwalk, the bike rentals are 
halfway between your cottage and the kite shop. 
The snack shop is halfway between your cottage 
and the bike rentals. The arcade is halfway 
between the bike rentals and the kite shop. 


16. DEVELOPING PROOF Copy and complete the proof. R 


GIVEN P RT = 5, RS = 5, ВТ = TS 
PROVE » RS = TS 


T $ 
STATEMENTS REASONS 
1. RT = 5, RS = 5, RT = TS 1._?_ 
2. RS = RT 2. Transitive Property of Equality 
3. RT = TS 3. Definition of congruent segments 
4. RS = TS 4. Transitive Property of Equality 
5. RS = TS 5. ? 


E) ALGEBRA Solve for x using the given information. Explain your steps. 


17. GIVEN » QR = PQ, R$ = PQ 18. GIVEN > mZ ABC = 90° 
Í А i 6x° 
10-3 
Q 2x+5 R и (3x — 9) 
В б 


19. Ж SHORT RESPONSE Explain why writing a proof is an example of 
deductive reasoning, not inductive reasoning. 


20. CHALLENGE Point Pis the midpoint of MN and point Q is the midpoint 
of MP. Suppose AB is congruent to MP, and PN has length x. Write the 
length of the segments in terms of x. Explain. 


a. AB b. MN c. MQ d. NQ 
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PROBLEM SOLVING 


@1) BRIDGE In the bridge in the illustration, it is 


known that Z2 = Z3 and TV bisects Z UTW. Copy 
and complete the proof to show that Z1 = Z3. 


STATEMENTS | EP V. 
1. TV bisects Z UTW. | 


1. Given 


2.71272 2, tf 
3. 72z 73 3. Given 
4. /1=3 4. 2 


ерее 


Tutor | for problem solving help at classzone.com 


: EXAMPLE 3 22. DEVELOPING PROOF Write a complete proof by matching each statement 


: on p. 114 with its corresponding reason. 


: for Ex. 22 GIVEN > QS is an angle bisector of Z PQR. 


PROVE > mZ PQS = тё РОВ 


STATEMENTS REASONS 


à Q$ is an angle bisector of Z PQR. A. Definition of angle bieector 

. ZPQS = Z SQR B. Dietributive Property 

. mZ PQS = mZ SQR C. Angle Addition Fostulate 

. mZ PQS + mZ SQR = mZ PQR D. Given 

. mZ PQS + MZ PQS = mZ PQR E. Division Property of Equality 
F 
G 


‚ 2, mZ PQS = mZ PQR ‚ Definition of congruent angles 


. mZ PQS = i PQR я Substitution Property of 
2 Equality 


N © л ma ON = 


 (QHomelüutor . for problem solving help at classzone.com 


PROOF Use the given information and the diagram to prove the statement. 


23. GIVEN b 2AB = AC 24. GIVEN > т/1-+т/2 = 180? 
PROVE > AB = BC mZ1 = 62° 
PROVE b m2 = 118° 


ф—ф——Ф 


А В С 


PROVING PROPERTIES Prove the indicated property of congruence. 


25. Reflexive Property of 26. Transitive Property of 
Angle Congruence Segment Congruence 
GIVEN P A is an angle. GIVEN > WX = XY and XY = YZ 
PROVE > АА = ZA PROVE > WX = YZ 
0 
A W X 
(СС) = WORKED-OUT SOLUTIONS Ж - STANDARDIZED 


118 on p. WS1 TEST PRACTICE 


: for Ex. 29 


: PREVIEW 


: Prepare for 
i Lesson 2.7 
: in Exs. 31-33. 


27. K SHORT RESPONSE In the sculpture shown, Z1 = Z2 and 
£2 = £3. Classify the triangle and justify your reasoning. 


28. Ж SHORT RESPONSE You use a computer drawing program 
to create a line segment. You copy the segment and paste it. 
You copy the pasted segment and then paste it, and so on. 
How do you know all the line segments are congruent? 


29. MULTI-STEP PROBLEM The distance from the restaurant to 
the shoe store is the same as the distance from the cafe to 
the florist. The distance from the shoe store to the movie 
theater is the same as the distance from the movie theater to 
the cafe, and from the florist to the dry cleaners. 


Cafe Florist Dry cleaners 
Use the steps below to prove that the distance from the restaurant to the 
movie theater is the same as the distance from the cafe to the dry cleaners. 
a. Draw and label a diagram to show the mathematical relationships. 
b. State what is given and what is to be proved for the situation. 
c. Write a two-column proof. 


netry at classzone.com 


30. CHALLENGE The distance from Springfield to Lakewood City is equal to 
the distance from Springfield to Bettsville. Janisburg is 50 miles farther 
from Springfield than Bettsville is. Moon Valley is 50 miles farther from 
Springfield than Lakewood City is. 


a. Assume all five cities lie in a straight line. Draw a diagram that 
represents this situation. 


b. Suppose you do not know that all five cities lie in a straight line. 
Draw a diagram that is different from the one in part (a) to represent 
the situation. 


c. Explain the differences in the two diagrams. 


"MIXED REVIEW ШШ  _ ] 


Given m< 1, find the measure of an angle that is complementary to /1апа 
the measure of an angle that is supplementary to Z 1. (р. 35) 


31. mZ1 = 47° 32. mZ1 = 29° 33. mZ1 = 89° 


Solve the equation. Write a reason for each step. (p. 105) 


34. 5x + 14 = —16 35. 2x — 9 = 15 – 4х 36. x + 28 = -I1 — 3x — 17 
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PROBLEM SOLVING Using ALTERNATIVE METHODS 


WORKSHOP | 
Another Way to Solve Example 4, page 115 


MULTIPLE REPRESENTATIONS The first step in writing any proof is to make a 
plan. A diagram or visual organizer can help you plan your proof. The steps 
of a proof must be in a logical order, but there may be more than one correct 
order. 


Ç 
e$ 


SHOPPING MALL Walking down a hallway at the mall, you notice the 
music store is halfway between the food court and the shoe store. The 
shoe store is halfway between the music store and the bookstore. Prove 
that the distance between the entrances of the food court and music 
store is the same as the distance between the entrances of the shoe 
store and bookstore. 


.. METHOD Using a Visual Organizer 


STEP 1 Use a visual organizer to map out your proof. 


The music store is halfway between the food court and the shoe store. 
The shoe store is halfway between the music store and the bookstore. 


Given information M is halfway between Sis halfway between 
Fand S. M and B. 


Deductions from Mis the midpoint of Sis the midpoint of 
given information FS. So, FM = MS. MB. So, MS — SB. 


\ / 


Statement to prove FM = SB 


STEP 2 Write a proof using the lengths of the segments. 


GIVEN P Mis halfway between F and S. 
S is halfway between М and В. 


PROVE » FM = SB 


STATEMENTS REASONS 

1. Mis halfway between F and S. 1. Given 

2. Sis halfway between M and B. 2. Given 

3. Mis the midpoint of FS. 3. Definition of midpoint 

4. Sis the midpoint of MB. 4. Definition of midpoint 

5. FM = MS and MS = SB 5. Definition of midpoint 

6. MS = MS 6. Reflexive Property of Equality 

7. FM = SB 7. Substitution Property of Equality 
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«mu» | l1 — | | 


1. COMPARE PROOFS Compare the proof on the previous page and the 


proof in Example 4 on page 115. 

a. How are the proofs the same? How are they different? 

b. Which proof is easier for you to understand? Explain. 

. REASONING Below is a proof of the Transitive Property of Angle 


Congruence. What is another reason you could give for Statement 3? 
Explain. 


GIVEN > /А= /7BandZB=2ZC 
PROVE > ZA= ZC 


STATEMENTS REASONS 
1. ХА = ХВ, ФВ = ИС 1. Given 
2. mZA = т/ В, т2В = mzC | 2. Definition of congruent angles 
3. mZ A = mzC 3. Transitive Property of Equality 
4. ZAzZC 4. Definition of congruent angles 


. SHOPPING MALL You are at the same mall as on page 120 and you notice 
that the bookstore is halfway between the shoe store and the toy store. 
Draw a diagram or make a visual organizer, then write a proof to show that 
the distance from the entrances of the food court and music store is the 
same as the distance from the entrances of the book store and toy store. 


. WINDOW DESIGN The entrance to the mall has a decorative SA 
window above the main doors as shown. The colored 

dividers form congruent angles. Draw a diagram or make a 

visual organizer, then write a proof to show that the angle 

measure between the red dividers is half the measure of the 

angle between the blue dividers. 


. COMPARE PROOFS Below is a proof of the Symmetric Property of 
Segment Congruence. 


GIVEN » DE = FG D e—— —— — — F 
PROVE » FG = DE 


FG 


STATEMENTS REASONS 

. DE= FG 1. Given 
2. DE = FG 2. Definition of congruent segments 
3. FG = DE 3. Symmetric Property of Equality 
4. FG = DE 4. Definition of congruent segments 


a. Compare this proof to the proof of the Symmetric Property of Angle 
Congruence in the Concept Summary on page 114. What makes the 
proofs different? Explain. 


b. Explain why Statement 2 above cannot be FG = DE. 


Using Alternative Methods 
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i] E Use before lesson 2.7 


2./ Angles and Intersecting Lines 


MATERIALS : graphing calculator or computer 


(QUESTION ] What is the relationship between the measures of the 


angles formed by intersecting lines? 


You can use geometry drawing software to investigate the measures of angles 
formed when lines intersect. 


| EXPLORE 1 } Measure linear pairs formed Бу intersecting lines 


STEP 1| Draw two intersecting lines Draw and label АВ. Draw and label CD so 
that it intersects АВ. Draw and label the point of intersection E. 


STEP 2 STEP 3 


Type a name: 


Measure angles Measure Z АЕС, Z AED, Save Save as “EXPLORE!” by choosing 
and Z DEB. Move point Cto change the Save from the F1 menu and typing the 
angles. name. 


AN MATAR TS ЕЕ Use your observations to complete these exercises 


. Describe the relationship between Z AEC and Z AED. 
. Describe the relationship between Z AED and Z DEB. 
. What do you notice about Z AEC and Z DEB? 


Aa и N = 


. In Explore 1, what happens when you move C to a different position? 
Do the angle relationships stay the same? Make a conjecture about two 
angles supplementary to the same angle. 


5. Do you think your conjecture will be true for supplementary angles that 
| are not adjacent? Explain. 
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(EXPLORE 2 ) Measure complementary angles 


STEP 1| Draw two perpendicular lines Draw and label AB. Draw point E on AB. 


Draw and label ЁС 1 AB. Draw and label point D on EC so that E is between C 
and D as shown in Step 2. 


STEP 2 STEP 3 


Draw another line Draw and label EG Measure angles Measure Z AEF, Z FED, 
so that Gis in the interior of Z CEB. Z СЕС, and Z GEB. Save as "EXPLORE2". 
Draw point Fon ЁС as shown. Move point G to change the angles. 


(EXPLORE 3 | Measure vertical angles formed by intersecting lines 


STEP 1| Draw two intersecting lines Draw and label AB. Draw and label CD 
< 
so that it intersects АВ. Draw and label the point of intersection Е. 


STEP 2| Measure angles Measure Z AEC, Z AED, Z BEC, and 4 DEB. Move 
point Cto change the angles. Save as “EXPLORE3”. 


ea ae Ce esc ES Use your observations to complete these exercises 


6. In Explore 2, does the angle relationship stay the same as you move G? 


7. In Explore 2, make a conjecture about the relationship between 4 СЕС 
and Z GEB. Write your conjecture in if-then form. 


8. In Explore 3, the intersecting lines form two pairs of vertical angles. 
Make a conjecture about the relationship between any two vertical 
angles. Write your conjecture in if-then form. 


9. Name the pairs of vertical angles in Explore 2. Use this drawing to test 
your conjecture from Exercise 8. 


2.7 Prove Angle Pair Relationships 
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2.1 


You identified relationships between pairs of angles. 


| Now ) You will use properties of special pairs of angles. 
So you can describe angles found in a home, as in Ex. 44. 


Key Vocabulary 


• complementary 
angles, p. 35 


• supplementary 
angles, p. 35 


* linear pair, p. 37 
* vertical angles, 
p. 37 


Prove Angle Pair 
Relationships 


Sometimes, a new theorem describes a relationship that is useful in writing 
proofs. For example, using the Right Angles Congruence Theorem will reduce 
the number of steps you need to include in a proof involving right angles. 


THEOREM For Your Notebook 


THEOREM 2.3 Right Angles Congruence Theorem 
> All right angles are congruent. 


Proof: below 


Right Angles Congruence Theorem 


: WRITE PROOFS 


: When you prove 

: a theorem, write 

: the hypothesis of 

: the theorem as the 

: GIVEN statement. The 
: conclusion is what you 
: must PROVE. 


> GIVEN P //1 and 22 are right angles. 
PROVE > 41 = Z2 4 Z 


STATEMENTS 


1. Given 

2. Definition of right angle 

3. Transitive Property of Equality 
4. Definition of congruent angles 


1. Zl and Z2 are right angles. 
2. т21 = 90°, mZ2 = 90? 

3. mZl- mz2 

д. 21 = 22 


Use right angle congruence 


: AVOID ERRORS 


: The given information 

: in Example 1 15 about 

: perpendicular lines. You 
: must then use deductive 
: reasoning to show the 

: angles are right angles. 


Write a proof. 
GIVEN > AB 1 BC, DC L BC Е А 
PROVE > КВ = ZC | 
A B 
STATEMENTS REASONS 
1. AB L BC, DC L BC 1. Given 
2. / Вапа Z Care right angles. 2. Definition of perpendicular lines 
a. ZB=ZC 3. Right Angles Congruence Theorem 
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THEOREMS For Your Notebook 


2 
E 
P 
E 
ә 

ә 

ә 


+ Iftwo angles are supplementary to the same 


1° angle (or to congruent angles), then they are "d 
© congruent. 1 


2 
If Z1 and Z2 are supplementary апа E] 


Z3 and Z2 are supplementary, then Z1 = Z3. 
Proof: Example 2, below; Ex. 36, p. 129 


THEOREM 2.4 Congruent Supplements Theorem 


THEOREM 2.5 Congruent Complements Theorem 


T If two angles are complementary to the same 
= angle (or to congruent angles), then they are 

45 5 
> congruent. = 4 
E If Z4 and Z5 are complementary and 


Z6 and Z5 are complementary, then Z4 = Z6. 
Proof: Ex. 37, p. 129; Ex. 41, p. 130 


To prove Theorem 2.4, you must prove two cases: one with angles 
supplementary to the same angle and one with angles supplementary to 
congruent angles. The proof of Theorem 2.5 also requires two cases. 


| EXAMPLE 2 ] Prove a case of Congruent Supplements Theorem 


Prove that two angles supplementary to the same angle are congruent. 


GIVEN > 41 and Z2 are supplements. 
Z3 and Z2 are supplements. 


PROVE > 41 = 43 132 ; 
STATEMENTS | REASONS 
1. Z1 and Z2 are supplements. 1. Given 
43 and Z2 are supplements. 
2. т21 + т/2 = 180° 2. Definition of supplementary angles 


mZ3 + mz2 = 180° 
3. ml + mZ2=m2Z3 + mz2 3. Transitive Property of Equality 
4. nZ1-— mz3 4. Subtraction Property of Equality 
5. 21 3 5. Definition of congruent angles 
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Y GUIDED PRACTICE | for Examples 1 and 2 


1. How many steps do you save in the proof in Example 1 by using the Right 
Angles Congruence Theorem? 


2. Draw a diagram and write GIVEN and PROVE statements for a proof of 
each case of the Congruent Complements Theorem. 


2.7 Prove Angle Pair Relationships 
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: USE A DIAGRAM . р 
° eeececeoceceoeoee DE ID 2. /5andZ6arealinear pair. 
: You can use information 


: labeled in a diagram in 
: your proof. 3. Z5 and Z 6 are supplementary. 
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INTERSECTING LINES When two lines intersect, pairs of vertical angles 

and linear pairs are formed. The relationship that you used in Lesson 1.5 
for linear pairs is formally stated below as the Linear Pair Postulate. This 
postulate is used in the proof of the Vertical Angles Congruence Theorem. 


POSTULATE For Your Notebook 


POSTULATE 12 Linear Pair Postulate 


If two angles form a linear pair, then they are supplementary. 


Zl апа 42 form a linear pair, so Z1 and Z2 are 
supplementary and mZ 1 + mZ2 = 180°. 177 2 


THEOREM For Vour Wotebook 


THEOREM 2.6 Vertical Angles Congruence Theorem 


Vertical angles are congruent. 


Proof: Example 3, below Ш] ma /2 = zá 


Prove the Vertical Angles Congruence Theorem 


Prove vertical angles are congruent. 


GIVEN > 25 and Z7 are vertical angles. 
PROVE » 45 = 17 I 6 


STATEMENTS 


1. Given 


2. Definition of linear pair, as shown 
in the diagram 


3. Linear Pair Postulate 


. Z5 and Z7 are vertical angles. 
Z 6 and 47 are a linear pair. 


Z 6 and Z7 are supplementary. 


4.752 Z7 4. Congruent Supplements Theorem 


GUIDED PRACTICE for Example 3 


In Exercises 3-5, use the diagram. 
3. If mZ1 = 112°, find mZ 2, mZ3, and mZ 4. 
4. If mZ2 = 67°, find mz 1, mZ3, and mZ A. 
5. If mZ4 = 71°, find mZ 1, mZ2, and mZ3. 


6. Which previously proven theorem is used in Example 3 as a reason? 
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Ж (EXAMPLE 4 ] Standardized Test Practice 


: ELIMINATE CHOICES 


: Look for angle pair 

: relationships in the 

: diagram. The angles 

: in the diagram are 

: supplementary, not 

: complementary or 

: congruent, so eliminate 
: choices A and C. 


2.7 EXERCISES 


-» Which equation can be used to find x? 
СА) 32 + (8x4 1) 90 
32 + (3x + 1) = 180 
© 32=3x+1 
(D 3x+1=212 


Solution 
Because Z TPQ and Z QPR form a linear pair, the sum of their measures is 180°. 
> The correct answer is B. @ © а» 


GUIDED PRACTICE for Example 4 


Use the diagram in Example 4. 


7. Solve for x. 8. Find mZ TPS. 


HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
KEY: on p. WS3 for Exs. 5, 13, and 39 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 7, 16, 30, and 45 


. SKILL PRACTICE 


1. VOCABULARY Copy and complete: If two lines intersect at a point, then 


2, 


the ? angles formed by the intersecting lines are congruent. 


Ж WRITING Describe the relationship between the angle measures of 
complementary angles, supplementary angles, vertical angles, and 


linear pairs. 


: EXAMPLES IDENTIFY ANGLES Identify the pair(s) of congruent angles in the 


: Tand 2 figu 
: on pp. 124-125 m 
: for EXs. 3—7 


res below. Explain how you know they are congruent. 


4. ZABCis supplementary to Z CBD. 
Z CBD is supplementary to 4 DEF. 


6. 
F J е L W Y 

44° 3B 49° 
G H K M X 7 
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: EXAMPLE 3 


: ELT оа 
: for Exs. 8-11 


: ЕХАМРІЕ 4 


: Bs cords РИ 
: for Exs. 12-14 
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7. Ж SHORT RESPONSE The x-axis and y-axis in a coordinate plane are 
perpendicular to each other. The axes form four angles. Are the four 
angles congruent right angles? Explain. 

FINDING ANGLE MEASURES In Exercises 8-11, use the diagram at the right. 
8. If mZ1 = 145°, find mZ2, mZ3, and mZ A. 
9. If mZ3 = 168°, find mZ 1, mZ2, and mz 4. 

10. If m4 = 37°, find mz 1, mZ2, апа mZ3. 

11. If mZ2 = 62°, find mZ 1, mz3, and mZ 4. 


ЄЙ) ALGEBRA Find the values of x and y. 
14. (10x — 4p 


16y° 
(18y — 18)° 


6(x + 2)? 


15. ERROR ANALYSIS Describe the error in stating 


that Z1 = Z4and Z2 = 73. NU Z1= 24 
2X 35 
a 42 = /% X 


16. Ж MULTIPLE CHOICE In a figure, ZA and Z D are complementary angles 
and mZA = 4x”. Which expression can be used to find mZ D? 


CA) (Ax + 90)? (180 — 4x)° СС) (180 + 4x)? D> (90 — 4x)? 
FINDING ANGLE MEASURES In Exercises 17-21, copy and complete the 
statement given that mZ FHE = mZ ВНС = mZ AHF = 90°. 

17. If mZ3 = 30°, thenmZ6= 2. 

18. If mZ BHF = 115°, then mz3 = ?. 

19. IfmZ6 = 27°, then т/1 = ?. 

20. If mZ DHF = 133°, then mz CHG = ?. 
21. If mZ3 = 32°, еп т/2 = 2. 


ANALYZING STATEMENTS Two lines that are not perpendicular intersect 
such that 11 and Z2 are a linear pair, Z1 and Z4 are a linear pair, and Z1 
and Z3 are vertical angles. Tell whether the statement is true or false. 


22. 71272 23. Z1zz3 24. Z1 = 74 
25. Z3 = Z2 26. Z2 = Z4 27. MZ3 + т/4 = 180° 


С) ALGEBRA Find the measure of each angle in the diagram. 
28. 29. 


(6x + 50)° 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 


on p. WS1 TEST PRACTICE 


30. ж OPEN-ENDED MATH In the diagram, mZ CBY = 80? 


< 
апа ХҮ bisects / АВС. Give two more true statements 
about the diagram. 


DRAWING CONCLUSIONS In Exercises 31-34, use the given statement 
to name two congruent angles. Then give a reason that justifies your 
conclusion. 


31. In triangle GFE, GH bisects / ЕСЕ. 

32. “1 is a supplement of Z6, and Z9 is a supplement of Z 6. 

33. ABis perpendicular to CD, and AB and CD intersect at E. 

34. “5 is complementary to 412, and Z1 is complementary to Z 12. 

35. CHALLENGE Sketch two intersecting lines j and К. Sketch another pair of 
lines £ and m that intersect at the same point as ¡and k and that bisect 


the angles formed by j and k. Line £ is perpendicular to line m. Explain 
why this is true. 


"PROBLEM SOLVING I 


: EXAMPLE 2 36. PROVING THEOREM 2.4 Prove the second case of the Congruent 


: on p. 125 Supplements Theorem where two angles are supplementary to 
: for ЕХ. 36 congruent angles. 
GIVEN > 41 and Z2 are supplements. 
Z3 and Z4 are supplements. 
Z1=ZA4 
PROVE > 42 = 43 AE 3/ L3 
@НотеТиїог ` for problem solving help at classzone.com 


37. PROVING THEOREM 2.5 Copy and complete the proof of the first 
case of the Congruent Complements Theorem where two angles are 
complementary to the same angle. 


GIVEN > 21 and Z2 are complements. 


&1 and Z3 are complements. P i 3 

PROVE > 42 = Z3 2 
STATEMENTS | REASONS 
1. Z1and 42 аге complements. | 1. ? 

Z 1 and Z3 are complements. 
2. т21+ т/2 = 90° a. f 

т21 + т/3 = 90° 
3. f 3. Transitive Property of Equality 
4. ? 4. Subtraction Property of Equality 


5. “2=/3 | 5. ? 


( @Homelutor | for problem solving help at classzone.com 
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PROOF Use the given information and the diagram to prove the statement. 


38. GIVEN > ZABD is a right angle. GIVEN > JK LJM, KL L ML, 
Z CBE is a right angle. L= ZM, 4K= ZL 
PROVE > ZABC= Z РВЕ PROVE > JM | ML and JK LKL 


A B J K 
] X% E M | | d L 
C D 
40. MULTI-STEP PROBLEM Use the photo of the folding table. 


a. If mZ1 = x^, write expressions for the other 
three angle measures. 


b. Estimate the value of x. What are the 
measures of the other angles? 


c. As the table is folded up, 44 gets smaller. 
What happens to the other three angles? 
Explain your reasoning. 


41. PROVING THEOREM 2.5 Write a two-column proof for the second case of 
Theorem 2.5 where two angles are complementary to congruent angles. 


WRITING PROOFS Write a two-column proof. 


42. GIVEN > /1= Z3 43. GIVEN > ZORS and Z PSR are 
PROVE > 42 == 244 supplementary. 
PROVE > Z QRL = Z PSR 


44. STAIRCASE Use the photo and the given 
information to prove the statement. 


GIVEN > Z1 is complementary to 43. 
Z2 is complementary to 44. 


PROVE > /1= 4 


45. Ж EXTENDED RESPONSE /STVis bisected by TW, and TX and TW аге 
opposite rays. You want to show ZSTX = ZVTX. 


a. Draw a diagram. 
b. Identify the GIVEN and PROVE statements for the situation. 


c. Write a two-column proof. 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
130 on p. WS1 TEST PRACTICE 


: PREVIEW 


: Prepare for 
: Lesson 3.1 


: in Exs. 49-52. 


46. 


USING DIAGRAMS Copy and complete the statement with <, >, or = 


.mz3 ? mZ7 

.mz4 ? mz6 i ha. 
. mZz8-4 mz6 ? 150° 

. Imz4-30?,thenmz5 ? mzA 


co c g 


CHALLENGE In Exercises 47 and 48, write a two-column proof. 


47. 


"MIXED REVIEW 


GIVEN > mZWYZ = mz TWZ = 45° 48. GIVEN > The hexagon is regular. 
PROVE P ZSWZ = ZXYW PROVE b 7741 + mz2 = 180° 


dr ХА 


In Exercises 49-52, sketch a plane. Then sketch the described situation. (p. 2) 


49. 
50. 
51. 
52. 
53. 


Three noncollinear points that lie in the plane 
A line that intersects the plane at one point 
Two perpendicular lines that lie in the plane 
A plane perpendicular to the given plane 


Sketch the next figure in the pattern. (p. 72) 


QUIZ for Lessons 2.6-2.7 


Match the statement with the property that it illustrates. (p. 112) 
1. 


If HJ = LM, then LM = HJ. A. Reflexive Property of Congruence 
. IfZ1 = Z2 and 72 = 44, then 41 = Z4. B. Symmetric Property of Congruence 
. Z XYZ = ZXYZ C. Transitive Property of Congruence 
‚ Write a two-column proof. (p. 124) 


GIVEN > 7 XWYis a straight angle. 
ZZWVis a straight angle. 


PROVE > АХИУ = ZZWY 
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MIXED REVIEW oyprobiem sowing gf 


Lessons 2.5-2.7 


1. MULTI-STEP PROBLEM In the diagram below, 


—> — 
BD bisects / АВС and BC bisects Z DBE. 


a. Prove mZ ABD = mZ CBE. 


b. If mZ ABE = 99°, what is mz DBC? 
Explain. 


2. SHORT RESPONSE You are cutting a 


rectangular piece of fabric into strips that 
you will weave together to make a placemat. 
As shown, you cut the fabric in half 
lengthwise to create two congruent pieces. 
You then cut each of these pieces in half 
lengthwise. Do all of the strips have the same 
width? Explain your reasoning. 


. GRIDDED ANSWER The cross section of a 


concrete retaining wall is shown below. Use 
the given information to find the measure 
of 71 in degrees. 


т/1 = т/2 
т^.3 = т 4 
mz3 = 80° 


т/1 + mz2 + mZ3 + m2Z4= 360° 


. EXTENDED RESPONSE Suppose you know 


that 71 is a right angle, and Z1 and Z2 
are supplementary. Explain how to use 
definitions and properties of equality to 
prove that Z2 is a right angle. 
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5. EXTENDED RESPONSE А formula you can 


use to calculate the total cost of an item 
including sales tax is T= c(1 + s), where 

T is the total cost including sales tax, c is the 
cost not including sales tax, and s is the sales 
tax rate written as a decimal. 


a. Solve the formula for s. Give a reason for 
each step. 


b. Use your formula to find the sales tax rate 
on a purchase that was $26.75 with tax 
and $25 without tax. 


c. Look back at the steps you used to solve 
the formula for s. Could you have solved 
for s in a different way? Explain. 


. OPEN-ENDED In the diagram below, 

mZ GAB = 36°. What additional information 
do you need to find mZ BAC and mZ CAD? 
Explain your reasoning. 


. SHORT RESPONSE Two lines intersect to 


form Z1, Z2, Z3, and Z4. The measure of 
Z3is three times the measure of 71 and 
mZ1= т22. Find all four angle measures. 
Explain your reasoning. 


. SHORT RESPONSE Part of a spider web is 


shown below. If you know that Z CAD and 
— 
Z DAE are complements and that AB and 


AF are opposite rays, what can you conclude 
about Z BAC and Z EAF? Explain your 
reasoning. 


CHAPTER SUMMARY 


qj 


- BIG IDEAS For Your Notebook 


To 


Big ldea (7) 1: Using Inductive and Deductive Reasoning 

> When you make a conjecture based on a pattern, you use inductive 

: reasoning. You use deductive reasoning to show whether the conjecture 

; istrue or false by using facts, definitions, postulates, properties, or proven 
: theorems. If you can find one counterexample to the conjecture, then you 
> know the conjecture is false. 


si ме @ | 


Understanding Geometric Relationships in Diagrams 


The following can be assumed from the diagram: 


A, B, and C are coplanar. 

ZABH and Z HBF are a linear pair. 
Plane T and plane S intersect in BC. 
CD lies in plane S. 

ZABC and Z HBF are vertical angles. 
АВ 1 plane S. 


Diagram assumptions are reviewed on page 97. 


Big Idea O : Writing Proofs of Geometric Relationships 


You can write a logical argument to show a geometric 
relationship is true. In a two-column proof, you use 
deductive reasoning to work from GIVEN information 
to reach a conjecture you want to PROVE. 


Diagram of geometric 
relationship with given 


GIVEN > The hypothesis of an if-then statement information labeled to 


| : PROVE > The conclusion of an if-then statement help you write the proof 
: STATEMENTS REASONS 
sl Hypothesis 1. Given 

T: n. Conclusion n. 

1» Statements based on facts that you Use postulates, proven theorems, 

1° know or conclusions from deductive definitions, and properties of 
> reasoning numbers and congruence as reasons. 


E Proof summary is on page 114. 
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* Multi-Language Glossary 
- * Vocabulary practice 
REVIEW KEY VOCABULARY 
| кешш * conjecture, p. 73 • if-then form, p. 79 * deductive reasoning, p. 87 


: postulates and 
: theorems, see 
: pp. 926-931. 


hypothesis, conclusion 


e inductive reasoning, p. 73 * line perpendicular to a plane, р. 98 


• counterexample, p. 74 * negation, р. 79 


* proof, p. 112 
* two-column proof, p. 112 


• theorem, р. 113 


e conditional statement, p. 79 * equivalent statements, p. 80 


converse, inverse, * perpendicular lines, p. 81 
contrapositive * biconditional statement, p. 82 


VOCABULARY EXERCISES 
1. Copy and complete: A statement that can be proven is called a(n) _?_. 


2. WRITING Compare the inverse of a conditional statement to the converse of the 
conditional statement. 


3. You know mz A = mZ B and mZ B = mZ C. What does the Transitive Property 
of Equality tell you about the measures of the angles? 


REVIEW EXAMPLES AND EXERCISES 


: EXAMPLES 


: on pp. 72-74 . 
: for Exs. 4-5 


Use the review examples and exercises below to check your understanding 
of the concepts you have learned in each lesson of Chapter 2. 


[ 2. || Use Inductive Reasoning pp. 72-78 | 


Describe the pattern іп the numbers 3, 21, 147, 1029, ..., and write the next 
three numbers in the pattern. 


Each number is seven times the previous number. 


3 21, 147, 1029,... 
Se NOAN AN 1 
x7 x7 x7 KF 


So, the next three numbers are 7203, 50,421, and 352,947. 


EXERCISES 


4. Describe the pattern in the numbers —20,480, —5120, —1280, —320,.... 
Write the next three numbers. 


5. Find a counterexample to disprove the conjecture: 


If the quotient of two numbers is positive, then the two numbers must 
both be positive. 
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Chapter Review Practice 


Analyze Conditional Statements pp. 79-85 


Write the if-then form, the converse, the inverse, and the contrapositive of 
the statement “Black bears live in North America.” 


a. If-then form: If a bear is a black bear, then it lives in North America. 
b. Converse: If a bear lives in North America, then it is a black bear. 


c. Inverse: If a bear is not a black bear, then it does not live in 
North America. 


d. Contrapositive: If a bear does not live in North America, then itis not a 


black bear. 
EXERCISES 
: EXAMPLES 6. Write the if-then form, the converse, the inverse, and the contrapositive 
: 2,3,and4 _ of the statement “An angle whose measure is 34° is an acute angle.” 
: on pp. 80-82 , . Tira 
: for Exs. 6-8 7. Is this a valid definition? Explain why or why not. 


"If the sum of the measures of two angles is 90°, then the angles 
are complementary." 


8. Write the definition of an equiangular polygon as a biconditional 
statement. 


12.3. Apply Deductive Reasoning pp. 87-93 | 


Use the Law of Detachment to make a valid conclusion in the true situation. 


If two angles have the same measure, then they are congruent. You know 
that mZA = mz B. 


> Because mZA = т B satisfies the hypothesis of a true conditional 
statement, the conclusion is also true. So, ZA = ZB. 


EXERCISES 
: EXAMPLES 9. Use the Law of Detachment to make a valid conclusion. 
RO. MN If an angle is a right angle, then the angle measures 90°. Z B is a right angle. 
: On pp. 87-89 
: for Exs. 9-11 10. Use the Law of Syllogism to write the statement that follows from the pair 


of true statements. 
If x = 3, then 2x = 6. 
If 4x = 12, then x = 3. 


11. What can you say about the sum of any two odd integers? Use inductive 
reasoning to form a conjecture. Then use deductive reasoning to show 
that the conjecture is true. 
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CHAPTER REVIEW 


: EXAMPLES 


: for Exs. 12-13 


: EXAMPLES 


: on pp. 105-106 
: for Exs. 14-17 


Use Postulates and Diagrams pp. 96-102 


Z ABC, an acute angle, is bisected by BÉ. Sketch a diagram that represents 
the given information. 
1. Draw Z ABC, an acute angle, and label points A, B, and C. A 


2. Draw angle bisector BÉ. Mark congruent angles. E 


EXERCISES 


12. Straight angle CDE is bisected by DK. Sketch a diagram that represents 
the given information. 


13. Which of the following statements cannot be 
assumed from the diagram? 


СА) A, B, and Care coplanar. 

СР L plane Р 

(C А, Бапа Bare collinear. 

(D> Plane Mintersects plane P in ЁН. 


2.5 | Reason Using Properties from Algebra pp. 105-111 | 


Solve 3x + 2(2x + 9) = —10. Write a reason for each step. 
3x + 2(2x + 9) = —10 Write original equation. 
3x + 4х + 18 = —10 Distributive Property 
7x + 18 = —10 Simplify. 
7X = —28 Subtraction Property of Equality 


х= -—4 Division Property of Equality 


EXERCISES 

Solve the equation. Write a reason for each step. 

14. —9x — 21 = —20x — 87 15. 15x + 22 = 7x + 62 

16. 3(2x + 9) = 30 17. 5х + 2(2x — 23) = —154 
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Chapter Review Practice 


Prove Statements about Segments and Angles pp. 112-119 


Prove the Reflexive Property of Segment Congruence. 


GIVEN > AB is a line segment. 
PROVE > AB = AB 


STATEMENTS REASONS 
1. AB is a line segment. 1. Given 
2. AB is the length of AB. 2. Ruler Postulate 
3. AB = AB 3. Reflexive Property of Equality 
4. AB = AB 4. Definition of congruent segments 
EXERCISES 
: EXAMPLES Name the property illustrated by the statement. 
pim + | 18. If ZDEF= ZJKL, 19. ZC=ZC 20. If MN = PQ and PQ = RS, 
: on PP. then ZJKL = Z DEF. then MN = RS. 


: for Exs. 18-21 
21. Prove the Transitive Property of Angle Congruence. 


Prove Angle Pair Relationships pp. 124-131 


GIVEN > 25 = Z6 
PROVE P 24 = Z7 4 < > 7 


STATEMENTS REASONS 
1 5226 1. Given 
2. 24 = 75 2. Vertical Angles Congruence Theorem 
3. Z4= 26 3. Transitive Property of Congruence 
ADOS Z7 4. Vertical Angles Congruence Theorem 
5. 24227 5. Transitive Property of Congruence 
EXERCISES 
: EXAMPLES In Exercises 22 and 23, use the diagram at the right. 
EM 22. If mZ1 = 114°, find mZ2, mZ3, and mZ 4. М 
: оп рр. 125—126 3 


: for Exs. 22-24 23. If mZ4 = 57°, find mZ 1, mZ2, and mZ 3. 
24. Write a two-column proof. 


GIVEN > 7/3 and Z2 are complementary. 
mZ1+mZ2=90° 


PROVE > 473 = 41 
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Sketch the next figure in the pattern. 


LILLE] ORD KK 


Describe the pattern in the numbers. Write the next number. 


3. —6, —1, 4,9)... 4. 100, —50, 25, —12.5,... 


In Exercises 5-8, write the if-then form, the converse, the inverse, and the 
contrapositive for the given statement. 


5. Allright angles are congruent. 6. Frogs are amphibians. 
7. 5x + 4 = —6, because x = -2. 8. A regular polygon is equilateral. 
9. If you decide to go to the football game, then you will miss band 


practice. Tonight, you are going the football game. Using the Law of 
Detachment, what statement can you make? 


10. If Margot goes to college, then she will major in Chemistry. If Margot 
majors in Chemistry, then she will need to buy a lab manual. Using 
the Law of Syllogism, what statement can you make? 

Use the diagram to write examples of the stated postulate. 

11. Aline contains at least two points. 

12. A plane contains at least three noncollinear points. 


13. If two planes intersect, then their intersection is a line. 


Solve the equation. Write a reason for each step. 
14. 9x + 31 = —23 15. —7(—x + 2) = 42 16. 26 + 2(3x + 11) = —18x 
In Exercises 17-19, match the statement with the property that it 

illustrates. 

17. If Z RST = / XYZ, then Z XYZ = Z RST. A. Reflexive Property of Congruence 

18. PQ=PQ B. Symmetric Property of Congruence 

19. If FG = JK and JK = LM, then ЕС = LM. С. Transitive Property of Congruence 

20. Use the Vertical Angles Congruence Theorem 


to find the measure of each angle in the 
diagram at the right. 


21. Write a two-column proof. 


GIVEN > AX = DX, XB = XC 
PROVE > AC = BD 
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SIMPLIFY RATIONAL AND RADICAL EXPRESSIONS 


ху) —— Simplify rational expressions 


b. 3x? + 2x 
25 ox + 6 


Solution 


To simplify a rational expression, factor the numerator and denominator. Then 
divide out any common factors. 


М2 о EDI p, 3% + 2x _ (3+2) _ x 
' 4ху 2*2-x*y 2y 9х + 6 3(3x-2) 3 
xy) | EXAMPLE 2) Simplify radical expressions 
a. V54 b. 2V5 — 5V2 — 3V5 с. (3V2)(-6V6) 
Solution 
a. V54 = V9 - V6 Use product property of radicals. 
= 3V6 Simplify. 
b. 2V5 — 5V2 — 3V5 = —У5 — 5V2 Combine like terms. 
c. (3/2)(-6V6) = -18V1 Use product property and associative property. 
= —18. «А Simplify V12. 
= —36V3 Simplify. 
EXERCISES 
: EXAMPLE1 | Simplify the expression, if possible. 
: for Exs. 1—9 " 54 " —12ap? 3, 5m * 35 
201 9a*b 5 
4. 36m — 48m 5. k+3 6. m 4 
6m —2k +3 m? + 4m 
7, 12x + 16 в. 3x g, 3X5 — бх 
8 + 6x 5x + 8x? 6x^ — 3x 


: EXAMPLE 2 Simplify the expression, if possible. All variables are positive. 


ld Е y7 11. —V180 12. +V128 
13. V2 — V18 + V6 14. V28 — V63 — V35 15. 4/8 + 3V32 
16. (6\5 (2/2) 17. (—4V10)(—5V5) 18. (2/6) 
(25)? 20. Vx? 21. V(-ay? 
(3y)? 23. V32 + 2? 24. Vhè? + k? 
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Scoring Rubric 


Full Credit 
• solution is complete 
and correct 


Partial Credit 

• solution is complete 
but has errors, 
or 

* solution is without 
error but incomplete 


No Credit 

* no solution is given, 
or 

e solution makes no 
sense 


140 


OS, > 


The method of 


representation is clearly 


explained. 


v0000000000090090090000909000000009909 р> 


The conclusion is 
correct and shows 
understanding of the 
problem. 


rrr ere reer errr ere rere rer rrr rrr pe 


The reasoning behind 
the answer is explained 
clearly. 


EXTENDED RESPONSE QUESTIONS 


Seven members of the student government (Frank, Gina, Henry, 
Isabelle, Jack, Katie, and Leah) are posing for a picture for the school 
yearbook. For the picture, the photographer will arrange the students in 
a row according to the following restrictions: 


Henry must stand in the middle spot. 
Katie must stand in the right-most spot. 
There must be exactly two spots between Gina and Frank. 
Isabelle cannot stand next to Henry. 
Frank must stand next to Katie. 
a. Describe one possible ordering of the students. 
b. Which student(s) can stand in the second spot from the left? 


c. Ifthe condition that Leah must stand in the left-most spot is added, 
will there be exactly one ordering of the students? Justify your 
answer. 


Below are sample solutions to the problem. Read each solution and the 
comments on the left to see why the sample represents full credit, partial 
credit, or no credit. 


SAMPLE 1: Full credit solution 


a. Using the first letters of the students’ names, here is one possible 
ordering of the students: 


ILGHJFK 


b. The only students without fixed positions are Isabelle, Leah, and 
Jack. There are no restrictions on placement in the second spot from 
the left, so any of these three students can occupy that location. 


c. Henry, Frank, Katie, and Gina have fixed positions according to the 
restrictions. If Leah must stand in the left-most spot, the ordering 
looks like: 


Because Isabelle cannot stand next to Henry, she must occupy the 
spot next to Leah. Therefore, Jack stands next to Henry and the only 
possible order would have to be: 


Yes, there would be exactly one ordering of the students. 
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SAMPLE 2: Partial credit solution 


DERE » а. One possible ordering of the students is: 


The answer to part (a) is Jack, Isabelle, Gina, Henry, Leah, Frank, and Katie. 

correct. 

MEE » b. There are three students who could stand in the second spot from the 
ioe (b) 5 correct but not left. They are Isabelle, Leah, and Jack. 

explained. 

——————Á » c. No, there would be two possible orderings of the students. With Leah 
The student did not recall in the left-most spot, the ordering looks like: 

that Isabelle cannot 

stand next to Henry; Leah, кош; Gina, Henry, —— Frank, and Katie 

therefore, the conclusion Therefore, the two possible orderings are 

is Incorrect. 


Leah, Isabelle, Gina, Henry, Jack, Frank, and Katie 
or 
Leah, Jack, Gina, Henry, Isabelle, Frank, and Katie. 


SAMPLE 3: No credit solution 


TIE » а. One possible ordering of the students is L GJ H I F K. 
The answer to part (a) і 
is incorrect because b. There are four students who can stand in the second spot from the 


Isabelle is next to Henry. left. Those students are Leah, Gina, Isabelle, and Jack. 


————— ANAA » c. The two possible orderings areL GIHIFKand LJ GHIF K. 
Parts (b) and (c) are 

based on the incorrect 

conclusion in part (a). 


PRACTICE Apply the Scoring Rubric 


1. Astudent's solution to the problem on the previous page is given below. 
Score the solution as full credit, partial credit, or no credit. Explain your 
reasoning. If you choose partial credit or no credit, explain how you would 
change the solution so that it earns a score of full credit. 


a. A possible ordering of the students is |-J-G-H-L-F-K. 


b. There are no restrictions on the second spot from the left. Leah, 
Isabelle, and Jack could all potentially stand in this location. 


c. The positions of Gina, Henry, Frank, and Katie are fixed. 
oF Са 


Because Isabelle cannot stand next to Henry, she must occupy 
the left-most spot or the second spot from the left. There are no 
restrictions on Leah or Jack. That leaves four possible orderings: 


I-J-G-H-L-F-K I-L-G-H-J-F-K 
L-I-G-H-J-F-K J-I- G-H-L-F-K. 


If the restriction ie added that Leah must occupy the left-most spot, 
there ie exactly one ordering that would eatiefy all conditione: 


Leto Hebe 
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EXTENDED RESPONSE 


1. 


a. Draw a diagram to show where everyone will sit. 


In some bowling leagues, the handicap H of a bowler with an average 


score A is found using the formula Н = 4(200 — A). The handicap is then 
; 5 
added to the bowler’s score. 


a. Solve the formula for A. Write a reason for each step. 
b. Use your formula to find a bowler's average score with a handicap of 12. 


c. Using this formula, is it possible to calculate a handicap for a bowler 
with an average score above 200? Explain your reasoning. 


. Asurvey was conducted at Porter High School asking students what form of 


transportation they use to go to school. All students in the high school were 
surveyed. The results are shown in the bar graph. 


a. Does the statement About 1500 students Travel to Porter High School 
attend Porter High School" follow from the 
data? Explain. 


b. Does the statement "About one third of all 
students at Porter take public transit to 
school" follow from the data? Explain. 


Number of 
students 


c. John makes the conclusion that Porter 
High School is located in a city or a city Car Public School Walk 
suburb. Explain his reasoning and tell if his transit qus 
conclusion is the result of inductive Type uf transportation 
reasoning or deductive reasoning. 


d. Betty makes the conclusion that there are twice as many students 
who walk as take a car to school. Explain her reasoning and tell if her 
conclusion is the result of inductive reasoning or deductive reasoning. 


The senior class officers are planning a meeting with the principal and some class 
officers from the other grades. The senior class president, vice president, treasurer, 
and secretary will all be present. The junior class president and treasurer will attend. 
The sophomore class president and vice president, and freshmen treasurer will attend. 
The secretary makes a seating chart for the meeting using the following conditions. 


The principal will sit in chair 10. The senior class treasurer will sit at the fioi 
other end. 


The senior class president will sit to the left of the principal, next to the 
junior class president, and across from the sophomore class president. 


All three treasurers will sit together. The two sophomores will sit next to 
each other. 


The two vice presidents and the freshman treasurer will sit on the same 
side of the table. 


(NAAA (A 
J Y Y w 


b. Explain why the senior class secretary must sit between the junior class 


president and junior class treasurer. 


c. Can the senior class vice-president sit across from the junior class 


president? Justify your answer. 


Chapter 2 Reasoning and Proof 
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AD STATE TEST PRACTICE 


MULTIPLE CHOICE GRIDDED ANSWER 


4. If d represents ап odd integer, which of the 6. Use the diagram to find the value of x. 
expressions represents an even integer? 


А) d+2 


od-1 (15x — 5)° 

(С) 3d+1 

D) 3d+2 7. Three lines intersect in the figure shown. 
What is the value of x + y? 


5. In the repeating decimal 0.23142314. . ., 
where the digits 2314 repeat, which digit 
is in the 300th place to the right of the 


decimal point? 
СА) 1 
и 8. Ris the midpoint of PQ, and S and Tare 
© 3 the midpoints of PR and RQ, respectively. 
D 4 If ST = 20, what is PT? 

SHORT RESPONSE 


9. Is this a correct conclusion from the given information? If so, explain why. 
If not, explain the error in the reasoning. 


If you are a soccer player, then you wear shin guards. Your friend is 
wearing shin guards. Therefore, she is a soccer player. 


10. Describe the pattern in the numbers. Write the next number in the pattern. 
192, —48, 12, —3,... 


11. Points A, B, C, D, E, and Fare coplanar. Points A, B, and F are collinear. 
The line through A and Bis perpendicular to the line through Cand D, 
and the line through Сапа Dis perpendicular to the line through E and F. 
Which four points must lie on the same line? Justify your answer. 


12. Westville High School offers after-school tutoring with five student 
volunteer tutors for this program: Jen, Kim, Lou, Mike, and Nina. On any 
given weekday, three tutors are scheduled to work. Due to the students' 
other commitments after school, the tutoring work schedule must meet 
the following conditions. 


Jen can work any day except every other Monday and Wednesday. 
Kim can only work on Thursdays and Fridays. 

Lou can work on Tuesdays and Wednesdays. 

Mike cannot work on Fridays. 

Nina cannot work on Tuesdays. 


Name three tutors who can work on any Wednesday. Justify your answer. 


Test Practice 
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-— Parallel and 
Perpendicular Lines 


Making Sense А А ғ 
3.1 Identify Pairs of Lines and Angles 


of Chapter 3 

Knowing whether a 3.2 Use Parallel Lines and Transversals 

ESTEE Figura 198 3.3 Prove Lines are Parallel 

sides that are parallel | WIS 

or perpendicular is 3 A Find and Use Slopes of Lines > 

ШОШ инш. 3.5 Write al d Graph Equations o of Lines > ap "" d 
it. In this chapter you * " ‚ PE. 
will learn how to prove 3.6 Prove Theorems About Perpendicular Lines P | 


that lines are parallel 
or perpendicular. 


_ 


Previously, you learned the following skills, which you'll use in Chapter 3: 
describing angle pairs, using properties and postulates, using angle pair 
relationships, sketching a diagram, and simplifying fractions. 


NA жч лды чш шш ачи v "E yu = 

MM 547 А Гед С ы E Y | 1 SE 

Шы 1016561 ҸЕ BK Ft 

| a * „ WE WA Baw Е lh UNE 7 wel idi 
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VOCABULARY CHECK 
Copy and complete the statement. 
1. Adjacent angles sharea common  ? and ?. 


2. Two angles are ? angles if the sum of their measures is 180°. 


SKILLS AND ALGEBRA CHECK 


Find the measure of each numbered angle. (Prerequisite skill for 3.2, 3.3) 
3. 4. 9. 


135° 
38° 
Sketch a diagram for the statement. (Prerequisite skill for 3.3) 
6. Lines m and n intersect at point P. 7. Line gintersects lines p and q. 
Write the fraction in simplest form. (Prerequisite skill for 3.4—3.6) 


36 54 16 Al 
8. 60 9. 24 10. 88 11. 6 


@Homelutor Prerequisite skills practice at classzone.com 
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In Chapter 3, you will apply the big ideas listed below and reviewed in the 


Chapter Summary on page 201. You will also use the key vocabulary listed below. 


(2 Using properties of parallel and perpendicular lines 
О Proving relationships using angle measures 
©) Making connections to lines in algebra 


KEY VOCABULARY 

* parallel lines, p. 147 * alternate interior angles, * paragraph proof, p. 163 

* skew lines, p. 147 p. 149 * slope, p. 171 

* parallel planes, p. 147 : or exterior angles, ^ .slope-intercept form, p. 180 
p. 


• transversal, р. 149 


* corresponding angles, 
p. 149 


• standard form, p. 182 


* distance from a point to 
a line, p. 192 


• consecutive interior 
angles, p. 149 


є 


You can use slopes of lines to determine steepness of lines. For example, you 
can compare the slopes of roller coasters to determine which is steeper. 


The animation illustrated below for Example 5 on page 174 helps you answer 
this question: How steep is a roller coaster? 


$ \ a 


A roller coaster track rises a given à 
| distance over a given horizontal distance. , 


` 


a, 


Height (ft) 


Horizontal distanc 
41 


Rise 
Maximum 
Height 


Magnum XL-200 


Check Answer 


For each track, use the vertical rise and là 
_ the horizontal run to find the slope. 
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Other animations for Chapter 3: pages 148, 155, 163, and 181 


Liu ACTIVITY Use before Lesson 3.7 


1 Draw and Interpret Lines 


MATERIALS - pencil «straightedge • lined paper 


= 


You can use a straightedge to draw a representation of a three-dimensional 
figure to explore lines in space. 


4 


S N 


STEP T | Draw rectangles STEP 2| Connect corners STEP 3| Erase parts 


Use a straightedge to draw Connect the corresponding Erase parts of “hidden” lines 
two identical rectangles. corners of the rectangles. to form dashed lines. 


k 


Using your sketch from the steps above, label the corners as shown at the 
right. Then extend JM and LQ. Add lines to the diagram if necessary. 


< <— 
1. Will JM and LQ ever intersect in space? (Lines that intersect 
on the page do not necessarily intersect in space.) 


. Will the pair of lines intersect in space? 
=> <— <— <— 
а. JK and NR b. QR and MR 
<—> <—> < <— 
c. LM and MR d. KL and NQ 


У 


‚ Does the pair of lines lie in one plane? 
< <— <— <— 
а. ЈК and QR b. QR and MR 
< < +» <— 
с. JN and LR d. JL and NQ 


‚|||! 
i 
N 

NC 


| 


. Do pairs of lines that intersect in space also lie in the same plane? 
Explain your reasoning. 


. Draw arectangle that is not the same as the one you used in the Explore. 
Repeat the three steps of the Explore. Will any of your answers to 
Exercises 1-3 change? 
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Key Vocabulary 

• parallel lines 

* skew lines 

e parallel planes 

e transversal 

* corresponding 
angles 

* alternate interior 
angles 

* alternate exterior 
angles 

* consecutive 
interior angles 


Identify Pairs of Lines 
and Angles 


You identified angle pairs formed by two intersecting lines. 


You will identify angle pairs formed by three intersecting lines. 


So you can classify lines in a real-world situation, as in Exs. 40—42. 


Two lines that do not intersect are either parallel lines or skew lines. Two lines 
are parallel lines if they do not intersect and are coplanar. Two lines are skew 
lines if they do not intersect and are not coplanar. Also, two planes that do 
not intersect are parallel planes. 


k 
M у Lines m and n are parallel lines (m || n). 
a т Lines т and К are skew lines. 
Planes T and U are parallel planes (T || U). 
OE Lines k and n are intersecting lines, and 
there is a plane (not shown) containing them. 


Small directed triangles, as shown on lines m and n above, are used to show 
that lines are parallel. The symbol || means “is parallel to," as in m || n. 


Segments and rays are parallel if they lie in parallel lines. A line is parallel 
to a plane if the line is in a plane parallel to the given plane. In the diagram 
above, line n is parallel to plane U. 


Identify relationships in space 


Think of each segment in the figure as part of a line. 
Which line(s) or plane(s) in the figure appear to fit the 
description? 


a. Line(s) parallel to CD and containing point A 


b. Line(s) skew to CD and containing point A 
c. Line(s) perpendicular to CD and containing point А 


d. Plane(s) parallel to plane EFG and containing point A 
Solution 
O < O <— < 
а. АВ, HG, and EF all appear parallel to CD, but only АВ contains point А. 
<—> —> <=> 
b. Both AG and AH appear skew to CD and contain point A. 


Zoo c <> | < — | 
с. BC, AD, DE, and FC all appear perpendicular to CD, but only AD contains 
point A. 


d. Plane ABC appears parallel to plane EFG and contains point A. 
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PARALLEL AND PERPENDICULAR LINES Two lines in the 
same plane are either parallel or intersect in a point. 


Through a point not on a line, there are infinitely many 
lines. Exactly one of these lines is parallel to the given 
line, and exactly one of them is perpendicular to the 
given line. 
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;- POSTULATES For Your Notebook 
: NON-EUCLIDEAN 1 
: GEOMETRIES — — ..: г POSTULATE 13 Parallel Postulate 
: There are geometries | . . : P 
: other than traditional | Hthereis a line and a point not on the line, A AA 
: Euclidean geometry, 2: then there is exactly one line through the 
: in which the Parallel d. point parallel to the given line. << p 


: Postulate is not true. 
: See “Geometry ona 
: Sphere,” pp. 753—754. 


There is exactly one line through P parallel to /. 


POSTULATE 14. Perpendicular Postulate 


If there is a line and a point not on the line, P 
then there is exactly one line through the 0 
point perpendicular to the given line. 


There is exactly one line through P perpendicular to /. 


23461147532 Identify parallel and perpendicular lines 


PHOTOGRAPHY The given line markings show how 
the roads are related to one another. 


a. Name a pair of parallel lines. 

b. Name a pair of perpendicular lines. 
< < 

c. Is FE | AC? Explain. 


Solution 
a. MD || FÉ b. MD 1 BÉ 
< < <— 
с. FE is not parallel to AC, because MD is parallel 


to FE and by the Parallel Postulate there is 
— 
exactly one line parallel to FE through M. 


Niagara Falls, New York 


GUIDED PRACTICE for Examples 1 and 2 


1. Look at the diagram in Example 1. Name the lines through point H that 
<> 
appear skew to CD. 


2. In Example 2, can you use the Perpendicular Postulate to show that AC 
< 
is not perpendicular to BF? Explain why or why not. 
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ANGLES AND TRANSVERSALS A transversal is a line that intersects two or 
more coplanar lines at different points. 


KEY CONCEPT For Your Notebook 


Angles Formed by Transversals 


23 
- 
E 
ә 


To 
qe 


< t t 
I 2 

м 4 
à ho б 3 


Two angles are corresponding Two angles are alternate interior 
angles if they have corresponding | angles if they lie between the two 
positions. For example, Z2 and lines and on opposite sides of the 
46 are above the lines and to the transversal. 

right of the transversal f. 


ES 
ә 
ә” 
ES 
ES 
o 
ә 
ES 
ES 
ә 
ES 
TO 
ds 
Te 
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ә” 
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: READ VOCABULARY + Two angles are alternate exterior | Two angles are consecutive 


: Another name for 

: consecutive interior 
: angles is same-side 
: interior angles. 


angles if they lie outside the two interior angles if they lie between 
lines and on opposite sides of the the two lines and on the same 
transversal. side of the transversal. 


(EXAMPLE 3 ] Identify angle relationships 


Identify all pairs of angles of the given type. 
a. Corresponding b. Alternate interior 1/2 2 - 
c. Alternate exterior d. Consecutive interior 3/4 d 
Solution 


a. Zl and 45 b. Z2 and 47 с. Zl апа 48 а. /2 апа /5 
“2 апа 46 Z4and Z5 “Запа 46 “4апа 47 
“Запа 27 
Z 4 and 48 


GUIDED PRACTICE for Example 3 


Classify the pair of numbered angles. 
3. 4. 2 5. 
1 5 4 
5 
1 
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3.1 EXERCISES HOMEWORK: (7) = WORKED-OUT SOLUTIONS 
ш КЕҮ: on p. WS3 for Exs. 11, 25, and 35 


Ж - STANDARDIZED TEST PRACTICE 


Exs. 2, 28, 36, 37, and 39 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: A line that intersects two other lines is 
a_?. 


2. ж WRITING A table is set for dinner. Can the legs of the table and the top 
of the table lie in parallel planes? Explain why or why not. 


: EXAMPLE 1 IDENTIFYING RELATIONSHIPS Think of each segment in the 


: on p. 147 diagram as part of a line. Which line(s) or plane(s) contain , 
: for Exs. 3-6 point B and appear to fit the description? 


—o 
3. Line(s) parallel to CD 
. Line(s) perpendicular to CD 


4 

—S 
5. Line(s) skew to CD 
6 


. Plane(s) parallel to plane CDH 


: EXAMPLE 2 PARALLEL AND PERPENDICULAR LINES Use the markings in the diagram. 


: on p. 148 ; : 
: for EXS. 7-10 7. Name a pair of parallel lines. " 
8. Name a pair of perpendicular lines. M 
< | < | К 
9. Is PN || KM? Explain. L S 
> <> . "m Q 
10. Is PR 1 NP? Explain. 


: EXAMPLE3 | ANGLE RELATIONSHIPS Identify all pairs of angles of the given type. 


: 1\2 
: опр. 149 (11) : 
: for Exs. 11-15 Corresponding 12. Alternate interior 3\4 


13. Alternate exterior 14. Consecutive interior 5\6 


15. ERROR ANALYSIS Describe and correct the error in saying that 
Z 1 and Z8 are corresponding angles in the diagram for 
Exercises 11-14. 


APPLYING POSTULATES How many lines can be drawn that fit each 
description? Copy the diagram and sketch all the lines. A 


16. Lines through B and parallel to АС DANS 
C B 


17. Lines through A and perpendicular to BC 


USING A DIAGRAM Classify the angle pair as corresponding, alternate 
interior, alternate exterior, or consecutive interior angles. 


18. Z5and 41 19. Zll and 413 
20. Z6and 413 21. Z10 and 415 
22. Z2and / 11 23. Z8 and Z4 
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ANALYZING STATEMENTS Сору and complete the statement with sometimes, 
always, or never. Sketch examples to justify your answer. 


24. If two lines are parallel, then they are _? coplanar. 
@s) If two lines are not coplanar, then they ? intersect. 
26. If three lines intersect at one point, then they are. ? coplanar. 


27. If two lines are skew to a third line, then they are_? skew to each other. 


28. Ж MULTIPLE CHOICE Z RPQ and ZPRS are what type of angle pair? $ R 
СА) Corresponding Alternate interior 
СС) Alternate exterior (D> Consecutive interior P Q 


ANGLE RELATIONSHIPS Copy and complete the statement. List all possible 
correct answers. 


29. ZBCGand ? are corresponding angles. 
30. ZBCGand_? are consecutive interior angles. 


31. ZFC/ and ? are alternate interior angles. 


32. ZFCAand ? аге alternate exterior angles. 


33. CHALLENGE Copy the diagram at the right and extend the lines. 
a. Measure /1 and Z2. 
b. Measure Z3 and 44. 


c. Make a conjecture about alternate exterior angles formed 
when parallel lines are cut by transversals. 


"PROBLEM SOLVING - 


3 NET o A 
: for Exs. 34-35 


CONSTRUCTION Use the picture of the cherry-picker for Exercises 34 and 35. 


34. Is the platform perpendicular, parallel, or skew 
to the ground? 


for problem solving help at classzone.com 


(65) Is the arm perpendicular, parallel, or skew to 
a telephone pole? 


for problem solving help at classzone.com 


36. * OPEN-ENDED MATH Describe two lines in your classroom that are 
parallel, and two lines that are skew. 


37. Ж MULTIPLE CHOICE What is the best description 
of the horizontal bars in the photo? 
СА) Parallel Perpendicular 
СС) Skew (D) Intersecting 
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38. EASEL Use the diagram of the easel at the right. Ап 
easel is used to display or support an artist's work. The 
horizontal piece at the bottom that joins the front legs 
is a transversal. 


a. Name four pairs of corresponding angles. 
. Name two pairs of alternate interior angles. 
. Name two pairs of alternate exterior angles. 


. Name two pairs of consecutive interior angles. 


© aa o gc 


. In the diagram, the rear leg of the easel 
appears perpendicular to the transversal. 
Is it perpendicular? Explain. 


39. Ж SHORT RESPONSE Two lines are cut by a transversal. 
Suppose the measure of a pair of alternate interior angles is 90*. 
Explain why the measure of all four interior angles must be 90°. 


TREE HOUSE In Exercises 40—42, use the photo to decide 
whether the statement is true or false. 


40. The plane containing the floor of the tree house is parallel 
to the ground. 


41. All of the lines containing the railings of the staircase, 
< 
such as AB, are skew to the ground. 


42. All of the lines containing the balusters, such as CD, are 
perpendicular to the plane containing the floor of the 
tree house. 


CHALLENGE Draw the figure described. 


43. Lines £ and m are skew, lines / and n are skew, and lines m and n 
are parallel. 


44. Line £ is parallel to plane A, plane А 15 parallel to plane В, and line £ is 
not parallel to plane B. 


“MIXED REVIEW 


Use the Law of Detachment to make a valid conclusion. (p. 87) 


45. Ifthe measure of an angle is less than 90", then the angle is acute. 
The measure of ZA is 46°. 


46. Ifa food has less than 140 milligrams of sodium per serving, then it is low 
sodium. A serving of soup has 90 milligrams of sodium per serving. 


: PREVIEW Find the measure of each numbered angle. (p. 124) 


: Prepare for 


: 47. 48. 49. 
: Lesson 3.2 120° 110° 3 3 
: in Exs. 47-49. os 17; E 
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econ ACTIVITY Use before lesson 3.2 Tutor 


classzone.com 
Keystrokes 


. Parallel Lines and Angles 


MATERIALS : graphing calculator or computer 


You can use geometry drawing software to explore parallel lines. 


Ф 


STEP 1| Draw line Draw апа label two points A and В. Draw AB. Perp 
Perp. Bis. 


STEP 2| Draw parallel line Draw a point not on AB. Label it C. Angle Bis. 
< А F 
Choose Parallel from the F3 menu and select AB. Then С л 
—> 
select C to draw a line through C parallel to AB. Drawa Locus 


point on the parallel line you constructed. Label it D. | STEP 2 


STEP 3| Draw transversal Draw two points E and F outside the 
< 
parallel lines. Draw transversal EF. Find the intersection 


of АВ and EF by choosing Point from the F2 menu. Then 
choose Intersection. Label the intersection G. Find and 


label the intersection Hof CD and ЁР. 
STEP 4| Measure angle Measure all eight angles formed by the 


three lines by choosing Measure from the F5 menu, 
then choosing Angle. 
Gi: 3 


| 


. Record the angle measures from Step 4 in a table like the one shown. 
Which angles are congruent? 


Angle | ZAGE ZEGB | ZAGH | ZBGH | ZCHG | ZGHD | Z CHF | Z DHF 


? ? ? ? ? ч ? ? 


. Drag point E or Fto change the angle the transversal makes with the 
parallel lines. Be sure E and F stay outside the parallel lines. Record the 
new angle measures as row "Measure 2" in your table. 


. Make a conjecture about the measures of the given angles when two 
parallel lines are cut by a transversal. 


a. Corresponding angles b. Alternate interior angles 


. REASONING Make and test a conjecture about the sum of the measures 
of two consecutive interior angles when two parallel lines are cut by a 
transversal. 


3.2 Use Parallel Lines and Transversals 


* alternate exterior 
angles, p. 149 

* consecutive interior STEP2 Trace your drawing onto tracing paper. 
angles, p. 149 


154 


«ey Vocabulary 
e corresp 
angles, p. 149 


* alternate interior 
angles, p. 149 STEP? Draw a pair of parallel lines cut by a 


Kav \ 


Use Parallel Lines 
eem and Transversals 


3 


You identified angle pairs formed by a transversal. 
GALT = You will use angles formed by parallel lines and transversals. 
So you can understand angles formed by light, as in Example 4. 


EXPLORE PARALLEL LINES 


Materials: lined paper, tracing paper, straightedge 


nonperpendicular transversal on lined paper. 
Label the angles as shown. 


STEP 3 Move the tracing paper to position 41 of the 
traced figure over 25 of the original figure. 
Compare the angles. Are they congruent? 


STEP 4 Compare the eight angles and list all the 
congruent pairs. What do you notice about the 
special angle pairs formed by the transversal? 


POSTULATE For Your Notebook 


POSTULATE 15 Corresponding Angles Postulate 


If two parallel lines are cut by a transversal, 
then the pairs of corresponding angles are 
congruent. 


Identify congruent angles 


The measure of three of the numbered angles is 
120°. Identify the angles. Explain your reasoning. 

120/ 2 5/6 
Solution 3/4 18 


By the Corresponding Angles Postulate, т Z5 = 120°. 


Using the Vertical Angles Congruence Theorem, 7mZ 4 = 120°. 
Because Z4 and Z8 are corresponding angles, by the Corresponding Angles 


Postulate, you know that 7/8 = 120°. 
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: THEOREMS For Your Notebook 


THEOREM 3.1 Alternate Interior Angles Theorem 


If two parallel lines are cut by a transversal, then 
the pairs of alternate interior angles are congruent. 


Proof: Example 3, p. 156 


THEOREM 3.2 Alternate Exterior Angles Theorem t 


+ If two parallel lines are cut by a transversal, then 
the pairs of alternate exterior angles are congruent. 


G9 
Qy oo 


Proof: Ex. 37, p. 159 Z1=28 


ó60606060606060606605606564656 


THEOREM 3.3 Consecutive Interior Angles Theorem 


If two parallel lines are cut by a transversal, 
then the pairs of consecutive interior angles are 
supplementary. 


Z3 and Z5 are 
Proof: Ex. 41, p. 159 supplementary. 
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( EXAMPLE 2 J Use properties of parallel lines Е 


Є) ALGEBRA Find the value of x. 


Solution 


By the Vertical Angles Congruence Theorem, m4 = 115°. Lines a and b 
are parallel, so you can use the theorems about parallel lines. 


т/4 + (х + 5)° = 18079 Consecutive Interior Angles Theorem 
115° + (x + 5)° = 180? Substitute 115° for mZ 4. 
х + 120 = 180 Combine like terms. 
x = 60 Subtract 120 from each side. 


LA GUIDED PRACTICE | for Examples 1 and 2. 


Use the diagram at the right. 


1. IfmZ1 = 105°, find mZ4, mz 5, and mZ 8. Tell 1/2 5/6 
which postulate or theorem you use in each case. 3/4 7/8 


2. If mZ3 = 68? and mZ 8 = (2x + 4)”, what is the 
value of x? Show your steps. 
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Prove the Alternate Interior Angles Theorem 


: WRITE PROOFS 


: You can use the 

: information from the 

: diagram in your proof. 

: Find any special angle 

: pairs. Then decide what 
: you know about those 

: pairs. 


Prove that if two parallel lines are cut by a transversal, then the pairs of 
alternate interior angles are congruent. 


Solution 


Draw a diagram. Label a pair of alternate interior 
angles as Z1 and Z2. You are looking for an angle that 
is related to both 41 and Z2. Notice that one angle is a 
vertical angle with Z2 and a corresponding angle with 
Z 1. Label it Z3. 


GIVEN > р |4 
PROVE > 71 = Z2 


STATEMENTS REASONS 


1. Given 


2,£13Z3 2. Corresponding Angles Postulate 
8. 23 = 22 3. Vertical Angles Congruence Theorem 
4 #12 72 4. Transitive Property of Congruence 


Solve a real-world problem 


SCIENCE When sunlight enters a drop of rain, different colors of light leave 
the drop at different angles. This process is what makes a rainbow. For violet 
light, mZ2 = 40°. What is mZ 1? How do you know? 


Solution 


Because the sun’s rays are parallel, 41 and Z2 are alternate interior angles. 
By the Alternate Interior Angles Theorem, Z 1 = Z2. By the definition of 
congruent angles, mZ1 = mZ2 = 40°. 


GUIDED PRACTICE for Examples 3 and 4 


3. In the proof in Example 3, if you use the third statement before the second 
statement, could you still prove the theorem? Explain. 


4. WHAT IF? Suppose the diagram in Example 4 shows yellow light leaving a 
drop of rain. Yellow light leaves the drop at an angle of 41°. What is mZ 1 
in this case? How do you know? 
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EXERCISES HOMEWORK: () = WORKED-OUT SOLUTIONS 
3 2 KEY : оп р. WS3 for Exs. 5, 9, and 39 


SKILL PRACTICE 


: EXAMPLES 


: on pp. 154-155 
: for Exs. 3-16 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 3, 21, 33, 39, and 40 


1. VOCABULARY Draw a pair of parallel lines and a transversal. Label a pair 
of corresponding angles. 


2. ж WRITING Two parallel lines are cut by a transversal. Which pairs 
of angles are congruent? Which pairs of angles are supplementary? 


3. Ж MULTIPLE CHOICE In the figure at the right, 


which angle has the same measure as Z 1? 12 

3 
(А) Z2 Z3 ja 
© 44 D 45 


USING PARALLEL LINES Find the angle measure. 
Tell which postulate or theorem you use. 

4. If mZ4 = 65°, thenmZ1=_?_ 
G) mZ7 = 110°, then m2 = ?. 

6. IfmZ5 = 71°, thenmZ4=_? . 

7. IfmZ3 = 117°, then mz5-^ ?. 


8. IfmZ8 = 54°, thenmZ1= ?. 


USING POSTULATES AND THEOREMS What postulate or theorem justifies the 
statement about the diagram? 


(9)21 = 25 10. 24z 75 


ll. Z2= #7 12. Z2 and Z5 are supplementary. 
13. 23 = 26 14. 13= 47 
15. 212: Z8 16. Z4and Z7 are supplementary. 


USING PARALLEL LINES Find mZ 1 and mZ 2. Explain your reasoning. 
17. 18. 19. 
150* 
140* z 122° 


20. ERROR ANALYSIS A student concludes that 
Z9 = Z 10 by the Corresponding Angles B Z9 = 210 
Postulate. Describe and correct the error in 
this reasoning. 10 < 
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21. Ж SHORT RESPONSE Given р || q, describe two 
methods you can use to show that Z1 = 44. 


USING PARALLEL LINES Find mZ 1, mZ 2, and mZ 3. Explain your reasoning. 


23. 24. 
1 
133° 
115° 2/3 


ANGLES Use the diagram at the right. 


a <> A B 
25. Name two pairs of congruent angles if AB and DC are parallel. 
26. Name two pairs of supplementary angles if AD and BC 
D C 


are parallel. 


E) ALGEBRA Find the values of x and y. 
29. 


31. 32. 


(3y + 2)° 


33. Ж MULTIPLE CHOICE What is the value of y in the diagram? 
СА) 70 75 
(б) 110 D 115 


34. DRAWING Draw a four-sided figure with sides MN and PQ, such that 
MN || PQ, MP || NQ, and Z MNQ is an acute angle. Which angle pairs 
formed are congruent? Explain your reasoning. 


CHALLENGE Find the values of x and y. 


(С) = WORKED-OUT SOLUTIONS * - STANDARDIZED 


on p. WS1 TEST PRACTICE 


НЕНЧА 


. PROBLEM SOLVING 


: EXAMPLE 3 37. PROVING THEOREM 3.2 If two parallel lines are cut by a transversal, then 


: on p. 156 the pairs of alternate exterior angles are congruent. Use the steps below 
: for Ex. 37 to write a proof of the Alternate Exterior Angles Theorem. 
GIVEN > р || q 


PROVE > 41 = 72 


a. Show that 41 = Z3. 
b. Then show that Z1 = 22. 


(DHamoTutar 
enom elutor 


for problem solving help at classzone.com 


: EXAMPLE 4 38. PARKING LOT In the diagram, the lines 


: on p. 156 dividing parking spaces are parallel. The 
: for Exs. 38-40 measure of Z 1 is 110*. 
a. Identify the angle(s) congruent to Z 1. 


b. Find m7 6. 


Tutor | for problem solving help at classzone.com 


* SHORT RESPONSE The Toddler!M is a walking robot. Each leg of 
the robot has two parallel bars and a foot. When the robot walks, 
the leg bars remain parallel as the foot slides along the surface. 


a. As the legs move, are there pairs of angles that are always 
congruent? always supplementary? If so, which angles? 


b. Explain how having parallel leg bars allows the robot's 
foot to stay flat on the floor as it moves. 


40. * EXTENDED RESPONSE You are designing a box like the one below. 


a. The measure of Z]1 is 70°. What is mz 2? What is mz3? 


b. Explain why Z ABC is a straight angle. 


с. What If? If m2Z1 is 60°, will ZABC still be a straight angle? Will the 
opening of the box be тоге steep or less steep? Explain. 


41. PROVING THEOREM 3.3 If two parallel lines are cut by a 
transversal, then the pairs of consecutive interior angles 


are supplementary. Write a proof of the Consecutive 3/2 H 
Interior Angles Theorem. і 
GIVEN > л | р р 


PROVE > 41 апа 42 аге supplementary. 
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42. PROOF The Perpendicular Transversal Theorem (page 192) 
states that if a transversal is perpendicular to one of two 
parallel lines, then it is perpendicular to the other. Write a 
proof of the Perpendicular Transversal Theorem. 


GIVEN P £L rn 7 |5 
PROVE >* tls 


43. CHALLENGE In the diagram, /4 = 45. SE bisects Z RSF. E 
Find mz 1. Explain your reasoning. E 


“MIXED REVIEW 


44. Find the length of each segment in the coordinate plane || || у] 
at the right. Which segments are congruent? (p. 15) || | B33) | | 

| | CARA | YT | 

Are angles with the given measures complementary, М LIA | 

supplementary, or neither? (р. 35) LE EL TNT |] |. 


45. mZ1 = 62°, 46. m23=130, 47. mZ5 = 44°, MEN 

mZ2 = 128? mz4 = 70° mZ6 = 46° pt typ Ty 

100,3) | 

Find the perimeter of the equilateral figure with the given MAME AAA 
side length. (pp. 42, 49) 


48. Pentagon, 20cm 49. Octagon, 2.5 ft 50. Decagon, 33 in. 


: PREVIEW Write the converse of the statement. Is the converse true? (p. 79) 
Крл 51. Three points are collinear if they lie on the same line. 
: Lesson 3.3 


: in Exs. 51-52. | 52. Ifthe measure of an angle is 119°, then the angle is obtuse. 


QUIZ for Lessons 3.1-3.2 


Copy and complete the statement. (p. 147) 


1. Z2and ? are corresponding angles. 


2. Z3and ? are consecutive interior angles. ; 4 
3. Z3and ? are alternate interior angles. 5 N6 
4. Z2and ? are alternate exterior angles. ™ 
Find the value of x. (p. 154) 
5. 6. 7. 
2x° 72° 
1285 (7х + 24? 
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3 3 Prove Lines are Parallel 
O 


Key Vocabulary 
e paragraph proof 
* converse, р. 80 


e two-column proof, 
p. 112 


You used properties of parallel lines to determine angle relationships. 


You will use angle relationships to prove that lines are parallel. 


So you can describe how sports equipment is arranged, as in Ex. 32. 


Postulate 16 below is the converse of Postulate 15 in Lesson 3.2. Similarly, 
the theorems in Lesson 3.2 have true converses. Remember that the converse 
of a true conditional statement is not necessarily true, so each converse ofa 
theorem must be proved, as in Example 3. 


POSTULATE For Your Notebook 


POSTULATE 16 Corresponding Angles Converse 


If two lines are cut by a transversal so the 
corresponding angles are congruent, then 
the lines are parallel. 


jlk 


С) ALGEBRA Find the value of x that makes m || n. 


Solution 


Lines m and n are parallel if the marked 
corresponding angles are congruent. 


(3x + 5)° = 65° Use Postulate 16 to write an equation. 
3x = 60 Subtract 5 from each side. 
x = 20 Divide each side by 3. 


» The lines т and п are parallel when x = 20. 


GUIDED PRACTICE for Example 1 


1. Is there enough information in the diagram 
to conclude that m || n? Explain. 75 


2. Explain why Postulate 16 is the converse of 


Postulate 15. 105* n 
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162 


Аш 


: THEOREMS For Your Notebook 


THEOREM 3.4 Alternate Interior Angles Converse 


00069506 


If two lines are cut by a transversal so the 
> alternate interior angles are congruent, 
then the lines are parallel. 


Proof: Example 3, p. 163 


E THEOREM 3.5 Alternate Exterior Angles Converse 


If two lines are cut by a transversal so the 


F alternate exterior angles are congruent, j 
+ then the lines are parallel. А К 
Proof: Ex. 36, р. 168 Jlk 


THEOREM 3.6 Consecutive Interior Angles Converse 


If two lines are cut by a transversal 
so the consecutive interior angles are 
supplementary, then the lines are parallel. 


If 23 and Z5 are 
Proof: Ex. 37, p. 168 supplementary, then j || k. 


6 66606066 


Solve a real-world problem 


SNAKE PATTERNS How can you tell whether the sides of the pattern are 
parallel in the photo of a diamond-back snake? 


Solution 


Because the alternate interior angles are congruent, you know that the sides 
of the pattern are parallel. 


GUIDED PRACTICE for Example 2 


Can you prove that lines a and b are parallel? Explain why or why not. 


3. a b 4. a b 5. mz 1 + mZ2 = 180° 


а b 
1 
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( EXAMPLE 3 | Prove the Alternate Interior Angles Converse 


: AVOID ERRORS 


A. » GIVEN» 44 == /5 


: Before you write a 

: proof, identify the 

: GIVEN and PROVE 

: statements for the 

: situation described or 
: for any diagram 

: you draw. 


: TRANSITIONAL 


: In paragraph proofs, 

: transitional words such 
: as so, then, and therefore 
: help to make the logic 

: clear. 


Prove that if two lines are cut by a transversal so the alternate interior 
angles are congruent, then the lines are parallel. 


Solution 


PROVE > gll h 

STATEMENTS REASONS 

1. Z4z Z5 1. Given 

2. /1 = 24 2. Vertical Angles Congruence Theorem 
3. 2 1 = 45 3. Transitive Property of Congruence 

4. gl h 4. Corresponding Angles Converse 


Стад Geometry ) at classzone.com 


PARAGRAPH PROOFS A proof can also be written in paragraph form, called 
a paragraph proof. The statements and reasons in a paragraph proof are 
written in sentences, using words to explain the logical flow of the argument. 


(EXAMPLE 4 ] Write a paragraph proof 


In the figure, r | sand Z1 is congruent to 23. 
Prove p || q. 


Solution 


Look at the diagram to make a plan. The diagram suggests that you look at 
angles 1, 2, and 3. Also, you may find it helpful to focus on one pair of lines 
and one transversal at a time. 


Plan a. Lookat Z1 and Z2. b. Look at Z2 and Z3. 


Z1 Z2 because r || s. If 12 = Z3, then pl д. 
Plan а. It is given that r | s, so by the Corresponding Angles Postulate, 
D Z1= 22. 
Action 


b. Itis also given that 71 = Z3. Then Z2 = Z3 by the Transitive 
Property of Congruence for angles. Therefore, by the Alternate 
Interior Angles Converse, p || q. 


3.3 Prove Lines are Parallel 
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ТНЕОВЕМ For Your Notebook 


THEOREM 3.7 Transitive Property of Parallel Lines 


If two lines are parallel to the same line, р AQ r 
then they are parallel to each other. // / 


: Proofs: Ex. 38, p. 168; Ex. 38, p. 177 If p || q and gl r, then plir. 


( EXAMPLE 5 ] Use the Transitive Property of Parallel Lines 


U.S.FLAG The flag of the United 
States has 13 alternating red and 
white stripes. Each stripe is parallel 
to the stripe immediately below 

it. Explain why the top stripe is 
parallel to the bottom stripe. 


Solution 


: USE SUBSCRIPTS : " 
ЖГ тҮ ЕЕ » The stripes from top to bottom can be named ds Each stripe 


: E E is parallel to the one below it, so s, || s,, s, || sj, and so on. Then s, || s, by the 

T meone varkie wiih Transitive Property of Parallel Lines. Similarly, because s, || s,, it follows that 
: subscripts to keep track | 51 || S4 By continuing this reasoning, s, || з. So, the top stripe is parallel to the 
: of the items. | bottom stripe. 


Y GUIDED PRACTICE | for Examples 3, 4, and 5 


6. If you use the diagram at the right to prove 
the Alternate Exterior Angles Converse, 
what GIVEN and PROVE statements would 
you use? 


7. Copy and complete the following paragraph proof of the Alternate 
Interior Angles Converse using the diagram in Example 3. 


It is given that Z4 = Z5. Bythe ? ,Z12 4. Then by the Transitive 
Property of Congruence, ? .So,bythe ? ,gl| h. 

8. Each step is parallel to the step 
immediately above it. The bottom step 
is parallel to the ground. Explain why 
the top step is parallel to the ground. 


164 = Chapter3 Parallel and Perpendicular Lines 


зз EXERCISES "t aca 
o KEY: on p. WS3 for Exs. 11, 29, and 37 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 16, 23, 24, 33, and 39 


"^ SKILL PRACTICE | 


1. VOCABULARY Draw a pair of parallel lines with a transversal. Identify 
all pairs of alternate exterior angles. 


2. ж WRITING Use the theorems from the previous lesson and the 
converses of those theorems in this lesson. Write three biconditionals 
about parallel lines and transversals. 


: EXAMPLE 1 С) ALGEBRA Find the value of x that makes m || n. 
: on p. 161 


9. ERROR ANALYSIS A student concluded 
that lines a and b are parallel. Describe 
and correct the student's error. 


: EXAMPLE2 | IDENTIFYING PARALLEL LINES Is there enough information to prove m || n? 


: on p. 162 If so, state the postulate or theorem you would use. 
: for Exs. 10-17 | 
ы 10. т п (и) т n 12. r 
F Г 
П 
13. т п 15. 


a transversal. Use a protractor to measure one angle. Find the measures 
of the other seven angles without using the protractor. Give a theorem or 
postulate you use to find each angle measure. 


16. ж OPEN-ENDED MATH Use lined paper to draw two parallel lines cut by 
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17. MULTI-STEP PROBLEM Complete the steps below to 
<> < 
determine whether DB and HF аге parallel. 
a. Find mZ DCG and mZ CGH. 


b. Describe the relationship between Z DCG and 
Z CGH. 


<> <> 
c. Are DB and HF parallel? Explain your reasoning. 


: EXAMPLE3 | 18. PLANNING A PROOF Use these steps to plan a proof of the Consecutive 


: on p. 163 Interior Angles Converse, as stated on page 162. 


: for Ex. 18 a. Draw a diagram you can use in a proof of the theorem. 


b. Write the GIVEN and PROVE statements. 


REASONING Can you prove that lines a and b are parallel? If so, explain how. 


22. ERROR ANALYSIS A student decided that АР | BC based on the diagram 
below. Describe and correct the student's error. 


AD [| BC 


23. Ж MULTIPLE CHOICE Use the diagram at the right. 
You know that 41 = 44. What can you conclude? 


(А) plaq г 
(С) 42 = 23 (D> None of the above 


REASONING Use the diagram at the right for Exercises 24 and 25. 


24. Ж SHORT RESPONSE In the diagram, assume j | k. How 
many angle measures must be given in order to find the 
measure of every angle? Explain your reasoning. 


25. PLANNING A PROOF In the diagram, assume Z 1 and Z 7 are 
supplementary. Write a plan for a proof showing that lines 
jand k are parallel. 


26. REASONING Use the diagram at the right. 
Which rays are parallel? Which rays are 
not parallel? Justify your conclusions. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
166 on p. WS1 TEST PRACTICE 


27. VISUAL REASONING A point Ё is not in plane ABC. 
a. How many lines through R are perpendicular to plane ABC? 
b. How many lines through R are parallel to plane ABC? 
c. How many planes through R are parallel to plane ABC? 


28. CHALLENGE Use the diagram. 
a. Find x so that p || q. 
b. Find y so that r || s. 


с. Can r be parallel to s and p be parallel 
to q at the same time? Explain. 


PROBLEM SOLVING 


PICNIC TABLE How do you know that the top of the 
picnic table is parallel to the ground? 


: —— La 
: for Exs. 29-30 


ES 


_@Homelutor for problem solving help at classzone.com 


30. KITEBOARDING The diagram of the control bar of the kite shows the 
angles formed between the control bar and the kite lines. How do you 
know that n is parallel to m? 


31. DEVELOPING PROOF Copy and complete the proof. 


GIVEN > m1 = 115°, m2 = 65° 
PROVE > mln 


STATEMENTS 


1. mZ1= 115° and mZ2 = 65° 1. Given 

2. 115° + 65° = 180° 2. Addition 
3. ml + т22 = 180° 3. 2 

4. Z1 and Z2 are supplementary. 4,_¢ 

5. mln 5. _? 
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32. BOWLING PINS How do you know that the 
bowling pins are set up in parallel lines? 


: EXAMPLE 5 33. Ж SHORT RESPONSE The map shows part of Denver, Colorado. Use the 


: on p. 164 markings on the map. Are the numbered streets parallel to one another? 
: for Ех. 33 Explain how you can tell. 


Na n YT TA 


TEM LITE 
| © | © y „чё A : a r3 
"TIE разр 
a 2 sical No. ACE oe 
Eu m] ша Seem mem mu e: meme 
: EXAMPLE3 | PROOF Use the diagram and the given information to write a two-column 
: on p. 163 or paragraph proof. 
+ for Exs. 34°35 | 34 GIVEN > Z1 = Z2, 43 = Z4 35. GIVEN > al b, 22 = Z3 
PROVE » AB || CD PROVE > с || d 
A 
Е S D 
B C 


: EXAMPLE 4 PROOF In Exercises 36 and 37, use the diagram to write a paragraph proof. 


Lon 192. 27 | 36. PROVING THEOREM 3.5 In the diagram, assume t 
: | Z2 = Z7. Prove the Alternate Exterior Angles 1\2 
Converse. 3M p" 
67) PROVING THEOREM 3.6 In the diagram, assume A 
Z3 and Z5 are supplementary. Prove the 1\8 n 


Consecutive Interior Angles Converse. 


38. MULTI-STEP PROBLEM Use these steps to prove Theorem 3.7, the 
Transitive Property of Parallel Lines. 


a. Copy the diagram in the Theorem box on page 164. Draw a transversal 
through all three lines. 


b. Write the GIVEN and PROVE statements. 
c. Use the properties of angles formed by parallel lines and transversals 
to prove the theorem. 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
168 on p. WS1 TEST PRACTICE 


: PREVIEW 


: Prepare for 
: Lesson 3.4 in 
: Exs. 52-54. 


39. Ж EXTENDED RESPONSE Architects and engineers make drawings using 
a plastic triangle with angle measures 30°, 60°, and 90°. The triangle slides 
along a fixed horizontal edge. 


ss 


a. Explain why the blue lines shown are parallel. 
b. Explain how the triangle can be used to draw vertical parallel lines. 


REASONING Use the diagram below in Exercises 40-44. How would you 
show that the given lines are parallel? 


40. aand b 
41. bandc 
42. dandf 


43. eand g 


44. aandc 


45. CHALLENGE Use these steps to investigate the angle bisectors of angles 
created by a transversal and parallel lines. 


a. Construction Use geometry drawing software to construct line /, 
point P not on 4, and line n through P parallel to /. Construct 
point О on £ and construct PQ. Choose a pair of alternate interior 
angles and construct their angle bisectors. 


b. Write a Proof Make a conjecture about the angle bisectors. Write a 
proof of your conjecture. 


Solve the equation. (p. 875) 


46. Зх = —1 47. Éx=-1 48. i ==] 49. —6x = —1 


4 3 


50. You can choose one of eight sandwich fillings and one of four kinds of 
bread. How many different sandwiches are possible? (p. 891) 


51. Find the value of x if AB = AD and CD = AD. A D 
Explain your steps. (p. 112) 9x Жо Ме 1 
В C 
Simplify the expression. 
-7-2 0—(—3) -g 


EXTRA PRACTICE for Lesson 3.3, p. 900 2) ONLINE QUIZ at classzone.com 
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MIXED REVIEW of Problem: Solving 2 STATE TEST PRACTICE | 


$ — classzone.com 
Lessons 3.1-3.3 
1. MULTI-STEP PROBLEM Use the diagram of 4. SHORT RESPONSE А neon sign is shown 
the tennis court below. below. Are the top and the bottom of the Z 


parallel? Explain how you know. 


5. EXTENDED RESPONSE Use the diagram of 
the bridge below. 


a. Identify two pairs of parallel lines so each 
pair is on a different plane. 


b. Identify a pair of skew lines. E 
с. Identify two pairs of perpendicular lines. / | \ || N " 


2. MULTI-STEP PROBLEM Use the picture of the | \ i N 
tile floor below. 


a. Find the value of x that makes lines / and 
m parallel. 


2х s FAS 4 b. Suppose that £ || m and 4 || n. Find mz 1. 
$ „д > se wa Explain how you found your answer. Сору 
PATATA TA LS the diagram and label any angles you 
a. Name the kind of angle pair each angle need for your explanation. 
forms with Z 1. 


b. Lines гапа s are parallel. Name the angles 
that are congruent to 43. 


6. GRIDDED ANSWER In the photo of the picket 
fence, m || n. What is mZ 1 in degrees? 


3. OPEN-ENDED The flag of Jamaica is shown. 
Given that n | p and mZ1 = 53°, determine 
the measure of Z2. Justify each step in your 
argument, labeling any angles needed for 
your justification. 


7. SHORT RESPONSE Find the values of x and y. 
Explain your steps. 
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3 4 Find and Use Slopes 
of Lines 


You used properties of parallel lines to find angle measures. 


GLAD You will find and compare slopes of lines. 


Why So you can compare rates of speed, as in Example 4. 


Key Vocabulary The slope of a nonvertical line is the ratio of 

e slope, p. 879 vertical change (rise) to horizontal change (run) 

e rise, p. 879 between any two points on the line. 

e run, p. 879 If a line in the coordinate plane passes through (х, yo) 


points (x,, y,) and (x,, y,) then the slope m is 


run changeinx x,—x, 


KEY CONCEPT 


Slope of Lines in the Coordinate Plane 
Negative slope: falls from left to right, as in line j 
Positive slope: rises from left to right, as in line К 


Zero slope (slope of 0): horizontal, as in line £ 


Undefined slope: vertical, as in line 


Find slopes of lines in a coordinate plane 


: REVIEW SLOPE eee Find the slopes of line a and line d. р | Ne |4 | | | 
: For more help with ||| N Més ve 


: slope, see p. 879. Solution 


SI |7] [+11] М 


which is undefined. 


GUIDED PRACTICE for Example 1 


Use the graph in Example 1. Find the slope of the line. 
1. Line b 2. Linec 
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COMPARING SLOPES When two lines intersect in a coordinate plane, the 
steeper line has the slope with greater absolute value. You can also compare 
slopes to tell whether two lines are parallel or perpendicular. 


POSTULATES For Your Notebook 


> POSTULATE 17 Slopes of Parallel Lines y 


In a coordinate plane, two nonvertical lines are 
: parallel if and only if they have the same slope. 


> Any two vertical lines are parallel. 


m, = m, 

: POSTULATE 18 Slopes of Perpendicular Lines y 
: READ VOCABULARY {f> Ina coordinate plane, two nonvertical lines are 
: Ifthe product of two 42 perpendicular if and only if the product of their 
: numbers is —1, then 1; slopesis —1. 
. A * 
: the numbers are called Hori 11; dicul нї 
: negative reciprocals. : Horizontal lines are perpendicular to vertical lines. m, +m, = -1 


WILLIS Identify parallel lines 


Find the slope of each line. Which lines | | | 4| 4»| | | £k |f 


are parallel? LA] a 
= ДД 
Solution ишк шшишигишиш 


Find the slope of k, through (-2, 4) aa |, _ || yI | [6з 
! TUT en il. 


and (—3, 0). 
— REBABEENEESBIIER 
т = 04-244 Her Te 
S _ | LL E yI 46-72 | 
Find the slope of k, through (4, 5) MANOR MO MON SEN 
and (3, 1). 


> Compare the slopes. Because К, and К, have the same slope, they are 
parallel. The slope of k, is different, so k, is not parallel to the other lines. 


GUIDED PRACTICE for Example 2 


3. Line m passes through (-1, 3) and (4, 1). Line t passes through (-2, —1) 
and (3, —3). Are the two lines parallel? Explain how you know. 
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( EXAMPLE З | Draw a perpendicular line 


: REVIEW GRAPHING 


: Given a point on a line 

: and the line's slope, you 
: can use the rise and run 
: to find a second point 

: and draw the line. 


Line h passes through (3, 0) and (7, 6). Graph the line perpendicular to h 
that passes through the point (2, 5). 
Solution 

STEP 1 Find the slope m of line h through (3, 0) and (7, 6). 


STEP 2 Find the slope m, of a line perpendicular 
to Л. Use the fact that the product of the 
slopes of two perpendicular lines is —1. 


5 em, — -l Slopes of perpendicular lines 


E , ; 2 
т) = Multiply each side by 3 


STEP 3 Use the rise and run to graph the line. 


* ( EXAMPLE 4 | Standardized Test Practice 


: ELIMINATE CHOICES 


: The y-intercept 

: represents the height 

: when the parachute 

: Opened, so the heights 
: in jumps a and b were 
: not the same. So you 

: can eliminate choice A. 


A skydiver made jumps with three parachutes. Parachutes 
The graph shows the height of the skydiver from 
the time the parachute opened to the time of the 
landing for each jump. Which statement is true? 


Height (ft) 


СА) The parachute opened at the same 
height in jumps a and b. 


The parachute was open for the same 
amount of time in jumps Р and c. 


Time (minutes) 
(C) The skydiver descended at the same rate in jumps a and b. 


(D> The skydiver descended at the same rate in jumps a and c. 


Solution 


The rate at which the skydiver descended is represented by the slope of the 
segments. The segments that have the same slope are a and c. 


> The correct answer is D. ® сс) Фф) 


GUIDED PRACTICE for Examples 3 and 4 


4. Line n passes through (0, 2) and (6, 5). Line m passes through (2, 4) and 
(4, 0). Is n L m? Explain. 


5. In Example 4, which parachute is in the air for the longest time? Explain. 


6. In Example 4, what do the x-intercepts represent in the situation? How can 
you use this to eliminate one of the choices? 
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Ф, 
“9 


( EXAMPLE 5 ] Solve a real-world problem 


ROLLER COASTERS During the climb on the Magnum XL-200 roller coaster, 
you move 41 feet upward for every 80 feet you move horizontally. At the crest 
of the hill, you have moved 400 feet forward. 


a. Making a Table Make a table showing the 
height of the Magnum at every 80 feet it 
moves horizontally. How high is the roller 
coaster at the top of its climb? 


b. Calculating Write a fraction that 
represents the height the Magnum climbs 
for each foot it moves horizontally. What 
does the numerator represent? 


c. Using a Graph Another roller coaster, the 
Millennium Force, climbs at a slope of 1. 
At its crest, the horizontal distance from 
the starting point is 310 feet. Compare 
this climb to that of the Magnum. Which 
climb is steeper? 


Solution 


The Magnum XL-200 is 205 feet high at the top of its climb. 


b. Slope of the Magnum = rise _ 41 _ 41 + 80 _ 0.5125 


run 80 80-80 1 


The numerator, 0.5125, represents the slope in decimal form. 


с. Use a graph to compare the climbs. 
Let x be the horizontal distance and 
let y be the height. Because the slope 
of the Millennium Force is 1, the rise 
is equal to the run. So the highest 
point must be at (310, 310). 


Height (ft) 


» The graph shows that the 
Millennium Force has a steeper 
climb, because the slope of its line is 
greater (1 > 0.5125). 


(AnimateaGeometry 


Y GUIDED PRACTICE | for Example 5 


7. Line q passes through the points (0, 0) and (-4, 5). Line t passes through 
the points (0, 0) and (—10, 7). Which line is steeper, q or t? 


Horizontal distance (ft) 


at classzone.com 


8. WHAT IF? Suppose a roller coaster climbed 300 feet upward for every 
350 feet it moved horizontally. Is it тоге steep or less steep than the 
Magnum? than the Millennium Force? 
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3.4 EXERCISES 


: EXAMPLE 1 
: on p. 171 
: for Exs. 3-12 


: EXAMPLES 


: on pp. 172-173 | 


: for Exs. 13-18 


: EXAMPLES 


: on pp. 173-174. 
: for Exs. 19-22 


HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
on p. WS3 for Exs. 7, 13, and 35 


Ж = = STANDARDIZED TEST PRACTICE 
Exs. 2, 34, 35, and 41 


: e = MULTIPLE REPRESENTATIONS 
Ex. 37 


KEY: 


. SKILL PRACTICE 


1. VOCABULARY Describe what is meant by the slope of a nonvertical line. 


2. ж WRITING What happens when you apply the slope formula to a 
horizontal line? What happens when you apply it to a vertical line? 


MATCHING Match the description of the slope of a line with its graph. 


3. m is positive. 6. mis undefined. 


A. ` у В. [ С. у D. | y 
X X X X 
FINDING SLOPE Find the slope of the line that passes through the points. 


(726. 5), (5, 6) 8. (-2,2),(2,-6) 9. (25,-D,(3,-) 10. (2,1), (0, 6) 


ERROR ANALYSIS Describe and correct the error in finding the slope of the line. 


4. m is negative. 5. m is Zero. 


11. 12. 
mms Slope of the line through 
5 (2, 7) апа (4, 5) 
Ze =z% ch Vesp X 
ds X, — Xy а= 2 2 


at | Ay а 
La) ||, 
FAERSEBNENE 


X 


TYPES OF LINES Tell whether the lines through the given points are parallel, 
perpendicular, or neither. Justify your answer. 


Line 1: (1, 0), (7, 4) 14. Line 1: (—3, 1), (7, -2) 
Line 2: (7, 0), (3, 6) Line 2: (2, —1), (8, 4) 


15. Line 1: (—9, 3), (—5, 7) 
Line 2: (—11, 6), (—7, 2) 


GRAPHING Graph the line through the given point with the given slope. 


16. P(3, —2), slope -i 17. P(—4, 0), slope 5 18. P(0, 5), slope 2 


STEEPNESS OF A LINE Tell which line through the given points is steeper. 


19. Line 1: (—2, 3), (3, 5) 20. Line 1: (—2, —1), (1, -2) 
Line 2: (3, 1), (6, 5) Line 2: (—5, —3), (-1, —4) 


21. Line 1: (—4, 2), (—3, 6) 
Line 2: (1, 6), (3, 8) 


22. REASONING Use your results from Exercises 19—21. Describe a way to 
determine which of two lines is steeper without graphing them. 
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PERPENDICULAR LINES Find the slope of line п perpendicular to line h and 
passing through point P. Then copy the graph and graph line n. 


26. REASONING Use the concept of slope to decide whether the points 
(—3, 3), (1, -2), and (4, 0) lie on the same line. Explain your reasoning 
and include a diagram. 

GRAPHING Graph a line with the given description. 

27. Through (0, 2) and parallel to the line through (—2, 4) and (-5, 1) 

28. Through (1, 3) and perpendicular to the line through (—1, —1) and (2, 0) 


29. Through (—2, 1) and parallel to the line through (3, 1) and (4, - 


CHALLENGE Find the unknown coordinate so the line through the points 
has the given slope. 


30. (-3, 2), (0, у); slope -2 31. (—7, -4), (х, 0); slope = 32. (4, —3), (x, 1); slope —4 


PROBLEM SOLVING 


33. WATER SLIDE The water slide is 6 feet 
tall, and the end of the slide is 9 feet 
from the base of the ladder. About what 
slope does the slide have? 


y 


 (QHomelutor ` for problem solving help at classzone.com 


: EXAMPLE 5 34. ж MULTIPLE CHOICE Which car has better gas mileage? - 
А 909000900000000000000000 Gas Mileage 


: for Exs. 34-37 


(C Same rate (D> Cannot be determined 


@Homelutor — for problem solving help at classzone.com 
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Distance driven 


(65) Ж SHORT RESPONSE Compare the graphs of the three lines described 
below. Which is most steep? Which 15 the least steep? Include a sketch 
in your answer. 


Line a: through the point (3, 0) with a y-intercept of 4 
Line b: through the point (3, 0) with a y-intercept greater than 4 
Line c: through the point (3, 0) with a y-intercept between 0 and 4 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED ф = MULTIPLE 
176 on p. WS1 TEST PRACTICE REPRESENTATIONS 


36. MULTI-STEP PROBLEM Ladder safety guidelines include the following 
recommendation about ladder placement. The horizontal distance Л 
between the base of the ladder and the object the ladder is resting against 
should be about one quarter of the vertical distance v between the 
ground and where the ladder rests against the object. 


Make sure to "i * Place the base so к” 
place the ladder H the distance / to l 
on a level place. m the building is y 
If the ladder is Al about one quarter [л + 
not steady, it is Es n of the height v to i 
. TERT i 
not safe to climb. V] Al where the ladder jl | 
hits the building. m 
Ё SIE 


EN 


a. Find the recommended slope for a ladder. 
b. Suppose the base of a ladder is 6 feet away from a building. The ladder 
has the recommended slope. Find v. 


c. Suppose a ladder is 34 feet from the ground where it touches a 
building. The ladder has the recommended slope. Find h. 


es MULTIPLE REPRESENTATIONS The Duquesne (pronounced “du-KAYN”) 

Incline was built in 1888 in Pittsburgh, Pennsylvania, to move people up 

and down a mountain there. On the incline, you move about 29 feet 

vertically for every 50 feet you move horizontally. When you reach the 

top of the hill, you have moved a horizontal distance of about 700 feet. 

a. Making a Table Make a table showing the vertical 
distance that the incline moves for each 50 feet of 
horizontal distance during its climb. How high is 
the incline at the top? 

b. Drawing a Graph Write a fraction that represents 
the slope of the incline’s climb path. Draw a graph 
to show the climb path. 

c. Comparing Slopes The Burgenstock Incline in 
Switzerland moves about 144 vertical feet for every 


271 horizontal feet. Write a fraction to represent the 
slope of this incline’s path. Which incline is steeper, 


the Burgenstock or the Duquesne? 


37. 


38. PROVING THEOREM 3.7 Use slopes of lines to write a paragraph proof of 
the Transitive Property of Parallel Lines on page 164. 


AVERAGE RATE OF CHANGE In Exercises 39 and 40, slope can be used to 

describe an average rate of change. To write an average rate of change, 

rewrite the slope fraction so the denominator is one. 

39. BUSINESS In 2000, a business made a profit of $8500. In 2006, the 
business made a profit of $15,400. Find the average rate of change in 

dollars per year from 2000 to 2006. 

ROCK CLIMBING A rock climber begins climbing at a point 400 feet above 


sea level. It takes the climber 45 minutes to climb to the destination, 
which is 706 feet above sea level. Find the average rate of change in feet 


per minute for the climber from start to finish. 


40. 
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41. * EXTENDED RESPONSE The line graph shows the regular season 
attendance (in millions) for three professional sports organizations 
from 1985 to 2000. 


a. During which five-year period did the PROFESSIONAL SPORTS ATTENDANCE 


NBA attendance increase the most? 
Estimate the rate of change for this 
five-year period in people per year. 

b. During which five-year period did the 
NHL attendance increase the most? 
Estimate the rate of change for this 
five-year period in people per year. 


“a 
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= 
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с. Interpret The line graph for the NFL 


А 1985 1990 1995 2000 
seems to be almost linear between 


1985 and 2000. Write a sentence about Y National Basketball Association (NBA) 
what this means in terms of the @ National Football League (NFL) 
real-world situation. @ National Hockey League (NHL) 


42. CHALLENGE Find two values of k such that the points (—3, 1), (0, К), 
and (k, 5) are collinear. Explain your reasoning. 


" MIXED REVIEW | 


43. Is the point (—1, —7) on the line y = 2x — 5? Explain. (р. 878) 


44. Find the intercepts of the graph of y = —3x + 9. (p. 879) 


Use the diagram to write two examples of each postulate. (p. 96) 
45. Through any two points there exists exactly one line. 


46. Through any three noncollinear points there exists exactly 


one plane. 
: PREVIEW Solve the equation for y. Write a reason for each step. (p. 105) 
: Prepare for ү в 
: Lesson 3.5 in 47. 6x + 4y = 40 48. =x — =y = —10 49. 16 — 3y = 24x 
: 2 4 
: Exs. 47—49. 


QUIZ for Lessons 3.3-3.4 


Find the value of x that makes т || n. (p. 161) 
1. 


(4х – 12° п 


Find the slope of the line that passes through the given points. (р. 171) 
4. (1, z^ (3, 3) 9. (1, 2), (4, 5) 6. [—3, —2), =й —6) 
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Technology ACTIVITY Use after lesson 3.4 


Investigate Slopes 


MATERIALS : graphing calculator or computer 


@ 
You can verify the postulates you learned in Lesson 3.4 using geometry 
drawing software. 


| | ) 


STEP T| Show axes Show the x-axis and the y-axis by 
choosing Hide/Show Axes from the F5 menu. 


STEP 2| Draw line Draw a line by choosing Line from the 
F2 menu. Do not use one of the axes as your line. ae 


Choose a point on the line and label it A. | 
| 


STEP 3| Graph point Graph a point not on the line by STEPS 1—3 
choosing Point from the F2 menu. 


STEP 4| Draw parallel line Choose Parallel from the F3 
menu and select the line. Then select the point 
not on the line. 


STEP 5| Measure slopes Select one line and choose AE 
Measure Slope from the F5 menu. Repeat this | 


step for the second line. eae vA 


STEP 6| Move line Drag point A to move the line. What 
do you expect to happen? 


| 


1. Use geometry drawing software to verify the Slopes of 
Perpendicular Lines Postulate. 


a. Construct a line and a point not on that line. Use Steps 
1-3 from the Example above. 


b. Construct a line that is perpendicular to your original 
line and passes through the given point. 


c. Measure the slopes of the two lines. Multiply the slopes. 
What do you expect the product of the slopes to be? 


2. WRITING Use the arrow keys to move your line from Exercise 1. Describe 
what happens to the product of the slopes when one of the lines is 
vertical. Explain why this happens. 


Tutor 
classzone.com 
Keystrokes 


Measure 
Coord.&Eq. 
Calculate 
Clear 


3.4 Find and Use Slopes of Lines 


3 5 Write and Graph 
* Equations of Lines 


You found slopes of lines. 
| Now ) You will find equations of lines. 


So you can find monthly gym costs, as in Example 4. 


Key Vocabulary Linear equations may be written in different forms. The general form of a 
• slope-intercept linear equation in slope-intercept form is y = mx + b, where mis the slope 
form and bis the y-intercept. 


e standard form 
e x-intercept, p. 879 
• y-intercept, р. 879 


Write an equation of a line from a graph 


Write an equation of the line in slope-intercept form. 


Solution 


STEP 7 Find the slope. Choose two points on the 
graph of the line, (0, 4) and (3, —2). 


STEP 2 Find the y-intercept. The line intersects the 
y-axis at the point (0, 4), so the y-intercept is 4. 


STEP 3 Write the equation. 


y=mx+b Use slope-intercept form. 


у= -2x+4 Substitute —2 for m and 4 for b. 


Write an equation of a parallel line 


Write an equation of the line passing through the point (—1, 1) that is 
parallel to the line with the equation y = 2x — 3. 


Solution 


STEP? Find the slope т. The slope of a line parallel to y = 2x — 3 is the 
same as the given line, so the slope is 2. 


: LINEAR EQUATIONS . . s 

: The graph of a linear STEP 2 Find the y-intercept b by using m = 2 and (x, у) = (—1, 1). 
: equation represents y=mx+b Use slope-intercept form. 

: all the solutions of the 

: equation. So, the given 1=2(-1)+b Substitute for x, y, and m. 

: point must be a solution зр Solve for b. 


: of the equation. 
> Because m = 2 and b = 3, an equation of the line is y = 2x + 3. 
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CHECKING BY GRAPHING You can check that 
equations are correct by graphing. In Example 2, 
you can use a graph to check that у = 2x — 3 is 
parallel to y = 2x + 3. 


(AnimatesGeometry ) at classzone.com NNNZENZENK; 
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(EXAMPLE З | Write an equation of a perpendicular line 


Write an equation of the line j passing through the point (2, 3) that is 
perpendicular to the line k with the equation y = —2x + 2. 


Solution 
STEP? Find the slope m of line j. Line k has a slope of —2. 
—2*m--] The product of the slopes of 1 lines is —1. 
т = Divide each side by —2. 
STEP 2 Find the y-intercept b by using m = 5 and (x, y) = (2, 3). 
y=mx+b Use slope-intercept form. 


= 502) tb Substitute for x, y, and m. 


2=b Solve for b. 
1 


gentd=2anequarion [TT TET PTET 
HTN 


of line j is y = ix + 2. You can check 


» Because m = 


that the lines j and k are perpendicular 
by graphing, then using a protractor to 
measure one of the angles formed by 
the lines. 


GUIDED PRACTICE for Examples 1, 2, and 3 


1. Write an equation of the line in the graph 
at the right. 


2. Write an equation of the line that passes 
through (-2, 5) and (1, 2). 


3. Write an equation of the line that passes 
through the point (1, 5) and is parallel to the 
line with the equation y = 3x — 5. Graph the 
lines to check that they are parallel. 


4. How do you know the lines x = 4 and y = 2 are perpendicular? 
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Write an equation of a line from a graph 


: CHOOSE A METHOD 


E erre ee] > 


: Another way you could 
: graph the equation is 

: to solve the equation 

: for у. Then the equation 
: will be in slope-intercept 
: form. Use rise and run 

: from the point where 

: the line crosses the 

: y-axis to find a second 

: point. Then graph 

: the line. 


182 


GYM MEMBERSHIP The graph models the total 
cost of joining a gym. Write an equation of the 
line. Explain the meaning of the slope and the 
y-intercept of the line. 


Gym Membership Cost 
1 iu 


Solution 
STEP 7 Find the slope. 


ГД 
а 
k 
© 
ы 
a 
vim» 

N 

© 
e 


m = 5-2 "3 7 Months 
STEP 2 Find the y-intercept. Use the slope and one of the points оп 
the graph. 
y=mx+b Use slope-intercept form. 
231 = 44.2 + р Substitute for x, y, and m. 
143 = b Simplify. 


STEP 3 Write the equation. Because m = 44 апар = 143, an equation of the 


line is y = 44х + 143. 


» The equation y = 44x + 143 models the cost. The slope is the monthly fee, 
$44, and the y-intercept is the initial cost to join the gym, $143. 


STANDARD FORM Another form of a linear equation is standard form. In 
standard form, the equation is written as Ax + By = C, where A and B 
are not both zero. 


(EXAMPLE 5 | Graph a line with equation in standard form 


Graph 3x + 4y = 12. 


Solution 
The equation is in standard form, so you can use the intercepts. 
STEP 7 Find the intercepts. 


To find the x-intercept, lety = 0. То find the y-intercept, let x = 0. 


Зх + 4у = 12 3x + 4y = 12 
3x + 4(0) = 12 3(0) + 4y = 12 
x=4 y=3 


STEP 2 Graph the line. 


The line intersects the axes 
at (4, 0) and (0, 3). Graph 
these points, then draw a line 
through the points. 
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r4 GUIDED PRACTICE | for Examples 4 and 5 


5. The equation y = 50x + 125 models the total cost of joining a climbing 
gym. What are the meaning of the slope and the y-intercept of the line? 
Graph the equation. 
6. 2x – Зу = 6 7. у= 4 8. х= —3 


WRITING EQUATIONS You can write linear equations to model real-world 
situations, such as comparing costs to find a better buy. 


( EXAMPLE 6 ] Solve a real-world problem 


DVD RENTAL You can rent DVDs at a local store for $4.00 each. An Internet 
company offers a flat fee of $15.00 per month for as many rentals as you want. 
How many DVDs do you need to rent to make the online rental a better buy? 


: ANOTHER WAY Solution 


: For alternative methods 


: | STEP 7 Model each rental with an equation. 
: for solving the problem 


: in Example 6, turn Cost of one month's rental online: y = 15 

: to page 188 for the 

: Problem Solving Cost of one month's rental locally: y = 4x, where x represents the 

: Workshop. number of DVDs rented 


STEP 2 Graph each equation. 


CCEA 
ЕСА 
8.95, 151,4 y= 18 
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а а. д ЧР 
| The graphs intersect B 
at the point (3.75, 15). | X 
Number of rentals aS. Y 5 


: READ VOCABULARY | . . "TEN . 

ЖОШ денене » > The point of intersection is (3.75, 15). Using the graph, you can see 
: The point at which the ae : 

ершк heme that it is cheaper to rent locally if you rent 3 or fewer DVDs per month. 
: sometimes called the If you rent 4 or more DVDs per month, it is cheaper to rent online. 


: break-even point. 
Y GUIDED PRACTICE | for Example 6 


9. WHAT IF? In Example 6, suppose the online rental is $16.50 per month 
and the local rental is $4 each. How many DVDs do you need to rent to 
make the online rental a better buy? 


10. How would your answer to Exercise 9 change if you had a 2-for-1 coupon 
that you could use once at the local store? 
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EXERCISES "MMR caia 
3.5 KEY: on p. WS4 Tot Exs. 17, 23, and 61 
: Ж = STANDARDIZED TEST PRACTICE 
: Exs. 2, 9, 29, 64, and 65 


SKILL PRACTICE 


1. VOCABULARY What does intercept mean in the expression slope-intercept 
form? 


2. ж WRITING Explain how you can use the standard form of a linear 
equation to find the intercepts of a line. 


: EXAMPLE 1 WRITING EQUATIONS Write an equation of the line shown. 


: : on p. 180 


9. Ж MULTIPLE CHOICE Which equation is an 
equation of the line in the graph? 


db у= -5x у=—;5*+1 
O y=2x _ @ўу=-2х+1 


WRITING EQUATIONS Write an equation of the line with the given 
slope m and y-intercept b. 


10. m = —5,b = -12 11. m=3,b=2 12. т= 4, р = —6 
EE h= _4,__2 Ma 
13. т= 2р = 0 14. т= b= 9 15. m= p, b= 12 


WRITING EQUATIONS Write an equation of the line that passes through the 
given point P and has the given slope т. 


16. P(—1, 0), m = -1 (17) PE, 4),m=4 18. P(6, -2),m=3 


19. P(-8, -2), т = - 20. P(0, 3, m = -i 21. Р(—13,7),т=0 


22. WRITING EQUATIONS Write an equation of a line with undefined slope 
that passes through the point (3, —2). 
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: EXAMPLE 2 PARALLEL LINES Write an equation of the line that passes through point P 


: : оп р. 180 and is parallel to the line with the given equation. 
аа ёз) P(0)-D,y=-2x+3 24. P(—7, —4), y = 16 25. P(3,8, y - 1- (х +4) 
26. P(-2,6), x = —5 27. P(-2, D, 10x + 4у= -8 28. P(4, 0), —x + 2y = 12 


29. ж MULTIPLE CHOICE Line a passes through points (—2, 1) and (2, 9). 
Which equation is an equation of a line parallel to line a? 


(А) у=-2х+5 GDy--x*5 O у=1х-5 | (D y-2x-5 


: EXAMPLE 3 PERPENDICULAR LINES Write an equation of the line that passes through 


: on p. 181 point P and is perpendicular to the line with the given equation. 

: for Exs. 30-35 7 

30. Р(0, 0), y= —9х— 1 31. P(-1, 1), y = 3x + 10 32. P(4, —6), у = -3 

33. P(2,3),y—4 = —2(х + 3) 34. P(0, —5), x = 20 35. P(-8, 0), Зх — 5y = 6 


: EXAMPLE 5 GRAPHING EQUATIONS Graph the equation. 


: on p. 182 _ _ E ү инн 

: for Exs. 36-45 36. 8x + 2y 10 37. x * y - 1 38. Ax — y 8 
39. —x + Зу = -9 40. y— 2 = -1 41. y+2=x-1 
42. x+3= —4 43. 2y- 4— —x * 1 44. 3(x-2)=-y-4 


45. ERROR ANALYSIS Describe and correct the error in finding the x- and 
y-intercepts of the graph of 5x — Зу = —15. 


To find the x-intercept, To find the y-intercept, 
let x = О: let y — O: 
5x — 3y = —15 бх — Зу = —15 


5(0) – 3y = -15 X 5x — 3(0) = -15 X 
y=5 x= —Ó 


PERPENDICULAR BISECTORS Find the midpoint of PQ. Then write an 
equation of the line that passes through the midpoint and is perpendicular 
to PQ. This line is called the perpendicular bisector of PQ. 


46. P(—4, 3), QU, =I} 47. Р(—5, —9), Q(3, 3) 48. P(0, 2), Q(6, —2) 


USING INTERCEPTS Identify the x- and y-intercepts of the line. Use the 
„к to write an equation of the line. 


——— 
= АШ ШШ ШШ ШШ 
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52. INTERCEPTS А line passes through the points (—10, —3) and (6, 1). 
Where does the line intersect the x-axis? Where does the line intersect 
the y-axis? 
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SOLUTIONS TO EQUATIONS Graph the linear equations. Then use the graph 
to estimate how many solutions the equations share. 


53. y =4x * 9 54. 3y + 4x = 16 55. y= —5x +6 
4х-у=1 2х – у = 18 10х + 2у = 12 


56. @ ALGEBRA Solve Exercises 53-55 algebraically. (For help, see Skills 
Review Handbook, p. 880.) Make a conjecture about how the solution(s) 
can tell you whether the lines intersect, are parallel, or are the same line. 


57. E) ALGEBRA Find a value for k so that the line through (—1, k) and 
(—7, —2) is parallel to the line with equation y = x + 1. 


58. E) ALGEBRA Find a value for k so that the line through (k, 2) and (7, 0) is 


perpendicular to the line with equation y = x — A 


5 


59. CHALLENGE Graph the points R(—7, —3), S(-2, 3), and T(10, —7). Connect 
them to make ARST. Write an equation of the line containing each side. 
Explain how you can use slopes to show that ARST has one right angle. 


PROBLEM SOLVING 
: EXAMPLE4 | 60. WEB HOSTING The graph models the total Web Hosting 
: : on p. 182 cost of using a web hosting service for : Е, Т И 
: for Exs. 60—61 several months. Write an equation of the eo EET tt у] Ao, 280) 
line. Tell what the slope and y-intercept = 200 ишаа ши. 
in this si : Then find th ] 3 ILLLETLLLLLI: 
mean in this situation. Then find the tota 
cost of using the web hosting service for 2 100 et AA 
Б 8 Ө | [LLLLLLLLLI 
one year. Co 
_CHomelutor | for problem solving help at classzone.com 0 2 4 6 8 10 12* 
Months 


SCIENCE Scientists believe that a Tyrannosaurus 
Rex weighed about 2000 kilograms by age 14. It 
then had a growth spurt for four years, gaining 
2.] kilograms per day. Write an equation to 
model this situation. What are the slope and 
y-intercept? Tell what the slope and y-intercept 
mean in this situation. 
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Field Museum, Chicago, Illinois 


: EXAMPLE6 | 62. MULTI-STEP PROBLEM A national park has two options: a $50 pass for all 


: on p. 183 admissions during the year, or a $4 entrance fee each time you enter. 


: for Exs. 62-65 a. Model Write an equation to model the cost of going to the park for a 


year using a pass and another equation for paying a fee each time. 
b. Graph Graph both equations you wrote in part (a). 


c. Interpret How many visits do you need to make for the pass to be 
cheaper? Explain. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
186 on p. WS1 TEST PRACTICE 


63. PIZZA COSTS You are buying slices of pizza for you and your friends. 
A small slice costs $2 and a large slice costs $3. You have $24 to spend. 
Write an equation in standard form Ax + By = C that models this 
situation. What do the values of A, B, and C mean in this situation? 


64. Ж SHORT RESPONSE You run at a rate of 4 miles per hour and your friend 
runs at arate of 3.5 miles per hour. Your friend starts running 10 minutes 
before you, and you run for a half hour on the same path. Will you catch 
up to your friend? Use a graph to support your answer. 


65. * EXTENDED RESPONSE Audrey and Sara are making 
jewelry. Audrey buys 2 bags of beads and 1 package of 
clasps for a total of $13. Sara buys 5 bags of beads and 
2 packages of clasps for a total of $27.50. 


a. Let b be the price of one bag of beads and let c be the 
price of one package of clasps. Write equations to 
represent the total cost for Audrey and the total cost 
for Sara. 


b. Graph the equations from part (a). 


c. Explain the meaning of the intersection of the two anpassen 
lines in terms of the real-world situation. 


66. CHALLENGE Michael is deciding which gym membership to buy. 
Points (2, 112) and (4, 174) give the cost of gym membership at one gym 
after two and four months. Points (1, 62) and (3, 102) give the cost of 
gym membership at a second gym after one and three months. Write 
equations to model the cost of each gym membership. At what point do 
the graphs intersect, if they intersect? Which gym is cheaper? Explain. 


"MIXED REVIEW 


: PREVIEW Find the length of each segment. Round to the nearest tenth of a unit. (p. 15) 


: Prepare for 
: Lesson 3.6 
: in Exs. 67-69. 


p Cs 


HHHH 
ATT 
KZ SERRE 


Describe the pattern in the numbers. Write the next number in the pattern. (p. 72) 


70. —2, —7, —12, -—lh... 71. 4, 8, 16, 32, ... 72. 101, 98, 95, 92, ... 


Find mz 1 and mZ 2. Explain your reasoning. (p. 154) 
73. 
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WORKSHOP | 


PROBLEM SOLVING Using ALTERNATIVE METHODS 


Another Way to Solve Example 6, page 183 


MULTIPLE REPRESENTATIONS In Example 6 on page 183, you saw how to 
graph equations to solve a problem about renting DVDs. Another way you can 
solve the problem is using a table. Alternatively, you can use the equations to 
solve the problem algebraically. 


DVD RENTAL You can rent DVDs at a local store for $4.00 each. An 
Internet company offers a flat fee of $15.00 per month for as many 
rentals as you want. How many DVDs do you need to rent to make 
the online rental a better buy? 


Using a Table You can make a table to answer the question. 


STEP 7 Make a table representing each rental option. 


DVDs Renting | Renting 
rented locally online 
003 008 


$15 


STEP 2 Add rows to your table until you see a pattern. 


DVDs Renting | Renting 
rented locally online 


1 
5 _ 
008 _ 


STEP 3 Analyze the table. Notice that the values in the second column 
(the cost of renting locally) are less than the values in the third 
column (the cost of renting online) for three or fewer DVDs. However, 
the values in the second column are greater than those in the third 
column for four or more DVDs. 


> It is cheaper to rent locally if you rent 3 or fewer DVDs per month. 
If you rent 4 or more DVDs per month, it is cheaper to rent online. 
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Using Algebra You can solve one of the equations for one of its variables. 
Then substitute that expression for the variable in the other equation. 


STEP 7 Write an equation for each rental option. 


Cost of one month’s rental online: y = 15 


Cost of one month's rental locally: y = 4x, where x represents the 


number of DVDs rented 


STEP 2 Substitute the value of y from one equation into the other equation. 


y=4x 


15 = 4x Substitute 15 for y. 


3.75 = х 


Divide each side by 4. 


STEP 3 Analyze the solution of the equation. If you could rent 3.75 DVDs, your 
cost for local and online rentals would be the same. However, you can 
only rent a whole number of DVDs. Look at what happens when you 
rent 3 DVDs and when you rent 4 DVDs, the whole numbers just less 
than and just greater than 3.75. 


» It is cheaper to rent locally if you rent 3 or fewer DVDs per month. 
If you rent 4 or more DVDs per month, it is cheaper to rent online. 


uu» 


1. IN-LINE SKATES You can rent in-line skates 


for $5 per hour, or buy a pair of skates for 
$130. How many hours do you need to skate 
for the cost of buying skates to be cheaper 
than renting them? 


2. WHAT IF? Suppose the in-line skates in 


Exercise 1 also rent for $12 per day. How 
many days do you need to skate for the cost 
of buying skates to be cheaper than 

renting them? 


. BUTTONS You buy a button machine for 
$200 and supplies to make one hundred fifty 
buttons for $30. Suppose you charge $2 for 

a button. How many buttons do you need to 
sell to earn back what you spent? 


4. MANUFACTURING A company buys a new 


widget machine for $1200. It costs $5 to make 
each widget. The company sells each widget 
for $15. How many widgets do they need to 
sell to earn back the money they spent on the 
machine? 


. WRITING Which method(s) did you use to 


solve Exercises 1-4? Explain your choice(s). 


. MONEY You saved $1000. If you put this 


money in a savings account, it will earn 

1.596 annual interest. If you put the $1000 in 
a certificate of deposit (CD), it will earn 396 
annual interest. To earn the most money, 
does it ever make sense to put your money in 
the savings account? Explain. 
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Prove Theorems About 
62 Perpendicular Lines 


You found the distance between points in the coordinate plane. 
QUEE You will find the distance between a point and a line. 
So you can determine lengths in art, as in Example 4. 


Lec ЕО ! Y =. La 
pm Exc) PA 
i g- ДЕ VW 
ЛЕЛЕ у 


e distance from а 
point to a line 


FOLD PERPENDICULAR LINES 


Materials: paper, protractor 


STEP 1 STEP 2 STEP 3 


Fold a piece of paper. Fold the paper again, Unfold the paper. 
so that the original fold 
lines up on itself. 


DRAW CONCLUSIONS 
1. What type of angles appear to be formed where the fold lines intersect? 


2. Measure the angles with a protractor. Which angles are congruent? 
Which angles are right angles? 


The activity above suggests several properties of perpendicular lines. 


THEOREMS For Your Notebook 


THEOREM 3.8 


If two lines intersect to form a linear pair of 
congruent angles, then the lines are perpendicular. 


If Z1 = 22, then g Lh. 
Proof: Ex. 31, p. 196 


THEOREM 3.9 


If two lines are perpendicular, then they intersect to 
form four right angles. 


If a Lb, then Z1, 42, Z3, and Z4 are right angles. 
Proof: Ex. 32, p. 196 
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(EXAMPLE 1 ] Draw conclusions 


In the diagram at the right, AB 1 BC. What can 
you conclude about 41 and 12? 


Solution 


АВ and BC are perpendicular, so by Theorem 3.9, they form four right angles. 
You can conclude that 41 and Z2 are right angles, so Z1 = 22. 


THEOREM For Your Notebook 
* THEOREM 3.10 
ы If two sides of two adjacent acute angles are 
> perpendicular, then the angles are complementary. A 
: If BA L ВС, then 71 and Z2 are complementary. 2 
: Proof: Example 2, below B C 


( EXAMPLE 2 ] Prove Theorem 3.10 


Prove that if two sides of two adjacent acute angles are 
perpendicular, then the angles are complementary. D 


—> — 
GIVEN > ED L EF 


7 
PROVE > Z7 and Z8 are complementary. - Р 
STATEMENTS REASONS 
—> > | 
1. ED 1 EF 1. Given 
2. ZDEFis a right angle. 2. | lines intersect to form 4 rt. A. 


(Theorem 3.9) 
3. mZ DEF = 90° 3. Definition of a right angle 
4. mZ7 + mZ8 = mz DEF 4. Angle Addition Postulate 
5. т27 + т28 = 90° 5. Substitution Property of Equality 
6. /7 and Z8 are complementary. | 6. Definition of complementary angles 


Y GUIDED PRACTICE for Examples 1 and 2 


1. Given that ZABC= “АВР, what can you 
conclude about Z3 and 2 4? Explain how 3 
you know. 4 


C B D 


A 


2. Write a plan for proof for Theorem 3.9, that if two lines are perpendicular, 
then they intersect to form four right angles. 
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THEOREMS For Your Notebook 


THEOREM 3.11 Perpendicular Transversal Theorem 


If a transversal is perpendicular to one of two 
parallel lines, then it is perpendicular to the other. 


If | Капаў Lh, then j 1 К. 
Proof: Ex. 42, p. 160; Ex. 33, p. 196 


THEOREM 3.12 Lines Perpendicular to a Transversal Theorem 


In a plane, if two lines are perpendicular to the 
same line, then they are parallel to each other. 


m n 


If m 1 pand n 1 p, then m || n. 
Proof: Ex. 34, p. 196 


| EXAMPLE 3 ] Draw conclusions 


Determine which lines, if any, must be parallel in the 
diagram. Explain your reasoning. 


Solution 


Lines p and q are both perpendicular to s, so by 
Theorem 3.12, p || q. Also, lines s and t are both 
perpendicular to q, so by Theorem 3.12, s || t. 


v GUIDED PRACTICE | for Example 3 


Use the diagram at the right. 
3. Is b || a? Explain your reasoning. 


4. Is b 1 c? Explain your reasoning. 


DISTANCE FROM A LINE The distance from a point to a line is the length of 
the perpendicular segment from the point to the line. This perpendicular 
segment is the shortest distance between the point and the line. For example, 
the distance between point A and line k is AB. You will prove this in Chapter 5. 


A C E 
m 
k 
B D F p 


Distance from a point to a line Distance between two parallel lines 


The distance between two parallel lines is the length of any perpendicular 
segment joining the two lines. For example, the distance between line p 
and line т above is CD or EF. 
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(EXAMPLE 4 ] Find the distance between two parallel lines 


SCULPTURE The sculpture below is drawn on a graph where units are 
measured in inches. What is the approximate length of SR, the depth of 
a seat? 


E а «5 


Е 
Ды. 
ONDA 
ою ww т 


ul 


= 


а ra 


Е" 
E 
Solution 

You need to find the length of a perpendicular segment from a back leg to a 
front leg on one side of the chair. 


Using the points P(30, 80) and R(50, 110), the slope of each leg is 
110-80 30 3 


50-30 20 2 


The segment SR has a slope of 
120-110 _10_ 2 


35 — 50 15 $ 
The segment SR is perpendicular to the leg so the distance SR is 


d =V(35 — 50)? + (120 — 110) = 18.0 inches. 


| > The length of SR is about 18.0 inches. 


Y | GUIDEDPRACTICE | for Example 4 


Use the graph at the right for Exercises 5 and 6. 
5. Whatis the distance from point A to line c? 


6. What is the distance from line c to line d? 


7. Graph the line y = x + 1. What point on the line is the shortest 
distance from the point (4, 1)? What is the distance? Round to the 
nearest tenth. 
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EXERCISES HOMEWORK: Q = WORKED-OUT SOLUTIONS 
3.6 KEY: on p. WS4 for Exs. 19, 23, and 29 


Ж - STANDARDIZED TEST PRACTICE 
Exs. 11, 12, 21, 22, and 30 


SKILL PRACTICE 


1. VOCABULARY The length of which A C E G 
segment shown is called the distance 
between the two parallel lines? Explain. 


: EXAMPLES JUSTIFYING STATEMENTS Write the theorem that justifies the statement. 


: Тапа 2 
: A ette 2, jLk 3. Z4and Z5 are 4. Z1andZ2are 
: for EXS. 2-7 | complementary. right angles. 


1 
4 2 
5 
APPLYING THEOREMS Find m7 1. 
5. 6. 7. 
1 
65° 1 
1 38° 


: EXAMPLE 3 SHOWING LINES PARALLEL Explain how you would show that m || n. 


: on p. 192 


: for Exs. 8-12 6, Р 9, t 10. t 
m m m 
n n n 


11. Ж SHORT RESPONSE Explain how to draw two parallel lines using only a 
straightedge and a protractor. 


12. Ж SHORT RESPONSE Describe how you can fold a sheet of paper to create 
two parallel lines that are perpendicular to the same line. 


: EXAMPLES ERROR ANALYSIS Explain why the statement about the figure is incorrect. 


: on pp. 192-193 s 


13. 
C 
: E-- y 2 
: for Exs. 13-14 n 
> 60° 
А Б 
Lines y and z are The distance from AB 
parallel. to point C is 12 cm. 
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FINDING ANGLE MEASURES In the diagram, ЁС | GH. Find the value of x. 
16. 


DRAWING CONCLUSIONS Determine which lines, if any, must be parallel. 
Explain your reasoning. 


18. 


21. Ж MULTIPLE CHOICE Which statement must be true if c L d? 
СА) mZ1+mZ2=90° т/1 + т/2 < 90° 
(СС) mZ1+mZ2>90° (D) Cannot be determined 


22. ж WRITING Explain why the distance between two lines 
is only defined for parallel lines. 


: EXAMPLE 4 | FINDING DISTANCES Use the Distance Formula to find the distance between 


: on p. 193 the two parallel lines. Round to the nearest tenth, if necessary. 
: for Exs. 23-24 


BIAL 
a SRE ARE 
iw | | ia | 


25. FINDING DISTANCES Draw the quadrilateral ABCD with coordinates 
A(-4, —1), B(2, 3), C(7, 2), and D(1, —2). Find the distance between 
each pair of parallel sides of ABCD. Round to the nearest tenth, if 
necessary. 


26. FINDING ANGLES Find all the unknown angle measures 
in the diagram at the right. Justify your reasoning for 
each angle measure. 


27. FINDING DISTANCES Find the distance between the 


lines with the equations y = 5х + 4 and -3x + 2y = -1. 


28. CHALLENGE Describe how you would find the distance from a point to a 
plane. Can you find the distance from a line to a plane? Explain. 
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PROBLEM SOLVING 


: TAE aa bets 
: for Exs. 31-34 


196 


STREAMS You are trying to cross a stream from point A. Which point 
should you jump to in order to jump the shortest distance? Explain. 


30. Ж SHORT RESPONSE The segments that form the 
path of a crosswalk are usually perpendicular 
to the crosswalk. Sketch what the segments 
would look like if they were perpendicular to the 
crosswalk. Which method requires less paint? 
Explain. 


@Homelutor | for problem solving help at classzone.com 


31. PROVING THEOREM 3.8 Copy and complete the proof that if two lines 
intersect to form a linear pair of congruent angles, then the lines are 
perpendicular. 


GIVEN > 41 and 22 area linear pair. 
1272 


PROVE > g | Л 


STATEMENTS REASONS 


1. Zl and Z2 are a linear pair. 1. Given 
2. Zl and <2 are supplementary. 2. ? 
3. 2? 3. Definition of supplementary angles 
4. /1=Z2 4. Given 
5. т/1 = т22 5. 4 
6. mZ1+ т21 = 180° 6. Substitution Property of Equality 
7. 2(mZ 1) = 180° 7. Combine like terms. 
8. mZ1 = 90° 8. ? 
9. ? 9. Definition of a right angle 
10. gl 10. ?- 


PROVING THEOREMS Write a proof of the given theorem. 
32. Theorem 3.9 
33. Theorem 3.11, Perpendicular Transversal Theorem 


34. Theorem 3.12, Lines Perpendicular to a Transversal Theorem 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
on p. WS1 TEST PRACTICE 


CHALLENGE Suppose the given statement is true. Determine whether 
— — 
AB 1 AC. 


35. Z1 and Z2 are congruent. 

36. 43 and Z4 are complementary. 
37. mZ1 = mZ3 and mZ2 =mZ4 
38. mZ1 = 40? and mZ4 = 50° 


- MIXED REVIEW 
: PREVIEW | Find the value of x. (р. 24) 
ir a. a. 
: in Exs. 39-41. xe 
60° 


Find the circumference and area of the circle. Round to the nearest tenth. 


(p. 49) 
43. eo 


QUIZ for Lessons 3.5-3.6 


Write an equation of the line that passes through point P and is parallel to 
the line with the given equation. (p. 180) 


1. Р(0, 0), y = -3x + 1 2. P(-5, —6), y — 8 = 2x + 10 3. P(1, 22, x = 15 
Write an equation of the line that passes through point P and is 
perpendicular to the line with the given equation. (p. 180) 


4. P(3,4), у= 2x- 1 5. Р(2,5),у= —6 6. P(4, 0), 12x + Зу = 9 


Determine which lines, if any, must be parallel. Explain. (p. 190) 


7. Y Ww 8. а 9. 
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Ir E C ( ON NST Ri UC FIOI N Use after Lesson 3.6 


3.6 Parallel and Perpendicular Lines 


MATERIALS + compass «straightedge 


„ей, How can you construct parallel and perpendicular lines? 


You can use a compass and straightedge to construct parallel and 
perpendicular lines. 


(EXPLORE 1) Construct parallel lines 


Use the following steps to construct a line through a 
given point P that is parallel to a given line m. 


STEP 1| Draw point and line Start by | 
drawing point P and line т. P 
Choose a point Q anywhere 


on line 7 and draw QP. 


STEP 2| Draw ares Draw an arc with | | 
center О that сгоѕѕеѕ ОР and С | 
line m. Label points A and B. 


Using the same compass 
setting, draw an arc with 
center P. Label point C. 


3| Copy angle Draw an arc with 


radius AB and center A. 


Using the same compass 
setting, draw an arc 
with center C. Label the 
intersection D. 


STEP 4| Draw parallel line Draw PD. 
This line is parallel to line m. 


You will justify this construction 
in the exercises on the next page. 
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(EXPLORE 2 ] Construct perpendicular lines 


The diagrams in the first column show how to construct a perpendicular to a 
line through a point on the line. 


The diagrams in the second column show how to construct a perpendicular 
to a line through a point not on the line. 


Point Pis on line m. Point Pis not on line m. 


Draw arc with center P Place 
the compass at point P and 
draw an arc that intersects 
the line twice. Label the 
intersections A and B. 


Draw intersecting ares Draw 
an arc with center A. Using the 
same radius, draw an arc with 
center B. Label the intersection 
of the arcs Q. 


STEP 3| Draw perpendicular line Draw 
PQ. This line is perpendicular to 
line m. 


You will justify these constructions in 
Exercise 36 on page 262. 


IN ae Ca Sees ES! Use your observations to complete these exercises 


1. Tell which theorem or postulate justifies the parallel line construction 
shown in Explore 1. 


2. Explain how the construction of the perpendicular line in Explore 2 
relates to the construction of a segment bisector as shown on page 33. 


3. Construct parallel lines m and n. Then construct a line perpendicular to 
line n. Describe the relationship of this third line to line m. Tell which 
theorem or postulate justifies your answer. 


4. Drawaline. Then construct two perpendicular lines to it through different 
points. Describe the relationship between these two lines. Tell which 
theorem or postulate justifies your answer. 
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MIXED REVIEW оургомет sowing PES 


Lessons 3.4-3.6 


1. MULTI-STEP PROBLEM You are planning a 


party. You would like to have the party ata 
roller skating rink or bowling alley. The table 
shows the total cost to rent the facilities by 
number of hours. 


1 35 20 
2 70 40 
3 105 60 
4 140 80 
5 175 100 


a. Use the data in the table. Write and graph 
two equations to represent the total cost y 
to rent the facilities, where x is the 
number of hours you rent the facility. 


b. Are the lines from part (a) parallel? 
Explain why or why not. 


c. What is the meaning of the slope in each 
equation from part (a)? 


d. Suppose the bowling alley charges an 
extra $25 set-up fee. Write and graph an 
equation to represent this situation. Is 
this line parallel to either of the lines from 
part (a)? Explain why or why not. 


. GRIDDED ANSWER The graph models the 
accumulated cost of buying a used guitar 
and taking lessons over the first several 
months. Find the slope of the line. 
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3. OPEN-ENDED Write an equation of a line 


parallel to 2x + Зу = 6. Then write an 
equation of a line perpendicular to your line. 


. SHORT RESPONSE You are walking across 


a field to get to a hiking path. Use the graph 
below to find the shortest distance you can 
walk to reach the path. Explain how you 
know you have the shortest distance. 


. EXTENDED RESPONSE The Johnstown 


Inclined Plane in Johnstown, Pennsylvania, 
is a cable car that transports people up and 
down the side of a hill. During the cable car's 
climb, you move about 17 feet upward for 
every 25 feet you move forward. At the top 

of the incline, the horizontal distance from 
where you started is about 500 feet. 


a. How high is the car at the top of its climb 
compared to its starting height? 


b. Find the slope of the climb. 


c. Another cable car incline in Pennsylvania, 
the Monongahela Incline, climbs at a 
slope of about 0.7 for a horizontal distance 
of about 517 feet. Compare this climb to 
that of the Johnstown Inclined Plane. 
Which is steeper? Justify your answer. 


CHAPTER SUMMARY 


- BIG IDEAS For Your Notebook 


Big (deo (7) E Using Properties of Parallel and Perpendicular Lines 


> When parallel lines are cut by a transversal, angle pairs are formed. 
> Perpendicular lines form congruent right angles. 


Z 2 and 46 are corresponding angles, 
and they are congruent. 


Z3 and Z 6 are alternate interior angles, 
and they are congruent. 


Z1 and Z8 are alternate exterior angles, 
and they are congruent. 


Z3 and 45 are consecutive interior angles, and 
they are supplementary. 


If a 1 b, then Z1, Z2, Z3, and Z4 are all right 
angles. 


Big (deo, Ө > Proving Relationships Using Angle Measures 
5 You can use the angle pairs formed by lines and a transversal to show that 


: the lines are parallel. Also, if lines intersect to form a right angle, you know 
> that the lines are perpendicular. 


: Through point A not on line q, there is only one 
> liner parallel to q and one line s perpendicular to q. 


Big : Making Connections to Lines in Algebra 
: In Algebra 1, you studied slope as a rate of change 
; and linear equations as a way of modeling situations. 


> Slope and equations of lines are also a useful way 

> to represent the lines and segments that you study 

> in Geometry. For example, the slopes of parallel lines 
: are the same (a || b), and the product of the slopes of 
> perpendicular lines is —1 (a Lc, and b 1 с). 
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* Multi-Language Glossary 
- * Vocabulary practice 
: For a listof e parallel lines, p. 147 e consecutive interior angles, p. 149 
: postulatesand .skew lines, p. 147 • paragraph proof, p. 163 
: theorems, see | Ilel pl = . 9 - 
: pp. 926-931. parallel planes, p. slope, p. 
• transversal, p. 149 „ slope-intercept form, р. 180 
* corresponding angles, p. 149 e standard form, p. 182 
* alternate interior angles, p. 149 * distance from a point to a line, p. 192 
* alternate exterior angles, p. 149 
VOCABULARY EXERCISES 
1. Copy and complete: Two lines that do not intersect and are not coplanar are 
called. ? . 
2. WRITING Compare alternate interior angle pairs and consecutive interior angle 
pairs. 


Copy and complete the statement using the figure at the right. 
3. Zland_?_ are corresponding angles. 
4. Z3and ? are alternate interior angles. 


5. Z4and_? are consecutive interior angles. 


6. Z7and ? are alternate exterior angles. 


Identify the form of the equation as slope-intercept form or standard form. 
7. 14x — 2y = 26 8. у = 7x — 13 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding 
of the concepts you have learned in each lesson of Chapter 3. 


Identify Pairs of Lines and Angles pp. 147-152 


Think of each segment in the rectangular box at 
the right as part of a line. 


Oh — . <> 
а. BD, АС, ВН, and AG appear perpendicular to АВ. 
KO == < < 
b. CD, GH, and EF appear parallel to АВ. 
<>? Sal <= 
. CF and EG appear skew to AB. 


e 


a 


. Plane EFG appears parallel to plane ABC. 
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Chapter Review Practice 


EXERCISES 
: EXAMPLE 1 Think of each segment in the diagram of a rectangular box as 
: on p. 147 С part of a line. Which line(s) or plane(s) contain point N and 
: for Exs. 9-12 appear to fit the description? 


9. Line(s) perpendicular to OR 
10. Line(s) parallel to OR 
11. Line(s) skew to OR 
12. Plane(s) parallel to plane LMQ 


Use Parallel Lines and Transversals pp. 154-160 


Use properties of parallel lines to find the value of x. 


By the Vertical Angles Congruence Theorem, 
mZ6 = 50°. 


(x — 5)° + mZ6 = 180° Consecutive Interior 
Angles Theorem 


(x — 5)° + 50° = 180° Substitute 50? for mZ 6. 


x= 135 Solve for x. 


EXERCISES 
: EXAMPLES Find mZ 1 and mZ 2. Explain your reasoning. 


on pp. 154-155, 13° = em 
: for Exs. 13—19 1 ; o mee d 
549 2 2 2 


Find the values of x and y. 


16. 17. 
35° y 
x? 


19. FLAG OF PUERTO RICO Sketch the rectangular 
flag of Puerto Rico as shown at the right. Find 
the measure of Z1 if mZ3 = 55*. Justify each 
step in your argument. 


Chapter Review 203 


CHAPTER REVIEW 


Prove Lines are Parallel pp. 161-169 


Find the value of x that makes m || п. 


Lines m and n are parallel when the marked 
angles are congruent. 


(5x + 8)” = 53° 
5х = 45 


x=9 


» The lines m and л are parallel when x = 9. 


EXERCISES 
: EXAMPLE 1 — Find the value of x that makes m | п. 
: on p. 161 20 


: for Exs. 20—22 


EY | Find and Use Slopes of Lines pp. 171-178 | 


Find the slope of each line. Which lines аге 


parallel? 
Slope of / = = = > = -3 
Slope of m = + = 4 = —4 
Slope of n = — = = —4 


» Because m and п have the same slope, they are parallel. The slope of / is 
different, so / is not parallel to the other lines. 


EXERCISES 
: EXAMPLES Tell whether the lines through the given points are parallel, perpendicular, 
ld.g MM or neither. 
EOD PP. 122173 | 23, Line 1: (8, 12), (7, —5) 24. Line 1: (3, —4), (-1, 4) 
` | Line 2: (—9, 3), (8, 2) Line 2: (2, 7), (5, 1) 
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É Б Write and Graph Equations of Lines pp. 180-187 | 


Write an equation of the line k passing through the point (—4, 1) that is 
perpendicular to the line n with the equation y = 2x — 3. 


First, find the slope of line К. Then, use the given point and the slope in the 
Line n has a slope of 2. slope-intercept form to find the y-intercept. 
2,т=-1 у= тх + Ь 
m--i 1 = 9) + b 
—1= р 

» An equation of line kis у = -ix E 
| EXERCISES 
: cepa ҺЕ» Write equations of the lines that pass through point Р and are (a) parallel 


ЖТТ Н ИИ апа (b) perpendicular to the line with the given equation. 
: on pp. 180-181 


: for Exs. 25-26 25. P(3, -1, y = 6x – 4 26. P(-6, 5), 7y + 4x = 2 


El JH Prove Theorems About Perpendicular Lines pp. 190-197 | 


Find the distance between y = 2x + 3 and y = 2x + 8. ||| AY A 


Find the length of a perpendicular segment from one | IIA PE 
line to the other. Both lines have a slope of 2, so the 


slope of a perpendicular segment to each line is =>. 
The segment from (0, 3) to (—2, 4) has a slope of 


= = -4 So, the distance between the lines is 


= \(-2 — 0)? + (4 — 3)? = V5 = 2.2 units. 


EXERCISES 
: EXAMPLE 4 Use the Distance Formula to find the distance between the two parallel 


: : on p. 193 lines. Round to the nearest tenth, if necessary. 
: for Exs. 27-28 


¡ON 
AAA 
CASI IIA] 


ПШ ШШШ ЛИШ 
шиг 
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CHAPTER TEST 


Classify the pairs of angles as corresponding, alternate 


interior, alternate exterior, or consecutive interior. 1\2 
3\4 
1. Zland 48 2. Z2and 46 3. Z3 and Z5 
6 
4. Z4 and Z5 5. Z3 and Z7 6. 23 and Z6 > 
Find the value of x. 


nh 8. 9. 
140° (18x — 22)° d 
50° 
х (4x + 11)° 


Find the value of x that makes т || n. 


10. 11. 


137° т 


Find the slope of the line that passes through the points. 

13. (3, —1), (3, 4) 14. (2,7), (—1, —3) 15. (0, 5), (—6, 12) 
Write an equation of the line that passes through the given point P and 

has the given slope т. 

16. P(-2,4), m= З 17. P(7,12), m = —0.2 18. P(3, 5), т = —8 
Write an equation of the line that passes through point P and is 

perpendicular to the line with the given equation. 


19. P(1,3), у= 2x- 1 20. Р(0, 2), у= —x + 3 21. Р(2, -3, х- у= 4 


In Exercises 22-24, АВ 1 BC. Find the value of x. 
22. 


25. RENTAL COSTS The graph at the right models 
the cost of renting a moving van. Write an 
equation of the line. Then find the cost of 
renting the van for a 100 mile trip. 


Cost (dollars) 


Chapter 3 Parallel and Perpendicular Lines 


ALGEBRA REVIEW = 


classzone.com 


GRAPH AND SOLVE LINEAR INEQUALITIES 


6» EXAMPLE 1) Graph a linear inequality in two variables 


Graph the inequality 0 > 2x — 3 — y. 


Solution 
Rewrite the inequality in slope-intercept form, y » 2x — 3. 


The boundary line у = 2x — 3 is not part of the solution, 
so use a dashed line. 


To decide where to shade, use a point not on the line, 
such as (0, 0), asa test point. Because 0 » 2 * 0 — 3, (0, 0) 
is a solution. Shade the half-plane that includes (0, 0). 


ху] _ EXAMPLE 2 | Use an inequality to solve a real-world problem 


SAVINGS Lily has saved $49. She plans to save $12 per week to buy a camera 
that costs $124. In how many weeks will she be able to buy the camera? 


Solution 
Let w represent the number of weeks needed. 
49 + 12w > 124 Write an algebraic model. 


12w > 75 Subtract 49 from each side. 
W26.25 Divide each side by 12. 


» She must save for 7 weeks to be able to buy the camera. 


EXERCISES 
: EXAMPLE 1 | Graph the linear inequality. 
СОМ 1. y» 2x +3 2. у<0.5х — 4 3. 25x + y215 4. х<3 
5. y«—2 6. 5х- у> —5 7. 2x + 3y 2 —18 8. Зх — 4y <6 


: EXAMPLE 2 Solve. 


i Tor Exs. 9-11 9. LOANS Fric borrowed $46 from his mother. He will pay her back at least 


$8 each month. At most, how many months will it take him? 


10. GRADES Manuel's quiz scores in history are 76, 81, and 77. What score 
must he get on his fourth quiz to have an average of at least 80? 


11. PHONE CALLS Company A charges a monthly fee of $5 and $.07 per 
minute for phone calls. Company B charges no monthly fee, but charges 
$.12 per minute. After how many minutes of calls is the cost of using 
Company A less than the cost of using Company B? 
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MULTIPLE CHOICE QUESTIONS 


If you have difficulty solving a multiple choice problem directly, you may 
be able to use another approach to eliminate incorrect answer choices and 


obtain the correct answer. 


Which ordered pair is a solution of the equations y = 2x — 5 and 


4x + Зу = 45? 


(А) (3,11) (5, 5) © (6,7) 


D (7, 6) 
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METHOD 1 


SOLVE DIRECTLY Find the ordered pair that is 
the solution by using substitution. 


Because the first equation is solved for y, 
substitute y = 2x — 5 into 4x + 3y = 45. 


4х + Зу = 45 
4х + 3(2x — 5) = 45 
4х t 6x — 15 = 45 


10x — 15 = 45 
10x = 60 
х= 6 


Solve for у by substituting 6 for хіп the 
first equation. 


у= 2х — 5 
у= 2(6) – 5 
у= 12 — 5 
у= ї 


So, the solution of the linear system is (6, 7), 


which is choice С. (А) © D 
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METHOD 2 


ELIMINATE CHOICES Another method is to 
eliminate incorrect answer choices. 


Substitute choice A into the equations. 
y=2x-5 
11 £2(3)—5 
156—5 
11+1%X 


The point is not a solution of y = 2x — 5, so there 
is no need to check the other equation. You can 
eliminate choice A. 


Substitute choice B into the equations. 


y=2x-5 4х + Зу = 45 
5 = 2(5) – 5 4(5) + 3(5) & 45 
5210-5 20 + 15 + 45 
5=5/ 35 + 45 X 


You can eliminate choice В. 


Substitute choice C into the equations. 


y=2x-5 4x + 3y = 45 
7 52(6)—5 4(6) + 3(7) £ 45 
7212-5 24 + 21 < 45 
7-7. 45 = 45 V 


Choice C makes both equations true, so the 


answer is choice C. (А) © D 


one: 
у= —3х+ 2 


O y=3+5 


METHOD 1 


SOLVE DIRECTLY Find the slope of the line 
through the points (2, 4) and (—4, 6). 


The slope of the line perpendicular to this line 
is 3, because 3 + E = —]. Use y = 3x + b and 
the point (—1, 1) to find b. 

1=3(-1) + b, so b = 4. 
The equation of the line is y = 3x + 4. The 


correct answer is В. (А) OD 


PRACTICE 


Which equation is an equation of the line through the point (—1, 1) and 
perpendicular to the line through the points (2, 4) and (-4, 6)? 


у= 3х +4 


D у= 3х- 2 


METHOD 2 


ELIMINATE CHOICES Another method to 
consider is to eliminate choices based on the 
slope, then substitute the point to find the 
correct equation. 

6-4 1 


"cH 8 


The slope of the line perpendicular to this line 
is 3. Choices A and С do not have а slope of 3, 
so you can eliminate these choices. Next, try 
substituting the point (—1, 1) into answer 
choice B. 


1£3(-1)+4V 
This is a true statement. 


The correct answer is B. @ O dD 


Explain why you can eliminate the highlighted answer choice. 


1. Use the diagram below. Which pair of angles are alternate exterior 


angles? 
(D 4and5 2and 6 
(C) land8 (УХ 1 and 10 


cola ^|" 


1 

3 
5 
7 


2. Which equation is an equation of the line parallel to the line through the 


points (—1, 4) and (1, 1)? 
do у= 3-3 y=3-3 


Xy = ix- 3 D y=3x-3 
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MULTIPLE CHOICE 


1. Aline is to be drawn through point P in the 
graph so that it never crosses the y-axis. 
Through which point does it pass? 


СА) (22,3) SIPIT 
(—3,—2) || 

|, ү ү 
© (3,2) Pa 
D (3,2) Pitta i| 


2. Which equation is an equation of a line 
parallel to —2x + Зу = 15? 


do y=-3x+7 jcsrt? 


O y=3x+7 O) y=-6x+7 


3. Two trains, E and E, travel along parallel 
tracks. Each track is 110 miles long. They 
begin their trips at the same time. Train E 
travels at a rate of 55 miles per hour and 
train F travels at a rate of 22 miles per hour. 
How many miles will train F have left to 
travel after train E completes its trip? 


СА) 5 miles 33 miles 
© 60 miles (D> 66 miles 
4. A line segment is parallel to the y-axis and is 


9 units long. The two endpoints are (3, 6) and 
(a, b). What is a value of Р? 


QD —6 (В) -3 
© 3 (D 6 


5. Which equation is an equation of a line 
perpendicular to y = 5x + 7? 


СА) у=—5х+9 
y =5x + 16 
© y=,x+7 
D у= -ixt7 
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6. According to the graph, which is the closest 


approximation of the decrease in sales 
between week 4 and week 5? 


Sales of DVD Players 


w 
o 


AYA Y e 
VII AT AEN 
o ttt i | |] 

Pitt Ty | | 
y ELIT TT tt ty 


123 4 5 67 8 9 
Weeks 


СА) 24DVD players 
20 DVD players 
СС) 18 DVD players 
(D> 15 DVD players 


N 
o 


Number of DVD Players 


. In the diagram, т || n. Which pair of angles 
have equal measures? 


QD Z3andZ5 
(С) Z1landZ9 


ZAand Z7 
D Z2andZ6 


. Five lines intersect as shown in the diagram. 


Lines a, b, and c are parallel. What is the 
value of x + y? 


GRIDDED ANSWER 


9. Whatis the slope of a line perpendicular to 


WL classzone.com 


9» STATE TEST PRACTICE 


SHORT RESPONSE 


5x — 3y = 9? parallel to each other. 


10. What is the slope of the line passing through 


the points (1, 1) and (-2, —2)? 


35° m 


11. What is the y-intercept of the line that is 145° 


12. What is the value of a if line j is parallel to 
line К? 


parallel to the line 2x — y = 3 and passes 


through the point (—3, 4)? 


passing between the points (—2, —2) and 
(72, —3) but not containing either one 
of them? 


EXTENDED RESPONSE 


15. Mrs. Smith needs a babysitter. Lauren who lives next door charges $5 per 
hour for her services. Zachary who lives across town charges $4 per hour 
plus $3 for bus fare. 


16. 


a. 


Using this information, write equations to represent Lauren and 
Zachary's babysitting fees. Let F represent their fees and Л represent the 
number of hours. 


. Graph the equations you wrote in part (a). 


. Based on their fees, which babysitter would be a better choice for 


Mrs. Smith if she is going out for two hours? Explain your answer. 


. Mrs. Smith needs to go out for four hours. Which babysitter would be 


the less expensive option for her? Justify your response. 


In a game of pool, a cue ball is hit from point A and follows the path of | 
arrows as shown on the pool table at the right. In the diagram, AB || DC 
and BC || ED. 


a. 


. If mZ BCG = 45°, what is mZ DCH? Explain your 


. Ifthe cue ball is hit harder, will it fall into 


Compare the slopes of AB and BC. What can you 
conclude about Z ABC? 


reasoning. 


Pocket F? Justify your answer. 


- J(4, 0) 


Test Practice 


14. What is one possible value for the slope of 
a line passing through the point (1, 1) and 


13. Explain how you know that lines т and n are 


211 


212 


Line / bisects the segment. Find the indicated lengths. (p. 15) 
1. GH and FH 2. XY and XZ 


Classify the angle with the given measure as acute, obtuse, right, or 
straight. (p. 24) 


3. т/А = 28° 4. mZA = 113° 5. mZA = 79° 6. mZA = 90° 


Find the perimeter and area of the e (p. 49) 


14 in. 


Describe the pattern in the numbers. Write the next number in the pattern. (p. 72) 
10. 1, 8, 27, 64,... 11. 128, 32, By Lo + oo 12. 2, —5, 18, —54,... 


Use the Law of Detachment to make a valid conclusion. (p. 87) 
13. If 6x < 42, then x « 7. The value of 6x is 24. 


14. If an angle measure is greater than 90°, then it is an obtuse angle. 
The measure of ZA is 103*. 


15. If a musician plays a violin, then the musician plays a stringed 
instrument. The musician is playing a violin. 


Solve the equation. Write a reason for each step. (p. 105) 


16. 3x — 14 — 34 17. —A(x + 3) = -28 18. 43 — 9(x — 7) = 


Find the value of the variable(s). (pp. 124, 154) 
19. 


34° N (Ax + 30)° 


23. 24. 
x y 7у° 


79° x NM 
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-=y — B 


Find the slope of the line through the given points. (р. 171) 
25. (5, —2), (7, —2) 26. (8, 3), (3, 14) 2% (71, 2), (0, 4) 


Write equations of the lines that pass through point P and are (a) parallel 
and (b) perpendicular to the line with the given equation. (p. 180) 


28. P(3, -2), y = 6x +7 29. P(—2, 12), y 2 —x — 3 30. Р(7, —1), 6y + 2x = 18 
< <> 
31. Use the diagram at the right. If ZAEB = Z AED, is AC L DB? 
Explain how you know. (р. 190) A 
D E B 
C 


EVERYDAY INTERSECTIONS In Exercises 32-34, what kind of geometric 
intersection does the photograph suggest? (p. 2) 


32. 33. 


35. MAPS The distance between Westville and Easton is 


52 mi 


37 miles. The distance between Reading and Easton is mb E 


52 miles. How far is Westville from Reading? (p. 9) Westville Easton 
36. GARDENING A rectangular garden is 40 feet long and 25 feet wide. 
What is the area of the garden? (р. 49) 


ADVERTISING In Exercises 37 and 38, use the following advertising 
slogan: “Do you want the lowest prices on new televisions? Then come 
and see Matt’s TV Warehouse.” (p. 79) 


37. Write the slogan in if-then form. What are the hypothesis and 
conclusion of the conditional statement? 


38. Write the converse, inverse, and contrapositive of the conditional 
statement you wrote in Exercise 37. 


39. CARPENTRY You need to cut eight wood 
planks that are the same size. You measure 
and cut the first plank. You cut the second 
piece using the first plank as a guide, as 
shown at the right. You use the second 
plank to cut the third plank. You continue аят 
this pattern. Is the last plank you cut the | J ya‘ 
same length as the first? Explain your / J 
reasoning. (p. 112) 
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Congruent 
Triangles 


4.1 Apply Triangle Sum Properties 


4.2 Apply Congruence and Triangles 

4.3 Prove Triangles Congruent by SSS 

4.4 Prove Triangles Congruent by SAS and HL 
4.5 Prove Triangles Congruent by ASA and AAS 


4.6 Use Congruent Triangles 
4.7 Use Isosceles and Equilateral Triangles 


4.8 Perform Congruence Transformations 


( Before ^ 


Previously, you learned the following skills, which you'll use in Chapter 4: 
classifying angles, solving linear equations, finding midpoints, and using 
angle relationships. 


Prerequisite Skills 


VOCABULARY CHECK 
Classify the angle as acute, obtuse, right, or straight. 
1. mZA= 1155; 2. т/В = 90° 3. mZC = 35° 4. mZD= 95° 


SKILLS AND ALGEBRA CHECK 
Solve the equation. (Prerequisite skill for 4.1, 4.2) 


5. 70 + 2y = 180 6. 2x = 5x — 54 7. 40 + x t 65 = 180 


Find the coordinates of the midpoint of PQ. (Prerequisite skill for 4.3) 
8. P(2, —5), Q(—1, —2] 9. P(-4, 7), QU, —8) 10. P(h, К), Q(h, 0) 


Determine whether the angles are congruent. 
If so, explain why. (Prerequisite skill for 4.3-4.5) 


11. 12, Z3 12. 21,24 
18. ¿2% 240 14. 23, 2/4 


@Homelutor Prerequisite skills practice at classzone.com 


Now 


In Chapter 4, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 281. You will also use the key vocabulary listed below. 


Big Ideas 


O Classifying triangles by sides and angles 
(2) Proving that triangles are congruent 
O Using coordinate geometry to investigate triangle relationships 


KEY VOCABULARY 
* triangle, p. 217 * corollary, p. 220 * isosceles triangle, p. 264 
scalene, isosceles, • congruent figures, p. 225 legs, vertex angle, base, 
equilateral, acute, right, - corresponding parts, p. 225 base angles 
obtuse equiangular + right triangle, p. 241 e transformation, p. 272 
* interior angles, p. 218 legs, hypotenuse translation, reflection, 


| e exterior angles, p. 218 - flow proof, p. 250 rotation 


N 
Triangles are used to add strength to structures in real-world situations. For 
example, the frame of a hang glider involves several triangles. 
TFT 2 
¿Animatea Geometry 
6 
The animation illustrated below for Example 1 on page 256 helps you answer 
this question: What must be true about QT and ST for the hang glider to fly 
straight? 
xou Statement Reasons 
ZRTQ = ZRTS 1. | 
pei 21, and + E SS 7 zx . 
ZRST is supplementary to Z 2. 3 | ===] " m ail 
gem qx ш # 
Reasons: 6. Г Г н 
= T | ERRE Pr - 
| | —————@ Congruence аР \ | m" s 
| You will use congruent segments and 5 | Scroll down to see the information needed 4 .' - 
| | angles in the hang glider to write a proof. „| to prove that QT = ST. "| 
BE | LN 
¿Animatea Geometry at classzone.com А 
, ! и Ld 
P" o ^ Р | Other animations for Chapter 4: pages 234, 242, 250, 257, and 274 mi 


iiu ACTIVITY Use before Lesson 4.1 


+.1 Angle Sums in Triangles 


MATERIALS + paper «pencil «scissors «ruler 


& 


€ 


STEP 1| Draw triangles Draw and cut out several ? 


different triangles. 


STEP 2| Tear off corners For each triangle, tear off the " 2 


three corners and place them next to each other, 
as shown in the diagram. 


STEP 3| Make a conjecture Make a conjecture about the ibi: 
sum of the measures of the interior angles of a 


triangle. Z1, Z2, and / 3 are interior angles. 


L 


Draw exterior angle Draw and cut out several 
different triangles. Place each triangle on a 
piece of paper and extend one side to form an 
exterior angle, as shown in the diagram. 


STEP 2| Tear off corners For each triangle, tear off the 
corners that are not next to the exterior angle. 
Use them to fill the exterior angle, as shown. 


STEP 3| Make a conjecture Make a conjecture about the 
relationship between the measure of an exterior 


angle of a triangle and the measures of the D 


nonadjacent interior angles. In the top figure, / BCD is an exterior angle. 


\{ 


ч "ua 


1. Given the measures of two interior angles of a triangle, how can you find 
the measure of the third angle? 


2. Draw several different triangles that each have one right angle. Show that 
the two acute angles of a right triangle are complementary. 
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Key Vocabulary 

• triangle 
scalene, isosceles, 
equilateral, acute, 
right, obtuse, 
equiangular 

• interior angles 

° exterior angles 

e corollary to a 
theorem 


: READ VOCABULARY 1: 


о 00000000000000000000000000000000 [о 


: Notice that ап 

: equilateral triangle 

: is also isosceles. An 

: equiangular triangle is 
: also acute. 


Apply Triangle Sum 
Properties 


You classified angles and found their measures. 
You will classify triangles and find measures of their angles. 


So you can place actors on stage, as in Ex. 40. 


A triangle is a polygon with three sides. A triangle with vertices A, B, and C is 
called “triangle ABC" or “A ABC.” 


KEY CONCEPT For Your Notebook 
Classifying Triangles by Sides 


Scalene Triangle Isosceles Triangle Equilateral Triangle 


Mm [ш> A 


No congruent sides At least 2 congruent sides 3 congruent sides 


Classifying Triangles by Angles 


Acute Right Obtuse Equiangular 
Triangle Triangle Triangle Triangle 
3 acute angles 1 right angle 1 obtuse angle 3 congruent angles 


Classify triangles by sides and by angles 


SUPPORT BEAMS Classify the triangular shape 
of the support beams in the diagram by its sides 
and by measuring its angles. 


Solution 


The triangle has a pair of congruent sides, so it is 
isosceles. By measuring, the angles are 55°, 55°, 
and 70°. It is an acute isosceles triangle. 


4.1 Apply Triangle Sum Properties 
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(EXAMPLE 2 ] Classify a triangle in a coordinate plane 


Classify Л РОО by its sides. Then 
determine if the triangle is a right 
triangle. 


Solution 


STEP? Use the distance formula to find the side lengths. 


ОР = \ (x, — x)? + (y, — у)? = Ү((—1) — 0)? + 2-0? = V5 = 2.2 
OQ = (x, — х)? + (y, — y Y = V(6 — 0)* + (8 - 0)? = V45 ~ 6.7 
PQ = (x, – х)? + (y, — у)? = М6 - (-1))? + (3 — 2)? = V50 = 7.1 


STEP 2 Check for right angles. The slope of OP i is — 


+ = —2. The slope 


is 3-9 -1 is —2(4) = — 
of OQ is a 2 The product of the slopes is 212, L 


so OP L OQ and Z РОО is a right angle. 
> Therefore, APQO is a right scalene triangle. 


СА GUIDED PRACTICE | for Examples 1 and 2 


1. Draw an obtuse isosceles triangle and an acute scalene triangle. 


2. Triangle ABC has the vertices A(0, 0), B(3, 3), and C(-3, 3). Classify it by 
its sides. Then determine if it is a right triangle. 


ANGLES When the sides of a polygon are extended, other angles are formed. 
The original angles are the interior angles. The angles that form linear pairs 
with the interior angles are the exterior angles. 


: READ DIAGRAMS 


: Each vertex has a pair 
: of congruent exterior 
: angles. However, it is 
: common to show only 


: one exterior angle at E | 
: each vertex. interior angles exterior angles 


THEOREM For Your Notebook 


THEOREM 4.1 Triangle Sum Theorem B 


The sum of the measures of the interior 


angles of a triangle is 180°. : 
A 


: Proof: p. 219; Ex. 53, p. 224 mZA t mZ B + mZC = 180° 
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AUXILIARY LINES To prove certain theorems, you may need to add a line, a 
segment, or a ray to a given diagram. An auxiliary line is used in the proof of 
the Triangle Sum Theorem. 


| Triangle Sum Theorem 


GIVEN > AABC E D 
PROVE > mZ/1 + mZ2 + mZ3 = 180° 4 5 


Plan a. Draw an auxiliary line through 


"c. B and parallel to AC. A С 


b. Show that т4+ т/2 + т/5 = 180°, Z1 = 24, апа /3 = Z5. 
с. By substitution, mZ]1 + mZ2 + mZ3 = 180°. 


STATEMENTS 


Plan a. 1. Draw BD parallel to AC. 
Action D. 2. mZ4 + mZ2 + mz5 = 180° 


REASONS 


1. Parallel Postulate 


2. Angle Addition Postulate and 
definition of straight angle 


3. Alternate Interior Angles 


3. Z1=274,73= 25 


Theorem 
4.mZ1=mZ4,mZ3=mZ5 4. Definition of congruent 
angles 
c. 5.mZ1+mZ2+mZ3= 180° | 5. Substitution Property of 
Equality 


THEOREM For Your Notebook 
: INEQUALITIES F THEOREM 4.2 Exterior Angle Theorem " 
: тешет 4.2 implies 1; The measure of an exterior angle of a triangle 
dele iaa F is equal to the sum of the measures of the 
: inequalities are true: T q di . ; 1 1 
i m21 >mZA i two nonadjacent interior angles. A 7 
: т21 > т2В t Proof: Ex. 50, р. 223 mZ1- тА + mzB 


Find an angle measure 
Є) ALGEBRA Find mZ JKM. J 
pem EN 
е . (2x ~ 5)° 
STEP? Write and solve an equation Г K М 


to find the value of x. 
(2x — 5)° = 70° + 2 Apply the Exterior Angle Theorem. 
x= 75 Solve for x. 
STEP 2 Substitute 75 for x in 2x — 5 to find mZJKM. 
2x — 5 = 2 • 75 — 5 = 145 
> The measure of ZJKM is 145°. 
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A corollary to a theorem is a statement that can be proved easily using the 
theorem. The corollary below follows from the Triangle Sum Theorem. 


COROLLARY For Your Notebook 
Corollary to the Triangle Sum Theorem С 
The acute angles of a right triangle аге 
complementary. 

A B 
Proof: Ex. 48, p. 223 mZA + mZB = 90° 


Find angle measures from a verbal description 


ARCHITECTURE The tiled staircase shown 
forms a right triangle. The measure of one 
acute angle in the triangle is twice the 
measure of the other. Find the measure of 
each acute angle. 


Solution 


First, sketch a diagram of the situation. Let the 
measure of the smaller acute angle be x”. Then 
the measure of the larger acute angle is 2x°. The 
Corollary to the Triangle Sum Theorem states 
that the acute angles of a right triangle are 
complementary. 


Use the corollary to set up and solve an equation. 
x° + 2x° = 907° Corollary to the Triangle Sum Theorem 


x= 30 Solve for x. 


» So, the measures of the acute angles are 30° and 2(30°) = 60°. 


GUIDED PRACTICE | for Examples 3 and 4 


3. Find the measure of Z 1 in the diagram 
shown. 


1 \(5х — 10)? 


4. Find the measure of each interior angle of A ABC, where mZ A = x^, 
mA. B = 2x, and mZ C = Зх. 


5. Find the measures of the acute angles of 
the right triangle in the diagram shown. 


6. In Example 4, what is the measure of the obtuse angle formed between 
the staircase and a segment extending from the horizontal leg? 
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EXERCISES —— "н О-оо 
4.1 KEY: on p. WS4 for Exs. 9, 15, and 41 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 7, 20, 31, 43, and 51 


' SKILL PRACTICE 


VOCABULARY Match the triangle description with the most specific name. 


1. Angle measures: 30°, 60°, 90° A. Isosceles 

2. Side lengths: 2 cm, 2 cm, 2 cm B. Scalene 

3. Angle measures: 60°, 60°, 60° C. Right 

4. Side lengths: 6 m, 3 m, 6 m D. Obtuse 

5. Side lengths: 5 ft, 7 ft, 9 ft E. Equilateral 

6. Angle measures: 20°, 125°, 35° Е Equiangular 

7. ж WRITING Can a right triangle also be obtuse? Explain why or why not. 


: EXAMPLE 1 CLASSIFYING TRIANGLES Copy the triangle and measure its angles. Classify 


: on p. 217 | the triangle by its sides and by its angles. 


: for Exs. 8-10 8. X 


IN Z L /N N H 
: EXAMPLE2 | COORDINATE PLANE A triangle has the given vertices. Graph the triangle 


: on p. 218 and classify it by its sides. Then determine if it is a right triangle. 
: for Exs. 11-13 | 11. A(2, 3), B(6, 3), C(2,7) 12. A(3, 3), B(6, 9), C(6, 3) 13. A(L 9), B(4, 8), C2, 5) 


: EXAMPLE 3 FINDING ANGLE MEASURES Find the value of x. Then classify the triangle by 


: on p. 219 its angles. 
: for Exs. 14-19 in 


60° 64° 


Ed) ALGEBRA Find the measure of the exterior angle shown. 


17. 18. 19. 
(2x — 2)° e 
(3x + 6)° (2x + 18)° (Зх + 2)° 


: EXAMPLE4 | 20. X SHORT RESPONSE Explain how to use the 


: on p. 220 Corollary to the Triangle Sum Theorem to find 
: for Ex. 20 the measure of each angle. 


| 
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ANGLE RELATIONSHIPS Find the measure of the numbered angle. 
21. 21 22. 12 de 


23. 13 24. 24 S 
4 
25. /5 26. /6 20° 6 
27. E) ALGEBRA In APQR, ZP = ZR and the measure of Z О is twice the 


measure of / R. Find the measure of each angle. 


28. E) ALGEBRA In AEFG, т/ Е = 3(mZG), and mZ E = mZ Е — 30°. Find 
the measure of each angle. 


ERROR ANALYSIS In Exercises 29 and 30, describe and correct the error. 


29. 30. 
All equilateral triangles mZ1+ 80° + 50° = 180° 
are also isosceles. So, if 
A ABC is isosceles, then N 
it is equilateral as well. ёо 
1 50° 
31. Ж MULTIPLE CHOICE Which of the following is not possible? 
СА) An acute scalene triangle A triangle with two acute exterior angles 
СС) An obtuse isosceles triangle (D> An equiangular acute triangle 


С) ALGEBRA In Exercises 32-37, find the values of x and y. 


25° 


37. 


18° 


38. VISUALIZATION Is there an angle measure that is so small that апу 
triangle with that angle measure will be an obtuse triangle? Explain. 


39. CHALLENGE Suppose you have the equations y = ax + b, y = cx + d, 
and y = ex + f. 


a. When will these three lines form a triangle? 

b. Letc = 1, d = 2, e = 4, and f = —7. Find values of a and b so that no 
triangle is formed by the three equations. 

c. Draw the triangle formed when a = А, р = 5 с= -$ а = 5, e=0, 
and f = —1. Then classify the triangle by its sides. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
222 on p. WS1 TEST PRACTICE 


: ies A B eros ВИА 
: for Ex. 40 


PROBLEM SOLVING 


40. THEATER Three people are standing on a stage. The 8 ft 
distances between the three people are shown in the 
diagram. Classify the triangle formed by its sides. Then 
copy the triangle, measure the angles, and classify the 6.5 ft 5ft 
triangle by its angles. 
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KALEIDOSCOPES You are making a kaleidoscope. The directions state 
that you are to arrange three pieces of reflective mylar in an equilateral 
and equiangular triangle. You must cut three strips from a piece of mylar 
6 inches wide. What are the side lengths of the triangle used to form the 
kaleidoscope? What are the measures of the angles? Explain. 


translucent plastic _ glass 


reflective mylar 


"m 
E-— - - A 
ж. $расег$ N tube cardboard eyepiece 


C @Homelutor for problem solving help at classzone.com 


42. SCULPTURE You are bending a strip of metal into an isosceles triangle 
for a sculpture. The strip of metal is 20 inches long. The first bend is 
made 6 inches from one end. Describe two ways you could complete 
the triangle. 


43. ж MULTIPLE CHOICE Which inequality describes the possible measures 
of an angle of a triangle? 


СА) 0°<x°< 180° 0°<x°< 180° © 0°<x°<180° D) 0°<x°< 180° 
SLING CHAIRS The brace of a sling chair forms a triangle with EST 
the seat and legs of the chair. Suppose m2 = 50° and mZ3 = 65°. | 
44. Find mZ 6. 45. Find mZ 5. 
46. Find mZ 1. 47. Find mZ 4. 


48. PROOF Prove the Corollary to the Triangle Sum Theorem 
on page 220. 


49. MULTI-STEP PROBLEM The measures of the angles of 
a triangle are (2V2x J^, (5V2x)°, and (2V2x V. 


a. Write an equation to show the relationship of the angles. 
b. Find the measure of each angle. 


c. Classify the triangle by its angles. 


B 
50. PROVING THEOREM 4.2 Prove the Exterior Zu o. 
Angle Theorem. (Hint: Find two equations 
involving mZ ACB.) A с р 
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51. Ж EXTENDED RESPONSE The figure below shows an initial plan for a 
triangular flower bed that Mary and Tom plan to build along a fence. 
They are discussing what the measure of / 1 should be. 


иы ER IS aaa 
Mary < conci usion: Jaen к 
Use the Triangle NE - r 
Theorem ^M the ze nition 
Sum y cas Of a linear 
aj 00 «mL = 10, E E [yard ups RA 
"Tm "BEN + MLI = 1890 
ENS | mz] = 350 
_ | 


Did Mary апа Tom both reason correctly? If not, who made a mistake апа 
what mistake was made? If they did both reason correctly, what can you 
conclude about their initial plan? Explain. 


52. Ed) ALGEBRA A ABC is isosceles. AB = x and BC = 2x — 4. 
a. Find two possible values for x if the perimeter of AABC is 32. 
b. How many possible values are there for x if the perimeter of AABC 


is 12? 
53. CHALLENGE Use the diagram to write a proof B 
of the Triangle Sum Theorem. Your proof D 
should be different than the proof of the 4 
Triangle Sum Theorem on page 219. : 
A C E 


- MIXED REVIEW 


ZA and / B are complementary. Find mZ A and m. B. (p. 35) 


54. т/ A = (3x + 16)° 55. mL A = (4x — 2) 56. MLA = (3x + 4)" 
mZ B= (Ax — 3)" mZ B = (7x + 4)° m. B = (2x + 6)” 
: PREVIEW Each figure is a regular polygon. Find the value of x. (p. 42) 
: Prepare for 
: Lesson 4.2 mee = om 
: in Exs. 57—59. 6x +1 2x — 5 
4х - 6 
12x — 10 3x t 7 ет 


60. Use the Symmetric Property of Congruence to complete the statement: 
If ? =_? ,then Z DEF = / РОБ. (p. 112) 

Use the diagram at the right. (p. 124) 

61. If mZ 1 = 127°, find mZ 2, mZ 3, and mZ 4. 

62. If mZ 4 = 170°, find mZ 1, m£ 2, and mZ3. 3 2 

63. If mZ 3 = 54°, find mZ 1, mZ 2, and mZ 4. 
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4 2 Apply Congruence 
*^" and Triangles 


You identified congruent angles. 
| Now ] You will identify congruent figures. 


So you can determine if shapes are identical, as in Example 3. 


Key Vocabulary Two geometric figures are congruent if they have exactly the same size and 
* congruent figures shape. Imagine cutting out one of the congruent figures. You could then 
• corresponding position the cut-out figure so that it fits perfectly onto the other figure. 
parts 
Congruent Not congruent 
Same size and shape Different sizes or shapes 


In two congruent figures, all the parts of one figure are congruent to the 
corresponding parts of the other figure. In congruent polygons, this means 
that the corresponding sides and the corresponding angles are congruent. 


CONGRUENCE STATEMENTS When you 
write a congruence statement for two 


polygons, always list the corresponding B E 
vertices in the same order. You can write 

congruence statements in more than one 

way. Two possible congruence statements A С Е р 
for the triangles at the right are 

AABC = AFED or ABCA = AEDF. 


Corresponding angles ХА = ИР /4B=4E Z<C=ZD 
Corresponding sides AB=FE  BC=ED AC=FD 


Identify congruent parts 


: VISUAL REASONING 


dae occ Write a congruence statement for the J R 
: To help you identify triangles. Identify all pairs of congruent 

¡ corresponding parts, corresponding parts. 

: turn ARST. K 

i 4 4 S 

: Solution 

: " * The diagram indicates that AJKL = ATSR. L Т 


- Corresponding angles ZJ=ZT,ZK=ZS8S,ZL=ZR 
: L R Corresponding sides ЈК = TS, KL = SR, LJ = RT 


4.2 Apply Congruence and Triangles 225 


(EXAMPLE 2 ] Use properties of congruent figures 


In the diagram, DEFG = SPQR. p 8t EF Q (2х-4Н р 


a. Find the value of x. 102° 
b. Find the value of y. 
84° 68° 
G 12ft F P : 
Solution 

a. You know that FG = QR. b. You know that ZF = ZQ. 

FG = QR mZLF=mZQ 

12=2x-4 68°= (бу + x)° 

16 = 2x 68 = бу + 8 
8=x 10 = y 


( EXAMPLE 3 ) Show that figures are congruent 


PAINTING If you divide the wall 
into orange and blue sections 
along JK, will the sections of the 
wall be the same size and shape? 
Explain. 


Solution 
From the diagram, ZA = / Сапа / Р = ZB because all right angles are 
congruent. Also, by the Lines Perpendicular to a Transversal Theorem, 
АВ || DC. Then, / 1 = / 4 and Z2 = Z3 by the Alternate Interior Angles 
Theorem. So, all pairs of corresponding angles are congruent. 

The diagram shows А] = CK, KD = JB, and DA = BC. By the Reflexive 
Property, JK = KJ. All corresponding parts are congruent, so А/К” = CKJB. 


» Yes, the two sections will be the same size and shape. 


GUIDED PRACTICE | for Examples 1, 2, and 3 


In the diagram at the right, ABGH = CDEF. Amr 8 
1. Identify all pairs of congruent 
corresponding parts. H 
2. Find the value of x and find mZ H. G 
3. Show that APTS = ARTO. P Q 
7 
$ R 
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ТНЕОВЕМ For Your Notebook 


THEOREM 4.3 Third Angles Theorem 


If two angles of one triangle are 


B E 
congruent to two angles of another 
triangle, then the third angles are 
A C D F 


also congruent. 


| Proof: Ex. 28, p. 230 If ZA = ZD, and / В = ZE, then Z С = ZF. 
NIC AM) Use the Third Angles Theorem 
Find mZ BDC. A B 


: ANOTHER WAY Solution 


ZA=ZBand / АРС = ZBCD, so by the 
Third Angles Theorem, / ACD = Z BDC. 


: For an alternative 
: method for solving the 
: problem in Example 4, 


C Patr D 


: turn to page 232 for By the Triangle Sum Theorem, | 
: Workshop. > So, mZ ACD = m2 BDC = 105? by the definition of congruent angles. 


(EXAMPLE 5 | Prove that triangles are congruent 


Write a proof. A 
GIVEN > AD = CB, DC = BA, ZACD = / САВ, D 

Z CAD = ZACB B 
PROVE > AACD = ACAB C 


Plan a. Use the Reflexive Property to show that AC = AC. 


“Г, b. Use the Third Angles Theorem to show that / B = / D. 


STATEMENTS REASONS 
Plan 1. АР = CB, DC = BA 1. Given 
Action a. 2. AC = AC 2. Reflexive Property of Congruence 
3. 2 АСР = / CAB, 3. Given 
Z CAD = / АСВ 
b. 4. LB= 2р 4. Third Angles Theorem 
5. AACD = ACAB 5. Definition of = figures 


r4 GUIDED PRACTICE | for Examples 4 and 5 


4. In the diagram, what is mZ DCN? 


5. By the definition of congruence, what 
additional information is needed to 
know that ANDC = ANSR? 
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PROPERTIES OF CONGRUENT TRIANGLES The properties of congruence that 
are true for segments and angles are also true for triangles. 


THEOREM For Your Notebook 


THEOREM 4.4 Properties of Congruent Triangles 
B 
Reflexive Property of Congruent Triangles б | 
For any triangle ABC, AABC = AABC. A С 
Е 
Symmetric Property of Congruent Triangles б | 
If AABC = ADEF, then ADEF = AABC. D 


K 
Transitive Property of Congruent Triangles d j 
If AABC = ADEF and ADEF = AJKL, then AABC= AJKL. | | 


Ж = STANDARDIZED TEST PRACTICE 


42 EXERCISES — "ә O-worusy-sursoumions 
o KEY: on р. WS4 for Exs. 9, 15, and 25 


: EXAMPLE 1 


: ТСТ e 
: for Exs. 3-4 


: EXAMPLE 2 


3 а o PR 
: for Exs. 5-10 


1. VOCABULARY Copy the congruent triangles 
shown. Then label the vertices of the triangles so 
that AJKL = ARST. Identify all pairs of congruent 
corresponding angles and corresponding sides. 


(э)лым=__ 10. AYXZ= ? 


Exs. 2, 18, 21, 24, 27, and 30 


SKILL PRACTICE 


ZAIX 


. Ж WRITING Based on this lesson, what information do you need to prove 
that two triangles are congruent? Explain. 


USING CONGRUENCE Identify all pairs of congruent corresponding parts. 
Then write another congruence statement for the figures. 
3. AABC = ADEF 4. GHJK = QRST 


A D Е Н $ 
| | 6 Y T 
А Ј 
Е F y 
B K R 


READING A DIAGRAM In the diagram, AXYZ = AMNL. Copy and complete 
the statement. 


5. MZY= ? 6 т/М = 2 X 
7. ҮХ= ? 8. ҮЛ = ? 
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3 TIA 4 AM 
: for Exs. 11-14 


: EXAMPLE 4 


NAMING CONGRUENT FIGURES Write a congruence statement for any figures 
that can be proved congruent. Explain your reasoning. 


F 

ÁN | 

A 

W Z 
D 
13. р > 14. W 
V X 
L 
A F G D Z Y N M 


THIRD ANGLES THEOREM Find the value of x. 


(is) - y. M А n S Т V н 
A 
N X 2 ¿AS : 


17. ERROR ANALYSIS A student says 
that AMNP = ARSP because the 
corresponding angles of the triangles 
are congruent. Describe the error in 


this statement. 
AMNP = ARSP Р 


18. ж OPEN-ENDED MATH Graph the triangle with vertices L(3, 1), M(8, 1), 
and N(8, 8). Then graph a triangle congruent to ALMN. 


M N 


С) ALGEBRA Find the values of x and y. 


21. Ж MULTIPLE CHOICE Suppose Л АВС = AEFD, AEFD = AGIH, 
mz A = 90°, and т F = 20°. What 15 mz Н? 


CA) 20° 70° СС) 90? (D? Cannot be determined 
22. CHALLENGE A hexagon is contained in a cube, as shown. 

Each vertex of the hexagon lies on the midpoint of an p 4 

edge of the cube. This hexagon is equiangular. Explain 

why it is also regular. 
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PROBLEM SOLVING 


23. RUG DESIGNS The rug design is made of congruent triangles. One 
triangular shape is used to make all of the triangles in the design. 
Which property guarantees that all the triangles are congruent? 


 (QüHomelütor ` for problem solving help at classzone.com 


24. ж OPEN-ENDED MATH Create a design for a rug made with congruent 
triangles that is different from the one in the photo above. 


(25) CAR STEREO A car stereo fits into a space in 
your dashboard. You want to buy a new car 
stereo, and it must fit in the existing space. 
What measurements need to be the same in 
order for the new stereo to be congruent to 
the old one? 


for problem solving help at classzone.com 


: EXAMPLES | 26. PROOF Copy and complete the proof. B E 
LE GIVEN > AB = ED, BC = DC, CA = CE, х 
| Z ВАС = Z DEC A А 

PROVE > Л АВС = AEDC 

STATEMENTS | REASONS 

1. AB = ED, BC = DC, CA = CE, 1. Given 

Z BAC = Z DEC 

2. Z BCA = Z DCE 2. t. 

3. ?.— 3. Third Angles Theorem 

4. AABC = AEDC (04. ? 


27. Ж SHORT RESPONSE Suppose A ABC = ADCB, and the triangles share 
vertices at points B and C. Draw a figure that illustrates this situation. 
Is AC || BD? Explain. 


28. PROVING THEOREM 4.3 Use the plan to prove the Third Angles Theorem. 


GIVEN > /A=ZD,ZB=ZE A D 
PROVE > /Czx72F | ` | ` 
В C E F 


Plan for Proof Use the Triangle Sum Theorem to show that the sums of 
the angle measures are equal. Then use substitution to show Z C « Z F. 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
230 on p. WS1 TEST PRACTICE 


: PREVIEW 


: Prepare for 
: Lesson 4.3 
in Exs. 33-35. 


29. REASONING í Given that AAFC = ADFE, must F be the midpoint 
of AD and EC? Include a drawing with your answer. 


30. * SHORT RESPONSE You have a set of tiles that come in two different 
shapes, as shown. You can put two of the triangular tiles together to make 
a quadrilateral that is the same size and shape as the quadrilateral tile. 


a <> 


Explain how you can find all of the angle measures of each tile by 
measuring only two angles. 


31. MULTI-STEP PROBLEM In the diagram, 
quadrilateral ABEF = quadrilateral CDEF. 


a. Explain how you know that BE = DE and 
ZABE = ZCDE. 


b. Explain how you know that Z GBE = Z GDE. 
c. Explain how you know that Z СЕВ = Z GED. 


d. Do you have enough information to prove that 
АВЕС = ADEG? Explain. 


32. CHALLENGE Use the diagram to write a proof. W 


GIVEN > WX L VŽ at Y, Y is the midpoint of WX, ү 

— — —À 

VW = УХ, and VŽ bisects Z WVX. Y Z 
PROVE > AVWY= AVXY X 


Use the Distance Formula to find the length of the segment. Round your 
answer to the nearest tenth of a unit. (p. 15) 


Write the converse of the statement. (p. 79) 
39. If three points are coplanar, then they lie in the same plane. 


40. If the sky is cloudy, then it is raining outside. 
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TEMENA) Us ALTERNATIVE METHODS 


Another Way to Solve Example 4, page 227 


СУ MULTIPLE REPRESENTATIONS In Example 4 on page 227, you used 
® congruencies in triangles that overlapped. When you solve problems like this, 
<> it may be helpful to redraw the art so that the triangles do not overlap. 


^ PROBLEM | 


- METHOD Drawing A Diagram 


STEP 7 Identify the triangles that overlap. Then redraw them so that they are 
separate. Copy all labels and markings. 


D 


STEP 2 Analyze the situation. By the Triangle Sum Theorem, 
m АСР = 180° — 45° — 30° = 105°. 


Also, because ZA = / Band Z АРС = / BCD, by the Third Angles 
Theorem, / АСР = Z BDC, and т/ ACD = mZ BDC = 105°. 


1. DRAWING FIGURES Draw AHLM and AGJM 2. ENVELOPE Draw APQS and AQPT so that 


so they do not overlap. Copy all labels and they do not overlap. Find mZ PTS. 
mark any known congruences. 


a. H G b. H 
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econ ACTIVITY Use before lesson 4.3 


Investigate Congruent Figures 


MATERIALS «straws «string «ruler + protractor 


Make a triangle Cut straws to make side Make another triangle Use the same length 
lengths of 8 cm, 10 cm, and 12 cm. Thread the straws to make another triangle. If possible, 
string through the straws. Make a triangle by make it different from the first. Compare the 
connecting the ends of the string. triangles. What do you notice? 


Make a quadrilateral Cut straws to make Make another quadrilateral Make a second 
side lengths of 5 cm, 7 cm, 9 cm, and 11 cm. quadrilateral using the same length straws. 
Thread the string through the straws. Make a If possible, make it different from the first. 
quadrilateral by connecting the string. Compare the quadrilaterals. What do you notice? 


l 
`+ 


1. Can you make two triangles with the same side lengths that are different 
shapes? Justify your answer. 


. If you know that three sides of a triangle are congruent to three sides of 
another triangle, can you say the triangles are congruent? Explain. 


. Can you make two quadrilaterals with the same side lengths that are 
different shapes? Justify your answer. 


. If four sides of a quadrilateral are congruent to four sides of another 
quadrilateral, can you say the quadrilaterals are congruent? Explain. 


4.3 Prove Triangles Congruent by SSS 


4 3 Prove Triangles 
°=” Congruent by SSS 


You used the definition of congruent figures. 


You will use the side lengths to prove triangles are congruent. 


So you can determine if triangles in a tile floor are congruent, as in Ex. 22. 


Key Vocabulary In the Activity on page 233, you saw that there is only one way to form a 

• congruent figures, triangle given three side lengths. In general, any two triangles with the same 
p. 225 three side lengths must be congruent. 

e corresponding 
parts, p. 225 


POSTULATE For Your Notebook 


POSTULATE 19 Side-Side-Side (SSS) Congruence Postulate 


If three sides of one triangle are congruent to three sides of a second 
triangle, then the two triangles are congruent. 


If Side AB=RS, B S 
Side BC=ST, and C J 
Side СА = TR, 
A R 


then AABC= ARST. 


Use the SSS Congruence Postulate 


Write a proof. L 

GIVEN > KL = NL, KM = NM K N 
PROVE > AKLM= ANLM 

Proof Itis given that KL = NL and KM = NM. M 


By the Reflexive Property, LM = LM. So, by the 
SSS Congruence Postulate, AKLM = ANLM. 
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GUIDED PRACTICE for Example 1 


Decide whether the congruence statement is true. Explain your reasoning. 


1. ADFG = AHJK 2. AACB = ACAD 3. AQPT = ARST 
F J P 5 
D G H K Q T'R 
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* | EXAMPLE 2 | Standardized Test Practice 


: ELIMINATE CHOICES 


: Once you know the 

: side lengths of APQR, 

: look for pairs of 

: Coordinates with the 

: same x-coordinates or 

: the same y-coordinates. 
: In Choice C, (-3, 2) and 
: (-3, 1) are only 1 unit 

: apart. You сап eliminate 
: Din the same way. 


Which are the coordinates of the vertices 
of a triangle congruent to APQR? 


СА) (-L D), El 5), (+4, 5) 
(—2, 4), C77, 4), (+4, 6) 
СЕЗА ЕЕЗ И 
ШЕЕ ке o 


Solution 


By counting, PQ = 4 and QR = 3. Use the Distance Formula to find PR. 
а= V, = х) + (у, — у) 
РЕ = Ү(—1 – 5)? + (1 — 4)? = V4? + (-3? = V25 = 5 


By the SSS Congruence Postulate, any triangle with side lengths 3, 4, and 
5 will be congruent to АРОК. The distance from (—1, 1) to (—1, 5) is 4. The 
distance from (—1, 5) to (—4, 5) is 3. The distance from (—1, 1) to (—4, 5) is 


V(5 — D? + (—4) – ED? = V2 + (-3)? = V25 = 5. 


| » The correct answer is A. Ф) © Фф 


r4 GUIDED PRACTICE | for Example 2 


4. AJKL has vertices /(—3, —2), K(0, —2), and L(—3, —8). ARST has vertices 
R(10, 0), S(10, —3), and T(4, 0). Graph the triangles in the same coordinate 
plane and show that they are congruent. 


i 


COPY A TRIANGLE 


Follow the steps below to construct C 


a triangle that is congruent to AABC. ` 


STEP 1 


Construct DE so that itis Open your compass to the Draw ап arc with radius BC Draw ADEF. By the SSS 


congruent to AB. 


A B 
STEP 2 STEP 3 STEP 4 


OU Ei K 


D E D E D E 


length АС. Use this length and center E that intersects Congruence Postulate, 
to draw an arc with the the arc from Step 2. Label AABC = ADEF. 
compass point at D. the intersection point F. 
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Solve a real-world problem 


STRUCTURAL SUPPORT Explain why the bench with the diagonal support is 
stable, while the one without the support can collapse. 


Solution 


The bench with a diagonal support forms triangles with fixed side lengths. By 
the SSS Congruence Postulate, these triangles cannot change shape, so the 
bench is stable. The bench without a diagonal support is not stable because 
there are many possible quadrilaterals with the given side lengths. 


GUIDED PRACTICE for Example З 


Determine whether the figure is stable. Explain your reasoning. 
5. LT 6. | 7. ‘ 
аз EXERCISES "x О-оо 
o KEY: on р. WS4 for Exs. 7, 9, and 25 


* = STANDARDIZED TEST PRACTICE 
Exs. 16, 17, and 28 


SKILL PRACTICE 


VOCABULARY Tell whether the angles or sides are corresponding angles, 
corresponding sides, or neither. 


O B I J 
1. Cand ZL 2. AC and JK © е 
з. BCand KL 4. ¿BandZL А C K 


: EXAMPLE 1 | DETERMINING CONGRUENCE Decide whether the congruence statement is 
: on p. 234 true. Explain your reasoning. 
: for Exs. 5—7 


5. ARST = ATQP 6. ЛАВР = ACDB (т) ADEF = A DGF 
s а B C E 
H T Р А D G 
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: EXAMPLE 2 8. ERROR ANALYSIS Describe and 


: on p. 235 correct the error in writing a 

: for Exs. 8-12 congruence statement for the AWXZ = AZYX 
triangles in the coordinate 
plane. 


X 


E) ALGEBRA Use the given coordinates to determine if ^ АВС = A DEF. 
(ha, —2), B(4, —2), C(4, 6), D(5, 7), EG, 1), F(13, 1) 

10. A(-2, 1), B(3, —3), C(7, 5), D(3, 6), E(8, 2), F(10, 11) 

11. A(0, 0), B(6, 5), C(9, 0), D(0, —1), E(6, —6), F(9, —1) 

12. A(—5, 7), B(—5, 2), C(O, 2), D(O, 6), E(0, 1), F(4, 1) 


: EXAMPLE 3 USING DIAGRAMS Decide whether the figure is stable. Explain. 


: опр. 236 13. 14. 15. 


: for Exs. 13-15 


16. Ж MULTIPLE CHOICE Let AFGH be an equilateral triangle with point J as 
the midpoint of FG. Which of the statements below is not true? 


(А) ЕН=СН FJ = ЕН © F=G (D AFH] = AGH] 


17. Ж MULTIPLE CHOICE Let ABCD be a rectangle separated into two 
triangles by DB. Which of the statements below is not true? 


(А) AD=CB (В) АВ=АР © АВ= Ср > ADAB = ABCD 


APPLYING SEGMENT ADDITION Determine whether ^ ABC = ADEF. If they 
are congruent, write a congruence statement. Explain your reasoning. 


18. 


20. 3-D FIGURES In the diagram, PK = PL 
and JK = JL. Show that AJPK = AJPL. 


21. CHALLENGE Find all values of x that A 5x B 
make the triangles congruent. Explain. Ax +3 


C 3x + 10 D 
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MO == ME TE a ыык ыу == >»  ([Lh[íh OO É€ RR СУ 
PROBLEM SOLVING 


: EXAMPLE 1 22. TILEFLOORS You notice two triangles in the tile floor of a hotel lobby. 


: on р. 234 You want to determine if the triangles are congruent, but you only have 
: for Ex. 22 a piece of string. Can you determine if the triangles are congruent? 


СА 


itor for problem solving help at classzone.com 


: EXAMPLE 3 23. GATES Which gate is stable? Explain your reasoning. 


: on p. 236 
: for Ex. 23 


"IEEE НОН Б*Н Pel МЕН 


TM TA 
Ir | for problem solving help at classzone.com 


Gate 1 Gate 2 


PROOF Write a proof. 


24. GIVEN > GH = JK HJ = KG (25) смем > WX = VZ, WY = VY, YZ = YX 
PROVE > AGHJ = AJKG PROVE > AVWX = AWVZ 
K G W X 
Y 
d H V 7 
26. GIVEN > АЕ = CE, АВ = CD, ЕЕ 27. GIVEN » ЕМ = EN, DM = HN, 
Eis the midpoint of BD. EF = GF, РЕ = HG 
PROVE > AEAB = ЛЕСЮ PROVE > ADEN = AHGM 


A C E G 
DS Dem] 
B E D D M N H 
28. Ж EXTENDED RESPONSE When rescuers enter a partially collapsed 
building they often have to reinforce damaged doors for safety. 


a. Diagonal braces are added to Door 1 as shown below. Explain why 
the door is more stable with the braces. 


b. Would these braces be a good choice for 
rescuers needing to enter and exit the 
building through this doorway? 


c. In the diagram, Door 2 has only a corner 
brace. Does this solve the problem from 
part (b)? 


d. Explain why the corner brace makes the 
door more stable. 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
238 on p. WS1 TEST PRACTICE 


29. BASEBALL FIELD To create a baseball field, start 
by placing home plate. Then, place second base 


E [ 
o o 
CD 


127 feet 35 inches from home plate. Then, you 


in. 


can find first base using two tape measures. 
Stretch one from second base toward first base 
and the other from home plate toward first base. 
The point where the two tape measures cross at 
the 90 foot mark is first base. You can find third 
base in a similar manner. Explain how and why 
this process will always work. 


соо 


127 ft 3 


30. CHALLENGE Draw and label the figure described below. Then, identify 
what is given and write a two-column proof. 


In an isosceles triangle, if a segment is added from the vertex between 
the congruent sides to the midpoint of the third side, then two 
congruent triangles are formed. 


" MIXED REVIEW 


: PREVIEW Find the slope of the line that passes through the points. (p. 171) 

: Prepare for Е ae 

Lesson 4.4 in | 21" A(3, 0), Bt, 4) 32. F(1, 8), G(-9, 2) 33. M(-4, —10), N(6, 2) 
: Exs. 31-33. 


Use the x- and y-intercepts to write an equation of the line. (p. 180) 


ЕТ КЕЕ 
ШИШЕ ИШЕ 


37. Write an equation of a line that passes through (—3, —1) and is parallel to 
y = 3x + 2. (p. 180) 


QUIZ for Lessons 4.1-4.3 


A triangle has the given vertices. Graph the triangle and classify it by its 
sides. Then determine if it is a right triangle. (p. 217) 


1. A(—3, 0), В(0, 4), C(3,0) 2. A(2, —4), B(5, =D, C(2, =D) 3. A(-7, 0), B(1, 6), C(=3, 4) 


In the diagram, HJKL = NPQM. (p. 225) M 3x +7 М 


4. Find the value of x. Е 
5. Find the value of y. 
H 5х-1 1 Q P 
6. Write a proof. (p. 234) A 
GIVEN > AB = AC, AD bisects ВС. ASA 
PROVE > AABD = AACD B D C 
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Key Vocabulary 

• leg of a right 
triangle 

e hypotenuse 


Prove Triangles Congruent 
by SAS and HL 


You used the SSS Congruence Postulate. 
You will use sides and angles to prove congruence. 


So you can show triangles are congruent, as in Ex. 33. 


Consider a relationship involving two sides and the angle they form, their 
included angle. To picture the relationship, form an angle using two pencils. 


Any time you form an angle of the same measure with the pencils, the side 
formed by connecting the pencil points will have the same length. In fact, 
any two triangles formed in this way are congruent. 


POSTULATE For Your Notebook 


POSTULATE 20 Side-Angle-Side (SAS) Congruence Postulate 


If two sides and the included angle of one triangle are congruent to two 
sides and the included angle of a second triangle, then the two triangles 
are congruent. 


If Side RS=UV, $ V 
Angle ZR = ZU, апа 
Side RT=UW, 
R T U W 


then ARST = AUVW. 


Use the SAS Congruence Postulate 


: WRITE PROOFS 


: Make your proof easier 
: to read by identifying 

: the steps where you 

: show congruent sides 

: (S) and angles (A). 


Write a proof. B b 


GIVEN > BC = DA, BC|| AD 
PROVE > AABC = ACDA 


A D 
STATEMENTS REASONS 
S 1. ВС = ПА 1. Given 
2. BC| AD 2. Given 
А 3. Z BCA = Z DAC 3. Alternate Interior Angles Theorem 
S 4. AC= CA 4. Reflexive Property of Congruence 
5. AABC= ACDA 5. SAS Congruence Postulate 
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(EXAMPLE 2 ] Use SAS and properties of shapes 


In the diagram, QS and RP pass through S 
the center M of the circle. What can you 
conclude about AMRS and ^MPQ? R P 


Solution Q 


Because they are vertical angles, 2 РМО = Z RMS. All points on a circle are 
the same distance from the center, so MP, MQ, MR, and MS are all equal. 


> AMRS and AMPQ are congruent by the SAS Congruence Postulate. 


r4 GUIDED PRACTICE | for Examples 1 and 2 


: READ VOCABULARY 


: The two sides of a 

: triangle that form an 

: angle are adjacent to 

: the angle. The side not 
: adjacent to the angle is 
: opposite the angle. 


: side opposite ZA 
G 


B A 


sides adjacent to ZA 


In the diagram, ABCD is a square with four congruent 


B S Ç 
sides and four right angles. R, S, T, and U are the 
midpoints of the sides of ABCD. Also, RT L SU and 
SV = VU. R T 
1. Prove that ASVR = AUVR. NLZ 
A U D 


2. Prove that ABSR = ADUT. 


In general, if you know the lengths of two sides and the measure of an angle 
that is not included between them, you can create two different triangles. 


P4 2 

А C A C 
Therefore, SSA is not a valid method for proving that triangles are congruent, 
although there is a special case for right triangles. 


RIGHT TRIANGLES In a right triangle, the sides 


adjacent to the right angle are called the legs. le hypotenuse 
The side opposite the right angle is called the Н 
hypotenuse of the right triangle. er 


: THEOREM For Vour Wotebook 


THEOREM 4.5 Hypotenuse-Leg (HL) Congruence Theorem 
If the hypotenuse and a leg of a right triangle 


A D 
are congruent to the hypotenuse and a leg of a 
second right triangle, then the two triangles 
are congruent. 
C B F Е 


Proofs: Ех. 37, р. 439; р. 932 ЛАВС = ADEF 
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241 


Use the Hypotenuse-Leg Congruence Theorem 


: USE DIAGRAMS 
Tre tete рне нег ИИИНИН. > Write a proof. W X 
: If you have trouble al P Se 
; matching vertices GIVEN > WY = XZ, WZ L ZY, ХҮІ ZY 
: to letters when — 
: you separate the PROVE > AWYZ = AXZY 7 ү 
: overlapping triangles, 
: leave the triangles Solution 
: in their original . . . w X 
: orientations. Redraw the triangles so they are side by side 
: with corresponding parts in the same position. 
> W X к ри? : 
; Mark the given information in the diagram. 7 ү Ү 7 
: Z DA, „А ү 
° STATEMENTS REASONS 
H 1. WY = XZ 1. Given 

2. WZ L ZY, XY L ZY 2. Given 

3. LZ and Z Y are right angles. 3. Definition of L lines 

4. AWYZ and AXZY are right 4. Definition of a right triangle 

triangles. 
L 5. ZY= YZ 5. Reflexive Property of Congruence 
6. AWYZ = AXZY 6. HL Congruence Theorem 


Ф atedGeometry ) at classzone.com 


| EXAMPLE 4 ] Choose a postulate or theorem 


SIGN MAKING You are making a canvas 
sign to hang on the triangular wall 

over the door to the barn shown in the 
picture. You think you can use two 
identical triangular sheets of canvas. You 
know that RP 1 QS and РО = PS. What 
postulate or theorem can you use to 
conclude that APQR = APSR? 


Solution 


You are given that PQ = PS. By the Reflexive Property, RP = RP. By the 
definition of perpendicular lines, both 4 RPQ and Z RPS are right angles, so 
they are congruent. So, two sides and their included angle are congruent. 


» You can use the SAS Congruence Postulate to conclude that APQR = APSR. 


GUIDED PRACTICE for Examples 3 and 4 


Use the diagram at the right. A B 


3. Redraw AACB and ADBC side by side with 
corresponding parts in the same position. 


4. Use the information in the diagram to prove 
that AACB = ADBC. C D 
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44 EXERCISES "t za mas 
a KEY: on p. WS4 for Exs. 13, 19, and 31 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 23, and 39 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: The angle between two sides of a 
triangle is called the _? angle. 


2. ж WRITING Explain the difference between proving triangles congruent 
using the SAS and SSS Congruence Postulates. 


: EXAMPLE 1 NAMING INCLUDED ANGLES Use the diagram to name the included angle 


: on p. 240 between the given pair of sides. 

а 3. XY and YW 4. WZ and ZY x Y 
5. ZWand YW 6. WX and YX 
7. XY and YZ 8. WX and WZ W Z 


REASONING Decide whether enough information is given to prove that the 
triangles are congruent using the SAS Congruence Postulate. 


9. AABD, ACDB 10. ALMN, ANQP 11. AYXZ, AWXZ 
A D L M 7 
н Q 
B C 
P W X y 
12. AQRV, ATSU їз) AEFH, AGHF 14. AKLM, AMNK 


AR /N/ | DY | 
Q Су U Т " H j M 
15. Ж MULTIPLE CHOICE Which of the following sets of information does not 

allow you to conclude that AABC = ADEF? 


(А) AB=DE,BC=EF,ZB=ZE (В) AB=DF,AC=DE,ZC=ZE 
© АС = DF, ВС = EF, ВА = DE (D AB=DE,AC=DF,ZA=ZD 

: EXAMPLE2 | APPLYING SAS In Exercises 16-18, use the given information to name two 

: on p. 241 triangles that are congruent. Explain your reasoning. 

OES 16-18 | d&. ABCDisa square with 17. RSTUVis a regular 18. MKL MN and KL L NL. 
four congruent sides and pentagon. K 


four congruent angles. г 
В c o | y 
S U 

N y 
A D R V 
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: EXAMPLE 3 OVERLAPPING TRIANGLES Redraw A B C 


: on p. 242 А ACF and AEGB so they are side by side 
: for Ex. 19 with corresponding parts in the same 
position. Explain how you know that Н 
A ACF = AEGB. G F 


: EXAMPLE 4 REASONING Decide whether enough information is given to prove that 


: on p. 242 the triangles are congruent. If there is enough information, state the 
: for Exs. 20-22 | congruence postulate or theorem you would use. 


20. A 21. Zis the midpoint of 22. M N 
PY and XQ. 
C D X Р Ц 
В | p Z d | 
L T $ 
ү Q 


23. * WRITING Suppose both pairs of corresponding legs of two right 
triangles are congruent. Are the triangles congruent? Explain. 


24. ERROR ANALYSIS Describe and correct 
the error in finding the value of x. Es —*1 


4x 


USING DIAGRAMS In Exercises 25-27, state the third congruence that must 
be given to prove that Л АВС = A DEF using the indicated postulate. 


25. GIVEN > AB = DE, СВ = FE, ? = _? B 
Use the SSS Congruence Postulate. 


26. GIVEN > / А = / р, СА = ЕР, ? = ? 
Use the SAS Congruence Postulate. 


27. GIVEN > /В = ZE, АВ = DE, ? =_?_ A r D 
Use the SAS Congruence Postulate. 


28. USING ISOSCELES TRIANGLES : Suppose AKLN and AMLN L 
are isosceles triangles with KL = LNand ML = IN, 
and NL bisects Z KLM. Is there enough information to K 
prove that AKLN = AMLN? Explain. 
N 
29. REASONING Suppose M is the midpoint of PQ in APQR. If RM 1 PQ, 
explain why ARMP = ARMQ. 
30. CHALLENGE Suppose AB = AC, AD = AF, AD L AB, P A F 


and AF 1 AC. Explain why you can conclude that 
A. ACD = ЛАВЕ. 


B C 


(С) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
244 on p. WS1 TEST PRACTICE 


PROBLEM SOLVING 


CONGRUENT TRIANGLES In Exercises 31 and 32, identify the theorem or 
postulate you would use to prove the triangles congruent. 


33. SAILBOATS Suppose you have two sailboats. What information do 
you need to know to prove that the triangular sails are congruent 
using SAS? using HL? 


AD =p 


mm 


m 


: EXAMPLE 3 34. DEVELOPING PROOF Copy and complete the proof. 


ттт тИ L M N 
: pad ds e GIVEN P Point M is the midpoint of LN. Еа т Ы 
= APMQ is an isosceles triangle with MP = МО. 
ZL and ZN are right angles. 
PROVE > ALMP = ANMQ Р Q 


STATEMENTS REASONS 


. ZLand ZN are right angles. 1. Given 
2. ALMP and ANMQ are right 2, 
triangles. 
3. Point Mis the midpoint of LN. 3. ?- 
4. ? 4. Definition of midpoint 
5. МР= МО 5. Given 
6 6. ? 


== 


. АМР = ANMQ 


pum pv NUS em А 
q fomeTutor for problem solving help at classzone.com 


PROOF In Exercises 35 and 36, write a proof. 


35. GIVEN P РО bisects Z SPT, SP = TP 36. GIVEN Ь VX = XY, XW = YZ, XW | YZ 
PROVE > ASPQ = ATPQ PROVE > AVXW= AXYZ 


P V, 
$ T 
X W 
Q Y Z 
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: PREVIEW 


: Prepare for 
: Lesson 4.5 in 
: Exs. 47-48. 


246 


PROOF In Exercises 37 and 38, write a proof. 


37. GIVEN > JM = LM 38. GIVEN P D is the midpoint of AC. 
PROVE > AJKM = ALKM PROVE > A ABD = ACBD 


d B 
C „Лх. 
| А р C 


39. Ж MULTIPLE CHOICE Which triangle congruence can you 
prove, then use to prove that Z FED = / АВР? 


QD ЛАВЕ = ЛАВЕ A AED = ЛАВР 
(б) AACD = ЛАРЕ (D AAEC = ЛАВР 


40. PROOF Write а two-column proof. 


GIVEN > CR = CS, QC І CR, QC L CS 
PROVE > AQCR = AQCS 


41. CHALLENGE Describe how to show that 
APMO = APMN using the SSS Congruence 
Postulate. Then show that the triangles 
are congruent using the SAS Congruence 


Postulate without measuring any angles. AIN Т 
Compare the two methods. [oy 2 | | IP] x 


Draw a figure that fits the description. (p. 42) 
42. A pentagon that is not regular. 


43. A quadrilateral that is equilateral but not equiangular. 


Write an equation of the line that passes through point P and is 
perpendicular to the line with the given equation. (p. 180) 


44. P(3, —1), y= -x +2 45. P(3, 3), y= 4x +2 46. P(—4, 7), у= —5 


Find the value of x. (p. 225) 
47. R 48. 
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нчшчш)у ACTIVITY Use after Lesson 4.4 Tutor 


classzone.com 
Keystrokes 


- Investigate Triangles and Congruence 


MATERIALS : graphing calculator or computer 


@ 
You сап use geometry drawing software to show that if two sides апа 
a nonincluded angle of one triangle are congruent to two sides and a 
nonincluded angle of another triangle, the triangles are not necessarily 
congruent. 


Draw a line Draw points A and C. Draw Draw a circle Draw a circle with center 
, 2 и <> 
line AC. Then choose point В so that / BAC at B so that the circle intersects AC at 
is acute. Draw AB. two points. Label the points D and E. 
Draw BD and BE. Save as “EXAMPLE”. 


STEP 3| Use your drawing 


Explain why BD = BE. In AABD and AABE, what other sides are congruent? 
What angles are congruent? 


. Explain how your drawing shows that AABD = Л АВЕ. 


. Change the diameter of your circle so that it intersects AC in only one 
point. Measure Z BDA. Explain why there is exactly one triangle you can 
draw with the measures AB, BD, and a 90° angle at / BDA. 


. Explain why your results show that SSA cannot be used to show that two 
triangles are congruent but that HL can. 
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MIXED RE EVIE o of Problem Solving D STATE TEST PRACTICE 


classzone.c com 
Lessons 4.1-4.4 
1. MULTI-STEP PROBLEM In the diagram, 4. SHORT RESPONSE A rectangular 
АС = CD, BC = CG, ЕС = CF, and “diver down” flag is used to у 
Z ACE = Z РСЕ. indicate that scuba divers are mimi 
in the water. On the flag, DI nu 


AB = FE, AH = DE, CE = AG, 
and EG = AC. Also, / А, / C, 
Z E, and / С are right angles. 
Is ABCD = AFGH? Explain. 


A B C 
H 


a. Classify each triangle in the figure by D 

angles. G Е Е 
b. Classify each triangle in the figure by 

sides. 5. EXTENDED RESPONSE A roof truss is a 

| network of pieces of wood that forms a stable 
2. OPEN-ENDED Explain how you know that structure to support a roof, as shown below. 
APQR = ASTR in the keyboard stand shown. 
B 
D E 
A F G H C 


a. Prove that AFGB = AHGB. 
b. Is ABDF = ABEH? If so, prove it. 


6. GRIDDED ANSWER In the diagram below, 
BAFC = DEFC. Find the value of x. 


3. GRIDDED ANSWER In the diagram below, 
find the measure of Z 1 in degrees. 


TS 
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4.5 


You used the SSS, SAS, and HL congruence methods. 
Г Now ) You will use two more methods to prove congruences. 
So you can recognize congruent triangles in bikes, as in Exs. 23-24. 


Key Vocabulary 
e flow proof 


Prove Triangles Congruent 
by ASA and AAS 


Suppose you tear two angles out of a piece of paper and place them at a fixed 
distance on a ruler. Can you form more than one triangle with a given length 
and two given angle measures as shown below? 


pp 


In a polygon, the side connecting the vertices of two angles is the included 
side. Given two angle measures and the length of the included side, you can 
make only one triangle. So, all triangles with those measurements 

are congruent. 


THEOREMS For Your Notebook 


POSTULATE 21 Angle-Side-Angle (ASA) Congruence Postulate 


If two angles and the included side of one triangle are congruent to two 
angles and the included side of a second triangle, then the two triangles 
are congruent. 


If Angle ZA=Z0D, E 
Side АС = РЕ, апа В Къ 
Angle ZC= ZE Lx D F 
then AABC = ADEF. A C 


THEOREM 4.6 Angle-Angle-Side (AAS) Congruence Theorem 


If two angles and a non-included side of one triangle are congruent to two 
angles and the corresponding non-included side of a second triangle, then 
the two triangles are congruent. 


If Angle ZA= ZD, 


E 
Angle ZC=ZF and ч Lx, 
LOS p Р 
А C 


Side ВС = ЕЕ, 
Шеп A АВС = ADEF. 


Proof: Example 2, р. 250 
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: AVOID ERRORS 


(EXAMPLE 1 ] Identify congruent triangles 


| 


Can the triangles be proven congruent with the information given in the 
diagram? If so, state the postulate or theorem you would use. 


241144 


Solution 


a. The vertical angles are congruent, so two pairs of angles and a pair of 
non-included sides are congruent. The triangles are congruent by the 
AAS Congruence Theorem. 


S е кесе нен ене сеж нне зеен » b. There is not enough information to prove the triangles are congruent, 


: You need at least one 
: pair of congruent 

: corresponding sides 

: to prove two triangles 
: congruent. 


because no sides are known to be congruent. 


c. Two pairs of angles and their included sides are congruent. The triangles 


are congruent by the ASA Congruence Postulate. 


FLOW PROOFS You have written two-column proofs and paragraph proofs. 


A flow proof uses arrows to show the flow of a logical argument. Each reason 


is written below the statement it justifies. 


( EXAMPLE 2 ] Prove the AAS Congruence Theorem 


Prove the Angle-Angle-Side Congruence Theorem. 


GIVEN > КА == ZD, КС = ZF, В Е 
ВС = EF 
PROVE > Л АВС = ADEF 
А C D F 


Given 


Third 4 Thm. 


ААВС = ADEF 


ASA Congruence Post. 


Given (¿AnimateaGeometry © at classzone.com 


GUIDED PRACTICE for Examples 1 and 2 


1. In the diagram at the right, what postulate or theorem R U 
can you use to prove that ARST = AVUT? Explain. 

2. Rewrite the proof of the Triangle Sum Theorem on F 
page 219 as a flow proof. S V 
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| EXAMPLE 3 | Write a flow proof 


In the diagram, CE | BD and Z CAB = Z CAD. 
Write a flow proof to show A АВЕ = AADE. 


Solution 2 |“ 


GIVEN > CE 1 BD, Z CAB = Z CAD B E D 
PROVE > Л АВЕ = AADE 


ZCAB = ZCAD 


Given 


Linear Pair Postulate 


Z BAE = Z DAE AE = AE mZAEB = mZAED = 90° 


Congruent Supps. Thm. Reflexive Prop. Def. of L lines 
| M 
ЭА A ABE = ЛАРЕ ZAEB = ZAED 
ASA Congruence Post. All right 4 are =. 


* | EXAMPLE 4 | Standardized Test Practice 


FIRE TOWERS The forestry service uses fire tower lookouts to watch for 
forest fires. When the lookouts spot a fire, they measure the angle of their 
view and radio a dispatcher. The dispatcher then uses the angles to locate 
the fire. How many lookouts are needed to locate a fire? 


CA) 1 2 (C 3 (D? Not enough information 


The locations of tower A, tower B, and 
the fire form a triangle. The dispatcher 
knows the distance from tower 

A to tower B and the measures of 

Z A and ZB. So, the measures 

of two angles and an included 

side of the triangle are known. 


By the ASA Congruence Postulate, all triangles with these measures are 
congruent. So, the triangle formed is unique and the fire location is given by 
the third vertex. Two lookouts are needed to locate the fire. 


| » The correct answer is B. (АЗ) CORO) 


GUIDED PRACTICE for Examples 3 and 4 


3. In Example 3, suppose ZABE = Z ADE is also given. What theorem or 
postulate besides ASA can you use to prove that AABE = AADE? 


4. WHAT IF? In Example 4, suppose a fire occurs directly between tower B 
and tower C. Could towers B and C be used to locate the fire? Explain. 
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CONCEPT SUMMARY For Your Notebook 


: Triangle Congruence Postulates and Theorems 


: You have learned five methods for proving that triangles are congruent. 


f SSS SAS HL (right A only) ASA AAS 
T \ \ \ \ В Е \ \ \ \ 
: А" С0 Р | А CD ҤЕ DS, DS, A CD Р |А CD ҤЕ 
+ All three sides are | Two sides and the | The hypotenuse Two angles and Two angles 
congruent. included angle and one of the included side | and a (non- 
are congruent. the legs are are congruent. included) side are 
congruent. congruent. 


In the Exercises, you will prove three additional theorems about the congruence 
of right triangles: Angle-Leg, Leg-Leg, and Hypotenuse-Angle. 


4.5 EXERCISES "t О-о тато 
a KEY: on p. WS5 for Exs. 5, 9, and 27 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 7, 21, and 26 


' SKILL PRACTICE 


1. VOCABULARY Name one advantage of using a flow proof rather than a 
two-column proof. 


2. ж WRITING You know that a pair of triangles has two pairs of congruent 
corresponding angles. What other information do you need to show that 
the triangles are congruent? 


: EXAMPLE 1 IDENTIFY CONGRUENT TRIANGLES Is it possible to prove that the triangles 


: On p. 250 are congruent? If so, state the postulate or theorem you would use. 
кс 3. AABC, AQRS 4. AXYZ, AJKL (5.)APQR, A RSP 


B Y, K Q R 
vi LF 
Z L 
R X J 
6. ERROR ANALYSIS Describe the 
error in concluding that By AAA, 


C Z 
ААВС = AXYZ. A ABC = AXYZ. - e yq 
A B X Y 
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: for Exs. 8—13 


7. Ж MULTIPLE CHOICE Which postulate or theorem C H J 
can you use to prove that AABC = AHJK? 


СА) HL AAS 
(С) SAS (D> Not enough information 
DEVELOPING PROOF State the third congruence that is needed to prove 
that AFGH = ALMN using the given postulate or theorem. 
8. GIVEN > СН = MN, 4С = АМ, ? = 2 F | 


Use the AAS Congruence Theorem. 
(9-) смем > FG=LM,ZG=2ZM,_? ze? 


Use the ASA Congruence Postulate. 


10. GIVEN > FH = LN, АН = ZN, 2 =? 
Use the SAS Congruence Postulate. Н N 


OVERLAPPING TRIANGLES Explain how you can prove that the indicated 
triangles are congruent using the given postulate or theorem. 


11. AAFE = ADEB by SAS A B 
13. ЛАВР” = ABDC by ASA F D C 


DETERMINING CONGRUENCE Tell whether you can use the given information 
to determine whether ^ ABC = A DEF. Explain your reasoning. 


14. ZA = ZD, AB = DE, АС = DF 15. ZA= ZD, ZB= ZE, АС = ZF 
16. ZB= ZE, ZC= ZF АС = DE 17. AB = EF, BC = FD, AC = DE 


IDENTIFY CONGRUENT TRIANGLES Is it possible to prove that the triangles 
are congruent? If so, state the postulate(s) or theorem(s) you would use. 


18. Л АВС, ADEC 19. ATUV, ATWV 20. AQML, ALPN 
A U N 
E 
s Т Х 
B M 
D W 
Q Р L 


21. Ж EXTENDED RESPONSE Use the graph at the right. 
a. Show that Z САР = ZACB. Explain your reasoning. 
b. Show that ZACD = Z CAB. Explain your reasoning. 
c. Show that AABC = ACDA. Explain your reasoning. 


22. CHALLENGE Use a coordinate plane. 


a. Graph the lines y = 2x + 5, y = 2x — 3, and 
x = 01п the same coordinate plane. 


b. Consider the equation y = mx + 1. For what values of m will the graph 
of the equation form two triangles if added to your graph? For what 
values of m will those triangles be congruent right triangles? Explain. 
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PROBLEM SOLVING 


| 
CONGRUENCE IN BICYCLES Explain why the triangles are congruent. 


; on p. 251 GIVEN > AD | CE, BD = BC A 
: for Ex. 25 C 
PROVE > A ABD = AEBC B 


E 
2 
| ^ABD = ЛЕВС 
BD = BC = LE. 
zx 
: EXAMPLE 4 | 26. Ж SHORT RESPONSE You are making a map for an orienteering race. 
: on p. 251 Participants start at a large oak tree, find a boulder 250 yards due east 


: for Ex. 26 of the oak tree, and then find a maple tree that is 50? west of north of 
the boulder and 35? east of north of the oak tree. Sketch a map. Can you 
locate the maple tree? Explain. 


(27) AIRPLANE In the airplane at the 
right, 2 Cand Z Fare right angles, 
BC = EF, and ZA = ZD. What 
postulate or theorem allows you to 
conclude that Л АВС = ADEF? 


for right triangles. In Exercises 28-30, write a paragraph proof for these 


RIGHT TRIANGLES In Lesson 4.4, you learned the Hypotenuse-Leg Theorem 
other theorems about right triangles. 


28. Leg-Leg (LL) Theorem If the legs of two right triangles are congruent, 
then the triangles are congruent. 


29. Angle-Leg (AL) Theorem If an angle and a leg of a right triangle are 
congruent to an angle and a leg of a second right triangle, then the 
triangles are congruent. 


30. Hypotenuse-Angle (HA) Theorem If an angle and the hypotenuse of a 
right triangle are congruent to an angle and the hypotenuse of a second 
right triangle, then the triangles are congruent. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
254 on р. WS1 TEST PRACTICE 


: PREVIEW 


: Prepare for 
: Lesson 4.6 in 
: Exs. 41-43. 


31. 


33. 


35. 


Find the value of x that makes m || п. (р. 161) 
36. 


PROOF Write a two-column proof. 


GIVEN > AK = C], Z BJK = Z BKJ, 
ZA=ZC 


PROVE > AABK = ACBJ 
B 


A J K C 


PROOF Write a proof. 


GIVEN > А МКМ = ZLMK, ZL= ZN 
PROVE > ANMK = ALKM 


L N 


K M 


CHALLENGE Write a proof. 


32. PROOF Write a flow proof. 


GIVEN > VW = UW, АХ = ZZ 
PROVE > AXWV= AZWU 


W 


34. PROOF Write a proof. 


GIVEN » Xis the midpoint of VY and WZ. 


PROVE > AVWX = AYZX 


GIVEN > A АВЕ = ADEB, Fis the midpoint of AE, 


Bis the midpoint of AC. 
PROVE > AFDE = ABCD = ЛАВЕ 


the line with the given equation. (p. 180) 


39. 


Р(0, 3), у= х – 8 


Write an equation of the line that passes through point Р and is parallel to 


40. P(—2, 4), y = —2x + 3 


Decide which method, SSS, SAS, or HL, can be used to prove that the 
triangles are congruent. (pp. 234, 240) 


4l. 


AHJK = ALKJ 


H K W X Q 
j j LEÍ 
J L ү R 
U 


EXTRA PRACTICE for Lesson 4.5, p. 903 


42. AUTV= AWVT 


43. AXYZ= ARQZ 


ED) ONLINE QUIZ at classzone.com 


255 


4.6 


aL 


Key Vocabulary 
* corresponding 
parts, p. 225 


256 


Use Congruent 
Triangles 


You used corresponding parts to prove triangles congruent. 4 
You will use congruent triangles to prove corresponding parts congruent. 
So you can find the distance across a half pipe, as in Ex. 30. 


By definition, congruent triangles have congruent corresponding parts. 
So, if you can prove that two triangles are congruent, you know that their 
corresponding parts must be congruent as well. 


Use congruent triangles 


Explain how you can use the given 
information to prove that the 
hanglider parts are congruent. 
GIVEN > / 1 = 22, Z ВТО = Z RTS 
PROVE > QT = ST 


Solution 


If you can show that A QRT = A SRT, you will know that QT = ST. First, copy 
the diagram and mark the given information. Then add the information that 
you can deduce. In this case, / КОТ and Z RST are supplementary to 
congruent angles, so / RQT = Z RST. Also, RT = RT. 


Mark given information. Add deduced information. 


R R 
1 2 


Two angle pairs and a non-included side are congruent, so by the 
AAS Congruence Theorem, A ОКТ = A SRT. Because corresponding 
parts of congruent triangles are congruent, QT = ST. 


(GBimateaGeometry_ at classzone.com 


GUIDED PRACTICE | for Example 1 


1. Explain how you can prove that / А = / С. B 
Ds 


Chapter 4 Congruent Triangles 


(EXAMPLE 2 ] Use congruent triangles for measurement 


: INDIRECT SURVEYING Use the following method to 
: MEASUREMENT. find the distance across a river, from 
: When you cannot point N to point P. 


: easily measure a length . 
: ШК уои сап өш e Place a stake at K on the near side 


: conclusions about the so that NK L NP. 

; length шге, usually | , Find M, the midpoint of NK. 
: by calculations based 
: on known lengths. e Locate the point L so that NK L KL and 
L, P, and M are collinear. 


e Explain how this plan allows you to 


find the distance. N P 
Solution 
_ Because NK L NP and NK L KL, Z Nand ZK M 
are congruent right angles. Because M is the 
midpoint of NK, NM = KM. The vertical L K 


angles Z KML and Z NMP are congruent. So, 
A MLK = AMPN by the ASA Congruence Postulate. Then, because 


corresponding parts of congruent triangles are congruent, KL = NP. So, you 
can find the distance NP across the river by measuring KL. 


( EXAMPLE 3 ] Plan a proof involving pairs of triangles 


Use the given information to write a plan for proof. 
GIVEN >/1=/2,/3=/4 54 


PROVE > A ВСЕ = A ПСЕ BU: 


Solution 


In A ВСЕ and A DCE, you know Z 1 = 22 and CE = CE. If you can нта that 
CB = CD, you can use the SAS Congruence Postulate. 


To prove that CB = CD, you can first prove that A CBA = A CDA. You are 
given /1=Z2and / 3 = / 4. СА = CA by the Reflexive Property. You сап 
use the ASA Congruence Postulate to prove that ACBA = A CDA. 


> Plan for Proof Use the ASA Congruence Postulate to prove that 
A СВА = A CDA. Then state that CB = CD. Use the SAS Congruence 
Postulate to prove that ABCE = A DCE. 


¿finimateaGe 


Y GUIDED PRACTICE | for Examples 2 and 3 


2. In Example 2, does it matter how far from point N 
you place a stake at point K? Explain. 


at y | atclasszone.com 


3. Using the information in the diagram at the right, 
write a plan to prove that ^ PTU = A UQP. 
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PROVING CONSTRUCTIONS On page 34, you learned how to use а compass 
and a straightedge to copy an angle. The construction is shown below. You 
can use congruent triangles to prove that this construction is valid. 


STEP T STEP 2 STEP 3 
Pa. 
A P 
F 

D E 
To copy Z A, draw a Draw an arc with Draw DÉ. In Example 4, 
segment with initial radius BC and center E. you will prove that 
point D. Draw an arc with Label the intersection F. ¿D=ZA. 


center A. Using the same 
radius, draw an arc with 
center D. Label points 

B, C, and E. 


| EXAMPLE 4 ] Prove a construction 


Write a proof to verify that the construction for copying an angle is valid. 


Solution 
Add BC and EF to the diagram. In the construction, 
AB, DE, AC, and DF are all determined by the same C 
compass setting, as are BC and EF. So, you can 
assume the following as given statements. A P 
GIVEN > AB = DE, AC = DF, BC = EF F 
PROVE »>/D=ZA 
D E 
Plan Show that ^ САВ = Л ЕРЕ, so you can 
к conclude that the corresponding parts 
4A and Z D are congruent. 
STATEMENTS REASONS 
Plan 1. АВ = DE, AC = DF, BC = EF 1. Given 
РА. зи 2. AFDE = А САВ 2. 555 Congruence Postulate 
3. ¿D=ZA 3. Corresp. parts of = А are =. 


/ Сирр PRACTICE for Example 4 


4. Look back at the construction of an angle bisector in Explore 4 on page 34. 
What segments can you assume are congruent? 
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EXERCISES HOMEWORK: () = WORKED-OUT SOLUTIONS 
4.6 KEY : on p. WS5 for Exs. 19, 23, and 31 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 14, and 31 


"^ SKILL PRACTICE | 


: EXAMPLES 


: опр. 256-257 
: for EXs. 3-11 


1. VOCABULARY Copy and complete: Corresponding parts of congruent 
triangles are_? . 


2. * WRITING Explain why you might choose to use congruent triangles to 
measure the distance across a river. Give another example where it may 
be easier to measure with congruent triangles rather than directly. 


CONGRUENT TRIANGLES Tell which triangles you can show are congruent in 
order to prove the statement. What postulate or theorem would you use? 


3. ZAZz 2D 4. /0=/Т 5. JM = LM 
A B D Q S K 
C R д J М L 
6. AC= BD 7. СК = HJ 8. QW = TV 
А В J G H K 


9. ERROR ANALYSIS Describe 
the error in the statement. А АВС = ACDA by SAS. A B 
бо, AB = 15 meters. 


X D 15m С 


PLANNING FOR PROOF Use the diagram to write a plan for proof. 
10. PROVE > 45 = ZU 11. PROVE > LM = IQ 


S T M 
N 
L 
P 
V U Q 
12. PENTAGONS Explain why segments connecting any pair of 


corresponding vertices of congruent pentagons are congruent. Make a 
sketch to support your answer. 


13. Ed) ALGEBRA Given that Л АВС = Л DEF, т/ А = 70°, т/ В = 60°, 
т/ C = 50°, mZ D = (3x + 101, MLE =| У + 20 P, and mz F — (г + 14, 


3 
find the values of x, y, and z. 
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14. Ж MULTIPLE CHOICE Which set of given information B 
does not allow you to conclude that AD = CD? 


(А) АЕ= CE, mZ BEA = 90° 

ВА = BC, / BDC = Z BDA 

(C АВ = СВ, ZABE = / CBE D 
(Фф) АЕ = СЕ, АВ = СВ 


: EXAMPLE 3 PLANNING FOR PROOF Use the information given in the diagram to write a 


: on p. 257 plan for proving that / 1 = / 2. 


: for Exs. 15-20 15. F 


6 16. E 17. P Q 
> 4 LAS LY 
S R 
à п А В C D 


18. A B C к 20. 7 U 
F E D 
M Y Z 


USING COORDINATES Use the vertices of ^ ABC and ^ DEF to show that 
LA = Z D. Explain your reasoning. 


21. A(3, 7), B(6, 11), CUT, 13), D (2, —4), E05, —8), F(10, —10) 
22. A(3, 8), BGS, 2), С(11, 2), DEL, 5), E(5, 5), F(5, 13) 


x 


PROOF Use the information given in the diagram to write a proof. 


@з) PROVE > / VYX = L WYZ 24. PROVE > FL = HN 
T U F G H 
d K 
V W 
M 
X ү 2 i N 
25. PROVE » ^ PUX = AQSY 26. PROVE > AC = GE 
P A B 


27. CHALLENGE Which of the triangles below are congruent? 
C | F | J | M | ] 
A B D E G H K L N P 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
260 on р. WS1 TEST PRACTICE 


: EXAMPLE 2 


: on p. 257 
: for Ex. 28 


: EXAMPLE 4 


: on p. 258 
: for Ex. 32 


28. 


29. 


30. 


PROBLEM SOLVING 


CANYON Explain how you can find the 
distance across the canyon. 


@Homelutor . for problem solving help at classzone.com 


PROOF Use the given information and the 
diagram to write a two-column proof. 


GIVEN » PQ || VS, QU | ST, РО = VS 
PROVE > 4 0) = 4 5 
©Нотеїиёог 


for problem solving help at classzone.com 


SNOWBOARDING In the diagram of the half pipe below, Cis the midpoint 
of BD. If EC ~ 11.5 m, and CD = 2.5 m, find the approximate distance 
across the half pipe. Explain your reasoning. 


D Ж MULTIPLE CHOICE Using the information in the diagram, you can 


prove that WY = ZX. Which reason would not appear in the proof? 
СА) SAS Congruence Postulate W 


E: 
AAS Congruence Theorem Mnt 
(С) Alternate Interior Angles Theorem Г] 


(D> Right Angles Congruence Theorem 


. PROVING A CONSTRUCTION The diagrams below show the construction 


on page 34 used to bisect / A. By construction, you can assume that 
— A — == — 
AB = AC and BG = CG. Write a proof to verify that AG bisects ZA. 


STEP 1 STEP 2 STEP 3 
C C C 
A ` 
А B А B А B 
First draw an arc with Draw an arc with center C. Draw AG. It follows that 
center A. Label the points Using the same radius, Z BAG = / САС. 
where the arc intersects draw an arc with center B. 
the sides of the angle Label the intersection 
points B and C. point G. 
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ARCHITECTURE Can you use the given information to determine that 
AB = BC? Justify your answer. 


33. ZABD = ZCBD, 34. AC | BD, 35. BD bisects AC, 
AD = CD A ADE = A CDE AD L BD 


36. CONSTRUCTIONS In parts (a) and (b), write a proof to justify the 
constructions seen in Chapter 3 on page 199. 


a. Line perpendicular to a line b. Line perpendicular to a line 
through a point not on the line. through a point on the line. 


Plan for Proof Show AAPQ = ABPQ Plan for Proof Show AAPQ = ABPQ 
by SSS. Then show AAPM = ABPM by SSS. Use corresponding parts of 
using SAS. Use corresponding parts congruent triangles to show that 

of congruent triangles to show that Z ОРА and Z QPB are right angles. 


“АМР and Z BMP are right angles. 


PROOF Use the given information and the diagram to write a proof. 


37. GIVEN P MN = KN, ZPMN = Z NKL 
PROVE > 41 = 42 


38. GIVEN » TS = TV, SR = VW T 
PROVE > 71-72 
S V 
X 
R W 
39. GIVEN > BA = BC, D and E are midpoints, B 
ZA= ZC, DF= EF 5 Ў 6 E 
PROVE b FG = FH 
A G H C 
(C) = WORKED-OUT SOLUTIONS * - STANDARDIZED 


262 on p. WS1 TEST PRACTICE 


40. CHALLENGE In the diagram of pentagon ABCDE, AB | EC, AC || ED, 
AB = ED, and AC = EC. Write a proof that shows AD = EB. 


C 


MIXED REVIEW 


How many lines can be drawn that fit each description? 


Copy the diagram and sketch all the lines. (p. 147) A 
41. Line(s) through B and parallel to AC aS 
B 

42. Line(s) through A and perpendicular to BC C 

43. Line(s) through D and C ep 
: PREVIEW The variable expressions represent the angle measures of a triangle. Find 
: Prepare for the measure of each angle. Then classify the triangle by its angles. (p. 217) 
a. | 44. mLA=x 45. mLA = x? 46. MLA = (x — 22)? 
mM | m. В = (4x)° m. В = (5x)? m£ B = (x + 16)? 

тА С = (5x)? mZC= (x + 19)° mZC= (2x — 14)° 


QUIZ for Lessons 4.4-4.6 


Decide which method, SAS, ASA, AAS, or HL, can be used to prove that the 
triangles are congruent. (pp. 240, 249) 


Use the given information to write a proof. 


4. GIVEN > / BAC = / DCA, AB = CD 5. GIVEN > L W= ZZ, VW=YZ 
PROVE > A ABC = A CDA (p. 240) PROVE > A УИХ = A YZX (р. 249) 
B 4 
А £> C W QAM 
D V 
6. Write a plan for a proof. (p. 256) P N 
GIVEN > PO = MN, mZ P= т/ M = 90° 
PROVE > QL = NL Q I 4 
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Use Isosceles and 
“2 Equilateral Triangles 


4 


You learned about isosceles and equilateral triangles. 
| Now ) You will use theorems about isosceles and equilateral triangles. 
So you can solve a problem about architecture, as in Ex. 40. 


Key Vocabulary In Lesson 4.1, you learned that a triangle is isosceles if it 


• legs 


has at least two congruent sides. When an isosceles triangle 


* vertex angle has exactly two congruent sides, these two sides are the 


e base 


* base angles 


264 


legs. The angle formed by the legs is the vertex angle. The 

third side is the base of the isosceles triangle. The two 

angles adjacent to the base are called base angles. e 
THEOREMS For Your Notebook 


THEOREM 4.7 Base Angles Theorem 


If two sides of a triangle are congruent, then the angles 
opposite them are congruent. 


If AB = AC, then ZB = ZC. 
Proof: p. 265 


THEOREM 4.8 Converse of Base Angles Theorem 


If two angles of a triangle are congruent, then the sides 
opposite them are congruent. 


If ZB = ZC, then AB = AC. 
Proof: Ex. 45, p. 269 


Apply the Base Angles Theorem 


In ADEF, DE = DF. Name two congruent angles. 


Solution 
> DE = DF, so by the Base Angles Theorem, ZE= ZF. 


A 
A 
A 
A 
| 


GUIDED PRACTICE for Example 1 


Copy and complete the statement. H 


2. If ZKHJ = ZKJH,then_? = ?. 
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Base Angles Theorem 


: WRITE A 
: BICONDITIONAL 


: The corollaries state 
: that a triangle is 

: equilateral if and only 
: if it is equiangular. 


GIVEN > JK = JL K 
PROVE > /KzZL J M 
Plan a. Draw JM so that it bisects KL. L 


е b. Use SSS to show that AJMK = AJML. 


c. Use properties of congruent triangles to show that 2K = ZL. 


STATEMENTS | REASONS 
Plan 1. Mis the midpoint of KL. | 1. Definition of midpoint 
"m a. 2. Draw JM. 2. Two points determine a line. 
3. МК = ML 3. Definition of midpoint 
4. JK & JL 4. Given 
5. JM = JM 5. Reflexive Property of Congruence 
b. 6. AJMK = AJML 6. SSS Congruence Postulate 
2.7.2 Ке | 7. Corresp. parts of = A are =. 


Recall that an equilateral triangle has three congruent sides. 


COROLLARIES For Your Notebook 


Corollary to the Base Angles Theorem A 


F Ifatriangle is equilateral, then it is equiangular. 


Corollary to the Converse of Base Angles Theorem 


Tt Ifa triangle is equiangular, then it is equilateral. 8 C 


| EXAMPLE 2 ] Find measures in a triangle 


Find the measures of / P, / О, and / R. P 


The diagram shows that APQR is equilateral. Therefore, 
by the Corollary to the Base Angles Theorem, APQR is 
equiangular. So, mZ P = т/ О = т/ К. 


3(nZP)-180* Triangle Sum Theorem 
mZ Р = 60° Divide each side by 3. 
| > The measures of Z P, / О, and Z Rare all 60°. 


Y GUIDED PRACTICE | for Example 2 


3. Find ST in the triangle at the right. S Т 


4. Is it possible for an equilateral triangle to have 
an angle measure other than 60°? Explain. 


4.7 Use Isosceles and Equilateral Triangles 
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(EXAMPLE 3 | Use isosceles and equilateral triangles 


ЄЙ) ALGEBRA Find the values of x and y in the diagram. K 
Solution d 
STEP Т Find the value of y. Because AKLN is N 


equiangular, it is also equilateral 
and KN = KL. Therefore, y = 4. 
: AVOID ERRORS 


ннн ынан унш a t >» STEP2 Find the value of x. Because 2 LNM = Z LMN, 


: You cannot use ZN to less emi a 
atento 21AM berane LN = LM and ALMN is isosceles. You also know 


: three angles have N as that LN = 4 because AKLN is equilateral. 
: their vertex. LN = LM Definition of congruent segments 


4A=x>w+1 Substitute 4 for LN and x + 1 for LM. 


= Subtract 1 from each side. 


(EXAMPLE 4 | Solve a multi-step problem 


_ LIFEGUARD TOWER In the lifeguard tower, 
PS = QR and Z QPS = / РОВ. 


a. What congruence postulate can you use to 
prove that AQPS = APQR? 


b. Explain why APQT is isosceles. 
c. Show that APTS = AQTR. 


Solution 
: AVOID ERRORS. a. Draw and label AQPS and APQR so that P Q P Q 
: When you redraw the they do not overlap. You can see that M 
: triangles so that they РО = QP, PS = QR, and ZQPS = / РОВ. 
: do not overlap, be So, by the SAS Congruence Postulate, T T 
: careful to copy all given AQPS = APQR. 
: information and labels 
: correctly. b. From part (a), you know that 21 = 72 < 5 


because corresp. parts of = А are =. By 
the Converse of the Base Angles Theorem, 
PT = QT, and APQT is isosceles. 


c. You know that PS = QR, and 7.3 = / 4 because corresp. parts of = A 
are =. Also, Z PTS = / ОТЕ by the Vertical Angles Congruence 
Theorem. So, APTS = AQTR by the AAS Congruence Theorem. 


r4 GUIDED PRACTICE | for Examples 3 and 4 


5. Find the values of x and y in the diagram. 


6. REASONING Use parts (b) and (c) in Example 4 and the 
SSS Congruence Postulate to give a different proof that / 
AQPS = APQR. 
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47 EXERCISES "25 О-о 
ө КЕҮ: on p. WS5 for Exs. 5, 17, and 41 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 18, 19, 30, 31, and 46 


* SKILL PRACTICE 


: EXAMPLE 1 


: TEE ewe 
: for Exs. 3-6 


: EXAMPLE 2 


: On p. 265 
: for Exs. 7-14 


: On p. 266 
: for Exs. 15-17 


1. VOCABULARY Define the vertex angle of an isosceles triangle. 


2. ж WRITING What is the relationship between the base angles of an 
isosceles triangle? Explain. 


USING DIAGRAMS In Exercises 3-6, use the diagram. Copy and complete 
the statement. Tell what theorem you used. 
3. IfAE = DE, then Z ? =Z 2. 
4. If AB = EB, then 4L ? =/_?. 
OLE / СЕР, then ? = ?. I~ 
6. If Z EBC = / ECB, then_?_ =_?. = @ JS 


REASONING Find the unknown measure. 
Te A 8. 


B C R T 


10. DRAWING DIAGRAMS A base angle in an isosceles triangle measures 37°. 
Draw and label the triangle. What is the measure of the vertex angle? 


С) ALGEBRA Find the value of x. 


ll. E е 12. К DX + 5 13. В 
5 Е 16 L C 
pe ° J ^ A 

14. ERROR ANALYSIS Describe and 
correct the error made in finding LA = 2 С, therefore 


B 
BC in the diagram shown. AC = BC. So, 5 
BC = 6 X 
A 6 С 


E) ALGEBRA Find the values of x and y. 


is a uL. ÁN. O IN 


18. Ж SHORT RESPONSE Are isosceles triangles always acute triangles? 
Explain your reasoning. 
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19. Ж MULTIPLE CHOICE What is the value of x in the diagram? 


СА) 5 ® 6 Зх + 4 22 
О 7 D 9 


€ ALGEBRA Find the values of x and y, if possible. Explain your reasoning. 


by-4 


(2y + 64)? yr 12 


E) ALGEBRA Find the perimeter of the triangle. 


(21 — x) in. 
Мр. Y У-Ү, 
AY ti Д Y 


25. 


"(Ax + 1) in. 


REASONING In Exercises 26-29, use the diagram. State whether 
the given values for x, y, and z are possible or not. If not, explain. 


26. x = 90, y = 68, 2 = 42 
27. x = 40, y= 72, z = 36 
28. x = 25, у = 25, 2 = 15 
29. x 42, у = 72, 2 = 33 


30. Ж SHORT RESPONSE In ADEF, mZ D = (Ax + 2)”, mL Е = (6x — 30)°, and 
mZ F = Зх". What type of triangle is ADEF? Explain your reasoning. 


31. Ж SHORT RESPONSE In AABC, D is the midpoint of AC, and BD is 
perpendicular to AC. Explain why AABCis isosceles. 


€ ALGEBRA Find the value(s) of the variable(s). Explain your reasoning. 


32. 33. 34. У ag 
E ' 
8y 


35. REASONING The measure of an exterior angle of an isosceles triangle is 
130°. What are the possible angle measures of the triangle? Explain. 


36. PROOF Let Л АВС be isosceles with vertex angle / A. Suppose ZA, ZB, 
and Z C have integer measures. Prove that mZ A must be even. 


37. CHALLENGE The measure of an exterior angle of an isosceles triangle is 
x”. What are the possible angle measures of the triangle in terms of x? 
Describe all the possible values of x. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
268 оп р. WS1 TEST PRACTICE 


"PROBLEM SOLVING 


38. SPORTS The dimensions of a sports pennant are given o 
in the diagram. Find the values of x and y. 


@Homelutor ог problem solving help at classzone.com 


39. ADVERTISING A logo in an advertisement is an equilateral triangle 
with a side length of 5 centimeters. Sketch the logo and give the 
measure of each side and angle. 


GHomelutor 


for problem solving help at classzone.com 


40. ARCHITECTURE The Transamerica Pyramid 
building shown in the photograph has four 
faces shaped like isosceles triangles. The 
measure of a base angle of one of these 
triangles is about 85*. What is the approximate 
measure of the vertex angle of the triangle? 


: EXAMPLE4 — (41) MULTI-STEP PROBLEM To make a zig-zag pattern, a graphic 
: On p. 266 | designer sketches two parallel line segments. Then the 
: for Exs. 41-42 | designer draws blue and green triangles as shown below. 


a. Prove that AABC = ABCD. 


b. Name all the isosceles triangles 
in the diagram. 


с. Name four angles that are 
congruent to / ABC. 


42. Ж VISUAL REASONING In the pattern below, each small triangle is an 
equilateral triangle with an area of 1 square unit. 


TI 


a. Reasoning Explain how you know that any triangle made out of 
equilateral triangles will be an equilateral triangle. 


b. Area Find the areas of the first four triangles in the pattern. 


с. Make a Conjecture Describe any patterns in the areas. Predict the area 
of the seventh triangle in the pattern. Explain your reasoning. 


43. REASONING Let APQR be an isosceles right triangle with hypotenuse QR. 
Find mZ P, mZ О, and MZR. 


44. REASONING Explain how the Corollary to the Base Angles Theorem 
follows from the Base Angles Theorem. 


45. PROVING THEOREM 4.8 Write a proof of the Converse of the Base Angles 
Theorem. 
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: PREVIEW 


: Prepare for 
: Lesson 4.8 in 
: Exs. 57-60. 


270 


46. * EXTENDED RESPONSE Sue is designing fabric purses 
that she will sell at the school fair. Use the diagram of 
one of her purses. 


a. Prove that AABE = ADCE. 
b. Name the isosceles triangles in the purse. 
c. Name three angles that are congruent to Z EAD. 


d. What If? If the measure of Z BEC changes, does 
your answer to part (c) change? Explain. 


REASONING FROM DIAGRAMS Use the information in the diagram to answer 
the question. Explain your reasoning. 


47. Is p|| q? 48. Is AABCisosceles? 
50° 
В 
1305 
A C 
49. PROOF Write a proof. A 


GIVEN > A ABC is equilateral, 
Z CAD = ZABE = Z BCF. 
PROVE > A DEF is equilateral. « 


B C 


50. COORDINATE GEOMETRY The coordinates of two vertices of ATUV are 
T(0, 4) and U(4, 0). Explain why the triangle will always be an isosceles 
triangle if Vis any point on the line y — x except (2, 2). 


51. CHALLENGE The lengths of the sides of a triangle are 3t, 5t — 12, and 
t + 20. Find the values of t that make the triangle isosceles. Explain. 


What quadrant contains the point? (p. 878) 
52. (—1, —3) 53. (—2, 4) 54. (5, —2) 


Copy and complete the given function table. (p. 884) 


Use the Distance Formula to decide whether AB = AC. (p. 15) 
57. A(0, 0), B(—5, —6), C(6, 5) 58. A(3, —3), B(0, 1), C(-1, 0) 
59. A(0, 1), B(4, 7), C(—6, 3) 60. A(—3, 0), B(2, 2), C(2, —2) 


EXTRA PRACTICE for Lesson 4.7, p. 903 ED) ONLINE QUIZ at classzone.com 


metro ACTIVITY Use before Lesson 4.8 


Investigate Slides and Flips 


MATERIALS - graph paper * pencil 


x 


STEP 1| Draw a triangle Draw a scalene right triangle with legs of length 
3 units and 4 units on a piece of graph paper. Cut out the triangle. 


STEP 2| Draw coordinate plane Draw axes on the graph paper. Place 
the cut-out triangle so that the coordinates of the vertices are 
integers. Trace around the triangle and label the vertices. 


STEP 3| Slide triangle Slide the cut-out triangle so it moves left and 
down. Write a description of the transformation and record 
ordered pairs in a table like the one shown. Repeat this step 
three times, sliding the triangle left or right and up or down to 
various places in the coordinate plane. 


Slide 3 units left and 2 units down. 


Original position New position 


е 
STEP 1| Draw a coordinate plane Draw and label a second coordinate 
plane. Place the cut-out triangle so that one vertex is at the 
origin and one side is along the y-axis, as shown. 


STEP 2| Flip triangle Flip the cut-out triangle over the y-axis. Record a 
description of the transformation and record the ordered pairs 
in a table. Repeat this step, flipping the triangle over the x-axis. 


{ 


1. How are the coordinates of the original position of the triangle related to 
the new position in a slide? in a flip? 


2. Is the original triangle congruent to the new triangle in a slide? in a flip? 
Explain your reasoning. 
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Key Vocabulary 

e transformation 
e image 

e translation 

• reflection 

e rotation 


• congruence 
transformation 


Perform Congruence 
Transformations 


You determined whether two triangles are congruent. 
You will create an image congruent to a given triangle. 
So you can describe chess moves, as in Ex. 41. 


A transformation is an operation that moves or changes a geometric figure 
in some way to produce a new figure. The new figure is called the image. 
A transformation can be shown using an arrow. 


The order of the vertices in the transformation AABC = APQR 
statement tells you that P is the image of A, 


"— | 
Q is the image of В, апа Ris the image of С. E ES mage 


There are three main types of transformations. A translation moves every 
point of a figure the same distance in the same direction. A reflection uses 
a line of reflection to create a mirror image of the original figure. A rotation 
turns a figure about a fixed point, called the center of rotation. 


Identify transformations 


: TRANSFORMATIONS 


: You will learn more 

: about transformations 
: in Lesson 6.7 and in 

: Chapter 9. 


Name the type of transformation demonstrated in each picture. 


2 


vh 
Reflection in a Rotation about a point Translation in a 
horizontal line straight path 


GUIDED PRACTICE for Example 1 


1. Name the type of 
transformation shown. 


CONGRUENCE Translations, reflections, and rotations are three types of 
congruence transformations. A congruence transformation changes the 
position of the figure without changing its size or shape. 
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: In this book, the original 4- 


: figure is blue and the 
: transformation of the 
: figure is red, unless 

: otherwise stated. 


TRANSLATIONS In a coordinate plane, a translation moves an object a given 
distance right or left and up or down. You can use coordinate notation to 
describe a translation. 


KEY CONCEPT For Vour Wotebook 


Coordinate Notation for a Translation 


You can describe a translation by the notation 
(x,y) > (х+а,у+ b) 


> which shows that each point (x, y) of the blue 
figure is translated horizontally a units and 
vertically b units. 


| EXAMPLE 2 ] Translate a figure in the coordinate plane 


Figure ABCD has the vertices A(—4, 3), B(—2, 4), C(—1, 1), and D(—3, 1). 
Sketch ABCD and its image after the translation (x, y) — (x + 5, y — 2). 


Solution 


First draw ABCD. Find the translation of each vertex by adding 5 to its 
x-coordinate and subtracting 2 from its y-coordinate. Then draw ABCD and 


its image. 
(x,y) > (+5, y -— 2) PTT TTT JEN NNNM 
AL-4, 3 - (1D а 


АА 
AA ш 


В(—2,4) — (3,2) 


\ 
D(-3, 1) ^ (2, -1) LI LLLIN LIN > 
Ft | |} | ey] ft Tt 


REFLECTIONS In this lesson, when a reflection is shown in a coordinate 
plane, the line of reflection is always the x-axis or the y-axis. 


KEY CONCEPT For Your Notebook 


Coordinate Notation for a Reflection 


Reflection in the x-axis Reflection in the y-axis 


X 


|, —H 


Multiply the y-coordinate by —1. Multiply the x-coordinate by —1. 
(x, y) —> (x, —y) (x, y) ES (—x, y) 
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( EXAMPLE 3 | Reflect a figure in the x-axis 


WOODWORK You are drawing a pattern fora 
wooden sign. Use a reflection in the x-axis to 
draw the other half of the pattern. 


Solution 


Multiply the y-coordinate of each vertex by —1 
to find the corresponding vertex in the image. 


и 
A 
шшш 
MEM 
MEM 


(х,у) => (x, —y) 
(—1, 0) => (-1,0) (-1,2) => (-1,-2) 
(1,2) = (1, -2) (1,4) = (1, -4) 
(5,0) — (5,0) 


шини 
IA 


L1] 
Му 
шш 
"ME 


в 
ШИШИ И”, 
VA 


_ tet | i Lye A 
N 

иш 

NE 

ш 


EN 
иш 
N 


"ABI 
Use the vertices to draw the image. You can || 
check your results by looking to see if each Pity] | | | {| {| 


original point and its image are the same Е | 
distance from the x-axis. ¿AnimateaGeometry ) at classzone.com 
NEZ do 


СА GUIDED PRACTICE for Examples 2 and 3 


2. The vertices of AABC are A(1, 2), B(0, 0), and C(4, 0). A translation 
of AABC results in the image ADEF with vertices D(2, 1), E(1, —1), 
and F(5, —1). Describe the translation in words and in coordinate notation. 


3. The endpoints of RS are R(4, 5) and S(1, —3). A reflection of RS results in 
the image TU, with coordinates Т(4, —5) and (1, 3). Tell which axis RS 
was reflected in and write the coordinate rule for the reflection. 


ROTATIONS In this lesson, if a rotation is shown in a coordinate plane, the 
center of rotation is the origin. 


The direction of rotation can be either clockwise or counterclockwise. The 
angle of rotation is formed by rays drawn from the center of rotation through 
corresponding points on the original figure and its image. 


90? clockwise rotation 60? counterclockwise rotation 


y 


center of 
4 rotation 
O 


NL x 


center of 
rotation 


Notice that rotations preserve distances from the center of rotation. So, 


segments drawn from the center of rotation to corresponding points on the 
figures are congruent. 
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( EXAMPLE 4 | Identify a rotation 


Graph AB and CD. Tell whether CD is a rotation of AB about the origin. If so, 
give the angle and direction of rotation. 


a. А{—3, 1j, B(-1, 3); Gil 3), DIS, 1) b. A(0, 1), ВЧ, 3), GL 1), D(-3, 2) 


Solution 


mz АОС = mZ BOD = 90? mz АОС < т/ ВОР 
This is а 90° clockwise rotation. This is not a rotation. 


(EXAMPLE 5 ] Verify congruence 


The vertices of ^ ABC are A(4, 4), B(6, 6), and C(7, 4). The notation 

(x, y) ^ (x + 1, y — 3) describes the translation of AABC to ADEF. Show 
that AABC = ADEF to verify that the translation is a congruence 
transformation. 


Solution 


S You can see that AC=DF=3,soAC=DF. | 4y| | | | | | | | {| 
A Using the slopes, AB || DE and AC || DF. {| | | | lee 
If you extend AB and DF to form ZG, the АЕ 
Corresponding Angles Postulate gives you _| | | AA Nel |_ 
2 ВАС = / Gand / С = Z ЕРЕ Then, || М | et 
Z ВАС = Z EDF by the Transitive Property | М | AT 
of Congruence. | <4 44, 
D || F 


S Using the Distance Formula, H 


AB = DE = 2V2 so AB = DE. So, 
AABC = ADEF by the SAS Congruence 
Postulate. 


> Because Л АВС = ADEF, the translation is a congruence transformation. 


GUIDED PRACTICE for Examples 4 and 5 


4. Tell whether APQR is a rotation of 
ASTR. If so, give the angle and 
direction of rotation. 


5. Show that APQR = ASTR to verify 
that the transformation is a 
congruence transformation. 


4.8 Perform Congruence Transformations 275 


48 EXERCISES "и О-оо 
ө KEY: on p. WS5 for Exs. 11, 23, and 39 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 25, 40, 41, and 43 


' SKILL PRACTICE 


1. VOCABULARY Describe the translation (x, y) —> (x — 1, y + 4) in words. 


2. * WRITING Explain why the term congruence transformation is used in 
describing translations, reflections, and rotations. 


ока ИИА 

: опр. 272 

: for Ехѕ. 3-8 
“ТОХИ Г 
pit tet tty | 

WINDOWS Decide whether the moving part of the window is a translation. 
6. Double hung 7. Casement 8. Sliding 

: ЕХАМ PLE2 _ DRAWING A TRANSLATION Copy figure ABCD [AY || ||| 

: on p. 273 and draw its image after the translation. | TT Ty [el fy 

di E 9. (х,у = +2, ¥— 3) eR 


10. (x,y) > (х- 1,y- 5) 


(1) æ> atA y+ 1) 


12. (x, y) > (x — 2, y + 3) PET eT tet | [ү 


COORDINATE NOTATION Use coordinate notation to describe the translation. 


13. 4 units to the left, 2 units down 14. 6 units to the right, 3 units up 
15. 2 units to the right, 1 unit down 16. 7 units to the left, 9 units up 


: EXAMPLE 3 DRAWING Use a reflection in the x-axis to draw the other half of the figure. 


: pr chos Ж 
: for Exs. 17-19 
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: EXAMPLE 4 | ROTATIONS Use the coordinates to graph AB and CD. Tell whether CD 


: on p. 275 is a rotation of AB about the origin. If so, give the angle and direction of 

: for Exs. 20-23 rotation. 
20. А(1, 2), B(3, 4), C2, —1), D(4, —3) 21. AC, —4), B(-1, =), C(4, 3), D(2, 1) 
22. A(—4, 0), В(—4, —4), СИ, 4, D(0,4 (2з) AG, 2), BG, 0), C2, —D, р, -3) 


24. ERROR ANALYSIS A student says that the 


red triangle is a 120° clockwise rotation of || | [ШУ | [| || 
the blue triangle about the origin. | | A lo) ГСМ |] 
Describe and correct the error. MALE AMA 


NEC P d | NN 
|| | | joy i | | [x 


25. ж WRITING Can a point or a line segment be its own image under a 
transformation? Explain and illustrate your answer. 


APPLYING TRANSLATIONS Complete the statement using the description of 
the translation. In the description, points (0, 3) and (2, 5) are two vertices of 
a hexagon. 


26. If (0, 3) translates to (0, 0), then (2, 5) translates to 2 . 

27. If (0, 3) translates to (1, 2), then (2, 5) translatesto 2 . 

28. If (0, 3) translates їо (—3, —2), then (2, 5) translates to ? . 

€ ALGEBRA A point on an image and a transformation are given. Find the 
corresponding point on the original figure. 

29. Point on image: (4, 0); transformation: (x, y) > (x + 2, y — 3) 

30. Point on image: (—3, 5); transformation: (x, y) > (—x, y) 

31. Point on image: (6, —9); transformation: (x, y) > (x — 7, y — 4) 


32. CONGRUENCE Show that the transformation in Exercise 3 is a 
congruence transformation. 


DESCRIBING AN IMAGE State the segment or triangle that represents the 
image. You can use tracing paper to help you see the rotation. 

33. 90° clockwise rotation of ST about E 

34. 90° counterclockwise rotation of BX about E 
35. 180° rotation of ABWX about E 

36. 180° rotation of ATUA about E 


37. CHALLENGE Solve for the variables in the transformation of ABto CD and 
then to EF. 


A(2,3), Translation: 
B(4,2a) (х,у) ә (х= 2, y 7 


C(m AE ch 4), 
D(n — 9, 5) 


E(0, g — 6), 
F(8h, —5) 
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' PROBLEM SOLVING 


: EXAMPLE 3 38. KITES The design for a kite shows the layout and = ЧА 


: on p. 274 dimensions for only half of the kite. ED we 


: for Ex. 38 a. What type of transformation can a designer 
use to create plans for the entire kite? 
b. What is the maximum width of the entire kite? 


for problem solving help at classzone.com 


STENCILING You are stenciling a room in your home. You want to use the 
stencil pattern below on the left to create the design shown. Give the 
angles and directions of rotation you will use to move the stencil from 

A to B and from A to С. 


utor | for problem solving help at classzone.com 


40. * OPEN-ENDED MATH Some words reflect onto themselves through a 
vertical line of reflection. An example is shown. 


a. Find two other words with vertical lines of reflection. 


Draw the line of reflection for each word. W 0 W 


b. Find two words with horizontal lines of reflection. 
Draw the line of reflection for each word. 


41. * SHORT RESPONSE In chess, six different kinds of pieces are moved 
according to individual rules. The Knight (shaped like a horse) moves in 
an “Т” shape. It moves two squares horizontally or vertically and then one 
additional square perpendicular to its original direction. 
When a knight lands on a square with another piece, 
it captures that piece. 


a. Describe the translation used by the Black Knight 
to capture the White Pawn. 


b. Describe the translation used by the White Knight 
to capture the Black Pawn. 


E 
В i 
Е 
А 
Е 


| 


с. After both pawns are captured, can the Black Knight 
capture the White Knight? Explain. 


: EXAMPLES | 42. VERIFYING CONGRUENCE Show that WEA 

: on p. 275 A ABC and ADEF are right triangles 

: for Ex. 42 and use the HL Congruence Theorem 
to verify that ADEF is a congruence 


transformation of A АВС. 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
278 on p. WS1 TEST PRACTICE 


43. Ж MULTIPLE CHOICE A piece of paper is folded in uN 
half and some cuts are made, as shown. Which figure > 
represents the unfolded piece of paper? hi 


44. CHALLENGE A triangle is rotated 90* counterclockwise and then 
translated three units up. The vertices of the final image are A(-4, 4), 
B(—1, 6), and C(—1, 4). Find the vertices of the original triangle. Would the 


final image be the same if the original triangle was translated 3 units up 
and then rotated 90° counterclockwise? Explain your reasoning. 


- MIXED REVIEW 


: PREVIEW 


: Prepare for 
: Lesson 5.1 in 
: Exs. 45-50, 


Q 


Simplify the expression. Variables a and b are positive. 


45. “= (р. 870) 46. |(а+ b) — a| (p.870) 47. 20220 (р. 139) 


Simplify the expression. Variables a and b are positive. (р. 139) 
48. V (-b)* 49.V (2а)? 50.V (2a — а)? + (0 — Б)? 


51. Use the SSS Congruence Postulate to show ARST = AUVW. (p. 234) 
R(, —4), S(1, —]), T(6, —1) U(, 4), Ү(1, 1), W(6, 1) 


IZ for Lessons 4.7-4.8 


Find the value of x. (p. 264) 


1. 2. 3. 
24 in. (6x + 12) in. 


(3x + 48)° 


Copy AFFG and draw its image after the transformation. 
Identify the type of transformation. (p. 272) 


4. (х,у) > (х+4,у— 1) 5. (x, y) > (х, y) 
6. (x, y) = (х, —y) 7. ,y)-ix—3,y-t 2) 


8. Is Figure B a rotation of Figure A about the origin? 
If so, give the angle and direction of rotation. (p. 272) 
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MIXED REVIEW of Problem Solving A) STATE PRACTICE 


Lessons 4.5-4.8 


1. MULTI-STEP PROBLEM Use the quilt pattern 
shown below. 


. Figure Bis the image of Figure A. Name 
and describe the transformation. 


. Figure C is the image of Figure A. Name 
and describe the transformation. 


. Figure D is the image of Figure A. Name 
and describe the transformation. 


. Explain how you could complete the quilt 
pattern using transformations of Figure А. 


. SHORT RESPONSE You are told that a triangle 
has sides that are 5 centimeters and 
3 centimeters long. You are also told that the 
side that is 5 centimeters long forms an angle 
with the third side that measures 28°. Is 
there only one triangle that has these given 
dimensions? Explain why or why not. 


. OPEN-ENDED A friend has drawn a triangle 
on a piece of paper and she is describing 
the triangle so that you can draw one that 
is congruent to hers. So far, she has told you 
that the length of one side is 8 centimeters 
and one of the angles formed with this side 
is 34”. Describe three pieces of additional 
information you could use to construct 
the triangle. 
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. SHORT RESPONSE Can the triangles ACD 
and BCE be proven congruent using the 
information given in the diagram? Can you 
show that AD = BE? Explain. 


B 


5. EXTENDED RESPONSE Use the information 
given in the diagram to prove the statements 
below. 


a. Prove that / BCE = 7 BAE. 
b. Prove that AF = CD. 


6. GRIDDED ANSWER Find the value of xin the 
diagram. 


(4x + 17) in. 


CHAPTER SUMMARY 


BIG IDEAS For Your Notebook 


: Classifying Triangles by Sides and Angles 


Big 


Equilateral Isosceles Scalene 


р" AN xX Хх. 
F 3 congruent sides 2 or 3 congruent sides No congruent sides 


Acute Equiangular Right Obtuse 


| m [N A N A 


З angles <90° З angles = 60° 1 angle = 90° 1 angle > 90° 


Big | Proving That Triangles Are Congruent 


B E 
> ДАВС = ADEF AX AX 
> Аср ТЕ 
> SAS Two sides апа the included B E 
. angle are congruent. A ABC = A DEF XN XN 
> A' CD TF 


: SSS All three sides are congruent. 


> HL The hypotenuse and one of B E 
the legs are congruent. _ 
(Right triangles only) ea 
A CD F 
> ASA Two angles and the included B E 
side are congruent. AABC = A DEF 
A C D F 
> AAS Two angles and a (non-included) B E 
side are congruent. AABC = A DEF LA LA 
А C D F 


Big : Using Coordinate Geometry to Investigate Triangle Relationships 
: Youcan use the Distance and Midpoint Formulas to apply postulates and 
> theorems to triangles in the coordinate plane. 
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* Multi-Language Glossary 
- * Vocabulary practice 
: For a list of e triangle, р. 217 * congruent figures, p. 225 * isosceles triangle, p. 264 
jf eorems see equilateral acute, right, obtuse, * >Tesponding parts, p. 225 ыш 
: theorems, see Р | 
: : ' e right triangle, р. 241 
: pp. 926-931. equiangulat BIN nange, p • transformation, p. 272 


legs, hypotenuse 


* interior angles, p. 218 A 
* flow proof, p. 250 Image, p. 272 


* exterior angles, p. 218 * congruence transformation, p. 272 


* corollary to a theorem, p. 220 translation, reflection, rotation 
VOCABULARY EXERCISES 

1. Copy and complete: A triangle with three congruent angles is called. ? . 

2. WRITING Compare vertex angles and base angles. 

3. WRITING Describe the difference between isosceles and scalene triangles. 

4 


. Sketch an acute scalene triangle. Label its interior angles 1, 2, and 3. Then 
draw and shade its exterior angles. 


5. If APQR = ALMN, which angles are corresponding angles? Which sides 
are corresponding sides? 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding 
of the concepts you have learned in each lesson of Chapter 4. 


Apply Triangle Sum Properties pp. 217-224 


Find the measure of the exterior angle shown. 


x? 
. Use the Exterior Angle Theorem to write and solve an 
equation to find the value of x. 60° (2x — 204 
(2x — 20)” = 60° + x° Apply the Exterior Angle Theorem. 
x = 80 Solve for x. 
. The measure of the exterior angle is (2 • 80 — 20)", or 140°. 
EXERCISES 
: EXAMPLE 3 Find the measure of the exterior angle shown. 
: on p. 219 6. E 7. M 2° 8. 
: for Exs. 6-8 20 


(2x — 25)? (9x + 9)? 
8x FPA 
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Chapter Review Practice 


| Apply Congruence апа Triangles pp. 225-231 


Use the Third Angles Theorem to find m/ X. 


In the diagram, ZA=ZZand Z C = Z Y. By the Third 
Angles Theorem, Z B = ZX. Then by the Triangle Sum 
Theorem, mZ В = 180° — 65° — 51° = 64”. 


So, mZ X = т/ В = 64° by the definition of congruent angles. il 2 
Х 

EXERCISES 
: EXAMPLES In the diagram, AABC= AVTU. B U V 
:2and4 — — Find the indicated measure. 
: on pp. 226-227 
: for Exs. 9-14 "ran Hug з "m 

11. mZ T 12. mZ V A C T 

Find the value of x. 

13. 14. 

120* 
20° [зм 
(2x + 4)° 
Prove Triangles Congruent by SSS pp. 234-239 


Prove that ALMN = APMN. 
The marks on the diagram show that LM = PM and Pb 
LN = PN. By the Reflexive Property, MN = MN. 


So, by the SSS Congruence Postulate, ALMN = APMN. 


EXERCISES 
: EXAMPLE 1 | Decide whether the congruence statement is true. Explain your reasoning. 
Tou dass 15. AXYZ = ARST 16. AABC = ADCB 
: for Exs. 15-16 
Y $ A 
LA) 
4 
Х ZR Т 
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: EXAMPLES 


: on pp. 240, 242 
: for Exs. 17-18 


: EXAMPLES 


: Bm киер 
: for Exs. 19-20 


CHAPTER REVIEW 


£ y | Prove Triangles Congruent by SAS and HL pp. 240-246 | 
ENT p 


Prove that А DEF = AGHF. 
From the diagram, DE = GH, Z E = ZH, and EF = HF. 


By the SAS Congruence Postulate, ADEF = AGHF. E F H 
EXERCISES 

Decide whether the congruence statement is true. Explain your reasoning. 
17. AQRS = ATUS 18. ADEF = AGHF 


Q T G 
D F 
$ Н 
В U Е 


AB || DC, / DAC = / ВСА апа / DCA = Z BAC by the Alternate Interior Angles 
Theorem. So, by the ASA Congruence Postulate, Л АРС = A СВА. 


EXERCISES 
State the third congruence that is needed to prove that ADEF = AGHJ 
using the given postulate or theorem. 


19. GIVEN > DE = GH, LD= 2G, 2 = ? 


— g G 
Use the AAS Congruence Theorem. с. 
— D 
20. GIVEN > DF = С), LF= 4J, 2? =? С 
Е Р 


Use the ASA Congruence Postulate. 


ls e — F H 
GIVEN > FG = JG, EG = НС e ч 
PROVE > EF = HJ E d 


You are given that FG = JG and EG = HG. By the Vertical Angles Congruence 


Theorem, / FGE = ZJGH. So, AFGE = AJGH by the SAS Congruence Postulate. 


Corresponding parts of = A are =, so EF = HJ. 
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G 


£ „Б | Prove Triangles Congruent by ASA апа AAS pp. 249-255 | 


А В 
Prove that ADAC = ABCA. {NZ 
By the Reflexive Property, AC = AC. Because AD || BC and D C 


£ 6 | Use Congruent Triangles pp. 256-263 | 


@Homelutor 
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Chapter Review Practice 


EXERCISES 
: EXAMPLE3 | Write a plan for proving that Z 1 = 22. 
: on p. 257 
: for Exs. 21-23 21. A B 22. F 23. | 0 ; 

5 Т 
C D E id p T 4" 
H 
Use Isosceles and Equilateral Triangles pp. 264-270 


A QRS is isosceles. Name two congruent angles. 


QR = QS, so by the Base Angles Theorem, / R = ZS. 


EXERCISES 
: EXAMPLE3 | Find the value of x. 
: On p. 266 
: for Exs. 24-26 | ^^ 1 25. WK gp (X * 30} 

M 9 ft Y 
9 ft 
N X 
Perform Congruence Transformations pp. 272-279 


Triangle ABC has vertices A(—5, 1), B(—4, 4), and C(-2, 3). Sketch AABC 
and its image after the translation (x, y) — (x + 5, y + 1). 


(ay О ||} || 
А(—5, 1) > (0,2) ШШЕ; 

В(—4, 4) > (1,5) 
C(-2, 3) > (3, 4) 


| EXERCISES 
: EXAMPLES Triangle QRS has vertices Q (2, —1), R(5, —2), and S(2, —3). Sketch A QRS 


P енне та нананннн and its image after the transformation. 
: on pp. 273-274 


: for Exs. 27-29 27. (XV) ~(% — 1974+ 5) 28. (x, y) > (x, —y) 29. (x, y) — (—X, —y) 
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CHAPTER TEST 


Classify the triangle by its sides and by its angles. 


In Exercises 4-6, find the value of x. 


7. In the diagram, DEFG = WXFG. 
Find the values of x and y. 


/ 


In Exercises 8-10, decide whether the triangles can be proven congruent by 
the given postulate. 


8. AABC= AEDC by SAS 9. ЛЕСН = AJKL by ASA 10. AMNP = APQM by SSS 


A B En d L N Р 
y 
F н УК М Q 


D E 

11. Write a proof. ч 
GIVEN > AABCis isosceles with base AC, BD bisects / B. Pb 
PROVE > ЛАВР = ACBD A D C 


12. What is the third congruence needed to prove that 
APQR = ASTU using the indicated theorem? 


a. HL b. AAS 


P| tA | 
pty tit 


m 
иш 
NM 
E 
ШЕ; 
mu 
иш 
ин 
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SOLVE INEQUALITIES AND ABSOLUTE VALUE EQUATIONS 


xy] EXAMPLE 1) Solve inequalities 


Solve —3x + 7 x 28. Then graph the solution. 


When you multiply or divide each side of an inequality by a negative number, 
you must reverse the inequality symbol to obtain an equivalent inequality. 


=3x +7 = 26 Write original inequality. 
—3x < 21 Subtract 7 from both sides. 


х= = Divide each side by —3. Reverse the inequality symbol. 


> The solutions are all real numbers greater than <p — > 
or equal to —7. The graph is shown at the right. =e =p —4 -2 0 


xy) EXAMPLE 2 | Solve absolute value equations 


Solve |2x + 1| = 5. 
The expression inside the absolute value bars can represent 5 or —5. 


STEP 7 Assume 2x + 1 represents 5. STEP 2 Assume 2х + 1 represents —5. 
2x+1=5 2x + l = —5 
2x=4 2x = —6 
x=2 x= -3 


> The solutions are 2 and —3. 


EXERCISES 

: EXAMPLE 1 | Solve the inequality. Then graph the solution. 

ие 1. x-6>-4 2. 7—c«-1 3. —54 2 6x 
4. Zt + 8 <33 5. 3(у + 2) <3 6. 22<2 
7. 5k + 16—11 8. 13.6 > —0.8 — 7.2r g. 5x +7<2x-3 
10. —v + 1259 — 2v 11. 4(N+5)>=5-Nn 12. 5y - 32 2(y – 9) 

: EXAMPLE2 | Solvethe equation. 

+ for Exs. 13727. | 13, |x —5| =3 14. |х+6| =2 15. |4- x| =4 
16. |2 - x| = 0.5 17. |3x - 1| - 8 18. |4х+5| - 7 
19. |x- 1.3| = 21 20. |3x — 15| = 0 21. |6x - 2| = 4 
22. |8x + 1| = 17 23. |9 — 2х| = 19 24. |0.5x — 4| = 2 
25. |5x -2| = 8 26. |7х+4| = H 27. |3x - 11| - 4 
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CONTEXT-BASED 
MULTIPLE CHOICE QUESTIONS 


Some of the information you need to solve a context-based multiple choice 
question may appear in a table, a diagram, or a graph. 


Five of six players on a lacrosse team = 
are set up in a 2-3-1 formation. In 7 
this formation, the players form two Md 
congruent triangles. Three attackmen 
form one triangle. Three midfielders | Ф 
form the second triangle. In the 
diagram, where should player L stand М ji 
so that AABC = AJKL? | | © 


(А) (8,8) (20, 60) E || |B 
© (40, 40) ®© (30, 15) z | 


Plan 
INTERPRET THE GRAPH Use the graph to determine the coordinates of each 
player. Use the Distance Formula to check the coordinates in the choices. 
Solution 

ч » For Л АВС, the coordinates аге A(20, 20), B(30, 10), and C(40, 20). For AJKL, 


Find the coordinates ої he coordinates are J(20, 40), K(30, 30), and L(_2_,_2_). 
each vertex. 


A »- Because ^ АВС = AJKL, BC = KL and CA = IJ. Find BC and CA. 
Calculate BC and CA. 
By the Distance Formula, BC = V(40 — 30)? + (20 — 10)? = V200 = 10V2 yards. 


Also, CA = V(20 — 40)? + (20 — 20) = V400 = 20 yards. 
STEP 3 


КШ? »- Check the coordinates given in the choices to see whether LJ = СА = 20 yards 


Check the choices t , 
те а that and KL = ВС = 10V2 yards. As soon as one set of coordinates does not work 


produce the congruent for the first side length, you can move to the next set. 


canespanding sides. Choice A: L(8, 8), so LJ = V(20 — 8)? + (40 — 8)? = 4/73 + 20 x 
Choice B: L(20, 60), so LJ = V(20 — 20)? + (40 — 60)? = V400 = 20 v 
and KL = ү(20 — 30)? + (60 — 30)? = V1000 + 10V2 x 
Choice C: L(40, 40), so LJ = V(20 — 40)? + (40 — 40)? = V400 = 20 v 
and KL = V(40 — 30)? + (40 — 30)? = V200 = 10V2 v 


Player L should stand at (40, 40). The correct answer is C. (А) © (D) 
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Use the diagram to find the value of y. 
15.5 27.5 


(С) 43 D) 82 


(ах — 47)° 


Plan 


INTERPRET THE DIAGRAM АП of the angle measures in the diagram are 
labeled with algebraic expressions. Use what you know about the angles in a 
triangle to find the value of y. 


Solution 
STEP 7 


КЫДА »- Use the Exterior Angle Theorem to find the value of x. 
Find the value of x. 


(Ax — 47)° = (2х — 4)° + х7 Exterior Angle Theorem 


4х — 47 =3x-—4 Combine like terms. 
x = 43 Solve for x. 
STEP 2 . à; 
КЫНА » Use the Linear Pair Postulate to find the value of y. 
Find the value of y. 
(4x — 47)” + 2y = 180° Linear Pair Postulate 
[4(43) — 47] + 2y = 180 Substitute 43 for x. 
125 + 2y = 180 Simplify. 
y = 27.5 Solve for y. 


The correct answer is В. (А) OD 


1. In Problem 2, what are the measures of the interior angles of the triangle? 
СА) 27.5°, 43°, 109.5° 27.5°, 51°, 86° 
СС) 40°, 60°, 80° (D> 43°, 55°, 82° 


2. What are the coordinates of the vertices 


(х,у) > (x— 2, y + 3)? 

СА) (3, 4), (4, 4), El, 6) 
(22, =D), (1, 3), (5, 1) 
© (4,1), (7, —D, (1, -3) 
(D> (-4, 2), (71, 6), (3, 4) 
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MULTIPLE CHOICE 


1. A teacher has the pennants shown below. 


Which pennants can you prove are 
congruent? 


СА) All of the pennants can be proven 
congruent. 


The Hawks, Cyclones, and Bobcats 


pennants can be proven congruent. 


(C> The Bobcats and Bears pennants can be 


proven congruent. 


(D> None of the pennants can be proven 


congruent. 


In Exercises 2 and 3, use the graph below. 


2. What type of triangle is A MNP? 


СА) Scalene 

Isosceles 

©) Right 

(D> Not enough information 


3. Which are the coordinates of point Q such 


that AMNP = AQPN? 
(А) (0, —3) 
(6, 3) 
© (12,3) 
(D> (3, —5) 
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4. The diagram shows the final step in folding 


an origami butterfly. Use the congruent 


quadrilaterals, outlined in black, to find the 


value of x + y. 


СА) 25 56 
(С) 81 (D> 106 
. Which reason cannot be used to prove that 
LAS ZD¢ 
A D 
B 5m F C 5m E 


СА) Base Angles Theorem 
Segment Addition Postulate 
(C) SSS Congruence Postulate 


(D> Corresponding parts of congruent 
triangles are congruent. 


6. Which coordinates are the vertices of a 


triangle congruent to AJKL? 
(А) (—5, 0), (—5, 6), (—1, 6) 
(-1, —5), (CL, =D), (1, —5) 
© (2, 1), (2, 3), (5, D 

D (4, 6), (6, 6), (6, 4) 


| {Л 

к Y 
Pit IAT | 
IIA | | 


UA -L-- 


GRIDDED ANSWER 
7. What is the perimeter of the triangle? 
3x — 2 2x +3 


5x 


8. Figure ABCD has vertices A(0, 2), B(—2, —4), 
C(2, 7), and D(5, 0). What is the y-coordinate 
of the image of vertex B after the translation 
(x, y) > (x + 8, y — 0.5)? 


РЭ, STATE TEST PRACTICE 
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SHORT RESPONSE 


10. If AABE = A EDC, show that A EFA = A CBE. 


11. Two triangles have the same base and height. 
Are the triangles congruent? Justify your 


answer using an example. 


9. What is the value of x? 


12. Iftwo people construct wooden frames 
for a triangular weaving loom using the 
X (зх + 18)° instructions below, will the frames be 
congruent triangles? Explain your reasoning. 
Construct the frame so that the loom has 
a 90° angle at the bottom and 45° angles 
at the two upper corners. The piece of 
wood at the top should measure 72 inches. 


Б] 


EXTENDED RESPONSE 


13. 


14. 


Use the diagram at the right. 


a. Copy the diagram onto a piece of graph paper. Reflect AABCin 
the x-axis. 


b. Copy and complete the table. Describe what you notice about the 
coordinates of the image compared to the coordinates of AABC. 


ENDS 


Kylie is designing a quilting pattern using two different fabrics. The 
diagram shows her progress so far. 


a. Use the markings on the diagram to prove that all of the white 
triangles are congruent. 


b. Prove that all of the shaded triangles are congruent. 
c. Can you prove that the shaded triangles are right triangles? Explain. 
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Test Practice 


properties of lines and 
segments associated 


inequalities to make 
comparisons between 


proof and indirect proof 
are introduced. 


m 


b Relationships. ІЛ ГИТ 
Triangles 5 


of Chapter 5 51 Midsegment Theorem and Coordinate Proof 
This chapter focuses on 5.2 Use Perpendicular Bisectors 
5.3 Use Angle Bisectors of Triangles 
with triangles and uses 5.4 Use Medians and Altitudes 
5.5 Use Inequalities in a Triangle 
triangles. Coordinate 5.6 Inequalities in Two Triangles and Indirect Proof 


( Before > 


Previously, you learned the following skills, which you'll use in Chapter 5: 
plotting points, finding distances, using properties of triangles, and solving 
inequalities. 


y > Г Ow p | 11 
Bh) sat Savahbhiet Ta [ ДР a 
nos" = - | | x | -— S EA Bg, 
Ж Мы la MA | AM Е 4 "EN" d BB 
| 


VOCABULARY CHECK 


1. Isthe distance from point P to line AB equal to P 
the length of PQ? Explain why or why not. А qg 
B 
SKILLS AND ALGEBRA CHECK 


Plot the point in a coordinate plane. (Prerequisite skill for 5.1) 
2. (4, —3) 3. (2,3) 4. (0, 1) 5, (—4, —1) 


APQR has the given vertices. Find the length of each side. Then classify the a À E. E i 
triangle by its sides. (Prerequisite skill for 5.1, 5.4) | o e 


6. P(2, 0), Q(6, 6), and R(12, 2) 7. P(2, 3, Q(4, 7), and R(11, 3) 
In the diagram, CE = EB and mZCAD = mZBAD.Find (3х + 6)° А (5х — 24) 
the specified measurement. (Prerequisite skill for 5.2, 5.3) | EY 
8. CE 9. mZ BAC 151° < . - 


C у+12 E 2y В A "E E “ 
Solve. (Prerequisite skill for 5.5) ^ ч 
10. 43>x+ 35 11. -—14<x+9 12. x + 26<54 ж EM 
@Homelutor Prerequisite skills practice at classzone.com | = EN 


Now 


In Chapter 5, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 343. You will also use the key vocabulary listed below. 


Big Ideas 


O Using properties of special segments in triangles 
O Using triangle inequalities to determine what triangles are possible 
O Extending methods for justifying and proving relationships 


KEY VOCABULARY 

* midsegment of a triangle, p. 295 * incenter, p. 312 

* coordinate proof, p. 296 * median of a triangle, p. 319 
* perpendicular bisector, p. 303 * centroid, p. 319 

* equidistant, p. 303 * altitude of a triangle, p. 320 
* point of concurrency, p. 305 * orthocenter, p. 321 

* circumcenter, p. 306 * indirect proof, p. 337 


You can use triangle relationships to find and compare angle measures and 
distances. For example, if two sides of a triangle represent travel along two 
roads, then the third side represents the distance back to the starting point. 


um 


The animation illustrated below for Example 2 on page 336 helps you answer 
this question: After taking different routes, which group of bikers is farther 


from the camp? 


A diagram of the bikers' travel is shown below. The distances biked and the distances back 
L to start form two triangles, each with a 2 mile side and a 1.2 mile side. 


2 miles 


E: 
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Other animations for Chapter 5: pages 296, 304, 312, 321, and 330 


retry AC ©. T n YA ITY Use before Lesson 5.7 


5.1 Investigate Segments in Triangles 


MATERIALS - graph paper «ruler + pencil 


How are the midsegments of a triangle related to the sides 
of the triangle? 


A midsegment of a triangle connects the midpoints of two sides of a triangle. 


( EXPLORE | Draw and find a midsegment 


STEP 1| Draw a right triangle STEP 2| Draw the midsegment 3| Make a table 
Draw a right triangle with legs Find the midpoints of OA and = the Case 2 triangle below. 


on the x-axis and the y-axis. OB. Plot the midpoints and label Copy and complete the table. 
Use vertices A(0, 8), B(6, 0), them D and E. Connect them to 
and O(0, 0) as Case 1. create the midsegment DE. 


Me)! | | | | | | 
NL LL LI LLLA 


E 
a 
a 
N 
№ 
a 


E 
a 
1 
- EMEN 
E] 


| 
Be FAS 
Li 
COLE 
AAA 


SHIT 
-SH 
a: Д1 


EEEREN 


| 


| 


MIN MC ca aleve ES Use your observations to complete these exercises 


1. Choose two other right triangles with legs on the axes. Add these 
triangles as Cases 3 and 4 to your table. 


2. Expand your table in Step 3 for Case 5 with A(0, n), B(k, 0), and O(0, 0). 
3. Expand your table in Step З for Case 6 with A(0, 2n), B(2k, 0), and O(0, 0). 


4. What do you notice about the slopes of AB and DE? What do you notice 
about the lengths of AB and DE? 


| 5. In each case, is the midsegment DE parallel to AB? Explain. 


6. Are your observations true for the midsegment created by connecting the 
midpoints of OA and AB? What about the midsegment connecting the 
midpoints of AB and OB? 


7. Make a conjecture about the relationship between a midsegment and a 
| side of the triangle. Test your conjecture using an acute triangle. 
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5.1 


Key Vocabulary 


e midsegment of 
a triangle 


e coordinate proof 


Midsegment Theorem 
and Coordinate Proof 


You used coordinates to show properties of figures. 
You will use properties of midsegments and write coordinate proofs. 


So you can use indirect measure to find a height, as in Ex. 35. 


A midsegment of a triangle is a segment B 
that connects the midpoints of two sides 

of the triangle. Every triangle has M Р 
three midsegments. 


The midsegments of AABC at the right are A М С 
MP, MN, and NP. 


THEOREM 


THEOREM 5.1 Midsegment Theorem B 


The segment connecting the midpoints D E 
of two sides of a triangle is parallel to the 
third side and is half as long as that side. A С 


Proof: Example 5, р. 297; Ex. 41, р. 300 DE | AC and DE = АС 


. Use the Midsegment Theorem to find lengths 


: READ DIAGRAMS 


: In the diagram for 

: Example 1, 

: midsegment UV can be 
: called “the midsegment 
: Opposite RT.” 


CONSTRUCTION Triangles are used for 
strength in roof trusses. In the diagram, 
UVand VWare midsegments of ARST. 
Find UV and RS. 


Solution 


UV = i RT = 5(90 in.) = 45 in. 


RS = 2 ¢ VW = 2(57 in.) = 114 in. 


GUIDED PRACTICE for Example 1 


1. Copy the diagram in Example 1. Draw and name the third midsegment. 


2. In Example 1, suppose the distance UW is 81 inches. Find VS. 
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(EXAMPLE 2 | Use the Midsegment Theorem 


In the kaleidoscope image, AE = BE and 
AD = CD. Show that CB || DE. 


Solution 


Because AE = BE and AD = CD, Eis the 
midpoint of AB and D is the midpoint of 
AC by definition. Then DE is a midsegment 
of A ABC by definition and CB || DE by the 
Midsegment Theorem. 


COORDINATE PROOF A coordinate proof involves placing geometric figures 
in a coordinate plane. When you use variables to represent the coordinates of 
a figure in a coordinate proof, the results are true for all figures of that type. 


( EXAMPLE 3 ] Place a figure in a coordinate plane 


Place each figure in a coordinate plane in a way that is convenient for 
finding side lengths. Assign coordinates to each vertex. 


a. Arectangle b. Ascalene triangle 


Solution 


It is easy to find lengths of horizontal and vertical segments and distances 
from (0, 0), so place one vertex at the origin and one or more sides on an axis. 


: USE VARIABLES a. Let represent the length and b. Notice that you need to use 
: The rectangle shown k represent the width. three different variables. 

: represents a general 

: rectangle because the у 


: choice of coordinates (h, К) 
: is based only on the 

: definition of a rectangle. 
: If you use this rectangle 
: to prove a result, the (0, 0) | Ch, 0) x 
: result will be true for " 

: all rectangles. 


¿AnimateaGeome [ГУ at classzone.com 


СА GUIDED PRACTICE for Examples 2 and 3 


3. In Example 2, if Fis the midpoint of CB, what do you know about DF? 


4. Show another way to place the rectangle in part (a) of Example 3 that is 
convenient for finding side lengths. Assign new coordinates. 


5. Is it possible to find any of the side lengths in part (b) of Example З 
without using the Distance Formula? Explain. 


6. A square has vertices (0, 0), (m, 0), and (0, m). Find the fourth vertex. 
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(EXAMPLE 4 ] Apply variable coordinates 


Place an isosceles right triangle in a coordinate plane. Then find the length 
of the hypotenuse and the coordinates of its midpoint M. 


: ANOTHER WAY Solution 


: For an alternative 


| nethad for solving the Place APQO with the right angle at 


| problem in Example 4, а в the length e| the "n 
: turn to page 302 for e k. Then the vertices are locate 

: the Problem Solving at P(0, К), Q(k, 0), and O(0, 0). 

: Workshop. 


Use the Distance Formula to find PQ. 
РО = V (k — 0? + (0 — lo? = Vk? + (—Ю°? = Vk? + k?  Vak? = kv2 


Use the Midpoint Formula to find the midpoint M of the hypotenuse. 


O+k k+01_ kk 
M(97*. 5°) = MÍ | 


(EXAMPLE 5 ] Prove the Midsegment Theorem 


Write a coordinate proof of the Midsegment 
Theorem for one midsegment. 


GIVEN » DEis a midsegment of AOBC. 
PROVE > DE | OC and DE = 50C 


Solution 
: WRITE PROOFS STEP Y Place AOBC and assign coordinates. Because you are finding 
RIDERE д> midpoints, use 2р, 2q, and 2r. Then find the coordinates of Р and E. 
: You can often assign рер мери 
: coordinates іп several 4+0 27+ 4+ 2р 27+ 
: D y = D(q, E | = E(q + p, 
: ways, so choose a way 2 2 (qr) 2 2 (q + p, 1) 
7 in edm d $TEP2 Prove DE | OC. The y-coordinates of D and E are the same, so DE 
: you can avoid fractions has a slope of 0. OC is on the x-axis, so its slope is 0. 


: by using 2p, 2q, and 2r. > Because their slopes are the same, DE || OC. 


$TEP3 Prove DE = 50C. Use the Ruler Postulate to find DE and OC. 


DE = |(q+ p) - d| =p OC = |2p — 0| = 2p 
> So, the length of DE is half the length of OC. 


GUIDED PRACTICE for Examples 4 and 5 


7. In Example 5, find the coordinates of F, the midpoint of OC. Then show 
that EF || OB. 


8. Graph the points O(0, 0), H(m, n), and J(m, 0). Is AOHJ a right triangle? 
Find the side lengths and the coordinates of the midpoint of each side. 
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EXERCI SES HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
5.1 KEY: on p. WS6 for Exs. 9, 21, and 37 
| Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 31, and 39 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: In A ABC, D is the midpoint of AB and 
Eis the midpoint of AC. DEisa_? of AABC. 


2. ж WRITING Explain why it is convenient to place a right 
triangle on the grid as shown when writing a coordinate 
proof. How might you want to relabel the coordinates of 
the vertices if the proof involves midpoints? 


: EXAMPLES FINDING LENGTHS DE is a midsegment of A ABC. Find the value of x. 


: ON pp. 295-296 = А Ы i ш ` 
: for Exs. 3—11 D 26 X D D 
A E C A E p A 6 E x С 


USING THE MIDSEGMENT THEOREM In A XYZ, XJ = JY, YL = LZ, and XK = KZ. 
Copy and complete the statement. 


6. JK||_2_ 7. JL||_2_ 
в. XYI 2 (9)7= 2 = 
10. JL=_? =? 11. K=? =? 


X 


: EXAMPLE 3 PLACING FIGURES Place the figure in a coordinate plane in a convenient 


: on p. 296 way. Assign coordinates to each vertex. 


i Tor Exs, 12-18 12. Right triangle: leg lengths are 3 units 13. Isosceles right triangle: leg length is 


and 2 units 7 units 
14. Square: side length is 3 units 15. Scalene triangle: one side length is 2m 
16. Rectangle: length is a and width is b 17. Square: side length is s 


18. Isosceles right triangle: leg lengthisp 19. Right triangle: leg lengths are r and s 


: EXAMPLES 20. COMPARING METHODS Find the length of the hypotenuse in Exercise 19. 
: 4 and 5 Then place the triangle another way and use the new coordinates to find 


: on p. 297 the length of the hypotenuse. Do you get the same result? 
: for Exs. 20-23 
APPLYING VARIABLE COORDINATES Sketch ^ ABC. Find the length and the 
slope of each side. Then find the coordinates of each midpoint. Is ^ABCa 
right triangle? Is it isosceles? Explain. (Assume all variables are positive, 
p * q, and m + n.) 


| CD A(0, 0), B(p, q), C(2p,0) 22. A(0, 0), B(h, h), C(2h,0) 23. A(0, n), B (m, n), C(m, 0) 
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CE) ALGEBRA Use AGHJ, where A, B, and C are midpoints of the sides. H 
24. If AB = 3x + 8 and GJ = 2x + 24, what is AB? 

25. If AC = 3y — 5 and HJ = 4y + 2, what is HB? 

26. If GH = 7z — 1 and BC = 4z — 3, what is GH? 


27. ERROR ANALYSIS Explain why the conclusion is incorrect. 


А 
РЕ = TBC, so by the 


Midsegment Theorem 
AD = DB and AE = EC. X 


B 10 C 


28. FINDING PERIMETER The midpoints of the three sides of a triangle are 
P(2, 0), Q(7, 12), and R(16, 0). Find the length of each midsegment and the 
perimeter of APQR. Then find the perimeter of the original triangle. 


APPLYING VARIABLE COORDINATES Find the coordinates of the red point(s) 
in the figure. Then show that the given statement is true. 


29. AOPQ = ARSQ 30. slope of HE = —(slope of DG) 


D(—2h, 0) 


31. Ж MULTIPLE CHOICE A rectangle with side lengths 3h and k has a vertex 
at (—h, К). Which point cannot be a vertex of the rectangle? 


32. RECONSTRUCTING A TRIANGLE The points T(2, 1), U(4, 5), and V(7, 4) are 
the midpoints of the sides of a triangle. Graph the three midsegments. 
Then show how to use your graph and the properties of midsegments to 
draw the original triangle. Give the coordinates of each vertex. 


33. 3-D FIGURES Points A, B, C, and D are the vertices of a 
tetrahedron (a solid bounded by four triangles). EF is a 
midsegment of A ABC, GEisa midsegment of A ABD, 
and FG is а midsegment of A ACD. 


Show that Area of AEFG = n e Area of ABCD. 


34. CHALLENGE In APQR, the midpoint of PQ is K(4, 12), the midpoint of QR 
is L(5, 15), and the midpoint of PR is M(6.4, 10.8). Show how to find the 
vertices of APQR. Compare your work for this exercise with your work for 
Exercise 32. How were your methods different? 
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: PREVIEW 


: Prepare for 
: Lesson 5.2 
: in Exs. 47-49. 


42. COORDINATE PROOF Write a coordinate proof. 
GIVEN > Л АВР is a right triangle, with the right angle at vertex A. 
Point C is the midpoint of hypotenuse BD. 
PROVE > Point Cis the same distance from each vertex of A ABD. 


43. MULTI-STEP PROBLEM To create the design below, shade the triangle 
formed by the three midsegments of a triangle. Then repeat the process 
for each unshaded triangle. Let the perimeter of the original triangle be 1. 


VY YFF 


Stage 0 Stage 1 Stage 2 Stage 3 


a. What is the perimeter of the triangle that is shaded in Stage 1? 
b. What is the total perimeter of all the shaded triangles in Stage 2? 
c. What is the total perimeter of all the shaded triangles in Stage 3? 


RIGHT ISOSCELES TRIANGLES In Exercises 44 and 45, write a coordinate proof. 


44, Any right isosceles triangle can be subdivided into a pair of congruent 
right isosceles triangles. (Hint: Draw the segment from the right angle to 
the midpoint of the hypotenuse.) 


45. Any two congruent right isosceles triangles can be combined to form a 
single right isosceles triangle. 


46. CHALLENGE XY is a midsegment of ALMN. Suppose 
DEis called a “quarter-segment” of ALMN. What do 
you think an “eighth-segment” would be? Make a 
conjecture about the properties of a quarter-segment 
and of an eighth-segment. Use variable coordinates 
to verify your conjectures. 


Зх — 1 2x +9 6x — 10 4x 4x + 22 1x +1 


State which postulate or theorem you can use to prove that the triangles are 
congruent. Then write a congruence statement. (pp. 225, 249) 


50. Х Y 91. B 92. P Q 
MA CE [D 
W Z D S R 
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‘Using ALTERNATIVE METHODS 


Another Way to Solve Example 4, page 297 


MULTIPLE REPRESENTATIONS When you write a coordinate proof, you often 
have several options for how to place the figure in the coordinate plane and 
how to assign variables. 


length of the hypotenuse and the coordinates of its midpoint M. 


, PROBLEM . Place an isosceles right triangle in a coordinate plane. Then find the 


‚ METHOD Placing Hypotenuse on an Axis Place the triangle with point C at (0, h) on 
the y-axis and the hypotenuse AB on the x-axis. To make 2 ACB be a right 
angle, position A and B so that legs CA and CB have slopes of 1 and —1. 


Length of hypotenuse = 2h 


_(—-h+h0+0)_ 
M=| J ' 2) (0, 0) 


1. VERIFYING TRIANGLE PROPERTIES Verify 4. CHOOSE Suppose you need to place a right 
that Z C above is a right angle. Verify that isosceles triangle on a coordinate grid and 
А ABC is isosceles by showing AC = BC. assign variable coordinates. You know you 
will need to find all three side lengths and all 
2. MULTIPLES OF 2 Find the midpoint and three midpoints. How would you place the 
length of each side using the placement triangle? Explain your reasoning. 
below. What is the advantage of using 2h 
instead of h for the leg lengths? 5. RECTANGLES Place rectangle PQRS with 
length т and width л in the coordinate 
y plane. Draw PR and QS connecting opposite 


corners of the rectangle. Then use 
coordinates to show that PR « QS. 


x 6. PARK A square park 


has paths as shown. NZ 
Use coordinates to 
3. OTHER ALTERNATIVES Graph А /КТ, апа determine whether a E 
verify that it is an isosceles right triangle. snack cart at point N 
Then find the length and midpoint of JK. is the same distance li 
a. J(0, 0), K(h, h), L(h, 0) from each corner. | " | 


b. J(—2h, 0), K(2h, 0), L(0, 2h) 
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‚2 


Key Vocabulary 


e perpendicular 
bisector 


• equidistant 

• concurrent 

e point of 
concurrency 

e circumcenter 


Use Perpendicular 
Bisectors 


You used segment bisectors and perpendicular lines. 
You will use perpendicular bisectors to solve problems. 


So you can solve a problem in archaeology, as in Ex. 28. 


In Lesson 1.3, you learned that a segment bisector 
intersects a segment at its midpoint. A segment, ray, 
line, or plane that is perpendicular to a segment at its 
midpoint is called a perpendicular bisector. 


A point is equidistant from two figures if the point 5 

is the same distance from each figure. Points on the CP is a 1 bisector of AB. 
perpendicular bisector of a segment are equidistant 

from the segment's endpoints. 


i: THEOREMS For Vour Wotebook 


THEOREM 5.2. Perpendicular Bisector Theorem 


4 > Ina plane, if a point is on the perpendicular 
гг bisector of a segment, then it is equidistant from 
the endpoints of the segment. 


> If CP is the L bisector of AB, then CA = CB. 
1; Proof: Ex. 26, p. 308 


F THEOREM 5.3 Converse of the Perpendicular Bisector Theorem 


In a plane, if a point is equidistant from the 


endpoints of a segment, then it is on the С 
|I: perpendicular bisector of the segment. 
> If DA = DB, then D lies on the L bisector of AB. i н 
Proof: Ex. 27, р. 308 
F D 


Use the Perpendicular Bisector Theorem 


Сї) ALGEBRA BDis the perpendicular bisector of AC. Find AD. 


AD = CD Perpendicular Bisector Theorem C -— 
ox = 3x + 14 Substitute. 
x=7 Solve for x. B D 
> AD = 5x = 5(7) = 35. pa х 


5.2 Use Perpendicular Bisectors 


303 


(EXAMPLE 2 ) Use perpendicular bisectors 


In the diagram, WX is the perpendicular V 


bisector of YZ. 25 25 


a. What segment lengths in the diagram 
are equal? 


SL 
b. Is Von WX? 


Solution 


a. WX bisects YZ, so XY - XZ. Because Wis on the perpendicular bisector of 
ҮЛ, WY = WZ by Theorem 5.2. The diagram shows that VY = VZ = 25. 


b. Because VY = VZ, Vis equidistant from Y and Z. So, by the Converse of 
the Perpendicular Bisector Theorem, V is on the perpendicular bisector 


Y GUIDED PRACTICE | for Examples 1 and 2 


In the diagram, JK is the perpendicular 
bisector of NL. 


1. What segment lengths are equal? Explain 
your reasoning. 


2. Find NK. 
3. Explain why M is on IK. 


FOLD THE PERPENDICULAR BISECTORS OF A TRIANGLE 


QUESTION Where do the perpendicular bisectors of a triangle meet? Materials: 


Follow the steps below and answer the questions about | drin Е 
perpendicular bisectors of triangles. aster 
STEP 1 Cut four large acute scalene triangles out 

of paper. Make each one different. B 

STEP 2 Choose one triangle. Fold it to form the К 
perpendicular bisectors of the sides. Do the three “Meg 
bisectors intersect at the same point? e 
STEP 3 Repeat the process for the other three A E — БИ. n 


triangles. Make a conjecture about the 
perpendicular bisectors of a triangle. 


STEP4 Choose one triangle. Label the vertices A, 
B, and C. Label the point of intersection of the 
perpendicular bisectors as P. Measure AP, BP, 
and CP. What do you observe? 
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CONCURRENCY When three or more lines, rays, or segments intersect in the 
same point, they are called concurrent lines, rays, or segments. The point of 
intersection of the lines, rays, or segments is called the point of concurrency. 


: READ VOCABULARY As you saw in the Activity on page 304, the three perpendicular bisectors of a 


: The perpendicular triangle are concurrent and the point of concurrency has a special property. 
: bisector of a side of a 
: triangle can be referred . 


toasa perpendicular » THEOREM For Vour Notebook 


: bisector of the triangle. 


THEOREM 5.4 Concurrency of Perpendicular Bisectors of a Triangle 


The perpendicular bisectors of a triangle B 
intersect at a point that is equidistant from 

the vertices of the triangle. D F 

If PD, PE, and PF are perpendicular bisectors, 

then PA = PB = PC. Es | А 
Proof: p. 933 А Р C 


CAB Use the concurrency of perpendicular bisectors 


FROZEN YOGURT Three snack carts sell ЩЕ 
frozen yogurt from points A, B, and C 
outside a city. Each of the three carts is 
the same distance from the frozen yogurt 
distributor. 


Find a location for the distributor that 
is equidistant from the three carts. 


Solution 


Theorem 5.4 shows you that you can find a 

point equidistant from three points by using the Б 
perpendicular bisectors of the triangle formed by 

those points. Ф 


Copy the positions of points А, В, апа Сапа Ф 
connect those points to draw Л АВС. Then A 

use a ruler and protractor to draw the three ГУ 
perpendicular bisectors of Л АВС. The point of 

concurrency D is the location of the distributor. C 


Y GUIDED PRACTICE | for Example 3 


4. WHAT IF? Hot pretzels are sold from points A 
and B and also from a cart at point E. Where 
could the pretzel distributor be located if it is 
equidistant from those three points? Sketch the 
triangle and show the location. 


en 
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: READ VOCABULARY CIRCUMCENTER The point of concurrency of the three perpendicular 


: The prefix circum- bisectors of a triangle is called the circumcenter of the triangle. The 
: means “around” circumcenter P is equidistant from the three vertices, so P is the center of a 
: or “about” as in circle that passes through all three vertices. 


: circumference (distance 
: around a circle). 


LUN 


ODAN 
NZ 


Acute triangle Right triangle Obtuse triangle 
Pis inside triangle. Pis on triangle. P is outside triangle. 


As shown above, the location of P depends on the type of triangle. The circle 
with the center P is said to be circumscribed about the triangle. 


5.2 EXERCISES —— "н Omron 
» KEY: on p. WS6 for Exs. 15, 17, and 25 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 9, 25, and 28 


SKILL PRACTICE 


1. VOCABULARY Suppose you draw a circle with a compass. You choose 
three points on the circle to use as the vertices of a triangle. Copy and 
complete: The center of the circle is also the. ? of the triangle. 


2. ж WRITING Consider АВ. How can you describe the set of all points in a 
plane that are equidistant from A and B? 


: EXAMPLES E) ALGEBRA Find the length of AB. 
1 and 2 
: on pp. 303-304 n е 3x—86 P 2 
: for Exs. 3-15 
A D 
х + 18 
В 


REASONING Tell whether the information in the diagram allows you to 
conclude that Cis on the perpendicular bisector of AB. 
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: ЕХАМРГЕЗ 


En T. 305 vare o PER 
: for Exs. 16-17 


9. Ж MULTIPLE CHOICE Point P is inside A ABC and is equidistant from 
points A and B. On which of the following segments must P be located? 


(А) AB The perpendicular bisector of AB 
© The midsegment opposite AB (D> The perpendicular bisector of AC 
10. ERROR ANALYSIS Explain why the 
conclusion is not correct given the D 
information in the diagram. — 
A C 
E AB will pass through C. 


PERPENDICULAR BISECTORS In Exercises 11-15, use 
< — 
the diagram. JN is the perpendicular bisector of MK. 


11. Find NM. 12. Find JK. 
13. Find KL. 14. Find ML. 
(is) Is Lon JB? Explain your reasoning. 


USING CONCURRENCY In the diagram, the perpendicular bisectors of AABC 
meet at point G and are shown in blue. Find the indicated measure. 


16. Find BG. B 
6 


ZAN 


18. CONSTRUCTING PERPENDICULAR BISECTORS Use the construction 
shown on page 33 to construct the bisector of a segment. Explain why the 
bisector you constructed is actually the perpendicular bisector. 


19. CONSTRUCTION Draw a right triangle. Use a compass and straightedge to 
find its circumcenter. Use a compass to draw the circumscribed circle. 


ANALYZING STATEMENTS Copy and complete the statement with always, 
sometimes, or never. Justify your answer. 
20. The circumcenter of a scalene triangle 15 _? inside the triangle. 


21. Ifthe perpendicular bisector of one side of a triangle goes through the 
opposite vertex, then the triangle is  ? isosceles. 


22. The perpendicular bisectors of a triangle intersect at a point that is _? 
equidistant from the midpoints of the sides of the triangle. 


X М 


23. CHALLENGE Prove the statements in parts (a) - (c). 
GIVEN № Plane P is a perpendicular bisector of XZ at Y. 
PROVE » a. XW = ZW 

b. XV=ZV 
с. L VXW = L VZW Z 
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PROBLEM SOLVING 


24. BRIDGE A cable-stayed bridge is shown below. Two cable lengths are 
given. Find the lengths of the blue cables. Justify your answer. 


z m 


1955 m 


i. pham. uper 


C 1288 m + SS | AERE - 


melutor . for problem solving help at dasszone.com 


: EXAMPLE 3 (5) Ж SHORT RESPONSE You and two friends plan your house Mike's house 
e 9 


: on p. 305 


to walk your dogs together. You want your 


: for EXS. 25, 28 meeting place to be the same distance from 


308 


each person's house. Explain how you can use 


he diagram tol he meeting place. 
the diagram to locate the meeting place ® Ken's house 


p — | 
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26. PROVING THEOREM 5.2 Prove the Perpendicular Bisector Theorem. 


GIVEN > CP is the perpendicular bisector of AB. 
PROVE > CA = CB 


Plan for Proof Show that right triangles AAPC and ABPC 
are congruent. Then show that CA = CB. 


A F 


со 


27. PROVING THEOREM 5.3 Prove the converse of Theorem 5.2. C 


(Hint: Construct a line through C perpendicular to AB at P.) | ui > | 
GIVEN » CA = CB 


PROVE > Cis on the perpendicular bisector of AB. 


28. Ж EXTENDED RESPONSE Archaeologists find three 
stones. They believe that the stones were once part 
of a circle of stones with a community firepit at its 
center. They mark the locations of Stones A, B, and 
C on a graph where distances are measured in feet. 


a. Explain how the archaeologists can use a sketch 
to estimate the center of the circle of stones. 


b. Copy the diagram and find the approximate 
coordinates of the point at which the 
archaeologists should look for the firepit. 


29. TECHNOLOGY Use geometry drawing software to construct AB. Find the 
midpoint C. Draw the perpendicular bisector of AB through C. Construct 
a point D along the perpendicular bisector and measure DA and DB. 
Move D along the perpendicular bisector. What theorem does this 
construction demonstrate? 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
on p. WS1 TEST PRACTICE 


30. COORDINATE PROOF Where is the circumcenter located in any right 
triangle? Write a coordinate proof of this result. 


PROOF Use the information in the diagram to prove the given statement. 


31. AB = BCif and only if D, E, and B 32. PVis the perpendicular bisector 
are collinear. of TQ for regular polygon PQRST. 


A Р 
Т Q 
D B 
C S V В 


33. CHALLENGE The four towns on the map are building a 
common high school. They have agreed that the school 
should be an equal distance from each of the four towns. 
Is there a single point where they could agree to build 
the school? If so, find it. If not, explain why not. Usea 
diagram to explain your answer. 


MIXED REVIEW 


Solve the equation. Write your answer in simplest radical form. (p. 882) 


34. 5* + х? = 13? 35. x? + 15° = 17? 36. х2 + 10 = 38 
: PREVIEW Ray BD bisects / ABC. Find the value of x. Then find m ABC. (p. 24) 
: Prepare for 
: Lesson 5.3 in э, A D 
: EXS. 37-38. Бу 
(Зх + 18)° 
В C 


Describe the pattern in the numbers. Write the next number. (p. 72) 


39. 21, 16, 11,0, ,.. 40. 2, 6, 18, 54,... 41. 3,3, 4, 6,... 


QUIZ for Lessons 5.1-5.2 


Find the value of x. Identify the theorem used to find the answer. (pp. 295, 303) 


1. 2. 3. 
24 2x Дх — 14 
10 


4. Graph the triangle with vertices R(2a, 0), S(0, 2b), and T(2a, 2b), where 
a and b are positive. Find RT and ST. Then find the slope of SR and the 
coordinates of the midpoint of SR. (p. 295) 


EXTRA PRACTICE for Lesson 5.2, p. 904 22 ONLINE QUIZ at classzone.com 309 


3 


Key Vocabulary 
* incenter 


* angle bisector, 
p. 28 


e distance from a 
point to a line, 
p. 192 


: REVIEW DISTANCE 


: In Geometry, distance 
: means the shortest 

: length between two 
: objects. 


Use Angle Bisectors 
of Triangles 


You used angle bisectors to find angle relationships. 


You will use angle bisectors to find distance relationships. 


So you can apply geometry in sports, as in Example 2. 


Remember that an angle bisector is a ray that divides an angle 
into two congruent adjacent angles. Remember also that the 
distance from a point to a lineis the length of the perpendicular 
segment from the point to the line. 


So, in the diagram, PS is the bisector of Z QPR and the distance 
from S to PQ is SQ, where SQ 1 PQ. 


THEOREMS For Your Notebook 


THEOREM 5.5 Angle Bisector Theorem 


If a point is on the bisector of an angle, then it 
is equidistant from the two sides of the angle. 


— —_ > — > 
If AD bisects Z BAC and DB 1 AB and DC 1 AC, 
then DB = DC. 


Proof: Ex. 34, p. 315 


THEOREM 5.6 Converse of the Angle Bisector Theorem 


If a point is in the interior of an angle and is 
equidistant from the sides of the angle, then it 
lies on the bisector of the angle. A 


—_ — — > — 
If DB 1 AB and DC 1 AC and DB = DC, then AD 
bisects / BAC. 


Proof: Ex. 35, p. 315 


Е 
| 
C 
Е 
| 
C 


Use the Angle Bisector Theorems 


Find the measure of Z GF]. 


Solution 


Because JG L FG and JH L FH and JG = JH=7, Hf 
bisects / GFH by the Converse of the Angle Bisector 
Theorem. So, mZ СЕЈ = m£ HFJ = 42°. 
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Solve a real-world problem 


SOCCER A soccer goalie’s position relative to the ball and goalposts forms 
congruent angles, as shown. Will the goalie have to move farther to block a 
shot toward the right goalpost R or the left goalpost L? 


Solution 


The congruent angles tell you that the goalie is on the bisector of / LBR. By 
— — 
the Angle Bisector Theorem, the goalie is equidistant from BR and BL. 


» So, the goalie must move the same distance to block either shot. 


Use algebra to solve a problem 


Є) ALGEBRA For what value of x does P lie on the bisector of / А? 


Solution 

From the Converse of the Angle Bisector Theorem, B 

you know that P lies on the bisector of ZA if P x+3 

is equidistant from the sides of / А, so when BP = CP. A р 
ВР = СР Set segment lengths equal. 2x — 1 


x+3=2x-1 Substitute expressions for segment lengths. 
4= х Solve for х. 


> Point P lies on the bisector of Z A when x = 4. 


GUIDED PRACTICE for Examples 1, 2, and 3 


In Exercises 1-3, find the value of x. 


1. -i 2. Z 3. 
S> «ер 


4. Do you have enough information to conclude Q 
—> 
that QS bisects / PQR? Explain. 


5.3 Use Angle Bisectors of Triangles 
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ТНЕОВЕМ For Your Notebook 


: READ VOCABULARY {: THEOREM 5.7 Concurrency of Angle Bisectors of a Triangle 


: An angle bisector of a | 

: triangle is the bisector of 1- 
: an interior angle ofthe < 
: triangle. 


The angle bisectors of a triangle intersect at 
a point that is equidistant from the sides of 
the triangle. 


If AP, BP, and CP are angle bisectors of A ABC, 
then PD = PE = PF. 


Proof: Ex. 36, p. 316 


The point of concurrency of the three angle bisectors of a triangle is called 
the incenter of the triangle. The incenter always lies inside the triangle. 


Because the incenter P is equidistant from the three sides of the triangle, a 
circle drawn using P as the center and the distance to one side as the radius 
will just touch the other two sides. The circle is said to be inscribed within 
the triangle. 


( EXAMPLE 4 ] Use the concurrency of angle bisectors 


| 


In the diagram, Nis the incenter of AABC. Find ND. 


Solution C 
: REVIEW QUADRATIC | By the Concurrency of Angle Bisectors of a Triangle 
; EQUATIONS — | Theorem, the incenter Nis equidistant from the sides 
: For help with solving |. of AABC. So, to find ND, you can find NFin ANAF. 
: a quadratic equation Use the Pythagorean Theorem stated on page 18. 
: by taking square roots, Z^ $ 
: see page 882. Use only с° = а + р Pythagorean Theorem 
: ine аена кы Га 20° = МЕ? + 16° Substitute known values. 
: when finding a distance, | 
: as in Example 4. 400 = МЕ? + 256 Multiply. 

144 = NF* Subtract 256 from each side. 
12 = NF Take the positive square root of each side. 
» Because NF = ND, ND = 12. 
Guimatea Geometr у at classzone.com 


v GUIDED PRACTICE for Example 4 


5. WHAT IF? In Example 4, suppose you are not given AF or AN, but you 
are given that BF — 12 and BN - 13. Find ND. 
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EXERCISES HOMEWORK: () = WORKED-OUT SOLUTIONS 
5.3 KEY: on p. WS6 for Exs. 7, 15, and 29 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 18, 23, 30, and 31 


' SKILL PRACTICE 


: EXAMPLE 1 


3 un " sen РВ 
: for Exs. 3-5 


: EXAMPLE 2 


: on p. 311 
: for Exs. 6-11 


1. VOCABULARY Copy and complete: Point Cis in the interior of Z ABD. If 
— 
Z ABC and / DBC are congruent, then BC isthe  ? of Z ABD. 


2. ж WRITING How are perpendicular bisectors and angle bisectors of a 
triangle different? How are they alike? 


FINDING MEASURES Use the information in the diagram to find the measure. 
3. Find mZ ABD. 4. Find PS. 5. MZ YXW = 60°. Find WZ. 


ANGLE BISECTOR THEOREM Is DB = DC? Explain. 
n" D A D е р 
C C C 
REASONING Can you conclude that EH bisects / FEG? Explain. 


9. F 10. F 11. F 
H к Н = Н Е 
б G G 
EX) ALGEBRA Find the value of x. 
14. 
a 
(bx — 2)° 
a 


12. 
RECOGNIZING MISSING INFORMATION Can you find the value of x? Explain. 


@) Е 16 | " f 
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18. Ж MULTIPLE CHOICE What is the value of x in the diagram? 


(А) 13 18 
(Зх — 9)? 

(С) 33 (D> Not enough information 
: EXAMPLE Ф | USING INCENTERS Find the indicated measure. 
: i P S tous 19. Point D is the incenter of AXYZ. 20. Point Г is the incenter of A EGJ. 
: ' Find DB. Find AL. 

G 
Р H 
X G Z E 15 K J 


ERROR ANALYSIS Describe the error in reasoning. Then state a correct 
conclusion about distances that can be deduced from the diagram. 


21. 


23. Ж MULTIPLE CHOICE In the diagram, Nis the G 
incenter of A GHJ. Which statement cannot be 


deduced from the given information? ч 
Ф) NM=NK NL = NM F 
© NG=NJ D НК= НМ 
Ј К Н 


€ ALGEBRA Find the value of x that makes N the incenter of the triangle. 
24. B 25. R 


А 14х 
d ч F 
G 
Q H 24 P 


A 35 K C 


26. CONSTRUCTION Use a compass and a straightedge to draw AABC with 
incenter D. Label the angle bisectors and the perpendicular segments 
from D to each of the sides of AABC. Measure each segment. What do 
you notice? What theorem have you verified for your AABC? 


27. CHALLENGE Point Dis the incenter of AABC. B 
Write an expression for the length x in terms NP 
of the three side lengths AB, AC, and BC. Ш 
| i Ц 
AL C 


(С) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
314 on p. WS1 TEST PRACTICE 


o + үү 
. PROBLEM SOLVING 


: EXAMPLE 2 


: for Ex. 28 


28. FIELD HOCKEY In a field hockey game, 
the goalkeeper is at point G and a player 
from the opposing team hits the ball 
from point B. The goal extends from left 
goalpost L to right goalpost R. Will the 


goalkeeper have to move farther to keep x «e 
the ball from hitting L or R? Explain. 
 (Homelutor ` for problem solving help oe 
at classzone.com . Br EM 


KOI POND You are constructing a fountain in a 
triangular koi pond. You want the fountain to be 
the same distance from each edge of the pond. 
Where should you build the fountain? Explain your 
reasoning. Use a sketch to support your answer. 


EUN NNNM 


pr | 
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30. Ж SHORT RESPONSE What congruence postulate or theorem would you 
use to prove the Angle Bisector Theorem? to prove the Converse of the 
Angle Bisector Theorem? Use diagrams to show your reasoning. 


31. Ж EXTENDED RESPONSE Suppose you are given a triangle and are 
asked to draw all of its perpendicular bisectors and angle bisectors. 


a. For what type of triangle would you need the fewest segments? What 
is the minimum number of segments you would need? Explain. 


b. For what type of triangle would you need the most segments? What is 
the maximum number of segments you would need? Explain. 


CHOOSING A METHOD In Exercises 32 and 33, tell whether you would use 
perpendicular bisectors or angle bisectors. Then solve the problem. 


32. BANNER To make a banner, you will cut a triangle 
from an 8 inch by 11 inch sheet of white paper 


and paste a red circle onto it as shown. The circle 
should just touch each side of the triangle. Use a 
model to decide whether the circle's radius should 


be more or less than 25 inches. Can you cut the 
circle from a 5 inch by 5 inch red square? Explain. 
33. CAMP A map of a camp shows a pool at (10, 20), a nature center at (16, 2), 
and a tennis court at (2, 4). A new circular walking path will connect the 
three locations. Graph the points and find the approximate center of the 
circle. Estimate the radius of the circle if each unit on the grid represents 
10 yards. Then use the formula С = 27rr to estimate the length of the path. 
PROVING THEOREMS 5.5 AND 5.6 Use Exercise 30 to prove the theorem. 


34. Angle Bisector Theorem 35. Converse of the Angle Bisector Theorem 
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36. PROVING THEOREM 5.7 Write a proof ofthe Concurrency of 
Angle Bisectors of a Triangle Theorem. 


GIVEN > Л АВС, AD bisects ZCAB, BD bisects Z CBA, 
DE L AB, DF L BC, DG L CA 


PROVE > The angle bisectors intersect at D, which is 
equidistant from AB, BC, and CA. 


37. CELEBRATION You are planning a graduation party in the triangular 
courtyard shown. You want to fit as large a circular tent as possible on 
the site without extending into the walkway. 


a. Copy the triangle and show how to place 
the tent so that it just touches each edge. 
Then explain how you can be sure that there 
is no place you could fit a larger tent on the 
site. Use sketches to support your answer. 


b. Suppose you want to fit as large a tent as 
possible while leaving at least one foot of 
space around the tent. Would you put the 
center of the tent in the same place as you 
did in part (a)? Justify your answer. 


38. CHALLENGE You have seen that there is a point inside 
any triangle that is equidistant from the three sides of the 
triangle. Prove that if you extend the sides of the triangle to 
form lines, you can find three points outside the triangle, X Z 
each of which is equidistant from those three lines. 


MIXED REVIEW 
: PREVIEW Find the length of AB and the coordinates of the midpoint of AB. (p. 15) 
: Prepare for - B _ SEN Е 
: Lesson 5.4 in 39. A(-2, 2), B(-10, 2) 40. А(О, 6), B(5, 8) 41. А(—1, —3), B(7, —5) 
: Exs. 39-41. 


Explain how to prove the given statement. (p. 256) 
42. ZQNP= ZLNM 43. JG bisects Z FGH. 44. AZWX = AZYX 


L M F W. 
Q P H Y 


Find the coordinates of the red points in the figure if necessary. Then find 
OR and the coordinates of the midpoint M of RT. (p. 295) 


47. 
S(a, b) 


00,0) 0109,2) = 


Т(?,?) x 


O(0, 0) 


R(2p, 0) 
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Lessons 5.1-5.3 


1. SHORT RESPONSE A committee has 
decided to build a park in Deer County. The 
committee agreed that the park should be 
equidistant from the three largest cities in 
the county, which are labeled X, Y, and Zin 
the diagram. Explain why this may not be 
the best place to build the park. Use a sketch 
to support your answer. 


2. EXTENDED RESPONSE A woodworker is 
trying to cut as large a wheel as possible 
from a triangular scrap of wood. The wheel 
just touches each side of the triangle as 
shown below. 


a. Which point of concurrency is the 
woodworker using for the center of the 
circle? What type of special segment are 
BG, CG, and AG? 

b. Which postulate or theorem can you use 
to prove that ABGF = ABGE? 


c. Find the radius of the wheel to the 
nearest tenth of a centimeter. Explain 
your reasoning. 


3. SHORT RESPONSE Graph AGHJ with 
vertices G(2, 2), H(6, 8), and J(10, 4) and 
draw its midsegments. Each midsegment is 
contained in a line. Which of those lines has 
the greatest y-intercept? Write the equation 
of that line. Justify your answer. 


EVIEW of Problem Solving. f 7 


4. GRIDDED ANSWER Three friends are 


practicing disc golf, in which a flying disk is 
thrown into a set of targets. Each player is 

15 feet from the target. Two players are 

24 feet from each other along one edge of the 
nearby football field. How far is the target 
from that edge of the football field? 


‚ MULTI-STEP PROBLEM An artist created 


a large floor mosaic consisting of eight 
triangular sections. The grey segments are 
the midsegments of the two black triangles. 


28 ft 


a. The gray and black edging was created 
using special narrow tiles. What is the 
total length of all the edging used? 


b. What is the total area of the mosaic? 


. OPEN-ENDED If possible, draw a triangle 


whose incenter and circumcenter are 
the same point. Describe this triangle as 
specifically as possible. 


. SHORT RESPONSE Points Q 


S, T, and U are the 

midpoints of the sides С Т 
of APQR. Which angles 

are congruent to Z QST? 

Justify your answer. P U R 
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E ACTIVITY Use before Lesson 5.4 


+ Intersecting Medians 


MATERIALS + cardboard *straightedge «scissors + metric ruler 


Cut out triangle Draw Balance the triangle Balance Mark the balance point Mark 
a triangle on a piece of the triangle on the eraser end the point on the triangle where 
cardboard. Then cut it out. of a pencil. it balanced on the pencil. 


| | | : P\F | 
Find the midpoint Use a ruler Draw medians Draw а segment, Label points Label your triangle 
to find the midpoint of each or median, from each midpoint to as shown. What do you notice 
side of the triangle. the vertex of the opposite angle. about point P and the balance 
point in Explore 1? 


| 


1. Copy and complete the table. Measure in millimeters. 


Length of segment from vertex to midpoint of opposite side | AD =>? BF =? 


Length of segment from vertex to P | AP =? BP =? CP =? 
Length of segment from P to midpoint PD =? PF = ? 


2. How does the length of the segment from a vertex to P compare with the 
length of the segment from P to the midpoint of the opposite side? 


3. How does the length of the segment from a vertex to P compare with the 
length of the segment from the vertex to the midpoint of the opposite side? 
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5 Use Medians 
and Altitudes 


You used perpendicular bisectors and angle bisectors of triangles. 


| Now ] You will use medians and altitudes of triangles. 
So you can find the balancing point of a triangle, as in Ex. 37. 


Key Vocabulary As shown by the Activity on page 318, a 

e median of a triangle will balance at a particular point. 
triangle This point is the intersection of the medians 

e centroid of the triangle. 

• altitude ofa A median of a triangle is a segment from 
triangle 


e orthocenter 


a vertex to the midpoint of the opposite 
side. The three medians of a triangle are 
concurrent. The point of concurrency, called 


the centroid, is inside the triangle. Three medians meet at the centroid. 


THEOREM For Your Notebook 


THEOREM 5.8 Concurrency of Medians of a Triangle 


The medians of a triangle intersect at a point B 
that is two thirds of the distance from each 
vertex to the midpoint of the opposite side. D 


The medians of AABC meet at P and 292 s 


T AP= e AE, BP = “BF, and CP = 5 CD, 


> Proof: Ex. 32, p. 323; p. 934 


Use the centroid of a triangle 


In ARST, О is the centroid and SQ = 8. $ 


Find QW and SW. : S y 
Solution LOSA 


Concurrency of Medians of 
3 a Triangle Theorem 


8 = “sw Substitute 8 for SQ. 
12 = SW Multiply each side by the reciprocal, >. 
Then QW = SW – 50 = 12 – 8 = 4. 


> So, QW = 4 and SW = 
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* ( EXAMPLE 2 | Standardized Test Practice 


The vertices of AFGH are F(2, 5), G(4, 9), and H(6, 1). Which ordered 
pair gives the coordinates of the centroid Р of AFGH? 


СА) (3,5) (4, 5) © (4,7) D> (5, 3) 
Solution 
: CHECK ANSWERS. Sketch A.FGH. Then use the Midpoint Formula to 
: Median GK was used in find the midpoint K of FH and sketch median GK. 
: Example 2 because it is — 
: easy to find distances K Ex x E K (4, 3). 
: on a vertical segment. 
: It is a good idea to The centroid is two thirds of the distance from 
: check by finding each vertex to the midpoint of the opposite side. 
: the centroid using a 
: different median. The distance from vertex G(4, 9) to K(4, 3) is 
i P | 
9 — 3 = 6 units. So, the centroid is =(6) = 4 units 
Er q LLLE 
down from G on GK. 
The coordinates of the centroid P are (4, 9 — 4), or (4, 5). 


| > The correct answer is В. ® © D 


GUIDED PRACTICE for Examples 1 and 2 


There are three paths through a triangular park. 
Each path goes from the midpoint of one edge to 
the opposite corner. The paths meet at point P. 


1. If SC = 2100 feet, find PS and PC. 
2. If BT = 1000 feet, find TC and BC. 
| 3. If PT = 800 feet, find PA and TA. 


: MEASURES OF ALTITUDES An altitude of a Q Q 

: 1 К IANN: LES ТИТ triangle is the perpendicular altitude from 

: In the area formula for segment from a vertex to the Оов > 

: a triangle, A = Tbh, you Opposite side or to the line that 

: contains the opposite side. 

: can use the length of P R Р В 


: any side for the base 
: b. The height h is the 


: length of the altitude THEOREM 


: to that side from the 
: Opposite vertex. |: THEOREM 5.9 Concurrency of Altitudes of a Triangle 


The lines containing the altitudes of a triangle 
are concurrent. 


The lines containing AF, BE, and CD meet at G. 
Proof: Exs. 29-31, p. 323; p. 936 
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: READ DIAGRAMS 


: The altitudes are shown 
: in red. Notice that in the 
: right triangle the legs 

: are also altitudes. The 

; altitudes of the obtuse 

: triangle are extended to 
: find the orthocenter. 


CONCURRENCY OF ALTITUDES The point at which the lines containing the 
three altitudes of a triangle intersect is called the orthocenter of the triangle. 


( EXAMPLE 3 | Find the orthocenter 


Find the orthocenter P in an acute, a right, and an obtuse triangle. 


Solution 


Acute triangle Right triangle Obtuse triangle 
Р is inside triangle. Pis on triangle. Pis outside triangle. 


¿Animatea Geometry | at classzone.com 


ISOSCELES TRIANGLES In an isosceles triangle, the perpendicular bisector, 
angle bisector, median, and altitude from the vertex angle to the base are 
all the same segment. In an equilateral triangle, this is true for the special 
segment from any vertex. 


Prove a property of isosceles triangles 


Prove that the median to the base of an isosceles triangle is an altitude. 


Solution B 
GIVEN > A ABCis isosceles, with base AC. 
BD is the median to base AC. 
PROVE > BD is an altitude of A ABC. A D C 


Proof Legs AB and BC of isosceles Л ABC are congruent. 
CD = AD because BD is the median to AC. Also, BD = BD. Therefore, 
A ABD = ACBD by the SSS Congruence Postulate. 


ZADB = Z CDB because corresponding parts of = A are =. Also, 
ZADB and / CDB are a linear pair. BD and AC intersect to form a linear 
pair of congruent angles, so BD L AC and BD is an altitude of A ABC. 


r4 GUIDED PRACTICE for Examples 3 and 4 


4. Copy the triangle in Example 4 and find its orthocenter. 


5. WHAT IF? In Example 4, suppose you wanted to show 
that median BD is also an angle bisector. How would 
your proof be different? 


6. Triangle PQR is an isosceles triangle and 
segment OQ is an altitude. What else do you 
know about OQ? What are the coordinates of P? 


X 


0(0,0) Ah, 0) 
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54 EXERCISES —— "25 О-оо 
o KEY: on p. WS6 D Exs. 5, 21, and 39 
| Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 7, 11, 12, 28, 40, and 44 


SKILL P PRACTICE 


1. VOCABULARY Name the four types of points of concurrency introduced 
in Lessons 5.2-5.4. When is each type inside the triangle? on the triangle? 
outside the triangle? 


2. ж WRITING Compare a perpendicular bisector and an altitude of a 
triangle. Compare a perpendicular bisector and a median of a triangle. 


¡ EXAMPLE 1 | FINDING LENGTHS Gis the centroid of A ABC, B 
: on p. 319 BG = 6, AF = 12, and AE = 15. Find the length 
: for Exs. 3-7 of the segment. D F 
3. ЕС 4. BF [22 A. 
ФЕРЕ — A 12 
Өт 6. СЕ 
7. Ж MULTIPLE CHOICE In the diagram, Mis 


the centroid of A АСТ, CM = 36, MQ = 30, S 
and TS — 56. What is AM? 


СА) 15 (B5 30 A 
(С) 36 D 60 


: EXAMPLE 2 8. FINDING A CENTROID Use the graph shown. 


: on p. 320 a. Find the coordinates of P, the midpoint of ST. 
: for Exs. 8-11 Use the median UP to find the coordinates of 
the centroid Q. 


b. Find the coordinates of R, the midpoint of TU. 
Verify that SQ = = 


F C 
C 

Q 

y 


GRAPHING CENTROIDS Find the coordinates of the centroid P of ^ АВС. 
9. А(—1, 2), B(5, 6), C(5, —2) 10. A(0, 4), B(3, 10), C(6, —2) 


11. Ж OPEN-ENDED MATH Draw a large right triangle and find its centroid. 


: EXAMPLE 3 12. Ж OPEN-ENDED MATH Draw a large obtuse, scalene triangle and find 
Pon p. 321 ME its orthocenter. 
: for Exs. 12-16 
IDENTIFYING SEGMENTS Is BD a perpendicular bisector of ^ ABC? Is Вр а 


median? an altitude? 
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16. ERROR ANALYSIS A student uses the 
i i M R N 
fact that Tis a point of concurrency to 
conclude that NT = ENQ. Explain what 


is wrong with this reasoning. 


: EXAMPLE 4 REASONING Use the diagram shown and the given information to decide 


: on p. 321 whether YW is a perpendicular bisector, an angle bisector, a median, or an 
: for Exs. 17-22 altitude of ^XYZ. There may be more than one right answer. 


17. YWL XZ 18. LXYW= / ZYW 4 
19. XW= ZW 20. YW L XZ and XW = ZW 
(21) AXYW= AZYW 22. YW L XZ and XY = ZY X W 2 
ISOSCELES TRIANGLES Find the measurements. C 
Explain your reasoning. pud 
23. Given that DB 1 AC, find DC and mZ ABD. н CM ; 
6 
24. Given that AD = DC, find mZ ADB and mZ ABD. A 
RELATING LENGTHS Copy and complete the statement for A DEF with 
medians DH, EJ, and FG, and centroid K. 
25. EJ=_? К] 26. DK=_? KH 27. FG=_? KF 
28. * SHORT RESPONSE Any isosceles triangle can be placed in the 
coordinate plane with its base on the x-axis and the opposite vertex on 
the y-axis as in Guided Practice Exercise 6 on page 321. Explain why. 
CONSTRUCTION Verify the Concurrency of Altitudes of a Triangle by 
drawing a triangle of the given type and constructing its altitudes. (Hint: To 
construct an altitude, use the construction in Exercise 25 on page 195.) 
29. Equilateral triangle 30. Right scalene triangle 31. Obtuse isosceles triangle 


32. VERIFYING THEOREM 5.8 Use Example 2 on page 320. Verify that 
Theorem 5.8, the Concurrency of Medians of a Triangle, holds for the 
median from vertex F and for the median from vertex H. 


Є) ALGEBRA Point D is the centroid of ^ АВС. B 
Use the given information to find the value of x. 

33. BD = 4x + b and BF = 9x Lo : 
34. GD = 2х – 8 and GC = Зх + З LEA 
35. AD = 5x and DE = Зх - 2 а 2 j 


36. CHALLENGE KM is a median of AJKL. 
Find the areas of AJKM and ALKM. 
Compare the areas. Do you think that 17 
the two areas will always compare in 
this way, regardless of the shape of the E 
triangle? Explain. J З М 


X 


m 
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. PROBLEM SOLVING 


37. MOBILES To complete the mobile, you need to 
balance the red triangle on the tip of a metal rod. 
Copy the triangle and decide if you 
should place the rod at A or B. Explain. 


MOBILE INSTRUCTIONS 
Step 5: Attach red triangle hare. 


 (QHomelüutor ` for problem solving help 
~ at dasszone.com 


38. DEVELOPING PROOF Show two different ways that you can place an 
isosceles triangle with base 27 and height h on the coordinate plane. Label 
the coordinates for each vertex. 


_(OHomelutor © for problem solving help at classzone.com 


PAPER AIRPLANE Find the area of the 
triangular part of the paper airplane wing 
that is outlined in red. Which special 
segment of the triangle did you use? 


40. Ж SHORT RESPONSE In what type(s) of triangle can a vertex of the triangle 
be one of the points of concurrency of the triangle? Explain. 


41. COORDINATE GEOMETRY Graph the lines on the same coordinate plane 
and find the centroid of the triangle formed by their intersections. 


y, = Зх – 4 у, = їх +5 у= 5x4 


: EXAMPLE4 | 42. PROOF Write proofs using different methods. B 


GIVEN > A ABC is equilateral. 
BDis an altitude of AABC. 


PROVE > BD is also a perpendicular bisector of AC. A D 


: for Ex. 42 


Q 


a. Write a proof using congruent triangles. 
b. Write a proof using the Perpendicular Postulate on page 148. 


43. TECHNOLOGY Use geometry drawing software. 


a. Construct a triangle and its medians. Measure the 
areas of the blue, green, and red triangles. | 


A 
b. What do you notice about the triangles? | A NN а | 
с. Ifa triangle is of uniform thickness, what can you | В <=> | 
conclude about the weight of the three interior | 2 
triangles? How does this support the idea that a L 
triangle will balance on its centroid? = 


44. ж EXTENDED RESPONSE Use P(0, 0), Q(8, 12), and R(14, 0). 
a. What is the slope of the altitude from R to PQ? 


b. Write an equation for each altitude of A PQR. Find the orthocenter by 
finding the ordered pair that is a solution of the three equations. 


c. How would your steps change if you were finding the circumcenter? 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
324 on p. WS1 TEST PRACTICE 


45. CHALLENGE Prove the results in parts (a) - (с). 


GIVEN > LP and MO are medians of scalene ALMN. Point R is on LP 
ри mE —> к; ==> 
such that LP = PR. Point S is on МО such that МО = QS. 
PROVE > a. NS = NR 


b. NS and NR are both parallel to LM. 
с. К, №, and S are collinear. 


: PREVIEW 


: Prepare for 
: Lesson 5.5 in 
: Exs. 50—52. 


- MIXED REVIEW 


In Exercises 46-48, write an equation of the line that passes through points 
A and B. (p. 180) 


46. A(0, 7), B(1, 10) 47. A(4, —8), B(-2, —5) 48. A(5, —21), B(0, 4) 


49. In the diagram, AJKL = ARST. 


K J Т 
Find the value of x. (р. 225) + 
1 В $ 


Solve the inequality. (р. 287) 
50. 2x + 13<35 51. 12>—3х— 6 52. 6x « x + 20 
In the diagram, LM is the perpendicular 
bisector of PN. (p. 303) 

53. What segment lengths are equal? 

54. What is the value of x? 

55. Find MN. 


QUIZ for Lessons 5.3-5.4 


Find the value of x. Identify the theorem used to find the answer. (p. 310) 


l. 2, 


In the figure, P is the centroid of AXYZ, ҮР = 12, LX = 15, and LZ = 18. (p. 319) 
3. Find the length of LY. 


Y 
4. Find the length of YN. L EA Р 
5. Find the length of LP. LA act 
X P dm. 
Z 
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"Ж rh waa |y 7 HA CR EH A У 
Ш СОЛ ology / AN NE | YA j y N Y 
FAO, нн Е Use after lesson 5.4 


3.4 Investigate Points of Concurrency 


MATERIALS - graphing calculator or computer 


(QUESTION ) How are the points of concurrency in a triangle related? 


You can use geometry drawing software to investigate concurrency. 


(EXAMPLE 1 | Draw the perpendicular bisectors of a triangle 


STEP 1 STEP 2 


1 
| 


perpendicular to each side of a AABC at the feature to hide the perpendicular 
midpoint. Label the point of concurrency D. bisectors. Save as "EXAMPLEI." 
(EXAMPLE 2 | Draw the medians of the triangle 
STEP 7 


| 
| 
| 
| 
| 
| 
Draw perpendicular bisectors Draw a line Hide the lines Use the HIDE 


Draw medians Start with the figure you saved Hide the lines Use the HIDE 


as "EXAMPLEI." Draw the medians of A ABC. feature to hide the medians. 
Label the point of concurrency E. Save as “EXAMPLE2.” 
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(EXAMPLE 3 ] Draw the altitudes of the triangle 


STEP 7 STEP 2 


Oraw altitudes Start with the figure you saved fide the lines Use the HIDE 
as “EXAMPLE2.” Draw the altitudes of feature to hide the altitudes. 
A ABC. Label the point of concurrency F. Save as “EXAMPLE3.” 


PRACTICE 


1. Try to draw a line through points D, E, and F. Are the points collinear? 


2. Try dragging point A. Do points D, E, and F remain collinear? 


In Exercises 3-5, use the triangle you saved as “EXAMPLE3.” 
3. Draw the angle bisectors. Label the point of concurrency as point С. 
4. How does point С relate to points Р, E, and Р? 
5. Try dragging point A. What do you notice about points D, E, F, and G? 


DRAW CONCLUSIONS 


In 1765, Leonhard Euler (pronounced “oi'-ler”) proved that the 
circumcenter, the centroid, and the orthocenter are all collinear. The line 
containing these three points is called Euler's line. Save the triangle from 
Exercise 5 as “EULER” and use that for Exercises 6-8. 


6. Try moving the triangle’s vertices. Can you verify that the same three 
points lie on Euler's line whatever the shape of the triangle? Explain. 


7. Notice that some of the four points can be outside of the triangle. 
Which points lie outside the triangle? Why? What happens when you 
change the shape of the triangle? Are there any points that never lie 
outside the triangle? Why? 


8. Draw the three midsegments of the triangle. Which, if any, of the 
points seem contained in the triangle formed by the midsegments? Do 
those points stay there when the shape of the large triangle is changed? 
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Use Inequalities їп 
a Triangle 


5 


You found what combinations of angles are possible in a triangle. 


| Now ) You will find possible side lengths of a triangle. 
So you can find possible distances, as in Ex. 39. 


Key Vocabulary 
° side opposite, 
p. 241 
* inequality, p. 876 


Solution 


longest 
side 


largest 
angle shortest side 
The longest side and largest 

angle are opposite each other. 


Relate side length and angle measure 


Draw an obtuse scalene triangle. Find the largest angle and longest side and 
mark them in red. Find the smallest angle and shortest side and mark them 
in blue. What do you notice? 


smallest 
angle 


The shortest side and smallest 
angle are opposite each other. 


The relationships in Example 1 are true for all triangles as stated in the 
two theorems below. These relationships can help you to decide whether a 
particular arrangement of side lengths and angle measures in a triangle may 


be possible. 


THEOREMS 


: AVOID ERRORS THEOREM 5.10 


: Be careful not to 

: confuse the symbol 2 F 
: meaning angle with the +: 
: symbol < meaning is — 


If one side of a triangle is longer than another 
side, then the angle opposite the longer side is 
larger than the angle opposite the shorter side. 


: less than. Notice that E Proof: р. 329 

: the bottom edge of 4 

: the angle symbol 

: is horizontal. 4 * THEOREM 5.11 
If one angle of a triangle is larger than another 
angle, then the side opposite the larger angle is 
longer than the side opposite the smaller angle. 

+ Proof: Ex. 24, p. 340 
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For Your Notebook 


B 


A C 
AB>BC,somZC>mZA. 


30° 
A C 
mZA>mZC, so BC» АВ. 


* | EXAMPLE 2 | Standardized Test Practice 


: ELIMINATE CHOICES 


: You can eliminate 

: choice D because a 

: triangle with a 46? 

: angle and a 59° angle 
: cannot have an 85? 

: angle. The sum of 

: the three angles in a 

: triangle must be 180°, 
: but the sum of 46, 59, 
: and 85 is 190, not 180. 


STAGE PROP You are constructing a stage prop that shows a large 
triangular mountain. The bottom edge of the mountain is about 27 feet 
long, the left slope is about 24 feet long, and the right slope is about 20 feet 
long. You are told that one of the angles is about 46? and one is about 59*. 
What is the angle measure of the peak of the mountain? 


(А) 46° 59° O 75° 


Solution 


Draw a diagram and label the side lengths. The 
peak angle is opposite the longest side so, by 
Theorem 5.10, the peak angle is the largest angle. 


The angle measures sum is 180°, so the third angle 
measure is 180° — (46° + 59°) = 75°. You can now 
label the angle measures in your diagram. 27 ft 


longest side 


| > The greatest angle measure is 75°, so the correct answer is C. (А) © а» 


v GUIDED PRACTICE for Examples 1 and 2 


1. List the sides of ARST in order from $ 
shortest to longest. 121° 
2. Another stage prop is a right triangle with sides р 29° 30° т 


that are 6, 8, and 10 feet long and angles of 90°, 
about 37°, and about 53”. Sketch and label a diagram with the 
shortest side on the bottom and the right angle at the left. 


Theorem 5.10 


GIVEN » BC> AB B 


PROVE > mZ ВАС > т/ С » D 
A C 


Because mZ BAC = mZ1 + mZ3, it follows that mZ ВАС > т/ 1. Substituting 
mZ 2 for mZ 1 produces mZ BAC > mZ 2. 


Locate a point D on BC such that DB — BA. Then 
draw AD. In the isosceles triangle ^ ABD, Z1 = 22. 


Ву the Exterior Angle Theorem, mZ2 = mZ 3 + mZ C, so it follows that 
m. 2 > т/ C (see Exercise 27, page 332). Finally, because mZ BAC > mZ2 and 
т/ 2 > m C, you can conclude that mZ BAC > mZ C. 


5.5 Use Inequalities in a Triangle 
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THE TRIANGLE INEQUALITY Not every group of three segments can be used 
to form a triangle. The lengths of the segments must fit a certain relationship. 


For example, three attempted triangle constructions for sides with given 
lengths are shown below. Only the first set of side lengths forms a triangle. 


If you start with the longest side and attach the other two sides at its endpoints, 
you can see that the other two sides are not long enough to form a triangle in 
the second and third figures. This leads to the Triangle Inequality Theorem. 
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THEOREM For Your Notebook 

THEOREM 5.12 Triangle Inequality Theorem B 

The sum of the lengths of any two sides of a А LA, 

triangle is greater than the length of the third side. C 
AB + BC» AC AC + BC > AB AB + AC» BC 


Proof: Ex. 47, p. 334 


(EXAMPLE 3 ) Find possible side lengths 


С) ALGEBRA A triangle has one side of length 12 and another of 
length 8. Describe the possible lengths of the third side. 


Solution 


Let x represent the length of the third side. Draw diagrams to help visualize 
the small and large values of x. Then use the Triangle Inequality Theorem to 
write and solve inequalities. 


Small values of x Large values of x 


: USESYMBOLS 
AAA 12 X 


: You can combine the 
: two inequalities, x > 4 EU 
: and x< 20, to write the 12 8 


: compound inequality 


: 4<x<20. This can be x+8>12 8+12>x 
: ps is between л Яйык йй 


* The length of the third side must be greater than 4 and less than 20. 


v GUIDED PRACTICE for Example 3 


3. A triangle has one side of 11 inches and another of 15 inches. Describe the 
possible lengths of the third side. 
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EXERC I SES HOMEWORK: () = wORKED-OUT SOLUTIONS 
5.5 KEY: on p. WS6 for Exs. 9, 17, and 39 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 12, 20, 30, 39, and 45 


: SKILL PRACTICE 
1. VOCABULARY Use the diagram at the A 
right. For each angle, name the side that B 
is opposite that angle. 
C 


2. ж WRITING How can you tell from the angle measures of a triangle 
which side of the triangle is the longest? the shortest? 


: EXAMPLE 1 MEASURING Use a ruler and protractor to draw the given type of triangle. 


: on p. 328 _ Mark the largest angle and longest side in red and the smallest angle and 
: for Exs. 3-5 shortest side in blue. What do you notice? 
3. Acute scalene 4. Right scalene 5. Obtuse isosceles 


: EXAMPLE2 | WRITING MEASUREMENTS IN ORDER List the sides and the angles in order 


: on p. 329 from smallest to largest. 
: for Exs. 6-15 


12. Ж MULTIPLE CHOICE In ARST, which is 
a possible side length for ST? 


QD 7 8 
( 9 (D> Cannot be determined 


DRAWING TRIANGLES Sketch and label the triangle described. 


13. Side lengths: about 3 m, 7 m, and 9 m, with longest side on the bottom 
Angle measures: 16°, 41°, and 123°, with smallest angle at the left 


14. Side lengths: 37 ft, 35 ft, and 12 ft, with shortest side at the right 
Angle measures: about 71^, about 19°, and 90°, with right angle at the top 


15. Side lengths: 11 in., 13 in., and 14 in., with middle-length side at the left 
Two angle measures: about 48? and 71°, with largest angle at the top 


: EXAMPLE3 | IDENTIFYING POSSIBLE TRIANGLES Is it possible to construct a triangle with 


: on p. 330 the given side lengths? If not, explain why not. 


i for EXS.16-26 | 16,6711 (17)3, 6,9 18. 28, 34, 39 19. 35, 120, 125 
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20. Ж MULTIPLE CHOICE Which group of side lengths can be used to 
construct a triangle? 


(А) Зуй, 4 ft, 5 yd 3 yd, 5 ft, 8 ft 
(O) 1lin. 16 in., 27 in. (D 2ft llin., 12 in. 
POSSIBLE SIDE LENGTHS Describe the possible lengths of the third side of 
the triangle given the lengths of the other two sides. 
21. 5 inches, 12 inches 22. 3 meters, 4 meters 23. 12 feet, 18 feet 
24. 10 yards, 23 yards 25. 2 feet, 40 inches 26. 25 meters, 25 meters 


27. EXTERIOR ANGLE INEQUALITY Another triangle inequality relationship is 


given by the Exterior Angle Inequality Theorem. It states: 
B 
The measure of an exterior angle of a triangle is greater than 


the measure of either of the nonadjacent interior angles. 
Use a relationship from Chapter 4 to explain how you know that 
m/1>mZAand mZ 1>m2Z Bin AABC with exterior angle Z 1. 

ERROR ANALYSIS Use Theorems 5.10-5.12 and the theorem in Exercise 27 to 


explain why the diagram must be incorrect. 


28. 29. 
F M 16 Р 


17 
р G X iE X 
L Q 


30. * SHORT RESPONSE Explain why the hypotenuse of a right triangle must 
always be longer than either leg. 


ORDERING MEASURES Is it possible to build a triangle using the given 
side lengths? If so, list the angles of the triangle in order from least 
to greatest measure. 


31. PQ = V58, QR = 2V13, PR = 5V2 32. ST = V29, TU = 2V17, SU = 13.9 


E) ALGEBRA Describe the possible values of x. 


33. K 34. U 

x+11 чыды 6x — 11 3x - 1 
J  5x-9 L T 2x43 V 

35. USING SIDE LENGTHS Use the diagram at the right. Suppose 14 E 
XY bisects Z WYZ. List all six angles of AXYZ and AWXY in w 
order from smallest to largest. Explain your reasoning. 12 

36. CHALLENGE The perimeter of AHGF G Y 17 
must be between what two integers? 5 
Explain your reasoning. “< 

F H 
(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 


on p. WS1 TEST PRACTICE 


. PROBLEM SOLVING 


37. TRAY TABLE In the tray table shown, PQ « PR 
and QR « PQ. Write two inequalities about the 
angles in APQR. What other angle relationship 
do you know? 
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38. INDIRECT MEASUREMENT You can estimate the width of the river at 
point A by taking several sightings to the tree across the river at point B. 
The diagram shows the results for locations Cand D along the riverbank. 
Using ABCA and ABDA, what can you conclude about AB, the width of 
the river at point A? What could you do if you wanted a closer estimate? 


(QHomelutor 


for problem solving help at classzone.com 


: EXAMPLE3 . Ж EXTENDED RESPONSE You are planning a vacation to Montana. 


: on p. 330 You want to visit the destinations shown in the map. 


: for Ex. 39 a. A brochure states that the distance between Granite Peak and 


Fort Peck Lake is 1080 kilometers. Explain how you know that this 
distance is a misprint. 


b. Could the distance from Granite | | — 
Peak to Fort Peck Lake be 
40 kilometers? Explain. 


c. Write two inequalities to represent 
the range of possible distances from 
Granite Peak to Fort Peck Lake. 


d. What can you say about the distance 
between Granite Peak and Fort Peck Lake 
if you know that mZ 2 < mZ 1 and т/2 < т/ 3? 


FORMING TRIANGLES In Exercises 40-43, you are given a 24 centimeter 
piece of string. You want to form a triangle out of the string so that the 
length of each side is a whole number. Draw figures accurately. 


40. Can you decide if three side lengths form a triangle without checking all 
three inequalities shown for Theorem 5.12? If so, describe your shortcut. 


41. Draw four possible isosceles triangles and label each side length. Tell 
whether each of the triangles you formed is acute, right, or obtuse. 


42. Draw three possible scalene triangles and label each side length. Try to 
form at least one scalene acute triangle and one scalene obtuse triangle. 


43. List three combinations of side lengths that will not produce triangles. 
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44. SIGHTSEEING You get off the Washington, D.C., subway system at the 
Smithsonian Metro station. First you visit the Museum of Natural History. 
Then you go to the Air and Space Museum. You record the distances you 
walk on your map as shown. Describe the range of possible distances you 
might have to walk to get back to the Smithsonian Metro station. 


45. Ж SHORT RESPONSE Your house is 2 miles from the library. The library is 
3 
4 
your house to the grocery store? Explain. Include the special case when 
the three locations are all in a straight line. 


mile from the grocery store. What do you know about the distance from 


46. ISOSCELES TRIANGLES For what combinations of angle measures in an 
isosceles triangle are the congruent sides shorter than the base of the 
triangle? longer than the base of the triangle? 


47. PROVING THEOREM 5.12 Prove the Triangle Inequality Theorem. 


GIVEN > A ABC 
PROVE P (1) AB + BC > AC 

(2) AC + BC > AB 

(3) AB + AC > BC 
Plan for Proof One side, say BC, is longer than or at least as long ; as each 
of the other sides. Then (1) and (2) are true. To prove (3), extend AC to D 
so that AB « AD and use Theorem 5.11 to show that DC » BC. 


48. CHALLENGE Prove the following statements. 


a. The length of any one median of a triangle is less than half the 
perimeter of the triangle. 


b. The sum of the lengths of the three medians of a triangle is greater 
than half the perimeter of the triangle. 


"MIXED REVIEW N 


: PREVIEW In Exercises 49 and 50, write the if-then form, the converse, the inverse, and 
: Prepare for | the contrapositive of the given statement. (p. 79) 

: еи 49. A redwood is a large tree. 50. 5x — 2 = 18, because x = 4. 
: Exs. 49-50. 


51. A triangle has vertices A(22, 21), B(0, 0), and C(22, 2). Graph AABC and 
classify it by its sides. Then determine if it is a right triangle. (p. 217) 


Graph figure LMNP with vertices L(—4, 6), M(4, 8), N(2, 2), and P(—4, 0). 
Then draw its image after the transformation. (p. 272) 


52. (x,y) > (x + 3,y — 4) 53. (х,у) > (x, -y) 54. (x, y) > (х, y) 
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Key Vocabulary 
e indirect proof 


e included angle, 
p. 240 


5.6 


You used inequalities to make comparisons in one triangle. 
Г Now ] You will use inequalities to make comparisons in two triangles. 
So you can compare the distances hikers traveled, as in Ex. 22. 


Inequalities in Two Triangles 
and Indirect Proof 


Imagine a gate between fence posts A and B / 
that has hinges at A and swings open at B. / 


As the gate swings open, you can think of AABC, with side AC formed by 
the gate itself, side AB representing the distance between the fence posts, 
and side BC representing the opening between post B and the outer edge 
of the gate. 


Notice that as the gate opens wider, both the measure of / A and the 
distance CB increase. This suggests the Hinge Theorem. 


THEOREMS For Your Notebook 
THEOREM 5.13 Hinge Theorem 
If two sides of one triangle are congruent W 
to two sides of another triangle, and the VW б 
included angle of the first is larger than ш 
the included angle of the second, then the R 
third side of the first is longer than the T 
third side of the second. X 

WX > ST 


> Proof: Ex. 28, p. 341 


THEOREM 5.14 Converse of the Hinge Theorem 


If two sides of one triangle are congruent 


1. D 

1; to two sides of another triangle, and the A 

P third side of the first is longer than the 12 9 

Te third side of the second, then the included 

1; angle of the first is larger than the E BF E 


included angle of the second. т/С>т/Е 


q : Proof: Example 4, p. 338 
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Use the Converse of the Hinge Theorem 


Given that ST = PR, how does Z PST compare 
to Z SPR? 


Solution 


You are given that ST = PR and you know that PS = PS by the Reflexive 
Property. Because 24 inches > 23 inches, PT > RS. So, two sides of A STP are 
congruent to two sides of A PRS and the third side in A STP is longer. 


» By the Converse of the Hinge Theorem, mZ PST > mZ SPR. 


| EXAMPLE 2 ] Solve a multi-step problem 


BIKING Two groups of bikers leave the same camp 

heading in opposite directions. Each group goes 

2 miles, then changes direction and goes 1.2 miles. north 
Group A starts due east and then turns 45° toward 
north as shown. Group B starts due west and then east 
turns 30° toward south. 


turn 45° 
toward north 


Which group is farther from camp? Explain your reasoning. 


Solution 


Draw a diagram and mark the given measures. The distances biked and the 
distances back to camp form two triangles, with congruent 2 mile sides and 
congruent 1.2 mile sides. Add the third sides of the triangles to your diagram. 


x a = - m d J i > > a i... 
de P e. uic ие „А 
* n №. Е M 

= B ers 282 


2 тг 4 


A 
= y => 
A} = „т. 
`o i * й ж. à 


v - " E EM =" — =й E 

i Р x ^ " — == — = 7 а 3 
е = ~ T А И " > 

e ы Y 


^ m 


r2 


Next use linear pairs to find and mark the included angles of 150? and 135*. 


» Because 150° > 135°, Group B is farther from camp by the Hinge Theorem. 
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GUIDED PRACTICE for Examples 1 and 2 


Use the diagram at the right. P 
1. If PR = PS and mZ QPR > mZ QPS, which is longer, SQ or RQ? © 
2. If PR = PS and RQ < SQ, which is larger, Z РРО or Z SPQ? 


3. WHAT IF? In Example 2, suppose Group C leaves camp and goes Q 
2 miles due north. Then they turn 40° toward east and continue 
1.2 miles. Compare the distances from camp for all three groups. 
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INDIRECT REASONING Suppose a student looks around the cafeteria, 
concludes that hamburgers are not being served, and explains as follows. 


At first 1 assumed that we are having hamburgers because today 
is Tuesday and Tuesday is usually hamburger day. 


There is always ketchup on the table when we have hamburgers, 
so I looked for the ketchup, but I didn't see any. 


So, my assumption that we are having hamburgers must be false. 


The student used indirect reasoning. So far in this book, you have reasoned 
directly from given information to prove desired conclusions. 


In an indirect proof, you start by making the temporary assumption that the 
desired conclusion is false. By then showing that this assumption leads to a 
logical impossibility, you prove the original statement true by contradiction. 


: KEY CONCEPT For Vour Wotebook 


How to Write an Indirect Proof (Proof by Contradiction) 


STEP? Identify the statement you want to prove. Assume temporarily 
that this statement is false by assuming that its opposite is true. 


STEP2 Reason logically until you reach a contradiction. 


STEP 3 Point out that the desired conclusion must be true because the 
contradiction proves the temporary assumption false. 


| EXAMPLE 3 ) Write an indirect proof 


Write an indirect proof that an odd number is not divisible by 4. 


GIVEN > xis an odd number. 
PROVE ® x is not divisible by 4. 


Solution 


STEP? Assume temporarily that x is divisible by 4. This means that y =n 


for some whole number п. So, multiplying both sides by 4 gives 
х = 4n. 


STEP 2 If xis odd, then, by definition, x cannot be divided evenly by 2. 


: READ VOCABULARY However, x = 4n so > = > = 2n. We know that 2n is a whole number 
: You have reached a because n is a whole number, so x can be divided evenly by 2. This 


: contradiction when you 
: have two statements 

: that cannot both be true STEP 3 Therefore, the assumption that x is divisible by 4 must be false, 
: at the same time. which proves that x is not divisible by 4. 


contradicts the given statement that х 15 odd. 


r4 GUIDED PRACTICE for Example 3 
4. Suppose you wanted to prove the statement "If x + y = 14 and y = 5, then 


x * 9." What temporary assumption could you make to prove the 
conclusion indirectly? How does that assumption lead to a contradiction? 
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( EXAMPLE 4 | Prove the Converse of the Hinge Theorem 


Write an indirect proof of Theorem 5.14. 
GIVEN > AB = DE А 
ВС = ЕЕ 
AC > DF 
PROVE > mZ B» т/ E A C D F 


Proof Assume temporarily that т/ B ¿m2 E. Then, it follows that either 
mMZB=mZEormZB<mZe. 


Case 1 If mZ B = mZE, then / В = ZE. So, AABC = A DEF by the 
SAS Congruence Postulate and AC = DF. 


Case 2 If mZ B < mZ E, then AC < DF by the Hinge Theorem. 


Both conclusions contradict the given statement that AC > DF. So, the 
temporary assumption that mZ B ¿m2 E cannot be true. This proves 
that mZB>mZE. 


v GUIDED PRACTICE | for Example 4 


5. Write a temporary assumption you could make to prove the Hinge 
Theorem indirectly. What two cases does that assumption lead to? 


5.6 EXERCISES "и O eat vas 
ə KEY: on p. WS7 for Exs. 5, 7, and 23 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 9, 19, and 25 


. SKILL PRACTICE 


1. VOCABULARY Why is indirect proof also called proof by contradiction? 


2. * WRITING Explain why the name *Hinge Theorem" is used for 
Theorem 5.13. 


: EXAMPLE 1 APPLYING THEOREMS Copy and complete with <, >, or =. Explain. 


pup ous 3. AD ? CD 4. MN ? LK (s)rn .? UR 
: for Exs. 3-10 => 
x^ P 32 K J , 22° 
T E T 
ñ 
І U S 
D 
A C P N 24° 
6. т/1 ? т/2 (т)тг1 2 mZ2 8. т/1_°? mZ2 
| 14 39 
s 42 
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: EXAMPLES 


: on pp. 337-338 
: for Exs. 11-13 


9. Ж MULTIPLE CHOICE Which is a possible measure for ZJKM? — 5s L 
8 
do 20° 25° к » 
( 30? (D> Cannot be determined : 


10. USING A DIAGRAM The path from E to F 
is longer than the path from E to D. The 
path from G to D is the same length as 
the path from G to F. What can you 
conclude about the angles of the paths? 
Explain your reasoning. 


STARTING AN INDIRECT PROOF In Exercises 11 and 12, write a temporary 
assumption you could make to prove the conclusion indirectly. 


11. If x and y are odd integers, then xy is odd. 
12. In AABC, if mZ A = 100°, then Z B is nota right angle. 
13. REASONING Your study partner is planning to write an indirect proof to 


show that / A is an obtuse angle. She states "Assume temporarily that / А 
is an acute angle." What has your study partner overlooked? 


ERROR ANALYSIS Explain why the student's reasoning is not correct. 


14. 15. 
Q U 
X рух 
5 R Y X W 


By the Hinge Theorem, PQ < SR. By the Hinge Theorem, XW < XY. 


С) ALGEBRA Use the Hinge Theorem or its converse and properties of 
triangles to write and solve an inequality to describe a restriction on the 
value of x. 


16. 12 _(2x +5)? 17. 18. D 


19. Ж SHORT RESPONSE If NR is a median of A NPQ and NQ > NP, explain 
why Z NRQ is obtuse. 


20. ANGLE BISECTORS In A EFG, the bisector of Z Fintersects the bisector of 
Z G at point H. Explain why FG must be longer than FH or HG. 


21. CHALLENGE In Л ABC, the altitudes from B and C meet at D. What is true 
about AABC if mZ ВАС > mZ BDC? Justify your answer. 
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I a ae YT жж -——————————————————-= 
PROBLEM SOLVING 


: ne co А 
: for Ex. 22 


: EXAMPLES 


: on pp. 337-338. 
: for Exs. 23-24 


340 


22. 


24. 


25. 


26. 


HIKING Two hikers start at the visitor center. The first hikes 4 miles due 
west, then turns 40° toward south and hikes 1.8 miles. The second hikes 
4 miles due east, then turns 52° toward north and and hikes 1.8 miles. 
Which hiker is farther from the visitor center? Explain how you know. 


(23) INDIRECT PROOF Arrange statements A-E in R 


order to write an indirect proof of the corollary: 
If A PQR is equilateral, then it is equiangular. 


GIVEN » A РОР is equilateral. Р Q 


A. That means that for some pair of vertices, say P and О, mL P> т/ О. 
B. But this contradicts the given statement that A PQRis equilateral. 


С. The contradiction shows that the temporary assumption that A PQR 
is not equiangular is false. This proves that A PQR is equiangular. 


D. Then, by Theorem 5.11, you can conclude that QR > PR. 
E. Temporarily assume that A PQR is not equiangular. 
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PROVING THEOREM 5.11 Write an indirect proof of Theorem 5.11, page 328. 


GIVEN > mZD>mZE F 
PROVE b» EF» DF 


Plan for Proof In Case 1, assume that EF « DF. 
In Case 2, assume that EF = DF. D Ё 


Ж EXTENDED RESPONSE А scissors lift can be used to adjust 
the height of a platform. 


a. Interpret As the mechanism expands, KL gets longer. As 
KL increases, what happens to mZ LNR? to т/ КММ? 


b. Apply Name a distance that decreases as KL gets longer. 


c. Writing Explain how the adjustable mechanism illustrates 
the Hinge Theorem. 


PROOF Write a proof that the shortest distance from a point to a line 
is the length of the perpendicular segment from the point to the line. 


GIVEN P Line К; point A not on К; point B оп k such that AB L k A 
PROVE > AB is the shortest segment from A to k. 


Plan for Proof Assume that there is a shorter segment from A to k B k 
and use Theorem 5.10 to show that this leads to a contradiction. 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
on p. WS1 TEST PRACTICE 


| 27. USING A CONTRAPOSITIVE Because the contrapositive of a conditional 
is equivalent to the original statement, you can prove the statement by 
proving its contrapositive. Look back at the conditional in Example 3 on 
page 337. Write a proof of the contrapositive that uses direct reasoning. 
How is your proof similar to the indirect proof of the original statement? 


28. CHALLENGE Write a proof of Theorem 5.13, the Hinge Theorem. 


GIVEN > AB = DE, BC = EF, B C E F 
mZABC > mZ DEF Ax 
А 


PROVE b» AC» DF 


Plan for Proof и 

1. Because mZ ABC > mZ DEF, you can locate a point P B C 
in the interior of Z АВС so that Z CBP = Z FED and 
BP = ED. Draw BP and show that A PBC = A DEF. A H 

2. Locate a point H on AC so that BH bisects / PBA and P 


show that AABH = A PBH. 
3. Give reasons for each statement below to show that AC > DF. 
AC = AH + HC = PH + HC > РС = DF 


_ MIXED REVIEW 
: PREVIEW Write the conversion factor you would multiply by to change units as 
: Prepare for specified. (p. 886) 
po ш 29. inches to feet 30. liters to kiloliters 31. pounds to ounces 


: EXS. 29-31. 


Solve the equation. Write a reason for each step. (p. 105) 


32. 1.5(x + 4) = 5(2.4) 33. —3(-2x + 5) = 12 34. 2(5x) = 3(4x + 6) 
35. Simplify the expression -ay if possible. (p. 139) 
y 


pe——————————— 
QUIZ for Lessons 5.5-5.6 


1. Is it possible to construct a triangle with side lengths 5, 6, and 12? If not, 
explain why not. (p. 328) 


2. The lengths of two sides of a triangle are 15 yards and 27 yards. Describe 
the possible lengths of the third side of the triangle. (p. 328) 


3. In A PQR, mZ P = 48? and mZ О = 79°. List the sides of A PQR in order 
from shortest to longest. (p. 328) 


Copy and complete with «, >, or =. (p. 335) 


4. BA ? DA 5. mzl ?* mz2 
B 
a AA - 
A >C 8 
— 5 24 
D 
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Lessons 5.4-5.6 


1. MULTI-STEP PROBLEM In the diagram below, 


the entrance to the path is halfway between 
your house and your friend's house. 


Oak St. Maple St. 


Birch St. 


a. Can you conclude that you and your 
friend live the same distance from the 
school if the path bisects the angle 
formed by Oak and Maple Streets? 


b. Can you conclude that you and your 
friend live the same distance from the 
school if the path is perpendicular to 
Birch Street? 


c. Your answers to parts (a) and (b) show 
that a triangle must be isosceles if which 


two special segments are equal in length? 


2. SHORT RESPONSE The map shows your 
driving route from Allentown to Bakersville 
and from Allentown to Dawson. Which city, 
Bakersville or Dawson, is located closer to 
Allentown? Explain your reasoning. 


3. GRIDDED RESPONSE Find the length of AF. 


C 
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4. SHORT RESPONSE In the instructions for 


creating the terrarium shown, you are given 
a pattern for the pieces that form the roof. 
Does the diagram for the red triangle appear 
to be correct? Explain why or why not. 


13.7 cm 


13.55 cm 15.2 cm 


8.9 cm 


. EXTENDED RESPONSE You want to create a 


triangular fenced pen for your dog. You have 
the two pieces of fencing shown, so you plan 
to move those to create two sides of the pen. 


ON ШШШ 


a. Describe the possible lengths for the third 
side of the pen. 


b. The fencing is sold in 8 foot sections. If 
you use whole sections, what lengths of 
fencing are possible for the third side? 


c. You want your dog to have a run within 
the pen that is at least 25 feet long. Which 
pen(s) could you use? Explain. 


. OPEN-ENDED In the gem shown, give a 


possible side length of DE if mZ EFD > 90°, 
DF = 0.4 mm, and EF = 0.63 mm. 


CHAPTER SUMMARY 


BIG IDEAS For Your Notebook 


Using Properties of Special Segments in Triangles 


Special segment Properties to remember 
>  Midsegment Parallel to side opposite it and half the length of side 
opposite it 
Perpendicular bisector Concurrent at the circumcenter, which is: 


e equidistant from 3 vertices of A 
e center of circumscribed circle that passes through 
3 vertices ої A 


Angle bisector Concurrent at the incenter, which is: 
e equidistant from 3 sides of A 
e center of inscribed circle that just touches each side of A 


Median (connects Concurrent at the centroid, which is: 
vertex to midpoint of e located two thirds of the way from vertex to midpoint 
opposite side) of opposite side 
e balancing point of A 
Altitude (perpendicular Concurrent at the orthocenter 
to side of A through Used in finding area: If b is length of any side and h is 
opposite vertex) 1 
length of altitude to that side, then A — jbh. 
Big | Б Using Triangle Inequalities to Determine What Triangles are Possible 
Sum of lengths of any two sides B AB + BC> AC 
of a A is greater than length of AB + AC> BC 
third side. BC + AC> AB 
A C 
> пад, longest side is opposite Б If AC > АВ > BC, then 
> largest angle and shortest side is AN mZB>mZC>mZA. 
opposite smallest angle. A C If m4B» mz C» mZA, 
then AC » AB » BC. 
If two sides of a ^ are « to two B E If BC» EF, 
sides of another A, then the A 21 then mZA>mZD. 
with longer third side also has н E If mZA » mZ D, 
larger included angle. C then BC > EF. 
Big > Extending Methods for Justifying and Proving Relationships 


Coordinate proof uses the coordinate plane and variable coordinates. Indirect 
> proofinvolves assuming the conclusion is false and then showing that the 
assumption leads to a contradiction. 
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* Multi-Language Glossary 
- * Vocabulary practice 
: For a list of • midsegment of a triangle, p. 295 * incenter, p. 312 
: postulates and. coordinate proof, p. 296 • median of a triangle, p. 319 
E orema ке o dicular bisect 303 • centroid, p. 319 
: рр. 926-931. perpendicular bisector, р. centroid, p. 
* equidistant, p. 303 * altitude of a triangle, p. 320 
* concurrent, p. 305 • orthocenter, p. 321 
* point of concurrency, p. 305 * indirect proof, p. 337 


* circumcenter, p. 306 


VOCABULARY EXERCISES 


1. Copy and complete: A. ? is a segment, ray, line, or plane that is perpendicular 
to a segment at its midpoint. 


2. WRITING Explain how to draw a circle that is circumscribed about a triangle. 
What is the center of the circle called? Describe its radius. 


In Exercises 3-5, match the term with the correct definition. 


3. Incenter A. The point of concurrency of the medians of a triangle 
4. Centroid B. The point of concurrency of the angle bisectors of a triangle 
5. Orthocenter C. The point of concurrency of the altitudes of a triangle 


REVIEW EXAMPLES AND EXERCISES 


- EXAMPLES 
: 1,4, and 5 


: on pp. 295, 297 
: for Exs. 6—8 


Use the review examples and exercises below to check your understanding 
of the concepts you have learned in each lesson of Chapter 5. 


Midsegment Theorem and Coordinate Proof pp. 295-301 


In the diagram, DE is a midsegment of 
A ABC. Find АС. 


By the Midsegment Theorem, DE = SAC. 
So, AC = 2DE = 2(51) = 102. A F C 


EXERCISES 
Use the diagram above where DF and EF are midsegments of A ABC. 


6. If AB = 72, find EF. 7. If DF = 45, find EC. 


8. Graph A РОО, with vertices P(2a, 2b), Q(2a, 0), and O(0, 0). Find the 
coordinates of midpoint S of PQ and midpoint T of QO. Show ST || PO. 


344  Chapter5 Relationships within Triangles 


@Homelutor 
classzone.com 
Chapter Review Practice 


Use Perpendicular Bisectors pp. 303-309 


Use the diagram at the right to find XZ. y 3x +3 


WZ is the perpendicular bisector of XY. 


5x- 5=3x+3 By the Perpendicular Bisector 
Theorem, ZX = ZY. X 


bx — 5 


x=4 Solve for x. 


> So, XZ = 5x — 5 = 5(4) – 5 = 15. 


EXERCISES 


: EXAMPLES In the diagram, BD is the perpendicular bisector of AC. 
quet ИНИНИ ? 

: on pp. 303-304 9. What segment lengths are equal? 

: for Exs. 9—11 10. What is the value of x? 


11. Find AB. 


Use Angle Bisectors of Triangles pp. 310-316 


In the diagram, Nis the incenter of AXYZ. Find NL. 
Use the Pythagorean Theorem to find NM in ANMY. 


с? = а? + р? Pythagorean Theorem 
307 = ММ? + 24° Substitute known values. 
900 = NM? + 576 Multiply. 
324 = ММ? Subtract 576 from each side. 


18 = NM Take positive square root of each side. 


> By the Concurrency of Angle Bisectors of a Triangle, the incenter N of AXYZ 
is equidistant from all three sides of AXYZ. So, because NM = NL, NL = 18. 


EXERCISES 
: EXAMPLE 4 Point D is the incenter of the triangle. Find the value of x. 


: в " Е та a” 


: for Exs. 12-13 13. с 29 E A 
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CHAPTER REVIEW 
54 | Use Medians and Altitudes pp. 319-325 | 
_EXAMPLE | 


The vertices of ^ ABC are A(—6, 8), В(0, —4), and 
C(—12, 2). Find the coordinates of its centroid Р. 


Sketch A ABC. Then find the midpoint M of BC 
and sketch median AM. 


—12 + 0 2+ (-4) 
M 2 >? 2 


= M(-6, –1) 


The centroid is two thirds of the distance from а 
vertex to the midpoint of the opposite side. 


The distance from vertex A(—6, 8) to midpoint M(-6, —1) is 8 — (-1) = 9 units. 
So, the centroid Pis 5(9) = 6 units down from A on AM. 


» The coordinates of the centroid Р are (—6, 8 — 6), or (—6, 2). 


EXERCISES 
: EXAMPLES Find the coordinates of the centroid D of ARST. 
RI C - 14. R(—4, 0), S, 2), T(2, —2) 15. R(=6, 2), S(2, 6), TQ, 4) 


: On pp. 319-321 
: for Exs. 14-18 


Point Q is the centroid of AXYZ. 
16. Find XQ. 17. Find XM. 


18. Draw an obtuse ^A ABC. Draw its three 
altitudes. Then label its orthocenter D. 


Use Inequalities in a Triangle pp. 328-334 


A triangle has one side of length 9 and another of length 14. Describe the 
possible lengths of the third side. 


Let x represent the length of the third side. Draw diagrams and use the 
Triangle Inequality Theorem to write inequalities involving x. 


X 14 
9 9 
14 X 
ЕЗИ 9 Е I4 x 
x»5 20 >= OLX = Za 


* The length of the third side must be greater than 5 and less than 23. 
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Chapter Review Practice 


EXERCISES 
: EXAMPLES Describe the possible lengths of the third side of the triangle given the 
:1,2,and3 — lengths of the other two sides. 
pon Dees en 19. 4 inches, 8 inches 20. 6 meters, 9 meters 21. 12 feet, 20 feet 


: for Exs. 19-24 


List the sides and the angles in order from smallest to largest. 


22. В 23. M 24. B 
73° / mi 
42° 65° L 11 М 
Р Q д C 


Inequalities in Two Triangles and Indirect Proof pp. 335-341 


How does the length of DG compare to the length of FG? F 
> Because 27° > 23°, m< GEF > mZ СЕР. You are given that e) 
DE = FE and you know that EG = EG. Two sides of AGEF E G 
D 


are congruent to two sides of AGED and the included angle in 
in AGEF is larger so, by the Hinge Theorem, FG » DG. 


EXERCISES 
: EXAMPLES Copy and complete with <, >, or =. 
:1,3, апад — 25. mZBAC_? mZDAC ГИ 


: оп рр. 336-338 
: for Exs. 25-27 


B L M 
17 
A C 
D 14 K N 
27. Arrange statements A-D in correct order to write an indirect proof of the 
statement: /f two lines intersect, then their intersection is exactly one point. 
GIVEN P Intersecting lines m and n 
PROVE > The intersection of lines m and n is exactly one point. 


A. But this contradicts Postulate 5, which states that through any two 
points there is exactly one line. 


B. Then there are two lines (7n and n) through points P and О. 
C. Assume that there are two points, P and Q, where 7m and n intersect. 


D. It is false that т and n can intersect in two points, so they must 
intersect in exactly one point. 
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Two midsegments of A АВС аге DE and DF. AN 
B 
1. Find DB. 2. Find DF. А 2 aem 
3. What can you conclude about EF? p 
A F E 


Find the value of x. Explain your reasoning. 


4. T 5. Q 6. H 
| ч «А 
5 U 6 NEL 
P R 
2x + 11 8x — 1 
V Q 
S K 


7. In Exercise 4, is point T on the perpendicular bisector of SU? Explain. 


8. In the diagram at the right, the angle bisectors 
of AXYZ meet at point D. Find DB. 


In the diagram at the right, P is the centroid of ARST. R J S 
9. If LS = 36, find PL and PS. Sk 
10. If TP = 20, find TJ and PJ. 


. L K 
11. If JR = 25, find JS and RS. \ 


12. Is it possible to construct a triangle with side lengths 9, 12, and 22? 
If not, explain why not. 


13. In AABC, AB = 36, BC = 18, and AC = 22. Sketch and label the triangle. 
List the angles in order from smallest to largest. 


In the diagram for Exercises 14 and 15, JL = MK. L 


14. If mZJKM > mZ LIK, which is longer, LK or MJ? Explain. 
15. If MJ < LK, which is larger, / LJK or 2 JKM? Explain. 


16. Write a temporary assumption you could make to prove the M 
conclusion indirectly: If RS + ST + 12 and ST = 5, then RS = 7. 
Use the diagram in Exercises 17 and 18. your house 


17. Describe the range of possible distances from the beach 


. 7 mi 
to the movie theater. 


18. A market is the same distance from your house, the 
movie theater, and the beach. Copy the diagram and 
locate the market. 


movie beach 
theater 
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ALGEBRA REVIEW фти 
USE RATIOS AND PERCENT OF CHANGE 
ху) EXAMPLE 1) Write a ratio in simplest form 


A team won 18 of its 30 games and lost the rest. Find its win-loss ratio. 


The ratio of ato Р, b = 0, can be written as ato b, a:b, and Р 


wins _ 18 To find losses, subtract wins from total. 
losses  30-— 18 
_18_3 —" 
TE Simplify. 


> The team’s win-loss ratio is 3:2. 


e EXAMPLE 2 | Find and interpret a percent of change 


A $50 sweater went on sale for $28. What is the percent of change in price? 
The new price is what percent of the old price? 


Original amount 50 50 


» The price went down, so the change is a decrease. The percent of decrease 
is 44%. So, the new price is 10096 —4496 = 56% of the original price. 


EXERCISES 
: EXAMPLE 1 1. Ateam won 12 games and lost 4 games. Write each ratio in simplest form. 
: for Exs. 1-3 a. wins to losses b. losses out of total games 


2. А scale drawing that is 2.5 feet long by 1 foot high was used to plan a 
mural that is 15 feet long by 6 feet high. Write each ratio in simplest form. 


a. length to height of mural b. length of scale drawing to 
length of mural 


3. There are 8 males out of 18 members in the school choir. Write the ratio 
of females to males in simplest form. 


: EXAMPLE 2 Find the percent of change. 


i tor Pss 4715 4. From 75 campsites to 120 campsites 5. From 150 pounds to 136.5 pounds 
6. From $480 to $408 7. From 16 employees to 18 employees 
8. From 24 houses to 60 houses 9. From 4000 ft? to 3990 ft? 
Write the percent comparing the new amount to the original amount. Then 
find the new amount. 
10. 75 feet increased by 4% 11. 45 hours decreased by 1696 
12. $16,500 decreased by 8596 13. 80 people increased by 7.596 
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Scoring Rubric 


Full Credit 
• solution is complete 
and correct 


Partial Credit 

• solution is complete 
but has errors, 
or 

* solution is without 
error but incomplete 


No Credit 
* no solution is given, 
Or 


• solution makes no 
sense 
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A sample triangle 
is graphed and an 
explanation is given. 


—— » 


The Distance Formula is 
applied correctly. 


v00000000000909009009090900000009009 > 


The answer is correct. 


—————————————— » 


A calculation error is 
made in finding OM and 
MN. The value of 
(куз)? is k2 - (V3), or 
3k?, not 9k. 


v090000000009090909090990000009909 e 


The answer is incorrect. 


SHORT RESPONSE QUESTIONS 


PROBLEM | 


The coordinates of the vertices of a triangle are O(0, 0), M(k, KV3), and 


N(2k, 0). Classify AOMN by its side lengths. Justify your answer. 


Below are sample solutions to the problem. Read each solution and the 
comments on the left to see why the sample represents full credit, partial 
credit, or no credit. 


SAMPLE 1: Full credit solution 


Begin by graphing AOMN for a given HEN 
value of k. I chose a value of k that ШШШ 
makes AOMN easy to graph. In the ИШЕ a 
diagram, k = 4, so the coordinates are ry APT AY TTT 


O(0, 0), M(4, 4V3), and N(8, 0). ||| ү 


From the graph, it appears that AOMN Vit | EIN TT 
is equilateral. _1 AN 
To verify that AOMN is equilateral, use OV 3 | | | | || N|x 


the Distance Formula. Show that 
OM = MN = ON for all values of К. 


OM = \ (k — 0)? + (КУЗ — 0)? = VK? + 3k? = Vak? = 2 | k| 
MN = V Gk — ky? + (0 — КУЗ)? = Vk? 3k? = Ул? = 2 |k| 
ON = V (2k — 0)? + (0 — 0)? = 1402 =2|k| 


Because all of its side lengths are equal, AOMN is an equilateral triangle. 


SAMPLE 2: Partial credit solution 


Use the Distance Formula to find the side lengths. 

OM = \ (k — 0)? + (КУЗ — 0? = VK? + 9k? = V10K? = kV10 
MN = Vk — k)? + (0 – КҮЗ) = VK? + 9k? = V10K? = kV10 
ON = Vk — 0)? + (0 — 0)? = V4k? = 2k 


Two of the side lengths are equal, so AOMN is an isosceles triangle. 
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SAMPLE 3: Partial credit solution 


Graph AOMN and compare the side lengths. "TP 
/—————— » From O(0, 0), move right k units and up КҮЗ units à 


о д to M(k, КУЗ). Draw OM. To draw MN, move k units 

justify m нием right апа КУЗ units down from M to N(2k, 0). Then 
draw ON, which is 2k units long. All side lengths 
appear to be equal, so AOMN is equilateral. 


SAMPLE 4: No credit solution 


ези и E ин ны Жама АШЫ. » You are not given enough information to classify ЛОМА because you 


The reasoning and the need to know the value of К. 
answer are incorrect. 


PRACTICE Apply the Scoring Rubric 


Use the rubric on page 350 to score the solution to the problem below as full 
credit, partial credit, or no credit. Explain your reasoning. 


PROBLEM You are a goalie guarding the goal 
NQ. To make a goal, Player P must send the 
ball across NQ. Is the distance you may need 


to move to block the shot greater if you stand 
at Position A or at Position B? Explain. 


1. At either position, you are on the angle bisector of NPQ. So, in both 
cases you are equidistant from the angle'e sides. Therefore, the distance 
you need to move to block the ehot from the two positione ie the eame. 


2. Both positions lie on the angle bisector of ZNFQ. NCE P 
So, each is equidistant from PN and PQ. 


The sides of an angle are farther from the angle 
bisector as you move away from the vertex. So, F 
A ie farther from PN and from FQ than P ie. 


The dietance may be greater if you etand at Q 
Position A than if you stand at Position Б. 


3. Because Position Б ie farther from the goal, you may need to move a 
greater distance to block the shot if you stand at Position B. 
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SHORT RESPONSE 


1. The coordinates of Л ОРО are О(0, 0), 
P(a, a), and Q(2a, 0). Classify A ОРО by its 
side lengths. Is AOPQ a right triangle? Justify 
your answer. 


2. The local gardening club is planting flowers 
on a traffic triangle. They divide the triangle 
into four sections, as shown. The perimeter 
of the middle triangle is 10 feet. What is the 
perimeter of the traffic triangle? Explain 
your reasoning. 


NS 


— A 


3. A wooden stepladder with a metal support 
is shown. The legs of the stepladder form a 
triangle. The support is parallel to the floor, 
and positioned about five inches above 
where the midsegment of the triangle would 
be. Is the length of the support from one 
side of the triangle to the other side of the 
triangle greater than, less than, or equal to 
8 inches? Explain your reasoning. 


4. You are given instructions for making 
a triangular earring from silver wire. 
According to the instructions, you must first 
bend a wire into a triangle with side lengths 
of? inch, > inch, and P inches. Explain 


what is wrong with the first part of the 
instructions. 
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5. The centroid of A ABC is located at Р(—1, 2). 


The coordinates of A and B are A(0, 6) and 
B(—2, 4). What are the coordinates of 
vertex C? Explain your reasoning. 


. A college club wants to set up a booth to 


attract more members. They want to put the 
booth at a spot that is equidistant from three 
important buildings on campus. Without 
measuring, decide which spot, A or B, is the 
correct location for the booth. Explain your 
reasoning. 


. Contestants on a television game show must 


run to a well (point W), fill a bucket with 
water, empty it at either point A or B, and 
then run back to the starting point (point P). 
To run the shortest distance possible, which 
point should contestants choose, A or B? 
Explain your reasoning. 


point P E 


. How is the area of the triangle formed by the 


midsegments of a triangle related to the area 
of the original triangle? Use an example to 
justify your answer. 


. You are bending an 18 inch wire to form 


an isosceles triangle. Describe the possible 
lengths of the base if the vertex angle is 
larger than 60*. Explain your reasoning. 


9» STATE TEST PRACTICE 
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MULTIPLE CHOICE GRIDDED ANSWER 


10. If AABC is obtuse, which statement is always 12. Find the perimeter of ARST. 
true about its circumcenter P? 


(А) Pis equidistant from AB, BC, and AC. 5 

8.5 
Pis inside Л АВС. 
(CO Pison AABC. R 68 T 


(DD Pis outside A ABC. 
13. In the diagram, N is the incenter of AABC. 


11. Which conclusion about the value of x can be Find NF. 
made from the diagram? 


(СА) x«8 
x=8 
(С) x>8 


(D> No conclusion can 
be made. С 


А F B 


EXTENDED RESPONSE 


14. A new sport is to be played on the triangular playing field shown with a 
basket located at a point that is equidistant from each side line. 


a. Copy the diagram and show howto find the location of 
the basket. Describe your method. 


b. What theorem can you use to verify that the location 
you chose in part (a) is correct? Explain. 


100 ft 


15. A segment has endpoints A(8, —1) and B(6, 3). 
a. Graph AB. Then find the midpoint C of AB and the slope of AB. 


b. Use what you know about slopes of perpendicular lines to find the slope 
ofthe perpendicular bisector of AB. Then sketch the perpendicular 
bisector of AB and write an equation of the line. Explain your steps. 


c. Find a point D that is a solution to the equation you wrote in part (b). 
Find AD and BD. What do you notice? What theorem does 
this illustrate? 


16. The coordinates of AJKL are J(—2, 2), K(4, 8), and L(10, —4). 
a. Find the coordinates of the centroid M. Show your steps. 


b. Find the mean of the x-coordinates of the three vertices and the 
mean of the y-coordinates of the three vertices. Compare these 
results with the coordinates of the centroid. What do you notice? 


c. Is the relationship in part (b) true for AJKP with P(1, —1)? Explain. 
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eae | E Ratios¿Proportions, and thé Geometric Mean * s 

In this chapter you 
will use ratios and 

proportions to solve МР 
problems involving PAR 
lengths in similar E 
polygons. You will also 
use information about 


sides and angles to 
prove triangles similar. 


Nu 
de 


Мы 


EFI LM xe! f|. ж! 
' "a / ч 2 i re 
Y 


Previously, you learned the following skills, which you'll use in Chapter 6: 
using properties of parallel lines, using properties of triangles, simplifying 
expressions, and finding perimeter. 


VOCABULARY CHECK 


1. The alternate interior angles formed when a transversal intersects two 
? lines are congruent. 


2. Two triangles are congruent if and only if their corresponding parts 
are_? . 


SKILLS AND ALGEBRA CHECK 
Simplify the expression. (Prerequisite skill for 6.1) 


з. 9:20 4, 15 в. 3+4+5 6 2049 


15 * 25 * 6+8+10 77 


Find the perimeter of the rectangle with the given dimensions. 
(Prerequisite skill for 6.1, 6.2) 


7. l=5in,w=12in. 8. £= 30 ft, w = 10 ft 9. A=56m*/=8m 


10. Find the slope of a line parallel to the line whose equation is 
y— 4 = 7(х + 2). (Prerequisite skill for 6.5) 
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In Chapter 6, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 417. You will also use the key vocabulary listed below. 


© Using ratios and proportions to solve geometry problems 
€ Showing that triangles are similar 
Ө Using indirect measurement and similarity 


KEY VOCABULARY 

* ratio, p. 356 * scale, p. 365 • center of dilation, p. 409 

* proportion, p. 358 e similar polygons, р. 372 * scale factor of a dilation, 
means, extremes * scale factor of two similar p. 409 

* geometric mean, p. 359 polygons, p. 373 * reduction, p. 409 


* scale drawing, p. 365 * dilation, p. 409 * enlargement, p. 409 


m k v 
XY 
Ñ A ' 
t 


т 

à ! 
1 

FAN 


' 
А 
i 
rz 
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lm 


You can use similarity to measure lengths indirectly. For example, you can 
use similar triangles to find the height of a tree. 


р | 


The animation illustrated below for Exercise 33 on page 394 helps you answer 
this question: What is the height of the tree? 


If a person who is 5.5 ft tall casts a shadow of 7 ft, how tall is a tree with a shadow of 102 ft? 


жей, 


102 ft | Check Answer 


7 102 


х= ft 


Round your answer to two 
decimal places. 


| 
— 7 ft — 


| 
Use similar triangles to write a proportion. | 4 
Then find the value of x. : 


————— -— nd 


| You can use proportional reasoning to Là 


| estimate the height of a tall tree. - 


(Animated Ge Y at classzone.com 


Other animations for Chapter 6: pages 365, 375, 391, 407, and 414 


6 1 Ratios, Proportions, апа 
* the Geometric Mean 


You solved problems by writing and solving equations. 


[ Now ) You will solve problems by writing and solving proportions. _ | | 
So you can estimate bird populations, as in Ex. 62. т 7 ч 


Key Vocabulary If a and b are two numbers or quantities and Р + 0, then the ratio of a to b 
• ratio is P The ratio of a to b can also be written as a: b. 
• proportion B 
IB MESSER For example, the ratio of a side length 
"BROMA Dien in AABC to a side length in ADEF can 2m 2m : ! 
m m 
be written as = or 2:1. IN 
A 2m C D 1m F 
Ratios are usually expressed in simplest R $ 
form. Two ratios that have the same 
simplified form are called equivalent 7 ít 
ratios. The ratios 7:14 and 1:2 in the 
example below are equivalent. U 14 ft Т 


width of RSTU _ 7ft _1 


length of RSTU 14ft 2 


Simplify ratios 
Simplify the ratio. 
. 5 ft 
a. 64m:6m b. 2n in. 

Solution 
: REVIEW UNIT a. Write 64 m:6 m as s M Then divide out the units and simplify. 
: ANALYSIS ———. ra ns » 
: For help with measures Gu 3 32:3 


: and conversion factors, 
: see р. 886 and the Table b. To simplify a ratio with unlike units, multiply by a conversion factor. 


: of Measures on р. 921. 5ft - БЖ ‚124% 60 3 
20in. 2007 1ff 20 1 


GUIDED PRACTICE for Example 1 


Simplify the ratio. 
1. 24 yards to 3 yards 2. 150cm:6m 
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(EXAMPLE 2 | Use a ratio to find a dimension 


PAINTING You are planning to paint a mural on a 
rectangular wall. You know that the perimeter of 
the wall is 484 feet and that the ratio of its length 
to its width is 9:2. Find the area of the wall. 


Solution 
: WRITE STEP? Write expressions for the length and width. 
: EXPRESSIONS Because the ratio of length to width is 9:2, you 
: Because the ratio in can represent the length by 9x and the width 
: Example 2 is 9:2, you by 2x. 
: can write an equivalent ] | 
: жа length and 21 + 2w = P Formula for perimeter of rectangle 
: length 9 2(9x) + 2(2x) = 484 Substitute for £, и, and P. 
width 5 x 22x = 484 Multiply and combine like terms. 

"2 x х = 22 Divide each side by 22. 

— 9x 

2х STEP 3 Evaluate the expressions for the length and width. 


Substitute the value of xinto each expression. 
Length = 9x = 9(22) = 198 Width = 2x = 2(22) = 44 


» The wall is 198 feet long and 44 feet wide, so its area is 
198 ft • 44 ft = 8712 ft^. 


(EXAMPLE З | Use extended ratios 


С) ALGEBRA The measures of the angles in ACDE are in the extended ratio 
of 1:2:3. Find the measures of the angles. 


C 
Solution 
Begin by sketching the triangle. Then use the extended 
ratio of 1:2:3 to label the measures as x^, 2x^, and 3х°. 
x° + 2x° + 3x° = 180° Triangle Sum Theorem 
6x = 180 Combine like terms. B á 
x = 30 Divide each side by 6. 


* The angle measures are 30°, 2(30°) = 60°, and 3(30°) = 90°. 


r4 GUIDED PRACTICE | for Examples 2 and 3 


3. The perimeter of a room is 48 feet and the ratio of its length to its width 
is 7:5. Find the length and width of the room. 


4. Atriangle's angle measures are in the extended ratio of 1:3:5. Find the 
measures of the angles. 
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PROPORTIONS An equation that states that two ratios are equal is called 
a proportion. 


extreme —» Я — С <— mean 
mean —> b d <— extreme 


The numbers b and c are the means of the proportion. The numbers a and d 
are the extremes of the proportion. 


The property below can be used to solve proportions. To solve a proportion, 
you find the value of any variable in the proportion. 


KEY CONCEPT For Vour Wotebook 


ч 
B 
nd 
E 
o 
fro 
o 

ә 

ә 


: PROPORTIONS T A Property of Proportions 
: You will learn | d | h eth 
: more properties of L 1. Cross Products Property In a proportion, the product of the extremes 
: proportions on b equals the product of the means. 
: р. 364. > ac 

> If | = 7, where b # 0 and d + 0, then ad = bc. 

2.47 *3.4=12 

: 3 6. ,2:6-212 

CUD solve proportions ] 
С) ALGEBRA Solve the proportion. 
5 x l 2 
a 10 16 „тъш: 
Solution 
: ANOTHER WAY a. x = E Write original proportion. 
: In part (a), you could 
: multiply each side by 5•16= 10 • х Cross Products Property 
: the соган 16. 80 = 10x Multiply. 
: Then 16 • 45 = 16 • 76, 
: 9 8—x Divide each side by 10. 
: 508 =x. 
1 _2 — | 
b. +i 3y Write original proportion. 


l ,Зу= 2(у + 1) Cross Products Property 
Зу = 2у + 2 Distributive Property 


y=2 Subtract 2y from each side. 


Y GUIDED PRACTICE | for Example 4 
| Solve the proportion. 


9. 


= 2 
E 6. 
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(EXAMPLE 5 ] Solve a real-world problem 


SCIENCE As part of an environmental study, you need 
to estimate the number of trees in a 150 acre area. You 
count 270 trees in a 2 acre area and you notice that the 
trees seem to be evenly distributed. Estimate the total 
number of trees. 


Solution 


Write and solve a proportion involving two ratios that 
compare the number of trees with the area of the land. 


270 _ n < number of trees 


.2 150 <— areain acres а аш 
2/0*15022*n Cross Products Property 
20,250 = n Simplify. 


|! > There are about 20,250 trees in the 150 acre area. 


KEY CONCEPT For Your Notebook 


Geometric Mean 


The geometric mean of two positive numbers a and bis the positive 


number x that satisfies : = r So, x? = ab and x = Vab. 


( EXAMPLE 6 ) Find a geometric mean 


Find the geometric mean of 24 and 48. 


Solution 
x = Маһ Definition of geometric mean 
= V24 · 48 Substitute 24 for a and 48 for Б. 
= V24-24-2 Factor. 
= 24V2 Simplify. 


| > The geometric mean of 24 and 48 is 24V2 ~ 33.9. 


v GUIDED PRACTICE | for Examples 5 and 6 


8. WHAT IF? In Example 5, suppose you count 390 trees in a 3 acre area of the 
150 acre area. Make a new estimate of the total number of trees. 


Find the geometric mean of the two numbers. 


9. 12and 27 10. 18 and 54 11. 16 and 18 
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EXERCISES "н О-оо 
6.1 КЕҮ: on p. WS7 for Exs. 5, 27, and 59 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 47, 48, 52, and 63 


| eo = MULTIPLE REPRESENTATIONS 
Ex. 66 


SKILL PRACTICE 


1. VOCABULARY Copy the proportion Sy = д Identify the means of the 


proportion and the extremes of the proportion. 


2. * WRITING Write three ratios that are equivalent to the ratio 3:4. 
Explain how you found the ratios. 


: EXAMPLE 1 SIMPLIFYING RATIOS Simplify the ratio. 


: on p. 356 T ТТ 
PforExs.3-17 | 3. $20:$5 4, 19cm (5.)6L: 10 mL 6, Lmi 
12 cm* 20 ft 
2 gall 
A ft g. 80 cm ә, 31b 19, 2291008 
12 in. 2m 10 oz 18 quarts 


WRITING RATIOS Find the ratio of the width to the length of the rectangle. 
Then simplify the ratio. 


11. 12. 13. 
5 in. 18 cm 320 cm 


15 in. 10 m 
16 cm 


FINDING RATIOS Use the number line to find the ratio of the distances. 
A B C D E F 


AD 15. BD 16. CE 17. BE 


Mes CF AB EF CE 


: EXAMPLE 2 18. PERIMETER The perimeter of a rectangle is 154 feet. The ratio of the 


: On p. 357 length to the width is 10:1. Find the length and the width. 
: for Exs. 18—19 
19. SEGMENT LENGTHS In the diagram, AB: BC — | — — — — —38— — — — — 
is 2:7 and AC = 36. Find AB and BC. ле — 


: EXAMPLE 3 USING EXTENDED RATIOS The measures of the angles of a triangle are in 


: On p. 357 the extended ratio given. Find the measures of the angles of the triangle. 


: for ЕХ5. 20—22 20. 3:5:10 21. 2:7:9 22. 11:12:13 


: EXAMPLE 4 С) ALGEBRA Solve the proportion. 


: on p. 358 


6-3 y 5 2_12 pulos 
: for Exs. 23-30 | 23. => 24. 50 71 zb ре 5 10 
1_ 3 4__2 1+3b_5 3 1 
67): - 3; sud m 5 = 4 2 я 2р+5 9р 
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3 na ee хеб РХ 
: for Exs. 31-36 


GEOMETRIC MEAN Find the geometric mean of the two numbers. 


31. 
34. 


37. 


2 and 18 32. 4and 25 33. 32 and 8 
4 and 16 35. 2and 25 36. 6 and 20 


ERROR ANALYSIS A student incorrectly simplified the ratio. Describe and 
correct the student’s error. 


WRITING RATIOS Let x = 10, y = 3, and z = 8. Write the ratio in simplest form. 


| 8у 4 2х – 2 
38. х: 2 39. E 40. 2x + 2z 41. Зу 
€) ALGEBRA Solve the proportion. 
2x+5 _ х—5 2-s_2s+1 15 m 7 4-1 
42. 3 = 1 43. 3 5 44. m 5 45. 441 5 
46. ANGLE MEASURES The ratio of the measures of two supplementary angles is 
5:3. Find the measures of the angles. 
47. K SHORT RESPONSE The ratio of the measure of an exterior angle of a 
triangle to the measure of the adjacent interior angle is 1:4. Is the triangle 
acute or obtuse? Explain how you found your answer. 
48. * SHORT RESPONSE Without knowing its side lengths, can you determine 


the ratio of the perimeter of a square to the length of one of its sides? Explain. 


€) ALGEBRA In Exercises 49—51, the ratio of two side lengths for the triangle is 
given. Solve for the variable. 


49. AB: BCis 3:8. 50. AB: BC is 3:4. 51. AB: BCis 5:9. 
A b A A 
p 24 T : н 
В В 710q +15 В are 
52. Ж MULTIPLE CHOICE What is a value of x that makes a — == true? 
СА) 3 4 O 9 D 12 


93. 


54. 


55. 


56. 


AREA The area of a rectangle is 4320 square inches. The ratio of the width to 
the length is 5:6. Find the length and the width. 


COORDINATE GEOMETRY The points (—3, 2), (1, 1), and (x, 0) are collinear. 
Use slopes to write a proportion to find the value of x. 


С) ALGEBRA Use the proportions 


atb = S and b 


_ В А 
тир кә” ytofindaand b. 


CHALLENGE Find the ratio of x to y given that P F T = 24 and r + 2 = 24. 
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: pes — CAM 
: for Ex. 57 


3 ү A RM 
: for Ex. 62 
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ROBLEM SOLVING 


57. 
| 


61. 


60. 


TILING The perimeter of a room is 66 feet. The ratio of its length to its 
width is 6 : 5. You want to tile the floor with 12 inch square tiles. Find the 
length and width of the room, and the area of the floor. How many tiles will 


you need? The tiles cost $1.98 each. What is the total cost to tile the floor? 
_CHomelutor - 


ч 


for problem solving help at classzone.com 


GEARS The gear ratio of two gears is the ratio 

of the number of teeth of the larger gear to the 
number of teeth of the smaller gear. In a set 

of three gears, the ratio of Gear A to Gear Bis 
equal to the ratio of Gear B to Gear C. Gear A 
has 36 teeth and Gear C has 16 teeth. How many 
teeth does Gear B have? 


LU — 
 QHomelutor | for problem solving help at classzone.com 


| TRAIL MIX You need to make 36 one-half cup bags of trail mix for a 


class trip. The recipe calls for peanuts, chocolate chips, and raisins in 
the extended ratio 5:1:4. How many cups of each item do you need? 


PAPER SIZES International standard paper 
sizes are commonly used all over the world. 
The various sizes all have the same width-to- A3 xmm 
length ratios. Two sizes of paper are shown, A2 БОЛ mim 
called A3 and A2. The distance labeled x is the 
xmm 


geometric mean of 297 mm and 594 mm. Find - 
the value of x. d 


BATTING AVERAGE The batting average of a baseball player is the ratio 
of the number of hits to the number of official at-bats. In 2004, Johnny 
Damon of the Boston Red Sox had 621 official at-bats and a batting 
average of .304. Use the proportion to find the number of hits made by 
Johnny Damon. 


Number of hits ^ Batting average 
Number of at-bats 1.000 


. MULTI-STEP PROBLEM The population of Red-tailed hawks is 


increasing in many areas of the United States. One long-term survey 
of bird populations suggests that the Red-tailed hawk population is 
increasing nationally by 2.796 each year. 


a. Write the ratio of hawks in year n to hawks in year (n — 1). 


b. In 2004, observers in Corpus Christi, TX, spotted 180 migrating Red- 
tailed hawks. Assuming this population follows the national trend, 
about how many Red-tailed hawks can they expect to see in 2005? 


c. Observers in Lipan Point, AZ, spotted 951 migrating Red-tailed hawks 
in 2004. Assuming this population follows the national trend, about 
how many Red-tailed hawks can they expect to see in 2006? 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED ф = MULTIPLE 
on p. WS1 TEST PRACTICE REPRESENTATIONS 


: PREVIEW 


: Prepare for 
: Lesson 6.2 
: in EXS. 72-75. 


“MIXED REVIEW 553 


63. Ж SHORT RESPONSE Some common computer screen resolutions are 
1024: 768, 800:600, and 640: 480. Explain why these ratios are equivalent. 


64. BIOLOGY The larvae of the Mother-of-Pearl moth is 
the fastest moving caterpillar. It can run at a speed of 
15 inches per second. When threatened, it can curl itself 
up and roll away 40 times faster than it can run. How 
fast can it run in miles per hour? How fast can it roll? 


65. CURRENCY EXCHANGE Emily took 500 U.S. dollars 
to the bank to exchange for Canadian dollars. The 
exchange rate on that day was 1.2 Canadian dollars per 
U.S. dollar. How many Canadian dollars did she get in 
exchange for the 500 U.S. dollars? 


66. e MULTIPLE REPRESENTATIONS Let x and y be two positive numbers 
whose geometric mean is 6. 


a. Making a Table Make a table of ordered pairs (x, y) such that \/xy = 6. 


b. Drawing a Graph Use the ordered pairs to make a scatter plot. 
Connect the points with a smooth curve. 


c. Analyzing Data Is the data linear? Why or why not? 


67. E) ALGEBRA Use algebra to verify Property 1, the Cross Products 
Property. 


68. E) ALGEBRA Show that the geometric mean of two numbers is equal 
to the arithmetic mean (or average) of the two numbers only when the 


+ 
numbers are equal. (Hint: Solve yxy = => with x, y > 0.) 


CHALLENGE In Exercises 69-71, use the given information to find the 
value(s) of x. Assume that the given quantities are nonnegative. 

69. The geometric mean of the quantities (Vx) and (3vx) is (x — 6). 

70. The geometric mean of the quantities (x + 1) and (2x + 3) is (x + 3). 
71. The geometric mean of the quantities (2x + 1) and (6x + 1) is (4x — 1). 


Find the reciprocal. (p. 869) 


- ES —36 - 
72. —6 73. 13 74. 3 79. —0.2 
Solve the quadratic equation. (p. 882) 
76. 5х? = 35 77. x° — 20 = 29 78. (x — 3)(x + 3) = 27 


Write the equation of the line with the given description. (p. 180) 
79. Parallel to y = 3x — 7, passing through (1, 2) 


80. Perpendicular to y — ax + 5, passing through (0, 24) 
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Use Proportions to Solve == 
6.2 р IC 


Geometry Problems 


You wrote and solved proportions. 


[ Now ) You will use proportions to solve geometry problems. 
So you can calculate building dimensions, as in Ex. 22. 


Key Vocabulary In Lesson 6.1, you learned to use the Cross Products Property to write 
• scale drawing equations that are equivalent to a given proportion. Three more ways 
e scale to do this are given by the properties below. 


i- KEY CONCEPT For Your Notebook 


Additional Properties of Proportions 


: REVIEW 1: 2. Reciprocal Property If two ratios are 
: RECIPROCALS T equal, then their reciprocals are also If 
: For help with F equal. 
: reciprocals, see p. 869. 
3. If you interchange the means ofa 
proportion, then you form another If 
true proportion. 


4. Ina proportion, if you add the value 
of each ratio’s denominator to its If 
numerator, then you form another 
true proportion. 


In the diagram, —_ = = M 8 N 10 $ 


RS ST’ R 
Write four true proportions. 4 r 


Solution P 


MN _ NP hen —4 
Because nS wr then T x 
By the Reciprocal Property, the reciprocals are equal, so r4 = H 


By Property 3, you can interchange the means, so i = D 
By Property 4, you can add the denominators to the numerators, so 
8-10 4*x 18 4+x 

10 x ' 10 ‚ЖЫ 
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@5,‹1 IA) Use proportions with geometric figures 


BD _ BE B 
(E) ALGEBRA In the diagram, mM. 
Find BA and BD. 
| x 
Solution 
D 
BD _ BE i \ 3 
DA EC знн А С 
BD + DA _ ВЕ + EC 
na 7 Property of Proportions (Property 4) 
A = m 6 Substitution Property of Equality 


бх = 3(18 + 6) Cross Products Property 
x — 12 Solve for x. 
> So, BA = 12 апа BD = 12- 3 = 9. 
¿Animatea Geometry ) at classzone.com 


SCALE DRAWING A scale drawing is a drawing that is the same shape as the 
object it represents. The scale is a ratio that describes how the dimensions in 
the drawing are related to the actual dimensions of the object. 


, EXAMPLE 3 Find a drawing 


BLUEPRINTS The blueprint shows a scale drawing 
of a cell phone. The length of the antenna on the 
blueprint is 5 centimeters. The actual length of 
the antenna is 2 centimeters. What is the scale of 
the blueprint? 


Solution 


To find the scale, write the ratio of a length in the 
drawing to an actual length, then rewrite the ratio 
so that the denominator is 1. 


length of antenna 2cm 2-2 1 


» The scale of the blueprint is 2.5 cm:1 cm. 


GUIDED PRACTICE for Examples 1, 2, and з 


1. In Example 1, find the value of x. 


2. In Example 2, DE _ BE Find AC. 


AC BC 


3. WHAT IF? In Example 3, suppose the length of the antenna on the 
blueprint is 10 centimeters. Find the new scale of the blueprint. 
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(EXAMPLE 4 ] Use a scale drawing 


MAPS The scale of the map at the right is A NORTH А 
l inch:26 miles. Find the actual distance 
from Pocahontas to Algona. 


Solution 


Use a ruler. The distance from Pocahontas 
to Algona on the map is about 1.25 inches. 
Let x be the actual distance in miles. 


1.251п. | lin. ~<— distance on map m 
x mi 26 mi <— actual distance + 
x = 1.25(26) Cross Products Property A 
х = 32.5 Simplify. миы 


» The actual distance from Pocahontas to Algona is about 32.5 miles. 


(EXAMPLE 5 | Solve a multi-step problem 


SCALE MODEL You buy a 3-D scale model of the Reunion Tower 
in Dallas, TX. The actual building is 560 feet tall. Your model 

is 10 inches tall, and the diameter of the dome on your scale 
model is about 2.1 inches. 


a. Whatis the diameter of the actual dome? 


b. About how many times as tall as your model is the 
actual building? 


Solution 


‚ 10in. _ 2.1in. <— measurement on model 
560 ft х < measurement on actual building 


10x = 1176 Cross Products Property 
x=117.6 Solve for x. 
* The diameter of the actual dome is about 118 feet. 
b. To simplify a ratio with unlike units, multiply by a conversion factor. 


560ft _ 560ft. 12iá. _ 672 
lOin. 10й. 1K 


* The actual building is 672 times as tall as the model. 


r4 GUIDED PRACTICE | for Examples 4 and 5 


4. Two cities are 96 miles from each other. The cities are 4 inches apart on a 
map. Find the scale of the map. 


5. WHAT IF? Your friend has a model of the Reunion Tower that is 14 inches 
tall. What is the diameter of the dome on your friend's model? 


366 = Chapter 6 Similarity 


оп р. WS7 for Exs. 11, 13, and 25 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 18, and 24 


6.2 EXERCISES IA С) = WORKED-OUT SOLUTIONS 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: A. ? is a drawing that has the same 
shape as the object it represents. 


2. * WRITING Suppose the scale of a model of the Eiffel Tower is 
1 inch:20 feet. Explain how to determine how many times taller 
the actual tower is than the model. 


: EXAMPLE 1 REASONING Copy and complete the statement. 


e 3. a then? = 5. 4. If i-r, then? => 

5 If # = — then =£ =£ 6 if => then = 

REASONING Decide whether the statement is true or false. 

7 If = = 7 then 22 nta 8 02 = 5, thení=4 

9 I 4 - 7. the um 10. $$ =" then t= 3. 
: EXAMPLE2 | PROPERTIES OF PROPORTIONS Use the diagram and the given information 
: on p. 365 to find the unknown length. 
PONE (1) Given = = 25, find BA. 12. Given A = 4 find ZV. 


: EXAMPLES SCALE DIAGRAMS In Exercises 13 and 14, 
:3and4 — — use the diagram of the field hockey field 


: on pp. 365-366 | in which 1 inch = 50 yards. Use a ruler to 
: for Exs. 13-14 approximate the dimension. 


(i2) Find the actual length of the field. 
14. Find the actual width of the field. 


T 


15. ERROR ANALYSIS Describe and correct the error made in the reasoning. 
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PROPERTIES OF PROPORTIONS Use the diagram апа the given information 
to find the unknown length. 


wen СА— AE fi wen 52 = IV g 
16. Given CB BD’ find BD. 17. Given SR TU’ find RQ. 


rn сә y 


Q 


18. Ж MULTIPLE CHOICE If x, y, z, and q are four different numbers, and the 


proportion | = = is true, which of the following is false? 


y_4 E. Y yz xty_z+q 
® i-i ® &-/ © ?-2 D == 


CHALLENGE Two number patterns are proportional if there is a nonzero 
number k such that (а, b,, c,,...) = k(a,, b,, с,,...) = ka, kb, kc, .... 


19. Given the relationship (8, 16, 20) = K(2, 4, 5), find К. 


a b C 
20. Given that a, = ka,, b, = kb,, and c, = kc,, show that — = — = =. 
а, b, с, 


a, tb to 
ay + B, c, 


21. Given that a, = ka., b, = kb,, and = KC, show that 


EEUU EE ULLL-CSOLL COLLLELLLLLLLLLLLLLLLLLLL)LLAiLZ 
PROBLEM SOLVING 


: EXAMPLES | 22. ARCHITECTURE A basket manufacturer has 
: on p. 366 headquarters in an office building that has 
: for Ex. 22 the same shape as a basket they sell. 


a. The bottom of the basket is a rectangle with 
length 15 inches and width 10 inches. The 
base of the building is a rectangle with length 
192 feet. What is the width of the base of 
the building? 


b. About how many times as long as the bottom 
of the basket is the base of the building? 


_CHomelutor 


Longaberger Company Home Office 
Newark, Ohio 
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23. MAP SCALE A street on a map is 3 inches long. The actual street is 1 mile 
long. Find the scale of the map. 


for problem solving help at classzone.com 


24. ж OPEN-ENDED MATH Make a scale drawing or scale model of a large 
object by measuring it, choosing an appropriate scale factor, and using 
proportions. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
368 on р. WS1 TEST PRACTICE 


MAP READING The map of a hiking trail has a scale of 1 inch: 3.2 miles. 
Use a ruler to approximate the actual distance between the two shelters. 


i \ 
Ne 42521 


(5) Meadow View and Whispering Pines 26. Whispering Pines and Blueberry Hill 


27. POLLEN The photograph shows a particle 
of goldenrod pollen that has been magnified 
under a microscope. The scale of the photograph 
is 900: 1. Use a ruler to estimate the width in 
millimeters of the particle. 


—— DESIGN Assume that the wheelchair ramps described each have a slope 


of 1 12 which is the maximum slope recommended for a wheelchair ramp. 


28. A wheelchair ramp has a 21 foot run. What is its rise? 


29. A wheelchair ramp rises 4 feet. What is its run? 


30. STATISTICS Researchers asked 4887 people to pick a number between 
1 and 10. The results are shown in the table below. 


a. Estimate the number of people who picked the number 3. 


b. You ask a participant what number she picked. Is the participant 
more likely to answer 6 or 7? Explain. 


c. Conduct this experiment with your classmates. Make a table in which 
you compare the new percentages with the ones given in the original 
survey. Why might they be different? 

E) ALGEBRA Use algebra to verify the property of proportions. 


31. Property 2 32. Property 3 33. Property 4 
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REASONING Use algebra to explain why the property of proportions is true. 


a=b_c-d a.c 
34. Hb сүт Ben, d 
a 


atc  a-c с 
35. = pag еп р 7 


36. If ^ — £ = ё then Rai dai um > (Hint: Let 5 = ү.) 


37. CHALLENGE When fruit is dehydrated, water is removed from the fruit. 
The water content in fresh apricots is about 86%. In dehydrated apricots, 
the water content is about 75%. Suppose 5 kilograms of raw apricots are 
dehydrated. How many kilograms of water are removed from the fruit? 
What is the approximate weight of the dehydrated apricots? 


MIXED REVIEW 


38. Over the weekend, Claudia drove a total of 405 miles, driving twice as far 
on Saturday as on Sunday. How far did Claudia travel each day? (p. 65) 


: PREVIEW Identify all pairs of congruent corresponding parts. Then write another 
: Prepare for congruence statement for the figures. (p. 225) 

: Lesson 6.3 B E 

: in Exs. 39-40. | 29 AXYZ = ALMN 40. DEFG = QRST 


Y L E $ T 
y! ° 
X M 
| 2 б F R # 


QUIZ for Lessons 6.1-6.2 


Solve the proportion. (p. 356) 


= 2 х3 l 24 0 = 
= 2.573 3. 4. 


co |e 


"9 9.1 х У x.t 
5. If 5 5» then = 2 6. If = jp then у 7" 
x_Y x+8_f 32 x 37 _% 
r^ If 5 ;5; then 8 ә 8. If 5 y then 2` 


9. In the diagram, AD = 10, Bis the midpoint of AD, and AC is the geometric 
mean of AB and AD. Find AC. (p. 364) 


A B C D 
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a ACTIVITY Use before Lesson 6.3 


Similar Polygons 


MATERIALS ° metric ruler + protractor 


« 


ie 


uo" 


Measure segments Photo 2 is a reduction of 
Photo 1. In each photo, find AB to the nearest 
millimeter. Write the ratio of the length of 
AB in Photo 1 to the length of AB in Photo 2. 


STEP 2| Measure angles Use a protractor to find the 
measure of Z 1 in each photo. Write the ratio 
of mZ 1 in Photo 1 to mZ1 in Photo 2. 


STEP 3| Find measurements Copy and complete the 
table. Use the same units for each measurement. 


Record your results in a table. 
Photo 1 


Photo 1 
Measurement Photo 1 Photo 2 Photo 2 


Photo 2 


. Make a conjecture about the relationship between corresponding lengths 
when a figure is reduced. 


. Make a conjecture about the relationship between corresponding angles 
when a figure is reduced. 


. Suppose the measure of an angle in Photo 2 is 35°. What is the measure of 
the corresponding angle in Photo 1? 


. Suppose a segment in Photo 2 is 1 centimeter long. What is the measure 
of the corresponding segment in Photo 1? 


. Suppose a segment in Photo 1 is 5 centimeters long. What is the measure 
of the corresponding segment in Photo 2? 
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6.3 


You used proportions to solve geometry problems. 
[ Now ) You will use proportions to identify similar polygons. 
So you can solve science problems, as in Ex. 34. 


Key Vocabulary 
* similar polygons 
* scale factor 


Use Similar Polygons 


Two polygons are similar polygons if corresponding angles are congruent 
and corresponding side lengths are proportional. 


In the diagram below, ABCD is similar to EFGH. You can write "ABCD is 
similar to EFGH" as ABCD — EFGH. Notice in the similarity statement that 
the corresponding vertices are listed in the same order. 


B Corresponding angles 
umi F Р LAE LE 1В= / Е, С= ZG, 
um andZ Dz^/H 
A D E H 


Ratios of corresponding sides 


AB BC CD DA 
EF FG GH НЕ 


ABCD — EFGH 


( EXAMPLE 1 | Use similarity statements 


: READ VOCABULARY 


: In a statement of 

: proportionality, any pair 
: of ratios forms a true 

: proportion. 


In the diagram, ARST ~ AXYZ. 
a. List all pairs of congruent angles. Z 


b. Check that the ratios of corresponding 25 30 15| \18 
side lengths аге equal. 


c. Write the ratios of the corresponding side 
lengths in a statement of proportionality. 
Solution 
a ZR=2X,2S=ZY,andZT= ZZ. 
p, 85 = 20. 5 ST 30. 5 IR 25 _ 5 


c. Because the ratios in part (b) are equal, == = = = => 


GUIDED PRACTICE | for Example 1 


1. Given AJKL — APQR, list all pairs of congruent angles. Write the ratios 


| of the corresponding side lengths in a statement of proportionality. 
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SCALE FACTOR If two polygons are similar, then the ratio of the lengths of 
two corresponding sides is called the scale factor. In Example 1, the common 


ratio of 2 is the scale factor of ARST to AXYZ. 


(EXAMPLE 2 ] Find the scale factor 


Determine whether the polygons are Е 16 J Z 2 W 
similar. If they are, write a similarity " 
statement and find the scale factor of 20 25 5 
ZYXW to FGH]. H 
to FGHJ. " 24 X 
| ү 30 
Solution 


STEP 7 Identify pairs of congruent angles. From the diagram, you can see 
that ZZ = ZF, ZY= 4G, and ZX = ZH. Angles Wand J are right 
angles, so Z W = ZJ. So, the corresponding angles аге congruent. 


STEP 2 Show that corresponding side lengths are proportional. 
ZY 25 5 YX 30 5 XW 15. 5 WZ 20 5 


FG 20 4 GH 24 4 HJ 12 4 JF 16 4 


The ratios are equal, so the corresponding side lengths 
are proportional. 


> So ZYXW ~ FGH]. The scale factor of ZYXW to FGH] is 2, 


(EXAMPLE 3 | Use similar polygons 


: ANOTHER WAY 
g 06000000000000000000000000000000000 ee 
: There are several ways 


: to write the proportion. 
: For example, you could 


С) ALGEBRA In the diagram, ADEF ~ AMNP. 
Find the value of x. 


Solution = 12 20 


The triangles are similar, so the 
corresponding side lengths D 12 F M 16 P 
are proportional. 


MN _ NP " и 
cH BE Write proportion. 
12 _ 20 Substitute. 
9 x 


12x = 180 Cross Products Property 


x=15 Solve for x. 


GUIDED PRACTICE {ог Examples 2 and 3 


In the diagram, ABCD ~ QRST. б 12 В 
2. What is the scale factor 10 " Q 6 
of QRST to ABCD? ¡AA 
3. Find the value of x. D 16 Р Т 8 
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PERIMETERS The ratio of lengths in similar polygons is the same as the 
scale factor. Theorem 6.1 shows this is true for the perimeters of the polygons. 


THEOREM For Your Notebook 


THEOREM 6.1 Perimeters of Similar Polygons 


If two polygons are similar, then the Р й 
ratio of their perimeters is equal to L 


; ; : K 
the ratios of their corresponding 
side lengths. 
N M $ R 


If KLMN ~ PQRS, then ЁЁ LM + MN + NK _ KL _ LM _ MN _ NK 


PQ+QR+RS+SP PQ QR RS SP 
Proof: Ex. 38, p. 379 


( EXAMPLE 4 | Find perimeters of similar figures 


_ SWIMMING A town is building a new 
swimming pool. An Olympic pool is 
rectangular with length 50 meters and 
width 25 meters. The new pool will be 
similar in shape, but only 40 meters long. 


25m 
a. Find the scale factor of the new 
pool to an Olympic pool. 


b. Find the perimeter of an Olympic 
pool and the new pool. 


Solution 
: cojer ad н » а. Because the new pool will be similar to an Olympic pool, the scale 
: Another way to solve 40 4 
: Example 4 is to write factor is the ratio of the lengths, so F 
: the scale factor as the 
: decimal 0.8. Then, b. The perimeter of an Olympic pool is 2(50) + 2(25) = 150 meters. 
: multiply the perimeter You can use Theorem 6.1 to find the perimeter x of the new pool. 
: of the Olympic pool by 
: the scale factor to get E ME Use Theorem 6.1 to write a proportion. 
: the perimeter of the 15 5 
p IEW pool: х= 120 Multiply each side by 150 and simplify. 


0.8(150) = 120. 


> The perimeter of the new poolis 120 meters. 


v GUIDED PRACTICE | for Example 4 


In the diagram, ABCDE — FGHJK. F 15 б 
4. Find the scale factor of A 10 B 1 
FGHJK to ABCDE. 18 H 
5. Find the value of x. i j 12 
6. Find the perimeter of ABCDE. E D K 15 J 
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: READ VOCABULARY 


: Corresponding lengths in 
: similar triangles include 
: side lengths, altitudes, 

: medians, midsegments, 
: and so on. 


SIMILARITY AND CONGRUENCE Notice that any two 
congruent figures are also similar. Their scale factor B E 
7 7 
is 1:1. In AABC and ADEF, the scale factor is 2 = 1. JN IN 
You can write AABC ~ ADEF and AABC = ADEF. A 6 C D6 F 


CORRESPONDING LENGTHS You know that perimeters of similar polygons are 
in the same ratio as corresponding side lengths. You can extend this concept 
to other segments in polygons. 


С KEY CONCEPT For Your Notebook 


Corresponding Lengths in Similar Polygons 


If two polygons are similar, then the ratio of any two corresponding 


5 lengths in the polygons is equal to the scale factor of the similar polygons. 


| EXAMPLE 5 | Use a scale factor 


In the diagram, ATPR ~ AXPZ. X 


— Т 
Find the length of the altitude PS. a 
6 8 
6 
R 


Solution Z 
First, find the scale factor of A TPR їо AXPZ. 


Because the ratio of the lengths of the altitudes in similar triangles is equal 
to the scale factor, you can write the following proportion. 


PS З ; , 

PY 4 Write proportion. 

25 = х Substitute 20 for PY. 

PS = 15 Multiply each side by 20 and simplify. 


> The length of the altitude PS is 15. 
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GUIDED PRACTICE for Example 5 


7. Inthe diagram, AJKL ~ AEFG. Find the length of the median KM. 


K G 4 H E 
ГАЧ e, 
J 48 M 1 
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63 EXERCISES "ч Om orga 
a KEY on p. WS7 Tor Exs. 3, 7, and 31 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 6, 18, 27, 28, 35, 36, and 37 


e = MULTIPLE REPRESENTATIONS 
Ex. 33 


. SKILL PRACTICE 
| 


1. VOCABULARY Copy and complete: Two polygons are similar if 
corresponding angles are ? and corresponding side lengths are ? . 


2. * WRITING If two polygons are congruent, must they be similar? If two 
polygons are similar, must they be congruent? Explain. 


: EXAMPLE 1 USING SIMILARITY List all pairs of congruent angles for the figures. Then 


: on p. 372 write the ratios of the corresponding sides in a statement of proportionality. 
: for Exs. 3-6 (з)лАвс ~ ALMN 4. DEFG ~ PQRS 5. HJKL ~ WXYZ 
А L D E H 
IN F $ Li n 2 
е: К, ou 
М М G Q P 
W 


6. Ж MULTIPLE CHOICE Triangles ABC and DEF are similar. Which 
statement is not correct? 


BC_A B B 
qa» 2e AC qa АВ - СА бу) СА – BC qp 4B- ВС 


EF DF DE FD FD EF EF DE 
: EXAMPLES DETERMINING SIMILARITY Determine whether the polygons are similar. If 
:2and3 — — they are, write a similarity statement and find the scale factor. 
: on p. 373 (7) " м 5 в. Г 
: for Exs. 7—10 7 24 W 4 
V U 
48 48 3 32 10\ N? 
9.6\ \8 
y 24 X 
U 64 Т D 5 E T 
USING SIMILAR POLYGONS In the diagram, JKLM — EFGH. J 
9. Find the scale factor of JKLM to EFGH. H36 30 
: 20 
10. Find the values of x, y, and z. 11 M 
: EXAMPLE 4 11. Find the perimeter of each polygon. 
a E 8 F K x L 
: On p. 374 
: for Exs. 11-13 12. PERIMETER Two similar FOR SALE signs have a scale factor of 5:3. 


The large sign's perimeter is 60 inches. Find the small sign's perimeter. 


13. ERROR ANALYSIS The triangles are 


similar. Describe and correct the 6 pa 
error in finding the perimeter of 
Triangle B. 


Perimeter of B — 56 
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: опр. 375 
: for Exs. 21-22 


REASONING Are the polygons always, sometimes, or never similar? 


14. 
16. 


Two isosceles triangles 


A right triangle and an 


15. Two equilateral triangles 


17. Ascalene triangle and an 


isosceles triangle isosceles triangle 


18. Ж SHORT RESPONSE The scale factor of Figure A to Figure B is 1:x. What 
is the scale factor of Figure B to Figure A? Explain your reasoning. 


SIMILAR TRIANGLES The black triangles are similar. Identify the type of special 


segment shown in blue, and find the value of the variable. 


19. 


2] 


Кы - 
LA N 


USING SCALE FACTOR Triangles NPQ and RST are similar. The side lengths 
of ANPQ are 6 inches, 8 inches, and 10 inches, and the length of an altitude 


is 4.8 inches. The shortest side of ARST is 8 inches long. 
2L. 
22. Find the length of the corresponding altitude in ARST. 


USING SIMILAR TRIANGLES In the diagram, ^ ABC ~ ^ DEF. 
23. 


24. 


25. 


26. 


els 


28. 


29. 


30. 


Find the lengths of the other two sides of ARST. 


Find the scale factor of AABC 
to ADEF. 


Find the unknown side lengths 
in both triangles. /AN 
Find the length of the altitude — 


shown in А АВС. 


Find and compare the areas of 
both triangles. 


22 195 


Ж SHORT RESPONSE Suppose you are told that APQR ~ AXYZ and that 
the extended ratio of the angle measures in APQRis x:x + 30:3x. Do you 
need to know anything about AXYZ to be able to write its extended ratio 


of angle measures? Explain your reasoning. 


Ж MULTIPLE CHOICE The lengths of the legs of right triangle ABC 
are З feet and 4 feet. The shortest side of А UVW is 4.5 feet and 
AUVW ~ AABC. How long is the hypotenuse of A UVW? 


(СА) 1.5ft 5ft (С) 6ft 


CHALLENGE Copy the figure at the right and divide 
it into two similar figures. 


REASONING Is similarity reflexive? symmetric? 
transitive? Give examples to support your answers. 


D) 7.5 ft 
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PROBLEM SOLVING 


: EXAMPLE 2 

: On p. 373 for 

> Exs. 31-32 
32. 
33. 
34. 
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D TENNIS In table tennis, the table is a rectangle Fr 
9 feet long and 5 feet wide. A tennis court is a 


rectangle 78 feet long and 36 feet wide. Are the 
two surfaces similar? Explain. If so, find the 
scale factor of the tennis court to the table. 


for problem solving help at classzone.com 


DIGITAL PROJECTOR You are preparing a computer presentation to be 
digitally projected onto the wall of your classroom. Your computer screen 
is 13.25 inches wide and 10.6 inches high. The projected image on the 
wall is 53 inches wide and 42.4 inches high. Are the two shapes similar? 
If so, find the scale factor of the computer screen to the projected image. 


for problem solving help at classzone.com 


es MULTIPLE REPRESENTATIONS Use the similar figures shown. 
The scale factor of Figure 1 to Figure 2 is 7: 10. 


a. Making a Table Copy and complete the table. В 4 C 
В L 5 
A 6 
E Ё 8 D 
Figure 1 Figure 2 


b. Drawing a Graph Graph the data in the table. Let x represent the length 
of a side in Figure 1 and let y represent the length of the corresponding 
side in Figure 2. Is the relationship linear? 


c. Writing an Equation Write an equation that relates x and y. What 
is its slope? How is the slope related to the scale factor? 


MULTI-STEP PROBLEM During a total eclipse of the sun, the moon is 
directly in line with the sun and blocks the sun's rays. The distance ED 
between Earth and the moon is 240,000 miles, the distance DA between 
Earth and the sun is 93,000,000 miles, and the radius AB of the sun is 
432,500 miles. 


Earth 


Not drawn to scale 


a. Copy the diagram and label the known distances. 


b. In the diagram, ABDA ~ ACDE. Use this fact to explain a total 
eclipse of the sun. 


c. Estimate the radius CE of the moon. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED = MULTIPLE 
on p. WS1 TEST PRACTICE REPRESENTATIONS 


35. ж SHORT RESPONSE A rectangular image is enlarged 
on each side by the same amount. The angles remain 


unchanged. Can the larger image be similar to the m Ады 
original? Explain your reasoning, and give an example 
to support your answer. 7 ree 


36. Ж SHORT RESPONSE How are the areas of similar rectangles 
related to the scale factor? Use examples to justify your reasoning. 


37. Ж EXTENDED RESPONSE The equations of two lines in the 


coordinate plane are y = ax + 4 and y = ax = 8, 


a. Explain why the two lines are parallel. 


b. Show that Z BOA = Z DOC, Z ОВА = Z ODC, and 
Z BAO = Z DCO. 


c. Find the coordinates of points A, B, C, and D. Find the 
lengths of the sides of AAOB and ACOD. 


d. Show that AAOB ~ ACOD. 


38. PROVING THEOREM 6.1 Prove the Perimeters of Similar Polygons 
Theorem for similar rectangles. Include a diagram in your proof. 


39. CHALLENGE In the diagram, PQRS is a square, and P Q L 
PLMS ~ LMRQ. Find the exact value of x. This value 
is called the golden ratio. Golden rectangles have their 
length and width in this ratio. Show that the similar S 1H M 
rectangles in the diagram are golden rectangles. „== 


: PREVIEW Given А(1, 1), B(3, 2), C(2, 4), and D( 1, Т), determine whether the following 
: Prepare for А ; ; 

Í Lesson 6.4 lines are parallel, perpendicular, or neither. (p. 171) 

: in Exs. 40742. | 40, AB and BC 41. CD and AD 42. AB and CD 


Find the measure of the exterior angle shown. (p. 217) 


43. Г 44. 45. (Зх + 8)” 
— BN 
[6(х — 2)P 


Copy and complete the statement with <, >, or =. (p. 335) 
46. RS ? TU 47. FG. ? HD 48. WX ? YX 


227 “q UNE 
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MIXED RE EVIEW o of Problem Solving РЭ) STATE TEST PRACTICE 


classzone.com 


Lessons 6.1-6.3 


1. MULTI-STEP PROBLEM In the diagram, 5. SHORT RESPONSE Kelly bought а 3-D scale 


ALMN ~ AQRS. 


Q S 


a. Find the scale factor of ALMN to AQRS. 
Then find the values of x and y. 


b. Find the perimeters of ALMN and AQRS. 
с. Find the areas of ALMN and AQRS. 
d. Compare the ratio of the perimeters to the 


ratio of the areas of ALMN to AQRS. What 
do you notice? 


. GRIDDED ANSWER In the diagram, 
AB: BC is 3:8. Find AC. 


Q—____ фә 


A B C 


. OPEN-ENDED AUVWis aright triangle with 
side lengths of 3 cm, 4 cm, and 5 cm. Draw 
and label AUVW. Then draw a triangle 
similar to AUVW and label its side lengths. 
What scale factor did you use? 


. MULTI-STEP PROBLEM Kelly is going on a 
trip to England. She takes 600 U.S. dollars 
with her. 


One U.S. Dollar Buys 
{= EURO 


Kak 


= GREAT BRITAIN 
CANADA 


a. In England, she exchanges her U.S. dollars 
for British pounds. During her stay, Kelly 
spends 150 pounds. How many British 
pounds does she have left? 


b. When she returns home, she exchanges 
her money back to U.S. dollars. How many 
U.S. dollars does she have at the end of 
her trip? 
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model of the Tower Bridge in London, 
England. The towers of the model are 

9 inches tall. The towers of the actual 
bridge are 206 feet tall, and there are two 
walkways that are 140 feet high. 


a. Approximate the height o of the walkways 
on the model. 


b. About how many times as tall as the 
model is the actual structure? 


. GRIDDED ANSWER In the diagram, 


A ABC ~ ADEF. The scale factor of Л АВС 
to ADEF is 3:5. Find AC. 


. EXTENDED RESPONSE In the United 


States, 4634 million pounds of apples were 
consumed in 2002. The population of the 
United States in that year was 290 million. 


a. Divide the total number of apples 
consumed by the population to find the 
per capita consumption. 


b. About how many pounds of apples would 
a family of four have consumed in one 
year? in one month? 


c. Amedium apple weighs about 5 ounces. 
Estimate how many apples a family of 
four would have consumed in one month. 


d. Is it reasonable to assume that a family of 
four would have eaten that many apples? 
What other factors could affect the per 
capita consumption? Explain. 


similar polygons, 


р. 372 


4 Prove Triangles 
* * Similar by AA 


You used the AAS Congruence Theorem. 


QUEE You wil use the AA Similarity Postulate. ee as Pe 


So you can use similar triangles to understand aerial photography, as in Ex. 34. 


ANGLES AND SIMILAR TRIANGLES 


QUESTION What can you conclude about two triangles 
if you know two pairs of corresponding angles 

are congruent? 

STEP? Draw AEFG so that mZE = 40? and т/ С = 50°. 


STEP 2 Draw ARST so that MZR = 40° and mZ T = 50°, 
and ARST is not congruent to AEFG. 


STEP 3 Calculate mZ F and mZS using the Triangle 
Sum Theorem. Use a protractor to check that your 
results are true. 


STEP4 Measure and record the side lengths of both 
triangles. Use a metric ruler. 
DRAW CONCLUSIONS 


1. Are the triangles similar? Explain your reasoning. 


Materials: 
* protractor 
e metric ruler 


2. Repeat the steps above using different angle measures. Make a 
conjecture about two triangles with two pairs of congruent 


corresponding angles. 


TRIANGLE SIMILARITY The Activity suggests that two triangles are similar if 


two pairs of corresponding angles are congruent. In other words, you do not 
need to know the measures of the sides or the third pair of angles. 


POSTULATE For Vour Wotebook 


POSTULATE 22 Angle-Angle (AA) Similarity Postulate 


If two angles of one triangle are congruent K 
to two angles of another triangle, then the 
two triangles are similar. 


J 
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Use the AA Similarity Postulate 


: DRAW DIAGRAMS Determine whether the triangles are E D H 


: Use colored pencils to 
: show congruent angles. 
: This will help you write 


DH. C D similar. If they are, write a similarity inda 
: I] statement. Explain your reasoning. 
Е 


E E 


G 
K Solution 


Because they are both right angles, 2 D and / Gare congruent. 


: similarity statements. Therefore, 2 E and Z Н are congruent. 
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» So, ACDE — AKGH by the AA Similarity Postulate. 


(EXAMPLE 2 ] Show that triangles are similar 


Show that the two triangles are similar. 


a. AABE and AACD b. ASVR and AUVT 


T 


R U 


Solution 
a. You may find it helpful to redraw the triangles separately. 


Because mZ ABE and mZ C both equal 52°, Z ABE = ZC. By the 
Reflexive Property, / А = ZA. 


> So, ЛАВЕ ~ A ACD by the AA Similarity Postulate. 


b. You know Z SVR = Z UVT by the Vertical Angles — 
Congruence Theorem. The diagram shows RS | UT 
so ZS = ZU by the Alternate Interior Angles Theorem. 


» So, ASVR — AUVT by the AA Similarity Postulate. 


Y GUIDED PRACTICE | for Examples 1 and 2 


Show that the triangles are similar. Write a similarity statement. 


1. AFGH and ARQS 2. ACDF and ADEF 


G В D 
"ey LN 
Q $ C F E 


3. REASONING Suppose in Example 2, part (b), SRA TU. Could the triangles 


still be similar? Explain. 


Chapter 6 Similarity 


By the Triangle Sum Theorem, 26° + 90° + mZ E = 180°, so mZ E = 64°. 


: ELIMINATE CHOICES 


: Notice that the woman's | 


: height is greater than 

: her shadows length. 

: So the flagpole must be 
: taller than its shadow's 
: length. Eliminate 

: choices A and B. 


INDIRECT MEASUREMENT In Lesson 4.6, you learned a way to use congruent 
triangles to find measurements indirectly. Another useful way to find 
measurements indirectly is by using similar triangles. 


* | EXAMPLE 3 ] Standardized Test Practice 


A flagpole casts a shadow that is 50 feet 

long. At the same time, a woman standing 
nearby who is five feet four inches tall casts a 
shadow that is 40 inches long. How tall is the 
flagpole to the nearest foot? 


CA) 12 feet 40 feet 
(С) 80 feet (D> 140 feet 


Solution 


The flagpole and the woman form sides of two right triangles with the 
ground, as shown below. The sun's rays hit the flagpole and the woman at 
the same angle. You have two pairs of congruent angles, so the triangles are 


similar by the AA Similarity Postulate. 


xtt 
5 ft 4 in. 


40 in. 50 ft 
You can use a proportion to find the height x. Write 5 feet 4 inches as 
64 inches so that you can form two ratios of feet to inches. 


xft _ 50ft 
64in. 40 in. 


Write proportion of side lengths. 


40x = 64(50) Cross Products Property 
х = 80 Solve for x. 


> The flagpole is 80 feet tall. The correct answer is C. (А) © D 


r4 GUIDED PRACTICE | for Example 3 


4. WHAT IF? A child who is 58 inches tall is standing next to the woman in 


Example 3. How long is the child's shadow? 


5. You are standing in your backyard, and you measure the lengths of the 
shadows cast by both you and a tree. Write a proportion showing how 


you could find the height of the tree. 
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EXERCISES HOMEWORK: () = WORKED-OUT SOLUTIONS 
6.4 KEY : on p. WS1 for Exs. 9, 13, and 33 


Ж - STANDARDIZED TEST PRACTICE 


Exs. 2, 16, 18, 19, 20, 33, and 38 


©К PRACTICE | 


1. VOCABULARY Copy and complete: If two angles of one triangle are 
congruent to two angles of another triangle, then the triangles are ? . 


2. ж WRITING Can you assume that corresponding sides and 
corresponding angles of any two similar triangles are congruent? 
Explain. 


: EXAMPLE 1 REASONING Use the diagram to complete the statement. 


: on p. 382 
: for Exs. 3-11 3. AABC ~ ? a Stata B 
| | н 
25 _? 2 _18 
Pb red Bst 
de f= 2 8. x= _? A 25 C Е 15 D 


AA SIMILARITY POSTULATE In Exercises 9-14, determine whether the 
triangles are similar. If they are, write a similarity statement. 


Е 10. М 11. В Q V U 


Y 35? 
48^ г AN S 35° 
G H J L x Z T 
: EXAMPLE 2 12. E (з) Y 14. / 


ЕИ ^ E / ^ M 
: for Exs. 12-16 A 45° 7 


15. ERROR ANALYSIS Explain why the student's similarity statement is 
incorrect. 


ABCD — EFGH F 
by AA Similarity 
Postulate E G 


X 


16. Ж MULTIPLE CHOICE What is the value of p? 


СА) 5 20 
СС) 28.8 (D> Cannot be determined 


24 
10 


12 р 
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17. ERROR ANALYSIS A student uses the proportion 4 


4 _ 2 to find the value of x in the figure. Explain 


6 
why this proportion is incorrect and write a 
correct proportion. x 


Ж OPEN-ENDED MATH In Exercises 18 and 19, make a sketch that can be 
used to show that the statement is false. 


18. If two pairs of sides of two triangles are congruent, then the triangles are 
similar. 


19. If the ratios of two pairs of sides of two triangles are proportional, then 
the triangles are similar. 


20. Ж MULTIPLE CHOICE In the figure at the right, 


find the length of BD. 
35 37 
qa 35 37 
20 12 
Ok OD = 


@ ALGEBRA Find coordinates for point Eso that Л АВС ~ A ADE. 
21. A(0, 0), B(0, 4), C(8, 0), D(O, 5), E(x, y) 
22. A(0, 0), B(0, 3), C(4, 0), D(0, 7), E(x, y) 
23. A(0, 0), B(0, 1), C(6, 0), D(0, 4), E(x, y) 
24. A(0, 0), B(0, 6), C(3, 0), D(0, 9), E(x, у) 


25. MULTI-STEP PROBLEM In the diagram, АВ || DC, AE = 6, AB = 8, CE = 15, 
and DE = 10. 


a. Copy the diagram and mark all given information. д B 
b. List two pairs of congruent angles in the diagram. 


c. Name a pair of similar triangles and write a 
similarity statement. D C 


d. Find BE and DC. 
REASONING In Exercises 26-29, is it possible for AJKL and AXYZ to be 
similar? Explain why or why not. 
26. mLJ= 71°, т2 К = 52°, mL X = 71°, and mZ Z = 57° 
27. АЈКІ 15 aright triangle and ти X + m£ Y = 150°. 
28. mZJ = 87? and mZ Y = 94° 
29. mZJ + mZ K= 85° and mZ Y+ mZZ= 80° 


30. CHALLENGE If PT = x, PQ = Зх, and SR = x, find PS in P 
terms of x. Explain your reasoning. 
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Е 
PROBLEM SOLVING 


: EXAMPLE 3 


31. AIR HOCKEY An air hockey player returns the puck to his opponent by 
:onp.383 bouncing the puck off the wall of the table as shown. From physics, the 

: for Exs. 31-32 angles that the path of the puck makes with the wall are congruent. What 
is the distance d between the puck and the wall when the opponent 


returns it? 


32. LAKES You can measure the width of the lake using 
a surveying technique, as shown in the diagram. 


a. What postulate or theorem can you use to show 
that the triangles are similar? 


b. Find the width of the lake, WX. 
c. If XY = 10 meters, find VX. 
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63) Ж SHORT RESPONSE Explain why all equilateral triangles are similar. 
Include sketches in your answer. 


34. AERIAL PHOTOGRAPHY Low-level aerial photos 
can be taken using a remote-controlled camera 
suspended from a blimp. You want to take an 
aerial photo that covers a ground distance g of 


50 meters. Use the proportion I = : to estimate 


the altitude h that the blimp should fly at to 
take the photo. In the proportion, use 

f = 8centimeters and п = 3 centimeters. These 
two variables are determined by the type of 9 Notdrawn to scale 
camera used. 


35. PROOF Use the given information to draw a sketch. Then write a proof. 


GIVEN > ASTU ~ ДРОВ Ка 
Point V lies on TU so that SV bisects Z TSU. 
Point N lies on QR so that PN bisects Z QPR. 


SV _ ST 
PROVE > РМ PO 


36. PROOF Prove that if an acute angle in one right triangle is congruent to 
an acute angle in another right triangle, then the triangles are similar. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
386 оп р. WS1 TEST PRACTICE 


37. TECHNOLOGY Use a graphing calculator or computer. 


a. Draw AABC. Draw DE through two sides of the ‚ -— 
triangle, parallel to the third side. Í 


b. Measure ZADE and Z ACB. Measure Z AED and 
Z ABC. What do you notice? 


c. What does a postulate in this lesson tell you about 
AADE and AACB? C B 


d. Measure all the sides. Show that corresponding side 
lengths are proportional. 


e. Move vertex A to form new triangles. How do your 
measurements in parts (b) and (d) change? Are the 
new triangles still similar? Explain. 


38. Ж EXTENDED RESPONSE Explain how you could use similar triangles to 
show that any two points on a line can be used to calculate its slope. 


у 


39. CORRESPONDING LENGTHS Without using the Corresponding Lengths 
Property on page 375, prove that the ratio of two corresponding angle 
bisectors in similar triangles is equal to the scale factor. 


40. CHALLENGE Prove that if the lengths of two sides of a triangle are a and b 
respectively, then the lengths of the corresponding altitudes to those 


sides are in the ratio b, 


MIXED REVIEW Pz | 


: PREVIEW In Exercises 41-44, use the diagram. 


: Prepare for . . 

Lesson 6.5 41. Name three pairs of corresponding angles. (p. 147) №; 

: іп Exs. 41-44. 42. Name two pairs of alternate interior angles. (р. 147) 3\4 

43. Name two pairs of alternate exterior angles. (p. 147) 7N8 


44. Find mZ 1 + mZ 7. (p. 154) 


45. CONGRUENCE Explain why AABE = ACDE. (p. 240) 


C 
Н Е 
D 
A 
Simplify the ratio. (p. 356) 
4 36 : ; 
46. 35 47. 18 48. 21:63 49. 42:28 
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6 5 Prove Triangles Similar 
e" by SSS and SAS 


You used the AA Similarity Postulate to prove triangles similar. 
| Now ) You will use the SSS and SAS Similarity Theorems. 
So you can show that triangles are similar, as in Ex. 28. 


Key Vocabulary In addition to using congruent corresponding angles to show that two 
e ratio, p. 356 triangles are similar, you can use proportional corresponding side lengths. 
e proportion, р. 358 
° "T polygons, A For Your Notebook 
E THEOREM 6.2 Side-Side-Side (SSS) Similarity Theorem 
If the corresponding side lengths of A R 
two triangles are proportional, then / 
the triangles are similar. " hy J 
AB _ BC _ CA _ 
If RS ST TR’ then AABC ~ ARST. 
Proof: p. 389 
Use the SSS Similarity Theorem 
Is either ADEF or AGHJ similar to A ABC? 
B D 12 F H 
ü 12 ~ y 10 8 
E 
A 16 C J 16 G 
Solution 
: ыз AL po ae Compare AABC and ADFF by finding ratios of corresponding side lengths. 
: When using the SSS 
: Similarity Theorem, Shortest sides Longest sides Remaining sides 
: compare the shortest AB 8 4 CA 16 4 BC 12 4 
: sides, the longest sides, DE 6 3 FD 12 3 EF 9 3 
: and then the remaining 
: sides. * All of the ratios are equal, so AABC — ADEF. 
Compare A ABC and AGHJ by finding ratios of corresponding side lengths. 
Shortest sides Longest sides Remaining sides 
AB .8..| CA _ 16 _ BC _12_6 
GH 8 JG 16 HJ 10 5 


> The ratios are not all equal, so AABC and AGHJ are not similar. 
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SSS Similarity Theorem 


RS _ ST _ TR K $ 
GIVEN > K XL ЫИ ^ 
PROVE » ARST — AJKL J ў Р 0 
В Т 


: USE AN 

; AUXILIARY LINE ИШИН, EN — X —— 

: The Parallel Postulate ^ | Locate P on RS so that PS = JK. Draw PQ p that РО || RT. Then ARST — APSQ 
: allows you to draw an imilari RS . ST _ TR 

: у by the AA Similarity Postulate, and PS SO ОР 


: auxiliary line PQ in 
: ARST. There is only one | You can use the given proportion and the fact that PS = JKto deduce that 


: line through point P SQ = KL and ОР = LJ. By the SSS Congruence Postulate, it follows that 
: parallel to RT, so you APSQ = AJKL. Finally, use the definition of congruent triangles and the 
: are able to draw it. AA Similarity Postulate to conclude that ARST ~ AJKL. 


(EXAMPLE 2 ] Use the SSS Similarity Theorem 


Є) ALGEBRA Find the value of x that makes Л АВС ~ ADEF. 


4 "s Xx —1 
18 
A 8 C e 
D 3(x + 1) F 
Solution 
STEP 7 Find the value of x that makes corresponding side lengths 
proportional. 

: CHOOSE A METHOD 4 _x-1 ‚ ‚ 
Q өөөөөөөөөөөөөөөөөөөөөөөөөөөөөөөөөөўөөөө® — = — Write proportion. 
: You can use either pe 12 18 prop 
: AB _ BC ¿y AB _ AC e 18 = = 
: DE EF Or РЕ = DF 4 * 18 = 12(x — 1) Cross Products Property 
: in Step 1. 72 — 12x — 12 Simplify. 

(=X Solve for x. 


STEP 2 Check that the side lengths are proportional when х = 7. 


BC=x-1=6 DF = 3(x + 1) = 24 
AB:BC | 4_6, AB2 AC 4.8 
DE EF 12 18 DE DF 12 24 


» When x = 7, the triangles are similar by the SSS Similarity Theorem. 


GUIDED PRACTICE | for Examples 1 and 2 


1. Which of the three triangles are similar? R 24 S " 
Write a similarity statement. А 
: е -— 39 
2. The shortest side of a triangle similar 20 26 30 33 ^ 
to ARST is 12 units long. Find the other 
side lengths of the triangle. M 31 N T ү 30 7 


6.5 Prove Triangles Similar by SSS апа SAS 389 


For Your Notebook 


THEOREM 


THEOREM 6.3 Side-Angle-Side (SAS) Similarity Theorem 


If an angle of one triangle is congruent to an angle x 
of a second triangle and the lengths of the sides 
including these angles are proportional, then the 


triangles are similar. 
Z Y 


¡- CONCEPT SUMMARY 


LEAN-TO SHELTER You are building a lean-to shelter starting from a 
tree branch, as shown. Can you construct the right end so it is similar 
to the left end using the angle measure and lengths shown? 


Solution 
Both mZ A and mZ F equal 53°, so ZA = ZF. Next, compare the ratios 
of the lengths of the sides that include ZA and ZF. 

Shorter sides = ===} Longer sides 


The lengths of the sides that include Z A and Z F are proportional. 


» So, by the SAS Similarity Theorem, AABC — AFGH. Yes, you can 
make the right end similar to the left end of the shelter. 


For Your Notebook 


: Triangle Similarity Postulate and Theorems 


> АА Similarity Postulate 


If ZAz^zDandZBzZE, 


> then AABC ~ ADEF. 


390 


SSS Similarity Theorem SAS Similarity Theorem 


АВ _ BC _ AC ~ AB _ AC 
If DE” EF DP then If ZA = ZDand DE" pP 
AABC ~ ADEF. then AABC ~ ADEF. 


Chapter 6 Similarity 


(EXAMPLE 4 ] Choose a method 


: VISUAL REASONING | Tell what method you would use to E 
: To identify — show that the triangles are similar. A 18 „ 19 

: corresponding parts, 

: redraw the triangles so В 9 an 


: that the corresponding 
: parts have the same 


: orientation. Find the ratios of the lengths of the corresponding sides. 


: А 

| BC_9 _3 i СА_18_3 
| N 18 30 Shorter sides EC 15 5 Longer sides CD 30 5 
ЭЕ \ > 


Solution 


The corresponding side lengths are proportional. The included angles Z ACB 
p 19 and Z DCE are congruent because they are vertical angles. So, AACB — A DCE 
by the SAS Similarity Theorem. 
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v GUIDED PRACTICE | for Examples 3 and 4 


Explain how to show that the indicated triangles are similar. 
3. ASRT — APNQ 4. AXZW ~ AYZX 


S X 
P 
20 15 
| N 
| R 38 T N A Q W 6 Z9 Y 


6.5 EXERCISES 


HOMEWORK: () = WORKED-OUT SOLUTIONS 
KEY : on p. WS7 for Exs. 3, 7, and 31 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 14, 32, 34, and 36 


SKILL PRACTICE 


1. VOCABULARY You plan to prove that A ACB is similar to APXQ by the 
SSS Similarity Theorem. Copy and complete the proportion that is 


needed to use this theorem: - = XQ = EX 


2. ж WRITING If you know two triangles are similar by the SAS Similarity 
Theorem, what additional piece(s) of information would you need to 
know to show that the triangles are congruent? 


: EXAMPLES SSS SIMILARITY THEOREM Verify that ^ ABC ~ ADEF. Find the scale factor 
: T and 2 of AABCto ^DEF. 


А ABC: BC = 18, AB = 15, AC = 12 4. Л АВС: AB = 10, BC = 16, CA = 20 


: on pp. 388—389 
: for Exs. 3-6 
A DEF: EF = 12, DE = 10, DF = 8 ADEF: DE = 25, EF = 40, FD = 50 
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5. SSS SIMILARITY THEOREM Is either AJKL or ARST similar to AABC? 
B 8 C K 7 L S 4 T 
dr 
7 11 R 
A J 
6. SSS SIMILARITY THEOREM Is either AJKL ог ARST similar to ЛА АВС? 
L 
: 25 T 
AN A 
A 20 E K 20 J R 12 S 


: EXAMPLE 3 SAS SIMILARITY THEOREM Determine whether the two triangles are 


: on p. 390 similar. If they are similar, write a similarity statement and find the scale 
: for Exs. 7-9 factor of Triangle B to Triangle A. 
X 8. S 
(7) D 15 F A 
8 
в 10 R з TL 24 d 
10 
a po B 
E Y 6 W K 


9. ЄЙ) ALGEBRA Find the value of n that makes APQR ~ AXYZ when PQ = 4, 
QR = 5, XY = 4(n + 1), YZ = 7п— 1, and / Q = ZY Include a sketch. 


: EXAMPLE 4 SHOWING SIMILARITY Show that the triangles are similar and write а 


: on p. 391 similarity statement. Explain your reasoning. 
: for Exs. 10-12 


10. № 11. Е 12. Х 30 Z 
14 J 
G " A 2 Y 
15 C 18 р ү 35 
21 
Н 165 /55К В G 50 D 


13. ERROR ANALYSIS Describe and correct 


the student's error in writing the AABC ~ А РОК by SAS Similarity Theorem 
imilarity stat t. 
similarity statemen "E " 
A 86° 
18 g4\ 869/20 
С Q 
MN _ MP 


14. ж MULTIPLE CHOICE In the diagram, => == 


MR MQ’ d 
Which of the statements must be true? 
P 


(А) /1=/2 QR | NP “Y 
O /1=/4 (D AMNP ~ AMRQ M 
(O) = WORKED-OUT SOLUTIONS * - STANDARDIZED 


392 on p. WS1 TEST PRACTICE 


DRAWING TRIANGLES Sketch the triangles using the given description. 
Explain whether the two triangles can be similar. 


15. In AXYZ, mZ X= 66° and mZ Y = 34°. In ALMN, mZ М = 34? and 
mZ.N = 80°. 

16. In ARST, RS = 20, ST = 32, and т/ 5 = 16°. In AFGH, GH = 30, 
HF = 48, and mZH = 24°. 


17. The side lengths of AABC are 24, 8x, and 54, and the side lengths of 
A DEF are 15, 25, and 7x. 


FINDING MEASURES In Exercises 18-23, use the 
diagram to copy and complete the statements. 


18. mZNQP = _2_ 19. mZQPN = _?_ 
20. MZPNQ = _2_ 21. RN=_2_ 
22. РО=_?_ 23. NM=_? 


24. SIMILAR TRIANGLES In the diagram at the right, 


name the three pairs of triangles that are similar. P R 18 
CHALLENGE In the figure at the right, AABC ~ AVWX. > 4 
25. Find the scale factor of AVWX to AABC. E 
26. Find the ratio of the area of AVWX X 45 Y W 


to the area of AABC. 


27. Make a conjecture about the relationship between the scale factor in 
Exercise 25 and the ratio in Exercise 26. Justify your conjecture. 


PROBLEM SOLVING 


B 12D 


34 


C 


3 ае S РОР 
: for Ex. 29 


28. RACECAR NET Which postulate ог theorem could you use to show that the 
three triangles that make up the racecar window net are similar? Explain. 
EN n = 


29. STAINED GLASS Certain sections of stained glass are sold in triangular 
beveled pieces. Which of the three beveled pieces, if any, are similar? 


3 in. А 
7 in. 5.25 in. 


3 in. 


4 in. 3 in. 


4 in. 3 in. 
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30. What additional piece of information do you need in order to show that 
A BCD ~ AACE using the SSS Similarity Theorem? 


61) What additional piece of information do you need in order to show that 
A BCD ~ AACE using the SAS Similarity Theorem? 


32. ж OPEN-ENDED MATH Use a diagram to show why there is no Side-Side-Angle 
Similarity Postulate. 


: EXAMPLE4 | 33. MULTI-STEP PROBLEM Ruby is standing in 

: on p. 391 her back yard and she decides to estimate 

: for Ex. 33 the height of a tree. She stands so that the tip 
of her shadow coincides with the tip of the 
tree’s shadow, as shown. Ruby is 66 inches 
tall. The distance from the tree to Ruby is 
95 feet and the distance between the tip of 


the shadows and Ruby is 7 feet. | 1 ft и 95 ft 


A | 
= 
i ©» 
ys 4 
SER ^ + 

= ык: | — P T E 3 hac “в "| 

F- м c hu 4 і 

| 
©» 
Doo LA 4 


ЭРЕР Чал а С ШС! 


a. What postulate or theorem can you use to show that the triangles in the 
diagram are similar? 


c 


. About how tall is the tree, to the nearest foot? 


c. What If? Curtis is 75 inches tall. At a different time of day, he stands so 
that the tip of his shadow and the tip of the tree's shadow coincide, as 
described above. His shadow is 6 feet long. How far is Curtis from the tree? 
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34. Ж EXTENDED RESPONSE Suppose you are given two right triangles 
with one pair of corresponding legs and the pair of corresponding 
hypotenuses having the same length ratios. 


a. The lengths of the given pair of corresponding legs are 6 and 18, and the 
lengths of the hypotenuses are 10 and 30. Use the Pythagorean Theorem 
to solve for the lengths of the other pair of corresponding legs. Drawa 
diagram. 


b. Write the ratio of the lengths of the second pair of corresponding legs. 


c. Are these triangles similar? Does this suggest a Hypotenuse-Leg Similarity 
Theorem for right triangles? 


35. PROOF Given that AABCis a right triangle and B 

D, E, and F are midpoints, prove that mZ DEF = 90°. р | 7 E 
36. Ж WRITING Can two triangles have all pairs of 

corresponding angles in proportion? Explain. 


(С) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
394 on p. WS1 TEST PRACTICE 


GIVEN > LAS ZD, тр = рр 


PROVE > A ABC ~ ADEF 


37. PROVING THEOREM 6.3 Write a paragraph B E 
proof of the SAS Similarity Theorem. In 
AB _ AC G H D F 
A C 


38. CHALLENGE A portion of a water slide in 
an amusement park is shown. Find the 
length of EF. (Note: The posts form right 
angles with the ground.) 


: PREVIEW 


: Prepare for 
: Lesson 6.6 
: in Exs. 43-44. 


Find the slope of the line that passes through the given points. (p. 171) 


39. (0, —8), (4, 16) 40. (—2, —9), (1, —3) 41. (3,9), (7, 2) 
42. State the postulate or theorem you would R S 

use to prove the triangles congruent. Then 

write a congruence statement. (p. 249) , а 
Find the value of x. 
43. DE is a midsegment of A ABC. (p. 295) 44, GK — ЈК (p. 364) 

GH FH 
B G 
3 
D 15 J K 
5 
à E C F x H 


QUIZ for Lessons 6.3-6.5 


In the diagram, ABCD ~ KLMN. (p. 372) A : 
1. Find the scale factor of ABCD to KLMN. m eb " ^ y 
2. Find the values of x, y, and z. B Wf н 

3. Find the perimeter of each polygon. " 7 ia " N x М 


Determine whether the triangles are similar. If they are similar, write a 
similarity statement. (pp. 381, 388) 


4. W 5. F R 2 X 6. | M 
2 90 NZ 
NE 28 32 G 
30 35 
i ÓN 
A 20 C H 
P 36 Y с J 
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one ACTIVITY Use before Lesson 6.6 Tutor 


classzone.com 
Keystrokes 


Investigate Proportionality 


MATERIALS : graphing calculator or computer 


q 


( 


STEP 1| Draw a triangle Draw a triangle. Label the vertices 
A, B, and C. Draw a point on AB. Label the point D. 


STEP 2| Draw a parallel line Draw a line through D that is 
parallel to AC. Label the intersection of the line and 
BC as point E. 


STEP 3| Measure segments Measure BD, DA, BE, and EC. 


. BD BE 
Calculate the ratios DA and EC 


L 


STEP 4| Compare ratios Move one or more of the triangle’s 
vertices to change its shape. Compare the ratios 
from Step 3 as the shape changes. Save as 
“EXPLOREL.” 


Res 


STEP T| Draw a triangle Draw a triangle. Label the vertices Р, 
Q, and R. Draw the angle bisector of Z QPR. Label the 


intersection of the angle bisector and QR as point B. 


STEP 2| Measure segments Measure BR, RP, BO, and OP. 
BR RP 
BO and OP 


Calculate the ratios 


STEP 3| Compare ratios Move one or more of the triangle's 
vertices to change its shape. Compare the ratios from 
Step 3. Save as "EXPLORE2." L 


1. Make a conjecture about the ratios of the lengths of the segments formed when 
two sides of a triangle are cut by a line parallel to the triangle’s third side. 


2. Make a conjecture about how the ratio of the lengths of two sides of a triangle 
is related to the ratio of the lengths of the segments formed when an angle 
bisector is drawn to the third side. 


396 = Chapter 6 Similarity 


6.6 


Key Vocabulary 

e corresponding 
angles, p. 147 

e ratio, р. 356 

e proportion, р. 358 


Use Proportionality 


Theorems 


You used proportions with similar triangles. 


You will use proportions with a triangle or parallel lines. 


So you can use perspective drawings, as in Ex. 28. 


The Midsegment Theorem, which you learned on page 295, is a special case 
of the Triangle Proportionality Theorem and its converse. 


So 


THEOREMS 


For Your Notebook 


THEOREM 6.4 Triangle Proportionality Theorem 


If a line parallel to one side of a triangle 
intersects the other two sides, then it 
divides the two sides proportionally. 


Proof: Ex. 22, p. 402 


d T 
| >" 
$ U 


— RT _ RU 
If TU || QS, then 77 = Us" 


THEOREM 6.5 Converse of the Triangle Proportionality Theorem 


If a line divides two sides of a triangle 
proportionally, then it is parallel to the 
third side. 


Proof: Ex. 26, p. 402 


jf RT - RU 
TQ US 


then TU || QS. 


Find the length of a segment 


In the diagram, QS || UT, RS = 4, ST = 6, 
and QU = 9. What is the length of RQ? 


Solution 
RO RS І ЧЕЖЕ 
QU” ST Triangle Proportionality Theorem 
RQ 4 à 
"B = 6 Substitute. 
КО = 6 Multiply each side by 9 and simplify. 


6.6 Use Proportionality Theorems 
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REASONING Theorems 6.4 and 6.5 also imply the following: 


: REVIEW 

: CONTRAPOSITIVES . Contrapositive of Theorem 6.4 Contrapositive of Theorem 6.5 
: When an if-then RT , RU ҮТҮЕ TT MAC RT , RU 

: statement is true, its i TQ T US' then ТОЯ Q5, lt ТОЯ «5, then TQ + US' 


: contrapositive is also 
: true. See page 80. 


( EXAMPLE 2 | Solve a real-world problem 


SHOERACK On the shoerack shown, C 
AB = 33 cm, BC = 27 cm, CD = 44 cm, 
and DE = 25 cm. Explain why the gray By 


shelf is not parallel to the floor. 


Solution 
Find and simplify the ratios of lengths determined by the shoerack. 
CD _ 44 CB 27 9 


DE 25 BA 33 11 


> Because 2 + > BD is not parallel to AE. So, the shelf is not parallel 


to the floor. 
LA GUIDED PRACTICE | for Examples 1 and 2 
1. Find the length of YZ. 2. Determine whether PS || QR. 
V 35 W 44 X 50 Q 
P 
36 90 
Y 
Z N 12 S 40 R 


THEOREMS 


THEOREM 6.6 


If three parallel lines intersect two 
transversals, then they divide the 
transversals proportionally. 


Proof: Ex. 23, p. 402 


THEOREM 6.7 A 

If a ray bisects an angle of a triangle, then Т 

it divides the opposite side into segments 

whose lengths are proportional to the C B 
1° lengths of the other two sides. 
AD . CA 
Proof: Ex. 277, p. 403 DB CB 
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(EXAMPLE 3 ] Use Theorem 6.6 


CITY TRAVEL In the diagram, Z 1, Z2, and Z3 
are all congruent and GF — 120 yards, 

DE = 150 yards, and CD = 300 yards. Find 
the distance HF between Main Street and 


South Main Street. 
: ANOTHER WAY Solution 
: el altemative methods Corresponding angles are congruent, so FÉ, 
: for solving the problem < < 
: in Example 3, turn GD, and НС are parallel. Use Theorem 6.6. 
: to page 404 for the HG CD 
: Problem Solving СЕ DE Parallel lines divide transversals proportionally. 
: Workshop. 
из ыр = —— Property of proportions (Property 4) 

HE — 300+150 substitute 

HF _ 450 —" 

120 = 150 Simplify. 

HF = 360 Multiply each side by 120 and simplify. 


» The distance between Main Street and South Main Street is 360 yards. 


(EXAMPLE 4 ) Use Theorem 6.7 


In the diagram, / ОРЕ = Z RPS. Use the given Q 
side lengths to find the length of RS. 7 


Solution 15 


Because PRis an angle bisector of / QPS, you can x 
apply Theorem 6.7. Let RS = x. Then RQ = 15 — x. 13 


RQ _ PQ Angle bisector divides opposite $ 
RS PS side proportionally. 


== Substitute. 


7х = 195 — 13x Cross Products Property 


х = 9.75 Solve for x. 


GUIDED PRACTICE for Examples 3 and 4 


Find the length of AB. 
3. 4 с 
4 
402] ^0 
4 
A B 
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6.6 EXERCISES 


HOMEWORK: 
KEY: 


(С) = WORKED-OUT SOLUTIONS 
on p. WS8 for Exs. 5, 9, and 21 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 8, 13, 25, and 28 


SKILL PRACTICE 


: EXAMPLE 1 


: purs Serra 
: for Exs. 3-4 


: EXAMPLE 2 


|. Explain your reasoning. 


: on p. 398 
: for Exs. 5-7 


: EXAMPLE 3 


: on p. 399 
: for Ex. 8 


: EXAMPLE 4 


: on p. 399 
: for Exs. 9—12 


400 


1. VOCABULARY State the Triangle Proportionality Theorem. Draw a diagram. 


2. ж WRITING Compare the Midsegment Theorem (see page 295) and the 
Triangle Proportionality Theorem. How are they related? 
FINDING THE LENGTH OF A SEGMENT Find the length of AB. 


3. A 4. А 


REASONING Use the given information to determine whether KM || JN. 


4. J N 


K 225 18 
18 К М 


25 20 


8. Ж MULTIPLE CHOICE For the figure at the right, 
which statement is nof necessarily true? 


PQ UT TS _ QR 
Dar P mm 
QR TS PQ _ UT 
© as ns (D và US 


Є) ALGEBRA Find the value of the variable. 


| X 10. 11. 7 
3 


4.5 
21 4 6 


12. ERROR ANALYSIS A student begins to solve 


for the length of AD as shown. Describe and А 20 С 
correct the student's error. EAS 
E 16 
SD 
B 


AB_ AD 10 _ 20—x xX 
BC cD 16 20 
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13. Ж MULTIPLE CHOICE Find the value of x. 
® 1 
2x+1 7.5 
( 2 (D з 2x 6 


6x 18 


Є) ALGEBRA Find the value of the variable. 


14. 15. A 
9 
i 


LA a | 28 


FINDING SEGMENT LENGTHS Use the diagram to find the value of each 
variable. 


18. ERROR ANALYSIS A student claims 


‘ BD _ AB 
that AB = AC using the method shown. By Theorem 6.7, ==. = =. Because 
Describe and correct the student’s error. BD = CD, it follows that AB = AC. 
B 
D 
A C 
19. CONSTRUCTION Follow the instructions for constructing a line segment 
that is divided into four equal parts. 
a. Draw a line segment that is about З inches 
long, and label its endpoints A and B. We 


Choose any point C not on AB. Draw AC. E JE 


b. Using any length, place the compass point at 


— 
A and make an arc intersecting AC at D. 
Using the same compass setting, make 


additional ares on AC. Label the points 
E, F, and G so that AD = DE = EF = FG. 


c. Draw GB. Construct a line parallel to GB 
through D. Continue constructing parallel 
lines and label the points as shown. Explain 
why AJ = JK = KL = LB. 


20. CHALLENGE Given segments with lengths 7, s, and f, ө ie 


construct a segment of length x, such that A = A 0—0 


6.6 Use Proportionality Theorems 401 


"PROBLEM SOLVING | 


CITY MAP On the map below, Idaho Avenue bisects the angle between 
University Avenue and Walter Street. To the nearest yard, what is the distance 
along University Avenue from 12th Street to Washington Street? 


=, ~ 
- 12th St 
= L4 
E о la, 
= € S; 
^ yd  400yd Washington St 
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22. PROVING THEOREM 6.4 Prove the Triangle Proportionality Theorem. 


GIVEN > QS || TU Q T 
ОТ _ SU R 
PROVE Ь TR UR 
$ U 


_@Homelutor © for problem solving help at classzone.com 


23. PROVING THEOREM 6.6 Use the diagram with 
the auxiliary line drawn to write a paragraph 
proof of Theorem 6.6. 


GIVEN P К, || k,, k, || k, 


CB _ DE 
PROVE > A 


auxiliary 
line 


24. MULTI-STEP PROBLEM The real estate term lake frontage refers to the 
distance along the edge of a piece of property that touches a lake. 


a. Find the lake frontage (to the nearest tenth 
of a yard) for each lot shown. 


b. In general, the more lake frontage a lot has, 
the higher its selling price. Which of the lots 
should be listed for the highest price? 


c. Suppose that lot prices are in the same ratio 
as lake frontages. If the least expensive lot 
is $100,000, what are the prices of the other Lakeshore Drive 
lots? Explain your reasoning. 


25. Ж SHORT RESPONSE Sketch an isosceles triangle. Draw а ray that bisects 
the angle opposite the base. This ray divides the base into two segments. 
By Theorem 6.7, the ratio of the legs is proportional to the ratio of these 
two segments. Explain why this ratio is 1:1 for an isosceles triangle. 


26. PLAN FOR PROOF Use the diagram given for the proof of Theorem 6.4 
in Exercise 22 to write a plan for proving Theorem 6.5, the Triangle 
Proportionality Converse. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
402 on p. WS1 TEST PRACTICE 


: PREVIEW 


: Prepare for 
: Lesson 6.7 in 
: Exs. 30-36. 


| 27. PROVING THEOREM 6.7 Use the diagram with the auxiliary lines 


drawn to write a paragraph proof of Theorem 6.7. ү 

GIVEN > /ҮХҮ/ = ZWXZ X " 
YW _ XY 

PROVE > Wz XZ A 


auxiliary lines 


28. * EXTENDED RESPONSE In perspective drawing, lines that are parallel in 
real life must meet at a vanishing point on the horizon. To make the train 
cars in the drawing appear equal in length, they are drawn so that the 
lines connecting the opposite corners of each car are parallel. 


! | аль CI ша _ уут, 
^, < |. Card, m —1 point 1 


gA cm 


a. Use the dimensions given and the red parallel lines to find the length 
of the bottom edge of the drawing of Car 2. 


b. What other set of parallel lines exist in the figure? Explain how these 
can be used to form a set of similar triangles. 


с. Find the length of the top edge of the drawing of Car 2. 


29. CHALLENGE Prove Ceva's Theorem: ЇЇ Pis any point 


ч" AY CX BZ_ 79 

inside Л АВС, 8 YC XB’ ZA 1. (Hint: Draw 

lines parallel to BY through A and C. Apply Theorem 6.4 
to AACM. Show that AAPN — AMPC, ACXM ~ ABXP, 


and ABZP — AAZN.) 


"MIXED REVIEW 


| Perform the following operations. Then simplify. 


2 3 
30. (-3) +Z p.869) 31. 4+ (p.869) 32. 5(5) (p. 871) 33. A (p. 871) 


Describe the translation in words and write the coordinate rule for the 
translation. (p. 272) 


36. 
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PROBLEM SOLVING Using ALTERNATIVE METHODS 


WORKSHOP | 


Another Way to Solve Example 3, page 399 


MULTIPLE REPRESENTATIONS In Lesson 6.6, you used proportionality 
theorems to find lengths of segments formed when transversals intersect 
two or more parallel lines. Now, you will learn two different ways to solve 
Example 3 on page 399. 


PROBLEM CITY TRAVEL In the diagram, Z 1, 


Z 2, and Z 3 are all congruent and 

GF = 120 yards, DE = 150 yards, and 
CD = 300 yards. Find the distance HF 
between Main Street and 


South Main Street. 


. METHOD 1 Applying a Ratio One alternative approach is to look for ratios in the diagram. 


STEP 7 Read the problem. Because Main Street, Second Street, and South 
Main Street are all parallel, the lengths of the segments of the cross 
streets will be in proportion, so they have the same ratio. 


STEP 2 Apply a ratio. Notice that on CE, the distance CD between South Main 
Street and Second Street is twice the distance DE between Second 
Street and Main Street. So the same will be true for the distances HG 


and GF. 
HG = 2 * GF Write equation. 
= 2120 Substitute. 
= 240 Simplify. 


STEP 3 Calculate the distance. Line HFis perpendicular to both Main Street 
and South Main Street, so the distance between Main Street and 
South Main Street is this perpendicular distance, HF. 


HF = HG + GF Segment Addition Postulate 
= 120 + 240 Substitute. 
= 360 Simplify. 


STEP 4 Check page 399 to verify your answer, and confirm that it is the same. 
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‚ METHOD 2 Writing a Proportion Another alternative approach is to use a graphic 


organizer to set up a proportion. 


STEP 7 Make a table to compare the distances. 


Total distance 


300 + 150, or 450 


Partial distance 


STEP 2 Write and solve a proportion. 


450 __x_ 
150 120 
360 = x 


* The distance is 360 yards. 


Write proportion. 


Multiply each side by 120 and simplify. 


1. MAPS Use the information on the map. 


a. Find DE. 


b. WhatIf? Suppose there is an alley one 
fourth of the way from BE to CD and 
parallel to BE. What is the distance 
from Eto the alley along ED? 


2. REASONING Given the diagram below, 
explain why the three given proportions 
are true. 


3. WALKING Two people leave points A and 
В at the same time. They intend to meet at 
point C at the same time. The person who 
leaves point A walks at a speed of 3 miles per 
hour. How fast must the person who leaves 
point B walk? 


4. ERROR ANALYSIS A student who attempted 
to solve the problem in Exercise 3 claims 
that you need to know the length of AC to 
solve the problem. Describe and correct the 
error that the student made. 


5. E) ALGEBRA Use the diagram to find the 
values of x and y. 


Using Alternative Methods 405 


Use after Lesson 6.6 


Key Vocabulary 
e fractal 

• self-similarity 
* iteration 


: HISTORY NOTE 


: Computers made it easier 

: to study mathematical 

: iteration by reducing the 

: time needed to perform 

: calculations. Using fractals, 
: mathematicians have been 
: able to create better models 
: of coastlines, clouds, and 

: other natural objects. 
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Fractals 


Ге ТИ Explore the properties of fractals. 


A fractal is an object that is self-similar. An 
object is self-similar if one part of the object 
can be enlarged to look like the whole object. 
In nature, fractals can be found in ferns and 
branches of a river. Scientists use fractals to 
map out clouds in order to predict rain. 


Many fractals are formed by a repetition of a 
sequence of the steps called iteration. The 
first stage of drawing a fractal is considered 
Stage 0. Helge van Koch (1870-1924) described 
a fractal known as the Koch snowflake, shown Poem try ie 
in Example 1. A Mandelbrot fractal 


Draw a fractal 


Use the directions below to draw a Koch snowflake. 


Starting with an equilateral triangle, at each stage each side is divided into 
thirds and a new equilateral triangle is formed using the middle third as the 
triangle side length. 


Solution 

STAGEO Draw an equilateral STAGEY Replace the middle third of 
triangle with a side length each side with an equilateral 
of one unit. triangle. 


А ж 


STAGE2 Repeat Stage 1 with the STAGE3 Repeat Stage 1 with the 
six smaller equilateral eighteen smaller equilateral 
triangles. triangles. 


ж ж 


MEASUREMENT Benoit Mandelbrot (b. 1924) was the first mathematician to 
formalize the idea of fractals when he observed methods used to measure 

the lengths of coastlines. Coastlines cannot be measured as straight lines 
because of the inlets and rocks. Mandelbrot used fractals to model coastlines. 


GITA Find lengths in a fractal 


Make a table to study the lengths of the sides of a Koch snowflake at 


different stages. 
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PRACTICE 
: EXAMPLES 1. PERIMETER Find the ratio of the edge length of the triangle in Stage 0 of 
: 1 and 2 a Koch snowflake to the edge length of the triangle in Stage 1. How is the 
: for Exs. 1—3 perimeter of the triangle in Stage 0 related to the perimeter of the triangle 


in Stage 1? Explain. 


. MULTI-STEP PROBLEM Use the Cantor set, which is a fractal whose 


iteration consists of dividing a segment into thirds and erasing the 
middle third. 


a. Draw Stage 0 through Stage 5 of the Cantor set. Stage 0 has a length 
of one unit. 


b. Make a table showing the stage number, number of segments, 
segment length, and total length of the Cantor set. 


c. What is the total length of the Cantor set at Stage 10? Stage 20? 
Stage n? 


. EXTENDED RESPONSE A Sierpinski carpet starts with a square with 


side length one unit. At each stage, divide the square into nine equal 
squares with the middle square shaded a different color. 


a. Draw Stage 0 through Stage 3 of a Sierpinski carpet. 


b. Explain why the carpet is said to be self-similar by comparing the 
upper left hand square to the whole square. 


с. Make a table to find the total area of the colored squares at Stage 3. 


Extension: Fractals 


407 


Investigating | AG ПЕГЕ ph V, 
Geometry FA, Е А М AA E Use before Lesson 6.7 


6.7 Dilations 


MATERIALS + graph paper «straightedge • compass «ruler 


How can you construct a similar figure? 


Construct a similar triangle 


STEP 2 


< 


= 


CSE 
ХХ РЕ 
МЕР 
/Ns ||11- 
ТАГ 
A 
CONE 


0С 
== 


11 


Draw o triangle Plot the points А(1, 3), B(5, 3), Draw rays Using the origin as an endpoint O, 
and C(5, 1) in a coordinate plane. Draw A АВС. draw ОА, OB, and OC. 


STEP 3 STEP 4 
ү] 
тиш 
BT m 
ej E 
ишиш я 
ERE E 
ARO ве u 
|] Ты] 118 Ia ia 
LAA [ec] | | | | veer fe] | ни 
oy i | | [| | d Td Td] dt dt x oy i | | ||| ||| || [/x% 
Draw equal segments Use a compass to mark a Draw the image Connect points D, E, and F 
point D on ОА so OA = AD. Mark a point Eon to form a right triangle. 


OB so OB = BE. Mark a point Fon OC so OC = CF. 


NIN ЧААП, Use your observations to — these exercises 


1. Measure AB, BC, DE, and EF. Calculate the ratios y and = =. Using this 


information, show that the two triangles are similar. 


2. Repeat the steps in the Explore to construct AGHJ so that 3 • OA = AG, 
3 • OB = BH, апаз * OC = CJ. 
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6.7 


Key Vocabulary 
e dilation 
• center of dilation 


e scale factor of a 
dilation 


e reduction 
• enlargement 


e transformation, 
p. 272 


Perform Similarity 
Transformations 


You performed congruence transformations. 
You will perform dilations. 


So you can solve problems in art, as in Ex. 26. 


A dilation is a transformation that stretches or 
shrinks a figure to create a similar figure. A dilation 
is a type of similarity transformation. 


In a dilation, a figure is enlarged or reduced with 
respect to a fixed point called the center of dilation. 


The scale factor of a dilation is the ratio of a side 

length of the image to the corresponding side length 

of the original figure. In the figure shown, ^ XYZ is 

the image of A ABC. The center of dilation is (0, 0) 
XY 


and the scale factor is AB 


KEY CONCEPT For Vour Wotebook 


Coordinate Notation for a Dilation 


> You can describe a dilation with respect to the origin with the notation 
(x, y) ^ (kx, ky), where К is the scale factor. 


If0 < k< 1, the dilation is a reduction. If k > 1, the dilation is an enlargement. 


Draw a dilation with a scale factor greater than 1 


: READ DIAGRAMS 


: All of the dilations in 

: this lesson are in the 

: coordinate plane and 
: each center of dilation 
: is the origin. 


Draw a dilation of quadrilateral ABCD with vertices A(2, 1), B(4, 1), 
C(4, —1), and D(1, —1). Use a scale factor of 2. 


Solution 


First draw ABCD. Find the dilation of each vertex | 1» | | | | | | | | | | 
by multiplying its coordinates by 2. Then draw | | | | L | | M | 


the dilation. ТА /8 [|] 
(x, y) > (2x, 2y) TULYLLLLLL 

| i FT VIA 5 | [+ 

AQ, 1) > L(4, 2) | qe Yi le] | |] | 
B(4, D > M(B, 2) (P ||| | w| 


C(4, —1) ^ N(8, —2) 
ШАЛ, 11 => PZ, 2) 


6.7 Perform Similarity Transformations 409 


(EXAMPLE 2 ] Verify that a figure is similar to its dilation 


A triangle has the vertices A(4, —4), B(8, 2), and C(8, —4). The image 
of A ABC after a dilation with a scale factor of 5 is A DEF. 

a. Sketch A ABC and ADEF. 

b. Verify that AABC and ADFF are similar. 


Solution 
a. The scale factor is less than one, so the 
dilation is a reduction. 
(x,y) ^ (ix, ly 
A(4, —4) ^ D(2, —2) 
ate, 2) e Fu 2 ГИС 
C(8, —4) > F(4, —2) _ | | | |А| | | | IN 
Py] tT | | tt | и 


b. Because Z Cand Z Fare both right angles, 2 C = Z Е. Show that the 
lengths of the sides that include Z C and Z Fare proportional. Find 
the horizontal and vertical lengths from the coordinate plane. 


So, the lengths of the sides that include / C and Z Fare proportional. 
> Therefore, A ABC ~ A DEF by the SAS Similarity Theorem. 


СА GUIDED PRACTICE | for Examples 1 and 2 


Find the coordinates of L, М, and N so that A LMNis a dilation of A PQR 
with a scale factor of k. Sketch A PQR and A LMN. 


1. P(-2, —1), Q(-1, 0), R(O, -; k = 4 2. P(5, —5), Q(10, —5), R(10, 5); k = 0.4 


(EXAMPLE 3 ] Find a scale factor 


PHOTO STICKERS You are making your 
own photo stickers. Your photo is 4 inches 
by 4 inches. The image on the stickers 
is 1.1 inches by 1.1 inches. What is 

the scale factor of the reduction? 


Solution 


The scale factor is the ratio of a side length of the sticker image to a side 
Ll 
4 in 


11 


in. In simplest form, the scale factor is H 40° 


length of the original photo, or ——— 


410 Chapter 6 Similarity 


READING DIAGRAMS Generally, for a center of 
dilation at the origin, a point of the figure and its 
image lie on the same ray from the origin. However, 
if a point of the figure is the origin, its image is also 
the origin. 


* (EXAMPLE 4 ] Standardized Test Practice 


: ELIMINATE CHOICES 


: You can eliminate 

: choice A, because you 
: can tell by looking at 
: the graph that Н is 

: in Quadrant I. The 

: point (12, —15) is in 

: Quadrant IV. 


You want to create a quadrilateral EFGH that is similar to quadrilateral 
PQRS. What are the coordinates of H? 


СА) (12, -15) a2 DRE LIII. 
шишиши 


(7,8) EF | 
CIN 
O (12,15) ОХ, 
(D> (15, 18) Pid |, 
CIRIA 
AS 
Jas 
ишш 
dyl | 
Solution 


Determine if EFGH is a dilation of PQRS by checking whether the same 
scale factor can be used to obtain E, F, and G from P, Q, and R. 


(x, y) — (kx, ky) 
Р(3,0) >E(9,0) к=з 
QG, 1) > F(3,3) к=з 
R(0, 2) > G(0,6) к=з 


Because kis the same in each case, the image is a dilation with a scale 
factor of 3. So, you can use the scale factor to find the image H of point S. 


S(4, 5) > HG • 4,3 • 5) = H(12, 15) 
» The correct answer is C. @ © Ф) 
CHECK Draw rays from the origin through each point and its image. 


GUIDED PRACTICE for Examples 3 and 4 


3. WHAT IF? In Example 3, what is the scale factor of the reduction if 
your photo is 5.5 inches by 5.5 inches? 


4. Suppose a figure containing the origin is dilated. Explain why the 
corresponding point in the image of the figure is also the origin. 


6.7 Perform Similarity Transformations 


411 


67 EXERCISES —— "t О-оо 

e KEY: on p. WS8 for Exs. 5, 11, and 27 
: Ж = STANDARDIZED TEST PRACTICE 

Exs. 2, 13, 21, 22, 28, 30, and 31 


SKILL PRACTICE 


1. VOCABULARY Сору and complete: In a dilation, the image is _? to the 
original figure. 


2. ж WRITING Explain how to find the scale factor of a dilation. How do 
you know whether a dilation is an enlargement or a reduction? 


: EXAMPLES DRAWING DILATIONS Draw a dilation of the polygon with the given vertices 

¡Tand2 — — using the given scale factor k. 

: on pp. 409-410 Е _ -5 deas de = = TENES 

: for EXS. 3-8 3. А(—2, D, B(—4, 1), С(—2, 4); k = 2 4. A(—5, 5), B(-5, -10), С(10, 0); k = 5 
(24. D, BG, D, C(6, 3); k = 1.5 6. A(2, 8), B(8, 8), С(16, 4); k = 0.25 


7. A(=8, 0), B(0, 8), C(4, 0), D(0, —4); k = 2 8. A(0, 0), B(0, 3), C(2, 4), D(2, -; k = 


: EXAMPLE 3 IDENTIFYING DILATIONS Determine whether the dilation from Figure A to 


: on p. 410 Figure B is a reduction or an enlargement. Then find its scale factor. 


: for Exs. 9-12 9 
| үү 
PT ETAL] | 


IN E 
УГ САЦ 
OTN 


AAA PAU T. 
Yi | ув it | | |+ 
[ LG МАД ALA LL LL PIA TTT Tt} FP pp 
a tiVil Yi", m SNMIMNENENEENE 
_|+!] ti TT tt i | fe ptt ttt tet tt ttt И 


E pA | quadrilateral PQRS that is similar to quadrilateral “T М 1-5 Wr [= 
: for Ex. 13 JKLM. What are the coordinates of S? TT TY INN I: 
3b a xus IN иил 
CIN | tt 

O (2-4) D (-4, -2) LLLIBS EA 

LE EL EL Iwo 


14. ERROR ANALYSIS A student found 
the scale factor of the dilation from 


LIN 
ego 
| [e ГЇ | 
a 


AB to CD to be z, Describe and 


correct the student’s error. 
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15. ERROR ANALYSIS A student says that 
the figure shown represents a dilation. PT 
What is wrong with this statement? BEBBBEBIEBSIARE 

| LL LL LLL 
|| | | | ЭР 
ptt | BALL. 
O A 
1 ||| 


Y 
Ж 


IDENTIFYING TRANSFORMATIONS Determine whether the transformation 


shown is a translation, reflection, rotation, or dilation. 


16. 17. 


18. 


FINDING SCALE FACTORS Find the scale factor of the dilation of Figure A to 


Figure B. Then give the unknown lengths of Figure A. 
19. 


21. Ж MULTIPLE CHOICE In the diagram shown, 


А АВО is a dilation of ADEO. The length of a 
median of AABO is what percent of the length 
of the corresponding median of ADEO? 


СА) 50% 75% 


O 133296 D 200% 


22. Ж SHORT RESPONSE Suppose you dilate a figure using a scale factor of 2. 


Then, you dilate the image using a scale factor of > Describe the size and 


shape of this new image. 


CHALLENGE Describe the two transformations, the first followed by the 


second, that combined will transform A ABC into A DEF. 


23. А(—3, 3), В(—3, 1), GUO, 1) 
D(6, 6), E(6, 2), F(0, 2) 


24. A(6, 0), B(9, 6), C(12, 6) 
D(0, 3), El, 5), F(2, 5) 


6.7 Perform Similarity Transformations 
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Ml 
PROBLEM SOLVING 


: Exs. 25-27 


414 


25. 


26. 


BILLBOARD ADVERTISEMENT A billboard advertising agency requires each 
advertisement to be drawn so that it fits in a 12-inch by 6-inch rectangle. 
The agency uses a scale factor of 24 to enlarge the advertisement to create 
the billboard. What are the dimensions of a billboard, in feet? 


 (QHomelüutor ` for problem solving help at classzone.com 


POTTERY Your pottery is used on a 
poster for a student art show. You want 

to make postcards using the same image. 
On the poster, the image is 8 inches in 
width and 6 inches in height. If the image 
on the postcard can be 5 inches wide, 
what scale should you use for the image 
on the postcard? 


`@НотетТиїог ` for problem solving help at classzone.com 


(т) SHADOWS You and your friend are walking at night. You point a flashlight 


28. 


29. 


30. 


at your friend, and your friend's shadow is cast on the building behind him. 
The shadow is an enlargement, and is 15 feet tall. Your friend is 6 feet tall. 
What is the scale factor of the enlargement? 


Ж OPEN-ENDED MATH Describe how you can use dilations to create the 
figure shown below. 


Шиинин ORR Re 
LL LL LLL LL LLLLL LLL Ree 
LE ы LETT Bee 

NERSZSE". All LL LLL. 


\ 


|| VVINN 
ALAN 
WANANNER 
LIA AZ INANN. 
MAMAR 
| ANNNIZ / 
ANNAN Y YY 
|| ANNIZ / 


e 

OS 
= 
a 
aim 
ili 
an 
жш 


MULTI-STEP PROBLEM A АВС has vertices A(3, —3), B(3, 6), and C(15, 6). 
a. Draw a dilation of AABC using a scale factor of 5 
b. Find the ratio of the perimeter of the image to the perimeter of the 


original figure. How does this ratio compare to the scale factor? 


c. Find the ratio of the area of the image to the area of the original 
figure. How does this ratio compare to the scale factor? 


Ж EXTENDED RESPONSE Look at the coordinate notation for a dilation 
on page 409. Suppose the definition of dilation allowed k < 0. 


a. Describe the dilation if —1 < k < 0. 
b. Describe the dilation if k « —1. 


с. Use a rotation to describe a dilation with k = —1. 


(O) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 


on p. WS1 TEST PRACTICE 


: PREVIEW 


: Prepare for 
: Lesson 7.1 


31. 


32. 


33. 


34. 


" MIXED REVIEW 


Ж SHORT RESPONSE Explain how you can use y 

dilations to make a perspective drawing with the О x 
center of dilation as a vanishing point. Draw 

a diagram. 


MIDPOINTS Let XY be a dilation of PQ with scale _ 
factor k. Show that the image of the midpoint of PQ is 
the midpoint of XY. 


REASONING In Exercise 32, show that XY || PQ. 


CHALLENGE A rectangle has vertices A(0, 0), B(0, 6), C(9, 6), and D(9, 0). 
Explain how to dilate the rectangle to produce an image whose area is 
twice the area of the original rectangle. Make a conjecture about how to 
dilate any polygon to produce an image whose area is n times the area of 
the original polygon. 


Simplify the expression. (p. 873) 


35. 


(3x + 2)? + (x — 5)? 36. 4(3ab] + (b – а)? 37. (a+ Б)? — (a — by 


Find the distance between each pair of points. (p. 15) 


38. 


(0, 5) and (4, 3) 39. (—3, 0) and (2, 4) 40. (—2, —4) and (3, —2) 


Find the value(s) of the variable(s). 


41. Area = 6 in.” (p. 49) 42. AABC= ADCB н 256) 43. APQRisisosceles. (р. 303) 


: in Exs. 41-43. 


Y 
18 3(x + 1) 
hin. 
Х Z A у+7 C 
З in. 


QUIZ for Lessons 6.6-6.7 


Find the value of x. (p. 397) 


DX LZ 


Draw a dilation of ^ ABC with the given vertices and scale factor k. (p. 409) 
4. A(—5, 5), B(—5, —10), C(10, 0); k = 0.4 5. А(—2, D, B(-4, 1), C(-2, 4; k = 2.5 
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MIXED REVIEW of Problem Solving 


Lessons 6.4-6.7 


1. OPEN-ENDED The diagram shows the front 
of a house. What information would you 
need in order to show that AWXY ~ AVXZ 
using the SAS Similarity Theorem? 


2. EXTENDED RESPONSE You leave your house 


to go to the mall. You drive due north 
8 miles, due east 7.5 miles, and due north 
again 2 miles. 


a. Explain how to prove that Л АВС ~ A EDC. 


b. Find CD. 


c. Find AE, the distance between your house 
and the mall. 


3. SHORT RESPONSE The Cardon cactus found 
in the Sonoran Desert in Mexico is the tallest 
type of cactus in the world. Marco stands 
76 feet from the cactus so that his shadow 
coincides with the cactus’ shadow. Marco is 
6 feet tall and his shadow is 8 feet long. How 
tall is the Cardon cactus? Explain. 


Not drawn to scale 


Chapter 6 Similarity 


¿EP STATE TEST PRACTICE 
1—2 dasszone.com 


4. SHORT RESPONSE In the diagram, is it 
always, sometimes, or never true that 
L | L, | l? Explain. 


11 Lo L3 


5. GRIDDED ANSWER In the diagram of the roof 
truss, HK = 7 meters, KM = 8 meters, 
JL = 4.7 meters, and / 1 = / 2. Find LM to the 
nearest tenth of a meter. 


A 4) ANS INS 


6. GRIDDED ANSWER You are designing a 


catalog for a greeting card company. 
The catalog features a 22 inch by 


2 inch photograph of each card. The actual 
dimensions of a greeting card are 7 inches 
by 5 inches. What is the scale factor of the 
reduction? 


7. MULTI-STEP PROBLEM Rectangle ABCD 


has vertices A(2, 2), B(4, 2), C(4, —4), and 
DC, —4). 


a. Draw rectangle ABCD. Then draw a 
dilation of rectangle ABCD using a scale 


factor of 2. Label the image PQRS. 


b. Find the ratio of the perimeter of the 
image to the perimeter of the original 
figure. How does this ratio compare to 
the scale factor? 


c. Find the ratio of the area of the image to 
the area of the original figure. How does 
this ratio compare to the scale factor? 


Big 


Big 


Big 
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BIG IDEAS For Your Notebook 


Using Ratios and Proportions to Solve Geometry Problems 


> You can use properties of proportions to solve a variety of algebraic 


and geometric problems. 


A 5 B 
< Z 
EN: 6 D 18 C 
DB : А АВ _ ED 
> For example, in the diagram above, suppose you know that — = =, 
н A ; А А ВС Рс 
> Then you can write any of the following relationships. 
56 ee x _ 18 5 x 5+x_6+18 
x 1 тнт 5 6 6 18 x 18 
> Showing that Triangles are Similar 
> You learned three ways to prove two triangles are similar. 
AA Similarity Postulate SSS Similarity Theorem SAS Similarity Theorem 
D D D 
ION nN LX», *% LN 
B C B C B C 
zs = АВ _ BC _ AC - AB _ AC 
> didi ien — LE Ife = ge = pp then If ZA = ZD and те = рр 
E ~ A ABC ~ ADEF. then AABC ~ ADEF. 


> You can use triangle similarity theorems 


Using Indirect Measurement and Similarity 


to apply indirect measurement in order to 
find lengths that would be inconvenient or 
impossible to measure directly. 


Consider the diagram shown. Because the 
two triangles formed by the person and 
the tree are similar by the AA Similarity 
Postulate, you can write the following 
proportion to find the height of the tree. 


height of person Е height of tree 
length of person's shadow length of tree's shadow 


You also learned about dilations, a type of similarity transformation. In a 
dilation, a figure is either enlarged or reduced in size. 
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* Multi-Language Glossary 
. * Vocabulary practice 
: For a list of e ratio, p. 356 e scale, p. 365 • center of dilation, p. 409 
: aiii and ^ .proportion, p. 358 * similar polygons, p. 372 • scale factor of a dilation, p. 409 
: theorems, see т 
Е н эра means, extremes • scale factor of two similar e reduction, p. 409 
* PP- | * geometric mean, p. 359 polygons, p. 373 - enlargement, p. 409 
* scale drawing, p. 365 e dilation, р. 409 
VOCABULARY EXERCISES 


Copy and complete the statement. 


1. A ? isatransformation in which the original figure and its image are similar. 
PQ 2  ? 
2. If APQR ~ AXYZ, then XY Yz ^ 
3. WRITING Describe the relationship between a ratio and a proportion. Give 
an example of each. 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding 
of the concepts you have learned in each lesson of Chapter 6. 


{ з. || Ratios, Proportions, and the Geometric Mean pp. 356-363 | 


The measures of the angles in A ABC are in the extended ratio of 3:4:5. 
Find the measures of the angles. 


Use the extended ratio of 3:4:5 to label the angle measures as 3x°, 4х°, and 5x*. 
3x° + 4x° + 5x° = 180° Triangle Sum Theorem 
12x = 180 Combine like terms. 
x=15 Divide each side by 12. 
So, the angle measures are 3(15°) = 45°, 4(15°) = 60°, and 5(15°) = 75°. 


EXERCISES 
: EXAMPLES 4. The length of a rectangle is 20 meters and the width is 15 meters. Find the 
: 1,3, and 6 ratio of the width to the length of the rectangle. Then simplify the ratio. 
; оп рр. 356-359 | 5 The measures of the angles in AUVW are in the extended ratio of 1:1:2. 


: for Exs. 4—6 Find the measures of the angles. 


6. Find the geometric mean of 8 and 12. 
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Chapter Review Practice 


Use Proportions to Solve Geometry Problems pp. 364-370 


BA _ BC 
In the diagram, — DA” EC . Find BD. 


x = 3- PE Substitution Property of Equality 
2x + 6 = 30 Cross Products Property 
x= 12 Solve for x. 

EXERCISES 
: EXAMPLE 2 Use the diagram and the given information to find the unknown length. 
¡On р. 205 RN _ QM Ср _ СЕ 
: for Exs. 7-8 7. Given RP OL’ find RP. 8. Given — DE , find CD. 

B 5 D 
Use Similar Polygons pp. 372-379 


In the diagram, EHGF — KLMN. Find the 


E 12 H K 18 L 
scale factor. 10 
From the diagram, you can see that z а — 15 н 
EH and KL correspond. So, the scale factor 16 c N 
24 M 


of EHGF to KLMN is ЁН = 12 = 2 


KL 18 3 
EXERCISES 
: EXAMPLES In Exercises 9 and 10, determine whether the polygons are similar. If they 
: 2and 4 are, write a similarity statement and find the scale factor. 


: on pp. 373-374 


: for Exs. 9-11 9. A B F G 10. Y Q 6 R 
\ р 
. 4 i PA | 
Р 
н 12 C E 6$ H X 20 Z 


11. POSTERS Two similar posters have a scale factor of 4:5. The large 
poster's perimeter is 85 inches. Find the small poster's perimeter. 
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CHAPTER REVIEW 
£ 5.4 | Prove Triangles Similar by AA pp. 381-387 | 


Determine whether the triangles are similar. р 

If they are, write a similarity statement. 29° 

Explain your reasoning. А ^U B 
F — E C 


Because they are right angles, / F = / B. By the Triangle Sum Theorem, 
61° + 90° + mZ E = 180°, so mZ E = 29° and Z E = ZA. Then, two angles of 
ADFE are congruent to two angles of ACBA. So, ADFE — ACBA. 


EXERCISES 
: EXAMPLES Use the AA Similarity Postulate to show that the triangles are similar. 


: 12. 13. 
: on pp. 382-383 j diim B F He 
: for Exs. 12-14 LABS d D^ 30° 
Q EY Р 
U 


14. CELL TOWER A cellular telephone tower casts a shadow that is 72 feet 
long, while a tree nearby that is 27 feet tall casts a shadow that is 6 feet 
long. How tall is the tower? 


Prove Triangles Similar by SSS and SAS pp. 388-395 
Show that the triangles are similar. ү 

Notice that the lengths of two pairs of 21 

corresponding sides are proportional. X T a 20 V 


The included angles for these sides, 2 XZY and / VZW, are vertical angles, 
so Z XZY = / VZW. Then AXYZ ~ AVWZ by the SAS Similarity Theorem. 


EXERCISES 
: EXAMPLE 4 Use the SSS Similarity Theorem or SAS Similarity Theorem to show that 
:onp.391 the triangles are similar. 


: for Exs. 15-16 16. 
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Ё Use Proportionality Theorems pp. 397-403 | 


Determine whether MP || LQ. N 

Begin by finding and simplifying ratios 8 E 

of lengths determined by MP. My Р 12 
NM _ 8-2 NP _ 24_ 2 L Q 
ML 4 1 PQ 12 1 

Because E = o MP is parallel to LQ by Theorem 6.5, the Triangle 


Proportionality Converse. 


EXERCISES 
: EXAMPLE2 | Usethe given information to determine whether AB || CD. 
: on p. 398 
: for Exs. 17-18 17. D 10 18. C 

B 13.5 
C 20 ; 16 
28 
E 
Perform Similarity Transformations pp. 409-415 


Draw a dilation of quadrilateral FGHJ with vertices F(1, 1), G(2, 2), H(4, 1), 
and J(2, —1). Use a scale factor of 2. 


First draw FGHJ. Find the dilation of each PAY) | TT |p dd 
vertex by multiplying its coordinates by 2. a | 
Then draw the dilation. 


(x, y) ^ (2x, 2y) 
Е(1, 1) ^ (2, 2) 
G(2, 2) — (4, 4) 
H(4, 1) — (8, 2) 

J(2, —1) ^ (4, —2) 


EXERCISES 
: EXAMPLE 1 _ Draw a dilation of the polygon with the given vertices using the given scale 
: on p. 409 factor К. 


: for Exs. 19721 | 1e. T(0,8), U(6, 0), V(O, 0); k 


20. A(6, 0), B(3, 9), C(O, 0), D(3, D;k= 4 
21. P(8, 2), QU, 0), R(3, 1), S(6, 4); k = 0.5 


Chapter Review 421 


422 


CHAPTER TEST 


Solve the proportion. 


6_9 Es 
L == 1 2. 1 3. 


In Exercises 5-7, use the diagram where APQR ~ AABC. 


5. List all pairs of congruent angles. 


P B 20 C 
6. Write the ratios of the corresponding sides in a 12 21 10 
statement of proportionality. z 
R 24 Q А 


7. Find the value of x. 


Determine whether the triangles are similar. If so, write a similarity 
statement and the postulate or theorem that justifies your answer. 


10. L M 
659 
27 18 
K d 


8. N 15 9. B 
Y 
3 * C 
20 N à > 
, 7 85 
25 33° 
d А Е 
In Exercises 11-13, find the length of AB. 
11. B C D 12. 


D 


Determine whether the dilation from Figure A to Figure B is a reduction 


or an enlargement. Then find its scale factor. 


16. SCALE MODEL You are making a scale model of your 
school’s baseball diamond as part of an art project. 
The distance between two consecutive bases is 

1 

180 

model, what will be the distance around the bases 

on your model? 


90 feet. If you use a scale factor of — to build your 
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SOLVE QUADRATIC EQUATIONS AND SIMPLIFY RADICALS 


A radical expression is simplified when the radicand has no perfect square factor 
except 1, there is no fraction in the radicand, and there is no radical in 
a denominator. 


e» Solve quadratic equations by finding square roots 


Solve the equation 4х? — 3 = 109. 


4х — 3 = 109 Write original equation. 
Ах = 112 Add 3 to each side. 
т = 2B Divide each side by 4. 


x=+V28 Vab=Va-\Vb,soV28 = +ү4 + V7. 
Ет Simplify. 


xy] Simplify quotients with radicals 


Simplify the expression. 


: à 
a. 8 b. үр 


Solution 
10.. 5 simpli i Tm а — V and V1 = 1 
a. үз 5 Simplify fraction. b. V5 T E ie 
В E = Ya ME) Multiply numerator and 
V4 b ү V5 V5 denominator by V5. 
_ V5 — 
EL Simplify. = ue Multiply fractions. 
va • va = a. 
EXERCISES 
: EXAMPLE 1 | Solve the equation or write no solution. 
ио 1. x? + 8 = 108 2. 2x? — 1 = 49 3. 3 9= 8 
4. 5х2 +11 = 1 5. 202 – 7) = 6 6. 9 = 21 + 3х? 
7. Зх? — 17 = 43 8. 56 — х? = 20 9. —3(—x^ + 5) = 39 
: EXAMPLE2 | Simplify the expression. 
: for Exs. 10-17 7 E (24 3V7 
10. a 11. 5 12. 27 13. a 
75 V2 9 21 
14, (75 15. —— 16. —— 17. a 
64 V200 V27 42 
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Scoring Rubric 


Full Credit 
• solution is complete 
and correct 


Partial Credit 

• solution is complete 
but has errors, 
or 

e solution is without 
error but is 
incomplete 


No Credit 

* no solution is given, 
or 

• solution makes no 
sense 


————ÀÓ9 » 


The reasoning is 
complete. 


—————— ÓÁ » 


The proportion and 


calculations are correct. 


In part (b), the question is 


answered correctly. 


——————— » 
In part (с), the reasoning 


is complete and correct. 
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EXTENDED RESPONSE QUESTIONS 


To find the height of a tree, a student 63 inches in height measures the 
length of the tree’s shadow and the length of his own shadow, as shown. 
The student casts a shadow 81 inches in length and the tree casts a 
shadow 477 inches in length. 


a. Explain why APQR ~ АТО. 
b. Find the height of the tree. 


c. Suppose the sun is a little lower in the sky. Can you still use this 
method to measure the height of the tree? Explain. 


Below are sample solutions to the problem. Read each solution and the 
comments on the left to see why the sample represents full credit, partial 
credit, or no credit. 


SAMPLE 1: Full credit solution 


a. Because they are both right angles, Z QPR = ZQTS. Also, ZQ=ZQ 
by the Reflexive Property. So, APQR ~ ATQS by the AA Similarity 
Postulate. 

b ЕН Е 05 

| РО ТО 
63 _ TS 
81 477 
63(477) = 81 • TS 
371 = TS 


The height of the tree is 371 inches. 


c. As long as the sun creates two shadows, I can use this method. 
Angles RPQ and T will always be right angles. The measure of 7 Q 
will change as the sun’s position changes, but the angle will still be 
congruent to itself. So, APQR and ATQS will still be similar, and I 
can write a proportion. 


SAMPLE 2: Partial credit solution 


ССС > а. APQR ~ ATQS by the Angle-Angle Similarity Postulate. 
In part (a), there is no 


b PR _ TS 
explanation of why the . РО ТР 
postulate сап be applied. 

63 — TS 
ecoocoocooocooocoocooocoooooo ee 81 396 
In part (b), the proportion 
is incorrect, which leads 308 = TS 


to an incorrect solution. А : А 
The height of the tree is 308 inches. 


(———— звала най > c. As long as the sun creates two shadows, I can use this method 


In part (c), a partial because the triangles will always be similar. 
explanation is given. 


SAMPLE 3: No credit solution 


Ln» » а. The triangles are similar because the lines are parallel and the angles 
The reasoning in part (a) are congruent. 
is incomplete. 


——————————ea. З b. TS = 371 inches 
In part (b), no work is 


ИЕ » с. No. Тһе angles in the triangle will change, so you can't write а 
The answer in part (c) is proportion. 
incorrect. 


PRACTICE Apply the Scoring Rubric 


1. A student's solution to the problem on the previous page is given below. 
Score the solution as full credit, partial credit, or no credit. Explain your 
reasoning. If you choose partial credit or no credit, explain how you would 
change the solution so that it earns a score of full credit. 


a. ZQPR= ZPTS, and ZG is in both triangles. So, APQR ~ ATQS. 


| РО ST 
65 _ AT] 
81 X 
63x = 81(477) 
x == 615.5 


The tree is about 613.3 inches tall. 


c. The method will still work because the triangles will still be similar if the 
sun changes position. The right angles will stay right angles, and <Q ie 
in both triangles, so it does not matter if its measure changes. 
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. On the easel shown at the right, AB || HC || GD, and 


. Inthe diagram shown at the right, 00 passes 


EXTENDED RESPONSE 


1. Use the diagram. E 
a. Explain how you know that AABC ~ AEDC. 
b. Find the value of n. B n 
4 
c. The perimeter of AABC is 22. What is the perimeter 
of AEDC? Justify your answer. 10| /C : 
D 
A 


AG = BD. 
a. Find BD, BC, and CD. Justify your answer. 


b. On the easel, MP is a support bar attached to AB, 
HC, and GD. On this support bar, NP — 10 inches. 
Find the length of MP to the nearest inch. Justify 
your answer. 


c. The support bar MP bisects AB, HC, and GD. Does 
this mean that polygons AMNH and AMPG are 
similar? Explain. 


. Ahandmade rectangular rug is available in two sizes at a rug store. A 


small rug is 24 inches long and 16 inches wide. A large rug is 36 inches long 
and 24 inches wide. 


a. Are the rugs similar? If so, what is the ratio of their corresponding 
sides? Explain. 


b. Find the perimeter and area of each rug. Then find the ratio of the 
perimeters (large rug to small rug) and the ratio of the areas (large rug 
to small rug). 


c. It takes 250 feet of wool yarn to make 1 square foot of either rug. How 
many inches of yarn are used for each rug? Explain. 


d. The price of a large rug is 1.5 times the price of a small rug. The store 
owner wants to change the prices for the rugs, so that the price for each 
rug is based on the amount of yarn used to make the rug. If the owner 
changes the prices, about how many times as much will the price of a 
large rug be than the price of a small rug? Explain. 


through the origin. 
a. Explain how you know that AOPS — AOQR. 


b. Find the coordinates of point Q. Justify your answer. 


<> 
c. The x-coordinate of a point on OQ is a. Write the S(5, 0) 
y-coordinate of this point in terms of a. Justify 
your answer. 
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MULTIPLE CHOICE GRIDDED ANSWER 
5. If APQR ~ ASTU, which proportion is not 8. Find the value of x. 
necessarily true? 
Q РО J K 
PQ _ ST PQ _ PR 
СА) ОЕ TU SU TU p : " 
РЕ QR РО ST 
© SU TU D RSU N M 
6. On a map, the distance between two 9. In the diagram below, APQM ~ ANMR, and 
cities is 25 inches. The scale on the map MR = QR. IE NR = 12, find PM. 
is 1 in.:80 mi. What is the actual distance P 
between the two cities? 
(AD 160 mi 180 mi i 
© 200 mi D) 220 mi 
M R Q 
7. In the diagram, what is the scale factor of the 
dilation from APQR to ATUV? 10. Given GE = 10, find HE. 
Е 
Н 12 
G 20 F 


11. In an acute isosceles triangle, the measures 


the measure of a base angle in the triangle. 


SHORT RESPONSE 
12. On a school campus, the gym is 400 feet from the art studio. 
a. Suppose you draw a map of the school campus using a scale of 
2 inch: 100 feet. How far will the gym be from the art studio 


on your map? 


b. Suppose you draw a map of the school campus using a scale of 
5 inch: 100 feet. Will the distance from the gym to the art studio on 
this map be greater than or less than the distance on the map in 
part (a)? Explain. 


13. Rectangles ABCD and EFGH are similar, and the ratio of AB to EFis 1:3. 
In each rectangle, the length is twice the width. The area of ABCD is 
32 square inches. Find the length, width, and area of EFGH. Explain. 


Test Practice 


of two of the angles are in the ratio 4:1. Find 
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CUMULATIVE REVIEW 


Find m/ 2 if / 1 and 7 2 are (a) complementary angles and 
(b) supplementary angles. (p. 35) 


1. mZ1= 57° 2. т/ 1 = 23° 3. т/ 1 = 88° 4. т/ 1 = 46? 


Solve the equation and write a reason for each step. (р. 105) 


5. 3x — 19 = 47 6. 30 — A(x — 3) = -x + 18 7. —5(х + 2) = 25 


State the postulate or theorem that justifies the statement. (pp. 147, 154) 


8. /1=/8 9. ¿23536 р 
1 
10. m23+m25= 180° 1.23277 37 — 
12. 22278 13. mZ7 + mZ8 = 180° > 6 | 
т 

The variable expressions represent the angle measures of a triangle. Find 

the measure of each angle. Then classify the triangle by its angles. (р. 217) 

14. mZA=x° 15. т/А=2х° 16. MZA = (3x- 15)" 
m£ B= 3x" mZ B= 2x° m B= (x + 5)° 
mZC = 4х mZC= (x — 15)° m. C= (х — 20)° 

Determine whether the triangles are congruent. If so, write a congruence 

statement and state the postulate or theorem you used. (pp. 234, 240, 249) 

17. B 18. y 19. Q e 

y 
^ t i T S ZAR 
7 е rf 
D 


Find the value of x. (pp. 295, 303, 310) 
20. B 


21. y 22. 
5x — 15 + 
D Е AAN 
X 7 
2х+9 M A 
A 3x +9 C W P 


Determine whether the triangles are similar. If they are, write a similarity 
statement and state the postulate or theorem you used. (pp. 381, 388) 


23. 24. 25. 
C M 15 AG i к 28 
F 20 H 2 ш 
33 Н 24 М 35 
D ps = 
V W X 


G 28 C 
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26. 


27. 


PROFITS A company's profits for two years are shown in the table. Plot and 
connect the points (x, y). Use the Midpoint Formula to estimate the company's 
profits in 2003. (Assume that profits followed a linear pattern.) (p. 15) 


21,000 36,250 


TENNIS MEMBERSHIP The graph at the right models 
the accumulated cost for an individual adult tennis 
club membership for several months. (p. 180) 


ишини иши 
He HH 


a. Write an equation of the line. 


b. Tell what the slope and y-intercept mean in 
this situation. 


c. Find the accumulated cost for one year. 


Cost (dollars) 


PROOF Write a two-column proof or a paragraph proof. (pp. 234, 240, 249) 


28. 


30. 


31. 


32. 


GIVEN > FG = HJ, MH = KG, 29. GIVEN > BC || AD 
MF L FJ, KJ L FJ BC = AD 
PROVE > ЛЕНМ = AJGK PROVE > ABCD = ADAB 


F G H J B C 
M K A D 
COMMUNITY CENTER A building committee needs 
to choose a site for a new community center. The 
committee decides that the new center should be 
located so that it is the same distance from each of 
the three local schools. Use the diagram to make a 
sketch of the triangle formed by the three schools. 


Explain how you can use this triangle to locate the 
site for the new community center. (p. 303) 


GEOGRAPHY The map shows the distances between 
three cities in North Dakota. Describe the range of 
possible distances from Bowman to Ellendale. (p. 328) 


CALENDAR You send 12 photos to a company that makes 
personalized wall calendars. The company enlarges the photos and 
inserts one for each month on the calendar. Each photo is 4 inches 
by 6 inches. The image for each photo on the calendar is 10 inches 
by 15 inches. What is the scale factor of the enlargement? (p. 409) 


Cumulative Review: Chapters 1-6 429 


Е EE Triangles and 
Trigono тегу. 


em 
PREX 


Making Sense 
of Chapter 7 


The Pythagorean 
Theorem enables you 
to find side lengths in 
right triangles, and its Ж... 
converse enables you x 
to classify triangles. 

To find angles in right 
triangles, you will use 
trigonometric ratios. 


- TAM APply the Pythagorean Hec 


„72 Jsetne Converse of tie P ytHagor canes Fem n, 2 


E A | E 
геты, m П 
E xr | e 
| e 


Э : "rp ein ando Lc 
E SIC Rt Ent Tr n а es ENS > 


c" TG N 
` 7 з | 
e a A ч 
a Previously, you learned the following skills, which you'll use in Chapter 7: 
* yry 
X classifying triangles, simplifying radicals, and solving proportions. 
T ying 8 
" `~ e e ө l „М a М | 
= Prerequisite Skills S E ee Тым. 
~ ч "s | "WA à 
"aa = VOCABULARY CHECK E = 
Classify the triangle shown. ы 
La ` 1. Lea 3. 
| ^ LM < | 
ы ә < SKILLS AND ALGEBRA CHECK wr | - 
s | Simplify the radical. (Prerequisite skill for 7.1, 7.2, 7.4) È 
| 2 . 7 
ъ^ 5. У45 6. (3V7) т. V3 + V5 8. -- Р ^ 
p Ыы 
e Solve the proportion. — skill for 7.3, 7.5-7.7) У ^n 
m. ` "x 16 ~ 18 ' 4 2 '"X-4 5 ` 
№ у, S - 
z 
2 @Homelutor Prerequisite skills practice at classzone.com é- e 


In Chapter 7, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 493. You will also use the key vocabulary listed below. 


Big Ideas 


O Using the Pythagorean Theorem and its converse 
Using special relationships in right triangles 
© Using trigonometric ratios to solve right triangles 


KEY VOCABULARY 
* Pythagorean triple, p. 435 * cosine, p. 473 * inverse tangent, p. 483 


e trigonometric ratio, p. 466 e angle of elevation, p. 475 * inverse sine, p. 483 
* tangent, p. 466 e angle of depression, p.475 • inverse cosine, p. 483 
* sine, p. 473 * solve a right triangle, p. 483 


You can use trigonometric ratios to find unknown side lengths and angle 
measures in right triangles. For example, you can find the length of a ski slope. 


¿Animatea Geometry 


The animation illustrated below for Example 4 on page 475 helps you 
answer this question: How far will you ski down the mountain? 


You are skiing down a mountain with an altitude of y meters. The angle of depression is 2°. 
The distance you ski down the mountain is x meters. Click the spin button to start the activity. 


ANTI 


You can use right triangles to find the 4| Click on the "Spin" button to generate А 
ч | distance you ski down a mountain. | values for yand z. Find the value of x. : 


ча Other animations for Chapter 7: pages 434, 442, 450, 460, апа 462 


one ACTIVITY Use before Lesson 7.7 


Pythagorean Theorem 


MATERIALS + graph paper «ruler + pencil • scissors 


E D 
A | 


Recall that a square is a four sided figure with four right angles and four 
congruent sides. 


Make a tangram set On your graph paper, copy the 
tangram set as shown. Label each piece with the 
given letters. Cut along the solid black lines to make 
seven pieces. 


STEP 2| Trace a triangle On another piece of paper, trace 
one of the large triangles P of the tangram set. 


ыы —NINENEEN 
| NERS | jo _ 
аЬ | 
EN ж YIN | 
м ҸЕ 
ЛШ || 4 


Assemble pieces along the legs Use all of the 
tangram pieces to form two squares along the legs 
of your triangle so that the length of each leg is 
equal to the side length of the square. Trace all of 
the pieces. 


Assemble pieces along the hypotenuse Use all of 
the tangram pieces to form a square along the 
hypotenuse so that the side length of the square is 
equal to the length of the hypotenuse. Trace all of 
the pieces. 


. Find the sum of the areas of the two squares formed in Step 3. Let the 
letters labeling the figures represent the area of the figure. How are the 
side lengths of the squares related to Triangle P? 


. Find the area of the square formed in Step 4. How is the side length of the 
square related to Triangle P? 


. Compare your answers from Exercises 1 and 2. Make a conjecture about 
the relationship between the legs and hypotenuse of a right triangle. 


. The triangle you traced in Step 2 is an isosceles right triangle. Why? 
Do you think that your conjecture is true for all isosceles triangles? Do 
you think that your conjecture is true for all right triangles? Justify 
your answers. 
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Key Vocabulary 
e Pythagorean triple 
• right triangle, 

p. 217 


e leg of a right 
triangle, р. 241 


* hypotenuse, p. 241 


: ABBREVIATE 


: In the equation for the 

: Pythagorean Theorem, 
: “length of hypotenuse’ 
: and "length of leg" 

: was shortened to 

: "hypotenuse" and “leg”. 


Apply the Pythagorean 


Theorem 


You learned about the relationships within triangles. 


You will find side lengths in right triangles. 


So you can find the shortest distance to a campfire, as in Ex. 35. 


One of the most famous theorems in mathematics 

is the Pythagorean Theorem, named for the ancient hypotenuse 
Greek mathematician Pythagoras (around 500 B.C.). leg 

This theorem can be used to find information about 

the lengths of the sides of a right triangle. leg 


THEOREM For Vour Wotebook 


> THEOREM 7.1 Pythagorean Theorem 


In aright triangle, the square of the length 
of the hypotenuse is equal to the sum of the q 
squares of the lengths of the legs. 


b 
> Proof: p. 434; Ex. 32, p. 455 с? = а? + b? 
Find the length of a hypotenuse 
Find the length of the hypotenuse of the right triangle. 8 
Solution 6 
2 2 2 ш 
(hypotenuse)^ = (leg)* + (leg) Pythagorean Theorem 
x? = 67 + 8° Substitute. 
x? = 36 + 64 Multiply. 
х? = 100 Add. 
x = 10 Find the positive square root. 


GUIDED PRACTICE for Example 1 


Identify the unknown side as a leg or hypotenuse. Then, find the unknown 
side length of the right triangle. Write your answer in simplest radical form. 


1. 2. 
X 3 Р . 


5 
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* | EXAMPLE 2 ] Standardized Test Practice 


A 16 foot ladder rests against the side of the 
house, and the base of the ladder is 4 feet 
away. Approximately how high above the 
ground is the top of the ladder? 


CA) 240 feet 20 feet 
(С) 16.5 feet (D> 15.5 feet 
Solution 
Length 2. — Distance |2 Height 12 
of ladder from house of ladder 
16^ = 4? + х? Substitute. 

: APPROXIMATE 256=16+x% Multiply. 
: T b world - 240 = х? Subtract 16 from each side. 
applications, it is 
: usually appropriate 240 = х Find positive square root. 
: to use a calculator to 
: approximate the square 15.492 = x Approximate with a calculator. 


: root of a number. 
: Round your answer to 
: the nearest tenth. > The correct answer is D. @ © 


The ladder is resting against the house at about 15.5 feet above the ground. 


GUIDED PRACTICE for Example 2 


3. The top of a ladder rests against a wall, 23 feet above the ground. The base 
of the ladder is 6 feet away from the wall. What is the length of the ladder? 


4. The Pythagorean Theorem is only true for what type of triangle? 


PROVING THE PYTHAGOREAN THEOREM There are many proofs 
of the Pythagorean Theorem. An informal proof is shown below. 
You will write another proof in Exercise 32 on page 455. 


In the figure at the right, the four right triangles are congruent, 
and they form a small square in the middle. The area of the large 
square is equal to the area of the four triangles plus the area of 
the smaller square. 


Area of _ Area of + Area of 
: REVIEW AREA. large square four triangles smaller square 
: Recall that the area of a 
: square with side 
: length sis A = 52. 
: The area of a triangle 
: with base b and 


: height h is A = Tbh. а? + р? = с? Subtract 2ab from each side. 


(a + by? = 4{5 ab | + с? Use area formulas. 


a? + 2ab + р? = 2ab + с? Multiply. 
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( EXAMPLE 3 | Find the area of an isosceles triangle 


: READ TABLES 


: You may find it helpful 
: to use the Table of 

: Squares and Square 

: Roots on p. 924. 


: STANDARDIZED 


: You may find it helpful 
: to memorize the basic 
: Pythagorean triples, 

: shown in bold, for 

: standardized tests. 


Find the area of the isosceles triangle with side lengths 10 meters, 
13 meters, and 13 meters. 


Solution 


STEP Y Draw a sketch. By definition, the length of an altitude 
is the height of a triangle. In an isosceles triangle, the 
altitude to the base is also a perpendicular bisector. зп 13m 
So, the altitude divides the triangle into two right 
triangles with the dimensions shown. 


$ТЕР2 Usethe Pythagorean Theorem to find the height эт Sm 
of the triangle. 


c = а? + р? Pythagorean Тһеогет 
13% = 52 + h? Substitute. 
169 =25+h* Multiply. 
144 = р? Subtract 25 from each side. 
12=h Find the positive square root. 
STEP 3 Find the area. 


Area = 5 (base) (height) — 5(10)(12) = 60 m’ 


» The area of the triangle is 60 square meters. 


GUIDED PRACTICE for Example З 


Find the area of the triangle. 


5. 30 ft 6. 26 m 


20 m 
18 ft 18 ft 


26 m 


PYTHAGOREAN TRIPLES A Pythagorean triple is a set of three positive 
integers a, b, and c that satisfy the equation c^ = а? + b*. 


KEY CONCEPT For Your Notebook 


Common Pythagorean Triples and Some of Their Multiples 


3,4,5 5, 12, 13 8, 15, 17 7, 24, 25 
6, 8, 10 10, 24, 26 16, 30, 34 14, 48, 50 
9, 12, 15 15, 36, 39 24, 45, 51 21,72, 75 

30, 40, 50 50, 120, 130 80, 150, 170 70, 240, 250 
3x, 4x, 5x 5x, 12x, 13x 8x, 15x, 17x 7x, 24x, 25x 


The most common Pythagorean triples are in bold. The other triples are the 
result of multiplying each integer in a bold face triple by the same factor. 
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(EXAMPLE 4 ] Find the length of a hypotenuse using two methods 


Find the length of the hypotenuse of the right triangle. 24 - 


Solution 
Method 1: Use a Pythagorean triple. 


A common Pythagorean triple is 5, 12, 13. Notice that if you multiply 

the lengths of the legs of the Pythagorean triple by 2, you get the lengths 
of the legs of this triangle: 5 • 2 = 10 and 12 + 2 = 24. So, the length of the 
hypotenuse is 13 « 2 = 26. 


Method 2: Use the Pythagorean Theorem. 
х? = 10° + 24? Pythagorean Theorem 
x? = 100 + 576 Multiply. 

х? = 676 Add. 


x = 26 Find the positive square root. 


Y GUIDED PRACTICE | for Example 4 


Find the unknown side length of the right triangle using the Pythagorean 
Theorem. Then use a Pythagorean triple. 


7. 12 in. 8. 


14 cm 


71 EXERCISES "и orcas 
a KEY: on р. WS8 for Exs. 9, 11, and 33 
: Ж = STANDARDIZED TEST PRACTICE 


EXS. 2, 17, 27, 33, and 36 


| e = MULTIPLE REPRESENTATIONS 
Ex. 35 


^ SKILL PRACTICE | 


1. VOCABULARY Copy and complete: A set of three positive integers a, b, 
and c that satisfy the equation c^ = а? + b* is calleda_?_. 


2. ж WRITING Describe the information you need to have in order to use 
the Pythagorean Theorem to find the length of a side of a triangle. 


: EXAMPLE 1 | EW) ALGEBRA Find the length of the hypotenuse of the right triangle. 


3 : que че р — 


: for Exs. 3-7 * А. ш 


33 42 40 


120 Е z 
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: for Exs. 8-10 


: EXAMPLE 3 


3 rz od AM 
: for Exs. 11—13 


: EXAMPLE 4 


: On p. 436 
: for Exs. 14-17 


ERROR ANALYSIS Describe and correct the error in using the Pythagorean 


Theorem. 
6. Ze 
zm 24 
ар х2 = 7 + 242 
102 + 262 = 242 » x = (7 + 24) 


x = 31? < 
x= 51 
FINDING A LENGTH Find the unknown leg length x. 
8. 


pr! „ 
T 3 m. 
“м 
| з! 
| EL 
LO 
LIA 
E a E * 
i [ 
i 
7 


SEU LE l 
т ан тн иши! 


FINDING THE AREA Find the area of the isosceles triangle. 


Q " " 
20 ft 20 ft 


17m 17m 10 cm 10 cm 
32 ft 


16m 12 cm 


FINDING SIDE LENGTHS Find the unknown side length of the right triangle 
using the Pythagorean Theorem or a Pythagorean triple. 


14. 72 15. 50 16. 60 
~ | 21 \ y " 
m 30 x x 68 


17. Ж MULTIPLE CHOICE What is the length of the hypotenuse of a right 
triangle with leg lengths of 8 inches and 15 inches? 


CA) 13 inches 17 inches СС) 21 inches (D> 25 inches 
PYTHAGOREAN TRIPLES The given lengths аге two sides of a right triangle. 
All three side lengths of the triangle are integers and together form a 


Pythagorean triple. Find the length of the third side and tell whether it is a 
leg or the hypotenuse. 


18. 24 and 51 19. 20 and 25 20. 28 and 96 
21. 20 and 48 22. 75and 85 23. 72and 75 


7.1 Apply the Pythagorean Theorem 
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FINDING SIDE LENGTHS Find the unknown side length x. Write your answer 
in simplest radical form. 


24. 25. 26. 
X 5 X 
6 X 
6 3 11 3 7 


27. Ж MULTIPLE CHOICE What is the area of a right triangle with a leg length 
of 15 feet and a hypotenuse length of 39 feet? 


(А) 270 ft? 292.5 ft? © 540 ft? (D> 585 ft? 


28. E) ALGEBRA Solve for x if the lengths of the two legs of a right triangle 
are 2x and 2x + 4, and the length of the hypotenuse is 4x — 4. 
CHALLENGE In Exercises 29 and 30, solve for x. 


29. 30. 


PROBLEM SOLVING 


3 im epi 
: for Exs. 31-32 


438 


31. BASEBALL DIAMOND In baseball, the distance of the paths between each 
pair of consecutive bases is 90 feet and the paths form right angles. How 
far does the ball need to travel if it is thrown from home plate directly to 
second base? 


utor for problem solving help at classzone.com 


32. APPLE BALLOON You tie an apple balloon to a stake in 
the ground. The rope is 10 feet long. As the wind picks 
up, you observe that the balloon is now 6 feet away from 
the stake. How far above the ground is the balloon now? 


_CHomelutor 


for problem solving help at classzone.com 


| (з) Ж SHORT RESPONSE Three side lengths of a right triangle аге 25, 65, 
| and 60. Explain how you know which side is the hypotenuse. 


34. MULTI-STEP PROBLEM In your town, there is a field that is in the shape of 
a right triangle with the dimensions shown. 
a. Find the perimeter of the field. 
b. You are going to plant dogwood seedlings about 80 ft 


every ten feet around the field's edge. How many ld 
trees do you need? 


с. If each dogwood seedling sells for $12, how much vit 
will the trees cost? 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED ф = MULTIPLE 
on p. WS1 TEST PRACTICE REPRESENTATIONS 


35. > MULTIPLE REPRESENTATIONS As you are gathering leaves for a science 
project, you look back at your campsite and see that the campfire is not 
completely out. You want to get water from a nearby river to put out the 
flames with the bucket you are using to collect leaves. Use the diagram 
and the steps below to determine the shortest distance you must travel. 


a. Making a Table Make a table with columns labeled BC, AC, CE, and 
AC + CE. Enter values of BC from 10 to 120 in increments of 10. 


b. Calculating Values Calculate AC, CE, and AC + CE for each value of 
BC, and record the results in the table. Then, use your table of values 
to determine the shortest distance you must travel. 


c. Drawing a Picture Draw an accurate picture to scale of the shortest 
distance. 


36. Ж SHORT RESPONSE Justify the Distance Formula using the Pythagorean 
Theorem. 


37. PROVING THEOREM 4.5 Find the Hypotenuse-Leg (HL) Congruence 
Theorem on page 241. Assign variables for the side lengths in the 
diagram. Use your variables to write GIVEN and PROVE statements. Use 
the Pythagorean Theorem and congruent triangles to prove Theorem 4.5. 


38. CHALLENGE Trees grown for sale at nurseries should stand at least five 
feet from one another while growing. If the trees are grown in parallel 
rows, what is the smallest allowable distance between rows? 


"MIXED REVIEW 


: PREVIEW 


: Prepare for 
i Lesson 7.2 
: in Exs. 39-42. 


Evaluate the expression. (p. 874) 


39. (V7)? 40. (4V3 ? 41. (—6V81 2 42. (-8V2)? 
Describe the possible lengths of the third side of the triangle given the 

lengths of the other two sides. (p. 328) 

43. 3 feet, 6 feet 44. 5 inches, 11 inches 45. 14 meters, 21 meters 
46. 12 inches, 27 inches 47. 18 yards, 18 yards 48. 27 meters, 39 meters 


Determine whether the two triangles are similar. If they are similar, write a 
similarity statement and find the scale factor of Triangle B to Triangle A. (p. 388) 


49. E 50. M 
М 2 Р № 0 
15 10 y 
A 4 a 
R 
D xi F G4 L * М 


EXTRA PRACTICE for Lesson 7.1, р. 908 ED) ONLINE QUIZ at classzone.com 
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Geometry ACTIVITY Use before Lesson 7.2 шар 


classzone.com 
Keystrokes 


Converse of the Pythagorean Theorem 


MATERIALS : graphing calculator or computer 


You can use geometry drawing software to construct and measure triangles. 


STEP 1| Draw a triangle Draw any A ABC with the largest angle at С. 
Measure / С, AB, AC, and CB. 


STEP 2| Calculate Use your measurements to calculate AB^, AC?, CB’, 
and (AC* + CB?). 


Complete a table Copy the table below and record your results 
in the first row. Then move point A to different locations and 
record the values for each triangle in your table. Make sure AB is 
always the longest side of the triangle. Include triangles that are 
acute, right, and obtuse. 


т/ С AB AC CB | AC «CP? 
76? 5.2 4.5 38 | 34.69 


? ? : ? ? 
? ? : : ? ? 


1. The Pythagorean Theorem states that “In a right triangle, the square of 
the length of the hypotenuse is equal to the sum of the squares of the 
lengths of the legs.” Write the Pythagorean Theorem in if-then form. 
Then write its converse. 


2. Is the converse of the Pythagorean Theorem true? Explain. 
3. Make a conjecture about the relationship between the measure of the 
largest angle in a triangle and the squares of the side lengths. 
Copy and complete the statement. 
4. If AB? > АС? + CB’, then the triangle is a(n) ? triangle. 
5. If AB? < АС? + CB’, then the triangle is a(n) ? triangle. 
6. If AB? = АС? + CBS, then the triangle is a(n) ? triangle. 
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7 Use the Converse of the 
* ^" Pythagorean Theorem 


You used the Pythagorean Theorem to find missing side lengths. 


You will use its converse to determine if a triangle is a right triangle. 


So you can determine if a volleyball net is set up correctly, as in Ex. 38. 


Key Vocabulary The converse of the Pythagorean Theorem is also true. You can use it to verify 
* acute triangle, that a triangle with given side lengths is a right triangle. 

p. 217 
* obtuse triangle, 


p. 217 i: THEOREM For Your Notebook 


THEOREM 7.2 Converse of the Pythagorean Theorem 


If the square of the length of the longest side B 

of a triangle is equal to the sum of the squares А 

of the lengths of the other two sides, then the d 

triangle is a right triangle. C b y 
If c^ = a? + b*, then AABC is a right triangle. 

Proof: Ex. 42, p. 446 


Verify right triangles 


Tell whether the given triangle is a right triangle. 


a. b. 
3v3 ZZ Nu 


26 
15 


Let c represent the length of the longest side of the triangle. Check to see 
whether the side lengths satisfy the equation c^ = a? + b°. 


: REVIEW ALGEBRA а. (3V34)? 2 9? + 15? b. 262 2 222 + 142 
eee TOn 9.34 2 81 + 225 676 2 484 + 196 
: table or a calculator 

: to find the decimal 306 = 306 и 676 = 680 


: representation. So, 

: 3/34 = 17.493 is the 
: length of the longest 
: side in part (a). 


The triangle is a right triangle. The triangle is not a right 
triangle. 


GUIDED PRACTICE for Example 1 


Tell whether a triangle with the given side lengths is a right triangle. 
1. 4, 4V3, 8 2. 10, 11, and 14 3. 5, 6, and V61 


7.2 Use the Converse of the Pythagorean Theorem 


CLASSIFYING TRIANGLES The Converse of the Pythagorean Theorem is used 
to verify that a given triangle is a right triangle. The theorems below are used 
to verify that a given triangle is acute or obtuse. 


THEOREMS For Your Notebook 


THEOREM 7.3 
If the square of the length of the longest side of a triangle A 
is less than the sum of the squares of the lengths of the b с 
other two sides, then the triangle is an acute triangle. 

C 
If c^ < a? + Ь?, then the triangle is acute. 


Proof: Ex. 40, p. 446 


THEOREM 7.4 


If the square of the length of the longest side of a A 
triangle is greater than the sum of the squares of the e 
lengths of the other two sides, then the triangle is b 

an obtuse triangle. Ca B 


If c^ > a? + b^, then triangle ABC is obtuse. 
Proof: Ex. 41, p. 446 


Г ЕхАмРІЕ 2 aassity triangles 


_ Can segments with lengths of 4.3 feet, 5.2 feet, and 6.1 feet form а 
triangle? If so, would the triangle be acute, right, or obtuse? 


_ Solution 
: APPLY THEOREMS _ STEP? Use the Triangle Inequality Theorem to check that the segments 
: The Triangle Inequality can make a triangle. 
: Theorem on page 330 _ 
: states that the sum of 4.3 + 5.2 = 9.5 4.3 + 6.1 = 10.4 5.2 + 6.1 = 11.3 
: the lengths of any two 9.5 » 6.1 10.4 2 5,2 11.3 > 4.3 
: Sides of a triangle is | 
: greater than the length » The side lengths 4.3 feet, 5.2 feet, and 6.1 feet can form a triangle. 
а or tbe third side, STEP2 Classify the triangle by comparing the square of the length of the 


longest side with the sum of squares of the lengths of the 
shorter sides. 


с2 ? a^-b* Compare c? with a? + b?. 
6.12 ? 4.3? + 5,2% Substitute. 
37.21 ? 18.49 + 27.04 Simplify. 
3721 < 45.53 c? is less than a? + b?. 


» The side lengths 4.3 feet, 5.2 feet, and 6.1 feet form an 
acute triangle. 


MI i ru TR 
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(EXAMPLE 3 ] Use the Converse of the Pythagorean Theorem 


CATAMARAN You are part of a crew that is installing the mast y q | | E 
on a catamaran. When the mast is fastened properly, it is LL 
» c . | \ 
"=н d 


perpendicular to the trampoline deck. How can you check 
that the mast is perpendicular using a tape measure? 


Solution 


To show a line is perpendicular to a plane you must show that 
the line is perpendicular to two lines in the plane. 


Think of the mast as a line and the deck as a plane. Use a 3-4-5 
right triangle and the Converse of the Pythagorean Theorem to 
show that the mast is perpendicular to different lines on the deck. 


First place a mark З feet Use the tape measure to Finally, repeat the 
up the mast and a mark check that the distance procedure to show 
on the deck 4 feet from between the two marks that the mast is 


the mast. is 5 feet. The mast perpendicular to 
makes a right angle another line on the 
with the line on the deck. 
deck. 


r4 GUIDED PRACTICE | for Examples 2 and 3 


4. Show that segments with lengths 3, 4, and 6 can form a triangle and 
classify the triangle as acute, right, or obtuse. 


5. WHAT IF? In Example 3, could you use triangles with side lengths 2, 3, 
and 4 to verify that you have perpendicular lines? Explain. 


CLASSIFYING TRIANGLES You can use the theorems from this lesson to 
classify a triangle as acute, right, or obtuse based on its side lengths. 


: CONCEPT SUMMARY For Your Notebook 


Methods for Classifying a Triangle by Angles Using its Side Lengths 


Theorem 7.2 Theorem 7.3 Theorem 7.4 
A A A 
С C 
[RO SO SS 
C a B E a B C а В 
If c? = a? + b?, then If c? « d? + b?, then If c? >a? + b? then 
т C = 90? and AABC mZ C < 90? and AABC m Z C > 90? and AABC 
is a right triangle. is an acute triangle. is an obtuse triangle. 


7.2 Use the Converse of the Pythagorean Theorem 443 


72 EXERCISES "н Ооо 
e KEY: on p. WS8 for Exs. 7, 17, and 37 
: Ж = STANDARDIZED TEST PRACTICE 
Ех$. 2, 24, 25, 32, 38, 39, and 43 


SKILL PRACTICE 


1. VOCABULARY What is the longest side of a right triangle called? 


2. ж WRITING Explain how the side lengths of a triangle can be used to 
classify it as acute, right, or obtuse. 


: EXAMPLE 1 VERIFYING RIGHT TRIANGLES Tell whether the triangle is a right triangle. 


4. 


: for Exs. 3—14 21.2 


11.4 


3. 5. 
2 6 
М / ~ 
3v5 
12 
6. 4\19 Ө, \26 8. 89 
1 
N ќ з " " Á. 

VERIFYING RIGHT TRIANGLES Tell whether the given side lengths of a 

triangle can represent a right triangle. 


9. 9, 12, and 15 10. 9, 10, and 15 11. 36, 48, and 60 
12. 6, 10, and 2V34 13. 7, 14, and 7V5 14. 10, 12, and 20 
: EXAMPLE2 | CLASSIFYING TRIANGLES In Exercises 15-23, decide if the segment lengths 
: on p. 442 form a triangle. If so, would the triangle be acute, right, or obtuse? 
for Exs. 15-23 | 15 10, 11, and 14 16. 10, 15, and 5V13 (17) 24, 30, and 6V43 
18. 5, 6, and 7 19. 12, 16, and 20 20. 8, 10, and 12 
21. 15, 20, and 36 22. 6, 8, and 10 23. 8.2, 4.1, and 12.2 


24. MW MULTIPLE CHOICE Which side lengths do not form a right triangle? 
СА) 5, 12, 13 10, 24, 28 (С) 15, 36, 39 (D> 50, 120, 130 


25. Ж MULTIPLE CHOICE What type of triangle has side lengths of 4, 7, and 9? 
СА) Acute scalene Right scalene 
(C> Obtuse scalene (D> None of the above 


26. ERROR ANALYSIS A student tells you that if you double all the sides of a 
right triangle, the new triangle is obtuse. Explain why this statement is 


incorrect. 


GRAPHING TRIANGLES Graph points A, B, and C. Connect the points to form 
AABC. Decide whether A ABCis acute, right, or obtuse. 


27. A(—2, 4), B(6, 0), C(—5, —2) 28. A(0, 2), B(5, 1), C(1, —1) 
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29. ЄЙ) ALGEBRA Tell whether a triangle with side lengths 5x, 12x, and 13x 
(where x > 0) is acute, right, or obtuse. 


USING DIAGRAMS In Exercises 30 and 31, copy and B E 
complete the statement with <, >, or =, if possible. 
If it is not possible, explain why. 12| \4Vi0 
30. m2A_? т/р тв] \2V96 
31. nmnZB*t mZC ?* mZE+mZF А ас 

D 8 F 


32. ж OPEN-ENDED MATH The side lengths of a triangle are 6, 8, and x 
(where x > 0). What are the values of x that make the triangle a right 
triangle? an acute triangle? an obtuse triangle? 


33. C3) ALGEBRA The sides of a triangle have lengths x, x + 4, and 20. If the 
length of the longest side is 20, what values of x make the triangle acute? 


34, CHALLENGE The sides of a triangle have lengths 4x + 6, 2x + 1, and 
6x — 1. If the length of the longest side is 6x — 1, what values of x make 
the triangle obtuse? 


T"——— Ic4— —————————————X 
PROBLEM SOLVING 


: EXAMPLE 3 35. PAINTING You are making a canvas frame for a painting 

: on p. 443 using stretcher bars. The rectangular painting will be 

: for Ex. 35 10 inches long and 8 inches wide. Using a ruler, how can you 
be certain that the corners of the frame are 90?? 


үз ae 
y ¡UPA IS 


(0H lomeTutor for problem solving help at classzone.com 


36. WALKING You walk 749 feet due east to the gym from your home. From 
the gym you walk 800 feet southwest to the library. Finally, you walk 
305 feet from the library back home. Do you live directly north of the 
library? Explain. 


67) MULTI-STEP PROBLEM Use the diagram shown. 
a. Find BC. 


b. Use the Converse of the Pythagorean Theorem to 
show that A АВС is a right triangle. 


c. Draw and label a similar diagram where ^ DBC 
remains a right triangle, but A ABC is not. 
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38. Ж SHORT RESPONSE You are setting ир а 
volleyball net. To stabilize the pole, you tie one 
end of a rope to the pole 7 feet from the ground. 
You tie the other end of the rope to a stake that is 
4 feet from the pole. The rope between the pole 
and stake is about 8 feet 4 inches long. Is the 
pole perpendicular to the ground? Explain. If it 
is not, how can you fix it? 


39. Ж EXTENDED RESPONSE You are considering buying a used car. You 
would like to know whether the frame is sound. A sound frame of the car 
should be rectangular, so it has four right angles. You plan to measure the 
shadow of the car on the ground as the sun shines directly on the car. 


a. You make a triangle with three tape measures on one corner. It has 
side lengths 12 inches, 16 inches, and 20 inches. Is this a right triangle? 
Explain. 


b. You make a triangle on a second corner with side lengths 9 inches, 
12 inches, and 18 inches. Is this a right triangle? Explain. 


с. The car owner says the car was never in an accident. Do you believe 
this claim? Explain. 


40. PROVING THEOREM 7.3 Copy and complete the proof of Theorem 7.3. 
GIVEN > In Л АВС, с^ < а? + D? where cis the length of A 
the longest side. с b b 
PROVE > AABCis an acute triangle. 
B a C Q a R 


Plan for Proof Draw right APQR with side lengths a, b, and x, where / Risa 
right angle and xis the length of the longest side. Compare lengths c and x. 


STATEMENTS | REASONS 


1. In AABC, c° « a? + b^wherecis | 1. ? 
the length of the longest side. In 
APQR, Z Risaright angle. 


2. а? + b^ =x? 2. ? 

aA. c er 3. 2? 

4. с<х 4. A property of square roots 

5. mZ R= 90? 5. ? 

6. m/4C<mZ_? 6. Converse of the Hinge Theorem 
7. mL C< 90° 7. 2 

8. / Cis an acute angle. 8. ? 

9. AABC is an acute triangle. 9. ? 


41. PROVING THEOREM 7.4 Prove Theorem 7.4. Include a diagram and GIVEN 
and PROVE statements. (Hint: Look back at Exercise 40.) 


42. PROVING THEOREM 7.2 Prove the Converse of the Pythagorean Theorem. 


GIVEN > In ALMN, LM is the longest side, and c^ = а? + b°. M Q 
PROVE > ALMN is aright triangle. C x 

Plan for Proof Draw right APQR with side lengths 

a, b, and x. Compare lengths c and x. L b М P b R 


Ж = STANDARDIZED 
446 TEST PRACTICE 


43. * SHORT RESPONSE Explain why ZD must be a right angle. A 


44. COORDINATE PLANE Use graph paper. B 
a. Graph AABC with A(—7, 2), B(0, 1) and C(-4, 4). 


b. Use the slopes of the sides of A ABC to determine whether it is a right 
triangle. Explain. 


c. Use the lengths of the sides of AABC to determine whether it is a right 
triangle. Explain. 


d. Did you get the same answer in parts (b) and (c)? If not, explain why. 


45. CHALLENGE Find the values of x and y. 


MIXED REVIEW 


: PREVIEW In Exercises 46-48, copy the triangle and draw one of its altitudes. (p. 319) 


: Prepare for 
: Lesson 7.3 in ч En = 
: Exs. 46—48. 


Copy and complete the statement. (p. 364) 


10_7 101 x_y x_? х У x+8_? 
49. If-7 =? Шеп 77 50. If E, then » y 51. If? 9? then a 7 
52. The perimeter of a rectangle is 135 feet. The ratio of the length to the 
width is 8:1. Find the length and the width. (p. 372) 


QUIZ for Lessons 7.1-7.2 


Find the unknown side length. Write your answer in simplest radical form. 


(p. 433) 

1 m La 3 14 

3 18 10 
4 X 
9 
X 

Classify the triangle formed by the side lengths as acute, right, or obtuse. (p. 441) 

4. 6,7,and9 5. 10, 12, and 16 6. 8, 16, and 8V6 

7. 20, 21, and 29 8. 8,3, V73 9. 8, 10, and 12 
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di) ACTIVITY Use before lesson 7.3 


Similar Right Triangles 


MATERIALS · rectangular piece of paper «ruler • scissors + colored pencils 


Draw a diagonal Draw a diagonal on your Draw an altitude Fold the paper to 
rectangular piece of paper to form two make an altitude to the hypotenuse 
congruent right triangles. of one of the triangles. 


STEPS STEP 4 


Ps. 


Cut and label triangles Cut the rectangle Arrange the triangles Arrange the 
into the three right triangles that you drew. triangles so 21, Z 4, and Z 7 are on 
Label the angles and color the triangles top of each other as shown. 

as shown. 


' = 


‚ How are the two smaller right triangles related to the large triangle? 


. Explain how you would show that the green triangle is similar to the 
red triangle. 


. Explain how you would show that the red triangle is similar to the 
blue triangle. 
. The geometric mean of a and bis x if " = D Write a proportion involving 


the side lengths of two of your triangles so that one side length is the 
geometric mean of the other two lengths in the proportion. 
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7.3 


Key Vocabulary 

• altitude of a 
triangle, p. 320 

e geometric mean, 
p. 359 

* similar polygons, 
p. 372 


Use Similar Right 
Triangles 


You identified the altitudes of a triangle. 


You will use properties of the altitude of a right triangle. 
So you can determine the height of a wall, as in Example 4. 


When the altitude is drawn to the hypotenuse of a right triangle, the two 
smaller triangles are similar to the original triangle and to each other. 


THEOREM 


THEOREM 7.5 


right triangle, then the two triangles formed are 


similar to the original triangle and to each other. A D B 


ACBD — AABC, AACD — AABC, and ACBD — AACD. (| \ 


If the altitude is drawn to the hypotenuse of a 


Proof: below; Ex. 35, p. 456 


For Your Notebook 


A D D B 


Plan for Proof of Theorem 7.5 First prove that ACBD ~ A ABC. Each triangle 
has a right angle and each triangle includes Z B. The triangles are similar by 
the AA Similarity Postulate. Use similar reasoning to show that 


A ACD ~ A ABC. 


To show Z CBD ~ A ACD, begin by showing / ACD = / B because they are 
both complementary to Z DCB. Each triangle also has a right angle, so you 


can use the AA Similarity Postulate. 


Identify similar triangles 


Identify the similar triangles in the diagram. 


Solution 


Sketch the three similar right triangles so that the corresponding angles and 


sides have the same orientation. 


R 


U AS 


T 


T $ 
—1Tl — | — | 
T U H U Н Т 


> ATSU ~ ARTU ~ ARST 
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Find the length of the altitude to the hypotenuse 


SWIMMING POOL The diagram below shows a cross-section of a 
swimming pool. What is the maximum depth of the pool? 


Solution 


STEP 7 Identify the similar triangles and sketch them. 
R 165 in. $ R 152 in. Т T 64in. S 


64 in. him ^m. `M 
T M 


152 in. 


ARST ~ ARTM ~ ATSM 


: AVOID ERRORS STEP 2 Find the value of h. Use the fact that ARST ~ ARTM to write a 
: Notice that if you tried proportion. 

p ID Ce a proportion TM _ TR Corresponding side lengths of 

г using ARIM and АТЫМ, ST SR similar triangles are in proportion 

: there would be two 5 ргор | 

: unknowns, so you h _ 152 : 

: would not be able to 64 165 Substitute, 

: solve for h. 


165һ = 64(152) Cross Products Property 
һ == 59 Solve for h. 


STEP 3 Read the diagram above. You can see that the maximum depth of 
the pool is h + 48, which is about 59 + 48 = 107 inches. 


> The maximum depth of the pool is about 107 inches. 


ne gu Е ыр. > 
Geometry at classzone.com 


da 


GUIDED PRACTICE for Examples 1 and 2 


Identify the similar triangles. Then find the value of x. 


AS 2. M. 
pt 
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: READ SYMBOLS 
: Remember that an 
: altitude is defined as a 
: segment. So, CD refers 
: to an altitude in AABC 
: and CD refers to its 

: length. 


GEOMETRIC MEANS In Lesson 6.1, you learned that the E 
geometric mean of two numbers a and b is the positive 


number x such that 5 = o Consider right AABC. From 


» Theorem 7.5, you know that altitude CD forms two A D B 


smaller triangles so that ACBD ~ AACD ~ AABC. 


I П C Ш 


A 
C D A D A C 


Notice that CD is the longer leg of ACBD and the shorter leg of AACD. When 
you write a proportion comparing the leg lengths of ACBD and AACD, you 
can see that CD is the geometric mean of BD and AD. As you see below, CB 
and AC are also geometric means of segment lengths in the diagram. 


Proportions Involving Geometric Means in Right A ABC 


length of shorter leg of I BD CD „_ length of longer leg of I 
length of shorter leg of II CD AD length of longer leg of II 
length of hypotenuse of III , AB. CB  , length of shorter leg of III 
length of hypotenuse of I СВ DB length of shorter leg of I 
length of hypotenuse of III AB _ AC <— length of longer leg of III 
length of hypotenuse of II AC AD length of longer leg of II 


(EXAMPLE З ] Use a geometric mean 


: REVIEW SIMILARITY 


: Notice that ARQS and 

: ARPQ both contain the 
: side with length y, so 

: these are the similar 

: triangles to use to solve 
: for y. 


€) Find the value of y. Write your answer 
in simplest radical form. 


Solution 


STEP? Draw the three similar triangles. 


Н 
Q 
Е" у 9 
3 
5 q S P а P 


STEP 2 Write a proportion. 


length of hyp. of ARPQ _ length of shorter leg of ARPQ 
length of hyp. of ARQS length of shorter leg of ARQS 


у = = Substitute. 
27 =y” Cross Products Property 
V27 = y Take the positive square root of each side. 
3V3 = y Simplify. 
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: THEOREMS For Your Notebook 


> THEOREM 7.6 Geometric Mean (Altitude) Theorem G 
: WRITE PROOFS | + In a right triangle, the altitude from the right LAN 
: In Exercise 32 on 1» angle to the hypotenuse divides the hypotenuse 
: page 455, you will use f: into two segments. A D B 
: the geometric mean : | | | BD CD 
: theorems to prove the 1: The length of the altitude is the geometric CD” AD 


: Pythagorean Theorem. > mean of the lengths of the two segments. 


4: Proof: Ex. 36, p. 456 


1i: THEOREM 7.7 Geometric Mean (Leg) Theorem C 

T In aright triangle, the altitude from the right 

1: angle to the hypotenuse divides the hypotenuse 

42 into two segments. A D В 


! > The length of each leg of the right triangle T = БЕ апа АР = a 


FR 15 the geometric mean of the lengths of the 
1° hypotenuse and the segment of the hypotenuse 
i; that is adjacent to the leg. 


Proof: Ex. 37, p. 456 


ROCK CLIMBING WALL To find the cost 
of installing a rock wall in your school 
gymnasium, you need to find the height 
of the gym wall. 


You use a cardboard square to line up 
the top and bottom of the gym wall. Your 
friend measures the vertical distance 
from the ground to your eye and the 
distance from you to the gym wall. 
Approximate the height of the gym wall. 


Solution 


By Theorem 7.6, you know that 8.5 is the geometric mean of w and 5. 
== Write a proportion. 


Ш == 14.5 Solve for w. 


> So, the height of the wall is 5 + w = 5 + 14.5 = 19.5 feet. 


GUIDED PRACTICE for Examples 3 and 4 


3. In Example 3, which theorem did you use to solve for y? Explain. 


4. Mary is 5.5 feet tall. How far from the wall in Example 4 would she have 
to stand in order to measure its height? 
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73 EXERCISES "н О-оо 
ө KEY: on p. WS8 for Exs. 5, 15, and 29 

: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 19, 20, 31, and 34 


^ SKILL PRACTICE 


1. VOCABULARY Copy and complete: Two triangles are _? iftheir 
corresponding angles are congruent and their corresponding side lengths 
are proportional. 


2. * WRITING In your own words, explain geometric mean. 


: EXAMPLE 1 IDENTIFYING SIMILAR TRIANGLES Identify the three similar right triangles 


: on p. 449 in the given diagram. 


: for Exs. 3-4 
| E 4. \ 
Н G L N К 


: EXAMPLE 2 FINDING ALTITUDES Find the length of the altitude to the hypotenuse. 


: on p. 450 Round decimal answers to the nearest tenth. 
: for Exs. 5-7 


107.5 ft 


Д: ЗД} om 


D 


: EXAMPLES COMPLETING PROPORTIONS Write a similarity statement for the three 


- 3and4  — similar triangles in the diagram. Then complete the proportion. 
451-452 
‘ores aia | в. XW ZW g. true E 10. УЕ _ 22 
| ? YW SQ ТО EG ? 
Y E H F 
W Q 
| | 
Х 2 $ R G 
ERROR ANALYSIS Describe and correct the error in writing a proportion for 
the re given diagram. 
үү __ 2 
Z wty = 


alo 
-p|& 
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454 


FINDING LENGTHS Find the value of the variable. Round decimal answers to 


D. ASA 
4 > 


19. Ж MULTIPLE CHOICE Use the diagram at the right. 


Decide which proportion is false. C 
D 
DB _ DA СА _ AB 
e DC DB AB АР 
CA _ BA DC _ BC 
Om ca © вст са A B 


20. Ж MULTIPLE CHOICE In the diagram in Exercise 19 above, AC = 36 and 
BC = 18. Find AD. If necessary, round to the nearest tenth. 


(А) 9 15.6 (б) 27 D 31.2 


E) ALGEBRA Find the value(s) of the variable(s). 


21. 22. SUP +3 23. " 
а+5 18 IN, 
7 


USING THEOREMS Tell whether the triangle is a right triangle. If so, find 
the length of the altitude to the hypotenuse. Round decimal answers to the 
nearest tenth. 


24. 25. 26. 
2/89 4\13 4V33 
10 8 
16 T. 14 18 


27. FINDING LENGTHS Use the Geometric Mean 


Theorems to find AC and BD. 
20 15 


A D C 


28. CHALLENGE Draw a right isosceles triangle and label the two leg lengths 
x. Then draw the altitude to the hypotenuse and label its length y. Now 
draw the three similar triangles and label any side length that is equal to 
either x or y. What can you conclude about the relationship between the 
two smaller triangles? Explain. 


(С) = WORKED-OUT SOLUTIONS * - STANDARDIZED 


on p. WS1 TEST PRACTICE 


3 eae nee 
: for Exs. 30-31 


PROBLEM SOLVING - 


DOGHOUSE The peak of the doghouse shown 
forms a right angle. Use the given dimensions to 
find the height of the roof. 


d) 


“A | 


p T p» "T "ГР ды " . 
@Homelutor for problem solving help at classzone.com 


30. MONUMENT You want to determine the height of a monument at a local 
park. You use a cardboard square to line up the top and bottom of the 
monument. Mary measures the vertical distance from the ground to your 
eye and the distance from you to the monument. Approximate the height 
of the monument (as shown at the left below). 


31. 


32. 


* SHORT RESPONSE Paul is standing on the other side of the monument 
in Exercise 30 (as shown at the right above). He has a piece of rope staked 
at the base of the monument. He extends the rope to the cardboard 
square he is holding lined up to the top and bottom of the monument. 
Use the information in the diagram above to approximate the height of 
the monument. Do you get the same answer as in Exercise 30? Explain. 


PROVING THEOREM 7.1 Use the diagram of AABC. 
Copy and complete the proof of the Pythagorean 
Theorem. 

GIVEN > In AABC, Z BCA is a right angle. 

PROVE > c^ = a? + b° 


STATEMENTS 
‚ Draw AABC. Z BCA is a right angle. 


2. Draw a perpendicular from C to AB. 2. Perpendicular Postulate 

3.5 = Gand => 3. f. 

4. ce = а? and cf = b° 4. ?- 

5.ce +b = ? +)? 5. Addition Property of Equality 
6. ce + cf — а? + bi 6. ?- 

7. c(e + f) = a? + b° 7. E 

8. e + f=_?_ 8. Segment Addition Postulate 
9.с.с= а? +b 9. ? 


10. с? = а? + b? 10. Simplify. 
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33. MULTI-STEP PROBLEM Use the diagram. E 
a. Name all the altitudes in AEGF. Explain. 
b. Find FH. 
с. Find the area of the triangle. 


34. Ж EXTENDED RESPONSE Use the diagram. Q T R 


a. Sketch the three similar triangles in the diagram. 
Label the vertices. Explain how you know which 
vertices correspond. 
b. Write similarity statements for the three triangles. © 


с. Which segment's length is the geometric mean of RT 
and RQ? Explain your reasoning. 


PROVING THEOREMS In Exercises 35-37, use the diagram and GIVEN 
statements below. 


GIVEN > AABCis a right triangle. C 
Altitude CD is drawn to hypotenuse AB. б it 
35. Prove Theorem 7.5 by using the Plan for Proof on page 449. 
A D В 
ing BD _ CD 
36. Prove Theorem 7.6 by showing CD AD’ 
37. Prove Theorem 7.7 by showing AB _ СВ апа AB — АС 


CB DB AC AD 


38. CHALLENGE The harmonic mean of a and b is Eu The Greek 


mathematician Pythagoras found that three equally taut strings on 

stringed instruments will sound harmonious if the length of the middle 
string is equal to the harmonic mean of the lengths of the shortest and 
longest string. 


a. Find the harmonic mean of 10 and 15. 
b. Find the harmonic mean of 6 and 14. 


c. Will equally taut strings whose lengths have the ratio 
4:6:12 sound harmonious? Explain your reasoning. 


“MIXED REVIEW EE 


: PREVIEW Simplify the expression. (p. 874) 
{ерше 39. V27 - V2 40. V8 • V10 41. V12 + V7 42. V18 - V12 
: Lesson 7.4 in 
: Exs. 39-46. 5 8 15 12 
43. — 44. —— 45. —— 46. —— 
V7 v11 V27 V24 


Tell whether the lines through the given points are parallel, perpendicular, 
or neither. Justify your answer. (p. 171) 


47. Line 1: (2, 4), (4, 2) 48. Line 1: (0, 2), —1, —1) 49: Line 1: (1, 7), (4, 7) 
Line 2: (3, 5), (—1, 1) Line 2: (3, 1), (1, —5) Line 2: (5, 2), (7, 4) 
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7 4 Special Right Triangles 


You found side lengths using the Pythagorean Theorem. 


You will use the relationships among the sides in special right triangles. 


So you can find the height of a drawbridge, as in Ex. 28. 


Key Vocabulary A 45°-45°-90° triangle is an isosceles right triangle that rH 
e isosceles triangle, can be formed by cutting a square in half as shown. | 
p. 217 
THEOREM For Your Notebook 
i: THEOREM 7.8 45°-45°-90° Triangle Theorem 
: USE RATIOS F In a45°-45°-90° triangle, the hypotenuse is V2 times 


: The extended ratio of 1: aslong as each leg. 
: the side lengths of a 1; 
: 45°-45°-90° triangle is 


E hypotenuse = leg - V2 
:1:1:V2. F Proof: Ex. 30, p. 463 


Find the length of the hypotenuse. 


b. 


yo 


Solution 


а. 


a. Bythe Triangle Sum Theorem, the measure of the third angle must be 
45°. Then the triangle is a 45°-45°-90° triangle, so by Theorem 7.8, the 


hypotenuse is V2 times as long as each leg. 


hypotenuse = leg * V2 45°-45°-90° Triangle Theorem 


= 8V2 Substitute. 
: REVIEW ALGEBRA _ b. By the Base Angles Theorem and the Corollary to the Triangle Sum 
: Remember the Theorem, the triangle is a 45°-45°-90° triangle. 
: de did hypotenuse = leg • V2 45°-45°-90° Triangle Theorem 
: va» Vb = Va» b =3V2 + V2 Substitute. 
lia =3+2 Product of square roots 
: For a review of radical 
: expressions, see p. 874. x. Simplify. 
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457 


Find leg lengths in a 45°-45°-90° triangle 


Find the lengths of the legs in the triangle. 5V2 


S7 


By the Base Angles Theorem and the Corollary to the Triangle Sum Theorem, 
the triangle is a 45°-45°-90° triangle. 


Solution 


hypotenuse = leg - V2 45°-45°-90° Triangle Theorem 
5V2 = x • V2 Substitute. 


5V2  xW2 РАР" P 

A шы SS Divide each side by V2. 

v2 v2 a 
B=x Simplify. 


Ж (EXAMPLE 3 ] Standardized Test Practice 
Triangle WXY is a right triangle. 
Find the length of WX. аф 25 cm 
X 


W 


СА) 50 cm 25V2 cm 
: ELIMINATE CHOICES 


E ле сл алаксы > (С) 25 cm D m Pn 


: You can eliminate 

: choices C and D because 

: the hypotenuse has to | 

: be longer than the leg. | Solution 


By the Corollary to the Triangle Sum Theorem, the triangle is a 
45°-45°-90° triangle. 


hypotenuse —leg* V2 45°-45°-90° Triangle Theorem 
WX = 25V2 Substitute. 
> The correct answer is B. Go © O 


GUIDED PRACTICE for Examples 1, 2, and 3 


Find the value of the variable. 


1. 2, " " 8. 8 
J^ А 2 2 | 
ў 8 8 
x E] 
8 


4. Find the leg length of a 45°-45°-90° triangle with a hypotenuse length of 6. 
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: USE RATIOS 

: The extended ratio of 
: the side lengths of a 

: 3060-90" triangle is 
: 1:V3:2. 


А 30°-60°-90° triangle can be formed by dividing an equilateral triangle in half. 


For Your Notebook 


THEOREM 


THEOREM 7.9 30-60-90" Triangle Theorem 


In a 30°-60°-90° triangle, the hypotenuse is twice as long as the shorter 
leg, and the longer leg is V3 times as long as the shorter leg. 


€ оооосоооооооооосоооооооосооооосоооеоо р. 


hypotenuse = 2 « shorter leg 
longer leg = shorter leg • ҮЗ 
Proof: Ex. 32, p. 463 


( EXAMPLE 4 || Find the height of an equilateral triangle 


: REVIEW MEDIAN 


; Remember that in an 

: equilateral triangle, the 
: altitude to a side is also 
f the median to that side. 
: So, altitude BD bisects 

: АС. 


LOGO The logo on the recycling bin at the right resembles 
an equilateral triangle with side lengths of 6 centimeters. 
What is the approximate height of the logo? 


Solution 


Draw the equilateral triangle described. Its altitude forms 
the longer leg of two 30°-60°-90° triangles. The length h of B 


the altitude is approximately the height of the logo. 
6 cm 


longer leg = shorter leg • ҮЗ 
h=3+V3~5.2cm 


3cm D 3cm 


( EXAMPLE 5 ] Find lengths in a 30°-60°-90° triangle 


EE) Find the values of x and y. Write your answer 
in simplest radical form. 


STEP 7 Find the value of x. 


longer leg = shorter leg • УЗ 30°-60°-90° Triangle Theorem 


9 = xV3 Substitute. 
9 а : 
Yay Divide each side by V3. 
T^ y 
9 v3. " Multiply numerator and 
V3 V3 denominator by УЗ. 
93 = Multiply fractions. 
3V3 =x Simplify. 


STEP2 Find the value of y. 


hypotenuse = 2 « shorter leg 


y = 2 • 3V3 = 6V3 


30°-60°-90° Triangle Theorem 


Substitute and simplify. 
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DUMP TRUCK The body of а dump truck is raised to 
empty a load of sand. How high is the 14 foot body 
from the frame when it is tipped upward at the 
given angle? 


a. 45” angle b. 60° angle 


Solution 


a. When the body is raised 45” above the frame, 
the height h is the length of a leg of a 45°-45°-90° 
triangle. The length of the hypotenuse is 14 feet. 


14 — h* V2. 45°-45°-90° Triangle Theorem > 
GA 14 ft 
о AO 
14 = y Divide each side by V2. 45, ES 
: REWRITE V2 Л (А SS) 
: VAR E U IY NY \ 
a ale] » 9.9 = Rh Use a calculator to approximate. OQO 


: To write 9.9 ft in feet 
: and inches, multiply the 


: decimal part by 12. » When the angle of elevation is 45°, the body is about 9 feet 11 inches 


: 12.09 = 10.8 above the frame. 
: So, 9.9 ft is about 
: 9 feet 11 inches. b. When the body is raised 60°, the height h is the length of the longer 
leg of a 30-60-90” triangle. The length of the hypotenuse is 14 feet. \ "Tm 
hypotenuse —2*shorterleg 30°-60°-90° Triangle Theorem - Re 
14=2•5 Substitute. ХУ 
7=S Divide each side by 2. 
longer leg = shorter leg - V3 30°-60°-90° Triangle Theorem 
h = 7V3 Substitute. 
h = 12.1 Use a calculator to approximate. 


> When the angle of elevation is 60°, the body is about 12 feet 1 inch 
above the frame. 
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GUIDED PRACTICE | for Examples 4, 5, and 6 


Find the value of the variable. 


9. 6. 


E 30° 
x 2 2 


7. WHAT IF? In Example 6, what is the height of the body of the dump truck 
if it is raised 30° above the frame? 


8. In a 30°-60°-90° triangle, describe the location of the shorter side. Describe 
the location of the longer side? 
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74 EXERCISES "н О-оо 
ө КЕҮ: on p. WS8 for Exs. 5, 9, and 27 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 6, 19, 22, 29, and 34 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: A triangle with two congruent sides 
and a right angle is called. ? . 


2. ж WRITING Explain why the acute angles in an isosceles right triangle 
always measure 45°. 


: EXAMPLES 45°-45°-90° TRIANGLES Find the value of x. Write your answer in simplest 
: T and 2 radical form. 


: on pp. 457-458 


: for Exs. 3-5 ш Ф, 4. 
1 5/2 x 
x 5V2 
: EXAMPLE3 | 6. A MULTIPLE CHOICE Find the length of AC. 
: on p. 458 | 
: for Exs. 6—7 Ф) 742 in. 2V7 in. 
© 72 in, D V14 in. A Tin. B 


7. ISOSCELES RIGHT TRIANGLE The square tile shown 
has painted corners in the shape of congruent 
45°-45°-90° triangles. What is the value of x? What 
is the side length of the tile? 


: EXAMPLES 30°-60°-90° TRIANGLES Find the value of each variable. Write your answers 
: 4 and 5 in simplest radical form. 


: on p. 459 


: for Exs. 8-10 8. 343 
y LÀ 
3 X 
y 
ш 
x 


SPECIAL RIGHT TRIANGLES Copy and complete the table. 
11. 
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С) ALGEBRA Find the value of each variable. Write your answers in 
simplest radical form. 


13. 14. V6 15. 


3 

E 
N 
" = 

Ww 
"3 


16. 17. 3 18. 


ш 
18 
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19. Ж MULTIPLE CHOICE Which side lengths do not represent a 
30°-60°-90° triangle? 


СА) „м V2, V6, 2V2 
O a 10 D 3,3V3,6 


ERROR ANALYSIS Describe and correct the error in finding the length of 
the hypotenuse. 


20. 
E 7 V8 
Б A 


22. * WRITING Abigail solved Example 5 on page 459 in a different way. 


Instead of dividing each side by V3, she multiplied each side by V3. Does 
her method work? Explain why or why not. 


21. 


E) ALGEBRA Find the value of each variable. Write your answers in 
simplest radical form. 


23. E 24. 25. 
y 8 о 
g x m 60 
E E 
10 4V2 y 


26. CHALLENGE AABCis а 30°-60°-90° triangle. | | | | | 4|, | | |. 


Find the coordinates of A. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
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PROBLEM SOLVING 
: EXAMPLE 6 KAYAK RAMP A ramp is used to launch a kayak. What is the height of an 
:onp.460 11 foot ramp when its angle is 30? as shown? 
: for Ex. 27 


28. 


29. 


30. 


31. 


32. 


33. 


DRAWBRIDGE Each half of the drawbridge is 
about 284 feet long, as shown. How high does a 
seagull who is on the end of the drawbridge rise 


* SHORT RESPONSE Describe two ways to show that all isosceles right 
triangles are similar to each other. 


PROVING THEOREM 7.8 Write a paragraph proof D 

of the 45?-45?-90? Triangle Theorem. as 

GIVEN » A DEF is a 45°-45°-90° triangle. > 
PROVE > The hypotenuse is V2 times as long as each leg. pL E 


EQUILATERAL TRIANGLE If an equilateral triangle has a side length of 
20 inches, find the height of the triangle. 


PROVING THEOREM 7.9 Write a paragraph proof of the 30°-60°-90° 
Triangle Theorem. 


GIVEN > AJKL is a 30°-60°-90° triangle. j«— Ll: 
PROVE > The hypotenuse is twice as long as the shorter leg and 
the longer leg is V3 times as long as the shorter leg. 


Plan for Proof Construct AJML congruent to AJKL. Then prove that 
AJKM is equilateral. Express the lengths of JK and JL in terms of x. 


MULTI-STEP PROBLEM You are creating a quilt that will have a traditional 
"flying geese" border, as shown below. 


a. Find all the angle measures of the small blue 
triangles and the large orange triangles. 


b. The width of the border is to be 3 inches. To 
create the large triangle, you cut a square of 
fabric in half. Not counting any extra fabric 
needed for seams, what size square do 
you need? 


c. What size square do you need to create each 
small triangle? 
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34. Ж EXTENDED RESPONSE Use the figure at the 
right. You can use the fact that the converses of 
the 45°-45°-90° Triangle Theorem and the 
30°-60°-90° Triangle Theorem are true. 

a. Find the values ofr, s, t, и, v, and w. Explain 
the procedure you used to find the values. 

b. Which of the triangles, if any, is a 45°-45°-90° 
triangle? Explain. 


с. Which of the triangles, if any, is a 30°-60°-90° triangle? Explain. 


35. CHALLENGE In quadrilateral QRST, mZ R = 60°, mZT = 90°, QR = RS, 
ST = 8, TQ = 8, and RT and QS intersect at point Z. 


a. Draw a diagram. 


b. Explain why A RQT = ARST. 
c. Which is longer, QS or RT? Explain. 


“MIXED REVIEW 


In the diagram, BD is the perpendicular bisector of AC. (p. 303) 
36. Which pairs of segment lengths are equal? 

37. What is the value of x? 

38. Find CD. 


Is it possible to build a triangle using the given side lengths? (p. 328) 


39. 4, 4, and 7 40. 3,3, and 9V2 41. 7, 15, and 21 
: PREVIEW Tell whether the given side lengths form a right triangle. (p. 441) 
: Prepare for 3 z 
: Lesson 7.5 in 42. 21, 22, and 5V37 43. >, 2, and = 44. 8, 10, апа 14 
: 2 2 
: Exs. 42-44. 


QUIZ for Lessons 7.3-7.4 


In Exercises 1 and 2, use the diagram. (p. 449) C. 6 
1. Which segment's length is the geometric 10 ч 
mean of АС апа СР? 
2. Find BD, AD, and AB. В А 


Find the values of the variable(s). Write your answer(s) in simplest radical 
form. (p. 457) 


3. 4. 10 Б, 3V2 
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Lessons 7.1-7.4 


1. GRIDDED ANSWER Find the direct distance, 
in paces, from the treasure to the stump. 


2. MULTI-STEP PROBLEM On a map of the 
United States, you put a pushpin on three 
state capitols you want to visit: Jefferson City, 
Missouri; Little Rock, Arkansas; and 
Atlanta, Georgia. 


a. Draw a diagram to model the triangle. 


b. Do the pushpins form a right triangle? If 
not, what type of triangle do they form? 


3. SHORT RESPONSE Bob and John started 
running at 10 A.M. Bob ran east at 4 miles 
per hour while John ran south at 5 miles per 
hour. How far apart were they at 11:30 A.M.? 
Describe how you calculated the answer. 


4. EXTENDED RESPONSE Give all values of x 
that make the statement true for the 
given diagram. 


.Zlisaright angle. Explain. 
.Zlisanobtuse angle. Explain. 
{_ 115 ап acute angle. Explain. 


. The triangle is isosceles. Explain. 


© д о т B 


‚ No triangle is possible. Explain. 


5. EXTENDED RESPONSE A Chinese checker 
board is made of triangles. Use the picture 
below to answer the questions. 


a. Count the marble holes in the purple 
triangle. What kind of triangle is it? 


b. If a side of the purple triangle measures 
8 centimeters, find the area of the purple 
triangle. 


c. How many marble holes are in the center 
hexagon? Assuming each marble hole 
takes up the same amount of space, what 
is the relationship between the purple 
triangle and center hexagon? 


d. Find the area of the center hexagon. 
Explain your reasoning. 


6. MULTI-STEP PROBLEM You build a beanbag 
toss game. The game is constructed from a 
sheet of plywood supported by two boards. 
The two boards form a right angle and their 
lengths are 3 feet and 2 feet. 


a. Find the length x of the plywood. 


b. You put in a support that is the altitude 
y to the hypotenuse of the right triangle. 
What is the length of the support? 


c. Where does the support attach to the 
plywood? Explain. 
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7 5 Apply the Tangent Ratio 


Before You used congruent or similar triangles for indirect measurement. 


Key Vocabulary 
* trigonometric ratio 
• tangent Materials: metric ruler, protractor, calculator 


| Now ) You will use the tangent ratio for indirect measurement. 
So you can find the height of a roller coaster, as in Ex. 32. 


RIGHT TRIANGLE RATIO 


STEP?! Draw а 30° angle and mark a point every 
5 centimeters on a side as shown. Draw 
perpendicular segments through the 3 points. 


STEP 2 Measure the legs of each right triangle. 
Copy and complete the table. 


A ABC 
A ADE 
A AFG 


| (Cac BC _ AC {ВС _ DE 
STEP 3 Explain why the proportions DES АЕ an nd AC = Ag ate true. 


BC _ DE 


STEP 4 Make a conjecture about the ratio of the lengths of the legs in a right 
triangle. Test your conjecture by using different acute angle measures. 


The ratio of the lengths of the legs in a right triangle is constant for 
a given angle measure. This ratio is called the tangent of the angle. 


A trigonometric ratio is a ratio of the lengths of two 
sides in a right triangle. You will use trigonometric 
ratios to find the measure of a side or an acute angle 
in a right triangle. 


KEY CONCEPT For Your Notebook 


: ABBREVIATE > Tangent Ratio 


e€c000000000600000000006000€ d 
^ 


: Remember these 


: abbreviations: i 
| tangent —tan E The tangent of ZA (written as tan A) is leg 


hypotenuse 
A 


leg adjacent to / A 


: opposite — opp. |: defined as follows: iae 
: adjacent — adj. 
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Let AABC be a right triangle with acute ZA. B 


length of leg opposite ZA _ BC 


Aa — AAA шь 
n length of leg adjacentto ZA AC 


C 
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COMPLEMENTARY ANGLES In the right triangle, B 


ZAand LB are complementary so you can use . leg hypotenuse 
the same diagram to find the tangent of Z Аапа adjacent 

the tangent of Z B. Notice that the leg adjacent wee 

to ZA is the leg opposite / B and the leg opposite С  legopposite 7B A 


ZA is the leg adjacent to / В. 


( EXAMPLE 1 ] Find tangent ratios 


: APPROXIMATE 


: Unless told otherwise, 
: you should round the 

: values of trigonometric 
: ratios to the ten- 

: thousandths' place and 
: round lengths to the 

: tenths' place. 


Find tan S and tan R. Write each answer as a fraction and as a decimal 
rounded to four places. 


S 
oS 
Solution d и И 
ta ыт АТ 80 = 40 4,4444 
tan R = -9PP- £P _ ST_18- 9 _ 9 2959 


GUIDED PRACTICE for Example 1 


Find tan J and tan K. Round to four decimal places. 


1. K 2. | 15 J 
40 
24 
8 17 
J 3 L K 


(EXAMPLE 2 ] Find a leg length 


: ANOTHER WAY 


: You can also use the 

: Table of Trigonometric 
: Ratios on p. 925 to find 
: the decimal values of 

: trigonometric ratios. 


Є) ALGEBRA Find the value of x. 


11 
Solution + 
Use the tangent of an acute angle to find a leg length. " 
o _ OPP. А ; o 
tan 32 = ud Write ratio for tangent of 32°. 
o. 11 , 
tan 32 = = Substitute. 
x • tan 32° = 11 Multiply each side by x. 
_ 11 - i | 
X—ans» Divide each side by tan 32°. 
ды ll ‚ А 
x= 3.6249 Use a calculator to find tan 32°. 
x == 17.6 Simplify. 


7.5 Apply the Tangent Ratio 
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(EXAMPLE 3 ] Estimate height using tangent 


LAMPPOST Find the height h of the lamppost to the 


nearest inch. 
tan 70° = ad Write ratio for tangent of 70°. 
tan 70° = -Ё. Substitute. 
40 
40 • tan 70° = h Multiply each side by 40. 
109.9 = h Use a calculator to simplify. 


* The lamppost is about 110 inches tall. 


SPECIAL RIGHT TRIANGLES You can find the tangent of an acute angle 
measuring 30°, 45°, or 60° by applying what you know about special right 
triangles. 


(EXAMPLE 4 ) Use a special right triangle to find a tangent 


Use a special right triangle to find the tangent of a 60° angle. 


: SIMILAR TRIANGLES STEP? Because all 30°-60°-90° triangles are similar, you can simplify your 


: The tangents of all 60? calculations by choosing 1 as the length of the shorter leg. Use the 
: angles are the same 30°-60°-90° Triangle Theorem to find the length of the longer leg. 
: constant ratio. Any V3 — 
: right triangle with a 60° longer leg = shorter leg - V3 30°-60°-90° Triangle Theorem 
: angle can be used to x=1-V3 Substitute. 
: determine this value. 
x= УЗ Simplify. 1 
STEP 2 Find tan 60°. _ 
o v3 
tan 60? — am Write ratio for tangent of 60°. 
tan 60? — = Substitute. 
tan 60° = V3 Simplify. 
> The tangent of any 60° angle is V3 ~ 1.7321. 
GUIDED PRACTICE for Examples 2, 3, and 4 
Find the value of x. Round to the nearest tenth. 
3. 4. ^ 
x = 13 
m 
22 


5. WHAT IF? In Example 4, suppose the side length of the shorter leg is 5 
instead of 1. Show that the tangent of 60? is still equal to V3. 
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EXERCISES —— "н О-оо 
7.5 KEY: on p. WS9 Tor Exs. 5, 7, and 31 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 16, 17, 35, and 37 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: The tangent ratio compares the length 
of ? tothe length of _?_. 


2. ж WRITING Explain how you know that all right triangles with an acute 
angle measuring n° are similar to each other. 


: EXAMPLE 1 FINDING TANGENT RATIOS Find tan A and tan B. Write each answer as a 
: on p. 467 fraction and as a decimal rounded to four places. 


: for Exs. 3-5 
i: A 4. B 35 C ($24 52 B 
25 
3] " = 48 
С 24 В А С 


: EXAMPLE 2 FINDING LEG LENGTHS Find the value of x to the nearest tenth. 
: on p. 467 


: „| 6 (7) 15 8. ^ 
: for Exs. 6-8 B 22 " 
12 x 
Ш 
X 


: EXAMPLE 4 FINDING LEG LENGTHS Find the value of x using the definition of tangent. 
: on p. 468 Then find the value of x using the 45°-45°-90° Theorem or the 30°-60°-90° 
: for Exs. 9-12 Theorem. Compare the results. 


9. 6 10. 10/3 11. 
El 
4 
X 
П 
X 


12. SPECIAL RIGHT TRIANGLES Find tan 30° and tan 45° using the 45°-45°-90° 
Triangle Theorem and the 30°-60°-90° Triangle Theorem. 


x 


ERROR ANALYSIS Describe the error in the statement of the tangent ratio. 
Correct the statement, if possible. Otherwise, write not possible. 


13. 


_ 18 6 — 
tan D = 82 p LR 55 
D 
e, —— 
E 80 F 


15. Ж WRITING Describe what you must know about a triangle in order to 
use the tangent ratio. 
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16. Ж MULTIPLE CHOICE Which expression сап be used to find the value of x 
in the triangle shown? 


(СА) х = 20 • tan 40° СВ) х = 18040. 
20 |. 20 E 
X= deus 
© tan 40° D tan 50° X 


17. Ж MULTIPLE CHOICE What is the approximate value of x in the 


triangle shown? 
X 


(А) 0.4 27 — 
© 7.5 (D> 19.2 12 


FINDING LEG LENGTHS Use a tangent ratio to find the value of x. Round to 
the nearest tenth. Check your solution using the tangent of the other 


acute angle. 
18. 19 0. x 
m Sel 
8 
e 9 
X 
2 


FINDING AREA Find the area of the triangle. Round to the nearest tenth. 

, 2 

1 

E 

X 

FINDING PERIMETER Find the perimeter of the triangle. Round to the 
nearest tenth. 

: 2 

Y 15 

68° 

E 

82 2 


A | 2 
13 X 
21. X 2 
[E] 
11 16 
m 
DRN 
|| 


3. 
6. 
FINDING LENGTHS Find y. Then find z. Round to the nearest tenth. 


uc > 


120 ——] 


30. CHALLENGE Find the perimeter of the 
figure at the right, where AC = 26, __ 
AD = BF, and D is the midpoint of AC. 


C) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
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PROBLEM SOLVING 


: pei ic AM 
: for Exs. 31-32 


GD WASHINGTON MONUMENT A surveyor is 


32. 


standing 118 feet from the base of the Washington 
Monument. The surveyor measures the angle 
between the ground and the top of the monument 
to be 78°. Find the height h of the Washington 
Monument to the nearest foot. 


_@HomeTutor 


for problem solving help at classzone.com 


ROLLER COASTERS A roller coaster makes an angle of 52° with 
the ground. The horizontal distance from the crest of the hill 

to the bottom of the hill is about 121 feet, as shown. Find the h 
height h of the roller coaster to the nearest foot. 


-@Homelutor 


for problem solving help at classzone.com 121 ft 


CLASS PICTURE Use this information and diagram for Exercises 33 and 34. 


Your class is having a class picture taken on the lawn. The photographer is 
positioned 14 feet away from the center of the class. If she looks toward either 
end of the class, she turns 50°. 


33. 


34. 


35. 


ISOSCELES TRIANGLE What is the distance between the ends of the class? 


MULTI-STEP PROBLEM The photographer wants to estimate how many 
more students can fit at the end of the first row. The photographer turns 
50° to see the last student and another 10° to see the end of the 

Camera range. 


a. Find the distance from the center to the last student in the row. 
b. Find the distance from the center to the end of the camera range. 


c. Use the results of parts (a) and (b) to estimate the length of 
the empty space. 


d. If each student needs 2 feet of space, about how many more students 
can fit at the end of the first row? Explain your reasoning. 


Ж SHORT RESPONSE Write expressions for the tangent of B 

each acute angle in the triangle. Explain how the tangent of с 
one acute angle is related to the tangent of the other acute g 
angle. What kind of angle pair are ZA and Z B? 
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36. EYE CHART You are looking at an eye chart 
that is 20 feet away. Your eyes are level with the 
bottom of the “E” on the chart. To see the top 
of the "E," you look up 1°. How tall is the “E”? 


Not drawn to scale 


37. Ж EXTENDED RESPONSE According to the Americans with Disabilities 
Act, a ramp cannot have an incline that is greater than 5”. The regulations 
also state that the maximum rise of a ramp is 30 inches. When a 
ramp needs to reach a height greater than 30 inches, a series of ramps 
connected by 60 inch landings can be used, as shown below. 


a. What is the maximum horizontal length of the base of one ramp, in 
feet? Round to the nearest foot. 


b. Ifa doorway is 7.5 feet above the ground, what is the least number of 
ramps and landings you will need to lead to the doorway? Draw and 
label a diagram to justify your answer. 


c. To the nearest foot, what is the total length of the base of the 
system of ramps and landings in part (b)? 


38. CHALLENGE The road salt shown is stored in a cone-shaped pile. 
The base of the cone has a circumference of 80 feet. The cone rises 
at an angle of 32°. Find the height h of the cone. Then find the 
length s of the cone-shaped pile. 


“MIXED REVIEW 


The expressions given represent the angle measures of a triangle. Find the 
measure of each angle. Then classify the triangle by its angles. (p. 217) 


39. MZA = x° 40. MZA = x° 41. MZA = (x + 20)° 
mz B = 4x? mz B = x’ mz B = (3x + 15)? 
mz C = 4x? mz C = (5x — 60)? mz C = (x — 30)? 


Copy and complete the statement with <, >, or =. Explain. (p. 335) 


42. mZ1_? mz2 43. mZl * mz2 44. mZl * т22 
20 
18 
: PREVIEW Find the unknown side length of the right triangle. (p. 433) 


30 
2] 
í X X 
: Lesson 7.6 in 9. Ба БА 
: Exs. 45-47. 18 = i 
V157 v13 6 
24 


: Prepare for 
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7.6 


Key Vocabulary 

• sine 

* cosine 

• angle of elevation 


• angle of depression f 


: ABBREVIATE 


: Remember these 

: abbreviations: 

: Sine — sin 

: cosine — cos 

: hypotenuse — hyp 


Apply the Sine and 
Cosine Ratios 


You used the tangent ratio. 
You will use the sine and cosine ratios. 


So you can find distances, as in Ex. 39. 


The sine and cosine ratios are trigonometric ratios for acute angles that 
involve the lengths of a leg and the hypotenuse of a right triangle. 


KEY CONCEPT For Your Notebook 


Sine and Cosine Ratios 


Let AABC be a right triangle with acute / А. B 
The sine of ZA and cosine of Z A (written leg — 
sin A and cos A) are defined as follows: прозне Р 
| | fl ite ZA 
sin А = аша ырш td = ВС C legadjacentto ZA A 


length of hypotenuse AB 


length of leg adjacentto ZA дс 
length of hypotenuse AB 


cosA = 


Find sine ratios 


Find sin S and sin R. Write each answer as a 
fraction and as a decimal rounded to four places. 


65 
Solution 


GUIDED PRACTICE for Example 1 


Find sin X and sin Y. Write each answer as a fraction and as a decimal. 
Round to four decimal places, if necessary. 


15 й 
8 2/ |15 
X 17 Y X 2 Z 


7.6 Apply the Sine and Cosine Ratios 
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Find cosine ratios 


Find cos U and cos W. Write each answer as a U 
fraction and as a decimal. 


Solution 


DOG RUN You want to string cable to 
make a dog run from two corners of 

a building, as shown in the diagram. 
Write and solve a proportion using a 
trigonometric ratio to approximate the 
length of cable you will need. lift 


Solution 
. о _ Opp. " . м 
sin 35° = —— Write ratio for sine of 35°. 
hyp. 
sin 35° = = Substitute. 
x • sin 35° = 11 Multiply each side by x. 
2 J1 i ; == 
X= asp Divide each side by sin 35°. 
_ ll " i : 
X 0.5736 Use a calculator to find sin 35*. 


х == 19.2 Simplify. 


» You will need a little more than 19 feet of cable. 


GUIDED PRACTICE for Examples 2 and з 


In Exercises 3 and 4, find cos R and cos S. Write each answer as a decimal. 
Round to four decimal places, if necessary. 


3. T 12 $ 4. 5 R 
T 
H 


5. In Example 3, use the cosine ratio to find the length of the other leg of the 
triangle formed. 
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ANGLES If you look up at an object, the angle your line of sight makes with a 
horizontal line 1 is called the angle of felev ovat tion. If you look down at an SUA | 


: APPLY THEOREMS 


: Notice that the angle 
: of elevation and the 
: angle of depression 
: are congruent by the 
: Alternate Interior 

: Angles Theorem on 
: page 155. 


SKIING You are skiing on a mountain with an altitude of 1200 meters. The 
angle of depression is 21°. About how far do you ski down the mountain? 


Not drawn to scale 


а 
Solution 
sin 21° = К. Write ratio for sine of 21°. 
sin 21° = 1200 Substitute. 


x • sin 21° = 1200 Multiply each side by x. 


= ae Divide each side by sin 21°. 
sin 21 
_ 1200 . | : 
x 0.3584 Use a calculator to find sin 21*. 


x ~ 3348.2 Simplify. 
» You ski about 3348 meters down the mountain. 


ometry at classzone.com 


for Example 4 


6. WHAT IF? Suppose the angle of depression in Example 4 is 28°. 
About how far would you ski? 


7.6 Apply the Sine and Cosine Ratios 
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: ANOTHER WAY 


: For alternative methods 
: for solving the problem 
: in Example 5, turn 

: to page 481 for the 

: Problem Solving 

: Workshop. 


: DRAW DIAGRAMS 


: As in Example 4 on 

: page 468, to simplify 

: calculations you can 

: choose 1 as the length 
: of the shorter leg. 


| EXAMPLE 5 ] Find leg lengths using an angle of elevation 


SKATEBOARD RAMP You want to build a 
skateboard ramp with a length of 14 feet and 
an angle of elevation of 26*. You need to find 
the height and length of the base of the ramp. 


Solution 
STEP? Find the height. 


sin 26° = орр. Write ratio for 
hyp. sine of 26°. 
sin 26? = 2 Substitute. 
14 
14 • sin 26° = x Multiply each side by 14. 
6.1 = х Use a calculator to simplify. 


* The height is about 6.1 feet. 


STEP 2 Find the length of the base. 


о ad). ° ° . 
cos 26° = —— Write ratio for cosine of 26°. 
hyp. 
cos 26° = y Substitute. 
14 
14 * cos 26° = y Multiply each side by 14. 
12.6 = y Use a calculator to simplify. 


» The length of the base is about 12.6 feet. 


| EXAMPLE 6 | Use a special right triangle to find a sine and cosine 


Use a special right triangle to find the sine and cosine of a 60° angle. 


Solution 


Use the 30°-60°-90° Triangle Theorem to draw a right triangle with side 
lengths of 1, УЗ, and 2. Then set up sine and cosine ratios for the 60° angle. 


sin 60° = PE: = УЗ ~ 0.8660 
һур 2 
o adj 1 _ 
cos 60 Tus c. es 


/ GUIDED PRACTICE | for Examples 5 and 6 


7. WHAT IF? In Example 5, suppose the angle of elevation is 35°. What is 
the new height and base length of the ramp? 


8. Use a special right triangle to find the sine and cosine of a 30° angle. 
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HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
on p. WS9 for Exs. 5, 9, and 33 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 17, 18, 29, 35, and 37 


: e = MULTIPLE REPRESENTATIONS 
Ex. 39 


7.6 EXERCISES 


KEY: 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: The sine ratio compares the length 
of ? tothelength of _?_. 
2. ж WRITING Explain how to tell which side of a right triangle is adjacent 
to an angle and which side is the hypotenuse. 
: EXAMPLE 1 FINDING SINE RATIOS Find sin D and sin E. Write each answer as a fraction 
: on p. 473 and as a decimal. Round to four decimal places, if necessary. 
: for Exs. 3-6 
шш 3. F 4. D D 45 F 
/ ` Peut ° 
53 28 
E 35 F 
D 15 Е Е 
6. ERROR ANALYSIS Explain why the 
student's statement is incorrect. Write А 
a correct statement for the sine of the їй д == 15 
= 5 
angle. 13 X 
C 12 B 
: EXAMPLE 2. | FINDING COSINE RATIOS Find cos X and cos Y. Write each answer as a 
: on p. 474 fraction and as a decimal. Round to four decimal places, if necessary. 
: for Exs. 7-9 
7. X 8. X 15 Z (9.)x 26 y 
45 m 
17 Р м 13V3 
Y 36 Z ү 7 
: EXAMPLE3 | USING SINE AND COSINE RATIOS Use a sine or cosine ratio to find the value 
: on p. 474 of each variable. Round decimals to the nearest tenth. 


: for Exs. 10-15 10. 


18 


11. b 

E 
10 
age/ а 
13. 14. 
34 
26 а q 
E rj 
р 


Г 


ж 


5 
" Bow 
m 8 


12. 
15. 


: EXAMPLE 6 
:onp.476 16. SPECIAL RIGHT TRIANGLES Use the 45°-45°-90° Triangle Theorem to find 
> for Ex. 16 the sine and cosine of a 45? angle. 


7.6 Apply the Sine and Cosine Ratios 477 
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17. Ж WRITING Describe what you must know about a triangle in order to 
use the sine ratio and the cosine ratio. 


18. Ж MULTIPLE CHOICE In APQR, which expression can be 


used to find PQ? Q 

CA) 10 + cos 29° 10 * sin 29° di 
10 10 

© sin 29° o cos 29? P E) R 


Ed) ALGEBRA Find the value of x. Round decimals to the nearest tenth. 


19. Ф 20. 21. 
2 x 26 
| 
A 11 x - 


FINDING SINE AND COSINE RATIOS Find the unknown side length. Then find 
sin X and cos X. Write each answer as a fraction in simplest form and as a 
decimal. Round to four decimal places, if necessary. 


23. X 


2 Z 
"d " N Da 
X 14 Y 
Y 
DA 


29. Ж MULTIPLE CHOICE In A/KL, mZ L = 90°. Which statement about AJKL 
cannot be true? 


СА) sinJ=0.5 sin J = 0.1071 
(С) sin J = 0.8660 (D sinJ=1.1 


28. ANGLE MEASURE Make a prediction about how you could use 
trigonometric ratios to find angle measures in a triangle. 


PERIMETER Find the approximate perimeter of the figure. 
30. 


32. CHALLENGE Let A be any acute angle of a right triangle. Show that 


(a) tan A = em and (b) (sin А)? + (cos А)? = 1. 


(С) = WORKED-OUT SOLUTIONS * - STANDARDIZED 


on p. WS1 TEST PRACTICE 


12 


PROBLEM SOLVING - 


: EXAMPLES бз) AIRPLANE RAMP The airplane door is 19 feet 
^and» — — off the ground and the ramp has а 31° angle of 
: on pp. 475-476 elevation. What is the length y of the ramp? 

: for Exs. 33-36 


`@НотетТи®о! г for problem solving help at classzone.com 


34. BLEACHERS Find the horizontal distance h the 
bleachers cover. Round to the nearest foot. 


mena © 


@Homelutor 


Or for problem solving help at classzone.com 


35. Ж SHORT RESPONSE You are flying a kite with 20 feet of string extended. 
The angle of elevation from the spool of string to the kite is 41°. 


a. Draw and label a diagram to represent the situation. 


b. How far off the ground is the kite if you hold the spool 5 feet off the 
ground? Describe how the height where you hold the spool affects 
the height of the kite. 


36. MULTI-STEP PROBLEM You want to hang a banner that is 29 feet tall from 
the third floor of your school. You need to know how tall the wall is, but 
there is a large bush in your way. 


a. You throw a 38 foot rope out of the window 
to your friend. She extends it to the end and 
measures the angle of elevation to be 70°. 
How high is the window? 


b. The bush is 6 feet tall. Will your banner fit 
above the bush? 


c. What If? Suppose you need to find how far 
from the school your friend needs to stand. 
Which trigonometric ratio should you use? 


37. Ж SHORT RESPONSE Explain why the area of 
A ABC in the diagram can be found using the 


formula Area = 5 ab sin C. Then calculate the 


areaifa = 4, b = 7, and mZ C = 40°. 


38. TECHNOLOGY Use geometry drawing software 
to construct an angle. Mark three points on 
one side of the angle and construct segments 
perpendicular to that side at the points. 
Measure the legs of each triangle and calculate 
the sine of the angle. Is the sine the same for 
each triangle? 
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39. e MULTIPLE REPRESENTATIONS You are standing on a cliff above an 
ocean. You see a sailboat from your vantage point 30 feet above the ocean. 


a. Drawing a Diagram Draw and label a diagram of the situation. 


b. Making a Table Make a table showing the angle of depression and 
the length of your line of sight. Use the angles 40°, 50°, 60°, 70°, and 
80°. 

c. Drawing a Graph Graph the values you found in part (b), with the 
angle measures on the x-axis. 


d. Making a Prediction Predict the length of the line of sight when the 
angle of depression is 30°. 


40. E) ALGEBRA If AEQU is equilateral and ARGT is a right triangle with 
RG = 2, RT = 1, and mZ T = 90°, show that sin E = cos С. 


41. CHALLENGE Make а conjecture about the relationship between sine 
and cosine values. 


a. Make a table that gives the sine and cosine values for the acute 
angles of a 45°-45°-90° triangle, a 30°-60°-90° triangle, a 34°-56°-90° 
triangle, and a 17°-73°-90° triangle. 


b. Compare the sine and cosine values. What pattern(s) do you notice? 
c. Make a conjecture about the sine and cosine values in part (b). 


d. Is the conjecture in part (c) true for right triangles that are not special 
right triangles? Explain. 


Rewrite the equation so that x is a function of y. (p. 877) 


42. у = Vx 43. y = 3x — 10 44. у= 5 
: PREVIEW Copy and complete the table. (p. 884) 
: Prepare for 
: Lesson 7.7 in 
: Exs. 45-47. 


1 
2 
2 
z 


48. Find the values of x and y in the triangle at B x С 
the right. (р. 449) 
y 9 
D 
A 4 


480 EXTRA PRACTICE for Lesson 7.6, р. 909 2) ONLINE QUIZ at classzone.com 


PROBLEM SOLVING | 
WORKSHOP 


—LESSON7.6 | 


о, 
< 


| PROBLEM | 


" METHOD 1 | 


Using ALTERNATIVE METHODS 


Another Way to Solve Example 5, page 476 


MULTIPLE REPRESENTATIONS You can use the Pythagorean Theorem, 
tangent ratio, sine ratio, or cosine ratio to find the length of an unknown side 
of a right triangle. The decision of which method to use depends upon what 
information you have. In some cases, you can use more than one method to 
find the unknown length. 


SKATEBOARD RAMP You want to build 
a skateboard ramp with a length of 
14 feet and an angle of elevation of 26°. 


You need to find the height and base of 
the ramp. 


Using a Cosine Ratio and the Pythagorean Theorem 


STEP 7 Find the measure of the third angle. 


26° + 90° + mZ 3 = 180° Triangle Sum Theorem 
116° + mZ 3 = 180? Combine like terms. 
mZ3 = 64° Subtact 116° from each side. 


STEP 2 Use the cosine ratio to find the height of the ramp. 


О adj. ° ° ° 
cos 64° = — Write ratio for cosine of 64°. 
hyp. 
cos 64° = lr Substitute. 
14* cos 64° = x Multiply each side by 14. 
6.1 = x Use a calculator to simplify. 


> The height is about 6.1 feet. 


STEP 3 Use the Pythagorean Theorem to find the length of the base 
of the ramp. 


(hypotenuse)? = (leg)? + (leg)* Pythagorean Theorem 


14° = 6.1% + у? Substitute. 
196 = 37.21 + y* Multiply. 
158.79 = y* Subtract 37.21 from each side. 
12.6 = y Find the positive square root. 


» The length of the base is about 12.6 feet. 


Using Alternative Methods 481 


482 


Using a Tangent Ratio 


Use the tangent ratio and h = 6.1 feet to find the length of the base 
of the ramp. 


tan 26° = al Write ratio for tangent of 26°. 
tan 26° = Г Substitute. 
y • tan 26° = 6.1 Multiply each side by y. 
_ 6l - : 
Y= ne Divide each side by tan 26°. 
у = 12.5 Use a calculator to simplify. 


» The length of the base is about 12.5 feet. 


Notice that when using the Pythagorean Theorem, the length of the 
base is 12.6 feet, but when using the tangent ratio, the length of the base 
is 12.5 feet. The tenth of a foot difference is due to the rounding error 
introduced when finding the height of the ramp and using that rounded 
value to calculate the length of the base. 


skateboard гатар is 20 feet. Find the height 
and base of the ramp. 


. SWIMMER The angle of elevation from the 


swimmer to the lifeguard is 35°. Find the 
distance x from the swimmer to the base of 
the lifeguard chair. Find the distance y from 
the swimmer to the lifeguard. 


. ЄТ) ALGEBRA Use the triangle below to write 


three different equations you can use to find 
the unknown leg length. 
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em 0 


1. WHAT IF? Suppose the length of the 4. SHORT RESPONSE Describe how you would 


decide whether to use the Pythagorean 
Theorem or trigonometric ratios to find the 
lengths of unknown sides of a right triangle. 


ERROR ANALYSIS Explain why the student's 
statement is incorrect. Write a correct 
statement for the cosine of the angle. 

à | 


25 
x = ТЖ 


. EXTENDED RESPONSE You want to find 


the height of a tree in your yard. The tree's 
shadow is 15 feet long and you measure 
the angle of elevation from the end of the 
shadow to the top of tree to be 75°. 


a. Find the height of the tree. Explain the 
method you chose to solve the problem. 


b. What else would you need to know to 
solve this problem using similar triangles. 


c. Explain why you cannot use the sine ratio 
to find the height of the tree. 


7 7 Solve Right Triangles 


Before You used tangent, sine, and cosine ratios. 
Г Now ] You will use inverse tangent, sine, and cosine ratios. 


Key Vocabulary 

e solve a right 
triangle 

• inverse tangent 

* inverse sine 

* inverse cosine 


So you can build a saddlerack, as in Ex. 39. 


To solve a right triangle means to find the measures of all of its sides and 


angles. You can solve a right triangle if you know either of the following: 
e Two side lengths 
e One side length and the measure of one acute angle 


In Lessons 7.5 and 7.6, you learned how to use the side lengths of a right 


triangle to find trigonometric ratios for the acute angles of the triangle. Once 
you know the tangent, the sine, or the cosine of an acute angle, you can use a 


calculator to find the measure of the angle. 


KEY CONCEPT For Your Notebook 
Inverse Trigonometric Ratios B 
Let ZA be an acute angle. it 
A C 
: READ VOCABULARY +: Inverse Tangent If tan A = x, then tan ! x = т/ A. tan! 2С = mZA 
: The expression tan E ———— 
: is read as “the inverse Inverse Sine If sin А = y, then sin”! y = mZ A. sin” АС =mZA 
: tangent of x." 
Inverse Cosine If cos A = z, thencos ! z = mZ A. cos! 4С = mz A 


Use a calculator to approximate the measure С 
of / A to the nearest tenth of a degree. 
15 
B 20 A 
Solution 
Because tan A = i = = = 0.75, tan ! 0.75 = mZ A. Use a calculator. 


tan” 0.75 == 36.86989765 · · · 


р So, the measure of / A is approximately 36.9". 
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483 


ЭҮ (29-48) Use an inverse sine and an inverse cosine 


: ANOTHER WAY Let Z A and Z B be acute angles in two right triangles. Use a calculator to 
: You can use the Table of | approximate the measures of / A and Z Bto the nearest tenth of a degree. 
; Trigonometric Ratios on 
: p. 925 to approximate 

: sin”! 0.87 to the | 
: nearest degree. Find the | Solution 

g number closest to OE7 | a, лд = вй 0187 = gs b. mZB = cos ! 0.15 ~ 81.4° 
: in the sine column and 

: read the angle measure 

: at the left. 


a. sin A — 0.87 b. cos В = 0.15 


GUIDED PRACTICE | for Examples 1 and 2 


1. Look back at Example 1. Use a calculator and an inverse tangent to 
approximate mZ C to the nearest tenth of a degree. 


2. Find mZ D to the nearest tenth of a degree if sin D — 0.54. 


| EXAMPLE 3 | Solve a right triangle 


Solve the right triangle. Round decimal answers 
to the nearest tenth. 


Solution 


STEP 7 Find mZ B by using the Triangle Sum 
Theorem. 


180? = 90° + 42? + mZ B 
48° = mZ B 


STEP 2 Approximate BC by using a tangent ratio. 
tan 42? — 70 Write ratio for tangent of 42°. 


70*tan 42° = BC Multiply each side by 70. 
70 • 0.9004 ~ BC Approximate tan 42°. 


63-7 ВСВ Simplify and round answer. 


: ANOTHER WAY STEP 3 Approximate AB using a cosine ratio. 


: You could also find — а 

: АВ by using the cos 42° = — Write ratio for cosine of 42°. 
: АВ 

: Pythagorean Theorem, 


: ora sine ratio. AB * cos 42° = 70 Multiply each side by AB. 


B= = Divide each side by cos 42°. 
cos 42 


_ 0 , : 
AB 07431 Use a calculator to find cos 42°. 


AB = 94.2 Simplify . 


* The angle measures are 42°, 48°, and 90°. The side lengths are 70 feet, about 
63 feet, and about 94 feet. 
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Solve а real-world problem 


: READ VOCABULARY | THEATER DESIGN Suppose your school is building a raked stage. The stage 


: A raked stage slants will be 30 feet long from front to back, with a total rise of 2 feet. A rake (angle 
: upward from front of elevation) of 5° or less is generally preferred for the safety and comfort of 
: to back to give the the actors. Is the raked stage you are building within the range suggested? 


: audience a better view. 


audience 


Solution 


Use the sine and inverse sine ratios to find the degree measure x of the rake. 


х == sin ! 0.0667 == 3.824 


> The rake is about 3.87, so it is within the suggested range of 5° or less. 


GUIDED PRACTICE for Examples З and 4 


3. Solve a right triangle that has a 40° angle and a 20 inch hypotenuse. 


4. WHAT IF? In Example 4, suppose another raked stage is 20 feet long from 
front to back with a total rise of 2 feet. Is this raked stage safe? Explain. 


77 EXERCISES "н О-оо 
@ KEY: on р. WS9 for Exs. 5, 13, and 35 
: A = STANDARDIZED TEST PRACTICE 
Exs. 2, 9, 29, 30, 35, 40, and 41 


: «9 = MULTIPLE REPRESENTATIONS 
Ех. 39 


" SKILL PRACTICE 


1. VOCABULARY Copy and complete: To solve a right triangle means to find 
the measures ofallofits ? and ?. 


2. ж WRITING Explain when to use a trigonometric ratio to find a side 
length of a right triangle and when to use the Pythagorean Theorem. 


: EXAMPLE 1 USING INVERSE TANGENTS Use a calculator to approximate the measure of 


: on p. 483 Z Ato the nearest tenth of a degree. 


: for Exs. 3—5 
A 


DW ш _— y 
C 14 B 
B 18 A C 
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: EXAMPLE 2 USING INVERSE SINES AND COSINES Use a calculator to approximate the 


: on p. 484 measure of / A to the nearest tenth of a degree. 
: for Exs. 6—9 
6. A 7. B 6 A 8. C 
11 12 
10 
B 5 C C A 1 B 
9. Ж MULTIPLE CHOICE Which expression is correct? L J 
UL. A KL _ 
СА) sin TK m2] tan p т2 ] Pd 
=, JL = 1 -l JL = K 
© cos TK т/ К (D> sin AS 


: EXAMPLE 3 SOLVING RIGHT TRIANGLES Solve the right triangle. Round decimal 


: on p. 484 answers to the nearest tenth. 
: for Exs. 10-18 


10. K 11. а 12. в 
A ОЙ m 
@ a 
M ш i i S 15 T 
(1з) в 12 А 14. Е Б 15.6 14 Н 
9 3 
y y 9 E 
D 
C J 
16. C 17. E D 18. J 
+ © 
7 3 AN 
3 14 
3 
B A F j 105 ш 


ERROR ANALYSIS Describe and correct the student's error in using an 
inverse trigonometric ratio. 


19. 20. 


mU o Ae = 
sin WY 36 cos 15 mZT 


W 

15 á 
Tw. X 
bes, X 2—4, 


CALCULATOR Let / A be an acute angle іп а right triangle. Approximate the 
measure of / A to the nearest tenth of a degree. 


21. sin A = 0.5 22. sin A = 0.75 23. cos A = 0.33 24. cos А = 0.64 
25. tan A = 1.0 26. tan A = 0.28 27. sin A = 0.19 28. cos A = 0.81 
(СС) = WORKED-OUT SOLUTIONS Ж - STANDARDIZED 


486 on p. WS1 TEST PRACTICE 


: EXAMPLE 4 


: On p. 485 
: for Exs. 34-36 


29. 


30. 


31. 


32. 


33. 


PROBLEM SOLVING 


34. 


Ж MULTIPLE CHOICE Which additional information would not be enough 
to solve APRQ? 


Р 
(СА) mZPandPR mZPandmZR | m 
(С) PQ and PR (D> mZPand PQ Q R 


1 


Ж WRITING Explain why it is incorrect to say that tan ! х = a 


SPECIAL RIGHT TRIANGLES If sin A = А , what is т/ A? If sin В = УЗ l 
what is mZ B? 


TRIGONOMETRIC VALUES Use the Table of Trigonometric Ratios on page 
925 to answer the questions. 


a. What angles have nearly the same sine and tangent values? 

b. What angle has the greatest difference in its sine and tangent value? 
c. What angle has a tangent value that is double its sine value? 

d. Is sin 2x equal to 2 « sin x? 


CHALLENGE The perimeter of rectangle ABCD is 16 centimeters, and the 
ratio of its width to its length is 1:3. Segment BD divides the rectangle 
into two congruent triangles. Find the side lengths and angle measures of 
one of these triangles. 


SOCCER A soccer ball is placed 10 feet 
away from the goal, which is 8 feet high. 
You kick the ball and it hits the crossbar 
along the top of the goal. What is the 
angle of elevation of your kick? 


you 
(65) Ж SHORT RESPONSE You are standing on a footbridge in a city 
park that is 12 feet high above a pond. You look down and see a 
duck in the water 7 feet away from the footbridge. What is the 
angle of depression? Explain your reasoning. Vf 
QHomeTutor - for problem solving help at classzone.com 
7ft duck 


36. 


37. 


CLAY In order to unload clay easily, the body of a dump truck must be 
elevated to at least 55°. If the body of the dump truck is 14 feet long and 
has been raised 10 feet, will the clay pour out easily? 


REASONING For AABC shown, each of the expressions B 
in 1 BC cos 1 AC -1 BC 
sin 25605 2р, апа tan ac “an be used to 15 
approximate the measure of / A. Which expression would you 
choose? Explain your choice. C 22 A 
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38. MULTI-STEP PROBLEM You are standing on a plateau that is 800 feet 
above a basin where you can see two hikers. 


a. Ifthe angle of depression from your line of sight to the hiker at Bis 
25°, how far is the hiker from the base of the plateau? 


b. Ifthe angle of depression from your line of sight to the hiker at Cis 
15°, how far is the hiker from the base of the plateau? 


с. How far apart are the two hikers? Explain. 


39. e MULTIPLE REPRESENTATIONS A local ranch offers 
trail rides to the public. It has a variety of different sized 
saddles to meet the needs of horse and rider. You are 
going to build saddle racks that are 11 inches high. To save 
wood, you decide to make each rack fit each saddle. 


a. Making a Table The lengths of the saddles range from 
20 inches to 27 inches. Make a table showing the saddle 
rack length x and the measure of the adjacent angle y”. 


b. Drawing a Graph Use your table to draw a scatterplot. 


с. Making a Conjecture Make a conjecture about the 
relationship between the length of the rack and the 
angle needed. 


40. Жж OPEN-ENDED MATH Describe a real-world problem you could solve 
using a trigonometric ratio. 


41. * EXTENDED RESPONSE Your town is building a wind generator to create 
electricity for your school. The builder wants your geometry class to make 
sure that the guy wires are placed so that the tower is secure. By safety 
guidelines, the distance along the ground from the tower to the guy wire's 
connection with the ground should be between 50% to 75% of the height 
of the guy wire's connection with the tower. 


a. The tower is 64 feet tall. The builders plan to have the distance 
along the ground from the tower to the guy wire’s connection 
with the ground be 60% of the height of the tower. How far 
apart are the tower and the ground connection of the wire? 


b. How long will a guy wire need to be that is attached 60 feet 
above the ground? 


c. How long will a guy wire need to be that is attached 30 feet 
above the ground? 


d. Find the angle of elevation of each wire. Are the right triangles 
formed by the ground, tower, and wires congruent, similar, or 
neither? Explain. 


e. Explain which trigonometric ratios you used to solve the 
problem. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED ф = MULTIPLE 
488 on p. WS1 TEST PRACTICE REPRESENTATIONS 


42. CHALLENGE Use the diagram of A АВС. C 


GIVEN > A ABC with altitude CD. b a 
> sinA _ sinB 
a 


PROVE 
b 


: PREVIEW 


: Prepare for 
: Lesson 8.1 
: in Ex. 43. 


- MIXED REVIEW 


43. Copy and complete the table. (p. 42) 


+ 


A point on an image and the transformation are given. Find the 
corresponding point on the original figure. (p. 272) 


44. Point on image: (5, 1); translation: (x, y) > (x + 3, y — 2) 

45. Point on image: (4, —6); reflection: (x, y) > (x, —y) 

46. Point on image: (—2, 3); translation: (x, у) > (x — 5, y + 7) 

Draw a dilation of the polygon with the given vertices using the given scale 

factor k. (p. 409) 

47. A(2, 2), B(-1, —3), C(5, -3; k = 2 48. A(—4, —2), B(-2, 4), C(3, 6), D(6, 3); К 


. QUIZ for Lessons 7.5-7.7 


Find the value of x to the nearest tenth. 


(p. 466) 2. (p.473) (p. 473) 


18 11 


Solve the right triangle. Round decimal answers to the nearest tenth. (p. 483) 


C 9. D 17 F 6. G 


: 10 


E 28.9° 
Е Н 13 J 
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Law of Sines and Law of Cosines 


Use after Lesson 7.7 


490 


СӘТӘ use trigonometry with acute and obtuse triangles. 


The trigonometric ratios you have seen so far in this chapter can be used to 
find angle and side measures in right triangles. You can use the Law of Sines 
to find angle and side measures in any triangle. 


KEY CONCEPT For Your Notebook 
Law of Sines B 
If AABC has sides of length a, b, and c E а 


as shown, then 22 A. sns. mE 


DISTANCE Use the information in the 
diagram to determine how much closer 
you live to the music store than your 
friend does. 


Solution 


STEP? Use the Law of Sines to find the 
distance a from your friend's 
home to the music store. 


sinA _ sinC 


Write Law of Sines. 
a ё 
sin 81 _ sin34 substitute. 
a 15 
а == 2.6 Solve for а. 


STEP 2 Use the Law of Sines to find the distance b from your home to the 
music store. 


sin B _ sin C 


Write Law of Sines. 
b e 
sin 65° _ sin 34° i 
b OLS Substitute. 
b=2.4 Solve for b. 


STEP 3 Subtract the distances. 
a=b=2.6- 2.4 = 0.2 


> You live about 0.2 miles closer to the music store. 
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LAW OF COSINES You can also use the Law of Cosines to solve any triangle. 


KEY CONCEPT For Your Notebook 
Law of Cosines 
If AABC has sides of length a, b, and c, then: B 

a^ = b? + @ — 2bc cos A с а 


D? = a? + с — 2ас cos B 


c^ = a? + b? — 2ab cos C 


In AABC at the right, a = 11 cm, b = 17 cm, A с = 19 ст В 
and с = 19 cm. Find т/ С. 
р 
Solution 
c? = а? + b? — 2ab cos С Write Law of Cosines. 
192 = 112 + 17° — 2(11)(17) со С Substitute. 
0.1310 = соѕ С Solve for cos С. 
m C ~ 82? Find cos 1 (0.1310). 


: EXAMPLE 1 LAW OF SINES Use the Law of Sines to solve the triangle. Round decimal 


: for Exs. 1-3 answers to the nearest tenth. 
l. с 2, 3. A b C 
я 9 
18 
85° 29° " 
B с А В 
: EXAMPLE 2 LAW OF COSINES Use the Law of Cosines to solve the triangle. Round 
: for Ех. 4—7 decimal answers to the nearest tenth. 
4. A B С 5. В 6 C 45 B 


7. DISTANCE Use the diagram at the e school 
right. Find the straight distance 6 blocks 8 blocks — 
between the zoo and movie theater. a 86 e movie theater 


Extension: Law of Sines and Law of Cosines 491 


492 


Lessons 7.5-7.7 


1. MULTI-STEP PROBLEM A reach stacker is a 


vehicle used to lift objects and move them 
between ships and land. 


a. The vehicle’s arm is 10.9 meters long. The 
maximum measure of / A is 60°. What is 
the greatest height Л the arm can reach if 
the vehicle is 3.6 meters tall? 


b. The vehicle's arm can extend to be 
16.4 meters long. What is the greatest 
height its extended arm can reach? 


c. What is the difference between the 
two heights the arm can reach above 
the ground? 


. EXTENDED RESPONSE You and a friend are 


standing the same distance from the edge of 
a canyon. Your friend looks directly across 
the canyon at a rock. You stand 10 meters 
from your friend and estimate the angle 
between your friend and the rock to be 85°. 


a. Sketch the situation. 


b. Explain how to find the distance across 
the canyon. 


c. Suppose the actual angle measure is 
87°. How far off is your estimate of the 
distance? 


. SHORT RESPONSE The international rules of 


basketball state the rim of the net should be 
3.05 meters above the ground. If your line of 
sight to the rim is 34? and you are 1.7 meters 
tall, what is the distance from you to the rim? 
Explain your reasoning. 
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IIXED REVIEW problem solving MODE 


ré 


e—a 
—— кату Е TR 4e — A - 
, 3 , p T "т Е " 
f | UPA EE A mM y 
E a pat эщ, 
B 4 e xu A 2» 
D" y dss’, f \ 
E LC me M fa > 
AA + 


à 


4. GRIDDED ANSWER The specifications for a 


yield ahead pavement marking are shown. 
Find the height h in feet of this isosceles 
triangle to the nearest tenth. 


. EXTENDED RESPONSE Use the diagram to 


answer the questions. 


a. Solve for x. Explain the method you chose. 


b. Find mZ ABC. Explain the method 
you chose. 


c. Explain a different method for finding 
each of your answers in parts (a) and (b). 


. SHORT RESPONSE The triangle on the 


staircase below has a 52° angle and the 
distance along the stairs is 14 feet. What is 
the height h of the staircase? What is the 
length b of the base of the staircase? 


7. GRIDDED ANSWER The base of an isosceles 


triangle is 70 centimeters long. The altitude 
to the base is 75 centimeters long. Find the 
measure of a base angle to the 

nearest degree. 


C 


qj 


=“ 
=ч 
NA 

ча, 
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HAPTER SUMMARY 


BIG IDEAS 


Using the Pythagorean Theorem and Its Converse 


For Your Notebook 


The Pythagorean Theorem states that in a right triangle the square of the 
length of the hypotenuse c is equal to the sum of the squares of the lengths of 


the legs a and b, so that c^ = а? + b°. 


The Converse of the Pythagorean Theorem can be used to determine if a 
triangle is a right triangle. 


If c?» a? + P?, then 
mZ C» 90? and AABC is 
an obtuse triangle. 


If c? < a? + b? then 
mz C< 90° and AABC is 
an acute triangle. 


If c? = a? + b?, then 
mZ C = 90° and AABC is 
a right triangle. 


Using Special Relationships in Right Triangles 


GEOMETRIC MEAN In right A ABC, altitude CD forms two C 
smaller triangles so that ACBD ~ A ACD ~ A ABC. 


BD _ CD AB _ CB 4,4 AB _ AC 
Also, cp = AD CB DB’ 224 4c AD 
A D B 
SPECIAL RIGHT TRIANGLES 
45°-45°-90° Triangle 30°-60°-90° Triangle 
60° 2x 
X 
m 30° 
xV3 


hypotenuse = 2 • shorter leg 
longer leg = shorter leg - ҮЗ 


hypotenuse = leg - V2 


: Using Trigonometric Ratios to Solve Right Triangles 


; The tangent, sine, and cosine ratios can be used to find unknown side lengths 


and angle measures of right triangles. The values of tan x”, sin x°, and cos x° 
depend only on the angle measure and not on the side length. 


tan A = “PP: — BC tan 1 BC = mA " 
adj AC AC adjacent hypotenuse 
| Р to ZA 
sin A e = sin”? = =mZA 
C opposite ZA В 
_ adj AC -1 AC . 
ee AB COS Ap MEA 
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* Multi-Language Glossary 
. * Vocabulary practice 
: For a list of * Pythagorean triple, p. 435 * cosine, p. 473 * inverse tangent, p. 483 
: postulates and. trigonometric ratio, p. 466 e angle of elevation, p. 475 * inverse sine, p. 483 
ү иеш, Be et t, p. 466 • angle of d i 475 i i 483 
: pp. 926—931. angent, р. angle of depression, р. inverse cosine, p. 
e sine, p. 473 * solve a right triangle, p. 483 
VOCABULARY EXERCISES 


1. Copy and complete: A Pythagorean triple is a set of three positive integers 
a, b, and c that satisfy the equation ? . 


2. WRITING What does it mean to solve a right triangle? What do you need to 
know to solve a right triangle? 


3. WRITING Describe the difference between an angle of depression and an 
angle of elevation. 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding 
of the concepts you have learned in each lesson of Chapter 7. 


Apply the Pythagorean Theorem pp. 433-439 
Find the value of x. 20 
Because xis the length of the hypotenuse of 
a right triangle, you can use the Pythagorean E X 
Theorem to find its value. 
(hypotenuse)? = (leg)? + (leg)? Pythagorean Theorem 
х? = 15° + 20? Substitute. 
x? = 625 Simplify. 
х = 25 Find the positive square root. 
EXERCISES 
: EXAMPLES Find the unknown side length x. 
A ceases 4 5 6 
: on pp. 433-434 | " i 
16 10 V369 
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Chapter Review Practice 


Use the Converse of the Pythagorean Theorem pp. 441-447 


Tell whether the given triangle is a right triangle. 9 


Check to see whether the side lengths satisfy the 
equation c^ = а? + b*. V65 12 


122 2 (V65F + 9? 
144 4 65 + 81 
144 < 146 


The triangle is not a right triangle. It is an acute triangle. 


EXERCISES 
: EXAMPLE2 | Classify the triangle formed by the side lengths as acute, right, or obtuse. 
pne 7. 6,8,9 8. 4,2,5 9. 10, 2V2, 6V3 
: for Exs. 7-12 

10. 15, 20, 15 11. 3,3, 3V2 12. 13, 18, 3V55 


| Use Similar Right Triangles рр. 449-456 | 


Find the value of x. ГУ 
By Theorem 7.6, you know that 4 is the geometric AS 
mean of xand 2. m 


2 X 
Ex Write a proportion. 
4 2 
2x — 16 Cross Products Property 
х=8 Divide. 
EXERCISES 
: EXAMPLES Find the value of x. 
: 2and 3 
: on pp. 450-451 | 1% <p 14. N4 15. 
: for Exs. 13-18 6 
H х ` 
6 X 4 
16. 2 17. 18 


» 20 
x Б x 
25 


16 x м 


Chapter Review 495 


CHAPTER REVIEW 


Special Right Triangles 


pp. 457-464 


: EXAMPLES 


: on pp. 457-459 
: for Exs. 19—21 


Find the length of the hypotenuse. 


By the Triangle Sum Theorem, the measure of 
the third angle must be 45”. Then the triangle is 
a 45°-45°-90° triangle. 


hypotenuse = leg e V2 45°-45°-90° Triangle Theorem 
х= 1042 Substitute. 


EXERCISES 


Find the value of x. Write your answer in simplest radical form. 


19. 20. Ж 2 
Х 
б 14 " 
6 


10 
B 


1. 
uM 
i] 


: EXAMPLE 2 


3 TET oh MOP 
: for Exs. 22-26 


Apply the Tangent Ratio pp. 466-472 
Find the value of x. 

tan 37° = T Write ratio for tangent of 37°. 

X 
tanar = Substitute. 
d В 
8 • {ап 37° = х Multiply each side by 8. 8 
6=x Use a calculator to simplify. 

EXERCISES 


In Exercises 22 and 23, use the diagram. 


22. The angle between the bottom of a fence and the top ofa 
tree is 75°. The tree is 4 feet from the fence. How tall is the 
tree? Round your answer to the nearest foot. 


23. In Exercise 22, how tall is the tree ifthe angle is 55°? 


Find the value of x to the nearest tenth. 


24. 25. 20 26. x 
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Chapter Review Practice 


Apply the Sine and Cosine Ratios pp. 473-480 
Find sin A and sin B. A 
= Pe Be O9 17 
sin A Бр. ДЖА Г 0.8824 8 
1 == SEP: == АС === 8 == 
sin B = ШП. wm Sg 0.4706 B 15 C 
EXERCISES 
: EXAMPLES Find sin X and cos X. Write each answer as a fraction, and as a decimal. 
:Tand2  — Round to four decimals places, if necessary. 
: on pp. 473-474 
: for Exs. 27-29 | ^^ 2 28. X 0 Y 29. , 
5 
3 7 48 55 
V149 
Y 4 X Z X 73 7 


Solve Right Triangles pp. 483-489 


Use a calculator to approximate the measure B 12 A 
of Z Ato the nearest tenth of a degree. 


Because tan A = 18 = 3 = 1.5, tan 11.5 = mZ A. 
12. 2 18 
Use a calculator to evaluate this expression. 
tan”? 1.5 = 56.3099324... C 


So, the measure of Z A is approximately 56.3°. 


EXERCISES 
: EXAMPLE3 | Solve the right triangle. Round decimal answers to the nearest tenth. 
: on p. 484 30. B 


: for Exs. 30-33 


3l. N 6 M 32. Z 
15 : 25 
18 
C 10 А L X Y 


33. Find the measures of / GED, Z GEF and Z EFG. Find the 
lengths of EG, DF, EF. 
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Find the value of x. Write your answer in simplest radical form. 


1. Le 3. 21 
20 x 
12 9 
x 15 
x 13 


Classify the triangle as acute, right, or obtuse. 


4. 5, 15, 5V10 5. 4.3, 6.7, 8.2 6. 5, 7,8 


Find the value of x. Round decimal answers to the nearest tenth. 


7. 8. 24 9. 3 
12 
10 
20 5 
x 


Find the value of each variable. Write your answer in simplest radical 
form. 


10. 11. " 12. 
: m 
4 24 
- y 
X 


Solve the right triangle. Round decimal answers to the nearest tenth. 


13. A 11 B 14. E F 15. a? 
14 
C D G J 


16. FLAGPOLE Julie is 6 feet tall. If she stands 15 feet from 
the flagpole and holds a cardboard square, the edges 
of the square line up with the top and bottom of the 
flagpole. Approximate the height of the flagpole. 


17. HILLS The length of a hill in your neighborhood is 
2000 feet. The height of the hill is 750 feet. What is 
the angle of elevation of the hill? 
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GRAPH AND SOLVE QUADRATIC EQUATIONS 


The graph of y = ах? + bx + cis a parabola that opens upward if a > 0 and opens 


downward if a « 0. The x-coordinate of the vertex is 2. The axis of symmetry 


is the vertical line x = 2. 
ху) EXAMPLE 1) Graph a quadratic function 
Graph the equation y = —x? + Ax — 3. || A [yea] | | 
Because a = —1 and —1 « 0, the graph opens downward. а 1 AL 
The vertex has x-coordinate E = =3 5 = 2. | [A | 4 |+ 
The y-coordinate of the vertex is —(2)* + 4(2) — 3 = 1. ПЕЕВ 


So, the vertex is (2, 1) and the axis of symmetry is х = 2. Tb | ү 


Use a table of values to draw a parabola through the 
plotted points. 


EN EXAMPLE 2 |] Solve a quadratic equation by graphing 


Solve the equation х? — 2x = 3. 
Write the equation in the standard form ах? + bx + c = 0: 


x^—2x - 3 = 0. 
Graph the related quadratic function y = х? — 2x — 3, 
as shown. 


The x-intercepts of the graph are —1 and 3. 
So, the solutions of x^ — 2x = 3 are —1 and 3. 
Check the solution algebraically. 


= = Zia 26 (3)* — 2(3) 23—9-6=3и 
EXERCISES 
: EXAMPLE1 | Graph the quadratic function. Label the vertex and axis of symmetry. 
Е 1. у= х? – бх + 8 2. y =-x*-4x+2 3. y =2x*-x-1 
4. у=3х^°—9х+2 5. у= 5х2 x +3 6. у= -Ax^ + 6х – 5 


: EXAMPLE 2 Solve the quadratic equation by graphing. Check solutions algebraically. 


: for Exs. 7-18 7. хХ'=х+6 8. Ах+4=—х° 9. 2x^ = —8 10. 3x7 + 2 = 14 
ll. —x*+4x-5=0 12. 2x- x? = —15 13. Ix? = 2x 14. х2 + 3x 24 
15. x? +8 = 6х 16. x? = 9х — 1 17. —25 = xf + 10x 18. x? + 6х = 0 
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What is the height of AWXY? 
4 4V3 
O 8 8V3 


METHOD 1 METHOD 2 
SOLVE DIRECTLY Draw altitude XZ to form two ELIMINATE CHOICES Another method is to use 
congruent 30°-60°-90° triangles. theorems about triangles to eliminate incorrect 
choices. Draw altitude XZ to form two congruent 
right triangles. 
Х 
8 8 


W 4 Z 4 Y 


Let h be the length of the longer leg of AXZY. W 4 7 4 ү 

The length of the shorter leg is 4. 

Consider AXZW By the Triangle Inequality 
Theorem, XW < WZ + XZ. So, 8 < 4 + XZ and 
h = 4V3 XZ > 4. You can eliminate choice A. Also, XZ 


Th is B. must be less than the hypotenuse of AXWZ. 
e correct answer is B. A) В) © (DD You can eliminate choices C and D. 


The correct answer is B. (A5 O dD 


longer leg = ҮЗ • shorter leg 


PRACTICE 


Explain why you can eliminate the highlighted answer choice. 
1. In the figure shown, what is the length of EF? 
® 9 ©СУ : 
O 18 (D) 9v5 H б F 


2. Which of the following lengths are side lengths of a right triangle? 


QD X2, 21, 23 3,4,5 © 9, 16, 18 (Б) 11, 16, 61 


3. In APQR, РО = QR = 13 and PR = 10. What is the length of the altitude 
drawn from vertex Q? 


QD 10 11 © 12 OA 13 
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MULTIPLE CHOICE 


1. Which expression gives the correct length 
for XW in the diagram below? 


Х Z W 


(А) 5+5V2 (В) 5+5V3 
(С) 5V3 + 5V2 D 5+10 


2. The area of AEFG is 400 square meters. To 
the nearest tenth of a meter, what is the 
length of side EG? 


E 


F 40 m G 
СА) 10.0 meters 20.0 meters 
(C) 44.7 meters (D> 56.7 meters 


3. Which expression can be used to find the 
value of x in the diagram below? 


17 


X 
8: 
СА) ап 29° = = cos 29° = 2 
17 17 
E olx 
(C tan 61 z (D соѕ 61 " 


4. Afire station, a police station, and a hospital 
are not positioned in a straight line. The 
distance from the police station to the fire 
station is 4 miles. The distance from the fire 
station to the hospital is 3 miles. Which of 
the following could not be the distance from 
the police station to the hospital? 


CA) lmile 2 miles 
(C 5miles (D 6 miles 


502 Сһаріег7 Right Triangles and Trigonometry 


5. Ittakes 14 minutes to walk from your house 


to your friend's house on the path shown 
in red. If you walk at the same speed, about 
how many minutes will it take on the path 
shown in blue? 


your house 
500 yd 
friend's house 
700 yd 
CA) 6 minutes 8 minutes 
©) 10 minutes (D> 13 minutes 


. Which equation can be used to find QR in 


the diagram below? 


7 ft 
d P 
15 ft 
S R 
QR 15 
АЈ MEC 
15 _ QR 
ОЕ 8 
(СС) QR=V15* + 27? 
QR 7 
DO) os 


. Stitches are sewn along the black line 


segments in the potholder shown below. 
There are 10 stitches per inch. Which is the 
closest estimate of the number of stitches 
used? 


СА) 480 550 
(С) 656 (Б) 700 


A STATE TEST PRACTICE 
1—2 dasszone.com 


GRIDDED ANSWER SHORT RESPONSE 
8. A design оп a T-shirt is made ofasquare and 10. The diagram shows the side of a set of stairs. 
four equilateral triangles. The side length of In the diagram, the smaller right triangles 
the square is 4 inches. Find the distance (in are congruent. Explain how to find the 
inches) from point A to point B. Round to the lengths x, у, and 2. 
nearest tenth. 
A 


8 in. 
y 
B 11. You drive due north from Dalton to Bristol. 
Next, you drive from Bristol to Hilldale. 
9. Use the diagram below. Find KM to the Finally, you drive from Hilldale to Dalton. 
nearest tenth of a unit. Is Hilldale due west of Bristol? Explain. 
L з | 
. 71 mi Bristol 
12 а Hilldale 
K 11 N M 
Dalton 
EXTENDED RESPONSE 


12. The design for part of a water ride at an amusement 


13. 


park is shown. The ride carries people up a track along B 
ramp AB. Then riders travel down a water chute along 


ramp BC. 

a. How high is the ride above point D? Explain. 

b. What is the total distance from point A to point B ыч Е N 
to point C? Explain. ft D 42 ft 


A formula for the area A of a triangle is Heron’s Formula. 
For a triangle with side lengths EF, FG, and EG, the formula is 


F 
s(s — EF) (s — FG)(s — EG), where s = ¿(EF + ЕС + ЕС). 
a. In AEFG shown, EF = FG = 15, and EG = 18. Use Heron's formula to 
find the area of AEFG. 
E G 


b. Use the formula A = 5 bh to find the area of AEFG. 


с. Use Heron's formula to justify that the area of an equilateral triangle 


2 
with side length xis A = ҮЗ. 
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Making Sense 
of Chapter 8 


In this chapter 
quadrilaterals are 
classified by using 
properties of their F. 8 4 rol рег пез0[ Rho 
sides, angles, and 
diagonals. Results 
about angle sums in 
triangles are extended 
to other polygons. 


C | 
“Find ingleMeasures in Polygons > 
EC ште p | 


8. 2, es С: 4 
rr 


mbuses Ree anise aba squares а 


м, 


ef 


5 US JPrOpertie a5 of TrapeZoidsand Kites | 


dentify Special Quadiilaterals 


il. 
- 
e, 
„ жа. 
% т. 
| э 
1 


Previously, you learned the following skills, which you'll use in Chapter 8: 
naming angle pairs, using the Triangle Sum Theorem, and using parallel lines. 


Prerequisite Skills 


VOCABULARY CHECK 

Copy and complete the statement. 
1. Zland ? are vertical angles. 1/2 
2. Z3and ? are consecutive interior angles. "i e 
3. Z7and_? are corresponding angles. 7 7 - 


4. Z5band_? are alternate interior angles. 


SKILLS AND ALGEBRA CHECK 


5. In AABC, mZA= ж, MZB = Зх, and mZ C = (Ax — 12)”. Find the 
measures of the three angles. (Prerequisite skill for 8.1) 


Find the measure of the indicated angle. (Prerequisite skill for 8.2-8.5) 
6. If mZ3 = 105°, thenmZ2=_? . 


7. IfmZ1 = 98°, then т/3 = ? . 1 


8. IfmZ4 = 82° then т/1 = ?. Ll , 
9. IfmZ2=102°,thenmZ4= 2. 
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In Chapter 8, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 559. You will also use the key vocabulary listed below. 


Big Ideas 
Ө Using angle relationships in polygons 
Using properties of parallelograms 
© Classifying quadrilaterals by their properties 


KEY VOCABULARY 

* diagonal, p. 507 * square, p. 533 * midsegment of a 
* parallelogram, p. 515 e trapezoid, p. 542 trapezoid, p. 544 
• rhombus, p. 533 bases, base angles, legs * kite, p. 545 

• rectangle, p. 533 * isosceles trapezoid, p. 543 


You can use properties of quadrilaterals and other polygons to find side 
lengths and angle measures. 


¿Animatea Geometry 


The animation illustrated below for Example 4 on page 545 helps you answer 
this question: How can classifying a quadrilateral help you draw conclusions 
about its sides and angles? 


| mz F | | 360° | тир) | 60° | | в" | 


L¿D=LF 


mm mmm 


ч 2 # 
| cM — "Án Ó ^ 
Many real-world kites are shaped like " Use properties of quadrilaterals to write а 
geometric kites. ; an equation aboutthe angle measures. |, 


^ MSS EY 


Other animations for Chapter 8: pages 509, 519, 527, 535, 551, and 553 


digi ACTIVITY Use before Lesson 8.7 


).1 Investigate Angle Sums in Polygons 


MATERIALS «straightedge + ruler 


« 


Recall from page 43 that an n-gon is a polygon with n sides and n vertices. 


є 
STEP 1| Draw polygons Use а straightedge to draw convex polygons 

with three sides, four sides, five sides, and six sides. 

An example is shown. 


Draw diagonals In each polygon, draw all the diagonals 
from one vertex. A diagonal is a segment that joins two 
nonconsecutive vertices. Notice that the diagonals divide 
the polygon into triangles. 


STEP 3| Make a table Copy the table below. By the Triangle Sum 
Theorem, the sum of the measures of the interior angles 
of a triangle is 180°. Use this theorem to complete the table. 


Sum of measures of 
interior angles 


Triangle | 3 1 1 • 180° = 180° 
Quadrilateral ? ? 2 • 180° = 360° 


Polygon Number of sides | Number of triangles 


Pentagon | ? ? ? 


Нехагоп : : ? 


f | 1s | 


1. Look for a pattern in the last column of the table. What is the sum of the 
measures of the interior angles of a convex heptagon? a convex octagon? 
Explain your reasoning. 


. Write an expression for the sum of the measures of the interior angles of a 
convex n-gon. 


. Measure the side lengths in the hexagon you drew. Compare the lengths 
with those in hexagons drawn by other students. Do the side lengths 
affect the sum of the interior angle measures of a hexagon? Explain. 
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8.1 


Find Angle Measures 
in Polygons 


You classified polygons. 4 | 


Г Now ] You will find angle measures іп polygons. 


So you can describe a baseball park, as in Exs. 28-29. 


Key Vocabulary 

e diagonal 

* interior angle, 
p. 218 


* exterior angle, 
p. 218 


In a polygon, two vertices that are endpoints C 
of the same side are called consecutive vertices. 


A diagonal of a polygon is a segment that joins n d 
two nonconsecutive vertices. Polygon ABCDE diagonals 
has two diagonals from vertex B, BD and BE. A E 


As you can see, the diagonals from one vertex form triangles. In the 
Activity on page 506, you used these triangles to find the sum of the interior 
angle measures of a polygon. Your results support the following theorem 
and corollary. 


THEOREMS For Vour Wotebook 


THEOREM 8.1 Polygon Interior Angles Theorem 


The sum of the measures of the interior angles 
of a convex n-gon is (n — 2) • 180°. 


mzZl-4mZ42-::-tmzZn-(n-2)*180? 


Proof: Ex. 33, p. 512 (for pentagons) n-6 


COROLLARY TO THEOREM 8.1 Interior Angles of a Quadrilateral 
The sum of the measures of the interior angles of a quadrilateral is 360°. 
Proof: Ex. 34, p. 512 


Find the sum of angle measures in a polygon 


Find the sum of the measures of the interior 
angles of a convex octagon. dq 
Solution 
An octagon has 8 sides. Use the Polygon Interior Angles Theorem. 
(п — 2) • 180° = (8 — 2) • 180° Substitute 8 for n. 
= 6 + 180° Subtract. 
= 1080° Multiply. 


> The sum of the measures of the interior angles of an octagon is 1080°. 
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( EXAMPLE 2 | Find the number of sides of a polygon 


The sum of the measures of the interior angles of a convex polygon is 900°. 
Classify the polygon by the number of sides. 
Solution 


Use the Polygon Interior Angles Theorem to write an equation involving the 
number of sides n. Then solve the equation to find the number of sides. 


(n — 2) • 180° = 900° Polygon Interior Angles Theorem 
n-2=5 Divide each side by 180°. 
n=7 Add 2 to each side. 


* The polygon has 7 sides. It is a heptagon. 


r4 GUIDED PRACTICE | for Examples 1 and 2 


1. The coin shown is in the shape of a regular 
11-gon. Find the sum of the measures of the 
interior angles. 


2. The sum of the measures of the 
interior angles of a convex polygon 
is 1440". Classify the polygon by the 
number of sides. 


(EXAMPLE 3 ] Find an unknown interior angle measure 


Є) ALGEBRA Find the value of x in 
the diagram shown. 


Solution 


The polygon is a quadrilateral. Use the Corollary to the Polygon Interior 
Angles Theorem to write an equation involving x. Then solve the equation. 


x° + 108° + 121° + 59° = 360° Corollary to Theorem 8.1 
x + 288 = 360 Combine like terms. 
x= 72 Subtract 288 from each side. 
» The value of x is 72. 


GUIDED PRACTICE for Example З 


| 


3. Use the diagram at the right. Find mZ S and 
MEL, 


4. The measures of three of the interior angles of 
a quadrilateral are 89°, 110°, and 46°. Find the 
measure of the fourth interior angle. 
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: VISUALIZE IT 


: A circle contains two 

: straight angles. So, 

: there are 180° + 180°, 
: or 360° in a circle. 


1° Proof: Ex. 35, р. 512 


EXTERIOR ANGLES Unlike the sum of the interior angle measures of a convex 
polygon, the sum of the exterior angle measures does not depend on the 
number of sides of the polygon. The diagrams below suggest that the sum of 
the measures of the exterior angles, one at each vertex, of a pentagon is 360". 
In general, this sum is 360° for any convex polygon. 


360° 


STEP 1 Shade one exterior  S7EP2 Cut out the STEP 3 Arrange the exterior 
angle at each vertex. exterior angles. angles to form 360°. 
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THEOREM For Your Notebook 


THEOREM 8.2 Polygon Exterior Angles Theorem 


> The sum of the measures of the exterior angles of a 
convex polygon, one angle at each vertex, is 360". 


т/1+т/2-+--<+ т/п = 360° 


* (EXAMPLE 4 ] Standardized Test Practice 


: ELIMINATE CHOICES 


: You can quickly 

: eliminate choice D. If x 
: were equal to 136, then 
: the sum of only two 

: of the angle measures 

: (x? and 2x°) would be 

: greater than 360*. 


What is the value of x in the diagram shown? 


СА) 67 68 
(С) 91 (D> 136 
Solution 


Use the Polygon Exterior Angles Theorem to write and solve an equation. 
x° + 2х° + 89° + 67° = 360° Polygon Exterior Angles Theorem 
3x + 156 = 360 Combine like terms. 
x = 68 Solve for x. 


> The correct answer is B. Dd © Фф) 


r4 GUIDED PRACTICE — for Example 4 


5. A convex hexagon has exterior angles with measures 34°, 49°, 58°, 67°, and 
75*. What is the measure of an exterior angle at the sixth vertex? 


8.1 Find Angle Measures in Polygons 


509 


( EXAMPLE 5 ) Find angle measures in regular polygons 


: READ VOCABULARY | TRAMPOLINE The trampoline shown is 
: Recall that a dodecagon | shaped like a regular dodecagon. Find 
: is a polygon with (a) the measure of each interior angle 


: 12 sides and 12 vertices. | and (b) the measure of each exterior angle. 


Solution 


a. Use the Polygon Interior Angles Theorem to find 
the sum of the measures of the interior angles. 


(n — 2) * 180° = (12 — 2) • 180° = 18001 


Then find the measure of one interior angle. A regular dodecagon has 
12 congruent interior angles. Divide 1800° by 12: 1800° + 12 = 150°. 


* The measure of each interior angle in the dodecagon is 150°. 


b. By the Polygon Exterior Angles Theorem, the sum of the measures of the 
exterior angles, one angle at each vertex, is 360°. Divide 360° by 12 to find 
the measure of one of the 12 congruent exterior angles: 360° + 12 = 30°. 


> The measure of each exterior angle in the dodecagon is 30°. 


КА GUIDED PRACTICE for Example 5 


6. An interior angle and an adjacent exterior angle of a polygon form a 
linear pair. How can you use this fact as another method to find the 
exterior angle measure in Example 5? 


EXERCISES "==" O anos 
8.1 KEY: on р. WS9 for Exs. 9, 11, and 29 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 18, 23, and 37 


: e = MULTIPLE REPRESENTATIONS 
Ex. 36 


. SKILL PRACTICE 


1. VOCABULARY Sketch a convex hexagon. Draw all of its diagonals. 
2. * WRITING How many exterior angles are there in an n-gon? Are all 
the exterior angles considered when you use the Polygon Exterior Angles 


Theorem? Explain. 


: EXAMPLES INTERIOR ANGLE SUMS Find the sum of the measures of the interior angles 


; land2 of the indicated convex polygon. 
: on pp. 507-508 | 
: for Exs. 3-10 3. Nonagon 4. 14-gon 5. 16-gon 6. 20-gon 


FINDING NUMBER OF SIDES The sum of the measures of the interior angles 
of a convex polygon is given. Classify the polygon by the number of sides. 


7. 360° 8. 720° (3.)1980° 10. 2340° 
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: EXAMPLES 


; оп рр. 508—509 
: for Exs. 11-18 


: for Exs. 19-21 


Ed) ALGEBRA Find the value of x. 


o 


14. 15. 


17. ERROR ANALYSIS A student claims that the sum of the measures of the 
exterior angles of an octagon is greater than the sum of the measures of 
the exterior angles of a hexagon. The student justifies this claim by saying 
that an octagon has two more sides than a hexagon. Describe and correct 
the error the student is making. 


18. Ж MULTIPLE CHOICE The measures of the interior angles of a 
quadrilateral are x^, 2x°, 3x°, and 4x”. What is the measure of the largest 
interior angle? 


СА) 120? 144° СС) 160° (D> 360° 
REGULAR POLYGONS Find the measures of an interior angle and an exterior 
angle of the indicated regular polygon. 

19. Regular pentagon 20. Regular 18-gon 21. Regular 90-gon 


22. DIAGONALS OF SIMILAR FIGURES R $ J K 
Hexagons RSTUVW and JKLMNP are 
similar. RU and JM are diagonals. 
Given ST = 6, KL = 10, and ү "TEES i 
RU = 12, find JM. 


N M 
23. * SHORT RESPONSE Explain why any two regular pentagons are similar. 


REGULAR POLYGONS Find the value of n for each regular n-gon described. 
24. Each interior angle of the regular n-gon has a measure of 156°. 

25. Each exterior angle of the regular n-gon has a measure of 9°. 

26. POSSIBLE POLYGONS Determine if it is possible for a regular polygon 


to have an interior angle with the given angle measure. Explain your 
reasoning. 


a. 165° b. 171° é 73° d. 40° 
27. CHALLENGE Sides are added to a convex polygon so that the sum ofits 


interior angle measures is increased by 540°. How many sides are added 
to the polygon? Explain your reasoning. 


8.1 Find Angle Measures in Polygons 


511 


PROBLEM SOLVING 


: EXAMPLE 1 BASEBALL The outline of the playing field at a baseball park is a polygon, as 


: on p. 507 shown. Find the sum of the measures of the interior angles of the polygon. 


: for Exs. 28-29 


28. 


: EXAMPLE 5 30. 


3 nn Si ant 
: for Exs. 30-31 


31. 


32. 
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JEWELRY BOX The base of a jewelry box is shaped like a regular hexagon. 
What is the measure of each interior angle of the hexagon? 
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GREENHOUSE The floor of the greenhouse 
shown is a shaped like a regular decagon. 
Find the measure of an interior angle of 

the regular decagon. Then find the measure 
of an exterior angle. 


MULTI-STEP PROBLEM In pentagon PQRST, 
4P, LQ, and ZS are right angles, and Z R = ZT. 


a. Drawa Diagram Sketch pentagon PQRST. Mark 
the right angles and the congruent angles. 


b. Calculate Find the sum of the interior angle measures of PQRST. 
c. Calculate Find mZ R and mZ T. 


. PROVING THEOREM 8.1 FOR PENTAGONS The Polygon 


Interior Angles Theorem states that the sum of the measures E B 
of the interior angles of an n-gon is (n — 2) • 180°. Write a 
paragraph proof of this theorem for the case when 7 = 5. D C 


. PROVING A COROLLARY Write a paragraph proof of the Corollary to the 


Polygon Interior Angles Theorem. 


PROVING THEOREM 8.2 Use the plan below to write a paragraph proof of 
the Polygon Exterior Angles Theorem. 


Plan for Proof In a convex n-gon, the sum of the measures of an interior 

angle and an adjacent exterior angle at any vertex is 180*. Multiply by n to 
get the sum of all such sums at each vertex. Then subtract the sum of the 

interior angles derived by using the Polygon Interior Angles Theorem. 


(С) = WORKED-OUT SOLUTIONS * - STANDARDIZED ф = MULTIPLE 
512 on р. WS1 TEST PRACTICE REPRESENTATIONS 


36. e MULTIPLE REPRESENTATIONS The formula for the measure of each 
interior angle in a regular polygon can be written in function notation. 


a. Writing a Function Write a function h(n), where п is the number of 
sides in a regular polygon and h(n) is the measure of any interior 
angle in the regular polygon. 


b. Using a Function Use the function from part (a) to find h(9). Then 
use the function to find n if h(n) = 150°. 


c. Graphing a Function Graph the function from part (a) for n = 3, 4, 5, 
6, 7, and 8. Based on your graph, describe what happens to the value 
of h(n) as n increases. Explain your reasoning. 


37. Ж EXTENDED RESPONSE In a concave polygon, at least one interior 
angle measure is greater than 180°. For example, the measure of the 
shaded angle in the concave quadrilateral below is 210°. 


> WI SA 


. In the diagrams above, the interiors of a concave quadrilateral, 
gio hexagon, and heptagon are divided into triangles. Make 
a table like the one in the Activity on page 506. For each of the 
polygons shown above, record the number of sides, the number of 
triangles, and the sum of the measures of the interior angles. 


b. Write a function that you can use to find the sum of the measures of 
the interior angles of a concave polygon. Explain. 


38. CHALLENGE Polygon ABCDEFGH is a regular octagon. Suppose sides 
AB and CD are extended to meet at a point P. Find mZ BPC. Explain your 
reasoning. Include a diagram with your answer. 


“MIXED REVIEW 


: PREVIEW 


: Prepare for 
: Lesson 8.2 
: in Exs. 39-41. 


Find mz 1 and m Z2. Explain your reasoning. (p. 154) 
39. 40. 41. 


1 150° 
à 1/126" 


o 2 
98°/2 А 


42. Quadrilaterals JKLM and PQRS are similar. If JK = 3.6 centimeters and 
PQ = 1.2 centimeters, find the scale factor of JKLM to PQRS. (р. 372) 


43. Quadrilaterals ABCD and EFGH are similar. The scale factor of ABCD to 
EFGH is 8:5, and the perimeter of ABCD is 90 feet. Find the perimeter of 
EFGH. (р. 372) 


Let ZA be an acute angle in a right triangle. Approximate the measure of 
ZA to the nearest tenth of a degree. (p. 483) 


44. sin A = 0.77 45. sin A = 0.35 46. cos A = 0.81 47. cos А = 0.23 
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one ACTIVITY Use before Lesson 6:2. Tutor 


classzone.com 
Keystrokes 


2.2 Investigate Parallelograms 


MATERIALS : graphing calculator or computer 


[i ® 


You сап use geometry drawing software to investigate relationships in special 
quadrilaterals. 


Draw parallel lines Construct АВ and a 
line parallel to AB through point C. Then 
construct BC and a line parallel to ВС 
through point A. Finally, construct a point Р 
at the intersection of the line drawn parallel 
to АВ and the line drawn parallel to BC. 


Draw quadrilateral Construct segments to 
form the sides of quadrilateral ABCD. After 
you construct AB, BC, CD, and DA, hide the 
parallel lines that you drew in Step 1. 


STEP 3| Measure side lengths Measure the side 
lengths AB, BC, CD, and DA. Drag point A or 
point B to change the side lengths of ABCD. 

What do you notice about the side lengths? Å STEPS 2 AND 3 

STEP 4| Measure angles Find the measures of ZA, 
Z B, Z C, and / D. Drag point A or point B to 
change the angle measures of ABCD. What 
do you notice about the angle measures? 


| 


WE 


1. The quadrilateral you drew in the Explore is called a parallelogram. Why 
do you think this type of quadrilateral has this name? 


2. Based on your observations, make a conjecture about the side lengths 
of a parallelogram and a conjecture about the angle measures of a 
parallelogram. 


3. REASONING Draw a parallelogram and its diagonals. Measure the 
distance from the intersection of the diagonals to each vertex of the 
parallelogram. Make and test a conjecture about the diagonals of a 
parallelogram. 
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9.2 


Key Vocabulary 
e parallelogram 


Use Properties of 
Parallelograms 


You used a property of polygons to find angle measures. 
You will find angle and side measures in parallelograms. 


So you can solve a problem about airplanes, as in Ex. 38. 


A parallelogram is a quadrilateral with both pairs of Q R 
opposite sides parallel. The term “parallelogram PQRS” 
can be written as ŒO PQRS. In GPQRS, PQ | RS and 

F $ 


QR || PS by definition. The theorems below describe other 
properties of parallelograms. 


THEOREMS For Your Notebook 


THEOREM 8.3 


F Ifa quadrilateral is a parallelogram, then its Q R 
> opposite sides are congruent. 
+> IfPQRS isa parallelogram, then PQ = RS and Р 4 
Lf | 
P $ 


QR = PS. 
Proof: p. 516 


> THEOREM 8.4 


+ Ifaquadrilateral is a parallelogram, then its 


opposite angles are congruent. 


If РОКС is a parallelogram, then Z P= Z Rand 
ZQ= ZS. 


Proof: Ex. 42, p. 520 


Use properties of parallelograms 


С) ALGEBRA Find the values of x and y. А x+4 B 
ABCD is a parallelogram by the definition ofa 
parallelogram. Use Theorem 8.3 to find the value of x. 
АВ = CD Opposite sides of a 7 are =. D 12 C 
x+4=12 Substitute x + 4 for AB and 12 for CD. 
x=8 Subtract 4 from each side. 


By Theorem 8.4, ZA = ZC, or mZ A = т^ С. So, y? = 65°. 
> In JABCD, x = 8 and y = 65. 
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| Theorem 8.3 


If a quadrilateral is a parallelogram, then Q R 
its opposite sides are congruent. 


GIVEN > PQRS is a parallelogram. 
PROVE > PQ = RS, QR = PS 


Plan а. Draw diagonal QS to form A PQS and ARSQ. 
"o b. Use the ASA Congruence Postulate to show that APQS = ARSQ. 
c. Use congruent triangles to show that РО = RS and QR = PS. 


STATEMENTS 


Plan а. 1. PQRSisa D. 
In nc 
Action 2. Draw QS. 


REASONS 


1. Given 


2. Through any 2 points there exists 
exactly 1 line. 


3. Definition of parallelogram 
4. Alternate Interior Angles Theorem 


3. PQ|| RS, QR|| PS 
b. 4. Z PQS = Z RSQ, 
Z PSQ = Z RQS 
5. QS = QS 
6. АРО$ = ARSQ 
7. PQ = RS, QR = PS 


5. Reflexive Property of Congruence 
6. ASA Congruence Postulate 
7. Corresp. parts of = A are =. 


GUIDED PRACTICE for Example 1 


1. Find FG and т/ С. 2. Find the values of x and y. 
G H K L 


"uu 
F Е J M 


INTERIOR ANGLES The Consecutive Interior Angles 
Theorem (page 155) states that if two parallel lines 
are cut by a transversal, then the pairs of consecutive 
interior angles formed are supplementary. 


A pair of consecutive angles in a parallelogram are like 
a pair of consecutive interior angles between parallel x + y® = 180° 
lines. This similarity suggests Theorem 8.5. 


THEOREM For Your Notebook 


> THEOREM 8.5 


If a quadrilateral is a parallelogram, then Q R 
its consecutive angles are supplementary. d у, 
If PQRS is a parallelogram, then x° + y? = 180°. p y x? С 


Proof: Ex. 43, р. 520 
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(EXAMPLE 2 ] Use properties of a parallelogram 


DESK LAMP As shown, part of the extending arm 
of a desk lamp is a parallelogram. The angles 

of the parallelogram change as the lamp is raised 
and lowered. Find mZ BCD when mZ ADC = 110°. 


Solution 


By Theorem 8.5, the consecutive angle 

pairs in (ABCD are supplementary. 

So, mZ ADC + mZ BCD = 180°. Because 
mZADC = 110°, mZ BCD = 180° — 110° = 70°. 


THEOREM For Your Notebook 
: THEOREM 8.6 Q R 
| : If a quadrilateral is a parallelogram, then АЛ 
: its diagonals bisect each other. p 4 
: Proof: Ex. 44, p. 521 QM = SM and PM = RM 


* | EXAMPLE 3 ] Standardized Test Practice 


The diagonals of = LMNO intersect at ТТЫ ТТТ 


point Р. What аге the coordinates of P? | | |; |..." и | 


ИШЕ иши | 
db (22) 2,7 СОСКЕ 
i LAAT N Al 
© | 5 2 d» 2 5 | FEN ANN 
2 2 [oy 1| || | N| |+ 
; SIMPLIFY Solution 
: CALCULATIONS 
: In Example З, уои can | By Theorem 8.6, the diagonals of a parallelogram bisect each other. So, Pis 
: use either diagonal to the midpoint of diagonals LN and OM. Use the Midpoint Formula. 
: find the coordinates — 
: of P. Using OM simplifies Coordinates of midpoint P of OM = (Z 22] = 2, 2 
: calculations because 
: one endpoint is (0, О). > The correct answer is А. Ф) © Ф) 


r4 GUIDED PRACTICE | for Examples 2 and 3 


Find the indicated measure in /77KLM. K : 
3. NM 4. KM y 
5. m2 JML 6. mZ KML ZZ 
J VA M 


8.2 Use Properties of Parallelograms 
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2 EXERCISES "t oca 
8. KEY: on р. WS9 ДОГ Ех$. 9, 13, апа 39 
| Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 16, 29, 35, and 41 


SKILL PRACTICE 


1. VOCABULARY What property of a parallelogram is included in the 
definition of a parallelogram? What properties are described by the 
theorems in this lesson? 


2. ж WRITING In parallelogram ABCD, т/ А = 65°. Explain how you would 
find the other angle measures of 7 ABCD. 


: EXAMPLE 1 | rl ALGEBRA Find the value of each variable in the parallelogram. 


: on p. 515 


mE LS LA va 
6 
6. 120° 7. 
20 
2p° 


: EXAMPLE 2 FINDING ANGLE MEASURES Find the measure of the indicated angle in the 


: on p. 517 parallelogram. 
a Tor EXE. 8—12 (9.)Find mZB. 10. Find mZ L. 11. Find mZ Y. 


4&4 Ll УМ 


12. SKETCHING In 77 PQRS, mZ Ris 24 degrees more than т/ S. Sketch 
L1 PQRS. Find the measure of each interior angle. Then label each angle 
with its measure. 


(g + 4) 


: EXAMPLE3 | GI) ALGEBRA Find the value of each variable in the parallelogram. 


: on p. 517 


16. Ж MULTIPLE CHOICE The diagonals of 
parallelogram OPQR intersect at point M. 
What are the coordinates of point M? 


® (ь5) ® (25) Е ШШ 
| | == ЕТ 
© |1,3) ® (2,5) ТУТМА 


|| | loy | | |н|х 
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REASONING Use the photo to copy and complete the statement. Explain. 


17. AD=_2_ 18. 2LDAB—- ? (HER 
19. 2 ВСА = ? 20. mZ ABC = _2_ | 
21. т/ САВ = ? 22. т/ САР = ? 


USING A DIAGRAM Find the indicated measure in 7 EFGH. Explain. 


23. mL ЕЕ 24. mL ЕСЕ E F 
25. т/ НЕС 26. mZ GEF AA 
27. mZ HGF 28. mZ EHG " Lo шм E 
(AnimateaGeometry ` at classzone.com 


29. Ж MULTIPLE CHOICE In parallelogram ABCD, AB = 14 inches and 
BC = 20 inches. What is the perimeter (in inches) of JABCD? 


СА) 28 40 © 68 D 280 


30. E) ALGEBRA The measure of one interior angle of a parallelogram is 
0.25 times the measure of another angle. Find the measure of each angle. 


31. ЄЙ) ALGEBRA The measure of one interior angle of a parallelogram is 
50 degrees more than 4 times the measure of another angle. Find the 
measure of each angle. 


32. ERROR ANALYSIS In JABCD, т/ B = 50°. A student says that 
mZA = 50°. Explain why this statement is incorrect. 


33. USING A DIAGRAM In the diagram, QRST Q 20 R 
and STUV are parallelograms. Find the 
values of x and y. Explain your reasoning. 


34. FINDING A PERIMETER The sides of 7MNPQ are represented by the 
expressions below. Sketch 7 MNPQ and find its perimeter. 


МО = -2x + 37 ОР = y + 14 NP2x-—5 MN = 4y +5 


35. Ж SHORT RESPONSE In ABCD, mZ В = 124°, т/ А = 66°, and 
mZC = 124°. Explain why ABCD cannot be a parallelogram. 


36. FINDING ANGLE MEASURES In 7LMNP shown M N 
at the right, mZ MLN = 32°, mZ NLP = (x°), 
mZ MNP = 12x°, and / MNPis an acute angle. 
Find mZ NLP. L Р 


37. CHALLENGE Points А(1, 2), B(3, 6), and C(6, 4) are three vertices of а 
parallelogram. Find the coordinates of each point that could be vertex D. 
Sketch each possible parallelogram in a separate coordinate plane. 
Justify your answers. 
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. PROBLEM SOLVING 


: EXAMPLE 2 38. AIRPLANE The diagram shows the mechanism for opening the canopy 
: on p. 517 on a small airplane. Two pivot arms attach at four pivot points A, B, C, 
: for Ex. 38 and D. These points form the vertices of a parallelogram. Find т/ D 


when mZ C = 40°. Explain your reasoning. 


MI 


MIRROR The mirror shown is attached to 

the wall by an arm that can extend away from 
the wall. In the figure, points P, О, R, and S 
are the vertices of a parallelogram. This 
parallelogram is one of several that change 
shape as the mirror is extended. 


a. If PQ — 3 inches, find RS. 
b. If mZ О = 70°, what is mz S? 


c. What happens to mZ P as mZ Q increases? 
What happens to QS as т/ О decreases? 
Explain. 
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40. USING RATIOS In ULMNO, the ratio of LM to MN is 4:3. Find LM if the 
perimeter of LMNO is 28. 


41. Ж OPEN-ENDED MATH Draw a triangle. Copy the triangle and combine 
the two triangles to form a quadrilateral. Show that the quadrilateral 
is a parallelogram. Then show how you can make additional copies of 
the triangle to form a larger parallelogram that is similar to the first 
parallelogram. Justify your method. 


42. PROVING THEOREM 8.4 Use the diagram of quadrilateral B C 
ABCD with the auxiliary line segment drawn to write a 
two-column proof of Theorem 8.4. 


GIVEN > ABCD is a parallelogram. A ш 


PROVE > ZA=2ZC,ZB=ZD 
43. PROVING THEOREM 8.5 Use properties of parallel lines to 
prove Theorem 8.5. 


GIVEN > PQRS is a parallelogram. 
PROVE > x? + y? = 180° 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
520 on p. WS1 TEST PRACTICE 


44. PROVING THEOREM 8.6 Theorem 8.6 states that if a quadrilateral is а 
parallelogram, then its diagonals bisect each other. Write a two-column 
proof of Theorem 8.6. 


45. CHALLENGE Suppose you choose a point on the base of an isosceles B 
triangle. You draw segments from that point perpendicular to 
the legs of the triangle. Prove that the sum of the lengths of those 
segments is equal to the length of the altitude drawn to one leg. 


GIVEN > Л АВС is isosceles with base AC, E 
AF is the altitude drawn to BC, 
DE L AB, DG L BC A D C 


PROVE > For D anywhere on AC, DE + DG = AF. 


“MIXED REVIEW 


: PREVIEW Tell whether the lines through the given points are parallel, perpendicular, 


: Prepare for or neither. Justify your answer. (p. 171) 
ag | 49. Line 1: (2,4), (4, 1) 47. Line 1: (—6, 7), (2,3) 48. Line 1: (-3, 0), (—6, 5) 
| | | Line 2: (5, 7), (9, 0) Line 2: (9, —1), (2, 6) Line 2: (3, —5), (5, —10) 


Decide if the side lengths form a triangle. If so, would the triangle be acute, 
right, or obtuse? (p. 441) 


49. 9, 13, апа 6 50. 10, 12, and 7 51. 5,9, and V106 
52. 8, 12, and 4 53. 24, 10, and 26 54. 9, 10, and 11 


Find the value of x. Write your answer in simplest radical form. (p. 457) 


55. 56. Mi 57. $ 
| m. А ú 
|| 


QUIZ for Lessons 8.1-8.2 


Find the value of x. (p. 507) 


Find the value of each variable in the parallelogram. (p. 515) 
4. 21 5. Co д” 6. 


6x —3 
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8 3 Show that a Quadrilateral | 
*— isa Parallelogram 


You identified properties of parallelograms. 


| Now ) You will use properties to identify parallelograms. 
So you can describe how a music stand works, as in Ex. 32. 


Key Vocabulary 
e parallelogram, 
p. 515 


Given a parallelogram, you can use Theorem 8.3 and Theorem 8.4 to prove 
statements about the angles and sides of the parallelogram. The converses of 
Theorem 8.3 and Theorem 8.4 are stated below. You can use these and other 
theorems in this lesson to prove that a quadrilateral with certain properties is 
a parallelogram. 


THEOREMS For Your Notebook 


+ THEOREM 8.7 


B C 
If both pairs of opposite sides of a quadrilateral 
are congruent, then the quadrilateral is a 
parallelogram. A D 
If AB = CD and BC = AD, then ABCD is a parallelogram. 
Proof: below 
THEOREM 8.8 


> B C 
> Ifboth pairs of opposite angles of a quadrilateral 

: arecongruent, then the quadrilateral is a 

> parallelogram. A D 


If ZA = ZCand ZB = ZD, then ABCD is a parallelogram. 
Proof: Ex. 38, p. 529 


Theorem 8.7 


GIVEN > АВ = CD, ВС = AD B C 
PROVE > ABCD is a parallelogram. 


А р 


Proof Draw АС, forming Л АВС апа ACDA. You are given that АВ = CD 
and BC = AD. Also, AC = AC by the Reflexive Property of Congruence. So, 
AABC = ACDA by the SSS Congruence Postulate. Because corresponding 
parts of congruent triangles are congruent, 2 BAC = / РСА and 

Z BCA = DAC. Then, by the Alternate Interior Angles Converse, AB || CD 
and BC|| AD. By definition, ABCD is a parallelogram. 
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Solve a real-world problem 


RIDE An amusement park ride has a moving platform attached to four 
swinging arms. The platform swings back and forth, higher and higher, until 
it goes over the top and around in a circular motion. In the diagram below, 
AD and BC represent two of the swinging arms, and DCis parallel to the 
ground (line £). Explain why the moving platform AB is always parallel to 
the ground. 


Кар, зене 
Me 2 


4 
ГГ А 
Г 4 | y y 


Bm. a 411 тҮҮ 


ii 


Solution 


The shape of quadrilateral ABCD changes as the moving platform swings 
around, but its side lengths do not change. Both pairs of opposite sides are 
congruent, so ABCD is a parallelogram by Theorem 8.7. 


By the definition of a parallelogram, AB || DC. Because DC is parallel to 
line £, AB is also parallel to line £ by the Transitive Property of Parallel Lines. 
So, the moving platform is parallel to the ground. 


GUIDED PRACTICE for Example 1 


1. In quadrilateral WXYZ, т/ W = 42°, mZ X = 138°, mZ Y = 42°. Find mZ Z. 
Is WXYZ a parallelogram? Explain your reasoning. 


i. THEOREMS For Your Notebook 


THEOREM 8.9 B C 


If one pair of opposite sides of a quadrilateral 
are congruent and parallel, then the 
quadrilateral is a parallelogram. A D 


If BC|| AD and BC = AD, then ABCD is a parallelogram. 
Proof: Ex. 33, p. 528 


THEOREM 8.10 " r 
If the diagonals of a quadrilateral bisect 

1 each other, then the quadrilateral is a 

> parallelogram. A D 

+ If BD and AC bisect each other, then ABCD is a parallelogram. 

> Proof: Ex. 39, p. 529 
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(EXAMPLE 2 ] Identify a parallelogram 


ARCHITECTURE The doorway shown is part of a 
building in England. Over time, the building has 
leaned sideways. Explain how you know that 

SV = TU. 


Solution 


In the photograph, ST || UVand ST = UV. 
By Theorem 8.9, quadrilateral STUVis a 
parallelogram. By Theorem 8.3, you know 
that opposite sides of a parallelogram are 
congruent. So, SV = TU. 


( EXAMPLE 3 ) Use algebra with parallelograms 


Є) ALGEBRA For what value of x is C 


quadrilateral CDEF a parallelogram? “> 
P D 


Solution 


By Theorem 8.10, if the diagonals of CDEF bisect each other, then it is a 
parallelogram. You are given that CN = EN. Find x so that FN = DN. 


ЕМ = DN Set the segment lengths equal. 
5x — 8 = Зх Substitute 5x — 8 for FN and 3x for DN. 


2x-8=0 Subtract 3x from each side. 
2x=8 Add 8 to each side. 
x=4 Divide each side by 2. 


When x = 4, FN = 5(4) — 8 = 12 and DN = 3(4) = 12. 
> Quadrilateral CDEF is a parallelogram when x = 4. 


r4 GUIDED PRACTICE | for Examples 2 and 3 


What theorem can you use to show that the quadrilateral is a 
parallelogram? 


2. 30 m 3. 7 in. 4. 


7 in. 


30 m 


5. For what value of x is quadrilateral M N 
MNPQ a parallelogram? Explain 10 — 3x 
your reasoning. 
Q P 
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CONCEPT SUMMARY For Your Notebook 


: Ways to Prove a Quadrilateral is a Parallelogram 


1. Show both pairs of opposite sides are parallel. 
(DEFINITION) 


2. Show both pairs of opposite sides are congruent. 
(THEOREM 8.7) 


3. Show both pairs of opposite angles are congruent. 
(THEOREM 8.8) 


4. Show one pair of opposite sides are congruent and parallel. 
(THEOREM 8.9) 


5. Show the diagonals bisect each other. 
(THEOREM 8.10) 


"шн 


Use coordinate geometry 


: ANOTHER WAY 


: For alternative methods 
: for solving the problem 
: in Example 4, turn 

: to page 530 for the 

: Problem Solving 

: Workshop. 


Show that quadrilateral ABCD [||| |р у |1 
is a parallelogram. || lomas || 

| NENNEN aSCHNENN 
Solution ART LN IE] 
One way is to show that a pair of =P 2 yeh 
sides are congruent and parallel. ЕСЕМ HOT 


Then apply Theorem 8.9. “TTTTT {p00 3] | | |* 
First use the Distance Formula to ore ee ee 


show that AB and CD are congruent. 


= V2 – (-3)? + (5 — 3)? = V29 CD = \(5 – 0)? + (2 – 0)? = 
Because AB = CD = V29, AB = CD. 
Then use the a formula to show that AB || CD. 


—9 22  sSlopeofCD- 2-0 = Z 


Slope of AB = > 3 = 5 E—T 


Because AB and CD have the same slope, they are parallel. 


> AB and CD are congruent and parallel. So, ABCD is a parallelogram by 
Theorem 8.9. 


GUIDED PRACTICE for Example 4 


6. Refer to the Concept Summary above. Explain how other methods can be 
used to show that quadrilateral ABCD in Example 4 is a parallelogram. 
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8.3 EXERCISES "15 О-те 
ө КЕҮ: on p. WS9 for Exs. 5, 11, and 31 

: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 7, 18, and 37 


SKILL PRACTICE 


1. VOCABULARY Explain how knowing that AB || CD and AD || BC allows you 
to show that quadrilateral ABCD is a parallelogram. 


2. ж WRITING A quadrilateral has four congruent sides. Is the quadrilateral 
a parallelogram? Justify your answer. 


3. ERROR ANALYSIS A student claims that 


because two pairs of sides are congruent, D 5 E 

quadrilateral DEFG shown at the right is a Pra 

parallelogram. Describe the error that the 5 

student is making. g 7 F X 
DEFG is a parallelogram. 


: EXAMPLES REASONING What theorem can you use to show that the quadrilateral is a 


: 1 and 2 parallelogram? 
20 6. 
W^ CDs 
Жж 


: on pp. 523-524 
: for Exs. 4—7 
7. SHORT RESPONSE When you shift gears on a bicycle, a mechanism 
called a derailleur moves the chain to a new gear. For the derailleur 
shown below, JK = 5.5 cm, KL = 2 cm, ML = 5.5 cm, and MJ = 2 cm. 
Explain why JK and ML are always parallel as the derailleur moves. 


: EXAMPLE 3 € ALGEBRA For what value of x is the quadrilateral a parallelogram? 


: on p. 524 


: EXAMPLE 4 COORDINATE GEOMETRY The vertices of quadrilateral ABCD are given. 


: on p. 525 Draw ABCD in a coordinate plane and show that it is a parallelogram. 
COTES TNS (тт) AO, D, BG, 4), C(12, 4), DB, 1) 12. A(-3, 0), B(-3, 4), C(3, —1), D(3, —5) 
13. ALE, bs B(—5, ra LS, 6), D(6, 2) 14. A(—5, 0), B(0, 4), GIS, 0), IN—2, —4) 
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REASONING Describe how to prove that ABCDis a parallelogram. 


| Ку] ы LA o L 7. 
D С D > E ; 
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18. Ж MULTIPLE CHOICE In quadrilateral WXYZ, WZ апа XY are congruent 
and parallel. Which statement below is not necessarily true? 


QD mZY+ mZW= 180° #X= ZZ 

© Wx=ZY (p wxl||ZY 
E) ALGEBRA For what value of x is the quadrilateral a parallelogram? 
20. 21. 


BICONDITIONALS Write the indicated theorems as a biconditional 
statement. 


22. Theorem 8.3, page 515 and 23. Theorem 8.4, page 515 and 
Theorem 8.7, page 522 Theorem 8.8, page 522 


24. REASONING Follow the steps below to draw a parallelogram. Explain why 
this method works. State a theorem to support your answer. 


—y = 


STEP 7 Use a ruler to draw two segments STEP 2 Connect the endpoints of the 
that intersect at their midpoints. segments to form a quadrilateral. 


COORDINATE GEOMETRY Three of the vertices of JABCD are given. Find the 
coordinates of point D. Show your method. 


29. AL—2, —3), B(4, m С(З, 2), D(x, y) 26. A(-4, 1), В(—1, 5), C(6, 2], D(x, y) 
27. A(-4, 4), B(4, 6), C(3, 1, D(x, y) 28. Al, 0), В(0, —4), C(8, —6), D(x, y) 


29. CONSTRUCTION There is more than one way to use a compass and a 
straightedge to construct a parallelogram. Describe a method that uses 
Theorem 8.7 or Theorem 8.9. Then use your method to construct a 
parallelogram. 


30. CHALLENGE In the diagram, ABCD A B 
is a parallelogram, BF = DE = 12, 
and CF = 8. Find AE. Explain your 


reasoning. 
D C 
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. PROBLEM SOLVING 


: EXAMPLES AUTOMOBILE REPAIR The diagram shows an automobile lift. A bus 
:1and2 .. drives on to the ramp (EG). Levers (EK, FJ, and GH) raise the bus. In the 
: On pp. 523-524 diagram, EG = KH and EK = FJ = GH. Also, Fis the midpoint of EG, and 


: for Exs. 31-32 Jis the midpoint of KH. 


a. Identify all the quadrilaterals 
in the automobile lift. Explain 
how you know that each one is a 
parallelogram. 


PET CA 


b. Explain why EG is always parallel 
to KH. 
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32. MUSIC STAND A music stand can be folded up, as shown below. In the 
diagrams, ZA = Z EFD, / р = ZAEF, / С = / BEF, and Z B = Z CFE. 
Explain why AD and BC remain parallel as the stand is folded up. Which 
other labeled segments remain parallel? 


33. PROVING THEOREM 8.9 Use the diagram of PQRS with Q R 
the auxiliary line segment drawn. Copy and complete 
the flow proof of Theorem 8.9. 


GIVEN > QR|| PS, QR = PS Р 5 
PROVE > PQRS is a parallelogram. 


Given 


? 


>| PQRS is a 77. 


? ? 


REASONING A student claims incorrectly that the marked information can 
be used to show that the figure is a parallelogram. Draw a quadrilateral 
with the marked properties that is clearly not a parallelogram. Explain. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
528 on р. WS1 TEST PRACTICE 


37. Ж EXTENDED RESPONSE Theorem 8.5 states that if а quadrilateral is a 
parallelogram, then its consecutive angles are supplementary. Write the 
converse of Theorem 8.5. Then write a plan for proving the converse of 
Theorem 8.5. Include a diagram. 


38. PROVING THEOREM 8.8 Prove Theorem 8.8. B C 
смен ZA» ZC, ZB ZD "uA 
PROVE > ABCD is a parallelogram. A D 
Hint: Let x? represent mZ A and mZ C, and let y? represent mZ B and 
т“ D. Write and simplify an equation involving x and y. 


39. PROVING THEOREM 8.10 Prove Theorem 8.10. K L 


GIVEN > Diagonals JL and KM EI 
bisect each other. PEA 


J M 
PROVE b JKLM is a parallelogram. 
40. PROOF Use the diagram at the right. D F C 
GIVEN > РЕВЕ is a parallelogram, AE = CF 
PROVE > ABCD is a parallelogram. 
A E B 


41. REASONING In the diagram, the midpoints of the sides of a 
quadrilateral have been joined to form what appears to be a 
parallelogram. Show that a quadrilateral formed by connecting 
the midpoints of the sides of any quadrilateral is always a 
parallelogram. (Hint: Draw a diagram. Include a diagonal of 
the larger quadrilateral. Show how two sides of the smaller 
quadrilateral are related to the diagonal.) 


42. CHALLENGE Show that if ABCD is a parallelogram 
with its diagonals intersecting at E, then you can 
connect the midpoints F, С, Н, and J of AE, BE, CE, 
and DE, respectively, to form another 
parallelogram, FGHJ. 


: PREVIEW In Exercises 43-45, draw a figure that fits the description. (p. 42) 


: Prepare for 
: Lesson 8.4 ш 
: in Exs. 43—45. 44. A quadrilateral that is equiangular but not equilateral 


. A quadrilateral that is equilateral but not equiangular 


45. A quadrilateral that is concave 


46. The width of a rectangle is 4 centimeters less than its length. The 
perimeter of the rectangle is 42 centimeters. Find its area. (p. 49) y Е 
4 
47. Find the values of x and y in the triangle shown at the right. E 


Write your answers in simplest radical form. (p. 457) е 
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-—LESSON 8.3 | 


+ 
e$ 


| METHOD 1 


PROBLEM SOLVING | 
WORKSHOP | 


Using ALTERNATIVE METHODS 


Another Way to Solve Example 4, page 525 


MULTIPLE REPRESENTATIONS In Example 4 on page 525, the problem 
is solved by showing that one pair of opposite sides are congruent and 
parallel using the Distance Formula and the slope formula. There are 

other ways to show that a quadrilateral is a parallelogram. 


Show that quadrilateral ABCD 
is a parallelogram. 


y 


E 
u 
- 
a 
а 
т 
D 
y 


УМА 
ТИ 
МИ 
М 
MOMO NN 
dew lll] 


Use Opposite Sides You can show that both pairs of opposite sides are 
congruent. 


as the hypotenuse of AAEB and 
CD as the hypotenuse of Л СЕР. 


STEP 1 Draw two right triangles. Use AB ТТЕР ТЇЙ 
E | | | | fal | | 


STEP 2 Show that AAEB = ACFD. From 
the graph, AE = 2, BE = 5, and 
Z Eisa right angle. Similarly, 


CF = 2, DF = 5, and Z Fis a right “ТТТ ҮТТЕ 
_ + 


angle. So, AAEB = ACFD by the 


| 


SAS Congruence Postulate. 


STEP 3 Use the fact that corresponding 
parts of congruent triangles аге 
congruent to show that AB = CD. 


STEP 4 Repeat Steps 1-3 for sides AD 
and BC. You can prove that 
AAHD = ACGB. So, AD = CB. 


> The pairs of opposite sides, AB and CD and AD and CB, are congruent. 
So, ABCD is a parallelogram by Theorem 8.7. 
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METHOD 2 Use Diagonals You can show that the diagonals bisect each other. 


STEP 1 Use the Midpoint Formula to find the midpoint of diagonal AC. 


The coordinates of the endpoints of AC are A(—3, 3) and C(5, 2). 


2 7 2 


х FX, 5 Biaj 


= 4-8 342) = B 5) = (1,3) 
" 2 2’ 2 "2 


STEP 2 Use the Midpoint Formula to find the midpoint of diagonal BD. 


The coordinates of the endpoints of BD are B(2, 5) and D(0, 0). 


2 2 


же кы ж 540) _ (2 5)- m(1,5) 


z 2'2 2 


» Because the midpoints of both diagonals аге the same point, the diagonals 
bisect each other. So, ABCD is a parallelogram by Theorem 8.10. 


1. SLOPE Show that quadrilateral ABCD in the 
problem on page 530 is a parallelogram by 
showing that both pairs of opposite sides 
are parallel. 


2. PARALLELOGRAMS Use two methods to 
show that EFGH is a parallelogram. 


LL ELIT TLIRI Tj 
Co AA 

— Ai 
AREFE 


Yi iit. 
| LAT |||» 
т ү ү 
lA} Tt tw TT 


3. MAP Do the four towns on the map form 
the vertices of a parallelogram? Explain. 


Distance (km) 


0 6 8 10 12x 
Distance (km) 


«mmu» 


4. QUADRILATERALS Is the quadrilateral a 


parallelogram? Justify your answer. 
a. А(1, 0), B(5, 0), С(7, 2), D(3, 2) 

b. E(3, 4) F(6, 8), G(9, 5), H(6, 0) 

c. J(—1, 0), K(2, —2), L(2, 2), MEL, 4) 


. ERROR ANALYSIS Quadrilateral PQRS has 


vertices P(2, 2), Q(3, 4), R(6, 5), and 

S(5, 3). A student makes the conclusion 
below. Describe and correct the error(s) made 
by the student. 


PQ and QR are opposite sides, so they 
should be congruent. | 


Ра = \ (3 – 2)° + (4— 2)? = V5 

QR = V(6 — 3) + (5 — 4)? = v10 
But PQ = GR. So, PQRS is < | 
not a parallelogram. | 


. WRITING Points O(0, 0), P(3, 5), and О(4, 0) 


are vertices of AOPQ, and are also vertices of 
a parallelogram. Find all points R that could 
be the other vertex of the parallelogram. 
Explain your reasoning. 
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Lessons 8.1-8.3 


1. MULTI-STEP PROBLEM The shape of Iowa 


can be approximated by a polygon, as shown. 


IOWA 


Des Moines 
* 


a. How many sides does the polygon have? 
Classify the polygon. 


b. What is the sum of the measures of the 
interior angles of the polygon? 


c. What is the sum of the measures of the 
exterior angles of the polygon? 


2. SHORT RESPONSE A graphic designer is 
creating an electronic image of a house. 
In the drawing, / В, Z D, and Z Fare right 
angles, and Z A = / C. Explain how to find 
mZAandmZC. 


3. SHORT RESPONSE Quadrilateral STUV 
shown below is a parallelogram. Find the 
values of x and y. Explain your reasoning. 


S 


U 


4. GRIDDED ANSWER A convex decagon has 
interior angles with measures 157°, 128°, 
115°, 162°, 169°, 131°, 155°, 168°, x°, and 2x°. 
Find the value of x. 
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MIXED REVIEW of Problem Solving We D 


5 


5. SHORT RESPONSE The measure of an angle 
of a parallelogram is 12 degrees less than 
3 times the measure of an adjacent angle. 
Explain how to find the measures of all the 
interior angles of the parallelogram. 


6. EXTENDED RESPONSE А stand to hold 
binoculars in place uses a quadrilateral in 
its design. Quadrilateral EFGH shown below 
changes shape as the binoculars are moved. 
In the photograph, EF and GH are congruent 
and parallel. 


a. Explain why EF and GH remain parallel as 
the shape of EFGH changes. Explain why 
EH and FG remain parallel. 


b. As EFGH changes shape, mZ E changes 
from 55? to 50°. Describe how mZ F, т/ С, 
and mZ H will change. Explain. 


7. EXTENDED RESPONSE The vertices of 
quadrilateral MNPQ are М(—8, 1), N(3, 4), 
P(7, —1), and Q(-4, —4). 


a. Use what you know about slopes of lines 
to prove that MNPQ is a parallelogram. 
Explain your reasoning. 


b. Use the Distance Formula to show that 
MNPQ is a parallelogram. Explain. 


8. EXTENDED RESPONSE In г7АВСР, ВХ 1 AC, 
DY 1 АС. Show that XBYD is a parallelogram. 


B C 


8 4 Properties of Rhombuses, 
* ” Rectangles, and Squares 


You used properties of parallelograms. 
Now ] You will use properties of rhombuses, rectangles, and squares. 


So you can solve a carpentry problem, as in Example 4. 


Key Vocabulary In this lesson, you will learn about three special types of parallelograms: 

e rhombus rhombuses, rectangles, and squares. 

* rectangle 

e square 
A rhombus isa A rectangle isa A square is a parallelogram 
parallelogram with parallelogram with with four congruent sides and 
four congruent sides. four right angles. four right angles. 


You can use the corollaries below to prove that a quadrilateral is a rhombus, 
rectangle, or square, without first proving that the quadrilateral is a 


parallelogram. 
COROLLARIES For Vour Wotebook 
RHOMBUS COROLLARY 
A quadrilateral is a rhombus if and only if it has A B 


|* four congruent sides. 
1i: ABCD is a rhombus if and only if AB = BC = CD = AD. 
F Proof: Ex. 57, p. 539 


RECTANGLE COROLLARY 
> А quadrilateral is a rectangle if and only if it has A B 
> four right angles. 
: : ABCD is a rectangle if and only if / А, Z B, / C, 
> and Z Dare right angles. 
Proof: Ex. 58, p. 539 


SQUARE COROLLARY 


A quadrilateral is a square if and only if itis a A B 
rhombus and a rectangle. 


F ABCDis a square if and only if AB = BC = CD = AD 
1; and ZA, ZB, ZC, and Z Dare right angles. 


Proof: Ex. 59, p. 539 
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The Venn diagram below illustrates some important relationships among 
parallelograms, rhombuses, rectangles, and squares. For example, you 

can see that a square is a rhombus because it is a parallelogram with four 
congruent sides. Because it has four right angles, a square is also a rectangle. 


Parallelograms 
(opposite sides are parallel) 


Rhombuses Squares Rectangles 


(4 = sides) (4 right angles) 


( EXAMPLE 1 | Use properties of special quadrilaterals 


For any rhombus QRST, decide whether the statement is always or 
sometimes true. Draw a sketch and explain your reasoning. 


a ZQ=ZS b. ZQ=ZR 
Solution 
a. By definition, a rhombus is a parallelogram with Q R 


four congruent sides. By Theorem 8.4, opposite 
angles of a parallelogram are congruent. So, 
LQ = ZS. The statement is always true. T $ 


b. If rhombus QRST is a square, then all four angles Q R 
are congruent right angles. So, 2Q = Z Rif QRST 
is a square. Because not all rhombuses are also 
squares, the statement is sometimes true. T $ 


(EXAMPLE 2 | Classify special quadrilaterals 


Classify the special quadrilateral. Explain your reasoning. 


Solution 


The quadrilateral has four congruent sides. One of the angles is not a right 
angle, so the rhombus is not also a square. By the Rhombus Corollary, the 
quadrilateral is a rhombus. 


GUIDED PRACTICE for Examples 1 and 2 


1. For any rectangle EFGH, is it always or sometimes true that FG = GH? 
Explain your reasoning. 


2. A quadrilateral has four congruent sides and four congruent angles. 
Sketch the quadrilateral and classify it. 
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DIAGONALS The theorems below describe some properties ofthe diagonals 
of rhombuses and rectangles. 


THEOREMS For Your Notebook 


THEOREM 8.11 


O 6 UNS 


A parallelogram is a rhombus if and only if its 
7 diagonals are perpendicular. 


ABCD is a rhombus if and only if AC L BD. 


157 
; Proof: p. 536; Ex. 56, p. 539 D C 
: , 
Lf 


THEOREM 8.12 


A parallelogram is a rhombus if and only if each 
diagonal bisects a pair of opposite angles. 


ABCD is a rhombus if and only if AC bisects 7 BCD 
and Z BAD and BD bisects ZABC and “АРС. D 


: Proof: Exs. 60-61, p. 539 


> THEOREM 8.13 


: A parallelogram is a rectangle if and only if A B 


its diagonals are congruent. 
гтАВСР is a rectangle if and only if AC = BD. 
> Proof: Exs. 63-64, p. 540 


(EXAMPLE 3 ] List properties of special parallelograms 


Sketch rectangle ABCD. List everything that you know about it. 


Solution А В 
By definition, you need to draw a figure 
with the following properties: D С 


• The figure is a parallelogram. 
• The figure has four right angles. 


Because АВСР 15 a parallelogram, it also has these properties: 


e Opposite sides are parallel and congruent. 
e Opposite angles are congruent. Consecutive angles are supplementary. 
e Diagonals bisect each other. 


By Theorem 8.13, the diagonals of ABCD are congruent. 


м, Ut CER RP EE 
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Y GUIDED PRACTICE | for Example 3 


3. Sketch square PQRS. List everything you know about the square. 


8.4 Properties of Rhombuses, Rectangles, and Squares 
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BICONDITIONALS Recall that biconditionals such as Theorem 8.11 can be 
rewritten as two parts. To prove a biconditional, you must prove both parts. 


Conditional statement Ifthe diagonals of a parallelogram are 
perpendicular, then the parallelogram is a rhombus. 


Converse If a parallelogram is a rhombus, then its diagonals are 
perpendicular. 


Part of Theorem 8.11 


ice ш. IN If the diagonals of a parallelogram are perpendicular, A B 


; You will prove the other | then the parallelogram is a rhombus. 
: part of Theorem 8.11 


: in Exercise 56 on GIVEN > ABCD is a parallelogram; AC L BD 
кра GS. PROVE > ABCD is a rhombus. D C 


Proof ABCDis a parallelogram, so AC and BD bisect each other, and 

BX = DX. Also, Z BXC and Z CXD are congruent right angles, and CX = CX. 
So, ABXC = ADXC by the SAS Congruence Postulate. Corresponding parts of 
congruent triangles are congruent, so ВС = DC. Opposite sides of a JABCD 
are congruent, so AD = BC = DC = AB. By definition, ABCD is a rhombus. 


( EXAMPLE 4 ] Solve a real-world problem 


CARPENTRY You are building a frame for a window. 
The window will be installed in the opening shown 
in the diagram. 


a. The opening must be a rectangle. Given the 
measurements in the diagram, can you assume 
that it is? Explain. 


жр 
MZ: 
pru 


! puni 
la pn 


b. You measure the diagonals of the opening. 
The diagonals are 54.8 inches and 55.3 inches. 
What can you conclude about the shape of 
the opening? 


t му 
Li 


Solution 


a. No, you cannot. The boards on opposite sides are the same length, so 
they form a parallelogram. But you do not know whether the angles are 
right angles. 


b. By Theorem 8.13, the diagonals of a rectangle are congruent. The 
diagonals of the quadrilateral formed by the boards are not congruent, so 
the boards do not form a rectangle. 


r4 GUIDED PRACTICE | for Example 4 


4. Suppose you measure only the diagonals of a window opening. If the 
diagonals have the same measure, can you conclude that the opening is 
a rectangle? Explain. 
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84 EXERCISES 1 "==" O- wonen oursownon 
° КЕҮ: on p. WS10 for Exs. 7, 15, and 55 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 30, 31, and 62 


SKILL PRACTICE 


: EXAMPLES 

: 1,2, and 3 

: on pp. 534-535 
: for Exs. 3-25 


1. VOCABULARY What is another name for an 
equilateral rectangle? 


2. ж WRITING Do you have enough information to 
identify the figure at the right as a rhombus? Explain. Z Y 


RHOMBUSES For any rhombus JKLM, decide whether the statement is 
always or sometimes true. Draw a diagram and explain your reasoning. 
3. ZL=ZLM 4. LK& ZM 5. JK« KL 
6. ЈМ = KL QUERI 8. LJKM = LLKM 
RECTANGLES For any rectangle WXYZ, decide whether the statement is 
always or sometimes true. Draw a diagram and explain your reasoning. 
9. 2Wzzx 10. WX = YZ 11. WX = XY 
12. WY= XZ 13. WY L XZ 14. Z WXZ = LYXZ 


CLASSIFYING Classify the quadrilateral. Explain your reasoning. 


18. USING PROPERTIES Sketch rhombus STUV. Describe everything you know 
about the rhombus. 


USING PROPERTIES Name each quadrilateral—parallelogram, rectangle, 
rhombus, and square—for which the statement is true. 


19. It is equiangular. 20. It is equiangular and equilateral. 
21. Its diagonals are perpendicular. 22. Opposite sides are congruent. 
23. The diagonals bisect each other. 24. The diagonals bisect opposite angles. 


25. ERROR ANALYSIS Quadrilateral PQRS is a rectangle. Describe and correct 
the error made in finding the value of x. 


Р Q 7x — 4 = 3x + 14 


(7х — 4)" (Эх + 14)° 4х = 15 X 
= 4, 
5 R x 5 
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E) ALGEBRA Classify the special quadrilateral. Explain your reasoning. 
Then find the values of x and y. 


26. 27. К 4y+5 L 


28. 29. 


(3х + 18)° 


30. Ж SHORT RESPONSE The diagonals of a rhombus аге 6 inches and 
8 inches. What is the perimeter of the rhombus? Explain. 


31. Ж MULTIPLE CHOICE Rectangle ABCD F 


is similar to rectangle FGHJ. If AC = 5, 

CD = 4, and FM = 5, what is H7? Р : 

» Ф: LY км 
O 8 D 10 FS 


RHOMBUS The diagonals of rhombus ABCD intersect at E. Given that 
mZ ВАС = 53? and DE = 8, find the indicated measure. 


32. т/ DAC 33. mL AED A B 


34. т/ АРС 35. DB wm 
36. AE 37. AC Lo *\ 


D C 


RECTANGLE The diagonals of rectangle QRST intersect at P. Given that 
mZ PTS = 34° and QS = 10, find the indicated measure. 


38. mZ SRT 39. mZ ОРЕ Q 


40. QP 41. RP - 
и к A N 


SQUARE The diagonals of square LMNP intersect at K. Given that LK = 1, 
find the indicated measure. 


Jg 


~ 


$ 


44. mL MKN 45. MZ LMK L M 


46. mZ LPK 47. KN С 
48. МР 49. ІР a, 


COORDINATE GEOMETRY Use the given vertices to graph 7JKLM. Classify 
CUJKLM and explain your reasoning. Then find the perimeter of 7JKLM. 


90. J(—4, 2); K(0, 3); TU =1), M(-3, —2) 91. 162, 1); K(7, 2), LZ, —3), M(-11, 2) 


(С) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
538 on p. WS1 TEST PRACTICE 


: EXAMPLE 2 


: On p. 534 
: for Ex. 54 


: EXAMPLE 4 


: on p. 536 
: for Ex. 55 


52. REASONING Are all rhombuses similar? Are all squares 
similar? Explain your reasoning. A B 


53. CHALLENGE Quadrilateral ABCD shown at the right is a 
rhombus. Given that AC = 10 and BD - 106, find all side 
lengths and angle measures. Explain your reasoning. D C 


PROBLEM SOLVING 


54. MULTI-STEP PROBLEM In the window shown at the 
right, BD = DF = BH = HF. Also, ZHAB, Z BCD, Z DEF, 
and Z FGH are right angles. 

a. Classify HBDF and ACEG. Explain your reasoning. 


b. What can you conclude about the lengths of the 
diagonals AE and GC? Given that these diagonals 
intersect at /, what can you conclude about the 


lengths of AJ, JE, CJ, and JG? Explain. 
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PATIO You want to mark off a square region in your yard for a patio. You 
use a tape measure to mark off a quadrilateral on the ground. Each side 
of the quadrilateral is 2.5 meters long. Explain how you can use the tape 
measure to make sure that the quadrilateral you drew is a square. 


 (QHomelüutor ` for problem solving help at classzone.com 
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56. PROVING THEOREM 8.11 Use the plan for proof below to writea A B 
paragraph proof for the converse statement of Theorem 8.11. 


GIVEN > ABCD is a rhombus. 
PROVE > AC | BD D C 


Plan for Proof Because ABCD is a parallelogram, its diagonals bisect_ 
each other at X. Show that AAXB = ACXB. Then show that AC and BD 
intersect to form congruent adjacent angles, ZAXB and Z CXB. 


PROVING COROLLARIES Write the corollary as a conditional statement and 
its converse. Then explain why each statement is true. 
57. Rhombus Corollary 58. Rectangle Corollary 59. Square Corollary 


PROVING THEOREM 8.12 In Exercises 60 and 61, prove both parts of 
Theorem 8.12. 


60. GIVEN > PQRS is a parallelogram. 61. GIVEN > WXYZ is a rhombus. 
PR bisects Z SPQ and Z QRS. PROVE > WY bisects ZZWX and Z XYZ. 
SQ bisects Z PSR and Z RQP. ZX bisects Z WZY and Z YXW. 


PROVE > PQRS is a rhombus. 


Q W, X 
<> 
$ Z Y 
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62. Ж EXTENDED RESPONSE In ABCD, AB || CD, and DB bisects Z ADC. A B 


a. Show that ZABD = Z CDB. What can you conclude about ZADB 
and “АВР? What can you conclude about AB and AD? Explain. 


b. Suppose you also know that AD || BC. Classify ABCD. Explain. D C 


63. PROVING THEOREM 8.13 Write a coordinate proof of the following 
statement, which is part of Theorem 8.13. 


If a quadrilateral is a rectangle, then its diagonals are congruent. 


64. CHALLENGE Write a coordinate proof of part of Theorem 8.13. y 
GIVEN > DFGH is a parallelogram, DG = HF 
PROVE > DFGH is a rectangle. 


Plan for Proof Write the coordinates of the 
vertices in terms of a and b. Find and compare 
the slopes of the sides. 


MIXED REVIEW 
: PREVIEW 65. In AJKL, KL = 54.2 centimeters. Point Mis the midpoint of JK and Nis 
: Prepare for the midpoint of JL. Find MN. (p. 295) 
: Lesson 8.5 
: in Ex. 65. Find the sine and cosine of the indicated angle. Write each н 
answer as a fraction and a decimal. (р. 473) m 
66. ZR 67. ZT el 


Find the value of x. (p. 507) 
68. xe 


28° 106° 


QUIZ for Lessons 8.3-8.4 


For what value of x is the quadrilateral a parallelogram? (p. 522) 


3. 3x 
5x — 48 
Classify the quadrilateral. Explain your reasoning. (p. 533) 


A) жу ud 
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C Z/(3x — 13)° 


идао ACTIVITY Use before Lesson 8.5 Tutor 


classzone.com 
Keystrokes 


Midsegment of a Trapezoid 


MATERIALS : graphing calculator or computer 
( | y 


You can use geometry drawing software to investigate properties 
of trapezoids. 


q ) 


STEP 1| Draw parallel lines Draw AB. Draw a point C 


not on ÁB and construct a line parallel to AB 
through point C. 


Draw trapezoid Construct a point D on the same 
line as point C. Then draw AD and BC so that the 
segments are not parallel. Draw AB and DC. 
Quadrilateral ABCD is called a trapezoid. A trapezoid 
is a quadrilateral with exactly one pair of parallel sides. 


Draw midsegment Construct the midpoints of AD and 
BC. Label the points E and F. Draw EF. EF is called a 
midsegment of trapezoid ABCD. The midsegment of a 
trapezoid connects the midpoints of its nonparallel sides. 


STEP 4| Measure lengths Measure AB, DC, and EF. 


STEP 5| Compare lengths The average of AB and DC is E 


Calculate and compare this average to EF. What do you 
notice? Drag point A or point B to change the shape of 
trapezoid ABCD. Do not allow AD to intersect BC. What 


|. STEP 3 
do you notice about EF and агре ? 


VR 


uo" 


( A у 


1. Make a conjecture about the length of the midsegment of a trapezoid. 


2. The midsegment of a trapezoid is parallel to the two parallel sides of 
the trapezoid. What measurements could you make to show that the 
midsegment in the Explore is parallel to AB and CD? Explain. 


. In Lesson 5.1 (page 295), you learned a theorem about the midsegment 
of a triangle. How is the midsegment of a trapezoid similar to the 
midsegment of a triangle? How is it different? 


8.5 Use Properties of Trapezoids and Kites 


8.5 


Key Vocabulary 

e trapezoid 
bases, base angles, 
legs 

e isosceles trapezoid 

e midsegment of a 
trapezoid 

• kite 


Use Properties of 
Trapezoids and Kites 


You used properties of special parallelograms. 
You will use properties of trapezoids and kites. 


So you can measure part of a building, as in Example 2. 


A trapezoid is a quadrilateral with exactly one pair of parallel sides. The 
parallel sides are the bases. 


A trapezoid has two pairs of base angles. For B__ base, С 
example, in trapezoid ABCD, ZA and Z D are le le 
one pair of base angles, and Z B and Z C are the 9 9 
second pair. The nonparallel sides are the legs of 

the trapezoid. A base D 


Use a coordinate plane 


Show that ORST is a trapezoid. ENEZJNENNENNENNE 

in _| ||| sea ||| 

'— P Dna 1 
Compare the slopes of opposite sides. TM, 2 

T Г LLLI: 

Slope of RS — ШЫ. = > wm LATE 

|, 000| 1 | | | || |* 


Slope of OR — 3-0 = 3 which is undefined. 


The slopes of ST and OR are not the same, so ST is not parallel to OR. 


» Because quadrilateral ORST has exactly one pair of parallel sides, it is 
a trapezoid. 


v GUIDED PRACTICE for Example 1 


1. WHAT IF? In Example 1, suppose the coordinates of point S are (4, 5). 
What type of quadrilateral is ORST? Explain. 


2. In Example 1, which of the interior angles of quadrilateral ORST are 
supplementary angles? Explain your reasoning. 
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ISOSCELES TRAPEZOIDS If the legs of a 
trapezoid are congruent, then the trapezoid 
is an isosceles trapezoid. 


isosceles trapezoid 


THEOREMS For Your Notebook 


THEOREM 8.14 


If a trapezoid is isosceles, then each pair of base angles is congruent. 


|: Iftrapezoid ABCD is isosceles, B C 
+; теп 2А = / Папа 2 В = / С. E N 
E Proof: Ex. 37, p. 548 A D 


THEOREM 8.15 
If a trapezoid has a pair of congruent base angles, then it is an isosceles 
trapezoid. 
F IfZA=ZD(orifZB=Z0C), then B C 
| trapezoid ABCD is isosceles. ans 
} Proof: Ex. 38, p. 548 A D 
> THEOREM 8.16 


BA trapezoid is isosceles if and only if its diagonals are congruent. 


|: Trapezoid ABCD is isosceles if and only B C 
E Proof: Exs. 39 and 43, p. 549 A D 


Use properties of isosceles trapezoids 


ARCH The stone above the arch in the diagram is 
an isosceles trapezoid. Find mZ К, mZ М, and m. J. 


Solution 


STEP 7 Find mZ К. JKLMis an isosceles 
trapezoid, so Z K and Z L are congruent 
base angles, and mZ К = т/ І = 85°. 


STEP2 Find т/ M. Because Z Land / M are 
consecutive interior angles formed by 


LM intersecting two parallel lines, 
they are supplementary. So, 
mM = 180? — 85° = 95°. 


$ТЕР3 Find mZ J. Because Z7 and Z Marea 
pair of base angles, they are congruent, 
and mZJ = т/ M = 95°. 


> So, mLJ= 95°, т/ К = 85°, and mZ M = 95°. 
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: READ VOCABULARY MIDSEGMENTS Recall that a midsegment of a 
: The midsegment ofa triangle is a segment that connects the midpoints 


: trapezoid is sometimes of two sides of the triangle. The midsegment 
: called the median ofthe of a trapezoid is the segment that connects the 
: trapezoid. midpoints of its legs. 


544 


The theorem below is similar to the Midsegment Theorem for Triangles. 


i- THEOREM For Your Notebook 


THEOREM 8.17 Midsegment Theorem for Trapezoids 


The midsegment of a trapezoid is parallel to 
each base and its length is one half the sum 
of the lengths of the bases. 


If MN is the midsegment of trapezoid ABCD, then 
MN || AB, MN | DC, and MN = (AB + CD). 


> Justification: Ex. 40, p. 549 
Proof: p. 937 


(EXAMPLE З | Use the midsegment of a trapezoid 


In the diagram, MN is the midsegment P 12in Q 

of trapezoid PQRS. Find MN. 

Solution 

Use Theorem 8.17 to find MN. M N 


MN = (PQ + SR) Apply Theorem 8.17. 


= 5(12 + 28) Substitute 12 for PQ and 28 for XU. 5 28 іп. R 


= 20 Simplify. 
> The length MN is 20 inches. 


r4 GUIDED PRACTICE | for Examples 2 and 3 


In Exercises 3 and 4, use the diagram of trapezoid EFGH. 


3. If EG = FH, is trapezoid EFGH isosceles? E F 
Explain. 


4. If mZ HEF = 70° and mZ ЕСН = 110°, is 
trapezoid EFGH isosceles? Explain. 
H G 


5. In trapezoid JKLM, 2 J and / Mare right angles, and JK = 9 cm. The length 
of the midsegment NP of trapezoid JKLM is 12 cm. Sketch trapezoid JKLM 
and its midsegment. Find ML. Explain your reasoning. 
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KITES A kite is a quadrilateral that has two 
pairs of consecutive congruent sides, but 
opposite sides are not congruent. 


THEOREMS For Your Notebook 
THEOREM 8.18 
If a quadrilateral is a kite, then its diagonals are C 


perpendicular. Р " 
If quadrilateral ABCD is a kite, then AC 1 BD. 


Proof: Ex. 41, p. 549 ý 

THEOREM 8.19 

If a quadrilateral is a kite, then exactly one pair C 

of opposite angles are congruent. 5 А 
If quadrilateral ABCD is a kite and ВС = ВА, 

then ZA = / Сапа / В zZD. А 


Proof: Ex. 42, р. 549 


( EXAMPLE 4 ] Apply Theorem 8.19 


Find mZ D in the kite shown at the right. 


Solution 


By Theorem 8.19, DEFG has exactly one pair of 
congruent opposite angles. Because ZE = ZG, 

Z D and ZF must be congruent. So, m4 D = mZF. 
Write and solve an equation to find mZ D. 


mZD+mZF+ 124° + 80° = 360° Corollary to Theorem 8.1 
mLD + т2р + 124° + 80° = 360° Substitute m/ D for mz F. 
2(mZ D) + 204° = 360° Combine like terms. 
mZ Р = 78° Solve for m7 D. 


утур ЕСТУГЕ 
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Y GUIDED PRACTICE | for Example 4 


6. Inakite, the measures of the angles are 3х°, 75°, 90°, and 120°. Find the 
value of x. What are the measures of the angles that are congruent? 
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85 EXERCISES "t cc 
„э KEY: on p. WS10 for Exs. 11, 19, and 35 
| Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 16, 28, 31, and 36 


SKILL PRACTICE 


1. VOCABULARY In trapezoid PQRS, PQ || RS. Sketch PQRS and identify its 
bases and its legs. 


2. ж WRITING Describe the differences between a kite and a trapezoid. 


: EXAMPLES COORDINATE PLANE Points A, B, C, and D are the vertices of a quadrilateral. 


: Tand2 — — Determine whether ABCD is a trapezoid. 

: on pp. 542-543 E Е TM 

: for EXS. 3-12 3. А(0, 4), B(4, 4), C(8, —2), D(2, 1) A, A(—5, 0), B(2, 3), CG, 1), D(—2, —2) 
5. A(2, 1), B(6, 1), C(3, —3), Di-1, —4) 6. A(-3, 3), В(—1, 1), С(1, —4), Di-3, 0) 


FINDING ANGLE MEASURES Find m7 J, mZ L, and т/ M. 


[= Ад 


REASONING Determine M the NEN is a trapezoid. Explain. 


| No | PA 
5 M L 


: EXAMPLE 3 FINDING MIDSEGMENTS Find the length of the midsegment of the trapezoid. 


: on p. 544 


: for Exs. 13-16 13, 18 14. 21 15. M 
M N M N E 76 
10 25 N 


16. Ж MULTIPLE CHOICE Which statement is not always true? 
СА) The base angles of an isosceles trapezoid are congruent. 
The midsegment of a trapezoid is parallel to the bases. 
СС) The bases of a trapezoid are parallel. 


(D> Thelegs of a trapezoid are congruent. 


: EXAMPLE4 | 17. ERROR ANALYSIS Describe and 


: on p. 545 | correct the error made in 


: for Exs. 17-20 finding т/ A. Opposite anglee of a 


C kite are congruent, 
во mZ A = 50". * 
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ANGLES OF KITES EFGHis a kite. Find т/ С. 


18. E Е 20. Е 
Е б 
H «100? 40° >F E< 60° б 
1107 
G H v 


DIAGONALS OF KITES Use Theorem 8.18 and the Pythagorean Theorem to 
find the side lengths of the kite. Write the lengths in simplest radical form. 


24. ERROR ANALYSIS In trapezoid ABCD, 
MN is the midsegment. Describe and A l4 


Б 
correct the error made in finding DC. ~ ЧОЕ DC = AB — MN 


D C 
EX) ALGEBRA Find the value of x. 
25. 10 26. fo 27. 5x 
2x | 15 12х — 1.7 | 


28. Ж SHORT RESPONSE The points M(—3, 5), N(—1, 5), P(3, —1), and 
Q(—5, —1) form the vertices of a trapezoid. Draw MNPQ and find MP 
and NQ. What do your results tell you about the trapezoid? Explain. 


29. DRAWING In trapezoid JKLM, JK | LM and JK = 17. The midsegment of 
JKLM is XY, and XY = 37. Sketch JKLM and its midsegment. Then find LM. 


30. RATIOS The ratio of the lengths of the bases of a trapezoid is 1:3. The 
length of the midsegment is 24. Find the lengths of the bases. 


31. Ж MULTIPLE CHOICE In trapezoid PQRS, РО || RS and MN is the 
midsegment of PQRS. If RS = 5 • PQ, what is the ratio of MN to RS? 


(D 3:5 5:3 (С) 2:1 (D 3:1 

32. CHALLENGE The figure shown at the right is a trapezoid with 36 
its midsegment. Find all the possible values of x. What is the + жез Ж 
length of the midsegment? Explain. (The figure may not be 


33. REASONING Explain why a kite and a general quadrilateral 
are the only quadrilaterals that can be concave. 


8.5 Use Properties of Trapezoids and Kites 547 


НИНЕ m 


PROBLEM SOLVING 


: EXAMPLES 34. FURNITURE In the photograph of a chest of drawers, HC is 


E 3and4  — the midsegment of trapezoid ABDG, GD is the midsegment of 
: On pp. 544—545 trapezoid HCEF, AB = 13.9 centimeters, and GD = 50.5 centimeters. 
: for Exs. 34-35 Find HC. Then find FE. 
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(65) GRAPHIC DESIGN You design a logo in the shape of a convex 
kite. The measure of one angle of the kite is 90°. The measure of 
another angle is 30°. Sketch a kite that matches this description. 
Give the measures of all the angles and mark any congruent sides. 


_(OHomelutor - 


for problem solving help at classzone.com 


36. Ж EXTENDED RESPONSE The bridge below is designed to fold up into 
an octagon shape. The diagram shows a section of the bridge. 


a. Classify the quadrilaterals shown in 
the diagram. 


b. As the bridge folds up, what happens 
to the length of BF? What happens to 
mZ BAF, mZ ABC, т/ BCF, and mZ CFA? 


c. Given mZ CFE = 65°, find mZ DEF, 
m. FCD, and mZ CDE. Explain. 


37. PROVING THEOREM 8.14 Use the diagram and the auxiliary segment В C 
to prove Theorem 8.14. In the diagram, EC is drawn parallel to AB. 


GIVEN > ABCD is an isosceles trapezoid, BC || AD 
PROVE > Z A = ZD, ZB = Z BCD A F D 


Hint: Find a way to show that AECDis an isosceles triangle. 


38. PROVING THEOREM 8.15 Use the diagram and the auxiliary segment F G 
to prove Theorem 8.15. In the diagram, JG is drawn parallel to EF. 


GIVEN > EFGH is a trapezoid, FG || EH, LE = Z Н 
PROVE > EFGH is an isosceles trapezoid. 


rm 
с. 
= 


Hint: Find a way to show that AJGH is an isosceles triangle. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
548 on р. WS1 TEST PRACTICE 


: PREVIEW 


: Prepare for 
: Lesson 8.6 in 
: Exs. 47-48. 


39. PROVING THEOREM 8.16 Prove part of Theorem 8.16. 


GIVEN > JKLM is an isosceles trapezoid. 
KL || JM, ЈК = LM 
PROVE > JL = KM J 


40. REASONING In the diagram below, BG is the midsegment of A ACD 
and GE is the midsegment of AADF. Explain why the midsegment of 
trapezoid ACDF is parallel to each base and why its length is one half the 
sum of the lengths of the bases. 


C D 
B E y 
A F 
41. PROVING THEOREM 8.18 Prove Theorem 8.18. C 
GIVEN > ABCD ) is. a kite. m " 
AB = CB, AD = CD p 
PROVE » AC | BD A 


42. PROVING THEOREM 8.19 Write a paragraph proof of Theorem 8.19. 


GIVEN > EFGH lis. a | kite. m G 
EF = GF, EH = СН 
PROVE > /EzZG,ZFz ZH 
E 


Plan for Proof First show that Z E = ZG. Then use an indirect argument 
to show that Z F Æ Z H: If ZF = ZH, then EFGH is a parallelogram. But 
opposite sides of a parallelogram are congruent. This result contradicts 
the definition of a kite. 


43. CHALLENGE In Exercise 39, you proved that part of Theorem 8.16 is true. 
Write the other part of Theorem 8.16 as a conditional statement. Then 
prove that the statement is true. 


44. Place a right triangle in a coordinate plane in a way that is convenient for 
finding side lengths. Assign coordinates to each vertex. (p. 295) 


Use the diagram to complete the proportion. (p. 449) B C 
AB |? AB _ BD 
45. AC AB 46. BC 2 > 
A 


Three of the vertices of JABCD are given. Find the coordinates of point D. 
Show your method. (p. 522) 


47. А(—1, —2), B(4, -2), C(6, 2), Р(х, y) 48. A(1, 4), B(0, 1), C(4, D, D(x, y) 
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ANOTHER VIEW Technical drawings may also include an orthographic 
projection. An orthographic projection is a two-dimensional drawing of 
the front, top, and side views of an object. The interior lines in these two- 
dimensional drawings represent edges of the object. 


| EXAMPLE 3 | Create an orthographic projection 


Create an orthographic projection of the solid. 


: VISUAL REASONING Solution 
: In this Extension, you 

: can think of the solids 

: as being constructed 

: from cubes. You can 

: assume there are no 

: cubes hidden from view 
: except those needed to 


On graph paper, draw the front, top, and 
side views of the solid. 


: support the visible ones. 


Ф atedGeometry > at classzone.com 
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PRACTICE 


> EXAMPLE1 | DRAWING BOXES Draw a box with the indicated base. 


: on p. 550 

| for EXS. 1-3 1. Equilateral triangle 2. Regular hexagon 3. Square 

: EXAMPLES DRAWING SOLIDS Create an isometric drawing of the solid. Then create an 
: 2and3 | orthographic projection of the solid. 

: ON pp. 550-551 А 

: for Exs. 4-12 : 


7. He 8. E 9. E 
CREATING ISOMETRIC DRAWINGS Create an isometric drawing of the 
orthographic projection. 


EH (HM 
жа NH 
топ | top | side - 
ALAAN L 


Extension: Draw Three-Dimensional Figures 551 


8.6 


Key Vocabulary 
e parallelogram, 
p. 515 


e rhombus, р. 533 
• rectangle, р. 533 
e square, p. 533 

e trapezoid, p. 542 
e kite, p. 545 


Identify Special 
Quadrilaterals 


You identified polygons. 


You will identify special quadrilaterals. 


So you can describe part of a pyramid, as in Ex. 36. 


The diagram below shows relationships among the special quadrilaterals you 
have studied in Chapter 8. Each shape in the diagram has the properties of 
the shapes linked above it. For example, a rhombus has the properties of a 
parallelogram and a quadrilateral. 


Na@oosav.s 
Moos DV < 
A EP кел 


Square 


[| 


Identify quadrilaterals 


Quadrilateral ABCD has at least one pair of opposite angles congruent. 
What types of quadrilaterals meet this condition? 


Solution 


There are many possibilities. 


Parallelogram Rhombus Rectangle Square Kite 
Opposite angles All angles One pair of 
are congruent. are congruent. opposite angles 


are congruent. 
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* (EXAMPLE 2 ] Standardized Test Practice 


: AVOID ERRORS 


© өөөөөөөөөөөөөөвөөөөөөөөөөөөееөөөөөө i 7 1f1 1 ? 
: in Example 2, ABCD is » What is the most specific name for quadrilateral ABCD? B KX C 


: shaped like a square. СА) Parallelogram Rhombus 

: But you must rely only (ЕУ 

: on marked information (C> Square (D> Rectangle A D 
: when you interpret a 

: diagram. 


Solution 


The diagram shows AE = CE and BE = DE. So, the diagonals bisect each 
other. By Theorem 8.10, ABCD is a parallelogram. 


Rectangles, rhombuses and squares are also parallelograms. However, there 
is no information given about the side lengths or angle measures of ABCD. So, 
you cannot determine whether it is a rectangle, a rhombus, or a square. 


> The correct answer is A. @ © D 


| EXAMPLE 3 ] Identify a quadrilateral 


Is enough information given in the diagram to show that P 
quadrilateral PQRS is an isosceles trapezoid? Explain. 74° 0 
Solution 106°] p 


STEP? Show that PQRS 15 a trapezoid. Z Rand L Sare __ 
supplementary, but Z P and Z Sare not. So, PS || QR, 
but PQ is not parallel to SR. By definition, PQRS is a trapezoid. 


STEP2 Show that trapezoid PQRS is isosceles. 2 P and ZS are a pair of 
congruent base angles. So, PQRS is an isosceles trapezoid by 
Theorem 8.15. 


> Yes, the diagram is sufficient to show that PQRS is an isosceles trapezoid. 
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GUIDED PRACTICE for Examples 1, 2, and з 


1. Quadrilateral DEFG has at least one pair of opposite sides congruent. 
What types of quadrilaterals meet this condition? 


Give the most specific name for the quadrilateral. Explain your reasoning. 


2, S 3. V W 4. D E 


50 50 wae 
R T 9 


U Y X C F 


5. ERROR ANALYSIS A student knows the following information about 
quadrilateral MNPQ: MN || PQ, MP = NQ, and ZP = / О. The student 
concludes that MNPQ is an isosceles trapezoid. Explain why the student 
cannot make this conclusion. 
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86 EXERCISES "t O-nomanovtsouwrons 
ө KEY: on p. WS10 for Exs. 3, 15, and 33 

: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 13, 37, and 38 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: A quadrilateral that has exactly one 
pair of parallel sides and diagonals that are congruent is a(n) _? 
2. ж WRITING Describe three methods you could use to prove that a 
parallelogram is a rhombus. 
: EXAMPLE 1 PROPERTIES OF QUADRILATERALS Copy the chart. Put an X in the box if the 
: on p. 552 shape always has the given property. 
: for Exs. 3-12 
property o | Rectangle | Rhombus | Square | Kite | Trapezoid 
us ror or or t otl 
5. | Both pairs of opp. sides are CT 
6. Exactly 1 pair of opp. sides 
are |. 
мола — лаза 6E 
А 
12. ERROR ANALYSIS Describe and correct the error in classifying the 
quadrilateral. 
A =B 
55 Z P and ZC are supplements, 
so АВ || CD. So, ABCD is а 
и y arallelogram. 
р 59 125 А р д 
: EXAMPLE2 | 13. Ж MULTIPLE CHOICE What is the most specific 
: on p. 553 name for the quadrilateral shown at the right? 
ade СА) Rectangle Parallelogram 
(C> Trapezoid (D> Isosceles trapezoid 
CLASSIFYING QUADRILATERALS Give the most specific name for the 
quadrilateral. Explain. 
| fy Эк] MU 
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17. DRAWING Draw а quadrilateral with congruent diagonals and exactly 
one pair of congruent sides. What is the most specific name for this 
quadrilateral? 


: EXAMPLE 3 IDENTIFYING QUADRILATERALS Tell whether enough information is given 


: On p. 553 in the diagram to classify the quadrilateral by the indicated name. Explain. 
: for Exs. 18-20 


18. Rhombus 19. Isosceles trapezoid 20. Square 
A E F J K 
111? 
D B 
z H 70 70 G M | 


COORDINATE PLANE Points Р, О, R, and S are the vertices of a quadrilateral. 
Give the most specific name for PQRS. Justify your answer. 


21. P(1, 0), QU, 2), R(6, 5), S(3, 0) 22. P(2, 1), Q(6, D), R(5, 8), 5(3, 8) 
23. P(2, 7), Q(6, 9), R(9, 3), 5(5, 1) 24. P(1, 7), Q(5, 8), R(6, 2), 5(2, 1) 


25. TECHNOLOGY Use geometry drawing 
software to draw points A, B, C, and | | 
segments AC and BC. Draw a circle with 
center A and radius AC. Draw a circle with 
center B and radius BC. Label the other 
intersection of the circles D. Draw BD 
and AD. | 
a. Drag point A, B, C, or D to change 
the shape of ABCD. What types of 
quadrilaterals can be formed? a J 


b. Are there types of quadrilaterals that 
cannot be formed? Explain. 


DEVELOPING PROOF Which pairs of segments or angles must be congruent 
so that you can prove that ABCD is the indicated quadrilateral? Explain. 
There may be more than one right answer. 


26. Square 27. Isosceles trapezoid 28. Parallelogram 

D C D C 
TRAPEZOIDS In Exercises 29-31, determine whether there is enough 
information to prove that JKLMis an isosceles trapezoid. Explain. 
29. GIVEN » ЈК || LM, ZJKL = ZKJM J K 


30. GIVEN > ЈК || LM, ZJML = ZKLM, mZ KLM = 90° 
31. GIVEN > JL = KM, JK|| LM, JK > LM 


M L 


32. CHALLENGE Draw a rectangle and bisect its angles. What type of 
quadrilateral is formed by the intersecting bisectors? Justify your answer. 
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PROBLEM SOLVING 


REAL-WORLD OBJECTS What type of special 


36. PYRAMID Use the photo of the Pyramid of 
Kukulcan in Mexico. 


a. EF || HG, and EH and FG are not parallel. 
What shape is this part of the pyramid? 
b. AB || DC, AD | BC, and / А, 4 В, Z. C, and 
/ Dare all congruent to each other. What 
shape is this part of the pyramid? 


37. Ж SHORT RESPONSE Explain why a parallelogram with one right angle 
must be a rectangle. 


38. Ж EXTENDED RESPONSE Segments AC and BD bisect each other. 


a. Suppose that AC and BD are congruent, but not perpendicular. Draw 
quadrilateral ABCD and classify it. Justify your answer. 


b. Suppose that AC and BD are perpendicular, but not congruent. Draw 
quadrilateral ABCD and classify it. Justify your answer. 


39. MULTI-STEP PROBLEM Polygon QRSTUV shown at the right is a Q R 
regular hexagon, and QU and RT are diagonals. Follow the steps 
below to classify quadrilateral QRTU. Explain your reasoning in ү s 
each step. 
a. Show that A QVU and A RST are congruent isosceles triangles. U T 


b. Show that QR = UT and that QU = RT. 


с. Show that Z UQR = / ОЕТ = / ЕТИ = ZTUQ. Find the measure of 
each of these angles. 


d. Classify quadrilateral QRTU. 


40. REASONING In quadrilateral WXYZ, WY and XZ intersect each other at 
point V. WV = ХУ and YV = ZV, but WY and XZ do not bisect each other. 
Draw WY, XY, and WXYZ. What special type of quadrilateral is WXYZ? 
Write a plan for a proof of your answer. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
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CHALLENGE What special type of quadrilateral is EFGH? Write a paragraph 
proof to show that your answer is correct. 


41. GIVEN > PQRS is a square. 42. GIVEN > In the three-dimensional figure, 
E, F, G, and H are midpoints ЈК = LM; E, Е С, and Hare the 
of the sides of the square. midpoints of JL, KL, KM, and JM. 

PROVE b EFGHisa ?. PROVE b EFGHisa ?. 
P F Q 


: PREVIEW 


: Prepare for 
: Lesson 9.1 
: in Exs. 45-46. 


" MIXED REVIEW Y 


In Exercises 43 and 44, use the diagram. (p. 264) B 
43. Find the values of x and y. Explain your reasoning. 
44. Find т АРС, mZ DAC, and mZ DCA. Explain your 


reasoning. A 


The vertices of quadrilateral ABCD are A(-2, 1), B(2, 5), C(3, 2), and 
D(1, —1). Draw ABCD in a coordinate plane. Then draw its image after 
the indicated translation. (p. 272) 


45. (x,y) >(x+1,y-—3) 46. (х,у) >(x-— 2, у – 2) 


Use the diagram of = WXYZ to find the indicated length. (р. 515) 
47. YZ 48. WZ W 12 X 


Find the unknown angle measures. (p. 542) 


l. B C 2. B C 3. С 


> 
© 


4. The diagonals of quadrilateral АВСР are congruent and bisect each other. 
What types of quadrilaterals match this description? (p. 552) 


5. In quadrilateral EFGH, Z E = ZG, ZF = ZH, and EF = EH. What is the 
most specific name for quadrilateral EFGH? (p. 552) 
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Lessons 8.4-8.6 


1. MULTI-STEP PROBLEM In the photograph 


shown below, quadrilateral ABCD represents 
the front view of the roof. 


po 
— 


TEE LEHNT 


a. Explain how you know that the shape of 
the roof is a trapezoid. 


b. Do you have enough information to 
determine that the roof is an isosceles 
trapezoid? Explain your reasoning. 


. SHORT RESPONSE Is enough information 


given in the diagram to show that 
quadrilateral JKLM is a square? Explain your 
reasoning. 


3. EXTENDED RESPONSE In the photograph, 


quadrilateral QRST is a kite. 


a. If mZTQR = 102? and m Z RST = 125°, find 
mZ QTS. Explain your reasoning. 

b. If QS = 11 ft, TR = 14 ft, and 
TP = ОР = RP, find QR, RS, ST, and TQ. 
Round your answers to the nearest foot. 
Show your work. 
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4. GRIDDED ANSWER The top of the table 


shown is shaped like an isosceles trapezoid. 
In ABCD, AB = 48 inches, BC = 19 inches, 
CD = 24 inches, and DA = 19 inches. Find 
the length (in inches) of the midsegment 

of ABCD. 


. SHORT RESPONSE Rhombus PQRS is similar 


to rhombus VWXY. In the diagram below, 
QS = 32, QR = 20, and WZ = 20. Find WX. 
Explain your reasoning. 


V, W 


$ Н ү Х 


. OPEN-ENDED In quadrilateral MNPQ, 


MP = NQ. 
a. What types of quadrilaterals could MNPQ 
be? Use the most specific names. Explain. 


b. For each of your answers in part (a), tell 
what additional information would allow 
you to conclude that MNPQ is that type of 
quadrilateral. Explain your reasoning. 
(There may be more than one correct 
answer.) 


. EXTENDED RESPONSE Three of the vertices 


of quadrilateral EFGH are E(0, 4), F(2, 2), 
and G(4, 4). 


a. Suppose that EFGH is a rhombus. Find the 
coordinates of vertex H. Explain why there 
is only one possible location for H. 


b. Suppose that EFGH is a convex kite. Show 
that there is more than one possible set 
of coordinates for vertex H. Describe what 
all the possible sets of coordinates have in 
common. 


CHAPTER SUMMARY 


с BIG IDEAS For Your Notebook 


Big I: Using Angle Relationships in Polygons 


> You can use theorems about the interior and exterior angles of convex 
> polygons to solve problems. 


Polygon Interior Angles Theorem Polygon Exterior Angles Theorem 
The sum of the interior angle measures | The sum of the exterior angle measures 
of a convex n-gon is (n — 2) • 180°. of a convex n-gon is 360°. 
Big I: Using Properties of Parallelograms 
: By definition, a parallelogram is a quadrilateral 
> with both pairs of opposite sides parallel. Other 
; properties of parallelograms: 
> * Opposite sides are congruent. * Opposite angles are congruent. 
> • Diagonals bisect each other. • Consecutive angles are supplementary. 


> Ways to show that a quadrilateral is a parallelogram: 

: e Show both pairs of opposite sides are parallel. 

: e Show both pairs of opposite sides or opposite angles are congruent. 
> * Show one pair of opposite sides are congruent and parallel. 

> * Show the diagonals bisect each other. 


Big | : Classifying Quadrilaterals by Their Properties 


: Special quadrilaterals can be classified by their properties. In a 

: parallelogram, both pairs of opposite sides are parallel. In a trapezoid, 
; onlyone pair of sides are parallel. A kite has two pairs of consecutive 

: congruent sides, but opposite sides are not congruent. 


Quadrilaterals 


Trapezoids / Isosceles 
^ trapezoids 


Parallelograms [J 


Rectangles Rhombuses 


TU) o 
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* Multi-Language Glossary 
_* Vocabulary practice 
: For a list of * diagonal, p. 507 * Square, p. 533 * legs of a trapezoid, p. 542 
: postulates and. parallelogram, p. 515 e trapezoid, р. 542 • isosceles trapezoid, p. 543 
: theorems, see E : 
: рр. 926-931. * rhombus, p. 533 * bases of a trapezoid, p. 542 • midsegment of a trapezoid, р. 544 
• rectangle, p. 533 e base angles of a trapezoid, p. 542 «kite, р. 545 


VOCABULARY EXERCISES 
In Exercises 1 and 2, copy and complete the statement. 
1. The ? ofa trapezoid is parallel to the bases. 


2. A(n) ? ofa polygon is a segment whose endpoints are nonconsecutive 
vertices. 


3. WRITING Describe the different ways you can show that a trapezoid is an 
isosceles trapezoid. 


In Exercises 4—6, match the figure with the most specific name. 
| F] l ЖЕ | 


A. Square B. Parallelogram C. Rhombus 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding 
of the concepts you have learned in each lesson of Chapter 8. 


pp. 507-513 


Find Angle Measures in Polygons 


The sum of the measures of the interior angles of a convex regular polygon is 
1080". Classify the polygon by the number of sides. What is the measure 
of each interior angle? 


Write and solve an equation for the number of sides n. 
(n — 2) • 180° = 1080 Polygon Interior Angles Theorem 
n=8 Solve for n. 
The polygon has 8 sides, so it is an octagon. 


A regular octagon has 8 congruent interior angles, so divide to find the measure 
of each angle: 1080° + 8 = 135°. The measure of each interior angle is 135°. 
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Chapter Review Practice 


EXERCISES 


: EXAMPLES 7. The sum of the measures of the interior angles of a convex regular 
: 2,3, 4, and 5 polygon is 3960". Classify the polygon by the number of sides. What is the 


: on pp. 508-510 measure of each interior angle? 


: for Exs. 7-11 i ; 
ms In Exercises 8-10, find the value of x. 


10. 


11. Inaregular nonagon, the exterior angles are all congruent. What is the 
measure of one of the exterior angles? Explain. 


Use Properties of Parallelograms pp. 515-521 


Quadrilateral WXYZ is a parallelogram. X x—9 y 
Find the values of x and y. y, 


To find the value of x, apply Theorem 8.3. 60° 
XY = WZ Opposite sides of a =Z аге =. W 15 Z 
x-9=15 Substitute. 
x = 24 Add 9 to each side. 


By Theorem 8.4, ZW = ZY, or mz W = mZY. So, у = 60. 


EXERCISES 


: EXAMPLES Find the value of each variable in the parallelogram. 
: 1,2, and 3 


[ор = e A fa 37] 75 new 
: for Exs. 12-17 
PLC | ina “3 = 
а— 10 


15. In UPORS, РО = 5 centimeters, ОЁ = 10 centimeters, and 
mZ PQR = 36°. Sketch PQRS. Find and label all of its side lengths and 
interior angle measures. 


16. The perimeter of 77 EFGH is 16 inches. If EF is 5 inches, find the lengths 
of all the other sides of EFGH. Explain your reasoning. 


17. In 1/KLM, the ratio of the measure of ZJ to the measure of Z M is 5:4. 
Find mZJ and mZ M. Explain your reasoning. 
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3 ipn cs A 
: for Exs. 18—19 


CHAPTER REVIEW 
(8.3 Show that a Quadrilateral is a Parallelogram pp. 522-529 | 


For what value of xis quadrilateral ABCD B 
a parallelogram? 


is a parallelogram. The diagram shows that 
BE = DE. You need to find the value of x that 


If the diagonals bisect each other, then ABCD A En С 
р 


makes АЕ = СЕ. 
АЕ = СЕ Set the segment lengths equal. 
6x -10-1lIx X Substitute expressions for the lengths. 
х= 2 Solve for х. 
When x = 2, АЕ = 6(2) + 10 = 22 and CE = 11(2) = 22. So, AE = CE. 


Quadrilateral ABCD is a parallelogram when x = 2. 


EXERCISES 
For what value of x is the quadrilateral a parallelogram? 


: EXAMPLES 


: on pp. 534-535 
: for Exs. 20-22 


Properties of Rhombuses, Rectangles, and Squares 


Classify the special quadrilateral. U 
In quadrilateral UVWX, the diagonals bisect each 


other. So, UVWX is a parallelogram. Also, d 


UY = VY = WY = XY. So, UY + YW = VY + XY. 


Because UY + YW = UW, and VY + XY = VX, you X 
can conclude that UW = VX. By Theorem 8.13, 

UVWX is a rectangle. 

EXERCISES 


Classify the special quadrilateral. Then find the values of x and y. 


СУ ЭЕ 


4х—5 


22. The diagonals of a rhombus are 10 centimeters and 24 centimeters. 
Find the length of a side. Explain. 


562 Сһаріег8 Quadrilaterals 


pp. 533-540 


@Homelutor 
classzone.com 
Chapter Review Practice 


Use Properties of Trapezoids and Kites pp. 542-549 


Quadrilateral ABCD is a kite. Find m7 B and m^ D. B 


A kite has exactly one pair of congruent opposite — 44^ C 
angles. Because ZA Æ ZC, Z Band / D must be 
D 


congruent. Write and solve an equation. 


90° + 20° + mZ B + т/р = 360° Corollary to Theorem 8.1 
110° + mZ B° + mZD= 360° Combine like terms. 
mZB+mZD= 250° Subtract 110° from each side. 
Because Z В = / D, you can substitute mZ B for mZ Din the last equation. 
Then mZ B + mZ В = 250°, and mZ B = т/р = 125". 


EXERCISES 


: EXAMPLES In Exercises 23 and 24, use the diagram of a recycling 
:2and3 — — container. One end of the container is an isosceles 
: on pp. 543-544 | trapezoid with FG || JH and mZ Е = 79°. 
: for Exs. 20—22 F 
23. Find mZ С, mZ H, and m. J. 
J H 


24. Copy trapezoid FGHJ and sketch its midsegment. 
If the midsegment is 16.5 inches long and FG is 
19 inches long, find JH. 


Identify Special Quadrilaterals pp. 552-557 


Give the most specific name for quadrilateral LMNP. M YT N 
In LMNP, ZL and / M are supplementary, but / L 
and Z P are not. So, MN || LP, but LM is not parallel TA ND 


to NP. By definition, LMNP is a trapezoid. 


Also, Z Land Z P are a pair of base angles and / L = ZP. So, LMNP is an 
isosceles trapezoid by Theorem 8.15. 


EXERCISES 
: EXAMPLE2 | Givethe most specific name for the quadrilateral. Explain your reasoning. 
: on p. 553 
: for Exs. 25-28 e. А B 26. E 37° F - 27. J 10 K 
148° 1 7 
H G 
á B M W L 


28. In quadrilateral RSTU, ZR, ZT, and Z U are right angles, and RS = ST. 
What is the most specific name for quadrilateral RSTU? Explain. 
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CHAPTER TEST 


Find the value of x. 


4. In C7 EFGH, mZ Fis 40° greater than mZ С. Sketch O EFGH and label 
each angle with its correct angle measure. Explain your reasoning. 


Are you given enough information to determine whether the quadrilateral 
is a parallelogram? Explain your reasoning. 


5. Ug 6. NUS 7. 
10 
10 
78° 


In Exercises 8-11, list each type of quadrilateral—parallelogram, 
rectangle, rhombus, and square—for which the statement is always true. 


8. Itis equilateral. 9. Its interior angles are all right angles. 


10. The diagonals are congruent. 11. Opposite sides are parallel. 


12. The vertices of quadrilateral PQRS are P(—2, 0), Q(0, 3), R(6, —1), and 
S(1, —2). Draw PQRS in a coordinate plane. Show that it is a trapezoid. 


13. One side of a quadrilateral JKLM is longer than another side. 


a. Suppose /KLM is an isosceles trapezoid. In a coordinate plane, find 
possible coordinates for the vertices of JKLM. Justify your answer. 


b. Suppose JKLM is a kite. In a coordinate plane, find possible 
coordinates for the vertices of JKLM. Justify your answer. 


с. Name other special quadrilaterals that JKLM could be. 


Give the most specific name for the quadrilateral. Explain your reasoning. 


14, A B 15. E F 16. K А 
33° 7 
57° 
[ | H G LA 
D C J 7 M 


17. In trapezoid WXYZ, WX || YZ, and YZ = 4.25 centimeters. The 
midsegment of trapezoid WXYZ is 2.75 centimeters long. Find WX. 


18. In ORSTU, RS is З centimeters shorter than ST. The perimeter of 
O RSTU is 42 centimeters. Find RS and ST. 
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GRAPH NONLINEAR FUNCTIONS 


6» EXAMPLE 1) Graph a quadratic function in vertex form 


Graph y = 2(x — 3)? — 1. 
The vertex form of a quadratic function is 


у= a(x — h)* + k. Its graph is a parabola with vertex 
at (h, k) and axis of symmetry x = h. 

The given function is in vertex form. So, a = 2, h = 3, 
and К = —1. Because a > 0, the parabola opens up. 


Graph the vertex at (3, —1). Sketch the axis of symmetry, 
x = 3. Use a table of values to find points on each side of 
the axis of symmetry. Draw a parabola through the points. 


Xy) _ EXAMPLE 2 | Graph an exponential function 


Graph y = 2”. ENNNEZNIJN 
yt ии 


Make a table by choosing a few values for x and finding 
the values for y. Plot the points and connect them with 
a smooth curve. 


EXERCISES 
: EXAMPLE 1 | Graph the quadratic function. Label the vertex and sketch the axis of 
: for Exs. 1-6 symmetry. 
1. y= 3х? + 5 2. у= —2х^ + 4 3. y= 0.5x" — 3 
4. у= 3(х + 3)2 – 3 5. у= —2(х — 4)2 -1 6. у= 56 - ^ +3 
: EXAMPLE2 | Graph the exponential function. 
> for EXS. 7-10 7 y Z ga 8. y = 8* 9. y = 3 $ 10. y = ar 
Use a table of values to graph the cubic or absolute value function. 
11. у= х? 12. у= х? – 2 13. у = Зх? – 1 
14. у= 2 |х| 15. у= 2|х| - 4 16. y= -|x| — 1 


Algebra Review 


565 


566 


Evaluate choice A. 


STEP 2 


Evaluate choice B. 


STEP 3 


Evaluate choice C. 


STEP 4 


Evaluate choice D. 


CONTEXT-BASED 
MULTIPLE CHOICE QUESTIONS 


Some of the information you need to solve a context-based multiple choice 
question may appear in a table, a diagram, or a graph. 


Which of the statements about the rhombus- 
shaped ring is not always true? 


(АХ) mZSPT=mZTPQ РТ = TR 
(СС) mZSTR = 90? (D> PR=SQ 


Plan 


INTERPRET THE DIAGRAM The diagram shows rhombus PQRS with its 
diagonals intersecting at point T. Use properties of rhombuses to figure out 
which statement is not always true. 


Solution 


Өө »- Consider choice A: mZ SPT = mZ TPQ. 


Each diagonal of a rhombus bisects each of a pair of opposite angles. The 
diagonal PR bisects Z SPQ, so mZ SPT = mZ TPQ. Choice A is true. 


Өө »- Consider choice B: РТ = TR. 


The diagonals of a parallelogram bisect each other. A rhombus is also a 
parallelogram, so the diagonals of PQRS bisect each other. So, PT — TR. 
Choice B is true. 


Өө »- Consider choice C: mZ STR = 90°. 


The diagonals of a rhombus are perpendicular. PQRS is a rhombus, so its 
diagonals are perpendicular. Therefore, mz STR = 90°. Choice C is true. 


I »- Consider choice D: PR = SQ. 


If the diagonals of a parallelogram are congruent, then it is a rectangle. But 
PQRS is a rhombus. Only in the special case where it is also a square (a type of 
rhombus that is also a rectangle), would choice D be true. So, choice D is not 
always true. 


The correct answer is D. (А) OD 
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The official dimensions of home plate in 
professional baseball are shown on the 
diagram. What is the value of x? 


90 108 
(С) 135 150 


Р!ап 


INTERPRET THE DIAGRAM From the diagram, you can see that home plate is 
a pentagon. Use what you know about the interior angles of a polygon and the 
markings given on the diagram to find the value of x. 


Solution 
¿e — »- Home plate has 5 sides. Use the Polygon Interior Angles Theorem to find the 


dl B sum of the measures of the interior angles. 
measures of the interior 


angles. (n — 2) • 180° = (5—2)* 180° Substitute 5 for п. 
= 3 180° Subtract. 
= 540° Multiply. 

STEP 2 


ey eee Nr apego aid »- From the diagram, you know that three interior angles are right angles. 
E Ыр ЫП The two other angles are congruent, including the one whose measure is х°. 
equation. L3 : . i . 
Use this information to write an equation. Then solve the equation. 


З +90 + 2 • x? = 540° Write equation. 
270 + 2x = 540 Multiply. 
2x = 270 Subtract 270 from each side. 
x = 135 Divide each side by 2. 


The correct answer is C. (А) © D 


PRACTICE 


In Exercises 1 and 2, use the part of the quilt shown. 


1. What is the value of x2 


СА) З 3.4 
СС) 3.8 (D 5.5 
2. What is the value of 2? 
СА) 35 99 
(б) 125 D 145 
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MULTIPLE CHOICE 


In Exercises 1 and 2, use the diagram of 
rhombus ABCD below. 


0.5у + 4 x+5 


1. What is the value of x? 


СА) 2 4.6 
© 8 D 13 
2. What is the value of y? 
QD 18 2 
© 8 (D) 18 


3. In the design shown below, a regular 
hexagon is surrounded by four equilateral 
triangles and four isosceles triangles. What 
is the measure of Z 1? 


CA) 30° 40° 
©) 50° D 60° 
4. Which statement about EFGH can be 


concluded from the given information? 


Е F 


H G 
СА) Itis not a kite. 
It is not an isosceles trapezoid. 
©) Itis nota square. 
(D> Itis nota rhombus. 
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5. What is the most specific name for 


quadrilateral FGHJ? 

СА) Parallelogram F G 
Rhombus 

СС) Rectangle 

(D> Square d 2 


6. What is the measure of the smallest interior 
angle of the hexagon shown? 


@ 50° 

© 70° 
In Exercises 7 and 8, use the diagram of a 
cardboard container. In the diagram, 


ZS = ZR, РО | SR, and PS and QR are not 
parallel. 


M 


S R 


7. Which statement is true? 


@ PR- SQ 
mZS + mZR = 180° 
© PQ-2-SR 

D> PQ = QR 


8. The bases of trapezoid PQRS are PQ 
and SR, and the midsegment is MN. 
Given PQ = 9 centimeters, and 
MN = 7.2 centimeters, what is SR? 


СА) 5.4cm 8.1 cm 
(С) 10.8 ст (D> 12.6cm 


11. 


12. 


| 7 ) STATE TEST PRACTICE 
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GRIDDED ANSWER SHORT RESPONSE 
9. How many degrees greater is the measure of 13. The vertices of quadrilateral EFGH are 
an interior angle of a regular octagon than E(—1, -2), Fl, 3), GG, 4), and H(3, 1). What 
the measure of an interior angle of a regular type of quadrilateral is EFGH? Explain. 
pentagon? 
14. In the diagram below, PQRS is an isosceles 

10. Parallelogram ABCD has vertices A(—3, —1), trapezoid with PQ | RS. Explain how to show 

B(-1, 3), C(4, 3), and D(2, -1). What is the that APTS = AQTR. 


sum of the x- and y-coordinates of the point 


of intersection of the diagonals of ABCD? P Q 
For what value of x is the quadrilateral Xx] 


shown below a parallelogram? 


(5x + 13) 15. In trapezoid ABCD, AB || CD, XY is the 
midsegment of ABCD, and CD is twice as 
EXC long as AB. Find the ratio of XY to AB. Justify 


your answer. 


In kite JKLM, the ratio of JK to KL is 3:2. The 
perimeter of JKLM is 30 inches. Find the 
length (in inches) of JK. 


EXTENDED RESPONSE 


16. The diagram shows a regular pentagon and diagonals drawn F 
from vertex F. 


17. 


a. 


The diagonals divide the pentagon into three triangles. 
Classify the triangles by their angles and side measures. 
Explain your reasoning. 


. Which triangles are congruent? Explain how you know. J H 
. For each triangle, find the interior angle measures. 


Explain your reasoning. 


In parts (a)- (c), you are given information about a quadrilateral with 
vertices A, B, C, D. In each case, ABCD is a different quadrilateral. 


a. 


Suppose that AB || CD, AB = DC, and Z Cis aright angle. Draw 
quadrilateral ABCD and give the most specific name for ABCD. Justify 
your answer. 


. Suppose that AB || CD and ABCD has exactly two right angles, one of 


which is Z C. Draw quadrilateral ABCD and give the most specific name 
for ABCD. Justify your answer. 


. Suppose you are given only that AB || CD . What additional information 


would you need to know about AC and BD to conclude that ABCD is a 
rhombus? Explain. 
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Making Sense 
of Chapter 9 


This chapter presents 
transformations of 
geometric figures 

that result in images 
congruent to or similar 
to the original figures: а" prt. 

reflections, rotations, gx ^ | tity symmetry it me 
and dilations. ? 


т Compositions: of Transformations. 


ee MORE À pees t 
r4 


i et Ux 
M A M М; 
"n TN E Me ¿ ке 
, ЧА” L a 


Previously, you learned the following skills, which you'll use in Chapter 9: 
translating, reflecting, and rotating polygons, and using similar polygons. 


y 2 e. | eww 
ь au — r — 2E Г eni 6 
| Ра З Га Ў, ЕГ Г Fas "4 и ч 
we E ia m ins | ЧА. БШ A 
FICICULuI5ILC OKI 
ж | Чыйт „чь AMA il 7 Е Ч Ш Е Е ым? 


VOCABULARY CHECK 


Match the transformation of 
Triangle A with its graph. 


1. Translation of Triangle A 
2. Reflection of Triangle A 
3. Rotation of Triangle A 


SKILLS AND ALGEBRA CHECK 


The vertices of JKLM are J(—1, 6), K(2, 5), L(2, 2), and M(-1, 1). Graph its 
image after the transformation described. (Prerequisite skill for 9.1, 9.3) 


4. Reflect in the x-axis. 5. Reflect in the y-axis. 


In the diagram, ABCD ~ EFGH. 
(Prerequisite skill for 9.7) E 


6. Find the scale factor of ABCDto EFGH. A 10 


7. Find the values of x, y, and z. Z 


(DHomeTutor Prerequisite skills practice at classzone.com 
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In Chapter 9, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 635. You will also use the key vocabulary listed below. 
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Ө Performing congruence and similarity transformations 


O Making real-world connections to symmetry and tessellations 


O Applying matrices and vectors in Geometry 


KEY VOCABULARY 

e image, p. 572 * element, p. 580 * composition of 

• preimage, p. 572 * dimensions, p. 580 transformations, p. 609 | 
• isometry, p. 573 • line of reflection, р. 589 * line symmetry, p. 619 

* vector, p. 574 * center of rotation, p. 598 * rotational symmetry, 

* component form, p. 574 * angle of rotation, p. 598 p. 620 

• matrix, p. 580 • glide reflection, p. 608 * scalar multiplication, p. 627 
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You can use properties of shapes to determine whether shapes tessellate. For 
example, you can use angle measurements to determine which shapes can be 
used to make a tessellation. 


The animation illustrated below for Example 3 on page 617 helps you answer 
this question: How can you use tiles to tessellate a floor? 


Rotate Clockwise Reflect Across y-axis 
Reflect Across x-axis 
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A tessellation covers a plane with no 
gaps or overlaps. 


© 1 Translate Figures and 
е" Use Vectors 


You used a coordinate rule to translate a figure. 


| Ми ) You will use a vector to translate a figure. 


So you can find a distance covered on snowshoes, as in Exs. 35-37. 


Key Vocabulary In Lesson 4.8, you learned that a transformation moves or changes a figure 

* image in some way to produce a new figure called an image. Another name for the 
e preimage original figure is the preimage. 

* isometry Recall that a translation moves every point of a figure the same distance 

* Vector in the same direction. More specifically, a translation maps, or moves, the 


initial point, terminal points P and О of a plane figure to the points P' (read “Р prime") and Q', so 
point, horizontal that one of the following statements is true: 


component, vertical P' 
component e PP’ = QQ’ and PP’ || QQ’, or А 
eon form e PP’ = QQ’ and PP’ and QQ’ are collinear. a 
e translation, p. 272 


| EXAMPLE 1) Translate a figure in the coordinate plane 


Graph quadrilateral ABCD with vertices A(—1, 2), B(—1, 5), C(4, 6), 
and D(4, 2). Find the image of each vertex after the translation 
(x, y) > (x + 3, y — 1). Then graph the image using prime notation. 


Solution 


: USE NOTATION . . : . . 
МА ААА First, draw ABCD. Find the translation of each vertex by adding 3 to its 


: You can use prime , : . i | 
notation to name ап x-coordinate and subtracting 1 from its y-coordinate. Then graph the image. 


: image. For example, (х, у) > (x+3,y- 1) 
: if the preimage is 

: A ABC, then its image A(-1, 2) > A’(2, 1) 

: is AA'B'C, read as B(—1, 5) —> B'(2, 4) 

: "triangle A prime, 


C(4, 6) ^ C’(7, 5) 
D(4, 2) ^ Р' (7, 1) 


: B prime, C prime." 


GUIDED PRACTICE | for Example 1 


1. Draw ARST with vertices R(2, 2), S(5, 2), and T(3, 5). Find the image of 
each vertex after the translation (x, y) > (x + 1, y + 2). Graph the image 
using prime notation. 


2. The image of (x, y) ^ (x + 4, y — 7) is P'Q' with endpoints P'(—3, 4) and 
Q'(2, 1). Find the coordinates of the endpoints of the preimage. 
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: READ DIAGRAMS 


: In this book, the 

: preimage is always 
: shown in blue, and 
: the image is always 
: shown in red. 


ID »- Write a rule for the translation of ^ АВС to 


ISOMETRY An isometry is a transformation that preserves length and angle 
measure. Isometry is another word for congruence transformation (page 272). 


(EXAMPLE 2 ] Write a translation rule and verify congruence 


г! ||| 
Ne] fal | tt 
OUN KRH- 
y 
EN 
BE 


A A'B'C'. Then verify that the transformation 
is an isometry. 


Solution 


To go from A to A', move 4 units left and “ҮТП 


1 unit up. So, a rule for the translation is 
(Хх, y) > (x— 4, y + 1). 


Use the SAS Congruence Postulate. Notice that CB = C'B' = 3, and 

AC = A'C' = 2. The slopes of CB and C'B' are 0, and the slopes of CA and СА’ 
are undefined, so the sides are perpendicular. Therefore, Z Cand ZC’ are 
congruent right angles. So, ^ АВС = A A'B'C'. The translation is an isometry. 


GUIDED PRACTICE for Example 2 


3. In Example 2, write a rule to translate AA'B'C' back to Л АВС. 


THEOREM For Your Notebook 


THEOREM 9.1 Translation Theorem B' 


> A translation is an isometry. ^N | З C' 
> А C 


Proof: below; Ex. 46, p. 579 A ABC = ЛА'В'С' 


Translation Theorem 


A translation is an isometry. y 


P'(a+s b+ t) 
GIVEN > P(a, b) and Q(c, d) are two 
points on a figure translated 0'(с+ s,d- t) 
by (х, у) > (х + $, у + д. 


PROVE b PQ = P'Q' 


The translation maps P(a, b) to P'(a + s, b + t) and Q(c, d) to Q'(c + s, d + t). 
Use the Distance Formula to find PQ and P'Q'. PQ = V(c — а)? + (d — by. 
Р'О' = Ү[(с+ s) — (a+ s)? + [d+ — (b+ 011 
=V(c+s—a-—s)*+(d+t-—b-?? 


Therefore, PQ = P'Q' by the Transitive Property of Equality. 


9.1 Translate Figures and Use Vectors 
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VECTORS Another way to describe a translation is by using a vector. A vector 
is a quantity that has both direction and magnitude, or size. A vector is 
represented in the coordinate plane by an arrow drawn from one point to 
another. 


i- KEY CONCEPT For Your Wotebook 


: USE NOTATION = Vectors 


: Use brackets to write 
: the component form 


| of the vector (r, s). R Theinitialpoint or — | | | | | | | | | | | The terminal point, 
; Use parentheses to > starting point, of the G| | | orending point, of 


: write the coordinates н yerk the vector is G. 
: of the point (p, q). 


d m" ——= 
> The diagram shows a vector named FG, read as “vector FG.” 


vertical component 


| № 
Е ant rige 
> horizontal component erp E 


> The component form of a vector combines the horizontal and vertical 
: components. So, the component form of FG is (5, 3). 


| EXAMPLE 3 | Identify vector components 


Name the vector and write its component form. 


GI Е 
=== 
ЕР= 


Solution 


a. The vector is BC. From initial point B to terminal point C, you move 
9 units right and 2 units down. So, the component form is (9, —2). 


b. The vector is ST. From initial point S to terminal point Т, you move 
8 units left and 0 units vertically. The component form is (—8, 0). 


| EXAMPLE 4 ] Use a vector to translate a figure 


The vertices of A ABC are A(0, 3), B(2, 4), and C(1, 0). Translate A ABC using 
the vector (5, —1). 


: USE VECTORS Solution 


po ши ече First, graph Л АВС. Use (5, —1) to 
: can have different в . 
move each vertex 5 units to the right 


: initial points. The | . 
: мес i escribes only and 1 unit down. Label the image 


: the direction and vertices. Draw A A'B'C'. Notice that 
: magnitude of the the vectors drawn from preimage to 
: translation. image vertices are parallel. 
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EXERC | SE S HOMEWORK: () = wORKED-OUT SOLUTIONS 
9.1 KEY : on p. WS10 for Exs. 7, 11, and 35 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 14, and 42 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: A_?_ is a quantity that has both _?_ 
and magnitude. 


2. Ж WRITING Describe the difference between a vector and a ray. 


: EXAMPLE 1 IMAGE AND PREIMAGE Use the translation (x, y) ^ (x — 8, y + 4). 


: on p. 572 . 5 : i A ок? 
: for Exs. 3—10 3. What is the image of A(2, 6)? 4. What is the image of B(-1, 5)? 
5. What is the preimage of C'(—3, —10)? 6. What is the preimage of D'(4, —3)? 


GRAPHING AN IMAGE The vertices of А РОК are P(-2, 3), Q(1, 2), 
and R(3, —1). Graph the image of the triangle using prime notation. 


Ge y > (+ 4,y +0) 8. (x, y) > (х + 9, y — 2) 
8. (55, y) 1x —2,v —5) 10. (x, y) > (x-— 1,y +3) 
: EXAMPLE2 | WRITING A RULE AA'B'C' is the image of AABC after a translation. Write a 
: on p. 573 rule for the translation. Then verify that the translation is an isometry. 
: for Exs. 11-14 
ЧУ ТТ Р ШШ еар 


||| fe] N iT 
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CIAN IN | 
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IAN | e | 
| FAT | | | fe} + pj 


13. ERROR ANALYSIS Describe and correct 
the error in graphing the translation of (х, у) > (х — 1, y — 2) 
quadrilateral EFGH. 


14. ж MULTIPLE CHOICE Translate Q(0, —8) using (x, у) > (x — 3, y + 2). 
СА) Q (2, 5) О' (3, —10) СС) QUES, —6) (D) Q'(2, —11) 


: EXAMPLE 3 IDENTIFYING VECTORS Name the vector and write its component form. 


: : on p. 574 


: for Exs. 15-23 ° ° | 
IIA 
РУЫ пани ||| | 


[Il [Pm PP pp] 
||| fe | у | tt 
ERENENEEEN BER EERE ИШ 
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3 ió cede PR 
: for Exs. 24-27 


VECTORS Use the point P(—3, 6). Find the component form of the vector 
that describes the translation to Р’. 


18. Р'(0, 1) 19. P'(—4, 8) 20. P'(—2, 0) 21. P'(—3, —5) 


TRANSLATIONS Think of each translation as a vector. Describe the vertical 
component of the vector. Explain. 


TRANSLATING A TRIANGLE The vertices of ^ DEF are D(2, 5), E(6, 3), and 
F(4, 0). Translate A DEF using the given vector. Graph ^ DEF and its image. 


24. (6, 0) 25. (5, —1) 26. (-3, —7) 27. (-2, —4) 


Є) ALGEBRA Find the value of each variable in the translation. 


30. E) ALGEBRA Translation A maps (x, y) to (x + n, y + m). Translation B 
maps (x, y) to (x + s, y + t). 


a. Translate a point using Translation A, then Translation B. Write a 
rule for the final image of the point. 


b. Translate a point using Translation B, then Translation A. Write a 
rule for the final image of the point. 


c. Compare the rules you wrote in parts (a) and (b). Does it matter which 
translation you do first? Explain. 


31. MULTI-STEP PROBLEM The vertices of a rectangle are Q(2, —3), R(2, 4), 
S(5, 4), and Т(5, —3). 


a. Translate QRST 3 units left and 2 units down. Find the areas of QRST 
and Q'R'S'T'. 

b. Compare the areas. Make a conjecture about the areas of a preimage 
and its image after a translation. 


32. CHALLENGE The vertices of A ABC are A(2, 2), B(4, 2), and C(3, 4). 


a. Graph the image of AABC after the transformation (x, y) > (x + y, y). 
Is the transformation an isometry? Explain. Are the areas of AABC 
and A A'B'C' the same? 


b. Graph a new triangle, ^ DEF, and its image after the transformation 
given in part (a). Are the areas of A DEF and A D'E'F' the same? 


9.1 Translate Figures and Use Vectors 
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: EXAMPLE 2 


: : on p. 573 
: for Exs. 33-34 


: EXAMPLE 5 


: : on p. 575 
: for Exs. 35-37 
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. PROBLEM SOLVING 


HOME DESIGN Designers can use computers to make patterns y 
in fabrics or floors. On the computer, a copy of the design in 
Rectangle A is used to cover an entire floor. The translation 
(x, y) ^ (x + 3, y) maps Rectangle A to Rectangle B. 


33. Use coordinate notation to describe the translations 
mE р Rectangle Ato cdi C, D, E, and F. 


SNOWSHOEING You are snowshoeing in the mountains. эт en MEG 
The distances in the diagram are in miles. Write the wE e * “м 
component form of the vector. $ 1 
(85) From the cabin to the ski lodge | aoe Mn 


36. From the ski lodge to the hotel 
37. From the hotel back to your cabin 


HANG GLIDING A hang glider travels from point A to point D. At point B, the 
hang glider changes direction, as shown in the diagram. The distances in 
the diagram are in kilometers. 


A 5) 


‘cus, A) | 


© B17, 1) 


38. Write the component form for AB and BC. 


39. Write the component form of the vector that describes the path from the 
hang glider’s current position C to its intended destination D. 


40. What is the total distance the hang glider travels? 


41. Suppose the hang glider went straight from A to D. Write the component 
form of the vector that describes this path. What is this distance? 


42. MW EXTENDED RESPONSE Use the equation 2x + у = 4. 


a. Graph the line and its image after the translation (—5, 4). What is an 
equation of the image of the line? 


b. Compare the line and its image. What are the slopes? the y-intercepts? 
the x-intercepts? 


c. Write an equation of the image of 2x + y = 4 after the translation 
(2, —6) without using a graph. Explain your reasoning. 


СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 


on р. WS1 TEST PRACTICE 


43. SCIENCE You аге studying an amoeba through a microscope. Suppose the 
amoeba moves on a grid-indexed microscope slide in a straight line from 
square ВЗ to square G7. 


a. Describe the translation. 
b. Each grid square is 2 millimeters ona 
side. How far does the amoeba travel? 


c. Suppose the amoeba moves from B3 
to G7 in 24.5 seconds. What is its 
speed in millimeters per second? 


оо N хл UN — 


44. MULTI-STEP PROBLEM You can write the equation of a parabola in the 
form y = (x — hy? + k, where (h, k) is the vertex of the parabola. In the 
graph, an equation of Parabola 1 is y = (x — 1)* + 3, with vertex (1, 3). 
Parabola 2 is the image of Parabola 1 after a translation. 


a. Write а rule for the translation. 


b. Write an equation of Parabola 2. 


с. Suppose you translate Parabola 1 using the ENANA 
vector (-4, 8). Write an equation of the image. IR "uei Ady TE 

d. An equation of Parabola 3 is y = (x + 5)? — 3. LI _Рагаһо!а1 | AJA | 
Write a rule for the translation of Parabola 1 to x Р 
Parabola 3. Explain your reasoning. +1 [||| | [+ 


45. TECHNOLOGY The standard form of an exponential equation is у = a”, 
where a » 0 and a # 1. Use the equation y = 2”. 


a. Use a graphing calculator to graph y = 2* and y = 2* — 4. Describe 
the translation from y — 2* to y — 2* — 4. 


b. Use a graphing calculator to graph y = 2* and y = 2*7 *. Describe the 
translation from y = 2* to y = 2* 


46. CHALLENGE Use properties of congruent triangles to prove part of 
Theorem 9.1, that a translation preserves angle measure. 


" MIXED REVIEW EE — |  ) 


: PREVIEW Find the sum, difference, product, or quotient. (p. 869) 

: Prepare for ANB. = _ жо. 

| Lesson 9.2 in 47. -16- 7 48. 6 + (-12) 49. (13)(—2) 50. 16 + (-4) 
: Exs. 47-50. 


Determine whether the two triangles are similar. If they are, write a 
similarity statement. (pp. 381, 388) 


91. Р 52. 


B 


Points A, B, C, and D are the vertices of a quadrilateral. Give the most 
specific name for ABCD. Justify your answer. (p. 552) 


53. A(2, 0), B(7, 0), C(4, 4), рү, 4) 54. A(3, 0), B(7, 2), C(3, 4), DU, 2) 
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9.2 


You performed translations using vectors. 
| Now ) You will perform translations using matrix operations. 


Key Vocabulary 
e matrix 

e element 

e dimensions 


: READ VOCABULARY 


: An element of a matrix 
: may also be called 
: an entry. 


Use Properties 
of Matrices 


So you can calculate the total cost of art supplies, as in Ex. 36. 


A matrix is a rectangular arrangement of numbers in rows and columns. (The 
plural of matrix is matrices.) Each number in a matrix is called an element. 


column 

AEN E The element in th d 

e element in the secon 

rw|-3 52 6 row and third column is 2. 
3 - mM 7 


The dimensions of a matrix are the numbers of rows and columns. The matrix 
above has three rows and four columns, so the dimensions of the matrix are 
3 X 4 (read “3 by 4”). 


You can represent a figure in the coordinate plane using a matrix with two 
rows. The first row has the x-coordinate(s) of the vertices. The second row has 
the corresponding y-coordinate(s). Each column represents a vertex, so the 
number of columns depends on the number of vertices of the figure. 


: AVOID ERRORS 


: The columns in a 

: polygon matrix follow 
: the consecutive order 
: Of the vertices of 

: the polygon. 


Represent figures using matrices 


Write a matrix to represent the point 
or polygon. 
a. Point A 


b. Quadrilateral ABCD 


Solution 
a. Point matrix for A b. Polygon matrix for ABCD 
—4 | «— — x-coordinate A BC D 
0 | 4«—— — y-coordinate —4 -] 4 3 |-«—x-coordinates 
0 2 1-1 |<—y-coordinates 


GUIDED PRACTICE for Example 1 


1. Write a matrix to represent A ABC with vertices A(3, 5), B(6, 7) and C(7, 3). 


2. How many rows and columns are in a matrix for a hexagon? 
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ADDING AND SUBTRACTING То add or subtract matrices, you add or subtract 
corresponding elements. The matrices must have the same dimensions. 


| EXAMPLE 2 | Add and subtract matrices 
5 -3| |1 2| [5*1 -3+2| |6 ~ 
а 16 -6 3 -4| |6+3 -6+(- | |9 -10 
p [6 8 5| |1 7 0|_ [6-1 8-(-7) 5-0| |515 5 
"14 9 -1 4 —2 3| |4-4 9-(-2 -1-3] |0 11 -4 


TRANSLATIONS You can use matrix addition to represent a translation in 
the coordinate plane. The image matrix for a translation is the sum of the 
translation matrix and the matrix that represents the preimage. 


| EXAMPLE 3 ] Represent a translation using matrices 


1 
The matrix | 1 represents A ABC. Find the image matrix that 


1 0 -1 

represents the translation of ^ ABC 1 unit left and 3 units up. Then graph 

A ABC and its image. 

Solution 

Saw pb -1 -1 

: AVOID ERRORS The translation matrix is 
qe ern A 4 ou 3 
: In order to add 
: two matrices, they Add this to the polygon matrix for the preimage 
: must have the same to find the image matrix. 


: dimensions, so the BE 
: translation matrix AB C А В C 


: here must have three —1 1 —1 15 3 0 4 2 
: columns like the 3 3 3 i 1 0 -1| |4 3 2 
: polygon matrix. 


Translation Polygon Image 
matrix matrix matrix 


r4 GUIDED PRACTICE for Examples 2 and 3 


In Exercises 3 and 4, add or subtract. 
] —4 2 3 
à |—3 1|+[2 —5 4. = 
[-3 z]«[2 -5] HHBEN 


1 26 7 
2—1 1 3 
translation matrix and the image matrix that represents the translation 
of JKLM 4 units right and 2 units down. Then graph JKLM and its image. 


5. The matrix | | represents quadrilateral JKLM. Write the 
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: USE NOTATION 


- Recall that the 


MULTIPLYING MATRICES The product of two matrices A and B is defined only 
when the number of columns in A is equal to the number of rows in B. If A is 
ап m X n matrix and Bis an n X p matrix, then the product AB is an 

m X p matrix. 


: dimensions of a matrix 


: are always written as 
: rows x columns. 


A ° B — AB 
(mbyn) * (nbyp = (mbyp) 
equal dimensions of AB 


You will use matrix multiplication in later lessons to represent 
transformations. 


(EXAMPLE 4 | Multiply matrices 
multiply] a 00 2 3]. 


Solution 


The matrices are both 2 X 2, so their product is defined. Use the following 
steps to find the elements of the product matrix. 


STEP 7 


STEP 2 


STEP 3 


STEP 4 


STEP 5 


Multiply the numbers in the first row of the first matrix by the 
numbers in the first column of the second matrix. Put the result in 
the first row, first column of the product matrix. 


10|| 2-3| |[1(2)+0(—1) ? 
4511-1 8| | ? ? 


Multiply the numbers in the first row of the first matrix by the 
numbers in the second column of the second matrix. Put the result 
in the first row, second column of the product matrix. 


1 0 2 -3| |1(2)+0(-D 1(-3) + 0(8) 
4 511-1 8| 2 2 


Multiply the numbers in the second row of the first matrix by the 
numbers in the first column of the second matrix. Put the result in 
the second row, first column of the product matrix. 


1 0 > —3 _ 1(2) + 0(-1) 1(—3) + 0(8) 
4 5||-1 8 4(2) + 5(-1) ? 
Multiply the numbers in the second row of the first matrix by the 


numbers in the second column of the second matrix. Put the result 
in the second row, second column of the product matrix. 


1 0 2 —-3| |1(2)+0(—1) 1-3) + 0(8) 
4 5||-1 8| |4(2)+5(-D 4(23) + 5(8) 
Simplify the product matrix. 


1(2+0D 1(-3)+0(8)} |2 -3 
4(2) + 5(-1) 4(-3)+5(8)| 13 28 
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(EXAMPLE 5 ] Solve a real-world problem 


SOFTBALL Two softball teams submit equipment lists for the season. A bat 
costs $20, a ball costs $5, and a uniform costs $40. Use matrix multiplication 
to find the total cost of equipment for each team. 


Women's Team _Mens Team_ 
15 bats 15° bats 
42 balls 45 balls 
16 uniforms 18 uniforms 
Solution 
: ANOTHER WAY First, write the equipment lists and the costs per item in matrix form. You 
: You could solve this . will use matrix multiplication, so you need to set up the matrices so that the 
: problem arithmetically, number of columns of the equipment matrix matches the number of rows of 
: multiplying the number | the cost per item matrix. 
: of bats by the price of 
; bats, and so on, then EQUIPMENT  - COST - TOTAL COST 
: adding the costs for Dollars 
: each team. Bats Balls Uniforms Dollars 
Bats | 20 
Women | 13 42 16 Balis | s| = Women | ? 
Меп | 15 45 18 - Men| ? 


Uniforms | 40 
You can find the total cost of equipment for each team by multiplying the 


equipment matrix by the cost per item matrix. The equipment matrix is 2 X 3 
and the cost per item matrix is 3 X 1, so their product is a 2 X 1 matrix. 


20 
13 42 16|| = | _ |1320) + 42(5) + 16(40) | _ | 1110 
15 45 18|| 40 ~ | 15(20) + 45(5) + 18(40) | | 1245 


» The total cost of equipment for the women's team is $1110, and the total cost 
for the men's team is $1245. 


Y GUIDED PRACTICE for Examples 4 and 5 


Use the matrices below. Is the product defined? Explain. 


Aq i B=[2 1] Be M M 


6. AB 7. BA 8. AC 


Multiply. 


abi esegi] — [3 


12. WHAT IF? In Example 5, find the total cost for each team if a bat costs $25, 
a ball costs $4, and a uniform costs $35. 
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2 EXERCISES "t narco 
9. KEY: on p. №511 for Exs. 13, 19, and 31 

| Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 17, 24, 25, and 35 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: To find the sum of two matrices, add 
corresponding ? . 


2. * WRITING How can you determine whether two matrices can be 
added? How can you determine whether two matrices can be multiplied? 


: EXAMPLE 1 USING A DIAGRAM Use the diagram to write a matrix | | | 4»| | | | | | | | 


: on p. 580 to represent the given polygon. || [el | | || | 
О 3. AEBC Ae | 
AAA 
4. AECD PT /i L^ 
5. Quadrilateral BCDE || Ae 
6. Pentagon ABCDE 


: EXAMPLE 2 MATRIX OPERATIONS Add or subtract. 


: . 7- —12 5 A —3 
: for Exs. 7-12 7. [3 5] + [9 2] 8. E 9. —5 3| + 2 —8 
] —4 0 8 
0 —4 —b 1 


-5 6 8 10 12 6 2.5 —3.3 
. [46 81]- [3.8 -2.1 E | - 
lo 1 1—1 Jou È s f | = 5 M | 7 1 


: EXAMPLE 3 TRANSLATIONS Find the image matrix that represents the translation of the 


: on p. 581 polygon. Then graph the polygon and its image. 
: for Exs. 13-17 AB C FGH J 
© —2 2  1];4units up т 258 5][;2unitsleft and 
4 1 —3 ° 23 1 —1| 3units down 
LMN P QRS 
202 3];4units right and —5 0 1]|;3 units right and 
15. к 16. : 
—1 3 3 -1| 2units up 1 4 2 | lunit down 


17. Ж MULTIPLE CHOICE The matrix that represents quadrilateral ABCD is 


389 7 
| | . Which matrix represents the image of the quadrilateral after 


> 731 
translating it 3 units right and 5 units up? 
6 11 12 10 0 5 6 4 
were ® о 061 
6 11 12 10 06 6 4 
© Е 2 —2 id o È 3 -2 4| 


584 Chapter 9 Properties of Transformations 


: EXAMPLE 4 


: : on p. 582 
: for Exs. 18-26 


MATRIX OPERATIONS Multiply. 


«ba Oral sf [ii 


2.|^4 9| > 8 m faa 1: a. [? 1 2116 
"1-6 23||-1 2 ° (£8 = 44), 


B 
24. * MULTIPLE CHOICE Which product is not defined? 
1 7|| 6 9 15 || 1 6 30 
3 20 5 5 
® |у аг || e|. e [5 s 


25. ж OPEN-ENDED MATH Write two matrices that have a defined product. 
Then find the product. 


26. ERROR ANALYSIS Describe and correct the error in the computation. 
9 -2||-6 12| |9(-6) -2(12) 
4 10 5 —6 4(3) 10(—6) 


TRANSLATIONS Use the described translation and the graph of the image to 
find the matrix that represents the preimage. 


27. 4 units right and 2 units down 28. 6 units left and 5 units up 


MEE INZSNN NE 
LN LAT Z| = 
И 
ERNEETESNESRK 


29. MATRIX EQUATION Use the description of a translation of a triangle to 
find the value of each variable. Explain your reasoning. What are the 
coordinates of the vertices of the image triangle? 


12 12 w| 9 a b| |m 20 -8 
-7 v -7 6 -2 € п —9 13 
30. CHALLENGE A point in space has three coordinates 
(x, y, z), as shown at the right. From the origin, a point 


can be forward or back on the x-axis, left or right on the 
y-axis, and up or down on the z-axis. 


a. You translate a point three units forward, four units 
right, and five units up. Write a translation matrix for 
the point. 


b. You translate a figure that has five vertices. Write a 
translation matrix to move the figure five units back, 
ten units left, and six units down. 


9.2 Use Properties of Matrices 
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COMPUTERS Two computer labs submit 
equipment lists. A mouse costs $10, a 
package of CDs costs $32, and a keyboard 
costs $15. Use matrix multiplication to find 
the total cost of equipment for each lab. 


20 CDs 
12 Keyboards 


@Homelutor | for problem solving help at classzone.com 


32. SWIMMING Two swim teams submit equipment lists. The women's 
team needs 30 caps and 26 goggles. The men’s team needs 15 caps 
and 25 goggles. A cap costs $10 and goggles cost $15. 


a. Use matrix addition to find the total number of caps 
and the total number of goggles for each team. 


b. Use matrix multiplication to find the total 
equipment cost for each team. 


с. Find the total cost for both teams. 


SENET 


@Homelutor . for problem solving help at classzone.com 


MATRIX PROPERTIES In Exercises 33-35, use matrices A, В, and С. 


loa) ШЕН ШЕН 


33. MULTI-STEP PROBLEM Use the 2 X 2 matrices above to explore the 
Commutative Property of Multiplication. 


a. What does it mean that multiplication is commutative? 
b. Find and compare AB and BA. 


с. Based on part (b), make a conjecture about whether matrix 
multiplication is commutative. 


34. MULTI-STEP PROBLEM Use the 2 X 2 matrices above to explore the 
Associative Property of Multiplication. 


a. What does it mean that multiplication is associative? 
b. Find and compare A(BC) and (AB)C. 


с. Based on part (b), make a conjecture about whether matrix 
multiplication is associative. 


35. Ж SHORT RESPONSE Find and compare A(B + С) and AB + AC. Make a 
conjecture about matrices and the Distributive Property. 


36. ART Two art classes are buying supplies. 
A brush is $4 and a paint set is $10. Each 
class has only $225 to spend. Use matrix 
multiplication to find the maximum 
number of brushes Class A can buy and the 
maximum number of paint sets Class B can 
buy. Explain. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
on p. WS1 TEST PRACTICE 


37. CHALLENGE The total United States production of corn was 8,967 million 
bushels in 2002, and 10,114 million bushels in 2003. The table shows the 
percents of the total grown by four states. 


a. Use matrix multiplication to find the number of 2002 2003 

bushels (in millions) harvested in each state 

each year. lowa 21.5% 18.6% 
b. How many bushels (in millions) were harvested Illinois 16.4% | 17.9% 

in these two years in lowa? 

| | 105% пли 

c. The price for a bushel of corn in Nebraska was 

$2.32 in 2002, and $2.45 in 2003. Use matrix Minnesota | 11.7% 


multiplication to find the total value of corn 
harvested in Nebraska in these two years. 


- MIXED REVIEW 


: PREVIEW Copy the figure and draw its image after the reflection. (p. 272) 
| Prepare tot 38. Reflect the figure in the x-axis. 

: Lesson 9.3 in 

: Exs. 38—39. 39. Reflect the figure in the y-axis. 


Find the value of x to the nearest tenth. (p. 466) 


40. 31 4l. 42. X 
а m 


13 10 
E 


X 


X 


The diagonals of rhombus WXYZ intersect at V. Given that 
mZXYW = 62°, find the indicated measure. (p. 533) 


43. MZZYW=_2 44. mzWXY- ? 45. mZXVY=_2_ 7 A 62° 


QUIZ for Lessons 9.1-9.2 


1. In the diagram shown, name the vector and write its 
component form. (p. 572) 
Use the translation (x, y) > (x + 3, y — 2). (p. 572) 
2. What is the image of (—1, 5)? 
3. What is the image of (6, 3)? 
4. What is the preimage of (-4, —1)? 


Add, subtract, or multiply. (p. 580) 
s 15 3|,|79 6 e| 9 11| 45 [7-792] 2 5 
` |8 -2 4 —7 | 3 12 -7 8 ` |8 338 y 5 
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T Y. (fce before LU 9.3 


9.3 Reflections in the Plane 


MATERIALS : graph paper * straightedge 


What is the relationship between the line of reflection and 
the segment connecting a point and its image? 


Graph a reflection of a triangle 


| je} [me 
_|в 11 || | Paja | 
PT NTA @ AMAT] 
SRW 
a AAA 


a 
391-052 
ЕАР 
HH 


Draw a triangle Graph A(-3, 2), Graph a reflection Reflect Draw segments Draw ET m 

B(—4, 5), and C(-2, 6). Connect  AABCin the y-axis. Label and CC'. Label the points where 

the points to form A ABC. points A', B', and C' these segments intersect the 
appropriately. y-axis as F, G, and H, respectively. 


NIN ШААНГҮЛ Use your observations to complete these exercises 


1. Find the lengths of CH and HC’, BG and GB’, and AF and FA”. 
Compare the lengths of each pair of segments. 


2. Find the measures of Z CHG, / ВСЕ, and Z AFG. Compare the 
angle measures. 


3. Howis the y-axis related to AA’, BB’, and CC’? 

| 4. Use the graph at the right. 

a. K'L' is the reflection of KL in the x-axis. Copy the 
| diagram and draw K'I/'. 


b. Draw KK’ and LL’. Label the points where the 
segments intersect the x-axis as J and M. 


c. How is the x-axis related to KK’ and LL’? 


| 
| 5. How is the line of reflection related to the segment 
| connecting a point and its image? 
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О 3 Perform Reflections 
e 


You reflected a figure in the x- or y-axis. 


Г Now ) You will reflect a figure in any given line. 


So you can identify reflections, as in Exs. 31-33. 


Key Vocabulary In Lesson 4.8, you learned that a reflection is a transformation that uses a 
e line of reflection line like a mirror to reflect an image. The mirror line is called the line of 
e reflection, р. 272 reflection. 


A reflection in a line m maps every point P 
in the plane to a point P’, so that for each 
point one of the following properties is true: 


e If Pis not on 7n, then m is the 
perpendicular bisector of PP', or 


e If Pis on m, then P = P'. 


Graph reflections in horizontal and vertical lines 


P' 


m 


Point P not on m Point P on m 


The vertices of A ABC are A(1, 3), B(5, 2), and C(2, 1). Graph the reflection 


of A ABC described. 

a. In the linen: x = 3 b. 
Solution 

a. Point A is 2 units left of n, so its b. 


reflection A’ is 2 units right of 
n at (5, 3). Also, B’ is 2 units left 
of n at (1, 2), and C’ is 1 unit 
right of п at (4, 1). 


GUIDED PRACTICE | for Example 1 


Graph a reflection of AABC from Example 
1. y=4 2. x= —3 


In the line m: y = 1 


Point A is 2 units above m, so 
A’ is 2 units below mat (1, —1). 
Also, B' is 1 unit below m at 
(5, 0). Because point Cis on 
line m, you know that C = C’. 


SERRE REE 
| jar} | tT | tt 
AA 


ADAM 
= 
МШШ Л а ЖШШЕ 
ia 


1 in the given line. 


3. у=2 
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Graph a reflection in y = x 


The endpoints of FG are F(—1, 2) and G(1, 2). Reflect the segment in the line 
y = x. Graph the segment and its image. 


Solution 
: REVIEW SLOPE The slope of y = x is 1. The segment from F to its 
: The product of the image, FF’, is perpendicular to the line of reflection 


: Slopes of perpendicular | у = x, so the slope of FF’ will be —1 (because 
: lines is —1. 1(—1) = —1). From F, move 1.5 units right and 
1.5 units down to y = x. From that point, move 
1.5 units right and 1.5 units down to locate F’ (2, —1). 


The slope of GG’ will also be —1. From G, move 
0.5 units right and 0.5 units down to y = x. Then move 
0.5 units right and 0.5 units down to locate G'(2, 1). 


COORDINATE RULES You can use coordinate rules to find the images of points 
reflected in four special lines. 


KEY CONCEPT For Your Notebook 


Coordinate Rules for Reflections 

e If (a, b) is reflected in the x-axis, its image is the point (a, —b). 

e If (a, b) is reflected in the y-axis, its image is the point (—a, b). 

e If (a, b) is reflected in the line y = x, its image is the point (b, a). 


e If (a, b) is reflected in the line у = —x, its image is the point (—b, —a). 


(EXAMPLE 3 ] Graph a reflection in y = —x 


Reflect FG from Example 2 in the line y = —x. Graph FG and its image. 


Solution 
Use the coordinate rule for reflecting in y = —x. 
(a, b) — (—b, —a) 
F—L 2) => F'1—2, 1) 
G(1, 2) ^ G'(-2, -1) 


(Аштаеа Geometry at classzone.com 
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Y GUIDED PRACTICE | for Examples 2 and 3 


4. Graph A ABC with vertices А(1, 3), B(4, 4), and C(3, 1). Reflect AABC in 
the lines y = —x and y = x. Graph each image. 


5. In Example 3, verify that FF' is perpendicular to y = —x. 
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REFLECTION THEOREM You saw in Lesson 9.1 that the image of a translation 
is congruent to the original figure. The same is true for a reflection. 


THEOREM For Your Notebook 
THEOREM 9.2 Reflection Theorem m 
A reflection is an isometry. ^N B / Е 
А C | C А' 
Proof: Exs. 35-38, р. 595 A ABC = AA'B'C 
: WRITE PROOFS PROVING THE THEOREM To prove the Reflection Theorem, you need to show 
: Some theorems, such that a reflection preserves the length of a segment. Consider a segment PQ 
: as the Reflection that is reflected in a line m to produce P'Q'. There are four cases to prove: 
: Theorem, have more 
: than one case. To P' P 
: prove this type of 
: theorem, each case P 0 Р Q' 
: must be proven. 
Q m ü m 


Casel PandQ Case2 PandQ Case3 Plieson Саѕе4 Q lies on 


are on the same ате on opposite т, and PQ is not m, апа PQ 1 m. 
side of m. sides of т. l tom. 


Find a minimum distance 


PARKING You are going to buy books. Your friend is going to buy CDs. 
Where should you park to minimize the distance you both will walk? 


ARTS AND CRAFTS 


Solution 


Reflect B in line m to obtain B’. Then draw 
АВ'. Label the intersection of AB’ and m as С. 
Because AB' is the shortest distance between 
A and B' and BC = B'C, park at point Cto 
minimize the combined distance, AC + BC, 
you both have to walk. 


GUIDED PRACTICE for Example 4 


6. Look back at Example 4. Answer the question by using a reflection of 
point A instead of point B. 
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REFLECTION MATRIX You can find the image of a polygon reflected in the 


x-axis or y-axis using matrix multiplication. Write the reflection matrix to the 
left of the polygon matrix, then multiply. 


Notice that because matrix multiplication is not commutative, the order of 


the matrices in your product is important. The reflection matrix must be first 
followed by the polygon matrix. 


KEY CONCEPT For Your Notebook 
Reflection Matrices 


= 
E 
< 
ə 
o 
y 


Reflection in the x-axis Reflection in the y-axis 


Ё Ы Е < Е 1 / N 


| EXAMPLE 5 ] Use matrix multiplication to reflect a polygon 


The vertices of A DEF are D(1, 2), E(3, 3), and F(4, 0). Find the reflection of 
ADEF in the y-axis using matrix multiplication. Graph А DEF and its image. 


Solution 


STEP 7 Multiply the polygon matrix by the matrix for a reflection in 
the y-axis. 


DE F 
—1 O}} 1 3 4| | -10)+0(2) —1(3) + 0(3) —1(4) + 0(0) 
01[[23 0| | O@)+1(2)  0(3-1(3 0(4 +100) 
Reflection Polygon 


matrix matrix 
D E Е 


[A -3 -4 
212 3 0 


STEP2 Graph ADEF and Лр'ЕЕ. 


Image 
matrix 


—— 


GUIDED PRACTICE for Example 5 


The vertices of ALMN are L(—3, 3), M(, 2), and N(—2, 1). Find the described 
reflection using matrix multiplication. 


7. Reflect ALMN in the x-axis. 8. Reflect ALMN in the y-axis. 
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9.3 EXERCISES —— "t О-о 
e KEY: on p. WS11 for Exs. 5, 13, and 33 

: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 12, 25, and 40 


SKILL PRACTICE 


1. VOCABULARY Whatis a line of reflection? 


2. ж WRITING Explain how to find the distance from a point to its image if 
you know the distance from the point to the line of reflection. 


REFLECTIONS Graph the reflection of the polygon in the given line. 


; EXAMPLE 1 | 3. x-axis 4. y-axis 
: on p. 589 
: for Exs. 3-8 H- 
А| 7 
LT 1 1 
шшш 
Lim || 
et tt tT el | 
NEETENERNBERE: 
6. 
LULA LLL 
[prt tt tl 
| IAL | TT Tt 
: EXAMPLES 9. 
2 and 3 
: on p. 590 
: for Exs. 9-12 1 ATA ЕШ ШИ 


MES 


la 
Шш 
LI. 
pti Yi IN | te иш 
ы 
Шр) 
LE 


12. Ж MULTIPLE CHOICE What is the line of reflection for 


А ABC and its image? 
(А) у = 0 (the x-axis) y=-x 
(© x= 1 D y=x 


: EXAMPLE 5 USING MATRIX MULTIPLICATION Use matrix multiplication to find the 


: On p. 592 image. Graph the polygon and its image. 
: for Exs. 13-17 


A BC Р О R S 
—2 3 4 |. 2 b 5 2|, | 
(3) Reflect | 5 3 6 l in the x-axis. 14. Reflect E -3 -8 —5 | in the y-axis. 


9.3 Perform Reflections 593 


FINDING IMAGE MATRICES Write a matrix for the polygon. Then find the 
image matrix that represents the polygon after a reflection in the given line. 


15. y-axis 16. x-axis 17. y-axis 


18. ERROR ANALYSIS Describe and correct the error in finding the image 
matrix of APQR reflected in the y-axis. 


1 O|| -5 4 -2 = -5 4 -2 
O -1 46 -1 —4 -8 —1 
MINIMUM DISTANCE Find point C on the x-axis so AC + BCis a minimum. 
19. A(1, 4), B(6, 1) 20. A(4, —3), B(12, —5) 21. A(-8, 4), В(—1, 3) 


TWO REFLECTIONS The vertices of ^ ЕСН are F(3, 2), G(1, 5), and Н(—1, 2). 
Reflect ^ ЕСН in the first line. Then reflect ^ F'G'H' in the second line. 
Graph AF'G'H' and AF"G"P". 


22. Iny = 2,theniny--1 23.Iny--Ltheninx-2 24. Iny= x, thenin x = -3 


25. Ж SHORT RESPONSE Use your graphs from Exercises 22-24. What do you 
notice about the order of vertices in the preimages and images? 


26. CONSTRUCTION Use these steps to construct a reflection m 
of AABC in line m using a straightedge and a compass. 


STEP? Draw AABC and line m. 


STEP2 Use one compass setting to find two points that are 
equidistant from A on line m. Use the same compass 
setting to find a point on the other side of m that is the 
same distance from line m. Label that point A’. B 


STEP 3 Repeat Step 2 to find points В’ and C'. Draw AA'B'C'. 


27. Є ALGEBRA The line y = 3x + 2 is reflected in the line y = —1. What is 
the equation of the image? 


28. ЄТ) ALGEBRA Reflect the graph of the quadratic equation y = 2х2 — 5 
in the x-axis. What is the equation of the image? 


29. REFLECTING A TRIANGLE Reflect AMNQ in the line y = —2x. Panty к by] | 
30. CHALLENGE Point B'(1, 4) is the image of B(3, 2) after a инини: NE 
reflection in line с. Write an equation of line с. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
594 on p. WS1 TEST PRACTICE 


: for Ех. 34 


PROBLEM SOLVING 


REFLECTIONS Identify the case of the Reflection Theorem represented. 


31. 


34. 


35. 


ZNA 


= 


DELIVERING PIZZA You park at some point K on 
line n. You deliver a pizza to house H, go back to 
your car, and deliver a pizza to house J. Assuming 
that you can cut across both lawns, how can you 
determine the parking location K that minimizes 
the total walking distance? 


_@Homelutor _ for problem solving help at classzone.com 


PROVING THEOREM 9.2 Prove Case 1 of the Reflection Theorem. 
Case 1 The segment does not intersect the line of reflection. 
GIVEN P А reflection in m maps P to P' and О to Q’. 

PROVE > PQ = P'Q' 

Plan for Proof 

a. Draw PP’, QQ’, RQ, and RQ’. Prove that ARSQ = ARSQ'. 


b. Use the properties of congruent triangles and perpendicular 
bisectors to prove that PQ = P'Q'. 


_@Homelutor . for problem solving help at classzone.com 


PROVING THEOREM 9.2 In Exercises 36-38, write a proof for the given case 
of the Reflection Theorem. (Refer to the diagrams on page 591.) 


36. 


37. 


38. 


Case 2 The segment intersects the line of reflection. 
GIVEN > A reflection in m maps P to P' and О to Q’. 
Also, PQ intersects m at point R. 
PROVE » PQ = P'Q' 
Case 3 One endpoint is on the line of reflection, and the segment is not 
perpendicular to the line of reflection. 
GIVEN P A reflection in m maps P to P' and О to О". 
Also, P lies on line m, and PQ is not perpendicular to m. 
PROVE > PQ = P'Q' 


Case 4 One endpoint is on the line of reflection, and the segment is 
perpendicular to the line of reflection. 


GIVEN P A reflection іп m maps P to P' and О to Q’. 
Also, Q lies on line m, and PQ is perpendicular to line m. 


PROVE > PQ = P'Q' 
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39. REFLECTING POINTS Use C(I, 3). 
a. Point A has coordinates (-1, 1). Find point B on AC so AC = СВ. 
b. The endpoints of FG are F (2, 0) and G(3, 2). Find point H on ЕС so 
FC = CH. Find point J on GC so GC = С). 
с. Explain why parts (a) and (b) can be called reflection in a point. 
PHYSICS The Law of Reflection states that the angle of 


incidence is congruent to the angle of reflection. Use angle of angle of 
this information in Exercises 40 and 41. incidence reflection 


40. * SHORT RESPONSE Suppose a billiard table has a coordinate grid on it. 
If a ball starts at the point (0, 1) and rolls at a 45° angle, it will eventually 
return to its starting point. Would this happen if the ball started from 
other points on the y-axis between (0, 0) and (0, 4)? Explain. 


41. CHALLENGE Use the diagram to prove that you can 
see your full self in a mirror that is only half of your 
height. Assume that you and the mirror are both 
perpendicular to the floor. 


a. Think of a light ray starting at your foot and 
reflected in a mirror. Where does it have to hit the 
mirror in order to reflect to your eye? 


b. Think of a light ray starting at the top of your 
head and reflected in a mirror. Where does it have 
to hit the mirror in order to reflect to your eye? 


c. Show that the distance between the points you 
found in parts (a) and (b) is half your height. 


_MIXED REVIEW 
: PREVIEW Tell whether the lines through the given points are parallel, perpendicular, 
: Prepare for or neither. Justify your answer. (p. 171) 
a | 42. Line 1: (3, 7) and (9,7) 43. Line 1: (—4, —1) and (-8, -4) 
oo | Line 2: (-2, 8) and (-2, 1) Line 2: (1, —3) and (5, 0) 


Quadrilateral EFGH is a kite. Find mZ С. (p. 542) 


44. Е 45. F 
Н <105° 50°>Р E< 55° б 
100° 
G H 
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MIXED REVIEW o of Problem Solving P» STATE TEST PRACTICE 


Lessons 9.1-9.3 


1. MULTI-STEP PROBLEM AR'S'T' is the image 
of ARST after a translation. 


a. Write a rule for the translation. 


b. Verify that the transformation is 
an isometry. 


c. Suppose AR'S'T is translated using the 
rule (x, y) ^ (x + 4, y — 2). What are the 
coordinates of the vertices of AR’’S'’T’’2 


2. SHORT RESPONSE During a marching band 
routine, a band member moves directly from 
point A to point B. Write the component form 


of the vector AB. Explain your answer. 


3. SHORT RESPONSE Trace the picture 
below. Reflect the image in line т. How 
is the distance from X to line m related to 
the distance from X' to line m? Write the 
property that makes this true. 


4. SHORT RESPONSE The endpoints of AB are 
A(2, 4) and B(4, 0). The endpoints of CD are 
C(3, 3) and D(7, —1). Is the transformation 
from AB to CD an isometry? Explain. 


5. GRIDDED ANSWER The vertices of AFGH 
are F(—4, 3), G(3, —1), and Н(1, —2). 
The coordinates of F' are (—1, 4) after a 
translation. What is the x-coordinate of G'? 


6. OPEN-ENDED Draw a triangle in a coordinate 


plane. Reflect the triangle in an axis. Write 
the reflection matrix that would yield the 
same result. 


7. EXTENDED RESPONSE Two cross-country 


teams submit equipment lists for a season. 
A pair of running shoes costs $60, a pair of 
shorts costs $18, and a shirt costs $15. 


Women's Team. Men's Team 

14 pairs of shoes 10 pairs of shoes 
O pairs of shorts 13 pairs of shorts 

16 shirts 13 shirts 


a. Use matrix multiplication to find the total 
cost of equipment for each team. 


b. How much money will the teams need to 
raise ifthe school gives each team $200? 


c. Repeat parts (a) and (b) if a pair of shoes 
costs $65 and a shirt costs $10. Does the 
change in prices change which team 
needs to raise more money? Explain. 


8. MULTI-STEP PROBLEM Use the polygon as 


the preimage. 


a. Reflect the preimage in the y-axis. 
b. Reflect the preimage in the x-axis. 


c. Compare the order of vertices in the 
preimage with the order in each image. 
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Mixed Review of Problem Solving 


4 


Key Vocabulary 

• center of rotation 
* angle of rotation 
* rotation, p. 272 


: DIRECTION OF 
: ROTATION 


clockwise 


> counterclockwise 


Perform Rotations 


You rotated figures about the origin. 
You will rotate figures about a point. 


So you can classify transformations, as in Exs. 3-5. 


Recall from Lesson 4.8 that a rotation is a transformation in which a figure is 
turned about a fixed point called the center of rotation. Rays drawn from the 
center of rotation to a point and its image form the angle of rotation. 


A rotation about a point P through an angle of x° maps every point Q in the 
plane to a point Q' so that one of the following properties is true: 
e If Qis not the center of rotation Р, Р! В 
then QP = Q'P and mZ QPQ' = x°, or 


e If Qis the center of rotation Р, 
then the image of Q is Q. 


Angle of 
rotation 


{ Lente of 
rotation 


A 40° counterclockwise rotation is shown at the right. a 
Rotations can be clockwise or counterclockwise. In this 
chapter, all rotations are counterclockwise. 


Draw a rotation 


Draw a 120° rotation of AABC about Р. A 


Solution P 
STEP T Drawasegmentfrom Ato P. STEP2 Draw a ray to form a 120° 
angle with PA. 
A 
As B 
Р 
STEP 3 Draw А’ so that PA’ = PA. STEP 4 Repeat Steps 1-3 for each 
vertex. Draw AA'B'C”. 
A 
me B 
P 
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: USE ROTATIONS 


: You can rotate a 

: figure more than 360°. 
: However, the effect is 
: the same as rotating 

: the figure by the angle 
: minus 360°. 


: ANOTHER WAY 


: For an alternative 

: method for solving the 
: problem in Example 2, 
: turn to page 606 for 

: the Problem Solving 

: Workshop. 


ROTATIONS ABOUT THE ORIGIN You can rotate 

a figure more than 180°. The diagram shows 
rotations of point A 130°, 220°, and 310° about the 
origin. A rotation of 360° returns a figure to its 
original coordinates. 


A' 


There are coordinate rules that can be used to 
find the coordinates of a point after rotations of 
90°, 180°, or 270° about the origin. 


KEY CONCEPT 


Coordinate Rules for Rotations about the Origin 


When a point (a, b) is rotated counterclockwise 
about the origin, the following are true: (b, а) 
|: 1. Forarotation of 90°, (a, b) — (—b, a). 

: 2. Fora rotation of 180°, (a, b) ^ (—a, —b). 


> 3. For a rotation of 270°, (a, b) — (b, —a). 


(EXAMPLE 2 ] Rotate a figure using the coordinate rules 


Graph quadrilateral RSTU with vertices R(3, 1), S(5, 1), T(5, —3), and 
U(2, —1). Then rotate the quadrilateral 270° about the origin. 


Solution 


Graph RSTU. Use the coordinate rule for a 270* rotation to find the images 
of the vertices. 
(a, b) ^ (b, —a) 
R(3, 1) ^ R'(1, —3) 
S(5, 1) ~ S'(1, —5) 
T(5, —3) > T'(-3, —5) 
U(2, —1) ^ U'(—1, —2) 
Graph the image R'S'T'U'. 


/ 
A dl | | tt 
~ 7 Hr 
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r4 GUIDED PRACTICE for Examples 1 and 2 


1. Trace ADEF and P. Then draw a 50? rotation of E 
ADEF about P. 


2. Graph AJKL with vertices /(3, 0), K(4, 3), and 


© 
L(6, 0). Rotate the triangle 90° about the origin. 2 F P 


9.4 Perform Rotations 
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ТНЕОВЕМ For Your Notebook 


THEOREM 9.3 Rotation Theorem B с 
А , 
A rotation is an isometry. КШМ, 
C B' 


Proof: Exs. 33-35, p. 604 ЛАВС = AA'B'C 


To 


Ba 


CASES OF THEOREM 9.3 To prove the Rotation Theorem, you need to show 
that a rotation preserves the length of a segment. Consider a segment QR 
rotated about point P to produce Q'R'. There are three cases to prove: 


Case 1 R, О, and P Case 2 Р, О, and P Case3 Pand Rare the 
are noncollinear. are collinear. same point. 


| Standardized Test Practice 


The quadrilateral is rotated about P. 


What is the value of y? 

Go 2 2 

© 3 Ф) 10 
Solution 


By Theorem 9.3, the rotation is an isometry, so corresponding side lengths are 
equal. Then 2x = 6, so x = 3. Now set up an equation to solve for y. 


5y = 3x + 1 Corresponding lengths in an isometry are equal. 
5y = 3(3) + 1 Substitute 3 for x. 
y=2 Solve for y. 
> The correct answer is В. (2) © D 


GUIDED PRACTICE | for Example 4 


6. Find the value of r in the rotation of the triangle. 
(А) 3 5 
© 6 © 15 
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9.4 EXERCISES HOMEWORK! С) = wonksp-oU SOLUTION 
т КЕҮ: on p. WS11 for Exs. 13, 15, and 29 


Ж - STANDARDIZED TEST PRACTICE 
Exs. 2, 20, 21, 24, and 37 


SKILL PRACTICE 


: a rara E РИЙ 
: for Exs. 3—11 


: EXAMPLE 2 


: ix EI 
: for Exs. 12-14 


1. VOCABULARY Whatis a center of rotation? 


2. ж WRITING Compare the coordinate rules and the rotation matrices for 
a rotation of 90°. 


IDENTIFYING TRANSFORMATIONS Identify the type of transformation, 
translation, reflection, от rotation, in the photo. Explain your reasoning. 


(¿Animatea Geometry at classzone.com 
ROTATING A FIGURE Trace the polygon and point P on paper. Then draw a 


rotation of the polygon the given number of degrees about P. 
9. 30° 10. 150° 11. 130° 


B G R 
p C d Q S 
A P 
°P J T 
USING COORDINATE RULES Rotate the figure the given number of degrees 
about the origin. List the coordinates of the vertices of the image. 


12. 90° 14. 270° 
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: ЕХАМРГЕ 3 


: on p. 600 
: for Exs. 15-19 


: EXAMPLE 4 


: : on p. 601 
: for Exs. 20-21 


USING MATRICES Find the image matrix that represents the rotation of the 
polygon about the origin. Then graph the polygon and its image. 


ABC J K L P Q R S 
© 15 4). og 16. |! ^. 0 |. уво |? ^ 2 4]. озо 
4 6 3 "|1 -1 -3 1-4 —2 -5 -7 


ERROR ANALYSIS The endpoints of АВ are А(—1, 1) and B(2, 3). Describe 
and correct the error in setting up the matrix multiplication for a 270° 
rotation about the origin. 


18. NM 19. TE 
270? rotation of AB 270? rotation of AP 


AD EHPA EBEEPA 


20. Ж MULTIPLE CHOICE What is the value of y in the rotation of 
the triangle about P? 


QD 4 (В) 5 © E D 10 


21. Ж MULTIPLE CHOICE Suppose quadrilateral QRST is rotated 
180° about the origin. In which quadrant is Q'? 


СА) 1 II O III D IV 


22. FINDING A PATTERN The vertices of AABC are A(2, 0), 
B(3, 4), and C(5, 2). Make a table to show the vertices of 
each image after a 90°, 180°, 270°, 360°, 450°, 540°, 630°, SEP 
and 720° rotation. What would be the coordinates of A’ ||| |+ [1 
after a rotation of 1890°? Explain. 


23. CONSTRUCTION Use these steps to construct a rotation of AABC 
by angle D around a point O using a straightedge and a compass. 


STEP Y Draw AABC, ZD, and O, the center of rotation. 


STEP 2 Draw OA. Use the construction for copying an angle 
(page 34) to copy ZD at O, as shown. Then use 
distance OA and center O to find A’. 


STEP 3 Repeat Step 2 to find points В’ and C’. Draw AA’B’C’. 


24. Ж SHORT RESPONSE Rotate the triangle in Exercise 12 90° about the 
origin. Show that corresponding sides of the preimage and image are 
perpendicular. Explain. 


25. VISUAL REASONING А point in space has three coordinates (x, y, z). What 
is the image of point (3, 2, 0) rotated 180? about the origin in the 
xz-plane? (See Exercise 30, page 585.) 


CHALLENGE Rotate the line the given number of degrees (a) about the 
x-intercept and (b) about the y-intercept. Write the equation of each image. 


26. y = 2x — 3; 90? 27. у= —x + 8; 180° 28. y — 5x + 5; 270° 


9.4 Perform Rotations 603 
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PROBLEM SOLVING 


ANGLE OF ROTATION Use the photo to find the angle of rotation that maps 


A onto A’. Explain your reasoning. 


30. 


utor . for problem solving help at classzone.com 


32. REVOLVING DOOR You enter a revolving door and 
rotate the door 180*. What does this mean in the 
context of the situation? Now, suppose you enter a 
revolving door and rotate the door 360*. What does 
this mean in the context of the situation? Explain. 
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33. PROVING THEOREM 9.3 Copy and complete the proof of Case 1. 
Case 1 The segment is noncollinear with the center of rotation. 


GIVEN P A rotation about P maps О to Q' and R to R’. 
PROVE b» QR = Q'R' 


STATEMENTS REASONS © 
1. PQ = PQ’, PR = PR’, 1. Definition of. ? 
mZ QPQ' = mZRPR' 
2. MZ QPQ' = MZ QPR' + mZR'PQ' 2._?2_ 
m RPR' = т/ РРО + т/ QPR' 
3. MZ QPR' + m£ R'PQ' = 3. ? Property of Equality 
mZRPQ + m£ QPR' 
4. MZ ОРЕ = mZ Q'PR' 4. ? Property of Equality 
D, f m f 5. SAS Congruence Postulate 
6. ОК = Q'R' 6. ?- 
7. QR = Q'R' [| 7._?_ 


PROVING THEOREM 9.3 Write a proof for Case 2 and Case 3. (Refer to the 


diagrams on page 601.) 
34. Case 2 The segment is collinear with 35. Case 3 The center of rotation is one 
the center of rotation. endpoint of the segment. 
GIVEN P A rotation about P maps Q to GIVEN P A rotation about P maps О 
Q' and R to Р’. to Q' and R to R’. 
P, Q, and R are collinear. P and R are the same point. 
PROVE > QR = Q'R' PROVE > QR = Q'R' 
(СС) = WORKED-OUT SOLUTIONS Ж - STANDARDIZED 


on p. WS1 TEST PRACTICE 


36. MULTI-STEP PROBLEM Use the graph of y = 2x — 3. 


a. Rotate the line 90°, 180°, 270°, and 360° about the origin. 
Describe the relationship between the equation of the 
preimage and each image. 


b. Do you think that the relationships you described in part (a) 
are true for any line? Explain your reasoning. 


37. Ж EXTENDED RESPONSE Use the graph of the quadratic equation 
у= х? + Lat the right. 


a. Rotate the parabola by replacing y with x and x with yin the 
original equation, then graph this new equation. 


b. What is the angle of rotation? 


c. Are the image and the preimage both functions? Explain. 


TWO ROTATIONS The endpoints of FG are F(1, 2) and G(3, 4). Graph F'G' 
and F''G” after the given rotations. 


38. Rotation: 90? about the origin 39. Rotation: 270? about the origin 
Rotation: 180? about (0, 4) Rotation: 90° about (—2, 0) 


40. CHALLENGE A polar coordinate system 
locates a point in a plane by its distance from 
the origin O and by the measure of an angle 
with its vertex at the origin. For example, the 
point A(2, 30°) at the right is 2 units from the 
origin and mZ ХОА = 30°. What are the polar 
coordinates of the image of point A after a 90° 
rotation? 180° rotation? 270° rotation? Explain. 


- MIXED REVIEW 


: PREVIEW 


: Prepare for 
: Lesson 9.5 
: in Exs. 41-43. 


In the diagram, DC is the perpendicular bisector of AB. (p. 303) 
41. What segment lengths are equal? B 
42. What is the value of x? 


43. Find BD. (p. 433) 


Use a sine or cosine ratio to find the value of each variable. Round decimals 
to the nearest tenth. (p. 473) 


44. 79° 45. 46. b 


7 Ll 
Л т " 10 
Ө 12 


6 @ 
у 
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PROBLEM SOLVING | 


WORKSHOP 
LESSON 9.4 — 


«te 


* 


METHOD 


osing ALTERNATIVE METHODS 


Another Way to Solve Example 2, page 599 


MULTIPLE REPRESENTATIONS In Example 2 on page 599, you saw how to use 
a coordinate rule to rotate a figure. You can also use tracing paper and move a 
copy of the figure around the coordinate plane. 


Graph quadrilateral RSTU with vertices R(3, 1), S(5, 1), T(5, —3), and 
U(2, —1). Then rotate the quadrilateral 270° about the origin. 


Using Tracing Paper You can use tracing paper to rotate a figure. 


STEP 1 Graph the original figure in the coordinate plane. 


STEP 2 Trace the quadrilateral and STEP 3 Rotate the tracing paper 270°. 
the axes on tracing paper. Then transfer the resulting 
image onto the graph paper. 


1. GRAPH Graph quadrilateral ABCD with 4. SHORT RESPONSE Fxplain how you could 
vertices A(2, —2), B(5, —3), C(4, —5), and use tracing paper to do a reflection. 
D(2, —4). Then rotate the quadrilateral 180° 
about the origin using tracing paper. 5. REASONING If you rotate the point (3, 4) 


90° about the origin, what happens to the 


. GRAPH Graph ARST with vertices R(0, 6), x-coordinate? What happens to the 
S(1, 4), and 7(—2, 3). Then rotate the triangle y-coordinate? 
270* about the origin using tracing paper. 


. GRAPH Graph AJKL with vertices /(4, 8), 


3. SHORT RESPONSE Explain why rotating a K(4, 6), and L(2, 6). Then rotate the triangle 
figure 90* clockwise is the same as rotating 90° about the point (—1, 4) using tracing 
the figure 270° counterclockwise. paper. 
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ШШШ ACTIVITY Use before Lesson 9.5 Tutor 


classzone.com 
Keystrokes 


Double Reflections 


MATERIALS : graphing calculator or computer 


STEP 1| Draw a scalene triangle Construct a scalene triangle 
like the one at the right. Label the vertices D, E, and F. 


Draw parallel lines Construct two parallel lines 
p and g on one side of the triangle. Make sure 
that the lines do not intersect the triangle. Save as 
“EXPLORE”. 


STEP 3| Reflect triangle Reflect ADEF in line p. Reflect 
AD'E'F' in line q. How is AD"E"F" related to ADEF? 


STEP 4| Make conclusion Drag line q. Does the relationship L EXPLORE 1. STEP 3 


appear to be true if р and q are not on the same side 
of the figure? 


@ 


Draw intersecting lines Follow Step 1 in Explore 1 
for AABC. Change Step 2 from parallel lines to 
intersecting lines k and m. Make sure that the lines 
do not intersect the triangle. Label the point of 
intersection of lines kand m as P. Save as “EXPLORE?2”. 


STEP 2| Reflect triangle Reflect AABC in line К. Reflect 
AA'B'C' in line m. How is AA"B"C" related to Л АВС? 


STEP 3| Measure angles Measure Z APA" and the acute angle 
formed by lines k and m. What is the relationship 
between these two angles? Does this relationship 
remain true when you move lines k and m? 


L EXPLORE 2, STEP 2 


. What other transformation maps a figure onto the same image as а 
reflection in two parallel lines? 


. What other transformation maps a figure onto the same image as а 
reflection in two intersecting lines? 


‚ Verify your conjectures in Exercises 1 and 2 by using the appropriate 
transformation features of your graphing calculator or computer. 
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© 5 Apply Compositions 
ех of Transformations 


Before You performed rotations, reflections, or translations. 
QUEE You will perform combinations of two or more transformations. 


So you can describe the transformations that represent a rowing crew, as in Ex. 30. 
Key Vocabulary A translation followed by a reflection can be performed one 
• glide reflection after the other to produce a glide reflection. А translation 
• composition of can be called a glide. A glide reflection is a transformation р’ v Q” 
transformations in which every point P is mapped to a point P” by the й 
following steps. Р” 
STEP? First, a translation maps P to P”. 
$ТЕР 2 Then, a reflection in a line k parallel to the P а 
direction of the translation maps P’ to Р”. k 


Find the image of a glide reflection 


The vertices of A ABC are A(3, 2), B(6, 3), and C(7, 1). Find the image of 
A ABC after the glide reflection. 


Translation: (x, y) ^ (x — 12, y) 
Reflection: in the x-axis 


Solution 


Begin by graphing Л АВС. Then graph A A'B'C' after a translation 12 units 
left. Finally, graph A A"B"C" after a reflection in the x-axis. 


: AVOID ERRORS 


: The line of reflection 
: must be parallel to 

: the direction of the 

: translation to be a 

: glide reflection. 


GUIDED PRACTICE for Example 1 


1. Suppose A ABC in Example 1 is translated 4 units down, then reflected 
in the y-axis. What are the coordinates of the vertices of the image? 


2. In Example 1, describe a glide reflection from A A"B"C" to A ABC. 
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: AVOID ERRORS 


: Unless you are told 

: otherwise, do the 

: transformations in the 
: order given. 


Ba 


COMPOSITIONS When two or more transformations are combined to form a 
single transformation, the result is a composition of transformations. A glide 
reflection is an example of a composition of transformations. 


In this lesson, a composition of transformations uses isometries, so the final 
image is congruent to the preimage. This suggests the Composition Theorem. 


THEOREM For Vour Wotebook 


THEOREM 9.4 Composition Theorem 


The composition of two (or more) isometries is an isometry. 


Proof: Exs. 35-36, p. 614 


Find the image of a composition 


The endpoints of RS are R(1, —3) and S(2, —6). Graph the image of RS after 
the composition. 


Reflection: in the y-axis 
Rotation: 90? about the origin 


Solution 
E Ц 
STEP Y Graph RS. ү | [= / SUE 
STEP 2 Reflect RS in the y-axis. NENN Wc | | 


R'S' has endpoints 
R'(—1, —3) and S'(-2, —6). 


STEP 3 Rotate R'S' 90° about the 
origin. R"S" has endpoints 


| s(-2,-6)| | | | 
R"(3, —1) and S"(6, —2). ty] 


TWO REFLECTIONS Compositions of two reflections result in either a 
translation or a rotation, as described in Theorems 9.5 and 9.6. 


THEOREM For Your Notebook 


THEOREM 9.5 Reflections in Parallel Lines Theorem 


If lines k and m are parallel, then a reflection in line k followed by a 
reflection in line mis the same as a translation. 


If P" is the image of P, then: 
1. PP” is perpendicular to k and m, and 


2. PP” = 2d, where d is the distance between 
Капа т. 


Proof: Ex. 37, p. 614 


9.5 Apply Compositions of Transformations 
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(EXAMPLE 3 ] Use Theorem 9.5 


In the diagram, a reflection in line k maps GH to G'H'. A reflection in line m 
maps G'H' to G"H". Also, HB = 9 and DH” = 4. 


a. Name any segments congruent to H 
each segment: HG, HB, and GA. 


b. Does AC = BD? Explain. 
c. What is the length of GG"? 


Solution 
а. HG = H'G', and HG = H"G”. НВ = H'B. GA = G'A. 
b. Yes, AC = BD because GG” and HH” are perpendicular to both k and m, 


so BD and AC are opposite sides of a rectangle. 


c. By the properties of reflections, H'B — 9 and H'D — 4. Theorem 9.5 implies 
that GG" = HH" = 2 * BD, so the length of GG" is 2(9 + 4), or 26 units. 


Y GUIDED PRACTICE | for Examples 2 and 3 


3. Graph RS from Example 2. Do the rotation first, followed by the reflection. 
Does the order of the transformations matter? Explain. 


4. In Example 3, part (с), explain how you know that СС” = HH". 


Use the figure below for Exercises 5 and 6. The distance between line k and 
line mis 1.6 centimeters. 


5. The preimage is reflected in line К, k m 
then in line m. Describe a single 
transformation that maps the blue 
figure to the green figure. A C3 e 

6. What is the distance between P and P"? 

If you draw PP', what is its relationship 
with line k? Explain. 


THEOREM 


THEOREM 9.6 Reflections in Intersecting Lines Theorem 


If lines k and m intersect at point P, then a 
reflection in k followed by a reflection in т 
is the same as a rotation about point P. 


The angle of rotation is 2x”, where x? is the 
measure of the acute or right angle formed 
by k and m. 


Proof: Ex. 38, D. 614 mz ВРВ" = 2x? 
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(EXAMPLE 4 ] Use Theorem 9.6 


In the diagram, the figure is reflected in line k. 
The image is then reflected in line m. Describe 
a single transformation that maps Fto Р”. 


Solution 


The measure of the acute angle formed 
between lines k and m is 70°. So, by 
Theorem 9.6, a single transformation that 
maps Fto Р” is a 140° rotation about point Р. 


You can check that this is correct by tracing 
lines k and m and point F, then rotating the 
point 140°. 
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Y GUIDED PRACTICE for Example 4 


7. In the diagram at the right, the preimage is 
reflected in line k, then in line m. Describe 
a single transformation that maps the blue 
figure onto the green figure. 


8. A rotation of 76? maps C to C’. To map 
Cto C' using two reflections, what is the 
angle formed by the intersecting lines of 
reflection? 


EXERCISES HOMEWORK: (С) = WORKED-OUT SOLUTIONS | 
9.5 KEY: on p. WS12 for Exs. 7, 17, and 27 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 25, 29, and 34 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: In a glide reflection, the direction of 
the translation must be _? to the line of reflection. 


2. ж WRITING Explain why a glide reflection is an isometry. 


: EXAMPLE 1 GLIDE REFLECTION The endpoints of CD are C(2, —5) and D(4, 0). Graph the 


: on p. 608 image of CD after the glide reflection. 
: for Exs. 3-6 : . 
3. Translation: (х, y) ^ (x, y – 1) 4. Translation: (x, y) ^ (х — 3, y) 
Reflection: in the y-axis Reflection: in у= —1 
5. Translation: (x, y) ^ (x, y + 4) 6. Translation: (x, y) ^ (x + 2, y + 2) 
Reflection: in x = 3 Reflection: in y — x 
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: nee Arb UM 
: for Exs. 7—14 


3 a o 
: for Exs. 15-19 


: ean A 
: for Exs. 20—21 
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GRAPHING COMPOSITIONS The vertices of APQR are P(2, 4), Q(6, 0), 
and R(7, 2). Graph the image of APQR after a composition of the 
transformations in the order they are listed. 


(7.) Translation: (Хх) = y= 5) 8. Translation: (x, y) ^ (x — 3, y + 2) 
Reflection: in the y-axis Rotation: 90° about the origin 
9. Translation: (x, y) ^ (x + 12, y + 4) 10. Reflection: in the x-axis 
Translation: (x, y) > (x — 5, y — 9) Rotation: 90° about the origin 


REVERSING ORDERS Graph F"G" after a composition of the transformations 
in the order they are listed. Then perform the transformations in reverse 
order. Does the order affect the final image F"G"? 


11. F(—5,2), G(-2, 4) 12. F(-1, —8), G(-6, —3) 
Translation: (x, y) ^ (x + 3, y — 8) Reflection: in the line y = 2 
Reflection: in the x-axis Rotation: 90° about the origin 


DESCRIBING COMPOSITIONS Describe the composition of transformations. 
13. 


14. 


USING THEOREM 9.5 In the diagram, К | m, AABCis reflected in line k, and 
^A A'B'C' is reflected in line m. 


15. A translation maps A ABC onto which triangle? k m 
16. Which lines are perpendicular to АА”? В В' В” 
(17) Name two segments parallel to BB". C |C, C" 


18. If the distance between К and m is 2.6 inches, 
what is the length of CC"? 


19. Is the distance from B' to m the same as the 

distance from B" to m? Explain. 
USING THEOREM 9.6 Find the angle of rotation that maps A onto A". 
Zl. 


(С) = WORKED-OUT SOLUTIONS * - STANDARDIZED 


on p. WS1 TEST PRACTICE 


22. ERROR ANALYSIS A student 
described the translation of AB to 
A'B' followed by the reflection of 
A'B' to A"B" in the y-axis as a 
glide reflection. Describe and | үрү! |ы] | | |1] 


correct the student's error. MONA | | | 011 [| 


USING MATRICES The vertices of ^PQR аге P(1, 4), Q(3, —2), and R(7, 1). Use 
matrix operations to find the image matrix that represents the composition 
of the given transformations. Then graph ^PQR and its image. 


23. Translation: (x, y) ^ (x, y + 5) 24. Reflection: in the x-axis 
Reflection: in the y-axis Translation: (x, y) ^ (x — 9, y — 4) 


25. ж OPEN-ENDED MATH Sketch a polygon. Apply three transformations of 
your choice on the polygon. What can you say about the congruence of 
the preimage and final image after multiple transformations? Explain. 


26. CHALLENGE The vertices of AJKL are J(1, —3), K(2, 2), and L(3, 0). Find 
the image of the triangle after a 180? rotation about the point (—2, 2), 
followed by a reflection in the line y = —x. 


PROBLEM SOLVING 


ANIMAL TRACKS The left and right prints in the set of animal tracks can be 


: on p. 608 related by a glide reflection. Copy the tracks and describe a translation and 
: for Exs. 27-30 | reflection that combine to create the glide reflection. 
(7) bald eagle (2 legs) 28. armadillo (4 legs) 
[— — 18 in. ——4 I— —— 15 in. ——3 


EE Es 
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29. Ж MULTIPLE CHOICE Which is not a glide reflection? 
СА) The teeth of a closed zipper The tracks of a walking duck 


СС) The keys on a computer keyboard (D) The red squares on two adjacent rows 
of a checkerboard 


@Нотетиїог 
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30. ROWING Describe the transformations 
that are combined to represent an 
eight-person rowing shell. 
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SWEATER PATTERNS In Exercises 31-33, describe the transformations that 
are combined to make each sweater pattern. 


32. ay" Жу. 


33. | 


A J^ 


iy: 
M 


34. Ж SHORT RESPONSE Use Theorem 9.5 to explain how you can 
make a glide reflection using three reflections. How are the lines 
of reflection related? 


Q' m 
35. PROVING THEOREM 9.4. Write a plan for proof for / 
one case of the Composition Theorem. | | 


GIVEN > A rotation about P maps Q to Q' and R В өр 
to R'. A reflection in m maps Q' to О” o 
and R' to R”. 


09————9 
PROVE > QR = Q"R" В” 0” 


36. PROVING THEOREM 9.4 A composition of a rotation and a reflection, as 
in Exercise 35, is one case of the Composition Theorem. List all possible 


cases, and prove the theorem for another pair of compositions. 


PROVING THEOREM 9.5 Prove the Reflection in Parallel 
Lines Theorem. 


37 


GIVEN P A reflection in line £ maps JK to ГК”, a reflection 
in line m maps /К' to ]"К”, and 4 || m. 


PROVE » a. KK" is perpendicular to / and т. 
b. KK" — 2d, where d is the distance between / and m. ada — 


38. PROVING THEOREM 9.6 Prove the Reflection in Intersecting Lines 
Theorem. 


GIVEN b Lines k and m intersect at point P. Q is any point 
not on kor m. 
PROVE P a. If you reflect point Q in k, and then reflect 
its image Q' in m, Q" is the image of Q after a 
rotation about point P. 
b. mZ ОРО" = 2(т/ АРВ) 


Plan for Proof First show k L QQ' and QA = Q'A. Then show 

AQAP = AQ'AP. In the same way, show AQ'BP = AQ"BP. Use congruent 
triangles and substitution to show that QP = О”Р. That proves part (а) by 
the definition of a rotation. Then use congruent triangles to prove 

part (b). 


39. VISUAL REASONING You are riding a bicycle along a flat street. 


a. What two transformations does the wheel's motion use? 


b. Explain why this is not a composition of transformations. 


Ж = STANDARDIZED 
614 TEST PRACTICE 


: PREVIEW 


: Prepare for 
: Lesson 9.6 in 
: Exs. 45—48. 


40. MULTI-STEP PROBLEM A point in space has three 
coordinates (x, y, z). From the origin, a point can be 
forward or back on the x-axis, left or right on the 
y-axis, and up or down on the z-axis. The endpoints 
of segment ABin space are A(2, 0, 0) and B(2, 3, 0), as 
shown at the right. 


a. Rotate AB 90° about the x-axis with center of 
rotation A. What are the coordinates of A'B'? 


b. Translate A’B’ using the vector (4, 0, —1). What are the coordinates of А”В”? 


41. CHALLENGE Justify the following conjecture or provide a counterexample. 


Conjecture When performing a composition of two transformations of 
the same type, order does not matter. 


"MIXED REVIEW | 


Find the unknown side length. Write your answer in simplest radical form. 
(p. 433) 


42. 43. 12 44. 26 
| x/ ON] 
8 
30 31 


The coordinates of APQR are P(3, 1), Q(3, 3), and R(6, 1). Graph the image 
of the triangle after the translation. (p. 572) 


45. (x, y) > (x + 3, y) 46. (x, y) > (x — 3, y) 
47. (х,у) > (x, y + 2) 48. (х,у) >(x+3,y+2) 


QUIZ for Lessons 9.3-9.5 


The vertices of A ABC are A(7, 1), B(3, 5), and C(10, 7). Graph the reflection 
in the line. (p. 589) 


1. y-axis 2. x= —4 3. y= -x 
Find the coordinates of the image of P(2, —3) after the rotation about the 
origin. (p. 598) 

4. 180° rotation 5. 90° rotation 6. 270° rotation 
The vertices of A PQR are P(—8, 8), Q(—5, 0), and R(—1, 3). Graph the image 


of ^A PQR after a composition of the transformations in the order they are 
listed. (p. 608) 


7. Translation: (x, y) > (x + 6, y) 8. Reflection: in the line y = —2 
Reflection: in the y-axis Rotation: 90° about the origin 

9. Translation: (x, y) > (x — 5, y) 10. Rotation: 180° about the origin 
Translation: (x, y) > (x + 2, y + 7) Translation: (x, y) > (x + 4, y — 3) 
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Use after Lesson 9.5 


CTO Make tessellations and discover their properties. 


Key Vocabulary 


i A tessellation is a collection of figures that cover a plane with no gaps or 
• tessellation 


overlaps. You can use transformations to make tessellations. 


A regular tessellation is a tessellation of congruent regular polygons. In the 
figures above, the tessellation of equilateral triangles is a regular tessellation. 


Determine whether shapes tessellate 


Does the shape tessellate? If so, tell whether the tessellation is regular. 


a. Regular octagon b. Trapezoid c. Regular hexagon 
Solution 
: AVOID ERRORS a. Aregular octagon does not tessellate. 


: The sum of the angles 

: surrounding every 

: vertex of a tessellation 

: is 360°. This means that 

: no regular polygon with 

: more than six sides can 

: be used in a regular 

: tesssellation. b. The trapezoid tessellates. The 
tessellation is not regular because 
the trapezoid is not a regular 
polygon. 


c. Aregular hexagon tessellates 
using translations. The 
tessellation is regular because 
it is made of congruent regular 
hexagons. 
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| EXAMPLE 2 | Draw a tessellation using one shape 


Change a triangle to make a tessellation. 


Solution 
STEP 1 STEP 2 STEP 3 


Cut a piece from the Slide the piece to Translate and reflect 
triangle. another side. the figure to make a 
tessellation. 


( EXAMPLE 3 | Draw a tessellation using two shapes 


Draw a tessellation using the given floor tiles. 


(С) a 


: READ VOCABULARY STEP 1 STEP 2 


Solution 


: Notice that in the 

: tessellation in 

: Example 3, the same 

: combination of regular 
: polygons meet at each 
: vertex. This type of 

: tessellation is called 

: semi-regular. 


Combine one octagon and one Translate the pair of polygons 
square by connecting sides of to make a tessellation 
the same length. 
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^ PRACTICE | 


: EXAMPLE 1 REGULAR TESSELLATIONS Does the shape tessellate? If so, tell whether the 


: on p. 616 tessellation is regular. 


diis 1. Equilateral triangle 2. Circle 3. Kite 


4. MW OPEN-ENDED MATH Draw a rectangle. Use the rectangle to make two 
different tessellations. 


Extension: Tessellations 617 


5. MULTI-STEP PROBLEM Choose а tessellation and measure the angles at 
three vertices. 


a. What is the sum of the measures of the angles? What can you 
conclude? 


b. Explain how you know that any quadrilateral will tessellate. 


: EXAMPLE2 | DRAWING TESSELLATIONS In Exercises 6-8, use the steps in Example 2 to 
: on p. 617 make a figure that will tessellate. 
pines 6. Make a tessellation using a triangle as the base figure. 
7. Make a tessellation using a square as the base figure. Change both pairs 


of opposite sides. 


8. Make a tessellation using a hexagon as the base figure. Change all three 
pairs of opposite sides. 


9. ROTATION TESSELLATION Use these steps to make another tessellation 
based on a regular hexagon ABCDEF. 


a 


Connect points A and B with a curve. Rotate the curve 120° A 
about A so that B coincides with F. 


b. Connect points E and F with a curve. Rotate the curve 120? 
about E so that F coincides with D. 


Connect points C and D with a curve. Rotate the curve 120* E 
about C so that D coincides with B. 


d. Use this figure to draw a tessellation. 


C 


: EXAMPLE 3 USING TWO POLYGONS Draw a tessellation using the given polygons. 


: On p. 617 
: for Exs. 10-12 иш O HN A | в B 


13. Ж OPEN-ENDED MATH Describe three examples of the use of 
tessellations in architecture, design, crafts, or other arts. 


TRANSFORMATIONS Describe the transformation(s) used to make 
the tessellation. 


14. 15. 


17. 


18. USING SHAPES On graph paper, outline a capital H. Use this shape to make a 
tessellation. What transformations did you use? 
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© б Identify Symmetry 


Г c M = 
AR ey 
Before You reflected or rotated figures. e ORAN 


| Now ) You will identify line and rotational symmetries of a figure. 
So you can identify the symmetry in a bowl, as in Ex. 11. 


Key Vocabulary A figure in the plane has line symmetry if the figure 
• line symmetry can be mapped onto itself by a reflection in a line. 
* line of symmetry This line of reflection is a line of symmetry, such as 
e rotational line m at the right. A figure can have more than one 
symmetry line of symmetry. 
* center of 
symmetry 


Identify lines of symmetry 


How many lines of symmetry does the hexagon have? 


UC MN S OS 


Solution 
: REVIEW a. Two lines of b. Six lines of c. One line of 
; REFLECTION a... symmetry symmetry symmetry 


i Notice that the lines of 
: symmetry are also lines 
: of reflection. 


ceo з 7 
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GUIDED PRACTICE | for Example 1 


How many lines of symmetry does the object appear to have? 


з Е 2, 


4. Draw a hexagon with no lines of symmetry. 
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: REVIEW ROTATION 


: For a figure with 

: rotational symmetry, 
: the angle of rotation 

: is the smallest angle 
: that maps the figure 
: onto itself. 


ROTATIONAL SYMMETRY A figure in a plane has rotational symmetry if the 
figure can be mapped onto itself by a rotation of 180° or less about the center 
of the figure. This point is the center of symmetry. Note that the rotation can 
be either clockwise or counterclockwise. 


For example, the figure below has rotational symmetry, because a rotation 
of either 90? or 180? maps the figure onto itself (although a rotation of 45? 


does not). 
0 45° | 
A 90 
4 х + 


The figure above also has point symmetry, which is 180° rotational symmetry. 


Г EXAMPLE 2 | Identify rotational symmetry 


Does the figure have rotational symmetry? If so, describe any rotations that 
map the figure onto itself. 


a. Parallelogram b. Regular octagon c. Trapezoid 


— Q 


Solution 
a. The parallelogram has rotational symmetry. 
The center is the intersection of the diagonals. 
A 180° rotation about the center maps the 
parallelogram onto itself. 
b. The regular octagon has rotational symmetry. 
The center is the intersection of the diagonals. ee 


Rotations of 45°, 90°, 135°, or 180? about the 
center all map the octagon onto itself. 


c. The trapezoid does not have rotational 
symmetry because no rotation of 180? or less 
maps the trapezoid onto itself. 


GUIDED PRACTICE for Example 2 


Does the figure have rotational symmetry? If so, describe any rotations that 
map the figure onto itself. 


5. Rhombus 6. Octagon 7. Right triangle 


<> IN 
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te (EXAMPLE 3 ] Standardized Test Practice 


Identify the line symmetry and rotational symmetry of the equilateral 
triangle at the right. 


СА) 3 lines of symmetry, 60° rotational symmetry 
3 lines of symmetry, 120° rotational symmetry 
(C 1 line of symmetry, 180° rotational symmetry 


D> 1 line of symmetry, no rotational symmetry 


Solution 


: ELIMINATE CHOICES à ' à 
REDDERET » The triangle has line symmetry. Three lines of 


aig am qu i un symmetry can be drawn for the figure. 
: can be mapped onto 


: itself by reflecting over For a figure with s lines of symmetry, the smallest 


; any of three different rotation that maps the figure onto itself has the 

: lines. So, you can 360° | | 

: eliminate choices С measure 2—. So, the equilateral triangle has ев 
: апар. 360° 


3? oF 120° rotational symmetry. 


> The correct answer is В. @ © Ф 


GUIDED PRACTICE for Example 3 


8. Describe the lines of symmetry and rotational symmetry of a 
non-equilateral isosceles triangle. 


HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
KEY: on p. WS12 for Exs. 7, 13, and 31 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 13, 14, 21, and 23 


96 EXERCISES 


1. VOCABULARY What is a center of symmetry? 


2. * WRITING Draw a figure that has one line of symmetry and does not 
have rotational symmetry. Can a figure have two lines of symmetry and 
no rotational symmetry? 


: EXAMPLE 1 LINE SYMMETRY How many lines of symmetry does the triangle have? 


EDS 3. 4. 5. 


: for Exs. 3—5 


9.6 Identify Symmetry 621 


: EXAMPLE 2 


3 a OR OA 
: for Exs. 6-9 


: EXAMPLE 3 


: dp nec 
: for Exs. 10-16 
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ROTATIONAL SYMMETRY Does the figure have rotational symmetry? If so, 
describe any rotations that map the figure onto itself. 


6. ] (7) Ж“ A y 9. 


SYMMETRY Determine whether the figure has line symmetry and whether 
it has rotational symmetry. Identify all lines of symmetry and angles of 
rotation that map the figure onto itself. 


10. 11. 


12. 


© Ж MULTIPLE CHOICE Identify the line symmetry and rotational 
symmetry of the figure at the right. 


СА) 1 line of symmetry, no rotational symmetry 
1 line of symmetry, 180° rotational symmetry 
СС) No lines of symmetry, 90° rotational symmetry 
(D? No lines of symmetry, no rotational symmetry 
14. * MULTIPLE CHOICE Which statement best describes the rotational 
symmetry of a square? 
СА) The square has no rotational symmetry. 
The square has 90° rotational symmetry. 
СС) The square has point symmetry. 
(D> BothB and C are correct. 


ERROR ANALYSIS Describe and correct the error made in describing the 
symmetry of the figure. 


15. 16. 
The figure has 1 line of symmetry X The figure has 1 line of symmetry Ў 
and 180° rotational symmetry. and 180° rotational symmetry. 


DRAWING FIGURES In Exercises 17-20, use the description to draw a 
figure. If not possible, write not possible. 


17. A quadrilateral with no line 18. An octagon with exactly two lines 
of symmetry of symmetry 
19. A hexagon with no point symmetry 20. A trapezoid with rotational symmetry 
(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 


on p. WS1 TEST PRACTICE 


21. Ж OPEN-ENDED MATH Draw a polygon with 180° rotational symmetry 
and with exactly two lines of symmetry. 


22. POINT SYMMETRY In the graph, ABis reflected 
in the point Cto produce the image A’B’. To make 
a reflection in a point C for each point N on the 
preimage, locate N’ so that N'C = NC and №" is 
on NC. Explain what kind of rotation would 


produce the same image. What kind of symmetry 
does quadrilateral AB'A'B have? 


23. Ж SHORT RESPONSE A figure has more than one line of symmetry. Can 
two of the lines of symmetry be parallel? Explain. 


24. REASONING How many lines of symmetry does a circle have? How many 
angles of rotational symmetry does a circle have? Explain. 


25. VISUAL REASONING How many planes of symmetry does a cube have? 


26. CHALLENGE What can you say about the rotational symmetry of a regular 
polygon with n sides? Explain. 


0€————— 
PROBLEM SOLVING 


: EXAMPLES WORDS Identify the line symmetry and rotational symmetry (if any) of 


each word. 


= 
83 
= 
£u 
N 


: on pp. 619—620 
: for Exs. 27-30 


28. RADAR 29. OHIO 30. pod 


Tutor | for problem solving help at classzone.com 


KALEIDOSCOPES In Exercises 31-33, use the following information 
about kaleidoscopes. 


Inside a kaleidoscope, two mirrors are placed next to each other 
to form a V, as shown at the right. The angle between the mirrors 
determines the number of lines of symmetry in the image. Use 
the formula n(mZ 1) = 180° to find the measure of / 1 between 
the mirrors or the number n of lines of symmetry in the image. 


Calculate the angle at which the mirrors must be placed for the image of a 
kaleidoscope to make the design shown. 


GD 4 | = . 
i fie 4 uy 
& E, E. À 
ы ` 
> zi p ; A 
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34. CHEMISTRY The diagram at the right 
shows two forms of the amino acid alanine. 4 
One form is laevo-alanine and the other is 
dextro-alanine. How are the structures of 
these two molecules related? Explain. 


35. MULTI-STEP PROBLEM The Castillo de San Marcos in St. Augustine, 
Florida, has the shape shown. 


a. What kind(s) of symmetry does the shape of the building show? 


b. Imagine the building on a three-dimensional coordinate system. 
Copy and complete the following statement: The lines of symmetry 
in part (а) are now described as _? of symmetry and the rotational 
symmetry about the center is now described as rotational symmetry 
about ће _? . 


36. CHALLENGE Spirals have a type of 
symmetry called spiral, or helical, 
symmetry. Describe the two transformations 
involved in a spiral staircase. Then explain 
the difference in transformations between 
the two staircases at the right. 


“MIXED REVIEW 


: PREVIEW. Solve the proportion. (p. 356) 
: Prepare for 5. 18 a+4_ 49 Sa 
: Lesson 9.7 in ats 1 27 in 7 56 n 22-3 3b+1 


: Exs. 37-39. 
Determine whether the dilation from Figure A to Figure B is a reduction or 
an enlargement. Then find its scale factor. (p. 409) 


ЕТЕТ И 
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Write a matrix to represent the given polygon. (р. 580) 
42. Triangle A in Exercise 40 43. Triangle B in Exercise 40 


| 44. Pentagon А in Exercise 41 45. Pentagon B in Exercise 41 
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ДЭЛА СО NSTRU CTION Use before Lesson 9.7 


Investigate Dilations 


MATERIALS -straightedge • compass • ruler 


Recall from Lesson 6.7 that a dilation enlarges or reduces a figure to make a 
similar figure. You can use construction tools to make enlargement dilations. 


ч, шщ 


Use a compass and straightedge to construct a dilation of A PQR with a scale 
factor of 2, using a point C outside the triangle as the center of dilation. 


C R C R 


Draw a triangle Draw APQRand Use a compass Use a compass Connect points Connect points 
choose the center of the dilation to locate P* on CP so that Р’, О’, and R' to form A P'Q'R'. 
C outside the triangle. Draw lines CP' — 2(CP). Locate Q' and 

from C through the vertices of R' in the same way. 

the triangle. 


| 


. Find the ratios of corresponding side lengths of A PQR апа AP'Q'R”. Are 
the triangles similar? Explain. 


. Draw A DEF. Use a compass and straightedge to construct a dilation 
with a scale factor of 3, using point D on the triangle as the center 
of dilation. 


. Find the ratios of corresponding side lengths of А DEF and A D'E'F'. 
Are the triangles similar? Explain. 


. Draw AJKL. Use a compass and straightedge to construct a dilation with 
a scale factor of 2, using a point A inside the triangle as the center 
of dilation. 


. Find the ratios of corresponding side lengths of AJKL and AJ'K'"L'. Are the 
triangles similar? Explain. 


. What can you conclude about the corresponding angle measures of a 
triangle and an enlargement dilation of the triangle? 


9.7 Identify and Perform Dilations 


О 7 Identify and 
*^ Perform Dilations 


You used a coordinate rule to draw a dilation. 
| Now ) You will use drawing tools and matrices to draw dilations. 
So you can determine the scale factor of a photo, as in Ex. 37. 


Key Vocabulary Recall from Lesson 6.7 that a dilation is a transformation in which the 
e scalar original figure and its image are similar. 
multiplication 


A dilation with center C and scale factor k maps every point P in a figure to a 


• dilation, p. 409 point P' so that one of the following statements is true: 


e reduction, p. 409 
e enlargement, р. 409 e If Pis not the center point C, then the Р! 


image point P’ lies on CP. The scale 9 El 
factor kis a positive number such that IN 
P NZ 


_ ср a’ 
к = CP and К #1, or XL 


e If Pis the center point C, then Р = Р". R’ 


As you learned in Lesson 6.7, the dilation is a reduction if 0 < k < 1 and itis an 
enlargement if К > 1. 


Identify dilations 


Find the scale factor of the dilation. Then tell whether the dilation is a 
reduction or an enlargement. 


a. b. 
P 
P' 
30 
18 
C 
Solution 
a. Because E = E the scale factor is k — 2 The image P' is 
an enlargement. 
CP' _ 18 . _ 3 : mi | 

b. Because CP 39 the scale factor is k = 5 The image P’ is a reduction. 
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(EXAMPLE 2 ] Draw a dilation 


Draw and label 7 DEFG. Then construct a dilation of 7 DEFG with 
point D as the center of dilation and a scale factor of 2. 


Solution 
STEP 1 
E 
D F 
G 
Draw DEFG. Draw Open the compass Add a second label D' 
rays from D through to the length of DE. to point D. Draw the 
vertices E, F, and G. Locate Eon DE so sides of D'E'F'G'. 


DE’ = 2(DE). Locate F’ 
and G' the same way. 


Y GUIDED PRACTICE for Examples 1 and 2 


1. Ina dilation, CP’ = 3 and CP = 12. Tell whether the dilation is a reduction 
or an enlargement and find its scale factor. 


2. Draw and label A RST. Then construct a dilation of A RST with R as the 
center of dilation and a scale factor of 3. 


MATRICES Scalar multiplication is the process of multiplying each element 
of a matrix by a real number or scalar. 


| EXAMPLE 3 ] Scalar multiplication 


: : 3 0 1 
Simplify the product: 4 | 9-1 — | А 


Solution 


4 3 0 1| |4() 40) 40) Multiply each element 
Z =] —3 4(2) 4(-1) 4(—3) in the matrix by 4. 


12 0 4 xm 
8 —4 —12 Impilty. 


r4 GUIDED PRACTICE for Example 3 


Simplify the product. 
8 512 1! -10 а o 10 
213 -4 7 | g B 7 


9.7 Identify and Perform Dilations 
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DILATIONS USING MATRICES You can use scalar multiplication to represent 
a dilation centered at the origin in the coordinate plane. To find the image 
matrix for a dilation centered at the origin, use the scale factor as the scalar. 


(EXAMPLE 4 ] Use scalar multiplication in a dilation 


The vertices of quadrilateral KLMN are K(—6, 6), L(—3, 6), M(0, 3), and 
N(-6, 0). Use scalar multiplication to find the image of d after a 


dilation with its center at the origin and a scale factor of 1. з" Graph KLMN 
and its image. 


Solution 
К LMN К ІМ М 
11-6 -3 0 -6| |-2 -1 0 -2 
3/6 63 0| | 2 21 0 
Scale Polygon Image 
factor matrix matrix 


| EXAMPLE 5 ] Find the image of a composition 


The vertices of A ABC are A(-4, 1), B(-2, 2), and C(-2, 1). Find the image 
of A ABC after the given composition. 


Translation: (x, y) ^ (x + 5,y+ 1) 
Dilation: centered at the origin with a scale factor of 2 


Solution 


STEP? Graph the preimage ^ ABC шишиши LT 
on the coordinate plane. O AN 
STEP 2 Translate ^ ABC 5 units to pt tt tt A un 


the right and 1 unit up. Label 


it ^AA'B'C'. 

STEP3 Dilate AA'B'C' using the AN 
origin as the center and IIC IT 
a scale factor of 2 to find L| LLLLS£*i]llLlllls 
A A" B" C". 


GUIDED PRACTICE for Examples 4 and 5 


5. The vertices of A RST are R(1, 2), S(2, 1), and T(2, 2). Use scalar 
multiplication to find the vertices of A R'S'T' after a dilation with its 
center at the origin and a scale factor of 2. 


6. A segment has the endpoints С(—1, 1) and D(1, 1). Find the image of CD 
after a 90° rotation about the origin followed by a dilation with its center 
at the origin and a scale factor of 2. 
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9.7 EXERCISES "н О-о 
ө КЕҮ: on p. WS12 for Exs. 7, 19, and 35 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 24, 25, 27, 29, and 38 


| SKILL PRACTICE 


: on p. 626 for 
: Exs. 3-6 


: EXAMPLE 2 


: A PEUT 4 
: for Exs. 7-14 


: EXAMPLE 3 


: on p. 627 
: for Exs. 15—17 


: EXAMPLE 4 
: on p. 628 
: for Exs. 18-20 


1. VOCABULARY What is a scalar? 


2. * WRITING If you know the scale factor, explain how to determine if an 
image is larger or smaller than the preimage. 


IDENTIFYING DILATIONS Find the scale factor. Tell whether the dilation is a 
reduction or an enlargement. Find the value of x. 


3. _— 4. 5. 
14 , 


C 


6. ERROR ANALYSIS Describe and correct the error in finding the scale 


factor k of the dilation. 
CF 
k= 
БЕ E 
C 3 


CONSTRUCTION Copy the diagram. Then draw the given dilation. 


(Center H;k=2 8. Center H; k = 3 
O 
9. Center J; k = 2 10. Center F; k = 2 р E J 
11. Center J; k = > 12. Center F; k = 3 
3 1 G Е 
13. Center D; К = 5 14. Center С; k = 7 


SCALAR MULTIPLICATION Simplify the product. 
galt ? i6. s| = * 9 i4 032 
| [09 -1 | 1 40-1 21-170 


DILATIONS WITH MATRICES Find the image matrix that represents a 
dilation of the polygon centered at the origin with the given scale factor. 
Then graph the polygon and its image. 


DEF GH J J LM N 
235 20 6 | -6 -3 3 3 " 
i E 6 Е ON 2 abe 20. | 0 30 MU 
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: o os 
: for Exs. 21-23 
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COMPOSING TRANSFORMATIONS The vertices of A FGH are F(—2, —2), 


G(— 


2, —4), and H(-4, —4). Graph the image of the triangle after a 


composition of the transformations in the order they are listed. 


21. 


22. 


23. 


24. 


25. 


26. 


2 (0 


28. 


29. 


30. 


31. 


32. 


Translation: (x, у) > (x+3,y+1) 
Dilation: centered at the origin with a scale factor of 2 


Dilation: centered at the origin with a scale factor of 5 
Reflection: in the y-axis 


Rotation: 90° about the origin 
Dilation: centered at the origin with a scale factor of 3 


Ж WRITING Is a composition of transformations that includes a dilation 
ever an isometry? Explain. 


Ж MULTIPLE CHOICE In the diagram, the 
center of the dilation of 7 PQRS is point C. 
The length of a side of 77P'Q'R'S' is what 
percent of the length of the corresponding 
side of 7 PQRS? 


СА) 25% 33% СС) 300% (D> 400% 


REASONING The distance from the center of dilation to the image of 
a point is shorter than the distance from the center of dilation to the 
preimage. Is the dilation a reduction or an enlargement? Explain. 


Ж SHORT RESPONSE Graph a triangle in the coordinate plane. Rotate the 
triangle, then dilate it. Then do the same dilation first, followed by the 
rotation. In this composition of transformations, does it matter in which 
order the triangle is dilated and rotated? Explain your answer. 


REASONING A dilation maps A(5, 1) to A'(2, 1) and B(7, 4) to B'(6, 7). 
a. Find the scale factor of the dilation. 
b. Find the center of the dilation. 


Ж MULTIPLE CHOICE Which transformation of (х, y) is a dilation? 
(А) (3x, у) (=x, Зу) © (3x, Зу) D (x +3, y +3) 


Ed) ALGEBRA Graph parabolas of the form y = ах? using three different 
values of a. Describe the effect of changing the value of a. Is this a 
dilation? Explain. 


REASONING Verify that the two figures in the graph 
are similar by describing a composition of 
transformations, involving a dilation then a 
translation, that maps ADEF to AD'E'F. 


CHALLENGE А АВС has vertices A(4, 2), B(4, 6), 
and C(7, 2). Find the vertices that represent a 
dilation of A ABC centered at (4, 0) with a scale 
factor of 2. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
on p. WS1 TEST PRACTICE 


. PROBLEM SOLVING 


: EXAMPLE 1 


: on p. 626 
: for Exs. 33-35 


SCIENCE You are using magnifying glasses. Use the length of the insect and 
the magnification level to determine the length of the image seen through 
the magnifying glass. 


33. Emperor moth 34. Ladybug (65) Dragonfly 
magnification 5x magnification 10x magnification 20x 
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36. MURALS А painter sketches plans for a mural. The plans are 2 feet by 
4 feet. The actual mural will be 25 feet by 50 feet. What is the scale 
factor? Is this a dilation? Explain. 
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37. PHOTOGRAPHY By adjusting the distance between the 
negative and the enlarged print in a photographic enlarger, 
you can make prints of different sizes. In the diagram 
shown, you want the enlarged print to be 9 inches wide 
(A'B'). The negative is 1.5 inches wide (AB), and the distance 
between the light source and the negative is 1.75 inches (CD). 


a. What is the scale factor of the enlargement? 


b. What is the distance between the negative 
and the enlarged print? 


38. Ж OPEN-ENDED MATH Graph a polygon in a coordinate plane. Draw a 
figure that is similar but not congruent to the polygon. What is the scale 
factor of the dilation you drew? What is the center of the dilation? 


39. MULTI-STEP PROBLEM Use the figure at the right. 
a. Write a polygon matrix for the figure. Multiply the 


| LLL. 
matrix by the scalar —2. | AT Te 
b. Graph the polygon represented by the new matrix. et | er I. 


c. Repeat parts (a) and (b) using the scalar =>. 


d. Make a conjecture about the effect of multiplying 
a polygon matrix by a negative scale factor. 


40. AREA You have an 8 inch by 10 inch photo. 
a. Whatis the area of the photo? 


b. You photocopy the photo at 50%. What are the dimensions of the 
image? What is the area of the image? 


c. How many images of this size would you need to cover the original 
photo? 


9.7 Identify and Perform Dilations 631 


41. REASONING You put a reduction of a page on the original page. 
Explain why there is a point that is in the same place on both pages. 


42. CHALLENGE Draw two concentric circles with center A. 
Draw AB and AC to the larger circle to form a 45° angle. 


Label points D and F, where AB and AC intersect the B 
smaller circle. Locate point E at the intersection of "A 
BF and CD. Choose a point G and draw quadrilateral <a) 
DEFG. Use A as the center of the dilation and a scale 


factor of 5 Dilate DEFG, A DBE, and A CEF two times. 


Sketch each image on the circles. Describe the result. 


"MIXED REVIEW 


: PREVIEW _ Find the unknown leg length x. (р. 433) 
: Prepare for | 43. 44. 72 45. 
: Lesson 10.1 in 
60 325 
: Exs. 43-45. 36 x 125 
75 
> x 


Find the sum of the measures of the interior angles of the indicated convex 
polygon. (p. 507) 


46. Hexagon 47. 13-gon 48. 15-gon 49. 18-gon 


QUIZ for Lessons 9.6-9.7 


Determine whether the figure has line symmetry and/or rotational 
symmetry. Identify the number of lines of symmetry and/or the rotations 
that map the figure onto itself. (p. 619) 


Qin @ cT 


Tell whether the dilation is a reduction or an enlargement and find its scale 
factor. (p. 626) 


5. aa 6. 
22 Р 
12 
p' 


7. The vertices of A RST are R(3, 1), S(0, 4), and T(—2, 2). Use scalar 
multiplication to find the image of the triangle after a dilation 


centered at the origin with scale factor 4. (p. 626) 
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Ташо ACTIVITY Use after Lesson 9.7 Tutor 
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Keystrokes 


Compositions With Dilations 


MATERIALS : graphing calculator or computer 


You can use geometry drawing software to perform compositions 
with dilations. 


Draw triangle Construct a scalene triangle 
like A ABC at the right. Label the vertices 
A, B, and C. Construct a line that does not 
intersect the triangle. Label the line p. 


STEP 2| Reflect triangle Select Reflection from the 
F4 menu. To reflect A ABC in line p, choose 
the triangle, then the line. 


Au 1-2 


Dilate triangle Select Hide/Show from 
the F5 menu and show the axes. To set the 
scale factor, select Alpha-Num from the 
F5 menu, press ENTER when the cursor 
is where you want the number, and then 
enter 0.5 for the scale factor. 


Next, select Dilation from the F4 menu. 

Choose the image of A ABC, then choose 

the origin as the center of dilation, and 

finally choose 0.5 as the scale factor to a 
dilate the triangle. Save this as “DILATE”. SIERS 


| 


. Move the line of reflection. How does the final image change? 


. To change the scale factor, select the Alpha-Num tool. Place the cursor 
over the scale factor. Press ENTER, then DELETE. Enter a new scale. How 
does the final image change? 


3. Dilate with a center not at the origin. How does the final image change? 


. Use AABC and line p, and the dilation and reflection from the Example. 
Dilate the triangle first, then reflect it. How does the final image change? 


9.7 Identify and Perform Dilations 


MIXED RE EVIEW o of Problem Solving D STATE TEST PRACTICE 


Lessons 9.4-9.7 


1. GRIDDED ANSWER What is the angle of 
rotation, in degrees, that maps A to A’ in the 


photo of the ceiling fan below? 


А 


2. SHORT RESPONSE The vertices of A DEF are 
D(-3, 2), EQ, 3), and F(3, —1). Graph A DEF. 
Rotate A DEF 90° about the origin. Compare 
the slopes of corresponding sides of the 
preimage and image. What do you notice? 


3. MULTI-STEP PROBLEM Use pentagon PQRST 


shown below. 


a. Write the polygon matrix for PQRST. 


b. Find the image matrix for a 270° rotation 


about the origin. 


c. Graph the image. 


4. SHORT RESPONSE Describe the 
transformations that can be found in 
the quilt pattern below. 
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5. MULTI-STEP PROBLEM The diagram shows 


the pieces of a puzzle. 


a. Which pieces are translated? 
b. Which pieces are reflected? 
c. Which pieces are glide reflected? 


. OPEN-ENDED Draw a figure that has the 


given type(s) of symmetry. 
a. Line symmetry only 
b. Rotational symmetry only 


c. Both line symmetry and 
rotational symmetry 


. EXTENDED RESPONSE In the graph below, 


AA'B'C' is a dilation of Л АВС. 


C' 


a. Is the dilation a reduction or an 
enlargement? 


b. What is the scale factor? Explain your 
steps. 


c. What is the polygon matrix? What is the 
image matrix? 


d. When you perform a composition of a 
dilation and a translation on a figure, does 
order matter? Justify your answer using 
the translation (x, y) ^ (x + 3, y — 1) and 
the dilation of A ABC. 


Big 


Big 


Big 


(deo (E) 1 


(deo © | 


GdGdGdG dG dG dG dd dG GEG db dG dG dG GEG ddd dG Gd dd dG bd dG dG dG bE PG dG dG dG bE dd dG dG Edd dG G dG ddbdGdbG bg dd dG GEG Gd dG GG dd dG GG dd dG GG dd dg Gd dG dG dG Gd dG dG EG dG dG dG dG bE ddd G bE ddd GE PG dd dG Gg dG dG dd dG dG ddddg ddd 
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BIG IDEAS 


CHAPTER SUMMARY 


For Your Notebook 


Performing Congruence and Similarity Transformations 


Translation 


Translate a figure right or left, up or 
down. 


Rotation 
Rotate a figure about a point. 


Reflection 
Reflect a figure in a line. 


Dilation 


Dilate a figure to change the size 
but not the shape. 


You can combine congruence and similarity transformations to make a 
composition of transformations, such as a glide reflection. 


Making Real-World Connections to Symmetry and Tessellations 


Line symmetry 


4 lines of symmetry 


Rotational symmetry 


| 


90° rotational symmetry 


Applying Matrices and Vectors in Geometry 


You can use matrices to represent points and polygons in the coordinate 
plane. Then you can use matrix addition to represent translations, 
matrix multiplication to represent reflections and rotations, and scalar 
multiplication to represent dilations. You can also use vectors to 


represent translations. 


Chapter Summary 635 
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* Multi-Language Glossary 
+ Vocabulary practice 
: For a list of * image, p. 572 * matrix, p. 580 * composition of transformations, 
: aim and ^ .preimage, p. 572 * element, p. 580 mous 
: theorems, see | “| 
Í pp. 926—931 e isometry, p. 573 * dimensions, p. 580 line symmetry, p. 619 
* Vector, p. 574 * line of reflection, p. 589 * line of symmetry, p. 619 
da ee terminal point, e center of rotation, р. 598 * rotational symmetry, p. 620 
orizontal component, ' . 
vertical component angle of rotation, p. 598 SERIE OU УПАТ y B ao 
+s coraponent form, ax - glide reflection, p. 608 • scalar multiplication, p. 627 
VOCABULARY EXERCISES 


1. Copy and complete: A(n) _? is a transformation that preserves lengths. 
2. Draw a figure with exactly one line of symmetry. 
3. WRITING Explain how to identify the dimensions of a matrix. Include an 


example with your explanation. 


Match the point with the appropriate name on the vector. 


4. T A. Initial point H e 
T 


5. H B. Terminal point 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding 
of the concepts you have learned in each lesson of Chapter 9. 


Translate Figures and Use Vectors pp. 572-579 


Name the vector and write its component form. 


The vector is EF. From initial point E to terminal point 
F, you move 4 units right and 1 unit down. So, the 
component form is (4, 1). 


EXERCISES 
: EXAMPLES 6. The vertices of AABC are A(2, 3), B(1, 0), and C(-2, 4). Graph the image 
: Tand4 of A ABC after the translation (x, y) —> (x + 3, y — 2). 


: on pp. 572, 574 


: for Exs. 6-7 7. The vertices of ADEF are D(—6, 7), E(—5, 5), and F(—8, 4). Graph the 


image of ADEF after the translation using the vector (—1, 6). 
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É „2 Use Properties of Matrices pp. 580-587 | 
—9 12 20 18 
з | 5 bi i | pa 
These two matrices have the same dimensions, so you can perform the 
addition. To add matrices, you add corresponding elements. 


-9 12| [20 18/_[-9+20 12+18] [і ao 
5 —4 11 25 5+11 -4-25 16 21 


EXERCISES 

: EXAMPLE3 | Find the image matrix that represents the translation of the polygon. Then 
: on p. 581 graph the polygon and its image. 
: for Exs. 8-9 

A BC DEF G 

6129 |, „| ^^” 4 |, 
4 3 2 36 4 -1 
5 units up and 3 units left 2 units down 


É EN Perform Reflections pp. 589-596 | 


The vertices of AMLN are M(4, 3), L(6, 3), and N(5, 1). Graph the reflection 
of AMLN in the line p with equation x = 2. 


Point M is 2 units to the right of p, so its 
reflection M' is 2 units to the left of p at (0, 3). 
Similarly, Г is 4 units to the left of p at (-2, 3) 
and N' is 3 units to the left of p at (—1, 1). 


EXERCISES 
: EXAMPLES Graph the reflection of the polygon in the given line. 
: Tand2 
Mere PA 10. x=4 11. y=3 


: On pp. 589-590 
: for Exs. 10-12 


шш 
aa 
aa 
ыз 
22 
иш 
иш 
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CHAPTER REVIEW 


Perform Rotations pp. 598-605 


Find the image matrix that represents the 90° 
rotation of ABCD about the origin. 


—2 1 2 -3 
Th | іх for ABCD i : 
e polygon matrix for ABC 3l A AD q 


Multiply by the matrix for a 90° rotation. 


ABC D А OB C D 
D epa. 1 2 ae). |= em =2 
1 0 442 2 a Y Lo 
EXERCISES 
: EXAMPLE3 | Find the image matrix that represents the given rotation of the polygon 
: on p. 600 about the origin. Then graph the polygon and its image. 
: for Exs. 13-14 
QR S LMN P 
13. | > 2 * |. 180° 14, | 1.3 > 7* |; 270° 
0 5 -2 6 5 0 -3 


É EN Apply Compositions of Transformations pp. 608-615 | 


The vertices of A ABC are A(4, —4), B(3, —2), and C(8, —3). Graph the image 
of AABC after the glide reflection. 


Translation: (x, y) ^ (x, y + 5) 
Reflection: in the y-axis 


Begin by graphing A ABC. 
Then graph the image 

A. A'B'C' after a translation 
of 5 units up. Finally, graph 
the image A A"B"C" after a 
reflection in the y-axis. 


EXERCISES 
: EXAMPLE 1 | Graph the image of H(—4, 5) after the glide reflection. 
: on p. 608 15. Translation: (x, y) ^ (x + 6, y — 2) 16. Translation: (x, y) ^ (x — 4, y — 5) 
: for Exs. 15-16 . г йз . i d 
Reflection: in x = 3 Reflection: in y = x 
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Identify Symmet pp. 619-624 


Determine whether the rhombus has line symmetry and/or 
rotational symmetry. Identify the number of lines of symmetry 
and/or the rotations that map the figure onto itself. 


The rhombus has two lines of symmetry. It also has 
rotational symmetry, because a 180° rotation maps the 
rhombus onto itself. 


EXERCISES 


: EXAMPLES Determine whether the figure has line symmetry and/or rotational 
: 1and 2 symmetry. Identify the number of lines of symmetry and/or the rotations 


: оп pp. 619-620 | that map the figure onto itself. 


; for Exs. 17—19 
17. a 18. 19. 
pu 
E 


Identify and Perform Dilations pp. 626-632 


Quadrilateral ABCD has vertices A(1, 1), B(1, 3), C(3, 2), and D(3, 1). Use 
scalar multiplication to find the image of ABCD after a dilation with its 
center at the origin and a scale factor of 2. Graph ABCD and its image. 


To find the image matrix, multiply each element of 
the polygon matrix by the scale factor. 


AB CD A BH C D 


113 3|_|2 2 6 6 
L32 1 2 6 4 2 


Scale factor Polygon matrix Image matrix 
EXERCISES 
: EXAMPLE 4 | Find the image matrix that represents a dilation of the polygon centered 
: On p. 628 at the origin with the given scale factor. Then graph the polygon and 
: for Exs. 20—21 its image. 
QRS LMN 
24 8 | —1 12 
20. T к= == 21. ‚к= 
THES [21 fpes 
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A 


Write a rule for the translation of ^ ABC to AA’B'C’. Then verify that the 
translation is an isometry. 


“(PIL e JII] ae 


Add, subtract, or multiply. 
3 -8 —10 2 —2 2.6 6 9 та 2 : 
4. 7 5. = 6. 0 
ad mp 3d 
Graph the image of the polygon after the reflection in the given line. 


7. x-axis 8. у= З 9. у= -x 


AIN Pel 


TIN VAJI 
| a NEN 
|| | А TI] 
ARAN E YA 


Find the image matrix that represents the rotation of the polygon. Then 

graph the polygon and its image. 

-5 -2 -3 —5 
0 3 -1 —3 


2 4 6 


9 5 1 I rotation 


10. AABC: | | 90° rotation 11. KLMN: | 


The vertices of APQR are P(—5, 1), Q(-4, 6), and R(-2, 3). Graph AP"Q"R" 
after a composition of the transformations in the order they are listed. 


12. Translation: (x, y) ^ (x — 8, y) 13. Reflection: in the y-axis 
Dilation: centered at the origin, k — 2 Rotation: 90* about the origin 


Determine whether the flag has line symmetry and/or rotational 
symmetry. Identify all lines of symmetry and/or angles of rotation that 
map the figure onto itself. 


| = | E | ө 
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ALGEBRA REVIEW 


MULTIPLY BINOMIALS AND USE QUADRATIC FORMULA 


(Animated Algebra 


classzone.com 


EXAMPLE 1) Multiply binomials 


Find the product (2x + 3)(x — 7). 
Solution 
Use the FOIL pattern: Multiply the First, Outer, Inner, and Last terms. 


First Outer Inner Last 


(2x + 3)(x — 7) = 2x(x) + 2x(—7) + 3(x) + 3(-7) 


=2х°— Ах + 3x — 21 
=D liy 21 


Write the products of terms. 
Multiply. 


Combine like terms. 


Xy] Solve a quadratic equation using the quadratic formula 


Solve 2x? + 1 = 5x. 


Solution 
Write the equation in standard form to be able to use the quadratic formula. 
2x? +1 = 5х Write the original equation. 
2x^—5x -1-0 Write in standard form. 
х= 20 = УВ —4ac zum Write the quadratic formula. 
| —(-5) + V(—5)* — 4(2)(1) Substitute values in the quadratic formula: 
„а 2(2) a-2,b- —5,andc- 1. 
= = = Simplify. 


> The solutions are БАГЫ == 2.28апа sai = 0.22. 


EXERCISES 
: EXAMPLE 1... | Find the product. 
PODES 1. (x + 3)(x — 2) 2. (х — 8)? 3. (x + 4)(x — 4) 
4. (x — 5)(x — 1) 5. (7x + 6)* 6. (3x — D (x + 9) 
7. 2x + D(2x — 1) 8. (-3x + 1)? 9. (x + y)(2x + y) 
: EXAMPLE 2 Use the quadratic formula to solve the equation. 


: for Exs. 10-18 10. 3x2 -2x-5=0 


13. 4x2+9x+2=0 
16. 3х2 = 5х – 1 


11. x^ 7х + 12 = 0 
14. 3х2 + Ax — 10 = 0 
17. x? = -1lx — A 


12. x^ + 5x 2-0 
15. x - x 27 
18. 5x^ + 6 = 17x 


Algebra Review 
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Scoring Rubric 


Full Credit 
• solution is complete 
and correct 


Partial Credit 

• solution is complete 
but has errors, 
or 

* solution is without 
error but incomplete 


No Credit 

* no solution is given, 
or 

e solution makes no 
sense 


ооөөөөөөөөөөөөөөөөөөөөөөөөөөөөөөө Be 
The reasoning is correct, 


and the graphs are 
correct. 


—————M 9À » 
Each transformation is 


performed correctly. 
However, the 
transformations are not 
performed in the order 
given in the problem. 
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SHORT RESPONSE QUESTIONS 


PROBLEM 


The vertices of APQR are P(1, —1), Q(4, —1), and R(0, —3). What are the 
coordinates of the image of APQR after the given composition? Describe 
your steps. Include a graph with your answer. 


Translation: (x, y) > (x — 6, y) 
Reflection: in the x-axis 


Below are sample solutions to the problem. Read each solution and the 
comments on the left to see why the sample represents full credit, partial 


credit, or no credit. 
SAMPLE 1: Full credit solution 


First, graph APQR. Next, to 
translate APQR 6 units left, 
subtract 6 from the x-coordinate 
of each vertex. 


Pul, pe —1) 
QU, =D > Q'(-2, 1) 
R(0, —3) > HR (56, 3) 


Finally, reflect AP'Q'R' in the 
x-axis by multiplying the 
y-coordinates by —1. 


Es sss 
Q-2, =l) Ei 0 (2, 1) 
R'(-6, -3) —> R"(—6, 3) 


SAMPLE 2: Partial credit solution 


First, graph APQR. Next, reflect 
APQR over the x-axis by 
multiplying each y-coordinate by 
—1. Finally, to translate AP'Q'R' 
6 units left, subtract 6 from each 
x-coordinate. 


The coordinates of the image of 
APQR after the composition are 


P"(=5, 1), 0 (=z, 0, апак (—6, 3). 
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SAMPLE 3: Partial credit solution 


какала анааан йа арала аны » | First subtract 6 from each x-coordinate. So, P'(1 — 6, —1) = P'(—5, —1), 
The reasoning is correct, Q'(4 — 6, —1) = Q'(-2, -1), and R'(0 — 6, —3) = R'(—6, —3). Then reflect 
but the student does not the triangle in the x-axis by multiplying each y-coordinate by —1. So, 
show a graph. PS De) = 215 00071023. El DO (2D and 

П (—6, —1 « (—3)) = R (—5, 3). 


SAMPLE 4: No credit solution 


""—————— » Translate APQR 6 units by adding 6 to each x-coordinate. Then multiply 
The reasoning is each x-coordinate by —1 to reflect the image over the x-axis. The 


incorrect, and the student | resulting A P'Q'R' has vertices P'(—7, —1), Q'(-10, —1), and R'(—6, —3). 
does not show a graph. 


PRACTICE Apply Scoring Rubric 


Use the rubric on page 642 to score the solution to the problem below as full 
credit, partial credit, or no credit. Explain your reasoning. 


PROBLEM The vertices of ABCD are A(—6, 2), B(—2, 3), C(—1, 1), and 


D(—5, 1). Graph the reflection of ABCD in line m with equation x = 1. 


1. First, graph ABCD. Because m ie a vertical line, the reflection will not 
change the y-coordinates. A ie 7 unite left of m, eo A’ ie 7 unite right 
of m, at A'(B, 2). Since Б ie 3 unite left of m, Б’ ie 5 unite right of m, 
at B'(4, 3). The images of C and D are C'(3, 1) and D'(7, 1). 


LL LL LLLI [| 1) 1l[ 
WNEENERINNNE С 
ACTTN ol | | | A FAA 


C 
_|11]|]11]++?|1||| || dl 


2. First, graph ABCD. The reflection ie in a vertical line, so only the 
x-coordinates change. Multiply the x-coordinates in ABCD by —1 to get 
A(G 2), B'(2, 5), C'(1, 1), and D'(5, 1). Graph АСР, 


AA e 
Ha LATE 


AN EINE YE IIA] || 
P| || eA 1р 
_ || tT Tt [+1111 lx 
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SHORT RESPONSE 


1. Use the square window shown below. 


a. Draw a sketch showing all the lines of 
symmetry in the window design. 


b. Does the design have rotational 
symmetry? If so, describe the rotations 
that map the design onto itself. 


. The vertices of a triangle are A(0, 2), B(2, 0), 
and C(-2, 0). What are the coordinates of the 
image of A ABC after the given composition? 
Include a graph with your answer. 


Dilation: (x, y) > (3x, 3x) 
Translation: (x, y) > (x — 2, y — 2) 


. Thelight gray square is the image of the dark 
gray square after a single transformation. 
Describe three different transformations that 
could produce the image. 


y 


4. Ata stadium concession stand, a hotdog 


costs $3.25, a soft drink costs $2.50, and a 
pretzel costs $3. The Johnson family buys 

5 hotdogs, 3 soft drinks, and 1 pretzel. The 
Scott family buys 4 hotdogs, 4 soft drinks, 
and 2 pretzels. Use matrix multiplication to 
find the total amount spent by each family. 
Which family spends more money? Explain. 
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5. The design below is made of congruent 


isosceles trapezoids. Find the measures 
of the four interior angles of one of the 
trapezoids. Explain your reasoning. 


. Two swimmers design a race course near a 


beach. The swimmers must move from point 
A to point B. Then they swim from point B to 
point C. Finally, they swim from point C to 
point D. Write the component form 1 of the 


vectors shown in the diagram, AB, BC, and 
CD. Then write the component form of AD. 


S DA, 16) 


. A polygon is reflected in the x-axis and then 


reflected in the y-axis. Explain how you can 
use a rotation to obtain the same result as 
this composition of transformations. Draw 
an example. 


. Inrectangle PQRS, one side is twice as long 


as the other side. Rectangle P'Q'R'S' is the 

image of PQRS after a dilation centered at P 

with a scale factor of 0.5. The area of P'Q'R'S' 

is 32 square inches. 

a. Find the lengths of the sides of PQRS. 
Explain. 


b. Find the ratio of the area of PQRS to the 
area of P'Q'R'S'. 


MULTIPLE CHOICE 


9. Which matrix product is equivalent to the 


product[3 -1] 7 | ? 


11. 


12. 


® [-3 || 
[1 ||| 
© [-1 JH 
13. 


® [1 EM 


10. Which transformation is not an isometry? 
СА) Translation Reflection 
© Rotation (DD Dilation 


EXTENDED RESPONSE 


14. An equation of line / is y = 3x. 


9» STATE TEST PRACTICE 
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GRIDDED ANSWER 


Line p passes through points /(2, 5) and 
K(—4, 13). Line q is the image of line p after 
line pis reflected in the x-axis. Find the slope 
of line q. 


The triangle on the left is the image of the 
triangle on the right after it is rotated about 
point P. What is the value of y? 


Ay +2 
: Ф: 
a 2x — 1 


The vertices of APQR are Р(1, 4), Q(2, 0), and 
R(4, 5). What is the x-coordinate of Q' after 
the given composition? 


ep 


Translation: (x, y) > (x — 2, y + 1) 
Dilation: centered at (0, 0) with k = 2 


a. Graph line /. Then graph the image of line / after it is reflected in the 


line y — x. 
b. Find the equation of the image. 


c. Suppose a line has an equation of the form y = ax. Make a conjecture 
about the equation of the image of that line when it is reflected in the 
line y = x. Use several examples to support your conjecture. 


15. The vertices of AEFG are E(4, 2), F(-2, 1), and G(0, — 
Find the coordinates of the vertices of AE'F'G', the image of AEFG after 


a. 


3). 


a dilation centered at the origin with a scale factor of 2. Graph AEFG 


and AE'F'G' in the same coordinate plane. 


. Find the coordinates of the vertices of AE"F"G", the image of AE'F'G' 


after a dilation centered at the origin with a scale factor of 2.5. Graph 
AE"F”G” in the same coordinate plane you used in part (a). 


. Whatis the dilation that maps AEFG to AE"F"G"? 
. Whatis the scale factor of a dilation that is equivalent to the 


composition of two dilations described below? Explain. 


Dilation: centered at (0, 0) with a scale factor of a 
Dilation: centered at (0, 0) with a scale factor of b 
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Test Practice 


CUMULATIVE REVIEW 


Tell whether the lines through the given points are parallel, 
perpendicular, or neither. (p. 171) 


1. Line 1: (3, 5), (2, 6) 2. Line 1: (2, —10), (9, —8) 
Line 2: (—3, 5), (+4, 10) Line 2: (8, 6), (1, 4) 


Write an equation of the line shown. (p. 180) 


State the third congruence that must be given to prove that the triangles 
are congruent using the given postulate or theorem. (pp. 234, 240, and 249) 


6. 555 Congruence Post. 7. SAS Congruence Post. 8. AAS Congruence Thm 
B Q R Y 
PB A WI? i 
P S 
A D C ү 


Determine whether BD is a perpendicular bisector, median, or altitude of 
A ABC. (p. 319) 


9. A D C 10. A 11. B 
i ° — NN 
B C A D C 


Determine whether the segment lengths form a triangle. If so, would the 
triangle be acute, right, or obtuse? (pp. 328 and 441) 


12. 11, 11, 15 13. 33, 44, 55 14. 9,9, 13 

15. 7,8, 16 16. 9, 40, 41 17. 0,5, 1.2, 1,3 
Classify the special quadrilateral. Explain your reasoning. Then find the 
values of x and y. (p. 533) 

18. B 19. K 2у+8 LL 20. 


2y + 12 o Б ДЕШ 
Р е T OS pe 
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Graph the image of the triangle after the composition of the 
transformations in the order they are listed. (p. 608) 


21. P(—5, 2), Q(—2, 4), R(0, 0) 22. F(—1, —8), G(—6, —3), R(0, 0) 
Translation: (x, y) ^ (x - 2, y + 5) Reflection: in the line x = 2 
Reflection: in the x-axis Rotation: 90? about the origin 


FIRE ESCAPE In the diagram, the staircases on the fire 
escape are parallel. The measure of / 1 is 48°. (p. 154) 


23. Identify the angle(s) congruent to Z 1. 
24. Identify the angle(s) congruent to Z 2. 
25. What is т/ 2? 
26. What is т/ 6? 


27. BAHAMA ISLANDS The map of some of the Bahamas has a scale of 


i inch:60 miles. Use a ruler to estimate the actual distance from 


Freeport to Nassau. (p. 364) 


wo 


Florida 


Atlantic Ocean 


єл 
eo 
> m ? 


28. ANGLE OF ELEVATION You are standing 12 feet away from your house 
and the angle of elevation is 65° from your foot. How tall is your house? 
Round to the nearest foot. (p. 473) 


29. PURSE You are decorating 8 trapezoid-shaped purses to sell at a craft show. 
You want to decorate the front of each purse with a string of beads across the 
midsegment. On each purse, the length of the bottom is 5.5 inches and the 
length of the top is 9 inches. If the beading costs $1.59 per foot, how much 
will it cost to decorate the 8 purses? (p. 542) 


TILE PATTERNS Describe the transformations that are combined to make 


the tile pattern. (p. 607) 
E B.E. 
ae Mel A HT 
a A i-i c n M 
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a 


a 


10.2 Find Arc Measures 


Properties of Circles 


10.1 Use Properties of Tangents 


10.3 Apply Properties of Chords 

0.4 Use Inscribed Angles and Polygons 

10.5 Apply Other Angle Relationships in Circles 
10.6 Find Segment Lengths in Circles 


10.7 Write and Graph Equations of Circles 


Previously, you learned the following skills, which you'll use in Chapter 10: 
finding side lengths in right triangles, finding angle measures, and solving 


equations. 


Prerequisite Skills 


Copy and complete the statement. 


1. Two similar triangles have congruent corresponding angles and _? 


corresponding sides. 


2. Two angles whose sides form two pairs of opposite rays are called _? 


3. The_? ofan angle is all of the points between the sides of the angle. 


lengths. ( 
4. 3,4 


Find the value of the variable. (i 


7. 


8. 


In Chapter 10, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 707. You will also use the key vocabulary listed below. 


O Using properties of segments that intersect circles 
(2) Applying angle relationships in circles 


© Using circles in the coordinate plane 


KEY VOCABULARY 

e circle, р. 651 e central angle, р. 659 * congruent arcs, р. 660 
center, radius, diameter • minor arc, p. 659 • inscribed angle, p. 672 

* chord, p. 651 e major arc, p. 659 * intercepted arc, p. 672 

* secant, p. 651 e semicircle, p. 659 * standard equation of a 

* tangent, p. 651 • congruent circles, p. 660 circle, p. 699 


Circles can be used to model a wide variety of natural phenomena. You can 
use properties of circles to investigate the Northern Lights. 


The animation illustrated below for Example 4 on page 682 helps you answer 
this question: From what part of Earth are the Northern Lights visible? 


Complete the justification below by dragging the steps into the correct order. 
Click "Check Answer" when you are finished. 


Steps 


CA = CA, by the Reflexive Property of Congruence. 


ZBCA = ZDCA, because corresponding parts of 

congruent triangles are congruent. 

CB and CD are tangent to Earth, so CB 1 AB and 

CD 1 AD. Then ZCBA and ZCDA are right angles. 
Drawing Not to Scale ДАВС = AADC, by the Hypotenuse-Leg 

Congruence Theorem. 


To begin, complete a justification ofthe а. 
statement that Z BCA = Z DCA. 4 


шуыш ДШ ACTIVITY Use before Lesson 10.7 


Explore Tangent Segments 


MATERIALS + compass + ruler 


A line can intersect a circle at 0, 1, or 2 points. If a line is in the plane of a 
circle and intersects the circle at 1 point, the line is a tangent. 


( 


= 


ТЕР 


Draw a circle Use a compass Draw tangents Draw lines Measure segments AB and CB 
to draw a circle. Label the AB and CB so that they are called tangent segments. 
center P. intersect OP only at A and C, Measure and compare the 
respectively. These lines are lengths of the tangent 
called tangents. segments. 


. Repeat Steps 1-3 with three different circles. 


. Use your results from Exercise 1 to make a conjecture about 
the lengths of tangent segments that have a common endpoint. 


. In the diagram, L, О, Л, and P are points of 
tangency. Use your conjecture from Exercise 2 
to find LQ and NP if LM = 7 and MP = 5.5. 


. In the diagram below, А, B, D, and E are points 
of tangency. Use your conjecture from Exercise 2 
to explain why AB = ED. 


650 Chapter 10 Properties of Circles 


Key Vocabulary 


e circle 
center, radius, 
diameter 


e chord 
e secant 
• tangent 


Use Properties 
of Tangents 


You found the circumference and area of circles. 
You will use properties of a tangent to a circle. 


So you can find the range of a GPS satellite, as in Ex. 37. 


A circle is the set of all points in a plane that are 
equidistant from a given point called the center of 
the circle. A circle with center P is called "circle P" 
and can be written ОР. A segment whose endpoints 
are the center and any point on the circle is a radius. 


A chord is a segment whose endpoints are on a 
circle. A diameter is a chord that contains 
the center of the circle. 


A secant is a line that intersects a circle in two 
points. A tangent is a line in the plane of a circle 
that intersects the circle in exactly one point, 
the point of tangency. The tangent ray AB and the 
tangent segment AB are also called tangents. 


a. AC b. AB 

— —o 

с. DE d. АЕ 
Solution 


circle at only one point. 


GUIDED PRACTICE for Example 1 


Tell whether the line, ray, or segment is best described 
as a radius, chord, diameter, secant, or tangent of ОС. 


1. In Example 1, what word best describes AG? CB? 


Met 


chord 


point of tangency 


tangent 


Identify special segments and lines 


2. In Example 1, name a tangent and a tangent segment. 


B A 


a. ACis a radius because C is the center and A is a point on the circle. 
b. AB is a diameter because it is a chord that contains the center C. 


— 
c. DEisatangent ray because it is contained in a line that intersects the 


< 
d. AE is a secant because it is a line that intersects the circle in two points. 


10.1 Use Properties of Tangents 


center 
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: READ VOCABULARY RADIUS AND DIAMETER The words radius and diameter are used for lengths 


: The plural of radiusis а well as segments. For a given circle, think of a radius and a diameter as 
: radii. All radii of a circle segments and the radius and the diameter as lengths. 


: are congruent. 
Г EXAMPLE 2 | Find lengths in circles in a coordinate plane 


Use the diagram to find the given lengths. 
a. Radius of OA 
b. Diameter of OA 
c. Radius of OB 
d. Diameter of OB 


Solution 
a. The radius of ОА is 3 units. b. The diameter of ОА is 6 units. 
c. The radius of OB is 2 units. d. The diameter of CB is 4 units. 


Y GUIDED PRACTICE for Example 2 


3. Use the diagram in Example 2 to find the radius and diameter of 
OCand OD. 


COPLANAR CIRCLES Two circles can intersect in two points, one point, or no 
points. Coplanar circles that intersect in one point are called tangent circles. 
Coplanar circles that have a common center are called concentric. 


O 
We О 250 


2 points of intersection 1 point of intersection no points of intersection 
(tangent circles) 


© 


concentric 
circles 


: READ VOCABULARY COMMON TANGENTS А line, гау, or segment that is tangent to two coplanar 
: A line that intersects — circles is called a common SO 

: a circle in exactly one 

: point is said to be 


: tangent to the circle. common OS 


OQ 
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(EXAMPLE 3 ] Draw common tangents 


Tell how many common tangents the circles have and draw them. 


Solution 


a. 4 common tangents b. 3 common tangents c. 2 common tangents 


90 Чу xD 


Y GUIDED PRACTICE | for Example 3 


Tell how many common tangents the circles have and draw them. 


oS ^76 


THEOREM For Your Notebook 


THEOREM 10.1 


In a plane, a line is tangent to a circle if and Р 
only if the line is perpendicular to a radius of 


the circle at its endpoint on the circle. 2 


Line m is tangent to OQ 
Proof: Exs. 39—40, p. 658 if and only if m 1 ОР. 


Г Ехлмріғ verity a tangent to a circle 


In the diagram, PT is a radius of OP. 


y 
Is ST tangent to OP? 35 T \ 


S 37 


Solution 


Use the Converse of the Pythagorean Theorem. Because 12? + 35° = 37°, 
APST is a right triangle and ST L PT. So, ST is perpendicular to a radius 
of OP at its endpoint on OP. By Theorem 10.1, ST is tangent to ОР. 


10.1 Use Properties of Tangents 653 


65,41,1051 Find the radius of a circle 


In the diagram, B is a point of tangency. 50 ft 
Find the radius r of OC. 


Solution 


You know from Theorem 10.1 that AB 1 BC, so AABCis a right triangle. 
You can use the Pythagorean Theorem. 


АС? = ВС? + AB? Pythagorean Theorem 


(г + 50) = г? + 80° Substitute. 
г? + 100r + 2500 = г? + 6400 Multiply. 
100r = 3900 Subtract from each side. 
r= 39 ft Divide each side by 100. 


THEOREM For Your Notebook 

THEOREM 10.2 R 

Tangent segments from a common external 

point are congruent. $ 
If SR and ST are tangent 

Proof: Ex. 41, p. 658 segments, then SR = ST. 


. EXAMPLE 6 tangents 


RS is tangent to ©C at S and RT is tangent 28 S 
to CC at T. Find the value of x. E 
3x +4 
Solution T 
RS = RT Tangent segments from the same point are =. 


28 = Зх +4 Substitute. 


8=x Solve for x. 


Y GUIDED PRACTICE 


7. Is DEtangentto OC? 8. STis tangent to OQ. 9. Find the value(s) 
Find the value of r. of x. 
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4,5, and 6. 


101 EXERCISES 


HOMEWORK: (С) = WORKED-OUT SOLUTIONS 
on p. WS12 for Exs. 7, 19, and 37 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 29, 33, and 38 


KEY: 


“SKILL PRACTICE 


: EXAMPLE 1 


: on p. 651 
: for Exs. 3-11 


: EXAMPLES 


: on pp. 652-653 
: for Exs. 12-17 


1. VOCABULARY Copy and complete: The points A and B are on OC. If Cisa 
point on AB, then ABisa ? . 


2. * WRITING Explain how you can determine from the context whether 
the words radius and diameter are referring to a segment or a length. 


MATCHING TERMS Match the notation with the term that best describes it. 


3. B 
—3À 
4. BH 


A. 


H. 
(¿Animatea Geometry » at classzone.com 


Center 


B. Radius 
C. Chord 

D. 
E 
F 
G 


Diameter 


. Secant 
. Tangent 


. Point of tangency 


Common tangent 


11. ERROR ANALYSIS Describe and correct the error in the statement about 


the diagram. 


COORDINATE GEOMETRY Use the diagram at the right. 
12. What are the radius and diameter of О С? 
13. What are the radius and diameter of OD? 


14. Copy the circles. Then draw all the common tangents 
of the two circles. 


The length of 


secant AB is 6. X 


EZEENNEENN 
ENG ЕНИ 
Vi | | IAN N 
NENNEN ME NEN 
UCA fot E 
ГҮЛИ 
аш»: ШШ 
ИЖЕЕЛШШНШШЕ 


DRAWING TANGENTS Copy the diagram. Tell how many common tangents 
the circles have and draw them. 


Oo су "E 
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: EXAMPLE 4 


: on p. 653 
: for Exs. 18-20 


: EXAMPLES 


: on p. 654 
: for Exs. 21-26 
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DETERMINING TANGENCY Determine whether ABis tangent to OC. Explain. 


XA 


B 15 A 


20. 


A B 


EE) ALGEBRA Find the value(s) of the variable. In Exercises 24-26, B and D 


_ | are points of tangency. 
21. 22 
16 
24 

24 B 25 

3x + 10 

A 
1x — 6 
D 


23. 


COMMON TANGENTS A common internal tangent intersects the segment 
that joins the centers of two circles. A common external tangent does not 
intersect the segment that joins the centers of the two circles. Determine 


whether the common tangents shown are internal or external. 


29. Ж MULTIPLE CHOICE In the diagram, OP and CQ are tangent circles. RS 


is a common tangent. Find RS. 


(А) -2V15 


R 
$ 


Je 


30. REASONING In the diagram, PB is tangent to 


OQ and OR. Explain why PA = 


PB = PC even 


though the radius of VQ is not equal to the 


radius of OR. 


31. TANGENT LINES When will two lines tangent to the same circle not 
intersect? Use Theorem 10.1 to explain your answer. 


Q = WORKED-OUT SOLUTIONS 
on p. WS1 


Ж = STANDARDIZED 
TEST PRACTICE 


32. ANGLE BISECTOR In the diagram at right, A апа D are A 
points of tangency on OC. Explain how you know that 


-=> в e 
BC bisects Z ABD. (Hint: Use Theorem 5.6, page 310.) 


33. Ж SHORT RESPONSE For any point outside of a circle, is there ever only 
one tangent to the circle that passes through the point? Are there ever 
more than two such tangents? Explain your reasoning. 


34. CHALLENGE In the diagram at the right, AB — AC - 12, 
BC = 8, and all three segments are tangent to OP. What 
is the radius of OP? 


: PROBLEM SOLVING 


BICYCLES On modern bicycles, rear wheels usually have tangential spokes. 
Occasionally, front wheels have radial spokes. Use the definitions of tangent and 
radius to determine if the wheel shown has tangential spokes or radial spokes. 


35. 36. 


@HomeTutor ог problem solving help at classzone.com 


: EXAMPLE 4 (87) GLOBAL POSITIONING SYSTEM (GPS) GPS satellites orbit about 11,000 miles 


: On p. 653 above Earth. The mean radius of Earth is about 3959 miles. Because GPS 
: for Ex. 37 signals cannot travel through Earth, a satellite can transmit signals only as far 
as points A and C from point B, as shown. Find BA and BC to the nearest mile. 
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38. Ж SHORT RESPONSE In the diagram, RS is a common R 
internal tangent (see Exercises 27-28) to ОА and OB. / Хх, 
Use similar triangles to explain why AL д 
BC SC CN / 
$ 
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39. PROVING THEOREM 10.1 Use parts (а)—(с) to prove indirectly that 
if a line is tangent to a circle, then it is perpendicular to a radius. 


GIVEN P Line mis tangent їо OQ at P. 
PROVE > m L QP m P R 


a. Assume т is not perpendicular to QP. Then the perpendicular segment 
from Q to m intersects m at some other point R. Because m is a tangent, 
R cannot be inside OQ. Compare the length QR to QP. 


b. Because QRis the perpendicular segment from Q to m, QRis the 
shortest segment from Q to m. Now compare QR to QP. 


c. Use your results from parts (a) and (b) to complete the indirect proof. 


40. PROVING THEOREM 10.1 Write an indirect proof that if a line is 
perpendicular to a radius at its endpoint, the line is a tangent. 


GIVEN > m L QP 
PROVE > Line m is tangent to OQ. m P 


41. PROVING THEOREM 10.2 Write a proof that tangent 
segments from a common external point are congruent. 


GIVEN » SR апа ST are tangent to OP. 
PROVE P SR = ST 


Plan for Proof Use the Hypotenuse-Leg Congruence 
Theorem to show that ASRP = ASTP. 


42. CHALLENGE Point C is located at the origin. Line / is 
tangent to OC at (—4, 3). Use the diagram at the right to 
complete the problem. 


a. Find the slope of line /. 

b. Write the equation for /. 

c. Find the radius of OC. 

d. Find the distance from / to CC along the y-axis. 


: PREVIEW 43. Disin the interior of ZABC. If mZ ABD = 25? and mZ ABC = 70°, find 
: Prepare for mZ DBC. (р. 24) 

: Lesson 10.2 in 

: Ex. 43. Find the values of x and y. (p. 154) 


45. 


47. A triangle has sides of lengths 8 and 13. Use an inequality to describe 
the possible length of the third side. What if two sides have lengths 
4 and 11? (p. 328) 
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Key Vocabulary 
* central angle 
* minor arc 

• major arc 

* semicircle 


e measure 
minor arc, major arc 


• congruent circles 
* congruent arcs 


] О 2 Еіпа Агс Меаѕигеѕ 
o 


You found angle measures. 
You will use angle measures to find arc measures. 


So you can describe the arc made by a bridge, as in Ex. 22. 


A central angle of a circle is an angle whose vertex is the center of the circle. 
In the diagram, Z ACB is a central angle of OC. 


If mZ ACB is less than 180°, then the points on OC A Өн 
that lie in the interior of 2 ACB form a minor arc minor arc AB 
with endpoints A and В. The points on ©C that B 


do not lie on minor arc AB form a major arc with 
endpoints A and B. A semicircle is an arc with ai = 
endpoints that are the endpoints of a diameter. major arc ADB 


NAMING ARCS Minor arcs are named by their endpoints. The minor arc 


associated with Z ACB is named AB. Major arcs and semicircles are named 
by their endpoints and a point on the arc. The major arc associated with 


Z ACB can be named ADB. 


KEY CONCEPT For Your Notebook 


Measuring Arcs 


The measure of a minor arc is the measure of 


A 1N 
. Р EI AB = 50? 
its central angle. The expression mAB is read p d 
as "the measure of arc AB." B 


The measure of the entire circle is 360°. The D 
measure of a major arc is the difference 
between 360? and the measure of the related 
minor arc. The measure of a semicircle is 180°. 


mADB = 360? — 50? = 310? 


- Find measures of arcs 


Find the measure of each arc of ОР, where RT is a diameter. 


a. RS b. RTS C. RST 
Solution T < | 
a. RS is a minor arc, so mRS = m£ RPS = 110°. $ 


Ь. RTS is a major arc, so mRTS = 360° — 110° = 250°. 


c. RT is a diameter, so RST is a semicircle, and mRST = 180°. 


10.2 Find Arc Measures 
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ADJACENT ARCS Two arcs of the same circle are adjacent if they have a 
common endpoint. You can add the measures of two adjacent arcs. 


POSTULATE For Your Notebook 
POSTULATE 23 Arc Addition Postulate A 
The measure of an arc formed by two adjacent arcs B 


is the sum of the measures of the two arcs. c 


тАВС = mAB + mBC 


| EXAMPLE 2 | Find measures of arcs 


: ARC MEASURES 


: The measure of a minor 
: arcis less than 180°. 

: The measure of a major 
: arc is greater than 180°. 


SURVEY A recent survey asked teenagers 
if they would rather meet a famous 
musician, athlete, actor, inventor, or 


Whom Would You Rather Meet? 


other person. The results are shown in Musician Athlete 
the circle graph. Find the indicated arc 108° 83° 
measures. p > 
POTN ARAS B 292 61 
a. mAC b. mACD Inventor 79° Other 
aS aN“ E 
c. MADC d. mEBD Actor 
Solution 
a. mAC = mAB + mBC b. mACD = mAC + mCD 
= 29° + 108° = 137° + 83° 
= 137° = 220° 
c. mADC = 360° — mAC d. mEBD = 360° — mED 
= 360° — 137° = 360° — 61° 
= 223? = 299° 


Y GUIDED PRACTICE | for Examples 1 and 2 


Identify the given arc as a major arc, minor arc, or 
semicircle, and find the measure of the arc. 


1. ТО 2. QRT 3. ТОЁ 
4. QS 5. TS 6. RST 


CONGRUENT CIRCLES AND ARCS Two circles are congruent circles if they 
have the same radius. Two arcs are congruent arcs if they have the same 
measure and they are arcs of the same circle or of congruent circles. If OC 
is congruent to ©D, then you can write OC = OD. 
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| EXAMPLE 3 | Identify congruent arcs 


Tell whether the red arcs are congruent. Explain why or why not. 
b. 


Solution 


а. 


a. CD = ЕР because they are in the same circle and mCD = тЕР. 


OS NS 
b. RS and TU have the same measure, but are not congruent because they 
are arcs of circles that are not congruent. 


тч ст : . ZTN тч 
с. VX = YZ because they are in congruent circles and mVX = mYZ. 
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v GUIDED PRACTICE for Example 3 


Tell whether the red arcs are congruent. Explain why or why not. 
pem CAN, (NR 
apt Au] N f 


EXERCISES HOMEWORK: (C) = WORKED-OUT SOLUTIONS 
1 0.2 КЕҮ: оп р. WS12 for Exs. 5, 13, and 23 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 11, 17, 18, and 24 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: If 2 ACB and Z DCE are congruent 
central angles of OC, then AB and DE are _? . 


2. ж WRITING What do you need to know about two circles to show that 
they are congruent? Explain. 


: EXAMPLES MEASURING ARCS AC and BE are diameters of OF. Determine whether the 


: 1and2 | arc is a minor arc, a major arc, or a semicircle of ОЕ. Then find the measure 
: on pp. 659-660| ofthe arc. 
: for Exs. 3—11 3. BC " DE A 
| (5.)DB 6. AE AU B 
7. AD 8. ABC F ү, 
| 9. ACD 10. EAC D C 
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11. ж MULTIPLE CHOICE In the diagram, QS isa diameter g Р 

of ОР. Which arc represents a semicircle? 4 

D QR RQT OS) 
© QRS D QRT | 


: EXAMPLE 3 CONGRUENT ARCS Tell whether the red arcs are congruent. Explain why or 


: on p. 661 why not. 


: for Exs. 12-14 12. A (13) 14. ү 
М 
В 
180°4<С10° Ji 7 


D N 


15. ERROR ANALYSIS Explain what is | 
wrong with the statement. You cannot tell if 


OC = OD because 
the radii are not 
given. 


16. ARCS Two diameters of OP are AB and CD. If mAD = 20°, find mACD 


and mAC. 
17. Ж MULTIPLE CHOICE OP has a radius of 3 and AB А 
has a measure of 90°. What is the length of АВ? 
(А) 3v2 3V3 
© 6 (б) 9 B 


18. Ж SHORT RESPONSE On OC, mEF = 100°, mFG = 120°, and 
mEFG = 220°. If His on OC so that т СН = 150°, explain why Н must be 
on EF. 


19. REASONING In OR, mAB = 60°, mBC = 25°, mCD = 70°, and mDE = 20°. 
Find two possible values for mAE. 


20. CHALLENGE In the diagram shown, РО 1 АВ, 
QA is tangent to OP, апа mAVB = 60°. 


What is mAUB? f \ 


21. CHALLENGE In the coordinate plane shown, C is at 
the origin. Find the following arc measures on CC. 


a. mBD 
b. mAD 
c. mAB 


(С) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
662 on p. WS1 TEST PRACTICE 


3 ipei I н 
: for Ex. 22 


: PREVIEW 


; Prepare for 
: Lesson 10.3 
: in Exs. 26—27. 


PROBLEM SOLVING 


22. BRIDGES The deck of a bascule bridge 
creates an arc when it is moved from 
the closed position to the open position. 


DARTS On a regulation dartboard, the outermost circle 
is divided into twenty congruent sections. What is the 
measure of each arc in this circle? 


PER a а 


for problem solving help at classzone.com 


24. Ж EXTENDED RESPONSE A surveillance camera is mounted on a corner 
of a building. It rotates clockwise and counterclockwise continuously 
between Wall A and Wall B at a rate of 10° per minute. 


a. What is the measure of the arc surveyed by 
the camera? 


b. How long does it take the camera to survey 
the entire area once? 


c. If the camera is at an angle of 85° from 
Wall B while rotating counterclockwise, 
how long will it take for the camera to return 
to that same position? 


d. The camera is rotating counterclockwise and is 50° from Wall A. Find 
the location of the camera after 15 minutes. 


25. CHALLENGE A clock with hour and minute hands is set to 1:00 P.M. 


a. After 20 minutes, what will be the measure of the minor arc formed 
by the hour and minute hands? 


b. At what time before 2:00 P.M., to the nearest minute, will the hour 
and minute hands form a diameter? 


"MIXED REVIEW i 


Determine if the lines with the given equations are parallel. (p. 180) 


26. y = 5x + 2, y = 5(1 – x) 27. 2y +2x=5,y=4-x 


28. Trace AXYZ and point P. Draw a counterclockwise 


eP X ү 
rotation of AXYZ 145° about Р. (р. 598) Nu 


7 
Find the product. (р. 641) 

29. (x + 2)(x + 3) 30. (2y — 5)(y + 7) 31. (x + 6)(x — 6) 
32. (= — 3)? 33. (3x + 7)(bx + 4) 34. (z — 1)(z — 4) 
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1 0. 3 Apply Properties 


of Chords 


You used relationships of central angles and arcs in a circle. 
| Now ) You will use relationships of агсѕ and chords іп a circle. 


So you can design a logo for a company, as in Ex. 25. 


Key Vocabulary Recall that a chord is a segment with semicircle 

e chord, p. 651 endpoints on a circle. Because its endpoints 

* arc, p. 659 lie on the circle, any chord divides the circle 

e semicircle, p. 659 into two arcs. A diameter divides a circle into 
two semicircles. Any other chord divides a 


664 


circle into a minor arc and a major arc. semicircle 


THEOREM For Vour Wotebook 


THEOREM 10.3 BC 


In the same circle, or in congruent circles, two 
minor arcs are congruent if and only if their 


corresponding chords are congruent. 
A 


Proof: Exs. 27-28, p. 669 AB = CD if and only if AB = CD. 


Use congruent chords to find an arc measure 


In the diagram, OP = OQ, FG = JK, 
and mJK - 80*. Find mFG. 


Solution 2 3 


Because FG and JK are congruent chords in congruent circles, the 


Pam ZTN 
corresponding minor arcs FG and JK are congruent. 


> So, mFG = mJK = 80°. 


GUIDED PRACTICE for Example 1 


Use the diagram of OD. B 
ш : P A ge 
1. If mAB = 110°, find m BC. 


2. If тАС = 150°, find mAB . 


Chapter 10 Properties of Circles 


BISECTING ARCS If XY = YZ, then the point Y, X 
and any line, segment, or ray that contains Y, 


biseris XYZ. ү CYbisects XYZ. 
Z 

THEOREMS For Your Notebook 
THEOREM 10.4 
If one chord is a perpendicular bisector of another T 
chord, then the first chord is a diameter. С Ар; 
If QS is a perpendicular bisector of TR, then QS is WEY Q 
a diameter of the circle. В 
Proof: Ex. 31, р. 670 
THEOREM 10.5 
If a diameter of a circle is perpendicular to a chord, F 
then the diameter bisects the chord and its arc. E 
If EG is a diameter and EG 1 DF, then HD = HF G 
and GD = GF. 7 


Proof: Ex. 32, p. 670 


Use perpendicular bisectors 


GARDENING Three bushes are arranged 
in a garden as shown. Where should you 
place a sprinkler so that it is the same 
distance from each bush? 


Solution 
STEP 7 STEP 2 STEP 3 


sprinkler 


Label the bushes A, B, Draw the perpendicular Find the point where 
апа C, as shown. Draw  bisectors of ABand BC. these bisectors intersect. 
segments AB and BC. By Theorem 10.4, these This is the center of the 


are diameters of the circle through A, B, and 
circle containing A, B, C, and so it is equidistant 
and C. from each point. 
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| EXAMPLE 3 | Use a diameter 


Use the diagram of OE to find the length of AC. 


C 
Tell what theorem you use. 
Solution s А 
Diameter ВР 15 perpendicular to AC. So, by ү 


Theorem 10.5, BD bisects АС, апа СЕ = AF. 
| Therefore, AC = 2(AF) = 2(7) = 14. 


Y GUIDED PRACTICE | for Examples 2 and 3 


Find the measure of the indicated arc in the diagram. 


C 
3. CD 4. DE 5. CE B 9x° 
S 
D 


E (80 — х)° 
THEOREM For Your Notebook 

+ THEOREM 10.6 С 

> In the same circle, or in congruent circles, A 
1° two chords are congruent if and only if they D 
+; are equidistant from the center. 
t B 

> Proof: Ex. 33, p. 670 АВ = CD if and only if EF = EG. 


( EXAMPLE 4 ] Use Theorem 10.6 


In the diagram of CC, QR = ST = 16. Find CU. 


Solution 


Chords QR and ST are congruent, so by Theorem 10.6 
they are equidisant from C. Therefore, CU = CV. 


CU = CV Use Theorem 10.6. 


2x=5x-9 Substitute. 
x=3 Solve for x. 


» So, CU = 2x = 2(3) = 6. 


Y GUIDED PRACTICE | for Example 4 


In the diagram in Example 4, suppose ST = 32, and CU = CV = 12. 
Find the given length. 


6. QR 7. QU 8. The radius of OC 
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10.3 EXERCISES HOMEWORK! (7) = WORKED-OUT SOLUTIONS 
° КЕҮ: оп р. WS13 for Ех$. 7, 9, and 25 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 22, and 26 


' SKILL PRACTICE 
1. VOCABULARY Describe what it means to bisect an arc. 


2. ж WRITING Two chords of a circle are perpendicular and congruent. 
Does one of them have to be a diameter? Explain your reasoning. 


: EXAMPLES FINDING ARC MEASURES Find the measure of the red arc or chord in CC. 


: on pp. 664, 666 
: for Exs. 3-5 


: EXAMPLES 


: on p. 666 
: for Exs. 6-11 


REASONING In Exercises 12-14, what can you conclude about the diagram 
shown? State a theorem that justifies your answer. 


12. D 13. J 14. P 
А ¡a N + 
Y, 
H NES 


B 


15. Ж MULTIPLE CHOICE In the diagram of OR, which congruence relation is 
not necessarily true? 


do PQe QN NE= IP 
O MN = MP D PN=PL e 
NC 
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16. ERROR ANALYSIS Explain what is 17. ERROR ANALYSIS Explain why the 
wrong with the diagram of OP. congruence statement is wrong. 


A 


IDENTIFYING DIAMETERS Determine whether AB is a diameter of the circle. 
Explain your reasoning. 


18. A 19. C B 20. A 
AD, А 
b 
D C 
A 
B 


21. REASONING In the diagram of semicircle QCR, C 
PC = AB and тАС = 30°. Explain how you can Aa | = р 
conclude that AADC = A BDC. 


Q 


“0 


22. * WRITING Theorem 10.4 is nearly the converse of Theorem 10.5. 


a. Write the converse of Theorem 10.5. Q 
Explain how it is different from 
Theorem 10.4. P 


b. Copy the diagram of OC and draw auxiliary 
segments PC and RC. Use congruent triangles $ 
to prove the converse of Theorem 10.5. R 


c. Use the converse of Theorem 10.5 to show that 
QP = QR in the diagram of OC. 


23. E) ALGEBRA In OP below, AC, BC, 24. CHALLENGE In OP below, the 
and all arcs have integer measures. lengths of the parallel chords 
Show that x must be even. are 20, 16, and 12. Find mAB. 

A 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
668 on p. WS1 TEST PRACTICE 


PROBLEM SOLVING 


LOGO DESIGN The owner of a new company would like the 
company logo to be a picture of an arrow inscribed 

in a circle, as shown. For symmetry, she wants AB to be 
congruent to BC. How should AB and BC be related in order 
for the logo to be exactly as desired? 


A, ‚ 
(0H lomeTutor for problem solving help at classzone.com 


: EXAMPLE 2 26. Ж OPEN-ENDED MATH In the cross section of the submarine shown, the 


: on p. 665 control panels are parallel and the same length. Explain two ways you 
: for Ex. 26 can find the center of the cross section. 


me 


4 


PROVING THEOREM 10.3 In Exercises 27 and 28, prove Theorem 10.3. 


27. GIVEN > AB and CD are congruent chords. 
PROVE > AB = CD А ОЭ: А 
28. GIVEN > AB and CD are chords and AB = CD. WS 
PROVE > AB = CD С В 


29. CHORD LENGTHS Make and prove а conjecture about chord lengths. 


a. Sketch a circle with two noncongruent chords. Is the longer chord 
or the shorter chord closer to the center of the circle? Repeat this 
experiment several times. 


b. Form a conjecture related to your experiment in part (a). 
с. Use the Pythagorean Theorem to prove your conjecture. 


30. MULTI-STEP PROBLEM If a car goes around a turn too quickly, it can 
leave tracks that form an arc of a circle. By finding the radius of the 
circle, accident investigators can estimate the speed of the car. 


a. To find the radius, choose points A and B 
on the tire marks. Then find the midpoint 
Cof AB. Measure CD, as shown. Find the 
radius r of the circle. 


b. The formula S = 3.86\ fr can be used to 
estimate a car's speed in miles per hours, 
where f is the coefficient of friction and ris the 
radius of the circle in feet. The coefficient of 
friction measures how slippery a road is. 

If f = 0.7, estimate the car’s speed in part (a). 


Not drawn to scale 
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PROVING THEOREMS 10.4 AND 10.5 Write proofs. 


31. GIVEN » QSis the perpendicular 32. GIVEN > EG is a diameter of OL. 
bisector of RT. EG L DF 
PROVE > QS is a diameter of OL. PROVE > CD = CE, DG = FG 
Plan for Proof Use indirect reasoning. Plan for Proof Draw LD and LF. 
Assume center L is not on QS. Prove Use congruent triangles to show 
that ARLP = ATLP, so PL 1 RT. Then CD = CF апа 4 DLG : = Z FLG, 
use the Perpendicular Postulate. Then show DG = FG. 
y E 
G 


F 


33. PROVING THEOREM 10.6 For Theorem 10.6, prove both cases of the 
biconditional. Use the diagram shown for the theorem on page 666. 


34. CHALLENGE A car is designed so that the rear | 
wheel is only partially visible below the body of —«h TNN 
the car, as shown. The bottom panel is parallel | — = | 


to the ground. Prove that the point where the 
tire touches the ground bisects AB. 


.MIXED REVIEW 
: PREVIEW 35. The measures of the interior angles of a quadrilateral are 100*, 140*, 
: Prepare for (x + 20)°, and (2x + 10)*. Find the value of x. (p. 507) 
: Lesson 10.4 in 
: Exs. 35-37. Quadrilateral JKLM is a parallelogram. Graph 7JKLM. Decide whether it is 
best described as a rectangle, a rhombus, or a square. (p. 552) 
36. AS, 3]; K(2, 5), L(2, =l) M(-3, = 37. 1—5, 2), КП, 1), LIZ, =5), M(—4, —4) 


QUIZ for Lessons 10.1—10.3 


Determine whether AB is tangent to © С. Explain your reasoning. (p. 651) 


1. 2, А 12 В 


3. If mEFG = 195°, апа тЕР = 80°, find тЕС апа тЕС. (р. 659) 


4. The points А, В, and Dare on OC, АВ = BD, and mABD = 194°. 
What is the measure of AB? (p. 664) 
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тида ACTIVITY г. tesson 10.4 


Explore Inscribed Angles 


MATERIALS + compass ° straightedge • protractor 
| | р: 


The vertex of a central angle is at the center of the circle. The vertex of an 
inscribed angle is on the circle, and its sides form chords of the circle. 


Baz 


о Q 8 


Draw a central angle Use а Draw points Locate three Measure angles Draw / RTS, 
compass to draw a circle. Label points on OP in the exterior / RUS, and / RVS. These are 
the center P. Use a straightedge of Z RPS and label them T, О, called inscribed angles. Measure 
to draw a central angle. Label and V. each angle. 

it Z RPS. 


at classzone.com 


. Copy and complete the table. 


angle 3 


Inscribed Inscribed | Inscribed 


angle 1 angle 2 


Name / RTS Z RUS ZRVS 


Measure f 2 2 2 


E des 


. Draw two more circles. Repeat Steps 1—3 using different central 
angles. Record the measures in a table similar to the one above. 


. Use your results to make a conjecture about how the measure of 
an inscribed angle is related to the measure of the corresponding 
central angle. 


10.4 Use Inscribed Angles and Polygons 


10 4 Use Inscribed Angles 
* * and Polygons 


You used central angles of circles. 
Now ] You will use inscribed angles of circles. 


So you can take a picture from multiple angles, as in Example 4. 


Key Vocabulary An inscribed angle is an angle whose 
e inscribed angle vertex is on a circle and whose sides inscribed | 
. І i intercepted 
* intercepted arc contain chords of the circle. The arc angle are 
e inscribed polygon that lies in the interior of an inscribed 
кйгй Мей angle and has endpoints on the angle is 
circle called the intercepted arc of the angle. 


THEOREM For Your Notebook 


THEOREM 10.7 Measure of an Inscribed Angle Theorem 


The measure of an inscribed angle is one half the 
measure of its intercepted arc. 


B 


Proof: Exs. 31-33, p. 678 т/ АОВ = 1тАВ 


The proof of Theorem 10.7 in Exercises 31-33 involves three cases. 


O €) € 


Case 1 Center Cis on Case 2 Center Cis Case 3 Center Cis 
a side of the inscribed inside the inscribed outside the inscribed 
angle. angle. angle. 


Use inscribed angles 


Find the indicated measure in OP. 


Q 
a. MZT b. mQR em R 
i A y Е 
Solution г $ 


a. т/ T = ¿MES = (489) = 24" 


b. mTQ = 2mZR = 2 • 50° = 100°. Because ТОВ is a semicircle, 
mOR = 180° — mTQ = 180° — 100° = 80°. So, MOR = 80°. 
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(EXAMPLE 2 ] Find the measure of an intercepted arc 


Find mRS and mZ STR. What do you 


notice about / STR and Z RUS? S SÓ 
E, 


Solution 


From Theorem 10.7, you know that mRS = 2m RUS = 2(31°) = 62°. 


Also, mZ STR = ¿MES = (62°) = 31°. So, Z STR = / RUS. 


INTERCEPTING THE SAME ARC Example 2 suggests Theorem 10.8. 


THEOREM For Your Notebook 
THEOREM 10.8 A 
D 
If two inscribed angles of a circle intercept the 
same arc, then the angles are congruent. C B 
Proof: Ex. 34, p. 678 ADB = / ACB 
* | EXAMPLE 3 ] Standardized Test Practice 
Name two pairs of congruent angles in the figure. 
QD ZJKM= / KJL, Z TEM = КЕ, J K 
Z ЛМ = Z KML Z JKM = 2 KML 
© ZJKM = ZJLM, (D АЛМ = Z KJL, M | 
Z KJL = Z KML / ЈМ = LJKM 
Solution 


: ELIMINATE CHOICES 
| Акеннин ката кыа кл »- Notice that / /КМ and / JLM intercept the same arc, and so ZJKM= ZJLM 


: You can eliminate : 
: choices A and B, by Theorem 10.8. Also, / KJL and / KML intercept the same arc, so they must 


: because they do not also be congruent. Only choice C contains both pairs of angles. 
: include the pair > So, by Theorem 10.8, the correct answer is C. ® © D 
: ZJKM = 2 JLM. 


r4 GUIDED PRACTICE | for Examples 1, 2, and 3 


Find the measure of the red arc or angle. 


10.4 Use Inscribed Angles and Polygons 


673 


a 
| 
T 


POLYGONS А polygon is an inscribed polygon if all of its vertices lie on a 


circle. The circle that contains the vertices is a circumscrib 


ed circle. 


circumscribed inscribed 
circles quadrilateral 


THEOREM For Your Notebook 


THEOREM 10.9 


If a right triangle is inscribed in a circle, then 


the hypotenuse is a diameter of the circle. / 
Conversely, if one side of an inscribed triangle B 
is a diameter of the circle, then the triangle NO C 


is a right triangle and the angle opposite the 
diameter is the right angle. 


Proof: Ex. 35, p. 678 


т/ ABC = 90° if and only if AC 
is a diameter of the circle. 


Use a circumscribed circle 


PHOTOGRAPHY Your camera has a 90° field of 
vision and you want to photograph the front of 
a statue. You move to a spot where the statue 
is the only thing captured in your picture, 

as shown. You want to change your position. 
Where else can you stand so that the statue is 
perfectly framed in this way? 


Solution 


From Theorem 10.9, you know that if a right 
triangle is inscribed in a circle, then the 
hypotenuse of the triangle is a diameter of 
the circle. So, draw the circle that has the 
front of the statue as a diameter. The statue 
fits perfectly within your camera's 90° field 
of vision from any point on the semicircle in 
front of the statue. 


GUIDED PRACTICE for Example 4 


4. WHAT IF? In Example 4, explain how to find locations if you want to 
frame the front and left side of the statue in your picture. 
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INSCRIBED QUADRILATERAL Only certain quadrilaterals can be inscribed in 
a circle. Theorem 10.10 describes these quadrilaterals. 


THEOREM For Your Notebook 


THEOREM 10.10 


A quadrilateral can be inscribed in a circle if and E F 
only if its opposite angles are supplementary. 


D, E, F, and Glie on OC if and only if G 
mz. D + mZF- т/ Е + т/ С = 180°. 


Proof: Ex. 30, р. 678; р. 938 


Use Theorem 10.10 


Find the value of each variable. 


Solution 


a. PQRS is inscribed in a circle, so opposite angles are supplementary. 


mZP+mZR= 180° mZQ+mZS= 180° 
75° + у° = 180° 80° + x? = 180° 

y= 105 x = 100 

b. JKLM is inscribed in a circle, so opposite angles are supplementary. 

mZJ+mZL= 180° mZK+mZM = 180° 
2a° + 2a° = 180° Ap? + 2b° = 180° 

4a = 180 6b = 180 

а= 45 b = 30 


GUIDED PRACTICE for Example 5 


Find the value of each variable. 
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EXERCISES HOMEWORK: О = WORKED-OUT SOLUTIONS 
1 0.4 KEY: on p. WS13 for Exs. 11, 13, and 29 


Ж - STANDARDIZED TEST PRACTICE 
Exs. 2, 16, 18, 29, and 36 


SKILL PRACTICE 


1. VOCABULARY Copy and complete: If a circle is circumscribed about a 
polygon, then the polygon is _? іп the circle. 


2. ж WRITING Explain why the diagonals of a rectangle inscribed in a 
circle are diameters of the circle. 


: EXAMPLES INSCRIBED ANGLES Find the indicated measure. 


Ж... ИИВ : 4. mL . т/ № 
: ON pp. 672-673 de MER mos mom 
: for Exs. 3-9 F | 
В 70° 
А М 
84° d N 
C о 
D 1202 160 
6. mRS 7. mVU 8. mWX 
R Y 
РФ U " 
i 7) EY" 
GS S V X 
9. ERROR ANALYSIS Describe the error in the 
diagram of CC. Find two ways to correct 
the error. Е 
Q «x X 
100° 5 
: EXAMPLE З CONGRUENT ANGLES Name two pairs of congruent angles. 
: on p. 673 (1) 
: for Exs. 10-12 m ВБ К Les W 
C 
A 
J | k 7 
D Y 
M 
: EXAMPLE5 E) ALGEBRA Find the values of the variables. 
: on p. 675 (13) K 
: for Exs. 13-15 кь ы JA 
54° / 110° 
4b? 
M 3a° 
L 
130° 
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16. ж MULTIPLE CHOICE In the diagram, ZADCis a central 


angle and mZADC = 60°. What is mZ ABC? B 
@ 15° 30° А C 
© 60? D 120° 


17. INSCRIBED ANGLES In each star below, all of the inscribed angles аге 
congruent. Find the measure of an inscribed angle for each star. Then 
find the sum of all the inscribed angles for each star. 


| © | 59) | SO 
18. Ж MULTIPLE CHOICE What is the value of x? 


СА) 5 (В) 10 
© 13 D 15 


19. PARALLELOGRAM Parallelogram QRST is inscribed in OC. Find mZR. 


REASONING Determine whether the quadrilateral can always be inscribed 
in a circle. Explain your reasoning. 


20. Square 21. Rectangle 22. Parallelogram 
23. Kite 24. Rhombus 25. Isosceles trapezoid 
26. CHALLENGE In the diagram, Z Cis a right angle. If you E 
draw the smallest possible circle through C and tangent 3 4 
to AB, the circle will intersect AC at / and BC at K. Find 
the exact length of JK. A 7 B 


' PROBLEM SOLVING 


27. ASTRONOMY Suppose three moons A, B, and C orbit 100,000 kilometers 
above the surface of a planet. Suppose mZ ABC = 90^, and the planet is 
20,000 kilometers in diameter. Draw a diagram of the situation. How far 
is moon A from moon C? 


 GHomelüutor | for problem solving help at classzone.com 


: EXAMPLE4 | 28. CARPENTER A carpenter's square is an L-shaped 

: on p. 674 tool used to draw right angles. You need to cut 

: for Ex. 28 a circular piece of wood into two semicircles. 
How can you use a carpenter's square to draw a 


diameter on the circular piece of wood? 


@Homelutor | for problem solving help at classzone.com 
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Ж WRITING A right triangle is inscribed in a circle and the radius of the 
circle is given. Explain how to find the length of the hypotenuse. 


30. PROVING THEOREM 10.10 Copy and complete the proof that opposite 
angles of an inscribed quadrilateral are supplementary. 


GIVEN > OC with inscribed quadrilateral DEFG E F 
PROVE > mZ D + т/ Е = 180°, mZ Е + mZG= 180°. 

By the Arc Addition Postulate, тЕЕС 4 ? = 360° G 
and mFGD + mDEF = 360°. Using the ? Theorem, D 


mEDG = 2mZF, mEFG = 2m. D, mDEF = 2т/ С, 
and mFGD = 2т/ E. By the Substitution Property, 
2¿m£D+_? =360%s0_? .Similarly, ? . 


PROVING THEOREM 10.7 If an angle is inscribed in ©Q, the center О can be 
on a side of the angle, in the interior of the angle, or in the exterior of the 
angle. In Exercises 31-33, you will prove Theorem 10.7 for each of 

these cases. 


31. Case 1 Prove Case 1 of Theorem 10.7. A 
GIVEN > / Bis inscribed in OQ. Let MZ B = x°. / N 


Point Q lies on BC. C А, В 
PROVE > mZ B= imAC 


Plan for Proof Show that A АОВ is isosceles. Use the Base 
Angles Theorem and the Exterior Angles Theorem to show that 


mZAQC = 2x”. Then, show that mAC = 2x°. Solve for x, and 
show that mZ B = imAC | 


2 


32. Case 2 Use the diagram and auxiliary 33. Case3 Use the diagram and auxiliary 


line to write GIVEN and PROVE line to write GIVEN and PROVE 
statements for Case 2 of Theorem 10.7. statements for Case 3 of Theorem 10.7. 
Then write a plan for proof. Then write a plan for proof. 


NS 


34. PROVING THEOREM 10.8 Write a paragraph proof of Theorem 10.8. First 
draw a diagram and write GIVEN and PROVE statements. 


35. PROVING THEOREM 10.9 Theorem 10.9 is written as a conditional 
statement and its converse. Write a plan for proof of each statement. 


36. Ж EXTENDED RESPONSE In the diagram, OC and OM 
intersect at В, and AC is a diameter of OM. 
< 
Explain why AB is tangent to ОС. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 


on p. WS1 TEST PRACTICE 


CHALLENGE In Exercises 37 and 38, use the following information. 


You are making a circular cutting board. To begin, you glue eight 
1 inch by 2 inch boards together, as shown at the right. Then you 
draw and cut a circle with an 8 inch diameter from the boards. 


37. FHis a diameter of the circular cutting board. Write a 
proportion relating GJ and JH. State a theorem to justify 
your answer. 


38. Find FJ, JH, and JG. What is the length of the cutting board 
seam labeled Gk? 


39. SPACE SHUTTLE To maximize thrust on a NASA space shuttle, engineers 
drill an 11-point star out of the solid fuel that fills each booster. They 
begin by drilling a hole with radius 2 feet, and they would like each side 
of the star to be 1.5 feet. Is this possible if the fuel cannot have angles 
greater than 45° at its points? 


MIXED REVIEW 
: PREVIEW Find the approximate length of the hypotenuse. Round your answer to the 
: Prepare for nearest tenth. (p. 433) 
: Lesson 10.5 in 
: Exs. 40-42. 40. 41. 42. 5 
55 м x 38 16 
60 82 x 


Graph the reflection of the polygon in the given line. (p. 589) 
43. y-axis 44. x — 3 45. у= 2 


Sketch the image of A(3, —4) after the described glide reflection. (р. 608) 


46. Translation: (x, y) > (x, y — 2) 47. Translation: (x, y) > (x + 1, y + 4) 
Reflection: in the y-axis Reflection: in y = 4x 
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1 0. 5 Apply Other Angle 


You found the measures of angles formed on a circle. 


QUEMA You will find the measures of angles inside or outside a circle. 
Why 


Key Vocabulary 
e chord, р. 651 

e secant, р. 651 

* tangent, p. 651 


Relationships in Circles 


So you can determine the part of Earth seen from a hot air balloon, as in Ex. 25. 


You know that the measure of an inscribed angle is half the measure of its 
intercepted arc. This is true even if one side of the angle is tangent to the 
circle. 


THEOREM For Your Notebook 
THEOREM 10.11 B 
If a tangent and a chord intersect at a > 


point on a circle, then the measure of each 
angle formed is one half the measure of its 
intercepted arc. A 


Proof: Ex. 27, p. 685 mZ1- ZmAB mZ2= ZmBCA 


Find angle and arc measures 


Line mis tangent to the circle. Find the measure of the red angle or arc. 


a. A b. K 


m 
130° 
B > d 
Solution 
a. т/1 = (130°) = 65° b. mKJL = 2(125°) = 250° 


GUIDED PRACTICE for Example 1 


Find the indicated measure. 


1. т/1 2. mRST 3. mXY 


Е ү 80° 
di X 
20 WV " 


U 
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INTERSECTING LINES AND CIRCLES If two lines intersect a circle, there are 
three places where the lines can intersect. 


G x= A 


on the circle inside the circle outside the circle 


You can use Theorems 10.12 and 10.13 to find measures when the lines 
intersect inside or outside the circle. 


i: THEOREMS For Your Notebook 
F THEOREM 10.12 Angles Inside the Circle Theorem D 
> Iftwo chords intersect inside a circle, then the A 
measure of each angle is one half the sum of the С 
measures of the arcs intercepted by the angle B 
and its vertical angle. — 1 (тбе + mAB), 
= 1 aN oS 

Proof: Ex. 28, p. 685 т22 = 3(mAD + mBC) 


THEOREM 10.13 Angles Outside the Circle Theorem 


If a tangent and a secant, two tangents, or two secants intersect outside 
a circle, then the measure of the angle formed is one half the difference 
of the measures of the intercepted arcs. 


E B P X 
y W, 

f А Q 

F Z 

E C R Y 


(mBC – mAC) mZ2 = 3(mPQR – mPR) mZ3= 


А 6660666 66606666 6666066066666 66 


6 


Proof: Ex. 29, p. 685 


Find the value of x. / 7 M 
JN L 


Solution di 


The chords JL and KM intersect K 
inside the circle. 


£= I(mjM + mLK) Use Theorem 10.12. 
х° = 5 (130° + 156°) Substitute. 
x = 143 Simplify. 


10.5 Apply Other Angle Relationships in Circles 681 


(EXAMPLE З | Find an angle measure outside a circle 


Find the value of x. 


Solution 


— — 
The tangent CD and the secant CB 
intersect outside the circle. 


mZ BCD = + (mAD — mBD ) Use Theorem 10.13. 


x° = — (178° — 76°) Substitute. 


x= 5] Simplify. 


(EXAMPLE 4 ] Solve a real-world problem 


SCIENCE The Northern Lights are bright flashes 
of colored light between 50 and 200 miles 
above Earth. Suppose a flash occurs 150 miles 
above Earth. What is the measure of arc BD, the 
portion of Earth from which the flash is visible? 
(Earth's radius is approximately 4000 miles.) 


Solution Not drawn to scale 


Because CB and CD are tangents, СВ 1 АВ апа CD 1 AD. Also, BC = DC and 
CA = CA. So, AABC = AADC by the Hypotenuse-Leg Congruence Theorem, 
and / BCA = Z DCA. Solve right А СВА to find that mZ BCA = 74.5". 


So, MZ BCD = 2(74.5°) == 149°. Let mBD = ў, 


mZ BCD = + (mDEB — mBD ) Use Theorem 10.13. 


: AVOID ERRORS 

ЖР ТҮН ҮТҮ КҮҮН ж 149° = lt(360? — x?) — x°] Substitute. 

: Because the value 2 

: for m £B CD Jesu х == 31] Solve for x. 

: approximation, use the 

: symbol ~ instead of =. > The measure of the arc from which the flash is visible is about 31°. 


` 
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Y GUIDED PRACTICE | for Examples 2, 3, and 4 


Find the value of the variable. 
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10.5 EXERCISES HOMEWORK! (7) = WORKED-OUT SOLUTIONS 
° KEY: on р. WS13 for Exs. 3, 9, and 23 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 6, 13, 15, 19, and 26 


' SKILL PRACTICE 


| m buses 
: for Exs. 3-6 


: EXAMPLE 2 


: on p. 681 
: for Exs. 7—9 


: EXAMPLE 3 


3 к ее а ыш 
: for Exs. 10-13 


1. VOCABULARY Copy and complete: The points A, B, C, and D are ona 
circle and AB intersects CD at P. If mZ АРС = твр — тАС | then Р 


is ? (inside, on, or outside) the circle. 


2. ж WRITING What does it mean if mAB = 0° and mCD = 0° in 
Theorem 10.12? Is this consistent with Theorem 10.7? Explain. 


FINDING MEASURES Line tis tangent to the circle. Find the indicated 
measure. 


(з.)тАВ 4. mDEF 5. mz1 


B E t t 
D 260° 
A t F й 


6. Ж MULTIPLE CHOICE The diagram at the right is not drawn to B m 
scale. AB is any chord that is not a diameter of the circle. Line т 
is tangent to the circle at point A. Which statement must be true? 
QD x<90 x290 A 
(С) x=90 D х+ 90 


FINDING MEASURES Find the value of x. 


13. Ж MULTIPLE CHOICE In the diagram, £ is tangent 
to the circle at P. Which relationship is not true? 


СА) mZ1= 110? mZ2 = 70° 
(СС) т/3 = 80° D mz4=90° 


10.5 Apply Other Angle Relationships in Circles 683 


14. ERROR ANALYSIS Describe the error in the diagram below. 


15. Ж SHORT RESPONSE In the diagram at the right, PLis Р L 
tangent to the circle and KJis a diameter. What is the 
range of possible angle measures of / LP)? Explain. K 
J 
16. CONCENTRIC CIRCLES The circles below are concentric. 
a. Find the value of x. b. Express cin terms of a and b. 
17. INSCRIBED CIRCLE In the diagram, 18. E) ALGEBRA In the diagram, 


mEF, mEG , and mGE. 


19. Ж WRITING Points A and B are on a circle and t is a tangent line 
containing A and another point C. 


a. Draw two different diagrams that illustrate this situation. 
b. Write an equation for mAB in terms of mZ BAC for each diagram. 
c. When will these equations give the same value for mAB? 


CHALLENGE Find the indicated measure(s). 


20. Find mZ P if mWZY = 200°. 21. Find mAB and mED i 
W 
X 
P 
Z Y 
(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 


684 on p. WS1 TEST PRACTICE 


"PROBLEM SOLVING 


: EXAMPLE 4 


: On p. 682 
for Ex. 25 


VIDEO RECORDING In the diagram at the right, 
television cameras are positioned at A, B, and C 
to record what happens on stage. The stage is an 
arc of ОА. Use the diagram for Exercises 22-24. 


22. Find mZ A, т/ B, and mZ С. 


`©НотеТиёог | for problem solving help at classzone.com 


(23) The wall is tangent to the circle. Find x 
without using the measure of Z C. 


_@Homelutor | for problem solving help at classzone.com 
24. You would like Camera B to have a 30° view of 


the stage. Should you move the camera closer 
or further away from the stage? Explain. 


25. HOT AIR BALLOON You are flying in a hot air balloon about 1.2 miles 
above the ground. Use the method from Example 4 to find the measure 
of the arc that represents the part of Earth that you can see. The radius of 
Earth is about 4000 miles. 


26. Ж EXTENDED RESPONSE A cart is resting on its 
handle. The angle between the handle and the 
ground is 14° and the handle connects to the 
center of the wheel. What are the measures of 
the arcs of the wheel between the ground and 
the cart? Explain. 


27. PROVING THEOREM 10.11 The proof of Theorem 10.11 B 
can be split into three cases. The diagram at the right 
shows the case where AB contains the center of the 
circle. Use Theorem 10.1 to write a paragraph proof 
for this case. What are the other two cases? (Hint: See 
Exercises 31-33 on page 678.) Draw a diagram and C A 
write plans for proof for the other cases. 


28. PROVING THEOREM 10.12 Write a proof of Theorem 10.12. 


GIVEN > Chords AC and BD intersect. D 
PROVE » mZ1 = +(mDC + тАВ) A 
C 
B 
29. PROVING THEOREM 10.13 Use the diagram at the B 
right to prove Theorem 10.13 for the case of a A 


tangent and a secant. Draw BC. Explain how to use 

the Exterior Angle Theorem in the proof of this case. 

Then copy the diagrams for the other two cases from C 
page 681, draw appropriate auxiliary segments, and 

write plans for proof for these cases. 


10.5 Apply Other Angle Relationships in Circles 


30. PROOF Q and R are points on a circle. Pis a point outside the circle. PQ 
and PR are tangents to the circle. Prove that QR is not a diameter. 


31. CHALLENGE A block and tackle system composed 
of two pulleys and a rope is shown at the right. 
The distance between the centers of the pulleys 
is 113 centimeters and the pulleys each have 
a radius of 15 centimeters. What percent of 
the circumference of the bottom pulley is not 
touching the rope? 


"MIXED REVIEW 


Classify the dilation and find its scale factor. (p. 626) 


32. 33. 
аягын! 


P P 9 b 
TENES 
: PREVIEW Use the quadratic formula to solve the equation. Round decimal answers to 
: Prepare for the nearest hundredth. (pp. 641, 883) 
: 1655011061 | 34, x? + 7x +6=0 35. x3 x- 12-0 36. х2 + 16 = 8x 
: EXS. 34—39. 
37. x^ + 6x = 10 38. 5x + 9 = 2x* 39. 4х? + 3x — 11 = 0 


QUIZ for Lessons 10.4—10.5 


Find the value(s) of the variable (s). 


1. mABC = 2° (p. 672) 2. mGHE = 2? (p. 672) 3. mJKL = 2° (p. 672) 


4. (p.680) 5. QA y. (p.680) 6. (p. 680) 


7. MOUNTAIN You are on top of a mountain about 1.37 miles above sea 
level. Find the measure of the arc that represents the part of Earth that 
you can see. Earth's radius is approximately 4000 miles. (p. 680) 
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IXED REVIEW of Problem Solving Г 9» 


Lessons 10.1-10.5 


1. MULTI-STEP PROBLEM An official stands 4. EXTENDED RESPONSE The Navy Pier Ferris 
2 meters from the edge of a discus circle Wheel in Chicago is 150 feet tall and has 
and 3 meters from a point of tangency. 40 spokes. 


a. Find the radius of the discus circle. 


b. How far is the official from the center of 
the discus circle? 


a. Find the measure of the angle between 


2. GRIDDED ANSWER In the diagram, XY = YZ any two spokes. 
and mXQZ = 199°. Find mYZ in degrees. b. Two spokes form a central angle of 72°. 
x How many spokes are between the two 
spokes? 
y c. The bottom of the wheel is 10 feet from 
the ground. Find the diameter and radius 
d of the wheel. Explain your reasoning. 
Z 
5. OPEN-ENDED Draw a quadrilateral inscribed 
3. MULTI-STEP PROBLEM А wind turbine has in a circle. Measure two consecutive angles. 
three equally spaced blades that are each Then find the measures of the other two 


131 feet long. angles algebraically. 


6. MULTI-STEP PROBLEM Use the diagram. 


a. Find the value of x. 


b. Find the measures of the other three 


a. What is the measure of the arc between angles formed by the intersecting chords. 


any two blades? 


b. The highest point reached by a blade 7. SHORT RESPONSE Use the diagram to show 
is 361 feet above the ground. Find the that mDA = y - x. 


distance x between the lowest point 
reached by the blades and the ground. 


c. What is the distance y from the tip of one 
blade to the tip of another blade? Round 
your answer to the nearest tenth. 


Mixed Review of Problem Solving 687 | 


one ACTIVITY Use before Lesson 10.6 Tutor 


classzone.com 
Keystrokes 


Investigate Segment Lengths 


MATERIALS : graphing calculator or computer 


You can use geometry drawing software to find a relationship between the 
segments formed by two intersecting chords. 


| AE-CE=6.93 BE-DE=6.93 


STEP 1| Draw a circle Draw a circle and STEP 3| Measure segments Note that AC and 


choose four points on the circle. BD are chords. Measure AE, CE, BE, 
Label them A, B, C, and D. and DE in your diagram. 


STEP 2| Draw y secants Draw secants AC STEP 4| Perform calculations Calculate 
and BD and label the intersection the products AE * CE and BE + DE. 
point E. 


1. What do you notice about the products you found in Step 4? 


. Drag points A, B, C, and D, keeping point E inside the circle. What do you 
notice about the new products from Step 4? 


. Make a conjecture about the relationship between the four chord 
segments. 


. Let РО апа RS be two chords of a circle that intersect at the point T. If 
PT = 9, QT = 5, and RT = 15, use your conjecture from Exercise 3 to 
find ST. 


Chapter 10 Properties of Circles 


1 О 6 Find Segment Lengths 


in Circles 


Before You found angle and arc measures in circles. 


| Now ] You will find segment lengths in circles. 


So you can find distances in astronomy, as in Example 4. 


Key Vocabulary When two chords intersect in the interior of a circle, each chord is divided 
e segments of a chord into two segments that are called segments of the chord. 


* secant segment 


external segment A For Your Notebook 
THEOREM 10.14 Segments of Chords Theorem 
If two chords intersect in the interior of a circle, then C 
the product of the lengths of the segments of one A 
chord is equal to the product of the lengths of the B 


segments of the other chord. 


Proof: Ex. 21, p. 694 EA - EB = EC + ED 


Plan for Proof To prove Theorem 10.14, construct two С 
similar triangles. The lengths ofthe corresponding 

| . EA _ EC 
sides are proportional, so ED ~ EB By the Cross В 


iw 


Products Property, EA • EB = EC + ED. 


Find lengths using Theorem 10.14 


Є) ALGEBRA Find ML and JK. M 
Solution 168 Ј 
МК • NJ = NL • NM Use Theorem 10.14. K QV 
xe (х+4)= (х+1),(х+2) Substitute. 7 


х? + 4x х? + 3х + 2 Simplify. 
Ax = Зх + 2 Subtract х? from each side. 
x=2 Solve for x. 
Find ML and JK by substitution. 
ML = (x + 2) + (x + 1) JK =x + (x + 4) 
=2+2+2+1 =2+2+4 
= 7 = 8 


10.6 Find Segment Lengths in Circles 689 


TANGENTS AND SECANTS А secant segment is a segment that contains а 
chord of a circle, and has exactly one endpoint outside the circle. The part of 
a secant segment that is outside the circle is called an external segment. 


external segment 
secant segment 


tangent segment 


THEOREM For Your Notebook 
THEOREM 10.15 Segments of Secants Theorem Р В 
If two secant segments share the same endpoint Е 

outside a circle, then the product of the lengths C 

of one secant segment and its external segment D 


equals the product of the lengths of the other 
secant segment and its external segment. 


Proof: Ex. 25, p. 694 


EA * ЕВ = EC + ED 


* | EXAMPLE 2 | Standardized Test Practice 


What is the value of x? P 
Q 
® 6 62 4 
T 
© 8 ® 9 ga" 
Solution 
ВО • RP = RS* RT Use Theorem 10.15. 
4.+(5+4)=3+ (х +3) Substitute. 
36 = 3x + 9 Simplify. 
9=x Solve for x. 
> The correct answer is D. ® © а» 
v GUIDED PRACTICE | for Examples 1 and 2 
Find the value(s) of x. 
1. i. 3 
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ТНЕОВЕМ For Your Notebook 


THEOREM 10.16 Segments of Secants and Tangents Theorem 


If a secant segment and a tangent segment share A 

an endpoint outside a circle, then the product of 

the lengths of the secant segment and its external E 

segment equals the square of the length of the C 

tangent segment. 0 
EA? = EC - ED 


Proof: Ex. 26, p. 694 


| EXAMPLE 3 ) Find lengths using Theorem 10.16 


: ANOTHER WAY 


: For an alternative 

: method for solving the 
: problem in Example 3, 
: turn to page 696 for 

: the Problem Solving 

: Workshop. 


Use the figure at the right to find RS. 


Solution 

RQ? = RS • RT Use Theorem 10.16. 

162 = х • (х + 8) Substitute. 

256 = х^ + 8x Simplify. 
0 = х? + 8x — 256 Write in standard form. 
х= 2o (8° — 4(1)(—256) Use quadratic formula. 

2(1) 

х= —4 + 4V17 Simplify. 


Use the positive solution, because lengths cannot be negative. 


> So, x = —4 + 4V 17 = 12.49, and RS == 12.49. 


at classzone.com 


Y GUIDED PRACTICE | for Example 3 


Find the value of x. 


4. 9. 5 6. x 
O 
1 7 12 
X 
Determine which theorem you would use to find x. Then find the value of x. 
7. 8. 9. A N 18 
am 


10. In the diagram for Theorem 10.16, what must be true about EC compared 
to EA? 


10.6 Find Segment Lengths in Circles 


691 


(EXAMPLE 4 ] Solve a real-world problem 


SCIENCE Tethys, Calypso, and Telesto are three of Saturn's moons. Each has 
a nearly circular orbit 295,000 kilometers in radius. The Cassini-Huygens 
spacecraft entered Saturn's orbit in July 2004. Telesto is on a point of 
tangency. Find the distance DB from Cassini to Tethys. 


Cassini-Huygens 


Solution 
DC • DB = Ар? Use Theorem 10.16. 
83,000 · DB ~ 203,000 Substitute. 
DB = 496,494 Solve for DB. 
» Cassini is about 500,000 kilometers from Tethys. 


Y GUIDED PRACTICE | for Example 4 


11. Why is it appropriate to use the approximation symbol = in the last 
two steps of the solution to Example 4? 


EXERCISES HOMEWORK: (C) = WORKED-OUT SOLUTIONS 
10.6 KEY: on p. WS13 for Exs. 3, 9, and 21 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 16, 24, and 27 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: The part of the secant segment that is 
outside the circle is called a(n) _? . 


2. * WRITING Explain the difference between a tangent segment and a 
secant segment. 


: EXAMPLE 1 FINDING SEGMENT LENGTHS Find the value of x. 


: on p. 689 


oe |i n Эу 
ы) c9 € 


692 Chapter 10 Properties of Circles 


: EXAMPLE 2 


: on p. 690 
: for Exs. 6-8 


: EXAMPLE 3 


: On p. 691 
: for Exs. 9-11 


FINDING SEGMENT LENGTHS Find the value of x. 


12. ERROR ANALYSIS Describe and correct the error in finding CD. 


CD * DF = AB • AF 
5 
CD-4= E 5 Fw 
CD-4= 
CD = ve 


FINDING SEGMENT LENGTHS Find the value of x. Round to the nearest tenth. 


13. om 14. y 15. eS 
NA A x 


16. Ж MULTIPLE CHOICE Which of the following is a possible value of x? 
os e Yom 
© 5 Ф) в E 


FINDING LENGTHS Find PQ. Round your answers to the nearest tenth. 


М 
12 
М 
19. CHALLENGE In the figure, AB = 12, ВС = 8, 
DE = 6, PD = 4, and Ais a point of tangency. DÁ 


Find the radius of OP. t 


10.6 Find Segment Lengths in Circles 
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3 пр БО e ЖРА 
: for Ex. 20 
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PROBLEM SOLVING 


20. ARCHAEOLOGY The circular stone mound in Ireland called Newgrange 
has a diameter of 250 feet. A passage 62 feet long leads toward the center 
of the mound. Find the perpendicular distance x from the end of the 
passage to either side of the mound. 


22. 


23. 


24. 


25. 


26. 


PROOF Use Theorem 10.1 to prove Theorem 10.16 for 
the special case when the secant segment contains the 
center of the circle. 


WELLS In the diagram of the water well, AB, AD, and F 
DE are known. Write an equation for BC using these (SEIN 
three measurements. G 


Ж SHORT RESPONSE You are designing an animated logo 
for your website. Sparkles leave point C and move to the 
circle along the segments shown so that all of the sparkles 
reach the circle at the same time. Sparkles travel from point 
C to point D at 2 centimeters per second. How fast should 
sparkles move from point C to point N? Explain. 


PROVING THEOREM 10.15 Use the plan to prove Theorem 10.15. 
GIVEN > EB and ED are secant segments. 
PROVE b EA + EB = EC* ED 


Plan for Proof Draw AD and BC. Show that ABCE and ADAE are 
similar. Use the fact that corresponding side lengths in similar 
triangles are proportional. 


PROVING THEOREM 10.16 Use the plan to prove Theorem 10.16. 


GIVEN > EA is a tangent segment. 
ED is a secant segment. 


PROVE > EA? = EC • ED 


Plan for Proof Draw AD and AC. Use the fact that corresponding 
side lengths in similar triangles are proportional. 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
on p. WS1 TEST PRACTICE 


27. Ж EXTENDED RESPONSE In the diagram, EF is a tangent segment, 
mAD = 140°, mAB = 20°, mZ EFD = 60°, AC = 6, AB = 3, and DC = 10. A B 
a. Find mZ САВ. N 
b. Show that AABC — AFEC. 


c. Let EF — y and DF = x. Use the results of part (b) to write a 
proportion involving x and y. Solve for y. 


d. Use a theorem from this section to write another 
equation involving both x and y. AN 


e. Use the results of parts (c) and (d) to solve for x and y. E F 
f. Explain how to find CE. 


28. CHALLENGE Stereographic projection 
is a map-making technique that takes 
points on a sphere with radius one unit 
(Earth) to points on a plane (the map). 
The plane is tangent to the sphere at 
the origin. 


The map location for each point P on 
the sphere is found by extending the 
line that connects N and P. The point's 
projection is where the line intersects 
the plane. Find the distance d from the 
point P to its corresponding point 

P' (4, —3) on the plane. Not drawn to scale 


"MIXED REVIEW 


: PREVIEW Evaluate the expression. (p. 874) 


: Prepare for 
: Lesson 10.7 in 
: EXS, 29-32. 


29. ү(—10)? — 8 30. V—5 + (9) + (6 - 1)? 31. V[-2 — (C6)? + (3 — 6)? 


32. In right APQR, PQ = 8, mZ Q = 40°, and mZ R = 50°. Find QR and PR to 
the nearest tenth. (p. 473) 


33. EF is tangent to OC at E. The radius of OC is 5 and EF = 8. Find FC. (p. 651) 


Find the indicated measure. AC and BE are diameters. (р. 659) 


34. mAB 35. mCD 36. mBCA 
37. mCBD 38. mCDA 39. mBAE 


Determine whether AB is a diameter of the circle. Explain. (p. 664) 


40. 2095 41. ANS 
09 
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СТТ) Using ALTERNATIVE METHODS 


WORKSHOP 


Another Way to Solve Example 3, page 691 


4% MULTIPLE REPRESENTATIONS You can use similar triangles to find the 
<» length of an external secant segment. 


, PROBLEM . Use the figure at the right to find RS. 


~ METHOD Using Similar Triangles 


STEP 7 Draw segments QS and QT, and identify the similar triangles. 


Because they both intercept the same arc, Z RQS = / ЕТО. 
By the Reflexive Property of Angle Congruence, / QRS = / ТЕО. 
So, ARSQ — ARQT by the AA Similarity Postulate. 


STEP 2 Use a proportion to solve for RS. 
RS _ КО 


RQ RT 


> By the Cross Products Property, x^ + 8x = 256. Use the quadratic formula to 


find that x = —4 + 4V17. Taking the positive solution, x = —4 + 4V17 and 
RS — 12.49. 


1. WHAT IF? Find RQ in the problem above if 3. CHORD Find the value of x. 
the known lengths are RS — 4 and ST — 9. 


1 
2. MULTI-STEP PROBLEM Copy the diagram. 
5 


C 
B 


4. SEGMENTS OF SECANTS Use the Segments of 
Secants Theorem to write an expression for 
w in terms of x, y, and z. 


a. Draw auxiliary segments BE and CD. 
Name two similar triangles. 


b. If AB = 15, BC = 5, and AE = 12, find DE. 


696 Chapter 10 Properties of Circles 


Use after Lesson 10.6 


Ге ТИ Draw the locus of points satisfying certain conditions. 


Key Vocabulary 


* locus A locus in a plane is the set of all points in a plane that satisfy a given 


condition or a set of given conditions. The word /ocus is derived from the 
Latin word for "location." The plural of locus is loci, pronounced “low-sigh.” 


A locus is often described as the path of an object 
moving in a plane. For example, the reason that 
many clock faces are circular is that the locus of 
the end of a clock's minute hand is a circle. 


Find a locus 


Draw a point C on a piece of paper. Draw and describe the locus of all points 
on the paper that are 1 centimeter from C. 


Solution 
STEP 7 STEP 2 STEP 3 


Draw point C. Locate Recognize a pattern: Draw the circle. 
several points the points lie on a circle. 
1 centimeter from C. 


> The locus of points on the paper that are 1 centimeter from C is a circle with 
center C and radius 1 centimeter. 


KEY CONCEPT For Vour Wotebook 


How to Find a Locus 


To find the locus of points that satisfy a given condition, use the 
following steps. 


STEP? Draw any figures that are given in the statement of the problem. 
Locate several points that satisfy the given condition. 


STEP2 Continue drawing points until you can recognize the pattern. 


STEP 3 Draw the locus and describe it in words. 


Extension: Locus 697 


LOCI SATISFYING TWO OR MORE CONDITIONS To find the locus of points that 
satisfy two or more conditions, first find the locus of points that satisfy each 
condition alone. Then find the intersection of these loci. 


EXT Draw a locus satisfying two conditions 


Points A and B lie in a plane. What is the locus of points in the plane that 
are equidistant from points A and B and are a distance of AB from В? 


Solution 
STEP 1 STEP 2 STEP 3 


Al 
^ 


The locus of all points The locus of all points These loci intersect 

that are equidistant that are а distance of at D and E. So D and 

from A and Bis the AB from Bis the circle Е form the locus of 

perpendicular with center B and points that satisfy both 
bisector of AB. radius AB. conditions. 


. PRACTICE 


> EXAMPLE1 | DRAWING A LOCUS Draw the figure. Then sketch the locus of points on the 


. DOGLEASH A dog's leash is tied to a stake 


: on p. 697 paper that satisfy the given condition. 
кагы IS: 1. Point P, the locus of points that are 1 inch from P 
2. Line k, the locus of points that are 1 inch from К 
3. Point C, the locus of points that are at least 1 inch from C 
4. Line j, the locus of points that are no more than 1 inch from j 
: EXAMPLE2 | WRITING Write a description of the locus. Include a sketch. 
: e: Е E m 5. Point Р lies on line /. What is the locus of points on £ and 3 cm from Р? 
6. Point Q lies on line m. What is the locus of points 5 cm from Q and 3 cm 
from m? 
7. Point Ris 10 cm from line k. What is the locus of points that are within 


10 cm of R, but further than 10 cm from k? 


. Lines £ and m are parallel. Point Pis 5 cm from both lines. What is the 


locus of points between £ and m and no more than 8 cm from Р? 


at the corner of its doghouse, as shown at 
the right. The leash is 9 feet long. Make a 

scale drawing of the doghouse and sketch 
the locus of points that the dog can reach. 
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10./ 


Key Vocabulary 


e standard equation 
of a circle 


Write and Graph 
Equations of Circles 


You wrote equations of lines in the coordinate plane. 
You will write equations of circles in the coordinate plane. 


So you can determine zones of a commuter system, as in Ex. 


Let (x, y) represent any point on a circle with center at 


У (х, y) 
the origin and radius r. By the Pythagorean Theorem, 


х? + y? = р?, 


This is the equation of a circle with radius гапа 
center at the origin. 


. Write an equation of a circle 


Write the equation of the circle shown. 


Solution 


The radius is 3 and the center is at the origin. 


х? + у? Ey Equation of circle 


x? + y* =P Substitute. P| Ne l 
tt ty ш 


х? + у? = 9 Simplify. 


> The equation of the circle is x^ + y? = 9. 


CIRCLES CENTERED АТ (h, k) You can write the equation of any circle if you 
know its radius and the coordinates of its center. 


Suppose a circle has radius r and center (h, k). Let (x, y) 7 


be a point on the circle. The distance between (x, y) and 
(h, К) is r, so by the Distance Formula 


Væ- А? + (y- 1d = г. 


Square both sides to find the standard equation of a circle. 


(x, y) 


KEY CONCEPT For Your Notebook 


Standard Equation of a Circle 


The standard equation of a circle with center (Л, К) and radius ris: 


(x – А? + (у – k? = г? 


10.7 Write апа Graph Equations of Circles 


( EXAMPLE 2 | Write the standard equation of a circle 


Write the standard equation of a circle with center (0, —9) and radius 4.2. 


Solution 
(x — h)? TD e k)? = r^ Standard equation of a circle 
(x — 0)? + (y - (-9)? = 4.27 Substitute. 
х? + (у + 9)? = 17.64 Simplify. 


СА GUIDED PRACTICE | for Examples 1 and 2 


Write the standard equation of the circle with the given center and radius. 


1. Center (0, 0), radius 2.5 2. Center (—2, 5), radius 7 


( EXAMPLE 3 | Write the standard equation of a circle 


The point (—5, 6) is on a circle with 
center (—1, 3). Write the standard 
equation of the circle. 


Solution 


To write the standard equation, you need 


to know the values of h, k, and r. To find r, A NEE ¡[114 Ix 
find the distance between the center and MON AA "| ||] 
the point (—5, 6) on the circle. NEEBNBEKEENSSEN 


= V[-5 - (- DÉ* + (6 - 3)? Distance Formula 
= \(—4)? + 3? Simplify. 


=5 Simplify. 


Substitute (Л, К) = (-1, 3) and r = 5 into the standard equation of a circle. 
(x— h)? + (y – k? = г? Standard equation of a circle 
[x — (-D]^ + (у — 3)2 = 52 Substitute. 
(х + 1) + (у – 3) = 25 Simplify. 
> The standard equation of the circle is (х + 1)? + (y — 3)? = 


Y GUIDED PRACTICE | for Example 3 


3. The point (3, 4) is on a circle whose center is (1, 4). Write the standard 
equation of the circle. 


4. The point (—1, 2) is on a circle whose center is (2, 6). Write the standard 
equation of the circle. 
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: USE EQUATIONS 
: If you know the 


The equation of a circle is (x — 4)? + (у + 2)* = 36. Graph the circle. 


: equation of a circle, you | Solution 


: can graph the circle by 
: identifying its center 
: and radius. 


Rewrite the equation to find the center and radius. 


(x — 4)? + (y + 2)? = 36 
(x — 4)? + [y - (-2)]* = 6° 


The center is (4, —2) and the radius is 6. Use a 


compass to graph the circle. 


(EXAMPLE 5 ] Use graphs of circles 


EARTHQUAKES The epicenter of an earthquake is the point on Earth's 


surface directly above the earthquake's origin. A seismograph can be used to 
determine the distance to the epicenter of an earthquake. Seismographs are 


needed in three different places to locate an earthquake's epicenter. 


Use the seismograph readings from locations A, B, 
and Cto find the epicenter of an earthquake. 


e The epicenter is 7 miles away from A(-2, 2.5). 
e The epicenter is 4 miles away from B(4, 6). 


e The epicenter is 5 miles away from C(3, —2.5). 


Solution 


The set of all points equidistant from a given 
point is a circle, so the epicenter is located on 


each of the following circles. 
©A with center (-2, 2.5) and radius 7 
CB with center (4, 6) and radius 4 
OC with center (3, —2.5) and radius 5 


To find the epicenter, graph the circles on a 
graph where units are measured in miles. Find 
the point of intersection of all three circles. 


» The epicenter is at about (5, 2). 


y „з, y` 
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r4 GUIDED PRACTICE for Examples 4 and 5 


5. The equation of a circle is (x — 4)? + (y + 3)? = 
6. The equation of a circle is (x + 8)? + (y + 5)? = 121. Graph the circle. 


7. Why are three seismographs needed to locate an earthquake's epicenter? 


10.7 Write and Graph Equations of Circles 


16. Graph the circle. 
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10.7 EXERCISES "t aca 
ә KEY: on p. WS13 for Exs. 7, 17, and 37 

: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 16, 26, and 42 


SKILL PRACTICE 


| 
| 1. VOCABULARY Copy and complete: The standard equation of a circle can 
be written for any circle with known. ? and ? . 


2. * WRITING Explain why the location of the center and one point on a 
circle is enough information to draw the rest of the circle. 


: EXAMPLES WRITING EQUATIONS Write the standard equation of the circle. 
1 and 2 

: on pp. 699-700 = р 

: for Exs. 3-16 


NOTAT 
ТМ l 1 
EENNESEEN 


WRITING EQUATIONS Write the standard equation of the circle with the 
given center and radius. 


9. Center (0, 0), radius 7 10. Center (—4, 1), radius 1 11. Center (7, —6), radius 8 
12. Center (4, 1), radius 5 13. Center (3, —5), radius 7 14. Center (—3, 4), radius 5 


15. ERROR ANALYSIS Describe and correct the 
error in writing the equation of a circle. An equation of a circle with 
center (—3, —5) and radius 3 М. 
is (x — 3)* + (y – 5)? = 9. 


16. Ж MULTIPLE CHOICE The standard equation of a circle is 
(x — 2)* + (y + D* = 16. What is the diameter of the circle? 


СА) 2 (В) 4 O 8 D 16 


: EXAMPLE 3 WRITING EQUATIONS Use the given information to write the standard 


: on p. 700 equation of the circle. 
кирин чш (7) The center is (0, 0), and a point on the circle is (0, 6). 


18. The center is (1, 2), and a point on the circle is (4, 2). 


19. The center is (—3, 5), and a point on the circle is (1, 8). 
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: for Exs. 20-25 


: for EX. 36 


GRAPHING CIRCLES Graph the equation. 


20. х^ + у? = 49 21. (x — 3)? + у? = 16 
22. x^ + (у + 2)? = 36 23. (x – 4)? + (y- 1? = 1 
24. (x + 5)? + (у – 3)? = 9 25. (х + 2)? + (y + 6)? = 25 


26. Ж MULTIPLE CHOICE The points (—7, —1) and (3, 3) are the endpoints of a 
diameter of a circle. What is the standard equation of the circle? 


(А) (х - 2)? + (y- 1)? = 29 (x — 2)? + (у + D* = 29 

© (x+2)? + (y- 1)? = 29 D (х + 4)? + (y – 2)* = 29 
E) ALGEBRA Determine whether the given equation defines a circle. If the 
equation defines a circle, rewrite the equation in standard form. 
27. х? + y^ - 6у+9 = 4 28. x? — 8х + 16 + y? + 2y +4 = 25 
29. х? + y? + 4у +3 = 16 30. x? — 2x + 5 + у? = 81 


IDENTIFYING LINES Use the given equations to determine whether the line 
is a tangent, secant, secant that contains a diameter, or none of these. 


31. Circle: (x — 4)? + (у – 3)? = 9 32. Circle: (х + 2)? + (y — 2)? = 16 
Line: у = -3x + 6 Line: у = 2x — 4 

33. Circle: (x — 5) + (у + 1? = 4 34. Circle: (x + 3)? + (у — 6)? = 25 
Line: у = zx m Line: y — E T 


35. CHALLENGE Four tangent circles are centered on the x-axis. The radius of 
OA is twice the radius of OO. The radius of OB is three times the radius 
of VO. The radius of OC is four times the radius of OO. All circles have 
integer radii and the point (63, 16) is on OC. What is the equation of ОА? 


PROBLEM SOLVING 


36. COMMUTER TRAINS А city's commuter system 
has three zones covering the regions described. 
Zone 1 covers people living within three miles of 
the city center. Zone 2 covers those between three 
and seven miles from the center, and Zone 3 covers 
those over seven miles from the center. 


a. Graph this situation with the city center at the 
origin, where units are measured in miles. 


b. Find which zone covers people living at 
(3, 4), (6, 5), (1, 2), (0, 3), and (1, 6). 


\ @Homelutor for problem solving help at classzone.com 
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COMPACT DISCS The diameter of a CD is about 4.8 inches. 
The diameter of the hole in the center is about 0.6 inches. 
You place a CD on the coordinate plane with center at (0, 0). 
Write the equations for the outside edge of the disc and the 


REULEAUX POLYGONS In Exercises 38-41, use the following information. 


The figure at the right is called a Reuleaux polygon. It is not a true polygon 
because its sides are not straight. AABC is equilateral. 


38. 1D lies on a circle with center A and radius AD. 
Write an equation of this circle. 


39. DE lies on a circle with center B and radius BD. 
Write an equation of this circle. 

40. CONSTRUCTION The remaining arcs of the polygon ala’! DW 

are constructed in the same way as /D and DE DE 7 an 

PMT ptt Me 


in Exercises 38 and 39. Construct a Reuleaux 
"Mal | THN 
polygon on a piece of cardboard. EZ EAS 


41. Cut out the Reuleaux polygon from Exercise 40. Roll it on its edge like a 
wheel and measure its height when it is in different orientations. Explain 
why a Reuleaux polygon is said to have constant width. 


42. Ж EXTENDED RESPONSE Telecommunication towers can be used to 
transmit cellular phone calls. Towers have a range of about 3 km. A graph 
with units measured in kilometers shows towers at points (0, 0), (0, 5), 
and (6, 3). 


a. Draw the graph and locate the towers. Are there 
any areas that may receive calls from more than 
one tower? 


b. Suppose your home is located at (2, 6) and your 
school is at (2.5, 3). Can you use your cell phone 
at either or both of these locations? 


c. City A is located at (—2, 2.5) and City B is at (5, 4). 
Each city has a radius of 1.5 km. Which city seems 
to have better cell phone coverage? Explain. 


43. REASONING The lines y — Ax + 2 and y = -5y + 16 are tangent to OC at 
the points (4, 5) and (4, 13), respectively. 
a. Find the coordinates of C and the radius of CC. Explain your steps. 
b. Write the standard equation of OC and draw its graph. 


44. PROOF Write a proof. y 


GIVEN P A circle passing through the points 
(—1, 0) and (1, 0) 


PROVE b The equation of the circle is (—1, 0) (1,0) * 
х? — 2yk + у? = 1 with center at (0, К). 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
704 on p. WS1 TEST PRACTICE 


: PREVIEW 
: Prepare for 


: Lesson 11.1 in 
: Exs. 46-48. 


45. CHALLENGE The intersecting lines m and n are tangent to ©C at the 
points (8, 6) and (10, 8), respectively. 


a. What is the intersection point of m and n if the radius r of OC is 2? 
What is their intersection point if r is 10? What do you notice about 
the two intersection points and the center C? 


b. Write the equation that describes the locus of intersection points of т 
and n for all possible values of r. 


- MIXED REVIEW 


Find the perimeter of the figure. 


46. (p.49) 47. (р. 49) 48. (р. 433) 


Ск [к Дх 


22 in. 


Find the circumference of the circle with given radius r or diameter 4. 
Use 77 = 3.14. (p. 49) 


49. r- 7 cm 50. d — 160 in. 51. d — 48 yd 


Find the radius r of © С. (p. 651) 


52. 15 53. 54. 28 
9 20 
15 
21 


E for Lessons 10.6-10.7 


Find the value of x. (p. 689) 


In Exercises 4 and 5, use the given information to write the standard 
equation of the circle. (p. 699) 


4. The center is (1, 4), and the radius is 6. 

5. The center is (5, —7), and a point on the circle is (5, —3). 

6. TIRES The diameter of a certain tire is 24.2 inches. The diameter 
of the rim in the center is 14 inches. Draw the tire in a coordinate 


plane with center at (—4, 3). Write the equations for the outer edge 
of the tire and for the rim where units are measured in inches. (p. 699) 


EXTRA PRACTICE for Lesson 10.7, p. 915 D ONLINE QUIZ at classzone.com 705 
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Lessons 10.6—10.7 


1. SHORT RESPONSE A local radio station can 


broadcast its signal 20 miles. The station is 
located at the point (20, 30) where units are 
measured in miles. 


a. Write an inequality that represents the 
area covered by the radio station. 


b. Determine whether you can receive the 
radio station's signal when you are located 
at each of the following points: E(25, 25), 
F(10, 10), С(20, 16), and H(35, 30). 


. EXTENDED RESPONSE Cell phone towers are 


used to transmit calls. An area has cell phone 
towers at points (2, 3), (4, 5), and (5, 3) where 
units are measured in miles. Each tower has 
a transmission radius of 2 miles. 


a. Draw the area on a graph and locate the 
three cell phone towers. Are there any 
areas that can transmit calls using more 
than one tower? 


b. Suppose you live at (3, 5) and your friend 
lives at (1, 7). Can you use your cell phone 
at either or both of your homes? 


c. City A is located at (—1, 1) and City Bis 
located at (4, 7). Each city has a radius of 
5 miles. Which city has better coverage 
from the cell phone towers? 


. SHORT RESPONSE You are standing at point 
Pinside a go-kart track. To determine ifthe 
track is a circle, you measure the distance 
to four points on the track, as shown in the 
diagram. What can you conclude about the 
shape of the track? Explain. 
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MIXED REVIEW. of Problem Solving РЭ, STATE TEST PRACTICE 


>, classzone.com 


4. SHORT RESPONSE You are at point A, about 


6 feet from a circular aquarium tank. The 
distance from you to a point of tangency on 
the tank is 17 feet. 


a. What is the radius of the tank? 


b. Suppose you are standing 4 feet from 
another aquarium tank that has a 
diameter of 12 feet. How far, in feet, are 
you from a point of tangency? 


‚ EXTENDED RESPONSE You are given 


seismograph readings from three locations. 
e At A(—2, 3), the epicenter is 4 miles away. 
e At B(5, —1), the epicenter is 5 miles away. 
e At C(2, 5), the epicenter is 2 miles away. 


a. Graph circles centered at A, B, and C with 
radii of 4, 5, and 2 miles, respectively. 


b. Locate the epicenter. 


c. The earthquake could be felt up to 
12 miles away. If you live at (14, 16), could 
you feel the earthquake? Explain. 


. MULTI-STEP PROBLEM Use the diagram. 


a. Use Theorem 10.16 and the quadratic 
formula to write an equation for yin 
terms of x. 


b. Find the value of x. 


c. Find the value of y. 


CHAPTER SUMMARY 


qj 


- BIG IDEAS For Your Notebook 


: Using Properties of Segments that Intersect Circles 
> You learned several relationships between tangents, secants, and chords. 


: Some of these relationships can help you A 
> determine that two chords or tangents are 
> congruent. For example, tangent segments В 


> from the same exterior point are congruent. 


> Other relationships allow you to find the B 

> length of a secant or chord if you know the C 

: length of related segments. For example, with 

; theSegments of a Chord Theorem you can 

> find the length of an unknown chord segment. D 
> A 


EA - EB = EC • ED 
Big > Applying Angle Relationships in Circles 

* You learned to find the measures of angles formed inside, outside, and 
> on circles. 


: Angles formed on circles A 
— 1,45 
D mZADB = ПАВ 
В 
> Angles formed inside circles D TA PM 
mZ1 = 1(тАВ + mod), 
A 2 
C mZ2 = l(mAD + mBC) 
B 2 
; Angles formed outside circles X 
W, 
m23 = 1(тйў - тй?) 
Z 


Big : Using Circles in the Coordinate Plane 
> The standard equation of OC is: 

(x— А)? + (у – №? =r? 

(x — 2)? + (у – 1)? = 22 


(x — 2)? + (у – 1}? = 4 


Chapter Summary 707 
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* Multi-Language Glossary 

REVIEW KEY VOCABULARY — 
: For a listof e circle, p. 651 e major arc, p. 659 e intercepted arc, p. 672 
: postulates and center, radius, diameter e semicircle, p. 659 • inscribed polygon, р. 674 
: ipie | | — oii * measure of a minor arc, p. 659 • circumscribed circle, p. 674 

j ‚р. 651 * measure of a major arc, p. 659 • segments of a chord, p. 689 

* tangent, p. 651 • congruent circles, p. 660 * secant segment, p. 690 

• central angle, p. 659 • congruent arcs, p. 660 * external segment, p. 690 

* minor arc, p. 659 « inscribed angle, p. 672 * standard equation of a circle, p. 699 


VOCABULARY EXERCISES 


1. Copy and complete: If a chord passes through the center of a circle, then 
itis called a(n). ? . 


2. Draw and describe an inscribed angle and an intercepted arc. 


3. WRITING Describe how the measure of a central angle of a circle relates to 
the measure of the minor arc and the measure of the major arc created by 
the angle. 


In Exercises 4-6, match the term with the appropriate segment. 


4. Tangent segment A. LM M N 
5. Secant segment B. KL - 
6. External segment C. LN K 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding 
of the concepts you have learned in each lesson of Chapter 10. 


É | ( A | Use Properties of Tangents pp. 651-658 | 


In the diagram, В апа D are points of tangency 
on OC. Find the value of x. 


Use Theorem 10.2 to find x. 


2x+5 


AB=AD Tangent segments from the same point аге =. D 
2х + 5 = 33 Substitute. 


x= 14 Solve for x. 


708 Chapter 10 Properties of Circles 


@Homelutor 
classzone.com 
Chapter Review Practice 


EXERCISES 
: EXAMPLES Find the value of the variable. Y and Z are points of tangency on OW. 
5 and 6 а 8 9 
: On p. 654 | — 26249046 | 
: for Exs. 7-9 3 
X X x 
9 
3a 9c + 14 7 
Z Z 


Find Arc Measures pp. 659-663 


Find the measure of the arc of OP. In the diagram, K 

LN is a diameter. \,2 N 
a. MN b. NLM c. NML 
a. MN is a minor arc, SO mMN = mZ MPN = 120°. - dá 


b. NLM is a major arc, so mNLM = 360° — 120° = 240°. 


c. NML is a semicircle, so mNML = 180°. 


; EXAMPLES EXERCISES 


: Lt ЗМР Use the diagram above to find the measure of the indicated arc. 

: on pp. 659-660 == pun киш = 

: for Exs. 10-13 10. KL 11. LM 12. KM 13. KN 
Apply Properties of Chords pp. 664-670 


In the diagram, OA = OB, CD = FE, and mFE = 75°. Find mCD. 


By Theorem 10.3, CD and FE are congruent D C А 
chords in congruent circles, so the 

corresponding minor arcs FE and CD are 15 | 
congruent. So, mCD = mFE = 75. > 


EXERCISES 
: EXAMPLES Find the measure of AB. 
¡Landa — 4 15. x m 


: on pp. 664, 666 
: for Exs. 14-16 


"my 
уу 07 
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CHAPTER REVIEW 


Use Inscribed Angles and Polygons pp. 672-679 


Find the value of each variable. 


LMNP is inscribed in a circle, so by Theorem 10.10, 
opposite angles are supplementary. 


mZL+mZN = 180° mZP+mZM = 180° 
За? + За? = 180° b° + 50° = 180° 
6a = 180 b = 130 
a= 30 
EXERCISES 
: EXAMPLES Find the value(s) of the variable(s). 
: 1,2, and 5 
: on pp. 672-675 мз 4 - 2 B (A “уд EN 
: for Exs. 17-19 
CT ` 
Х 
C 
Apply Other Angle Relationships in Circles pp. 680-686 
Find the value of y. 
— — 
The tangent RQ and secant RT intersect outside the 
circle, so you can use Theorem 10.13 to find the value 
of y. 
y = (тот - mSQ) Use Theorem 10.13. 
y= (190° — 60°) Substitute. 
y = 65 Simplify. 
EXERCISES 
: EXAMPLES Find the value of x. 
: 2 and 3 eccc000000 20 21 22 
: On pp. 681-682 | i ¡PB i ND 
: for Exs. 20-22 40° 
250° 2 96° 152° У 60° 
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Find Segment Lengths in Circles pp. 689-695 
Find the value of x. 

— — E 
The chords EG and FH intersect inside the circle, so Ё 


you can use Theorem 10.14 to find the value of x. Z 
EP-PG- Ер. РН Use Theorem 10.14. / G 
x.2=3+6 Substitute. H 


x=9 Solve for x. 


EXERCISE 
: EXAMPLE 4 23. SKATING RINK A local park has a circular ice B 


: on р. 692 skating rink. You are standing at point A, about 20 ft 
: for ЕХ. 23 12 feet from the edge of the rink. The distance 
from you to a point of tangency on the rink is D 2h A 


about 20 feet. Estimate the radius of the rink. 


Write and Graph Equations of Circles pp. 699-705 


Write an equation of the circle shown. 


The radius is 4 and the center is at (-2, 4). 
(х – №)? + (у – Ю? = г? Standard equation of a circle 


(x — (-2))* + (y – 4) = 42 Substitute. 


(x + 2)? + (у – 4)? = 16 Simplify. 


EXERCISES 
: repel Write an equation of the circle shown. 
: 1, 2, and з 
: оп рр. 699-700| 2® P | | | | | | | 25| MN 
: for EXS. 24-32 | УУМ | 
УМ E 
|? | |]{\х u 
A O a 
PAE TT Y 
Pt | М |. 
Py ttt tt ИШ 
Write the standard equation of the circle with the given center and radius. 
27. Center (0, 0), radius 9 28. Center (—5, 2), radius 1.3 29. Center (6, 21), radius 4 


30. Center (—3, 2), radius 16 31. Center (10, 7), radius 3.5 32. Center (0, 0), radius 5.2 
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In OC, Band D are points of tangency. Find the value of the variable. 


1. 2. 3. B 
6 2x? + 8x — 17 
A A 
12 y 
D 


A 8x + 15 D 


Tell whether the red arcs are congruent. Explain why or why not. 


Determine whether AB is a diameter of the circle. Explain your reasoning. 


8. A 9. A 
lj 
C D e 25 
90° SS ү 
В 
Find the indicated measure. 
10. т/ АВС 11. MDF 12. тСН] 
А F 
И 
р 
В 
^ > 4 
13. т/1 14. 


mZ2 
238° M 
J 
112° 
52° 
K L 
Find the value of x. Round decimal answers to the nearest tenth. 


16. 17. 9 18. | AE 
12 < | 


19. Find the center and radius of a circle that has the standard equation 
(x + 2)? + (y — 5)? = 169. 


x 
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ALGEBRAREVIEW тт 


FACTOR BINOMIALS AND TRINOMIALS 


6» EXAMPLE 1) Factor using greatest common factor 


Factor 2x? + 6x?. 


Identify the greatest common factor of the terms. The greatest common factor 
(GCF) is the product of all the common factors. 


First, factor each term. | 2x? = 2 • х • х • хапабх? = 2+3 •х• х 
Then, write the product of the common terms. GCF = 2.х•х= 2х? 


Finally, use the distributive property with the GCF. — 2x? + 6х? = 2x“(x + 3) 


xy] EXAMPLE 2 | Factor binomials and trinomials 


Factor. 
а. 2x — 5x +3 b. x^—9 


Solution 


a. Make a table of possible factorizations. Because the middle term, —5x, is 
negative, both factors of the third term, 3, must be negative. 


Possible Middle term 
factorization when multiplied 


b. Use the special factoring pattern а? — р? = (a + b)(a — b). 


x* – 9= х? — 32 Write in the form a? — b?. 


= (x + 3)(x — 3) Factor using the pattern. 


EXERCISES 
Factor. 
: EXAMPLE1 | 1. бх? + 18х* 2. 16a? — 24b 3. 9r? — 15rs 
i tor Exs. 1-9 4. 14x5 + 2713 5. 81* + 612 — 10t 6. 9z? + 3z + 2122 
7. 5y — 4у° + 2? 8. 301” — 25»? — 10v* 9. 6хЗу + 15x?y? 
: EXAMPLE2 | 10. х? + 6x + 8 11. y^—y- 6 12. а? — 64 
i tor Exa. 10724 | үз, 72 — 8z 4- 16 14. 352 + 25 — 1 15. 5b? — 16b + 3 
16. 4x* — 49 17. 25r^ — 81 18. 4x? + 12x + 9 
19. х? + 10х + 21 20. z^ — 121 21. y, - y - 6 
22. z^ + 12z + 36 23. x^ — 49 24. 2х? — 12x — 14 
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MULTIPLE CHOICE QUESTIONS 


If you have difficulty solving a multiple choice question directly, you may 
be able to use another approach to eliminate incorrect answer choices and 


obtain the correct answer. 


PROBLEM 1 


In the diagram, APQR is inscribed in a circle. The ratio 
of the angle measures of APQR is 4:7:7. What is mQR? 


@ 20° 
© 80° 


40° 
(D> 140° 


METHOD 1 


SOLVE DIRECTLY Use the Interior Angles 
Theorem to find mZ QPR. Then use the fact that 


Z QPR intercepts QR to find mQR. 


STEP 7 Use the ratio of the angle measures to 
write an equation. Because APQR is isosceles, 


its base angles are congruent. Let 4x? = mZ QPR. 


Then mz Q = mZR = 7x. You can write: 
mz QPR + т О + mz R = 180? 
Ax” + 7x? + 7x? = 180° 


STEP 2 Solve the equation to find the value of x. 
Ax” + 7х° t 7x° = 180° 
18х° = 180° 
х = 10 


STEP 3 Find mZ ОРЕ. From Step 1, 
mz QPR = 4x”, so mz ОРЕ = 4 + 10° = 40°. 


STEP € Find mQR. Because Z > 2 QPR intercepts QR, 
mQR = = 2 • mz QPR. So, mOR = = 2 • 40° = 80°. 


The correct answer is С. (А) © Ф) 
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METHOD 2 

ELIMINATE CHOICES Because Z QPR intercepts 
QR, mz ОРЕ = 5 o mQR. Also, because APQR 

is isosceles, its base angles, Z Q and ZR, are 
congruent. For each choice, find mZ QPR, mZ Q, 


and mZ R. Determine whether the ratio of the 
angle measures is 4:7:7. 


Choice A: If mQR = 20°, mZ QPR = 10°. 
So, mZ Q + mZ R = 180? — 10? = 170°, and 


mzQ-mzR- 170 — 85°, The angle measures 


10°, 85°, and 85? are not in the ratio 4:7:7, so 
Choice A is not correct. 


Choice B: If mQR = 40°, mZ ОРЕ = 20°. 

So, mZ Q + mZ R = 180? — 20° = 160°, and 
mz Q = mz R = 80°. The angle measures 20°, 
80°, and 80? are not in the ratio 4:7: 7, 

so Choice B is not correct. 


Choice C: If mQR = 80°, mZ ОРЕ = 40*. 
So, mZ Q + mZ R = 180? — 40° = 140°, and 
mz Q = mz R = 70°. The angle measures 
40°, 70°, and 70? are in the ratio 4:7:7. So, 


mQR = 80°. 


The correct answer is C. (А) © Ф) 


What is the value of x? 
(А) -1 2 
© 7 (D> 10 


METHOD 1 
SOLVE DIRECTLY Write and solve an equation. 


STEP Y Write an equation. By the Segments of 
a Chord Theorem, NJ • NK = NL * NM. You сап 
write (x — 2)(x — 7) =6-4= 24. 
STEP 2 Solve the equation. 
(x — 2)(x — 7) = 24 
x? — 9x + 14 = 24 
x^—9x—10-0 
(х — 10)(х+1) =0 
So, x = 10 orx = -1. 
STEP 3 Decide which value makes sense. 
If x = —1, then NJ = —1 — 2 = —3. But 
a distance cannot be negative. 


If x = 10, then NJ = 10 — 2 = 8, and 
NK = 10 – 7 = 3. So, x = 10. 


The correct answer is D. СА) O Ф) 


PRACTICE 


In the circle shown, JK intersects LM at point N. 


oS 


METHOD 2 


ELIMINATE CHOICES Check to see if any choices 
do not make sense. 


STEP 7 Check to see if any choices give 
impossible values for NJ and NK. Use the fact 
that NJ х -2and NK = x - 7. 


Choice A: If x = —1, then NJ = —3 and NK = -8. 
A distance cannot be negative, so you can 
eliminate Choice A. 


Choice B: If x = 2, then N/ = 0 and NK = —5. 
A distance cannot be negative or 0, so you can 
eliminate Choice B. 


Choice C: If x = 7, then N/ = 5 and NK = 0. 
A distance cannot be 0, so you can eliminate 
Choice C. 


$TEP2 Verify that Choice D is correct. 

By the Segments of a Chord Theorem, 

(x — 7)(x — 2) = 6(4). This equation is true 
when x = 10. 


The correct answer is D. (А) СО Ф 


Explain why you сап eliminate the highlighted answer choice. 


1. In the diagram, what is mNQ ? M 
DA 20° 26° 72° 
СС) 40° QD) 52° R 


20° P 


Q 


2. Isosceles trapezoid EFGH is inscribed in a circle, mZ E = (x + 8)”, and 


mZG = (3x + 12)”. What is the value of x? 


@X-17 10 


© 40 


(D> 72 
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MULTIPLE CHOICE 
1. In OL, MN = PQ. Which statement is not 


necessarily true? 
M 
М 
Р 
Q 
Gb MN =PQ МОР = QNM 
(б) MP = NO D MPQ = NMP 


2. In OT, PV = 5x — 2 and BR = 4х + 14. What is 
the value of x? 


S 
P 
R Q 
(СА) —10 ® з 
O 12 D 16 


3. What are the coordinates of the center of a 
circle with equation (x + 2)? + (y — 4)? = 9? 


СА) (—2,—4) (—2, 4) 


4. In the circle shown below, what is mQR? 


СА) 24° 

O ag 
5. Regular hexagon FGHJKL is inscribed in a 

circle. What is mKL? 

СА) 6° 60° 

СС) 120° Ф) 240° 
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. In the design for a jewelry store sign, STUV is 


inscribed inside a circle, ST = TU = 
12 inches, and SV = UV = 18 inches. What is 
the approximate diameter of the circle? 


СА) Iin. 
©) 25in. 


22 in. 
(D 30in. 


. In the diagram shown, OS is tangent to ON 


at R. What is mRPT? 


à 
P. 
Q R S 
СА) 62° 118° 
© 124° (Б) 236° 


. Two distinct circles intersect. What is the 


maximum number of common tangents? 
@ 1 2 
© 3 D 4 


. In the circle shown, mEFG = 146” and 


тЕСН = 172°. What is the value of x? 


F 
E X" 
G 
3x? 
H 
СА) 10.5 21 
© 42 D 336 


GRIDDED ANSWER 


10. LKis tangent to OT at К. LM is tangent to OT 


at M. Find the value of x. 


K 


1 
;X * 5 


M 


11. In OH, find mZ AHB in degrees. 


111° 


12. Find the value of x. 


EXTENDED RESPONSE 


16. The diagram shows a piece of broken pottery found by an 
archaeologist. The archaeologist thinks that the pottery is 
part of a circular plate and wants to estimate the diameter 


of the plate. 


a. Trace the outermost arc of the diagram on a piece of paper. 
Draw any two chords whose endpoints lie on the arc. 


b. Construct the perpendicular bisector of each chord. Mark 
the point of intersection of the perpendiculars bisectors. 
How is this point related to the circular plate? 


с. Based on your results, describe a method the archaeologist 
could use to estimate the diameter of the actual plate. 


Explain your reasoning. 


7 ) ЅТАТЕ ТЕЅТ РВАСТІСЕ 
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SHORT RESPONSE 
13. Explain why APSR is similar to ATQR. 


Q R 


T 


14. Let x” be the measure of an inscribed angle, 
and let y? be the measure of its intercepted 
arc. Graph y as a function of x for all possible 
values of x. Give the slope of the graph. 


15. In ОЈ JD = JH. Write two true statements 
about congruent arcs and two true 
statements about congruent segments in OJ. 
Justify each statement. 


17. The point P(3, —8) lies on a circle with center C(—2, 4). 


a. Write an equation for CC. 


b. Write an equation for the line that contains radius CP. Explain. 


c. Write an equation for the line that is tangent to CC at point P. Explain. 
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Measuring eT 
and Area | 


11 


A Areas of TOR Eds апа оом 


= 


1 
1:2-- Areas of Trapezoids, Rhombuses, and Kites * Ў 


11:3 Perimeter and Area of Similar Figures: 


11.4 Circumference and Arc Length 


i fi 5 Areas of Circles and Sectors. арак f, 
ATG Areas of Regular Polygons. Д Ф | D 
55 11.7. Use Geometric Probability v dh Maid A. IA Pise 
Previously, you learned the following skills, which you'll use in Chapter 11: 
using formulas, using ratios and proportions, and solving for lengths in 
right triangles. 
Prerequisite Skills 
LARY CHECK IL A te te 
Give the indicated measure for ОР. 
1. The radius 2. Thediameter 3. mADB 
SKILLS AND ALGEBRA CHECK "PN — — P 


4. Use a formula to find the width w of the o that has: a ш of 
24 centimeters and a length of 9 centimeters. (Prerequisite skill for 11.1) 


In the diagram, ^ UVW ~ AXYZ. (Prerequisite or 11.3) o Ты е io 
5. Use a proportion to find XY. " 


6. Find the ratio of the V, 
perimeters of the triangles. YN EON SEL AN uU OP este 
U W X Z 


In A ABC, angle C Ck isa i angle. Use the given information to find AC. 


7. mZ B = 60°, ВС = 5 8. mZ B= 45°, ВС = 8 9. mZ A = 60°, АВ = 13 


m ы ча oc a АГЕС eee UCET 
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In Chapter 11, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 779. You will also use the key vocabulary listed below. 


Ө Using area formulas for polygons 
Ө Relating length, perimeter, and area ratios in similar polygons 
© Comparing measures for parts of circles and the whole circle 


KEY VOCABULARY 

* bases of a parallelogram, p. 720 * center of a polygon, p. 762 

* height of a parallelogram, p. 720 * radius of a polygon, p. 762 

* height of a trapezoid, p. 730 * apothem of a polygon, p. 762 

* circumference, p. 746 e central angle of a regular polygon, p. 762 
* arc length, p. 747 * probability, p. 771 

* sector of a circle, p. 756 * geometric probability, p. 771 


You can apply formulas for perimeter, circumference, and area to find and 
compare measures. To find lengths along a running track, you can break the 
track into straight sides and semicircles. 


A Li eee enasi БЕ eee e ee 


The animation illustrated below for Example 5 on page 749 helps you answer 
this question: How far does a runner travel to go around a track? 


Length of each - Length around each 
straight section semicircular arc 


E E El E 


Length of each 
straight section 


Distance = 2 e 
A es es et PF Р рей ы ШОР] сый а. 


Distance = 2 e +20 © ) 


Drag and drop the tiles into the 
boxes to create the equation 
for finding the length around 
each semicircular arc. 


Your goal is to find the distances traveled а, | | Choose the correct expressions to 
by two runners in differenttracklanes. | complete the equation. 


- [Check Answer | 
— 2 оф 
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11.1 


You learned properties of triangles and parallelograms. 
D You vill find areas of triangles and parallelograms. 
So you can plan a jewelry making project, as in Ех. 44. 


Key Vocabulary 
e bases of a 
parallelogram 


* height of a 
parallelogram 


* area, p. 49 
• perimeter, р. 49 


: READ DIAGRAMS 


: The word base can refer 


: to a segment or to its 
: length. The segment 


: used for the height mus 
: be perpendicular to the 


: bases used. 


ү Ifyou transform a rectangle to form other parallelograms 
with the same base and height, the area stays the same. 


Areas of Triangles 
and Parallelograms 


POSTULATES For Your Notebook 


POSTULATE 24 Area of a Square Postulate 


The area of a square is the square of the length of its side. 


POSTULATE 25 Area Congruence Postulate 


If two polygons are congruent, then they have the same area. 


POSTULATE 26 Area Addition Postulate 


The area of a region is the sum of the areas of its nonoverlapping parts. 


RECTANGLES A rectangle that is b units by h units can be split into b * h unit 
squares, so the area formula for a rectangle follows from Postulates 24 and 26. 


THEOREM For Vour Wotebook 
THEOREM 11.1 Area of a Rectangle Al 
h 
The area of a rectangle is the product of its base E E 
> and height. 

4: Justification: Ex. 46, p. 726 A = bh 
PARALLELOGRAMS Either pair of parallel sides can be base 
used as the bases of a parallelogram. The height is the 
perpendicular distance between these bases. 

w 


base 
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: READ VOCABULARY 1: 


: The height of a triangle 
: is the length of the 

: altitude drawn to the 

: given base. 


B 
- 


THEOREMS For Vour Wotebook 


THEOREM 11.2 Area of a Parallelogram 
The area of a parallelogram is the product of A 


a base and its corresponding height. 


: Justification: Ex. 42, p. 725 A = bh 
THEOREM 11.3 Area of a Triangle 
The area of a triangle is one half the product 4 
of a base and its corresponding height. E 
b 
м EN 
: Justification: Ex. 43, p. 726 A = 3bh 


RELATING AREA FORMULAS As illustrated below, the area formula for a 
parallelogram is related to the formula for a rectangle, and the area formula 
for a triangle is related to the formula for a parallelogram. You will write a 
justification of these relationships in Exercises 42 and 43 on pages 725-726. 


ШС £7 


Area of Zz = Area of Rectangle Area of ^ = 1 • Area of O 
A 


( EXAMPLE 1 | Use a formula to find area 


Find the area of 7 РОК. Q R 
Q NY 

Solution 12 8 
Method 1 Use PS as the base. E 

The base is extended to measure Р 6 $ U 


the height RU. So, b = 6 and h = 8. 
Area = bh = 6(8) = 48 square units 


Method 2 Use PQ as the base. 


Then the height is QT. So, b = 12 and h = 4. 
Area = bh = 12(4) = 48 square units 


r4 GUIDED PRACTICE | for Example 1 


Find the perimeter and area of the polygon. 
1. 2. 3. 
ES Lv 
ш 
21 30 
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721 


Solve for unknown measures 


: DRAW DIAGRAMS €) ALGEBRA The base of a triangle is twice its height. The area of 
: Note that there are the triangle is 36 square inches. Find the base and height. 
: ш м. е a Let h represent the height of the triangle. Then the base is 2h. 
: draw the triangle h 
: described in Example 2. 1 А 
: = -þh Write formula. 
: 2 2һ 
: ш NU 36 — (2h) (h) Substitute 36 for A and 2h for b. 
: 2h 

36 = h* Simplify. 

6=h Find positive square root of each side. 


* The height of the triangle is 6 inches, and the base is 6 * 2 = 12 inches. 


( EXAMPLE 3 | Solve a multi-step problem 


PAINTING You need to buy paint so that you can 
paint the side of a barn. A gallon of paint covers 
350 square feet. How many gallons should you buy? 


Solution 


You can use aright triangle and a rectangle to 
approximate the area of the side of the barn. 


: ANOTHER WAY я І 

Ж e reni: »  $TEP? Find the length x of each leg of the triangle. 

: In Example 3, you have 

: a 45°-45°-90° triangle, 26° = x^-- x^ Use Pythagorean Theorem. 

: SO you can also find x Р o 

: by using trigonometry 676 = 2x Simplify. 

: or special right angles. 338 = x Solve for the positive value of х. 


STEP 2 Find the approximate area of the side of the barn. 


Area = Area of rectangle + Area of triangle 
= 26(18) + 5 - | (V338 )(V338 ) |= 637 ft? 


STEP 3 Determine how many gallons of paint you need. 


1 gal 
637 ft? e —™— ~ 1.82 gal Use unit analysis. 


350 fe 


» Round up so you will have enough paint. You need to buy 2 gallons of paint. 


СА GUIDED PRACTICE for Examples 2 and 3 


4. A parallelogram has an area of 153 square inches and a height of 
17 inches. What is the length of the base? 


5. WHAT IF? In Example 3, suppose there is a 5 foot by 10 foot rectangular 
window on the side of the barn. What is the approximate area you need 
to paint? 
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EXERCISES — "и cra 
1 1 1 KEY: on p. WS14 for Exs. 7, 23, and 37 

: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 21, 30, 39, and 45 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: Either pair of parallel sides of a 
parallelogram can be called its. ? , and the perpendicular distance 
between these sides is called the. ? . 


2. ж WRITING What are the two formulas you have learned for the area of a 
rectangle? Explain why these formulas give the same results. 


: EXAMPLE 1 | FINDING AREA Find the area of the polygon. 


: on p. 721 
: for Exs. 3-15 = в se 


9. COMPARING METHODS Show two different ways to A B 
calculate the area of parallelogram ABCD. Compare 
your results. 16 


A А 
Е D 10 C 


ERROR ANALYSIS Describe and correct the error in finding the area of the 
parallelogram. 


10. 
A = bh A — bh 
"tem AS x. "ow A S X 


= 30 = 26 


PYTHAGOREAN THEOREM The lengths of the hypotenuse and one leg of a 
right triangle are given. Find the perimeter and area of the triangle. 


12. Hypotenuse: 15 in.; leg: 12 in. 13. Hypotenuse: 34 ft; leg: 16 ft 
14. Hypotenuse: 85 m; leg: 84m 15. Hypotenuse: 29 cm; leg: 20 cm 


: EXAMPLE2 | CS) ALGEBRA Find the value of x. 


| е > г Е көнен а кө | 


— 36 in? = 2 Е 2 
: юг Exs. 16-21 16. A — 36 in. 17. A — 276 ft 18. A — 476 cm 


А ма ER 


12 in. 
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19. ES) ALGEBRA The area of a triangle is 4 square feet. The height of the 
triangle is half its base. Find the base and the height. 


20. E) ALGEBRA The area of a parallelogram is 507 square centimeters, and 
its height is three times its base. Find the base and the height. 


21. Ж OPEN-ENDED MATH A polygon has an area of 80 square meters and 
a height of 10 meters. Make scale drawings of three different triangles 
and three different parallelograms that match this description. Label 


the base and the height. 
: EXAMPLE 3 FINDING AREA Find the area of the shaded polygon. 
: опр.722 22 ©з) 21 
: for Exs. 22-27 di 2 11m 
i / Nee. NN, P AA ш 
17 ft 9 cm 11 cm 16 m — 
25. 15in 26. 10m 27. 
EI 
25 in. d 
5in 
=5 
19 in. 40 m 20 m 8 in. 


COORDINATE GRAPHING Graph the points and connect them to form a 
polygon. Find the area of the polygon. 


28. A(3, 3), B(10, 3), C(8, —3), DU, —3) 29. El=24=2) £0.15 619, =2) 


30. Ж MULTIPLE CHOICE Whatis the area of the 


parallelogram shown at the right? 
E 


© 675in.? D 9.375 ft” 4 ft2 in. 


31. TECHNOLOGY Use geometry drawing software to draw a line / and a 
line m parallel to 4. Then draw Л ABC so that C is on line £ and AB 
is on line m. Find the base AB, the height CD, and the area of A ABC. 
Move point C to change the shape of AABC. What do you notice about 
the base, height, and area of AABC? 


32. USING TRIGONOMETRY In (ABCD, base AD is 15 and AB is 8. What are 
the height and area of TABCD if mZ DAB is 20°? if mZ DAB is 50°? 


33. ЄЙ) ALGEBRA Find the area of a right triangle with side lengths 
12 centimeters, 35 centimeters, and 37 centimeters. Then find the length 
of the altitude drawn to the hypotenuse. 


34. @ ALGEBRA Find the area of a triangle with side lengths 5 feet, 5 feet, and 
8 feet. Then find the lengths of all three altitudes of the triangle. 


35. CHALLENGE The vertices of quadrilateral ABCD are A(2, —2), B(6, 4), 
C(—1, 5), and D(—5, 2). Without using the Distance Formula, find the 
area of ABCD. Show your steps. 


(С) = WORKED-OUT SOLUTIONS Ж - STANDARDIZED 
724 on p. WS1 TEST PRACTICE 


: EXAMPLE 3 


: : on p. 722 
: for Ex. 37 


PROBLEM SOLVING 


38. 


39. 


40. 


41. 


42. 


36. 


SAILING Sails A and B are right triangles. The lengths of the 
legs of Sail A are 65 feet and 35 feet. The lengths of the legs of 
Sail B are 29.5 feet and 10.5 feet. Find the area of each sail to the 
nearest square foot. About how many times as great is the area 
of Sail A as the area of Sail B? 


_@Homelutor 
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MOWING You can mow 10 square yards of grass in one minute. 
How long does it take you to mow a triangular plot with height 
25 yards and base 24 yards? How long does it take you to mow a 
a plot with base 24 yards and height 36 yards? 


for problem solving help at classzone.com 


CARPENTRY You are making a tabletop in the shape of a parallelogram 
to replace an old 24 inch by 15 inch rectangular one. You want the areas 
of the tabletops to be equal. The base of the parallelogram is 20 inches. 

What should the height be? 


* SHORT RESPONSE A 4 inch square is a square that has a side length of 
4 inches. Does a 4 inch square have an area of 4 square inches? If not, 
what size square does have an area of 4 square inches? Explain. 


PAINTING You are earning money by painting a shed. You plan 30° di 
to paint two sides of the shed today. Each of the two sides has | 


the dimensions shown at the right. You can paint 200 square 

feet per hour, and you charge $20 per hour. About how much 

will you get paid for painting those two sides of the shed? Tm 
ENVELOPES The pattern below shows how to make an envelope to fit a 

card that is 17 centimeters by 14 centimeters. What are the dimensions of 
the rectangle you need to start with? What is the area of the paper that is 
actually used in the envelope? of the paper that is cut off? 


6 cm 


14 cm 
14 cm 


14 cm 


17 cm 


17 cm 


3cm 17cm 3cm 


JUSTIFYING THEOREM 11.2 You can use the area formula for a 
rectangle to justify the area formula for a parallelogram. First 
draw C7 PQRS with base b and height h, as shown. Then draw a 


segment perpendicular to PS through point R. Label point V. 
a. Ір the diagram, explain how you know that APQT = ASRV. 


b. Explain how you know that the area of PQRS is equal to the 
area of QRVT. How do you know that Area of PQRS = bh? 
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43. JUSTIFYING THEOREM 11.3 You can use the area formula Y Z 


for a parallelogram to justify the area formula for a triangle. | 
Start with two congruent triangles with base b and height h. h 
Place and label them as shown. Explain how you know that | 
XYZWis a parallelogram and that Area of AXYW = 5bh. X b W 


44. MULTI-STEP PROBLEM You have enough silver to make a 
pendant with an area of 4 square centimeters. The pendant will 
be an equilateral triangle. Let s be the side length of the triangle. 


a. Find the height Л of the triangle in terms of s. Then write 
a formula for the area of the triangle in terms of s. 


b. Find the side length of the triangle. Round to the 
nearest centimeter. 


45. Ж EXTENDED RESPONSE The base of a parallelogram is 7 feet and 
the height is 3 feet. Explain why the perimeter cannot be determined 
from the given information. Is there a least possible perimeter for the 
parallelogram? Is there a greatest possible perimeter? Explain. 


46. JUSTIFYING THEOREM 11.1 You can use the diagram to show that 
the area of a rectangle is the product of its base b and height h. 


a. Figures MRVU and VSPT are congruent rectangles with 
base b and height Л. Explain why RNSV, UVTQ, and MNPQ 
are squares. Write expressions in terms of b and h for the 
areas of the squares. 


b. Let A be the area of MRVU. Substitute A and the expressions from 
part (a) into the equation below. Solve to find an expression for A. 


Area of MNPQ = Area of MRVU + Area of UVTQ + Area of RNSV + Area of VSPT 


47. CHALLENGE An equation of АВ is y = x. An equation 


of AC is y = 2. Suppose BC is placed so that AABC 
is isosceles with an area of 4 square units. Find two 
different lines that fit these conditions. Give an 
equation for each line. Is there another line that 


could fit this requirement for BC? Explain. 


MIXED REVIEW 


: PREVIEW Find the length of the midsegment MN of the trapezoid. (p. 542) 


: Prepare for 


: Lesson 11.2 Mh L ii JA ин М 
: in Exs. 48-50. 
M М М N 46 29 
8 21 N 


The coordinates of APQR are P(—4, 1), Q(2, 5), and R(1, —4). Graph the 
image of the triangle after the translation. Use prime notation. (p. 572) 


51. (x, y) > (xt 1, y + 4) 52. (х,у) > (x +3, y — 5) 
53. (x, y) > (x — 3, y — 2) 54. (x, y) > (x— 2, y + 3) 
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Use after Lesson 11.1 


Key Vocabulary 
e unit of measure 


* greatest possible 
error 


: REVIEW GRAPHING 


: A closed circle is used 

: at m — e because that 

: value is rounded up 

: to m. An open circle is 

: used at m + e because 

: that value is rounded up 
: tom + 2e. 


Area Measurements 


Ге ТИ Find a range of values consistent with a reported measurement, and 


apply the range to calculate linear and area measurements. 


The unit of measure is the increment to which something is measured. 
The greatest possible error of a measurement is one half of the unit 
of measure. 


Each of the segments shown below has a length of 2 inches if the unit of 
measure is 1 inch. 


inches 1 2 


The greatest possible error in this case is i inch. So, any segment with a 


length between 2 — 5 = 15 inches and 2 + 5 = 2 inches would be 


reported as having a length of 2 inches to the nearest inch. 


If a reported measurement m has a greatest possible error e, the actual value 
lies between m — e and m + e. You can write this as an inequality. 


mM-—esx<m>+e 


The graph of this inequality shown below. 
Mes ots 


m— e m m+e 


Use greatest possible error 


Find the greatest possible error for the reported measurement. Then 
write and graph an inequality that represents the range of values 
consistent with the measurement. 


a. 7 cm b. 52.3 m 
Solution 

a. Unit of measure: 1 cm b. Unit of measure: 0.1 m 
Greatest possible error: Greatest possible error: 
l cm x 0.5 = 0.5 cm 0.1 m x 0.5 = 0.05 m 
7 — 0.5 = 6.5 cm 52.3 — 0.05 = 52.25 m 
7 + 0.5 = 7.5 ст 52.3 + 0.05 = 52.35 m 
6.5 cm < x < 7.5 cm 52.25 m < x < 52.35 m 
 í A ~~ mp o 

6 6.5 7 15 8 52.2 52.25 52.3 52.35 52,4 
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You can use the lower and upper boundaries of the intervals associated with 
reported measurements when making perimeter and area calculations. 


( EXAMPLE 2 | Find minimum area and maximum area 


A rectangular tabletop is reported to have a length of 17.5 inches anda 
width of 13.0 inches when measured to the nearest half inch. Find the 
minimum and maximum areas of the tabletop consistent with the reported 
measurements. 


Solution 


The unit of measure is 0.5 inch. So, the greatest possible error is 
0.5 inch X 0.5 = 0.25 inch. The table below shows calculations for the 
minimum and maximum values of the length and width of the tabletop. 


Length 17.5 in. — 0.25 in. = 17.25 in. | 17.5 in. + 0.25 in. = 17.75 in 


Width 13.0 in. — 0.25 in. = 12.75 in. | 13.0 in. + 0.25 in. = 13.25 in. 


Use the minimum values to find the minimum area. Use the maximum 
values to find the maximum area. 


Minimum area = 17.25 in. X 12.75 in. = 219.9375 in.? = 220 in.” 
Maximum area = 17.75 in. х 13.25 in. = 235.1875 in.” = 235 in.” 


» The area of the tabletop is between about 220 and 235 square inches. 


. PRACTICE 
: EXAMPLE 1 | Find the greatest possible error for the reported measurement. (Assume the 
: on p. 727 unit of measure is determined by the last digit of the measurement.) 
: for Exs. 1—16 . . 
1. 14 in. 2. 6yd 3. 4.0cm 4. 16.4 mi 
5. 7.3mm 6. 5.48 m 7. 8.217 km 8. 0.010 m 
Write and graph an inequality that represents the range of values consistent 
with the reported measurement. 
9. 9in. 10. 15 ft 11. 4.2 cm 12. 2.0m 
13. 10.3 mi 14. 150.7 km 15. 3.056 km 16. 0.007 in. 
: EXAMPLE 2 
:onp.728 17. AIR HOCKEY An air hockey table has a length of 100 inches and a width 


: for Exs. 17-18 


of 52 inches when measured to the nearest inch. Find the minimum and 
maximum areas of the table consistent with the reported measurements. 
Round your answers to the nearest integer. 


18. ERASER A side of an eraser is a parallelogram, 
as shown. Find the minimum and maximum 
perimeters of the parallelogram. Then use a 
metric ruler to estimate the height h to the 40 mm 
nearest millimeter and find the minimum and 
maximum areas of the parallelogram. 
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SS OnEIY ACTIVITY Use before Lesson 11.2 


Areas of Trapezoids and Kites 


MATERIALS - graph paper «straightedge «scissors + tape 


( | р: 


ч 


А trapezoid or a kite can be cut out апа rearranged to form a parallelogram. 


STEP 2 


ee eee 
P| TTA | Tt bi NI] 
FT IAT IT Tt A] 
Alt N 
ПИТУ АА ОУ 
PT TT | TT | Tt 


Oraw a trapezoid Fold graph paper in Create a parallelogram Arrange the two 
half and draw a trapezoid. Cut out two trapezoids from Step 1 to form a parallelogram. 
congruent trapezoids. Label as shown. Then tape them together. 


STEP 2 STEP 3 
mu 
NC 
LL 
a 
ш 
| 
» 


V A == 
ЕНН “И 


Draw a kite Draw a kite and Cut triangles Cut out the Create a rectangle Turn over the 
its perpendicular diagonals. kite. Cut along d, to form two right triangles. Place each with 
Label the diagonal that is a congruent triangles. Then cut its hypotenuse along a side of the 
line of symmetry d,. Label one triangle along part of d, larger triangle to form a rectangle. 
the other diagonal d.. to form two right triangles. Then tape the pieces together. 


/ 


"NC LL 
IM 


\ 


ини 


( 


ч 


1. In Explore 1, how does the area of one trapezoid compare to the area 
of the parallelogram formed from two trapezoids? Write expressions in 
terms of b,, b,, and h for the base, height, and area of the parallelogram. 
Then write a formula for the area of a trapezoid. 
. In Explore 2, how do the base and height of the rectangle compare to d, 
and d,? Write an expression for the area of the rectangle in terms of d, 
and d,. Then use that expression to write a formula for the area of a kite. 
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1 1 2 Areas of Trapezoids, 


Rhombuses, and Kites 


You found areas of triangles and parallelograms. 


QUEM You will find areas of other types of quadrilaterals. 
So you can solve a problem in sports, as in Example 1. 


Key Vocabulary As you saw in the Activity on page 729, you can use the area formula for a 
* height of a parallelogram to develop area formulas for other special quadrilaterals. The 
trapezoid areas of the figures below are related to the lengths of the marked segments. 
° кыли р. 507 The height of a trapezoid is the perpendicular distance between its bases. 
e bases ofa 
trapezoid, p. 542 Trapezoid Kite Rhombus 
base diagonals 
diagonals 
base 
THEOREM For Your Notebook 
THEOREM 11.4 Area of a Trapezoid 
The area of a trapezoid is one half the product of 
the height and the sum of the lengths of the bases. 
: ; Proof: Ex. 40, p. 736 A= Ihtb, + b) 
Find the area of a trapezoid 
BASKETBALL The free-throw lane on an 
international basketball court is shaped like a 
trapezoid. Find the area of the free-throw lane. 
: ANOTHER WAY Solution 


: In a trapezoid, the 
: average of the lengths 
: of the bases is also 


The height of the trapezoid is 5.8 meters. The 
lengths of the bases are 3.6 meters and 6 meters. L— 6 т— 


: the length of the 1 ‚ 
: midsegment. So, you A= 5h(b, + b.) Formula for area of a trapezoid 


: can also find the area 


: by multiplying the = 2(5.8)(3.6 + 6) Substitute 5.8 for h, 3.6 for b,, and 6 for b,. 
: midsegment by the 2 
: height. = 27.84 Simplify. 

* The area of the free-throw lane is about 27.8 square meters. 
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THEOREMS For Your Notebook 


: ANOTHER WAY 1: THEOREM 11.5 Area of a Rhombus 4 T 

: Remember that a T . d, 

riii cui +; The area of a rhombus is one half the product hb. 4 

: parallelogram, so 1° of the lengths of its diagonals. 

: you сап also usethe 2 | Е | 

: formula А = bh. 1: Justification: Ex. 39, р. 735 A = 54, 
THEOREM 11.6 Area of a Kite ps | 
The area of a kite is one half the product of e d, 
the lengths of its diagonals. | 

[—— 4, ——]| 

Proof: Ex. 41, p. 736 А= ld, 


| EXAMPLE 2 | Find the area of a rhombus 


MUSIC Rhombus PQRS represents one of 
the inlays on the guitar in the photo. Find 


the area of the inlay. Q 
9 mm 
Ls RR Solution 
о Ш зе STEP Y Find the length of each P 
: diagram, look for di 1 The di ls of 
: information you need to мино ы dams apenas 
: find. The diagram gives a rhombus bisect each other, 12mm 
: the lengths of QN and so QN = NS and PN = NR. 5 
: PN, but not the lengths QS = ОМ + NS = 9 + 9 = 18 mm 
: Of QS and PR. 


PR = PN + NR = 12 + 12 = 24 mm 


STEP 2 Find the area of the rhombus. Let d, 
represent QS and d, represent PR. 


A= 544, Formula for area of a rhombus 
= 518) (24) Substitute. 


= 216 Simplify. 


|. > The area of the inlay is 216 square millimeters. 


Y GUIDED PRACTICE for Examples 1 and 2 
A 


_ Find the area of the figure. 


ош. <> : 


L—— 14 in. —— 
+40 m- 


8 ft 
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* (EXAMPLE 3 | Standardized Test Practice 


One diagonal of a kite is twice as long as the other diagonal. The area of 
the kite is 72.25 square inches. What are the lengths of the diagonals? 


: om du > (А) 6in.,6 in. 8.5 іп., 8.5 in. (C) 8.5іп., 17 in. ©) 6 in, 12 in. 
: In Example 3, you can 


: eliminate choices A 
: and B because in each Solution 
: case, one diagonal is 


: not twice as long asthe | Draw and label a diagram. Let x be the length of one 
: other diagonal. diagonal. The other diagonal is twice as long, so label it 2x. 


732 


Use the formula for the area of a kite to find the value of x. 


L—8—34 


A= dd, Formula for area of a kite 


——] 


12,25 = o (2x) | Substitute 72.25 for A, x for d,, and 2x for d,. 


72.25 = x" Simplify. 
8.5 = х Find the positive square root of each side. 
The lengths of the diagonals are 8.5 inches and 2(8.5) = 17 inches. 
> The correct answer is C. @ © ® 


(EXAMPLE 4 | Find an area in the coordinate plane 


CITY PLANNING You have a map of a city park. К ү te ТТЕ. 
||| Ал | | 


Each grid square represents a 10 meter by 
10 meter square. Find the area of the park. 
Solution 


STEP? Find the lengths of the bases and 
the height of trapezoid ABCD. 


b, = BC = |70 – 30| =40m 

b, = AD = |80 — 10| = 70m 

h = BE = |60 – 10| = 50m 
STEP 2 Find the area of ABCD. 


_1 _1 = 
A= sh(b, + b,) = 2(50)(40 + 70) = 2750 


» The area of the park is 2750 square meters. 


GUIDED PRACTICE | for Examples 3 and 4 


4. The area of a kite is 80 square feet. One diagonal is 4 times as long as 
the other. Find the diagonal lengths. 


5. Find the area of a rhombus with vertices M(1, 3), N(5, 5), P(9, 3), 
and Q(5, 1). 
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11.2 EXERCISES HOMEWORK; (7) = WORKED-OUT SOLUTIONS 
KEY: on р. WS14 for Exs. 9, 17, and 35 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 15, 30, 39, and 42 


: EXAMPLE 1 


: on p. 730 
: for Exs. 3-6 


: EXAMPLE 2 


: on p. 731 
: for Exs. 7-14 


: EXAMPLE 3 


: iones icc MN 
: for Exs. 15-18 


' SKILL PRACTICE 


1. VOCABULARY Copy and complete: The perpendicular distance between 
the bases of a trapezoid is called the. ? of the trapezoid. 


2. ж WRITING Sketch a kite and its diagonals. Describe what you know 
about the segments and angles formed by the intersecting diagonals. 


FINDING AREA Find the area of the trapezoid. 


3. 8 4. 10 9. 1.6 
Е 
11 6 4.8 


6. DRAWING DIAGRAMS The lengths of the bases of a trapezoid are 
5.4 centimeters and 10.2 centimeters. The height is 8 centimeters. Draw 
and label a trapezoid that matches this description. Then find its area. 


FINDING AREA Find the area of the rhombus or kite. 
rf <P> T 
T T T 
8 


== a ж oI 1 


M А <> 


ERROR ANALYSIS Describe and correct the error in finding the area. 


13. 14. 
E x | MALS em 
15 cm 12 cm | 
16 cm 
19 cm 


А = 5(15)(14 + 19) y A = 5(12)(21) x 
= 214.5 cm” = 126 cm” 
15. Ж MULTIPLE CHOICE One diagonal of a rhombus is three times as long as 


the other diagonal. The area of the rhombus is 24 square feet. What are 
the lengths of the diagonals? 


(СА) 8ft, 11 ft 4 ft, 12 ft (С) 2ft, 6 ft D> 6ft, 24 ft 
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: {ог Exs. 19-21 


734 


С) ALGEBRA Use the given information to find the value of x. 
16. Area = 108 ft? (17) Area = 300 m? 18. Area = 100 yd? 


2н чац 


“Ty | i 
x x 10 т | 
14 ft dE X 


COORDINATE GEOMETRY Find the area of the figure. 
19. 


20. 


(E) ALGEBRA Find the lengths of the bases of the trapezoid described. 


22. The height is 3 feet. One base is twice as long as the other base. The 
area is 13.5 square feet. 


23. One base is 8 centimeters longer than the other base. The height is 
6 centimeters and the area is 54 square centimeters. 


FINDING AREA Find the area of the shaded region. 


30. * SHORT RESPONSE How is the area of a trapezoid affected if you double 
the height but keep the lengths of the bases unchanged? if you keep the 
height unchanged but double the lengths of the bases? Explain. 


VISUALIZING Sketch the figure. Then determine its perimeter and area. 


31. The figure is a trapezoid. It has two right angles. The lengths of its bases 
are 7 and 15. Its height is 6. 


32. The figure is a rhombus. Its side length is 13. The length of one 
of its diagonals is 24. 


33. CHALLENGE In the diagram shown at the right, ABCD is 
a parallelogram and BF = 16. Find the area of TABCD. 
Explain your reasoning. (Hint: Draw auxiliary lines 
through point A and through point D that are parallel 
to EH.) 


(С) = WORKED-OUT SOLUTIONS * - STANDARDIZED 


on p. WS1 TEST PRACTICE 


PROBLEM SOLVING 


: EXAMPLE 1 


: on p. 730 
: for Ex. 34 


: EXAMPLE 2 


: on p. 731 
: for Ex. 35 


34. 


(65) INTERNET You are creating a kite-shaped logo for your 


36. 


37. 


38. 


39. 


TRUCKS The windshield in a truck is in the shape of a 
trapezoid. The lengths of the bases of the trapezoid are 
70 inches and 79 inches. The height is 35 inches. Find 
the area of the glass in the windshield. 
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school’s website. The diagonals of the logo are 8 millimeters 
and 5 millimeters long. Find the area of the logo. Draw two 
different possible shapes for the logo. 
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DESIGN You are designing a wall hanging that is in the shape of a 
rhombus. The area of the wall hanging is 432 square inches and the 
length of one diagonal is 36 inches. Find the length of the other diagonal. 


MULTI-STEP PROBLEM As shown, a baseball stadium's 
playing field is shaped like a pentagon. To find the area 
of the playing field shown at the right, you can divide 
the field into two smaller polygons. 


a. Classify the two polygons. 


b. Find the area of the playing field in square feet. 
Round to the nearest square foot. Then express 
your answer in square yards. 


VISUAL REASONING Follow the steps in parts (a)-(c). 


a. Analyze Copy the table and extend it to include a column for п = 5. 
Complete the table for п = 4 and n — 5. 


b. Use Algebra Describe the relationship between the rhombus number 7 
and the area of the rhombus. Then write an algebraic rule for finding 
the area of the nth rhombus. 


c. Compare In each rhombus, the length of one diagonal (d,) is 2. What 
is the length of the other diagonal (d,) for the nth rhombus? Use the 
formula for the area of a rhombus to write a rule for finding the area of 
the nth rhombus. Compare this rule with the one you wrote in part (b). 


* SHORT RESPONSE Look back at the Activity on page 729. Explain how 


the results for kites in Explore 2 can be used to justify Theorem 11.5, the 
formula for the area of a rhombus. 


11.2 Areas of Trapezoids, Rhombuses, and Kites 
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PROVING THEOREMS 11.4 AND 11.6 Use the triangle area formula and the 
triangles in the diagram to write a plan for the proof. 


40. Show that the area A of the trapezoid 41. Show that the area A of the kite 
shown is sh(b, + b.). shown is 2 d,d,. 


b Q 
JAN, 
ZEN | | 
$ bi Н S 
[— — d, — — 
42. ж EXTENDED RESPONSE You will explore the effect of moving a diagonal. 


$ IN 
2 /N 


he 
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шш 
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Er Бао | | | 
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a. Investigate Draw a kite in which the longer diagonal is horizontal. 
Suppose this diagonal is fixed and you can slide the vertical diagonal 
left or right and up or down. You can keep sliding as long as the 
diagonals continue to intersect. Draw and identify each type of figure 
you can form. 


b. Justify Is it possible to form any shapes that are not quadrilaterals? 
Explain. 


c. Compare Compare the areas of the different shapes you found in 
part (b). What do you notice about the areas? Explain. 


43. CHALLENGE James A. Garfield, the twentieth president of the 
United States, discovered a proof of the Pythagorean Theorem p No? 
in 1876. His proof involved the fact that a trapezoid can be ANO ш a 


formed from two congruent right triangles and an isosceles 
right triangle. Use the diagram to show that а? + b^ = c*. 


“MIXED REVIEW 


Solve for the indicated variable. Write a reason for each step. (p. 105) 
44. d = rt; solve for t 45. A— 5bh; solve for h 46. P— 21 + 2w; solve for w 


47. Find the angle measures of an isosceles triangle if the measure of a base 
angle is 4 times the measure of the vertex angle. (p. 264) 


: PREVIEW 48. In the diagram at the right, APQR — ASTU. d 
: Prepare for The perimeter of ASTU is 81 inches. Find the Q 30 
: Lesson 11.3 in height h and the perimeter of A PQR. (p. 372) PAN 
: Ex. 48. " 
P R 5 U 
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11. 


You used ratios to find perimeters of similar figures. 
Г Now ] You will use ratios to find areas of similar figures. 
Why 


Key Vocabulary 

e regular polygon, 
p. 43 

e corresponding 
sides, p. 225 

e similar polygons, 
р. 372 


: INTERPRET RATIOS 


: You can also compare 

: the measures with 

: fractions. The perimeter 
: Of AABC is two thirds of 
: the perimeter of ADEF. 

: The area of AABC is 

: four ninths of the area 

: of ADEF. 


Perimeter and Area 
of Similar Figures 


So you can apply similarity in cooking, as in Example 3. 


In Chapter 6 you learned that if two polygons are similar, then the ratio of 
their perimeters, or of any two corresponding lengths, is equal to the ratio of 
their corresponding side lengths. As shown below, the areas have a different 


ratio. 


Ratio of perimeters Ratio of areas 


THEOREM 


Blue _ 10¢ _ Blue, 61% _ 12 3 3t 
Red 10 Red 6 
2 2t 


For Your Notebook 


THEOREM 11.7 Areas of Similar Polygons 


If two polygons are similar with the lengths of corresponding sides in the 
ratio of a: b, then the ratio of their areas is a^: D^. 


Side length of PolygonI д 
Side length of Polygon П b 
Area of PolygonI _ 2 
Area of Polygon II р2 


Justification: Ex. 30, p. 742 


d 


Polygon І ~ Polygon II 


Find ratios of similar polygons 


In the diagram, A АВС ~ A DEF. Find the indicated ratio. 


a. Ratio (red to blue) of the perimeters 


b. Ratio (red to blue) of the areas 


Solution 


The ratio of the lengths of corresponding sides is 


F D 
B 
А; 12 

А C E 


8 2 | 
123 or 2:3. 


a. By Theorem 6.1 on page 374, the ratio of the perimeters is 2:3. 


b. By Theorem 11.7 above, the ratio of the areas is 22:32, or 4:9. 


11.3 Perimeter and Area of Similar Figures 
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* (EXAMPLE 2 ] Standardized Test Practice 


: USE ESTIMATION 


You are installing the same carpet 10 ft 
in a bedroom and den. The floors of n , 
the rooms are similar. The carpet 
for the bedroom costs $225. Carpet 
is sold by the square foot. How 
much does it cost to carpet the den? 


СА) $115 $161 
(С) $315 D> $441 


| namamanetoummcscmmnsenseanal » Solution 


: The cost for the den is 


: = times the cost for the 


: bedroom. Because 22 


: is a little less than 2, 

: the cost for the den is 

: a little less than twice 

: $225. The only possible 
: choice is D. 


The ratio of a side length of the den to the corresponding side length of the 
bedroom is 14:10, or 7:5. So, the ratio of the areas is 7°: 5°, or 49:25. This 
ratio is also the ratio of the carpeting costs. Let x be the cost for the den. 


49 | x <— cost of carpet for den 
25 225 <— cost of carpet for bedroom 


x — 441 Solve for x. 
» It costs $441 to carpet the den. The correct answer is D. (А) © Ф 


GUIDED PRACTICE for Examples 1 and 2 


1. The perimeter of A ABC is 16 feet, and its area is 64 square feet. The 
perimeter of A DEF is 12 feet. Given AABC ~ A DEF, find the ratio of 
the area of AABC to the area of ADEF. Then find the area of ^ DEF. 


| EXAMPLE 3 | Use a ratio of areas 


: ANOTHER WAY 


: For an alternative 

: method for solving the 
: problem in Example 3, 
: turn to page 744 for 

: the Problem Solving 

: Workshop. 


COOKING А large rectangular baking pan is 15 inches long and 10 inches 
wide. A smaller pan is similar to the large pan. The area of the smaller pan 
is 96 square inches. Find the width of the smaller pan. 


Solution 
15 in. 
First draw a diagram to represent the 
problem. Label dimensions and areas. 10 in. qi А 
Then use Theorem 11.7. Ifthe area ratio 
is a^: b^, then the length ratio is a: b. A = 15(10) = 150 in? А = 96 in? 


—— => = =<—- Write ratio of known areas. Then simplify. 
Area of large pan 150 25 py 


Lengthinsmallerpan 4 : . 
Se Find square root of area ratio. 
Length in large pan 5 
» Any length in the smaller pan is = or 0.8, of the corresponding length in the 


large pan. So, the width of the smaller pan is 0.8(10 inches) = 8 inches. 
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: ANOTHER WAY 


are similar. Also, any two circles are similar. 


REGULAR POLYGONS Consider two regular 
polygons with the same number of sides. 
All of the angles are congruent. The lengths 
of all pairs of corresponding sides are in 
the same ratio. So, any two such polygons 


[ EXAMPLE 4 | Solve a multi-step problem 


GAZEBO The floor of the gazebo shown is 

a regular octagon. Each side of the floor is 

8 feet, and the area is about 309 square feet. 
You build a small model gazebo in the shape 
of a regular octagon. The perimeter of the 
floor of the model gazebo is 24 inches. Find 
the area of the floor of the model gazebo to 
the nearest tenth of a square inch. 


=| 


= TER emer piii eere 
E is == ^ і E rop oe 


Solution 


All regular octagons are similar, so the floor of the model is similar to the 
floor of the full-sized gazebo. 


ШЫН »  STEPT Find the ratio of the lengths of the two floors by finding the ratio of 


: In Step 1, instead of 

: finding the perimeter 

: of the full-sized and 

: comparing perimeters, 

: you can find the side 

: length of the model and 
: compare side lengths. 

: 24 + 8 = 3, so the ratio 
: of side lengths is 


the perimeters. Use the same units for both lengths in the ratio. 


Perimeter of full-sized _ 8(8 ft) _ 64ft _ 64ft _ 32 


Perimeter of model 24in. 24in. 2ft 1 
So, the ratio of corresponding lengths (full-sized to model) is 32:1. 
STEP 2 Calculate the area of the model gazebo's floor. Let x be this area. 


Length in full-sized)^ -si 
(Length in full-sized)" _ Areaoffull-sized роет 11.7 


(Length in model? Area of model 
2 2 
E MEAS Substitute. 
1" x ft? 
1024x = 309 Cross Products Property 
x = 0.302 ft? Solve for x. 


STEP 3 Convert the area to square inches. 


za 2 
0.302 f « ET = 43.5 in? 
* The area of the floor of the model gazebo is about 43.5 square inches. 
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r4 GUIDED PRACTICE for Examples 3 and 4 


2. The ratio of the areas of two regular decagons is 20:36. What is the ratio 
of their corresponding side lengths in simplest radical form? 


3. Rectangles I and Il are similar. The perimeter of Rectangle I is 66 inches. 
Rectangle П is 35 feet long and 20 feet wide. Show the steps you would use 
to find the ratio of the areas and then find the area of Rectangle I. 


11.3 Perimeter and Area of Similar Figures 
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1.3 EXERCISES "у aaa 
ө KEY: on p. WS14 for Exs. 7, 17, and 27 
| Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 12, 18, 28, 32, and 33 


" SKILL PRACTICE 


1. VOCABULARY Sketch two similar triangles. Use your sketch to explain 
what is meant by corresponding side lengths. 


2. ж WRITING Two regular n-gons are similar. The ratio of their side 
lengths is 3:4. Do you need to know the value of n to find the ratio of the 
perimeters or the ratio of the areas of the polygons? Explain. 


: EXAMPLES FINDING RATIOS Copy and complete the table of ratios for similar polygons. 


: on pp. 737-738 Ratio of corresponding side lengths ^ Ratio of perimeters 
: for Exs. 3-8 
к е 0,0, 


RATIOS AND AREAS Corresponding lengths in similar figures are given. Find 
the ratios (red to blue) of the perimeters and areas. Find the unknown area. 


5. 6. А = 240 cm2 
15 7 Д 
А = 2 ft? 6 ft 20 cm 
p 


A= 210 in? А= 40 yd? 


©. © Ж Уук 


: EXAMPLE 3 FINDING LENGTH RATIOS The ratio of the areas of two similar figures is 


: on p. 738 given. Write the ratio of the lengths of corresponding sides. 
: for Exs. 9-15 


12. Ж MULTIPLE CHOICE The area of ALMN is 18 ft^ and the area of A FGH is 
24 ft^. If A LMN ~ A FGH, what is the ratio of LM to FG? 


(А) 3:4 9:16 © У3:2 D 4:3 
FINDING SIDE LENGTHS Use the given area to find XY. 
13. A DEF ~ AXYZ 14. UVWXY ~ LMNPQ 
D Аст Е X Y A= 198 in? А = 88 in? 
W N 
V M 
F P 
A=7cm? dis 10 in. 
7 U 
А = 28 cm? ү 
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9. Ratio of areas = 49:16 10. Ratio of areas = 16:121 11. Ratio of areas = 121: 144 


: xS m ons 
: for Exs. 16-17 


15. 


ERROR ANALYSIS In the diagram, 
Rectangles DEFG and WXYZ are 
similar. The ratio of the area of 


үү Х 
oo ШШШ 
DEFG to the area of WXYZ is 1:4. ¿A k 7 


Describe and correct the error in F 
finding ДҮ. ZY = 4(12) = 48 


. REGULAR PENTAGONS Regular pentagon QRSTU has а side length of 


12 centimeters and an area of about 248 square centimeters. Regular 
pentagon VWXYZ has a perimeter of 140 centimeters. Find its area. 


(17) RHOMBUSES Rhombuses MNPQ and RSTU are similar. The area of RSTU 


18. 


is 28 square feet. The diagonals of MNPQ are 25 feet long and 14 feet long. 
Find the area of MNPQ. Then use the ratio of the areas to find the lengths 
of the diagonals of RSTU. 


Ж SHORT RESPONSE You enlarge the same figure three different ways. 
In each case, the enlarged figure is similar to the original. List the 
enlargements in order from smallest to largest. Explain. 


Case 1 The side lengths of the original figure are multiplied by 3. 
Case 2 The perimeter of the original figure is multiplied by 4. 
Case 3 The area of the original figure is multiplied by 5. 


REASONING In Exercises 19 and 20, copy and complete the statement using 
always, sometimes, or never. Explain your reasoning. 


19. 
20. 


21. 


22. 


Doubling the side length of a square ? doubles the area. 


Two similar octagons _? have the same perimeter. 


FINDING AREA The sides of AABC are 4.5 feet, 7.5 feet, and 9 feet long. 
The area is about 17 square feet. Explain how to use the area of AABCto 
find the area ofa A DEF with side lengths 6 feet, 10 feet, and 12 feet. 


RECTANGLES Rectangles ABCD and DEFG are similar. The length of 
ABCD is 24 feet and the perimeter is 84 feet. The width of DEFG is 3 yards. 
Find the ratio of the area of ABCD to the area of DEFG. 


SIMILAR TRIANGLES Explain why the red and blue triangles are similar. 
Find the ratio (red to blue) of the areas of the triangles. Show your steps. 


23. 


25. 


М 24. 
A = 294 m? 
D E 
Sa 7 
F 
L N 
CHALLENGE In the diagram shown, ABCD is a parallelogram. A 


The ratio of the area of A AGB to the area of A CGE is 9:25, 
CG = 10, and GE = 15. 


a. Find AG, GB, GF, and FE. Show your methods. E 
b. Give two area ratios other than 9:25 or 25:9 for 
pairs of similar triangles in the figure. Explain. E D 


X 
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PA (___ ___—____>_ ___=_ __<=_<_-<=<-=<5<5<5<5<5-_E_-EEEEE-=-=----- E A 


"PROBLEM SOLVING 


26. BANNER Two rectangular banners from this year’s music 
festival are shown. Organizers of next year's festival want 
to design a new banner that will be similar to the banner 
whose dimensions are given in the photograph. The 
length of the longest side of the new banner will be 5 feet. 
Find the area of the new banner. 
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: on p. 738 will have two long parallel sides and an area of 360 square 

: for Ex. 27 feet. The area of a similar shaped patio is 250 square feet, 
and its long parallel sides are 12.5 feet apart. What will be 
the corresponding distance on the new patio? 


: EXAMPLE 3 (27) PATIO A new patio will be an irregular hexagon. The patio 
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28. Ж MULTIPLE CHOICE You need 20 pounds of grass seed to plant grass 
inside the baseball diamond shown. About how many pounds do you 
need to plant grass inside the softball diamond? 


СА) 6 9 60 ft ih 

© 13 D> 20 
softball baseball 
diamond diamond 


29. MULTI-STEP PROBLEM Use graph paper for parts (a) and (b). 
a. Draw a triangle and label its vertices. Find the area of the triangle. 


b. Mark and label the midpoint of each side of the triangle. Connect the 
midpoints to form a smaller triangle. Show that the larger and smaller 
triangles are similar. Then use the fact that the triangles are similar to 
find the area of the smaller triangle. 


30. JUSTIFYING THEOREM 11.7 Choose a type of polygon for which you know 
the area formula. Use algebra and the area formula to prove Theorem 11.7 
for that polygon. (Hint: Use the ratio for the corresponding side lengths in 


two similar polygons to express each dimension in one polygon as ^ times 


the corresponding dimension in the other polygon.) 


31. MISLEADING GRAPHS 4A student wants to 
show that the students in a science class 
prefer mysteries to science fiction books. 
Over a two month period, the students in 
the class read 50 mysteries, but only 
25 science fiction books. The student 
makes a bar graph of these data. Explain 
why the graph is visually misleading. 
Show how the student could redraw 
the bar graph. 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
742 on p. WS1 TEST PRACTICE 


32. ж OPEN-ENDED MATH The ratio of the areas of two similar polygons is 
9:6. Draw two polygons that fit this description. Find the ratio of their 
perimeters. Then write the ratio in simplest radical form. 


33. Ж EXTENDED RESPONSE Use the diagram shown at the right. 


a. Name as many pairs of similar triangles as you can. 
Explain your reasoning. 


b. Find the ratio of the areas for one pair of similar triangles. 


c. Show two ways to find the length of DE. 


34. CHALLENGE In the diagram, the solid figure is a cube. Quadrilateral 
JKNM is on a plane that cuts through the cube, with JL = KL. 


a. Explain how you know that AJKL ~ A MNP. 


JK 1 
ММ 3 
area of one face of the cube. 

| c. Find the ratio of the area of AJKL to the area of pentagon JKQRS. 


b. Suppose . Find the ratio of the area of AJKL to the 


MIXED REVIEW 
: PREVIEW Find the circumference of the circle with the given radius г or diameter 4. 
: Prepare for Use 77 = 3.14. Round your answers to the nearest hundredth. (p. 49) 
: Lesson 11.4 in Е Е Е Е 
: EXS. 35-38. 35. d=4cm 36. d= 10 ft 37. r= 2.5 yd 38. г= 31m 
Find the value of x. 


39. (p. 295) (p. 680) 


40. NY 672) 41. 
x E РА 180° 


QUIZ for Lessons 11.1-11.3 


1. The height of 7 ABCD is 3 times its base. Its area is 108 square feet. Find 
the base and the height. (p. 720) 


Find the area of the figure. 


2. 13 (р. 720) З. 6.5 (p. 730) 4. 


5. The ratio of the lengths of corresponding sides of two similar heptagons 
is 7:20. Find the ratio of their perimeters and their areas. (p. 737) 


6. Triangles POR and XYZ are similar. The area of A PQR is 1200 ft^ and the 
area of AXYZ is 48 ft^. Given PQ = 50 ft, find XY. (p. 737) 
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PROBLEM SOLVING Using ALTERNATIVE METHODS 


WORKSHOP | 


Another Way to Solve Example 3, page 738 


<> MULTIPLE REPRESENTATIONS In Example 3 on page 738, you used 
© proportional reasoning to solve a problem about cooking. You can 
© also solve the problem by using an area formula. 


PROBLEM . COOKING A large rectangular baking pan is 15 inches long and 
10 inches wide. A smaller pan is similar to the large pan. The area of 
the smaller pan is 96 square inches. Find the width of the smaller pan. 


Using a Formula You can use what you know about side lengths of similar 
figures to find the width of the pan. 


STEP 7 Use the given dimensions of the E E 
large pan to write expressions 10 in. m 
for the dimensions of the El al 
smaller pan. Let x represent the 15 in. 1.5х 


width of the smaller pan. 


The length of the larger pan is 1.5 times its width. So, the 
length of the smaller pan is also 1.5 times its width, or 1.5x. 
STEP 2 Use the formula for the area of a rectangle to write an equation. 
A — fw Formula for area of a rectangle 
96 = l.5x*x Substitute 1.5x for / and x for w. 
8=x Solve for a positive value of x. 


* The width of the smaller pan is 8 inches. 


e 


1. COOKING A third pan is similar to the 3. SQUARES One square has sides of length s. 
large pan shown above and has 1.44 times If another square has twice the area of the 
its area. Find the length of the third pan. first square, what is its side length? 


2. TRAPEZOIDS Trapezoid PQRS is similar . REASONING A ABC ~ A DEF and the area 


to trapezoid WXYZ. The area of WXYZ is of A DEF is 11.25 square centimeters. Find 
28 square units. Find WZ. DE and DF. Explain your reasoning. 
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MIXED REVIEW of Problem Solving D STATE TEST PRACTICE 
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Lessons 11.1-11.3 


1. MULTI-STEP PROBLEM The diagram below 
represents a rectangular flower bed. In the 
diagram, AG = 9.5 feet and GE = 15 feet. 


a. Explain how you know that ВОЕН 15 a 
rhombus. 


b. Find the area of rectangle ACEG and the 
area of rhombus BDFH. 


c. You want to plant asters inside rhombus 
BDFH and marigolds in the other parts 
of the flower bed. It costs about $.30 per 
square foot to plant marigolds and about 
$.40 per square foot to plant asters. How 
much will you spend on flowers? 


2. OPEN-ENDED A polygon has an area of 
48 square meters and a height of 8 meters. 
Draw three different triangles that fit 
this description and three different 
parallelograms. Explain your thinking. 


3. EXTENDED RESPONSE You are tiling a 12 foot 
by 21 foot rectangular floor. Prices are shown 
below for two sizes of square tiles. 


е" 
L 


18 in. 1 $2.25 


M 


E im. 


Бы | 


a. How many small tiles would you need for 
the floor? How many large tiles? 


b Pm 


b. Find the cost of buying large tiles for the 
floor and the cost of buying small tiles for 
the floor. Which tile should you use if you 
want to spend as little as possible? 


c. Compare the side lengths, the areas, 
and the costs of the two tiles. Is the cost 
per tile based on side length or on area? 
Explain. 


4. SHORT RESPONSE What happens to the area 
of a rhombus if you double the length of each 
diagonal? if you triple the length of each 
diagonal? Explain what happens to the area 
of a rhombus if each diagonal is multiplied 
by the same number n. 


5. MULTI-STEP PROBLEM The pool shown is a 
right triangle with legs of length 40 feet and 
4] feet. The path around the pool is 40 inches 
wide. 


R 


Not drawn 
to scale 


Q 
a. Find the area of ASTU. 


b. In the diagram, APQR — ASTU, and the 
scale factor of the two triangles is 1.3: 1. 
Find the perimeter of APQR. 


c. Find the area of APQR. Then find the area 
of the path around the pool. 


6. GRIDDED ANSWER In trapezoid ABCD, 
AB || CD, mZ D = 90°, AD = 5 inches, and 
CD = 3 + AB. The area of trapezoid ABCD is 
1250 square inches. Find the length (in 
inches) of CD. 


7. EXTENDED RESPONSE In the diagram below, 
А ЕЕН is an isosceles right triangle, and 
А FGH is an equilateral triangle. 


MS 
L^ 


a. Find FH. Explain your reasoning. 
b. Find EG. Explain your reasoning. 
c. Find the area of EFGH. 


Mixed Review of Problem Solving 
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11. 


Key Vocabulary 
• circumference 
e arc length 

e radius, р. 651 

e diameter, p. 651 


• measure of an arc, 
p. 659 


: ANOTHER WAY 


: You can give an exact 

: measure in terms of 7. 

: In Example 1, part (a), 

: the exact circumference 
: is 187. The exact radius 
: in Example 1, part (b) is 


Circumference and 
Arc Length 


You found the circumference of a circle. 


You will find arc lengths and other measures. 


So you can find a running distance, as in Example 5. 


The circumference of a circle is the distance around the circle. For all 


circles, the ratio of the circumference to the diameter is the same. This ratio 


is known as 7, or pi. In Chapter 1, you used 3.14 to approximate the value of 
т. Throughout this chapter, you should use the 7 key on a calculator, then 
round to the hundredths place unless instructed otherwise. 


THEOREM For Your Notebook 


THEOREM 11.8 Circumference of a Circle 


The circumference C of a circle is C = zd or 
C = 2тт, where d is the diameter of the circle 
andris the radius of the circle. 


Justification: Ex. 2, p. 769 


Use the formula for circumference 


Find the indicated measure. 
a. Circumference of a circle with radius 9 centimeters 


b. Radius of a circle with circumference 26 meters 


Solution 
а. С = 2ar Write circumference formula. 
=2•т• 9 Substitute 9 for г. 
= 187 Simplify. 
== 56.55 Use a calculator. 
> The circumference is about 56.55 centimeters. 
b  C=2rr Write circumference formula. 


26 = 27r Substitute 26 for C. 


26 _ + Divide each side by 22. 
2T 
4.14 =r Use a calculator. 


> The radius is about 4.14 meters. 
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: AVOID ERRORS 


(EXAMPLE 2 ] Use circumference to find distance traveled 


TIRE REVOLUTIONS The dimensions of a car tire 
are shown at the right. To the nearest foot, how far 
does the tire travel when it makes 15 revolutions? 
Solution 
STEP Y Find the diameter of the tire. 
d = 15 + 2(5.5) = 26 in. 
STEP 2 Find the circumference of the tire. 
C = та = 1(26) == 81.68 in. 


STEP 3 Find the distance the tire travels in 15 revolutions. In one 


revolution, the tire travels a distance equal to its circumference. 


In 15 revolutions, the tire travels a distance equal to 15 times 
its circumference. 


Distance Number of earn нен 
traveled — revolutions ° 

= 15 • 81.68 in. 

= 1225.2 in. 


е ата. алкин »  $TEP4 Use unit analysis. Change 1225.2 inches to feet. 
: Always pay attention to 


: units. In Example 2, you 
: need to convert units to 12 in 
: get a correct answer. 


1 ft 


1225.2 id. • — 102.1 ft 


* The tire travels approximately 102 feet. 


/ | GUIDED PRACTICE | for Examples 1 and 2 


1. Find the circumference of a circle with diameter 5 inches. Find the 
diameter of a circle with circumference 17 feet. 


2. Acartire has a diameter of 28 inches. How many revolutions does the tire 


make while traveling 500 feet? 


ARC LENGTH An arc length is a portion of the circumference of a circle. You 
can use the measure of the arc (in degrees) to find its length (in linear units). 


COROLLARY For Your Notebook 
ARC LENGTH COROLLARY A 

In a circle, the ratio of the length of a given arc 

to the circumference is equal to the ratio of the 

measure of the arc to 360°. 


Arc length of AB | mAB 


47 _ тАВ А 
€ з6п°? OF Arc length of AB = 2ur 


360° 


11.4 Circumference and Arc Length 


747 


Find arc lengths 


Find the length of each red arc. 


: INTERPRET a. b. c. б 
: DIAGRAMS An А Е 
: In Example 3, 
; АВ and ЕР have B 
: the same measure. F 
: However, they have H 
: different lengths 
: because they are in Solution 
: circles with different pu " 
: circumferences. a. Arclength of AB — SE * 271 (8) = 8.38 centimeters 
b. Arclength of EF = 29. • 27 (11) = 11.52 centimeters 


120° 
360° 


| EXAMPLE 4 | Use arc lengths to find measures 


Find the indicated measure. 


a. Circumference Cof OZ b. mRS 


c. Arclength of GH = e 27(11) = 23.04 centimeters 


Х $ 
K asin. 
Y 
i 44 m 
Solution 
a Arc length of XY — mxy b Arc length of RS | mRS 
| С .. 860? ` 271 .. 360° 
4.19 _ 40° 44 mRS 
C 360° 277(15.28) 360° 
4.19 _1 os, RE. 
C 9 300 Sis 
» 37.71in. = C > 165° = mRS 
r4 GUIDED PRACTICE for Examples 3 and 4 
Find the indicated measure. 
3. Length of PQ 4. Circumference of ON 5. Radius of OG 
61.26 m 


КЩ) 10.5 ft F 
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(EXAMPLE 5 ] Use arc length to find distances 


TRACK The curves at the ends of the track 
shown are 180° arcs of circles. The radius of 
the arc for a runner on the red path shown 
is 36.8 meters. About how far does this 
runner travel to go once around the track? 
Round to the nearest tenth of a meter. 


Solution c 84.39 m ———3 


: USE FORMULAS The path of a runner is made of two straight sections and two semicircles. To 
: Thearclengthofa — find the total distance, find the sum of the lengths of each part. 

: semicircle is half the 

: circumference of the Distance — 2° Length of each 2 + Length of 

: circle with the same straight section each semicircle 

: radius. So, the arc 

: length of a semicircle = 2(84.39) +2-(1.27- 36.8 

¡is È + Qarr, orar. 


== 400.0 meters 
» The runner on the red path travels about 400 meters. 


¿Jnimatea Geometry ) at classzone.com 


СА GUIDED PRACTICE | for Example 5 


6. In Example 5, the radius of the arc for a runner on the blue path is 
44.02 meters, as shown in the diagram. About how far does this runner 
travel to go once around the track? Round to the nearest tenth of a meter. 


HOMEWORK: (7)- WORKED-OUT SOLUTIONS 
KEY: on p. WS15 for Exs. 23, 25, and 35 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 31, 32, and 38 


11.4 EXERCISES 


SKILL PRACTICE 


In Exercises 1 and 2, refer to the diagram of OP shown. 
2 AB : 
1. VOCABULARY Copy and complete the equation: nu mAB Ф 
2. * WRITING Describe the difference between the arc measure B 


and the arc length of AB. 


: EXAMPLE 1 USING CIRCUMFERENCE Use the diagram to find the indicated measure. 


: on p. 746 


: for Exs. 3-7 3. Find the circumference. 4. Find the circumference. 5. Find the radius. 


T а l ) 63 ft 
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FINDING EXACT MEASURES Find the indicated measure. 
6. The exact circumference of a circle with diameter 5 inches 


7. The exact radius of a circle with circumference 287 meters 


: EXAMPLE 2 FINDING CIRCUMFERENCE Find the circumference of the red circle. 


-— ac 


: on p. 747 
A 


: for Exs. 8-10 is Ө 9. ©) 
а 


: EXAMPLE3 | FINDING ARC LENGTHS Find the length of AB. 


10. 
11. 12. A 13. 
C 
| | 
В 
В 


: опр.748 
: for Exs. 11-20 
14. ERROR ANALYSIS A student says that two arcs from different circles 
have the same arc length if their central angles have the same measure. 
Explain the error in the student's reasoning. 


© 


indicated measure. 


15. mQRS 16. Length of QRS 17. mQR E 


18. mRSQ 19. Length of QR 20. Length of RSQ 


FINDING MEASURES In OP shown at the right, / QPR = / RPS. Find the > 


C 


: EXAMPLE 4 USING ARC LENGTH Find the indicated measure. 
21. mAB 22. Circumference of OQ (з) Radius of OQ 


: on p. 748 
L 
AC SN 
8.73 b. 15 > 38.95 
Ke) 
D 


: for Exs. 21-23 
: EXAMPLE 5 FINDING PERIMETERS Find the perimeter of the shaded region. 


: on p. 749 


: for Exs. 24-25 is 55) 6 
6 
6 
13 


COORDINATE GEOMETRY The equation of a circle is given. Find the 
circumference of the circle. Write the circumference in terms of 7. 


= 


26. x^ + у? = 16 27. (x + 2? + (y- 3)? = 9 28. х? + у? = 18 


29. EM) ALGEBRA Solve the formula С = 2r for r. Solve the formula 
С = md for d. Use the rewritten formulas to find r and d when C = 267. 


(С) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
750 on р. WS1 TEST PRACTICE 


30. 


31. 


32. 


33. 


34. 


FINDING VALUES In the table below, AB refers to the arc of a circle. Copy 
and complete the table. 


Ж SHORT RESPONSE Suppose EF is an arc on a circle with radius г. 
Let x” be the measure of EF. Describe the effect on the length of EF if you 
(a) double the radius of the circle, and (b) double the measure of EF. 


Ж MULTIPLE CHOICE In the diagram, 


WY and XZ are diameters of OT, and X Y 
WY = XZ = 6. If mXY = 140°, what is W 7 

the length of ҮЛ? 

Dir 27 O 6т D 4r 


CHALLENGE Find the circumference of a circle inscribed in a rhombus 
with diagonals that are 12 centimeters and 16 centimeters long. Explain. 


FINDING CIRCUMFERENCE In the diagram, 

the measure of the shaded red angle is 30°. 

The arc length a is 2. Explain how to find the 
circumference of the blue circle without finding 
the radius of either the red or the blue circles. 


. PROBLEM SOLVING 


: EXAMPLE 2 


: on p. 747 
: for Ex. 37 


(85) TREES A group of students wants to find the diameter 


36. 


37. 


of the trunk of a young sequoia tree. The students wrap 
a rope around the tree trunk, then measure the length 
of rope needed to wrap one time around the trunk. This 
length is 21 feet 8 inches. Explain how they can use this 
length to estimate the diameter of the tree trunk to the 
nearest half foot. 


 QHomelutor ) for problem solving help at classzone.com 


INSCRIBED SQUARE А square with side length 6 units is inscribed in a circle 
so that all four vertices are on the circle. Draw a sketch to represent 
this problem. Find the circumference of the circle. 


_QHomelutor 
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MEASURING WHEEL As shown, a measuring wheel is used 
to calculate the length of a path. The diameter of the wheel 
is 8 inches. The wheel rotates 87 times along the length of 
the path. About how long is the path? 
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38. Ж EXTENDED RESPONSE А motorized scooter has a chain drive. 
The chain goes around the front and rear sprockets. 


a. About how long is the chain? Explain. 


b. Each sprocket has teeth that grip the chain. There are 76 teeth on 
the larger sprocket, and 15 teeth on the smaller sprocket. About how 
many teeth are gripping the chain at any given time? Explain. 


39. SCIENCE Over 2000 years ago, the Greek scholar SS 
Eratosthenes estimated Earth's circumference by 
assuming that the Sun's rays are parallel. He chose 
a day when the Sun shone straight down into a well 
in the city of Syene. At noon, he measured the angle 
the Sun's rays made with a vertical stick in the city 


of Alexandria. Eratosthenes assumed that the Pa 
distance from Syene to Alexandria was equal to fier 
about 575 miles. e 
| | -- center Not d 
Find mZ 1. Then estimate Earth's circumference. af Earth iii 


CHALLENGE Suppose AB is divided into four congruent segments, and 
semicircles with radius r are drawn. 


40. What is the sum of the four arc lengths if 
the radius of each arc is 7? Үү ү ү UN 


41. Suppose that AB is divided into п congruent A! 5 
segments and that semicircles are drawn, as (ТҮТҮТҮТҮТҮТҮТҮТүұ 
shown. What will the sum of the arc lengths A B 
be for 8 segments? for 16 segments? for п d 
segments? Explain your thinking. УЗУ УЗУ ҮЗҮ ҮЗҮ ҮЗҮ ҮЗ ҮЗҮ ҮЗҮ» 

Ar-r- B 


: PREVIEW 


; Prepare for 
: Lesson 11.5 in 
: Exs. 42-45. 


752 


"MIXED REVIEW 


Find the area of a circle with radius r. Round to the nearest hundredth. (p. 49) 


42. r= 6 ст 43. r= 4.2 in. 44. r= 85 mi 45. r — 15 in. 
Find the value of x. (p. 689) 


46. ЖК 47. А 48. / ^w 
a 4 A 
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Use after Lesson 11.4 


Key Vocabulary 
• great circle 


: HISTORY NOTE 


: Euclidean geometry 

: is named after a 

: Greek mathematician, 

: Euclid, who in about 

: the third century B.c. 

: used postulates and 

: deductive reasoning to 
: prove theorems like the 
: ones in this book. 

: Non-Euclidean 

: geometries, such as 

: spherical geometry, 

: start by assuming 

: different postulates, so 

: they result in different 

: theorems. Bernhard 

: Riemann wrote the first 
: description of spherical 
: geometry in 1854. 


Geometry on a Sphere 


CATS Compare Euclidean and spherical geometries. 


In Euclidean geometry, a plane is a flat surface that extends without end in all 
directions. A line in the plane is a set of points that extends without end in 


two opposite directions. Geometry on a sphere is different. 


center 
In spherical geometry, a plane is the surface of a 


sphere. A line is defined as a great circle, which is 
a circle on the sphere whose center is the center 
of the sphere. 


JÀ great circles 


KEY CONCEPT For Your Notebook 


Euclidean Geometry 


== 


Spherical Geometry 


Sphere S contains great circle 
т and point A not on т. Great 
circle mis a line. 


Plane P contains line / and 
point A not on the line /. 


Some properties and postulates in Euclidean geometry are true in spherical 
geometry. Others are not, or are true only under certain circumstances. For 
example, in Euclidean geometry, Postulate 5 states that through any two 
points there exists exactly one line. On a sphere, this postulate is true only for 
points that are not the endpoints of a diameter of the sphere. 


Compare Euclidean and spherical geometry 


Tell whether the following postulate in Euclidean geometry is also true in 
spherical geometry. Draw a diagram to support your answer. 


Parallel Postulate: If there is a line £ and a point A not on the line, then 
there is exactly one line through the point A parallel to the given line /. 


Solution 


Parallel lines do not intersect. The sphere shows a 
line £ (a great circle) and a point A not on Ў. Several 
lines are drawn through A. Each great circle 
containing A intersects £. So, there can be no line 
parallel to /. The parallel postulate is not true in 
spherical geometry. 
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: READ DIAGRAMS 


: The diagram below is 

: a cross section of the 

: sphere in Example 2. It 
: shows AB and ACB on 
: a great cirde. 


DISTANCES In Euclidean geometry, there is exactly one distance that can be 
measured between any two points. On a sphere, there are two distances that 
can be measured between two points. These distances are the lengths of the 
major and minor arcs of the great circle drawn through the points. 


| EXAMPLE 2 | Find distances on a sphere 


The diameter of the sphere shown is 15, and mAB = 60°. 
Find the distances between А апа В. 


Solution 


Find the lengths of the minor arc AB and the major arc ACB of the great circle 
shown. In each case, let x be the arc length. 


Arc length of AB _ mAB Arc length of ACB _ mACB 
Qur 3602 2лг |... 860? 
x 260 _x . 360 — 60 
15т 360? 157 360* 
х= 2.5т х= 12.5т 


» The distances are 2.57 and 12.5т. 


PRACTICE 


1. 


: EXAMPLE 1 2, 


: vp E HN 
: for Exs. 2-3 


3. 


WRITING Lines of latitude and longitude 

are used to identify positions on Earth. Lines of 
Which of the lines shown in the figure аге longitude 
great circles? Which are not? Explain your 

reasoning. Equator 


COMPARING GEOMETRIES Draw sketches to show that there is more than 
one line through the endpoints of a diameter of a sphere, but only one 
line through two points that are not endpoints of a diameter. 


COMPARING GEOMETRIES The following statement is true in Euclidean 
geometry: If two lines intersect, then their intersection is exactly one 
point. Rewrite this statement to be true for lines on a sphere. 


: EXAMPLE2 | FINDING DISTANCES Use the diagram and the given arc measure to find the 


: опр. 754 | distances between points А and B. Leave your answers in terms of л. 


: for Exs. 4-6 
4. 


mAB = 120° 5. тАВ = 90° 6. тАВ = 140° 
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Areas of Circles 
and Sectors 


You found circumferences of circles. 


You will find the areas of circles and sectors. 


So you can estimate walking distances, as in Ex. 38. 


Key Vocabulary In Chapter 1, you used the formula for the area of a circle. This formula is 
e sector of a circle presented below as Theorem 11.9. 


THEOREM For Your Notebook 


THEOREM 11.9 Area of a Circle 


The area of a circle is 7 times the square of the radius. 


Justification: Ex. 43, p. 761; Ex. 3, p. 769 А = zr? 


Use the formula for area of a circle 


Find the indicated measure. 


a. Area b. Diameter 
г= 2,5 cm А = 113.1 cm? 
Solution 
а. А = пг? Write formula for the area of a circle. 
= We (2.5) Substitute 2.5 for r. 
= 6.257 Simplify. 
= 19.63 Use a calculator. 


» The area of OA is about 19.63 square centimeters. 


b. А = qr? Write formula for the area of a circle. 
113.1 = zr? Substitute 113.1 for A. 
113.1 _ 2 аза А 
Er —E Divide each side by v. 
6=r Find the positive square root of each side. 


» The radius is about 6 cm, so the diameter is about 12 centimeters. 
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SECTORS A sector of a circle is the region bounded by two radii of the circle - 
and their intercepted arc. In the diagram below, sector APB is bounded by AP, 
BP, and AB. Theorem 11.10 gives a method for finding the area of a sector. 


THEOREM For Your Notebook 


THEOREM 11.10 Area of a Sector 


A 
The ratio of the area of a sector of a circle to the 
area of the whole circle (лг) is equal to the ratio 

of the measure of the intercepted arc to 360". B 


Area of sector АРВ _ mAB _ mAB a pl 
= gor Ut Area of sector APB amm aT 
(EXAMPLE 2 ] Find areas of sectors 
Find the areas of the sectors formed by / UTV. U 


4 
Solution V 
STEP? Find the measures of the minor and major arcs. 
Because mZ UTV = 70°, mUV = 70? and mUSV = 360° — 70° = 290°. 


STEP 2 Find the areas of the small and large sectors. 


Area of small sector = = e nr? Write formula for area of a sector. 
= p T • 8? Substitute. 
= 39.10 Use a calculator. 

Area of large sector = mUsy emr? Write formula for area of a sector. 
= 290. e т • 82 Substitute. 
= 161.97 Use a calculator. 


» The areas of the small and large sectors are about 39.10 square units and 
161.97 square units, respectively. 


v GUIDED PRACTICE for Examples 1 and 2 


Use the diagram to find the indicated measure. 
1. Area of OD 


2. Area of red sector 


3. Area of blue sector 
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( EXAMPLE 3 | Use the Area of a Sector Theorem 


Use the diagram to find the area of OV. 
y 
<A? | A=35m 
U 


Solution 


та e Area of OV Write formula for area of a sector. 


Area of sector TVU = 


_ 40°, | 
35 = Bas Area of OV Substitute. 


315 = Area of OV Solve for Area of CV. 


> The area of OVis 315 square meters. 


* Standardized Test Practice 


A rectangular wall has an entrance cut into it. You n 

want to paint the wall. To the nearest square foot, ÁN 

what is the area of the region you need to paint? dr 
16 ft 

(А) 357 ft” 479 ft^ 18 


© 579 ft? D 936 ft? L 36 ft — —] 


Solution 


: AVOID ERRORS T . 
ЫН ЫЕ » The area you need to paint is the area of the rectangle minus the area of the 


puse ds oo (8 fü) entrance. The entrance can be divided into a semicircle and a square. 
: not the diameter (16 ft) 


: when you calculate the 


; р Area of wall = Area of rectangle — (Area of semicircle + Area of square) 
: area of the semicircle. 
180? 2 2 
— — e o 
36(26) bs (m. 8?) + 16 


936 — [327 + 256] 
== 579.47 
The area is about 579 square feet. 
> The correct answer is C. @ © Фф 


GUIDED PRACTICE for Examples 3 and 4 


4. Find the area of OH. 5. Find the area of the figure. 
7m 
E J 
А = 214.37 cm? © 
G 


6. If you know the area and radius of a sector of a circle, can you find the 
measure of the intercepted arc? Explain. 


11.5 Areas of Circles and Sectors 757 


EXERCISES HOMEWORK: () = WORKED-OUT SOLUTIONS 
1 1 3 KEY: on p. WS15 for Exs. 7, 17, and 39 


Ж - STANDARDIZED TEST PRACTICE 
Exs. 2, 19, 40, and 42 


© SKILL PRACTICE 


1. VOCABULARY Copy and complete: A. ? ofa circle is the region bounded 
by two radii of the circle and their intercepted arc. 


2. * WRITING Suppose you double the arc measure of a sector in a given 
circle. Will the area of the sector also be doubled? Explain. 


: EXAMPLE 1 FINDING AREA Find the exact area of a circle with the given radius r or 


: on p. 755 diameter d. Then find the area to the nearest hundredth. 


: for Exs. 3-9 © p= bin 4. d=16ft 5. d= 23cm 6. r= 1.5 km 


USING AREA In Exercises 7-9, find the indicated measure. 
(7.) The area of a circle is 154 square meters. Find the radius. 
8. The area of a circle is 380 square inches. Find the radius. 


9. The area of a circle is 6767 square centimeters. Find the diameter. 


: EXAMPLE 2 10. ERROR ANALYSIS In the diagram at the 

: on p.756 right, the area of OZ is 48 square feet. A 

: for Exs. 10—13 student writes a proportion to find the 
area of sector XZY. Describe and correct 
the error in writing the proportion. 


Then find the area of sector XZY. 


Let n be the area 
of sector XZY. 


n = 46 
360” 285° 


FINDING AREA OF SECTORS Find the areas of the sectors formed by / DFE. 


11. E 12. E > 13. 
A Ў Ley 
D 256° 
G 
D G 


: EXAMPLE3 | USING AREA OF A SECTOR Use the diagram to find the indicated measure. 
14. Find the area of OM. 15. Find the area of OM. 16. Find the radius of OM. 


: on p. 757 
J J 
i K 
A = 38.51 m? t» А = 56.87 cm? 89° |А = 12.36 m? 
J 
L K 
K 


: for Exs. 14—16 
: EXAMPLE 4 FINDING AREA Find the area of the shaded region. 


: on p. 757 


: for Exs. 17-19 (iz) b. d 18. 20 in. 
l " cvy 


rm 
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19. Ж MULTIPLE CHOICE The diagram shows the shape 3.5 ft 
of a putting green at a miniature golf course. One 
part of the green is a sector of a circle. To the nearest 35 
square foot, what is the area of the putting green? 


(А) 46 ft 49 ft^ 35ft 
(С) 56 ft D 75 ft” 


FINDING MEASURES The area of O Mis 260.67 square inches. The area 
of sector KML is 42 square inches. Find the indicated measure. 


7 ft 


20. Radius of OM 21. Circumference of OM 
22. mKL 23. Perimeter of blue region 
24. Length of KL 25. Perimeter of red region 


FINDING AREA Find the area of the shaded region. 


26. 5 in. 27. . 
20 in. 


at classzone.com 


32. TANGENT CIRCLES In the diagram at the right, OQ and 


OP are tangent, and P lies on VQ. The measure of RS is 
108°. Find the area of the red region, the area of the blue 
region, and the area of the yellow region. Leave your 
answers in terms of 7. 


33. SIMILARITY Look back at the Perimeters of Similar Polygons Theorem 
on page 374 and the Areas of Similar Polygons Theorem on page 737. How 
would you rewrite these theorems to apply to circles? Explain. 


34. ERROR ANALYSIS The ratio of the lengths of two arcs in a circle is 2:1.A 
student claims that the ratio of the areas of the sectors bounded by these 


2 
arcs is 4: 1, because (=| = t Describe and correct the error. 


35. DRAWING A DIAGRAM A square is inscribed in a circle. The same square 
is also circumscribed about a smaller circle. Draw a diagram. Find the 
ratio of the area of the large circle to the area of the small circle. 


36. CHALLENGE In the diagram at the right, FG TA G вт 


апа ЕН are arcs of concentric circles, and EF and Е : 


GH lie on radii of the larger circle. Find the area of 


the shaded region. 20m 
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. PROBLEM SOLVING 


: EXAMPLE 1 37. METEOROLOGY The eye of a hurricane is a relatively 

: pen D. 75S 00707 calm circular region in the center of the storm. The 

: for Ex. 37 diameter of the eye is typically about 20 miles. If the eye 
of a hurricane is 20 miles in diameter, what is the area 
of the land that is underneath the eye? 


for problem solving help at classzone.com 


38. WALKING The area of a circular pond is about 138,656 square feet. You 
are going to walk around the entire edge of the pond. About how far will 
you walk? Give your answer to the nearest foot. 


for problem solving help at classzone.com 


CIRCLE GRAPH The table shows how students get to school. О Method | A MA 
o of Students 
a. Explain why a circle graph is appropriate for the data. 
0 

b. You will represent each method by a sector of a 

circle graph. Find the central angle to use for each Walk 25% 

5 ч : 
sector. Then use a protractor and a compass to 
construct the graph. Use a radius of 2 inches. Lin 


c. Find the area of each sector in your graph. 


40. ж SHORT RESPONSE It takes about 4 cup of dough to make a tortilla with 


a 6 inch diameter. How much dough does it take to make a tortilla with a 
12 inch diameter? Explain your reasoning. 


41. HIGHWAY SIGNS A new typeface has been designed to make 
highway signs more readable. One change was to redesign the 
form of the letters to increase the space inside letters. hal | 


| Great Bend | 
| Susquehanna | 


Цех „ре 
L— 76 —] ee —4À jp All measures in mm | Great Bend 

a. Estimate the interior area for the old and the new "a." Then a < 
find the percent increase in interior area. PRI 


b. Do you think the change in interior area is just a result of a change 
in height and width of the letter a? Explain. 


42. ж EXTENDED RESPONSE A circular pizza with a 12 inch diameter is 
enough for you and 2 friends. You want to buy pizza for yourself and 
7 friends. A 10 inch diameter pizza with one topping costs $6.99 and a 
14 inch diameter pizza with one topping costs $12.99. How many 10 inch 
and 14 inch pizzas should you buy in each situation below? Explain. 
a. You want to spend as little money as possible. 
b. You want to have three pizzas, each with a different topping. 


c. You want to have as much of the thick outer crust as possible. 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
760 on p. WS1 TEST PRACTICE 


: PREVIEW 


: Prepare for 
: Lesson 11.6 In 


43. JUSTIFYING THEOREM 11.9 You can follow the steps below to justify the 
formula for the area of a circle with radius 7. 


Wa 


VV 


Divide a circle into 16 congruent Rearrange the 16 sectors to form a 
sectors. Cut out the sectors. shape resembling a parallelogram. 


Uy 


a. Write expressions in terms of r for the approximate height and base of 
the parallelogram. Then write an expression for its area. 


b. Explain how your answers to part (a) justify Theorem 11.9. 


44. CHALLENGE Semicircles with diameters equal to the three sides 
of a right triangle are drawn, as shown. Prove that the sum of the 
areas of the two shaded crescents equals the area of the triangle. 


_ MIXED REVIEW 
Triangle DEG is isosceles with altitude DF. Find the given 19° AE 
measurement. Explain your reasoning. (р. 319) " А ст 
45. mZ DFG 46. mZ FDG 47. FG P 


: Exs. 45—47. 


Sketch the indicated figure. Draw all of its lines of symmetry. (p. 619) 


48. Isosceles trapezoid 49. Regular hexagon 


Graph A ABC. Then find its area. (p. 720) 
50. A(2, 2), B(9, 2), C(4, 16) 51. A(—8, 3), B(—3, 3), С(—1, —10) 


QUIZ for Lessons 11.4-11.5 


Find the indicated measure. (p. 746) 
1. Length of AB 2. Circumference of OF 3. Radius of OL 


4 78° 36 in. dé 29 ft 
K 
Е 


Find the area of the shaded region. (р. 755) 


6. 687 e 
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Оу 


11.6 


aL 


Key Vocabulary 

* center of a polygon 

e radius of a polygon 

e apothem of a 
polygon 

* central angle of a 
regular polygon 


: READ DIAGRAMS 


: A segment whose 

: length is the apothem 

: is sometimes called an 
: apothem. The segment 
: is an altitude of an 

: isosceles triangle, so it 
: is also a median and 

: angle bisector of the 

: isosceles triangle. 


Areas of Regular 
Polygons 


You found areas of circles. 
You will find areas of regular polygons inscribed in circles. 


So you can understand the structure of a honeycomb, as in Ex. 44. 


The diagram shows a regular polygon inscribed 
in a circle. The center of the polygon and the 
radius of the polygon are the center and the 
radius of its circumscribed circle. 


The distance from the center to any side of the N 


polygon is called the apothem of the polygon. 
The apothem is the height to the base of an 
isosceles triangle that has two radii as legs. 


PQ 


radius 
PN 


Z MPN is a central angle. 


A central angle of a regular polygon is an angle formed by two radii drawn 
to consecutive vertices of the polygon. To find the measure of each central 


angle, divide 360* by the number of sides. 


Find angle measures in a regular polygon 


In the diagram, ABCDE is a regular pentagon inscribed 
in OF. Find each angle measure. 


a. mZ AFB b. mZ АЕС с. mL GAF B 
Solution A 
a. Z AFBisa central angle, so mZ AFB = mE or 72°. 


b. FGis an apothem, which makes it an altitude of isosceles A AFB. 
So, FG bisects / AFB and mZ AFG = 5 mZ AFB = 36°. 


c. The sum of the measures of right AGAF is 180°. 
So, 90° + 36° + mZ GAF = 180°, and mZ GAF = 54°. 


GUIDED PRACTICE for Example 1 


In the diagram, WXYZ is a square inscribed in ОР. 


1. Identify the center, a radius, an apothem, and a central 
angle of the polygon. 


2. Find mZ ХРҮ, mZ ХРО, and mZ PXQ. 
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A 


: READ DIAGRAMS 


: In this book, a point 

: shown inside a regular 
: polygon marks the 

: center of the circle that 
: can be circumscribed 

: about the polygon. 


AREA OF AN n-GON You can find the area of any regular n-gon by dividing it 


into congruent triangles. 


A = Area of one triangle • Number of triangles 


= р 65 • a) en Base of triangle is s and height of 
triangle is a. Number of triangles is n. IN 
= i «a». (п• 5) Commutative and Associative S 
Properties of Equality S 
= ža e P There are n congruent sides of length s, 


so perimeter Pis п · s. 


THEOREM For Your Notebook 


THEOREM 11.11 Area of a Regular Polygon 


The area of a regular n-gon with side length sis one half / N/N 


the product of the apothem a and the perimeter P, улу 
1 1 Y 
soA = 54b or A = 29 • NS. 


: ROUNDING 


: In general, your 

: answer will be more 

: accurate if you avoid 

: rounding until the last 

: step. Round your final 

: answers to the nearest 
: tenth unless you are 

: told otherwise. 


DECORATING You are decorating the top of a table 
by covering it with small ceramic tiles. The table 
top is a regular octagon with 15 inch sides and a 
radius of about 19.6 inches. What is the area you 
are covering? 


Solution 


STEP? Findthe perimeter P of the table top. 
An octagon has 8 sides, so P = 8(15) = 120 inches. 


STEP2 Find the apothem а. The apothem is height RS of APQR. 
Because APQR is isosceles, altitude RS bisects QP. 


So, QS — ¿(QP) = 5(15) = 7.5 inches. 


To find RS, use the Pythagorean Theorem for ARQS. 
а = RS = \19.6° — 7.5% = V327.91 == 18.108 
STEP 3 Find the area A of the table top. 


= ja P Formula for area of regular polygon 


~ 5(18.108)(120) Substitute. 


== 1086.5 Simplify. 


> So, the area you are covering with tiles is about 1086.5 square inches. 
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Find the perimeter and area of a regular polygon 


A regular nonagon is inscribed in a circle with radius 4 units. Ж N 
K 


Find the perimeter and area of the nonagon. 
DO 
Solution | ai 


The measure of central ZJLK is = or 40°. Apothem LM \ / 
SSL” 


J 


bisects the central angle, so mz KLM is 20°. To find the lengths 
of the legs, use trigonometric ratios for right AKLM. 


B = MK о = IM L 
sin 20 ТК cos 20 LK 20° 
4 4 
sin 20° = MK cos 20° = LM 
4 4 
4 «sin 20° = MK 4 «cos 20° = LM J M K 


The regular nonagon has side length s = 2MK = 2(4 + sin 20?) = 8 + sin 20? 
and apothem а = LM = 4 + cos 20°. 


» So, the perimeter is P = 9s = 9(8 + sin 20°) = 72 + sin 20? = 24.6 units, 
and the area is A — зар Е 504 e cos 20°) (72 • sin 20°) = 46.3 square units. 


Y | GUIDED PRACTICE | for Examples 2 and 3 


Find the perimeter and the area of the regular polygon. 


ï 


6. Which of Exercises 3-5 above can be solved using special right triangles? 


i- CONCEPT SUMMARY For Your Notebook 


— 
=ч 


Finding Lengths in a Regular n-gon 


: То find the area of a regular n-gon with radius r, you may need to first find the 
: apothem a or the side length s. 


You can use... ... When you know n and... ...аѕіп... 


Example 2 and 
Guided Practice Ex. 3. 


2 
Pythagorean Theorem: (35 + а? = г? | Two measures: r and a, or r and s 


Any one measure: гог aor s 


And the value of n is 3, 4, or 6 Guided Practice Ex. 5. 


Special Right Triangles 


Example 3 and 


Trigonometry Any one measure: r or a or s Guided Practice Exs. 4 and 5. 
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EXERCISES "у О-оо: 
1 1 „Ө KEY: on p. WS15 for Exs. 7, 21, and 37 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 5, 18, 22, and 44 


' SKILL PRACTICE 


| VOCABULARY In Exercises 1-4, use the diagram shown. 
1. Identify the center of regular polygon ABCDE. 
. Identify a central angle of the polygon. 


2 
3. What is the radius of the polygon? 
4. What is the apothem? 


5. X WRITING Explain how to find the measure of a central angle of a 
regular polygon with n sides. 


: EXAMPLE 1 MEASURES OF CENTRAL ANGLES Find the measure of a central angle of 


: on p. 762 | aregular polygon with the given number of sides. Round answers to the 
: for Exs. 6—13 nearest tenth of a degree, if necessary. 
6. 10 sides (7518 sides 8. 24 sides 9. 7 sides 


FINDING ANGLE MEASURES Find the given angle 


A B 
measure for the regular octagon shown. " А 
10. mZ GJH 11. mZ GJK 
12. MZ KGJ 13. mZ EJH D 
F E 


Q A 


: EXAMPLE2 | FINDING AREA Find the area of the regular polygon. 


: on p. 763 


: for Exs. 14-17 АХ Ө. 16. 


¿Animate Geometry ) at сіаѕѕгопе сот 


17. ERROR ANALYSIS Describe and correct the error іп finding the area of the 
regular hexagon. 


15? — 12? = 
А = за • ns N/ Y 
А = 5(13)(6)(7. 5) = 292.5 


: EXAMPLE3 | 18. Ж MULTIPLE CHOICE Which expression gives the apothem for a regular 


: on p. 764 | dodecagon with side length 8? 
: for Exs. 18-25 4 4 á 
— — — — e 1 9 
e ý tan 30° a tan 15° © j tan 15° D а= 89 GOR IS 
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PERIMETER AND AREA Find the perimeter and area of the regular polygon. 
19. 20. i “ CD 
Y | 
NL” 


22. Ж SHORT RESPONSE The perimeter of a regular nonagon is 18 inches. Is 
that enough information to find the area? If so, find the area and explain 
your steps. If not, explain why not. 


CHOOSE A METHOD Identify any unknown length(s) you need to know 
to find the area of the regular polygon. Which methods in the table on 
page 764 can you use to find those lengths? Choose a method and find 
the area. 


26. INSCRIBED SQUARE Find the area of the unshaded region in Exercise 23. 


POLYGONS IN CIRCLES Find the area of the shaded region. 
27. 28. 29. 


60° 


30. COORDINATE GEOMETRY Find the area of a regular pentagon inscribed 
in a circle whose equation is given by (x — 4)* + (y + 2)* = 25. 

REASONING Decide whether the statement is true or false. Explain. 

31. The area of a regular n-gon of fixed radius rincreases as n increases. 

32. The apothem of a regular polygon is always less than the radius. 


33. The radius of a regular polygon is always less than the side length. 


2 
E for the 


area A of an equilateral triangle with side length s was developed. Show 
that the formulas for the area of a triangle and for the area of a regular 


34. FORMULAS In Exercise 44 on page 726, the formula A = 


polygon, A = ¿dh and A = jd • ns, also result in this formula when they 


are applied to an equilateral triangle with side length s. 


35. CHALLENGE An equilateral triangle is shown inside a square 
inside a regular pentagon inside a regular hexagon. Write an 
expression for the exact area of the shaded regions in the 
figure. Then find the approximate area of the entire shaded 
region, rounded to the nearest whole unit. 


C) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
766 on p. WS1 TEST PRACTICE 


PROBLEM SOLVING 


36. BASALTIC COLUMNS Basaltic columns are geological 


: EXAMPLE3 | 
: on p. 764 | formations that result from rapidly cooling lava. The 
: for Ex. 36 Giant's Causeway in Ireland, pictured here, contains 


many hexagonal columns. Suppose that one of the 
columns is in the shape of a regular hexagon with 
radius 8 inches. 


a. Whatis the apothem of the column? 


b. Find the perimeter and area of the column. 
Round the area to the nearest square inch. 


melutor _ for problem solving help at classzone.com 


67) WATCH A watch has a circular face on a background 
that is a regular octagon. Find the apothem and the 
area of the octagon. Then find the area of the silver 
border around the circular face. 


itor for problem solving help at classzone.com 


38. COMPARING AREAS Predict which figure has the greatest area and which 
has the smallest area. Check by finding the area of each figure. 


e ° | 
TI 15 in. 


39. CRAFTS You want to make two wooden trivets, a large one and a small 
one. Both trivets will be shaped like regular pentagons. The perimeter 
of the small trivet is 15 inches, and the perimeter of the large trivet is 
25 inches. Find the area of the small trivet. Then use the Areas of Similar 
Polygons Theorem to find the area of the large trivet. Round your answers 
to the nearest tenth. 


18 in. 9 in. 


40. CONSTRUCTION Use a ruler and compass. 


a. Draw AB with a length of 1 inch. Open the compass 
to 1 inch and draw a circle with that radius. Using 
the same compass setting, mark off equal parts 
along the circle. Then connect the six points where 
the compass marks and circle intersect to draw a 
regular hexagon as shown. 


b. What is the area of the hexagon? of the shaded region? 


c. Explain how to construct an equilateral triangle. 


41. HEXAGONS AND TRIANGLES Show that a regular hexagon can be divided 
into six equilateral triangles with the same side length. 


42. ALTERNATIVE METHODS Find the area of a regular hexagon with 
side length 2 and apothem УЗ in at least four different ways. 
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43. APPLYING TRIANGLE PROPERTIES In Chapter 5, you learned properties B 
of special segments in triangles. Use what you know about special 
segments in triangles to show that radius CP in equilateral A ABC is 
twice the apothem DP. 


44. Ж EXTENDED RESPONSE Assume that each honeycomb cell is a regular 
hexagon. The distance is measured through the center of each cell. 


a. Find the average distance across a cell in centimeters. 


b. Find the area of a “typical” cell in square centimeters. 
Show your steps. 


c. What is the area of 100 cells in square centimeters? in 
square decimeters? (1 decimeter = 10 centimeters.) 


d. Scientists are often interested in the number of cells 
per square decimeter. Explain how to rewrite your 
results in this form. 


45. CONSTANT PERIMETER Use a piece of string that is 60 centimeters long. 


a. Arrange the string to form an equilateral triangle and find the 
area. Next form a square and find the area. Then do the same for a 
regular pentagon, a regular hexagon, and a regular decagon. What is 
happening to the area? 


b. Predict and then find the areas of a regular 60-gon and a regular 120-gon. 


c. Graph the area A as a function of the number of sides n. The graph 
approaches a limiting value. What shape do you think will have the 
greatest area? What will that area be? 


46. CHALLENGE Two regular polygons both have n sides. One of the polygons 


is inscribed in, and the other is circumscribed about, a circle of radius 7. 
Find the area between the two polygons in terms of n and r. 


“MIXED REVIEW | 


: PREVIEW. A jar contains 10 red marbles, 6 blue marbles, and 2 white marbles. Find 
: Prepare for the probability of the event described. (p. 893) 
: Lesson 11.7 


47. You randomly choose one red marble from the jar, put it back in the jar, 


: in Exs. 47-51. 
and then randomly choose a red marble. 


48. You randomly choose one blue marble from the jar, keep it, and then 
randomly choose one white marble. 


Find the ratio of the width to the length of the rectangle. Then simplify the 
ratio. (p. 356) 


49. 50. 51. 
12 cm 
9 ft 45 in. 


42 cm 
18 ft 36 in. 


52. The vertices of quadrilateral ABCD are A(—3, 3), В(1, 1), C(1, —3), and 
D(-3, —1). Draw ABCD and determine whether it is a parallelogram. 
(p. 522) 
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ияш ACTIVITY Use after Lesson 11.6 Tutor 


classzone.com 
Keystrokes 


Perimeter and Area of Polygons 


MATERIALS + computer 


First consider a regular octagon with radius 1. 


TRA =; 
Because there are 8 central angles, mZJQB is (367. = D. ог 22.5°. " Ё EN 7 


«ЭУ 


You can express the side length апа apothem using trigonometric functions. 


So, side length s = 2(JB) = 2 « sin 22.5? So, apothem ais QJ = cos 22.5° 
Perimeter P = 8s = 8(2 + sin 22.5°) = 16 + sin 22.5° 
AreaA = зар = (сов 22.5°)(16 • sin 22.5?) = 8(cos 22.5°)(51п 22.5?) 


Using these steps for any regular n-gon inscribed in a circle of radius 1 gives 


P=2n+ sin (29%) and A=ne sin( £0) o cos( 199.) 


if 


‘a 


STEP T | Make a table Use a spreadsheet to make a table with three columns. 


A | Bo € ^», —. 

_1 | Numberofsides | Perimeter | Area | If your spreadsheet uses 
[2| ^ ^n[  Z2*nsi(18)m| ^ n*sin(180n)*cos(180/n) | | radian measure, use 
3 | 3 | -2*A3'sin(180/A3) | =A3*sin(180/A3)*cos(180/A3) | ee 
_4 | =A3+1 | =2*A4*sin(180/A4) | =A4*sin(180/A4)*cos(180/A4) | 


STEP 2| Enter formulas Enter the formulas shown in cells A4, B3, and C3. 
Then use the Fill Down feature to create more rows. 


& 


1. What shape do the regular n-gons approach as the value of n gets very 
large? Explain your reasoning. 


2. What value do the perimeters approach as the value of n gets very large? 
Explain how this result justifies the formula for the circumference 
of a circle. 


3. What value do the areas approach as the value of n gets very large? 
Explain how this result justifies the formula for the area of a circle. 


11.6 Areas of Regular Polygons 


oa MV 3 AN case 


Investigate Geometric Probability 


MATERIALS + graph paper * small dried bean 


Draw a target On a piece of graph paper, make a target by 
drawing some polygons. Choose polygons whose area you 
can calculate and make them as large as possible. Shade in 
the polygons. An example is shown. 


STEP 2| Calculate theoretical probability Calculate the theoretical 


probability that a randomly tossed bean that lands on the Ah ә 18р Ni 
target will land in a shaded region. WEN | И 
О AH 

Th ical probability = Sum of areas of polygons 2222 Bm A 
eoretica probaDl ity = ^ — Areaofpaper |. | |||. 


Sample target 
STEP 3 | Perform an experiment Place the target on the floor against 
a wall. Toss a dried bean so that it hits the wall and then 
bounces onto the target. Determine whether the bean lands 
on a shaded or unshaded region of the target. If the bean 
lands so that it lies in both a shaded and unshaded region, 
use the region in which most of the bean lies. If the bean 
does not land completely on the target, repeat the toss. Unshaded 


STEP 4| Make o, table Record the results of the toss in a table. 288 


Repeat until you have recorded the results of 50 tosses. 


STEP 5| Calculate experimental probability Use the results 


from your table to calculate the experimental 


probability that a randomly tossed bean that lands 
on the target will land in a shaded region. 


Number of times a bean landed on a shaded region 


Experimental probability = Total number of tosses 


| 


1. Compare the theoretical probability from Step 2 with the experimental 
probability from Step 5. What do you notice? 


2. Repeat Steps 3-5, this time using only 10 tosses. Calculate the 
experimental probability for those 10 tosses. Compare the experimental 
probability and the theoretical probability. 


3. REASONING How does the number of tosses affect the relationship 
between the experimental and theoretical probabilities? Explain. 
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11. 


Key Vocabulary 

e probability 

* geometric 
probability 


: USE A FORMULA 


: To apply the geometric 
: probability formulas on 
: this page and on 

: page 772, you need to 
: know that every point 
: on the segment or in 

: the region is equally 

: likely to be chosen. 


Use Geometric 


Probability 
You found lengths and areas. 


| Now ) You will use lengths and areas to find geometric probabilities. 
So you can calculate real-world probabilities, as in Example 2. 


The probability of an event is a measure of the likelihood that the event will 
occur. It is a number between 0 and 1, inclusive, and can be expressed as a 
fraction, decimal, or percent. The probability of event A is written as P(A). 


e—a 


P=0 P = 0.25 


Impossible Unlikely 


P — 0.5 


Equally likely to 


occur or not occur 


Р = 0.75 Р= 1 
Likely Certain 


In a previous course, you may have found probability by calculating the 
ratio of the number of favorable outcomes to the total number of possible 
outcomes. In this lesson, you will find geometric probabilities. 


A geometric probability is a ratio that involves a geometric measure such as 


length or area. 


KEY CONCEPT 


Probability and Length 


Let AB be a segment that contains the 
segment CD. If a point Kon ABis chosen 
at random, then the probability that it is 
on CD is the ratio of the length of CD to 


the length of AB. 


(AnimateaGeometry а 


classzone.com 


For Your Notebook 


E n a 
D 
B 


Length of CD 


P(Kis on CD) = = 
Length of AB 


Use lengths to find a geometric probability 


Find the probability that a point chosen at random on PQ is on RS. 


P 


-6 -5 -4 3 -2 1 0 1 2 3 4 5 6 
Solution Е 
г fR |4- (2 
P(Point is on RS) _ LengthofRS _ |4-(-2)| _ 6 _3 0.6, or 60%. 
LengthofPQ  |5-(-5| 10 9 


11.7 Use Geometric Probability 


771 


Use a segment to model a real-world probability 


MONORAIL A monorail runs every 12 minutes. The ride from the station near 
your home to the station near your work takes 9 minutes. One morning, you 
arrive at the station near your home at 8:46. You want to get to the station 
near your work by 8:58. What is the probability you will get there by 8:58? 
Solution 


STEP Y Find the longest you can wait for the monorail and still get to the 
station near your work by 8:58. The ride takes 9 minutes, so you 
need to catch the monorail no later than 9 minutes before 8:58, or 
by 8:49. The longest you can wait is 3 minutes (8:49 — 8:46 = 3 min). 


STEP 2 Model the situation. The monorail runs every 12 minutes, so it will 
arrive in 12 minutes or less. You need it to arrive within 3 minutes. 


Time 8:46 8:48 8:50 8:52 8:54 8:56 8:58 


Minutes waiting O 1 2 3 4 5 6 7 8 9 10 11 12 
S—— A 


The monorail needs to arrive within the first 3 minutes. 


STEP 3 Find the probability. 


» The probability that you will get to the station by 8:58 is 7 or 25%. 


GUIDED PRACTICE for Examples 1 and 2 


Find the probability that a point chosen at random on PQ is on the given 
segment. Express your answer as a fraction, a decimal, and a percent. 


1. RT 2. TS 3. PT 4. RQ 


5. WHAT IF? In Example 2, suppose you arrive at the station near your home 
at 8:43. What is the probability that you will get to the station near your 
work by 8:58? 


PROBABILITY AND AREA Another formula for geometric probability involves 
the ratio of the areas of two regions. 


KEY CONCEPT For Your Notebook 


Probability and Area 


Let J be a region that contains region М. 

If a point Кір J is chosen at random, then 
|: the probability that it is in region Mis the Area oi 
1: ratio of the area of M to the area of J. P(Kis in region М) = у 
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(EXAMPLE З | Use areas to find a geometric probability 


: ANOTHER WAY 


gern RE > 


: All circles are similar 

: and the Area of Similar 
: Polygons Theorem also 
: applies to circles. The 

: ratio of radii is 8:40, 

: Or 1:5, so the ratio of 

: areas is 12:52, or 1:25. 


ARCHERY The diameter of the target shown at the 
right is 80 centimeters. The diameter of the red 
circle on the target is 16 centimeters. An arrow 

is shot and hits the target. If the arrow is equally 
likely to land on any point on the target, what is 
the probability that it lands in the red circle? 


Solution 
Find the ratio of the area of the red circle to the area of the target. 


2 
P(arrow lands in red region) = tea of red circle _ m8) _ бат _ 1 


Area of target (402) 16007 25 


» The probability that the arrow lands in the red region is Эк or 4%. 


( EXAMPLE 4 ] Estimate area on a grid to find a probability 


: CHECK RESULTS 


: The ball must be either 
: in the field or in the 

: woods, so check that 

: the probabilities in 

: Example 4 and Guided 
: Practice Exercise 7 add 
: up to 100%. 


SCALE DRAWING Your dog dropped a ball in a park. 
A scale drawing of the park is shown. If the ball is 
equally likely to be anywhere in the park, estimate 
the probability that it is in the field. 


Solution 


STEP 7 Find the area of the field. The shape is a 
rectangle, so the area is bh = 10 * 3 = 30 square units. 


STEP 2 Find the total area of the park. 


Count the squares that are fully covered. 
There are 30 squares in the field and 
22 in the woods. So, there are 52 full squares. 


_| | [52squarel | [М | 


Make groups of partially covered squares so 
the combined area of each group is about _| | | | units 


Шш 
it. rtial 

1 square unit The total area of the partia Bc ШШЕ [Г 
squares is about 6 or 7 square units. So, use EA LA 
52 + 6.5 = 58.5 square units for the total area. 


STEP 3 Write a ratio of the areas to find the probability. 


» The probability that the ball is in the field is about 22, or 51.3%. 


T 


r4 GUIDED PRACTICE | for Examples 3 and 4 


6. Inthe target in Example 3, each ring is 8 centimeters wide. Find the 
probability that an arrow lands in a black region. 


7. In Example 4, estimate the probability that the ball is in the woods. 
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EXERCISES HOMEWORK: () = WORKED-OUT SOLUTIONS 
1 1 4 KEY: on p. WS16 for Exs. 3, 9, and 33 


* = STANDARDIZED TEST PRACTICE 
EXS. 2, 7, 23, 34, and 35 


^ SKILL PRACTICE 


1. VOCABULARY Copy and complete: If an event cannot occur, its 
probability 15 _? .Ifan event is certain to occur, its probability is. ? . 


2. ж WRITING Compare a geometric probability and a probability found 
by dividing the number of favorable outcomes by the total number of 
possible outcomes. 


: EXAMPLE 1 PROBABILITY ON A SEGMENT In Exercises 3—6, find the probability that 


: on p. 771 a point K, selected randomly on AE, is on the given segment. Express your 
: for Exs. 3-7 answer as a fraction, decimal, and percent. 
A B C D E 
—12 —H =H = 0 3 6 9 12 
O 4. BC 5. DE 6. AE 


7. Ж WRITING Look at your answers to Exercises З and 5. Describe how the 
two probabilities are related. 


: EXAMPLE 3 FIND A GEOMETRIC PROBABILITY Find the probability that a randomly 


: on p. 773 chosen point in the figure lies in the shaded region. 


: for Exs. 8-11 8. I 


11. ERROR ANALYSIS Three sides of 
the rectangle are tangent to the 
semicircle. Describe and correct the 
error in finding the probability that a 
randomly chosen point in the figure 
lies in the shaded region. 


10(7) – 575) 
ar Ж, 


_ 70-1257 _ à 
= E 43.9% 


: EXAMPLE 4 | ESTIMATING AREA Use the scale drawing. 


: on p. 773 


I жорук. (TIAA 12. What is the approximate area of the north side 


of the island? the south side of the island? the 
whole island? 


13. Find the probability that a randomly chosen 
location on the island lies on the north side. 


14. Find the probability that a randomly chosen 
location on the island lies on the south side. 
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15. SIMILAR TRIANGLES In Exercise 9, how do you know that the shaded 
triangle is similar to the whole triangle? Explain how you can use the 
Areas of Similar Polygons Theorem to find the desired probability. 


(E) ALGEBRA In Exercises 16-19, find the probability that a point chosen at 
random on the segment satisfies the inequality. 


2 3 4 5 6 7 8 9 


16. х—-6<1 17. 1<2x-3<5 18. 527 19. 3x<27 


FIND A GEOMETRIC PROBABILITY Find the probability that a randomly 
chosen point in the figure lies in the shaded region. Explain your steps. 


20. 3 21. Y | 22. 
| A 
1 14 


23. Ж MULTIPLE CHOICE A point X is chosen at random in region U, and U 
includes region A. What is the probability that X is not in A? 


Area of A Area of A 
Ata OI 7i Area OFA U 
СУ Area of U Area of U — Area of A A 
1 Area of U — Area of A 
© Area of A D Area of U 


24. ARCS AND SECTORS A sector of a circle intercepts an arc of 80°. Find the 
probability that a randomly chosen point on the circle lies on the arc. 
Find the probability that a randomly chosen point in the circle lies in the 
sector. Explain why the probabilities do not depend on the radius. 


INSCRIBED POLYGONS Find the probability that a randomly chosen point in 
the circle described lies in the inscribed polygon. 


25. Regular hexagon inscribed in circle with circumference С == 188.5 


26. Regular octagon inscribed in circle with radius r 


27. INSCRIBED ANGLES Points A and B are the endpoints of a 
diameter of OD. Point Cis chosen at random from the ÓN 
other points on the circle. What is the probability that AABC A B 
is a right triangle? What is the probability that m/ CAB < 45°? 


28. COORDINATE GRAPHS Graph the system of inequalities 0 x x < 2, 
0O<y<3, and yz x. Ifa point (x, y) is chosen at random in the solution 
region, what is the probability that x^ + y” > 4? 


29. CHALLENGE You carry out a series of steps to paint a walking stick. In the 
first step, you paint half the length of the stick. For each following step, 
you paint half of the remaining unpainted portion of the stick. After п 
steps, you choose a point at random on the stick. Find a value of n so that 
the probability of choosing a point on the painted portion of the stick 
after the nth step is greater than 99.95%. 
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PROBLEM SOLVING 


30. DARTBOARD A dart is thrown and hits the target shown. If the 
dart is equally likely to hit any point on the target, what is the 


probability that it hits inside the inner square? that it hits outside Ej 18 in 
the inner square but inside the circle? 3 

ME in. 
_@Homelutor _ for problem solving help at classzone.com 


: EXAMPLE 2 31. TRANSPORTATION А fair provides a shuttle bus from a parking lot to the 


: on p. 772 fair entrance. Buses arrive at the parking lot every 10 minutes. They wait 
: for Exs. 31-33 for 4 minutes while passengers get on and get off. Then the buses depart. 
wait time 
—————— 0—4 
0 2 4 6 8 10 minutes 


a. What is the probability that there is a bus waiting when a passenger 
arrives at a random time? 


b. What is the probability that there is not a bus waiting when a 
passenger arrives at a random time? 


_(OHomelutor > for problem solving help at classzone.com 


32. FIRE ALARM Suppose that your school day is from 8:00 A.M. until 
3:00 P.M. You eat lunch at 12:00 P.M. If there is a fire drill at a random 
time during the day, what is the probability that it begins before lunch? 


б) PHONE CALL You are expecting a call from a friend anytime between 
7:00 P.M. and 8:00 P.M. You are practicing the drums and cannot hear the 
phone from 6:55 P.M. to 7:10 P.M. What is the probability that you missed 
your friend’s call? 


34. Ж EXTENDED RESPONSE Scientists lost contact with the space probe 
Beagle 2 when it was landing on Mars in 2003. They have been unable 
to locate it since. Early in the search, some scientists thought that it was 
possible, though unlikely, that Beagle had landed in a circular crater 
inside the planned landing region. The diameter of the crater is 1 km. 


a. In the scale drawing, each square has side length 2 kilometers. 
Estimate the area of the planned landing region. Explain your steps. 


b. Estimate the probability of Beagle 2 landing in the crater if it was 
equally likely to land anywhere in the planned landing region. 


35. Ж SHORT RESPONSE If the central angle of a sector of a circle stays the 
same and the radius of the circle doubles, what can you conclude about 
the probability of a randomly selected point being in the sector? Explain. 
Include an example with your explanation. 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
776 on p. WS1 TEST PRACTICE 


36. PROBABILITY AND LENGTH A 6 inch long горе is cut into two pieces ata 
random point. Find the probability both pieces are at least 1 inch long. 


37. COMPOUND EVENTS You throw two darts at the dartboard in Exercise 30 
on page 776. Each dart hits the dartboard. The throws are independent of 
each other. Find the probability of the compound event described. 
a. Both darts hit the yellow square. 
b. The first dart hits the yellow square and the second hits outside the circle. 


c. Both darts hit inside the circle but outside the yellow square. 


38. CHALLENGE A researcher used a 1 hour tape to record birdcalls. 
Eight minutes after the recorder was turned on, a 5 minute birdcall 
began. Later, the researcher accidentally erased 10 continuous minutes 
of the tape. What is the probability that part of the birdcall was erased? 
What is the probability that all of the birdcall was erased? 


MIXED REVIEW 


: PREVIEW 


: Prepare for 
: Lesson 12.1 in 
: Exs. 39-41. 


39. Draw a concave hexagon and a concave pentagon. (p. 42) 


Think of each segment shown as part of a line. 
40. Name the intersection of plane DCH and plane ADE. (p. 96) 
41. Name a plane that appears to be parallel to plane ADH. (p. 147) 


Find the area of the polygon. 
42. 03m (p720 43. 9 ft (p. 730) 44. (p. 762) 
0.6 m 1 ít 


15m 5747 in. 
12 ft 


QUIZ for Lessons 11.6—11.7 


Find the area of the regular polygon. (p. 762) 


20 cm 


Find the probability that a randomly chosen point in the figure lies in the 
shaded region. (p. 771) 


t i 
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MIXED REVIEW 


Vf of Problem Solving 7 STATE TEST PRACTIC 3 


Lessons 11.4-11.7 


1. MULTI-STEP PROBLEM The Hobby-Eberly 4. SHORT RESPONSE At a school fundraiser, а 
optical telescope is located in Fort Davis, glass jar with a circular base is filled with 
Texas. The telescope's primary mirror water. A circular red dish is placed at the 
is made of 91 small mirrors that form a bottom of the jar. A person donates a coin by 
hexagon. Each small mirror is a regular dropping it into the jar. If the coin lands in 
hexagon with side length 0.5 meter. the dish, the person wins a small prize. 

| 20 ст 
a 
тост" 
Py 
JL" 


a. Suppose a coin tossed into the jar has an 
equally likely chance of landing anywhere 
on the bottom of the jar, including in the 


a. Find the apothem of a small mirror. 
b. Find the area of one of the small mirrors. 


c. Find the area of the primary mirror. dish. What is the probability that it will 
land in the dish? 
2. GRIDDED ANSWER As shown, a circle is b. Suppose 400 coins are dropped into the 


inscribed in a regular pentagon. The circle 
and the pentagon have the same center. Find 
the area of the shaded region. Round to the 


nearest tenth. 5. SHORT RESPONSE The figure is made of 
a right triangle and three semicircles. Write 
expressions for the perimeter and area of the 
figure in terms of 7. Explain your reasoning. 


jar. About how many prizes would you 
expect people to win? Explain. 


3. EXTENDED RESPONSE The diagram shows a 
projected beam of light from a lighthouse. 


6. OPEN-ENDED In general, a fan with a greater 
area does a better job of moving air and 
cooling you. The fan below is a sector of 
a cardboard circle. Give an example of a 
cardboard fan with a smaller radius that 
will do a better job of cooling you. The 
intercepted arc should be less than 180*. 


a. Find the area of the water's surface that 
is illuminated by the lighthouse. 


b. A boat traveling along a straight line is 
illuminated by the lighthouse for about 
31 miles. Find the closest distance 
between the lighthouse and the boat. 
Explain your steps. 
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CHAPTER SUMMARY 


qj 


BIG IDEAS For Your Notebook 


Big (deo (7) i: Using Area Formulas for Polygons 


Polygon Formula 

Triangle А = Tbh, with base b and height h 
Parallelogram A = bh, with base b and height h 
Trapezoid А = Іп, + 54, with bases b, and b, and height h 
Rhombus A= lad, with diagonals d, and d, 

Kite А = 501, with diagonals d, and а, 


Regular polygon ne 1 "E ee ы а, п sides, and side 


: Sometimes you need to use the Pythagorean Theorem, special right triangles, 
T or trigonometry to find a length in a polygon before you can find its area. 
Big Idea Ө г Relating Length, Perimeter, and Area Ratios in Similar Polygons 


You can use ratios of corresponding measures to find other ratios of 
measures. You can solve proportions to find unknown lengths or areas. 


If two figures are similar and... then... 
~ | the ratio of side lengths is a:b • the ratio of perimeters is also a:b. 
e the ratio of areas is a*:b?. 


the ratio of perimeters is c:d e the ratio of side lengths is also c:d. 
e the ratio of areas is c^: d^. 


the ratio of areas is e:f e the ratio of side lengths is Ve :V/f. 
e the ratio of perimeters is Ve :\/f. 


Big Comparing Measures for Parts of Circles and the Whole Circle 
Given CP with radius r, you can use proportional reasoning to find measures 
of parts of the circle. 
Arclength of AB — ,4AB -«—— Part 
Arc length — 2 = 
5 Qa 360° <— Whole : 
Area of sector APB _ mAB -«— Part є 
Area of sector 9 === = 
тт? 360° <— Whole B 
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* Multi-Language Glossary 

REVIEW KEY VOCABULARY — 
: For a listof * bases of a parallelogram, p. 720 center of a polygon, p. 762 
: postulates and. height of a parallelogram, p. 720 e radius of a polygon, р. 762 
: theorems, see | ; 
: рр. 926—931. * height of a trapezoid, p. 730 * apothem of a polygon, p. 762 

* circumference, p. 746 • central angle of a regular polygon, p. 762 

* arc length, p. 747 * probability, p. 771 

* sector of a circle, p. 756 * geometric probability, p. 771 

VOCABULARY EXERCISES 


1. Copy and complete: A sector of a circle is the region bounded by ? . 
2. WRITING Explain the relationship between the height of a parallelogram 
and the bases of a parallelogram. 
The diagram shows a square inscribed in a circle. Y 
Name an example of the given segment. 7 


3. An apothem of the square 4. A radius of the square 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding 
of the concepts you have learned in each lesson of Chapter 11. 


Areas of Triangles and Parallelograms pp. 720-726 


The area of TABCD is 96 square units. Find its height h. A B 
А = РП Formula for area of a parallelogram 


96 = 8h Substitute 96 for A and 8 for b. 
h=12 Solve. D 8 C 


EXERCISES 


: EXAMPLES Find the area of the polygon. 
: 1,2, and 3 


=> эмеш 5. 6. 7. 
: опрр. 721—722 
: for Exs. 5-8 12 32 16 
10 68 yo 


8. The area of a triangle is 147 square inches and its height is 1.5 times its 
base. Find the base and the height of the triangle. 
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Chapter Review Practice 


Ё | .2 Areas of Trapezoids, Rhombuses, and Kites pp. 730-736 | 


Find the area of the kite. Ш 
Find the lengths of the diagonals of the kite. — 
d = Вр = |2—(—4)| =6 a 
d, = AC = |4- (-3| =7 
Find the area of ABCD. a 
[| 

A= 544, Formula for area of a kite m 
ш 

=> (6)(7) = Substitute and simplify. 


> The area of the kite is 21 square units. 


EXERCISES 
: EXAMPLE4 | Graph the polygon with the given vertices and find its area. 
E E oH 9. L(2, 2), M(6, 2), 10. Q(-3, 0), R(2, 3), 11. D(-1, 4), E(5, 4), 


pp. 737-743 


Perimeter and Area of Similar Figures 
Quadrilaterals JKLM and WXYZ are similar. 
Find the ratios (red to blue) of the perimeters | ЖЩ 


and of the areas. 


The ratio of the lengths of the corresponding sides is 21:35, or 3:5. 
Using Theorem 6.1, the ratio of the perimeters is 3:5. Using Theorem 11.7, 
the ratio of the areas is 37:57, or 9:25. 


EXERCISES 
: EXAMPLES The polygons are similar. Find the ratio (red to blue) of the perimeters and 
: 1,2,and3 — of the areas. Then find the unknown area. 
; On pp. 737°738 | 12, AABC ~ A DEF 13. WXYZ — ABCD 


: for Exs. 12-14 


E А = 90 cm? C 
B P y B 
A=45ft 
Á 3t & p af F W 10cm Z A 13cm D 


14. The ratio of the areas of two similar figures is 144 : 49. Write the ratio of 
the lengths of corresponding sides. 
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CHAPTER REVIEW 


Circumference and Arc Length pp. 746-752 
The arc length of QR is 6.54 feet. Find the radius of OP. Q 
Arc length of QR Е mQR 
— а Arc Length Corollary E 6.54 ft 
6.54 _ 75° : R 
2ar 360° Substitute. 


6.54(360°) = 75? (27r) Cross Products Property 
г ^ 5.00 ft Solve. 


EXERCISES 
: EXAMPLES Find the indicated measure. 
E y: eme A 15. Diameter of OF 16. Circumference of OF 17. Length of GH 


: on pp. 746, 748 


: for Exs. 15—17 С = 94.24 tt ý ea | 
б 
5.50 ст 
Н 


Areas of Circles and Sectors pp. 755-761 


Find the area of sector ADB. 


First find the measure of the minor arc. 
mZ ADB = 360° — 280° = 80°, so MAB = 80". 


СГ» 
mAB 2 


Area of sector ADB = E TT Formula for area of a sector 
_ 80° 2. 102 ; 
360° * 7 10 Substitute. 
= 69.81 units? Use a calculator. 


* The area of the small sector is about 69.81 square units. 


EXERCISES 
: EXAMPLES Find the area of the blue shaded region. 


pe Ateo A 18. 
: on pp. 756-757 y S 
: for Exs. 18—20 
240° 
U 


782  Chapter11 Measuring Length and Area 


@Homelutor 
classzone.com 
Chapter Review Practice 


Areas of Regular Polygons pp. 762-768 


A regular hexagon is inscribed in OH. Find 
(a) mZ EHG, and (b) the area of the hexagon. 


a. ZFHE is a central angle, so mZ FHE = 2 = 60°. 
Apothem GH bisects Z FHE. So, mZ EHG = 30°. 
b. Because AEHGis a 30°-60°-90° triangle, СЕ = 5 e HE = 8 and 
= V3 - СЕ = 8V3. So, s = 16 and a = 8V3. Then use the area formula. 


A= jd e ns = 5(8V3) (6)(16) = 665.1 square units 


EXERCISES 
: EXAMPLES 21. PLATTER A platter is in the shape of a regular octagon. Find the 
:2and3 — — perimeter and area of the platter if its apothem is 6 inches. 


: on pp. 763—764 
: for Exs. 21—22 22. PUZZLE A jigsaw puzzle is in the shape of a regular pentagon. Find its 
area if its radius is 17 centimeters and its side length is 20 centimeters. 


Use Geometric Probability pp. 771-777 


A dart is thrown and hits the square dartboard shown. | | 
The dart is equally likely to land on any point on the 
board. Find the probability that the dart lands in the | i 


white region outside the concentric circles. 


24 in. 


; : ; _ Area of white region 24? — т(122) _ 
P(dart lands in white region) = Tec o 0.215 


» The probability that the dart lands in the white region is about 21.5%. 


EXERCISES A В " 
: EXAMPLES 23. A point Kis selected randomly on AC at the right. Е = y : : r ! 


¡Tand3 — — What is the probability that Kis on AB? 
: on pp. 771, 773 
: for Exs. 23-26 

Find the probability that a randomly chosen point in the figure lies in the 


shaded region. 


25. 26. 


TT 
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CHAPTER TEST 


In Exercises 1-6, find the area of the shaded polygon. 


1. 2. 3. 18 cm 
13 ft 
41cm бап 5ft MN 
Шш 
7cm 


4. 15m 5. Т 6. 
B 


32 in. 67 cm 


8 m |— 40 in.——| Hn cm- 


7. The base of a parallelogram is 3 times its height. The area of the 
parallelogram is 108 square inches. Find the base and the height. 


Quadrilaterals ABCD and EFGH are similar. The perimeter of ABCD is 
40 inches and the perimeter of EFGH is 16 inches. 

8. Find the ratio of the perimeters of ABCD to EFGH. 

9. Find the ratio of the corresponding side lengths of ABCD to EFGH. 
10. Find the ratio of the areas of ABCD to EFGH. 


Find the indicated measure for the circle shown. 


11. Length of AB 12. Circumference of OF 13. mGH 
А 64 in G 
Es 108° 4 35 ft 
2) | 
B 
14. Area of shaded sector 15. Areaof ON 16. Radius of OP 


Є Cd | ЄЛ И 
В 


17. TILING A floor tile is in the shape of a regular hexagon and has a 
perimeter of 18 inches. Find the side length, apothem, and area of 


the tile. 
Find the probability that a randomly chosen point DÁ T 
in the figure lies in the region described. (909 10 
18. In the red region A 1. 
19. In the blue region [—10— 
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ALGEBRA REVIEW £ ZNI 


. dasszone.com 


USE ALGEBRAIC MODELS TO SOLVE PROBLEMS 


6» EXAMPLE 1) Write and solve an algebraic model for a problem 


FUNDRAISER You are baking cakes to sell at a fundraiser. It costs $3 to make 
each cake, and you plan to sell the cakes for $8 each. You spent $20 on pans 
and utensils. How many cakes do you need to sell to make a profit of $50? 
Solution 


Let x represent the number of cakes sold. 


Income — Expenses = Profit Write verbal model. 
sr O =50 o x нш 3x + 20 for expenses, 
8x — 3x — 20 = 50 Distributive Property 
5x — 20 = 50 Combine like terms. 
x= 14 Solve for x. 


» You need to sell 14 cakes to make a profit of $50. 


EXERCISES 
: EXAMPLE 1 Write an algebraic model to represent the situation. Then solve the problem. 


(ОРЕКЕ. I 1. BICYCLES You ride your bike 14.25 miles in 90 minutes. At this rate, how 
far can you bike in 2 hours? 


2. SHOPPING Alma spent $39 on a shirt and a jacket. The shirt cost $12. 
Find the original cost of a jacket if Alma bought it on sale for 25% off. 


3. CELL PHONES Your cell phone provider charges $29.50 per month for 
200 minutes. You pay $.25 per minute for each minute over 200 minutes. 
In May, your bill was $32.75. How many additional minutes did you use? 


4. EXERCISE Jaime burns 12.1 calories per minute running and 7.6 calories 
per minute swimming. He wants to burn at least 400 calories and plans 
to swim for 20 minutes. How long does he need to run to meet his goal? 


5. CARS You buy a car for $18,000. The value of the car decreases 10% each 
year. What will the value of the car be after 5 years? 


6. TICKETS Student tickets for a show cost $5 and adult tickets cost $8. At 
one show, $2065 was collected in ticket sales. If 62 more student tickets 
were sold than adult tickets, how many of each type of ticket was sold? 


7. TENNIS The height h in feet of a tennis ball is h = —161% + 47t + 6, where 


tis the time in seconds after being hit. If the ball is not first hit by another 
player, how long does it take to reach the ground? 
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Scoring Rubric 


Full Credit 
• solution is complete 
and correct 


Partial Credit 

• solution is complete 
but has errors, 
or 

* solution is without 
error but incomplete 


No Credit 

* no solution is given, 
or 

e solution makes no 
sense 


786 


In part (a), the student's 
work is shown and the 
calculations are correct. 


The reasoning in part (b) 


» 


» 


EXTENDED RESPONSE QUESTIONS 


You are making circular signs for a pep 
rally at your school. You can cut 4 circles 
with diameter 10 inches from a cardboard 
square that is 20 inches long on each side, 
or 9 circles with diameter 12 inches from 
a cardboard square that is 36 inches long 
on each side. 


a. For each cardboard square, find the area of the cardboard that is 


used for the signs. Round to the nearest square inch. Show your 
work. 


b. You want to waste as little of a cardboard square as possible. Does 


it matter which size of cardboard you use? If so, which size of 
cardboard should you choose if you want to use a greater percent of 
the cardboard's area for the signs? Explain. 


Below are sample solutions to the problem. Read each solution and the 
comments on the left to see why the sample represents full credit, partial 
credit, or no credit. 


SAMPLE 1: Full credit solution 


is correct and the answer 


is correct. 


b. 


a. For each cardboard square, multiply the number of circles by the 


area of one circle. 

For the 20 inch square, the radius of each of the 4 circles is 5 inches. 
Area of 4 circles = 4 * пг? = 4 * (5)? ~ 314 in.” 

For the 36 inch square, the radius of each of the 9 circles is 6 inches. 
Area of 9 circles = 9 • пг? = 9 • 7(6)* ~ 1018 in." 


For each cardboard square, find the percent of the cardboard 
square's area that is used for the circles. 


Area of 4 circles _ 314 _ 


Area of cardboard 202 


Area of 9 circles _ 1018 
Area of cardboard 36? 


It doesn't matter which size of cardboard you use. In each case, you 
will use about 78.5% of the cardboard's area. 


Percent for 20 inch square: 0.785 = 78.5% 


Percent for 36 inch square: == 0.785 = 78.5% 
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SAMPLE 2: Partial credit solution 


ныны > a. Use the formula A = пг? to find the area of each circle. Divide each 


In part (a), the answer is diameter in half to get the radius of the circle. 
incomplete because the B А 
student does not find the Area of 10 inch diameter circle = 7(5)^ = 79 in. 
area of all the circles. Area of 12 inch diameter circle = 7(6)* ~ 113 in.” 


NOMEN: » b. Find and compare the percents. 
The reasoning in part (b) 


is correct, but the answer . Area of circles — ,. E = 0.1975 = 19.75% 
is wrong because the Area of 20 in. square 20 
student did not consider Area of circles 


Enn 
the area of all the circles. КО Лл square — aa 0.0872 = 8.72% 


You use 19.75% of the 20 inch cardboard's area, but only 8.72% of the 
36 inch cardboard's area. So, you should use the 20 inch cardboard. 


SAMPLE 3: No credit solution 


alicia » а. Area = sd = (10) ~ 31 in.* Multiply by 4 to get 124 in.* 

In part (a), the wrong Area = та = 11(12) == 38 in.” Multiply by 9 to get 342 in. 

formula is used. 2 | РЕ І 
КТ ЕЕЕ » b. You use 342 іп. of cardboard for 9 signs, and only 124 in.“ for 4 signs. 


In part (b), the reasoning You should use the 36 inch cardboard because you will use more of it. 
and the answer are 


incorrect. 


PRACTICE Apply the Scoring Rubric 

Т. A student's solution to the problem on the previous page is given below. — 
Score the solution as full credit, partial credit, or no credit. Explain your 
reasoning. If you choose partial credit or no credit, explain how you would 
change the solution so that it earns a score of full credit. 


a. There are two sizes of circles you can make. Find the area of each. 


Area of a circle made from the 20 inch square = т(б)» ~ 78.5 іи. 


Area of a circle made from the 56 inch square = a(6)* = 113,1 in. 


Then multiply each area by the number of circles that nave that area. 


Area of circles in 20 inch square ~ 4 * 78.5 = 314 in. 
Area of circles in 36 inch square ~ 9 • 115.1 = 1018 in.” 


b. Find the percent of each square's area that is used for the signs. 


Area of 4 circles _ 514 _ , 5.7%, 
Area of 20 in. square 20 


Area of 9 circles — 1018 é 
———  — = 2 lo 
Area of 306 in. square 36 25 


Because 28.5% > 15.7%, you use а greater percent of the cardboard'e 
area when you use the 30 inch square. 
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EXTENDED RESPONSE 


1. A dog is tied to the corner of a shed with a leash. The 
leash prevents the dog from moving more than 18 feet 
from the corner. In the diagram, the shaded sectors 
show the region over which the dog can roam. 


a. Find the area of the sector with radius 18 feet. 


b. What is the radius of the smaller sector? Find its area. 
Explain. 


c. Find the area over which the dog can move. Explain. 


2. Acircle passes through the points (3, 0), (9, 0), (6, 3), and (6, —3). 


a. Graph the circle in a coordinate plane. Give the coordinates of its 
center. 


b. Sketch the image of the circle after a dilation centered at the origin with 
a scale factor of 2. How are the coordinates of the center of the dilated 
circle related to the coordinates of the center of the original circle? 
Explain. 


с. How are the circumferences of the circle and its image after the dilation 
related? How are the areas related? Explain. 


3. Acaterer uses a set of three different-sized trays. 
Each tray is a regular octagon. The areas of the trays are 
in the ratio 2:3:4. 


a. The area of the smallest tray is about 483 square 
centimeters. Find the areas of the other trays to the 
nearest square centimeter. Explain your reasoning. 


b. The perimeter of the smallest tray is 80 centimeters. 
Find the approximate perimeters of the other trays. 
Round to the nearest tenth of a centimeter. Explain 
your reasoning. 


. In the diagram, the diagonals of rhombus EFGH intersect at point J, — 
EG = 6, and FH = 8. A circle with center J is inscribed in EFGH, and XY 
is a diameter of OJ. 


a. Find EF. Explain your reasoning. E X F 


b. Use the formula for the area of a rhombus to find the 
area of EFGH. 


c. Use the formula for the area of a parallelogram to 
write an equation relating the area of EFGH from 
part (b) to EFand XY. 


d. Find XY. Then find the area of the inscribed circle. 
Explain your reasoning. 
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MULTIPLE CHOICE 


5. In the diagram, / is the center of two circles, 


and K lies on JL. Given JL = 6 and KL = 2, 
what is the ratio of the area of the smaller 
circle to the area of the larger circle? 


(А) V2:V3 


[ D STATE TEST PRACTICE 
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GRIDDED ANSWER 


7. You are buying fertilizer for a lawn that 


is shaped like a parallelogram. Two sides 
of the parallelogram are each 300 feet long, 
and the perpendicular distance between 
these sides is 150 feet. One bag of fertilizer 
covers 5000 square feet and costs $14. How 


1:3 L much (in dollars) will you spend? 
© 2:3 8. In square ACDE, ED = 2, AB = BC, and 
D) 4:9 AF = FE. What is the area (in square units) 
of the shaded region? 
6. In the diagram, TMRS and RNPQ are Р " А 


congruent squares, апа А МАЕ is а right 


triangle. What is the probability that a VA 
randomly chosen point on the diagram lies F 
inside A MNR? 

E D 


M N 
T P 9. In the diagram, a rectangle's sides are 
R tangent to two circles with centers at points 
S Q P and Q. The circumference of each circle is 
87 square units. What is the area (in square 
CA) 0.2 0.25 units) of the rectangle? 
© 0.5 (D) 0.75 
SHORT RESPONSE 


10. You are designing a spinner for a board game. An arrow is attached to 
the center of a circle with diameter 7 inches. The arrow is spun until it 
stops. The arrow has an equally likely chance of stopping anywhere. 


a. If x? = 45°, what is the probability that the arrow points to 
a dark gray sector? Explain. 

b. You want to change the spinner so the probability that the arrow 
points to a light gray sector is half the probability that it points 
to a dark gray sector. What values should you use for x and y? 
Explain. 


11. In quadrilateral JKLM, JL = 3 * KM. The area of JKLM is 
54 square centimeters. 
a. Find JL and KM. 


b. Quadrilateral NPQR is similar to JKLM, and its area is 
486 square centimeters. Sketch NPQR and its diagonals. 
Then find the length of NQ. Explain your reasoning. 
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Making Sense 
of Chapter 12 


In this chapter you 
will describe solids teri, Р 3 ; 
MATT | | NS Surface Area 0 PYranmas ana Ones 
edges, and faces. You 12/1 VyolumejorPrismsandiGylImuers 

will also learn how to 
find the surface area 
and volume of prisms, 
cylinders, pyramids, 
cones, and spheres. 


1272 Surface Area O И аттата Cyliundar LÀ 


1275, Volume Of Pyramids ana ones 


12 6 Surface’ Area and Volume of Spheres 


2.7 Explore Similar Solids 


(Before > 


Previously, you learned the following skills, which you'll use in Chapter 12: 
properties of similar polygons, areas of two-dimensional figures, and 
circumference and area of circles. 


VOCABULARY CHECK 


1. Copy and complete: The area of a regular polygon is given by the 
formula A = ? 


2. Explain what it means for two polygons to be similar. 


SKILLS AND ALGEBRA CHECK 
Find the area of the figure. (Prerequisite skill for 12.2-12.5) 


i 


13 in. 15m 


11 ft 


Find the circumference and area of the circle with the given dimension. 
(Prerequisite skill for 12.2-12.5) 


6. r=2m 7. d= 3 in. 8. r= 2V5 cm N 
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In Chapter 12, you will apply the big ideas listed below and reviewed in the 
Chapter Summary on page 856. You will also use the key vocabulary listed below. 


Big Ideas 


O Exploring solids and their properties 
(2) Solving problems using surface area and volume 
© Connecting similarity to solids 


KEY VOCABULARY 
* polyhedron, p. 794 * net, p. 803 * cone, p. 812 
face, edge, vertex * right prism, p. 804 e right cone, p. 812 
• Platonic solids, p. 796 * oblique prism, p. 804 * volume, p. 819 
* Cross section, p. 797 • cylinder, р. 805 * sphere, р. 838 
• prism, p. 803 right cylinder, p. 805 • great circle, p. 839 


* surface area, p. 803 * pyramid, p. 810 e hemisphere, р. 839 
* lateral area, p. 803 * regular pyramid, p. 810 * similar solids, p. 847 


Knowing how to use surface area and volume formulas can help you solve 
problems in three dimensions. For example, you can use a formula to find the 
volume of a column in a building. 


@ штаеа Geometry 


The animation illustrated below for Exercise 31 on page 825 helps you answer 
this question: What is the volume of the column? 


You can use the height and circumference 4 Drag the sliders to change the heightand 4 
of a column to find its volume. : circumference of the cylinder. 


7 


A _° 
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Other animations for Chapter 12: pages 795, 805, 821, 833, 841, and 852 


zs 


fi из, T dne, Д ИС TIV Y 1 IT №7. 
Ge i. | Е. (fee before Lesson 72.7 


12.1 Investigate Solids 


MATERIALS + poster board «scissors «tape «straightedge 


(QUESTION | What solids can be made using congruent regular 


polygons? 


Platonic solids, named after the Greek philosopher Plato (427 B.C.-347 B.C.), 
are solids that have the same congruent regular polygon as each face, or side 


faces meet at each vertex? 


of the solid. 
(EXPLORE 1 | Make a solid using four equilateral triangles 
STEP 1 STEP 2 
Make a net Copy the full-sized Make a solid Cut out your net. 
triangle from page 793 on poster board Fold along the lines. Tape the edges 
to make a template. Trace the triangle together to form a solid. How many 
four times to make a net like the faces meet at each vertex? 
one shown. 
(EXPLORE 2 | Make a solid using eight equilateral triangles 
STEP 1 STEP 2 
| 
Make a net Trace your triangle Make a solid Cut out your net. 
| template from Explore 1 eight times to Fold along the lines. Tape the edges 
| make a net like the one shown. together to form a solid. How many 
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(EXPLORE З ) Make a solid using six squares 


STEP 1 STEP 2 


Make a wet Copy the full-sized square Make a solid Cut out your net. 
from the bottom of the page on poster Fold along the lines. Tape the edges 
board to make a template. Trace the together to form a solid. How many 
square six times to make a net like the faces meet at each vertex? 

one shown. 


AIN ЖААП ES! Use your observations to complete these exercises 


1. The two other convex solids that you can make using congruent, regular 
faces are shown below. For each of these solids, how many faces meet at 
each vertex? 


2. Explain why it is not possible to make a solid that has six congruent 


equilateral triangles meeting at each vertex. 


3. Explain why it is not possible to make a solid that has three congruent 
regular hexagons meeting at each vertex. 


4. Count the number of vertices V, edges E, and faces F for each solid you 
made. Make a conjecture about the relationship between the sum F + V 
and the value of E. 


Е i 
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Explore Solids 


You identified polygons. 
You will identify solids. 


So you can analyze the frame of a house, as in Example 2. 


Key Vocabulary A polyhedron is a solid that is bounded by polygons, 
e polyhedron called faces, that enclose a single region of space. An 
face, edge, vertex edge of a polyhedron is a line segment formed by the 
* base intersection of two faces. A vertex of a polyhedron is 
«regular polyhedron а point where three or more edges meet. The plural of 
e convex polyhedron polyhedron is polyhedra or polyhedrons. vertex edge 


e Platonic solids 
e cross Section 


KEY CONCEPT For Your Notebook 
> Types of Solids 
Polyhedra Not Polyhedra 


Prism 


Cylinder 


Pyramid Sphere 


CLASSIFYING SOLIDS Of the five solids above, the prism and the pyramid are 
polyhedra. To name a prism or a pyramid, use the shape of the base. 


Pentagonal prism Triangular pyramid 


Bases are Base isa 

pentagons. triangle. 
The two bases of a prism The base of a pyramid is 
are congruent polygons a polygon. 


in parallel planes. 
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(EXAMPLE 1 ] Identify and name polyhedra 


Tell whether the solid is a polyhedron. If it is, name the polyhedron and find 
the number of faces, vertices, and edges. 


Solution 


a. The solid is formed by polygons, so it is a polyhedron. The two bases 
are congruent rectangles, so it is a rectangular prism. It has 6 faces, 
8 vertices, and 12 edges. 


b. The solid is formed by polygons, so it is a polyhedron. The base is a 
hexagon, so it is a hexagonal pyramid. It has 7 faces, consisting of 
1 base, 3 visible triangular faces, and 3 non-visible triangular faces. 
The polyhedron has 7 faces, 7 vertices, and 12 edges. 


c. The cone has a curved surface, so it is not a polyhedron. 
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Y GUIDED PRACTICE for Example 1 


Tell whether the solid is a polyhedron. If it is, name the polyhedron and find 
the number of faces, vertices, and edges. 


1, 2, 


EULER'S THEOREM Notice in Example 1 that the sum of the number of 
faces and vertices of the polyhedra is two more than the number of edges. 
This suggests the following theorem, proved by the Swiss mathematician 
Leonhard Euler (pronounced “oi'-ler”), who lived from 1707 to 1783. 


THEOREM For Your Notebook 


: THEOREM 12.1 Euler's Theorem 


> The number of faces (F), vertices (V), and 
edges (E) of a polyhedron are related by the 
formula F+ V=E+2. 


F= 6, V = 8, Е = 12 
6+8=12+2 
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(EXAMPLE 2 ] Use Euler's Theorem in a real-world situation 


HOUSE CONSTRUCTION Find the number 
of edges on the frame of the house. 


Solution 


The frame has one face as its foundation, 
four that make up its walls, and two that 
make up its roof, for a total of 7 faces. 


To find the number of vertices, notice that there are 5 vertices around each 
pentagonal wall, and there are no other vertices. So, the frame of the house 
has 10 vertices. 


Use Euler's Theorem to find the number of edges. 
F+V=E+2 Euler's Theorem 
7+10=E+2 Substitute known values. 
15=Е Solve for E. 
* The frame of the house has 15 edges. 


REGULAR POLYHEDRA 4A polyhedron is 
regular if all of its faces are congruent regular 
polygons. A polyhedron is convex if any two 
points on its surface can be connected by a 
segment that lies entirely inside or on the 


AZ 


polyhedron. If this segment goes outside the regular, convex nonregular, 
polyhedron, then the polyhedron is nonconvex, concave 
or concave. 


There are five regular polyhedra, called Platonic solids after the Greek 
philosopher Plato (с. 427 B.C.-347 B.C.). The five Platonic solids are shown. 


: READ VOCABULARY PIA 
: Notice that the L AN y 
: names of four of the pa EY, 


: Platonic solids end 
Regular tetrahedron Cube Regular octahedron 


: т О d id 4 faces 6 faces 8 faces 
: is Greek for “side” or 


: “face.” Sometimes a 
: cube is called a regular 
: hexahedron. 


Regular dodecahedron Regular icosahedron 
12 faces 20 faces 


There are only five regular polyhedra because the sum of the measures of 
the angles that meet at a vertex of a convex polyhedron must be less than 
360*. This means that the only possible combinations of regular polygons 
at a vertex that will form a polyhedron are 3, 4, or 5 triangles, 3 squares, 
and 3 pentagons. 
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( EXAMPLE 3 | Use Euler’s Theorem with Platonic solids 


Find the number of faces, vertices, and edges of the regular 
octahedron. Check your answer using Euler’s Theorem. AN 


: ANOTHER WAY »- Solution 

: An octahedron has 

: 8 faces, each of which By counting on the diagram, the octahedron has 8 faces, 6 vertices, and 
: has 3 vertices and 12 edges. Use Euler's Theorem to check. 

: 3 edges. Each vertex 

: is shared by 4 faces; F+V=E+2 Euler's Theorem 

: each edge is shared by +6=12+ . 

: 2 faces. They should gi 

: only be counted once. 14 = 14 Y This is a true statement. So, the solution checks. 

lay 8-3 _ 

: V = Д = 6 

:Е= 8-2 = 12 CROSS SECTIONS Imagine a plane slicing pyramid 


through a solid. The intersection of the 
plane and the solid is called a cross section. 
For example, the diagram shows that an 
intersection of a plane and a triangular 
pyramid is a triangle. 


( EXAMPLE 4 | Describe cross sections 


Describe the shape formed by the intersection of the plane and the cube. 


b. 


cross 
section a 


Solution 
a. The cross section is a square. 
b. The cross section is a rectangle. 


c. The cross section is a trapezoid. 


r4 GUIDED PRACTICE for Examples 2, 3, and 4 


4. Find the number of faces, vertices, and edges of the regular 
dodecahedron on page 796. Check your answer using Euler's Theorem. 


Describe the shape formed by the intersection of the plane and the solid. 
5. 6. EA A da 
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121 EXERCISES HOMEWORK: Ç) = WORKED-OUT SOLUTIONS 
° KEY: on p. WS16 for Exs. 11, 25, and 35 


Ж = STANDARDIZED TEST PRACTICE 


SKILL PRACTICE 


1. VOCABULARY Name the five Platonic solids and give the number of faces 
for each. 


2. * WRITING State Euler’s Theorem in words. 


: EXAMPLE 1 IDENTIFYING POLYHEDRA Determine whether the solid is a polyhedron. If it 


: on p. 795 is, name the polyhedron. Explain your reasoning. 


: for Exs. 3-10 3. 4. 


6. ERROR ANALYSIS Describe and correct 


the error in identifying the solid. The solid is a 


rectangular prism. 


SKETCHING POLYHEDRA Sketch the polyhedron. 


7. Rectangular prism 8. Triangular prism 
9. Square pyramid 10. Pentagonal pyramid 
: EXAMPLES APPLYING EULER'S THEOREM Use Euler's Theorem to find the value of n. 
: 2and 3 
: on pp. 796-797 (1) Faces: n 12. Faces: 5 13. Faces: 10 14. Faces: n 
: for Exs. 11-24 Vertices: 12 Vertices: n Vertices: 16 Vertices: 12 


Edges: 18 Edges: 8 Edges: n Edges: 30 


APPLYING EULER'S THEOREM Find the number of faces, vertices, and edges 
of the polyhedron. Check your answer using Euler's Theorem. 


А À w 
© IF G 


21. ж WRITING Explain why a cube is also called a regular hexahedron. 
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: ie т PIS 
: for Exs. 25-28 


PUZZLES Determine whether the solid puzzle is convex or concave. 


22. 


24. 


CROSS SECTIONS Draw and describe the cross section formed by the 
intersection of the plane and the solid. 


28. 


29. 


30. 


31. 


32. 


33. 


27. 


Ж MULTIPLE CHOICE What is the shape of the cross section 
formed by the plane parallel to the base that intersects the 
red line drawn on the square pyramid? 


СА) Square Triangle 
© Kite (D> Trapezoid 


ERROR ANALYSIS Describe and correct the error in determining that a 
tetrahedron has 4 faces, 4 edges, and 6 vertices. 


Ж MULTIPLE CHOICE Which two solids have the same number of faces? 
(A) A triangular prism and a rectangular prism 

A triangular pyramid and a rectangular prism 

(С) Atriangular prism and a square pyramid 

(D> Atriangular pyramid and a square pyramid 

Ж MULTIPLE CHOICE How many faces, vertices, and edges does an 
octagonal prism have? 

СА) 8 faces, 6 vertices, and 12 edges 

8 faces, 12 vertices, and 18 edges 

СС) 10 faces, 12 vertices, and 20 edges 

(DD 10 faces, 16 vertices, and 24 edges 

EULER’S THEOREM The solid shown has 32 faces and 


90 edges. How many vertices does the solid have? 
Explain your reasoning. 


CHALLENGE Describe how a plane can intersect a 
cube to form a hexagonal cross section. 


Ex. 32 


12.1 Explore Solids 799 


PROBLEM SOLVING 


: EXAMPLE2 . 34. MUSIC The speaker shown at the right 


: on p. 796 has 7 faces. Two faces are pentagons and 
: for Exs. 34-35 5 faces are rectangles. 


a. Find the number of vertices. 


b. Use Euler's Theorem to determine how 
many edges the speaker has. 


p 


a a M Es ` 
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(65) CRAFT BOXES The box shown at the right is a hexagonal 
prism. It has 8 faces. Two faces are hexagons and 6 faces 
are squares. Count the edges and vertices. Use Euler's 
Theorem to check your answer. 


@Homelutor for problem solving help at classzone.com 


FOOD Describe the shape that is formed by the cut made in the food shown. 
36. Watermelon 37. Bread 38. Cheese 


39. Ж SHORT RESPONSE Name a polyhedron that has 4 vertices and 6 edges. 
Can you draw a polyhedron that has 4 vertices, 6 edges, and a different 
number of faces? Explain your reasoning. 


40. MULTI-STEP PROBLEM The figure at the right shows a 
plane intersecting a cube through four of its vertices. 
An edge length of the cube is 6 inches. 


a. Describe the shape formed by the cross section. 
b. What is the perimeter of the cross section? 


c. Whatis the area of the cross section? 


41. Ж EXTENDED RESPONSE Use the diagram of the square pyramid 
intersected by a plane. 


a. Describe the shape of the cross section shown. 


b. Cana plane intersect the pyramid at a point? If so, 
sketch the intersection. 


c. Describe the shape of the cross section when the 
pyramid is sliced by a plane parallel to its base. 


d. Is it possible to have a pentagon as a cross section of 
this pyramid? If so, draw the cross section. 


42. PLATONIC SOLIDS Make a table of the number of faces, vertices, and 
edges for the five Platonic solids. Use Euler's Theorem to check each 
answer. 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
800 on p. WS1 TEST PRACTICE 


REASONING Is it possible for a cross section of a cube to have the given 
shape? If yes, describe or sketch how the plane intersects the cube. 


43. Circle 44. Pentagon 45. Rhombus 
46. Isosceles triangle 47. Regular hexagon 48. Scalene triangle 
49. CUBE Explain how the numbers of faces, vertices, and edges of a cube 

change when you cut off each feature. 

a. A corner b. An edge с. Aface d. 3 corners 
50. TETRAHEDRON Explain how the numbers of faces, vertices, and edges of 

a regular tetrahedron change when you cut off each feature. 

a. A corner b. An edge с. Aface d. 2 edges 
51. CHALLENGE The angle defect D at a vertex of a polyhedron is defined 

as follows: 


D = 360° — (sum of all angle measures at the vertex) 


Verify that for the figures with regular bases below, DV = 720° where V is 
the number of vertices. 


53. F 54. J 58” 
SM 
G 
№, / > “М, 
< K 
x? 
Шш 197° 
: PREVIEW Use the given radius r or diameter d to find the circumference and area of 
: Prepare for the circle. Round your answers to two decimal places. (p. 755) 
: Lesson 12.2 in ; 
55. r= 11 cm 56. d — 28 in. 57. d= 15ft 


> Exs. 55—60. 


Find the perimeter and area of the regular polygon. Round your answers to 
two decimal places. (p. 762) 


58. E 59. 60. 
уН 
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ШИН ACTIVITY Use before Lesson 12.2 


2 Investigate Surface Area 


MATERIALS • graph paper «scissors + tape 


A netis a pattern that can be folded to form a polyhedron. To find the surface 
area of a polyhedron, you can find the area of its net. 


| 


` LM 


STEP T| Draw a net Copy the net below on graph paper. Be sure to label 
the sections of the net. 


STEP 2| Create a polyhedron Cut out the net and fold it along the black 
lines to form a polyhedron. Tape the edges together. Describe the 
polyhedron. Is it regular? Is it convex? 


STEP 3| Find surface area The surface area of a polyhedron is the sum of the 
areas of its faces. Find the surface area of the polyhedron you just 
made. (Each square on the graph paper measures 1 unit by 1 unit.) 


| 


. Lay the net flat again and find the following measures. 
A: the area of Rectangle A 
P: the perimeter of Rectangle A 
h: the height of Rectangles B, C, D, and E 


. Use the values from Exercise 1 to find 2A + Ph. Compare this value to the 
surface area you found in Step 3 above. What do you notice? 


3. Make a conjecture about the surface area of a rectangular prism. 


. Use graph paper to draw the net of another rectangular prism. Fold the 
net to make sure that it forms a rectangular prism. Use your conjecture 
from Exercise 3 to calculate the surface area of the prism. 


Chapter 12 Surface Area and Volume of Solids 


12. 


You found areas of polygons. 


Г Now ] You will find the surface areas of prisms апа cylinders. 
So you can find the surface area of a drum, as in Ex. 22. 


Key Vocabulary 
e prism 
lateral faces, lateral 
edges 
e surface area 
• lateral area 
e net 
e right prism 
* oblique prism 
* cylinder 
e right cylinder 


‚— s 

iau, Г" 
"LI 

qu 


Surface Area of Prisms 
and Cylinders = 


A prism is a polyhedron with two congruent faces, called base 


bases, that lie in parallel planes. The other faces, called 
lateral faces, are parallelograms formed by connecting 
the corresponding vertices of the bases. The segments 

connecting these vertices are lateral edges. Prisms are lateral 
classified by the shapes of their bases. — edges 


lateral 
faces 


The surface area of a polyhedron is the sum of the areas of its faces. The 
lateral area of a polyhedron is the sum of the areas of its lateral faces. 


Imagine that you cut some edges of a polyhedron and unfold it. The 
two-dimensional representation of the faces is called a net. As you saw in the 
Activity on page 802, the surface area of a prism is equal to the area of its net. 


. Use the net of a prism 


Find the surface area of a rectangular prism with height 2 centimeters, 
length 5 centimeters, and width 6 centimeters. 


Solution 


STEP Y Sketch the prism. Imagine unfolding it to make a net. 


2cm 
ае => > dd 
у бст 
5em - 5cm 2cm A 
5 cm 2 cm 


STEP 2 Find the areas of the rectangles that form the faces of the prism. 


Congruent faces © Dimensions | Area of each face 
Left and right faces 6 cm by 2 cm 6 • 2 = 12 cm? 


Front and back faces 5 cm by 2 cm 5. 2 = 10 cm? 
Top and bottom faces 6 cm by 5 cm 6 • 5 = 30 cm? 


STEP 3 Add the areas of all the faces to find the surface area. 
> The surface area of the prism is S = 2(12) + 2(10) + 2(30) = 104 cm’. 
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RIGHT PRISMS The height of a prism is the perpendicular distance between 
its bases. In a right prism, each lateral edge is perpendicular to both bases. 
A prism with lateral edges that are not perpendicular to the bases is an 
oblique prism. 


T 


height 


height 


i 


Right rectangular prism Oblique triangular prism 


THEOREM For Vour Wotebook 


: When the base of a 

: right prism is a regular 
: polygon, you can find 
: the surface area using 


: The apothem is a leg 
: of a right triangle, as 
: shown below. Use the 
: Pythagorean Theorem 
: to calculate its length. 


6 ft 6 ft 


3.525 ft 3.525 ft 


+ The surface area S of a right prism is the sum of the 


THEOREM 12.2 Surface Area of a Right Prism 


base areas and lateral area: 


: the formula 
: S = aP + Ph Е S = 2B + Ph, 
: where a is the apothem 1: | | | 
: of the base. 1: where Bis the area of the base, Pis the perimeter of a S = 2B + Ph 
base, and h is the height. 
( EXAMPLE 2 | Find lateral area and surface area of a right prism 
Find the lateral area and surface area of the right prism. — 7.05 ft 
Solution 
STEP 7 Find the area of one base. Use the formula 
for the area of a regular polygon from 
page 763. 
: FIND APOTHEM 


Apothem a= V6" — 3.525? = 4.86 ft 


Perimeter P = (5)(7.05) = 35.25 ft 
Base area B= зар = 54.86) (35.25) = 85.66 ft” 
STEP 2 Find the lateral area of the prism. 
Lateral area Рр = (35.25)(9) = 317.25 ft^ 
STEP 3 Use the formula for the surface area of a right prism. 
S = 2B + Ph = 2(85.66) + 317.25 = 488.57 Н? 


» The lateral area of the right prism is 317.25 square feet, and the surface area 
is about 488.57 square feet. 


СА GUIDED PRACTICE for Examples 1 and 2 


1. Draw a net of a triangular prism. 


2. Find the lateral area and surface area of a right rectangular prism with 
height 7 inches, length 3 inches, and width 4 inches. 
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CYLINDERS A cylinder is а solid with congruent circular 
bases that lie in parallel planes. The height of a cylinder is 
the perpendicular distance between its bases. The radius of 
a base is the radius of the cylinder. In a right cylinder, the 
segment joining the centers of the bases is perpendicular to 
the bases. 


The lateral area of a cylinder is the area of its curved surface. 
It is equal to the product of the circumference and the height, 
or 2zrh. The surface area of a cylinder is equal to the sum of 
the lateral area and the areas of the two bases. 


Base area 
А = тг? 


2ur 


Base area 
А = тг? 


THEOREM For Your Notebook 


THEOREM 12.3 Surface Area of a Right Cylinder 


В = тг? 
The surface area S of а right cylinder is the СЕЗ С= 2тг 
sum of the base areas and the lateral area: 


S = 2B + Ch = 2ar^ + 2mrh, 


where Bis the area of a base, Cis the 
circumference of a base, ris the radius . 
of a base, and Л is the height. БЕСС eae 


( EXAMPLE 3 | Find the surface area of a cylinder 


COMPACT DISCS You are wrapping a stack of 
20 compact discs using a shrink wrap. Each disc is 
cylindrical with height 1.2 millimeters and radius 
60 millimeters. What is the minimum amount of 
shrink wrap needed to cover the stack of 20 discs? 


Solution 


The 20 discs are stacked, so the height of the stack will be 20(1.2) = 24 mm. 
The radius is 60 millimeters. The minimum amount of shrink wrap needed 
will be equal to the surface area of the stack of discs. 


S = 2ar* + 2arh Surface area of a cylinder 
= 2m(60)^ + 27(60)(24) Substitute known values. 
== 31,667 Use a calculator. 


» You will need at least 31,667 square millimeters, or about 317 square 
centimeters of shrink wrap. 
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GUIDO Find the height of a cylinder 


Find the height of the right cylinder shown, which has a 
surface area of 157.08 square meters. 


Solution 


Substitute known values in the formula for the surface 


area of a right cylinder and solve for the height h. 2.5m 
S = 2ar* + 2ттһ Surface area of a cylinder 
157.08 = 2m (2.5)? + 2т(2.5)һ Substitute known values. 
157.08 = 12.57 + 51h Simplify. 
157.08 — 12.57 = 51h Subtract 12.57 from each side. 
117.81 ~ 51h Simplify. Use a calculator. 
7.5 = ђ Divide each side by 57. 


> The height of the cylinder is about 7.5 meters. 


v GUIDED PRACTICE for Examples 3 and 4 


3. Find the surface area of a right cylinder with height 18 centimeters and 
radius 10 centimeters. Round your answer to two decimal places. 


4. Find the radius of a right cylinder with height 5 feet and surface area 
2087 square feet. 


HOMEWORK : = " 
12.2 EXERCISES KEY: О елЫз 


Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 17, 24, 25, and 26 


. SKILL PRACTICE 


1. VOCABULARY Sketch a triangular prism. Identify its bases, lateral faces, 
and lateral edges. 


2. ж WRITING Explain how the formula S = 2B + Ph applies to finding the 
surface area of both a right prism and a right cylinder. 


: EXAMPLE 1 USING NETS Find the surface area of the solid formed by the net. Round 


: on p. 803 your answer to two decimal places. 
: for Exs. 3—5 
3. 4. 9. 40 ft 
34.64 ft 
8 cm 
4 in. 
80 ft 
10 in. 20 cm 
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: EXAMPLE 2 SURFACE AREA ОЕ A PRISM Find the lateral area and surface area of the 


: on p. 804 right prism. Round your answers to two decimal places. 


: for Exs. 6-8 6. (7) 8. 
2 ft 
3 ft 
8m 


: EXAMPLE 3 SURFACE AREA OF A CYLINDER Find the lateral area and surface area of the 


: on p. 805 right cylinder using the given radius r and height /;. Round your answers to 
: for Exs. 9—12 two decimal places. 


2 in. 


11. 


r —8in. 
h= 8in. 


12. ERROR ANALYSIS Describe and 
correct the error in finding the 5 = 27(67) + 277(6)(8) 


surface area of the right cylinder. = 2n(36) + 27(48) 


= 1687 
= 528 cm? 


: EXAMPLE 4 С) ALGEBRA Solve for x given the surface area S of the right prism or right 


: on p. 806 cylinder. Round your answer to two decimal places. 


15 yd 


7 yd E 8 in. 


16. SURFACE AREA OF A PRISM A triangular prism with a right triangular 
base has leg length 9 units and hypotenuse length 15 units. The height of 
the prism is 8 units. Sketch the prism and find its surface area. 


17. Ж MULTIPLE CHOICE The length of each side of a cube is multiplied by 3. 
What is the change in the surface area of the cube? 
СА) The surface area is 3 times the original surface area. 
The surface area is 6 times the original surface area. 
(C> The surface area is 9 times the original surface area. 
(D> The surface area is 27 times the original surface area. 


18. SURFACE AREA OF A CYLINDER The radius and height of a right cylinder 
are each divided by V5. What is the change in surface area of the cylinder? 
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19. SURFACE AREA ОЕ A PRISM Find the surface area of a right hexagonal 
prism with all edges measuring 10 inches. 


20. HEIGHT OF A CYLINDER Find the height of a cylinder with a surface area 
of 1087 square meters. The radius of the cylinder is twice the height. 


21. CHALLENGE The diagonal of a cube is a segment whose endpoints are 
vertices that are not on the same face. Find the surface area of a cube 
with diagonal length 8 units. 


PROBLEM SOLVING 


: EXAMPLE 3 22. BASS DRUM A bass drum has a diameter of 20 inches and 


: on p. 805 a depth of 8 inches. Find the surface area of the drum. 
: for Ex. 22 go = 


NT VU, PD 
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(23) GIFT BOX An open gift box is shown at the right. 
When the gift box is closed, it has a length of 
12 inches, a width of 6 inches, and a height of 
6 inches. 


a. What is the minimum amount of wrapping 
paper needed to cover the closed gift box? 


b. Whyis the area of the net of the box larger than 
the amount of paper found in part (a)? 


c. When wrapping the box, why would you want 
more paper than the amount found in part (a)? 


for problem solving help at classzone.com 


24. Ж EXTENDED RESPONSE A right cylinder has a radius of 4 feet and 
height of 10 feet. 


a. Find the surface area of the cylinder. 


b. Suppose you can either double the radius or double the height. Which 
do you think will create a greater surface area? 


с. Check your answer in part (b) by calculating the new surface areas. 
25. Ж MULTIPLE CHOICE Which 


three-dimensional figure does 
the net represent? 


СА) © Ф) 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
808 on р. WS1 TEST PRACTICE 


: PREVIEW 


: Prepare for 
: Lesson 12.3 
: in Exs. 35-37. 


26. Ж SHORT RESPONSE A company makes two types of recycling bins. One 
type is a right rectangular prism with length 14 inches, width 12 inches, 
and height 36 inches. The other type is a right cylinder with radius 
6 inches and height 36 inches. Both types of bins are missing a base, so 
the bins have one open end. Which bin requires more material to make? 
Explain. 


27. MULTI-STEP PROBLEM Consider a cube that is built 
using 27 unit cubes as shown at the right. 


a. Find the surface area of the solid formed when the 
red unit cubes are removed from the solid shown. 


b. Find the surface area of the solid formed when the 
blue unit cubes are removed from the solid shown. 


с. Why are your answers different in parts (a) and (b)? 


28. SURFACE AREA OF A RING The ring shown is a right cylinder of 
radius r, with a cylindrical hole of radius r,. The ring has height h. 


a. Find the surface area of the ring if r, is 12 meters, r, is 
6 meters, and h is 8 meters. Round your answer to two 
decimal places. 


b. Write a formula that can be used to find the surface area S 
of any cylindrical ring where 0 < r, < г 


1° 


29. DRAWING SOLIDS A cube with edges 1 foot long has a cylindrical hole 
with diameter 4 inches drilled through one of its faces. The hole is drilled 
perpendicular to the face and goes completely through to the other side. 
Draw the figure and find its surface area. 


30. CHALLENGE A cuboctahedron has 6 square faces and 
8 equilateral triangle faces, as shown. A cuboctahedron 
can be made by slicing off the corners of a cube. 


a. Sketch a net for the cuboctahedron. 


b. Each edge of a cuboctahedron has a length of 
5 millimeters. Find its surface area. 


MIXED REVIEW 


The sum of the measures of the interior angles of a convex polygon is given. 
Classify the polygon by the number of sides. (p. 507) 


31. 1260° 32. 1080° 33. 720° 34. 1800° 


Find the area of the regular polygon. (p. 762) 
36. К, L 37. Q 


PN 


GL- S 
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12. 


Key Vocabulary 

e pyramid 

e vertex of a pyramid 
e regular pyramid 

* slant height 

* cone 

e vertex of a cone 

• right cone 

* lateral surface 


: NAME PYRAMIDS 


: Pyramids are classified 
: by the shapes of their 
: bases. 


Surface Area of 
Pyramids and Cones 


You found surface areas of prisms and cylinders. 
You will find surface areas of pyramids and cones. 


So you can find the surface area of a volcano, as in Ex. 33. 


A pyramid is a polyhedron in which the base is a polygon and the lateral 
faces are triangles with a common vertex, called the vertex of the pyramid. 
The intersection of two lateral faces is a lateral edge. The intersection of 
the base and a lateral face is a base edge. The height of the pyramid is the 
perpendicular distance between the base and the vertex. 


vertex 


lateral edge 


v base 


lateral faces edge 
Pyramid Regular pyramid 


base 


A regular pyramid has a regular polygon for a base, and the segment joining 
the vertex and the center of the base is perpendicular to the base. The lateral 
faces of a regular pyramid are congruent isosceles triangles. The slant height 
of a regular pyramid is the height of a lateral face of the regular pyramid. A 
nonregular pyramid does not have a slant height. 


“31 1448) Find the area of a lateral face of a pyramid 


A regular square pyramid has a height of b= Wen 
15 centimeters and a base edge length of 

16 centimeters. Find the area of each lateral 
face of the pyramid. 


slant 
height, £ 


Solution prem jb 
Use the Pythagorean Theorem to find the slant height /. 

№ = рё + ЕЛ Write formula. 

= slant 
№ = 15° + 8° Substitute for h and 5b. h= 15cm height, £ 
fé = 289 Simplify. 
1, 
= 17 Find the positive square root. 20 = 8ст 


» The area of each triangular face is А = ¿Dl = 5016) (17) = 136 square 
centimeters. 
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: REVIEW AREA 


: For help with finding 
: the area of regular 
: polygons, see p. 762. 


+» STEP? Find the area of the base using the 


SURFACE AREA A regular hexagonal pyramid and its net are 
shown at the right. Let b represent the length of a base edge, 
and let £ represent the slant height of the pyramid. 


The area of each lateral face is 561 and the perimeter ofthe 
base is P = 6b. So, the surface area Sis as follows. 


S = (Area of base) + 6(Area of lateral face) 


9= В + 656 | Substitute. 
5= В + 2(60)/ Rewrite 6/10 as 6D). 


S-B- 5P! Substitute P for 6b. 


THEOREM For Your Notebook 


: THEOREM 12.4 Surface Area of a Regular Pyramid 


The surface area S of a regular pyramid is the 
sum of the base area and the lateral area: 


-pl 
S = B+ 5Р/, 


: where Bis the area of the base, P is the perimeter 
of the base, and / is the slant height. 


(EXAMPLE 2 ] Find the lateral area and surface area of a pyramid 


Find the lateral area and surface area of the 14 ft 


regular hexagonal pyramid. 


Solution 


10 ft 5 V3 ft 


formula for the area of a regular polygon. 
The perimeter P is 6 * 10 — 60 feet. 


B = зар = } • 5V3 + 60 = 150V3 ft” 
STEP 2 Find the lateral area of the pyramid. 

Lateral area = Р! = 5 - 60 • 14 = 420 ft 10 ft = 
STEP 3 Add to find the total surface area. 


S=B+t PL = 150V3 + 420 = 679.81 ft? 


» The lateral area of the regular hexagonal pyramid is 420 square feet, 
and the surface area is about 679.81 square feet. 
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Y GUIDED PRACTICE | for Examples 1 and 2 


1. Find the area of each lateral face of the regular 
pentagonal pyramid shown. 


4.8 m 


2. Find the surface area of the regular pentagonal 
pyramid shown. 


CONES A cone has a circular base and a vertex that is not in the same plane 
as the base. The radius of the base is the radius of the cone. The height is the 
perpendicular distance between the vertex and the base. 


and the center of the base is perpendicular to the 
base, and the slant height is the distance between un / 
the vertex and a point on the base edge. eight 


In a right cone, the segment joining the vertex "a vertex 


The lateral surface of a cone consists of all 
segments that connect the vertex with points 


on the base edge. base 


Right cone 


SURFACE AREA When you cut along the 
slant height and base edge and lay a right 
cone flat, you get the net shown at the right. 


The circular base has an area of zr^ and the 

lateral surface is the sector of a circle. You y Slant 
can use a proportion to find the area of the 
sector, as shown below. lea! 


Area of sector _ Arc length 


- Л Т == Set up proportion. 
Area of circle Circumference of circle P Prop 


Area of sector _ 27r 


э Substitute. 
TT. 


2лт 
2ml 


Area of sector = arf Simplify. 


Area of sector = пі? • Multiply each side by 27/2. 


The surface area of a cone is the sum of the base area, mr”, and the 


lateral area, тт. Notice that the quantity zrf can be written as ¿QTO, or 2С, 


THEOREM For Your Notebook 


THEOREM 12.5 Surface Area of a Right Cone 


The surface area S of a right cone is the 
sum of the base area and the lateral area: 


S=B+5Cl = ar? + тт), 


where B is the area of the base, Cis the 
circumference of the base, r is the radius of 
the base, and £ is the slant height. 


S=B+3Cl = т? + ari 
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Ж (EXAMPLE 3 ] Standardized Test Practice 


: ANOTHER WAY 


: You can use a 

: Pythagorean triple to 

: find 2. 
:6-2-3and8 = 2 · 4, 
: so = 2 • 5 = 10. 


What is the surface area of the right cone? 


(А) 727 т? 967 m? 
(С) 1327 mf (D) 1367 m^ 


Solution 


To find the slant height £ of the right cone, use the Pythagorean Theorem. 


№ = ү? + т? write formula. г= 6 
№ = 82 + 6 Substitute. 
“ h=8| /1 
£ = 10 Find positive square root. 
Use the formula for the surface area of a right cone. 
S = ar? + тті Formula for surface area of a right cone 


= т(62) + 7(6)(10) Substitute. 
— 967 Simplify. 
> The correct answer is В. @ © Фф) 


(EXAMPLE 4 ] Find the lateral area of a cone 


TRAFFIC CONE The traffic cone can be approximated 
by a right cone with radius 5.7 inches and height 
18 inches. Find the approximate lateral area of the 
traffic cone. 
Solution 
To find the slant height £, use the Pythagorean Theorem. 
12 = 18% + (5.7)?, so £ == 18.9 inches. 
Find the lateral area. 
Lateral area = тт? Write formula. 181 \ 2 
== 11(5.7)(18.9) Substitute known values. 
= 338.4 Simplify and use a calculator. 5.7 


» The lateral area of the traffic cone is about 338.4 square inches. 


GUIDED PRACTICE for Examples 3 and 4 


3. Find the lateral area of the right cone shown. 


4. Find the surface area of the right cone shown. 
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2.3 EXERCISES "у reas mona 
1 .З KEY: on p. 517 for Exs. 7, 11, and 29 

: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 17, and 31 


SKILL PRACTICE 


1. VOCABULARY Draw a regular square pyramid. Label its height, slant 
height, and base. 


2. ж WRITING Compare the height and slant height of a right cone. 


: EXAMPLE 1 AREA OF A LATERAL FACE Find the area of each lateral face of the regular 


: onp.810 pyramid. 
: for Exs. 3—5 3 


- 40 ft 
8 cm 10 in. 


: EXAMPLE 2 SURFACE AREA OF A PYRAMID Find the lateral area and surface area of the 


: on p. 811 regular pyramid. Round your answers to two decimal places. 


: for Exs. 6-9 6. (7) 


3ft 


8. 


20 mm 


1 
2 ft 6.9 mm "me 


9. ERROR ANALYSIS Describe and correct the error in finding the surface 
area of the regular pyramid. 


E 1 
S=B + PI 
= 6 + 2(24)(4) 


= 84 ft? 6 ft P4 


: EXAMPLES LATERAL AREA OF A CONE Find the lateral area of the right cone. Round 
: 3 and 4 your answer to two decimal places. 


: for Exs. 10-17 12. 


r=1in. 
һ = 4in. 
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SURFACE AREA OF A CONE Find the surface area of the right cone. 
Round your answer to two decimal places. 


14. 
20 cm 


26 cm 


16. ERROR ANALYSIS Describe and correct the error in finding the surface 
area of the right cone. 


S = q(r^) + wre 
= 1(36) + 7(36)(10) 
= 3967 ст? 


8 cm 


бст pr 


17. Ж MULTIPLE CHOICE The surface area of the right cone 
is 2007 square feet. What is the slant height of the cone? 


СА) 10.5 ft 17 ft 
(С) 23ft (D> 24ft 


VISUAL REASONING In Exercises 18-21, sketch the described solid and find 
its surface area. Round your answer to two decimal places. 


18. A right cone has a radius of 15 feet and a slant height of 20 feet. 
19. A right cone has a diameter of 16 meters and a height of 30 meters. 


20. A regular pyramid has a slant height of 24 inches. Its base is an 
equilateral triangle with a base edge length of 10 inches. 


21. A regular pyramid has a hexagonal base with a base edge length of 
6 centimeters and a slant height of 9 centimeters. 


COMPOSITE SOLIDS Find the surface area of the solid. The pyramids are 
regular and the cones are right. Round your answers to two decimal places, 
if necessary. 


23. 24. 


25. TETRAHEDRON Find the surface area of a regular tetrahedron with edge 
length 4 centimeters. 


26. CHALLENGE A right cone with a base of radius 4 inches and a regular 
pyramid with a square base both have a slant height of 5 inches. Both 
solids have the same surface area. Find the length of a base edge of the 
pyramid. Round your answer to the nearest hundredth of an inch. 


12.3 Surface Area of Pyramids and Cones 
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т ————————9 нЕ 


ROBLEM SOLVING 


3 ur «<A 
: for Ex. 27 


816 


27. CANDLES A candle is in the shape of a regular square pyramid with 
base edge length 6 inches. Its height is 4 inches. Find its surface area. 


for problem solving help at classzone.com 


28. LAMPSHADE А glass lampshade is shaped like 
a regular square pyramid. 


a. Approximate the lateral area of the 
lampshade shown. 


b. Explain why your answer to part (a) is 
not the exact lateral area. 


for problem solving help at classzone.com 


USING NETS Name the figure that is represented by the net. Then find its 
surface area. Round your answer to two decimal places. 


30. 


31. Ж SHORT RESPONSE In the figure, AC = 4, AB = 3, and DC = 2. 
a. Prove AABC — ADEC. 
b. Find BC, DE, and EC. 


c. Find the surface areas of the larger cone and the smaller cone 
in terms of 7. Compare the surface areas using a percent. 


32. MULTI-STEP PROBLEM The sector shown can be rolled to form the 
lateral surface of a right cone. The lateral surface area of the cone is 
20 square meters. 


a. Write the formula for the area of a sector. 


b. Use the formula in part (a) to find the slant height of the cone. 
Explain your reasoning. 


c. Find the radius and height of the cone. 


33. VOLCANOES Before 1980, Mount St. Helens 
was a conic volcano with a height from its 
base of about 1.08 miles and a base radius of 
about 3 miles. In 1980, the volcano erupted, 
reducing its height to about 0.83 mile. 


Approximate the lateral area of the volcano 
after 1980. (Hint: The ratio of the radius of the 
destroyed cone-shaped top to its height is the 
same as the ratio of the radius of the original 
volcano to its height.) 


Before 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
on p. WS1 TEST PRACTICE 


34. CHALLENGE Ап Elizabethan collar 
is used to prevent an animal from 
irritating a wound. The angle 
between the opening with a 16 inch 
diameter and the side of the collar 
is 53°. Find the surface area of the 
collar shown. 


MIXED REVIEW 


Find the value of x. (p. 310) 


35. 36. 
11x — 3 
10x 
3 (бх — 45)? 

: PREVIEW In Exercises 37-39, find the area of the polygon. (pp. 720, 730) 
: Prepare for 
: Lesson 12.4 
: in Exs. 37-39. 


37. 38. 39. 9 mm 
7 mi V2 yd Bann 
2V2 yd 


10 mm 


QUIZ for Lessons 12.1-12.3 


1. A polyhedron has 8 vertices and 12 edges. How many faces does the 
polyhedron have? (p. 794) 


Solve for x given the surface area S of the right prism or right cylinder. 
Round your answer to two decimal places. (p. 803) 


2. S — 366 ft? 3. S = 717 in.” 4. S = 567 m? 


11 ft 


Find the surface area of the regular pyramid or right cone. Round your 
answer to two decimal places. (p. 810) 


5. 6. 
13 cm 


10 m 


10 cm 
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Lessons 12.1-12.3 


1. SHORT RESPONSE Using Euler’s Theorem, 


explain why it is not possible for a 
polyhedron to have 6 vertices and 7 edges. 


. SHORT RESPONSE Describe two methods 


of finding the surface area of a rectangular 
solid. 


‚ EXTENDED RESPONSE Some pencils are 
made from slats of wood that are machined 
into right regular hexagonal prisms. 


a. The formula for the surface area of a new 
unsharpened pencil without an eraser is 


S = 3V3r?^ 6rh. 


Tell what each variable in this formula 
represents. 


b. After a pencil is painted, a metal band 
that holds an eraser is wrapped around 
one end. Write a formula for the surface 
area of the visible portion of the pencil, 
shown below. 


0.75 in. 


HK x 


“СС ҚҚС a 


с. After a pencil is sharpened, the end is 


shaped like a cone. Write a formula to find 


the surface area of the visible portion of 
the pencil, shown below. 


d. Use your formulas from parts (b) and (c) 


to write a formula for the difference of the 


surface areas of the two pencils. Define 
any variables in your formula. 
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MIXED RE EVIEW в of Problem Solving D STATE TEST PRACTICE 


classzone.com 


4. GRIDDED ANSWER The amount of paper 
needed for a soup can label is approximately 
equal to the lateral area of the can. Find the 
lateral area of the soup can in square inches. 
Round your answer to two decimal places. 


2.8 in. 


. SHORT RESPONSE If you know the diameter 


d and slant height £ of a right cone, how can 
you find the surface area of the cone? 


. OPEN-ENDED Identify an object in your 


school or home that is a rectangular prism. 
Measure its length, width, and height to the 
nearest quarter inch. Then approximate the 
surface area of the object. 


. MULTI-STEP PROBLEM The figure shows a 


plane intersecting a cube parallel to its base. 
The cube has a side length of 10 feet. 


a. Describe the shape formed by the 
cross section. 


b. Find the perimeter and area of the 
cross section. 


c. When the cross section is cut along its 
diagonal, what kind of triangles 
are formed? 


d. Find the area of one of the triangles 
formed in part (c). 


. SHORT RESPONSE A cone has a base radius 


of 3x units and a height of 4x units. The 
surface area of the cone is 19447 square 
units. Find the value of x. Explain your steps. 


Volume of Prisms 
and Cylinders 


You found surface areas of prisms and cylinders. 


You will find volumes of prisms and cylinders. 


So you can determine volume of water in an aquarium, as in Ex. 33. 


Key Vocabulary The volume of a solid is the number of cubic units contained in its interior. 
e volume Volume is measured in cubic units, such as cubic centimeters (cm?). 


POSTULATES For Your Notebook 


POSTULATE 27 Volume of a Cube Postulate 


The volume of a cube is the cube of the length of its side. 


POSTULATE 28 Volume Congruence Postulate 


If two polyhedra are congruent, then they have the same volume. 


POSTULATE 29 Volume Addition Postulate 


The volume of a solid is the sum of the volumes of all its 
nonoverlapping parts. 


Find the number of unit cubes 
3-D PUZZLE Find the volume of the puzzle piece in cubic units. 


2 units 1 unit 


2 units 


7 units 


Solution 


To find the volume, find the number of unit cubes it contains. Separate the 
piece into three rectangular boxes as follows: 


The base is 7 units by 2 units. So, it contains 7 + 2, or 14 unit cubes. 
The upper left box is 2 units by 2 units. So, it contains 2 • 2, or 4 unit cubes. 
The upper right box is 1 unit by 2 units. So, it contains 1 * 2, or2 unit cubes. 


* By the Volume Addition Postulate, the total volume of the puzzle piece is 
14 + 4 + 2 = 20 cubic units. 
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VOLUME FORMULAS The volume of апу right prism or right cylinder сап be 
found by multiplying the area of its base by its height. 


THEOREMS For Your Notebook 


THEOREM 12.6 Volume of a Prism 
The volume V of a prism is 
V= Bh, 


> Where Bis the area of a base and A is the height. f "E Bh | 


THEOREM 12.7 Volume of a Cylinder 
The volume V of a cylinder is 
V= Bh = ar^h, 


> where Bis the area of a base, h is the height, 
and r is the radius of a base. 


Find the volume of the solid. 


a. Right trapezoidal prism b. Right cylinder 


14 cm 


WEED 


6 cm 
Solution 
ы а. The area of a base is 1(3)(6 + 14) = 30 cm? and h = 5 cm. 
: For help with finding 2 
: the area of a trapezoid, V= Bh = 30(5) = 150 cm? 
: see p. 730. 


b. The area of the base is т • 9%, or 817 ft^. Use h = 6 ft to find the volume. 
V = Bh = 81т(6) = 4867 ~ 1526.81 ft? 


Use volume of a prism 


С) ALGEBRA The volume of the cube is 
90 cubic inches. Find the value of x. 
Solution 

A side length of the cube is x inches. 


у= х Formula for volume of a cube 


90 in.? = x? Substitute for V. 


4.48 in. = x Find the cube root. 
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r4 GUIDED PRACTICE | for Examples 1, 2, and 3 


1. Find the volume of the puzzle piece shown 1 unit 
in cubic units. 


2. Find the volume of a square prism that has 


a base edge length of 5 feet and a height of 3 units S unitis 
12 feet. 

3. The volume of a right cylinder is 6847 cubic 3 units 1 unit 
inches and the height is 18 inches. Find the 
radius. 


USING CAVALIERI'S PRINCIPLE Consider the solids below. All three have equal 
heights Л and equal cross-sectional areas B. Mathematician Bonaventura 
Cavalieri (1598-1647) claimed that all three of the solids have the same 
volume. This principle is stated below. 


THEOREM For Vour Wotebook 


THEOREM 12.8 Cavalieri's Principle 


If two solids have the same height and the same cross-sectional area at 
every level, then they have the same volume. 


Find the volume of an oblique cylinder 


: READ VOCABULARY 


: In an oblique cylinder, 
: the segment that 

: connects the centers 
: of the bases is not 

: perpendicular to the 
: bases. 


Find the volume of the oblique cylinder. 


Solution 


Cavalieri's Principle allows you to use 
Theorem 12.7 to find the volume of the oblique 
cylinder. 


V= ar*h Formula for volume of a cylinder 


a (4?) (7) Substitute known values. 
= 1127 Simplify. 
= 351.86 Use a calculator. 


> The volume of the oblique cylinder is about 351.86 cm’. 
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(EXAMPLE 5 | Solve a real-world problem | m 


PLANTER А planter is made up of 13 beams. In 
centimeters, suppose the dimensions of each beam 
are 30 by 30 by 90. Find its volume. 


: ANOTHER WAY Solution 


: For alternative methods 
; for solving the problem 
: in Example 5, turn 


The area of the base B can be found by 
subtracting the area of the small rectangles 
from the area of the large rectangle. 


: to page 826 for the 
: Problem Solving В = Area of large rectangle — 4 * Area of small rectangle 
: Workshop. 

= 90 • 510 — 4(30 + 90) 

= 35,100 ст? 

Use the formula for the volume of a prism. 
V=Bh Formula for volume of a prism 
= 35,100(30) Substitute. 


= 1,053,000 cm? Simplify. 
> The volume of the planter is 1,053,000 ст”, or 1.053 m°. 


v GUIDED PRACTICE | for Examples 4 and 5 


4. Find the volume of the oblique 5. Find the volume of the solid 
prism shown below. shown below. 


on p. WS17 for Exs. 7, 11, and 29 


* = STANDARDIZED TEST PRACTICE 
Exs. 2, 3, 21, and 33 


12.4 EXERCISES OM KEY. С) = WORKED-OUT SOLUTIONS 


SKILL PRACTICE 


1. VOCABULARY In what type of units is the volume of a solid measured? 


2. * WRITING Two solids have the same surface area. Do they have the 
same volume? Explain your reasoning. 


: EXAMPLE 1 | 3. Ж MULTIPLE CHOICE How many 3 inch cubes can fit completely in a box 
: on p. 819 | that is 15 inches long, 9 inches wide, and 3 inches tall? 
: for Exs. 3-6 Ф) 15 45 (С) 135 (D> 405 
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: EXAMPLE 2 


: pii is NBN 
: for Exs. 15—17 


USING UNIT CUBES Find the volume of the solid by determining how many 
unit cubes are contained in the solid. 


4. 2 9. 


FINDING VOLUME Find the volume of the right prism or right cylinder. 
Round your answer to two decimal places. 


13. ERROR ANALYSIS Describe and correct the 


error in finding the volume of a right cylinder V = 27rrh 
with radius 4 feet and height 3 feet. = 2(4)(5) X 
= 24 ft? 


14. FINDING VOLUME Sketch a rectangular prism with height 3 feet, width 
11 inches, and length 7 feet. Find its volume. 


@ ALGEBRA Find the length x using the given volume V. 
15. V = 1000 in.” 16. У = 45 ст? 17. V = 128r in? 


Ce 


I— x — 
COMPOSITE SOLIDS Find the volume of the solid. The prisms and cylinders 
are right. Round your answer to two decimal places, if necessary. 


18. 1m 3m 19. 18ft 3 ft 20. 


124 ft | 4 in. 
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21. Ж MULTIPLE CHOICE What is the height of a cylinder with radius 4 feet 
and volume 647 cubic feet? 


СА) 4 feet 8 feet ©) 16 feet (D> 256 feet 


22. FINDING HEIGHT The bases of a right prism are right triangles with side 
lengths of 3 inches, 4 inches, and 5 inches. The volume of the prism 
is 96 cubic inches. What is the height of the prism? 


23. FINDING DIAMETER A cylinder has height 8 centimeters and volume 
1005.5 cubic centimeters. What is the diameter of the cylinder? 


: EXAMPLE 4 | VOLUME OF AN OBLIQUE SOLID Use Cavalieri's Principle to find the volume 


: on p. 821 of the oblique prism or cylinder. Round your answer to two decimal places. 
: for Exs. 24-26 


4 in. 


27. CHALLENGE The bases of a right prism are rhombuses with diagonals 
12 meters and 16 meters long. The height of the prism is 8 meters. Find 
the lateral area, surface area, and volume of the prism. 


PROBLEM SOLVING 


: EXAMPLES | 28. JEWELRY The bead at the right is a rectangular prism of 
: on p. 822 length 17 millimeters, width 9 millimeters, and height 
: for Exs. 28-30 5 millimeters. A 3 millimeter wide hole is drilled 


through the smallest face. Find the volume of the bead. 
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MULTI-STEP PROBLEM In the concrete block shown, 
1 4.5 in. 
the holes are 8 inches deep. Ain Pl in 


a. Find the volume of the block using the Volume 
Addition Postulate. 8 in. 


b. Find the volume of the block using the formula in 
Theorem 12.6. 8 in. 


c. Compare your answers in parts (a) and (b). 15.75 in. 


@Ноте1Тиїог © for problem solving help at classzone.com 


30. OCEANOGRAPHY The Blue Hole is a cylindrical trench 
located on Lighthouse Reef Atoll, an island off the coast 
of Central America. It is approximately 1000 feet wide 
and 400 feet deep. 


a. Find the volume of the Blue Hole. 


b. About how many gallons of water does the Blue Hole 
contain? (1 ft? = 7.48 gallons) 


(СС) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED 
824 on p. WS1 TEST PRACTICE 


31. ARCHITECTURE А cylindrical column in the 
building shown has circumference 10 feet and 
height 20 feet. Find its volume. Round your 
answer to two decimal places. 


¿AnimateaGeomet "V at classzone.com 


32. ROTATIONS A З inch by 5 inch index card is rotated around a horizontal 
line and a vertical line to produce two different solids, as shown. Which 
solid has a greater volume? Explain your reasoning. 


5 in. 


3 in. 


33. Ж EXTENDED RESPONSE An aquarium shaped like a rectangular prism 
has length 30 inches, width 10 inches, and height 20 inches. 


a. Calculate You fill the aquarium > full with water. What is the volume 
of the water? 


b. Interpret When you submerge a rock in the aquarium, the water 
level rises 0.25 inch. Find the volume of the rock. 


c. Interpret How many rocks of the same size as the rock in part (b) can 
you place in the aquarium before water spills out? 


34. CHALLENGE A barn is in the shape of a pentagonal 
prism with the dimensions shown. The volume of 
the barn is 9072 cubic feet. Find the dimensions of 
each half of the roof. 


РЕ 


MIXED REVIEW 


: PREVIEW Find the value of x. Round your answer to two decimal places. (pp. 466, 473) 
: Prepare for 
: Lesson 12.5 in ы а 1 n " m 5 
: EXS. 35-40. 
: Exs. 35-40 2 1 A E 
a 

x 


Find the area of the figure described. Round your answer to two decimal 
places. (pp. 755, 762) 


38. A circle with radius 9.5 inches 


39. An equilateral triangle with perimeter 78 meters and apothem 7.5 meters 


40. Aregular pentagon with radius 10.6 inches 
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(PROBLEM SOLVING Using ALTERNATIVE METHODS 


WORKSHOP | 
. LESSON 12.4 | 
Another Way to Solve Example 5, page 822 


MULTIPLE REPRESENTATIONS In Lesson 12.4, you used volume postulates 
and theorems to find volumes of prisms and cylinders. Now, you will learn 
two different ways to solve Example 5 on page 822. 


Ç 
e$ 


| PROBLEM 


PLANTER А planter is 
made up of 13 beams. In LT ^o - 


centimeters, suppose the | - 
dimensions of each beam are 30 эш шшш шш шша 7 vm 
30 by 30 by 90. Find its volume. 510 cm 


Finding Volume by Subtracting Empty Spaces One alternative approach is 


to compute the volume of the prism formed if the holes in the planter were 
filled. Then, to get the correct volume, you must subtract the volume of the 
four holes. 


STEP 7 Read the problem. In centimeters, each beam measures 
30 by 30 by 90. 


The dimensions of the entire planter are 30 by 90 by 
(4 - 90 + 5 • 30), or 30 by 90 by 510. 


The dimensions of each hole are equal to the dimensions of one beam. 


STEP 2 Apply the Volume Addition Postulate. The volume of the planter 
is equal to the volume of the larger prism minus 4 times the volume 
of a hole. 


Volume V of planter — Volume of larger prism — Volume of 4 holes 
= 30 • 90 * 510 — 4(30 • 30 • 90) 
= 1,377,000 — 4 * 81,000 
= 1,377,000 — 324,000 
— 1,053,000 


* The volume of the planter is 1,053,000 cubic centimeters, or 1.053 cubic 
meters. 


STEP 3 Check page 822 to verify your new answer, and confirm that it is 
the same. 
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| METHOD 2 Finding Volume of Pieces Another alternative approach is to use the 
| dimensions of each beam. 


STEP 7 Look at the planter. Notice that the planter consists of 13 beams, each 
with the same dimensions. Therefore, the volume of the planter will be 
13 times the volume of one beam. 


STEP 2 Write an expression for the volume of the planter and find the volume. 
Volume of planter — 13(Volume of one beam) 
= 13(30 • 30 • 90) 
= 13 • 81,000 
= 1,053,000 
> The volume of the planter is 1,053,000 cm, or 1.053 m°. 


1. PENCIL HOLDER The pencil holder has the 4. FINDING VOLUME Find the volume of the 
dimensions shown. solid shown below. Assume the hole has 


square cross sections. 


1 ft 


5 ft 


15 in. 


2 ft 
a. Find its volume using the Volume Addition an 
Postulate. 
5. FINDING VOLUME Find the 
b. Use its base area to find its volume. volume of the solid shown 60° 


to the right. 
2. ERROR ANALYSIS A student solving 
Exercise 1 claims that the surface area 
is found by subtracting four times the base 
area of the cylinders from the surface area 
of the rectangular prism. Describe and 


3.5 In. 


2 in. 


correct the student's error. 6. SURFACE AREA Refer to the diagram of the 
lant 826. 

3. REASONING You drill a circular hole of pe on Рев” | 
radius r through the base of a cylinder a. Describe a method to find the surface area 
of radius R. Assume the hole is drilled of the planter. 
completely through to the other base. You b. Explain why adding the individual surface 
want the volume of the hole to be half areas of the beams will give an incorrect 
the volume of the cylinder. Express rasa result for the total surface area. 


function of R. 


Using Alternative Methods 827 


fused July ACTIVITY ce before tesson 72.5 


Investigate the Volume of a Pyramid 


MATERIALS + ruler * poster board «scissors + tape • uncooked rice 


STEP 1| Draw nets Use a ruler to draw the two nets shown below on poster 
board. (Use o inches to approximate V2 inches.) 


Create an open prism and an open pyramid Cut out the nets. Fold 
along the dotted lines to form an open prism and an open pyramid, 
as shown below. Tape each solid to hold it in place, making sure that 
the edges do not overlap. 


O Y 


[STEP 3| Compare volumes Fill the pyramid with uncooked rice and pour it 
into the prism. Repeat this as many times as needed to fill the prism. 
How many times did you fill the pyramid? What does this tell you 
about the volume of the solids? 


(i b 
Do 


1. Compare the area of the base of the pyramid to the area of the base of the 
prism. Placing the pyramid inside the prism will help. What do you notice? 


. Compare the heights of the solids. What do you notice? 
. Make a conjecture about the ratio of the volumes of the solids. 


. Use your conjecture to write a formula for the volume of a pyramid that 
uses the formula for the volume of a prism. 
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12.5 


You found surface areas of pyramids and cones. 
Г Now ] You will find volumes of pyramids апа cones. 


Key Vocabulary 
e pyramid, p. 810 
* cone, р. 812 

e volume, p. 819 


: APPLY FORMULAS 


: In an oblique cone, the 
: vertex is not directly 

: over the center of the 

: base. By Cavalieri’s 

: Principle, the volume 

: formula for a right 

: cone works for oblique 
: cones. 


Volume of Pyramids 
and Cones 


Recall that the volume of a prism is Bh, where B is the 

area of a base and h is the height. In the figure at the MN 
right, you can see that the volume of a pyramid must be | 

less than the volume of a prism with the same base area 


and height. As suggested by the Activity on page 828, the 
volume of a pyramid is one third the volume of a prism. 


THEOREMS For Vour Wotebook 


THEOREM 12.9 Volume of a Pyramid 


The volume V of a pyramid is 


„Í 
V= zBh, 


where Bis the area of the base and h is the height. 


THEOREM 12.10 Volume of a Cone 


The volume V of a cone is 


duh = lap? 
у= 3Bh znr h, 


where Bis the area of the base, h is the height, v-lgh-larh 
andris the radius of the base. 


Find the volume of a solid 


Find the volume of the solid. 


y= Bh 
Miedo 


бт — -36m? 


4m 
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( EXAMPLE 2 | Use volume of a pyramid 


С) ALGEBRA Originally, the pyramid had height 
144 meters and volume 2,226,450 cubic meters. 
Find the side length of the square base. 


Solution 


Bh Write formula. 


— 1 
die 


2.226,450 — 2(х2)(144) Substitute. 


6,679,350 = 144x? Multiply each side by 3. Khafre’s Pyramid, Egypt 
46,384 = x* Divide each side by 144. 
215 = х Find the positive square root. 


| > Originally, the side length of the base was about 215 meters. 


E / GUIDED PRACTICE | for Examples 1 and 2 


Find the volume of the solid. Round your answer to two decimal places, 
if necessary. 


: In an oblique pyramid, 
: the vertex is not directly 1. Hexagonal pyramid 2. Right cone 
: over the center of the | 

: base. By Cavalieri's 

: Principle, the volume 
: formula for a pyramid 
: works for oblique 

: pyramids. 


11 yd 


4 yd 


3. The volume of a right cone is 13507 cubic meters and the radius is 
18 meters. Find the height of the cone. 


WOLLE Use trigonometry to find the volume of a cone 
Find the volume of the right cone. 


Solution 


To find the radius r of the base, use trigonometry. 


Opp. 
tan 65° = OPP. Write ratio. 
adj. 
о_ 16 ; 
tan 65° = E Substitute. 
16 16 ft 
= = 7.4 l À o 
r tan 65° 7.46 Solve for r. 65 
Use the formula for the volume of a cone. r 


y = ¿(rr2)n = ¿7(7.462)(16) = 932.45 ft? 
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(EXAMPLE 4 ] Find volume of a composite solid 


Find the volume of the solid shown. 


Solution 
Volume Volume Volume of 
of solid = of cube pyramid 


= 5 + Bh Write formulas. 


= 63 + 206)? -6 Substitute. 


= 216 + 72 Simplify. 
— 288 Add. 


|. > The volume of the solid is 288 cubic meters. 


| EXAMPLE 5 ] Solve a multi-step problem 


SCIENCE You are using the funnel shown to ¿Acm 
measure the coarseness of a particular type of ` 4 
sand. It takes 2.8 seconds for the sand to empty 6 cm 
out of the funnel. Find the flow rate of the sand in | 
milliliters per second. (1 mL = 1 cm?) | 


Solution 
STEP 1 Find the volume of the funnel using the formula for the volume of 
a cone. 


V= A r?)h = Sla?) (6) = 101 ст? = 101 mL 


STEP2 Divide the volume of the funnel by the time it takes the sand to 
empty out of the funnel. 


101 mL _ 
DT 36.07 mL/s 


* The flow rate of the sand is about 36.07 milliliters per second. 


GUIDED PRACTICE for Examples 3, 4, and 5 


4. Find the volume of the cone at the right. 
Round your answer to two decimal places. 


5. Aright cylinder with radius 3 centimeters and 
height 10 centimeters has a right cone on top of 
it with the same base and height 5 centimeters. 
Find the volume of the solid. Round your 
answer to two decimal places. 


6. WHAT IF? In Example 5, suppose a different type of sand is used that takes 
3.2 seconds to empty out of the funnel. Find its flow rate. 
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125 EXERCISES "и caia 
5 KEY: on p. WS17 for Exs. 3, 17, and 33 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 11, 18, and 35 


e e = MULTIPLE REPRESENTATIONS 
Ex. 39 


SKILL PRACTICE 


1. VOCABULARY Explain the difference between a triangular prism and a 
triangular pyramid. Draw an example of each. 


2. * WRITING Compare the volume of a square pyramid to the volume of a 
square prism with the same base and height as the pyramid. 


: EXAMPLE1 | VOLUME OF A SOLID Find the volume of the solid. Round your answer to two 


: on p. 829 decimal places. 


: for Exs. 3-11 (з) 


6 cm 


5 cm 


ERROR ANALYSIS Describe and correct the error in finding the volume of 
the right cone or pyramid. 


9. 10. 
v = 12(92)(15) x, Y = z(49)(10) X 
| = 245 ft? 
yp Xx | 10 ft 
7 ft 


11. Ж MULTIPLE CHOICE The volume of a pyramid is 45 cubic feet and the 
height is 9 feet. What is the area of the base? 


(А) 3.87 ft? 5 ft? © 10° D 15 ft? 


: EXAMPLE2 | C) ALGEBRA Find the value of x. 


! n js pm "ТТТ 


: 12. Volume = 200 cm? 13. Volume = 2167 in.? 14. Volume = 7V3 ft? 
: for Exs. 12-14 


X 


10 cm 


2V3ft 


10 cm 
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: е A A 
: for Exs. 15-19 


VOLUME OF A CONE Find the volume of the right cone. Round your answer 
to two decimal places. 


16. 


18. Ж MULTIPLE CHOICE What is the approximate 
volume of the cone? 


(А) 47.23 f 236.15 ft? 
(C) 269.92 ft? D 354.21 ft? 
19. HEIGHT OF A CONE A cone with a diameter of 8 centimeters has volume 


143.6 cubic centimeters. Find the height of the cone. Round your answer 
to two decimal places. 


COMPOSITE SOLIDS Find the volume of the solid. The prisms, pyramids, and 
cones are right. Round your answer to two decimal places. 


3.3 cm 


5.1m 


| Animatea Geometry | at classzone.com 


26. CHANGING VOLUME A cone has height Л and a base 
with radius r. You want to change the cone so its volume 
is doubled. What is the new height if you change only 
the height? What is the new radius if you change only 
the radius? Explain. 


27. FINDING VOLUME Sketch a regular square pyramid with base edge length 
5 meters inscribed in a cone with height 7 meters. Find the volume of the 
cone. Explain your reasoning. 


28. CHALLENGE Find the volume of the regular hexagonal 
pyramid. Round your answer to the nearest hundredth 
of a cubic foot. In the diagram, mZABC = 35°. 
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833 


eo 


PROBLEM SOLVING 


3 ac «EM 
: for Ex. 30 


834 


29. CAKE DECORATION A pastry bag filled with frosting has 
height 12 inches and radius 4 inches. A cake decorator can 
make 15 flowers using one bag of frosting. 


a. How much frosting is in the pastry bag? 
Round your answer to the nearest 
cubic inch. 


b. How many cubic inches of frosting are 
used to make each flower? 


@Homelutor | for problem solving help at classzone.com 


POPCORN A snack stand serves a small order of popcorn in a cone-shaped 
cup and a large order of popcorn in a cylindrical cup. 


30. Find the volume of the small cup. 


for problem solving help at classzone.com 


3 in: 


31. How many small cups of popcorn do you have to buy 2 i : 
to equal the amount of popcorn in a large container? | \ j 
Do not perform any calculations. Explain. 8 in. 


32. Which container gives you more popcorn for your 
money? Explain. 


USING NETS In Exercises 33 and 34, use the net to sketch the solid. Then 
find the volume of the solid. Round your answer to two decimal places. 


34. 


5 ft 


35. Ж EXTENDED RESPONSE А pyramid has height 10 feet and a square 
base with side length 7 feet. 


a. How does the volume of the pyramid change if the base stays the 
same and the height is doubled? 


b. How does the volume of the pyramid change if the height stays the 
same and the side length of the base is doubled? 


c. Explain why your answers to parts (a) and (b) are true for any height 
and side length. 


36. AUTOMATIC FEEDER Assume the automatic pet e 
feeder is a right cylinder on top of a right cone of 
the same radius. (1 cup = 14.4 in.?) 


a. Calculate the amount of food in cups that can 
be placed in the feeder. 


b. Acat eats one third of a cup of food, twice per 
day. How many days will the feeder have food 
without refilling it? 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED ф = MULTIPLE 
оп р. WS1 TEST PRACTICE REPRESENTATIONS 


37. NAUTICAL PRISMS The nautical deck prism shown is 
composed of the following three solids: a regular hexagonal 
prism with edge length 3.5 inches and height 1.5 inches, a 
regular hexagonal prism with edge length 3.25 inches and 
height 0.25 inch, and a regular hexagonal pyramid with 
edge length 3 inches and height 3 inches. Find the volume 
of the deck prism. 


38. MULTI-STEP PROBLEM Calculus can be used to show that the 
2 


r 
average value of r? of a circular cross section of a cone is 3 
. | This deck prism lights 
where r, is the radius of the base. the a п 
a. Find the average area of a circular cross section of a cone whale ship, the Charles 


W. Morgan, at Mystic 


whose base has radius R. Seaport, in Mystic, CT. 


b. Show that the volume of the cone can be expressed as follows: 


У оле = (Average area of a circular cross section) • (Height of cone) 
39. es MULTIPLE REPRESENTATIONS Water flows into a reservoir shaped like 
a right cone at the rate of 1.8 cubic meters per minute. The height and 

diameter of the reservoir are equal. 


a. Using Algebra As the water flows into the reservoir, the relationship 
3 
h = 2ris always true. Using this fact, show that V = na 
b. Making a Table Make a table that gives the height h of the water 
after 1, 2, 3, 4, and 5 minutes. 


c. Drawing a Graph Make a graph of height versus time. Is there a linear 
relationship between the height of the water and time? Explain. 


FRUSTUM A frustum of a cone is the part of the cone that lies between the 
base and a plane parallel to the base, as shown. Use the information to 
complete Exercises 40 and 41. 


One method for calculating the volume of a frustum is to add the areas of the 


two bases to their geometric mean, then multiply the result by = the height. 


9 cm 


40. Use the measurements in the diagram at the left above to calculate the 
volume of the frustum. 


41. Complete parts (a) and (b) below to write a formula for the volume of a 
frustum that has bases with radii г, and r, and a height h,. 


a. Use similar triangles to find the value of h, in terms of Bos Pis and Fe 


b. Write a formula in terms of h,, Г апа Г, for 


Verustum = (Original volume) — (Removed volume). 


c. Show that your formula in part (b) is equivalent to the formula 
involving geometric mean described above. 
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42. CHALLENGE A right triangle has sides with lengths 15, 20, and 25, 4» 
as shown. If the triangle is rotated around each of its sides, solids 
of rotation are formed. Describe the three solids and find their 
volumes. Give your answers in terms of pi. m 


15 20 


"MIXED REVIEW 


In Exercises 43-45, find the value of x. (p. 397) 


43. 35 44. x 8 45. 
6 
X 
LN | | fo 
12 


: PREVIEW | 46. Copy the diagram at the right. Name a radius, A 
: Prepare for diameter, and chord. (p. 651) B 
: Lesson 12.6 С 
: in Exs. 46—52. 47. Name a minor arc of OF. (p. 659) 
48. Name a major arc of OF. (p. 659) E 
D 


Find the area of the circle with the given radius r, diameter d, or 
circumference С. (р. 755) 


49. r=3m 50. d =7 mi 51. r=0.4cm 52. C= 8T in. 


QUIZ for Lessons 12.4-12.5 


Find the volume of the figure. Round your answer to two decimal places, if 
necessary. (pp. 819, 829) 


7. Suppose you fill up a cone-shaped cup with water. You then pour the 
water into a cylindrical cup with the same radius. Both cups have a 
height of 6 inches. Without doing any calculation, determine how high 
the water level will be in the cylindrical cup once all of the water is 
poured into it. Explain your reasoning. (p. 829) 
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иаша ACTIVITY Use after Lesson 12.5 Tutor 


classzone.com 
Keystrokes 


Minimize Surface Area 


MATERIALS + computer 


A manufacturer needs a cylindrical container with a volume of 72 cubic 
centimeters. You have been asked to find the dimensions of such a container 
so that it has a minimum surface area. 


| 


e 


STEP 1| Make a table Make a table with the four column headings shown 


in Step 4. The first column is for the given volume V. In cell A2, enter 
72. In cell АЗ, enter the formula “=A2”. 


STEP 2| Enter radius The second column is for the radius т. Cell B2 stores the 
starting value for r. So, enter 2 into cell B2. In cell B3, use the formula 
“=B2 + 0.05" to increase rin increments of 0.05 centimeter. 


STEP 3| Enter formula for height The third column is for the height. In cell 
C2, enter the formula “=A2/(PI()*B242)”. Note: Your spreadsheet might 


use a different expression for т. 


STEP 4| Enter formula for surface area The fourth column is for the surface 
area. In cell D2, enter the formula “=2*PI()*B242+2*PI()*B2*C2”. 


QA | B | с | pb —— 
| 1 |VolumeV  |Radiusr  |Height-V/(zr) |Surfacearea S-2s?t2mrh — 
2 | 7200,  —  200|—A2/PI0*B2^2) | -2*PI*B2^2-2*PI(*B2*C2 | 
3 |=A2  JX ]|-B2:005 | уу S 


STEP 5| Create more rows Use the Fill Down feature to create more rows. 
Rows 3 and 4 of your spreadsheet should resemble the one below. 


. From the data in your spreadsheet, which dimensions yield a minimum 
surface area for the given volume? Explain how you know. 


. WHAT IF? Find the dimensions that give the minimum surface area if the 
volume of a cylinder is instead 2007 cubic centimeters. 
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Key Vocabulary 

• sphere 
center, radius, chord, 
diameter 


• great circle 
• hemispheres 


: USE FORMULAS 


: If you understand how 
: a formula is derived, 

: then it will be easier 

: for you to remember 

: the formula. 
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Surface Area and 
Volume of Spheres 


You found surface areas and volumes of polyhedra. 
You will find surface areas and volumes of spheres. 


So you can find the volume of a tennis ball, as in Ex. 33. 


A sphere is the set of all points in space equidistant from a given point. This 
point is called the center of the sphere. A radius of a sphere is a segment 
from the center to a point on the sphere. A chord of a sphere is a segment 
whose endpoints are on the sphere. A diameter of a sphere is a chord that 
contains the center. 


— — ^3 radius 23 diameter 


center 


As with circles, the terms radius and diameter also represent distances, and 
the diameter is twice the radius. 


THEOREM For Vour Wotebook 


THEOREM 12.11 Surface Area of a Sphere 
The surface area S of a sphere is 
S = Anr?, 


where r is the radius of the sphere. 


SURFACE AREA FORMULA To understand how 
the formula for the surface area of a sphere 

is derived, think of a baseball. The surface 
area of a baseball is sewn from two congruent 
shapes, each of which resembles two joined 
circles, as shown. 


So, the entire covering of the baseball consists 
of four circles, each with radius r. The area A 
of a circle with radius r is A = zr^. So, the area 
of the covering can be approximated by 477’. 
This is the formula for the surface area of 

a sphere. 
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( EXAMPLE 1 | Find the surface area of a sphere 


Find the surface area of the sphere. 


Solution 


S= 4rr? Formula for surface area of a sphere 
= 4r (8°) Substitute 8 for r. 
= 2567 Simplify. 
== 804.25 Use a calculator. 


> The surface area of the sphere is about 804.25 square inches. 


* (EXAMPLE 2 ] Standardized Test Practice 


The surface area of the sphere is 20.257 square 
centimeters. What is the diameter of the sphere? 


CA) 2.25 cm 4.5 cm 
© 5.5 cm D) 20.25 cm S= 20.25 77 cm? 


Solution 
5 = 4пг2 Formula for surface area of a sphere 


20.257 = 4rr? Substitute 20.252 for S. 


5.0625 = r? Divide each side by 47. 
: AVOID ERRORS 2.25 = г Find the positive square root. 
: Be sure to multiply the The diameter of the sphere is 2r = 2 • 2.25 = 4.5 centimeters. 
: value of r by 2 to find 
: the diameter. > The correct answer is В. (А) © Ф) 


GUIDED PRACTICE for Examples 1 and 2 


1. The diameter of a sphere is 40 feet. Find the surface area of the sphere. 


2. The surface area of a sphere is 3077 square meters. Find the radius of the 
sphere. 


GREAT CIRCLES If a plane intersects a sphere, 
the intersection is either a single point or a 
circle. If the plane contains the center of the 
sphere, then the intersection is a great circle of 
the sphere. The circumference of a great circle 
is the circumference of the sphere. Every great circle 
circle of a sphere separates the sphere into two 

congruent halves called hemispheres. 


hemispheres 
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Use the circumference of a sphere 


EXTREME SPORTS In a sport called sphereing, a person 
rolls down a hill inside an inflatable ball surrounded 
by another ball. The circumference of the outer ball is 
1277 feet. Find the surface area of the outer ball. 


Solution 
The circumference of the outer sphere is 127 feet, so the 


radius is 127 = 6 feet. 
2T 


Use the formula for the surface area of a sphere. 


S = Agr? = 4m (6?) = 144r 


> The surface area of the outer ball is 1447, or about 452.39 square feet. 


GUIDED PRACTICE | for Example 3 


3. In Example 3, the circumference of the inner ball is 67 feet. Find the 
surface area of the inner ball. Round your answer to two decimal places. 


VOLUME FORMULA Imagine that the interior of a 
sphere with radius r is approximated by п pyramids, 
each with a base area of B and a height of r. The 


volume of each pyramid is ¿Br and the sum of the 


base areas is nB. The surface area of the sphere is 
approximately equal to nB, or 4rr°. So, you can 
approximate the volume V of the sphere as follows. 


Ve n(iBr| Each pyramid has a volume of Zar. 
= 3B) r Regroup factors. r 
= xar? Substitute 47r? for nB. Area — B 
= Sarr simplify. 


THEOREM For Vour Wotebook 


THEOREM 12.12 Volume of a Sphere 


The volume V of a sphere is 


where r is the radius of the sphere. 
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Find the volume of a sphere 


The soccer ball has a diameter of 9 inches. 


Find its volume. 

Solution 

The diameter of the ball is 9 inches, so the radius is - = 4.5 inches. 
V= oar Formula for volume of a sphere 


= ¿T(4.5)* Substitute. 


= 121.57 Simplify. 
= 381.70 Use a calculator. 


> The volume of the soccer ball is 121.57, or about 381.70 cubic inches. 


(EXAMPLE 5 ] Find the volume of a composite solid 


Find the volume of the composite solid. 


Solution 
Volume of _ Volume of Volume of 
solid T cylinder — hemisphere 

= лг°һ — [zar | Formulas for volume 

= 7(2)2(2) - TOY Substitute. 

= 8т — (87) Multiply. 
24 16 Rewrite fractions using least 

= AA ң 
3 3 common denominator. 
8 " " 

—37 Simplify. 


> The volume of the solid is 2T, or about 8.38 cubic inches. 
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GUIDED PRACTICE for Examples 4 and 5 


4. The radius of a sphere is 5 yards. Find the volume of the sphere. Round 
your answer to two decimal places. 


5. A solid consists of a hemisphere of radius 1 meter on top of a cone with 
the same radius and height 5 meters. Find the volume of the solid. 
Round your answer to two decimal places. 
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EXERCIS ES HOMEWORK: () = WORKED-OUT SOLUTIONS 
1 2 6 KEY : on p. WS18 for Exs. 3, 13, and 31 


Ж = STANDARDIZED TEST PRACTICE 


Exs. 2, 6, 20, 28, 33, and 34 


SKILL PRACTICE 


1. VOCABULARY What are the formulas for finding the surface area of a 
sphere and the volume of a sphere? 


2. ж WRITING When a plane intersects a sphere, what point in the sphere 
must the plane contain for the intersection to be a great circle? Explain. 


: EXAMPLE 1 FINDING SURFACE AREA Find the surface area of the sphere. Round your 


: on p. 839 answer to two decimal places. 

: for Exs. 3-5 а. 5. 

: EXAMPLE2 | 6. Ж MULTIPLE CHOICE What is the approximate radius of a sphere with 

: on p. 839 surface area 327 square meters? 

е СА) 2 meters 2.83 meters (C) 4.90 meters (D> 8 meters 
: EXAMPLE3 | USING A GREAT CIRCLE In Exercises 7—9, use the sphere below. The center of 

: on p. 840 the sphere is C and its circumference is 9.677 inches. 

: for Exs. 7-11 


7. Find the radius of the sphere. 
8. Find the diameter of the sphere. 


9. Find the surface area of one hemisphere. 


10. ERROR ANALYSIS Describe and correct 
the error in finding the surface area of 6 = 4mr* 
a hemisphere with radius 5 feet. = Aa (5)? 
= 1007 


= 314.16 ft? 


11. GREAT CIRCLE The circumference of a great circle of a sphere is 48.47 
centimeters. What is the surface area of the sphere? 


: EXAMPLE 4 FINDING VOLUME Find the volume of the sphere using the given radius r or 


: on p. 841 diameter d. Round your answer to two decimal places. 
: for Exs. 12-15 | ia, r=6in. (13) г = 40 mm 14. d=5cm 
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: EXAMPLE 5 


: : on p. 841 
: for Exs. 21-23 


15. ERROR ANALYSIS Describe and correct 
the error in finding the volume of a Y= 


sphere with diameter 16 feet. 
4 
= ¿T(8) X 
= 85.337 = 268.08 ft* 


USING VOLUME In Exercises 16-18, find the radius of a sphere with the 
given volume V. Round your answers to two decimal places. 


ТЕ 
y 
= 


16. V= 1436.76 m? 17. V= 91.95 cm? 18. V = 20,814.37 in.’ 


19. FINDING A DIAMETER The volume of a sphere is 367 cubic feet. What is 
the diameter of the sphere? 


20. Ж MULTIPLE CHOICE Let V be the volume of a sphere, S be the surface 
area of the sphere, and r be the radius of the sphere. Which equation 
represents the relationship between these three measures? 


qo v=} v= © v-hs Ф у= 2025 


COMPOSITE SOLIDS Find the surface area and the volume of the solid. The 
cylinders and cones are right. Round your answers to two decimal places. 


USING A TABLE Copy and complete the table below. Leave your answers in 
terms of 7. 


E of ae circle of ee — 
24. 10 MEETS 
26. E э 


28. Ж MULTIPLE CHOICE A sphere is inscribed in a cube with volume 
64 cubic centimeters. What is the surface area of the sphere? 


(А) 47 cm? (В) 3 Em cm” (O) 167 cm” D 647 cm” 


29. CHALLENGE The volume of a right cylinder is the same as the volume of 
a sphere. The radius of the sphere is 1 inch. 


a. Give three possibilities for the dimensions of the cylinder. 


b. Show that the surface area of the cylinder is sometimes greater than 
the surface area of the sphere. 
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PROBLEM SOLVING | 


: EXAMPLE 5 30. GRAIN SILO A grain silo has the dimensions shown. 


: on p. 841 The top of the silo is a hemispherical shape. Find the 
: for Ex. 30 volume of the grain silo. 


“ТЕЕ 


for problem solving help at classzone.com 


GD GEOGRAPHY The circumference of Earth is 
about 24,855 miles. Find the surface area of the 
Western Hemisphere of Earth. 
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32. MULTI-STEP PROBLEM А ball has volume 1427.54 cubic centimeters. 


a. Find the radius of the ball. Round your answer to two 
decimal places. 


b. Find the surface area of the ball. Round your answer to two 
decimal places. 


33. Ж SHORT RESPONSE Tennis balls are stored in a cylindrical 
container with height 8.625 inches and radius 1.43 inches. 


a. The circumference of a tennis ball is 8 inches. 
Find the volume of a tennis ball. 


b. There are 3 tennis balls in the container. Find | 
the amount of space within the cylinder not 1 
taken up by the tennis balls. 


34. Ж EXTENDED RESPONSE A partially filled balloon has circumference 
277 centimeters. Assume the balloon is a sphere. 


a. Calculate Find the volume of the balloon. 


b. Predict Suppose you double the radius by increasing the air in the 
balloon. Explain what you expect to happen to the volume. 


c. Justify Find the volume of the balloon with the radius doubled. Was 
your prediction from part (b) correct? What is the ratio of this volume 
to the original volume? 


35. GEOGRAPHY The Torrid Zone on Earth is the 
area between the Tropic of Cancer and the 
Tropic of Capricorn, as shown. The distance 
between these two tropics is about 3250 miles. 
You can think of this distance as the height of 
a cylindrical belt around Earth at the equator, 
as shown. 


à Tropic of Cancer 
Torrid Zone 


= Tropic of Capricorn 


a. Estimate the surface area of the Torrid 
Zone and the surface area of Earth. (Earth's 
radius is about 3963 miles at the equator.) 


b. A meteorite is equally likely to hit anywhere 3250 mi 


on Earth. Estimate the probability that a 
meteorite will land in the Torrid Zone. 


(СС) = WORKED-OUT SOLUTIONS * - STANDARDIZED 
844 on p. WS1 TEST PRACTICE 


36. REASONING List the following three solids in order from least to 
greatest (a) surface area and (b) volume. 


Solid 1 Solid Il Solid Ш 


37. ROTATION A circle with diameter 18 inches is rotated about its diameter. 
Find the surface area and the volume of the solid formed. 


38. TECHNOLOGY A cylinder with height 2x is inscribed in a sphere with 
radius 8 meters. The center of the sphere is the midpoint of the altitude 
that joins the centers of the bases of the cylinder. 


a. Show that the volume V of the cylinder is 27x(64 — х2). 


b. Use a graphing calculator to graph V = 27x(64 — х?) 
for values of x between 0 and 8. Find the value of x that 
gives the maximum value of V. 


c. Use the value for x from part (b) to find the maximum 
volume of the cylinder. 


39. CHALLENGE А sphere with radius 2 centimeters is inscribed in a 
right cone with height 6 centimeters. Find the surface area and 
the volume of the cone. 


MIXED REVIEW 


: PREVIEW 


: Prepare for 
: Lesson 12.7 in 
: Exs. 40-41. 


In Exercises 40 and 41, the polygons are similar. Find the ratio (red to blue) 
of their areas. Find the unknown area. Round your answer to two decimal 
places. (p. 737) 


40. Area of AABC = 42 ft” 41. Area of PQRS = 195 ст? 
Area of ADEF= ? Area of JKLM = ? 
A D J k P 
= В н pe 
F M 15cm L 
С S 21 cm 


Find the probability that a randomly chosen point in the figure lies in the 
shaded region. (p. 771) 


42. y A 4 N, 43. p N 
МӨМ, NEN, 


44. Acone is inscribed in a right cylinder with volume 330 cubic units. Find 
the volume of the cone. (pp. 819, 829) 
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Investigating ACTIVITY ne tesson 12.7 


Investigate Similar Solids 


MATERIALS + paper • pencil 


@ у 


The solids shown below are similar. 


Scale factor of Surface area of 
Solid A to Solid B Solid B, S, 


V 
STEP 2| Insert columns Insert columns for У, V4, and Uu Use the dimensions 
B 


of the solids to find Vy the volume of Solid A, and Ve, the volume of 
Solid B. Then find the ratio of these volumes. 


S V 
STEP 3| Compare ratios Compare the ratios = and т^ to the scale factor. 
B B 


i 


V! 


1. Make a conjecture about how the surface areas and volumes of similar 
solids are related to the scale factor. 


2. Use your conjecture to write a ratio of surface areas and volumes if the 
dimensions of two similar rectangular prisms are £, w, h, and k£, kw, kh. 
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1 2 7 Explore Similar Solids 


You used properties of similar polygons. 


Г Now ] You will use properties of similar solids. 


Why 


Key Vocabulary 
e similar solids 


: COMPARE RATIOS 


: To compare the ratios 

: Of corresponding side 

: lengths, write the ratios 
: as fractions in simplest 
: form. 


So you can determine a ratio of volumes, as in Ex. 26. 


Two solids of the same type with equal ratios of corresponding linear 
measures, such as heights or radii, are called similar solids. The common 
ratio is called the scale factor of one solid to the other solid. Any two cubes 
are similar, as well as any two spheres. 


Similar cylinders Nonsimilar cylinders 


The green cylinders shown above are not similar. Their heights are equal, 
so they have a 1:1 ratio. The radii are different, however, so there is no 
common ratio. 


Identify similar solids 


Tell whether the given right rectangular prism is 

similar to the right rectangular prism shown at 2 

the right. 4 
4 


Solution 


l 
2 


4 _ i 2_ uu 2—1 
a. Lengths a Widths 1 Heights 2T 
* The prisms are not similar because the ratios of corresponding linear 
measures are not all equal. 
4 2 ' 2 ; 2 
b. Lengths а Widths 3 Heights 3 
* The prisms are similar because the ratios of corresponding linear 
measures are all equal. The scale factor is 2:3. 
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Y GUIDED PRACTICE | for Example 1 


Tell whether the pair of right solids is similar. Explain your reasoning. 


1. 2. 
3 
| EET, g 


SIMILAR SOLIDS THEOREM The surface areas S and volumes V of the similar 
solids in Example 1, part (b), are as follows. 


Surface area, $ = 2B + Ph 


Smaller 4 by 2 by 2 S = 2(8) + 12(2) = 40 
Larger 6 by 3 by3 S = 2(18) + 18(3) = 90 


The ratio of side lengths is 2:3. Notice that the ratio of surface areas is 40:90, 
or 4:9, which can be written as 27:37, and the ratio of volumes is 16:54, or 
8:27, which can be written as 23:33. This leads to the following theorem. 


j- THEOREM For Your Notebook 
: READ VOCABULARY + o. | 
: In Theorem 12.13, areas 4: THEOREM 12.13 Similar Solids Theorem 
: can refer to any pairof 45 If two similar solids have a scale factor of a: b, 
; Corresponding areas 4: then corresponding areas have a ratio of a°: b?, 


: in the similar solids, 

: such as lateral areas, 

: base areas, and surface : 
: areas. 


and corresponding volumes have a ratio of аз: b’. 


(EXAMPLE 2 ] Use the scale factor of similar solids 


PACKAGING The cans shown are 
similar with a scale factor of 87 : 100. 
Find the surface area and volume of 
the larger can. 


PEACHES 


S = 51.84 in.” 
Solution V = 28.27 in.? 


Use Theorem 12.13 to write and solve two proportions. 
2 


Surface area ofI _ af Volume ofl _ a” 
Surface area ofIll р? Volume of II р 
51.84 _ 87 28.27 87 
Surface area of II 100? Volume of II 100° 
Surface area of II ~ 68.49 Volume of II = 42.93 


» The surface area of the larger can is about 68.49 square inches, and the 
| volume of the larger can is about 42.93 cubic inches. 
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(EXAMPLE З ] Find the scale factor 


The pyramids are similar. Pyramid P 
has a volume of 1000 cubic inches 
and Pyramid Q has a volume of 

216 cubic inches. Find the scale factor 
of Pyramid P to Pyramid Q. 


Solution 


Use Theorem 12.13 to find the ratio of the two volumes. 


3 
a? _ 1000 я " 
p3 = 216 6 Write ratio of volumes. 
a _ 10 " 
5b 6 Find cube roots. 
a_s . : 
5b 3 Simplify. 


* The scale factor of Pyramid P to Pyramid Q is 5:3. 


| EXAMPLE 4 ] Compare similar solids 


CONSUMER ECONOMICS А store sells balls of yarn in two different sizes. The 
diameter of the larger ball is twice the diameter of the smaller ball. If the balls 
of yarn cost $7.50 and $1.50, respectively, which ball of yarn is the better buy? 


Solution 


STEP 7 Compute the ratio of volumes using the diameters. 
Volume of large ball 23 g — 
Volume of small ball 13 r | 

STEP 2 Find the ratio of costs. 
Price of large ball $7.50 5 


Priceotsmall ball “150° PaA 


STEP 3 Compare the ratios in Steps 1 and 2. 


If the ratios were the same, neither ball would be a better buy. 
Comparing the smaller ball to the larger one, the price increase is 
less than the volume increase. So, you get more yarn for your dollar 
if you buy the larger ball of yarn. 


» The larger ball of yarn is the better buy. 


GUIDED PRACTICE for Examples 2, 3, and 4 


3. Cube C has a surface area of 54 square units and Cube D has a surface 
area of 150 square units. Find the scale factor of C to D. Find the edge 
length of С, and use the scale factor to find the volume of D. 


4. WHAT IF? In Example 4, calculate a new price for the larger ball of yarn 
so that neither ball would be a better buy than the other. 
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12.7 EXERCISES "t О-оо 
ө КЕҮ: on p. WS18 for Exs. 3, 9, and 27 
: Ж = STANDARDIZED TEST PRACTICE 
Exs. 2, 7, 16, 28, 31, and 33 


E eo = MULTIPLE REPRESENTATIONS 
Ex. 34 


SKILL PRACTICE 


1. VOCABULARY What does it mean for two solids to be similar? 


2. ж WRITING How are the volumes of similar solids related? 


: EXAMPLE 1 IDENTIFYING SIMILAR SOLIDS Tell whether the pair of right solids is similar. 


: on p. 847 Explain your reasoning. 


: for Exs. 3—7 4. п 


14.8 ft 


12.6 ft 


9 ft 


8 cm 
7. * MULTIPLE CHOICE Which set of dimensions corresponds to a 
triangular prism that is similar to the prism shown? 
(А) 2 feet by 1 foot by 5 feet 4 feet by 2 feet by 8 feet 10 ft 
©) 9 feet by 6 feet by 20 feet @ 15 feet by 10 feet by 25 feet 


4 ft 


6 ft 


: EXAMPLE 2 USING SCALE FACTOR Solid A (shown) is similar to Solid B (not shown) with 


: on p. 848 the given scale factor of A to B. Find the surface area and volume of Solid B. 
: for Exs. 8—11 
dn 8. Scale factor of 1:2 (9)Scale factor of 3:1 10. Scale factor of 5:2 
S = 15077 in? S = 1500 m? S = 2356.2 cm? 
V = 25077 in.’ V = 3434.6 m? V — 7450.9 cm? 


11. ERROR ANALYSIS The scale factor of two 2 
. ° ° L] 5007 — 1 
similar solids is 1:4. The volume of the smaller ValuntecEB A 
. í ' olumeofB д2 
Solid A is 5007. Describe and correct the error 
in writing an equation to find the volume of the 
larger Solid B. 
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: on p. 849 
: for Exs. 12-18 


FINDING SCALE FACTOR In Exercises 12-15, Solid I is similar to Solid II. Find 
the scale factor of Solid I to Solid II. 


12. 


13. 


И= 1257ft 


A 


S = 288 cm? $ = 128 cm? S = 192 cm? $ = 108 cm? 


14. 


16. Ж MULTIPLE CHOICE The volumes of two similar cones are 87 and 277. 
What is the ratio of the lateral areas of the cones? 


® È O i O $ D 


wIN 


17. FINDING A RATIO Two spheres have volumes of 27 cubic feet and 
167 cubic feet. What is the ratio of the surface area of the smaller sphere 
to the surface area of the larger sphere? 


18. FINDING SURFACE AREA Two similar cylinders have a scale factor of 2:3. 
The smaller cylinder has a surface area of 787 square meters. Find the 
surface area of the larger cylinder. 


COMPOSITE SOLIDS In Exercises 19-22, Solid I is similar to Solid II. Find the 
surface area and volume of Solid II. 


8 ст 


23. E) ALGEBRA Two similar cylinders have surface areas of 547 square feet 
and 38477 square feet. The height of each cylinder is equal to its diameter. 
Find the radius and height of both cylinders. 
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24. CHALLENGE A plane parallel to the base of a cone divides the cone into 
two pieces with the dimensions shown. Find each ratio described. 


a. The area of the top shaded circle to the area of the bottom 
shaded circle 


b. The slant height of the top part of the cone to the slant 
height of the whole cone 


c. The lateral area of the top part of the cone to the lateral 
area of the whole cone 


d. The volume of the top part of the cone to the volume of 2cm 
the whole cone e —— 


e. The volume of the top part of the cone to the volume of 
the bottom part 


. PROBLEM SOLVING 


: EXAMPLE 4 25. COFFEE MUGS The heights of two similar coffee mugs are 3.5 inches and 


: on p. 849 4 inches. The larger mug holds 12 fluid ounces. What is the capacity of 
: for Exs. 25-27 the smaller mug? 
_CHomelutor | tor problem solving help at classzone.com 


26. ARCHITECTURE You have а pair of binoculars that is 
similar in shape to the structure on page 847. Your 
binoculars are 6 inches high, and the height of the 
structure is 45 feet. Find the ratio of the volume of 
your binoculars to the volume of the structure. 


_(OHomelutor for problem solving help at classzone.com 


©) PARTY PLANNING Two similar punch bowls have a scale factor of 3: 4. 
The amount of lemonade to be added is proportional to the volume. How 
much lemonade does the smaller bowl require if the larger bowl requires 
64 fluid ounces? 


28. Ж OPEN-ENDED MATH Using the scale factor 2:5, sketch a pair of solids 
in the correct proportions. Label the dimensions of the solids. 


29. MULTI-STEP PROBLEM Two oranges are both spheres with diameters 
3.2 inches and 4 inches. The skin on both oranges has an average 


thickness of i inch. 


. Find the volume of each unpeeled orange. 
. Compare the ratio of the diameters to the ratio of the volumes. 


. Find the diameter of each orange after being peeled. 


ano c g 


. Compare the ratio of surface areas of the peeled oranges to the ratio of 
the volumes of the peeled oranges. 


P CT | TAA 
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(О) = WORKED-OUT SOLUTIONS Ж = STANDARDIZED ф = MULTIPLE 
852 on p. WS1 TEST PRACTICE REPRESENTATIONS 


30. 


31. 


32. 


33. 


34. 


35. 


Є) ALGEBRA Use the two similar cones shown. 


a. What is the scale factor of Cone I to Cone II? What 
should the ratio of the volume of Cone I to the 
volume of Cone П be? 


b. Write an expression for the volume of each solid. 


c. Write and simplify an expression for the ratio of 
the volume of Cone I to the volume of Cone II. 
Does your answer agree with your answer to 
part (a)? Explain. 


Ж EXTENDED RESPONSE The scale factor of the 
model car at the right to the actual car is 1:18. 


a. The model has length 8 inches. What is 
the length of the actual car? 


b. Each tire of the model has a surface area 
of 12.1 square inches. What is the surface 
area of each tire of the actual car? 


c. The actual car’s engine has volume 
8748 cubic inches. Find the volume of the 
model car’s engine. 


USING VOLUMES Two similar cylinders have volumes 167 and 4327. The 
larger cylinder has lateral area 727. Find the lateral area of the smaller 
cylinder. 


Ж SHORT RESPONSE A snow figure is made using three balls of snow 
with diameters 25 centimeters, 35 centimeters, and 45 centimeters. The 
smallest weighs about 1.2 kilograms. Find the total weight of the snow 
used to make the snow figure. Explain your reasoning. 


ey MULTIPLE REPRESENTATIONS A gas is enclosed in a cubical 

container with side length s in centimeters. Its temperature remains 
constant while the side length varies. By the Ideal Gas Law, the pressure P 
in atmospheres (atm) of the gas varies inversely with its volume. 


a. Writing an Equation Write an equation relating P and s. You will 
need to introduce a constant of variation k. 


b. Making a Table Copy and complete the table below for various side 
lengths. Express the pressure P in terms of the constant k. 


c. Drawing a Graph For this particular gas, k = 1. Use your table to 
sketch a graph of P versus s. Place P on the vertical axis and s on the 
horizontal axis. Does the graph show a linear relationship? Explain. 


CHALLENGE А plane parallel to the base of a pyramid 

separates the pyramid into two pieces with equal 

volumes. The height of the pyramid is 12 feet. Find 

the height of the top piece. / 4 
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MIXED REVIEW 


Determine whether the triangles are similar. If they are, write a similarity 
statement. (p. 381) 


36. C D E Е 37. Wan X 7 38. Q R 
Nal 95° 
60° 


E 95° T 


U 
AL B V 


S P 
The sum of the measures of the interior angles of a convex polygon is given. 
Classify the polygon by the number of sides. (p. 507) 

39. 900? 40. 180? 41. 540? 42. 1080? 
Write a standard equation of the circle with the given center and radius. 

(p. 699) 

43. Center (2, 5), radius 4 44. Center (—3, 2), radius 6 
Sketch the described solid and find its surface area. Round your answer to 
two decimal places, if necessary. (p. 803) 

45. Right rectangular prism with length 8 feet, width 6 feet, and height 3 feet 
46. Right regular pentagonal prism with all edges measuring 12 millimeters 


47. Right cylinder with radius 4 inches and height 4 inches 


48. Right cylinder with diameter 9 centimeters and height 7 centimeters 


UIZ for Lessons 12.6—12.7 


Find the surface area and volume of the sphere. Round your answers to two 
decimal places. (p. 838) 


1. 


Solid A (shown) is similar to Solid В (not shown) with the given scale factor 
of A to В. Find the surface area S and volume V of Solid В. (р. 847) 


4. Scale factor of 1:3 5. Scale factor of 2:3 6. Scale factor of 5:4 


7. Two similar cones have volumes 7297 cubic feet and 3437 cubic feet. 
What is the scale factor of the larger cone to the smaller cone? (p. 847) 
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MIXED REVIEW of Problem Solving D STATE TEST PRACTICE 


Lessons 12.4-12.7 


1. MULTI-STEP PROBLEM You have a container 
in the shape of a right rectangular prism 
with inside dimensions of length 24 inches, 
width 16 inches, and height 20 inches. 


a. Find the volume of the inside of the 
container. 


b. You are going to fill the container with 
boxes of cookies that are congruent right 
rectangular prisms. Each box has length 
8 inches, width 2 inches, and height 
3 inches. Find the volume of one box of 
cookies. 


c. How many boxes of cookies will fit inside 
the cardboard container? 


2. SHORT RESPONSE You have a cup in the 
shape of a cylinder with inside dimensions 
of diameter 2.5 inches and height 7 inches. 
a. Find the volume of the inside of the cup. 
b. You have an 18 ounce bottle of orange 

juice that you want to pour into the cup. 
Will all of the juice fit? Explain your 
reasoning. (1 in. ~ 0.554 fluid ounces) 


3. EXTENDED RESPONSE You have a funnel 
with the dimensions shown. 


6cm 


a. Find the approximate volume of the 
funnel. 


b. You are going to use the funnel to put oil 
in a car. Oil flows out of the funnel at a 
rate of 45 milliliters per second. How long 
will it take to empty the funnel when it is 
full of oil? (1 mL = 1 cm?) 


c. How long would it take to empty a funnel 
with radius 10 cm and height 6 cm? 


d. Explain why you can claim that the time 
calculated in part (c) is greater than the 
time calculated in part (b) without doing 
any calculations. 


øZ classzone.com 


4. EXTENDED RESPONSE An official men's 


basketball has circumference 29.5 inches. 
An official women's basketball has 
circumference 28.5 inches. 


a. Find the surface area and 
volume of the men's basketball. 


b. Find the surface area 
and volume of the 
women's basketball 
using the formulas 
for surface area and 
volume of a sphere. 


c. Use your answers 
in part (a) and the 
Similar Solids Theorem 
to find the surface 
area and volume of the 
women's basketball. Do 
your results match your 
answers in part (b)? 


. GRIDDED ANSWER То accurately measure 


the radius of a spherical rock, you place 

the rock into a cylindrical glass containing 
water. When you do so, the water level 

rises З. inch. The radius of the glass is 


2 inches. What is the radius of the rock? 


. SHORT RESPONSE Sketch a rectangular 


prism and label its dimensions. Change the 
dimensions of the prism so that its surface 
area increases and its volume decreases. 


. SHORT RESPONSE A hemisphere and a right 


cone have the same radius and the height of 
the cone is equal to the radius. Compare the 
volumes of the solids. 


. SHORT RESPONSE Explain why the height 


of a right cone is always less than its slant 
height. Include a diagram in your answer. 
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CHAPTER SUMMARY 


BIG IDEAS For Your Notebook 


Exploring Solids and Their Properties 


> Euler's Theorem is useful when finding the number of faces, edges, or vertices 
on a polyhedron, especially when one of those quantities is difficult to count 
by hand. 


For example, suppose you want to find the number of edges on a regular 
icosahedron, which has 20 faces. You count 12 vertices on the solid. To 
calculate the number of edges, use Euler's Theorem: 


I F+V=E>+2 Write Euler’s Theorem. 
20 +12=E +2 Substitute known values. 
30=E Solve for E. 


Solving Problems Using Surface Area and Volume 


К Right prism S = 2B + Ph 
[> Right cylinder S = 2B + Ch 


T Regular pyramid 
| 


+. The volume formulas for prisms, cylinders, pyramids, and cones can be used 
for oblique solids. 


Big 


$. While many of the above formulas can be written in terms of more detailed 
variables, it is more important to remember the more general formulas for a 
> greater understanding of why they are true. 


Big (deo, © + Connecting Similarity to Solids 


The similarity concepts learned in Chapter 6 can be extended to 
+ 3-dimensional figures as well. 


Suppose you have a right cylindrical can whose 

> surface area and volume are known. You are then 

+ given a new can whose linear dimensions are 

k times the dimensions of the original can. If the 

1; surface area of the original can is S and the volume 
of the original can is V, then the surface area and 
volume of the new can can be expressed as k*S and 
k3V, respectively. 
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* Multi-Language Glossary 
* Vocabulary practice 

: For a listof e polyhedron, p. 794 * prism, p. 803 • slant height, p. 810 

: postulates and face, edge, vertex, base lateral faces, lateral edges cone, p. 812 

: theorems, see • regular polyhedron, p. 796 * surface area, p. 803 


: pp. 926-931. * Vertex of a cone, p. 812 


* convex polyhedron, p. 796 * lateral area, p. 803 e right cone, p. 812 

• Platonic solids, p. 796 e net, p. 803 - lateral surface, p. 812 

• tetrahedron, р. 796 e right prism, p. 804 - volume, p. 819 

* cube, p. 796 * oblique prism, p. 804 - sphere, р. 838 

e octahedron, p. 796 * cylinder, p. 805 center, radius, chord, diameter 
e dodecahedron, p. 796 e right cylinder, p. 805 • great circle, p. 839 

• icosahedron, p. 796 * pyramid, p. 810 * hemisphere, p. 839 

e Cross section, p. 797 * vertex of a pyramid, p. 810 • similar solids, p. 847 


* regular pyramid, p. 810 


VOCABULARY EXERCISES 


1. Copy and complete: A. ? is the set of all points in space equidistant from a 
given point. 


2. WRITING Sketch a right rectangular prism and an oblique rectangular prism. 
Compare the prisms. 


REVIEW EXAMPLES AND EXERCISES 


Use the review examples and exercises below to check your understanding 
of the concepts you have learned in each lesson of Chapter 12. 


Í 2. || Explore Solids pp. 794-801 | 


A polyhedron has 16 vertices and 24 edges. How many faces does the 
polyhedron have? 


F+V=E>+2 Euler's Theorem 
F+16=24+2 Substitute known values. 
F= 10 Solve for F. 


» The polyhedron has 10 faces. 


EXERCISES 
: EXAMPLES Use Euler’s Theorem to find the value of n. 
: ti 3. Faces: 20 4. Faces: n 5. Faces: 14 
: Es ы 3—5 Vertices: п Vertices: 6 Vertices: 24 
| | Edges: 30 Edges: 12 Edges: n 
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CHAPTER REVIEW 


12.2 of Prisms and Cylinders = — pp.so3-809 


Find the surface area of the right cylinder. 


S = 2ar? + 2тгһ Write formula. 
= 2m(16)* + 27(16)(25) Substitute for r and h. 
= 13127 Simplify. 
= 4121.77 Use a calculator. 


» The surface area of the cylinder is about 4121.77 square inches. 


EXERCISES 
: EXAMPLES Find the surface area of the right prism or right cylinder. Round your 
:2,3,and4 _ answer to two decimal places, if necessary. 
: on pp. 804-806 
: for Exs. 6-9 ө. ^ н, 
6 mi 
| 7 mi 
9. A cylinder has a surface area of 447 square meters and a radius of 
2 meters. Find the height of the cylinder. 
Surface Area of Pyramids and Cones pp. 810-817 
Find the lateral area of the right cone. 
Lateral area = arf Write formula. 
= 77(6)(16) Substitute for r and £. 
= 967 Simplify. 
== 301.59 Use a calculator. 
> The lateral area of the cone is about 301.59 square centimeters. 
EXERCISES 
: EXAMPLES 10. Find the surface area of a right square pyramid with base edge length 
Landa | 2 feet and height 5 feet. 
: on pp. 810-813 ; | . 
: for Exs. 10-12 11. The surface area of a cone with height 15 centimeters is 5007 square 


centimeters. Find the radius of the base of the cone. Round your answer 
to two decimal places. 


12. Find the surface area of a right octagonal pyramid with height 2.5 yards, 
and its base has apothem length 1.5 yards. 
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Volume of Prisms and Cylinders pp. 819-825 


Find the volume of the right triangular prism. 


The area of the base is B = (6) (8) = 24 square inches. 
Use h = 5 to find the volume. 


V= Bh Write formula. 
= 24(5) Substitute for B and h. 
= 120 Simplify. 


» The volume of the prism is 120 cubic inches. 


EXERCISES 
: EXAMPLES Find the volume of the right prism or oblique cylinder. Round your answer 
j2anda to two decimal places. 
: on pp. 820-821 
: for Exs. 13-15 Ih 14, 15, 

8 тт 
2 mm 4 yd 
2 yd 
Volume of Pyramids and Cones pp. 829-836 


Find the volume of the right cone. 


The area of the base is B = rr? = т(11)? = 380.13 cm’. 
Use h = 20 to find the volume. 


y= ¿Bh Write formula. 


- 3(380.13) (20) Substitute for B and h. 


== 2534.2 Simplify. 


> The volume of the cone is about 2534.2 cubic centimeters. 


EXERCISES 
: EXAMPLES 16. Acone with diameter 16 centimeters has height 15 centimeters. Find the 
: Tand2 volume of the cone. Round your answer to two decimal places. 


: е РА ети 17. The volume of a pyramid is 60 cubic inches and the height is 15 inches. 


Find the area of the base. 
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CHAPTER REVIEW 


Й 2.6. Surface Area and Volume of Spheres pp. 838-845 | 


Find the surface area of the sphere. 


S = Amr? Write formula. 


= Aq (7)* Substitute 7 for r. 


= 1967 Simplify. 


* The surface area of the sphere is 1967, or about 615.75 square meters. 


EXERCISES 
: EXAMPLES 18. ASTRONOMY The shape of Pluto can be approximated as a sphere of 
: 1,4, and 5 diameter 2390 kilometers. Find the surface area and volume of Pluto. 


: on pp. 839, 841 


: for Exs. 18—19 19. A solid is composed of a cube with side length 6 meters and a 


hemisphere with diameter 6 meters. Find the volume of the solid. 
Round your answer to two decimal places. 


É 2.7 Explore Similar Solids pp. 847-854 | 


The cones аге similar with a scale factor of 
1:2. Find the surface area and volume of 
Cone II given that the surface area of Cone I 
is 3847 square inches and the volume of 
Cone I is 76877 cubic inches. 


Use Theorem 12.13 to write and solve two proportions. 


Surface area ofI _ a? Volume of I _ a? 
Surface areaofII p? Volume of II p’ 
3847 Е 768" | l 
Surface area of II 22 Volume of II 23 
Surface area of II = 15367 in.” Volume of II = 61447 in.’ 


* The surface area of Cone II is 15367, or about 4825.49 square inches, 
and the volume of Cone II is 61447, or about 19,301.95 cubic inches. 


EXERCISES 
: EXAMPLE 2 Solid A is similar to Solid B with the given scale factor of A to B. The surface 
:onp.848 area and volume of Solid A are given. Find the surface area and volume of 
: for Exs. 20-22 Solid B. 
20. Scale factor of 1:4 21. Scale factor of 1:3 22. Scale factor of 2:5 
S = 62 cm? S = 1127 m’ S = 1447 yd? 
V= 30cm? V = 1607 m? V = 2887 yd? 
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CHAPTER TEST 


Find the number of faces, vertices, and edges of the polyhedron. Check 
your answer using Euler's Theorem. 


Find the surface area of the solid. The prisms, pyramids, cylinders, and 
cones are right. Round your answer to two decimal places, if necessary. 


7 cm 


Find the volume of the right prism or right cylinder. Round your answer 
to two decimal places, if necessary. 


11. 


12 cm 


In Exercises 13-15, solve for x. 


13. Volume = 324 in.? 14. Volume = эст ft" 15. Volume = 1807 cm? 


5. 


16. MARBLES The diameter of the marble shown is 35 millimeters. 
Find the surface area and volume of the marble. 


17. PACKAGING Two similar cylindrical cans have a scale factor 
of 2:3. The smaller can has surface area 3087 square inches 
and volume 7357 cubic inches. Find the surface area and 
volume of the larger can. 
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CONTEXT-BASED 
MULTIPLE CHOICE QUESTIONS 


Some of the information you need to solve a context-based multiple choice 
question may appear in a table, a diagram, or a graph. 


One cubic foot of concrete weighs 
about 150 pounds. What is the 
approximate weight of the cylindrical 
section of concrete pipe shown? 


СА) 145 1b 684 lb 
©) 2738 lb (D> 5653 lb 


36 in. 


Plan 


INTERPRET THE DIAGRAM The pipe is a cylinder with length 36 inches and 
diameter 48 inches. The hollow center is also a cylinder with length 36 inches 
and diameter 45 inches. Find the volume of concrete used (in cubic feet). 
Then multiply by 150 pounds per cubic foot to find the weight of the concrete. 


Solution 
КЫНДА » Find the volume of a cylinder with diameter 48 inches and height 36 inches. 
Find the volume of 
concrete used in the pipe. V = ar?h = 1 24?)(36) == 65,144 in? 
Find the volume of a cylinder with diameter 45 inches and height 36 inches. 
V = ar?h = q(22.5?)(36) ~ 57,256 in. 


To find the volume of concrete used in the pipe, subtract the smaller volume 
from the larger volume. 


Volume of concrete used in pipe = 65,144 — 57,256 = 7888 in.’ 


d Tee »- Use unit analysis to convert 7888 cubic inches to cubic feet. There are 
d paleo 12 inches in 1 foot, so there are 12° = 1728 cubic inches in 1 cubic foot. 
3 
7888143. LE ~ 4.56 ft 
1728 ip 
iia d ОЕ »- To find the weight of the pipe, multiply the volume of the concrete used in 
а the weight of the the pipe by the weight of one cubic foot of concrete. 
Weight of pipe ~ 4.56 ft? - 150 Ib _ 684 Ib 
d 
The weight of the pipe is about 684 pounds. 
The correct answer is B. (А) (С) D 
Chapter 12 Surface Area and Volume of Solids 


What is the ratio of the surface area of 
Cone I to the surface area of Cone II? 


122 1:4 
( 3:5 3:8 


Cone II 


Plan 


INTERPRET THE DIAGRAM The diagram shows that the cones have the same 
radius, but different slant heights. Find and compare the surface areas. 


Solution 
STEP 1 
see eceecececescececesesceseseeees »- Use the formula for the surface area of a cone. 
Find the surface area of 
each cone. Surface area of Cone I = mr? + arf = т\3?) + 7(3)(6) = 97 + 187 = 277 
Surface area of Cone II = zr? + arf = «(32) + т(3)(12) = 9л + 367 = 4577 
STEP 2 ———— y Write a ratio. 
Compare the surface 
areas. Surface area of Cone] _ 277 _ 3 argos 


Surface area of Cone I 457 5’ 


The correct answer is С. (А) © D 


PRACTICE 


1. The amount a canister can hold is 
proportional to its volume. The large 


cylindrical canister in the table holds © small 
2 kilograms of flour. About how many 
kilograms does the similar small ^ Medum - 


: 2 
canister hold? 


CA) 0.5 kg 1 kg 
(C 1.3kg (D> 1.6kg 


2. The solid shown is made of a rectangular 
prism and a square pyramid. The height 
of the pyramid is one third the height of 
the prism. What is the volume of the solid? 


D 4572 ft? 64022 ft? 


(C) 6860 ft? (D) 10,976 ft? 


Diameter 


Test Preparation 863 


MULTIPLE CHOICE 


In Exercises 1 and 2, use the diagram, which 
shows a bin for storing wood. 


30 in. 


46 in. 


30 in. 


1. The bin is a prism. What is the shape of the 
base of the prism? 


СА) Triangle Rectangle 
(C) Square (D> Trapezoid 
2. What is the surface area of the bin? 
(А) 3060 in.* 6480 in.” 
(С) 6960in.2 © 8760in.* 


3. In the paperweight shown, a sphere with 
diameter 5 centimeters is embedded in a 
glass cube. What percent of the volume of 
the paperweight is taken up by the sphere? 


6 ии 
СА) About 30% About 40% 
(С) About50% (D) About 60% 


4. What is the volume of the solid formed when 
rectangle JKLM is rotated 360° about KL? 


M 3 L 
CA) т (В) 37 
(С) 6т D 97 


Chapter 12 Surface Area and Volume of Solids 


5. The skylight shown is made of four glass 
panes that are congruent isosceles triangles. 
One square foot of the glass used in the 
skylight weighs 3.25 pounds. What is the 
approximate total weight of the glass used in 
the four panes? 


1.5 ft 


3 ft 
3 ft 

QD 101 15 Ib 

(С) 2916 (DD 411Ь 


6. The volume of the right cone shown below is 
167 cubic centimeters. What is the surface 
area of the cone? 


(А) 127 ст? 
(С) 367 cm” 


187 cm? 
D 727 cm? 


7. The shaded surface of the skateboard ramp 


shown is divided into a flat rectangular 
portion and a curved portion. The curved 
portion is one fourth of a cylinder with 
radius r feet and height h feet. Which 
equation can be used to find the area of the 
top surface of the ramp? 


r 2r 


2rh + 2arh 
(D> 2rh + sah 


(А) 2rh + 27r? 


© 2rh + inr? 


GRIDDED ANSWER 


8. The scale factor of two similar triangular 
prisms is 3:5. The volume of the larger prism 
is 175 cubic inches. What is the volume (in 
cubic inches) of the smaller prism? 


9. Two identical octagonal pyramids are 
joined together at their bases. The resulting 
polyhedron has 16 congruent triangular 
faces and 10 vertices. How many edges does 
it have? 


10. The surface area of Sphere A is 27 square 
meters. The surface area of Sphere Bis 
48 square meters. What is the ratio of the 
diameter of Sphere A to the diameter of 
Sphere B, expressed as a decimal? 


11. The volume of a square pyramid is 
54 cubic meters. The height of the pyramid is 
2 times the length of a side of its base. What 
is the height (in meters) of the pyramid? 
Round your answer to the nearest 
hundredth. 


EXTENDED RESPONSE 


14. A cylindrical oil tank for home use has the dimensions shown. 


a. Find the volume of the tank to the nearest tenth of a cubic foot. 


| D STATE TEST PRACTICE 
A dasszone.com 


SHORT RESPONSE 


12. 


13. 


Two cake layers are right cylinders, as 
shown. The top and sides of each layer will 
be frosted, including the portion of the top 
of the larger layer that is under the smaller 
layer. One can of frosting covers 100 square 
inches. How many cans do you need to frost 
the cake? 


— 6 in.— 


3 in. 


[— — 10 in. — —] 


The height of Cylinder B is twice the height 
of Cylinder A. The diameter of Cylinder B is 
half the diameter of Cylinder A. Let r be the 
radius and let Л be the height of Cylinder A. 
Write expressions for the radius and height 
of Cylinder B. Which cylinder has a greater 
volume? Explain. 


-24 ft 


b. Use the fact that 1 cubic foot = 7.48 gallons to find how many gallons of 


oil are needed to fill the tank. 


5 ft 


c. Ahomeowner uses about 1000 gallons of oil in a year. Assuming the 
tankis empty each time it is filled, how many times does the tank 


need to be filled during the year? 


15. A manufacturer is deciding whether to package a product in a container 
shaped like a prism or one shaped like a cylinder. The manufacturer wants 
to use the least amount of material possible. The prism is 4 inches tall and 
has a square base with side length З inches. The height of the cylinder is 


5 inches, and its radius is 1.6 inches. 


a. Find the surface area and volume of each container. If necessary, round 


to the nearest tenth. 


b. For each container, find the ratio of the volume to the surface area. 
Explain why the manufacturer should compare the ratios before 


making a decision. 
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MULATIVE REVIEW 


Find the value of x that makes rm || n. (p. 161) 


Explain how you know that the quadrilateral is a parallelogram. (p. 522) 


Find the value of the variable. (pp. 651, 672, 689) 


10. 11. 12. 
90° 2 
3 
18 
30 


Find the area of the shaded region. (р. 755) 


13. A 14. 206° 15. 
№ т 
E J 
B K 


Find the surface area and volume of the right solid. Round your answer to 
two decimal places. (pp. 803, 810, 819, 829) 


18. 


Cumulative Review: Chapters 1-12 


19. 


20. 


21. 


22. 


23. 


24. 


PHYSICS Find the coordinates of point P that will 
allow the triangular plate of uniform thickness to 
be balanced on a point. (p. 319) 


010, 0) 5(8,0) x 


SYMMETRY Copy the figure on the right. 
Determine whether the figure has line symmetry 
and whether it has rotational symmetry. Identify all 
lines of symmetry and angles of rotation that map 
the figure onto itself. (p. 619) 


TWO-WAY RADIOS You and your friend want to test a pair of two-way 
radios. The radios are expected to transmit voices up to 6 miles. Your 

location is identified by the point (—2, 4) on a coordinate plane where 
units are measured in miles. (p. 699) 


a. Write an inequality that represents the area expected to be covered 
by the radios. 


b. Determine whether your friend should be able to hear your voice 
when your friend is located at (2, 0), (3, 9), (—6, —1), (—6, 8), and 
(—7, 5). Explain your reasoning. 


COVERED BRIDGE 4A covered bridge has a roof with the dimensions 
shown. The top ridge of the roof is parallel to the base of the roof. The 
hidden back and left sides are the same as the front and right sides. 
Find the total area of the roof. (pp. 720, 730) 


88 ft 9.5 ft 


15 ft 
39 ft 10.5 ft 


CANDLES The candle shown has diameter 2 inches and 
height 5.5 inches. (pp. 803, 819) 


a. Find the surface area and volume of the candle. 
Round your answers to two decimal places. 


b. The candle has a burning time of about 30 hours. 
Find the approximate volume of the candle after it 
has burned for 18 hours. 


GEOGRAPHY The diameter of Earth is about 7920 miles. 
If approximately 70 percent of Earth's surface is covered 
by water, how many square miles of water are on Earth's 
surface? Round your answer to two decimal places. (p. 838) 
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Operations with Rational Numbers 


Add ог subtract: a. -3 + 2 b. 8.5 — (-1.4) 


a. Write the fractions with the same denominator, then add. 


b. To subtract a rational number, add its opposite. 


8.5 — (-1.4) =8.5+14=9.9 The opposite of —1.4 is 1.4, because (—1.4) + (1.4) = 0. 


The product or quotient of two numbers with the same sign is positive. 


The product or quotient of two numbers with different signs is negative. 


Multiply: а. 4(5) b. (—4)(—5) с. 4(-5) 


a. 4(5) = 20 b. (—4)(—5) = 20 c. 4(—5) = —20 


1^5 A X 7 "PE 3 The reciprocal of "LET because g X571. 
Add, subtract, multiply, or divide. 
1. 4 — [(—7) 2„ —13 + 28 3. -5-3 4, 32 + (—8) 
5. (-2)(-3)(—-4) 6. —8.1 + 4.5 7. 1-2,7) +13) 8. 0.85 — 0.9 
9. 12.1 + (—0.5) 10. (2.6) + (8.1) 11. 13-34 12. -3.6 = 1.5 
18. —3.1 „4.2 14. 0.48 = 4 15. —5.4 + (—3.8) 16. 0.6 — 1.8 
5 1 ЗЛ 4.2 17 
17. a a 18. 1" 3 19. 7*5 20. 12 тӘ 
"NS B 8 т qd 5 2 
= at | a 22. 1378 nd | 4 7^. В” 
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Simplifying and Evaluating Expressions 
To evaluate expressions involving more than one operation, mathematicians 
have agreed on the following set of rules, called the order of operations. 

1. Evaluate expressions inside grouping symbols. 

2. Evaluate powers. 

3. Multiply and divide from left to right. 

4. Add and subtract from left to right. 


a. 10 + (1 — 5)* (8) 


, b. 3|-9 4 2| - 2*6 
= 10 + (-4)* + (-8) Subtract. 


= 3|-7| - 2-6 
= 10 + 16 + (-8) Evaluate powers. 

—3(7)-2*6 
= 10 + (-2) Divide. 

= 21—12 
= 8 Add. 

= 9 


To evaluate ап algebraic expression, substitute values for the variables. 
Evaluate the resulting numerical expression using the order of operations. 


Simplify: а. 10+(1-—5)?=(-8) b. 3|-9+2|-2-6 


Add. 

Absolute value 
Multiply. 
Subtract. 


Evaluate the expression when x = 4 and y = 9. 


b. [(2x + y) — 3x] + 2 = (—x + y) + 2 = (—4 +9) +2 =5 +2 =2.5 
c. 2|х— 3y| = 2|4— 3(9)] = 2|4 - 27| = 2|-23| = 2(23) = 46 


P 


RACTICE 


Simplify the expression. 


1. 5? — (-2y 2. -8:3— 12+ 2 3. 21|-7+ 4| - 43 

5. 4(2 — 5)* 6 14+31 7-8. 7. 19.6 + (2.8 + 0.4) 
: 18 + H2 

g, 9+3-4 10. 18+ 21 11. 3(6x) + 7x 


2—7 (4 — 6)* 


Evaluate the expression when x = —3 and y = 5. 


13. —4x* 14. (—4x)* 15. x(x + 8) 

17. 3* [x - 2| 18. 7x? — 2y 19. 5 — |3x + yl 
y -1 —6(2x + y) 

21. 5 y 22. |6y| — |x| 23. ——— 


Student Resources 


4. 24+ (8 — |5—1|) 
8. 20 — 4[2 + (10 — 3?)] 


12. 3|-5y + 4у | 


16. (11-х) + 2 
20. 4x° + Зу 


24. * | 
x+7 


Properties of Exponents 


An exponent tells you how many times to multiply a base. The expression 


4° is called a power with base 4 and exponent 5. 


4=4Xx4Xx4Xx4Xx24= 1024 


Product of Powers Power of a Product 


g” 5 qe = ат +t” (а á by? = а" $ pn (amy = атп 


Add exponents. Find the power of each factor. Multiply exponents. 


Quotient of Powers | Power of a Quotient Negative Exponent Zero Exponent 


—= —n d 
Th =а"—",а=0 | = 27,6 +0 


Subtract exponents. | Find the power of the 
numerator and the power of 
the denominator. 


Simplify the expression. Use positive exponents. 


у 


lied b. xy = 2° «д + y = Ory’ 
= y? d. (-35)? = 1 
3 zg zz 
e е (3) = 48 64 
al n, 207Y 72 _ 2002-4 
20,736 Ax*yz3 = 
c — 
PRACTICE 
Evaluate the power. 
3 
1. 5? 2. (-3) з. 47? 
5, 53. 54 в. (3) 7. (78) 


(74 - DZ0(5 — 


ао = 1,а + 0 


3) — 


= Б “yn = 


Simplify the expression. Write your answer using only positive exponents. 


9. а? аа? 10. 3х9. (220? 11. 
3M a 
13. 3) 14. E) 15. 
17. (4.2 • у)? 18. (2n)* • (Зи)? 19. 
16x^y (Br “g 
21. En 22, 105 23. 
25. 6х^, 5xy 26. 2(r ^s^f) 3 27. 


за? .b 4 
1 


=2 


т 
(5a°b ?c) | 
3a^ bc 


21a ђе? 


(ba ?bc?^) ? 


© 15a? 


12. 


16. 


20. 


24. 
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ay" 


аз 


3b 
(r^st?)9 
kn? 
9 


(3x^y)* • (—4xy?) 
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Using the Distributive Property 


~ 4 

© You can use the Distributive Property to simplify some expressions. Неге are 

= four forms of the Distributive Property. 

E a(b+c)=ab+ac and (b+c)a=ba+ca Addition 

z a(b—c)-ab-—ac and (b-—c)a=ba-—ca Subtraction 

Ll 

pa 

m 

& 

UY 

= Write the expression without parentheses. 

№ 

pd a. x(x — 7) = x(x) — x(7) b. (n + 5)(3) = п(—3) + (5)(-3) 
= х? — 7x = —3n — 15 


Like terms аге terms of an expression that have identical variable parts. You сап 
use the Distributive Property to combine like terms and to simplify expressions 
that include adding, subtracting, factoring, and dividing polynomials. 


T EXAMPLE | Simplify the expression. 


a. —2x^ + 6х? = (-2 + 6)x* = 4x7 

b. 9y — 4y + 8y = (9 — 4 + 8)y = 13y 

c. 5(х^— 3x) + (x + 2) 5x? — 15x + x + 2 = 5x? + (C15 + Dx + 2 = 5x? — Mx +2 
. (3x2 — 4x + 1) – (2x? — x — 7) = (3 — 2)x? + (—4 + Dx t+ (1 + 7) =x? – 3х + 8 


je" 


e zx = I o x *-* 


P 


RACTICE 


Use the Distributive Property to write an equivalent expression. 
1. З(х +7) 2. —A(9u — 5) 3. (5n — 2)8 4. x(3x — 4) 
5. —(x + 6) 6. (5b + c)(2a) 7. A(3x^ — 2x + 4) 8. —5a(—-a + 3b — 1) 


Simplify the expression. 


9. 3х2 — 9x? + х2 10. 4x — 7x + 12x 11. 3n+5-n 12. —6r+3s—5r+8 
13. 12h? + 5h? — 7h? 14. 6.5a + 2.4 — 5a 15. (x + 8) — (x — 2) 16. 4.5(2r — 6) — 3r 

l ll lu2. 15n + 20 l6 — 12/2 
17. 2 + za 18. ris A) + x 19. ~ 20. E ah 
21. (a? — 81) + (a? + ба + 5) 22. (ba^ + За — 2) — (2a? — a + 6) 
23. 2x + Зх(х —4) +5 24. 3r(5r + 2) — A(2r? — r + 3) 

3 231.2 2 
25. 8a’b + Aa*b* — 2ab 26. 7h* — 14h — 35 + 21h 
2ab 7 
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Binomial Products 


To multiply two binomials, you can use the Distributive Property systematically. 
Multiply the first terms, the outer terms, the inner terms, and the last terms of the 
binomials. This method is called FOIL for the words First, Outer, Inner, and Last. 


For certain binomial products, you can also use a special product pattern. 
(a + by? = а? + 2ab + b? (a — b)* = а? — 2ab + р? (a — b)(a + b) = а? — р? 


[ Examene ЖШШЕ 


(x + 2)(3х — 4) = x(3x) + х(—4) + 2(3х) + 2(—4) 
| | | | 


| First Outer Inner Last 
= 3x? — 4x+6x- 8 
= 3x? + 2x — 8 
a. (x + 5)? b. (y- 3)? c. (2+ A)(z — 4) 
= х? + 2(x)(5) + 5 = у? – 2(y)(3) + 3° = 22 — 4? 
= д? + 10x + 25 = у? – бу + 9 = z^ — 16 


То simplify some expressions, multiply binomials first. 


Simplify the expression. 


2(x + I(x + 6) — 4(х2 — 5x + 4) = 2(x? + 7x + 6) – 4(х2 — 5х +4) Multiply binomials. 
= 2x* + 14x + 12 — 4х2 + 20x — 16 Distributive Property 


= 2x7 + 34x — 4 Combine like terms. 
Find the product. 

1. (a — 2)(a — 9) 2. (у – 4)? 3. (t — 5)(t + 8) 4. (5n + 1)(n — 4) 

5. (ba + 2)? 6. (x — 10)(x + 10) 7. (c+ 4)(4c — 3) 8. (n + 7)? 

9. (8 – 2)? 10. (a+ 1)(а — 1) 11. (2x + D(x + 1) 12. (—7z + 6)(3z — 4) 
13. (2х — 3)(2x + 3) 14. (5 + n)* 15. (2d — 1)(34 + 2) 16. (a + 3)(a + 3) 
17. (k — 1.2)? 18. (6х — 5)(2x — 3) 19. (6 — 2)(6 + 2) 20. (4 — 52) (3g + 2) 
Simplify the expression. 

21. 3(у — 4)(у + 2) + (2y – D(y + 8) 22. 4(t* + 3t 4) + 2(t — 1)(t + 5) 
23. 2(x + 2)(x — 2) + (x — 3)(x + 3) 24. 2(2с° + 3c — 1) + 7(c + 2)? 
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Radical Expressions 


A square root of a number n is a number m such that т? = n. For example, 
92 = 81 and (—9)* = 81, so the square roots of 81 are 9 and —9. 


Every positive number has two square roots, one positive and one negative. 
Negative numbers have no real square roots. The square root of zero is zero. 


The radical symbol, V , represents a nonnegative square root: V81 = 9. The 
opposite of a square root is negative: —V81 = —9. 


A perfect square is a number that is the square of an integer. So, 81 isa 
perfect square. A radicand is a number or expression inside a radical symbol. 


Properties of Radicals Simplest Form of a Radical Expression 


For a 2 0 and b 2 0: * No perfect square factors other than 1 in the radicand 
Vab = Va • Vb * No fractions in the radicand 


* No radical signs in the denominator of a fraction 


Simplify the expression. 
a. V9 + 36 = V45 = V9-5 = V9 - V5 = 3V5 
b. V50 — V32 = V25 +2 — V16 •2 = 5V2 — 4V2 = (5 - 4)V2 = 1/2 = V2 


c. V18 + V72 = V18 + 72 = V1296 = 36 d. (8ү3) = 82. (УЗ) = 64.3 = 192 
6_6,V2_6:V2_6:V2_ v20 _ [20 | [1 _1 
“аз Ya va (Va 2 3V2 a a Б 5 


e 
' PRACTICE 


Find all square roots of the number or write no square roots. 


1 9 
1. 100 2. 64 3. 2 ET 
5. —16 6. 0 7. 0.81 8. 0.0016 
Simplify the expression. 
9. V121 10. —V169 11. —V99 12. V48 
13. V16 + 4 14. V(-4) + 67 15. V175 — V28 16. V32 + V162 
17. V8 + VIO 18. 4V6 + 2V15 19. V210 • 420 20. (9/3) 
21. V137 • V137 22. V12 • V48 23. 5/18 • V2 24. 3V7 + 5V11 
\ 192 2 12 2 
an - 28. 26. ¡E ao S 28. — 
ҮЗ 49 V6 V5 
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Solving Linear Equations 


To solve a linear equation, you isolate the variable. 


Add the same number to each side of the equation. 


Subtract the same number from each side of the equation. 


Multiply each side of the equation by the same nonzero number. 


Divide each side of the equation by the same nonzero number. 


PRACTICE 


Solve the equation. 
1. x-8=23 


7. —4.8 = 1.52 
10. 7(y — 2) = 21 
13. 2c + 3 = A(c — 1) 


16. 2y -2— 10 


19. 2с — 8 = 24 

22. —4k + 8 = 12 — 5k 
25. 12(z + 12) = 15° 

28. 5(3t — 2) = —3(7 — D 


1 = 
3l. 2 b-8=10 


9= 2x _ 
34. : =X 


a. 3x —5 = 13 
3х-5+5=13+5 
3х = 18 
3x 18 
3 3 
x=6 
CHECK Зх – 5 = 13 
3(6) — 5 2 13 
13 = 13 Y 


Solve the equation: a. 3x — 5 = 13 


Divide by 3. 


b. 2(y-—3)=y+4 


Б. 2(y — 3) = y + 4 


2y-6=y+4 Distributive Property 
2Y-y-6=y-y+4 Subtract y. 
y-6=4 Simplify. 
y-6+6=43+6 Add 6. 
у= 10 Simplify. 
CHECK  2(y-3)=y+w4 
2(10 — 3) 2 10 + 4 
14 = 14 Y 
2. п+ 12-0 3. —18 = Зу 
д... == 

5. 37 = 26 6. БЇ = 8 

8. 0 = —3x + 12 9. 72 = 90 – x 

11. 5=4k+2-«k 12. 4п +1 = –2п + 8 
14. 9 — (3r — 1) = 12 15. 12m + 3(2m + 6) = 0 
17. "8 24 18. —1(12 + h) =7 

3 4 
20. 2.8(5 — д =7 21. 2— c= —3(2c + 1) 
23, 3(2— 2) + 8 = 23 24, 12 = 5(-3r + 2) - (r- 1) 
26. 2 • 3.14 • г = 94.2 27. 3.1(2f + 1.2) = 0.2(f — 6) 
29. 20а — 12(а – 3) = 4 30. 5.5(h — 5.5) = 18.18 
4х +125. 10 +7у 5-—y 

32. EE — 3x 5 33. E — 8 
35. LL = 50 36. n 28 = 2n 
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Solving and Graphing Linear Inequalities 


You can graph solutions to equations and inequalities on a number line. 


х=3 —1—1—фФ—|—1—> 
< is less than or equal to x<3 a UE TON ES 
1 2 3 4 5 
is greater than > 3 
> > 


You can use properties of inequalities to solve linear inequalities. 


Add the same number to each side of the inequality. 
Subtract the same number from each side of the inequality. 


Multiply each side of the inequality by the same positive number. 
If you multiply by a negative number, reverse the direction of the inequality 
symbol. 


Divide each side of the inequality by the same positive number. 
If you divide by a negative number, reverse the direction of the inequality 
symbol. 


Solve the inequality. Graph the solution. 


a. 2x+1<5 b. —4y< 18 
—4 
2x<4 Subtract 1 from each side. = > 15 Divide by —4 and change < to >. 
x<2 Divide each side by 2. y>-4.5 Simplify. 
Sy E S S —IL———,0 al 
0 1 2 3 4 5 —H -5 -—-4 —а4 -2 —] 


‚== 
' PRACTICE 


Solve the inequality. Graph the solution. 


L 5—29 2. B<% +3 3. 10-n>6 

4. 242-9 5. 8c + 24 «0 6. 62 —3a 

7. 5a — 32 —8 8. 2n + 7 « 17 9. 52 0.5у +3 

10, 5 — 3x sx + 13 11. 5r+ 2r<6r-— 1 12, y -352y+0B 

13. —2.4m 2 3.6m — 12 14. —2(t— 6) >7t- 6 15. 4(8—z) +2>3z2-8 
16. 2n» 3 17. £- 8« -6 18, 23, 25 9 
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Solving Formulas 


A formula is an equation that relates two or more real-world quantities. 
You can rewrite a formula so that any one of the variables is a function of 
the other variable(s). In each case you isolate a variable on one side of the 
equation. 


a EXA , | » Solve the formula for the indicated variable. 


b. Solve Р= a + b + cfor a. 


a. Solve C = 27rr for г. 


C = 2тг 
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P=a+b+c 


P-b-=c=a+b-b+c-=c Subtract. 
Divide by 277. р.р реи 


2тт 
27 Simplify. 
= Simplify. a-P-b-c Rewrite. 


Rewrite. 


Rewrite the equation so that y is a function of x. 


а. 2x - y -3 b. =X 
2x —2x -y-3-2x Subtract 2x. 4. ay =4+x Multiply by 4. 
y=3-2x Simplify. 


—— 
. PRACTICE 


Solve the formula for the indicated variable. 


1. Solve P = 4s for s. 2. Solve d = rt for r. 

3. Solve V = wh for 4. 4. Solve V = ar^h for h. 

5. Solve A = ¿bh for b. 6. Solve d = = for v. 

7. Solve P = 2(£ + w) for w. 8. Solve I = prt for г. 

9. Solve F = =C + 32 tor C. 10. Solve A = 5h(b, + b,) for h. 
11. Solve S = 2717 + 2arh for h. 12. Solve A = P(1 + rf for P. 


Rewrite the equation so that y is a function of x. 
13. 2x +y=7 14. 5x + Зу = 0 15. 3x y = -2 16. y+ 1 = -2(x — 2) 


17. ¿y =x 18. Ix + 2y=5 19. 1.8x-0.3y=45 20. y-4= a(x + 6) 
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Graphing Points and Lines 


A coordinate plane is formed by the intersection of a 
horizontal number line called the x-axis and a vertical 
number line called the y-axis. The axes meet at a point 
called the origin and divide the coordinate plane into 
four quadrants, labeled I, II, III, and IV. 


Each point in a coordinate plane is represented by an 
ordered pair. The first number is the x-coordinate, and 
the second number is the y-coordinate. 


C EXAMPLE ) Give the coordinates of points A and Bin the graph above. 


Start at the origin. Count 4 units left and 2 units up. Point A is at (—4, 2). 
Start at the origin. Count 1 unit right and 3 units down. Point B is at (1, —3). 
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A solution of ап equation in x and y is an ordered pair (x, y) that makes the equation true. 
The graph of such an equation is the set of points in a coordinate plane that represent all 
the solutions. A linear equation has a line as its graph. 


Graph the equation y = 2x — 3. 


Make a table of values, graph each point, and draw the line. 


yee у 

| 0 | y=20)-3=-3 | @-3)- О units right or left, 3 units down 
1 unit right, 1 unit down 

y = 2(2) – 3 = 2 units right, 1 unit ир 


— 
. PRACTICE 


Use the graph shown. Give the coordinates of the point. mu 

1. C 2. D 3. E | Hj 

i Е ын ий 
Plot the point in а coordinate plane. as 

7. J(-3, 1) 8. K(2, —2) 9. L(0, —1) H- 
10. M5 3) 11. N (2, -5] 12. P(4.5, 0) 
Use a table of values to graph the equation. 
13. y=3x-2 14. y= —2x +1 15. у= x - 3 16. у= —5x 
17. у= 1.5x — 2.5 18. у= 4 – 3x 19. 4х + 2y = 0 20. 2x — у= З 
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Slope and Intercepts of a Line 


The slope of a nonvertical line is the ratio of the vertical change, called the 
rise, to the horizontal change, called the run. The table below shows some 
types of lines and slopes. 


Rising Line Falling Line Horizontal Line Vertical Line 


y y y y 


X X X X 


Positive Slope Negative Slope Zero Slope Undefined Slope 


Find the slope of the line. 


Use the graph of the line. 


rise _ 2 units up _ 2 


An x-intercept is the x-coordinate of a point where a graph 
crosses the x-axis. A y-intercept is the y-coordinate of a point 
where a graph crosses the y-axis. The line graphed at the right 
has x-intercept 2 and y-intercept 3. 


Find the x-intercept and the y-intercept of the graph of x — 4y = 8. 


To find the x-intercept, let y = 0. To find the y-intercept, let x = 0. 
x — 4(0) = 8 0 – 4у = 8 
х= 8 у= -2 
The x-intercept is 8. The y-intercept is —2. 


. PRACTICE 


Find the slope and intercept(s) of the line graphed. 


кин 
YINI 


Find the intercepts of the line with the given equation. 
5. ox — у= 15 6. 2x + 4y = 12 т. y=-x+3 8. у= 3x- 2 
9. —3x + y = —6 10. y = -2x-— 7 11. у= 5х 12. 9х — Зу = 15 
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Systems of Linear Equations 
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A system of linear equations in two variables is shown at the viie Benati” 
right. A solution of such a system is an ordered pair (x, y) that 4 1 
satisfies both equations. A solution must lie on the graph of X-y--1 Equation 2 
both equations. 
Use substitution to solve the linear system above. 
Solve Equation 2forx. х-у= -l1 
х= у – 1 Revised Equation 2 
In Equation 1, substitute y — 1 for x. Solve for y. x+2y=5 
(у= 1) + 2у = 5 
Зу = 6 
у= 2 


In Revised Equation 2, substitute 2 огу х= у-1=2 - 1 = 1 
Because х = 1 апау = 2, the solution (х, y) is (1, 2). 
| The graph verifies that (1, 2) is the point of intersection of the lines. 


Use elimination to solve the linear system above. 


Multiply Equation 2 by 2, then add equations. x+2y=5 ——> x+2y=5 
х-у=-1—ъ» 2x- 2y= -2 


3x —3 
х= 1 
Substitute 1 for x in Equation 2 and solve for y. 1 - y= –1 
2=y 
Because x = 1 and y = 2, the solution (x, y) is (1, 2). 
Substitute 1 for x and 2 for y in each original equation to check. 
> 
. PRACTICE 
Use substitution to solve the linear system. Check your solution. 
1. 3x – 5у = 1 2. 7х + 4y = —13 3. —Ax + Зу = —19 4. х+у= -7 
y=2x-3 x= —6y +9 2x+y=7 2х — 5y = 21 
5. Ax + 9y = —3 6. 0.5х+у= 5 7. 2x + 4y = —18 8. Ax + ту = 3 
х + 2у = 0 1.5x — 2.5у = 4 3x—y-1 6x + y = 14 
Use elimination to solve the linear system. Check your solution. 
9. Зх — 6y = —3 10. 12x + 20у = 56 11. 4x-y=1 12. 10х + 15у = 90 
12x + 6y = 48 —12x — 7y = —4 2x + Зу = —17 5x — 4y = —1 
13. 18x + 63y = —27 14. 5x + 7y = 23 15. 8x — 5y = 14 16. —5x + 8y = 4 
3x + 9y = —6 20x — 30y = 5 10x — 2y = 9 бх — 5y = —14 
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Linear Inequalities in Two Variables 


A linear inequality in x and y can be written in one of the forms 

shown at the right. A solution of a linear inequality is an ordered 
pair (x, y) that satisfies the inequality. A graph of a linear inequality | ax + by<c ax + by2c 
is the graph of all the solutions. 


ax + by<c ax + by>c 


| 


( EXAMPLE | Graph the linear inequality x + y « 4. 


Graph the corresponding equation x + y = 4. Use a dashed line to 
. show that the points on the line are not solutions of the inequality. 


3008NVH MINA STIS 


Test a point on either side of the line to see if it is a solution. 
Test (3, 2) in x + y< 4: Test (0, 0) in x - y « 4: 
3+2<4X 0+0<4Y 
So (3, 2) is not a solution. So (0, 0) is a solution. 


. Shade the half-plane that includes a test point that is a solution. yll М 


Two or more linear inequalities form a system of linear inequalities. A solution of such 
a system is an ordered pair (x, y) that satisfies all the inequalities in the system. A graph 
of the system shows all the solutions of the system. 


[ 


( EXAMPLE | Graph the system of linear inequalities x > —2 and y < 3. 


_ Graph the linear inequality x > —2. Use a solid line for the graph of 
_ x = 2 to show that the points on the line are solutions of the 
inequality. Shade the half-plane to the right of the line. 


_ Graph the linear inequality y < 3. Use a solid line for the graph 
of y = 3. Shade the half-plane below the line. 


. The intersection of the shaded half-planes is a graph of the system. 


Check solution point (0, 0) in both inequalities x 2 —2 and y x 3. 
Üz-2 and 0x3 


RACTICE 


Graph the linear inequality. 
1. x - y 23 Le уҗ<—2 3. ys —3x 4. x — 4y>4 
5. y» l1 6. x x2 7. 0X — y25 8. 2x + 5y< 10 


Graph the system of linear inequalities. 


9. x>l 10. x x4 11. x - y x1 12. y«x 
y> 2 х2 —2 х+у<5 у> Зх 
13. 2x-— y<l 14. x20 15. y» —4 16. x + y20 
Ix — ya-—ú y20 y< —2 4х —y2 —5 
4x + 3y« 12 L239 7x + 2у< 10 
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Quadratic Equations and Functions 


~ 4 

© ` TN І І i 

= A quadratic equation is an equation that сап be written in the standard form 

= ax? + bx + с = 0, where а = 0. A quadratic equation can have two solutions, 

< опе solution, ог no real solutions. When Р = 0, you сап use square roots to 

T solve the quadratic equation. 

— 

= 

= | À 

- Solve the quadratic equation. 

M 

= a. х? +5 = 29 b. 3х2 – 4 = —4 c. 6х? +3 = 21 

E jc ai = 0 —6x? = 18 
х = +V24 x^) x = -3 
x = +2V6 = +4.90 x=0 

Two solutions One solution No real solution 


A quadratic function is a function that can be written in the standard form 
y = ax? + bx + c, where a = 0. 


The graph of a quadratic equation is a U-shaped curve called a parabola. The 
vertex is the lowest point of a parabola that opens upward (a > 0) or the highest 
point of a parabola that opens downward (a < 0). The vertical line passing through 
the vertex is the axis of symmetry. 


To graph a quadratic function, you can make a table of values, plot the points, and 
draw the parabola. The x-intercepts of the graph (if any) are the real solutions of 
the corresponding quadratic equation. 


Graph the quadratic function. Label the vertex. 


LEE 
| | AYA |] 
оа 
BENETERR 


Two x-intercepts One x-intercept No x-intercepts 
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You сап use the quadratic formula to solve any quadratic equation. 


The solutions of the quadratic equation ах? + bx + с = 0 are 
-h + Yp — 
g= HA where a + 0 and b? — 4ас> 0. 


( EXAMPLE | Use the quadratic formula to solve the equation 8x? + 6x = 1. 


Write the equation in standard form and identify a, b, and c. 
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The equation 8x^ + 6x = 1 is equivalent to 8x + 6x — 1 = 0. So, a= 8, b = 6, 
and с = -1. 


Use the quadratic formula and simplify. 


2a 2(8) 16 16 8 


» The solutions of the equation are ар =~ 0.14 and 8407 == —0.89. 


Check the solutions in the original equation. 


8(0.14)* + 6(0.14) $ 1 8(—0.89)* + 6(-0.89) 2 1 
0.9968 = 1 Y 0.9968 = 1 Y 
€— 
' PRACTICE 


Solve the quadratic equation. 


1. x^? = 144 2. X^ +7 = —5 3. х2 (a+ D=5 

4. xX* — 18-20 5. 8х2 +3 = 3 6. 5х2 — 2 = —12 

7. 2x - 3? – 4 = 4х? — 7 8. 3х2 +2 = 14 9. 1 — Ax? = 13 

10. 12 — 5x? = 12 11. 15 — 9x? = 10 12. (x + 2)? + 2 = (х – 2)? + 8 


Graph the quadratic function. Label the vertex. 


13. y = х? 14. у= х? – 3 15. у= -x° + 4 

16. y = —2х^ 17. у= х? + 2 18. у= —^— 1 

19. у = e 20. у= — e 21. y = Ax —2 

22. у= Зх? +1 23. y= (x — D? 24. у= - (x + 2)* 
Use the quadratic formula to solve the quadratic equation. 

25. х? -- 6x - 5-0 26. х? — 4x 2-0 27. X? + 6х = —9 
28. 2x = 8х? — 3 29. х? - 7x * 5-1 30. х2 + 2x+5=0 
31. 2x* +8x-3=-11 32. x7 + 5х = 6 33. 5x* — 6 = 2x 

34. 3x°+ 7x -4=0 35. 2x^ — Зх = —4 36. 4x + 4 = 3x? 

37. Зх? x = 5 38. (х + 4)(x- 4) = 8 39. (x + 2)(x – 2) =1 
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Functions 


A function can be described by a table of values, a graph, an equation, or words. 


( EXAMPLE | Graph the exponential functions y = 2* and y = —2*. 


For each function, make a table of values, plot the points, and draw a curve. 


| | {| AN л 
Д 


much does Luke earn in 25 hours? 


The table shows Luke's earnings. Write an A ESPHINES 

equation using his hourly pay rate. How worked (dollars) 

Use the values in the table to find Luke's hourly pay rate. ^00 | 375 | 
15 123.75 


66+8=825 12375+15=825 330+40=825  „ agg 


Write an equation using words. Then use variables. 
Earnings = Hourly pay rate • Hours worked 


e = 8.25h Let e be earnings and h be hours worked. 
= 8.25(25) Substitute 25 for h. 
= 206.25 Multiply. 


» Luke earns $206.25 in 25 hours. 


PRACTICE 

Make a table of values and graph the function. 
1. у= 3* 2. y=-3* 3. у = (0.5) 4. y = – (0.5) 
5. у= 2х 6. y = 2х2 7. у= 8. y = |2x| 


Write an equation for the function described by the table. 


11. Write an equation using Sue's hourly pay rate of $12. How much does Sue earn in 
6 hours? How many hours must Sue work to earn $420? 
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Problem Solving with Percents 


You can use equations to solve problems with percents. 
Replace words with symbols as shown in the table. To 
estimate with percents, use compatible numbers. 


a is p percent of b. 


EXAMPLE | Use the percent equation to answer the question. 


a. What is 45% of 60? b. What percent of 28is 7? с. 30% of what number is 12? 
a = 0.45 X 60 т= рх 28 12= 0.3 хр 
а = 27 7—28 = р 12 + 0.3 = р 
0.25 = p 40 =b 
25% = p 


[ 


( EXAMPLE | Solve the problem. 


a. Estimate 7796 of 80. 
77% of 80 = 7596 x 80 


9——  — 
PRACTICE 


b. Find the percent of change from $25 to $36. 
new — old _ 36 — 25 
old 25 
_ 11 
25 


= 0.44 = 44% increase 


1. A history test has 30 questions. How many questions must you answer 


correctly to earn a grade of 80%? 


2. A class of 27 students has 15 girls. What percent of the class is boys? 


3. Jill's goal is to practice her clarinet daily at least 80% of the time. She 
practiced 25 days in October. Did Jill meet her goal in October? 


4. The price of a CD player is $98. About how much will the CD player 


cost with a 25% discount? 


5. Ajacket is on sale for $48. The original price was $60. What is the percent of 


discount? 


6. A choir had 38 singers, then 5 more joined. What is the percent of increase? 


7. A newspaper conducts a survey and finds that 475 of the residents who were 
surveyed want a new city park. The newspaper reports that 95% ofthose surveyed 
want a new park. How many residents were surveyed? 


8. Ron received a raise at work. Instead of earning $8.75 per hour, he will 
earn $9.25. What is the percent of increase in Ron's hourly wage? 


9. Aschool has 515 students. About 260 students ride the school bus. Estimate the 
percent of the school’s students who ride the school bus. 
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Converting Measurements and Rates 


The Table of Measures on page 921 gives many statements of equivalent 
measures. For each statement, you can write two different conversion factors. 


Statement of Equivalent Measures 


100 cm = 1 т 


To convert from one unit of measurement to another, multiply Бу а conversion 
factor. Use a conversion factor that allows you to divide out the original unit and 
keep the desired unit. You can also convert from one rate to another. 


Copy and complete: a.5.4m=_? cm b.9ft?= » in? 


a. 5.4m X “gt = 540 cm b. 1ft = 12in.,so1 ft? = 12.12 = 144 in? 
| 144 in? 
Use the conversion factor ===. 
2 ft? 
144 in. "E 
9 X == = 1296 in. 
AC x = ү 
. ft _ mi 
Copy and complete: 425 ma T 
. 60 тіп 1 mi 
Use the conversion factors ih Sonn fe 
60 min Imi |. mi 
425 2X 1h "gogo 4 Th 
ааа 
_ PRACTICE 
Сору and complete the statement. 
1. 500cm=_? m 2. т days =_? hours 3. 480z=_? lb 
4. 148kg=_? g 5. 3200mL=_? L 6. 1200sec=_? min 
7. 10gal =_? cups 8. 1km=_? mm 9. 1mi=_?_in. 
10. 90ft^— ? yd? 11. 4n^-,? in? 12. 12cm* =_?_ тт? 
13. Зп? = ? ст? 14. 2уа - ? in? 15. 6500 mm? = _? cm? 
16. 12.2 = 2 mi 17. 17- 2 km 18. 0.9- = ¿ mm 
min ~~ h Sec — — min min — — min 
mo 2 ft Шш. о m T 2 ft 
19 min — — sec 20, B min ^ h 7i. DU — — min 
3 2 2 
22, 17M- 2 X 23. 0.09 = ¿ mm 24. 0652 = 9 m 
SEE min year month 
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Mean, Median, and Mode 


Three measures of central tendency are mean, median, and mode. One or more of 
these measures may be more representative of a given set of data than the others. 


The mean of a data set | The median of a data set is the middle | The mode of a data set is 
is the sum of the values | value when the values are written in the value that occurs most 
divided by the number | numerical order. If a data set has an often. A data set can have 
of values. The mean is | even number of values, the median is no mode, one mode, or 
also called the average. the mean of the two middle values. more than one mode. 


T ЕхАМРІЕ | The website hits for one week are listed. Which 


measure of central tendency best represents 
the data? Explain. 


Mean Add the values. Then divide by the number of values. 


88 + 95 + 87 + 84 + 92 + 95 + 11 = 552 
Mean = 552 + 7 = 79 


Median Write the values in order from least to greatest. 


Then find the middle value(s). 


11, 84, 87, 88, 92, 95, 95 
Median = 88 


Mode Find the value that occurs most often. 


Mode = 95 


o_o ——Ü 


^ PRACTICE 


Website Hits for One Week 
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An outlier is a value that is much greater or lower than the other values in a 
data set. In the data set above, the outlier 11 causes the mean to be lower than 
the other six data values. So, the mean does not represent the data well. The 
mode, 95, does not represent the data well because it is the highest value. The 
median, 88, best represents the data because all but one value lie close to it. 


Tell which measure of central tendency best represents the given data. Explain. 


1. 


л AeA C N 


Daily high temperatures (°Е) for a week: 75, 74, 74, 70, 69, 68, 67 

. Movie ticket prices: $6.75, $7.50, $7.25, $6.75, $7, $7.50, $7.25, $6.75, $7 

. Number of eggs bought: 12, 12, 12, 6, 12, 18, 18, 12, 6, 12, 12, 12, 24, 18 

. Number of children in a family: 0, 0, 0, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2,3, 3, 4, 4, 5 
. Ages of employees: 36, 22, 30, 27, 41, 58, 33, 27, 62, 39, 21, 24, 22 


— Б nl 155151 lg gl 
. Shoe sizes in a shipment: 5, 55 6, 67, 7, 7 8,8,8, 85; 9, 9 10 


. Test scores: 97%, 65%, 68%, 98%, 72%, 60%, 94%, 100%, 99% 


. Favorite of 3 colors: blue, yellow, red, yellow, red, red, blue, red, red, blue 
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Displaying Data 


There are many ways to display data. An appropriate data display can help you 
analyze the data. The table summarizes how data are shown in some data displays. 


Stem-and-Leaf Plot | Box-and-Whisker Plot 


Shows data in 
numerical order. 


Circdecraph| BarGraph | Histogram | Une Graph 


Shows data 
as parts of a 


Shows how 
data change 
over time. 


Compares 
data in distinct 
categories. 


Compares 
data in 
intervals. 


Shows distribution of 


whole. data in quartiles. 


The table shows bike sales at a shop. Display the data in two 
appropriate ways. Describe what each display shows about the data. 


Semen мше | spoe | summer | тї _ 


[веш | в | ж | в | з» _ 


60 Fall Winter 
9 ¿e 
18% ЖА 
E A A 
а 40 4 BM spring 
uias Summer м 
0 


Winter Spring Summer Fall 


Seasons 


In the bar graph, the heights of the 
bars can be used to compare sales 
for the four seasons. Bikes sales were 
strongest in the spring and summer. 


EN» 


The circle graph shows the percent of 
annual sales for each season. Almost 


Н of the bikes were sold in the spring 


and summer. 


The test scores for a class were 82, 99, 68, 76, 84, 100, 85, 79, 92, 100, 
82, 81, 60, 95, 98, 74, 95, 84, 88. Display the distribution of the scores. 


Use a stem-and-leaf plot to organize the data. 
Identify the lower and upper extremes, the 
median, and the lower and upper quartiles 

(the medians of the lower and upper half of the 
ordered data set.) 


6/0 8 
| Lower and upper 
746 9 extremes: 60 and 100 
8 122 4 4 58 Median: 84 
9/25 58 9 Lower and upper 
1010 о quartiles: 79 and 95 
Key: 7 14 = 74 
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Then make a box-and-whisker 
plot. Draw a number line. 
Below it, plot the lower extreme 
(60), the lower quartile (79), 
the median (84), the upper 
quartile (95), and the upper 
extreme (100). Draw boxes and 
“whiskers,” as shown. 


90 100 


60 


79 84 


95 100 


кишини 
PRACTICE 
Name a data display that would be appropriate for the situation. (There may be 
more than one choice.) Explain your reasoning. 


1. A store owner keeps track of how many cell phones are sold each week. The 
owner wants to see how sales change over a six-month period. 


2. You measure the daily high temperature for 31 days in July. You want to see 
the distribution of the temperatures. 


3. The ages of people in a survey are grouped into these intervals: 20-29, 30-39, 
40-49, 50-59, 60-69, 70—79. You want to compare the numbers of people in the 
various groups. 


Make a data display that can be used to answer the question. Explain why you chose 
this display. Then answer the question. 


4. The table gives the number of gold medals won by U.S. athletes at five Summer 
Olympic games. Question: How has the number of medals won changed over time? 


Number of 
poldmedals 36 37 44 | 40 35 


5. Students were surveyed about the amounts they spent at a mall one Saturday. 
These are the amounts (in dollars): 5, 70, 10, 40, 42, 45, 50, 4, 3, 10, 12, 15, 20, 5, 
30, 35, 70, 80. Question: If the dollar amounts are grouped into intervals such 
as 0-9, 10-19, and so on, in which intervals do the greatest number of students fall? 


Display the data in two appropriate ways. Describe what each display shows 
about the data. 


6. During a game, a high school soccer team plays 2 forwards, 4 midfielders, 
4 defenders, and 1 goalkeeper. 


7. A high school has 131 students taking Geometry. The number of students 
in each class are: 18, 16, 17, 15, 16, 14, 17 and 18. 


8. The table gives the number of calories in 8 different pieces of fresh fruit. 


("7 | 30 | 85 | 65 | 35 |60. 


The ages of actors in a community theater play are 18, 25, 19, 32, 26, 15, 33, 12, 36, 
16, 18, 30, 25, 24, 32, 30, 13, 15, 37, 35, 72, 35. Use these data for Exercises 9-11. 


9. Make a stem-and-leaf plot of the data. Identify the lower and upper extremes, 
the median, and the lower and upper quartiles of the data set. 


10. Make a box-and-whisker plot of the data. About what percent of the actors 
are over 18? How does the box-and-whisker plot help you answer this question? 


11. Suppose the two oldest actors drop out of the play. Draw a new box-and-whisker 
plot without the data values for those actors. How does the distribution of the 
data change? Explain. 
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Sampling and Surveys 


A survey is a study of one or more characteristics of a group. A population is 

the group you want information about. A sample is part of the population. In 

a random sample, every member of a population has an equal chance of being 
selected for a survey. A random sample is most likely to represent the population. 
A sample that is not representative is a biased sample. 


Using a biased sample may affect the results of a survey. In addition, survey results 
may be influenced by the use of biased questions. A biased question encourages a 
particular response. 


Read the description of the survey. Identify any biased samples or 
questions. Explain. 


a. A movie theater owner wants to know how often local residents go to the movies 


each month. The owner asks every tenth ticket buyer. 


» The sample (every tenth ticket buyer) is unlikely to represent the population 
(local residents). It is biased because moviegoers are over-represented. 


b. The mayor's office asks a random sample of the city's residents the following 


question: Do you support the necessary budget cuts proposed by the mayor? 


> The sample is random, so it is not biased. The question is biased because the 
word necessary suggests that people should support the budget cuts. 


— 
' PRACTICE 


Read the description of the survey. Identify any biased samples or 
questions. Explain. 


1. 


The coach of a high school soccer team wants to know whether students are 
more likely to come watch the team's games on Wednesdays or Thursdays. The 
team’s first game is on a Friday. The coach asks all the students who come to 
watch which day they prefer. 


. A town's recreation department wants to know whether to build a new 


skateboard park. The head of the department visits a local park and asks people 
at the park whether they would like to have a skateboard park built. 


. A television producer wants to know whether people in a city would like to 


watch a one-hour local news program or a half-hour local news program. A 
television advertisement is run several times during the day asking viewers to 
e-mail their preference. 


. The teachers at a music school want to know whether the students at the school 


practice regularly. Five of the ten teachers at the school ask their students the 
following question: How many hours do you spend practicing each day? 


. Askating rink owner wants to know the ages of people who use the rink. Over 


a two-week period, the owner asks every tenth person who uses the rink 
his or her age. 


. A cello teacher asks some of his students, "Do you practice every day?” 


Student Resources 


Counting Methods 


To count the number of possibilities in a situation, you can make an organized 
list, draw a tree diagram, make a table, or use the counting principle. 


The Counting Principle 


If one event can occur in m ways, and for each of these ways a second event can occur 
in n ways, then the number of ways that the two events can occur together is m x n. 


The counting principle can be extended to three or more events. 


Use four different counting methods to find the 
number of possible salad specials. 


Method 1 Make an Organized List Method 2 Draw a Tree Diagram 
Pair each salad with each dressing Arrange the salads and dressings in a tree 
and list each possible special. diagram. 
Lettuce salad with ranch Salad Dressing 
Lettuce salad with blue cheese Ranch 
lad with Itali Lettuce = Blue cheese 
Lettuce salad with Italian айат 
Spinach salad with ranch Ranch 
Spinach salad with blue cheese Spinach = Blue cheese 
Italian 
Spinach salad with Italian 
Count the number of specials listed. Count the number of branches in the tree 
There are 6 possible salad specials. diagram. There are 6 possible salad specials. 
Method 3 Make a Table Method 4 Use the Counting Principle 
List the salads in the left column. There are 2 choices of salad, so m = 2. 
List the dressings in the top row. There are 3 choices of dressing, so n = 3. 


Blue By the counting principle, the number of 
ah Ble | talian | ways that the salad and dressing choices can 
1 1 х = х = b. 
Lettuce, Lettuce, Lettuce, be combined is mx n= 2 X 3 = 6 
Ranch | Blue Italian There are 6 possible salad specials. 


cheese 


Spinach, | Spinach, 
Blue Italian 
cheese 


Count the number of cells filled. 
There are 6 possible salad specials. 
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Tyler must choose a 4-digit password for his bank account. Find the 
number of possible 4-digit passwords using four different digits. 


Because there are many possible passwords, use the counting principle. 


For one of the digits in the password, there are 10 choices: 0, 1, 2, 3, 4, 5, 6, 7, 
8, and 9. Because one of these digits will be used for the first digit, there are 
only 9 choices for the next, 8 for the next after that, and so on. 


10 choices 9 choices 8 choices 7 choices 
for first digit for second digit for third digit for fourth digit 


10 X 9 X 8 X 7 = 5040 
> There are 5040 possible 4-digit passwords using four different digits. 


na 


PRACTICE 


Use one of the methods described in the Examples on pages 891 and 892 to solve 
each problem. Explain your reasoning. 


1. Ann takes three pairs of shorts (red, blue, and green) and five T-shirts (black, white, 
yellow, orange, and brown) on a trip. Find the number of different shorts and T-shirt 
outfits Ann can wear while on the trip. 


2. Art students can choose any two pieces of colored paper for a project. There are 
six colors available and students must choose two different colors. Find the number 
of different color combinations that can be chosen. 


3. Steve must choose four characters for his computer password. Each character can 
be any letter from A through Z or any digit from 0 through 9. All letters and digits may 
be used more than once. Find the number of possible passwords. 


4. Arestaurant offers a pizza special, as shown at the right. 
Assuming that two different toppings are ordered, find the 
number of two-topping combinations that can be ordered. 


5. Each of the locker combinations at a gym uses three numbers 
from 0 through 49. Find the number of different locker 
combinations that are possible. 


6. A movie theater sells three sizes of popcorn and six different soft drinks. Each soft 
drink can be bought in one of three sizes. Find the number of different popcorn and 
soft drink pairs that can be ordered. 


7. Aclass has 28 students and elects two students to be class officers. One student will 
be president and one will be vice president. How many different pairs of class officers 
are possible? 


8. Some students are auditioning for parts in the play Our Town. Twenty girls try 
out for the parts listed at the right. In how many different ways can 5 of the 
20 girls be assigned these roles? 


9. Bill, Allison, James, and Caroline are friends. In how many different ways can 
they stand in a row for a photo? 


10. A cafeteria serves 4 kinds of sandwiches: cheese, veggie, peanut butter, and | 
bologna. Students can choose any two sandwiches for lunch. How many different 
sandwich combinations are possible? 


Student Resources 


Probability 
The probability of an event is a measure of the Probability of an Event 
likelihood that the event will occur. An event 


that cannot occur has a probability of 0, and When all outcomes are equally likely, the 
an event that is certain to occur has a probability probability of an event, P(event), is 

of 1. Other probabilities lie between 0 and 1. number of favorable outcomes 

You can write a probability as a decimal, a number of possible outcomes ' 


fraction, or a percent. 


When you consider the probability of two events occurring, the events are 
called compound events. Compound events can be dependent or independent. 


Two events are independent events if the | Two events are dependent events if the 
occurrence of one event does not affect the | occurrence of one event does affect the 
occurrence of another. occurrence of another. 


For two independent events A and B, For two dependent events A and B, 
P(A and В) = P(A) - P(B). P(A and В) = P(A) • P(B | A), 


where P(B | A) is the probability of B given 
that A has occurred. 


( EXAMPLE | A box holds 12 yellow marbles and 12 orange marbles. Without 


looking, you take a marble. Then you take another marble without 
replacing the first. Find the probability that both marbles are yellow. 


There are 24 marbles in the box when you take the first one, and 
only 23 when you take the second. So, the events are dependent. 


P(A and B) = P(A) • P(B| A) = I . 53 = p = 0.24, or 24% 


A ———$ 
. PRACTICE 


Identify the events as independent or dependent. Then answer the question. 


1. There are 20 socks in your drawer, and 12 of them are white. You grab a 
sock without looking. Then you grab a second sock without putting the 
first one back. What is the probability that both socks are white? 


2. You flip a coin two times. What is the probability that you get heads each 
time? 


3. Your math, literature, Spanish, history, and science homework 
assignments are organized in five folders. You randomly choose one 
folder, finish your assignment, and then choose a new folder. What is the 
probability that you do your math homework first, and then history? 


4. You roll a red number cube and a blue number cube. What is the 
probability that you roll an even number on the red cube and a number 
greater than 2 on the blue cube? 


5. You flip a coin three times. What is the probability that you do not get 
heads on any of the flips? 
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Problem Solving Plan and Strategies 


Here is a 4-step problem solving plan that you can use to solve problems. 


Read and understand 
the problem. 


STEP 7 
STEP 2 


STEP 3 


STEP 4 | Check to see if your 
answer is reasonable. 


Make a plan to solve the 
problem. 


Carry out the plan to 
solve the problem. 


Read the problem carefully. Organize the given information 
and decide what you need to find. Check for unnecessary or 
missing information. Supply missing facts, if needed. 


Choose a problem solving strategy. Choose the correct 
operations to use. Decide if you will use a tool such as a 
calculator, graph, or spreadsheet. 


Use the problem solving strategy and any tools you have 
chosen. Estimate before you calculate, if possible. Do any 
calculations that are needed. Answer the question that the 
problem asks. 


Reread the problem. See if your answer agrees with the 
given information and with any estimate you have made. 


Here are some problem solving strategies that you can use to solve problems. 


Guess, check, and 
revise 


Guess, check, and revise when you 
need a place to start or you want to see 
how the problem works. 


Draw a diagram 
or a graph 


Draw a diagram or a graph when a 
problem involves any relationships that 
you can represent visually. 


Make a table or an 
organized list 


Make a table or list when a problem 
requires you to record, generate, or 
organize information. 


Use an equation 
or a formula 


Use an equation or a formula when 
you know a relationship between 
quantities. 


Use a proportion Use a proportion when you know that 
two ratios are equal. 


Look for a pattern Look for a pattern when a problem 
includes numbers or diagrams that you 


need to analyze. 


Break a problem 
into parts 


Break a problem into parts when a 
problem cannot be solved in one step 
but can be solved in parts. 


Solve a simpler or 
related problem 


Solve a simpler or related problem 
when a problem seems difficult and 
can be made easier by using simpler 
numbers or conditions. 


Work backward Work backward when a problem gives 
you an end result and you need to find 


beginning conditions. 


Student Resources 


Make a reasonable guess. Check to see if 
your guess solves the problem. If it does not, 
revise your guess and check again. 


Draw a diagram or a graph that shows given 
information. See what your diagram reveals 
that can help you solve the problem. 


Make a table with columns, rows, and any 
given information. Generate a systematic list 
that can help you solve the problem. 


Write an equation or formula that shows the 
relationship between known quantities. Solve 
the equation to solve the problem. 


Write a proportion using the two equal ratios. 
Solve the proportion to solve the problem. 


Look for a pattern in any given information. 
Organize, extend, or generalize the pattern to 
help you solve the problem. 


Break the problem into parts and solve each 
part. Put the answers together to help you 
solve the original problem. 


Think of a way to make the problem easier. 
Solve the simpler or related problem. Use 
what you learned to help you solve the 
original problem. 


Work backward from the given information 
until you solve the problem. Work forward 
through the problem to check your answer. 


( EXAMPLE | A marching band receives a $2800 donation to buy new drums and 


Un 
piccolos. Each drum costs $350 and each piccolo costs $400. How A 
many of each type of instrument can the band buy? > 
STEP 7 Choose two strategies, Use an Equation and Draw a Graph. E 
< 
STEP 2 Write an inequality. Let d = the number of drums and p = the number of = 
piccolos. = 
Е. 
Cost of Number Cost of Number = 
А 4 ° А < $2800 
drums of drums piccolos of piccolos = = 
© 
© 
A 


3504 + 400p x 2800 


STEP 3 Graph and shade the solution region of the 
inequality. 


The band can buy only whole numbers of 
instruments. Also, you can assume that the band will 
buy at least one of each type of instrument. Mark 
each point in the solution region that has whole 
number coordinates greater than or equal to 1. 


» The red points on the graph show 21 different ways that 
the band can buy drums and piccolos without spending 
more than $2800. 


PA 
PRACTICE 


1. A cell phone company offers a plan with an initial registration fee of $25 
and a monthly fee of $15. How much will the plan cost for one year? 


2. Rita wants to attend a swim camp that costs $220. She has $56 in a bank 
account. She also earns $25 each week walking dogs. Will Rita be able to make 
a full payment for the camp in 5 weeks? Explain your reasoning. 


3. What is the 97th number in the pattern 4, 3, 2, 1, 4, 3, 2, 1, 4, 3, 2, 1,...? 


4. Sam makes a down payment of $120 on a $360 bike. He will pay $30 each month 
until the balance is paid. How many monthly payments will he make? 


5. Marie is buying tree seedlings for the school. She can spend no more Tree Seedlings 
than $310 on aspen and birch trees. She wants at least 20 trees in all 
and twice as many aspen trees as birch trees. Find three possible 
ways that Marie can buy the trees. 


6. In how many different ways can you make 75€ in change using 
quarters, dimes, and nickels? 


7. Charlie is cutting a rectangular cake that is 9 inches by 13 inches into 
equal-sized rectangular pieces. Each piece of cake should be at least 2 inches 
on each side. What is the greatest number of pieces Charlie can cut? 


8. Streamers cost $1.70 per roll and balloons cost $1.50 per bag. If the student 
council has $40 to spend for parent night and buys 10 rolls of streamers, how 
many bags of balloons can the student council buy? 
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Chapter 1 


1.1 In Exercises 1-5, use the diagram. 


1. Name three points that are collinear. Then give a 
name for the line that contains the points. 


Name the intersection of plane ABC and ЁС. 


д, 

3. Name two pairs of opposite rays. 

4. Are points A, C, and Gcoplanar? Explain. 
5. 


ы Name a line that intersects plane AFD at more than one point. 
= 
s 
= 1.2 In the diagram, Р, О, R, 5, and Таге соШпеаг, РТ = 54, ОТ = 42, QS = 31, 
a and RS = 17. Find the indicated length. 
0—9 —ф—Фф—Фф—>> 
E 6. PQ 7. PS 8. OR E = 
а 9. РЕ 10. ST 11. RT 


1.2 Point B is between A and С оп AC. Use the given information to write an 
equation in terms of x. Solve the equation. Then find AB and BC, and 
determine whether AB and BC are congruent. 


12. AB=x>+3 13. AB=3x-7 14. AB= 11x — 16 
ВС = 2х + 1 ВС = Зх – 1 ВС = 8x- 1 
АС = 10 АС = 16 АС = 78 
15. АВ = 4х — 5 16. АВ = 14х + 5 17. АВ = Зх – 7 
ВС = 2х -– 7 ВС = 10х + 15 ВС = 2х + 5 
АС = 54 АС = 80 АС = 108 
1.3 Find the coordinates of the midpoint of the segment with the given 
endpoints. 
18. A(2, —4), B(7, 1) 19. C(—3, —2),D(—8, 4) 20. E(-2.3, —1.9), F(3.1, —9.7) 
21. GS, 7), H(—1, 9) 22. 1(4, 3), J(2, 2) 23. K(1.7, —7.9), L(8.5, —8.2) 


1.3 Find the length of the segment with given endpoint and midpoint M. 
24. Z(0, 1) and M(7, 1) 25. Y(4, 3) and M(1, 7) 26. X(0, —1) and M(12, 4) 
27. W(5, 3) and M(-10, —5) 28. V(—3, —4) and М(9, 5) 29. U(3, 2) and M(11, —4) 


1.4 Use the given information to find the indicated angle measure. 


30. MZQPS = ? _ 31. MZLMN = ? 32. MZXWZ= ? 
X 
ГА J 
36° W 43 
Y 
68° 
M N Z 
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1.4 33. Given mZ ABC = 133°, find mZ ABD. 34. Given mZ СНК = 17°, find mZ КН). 


B C G 
(4x — 3)" 
4 Н 
(7x + 4) (зх + 2° 
J 


1.5 Tell whether 41 and Z2 are vertical angles, adjacent angles, a linear pair, 
complementary, or supplementary. There may be more than one answer. 


36. 37. 


1.5 Use the diagram. 
38. Name two supplementary angles that are not a linear pair. 
39. Name two vertical angles that are not complementary. 


40. Name three pairs of complementary angles. Tell whether each 
pair contains vertical angles, adjacent angles, or neither. 


1.6 Tell whether the figure is a polygon. If it is not, explain why. If it is, tell 
whether it is convex or concave. 


41. 42. 43. 44. 


1.6 In Exercises 45 and 46, use the diagram. 


45. Identify two different equilateral polygons in the 
diagram. Classify each by the number of sides. 


46. Name one of each of the following figures as it 
appears in the five-pointed star diagram: triangle, 
quadrilateral, pentagon, hexagon, heptagon. 


1.7 Use the information about the figure to find the indicated measure. 


47. Area = 91 cm? 48. Find the area 49. Area = 66 m? 
Find the length 4. of the triangle. Find the height A. 
12 1 
1 6 ft m m 


1.7 Find the perimeter and area of the triangle with the given vertices. Round to 


the nearest tenth. 


50. A(2, 1), B(3, 6), C(6, 1) 51. D(1, 1), E(3, 1), F(6, 5) 
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898 


2.1 Describe the pattern in the numbers. Write the next number in the pattern. 


1. 17, 23, 15, 21, 13, 19... 2, 1, 0.5, 0.25, 0.125, 0,0625,... 3. 2,3,5, 11, 13,... 
11 1 
4. 7.0, 7.5, 8.0, 8.5,... 5. 1, 3 927" 6. 2, 2, 4, 6, 10, 16, 26,... 


2.1 Show the conjecture is false by finding a counterexample. 


7. The difference of any two numbers is a value that lies between those two 
numbers. 


8. The value of 2x is always greater than the value of x. 


9. If an angle A can be bisected, then angle A must be obtuse. 


2.2 For the given statement, write the if-then form, the converse, the inverse, 
and the contrapositive. 


10. Two lines that intersect form two pairs of vertical angles. 


11. All squares are four-sided regular polygons. 


2.2 Decide whether the statement is true or false. If false, provide a 
counterexample. 


12. Ifafigure is a hexagon, then it is a regular polygon. 


13. If two angles are complementary, then the sum of their measures is 90°. 


2.3 Write the statement that follows from the pair of statements that are given. 


14. Ifa triangle is equilateral, then it has congruent angles. 
If a triangle has congruent angles, then it is regular. 


15. If two coplanar lines are not parallel, then they intersect. 
If two lines intersect, then they form congruent vertical angles. 
2.3 Select the word(s) that make(s) the conclusion true. 


16. John only does his math homework when he is in study hall. John is doing 
his math homework. So, John (is, may be, is not) in study hall. 


17. May sometimes buys pretzels when she goes to the supermarket. May is at 
the supermarket. So, she (will, might, will not) buy pretzels. 

2.4 Use the diagram to determine if the statement is true or false. 

18. SV.L plane Z 

19. XU intersects plane Z at point Y. 

20. TW lies in plane Z. 

21. ZSYT and ZWYS are vertical angles. 

22. ZSYT and Z TYV are complementary angles. 

23. Z TYU and Z UYW are a linear pair. 

24. ZUYVis acute. 


Student Resources 


2.5 Solve the equation. Write a reason for each step. 
25. 4x + 15=39 26. 6x + 47 = 10x — 9 27. 2(—7x + 3) = —50 
28. 54 + 9x = 3(7x + 6) 29. 13(2x — 3) — 20x = З 30. 31 + 25x = 7x — 14 + 3x 


2.6 Copy and complete the statement. Name the property illustrated. 
31. If mZJKL = mZ GHI and mZ GHI = mZABC,then ? = ?. 
32. If mZ MNO = mZ PQR, then mZ РОВ = ? 
33. MZXYZ= ? 


2.6 34. Copy and complete the proof. 


GIVEN P Point Cis in the interior of Z ABD. A y 
Z ABD is a right angle. 
PROVE > /ABCand Z CBD are complementary. В Н 
STATEMENTS REASONS 
1. ZABD is a right angle. 1. Given 
2. т“ ABD = 90° 2._?_ 
3. ?.— 3. Given 
4. nZ ABD = mZ ABC + mZ CBD 4. ?.— 
5. ? =mZABC + mZ CBD 5. Substitution Property of Equality 
6. ? 6. Definition of complementary angles 


2.6 35. Use the given information and the diagram to prove the statement. 


GIVEN » XY = YZ= ZX X 
PROVE >» The perimeter of AXYZ is 3 • XY. 


Z Y 


2.7 Copy and complete the statement. / АСР is a right angle and AB, CD, 
and EF intersect at point G. 
36. If mZ CGF = 158, then mZ EGD = ? . 
37. If mZ EGA = 67°, then mZFGD= 2. 
38. If mZ ЕСС = 149°, then mZ EGA = ? . 
39. mZ DGB — ? 


40. mZ FGH = ? 


2.7 41. Write a two-column proof. 


GIVEN > 2 UKV and Z УКУ are complements. 
PROVE b 7 YKZ and Z XKY are complements. 
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Chapter 3 


3.1 Classify the angle pair as corresponding, alternate interior, alternate 
exterior, or consecutive interior angles. -— 
1. Z6and Z2 2. 47 and Z2 i 
3. Z5 and Z3 4.Z4and 25 7\8 
5. Zl and 4/5 6. Z3 and Z6 


3.1 Copy and complete the statement. List all possible correct answers. 
7. ZAMBand_? are corresponding angles. 


8. ZAMLand_?_are alternate interior angles. 


шщ 
ы 
= 9. /ZC]Dand _?_are alternate exterior angles. 
ы 
Pe 10. ZLMJand _? are consecutive interior angles. 
Aa . <> <> 
< 11. ? isatransversal of AD and HE. 
a 
> 3.2 Find mz 1 and mZ 2. Explain your reasoning. 
Ш 

12. 13. 14. 

106° 
136° 1 eg — 112 i 
2 


3.3 Is there enough information to prove m || n? If so, state the postulate or 
theorem you would use. 


18. m n 19. m 20. m n 
n 
71° 
3.3 Can you prove that lines a and b are parallel? If so, explain how. 
à ‘ a b 
101° 


21. a b 23 
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3.4 Tell whether the lines through the given points are parallel, perpendicular, 
or neither. Justify your answer. 


24. Line 1: (7, 4), (10, 5) 25. Line 1: (-3, 1), (72, 5) 26. Line 1: (—6, 0), (8, 7) 
Line 2: (2, 3), (8, 5) Line 2: (—1, —3), (5, —2) Line 2: (1, 4), (2, 2) 
3.4 Tell which line through the given points is steeper. 
27. Line 1: (0, —6), (24, —9) 28. Line 1: (-1, —5), (7-1, 3) 29. Line I: (1, 1), (2, 6) 
Line 2: (—2, 5), (1, 9) Line 2: (—3, 4), (—5, 4) Line 2: (1, 1), (3, 10) 


3.5 Write an equation of the line that passes through the given point P and has 
the given slope т. 


30. Р(4, 7), т= 2 31. Р(-3, 0), т = 2 32. Р(9, 4), m = —3 
m 
a 
3.5 Write an equation of the line that passes through point P and is parallel to = 
the line with the given equation. © 
33. P(1, -2, y = —2х—6 34. P(6, 3), y= -5x + 12 35. P(—-7,3), у= х + 3 = 
A 
- 
36. P(0, 3), у= 4x — 2 37. P(-9, 4), y = 2x +1 38. Р(8, -3,y - x—5 ^ 


3.6 Find mZ ADB. 
39. 40. 


3.6 45. Copy and complete the proof. 


GIVEN > BÁ 1 BC, a ш 
BD bisects Z ABC. 
PROVE > mZABD = 45° В C 
STATEMENTS REASONS 
1. BÁL ВС Lo? 
2. ? 2. Definition of perpendicular lines 
3. mZ ABC = 90?  — 
4. ? 4. Given 
5. mZ ABD = mz DBC 5. 2? 
6. тАВС=_? + ?. 6. Angle Addition Postulate 
7. mZ ABD + mz DBC = 90° 7. 2 
8. nZABD + ? = 90° 8. Substitution Property of Equality 
9. 2(mZ ABD) — 90? 9. ? 
10. mzZ ABD = 45° 10. ? 
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Chapter 4 


4.1 


4.1 


4.2 


4.2 


4.3 


4.3 


4.4 


A triangle has the given vertices. Graph the triangle and classify it by its 
sides. Then determine if it is a right triangle. 


1. AT—L m В(—1, 2), C(4, 2) Э. A(-1, 1, B(3, 1), C(2, —2) 3. A15, 4), B(2, 4), C(5, —2) 


Find the value of x. Then classify the triangle by its angles. 


4. Е 5. (х+ 1) 6. i 
(x + 5)? “у x 
x? 56^ 


Write a congruence statement for any figures that can be proved congruent. 
Explain your reasoning. 


xs [NJ E 8. | J | K 9. S T U 
G F N M L X W wv 
Find the value of x. 


10. N 36° 49° Y 11. 


Decide whether the congruence statement is true. Explain your reasoning. 


12. APQR = ATUV 13. AJKM = ALMK 14. AACD = ABDC 
Dey 
Q D b 
Н J M L 


Use the given coordinates to determine if AABC= APQR. 
15. A(—2, 1), B(2, 6), C(6, 2), Р(—1, —2), Q(3, 3), RC, —1) 
16. A(-4, 5), B(2, 6), Ll—2, 3), Р(2, 1), Q(8, 2), R(5, =] 


Name the congruent triangles in the diagram. Explain. 


17. UE V 18. N P 19. H J 
PM | 
X - W M Q 
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4.5 Is it possible to prove that the triangles are congruent? If so, state the 
postulate or theorem you would use. 


20. AGHL, AJKL 21. AMNQ, APNQ 22. ASTW, AUVW 


H M U 
T 
W 
G Г Ј Q N 
V 
K Р $ 


4.5 Tell whether you сап use the given information to determine whether 
AABC= ADEF. Explain your reasoning. 


23. ZA = ZD, AB = DE, /В = ZE 24. АВ = DE, ВС = EF, ZA = ZD 


4.6 Use the information in the diagram to write a plan for proving that 71 = 72. 
25. XA 26. D "SU 27. Q T 
D C E MN, G PS 
P S H U 
4.6 Use the vertices of A ABC and A DEF to show that ZA = ZD. Explain. 


28. A(0, 8), B(6, 0), C(0, 0), D(3, 10), E(9, 2), F(3, 2) 
29. A(—3, =o B(-2, 3) (2, 2), DIS, 1), E(6, 6), F(10, 5) 


4.7 Find the value(s) of the variable (5). 


30. - 31. 32. y+4 
E (9x + 12)? 11 
x у 
(12x — 6)° 


o 


33. 34. 35. 
2(x + 1)° Y 
| h » (y + 16)? 
6x —5 x+5 


4.8 Copy the figure and draw its image after the transformation. 
36. Reflection: in the y-axis 
37. Reflection: in the x-axis 


38. Translation: (x, y) > (x — 3, y +7) 


SINI | 
L[ | IN. 


NE 


4.8 Use the coordinates to graph AB and CD. Tell whether CD is a rotation of AB 
about the origin. If so, give the angle and direction of rotation. 


39. А(4, 2), В(1, 1), C(—4, —2), D(-1, =|] 40. A(-1, 3]; В(0, 2), GIL, 2)» D(—3, 1) 
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Chapter 5 


5.1 Copy and complete the statement. A 
І. LN ||_2_ 
2. CB] 2 м 
з. ММЇ_?_ 
4. AM=_? =? С М В 
5. MN=_? = ? 


5.1 Place the figure in a coordinate plane in a convenient way. Assign 
coordinates to each vertex. 


6. Isosceles right triangle: leg length is 4 units 7. Scalene triangle: one side length is 6 units 


8. Square: side length is 5 units 9. Right triangle: leg lengths are s and £ 


5.2 Find the length of AB. 


10. B 11. A D C 12. A 
8x+7 
2x+3 x+7 
5x — 1 3x +5 » н 
А D C , 11x — 5 


В 


5.2 In Exercises 13-17, use the diagram. LN is the perpendicular bisector of JK. 
Р 


13. Find KN. J 
14. Find LJ. 
12x — 4 7x 4- 10 
15. Find КР. 
16. Find JP. L1 6x48 K 


— 
17. Is Pon LN? 


5.3 Use the information in the diagram to find the measure. 


18. Find mZ ABC. 19. Find EH. 20. mZ JKL = 50°. Find LM. 


5.3 Can you find the value of x? Explain. 
21. ДД, 23. 
AN =]. x 
4 17 
E 
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5.4 


5.4 


5.5 


5.5 


5.6 


Pis the centroid of A DEF, FP = 14, RE = 24, and PS = 8.5. E 
Find the length of the segment. 


24. TF 25. DP T $ 
26. DS 27. PR LAN 
D R Е 


Use the diagram shown and the given information to decide whether BDis a 
perpendicular bisector, an angle bisector, a median, or an altitude of A ABC. 


28. BD 1 AC 29. / ABD = / CBD : 

30. AD=TD 31. BDLACandAD=TD Pii 
32. AABD = ACBD зз. BD | ACand AB = CB á - à m 
= 
List the sides and angles in order from smallest to largest. @ 
Y 
34. Р 39. L 50° J 36. Е m G т 
1 11 а 
61° F а 

Q 14 R K 


Describe the possible lengths of the third side of the triangle given the 
lengths of the other two sides. 


37. 9 inches, 8 inches 38. 24 feet, 13 feet 39. 3 inches, 9 inches 
40. 1 foot, 17 inches 41. 4 feet, 2 yards 42. 2 yards, 6 feet 


Copy and complete with >, < or = . Explain. 


43. LN ? PR 44. VU ? ST 45. т/ WYX ? mLWYZ 
M N 5 $ 31 X 
V T — y 
i R Q U е 2 
46. т/1_?_т/2 47. JK_? MN 48. BC_? DE 
d M B D 
L K P N A C E 
49. GH_? QR 50. mZ3_? mZ4 51. m/25_? mZ6 
H Р В 10 5 
A NM 
F G 12 
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Chapter 6 


6.1 


6.1 


6.1 


6.2 


6.2 


6.3 


6.3 


6.3 


The measures of the angles of a triangle are in the extended ratio given. 
Find the measures of the angles of the triangle. 


1. 1:3:5 2. 1:5:6 B. 21525 4. 5:6:9 
Solve the proportion. 
ө. =®+5 10. 279-273 п. 4-22 12. == 


Find the geometric mean of the two numbers. 


13. 4and9 14. Запа 48 15. 9 and 16 16. 7 and 11 
Copy and complete the statement. 


7—9 thenž =? 2 _ 
17. If 2 then 7^7 18. If a 


Use the diagram and the given information to find the unknown length. 


19. Given = = I find NK. 20. Given IE = E find CA. 
N C D 
6 ^ 10 8 

" J K 14 B > 

L M A F 


Determine whether the polygons are similar. If they are, write a similarity 
statement and find the scale factor. 


2l. N 88 H V 20 U 22, 


In the diagram, APQR ~ ALMN. Р 

23. Find the scale factor of APQR to ALMN. [7 y А x 

24. Find the values of x, y, and z. E SEN 
25. Find the perimeter of each triangle. Q 36 RM 12 N 


AABC ~ ADEF. Identify the blue special segment and find the value of y. 


26. B F D 27. B F 
p “у ay +2 3y +4 
= E 
A C A 35 C D 3 F 
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6.4 In Exercises 28-31, determine whether the triangles are similar. If they аге, 
write a similarity statement. Explain your reasoning. 


28. Q 2 29. А F 
N / и 
63° 
C 
U 
78° W 
P R 78° G 


30. W 31. K 
| | УЛАМ, 
ANDA 
V Х £ J N M L m 
a 
= 
6.5 Show that the triangles are similar and write a similarity statement. Explain = 
your reasoning. "U 
32. 33. R > 
- 
H = 
40 30 e 
PA, AN j 
K 24 J T 45 S 
6.6 Use the diagram to find the value of each variable. 
34. i 35. 2 36. 
34 y 
17 г 
24 
а Е х 75 6 
6.7 Draw a dilation of the polygon with the given vertices using the given scale 
factor of k. 
37. A(1, D, B(4, 1), Cd, 2);k = З 38. A(2, 2), B(-2, 2), C(-1, -D, D2, -D;k=5 


39. A(2, 2), B(8, 2), C(2, 6); К = 40. A(3, —6), B(6, —6), C(6, 9), D(=3, 9); К = i 


1 

2 

6.7 Determine whether the dilation from Figure A to Figure Bis a reduction or 
an enlargement. Then find its scale factor. 


MT Pl | ppt | санае иаа 
ишш Аа 


> Al | 
Ca LIN 1I. 
MIA | 
O PIN | 
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7.1 


7.1 


7.2 
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7.2 


1.3 


1.3 


Find the unknown side length of the right triangle using the Pythagorean 
Theorem or a Pythagorean triple. 


1. La x 
P Lo - 

48 24 51 
156 


Find the area of the isosceles triangle. 


4. 5. 6. 
48 m 20 ft 
26 ft Е 


Tell whether the given side lengths of a triangle can represent a right 
triangle. 


7. 24, 32, and 40 8. 21, 72, and 75 9. 11, 25, and 27 
10. 7, 11, and 13 11. 17, 19, and 5V26 12. 9,10, and V181 


Decide if the segment lengths form a triangle. If so, would the triangle be 
acute, right, or obtuse? 


13. 14, 21, and 25 14. 32, 60, and 68 15. 11, 19, and 32 
16. 3,9, and 3V11 17. 12, 15, and 3V40 18. 4V21, 25, and 31 


Write a similarity statement for the three similar triangles in the diagram. 
Then complete the proportion. 
AB _ BC 

? 


19. AD 


E.? SR _ RQ 
'H JG "RQ? 


| B K J 
A D C H a. 
Find the value of the variable. Round decimal answers to the nearest tenth. 
22. 5 X 23. 24. 3 
SN v 
1 4 
25. 26. 27. 3 
6 8 
X 
D 
9 


20 


YV 
\ 
© 


у 
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7.4 Find the value of each variable. Write your answers in simplest radical form. 


28. 29. 30. а 
18 
j | Dus 
B E 
7 һ 
31. т 32. 15 33. 
E 
n 9 S t 
+ 


7.5 Find tan A and tan B. Write each answer as a fraction and as a decimal 
rounded to four places. 


34. A 35. B 36. с 56 
2034 
| Nava en aT 
B 
A 100 C 
C 18 B 


7.5 Usea tangent ratio to find the value of x. Round to the nearest tenth. Check 
your solution using the tangent of the other acute angle. 


37. 12 38. A 39. 
X 19 
ы O 


7.6 Use a sine or cosine ratio to find the value of each variable. Round decimals 
to the nearest tenth. 


40. 
x de y 
14 
43. y 
V3 NM 


7.7 Solve the right triangle. Round decimal answers to the nearest tenth. 


46. E 47. J 48. B 
P / | \ Б 
F G H 


D 12 A 
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8.4 Classify the special quadrilateral. Explain your reasoning. 


30. 


8.4 The diagonals of rhombus LMNP intersect at О. Given that LM = 5 and 
mZ QLM = 30°, find the indicated measure. 


33. mZLQM NN 
34. MN p PS М 
X 


8.5 Find the value of x. 


35. 19 36. 37. 0.6 
31 43 X 
8.5 RSTVis a kite. Find mZ V. 
38. R 39. $ 40. Н 
80° + 
R< 60° 104° T V 80°> 5 
V I» XS 
T V T 


8.6 Give the most specific name for the quadrilateral. Explain your reasoning. 


41. 


8.6 The vertices of quadrilateral DEFG are given. Give the most specific name 
for DEFG. Justify your answer. 


47. D(6, 8), E(9, 12), F(12, 8), G(9, 6) 48. D(1, 2), E(4, 1), F(3, -2), G(0, —1) 
49. D(10, 3), E(14, 4), F(20, 2), G(12, 0) 50. D(-2, 10), E(1, 13), F(5, 13), G(-2, 6) 
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Chapter 9 


9.1 


9.1 


EXTRA PRACTICE 


9.2 


9.3 


9.4 


ЛА'В'С' is the image of A ABC after a translation. Write a rule for the 
translation. Then verify that the translation is an isometry. 


BEN ЕЕ сааи 
в 
BERF.NENNEEN 
NE" GE Ree 


| | lat TANT | 
ШИШЕ, ЛЕ IN | 
A LAY 


“Tal IEA ME 
"LLELLLEELLL 
шишиши? шшш 


Use the point P(7, —3). Find the component form of the vector that describes 
the translation to P’. 


3. P'(=3, 4) 4, Р'(1,—1) b. P'(3,2) 6. P'(-8, —11) 


ЧЕ „|? °|_|® 1 a | | 7 
[7 4 [1-9 4 4 -1 15 9116 8 

Find the image matrix that represents the translation of the polygon. Then 

graph the polygon and its image. 


9.2 Add, subtract, or multiply. 


T 3 —5 7 |; 6 units left 11 1 9 4 34; 1 unit right 
`|—2 -2 1 "15 6 4 2] and7units down 
үә 7 —3  0]|;3 units right is 9 6 4 2 3[;Aunits left 
6 8 —4 | and 4 units up —] —4 -4 -4 2| and5 units up 


Graph the reflection of the polygon in the given line. 
14. y-axis 


_| {| || jel 
E A „иш 
Bee агаи 


Rotate the figure the given number of degrees about the origin. List the 
coordinates of the vertices of the image. 


17. 270° 18. 180° 
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9.4 Find the image matrix that represents the rotation of the polygon about the 
origin. Then graph the polygon and its image. 


Р О R 9$ TV A B C D 
20. [12 4 ‚ 180° .|^ ^1 ‚ 90° 22, |* + 2 1 ‚ 270° 
4 1 3 2 3 0 0 -1 2 -3 


9.5 The vertices of AABC are А(1, 1), B(4, 1), and C(2, 4). Graph the image of 
A ABC after a composition of the transformations in the order they are 


listed. 

23. Translation: (x, y) > (x — 2, y + 3) 24. Reflection: in the line x = 2 
Rotation: 270° about the origin Translation: (x, y) > (x + 3, y) 

25. Rotation: 180° about the origin 26. Translation: (x, y) > (x — 4, y — 4) 
Reflection: in the line y = —2 Reflection: in the line y = x 


9.5 Find the angle of rotation that maps A onto A". 
27. 


m 
p 
= 
> 
Y 
Р 
A 
= 
A 
m 


9.6 Determine whether the flag has line symmetry and whether it has rotational 
symmetry. Identify all lines of symmetry and angles of rotation that map the 


figure onto itself. 
| КУ | BB | MM 
9.7 Copy the diagram. Then draw the given dilation. A B 
32. Center B; k = 2 33. Center E; k = 3 
34. Center D; k — 5 35. Center A; k = 5 
ge C 
36. Center C; k = 5 37. Center E; k = i 


9.7 Find the image matrix that represents a dilation of a polygon centered at the 
origin with a given scale factor. Then graph the polygon and its image. 
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Chapter 10 


10.1 Use the diagram to give an example of the term. 


1. Radius 
3. Tangent 
5. Center 
7. Chord 


2 


4 
6 
8 


. Common tangent 
. Secant 
. Point of tangency 


. Diameter 


10.1 Find the value(s) of the variable. P, Q, and R are points of tangency. 


П. р 2x] jg 
Q 


CR 


9. 
12. 


3 
Q 5 S 
P xT5 5 
O 
Q 


10.2 AC and BD are diameters of © С. Determine whether the 
arc is a minor arc, a major arc, or a semicircle of OG. Then 


10. Q 4 $ 


find the measure of the arc. 


14. 


4x+7 5 


15. ED 16. EB 17. EC 
18. BEC 19. BC 20. BCD 
10.2 In OC, mAD = 50°, B bisects AD, and AE is a diameter. Find the measure of 
the arc. 
21. ÁED 22. BD 23. DE 


10.3 Find the measure of AB. 


25. A 26. A 
(23 C» 
C D 


125* 


2 da 


24. BAE 


10.3 In Exercises 28-30, what can you conclude about the diagram shown? State 
theorems to justify your answer. 


28. B 
ES 
A 
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29. A 
©) 
B 
D 


30. A 


D 


10.4 Find the values of the variables. 


33. (2x — 5)° 
(4y + 10)° 


(x + 20)° (y + 27° 


39. 


10.5 Find the value of x. 


37. 359 38. 
A 


40. 
75° 
<( (12x + 3)° 


10.6 Find the value of x. 


43. / 6 y 44. 
AY 


46. 47. 
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41. 


10.7 Use the given information to write the standard equation for the circle. 
49. The center is (0, —2), and the radius is 4 units. 
50. The center is (2, —3), and a point on the circle is (7, —8). 


51. The center is (m, n), and a point on the circle is (m + h, n + К). 


10.7 Graph the equation. 
52. х? + у? = 25 53. x^ + (y — 5)? = 121 54. (x + 4)? + (y — D? = 49 
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Chapter 11 


11.1 Find the area of the polygon. 


1. 2. 3. 4. 
12 
13 16 15 


11.1 Thelengths of the hypotenuse and one leg of a right triangle are given. Find 
the perimeter and area of the triangle. 


5. Hypotenuse: 25 cm; leg: 20 cm 6. Hypotenuse: 51 ft; leg: 24 ft 


11.1 Find the value of x. 
7. A= 22 ft? 8. A= 14.3 in.” 9. A= 7.2 m? 10. A = 276 cm? 


2x + 1 
4 ft 


11.2 Find the area of the trapezoid. 


EXTRA PRACTICE 


N | = 


X 
22 in. 3m 23 cm 


11. 4 12. 12 13. 11 14. 
| | 
is 
7 21 


11.2 Find the area of the rhombus or kite. 


15. T 16. Т 17. «Бы... Н 18. Dx 
<b | 9 
[—— 1——3 I—11— " 0| CRX 


11.3 The ratio of the areas of two similar figures is given. Write the ratio of the 
lengths of the corresponding sides. 


19. Ratio of areas = 100:81 20. Ratio of areas = 25:100 21. Ratio of areas = 8:1 


11.3 Use the given area to find ST. 
22. AABC — ARST 23. DEFG — RSTU 24. НЈКІ ~ RSTU 
D J 9ш. x 


А = 15 in? G 
R 
F 10m Е Р Г A=150in2 
Т 
on R 
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25. 26. A" — 27. ODO 28. 
N Ы 
= A 
LE. 


29. A 30. 31. 32. 
B 
B Y 


11.4 Find the length of AB. 


11.5 Find the exact area of a circle with the given radius r or diameter d. Then 


find the area to the nearest hundredth. 


33. r=3in. 34. r= 2.5 cm 35. d= 20 ft 36. 


11.5 Find the areas of the sectors formed by 2 DFE. 


37. 38. c 39. 40. 
6 | 2 
D E б 
р 
Н Е 


11.6 Find the measure of a central angle of a regular polygon with the given 


number of sides. 


41. 8 sides 42. 12 sides 43. 20 sides 44. 


11.6 Find the perimeter and area of the regular polygon. 


45. 46. 47. 48. 
18 
4.5 


11.7 Find the probability that a randomly chosen point in the figure lies in the 


shaded region. 


11.7 53. Alocal radio station plays your favorite song once every two hours. Your 


25 sides 


favorite song is 4.5 minutes long. If you randomly turn on the radio, what 


is the probability that your favorite song will be playing? 
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Chapter 12 


12.1 Determine whether the solid is a polyhedron. If it is, name the polyhedron. 


Explain your reasoning. 


1. 2. 
12.1 5. Determine the number of faces on a solid with six vertices and ten edges. 


12.2 Find the surface area of the right prism. Round to two decimal places. 


6. 7. 8. 


Aft эст 


5 ft 9 cm 


6 ft 6m 


12.2 Find the surface area of the right cylinder with the given radius r and 
height h. Round to two decimal places. 


9. r=2cm 10. r- 1m 11. r= 22 in. 12. r= 17 mm 
һ = 11cm һ= 1ш һ = 91п. h = 5 mm 
12.2 Solve for х given the surface area 5 of the right prism or right cylinder. 
Round to two decimal places. 
13. S = 192 in.* 14. S = 33.7 т? 15. S = 754 ft* 


2m 3.5 т 
4 in. p" 44 12 ft 
X 
4 in. „2 | X 


12.3 Find the surface area of the regular pyramid. Round to two decimal places. 


16. 1 5 in. 17. 18. 
5 in. 


12.3 Find the surface area of the right cone. Round to two decimal places. 


19. 


15m 


2 ст 4.8 m rm 


21. 
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12.4 Find the volume of the right prism or right cylinder. Round to two decimal 
places. 


23. 24. 


12.4 Find the value of x. Round to two decimal places, if necessary. 


25. V=8 cm? 26. V= 72 f 27. V = 628 in? 


3 ft 
Ам A 


12.5 Find the volume of the solid. Round to two decimal places. 


28. 29. 
15 in. 
12 in. 


12.5 Find the volume of the right cone. Round to two decimal places. 


31. 


8 ft 


5 ft 


12.6 Find the surface area and volume of a sphere with the given radius r or 
diameter d. Round to two decimal places. 


34. г = 13 т 35. г = 1.8 in. 36. d — 28 yd 37. d = 13.7 cm 

38. г = 201п. 39. г = 17.5 mm 40. d = 15.2 m 41. d — 231 
12.7 Solid A (shown) is similar to Solid В (not shown) with the given scale factor 

of A to B. Find the surface area and volume of Solid B. 


42. Scale factor of 3:2 43. Scale factor of 2:1 44. Scale factor of 4:7 


S = 864 ft? 
V = 1728 ft? 


12.7 45. Two similar cylinders have volumes 127 cubic units and 3247 cubic units. 
Find the scale factor of the smaller cylinder to the larger cylinder. 
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Symbols 


ECC 
BEN multiplication, times 

Ов [meemmoas | 9 
[ | [жешет | o 
[os umm EC 
Ов» [ошым ТИ 
E feaa ë ë |n 
[o eemen | n 
[Zam [шелс | аа 
C mza [memweaneh — | 24 
[o eme a 
[1 ranges — | 25 
ETTHETUTTUTTENNCN 


[=v approcinanayequato | 38 
[e mimm |a 
C [evener | m 
ава foa 
Оо [эмо | oa 
negation of statement p ЕЕ 


А АВС triangle ABC 
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Meaning 


triangles 
angles 
maps to 

is less than 


is greater than 


is not equal to 


p a:b ratio ofa to b 


is similar to 
is this statement true? 


is not parallel to 


tangent 


D 
`N 
UJ 


sine 

cosine 

inverse sine 

inverse cosine 

inverse tangent 
OABCD | parallelogram ABCD 


is not congruent to 


A prime 
vector AB 


component form 


of a vector 
A" A double prime 
P circle with center P 


measure of minor arc AB 


"Н 


| 


measure of major arc 
ABC 


P(A) probability of event A 


I 
"Jl 
UJ 


BE 


Measures 


60 seconds (sec) = 1 minute (min) 
60 minutes = 1 hour (h) 
24 hours = 1 day 
7 days = 1 week 


4 weeks (approx.) = 1 month 


52 weeks (approx.) | = 1 year 
12 months 
10 years = 1 decade 
100 years = 1 century 


365 ña] 


Length 


10 millimeters (mm) = 1 centimeter (cm) 
100 cm 
1000 mm | 1 meter (m) 


1000 m = 1 kilometer (km) 


Area 


100 square millimeters = 1 square centimeter 
(mm^) (ст?) 
10,000 cm? = 1 square meter (m?) 
10,000 тр? = 1 hectare (ha) 


Volume 


1000 cubic millimeters = 1 cubic centimeter 
(mm?) (cm?) 
1,000,000 cm? = 1 cubic meter (m?) 


Liquid Capacity 


1000 milliliters er] = 1 liter (1) 


1000 cubic centimeters (cm?) 


1000 L = 1 kiloliter (kL) 


1000 milligrams (mg) = 1 gram (g) 
1000 g = 1 kilogram (kg) 
1000 kg = 1 metric ton (t) 


Temperature Degrees Celsius (°C) 


0°С = freezing point of water 
37°C = normal body temperature 
100°C = boiling point of water 


Length 


12 inches (in.) = 1 foot (ft) 
36 in. 
3 1 — ] yard (yd) 


5280 ft | _ | Р 
1760 de] = 1 mile (mi) 


Area 
144 square inches (in.*) = 1 square foot (ft?) 
9 ft^ = 1 square yard (yd^) 
43,560 ft? | _ 
4840 yd? 1 acre (A) 


Volume 


1728 cubic inches (in.?) = 1 cubic foot (ft?) 
27 ft? = 1 cubic yard (yd?) 


Liquid Capacity 
8 fluid ounces (fl oz) = 1 cup (c) 
2c- l pint (pt) 
2 pt = 1 quart (qt) 
4 qt — 1 gallon (gal) 


Weight 


16 ounces (oz) = 1 pound (Ib) 
2000 Ib = 1 ton 


Temperature Degrees Fahrenheit (°F) 


32°F = freezing point of water 
98.6°F = normal body temperature 
212°F = boiling point of water 


Tables 
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Formulas 


Sum of the measures of the interior angles of a 
triangle: 180? (p. 218) 


Sum of the measures of the interior angles of a 
convex n-gon: (n — 2) * 180° (p. 507) 


Exterior angle ofatriangle: В 


mZ1=mZA + mZB (р. 219) exterior 


angle 
A 1 ang 
Sum of the measures of the exterior angles of a 
convex polygon: 360? (p. 509) 


Right Triangles 


Pythagorean Theorem: 
с^ = аё + b° (p. 433) 


Trigonometric ratios: 
BC 
AB 
_ AC -1АС _ 

cos А АВ (р. 473) СО$ AB т“ А (p.483) 


sin A = 


art BC .. 
(р. 473) sin ^ 


mZA (p.483) 


tan A = AC (p. 466) tan 


BC -1 ВС 
A 


45?-45?-90? 
triangle (p. 457) 


30°-60°-90° 
triangle (p. 459) 


Ratio of sides: 
1:V3:2 


Ratio of sides: 
1:1:V2 


AABC ~ AACD ~ ACBD 
(p. 449) 


BD _ CD AB _ CB AB _ AC 


CD АР'СВ DB’ AC 
(p. 451) 


BD _ = and CD = VAD • DB (pp. 359, 452) 


Student Resources 


Angle and segments formed 
by two chords: 


D 
mZ1 = 5(mCD + mAB) (p.681) А C 


EA • EC = EB • ED (р. 689) B 


C 
Angle and segments formed A 
by a tangent and a secant: р 
т/2 = 5(mBC — mAB) (p. 681) B 


ЕВ? = EA • EC (р. 691) 


А 
Angle апа segments formed 
by two tangents: E 
mZ3 = +(mAQB — mAB) (p. 681) B Q 


EA = EB (p. 654) 


Angle and segments formed 
by two secants: 
m4 = 5(mCD = mAB) (p. 681) 


EA * EC = EB * ED (p. 690) 


Coordinate Geometry 


Given: points A(x,, y,) and B(x,, у.) 


x, tx, y, En 
E 


Midpoint of AB — (p. 16) 


АВ = (x, — x + (y, – у)? (p. 17) 


<> rise Y Y 
Slope of AB = ттт = X,— X, 


(p. 171) 


Slope-intercept form of a linear equation with 
slope т and y-intercept b: у = mx - b р. 180) 


Standard equation of a circle with center (Л, К) 
and radius г: (x – h)? + (y- Ю? = г? (p. 699) 


Taxicab distance AB = Ix; = x, | + | Y, — у, 
(р. 198) 


Perimeter 


Р = perimeter, С = circumference, 

s = side, £ = length, w = width, 

a, b, с = lengths of the sides of a triangle, 

d = diameter, r = radius 

Polygon: Р = sum of side lengths (p. 49) 

Р = 45 (р. 49) 

P = 24 + 2ш (р. 49) 

(р. 49) 

(рр. 49, 763) 


(р. 49) 


Square: 
Rectangle: 
Triangle: 
Regular n-gon: 
Circle: 


(p. 747) 


А = area, s = side, b = base, h = height, 
£ = length, w = width, d = diagonal, 
a = apothem, P = perimeter, r = radius 


А = 5 (рр. 49, 720) 
А = Іш 


Square: 


Rectangle: (pp. 49, 720) 


Triangle: A= ¿bh (pp. 49, 721) 


Parallelogram: A = bh (p. 721) 


Trapezoid: A= sh (b, + b.) (p. 730) 


Rhombus: (p. 731) 


Kite: (p. 731) 


Equilateral triangle: 


Regular polygon: (p. 763) 


Circle: (pp. 49, 755) 


Area of a sector: (p. 756) 


(pp. 726, 766) 


Surface Area 


B — area of a base, P — perimeter, 
C = circumference, Л = height, г = radius, 
4 = slant height 


S =2B+Ph 


S = 2B + Ch 
= 2mr? + 2mrh 


Right prism: (p. 804) 


Right cylinder: 
(p. 805) 


Regular pyramid: S = B + >Р! (р. 811) 


Right cone: S=B+t+ Сї 
= тү? + тті 


$ = 4rrr? 


(р. 812) 


Sphere: (p. 838) 


V = volume, В = area of a base, 
h = height, r = radius, s = side length 


Cube: V=s° (p. 819) 


Prism: V= Bh (p. 820) 


Cylinder: V= Bh = «r^h (p. 820) 


Pyramid: V = 5Bh 


(p. 829) 


Cone: V= 5Bh = 1тт?һ (р. 829) 


Sphere: V= gar (р. 840) 


Miscellaneous 


Geometric mean of a and b: Va» b 


Euler's Theorem for Polyhedra, F — faces, 
V = vertices, E = edges: F+ V=E+2 


(p. 359) 


(p. 795) 


Given: similar polygons or similar solids 
with a scale factor of a: b 


Ratio of perimeters = a: b (p. 374) 


Ratio of areas = a^: b* (p. 737) 


Ratio of volumes = a’: b? (p. 848) 


Given a quadratic equation ах? + bx + c = 0, 
the solutions are given by the formula: 


_ -b+ Vb – дас 


ш 2a 


(pp. 641, 883) 
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Student Resources 


10,000 


10,201 
10,404 
10,609 
10,816 
11,025 


11,236 
11,449 
11,664 
11,881 
12,100 


12,321 
12,544 
12,769 
12,996 
13,225 


13,456 
13,689 
13,924 
14,161 
14,400 


14,641 
14,884 
15,129 
15,376 


15,625 


15,876 
16,129 
16,384 
16,641 
16,900 


17,161 
17,424 
17,689 
17,956 
18,225 


18,496 
18,769 
19,044 
19,321 
19,600 


19,881 
20,164 
20,449 
20,736 
21,025 


21,316 
21,609 
21,904 
22,201 
22,900 


Trigonometric Ratios 
LIN азе 


LE NI m 


1.0355 
1.0724 
1.1106 
1.1504 
1.1918 


1.2349 
1.2799 
1.3270 
1.3764 
1.4281 


1.4826 
1.5399 
1.6003 
1.6643 
1.7321 


1.8040 
1.8807 
1.9626 
2.0503 
2.1445 


2.2460 
2.3999 
2.4751 
2.6051 
2.1475 


2.9042 
3.0777 
3.2709 
3.4874 
3.7321 


4.0108 
4.3315 
4.7046 
5.1446 
5.6713 


6.3138 
7.1154 
8.1443 
9.5144 
11.4301 


14.3007 
19.0811 
28.6363 
52.2900 
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15 


16 


Ruler Postulate The points on a line can be 
matched one to one with the real numbers. The 
real number that corresponds to a point is the 
coordinate of the point. The distance between 
points A and B, written as AB, is the absolute 
value of the difference between the coordinates 
of A and B. (p. 9) 


Segment Addition Postulate If B 15 between 
A and C, then AB + BC = AC. If AB + BC = AC, 
then B is between A and C. (p. 10) 


Protractor Postulate Consider OB and a 
point A on one side of OB. The rays of the form 


OÁ can be matched one to one with the real 
numbers from 0 to 180. The measure of Z АОВ 
is equal to the absolute value of the difference 


between the real numbers for ОА and OB. (p. 24) 


Angle Addition Postulate If Pis in the interior of 
Z RST, then mZ RST = mz RSP + mz PST. (p. 25) 


Through any two points there exists exactly one 
line. (p. 96) 


A line contains at least two points. (p. 96) 


If two lines intersect, then their intersection is 
exactly one point. (p. 96) 


Through any three noncollinear points there 
exists exactly one plane. (p. 96) 


A plane contains at least three noncollinear 
points. (p. 96) 


If two points lie in a plane, then the line 
containing them lies in the plane. (p. 96) 


If two planes intersect, then their intersection is 
a line. (p. 96) 


Linear Pair Postulate If two angles form a 
linear pair, then they are supplementary. (p. 126) 


Parallel Postulate If there is a line and a point 
not on the line, then there is exactly one line 
through the point parallel to the given line. (p. 148) 


Perpendicular Postulate If there is a line and 
a point not on the line, then there is exactly 
one line through the point perpendicular to the 
given line. (p. 148) 


Corresponding Angles Postulate If two parallel 
lines are cut by a transversal, then the pairs of 
corresponding angles are congruent. (p. 154) 


Corresponding Angles Converse If two lines are 
cut by a transversal so the corresponding angles 
are congruent, then the lines are parallel. (p. 161) 


Student Resources 


17 


18 


19 


20 


21 


22 


23 


24 


25 


26 


Slopes of Parallel Lines In a coordinate plane, 
two nonvertical lines are parallel if and only if 
they have the same slope. Any two vertical lines 
are parallel. (p. 172) 


Slopes of Perpendicular Lines In a coordinate 
plane, two nonvertical lines are perpendicular 
if and only if the product of their slopes is —1. 
Horizontal lines are perpendicular to vertical 
lines. (p. 172) 


Side-Side-Side (SSS) Congruence Postulate If 
three sides of one triangle are congruent to 
three sides of a second triangle, then the two 
triangles are congruent. (p. 234) 


Side-Angle-Side (SAS) Congruence 
Postulate If two sides and the included angle 
of one triangle are congruent to two sides and 
the included angle of a second triangle, then 
the two triangles are congruent. (p. 240) 


Angle-Side-Angle (ASA) Congruence 
Postulate If two angles and the included side 
of one triangle are congruent to two angles and 
the included side of a second triangle, then the 
two triangles are congruent. (p. 249) 


Angle-Angle (AA) Similarity Postulate If 

two angles of one triangle are congruent to 

two angles of another triangle, then the two 
triangles are similar. (p. 381) 


Arc Addition Postulate The measure of an arc 
formed by two adjacent arcs is the sum of the 
measures of the two arcs. (p. 660) 


Area of a Square Postulate The area of a 
square is the square of the length of its side, or 
A = s*. (p. 720) 


Area Congruence Postulate If two polygons 
are congruent, then they have the same area. 
(p. 720) 


Area Addition Postulate The area of a region 
is the sum of the areas of its nonoverlapping 
parts. (p. 720) 


27 Volume of a Cube The volume of a cube is the 


28 


29 


cube of the length of its side, or V — s?. (p. 819) 


Volume Congruence Postulate If two 
polyhedra are congruent, then they have the 
same volume. (p. 819) 


Volume Addition Postulate The volume 
of a solid is the sum of the volumes of all its 
nonoverlapping parts. (p. 819) 


2.1 


2.2 


2.3 


2.4 


2.5 


2.6 


3.1 


3.2 


3.3 


3.4 


3.5 


Properties of Segment Congruence 
Segment congruence is reflexive, symmetric, 
and transitive. 


Reflexive: For any segment AB, AB = AB. 
Symmetric: If AB = CD, then CD = AB. 


Transitive: If AB = CD and CD = EF, then 
AB = EF. (р. 113) 


Properties of Angle Congruence 
Angle congruence is reflexive, symmetric, 
and transitive. 


Reflexive: For any angle A, ZA = ZA. 
Symmetric: If ZA = ZB, then ZB = ZA. 


Transitive: If ZA = Z Band ZB = ZC, then 
ZA = LC. (p. 113) 


Right Angles Congruence Theorem All 
right angles are congruent. (p. 124) 


Congruent Supplements Theorem If two 
angles are supplementary to the same angle 
(or to congruent angles), then the two angles 
are congruent. (p. 125) 


Congruent Complements Theorem If two 
angles are complementary to the same angle 
(or to congruent angles), then the two angles 
are congruent. (p. 125) 


Vertical Angles Congruence Theorem 
Vertical angles are congruent. (p. 126) 


Alternate Interior Angles Theorem If two 
parallel lines are cut by a transversal, then 
the pairs of alternate interior angles are 
congruent. (p. 155) 


Alternate Exterior Angles Theorem If two 
parallel lines are cut by a transversal, then 
the pairs of alternate exterior angles are 
congruent. (p. 155) 


Consecutive Interior Angles Theorem If 
two parallel lines are cut by a transversal, 
then the pairs of consecutive interior angles 
are supplementary. (p. 155) 


Alternate Interior Angles Converse If two 
lines are cut by a transversal so the alternate 
interior angles are congruent, then the lines 
are parallel. (p. 162) 


Alternate Exterior Angles Converse If two 
lines are cut by a transversal so the alternate 
exterior angles are congruent, then the lines 
are parallel. (p. 162) 


3.6 


3.7 


3.8 


3.9 


3.10 


3.11 


3.12 


4.1 


4.2 


4.3 


4.4 


Consecutive Interior Angles Converse If 
two lines are cut by a transversal so the 
consecutive interior angles are 
supplementary, then the lines are parallel. 
(p. 162) 


Transitive Property of Parallel Lines Iftwo 
lines are parallel to the same line, then they 
are parallel to each other. (p. 164) 


If two lines intersect to form a linear pair of 
congruent angles, then the lines are 
perpendicular. (p. 190) 


If two lines are perpendicular, then they 
intersect to form four right angles. (p. 190) 


If two sides of two adjacent acute angles are 
perpendicular, then the angles are 
complementary. (p. 191) 


Perpendicular Transversal Theorem Ifa 
transversal is perpendicular to one of two 
parallel lines, then it is perpendicular to the 
other. (p. 192) 


Lines Perpendicular to a Transversal 
Theorem In a plane, if two lines are 
perpendicular to the same line, then they are 
parallel to each other. (p. 192) 


Triangle Sum Theorem The sum of the 
measures of the interior angles of a triangle 
is 180°. (р. 218) 


Corollary The acute angles of a right 
triangle are complementary. (p. 220) 


Exterior Angle Theorem The measure ofan 
exterior angle of a triangle is equal to the 
sum of the measures of the two nonadjacent 
interior angles. (p. 219) 


Third Angles Theorem Iftwo angles of one 
triangle are congruent to two angles of 
another triangle, then the third angles are 
also congruent. (p. 227) 


Properties of Triangle Congruence 
Triangle congruence is reflexive, symmetric, 
and transitive. 


Reflexive: For апу А АВС, Л АВС = Л АВС. 


Symmetric: If A АВС = ADEF, then 
ADEF = Л АВС. 


Transitive: If A АВС = ADEF and 
A DEF = AJKL, then 
A ABC = AJKL. (p. 228) 


927 


Postulates and Theorems 


д”) 
o 
л 
= 
С 
m 
> 
- 
m 
л 
Ха 
de 
c 
m 
al. 
m 
59 
A 
m 
= 
N 


Л 
= 
m 
[s 
© 
ы 
=” 
E 
а 
Z 
et 
ue 
ш 
i= 
et 
E 
- 
fu 
ue 
o 
Es 


928 


4.5 


4.6 


4.7 


4.8 


5.1 


5.2 


5.3 


5.4 


5.5 


5.6 


5.7 


Hypotenuse-Leg (HL) Congruence 
Theorem If the hypotenuse and a leg of a 
right triangle are congruent to the 
hypotenuse and a leg of a second right 
triangle, then the two triangles are 
congruent. (p. 241) 


Angle-Angle-Side (AAS) Congruence 
Theorem If two angles and a non-included 
side of one triangle are congruent to two 
angles and the corresponding non-included 
side of a second triangle, then the two 
triangles are congruent. (p. 249) 


Base Angles Theorem If two sides of a 
triangle are congruent, then the angles 
opposite them are congruent. (p. 264) 


Corollary If a triangle is equilateral, then it 
is equiangular. (p. 265) 


Converse of the Base Angles Theorem If two 
angles of a triangle are congruent, then the 
sides opposite them are congruent. (p. 264) 


Corollary Ifa triangle is equiangular, then it 
is equilateral. (p. 265) 


Midsegment Theorem The segment 
connecting the midpoints of two sides of a 
triangle is parallel to the third side and is half 
as long as that side. (p. 295) 


Perpendicular Bisector Theorem Ifa point 
is on a perpendicular bisector of a segment, 
then it is equidistant from the endpoints of 
the segment. (p. 303) 


Converse of the Perpendicular Bisector 
Theorem Ifa point is equidistant from the 
endpoints of a segment, then it is on the 
perpendicular bisector of the segment. (p. 303) 


Concurrency of Perpendicular Bisectors 
Theorem The perpendicular bisectors of a 
triangle intersect at a point that is 
equidistant from the vertices of the triangle. 
(p. 305) 


Angle Bisector Theorem Ifa point is on the 
bisector of an angle, then it is equidistant 
from the two sides of the angle. (p. 310) 


Converse of the Angle Bisector Theorem If 
a point is in the interior of an angle and is 
equidistant from the sides of the angle, then 
it lies on the bisector of the angle. (p. 310) 


Concurrency of Angle Bisectors of a 
Triangle The angle bisectors of a triangle 
intersect at a point that is equidistant from 
the sides of the triangle. (p. 312) 


Student Resources 


5.8 


5.9 


5.10 


5.11 


5.12 


5.13 


5.14 


6.1 


6.2 


6.3 


6.4 


6.5 


Concurrency of Medians of a Triangle The 
medians of a triangle intersect at a point that 
is two thirds of the distance from each vertex 
to the midpoint of the opposite side. (p. 319) 


Concurrency of Altitudes of a Triangle The 
lines containing the altitudes of a triangle are 
concurrent. (p. 320) 


If one side ofa triangle is longer than another 
side, then the angle opposite the longer side 
is larger than the angle opposite the shorter 
side. (p. 328) 


If one angle of a triangle is larger than 
another angle, then the side opposite the 
larger angle is longer than the side opposite 
the smaller angle. (p. 328) 


Triangle Inequality Theorem The sum of 
the lengths of any two sides of a triangle is 
greater than the length of the third side. (p. 330) 


Hinge Theorem If two sides of one triangle 
are congruent to two sides of another 
triangle, and the included angle of the first is 
larger than the included angle of the second, 
then the third side of the first is longer than 
the third side of the second. (p. 335) 


Converse of the Hinge Theorem If two sides 
of one triangle are congruent to two sides of 
another triangle, and the third side of the first 
is longer than the third side of the second, 
then the included angle of the first is larger 
than the included angle of the second. (p. 335) 


If two polygons are similar, then the ratio of 
their perimeters is equal to the ratios of their 
corresponding side lengths. (p. 374) 


Side-Side-Side (SSS) Similarity Theorem If 
the corresponding side lengths of two 
triangles are proportional, then the triangles 
are similar. (p. 388) 


Side-Angle-Side (SAS) Similarity 
Theorem Пап angle of one triangle is 
congruent to an angle of a second triangle 
and the lengths of the sides including these 
angles are proportional, then the triangles 
are similar. (p. 390) 


Triangle Proportionality Theorem Ifa line 
parallel to one side of a triangle intersects the 
other two sides, then it divides the two sides 
proportionally. (p. 397) 


Converse of the Triangle Proportionality 
Theorem Ifa line divides two sides of a 
triangle proportionally, then it is parallel to 
the third side. (p. 397) 


6.6 Ifthree parallel lines intersect two 8.1 Polygon Interior Angles Theorem The sum 
transversals, then they divide the transversals of the measures of the interior angles of a 
proportionally. (p. 398) convex n-gon is (n — 2) , 180". (р. 507) 

6.7 Ifa ray bisects an angle of a triangle, then it Corollary The sum of the measures of the 
divides the opposite side into segments interior angles of a quadrilateral is 360°. 
whose lengths are proportional to the (p. 507) 


lengths of the other two sides. (p. 398) 8.2 Polygon Exterior Angles Theorem The sum 


7.1 Pythagorean Theorem In a right triangle, of the measures of the exterior angles of a 
the square of the length of the hypotenuse is convex polygon, one angle at each vertex, is 
equal to the sum of the squares of the lengths 360°. (p. 509) 


of the legs. (p. 433) 83 Ifa quadrilateral is a parallelogram, then its 


7.2 Converse of the Pythagorean Theorem If opposite sides are congruent. (p. 515) 
the square of the length of the longest side of 
a triangle is equal to the sum of the squares 
of the lengths of the other two sides, then the 
triangle is a right triangle. (p. 441) 8.5 Ifa quadrilateral is a parallelogram, then its 

consecutive angles are supplementary. (p. 516) 


84 Ifa quadrilateral is a parallelogram, then its 
opposite angles are congruent. (p. 515) 


7.3 Ifthe square of the length of the longest side 


of a triangle is less than the sum of the 8.6 If a quadrilateral is a parallelogram, then its 
squares of the lengths of the other two sides, diagonals bisect each other. (p. 517) 
then the triangle is an acute triangle. (p. 442) 8.7 If both pairs of opposite sides of a 

7.4 Tf the square of the length of the longest side quadrilateral are congruent, then the 
of a triangle is greater than the sum of the quadrilateral is a parallelogram. (p. 522) 
squares of the lengths of the other two sides, 8.8 If both pairs of opposite angles of a 
then the triangle is an obtuse triangle. (p. 442) quadrilateral are congruent, then the 

7.5 If the altitude is drawn to the hypotenuse of a quadrilateral is a parallelogram. (p. 522) 
right triangle, then the two triangles formed 8.9 If one pair of opposite sides of a quadrilateral 
are similar to the original triangle and to are congruent and parallel, then the 
each other. (p. 449) quadrilateral is a parallelogram. (p. 523) 

7.6 Geometric Mean (Altitude) Theorem In a 8.10 Ifthe diagonals of a quadrilateral bisect each Y 
right triangle, the altitude from the right other, then the quadrilateral is a о 
angle to the hypotenuse divides the parallelogram. (p. 523) = 
hypotenuse into two segments. The length of | | = 
the altitude is the geometric mean of the Rhombus Corollary A quadrilateral is a rhombus Ts 
lengths of the two segments. (p. 452) if and only if it has four congruent sides. (p. 533) " 

7.7 Geometric Mean (Leg) Theorem In a right Rectangle Corollary A quadrilateral is a rectangle = 
triangle, the altitude from the right angle to if and only if it has four right angles. (p. 533) = 
the hypotenuse divides the hypotenuse into S . . . =j 

quare Corollary A quadrilateral is a square if and T 
ч. оа The lengti a each leg of the only if it is a rhombus and a rectangle. (p. 533) m 
right triangle is the geometric mean of the | | u = 
lengths of hypotenuse and the segment of 8.11 A parallelogram isa rhombus if and only if its == 
the hypotenuse that is adjacent to the leg. diagonals are perpendicular. (p. 535) 2 
(р. 452) 8.12 A parallelogram is a rhombus if and only if 

7.8 45°-45°-90° Triangle Theorem Ina each diagonal bisects a pair of opposite 
45°-45°-90° triangle, the hypotenuse is angles. (p. 535) 

V2 times as long as each leg. (p. 457) 8.13 A parallelogram is a rectangle if and only if its 

79 30°-60°-90° Triangle Theorem Ina diagonals are congruent. (p. 535) 
30°-60°-90° triangle, the hypotenuse is twice 8.14 If a trapezoid is isosceles, then both pairs of 
as long as the shorter leg, and the longer leg base angles are congruent. (p. 543) 


is V3 times as long as the shorter leg. (p. 459) | | 
8.15 Ifa trapezoid has a pair of congruent base 


angles, then itis an isosceles trapezoid. (p. 543) 
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8.16 


8.17 


8.18 


8.19 


9.1 


9.2 


9.3 


9.4 


9.5 


10.1 


10.2 


10.3 


10.4 


10.5 


10.6 


A trapezoid is isosceles if and only if its 
diagonals are congruent. (p. 543) 


Midsegment Theorem for Trapezoids The 
midsegment of a trapezoid is parallel to each 
base and its length is one half the sum of the 
lengths of the bases. (p. 544) 


If a quadrilateral is a kite, then its diagonals 
are perpendicular. (p. 545) 


If a quadrilateral is a kite, then exactly one 
pair of opposite angles are congruent. (p. 545) 


Translation Theorem А translation is an 
isometry. (p. 573) 


Reflection Theorem А reflection is an 
isometry. (p. 591) 


Rotation Theorem А rotation is an isometry. 
(p. 601) 


Composition Theorem The composition of 
two (or more) isometries is an isometry. (p. 609) 


Reflections in Parallel Lines If lines сапа 
m are parallel, then a reflection in line k 
followed by a reflection in line m is the same 
as a translation. If P" is the image of P, then: 


(1) PP' is perpendicular to k and m, and 
(2) PP" = 2d, where d is the distance between 
К and т. (p. 609) 


Reflections in Intersecting Lines If lines К 
and m intersect at point P, then a reflection 
in k followed by a reflection in mis the same 
as a rotation about point P. The angle of 
rotation is 2x°, where x? is the measure of the 
acute or right angle formed by Капа т. 


(p. 610) 


In a plane, a line is tangent to a circle if and 
only if the line is perpendicular to a radius of 
the circle at its endpoint on the circle. (p. 653) 


Tangent segments from a common external 
point are congruent. (p. 654) 


In the same circle, or in congruent circles, two 
minor arcs are congruent if and only if their 
corresponding chords are congruent. (p. 664) 


If one chord is a perpendicular bisector of 
another chord, then the first chord is a 
diameter. (p. 665) 


If a diameter of a circle is perpendicular to a 
chord, then the diameter bisects the chord 
and its arc. (p. 665) 


In the same circle, or in congruent circles, 
two chords are congruent if and only if they 
are equidistant from the center. (p. 666) 


Student Resources 


10.7 


10.8 


10.9 


Measure of an Inscribed Angle Theorem 
The measure of an inscribed angle is one half 
the measure of its intercepted arc. (p. 672) 


If two inscribed angles of a circle intercept the 
same arc, then the angles are congruent. (p. 673) 


If a right triangle is inscribed in a circle, then 
the hypotenuse is a diameter of the circle. 
Conversely, if one side of an inscribed triangle 
is a diameter of the circle, then the triangle is 
a right triangle and the angle opposite the 
diameter is the right angle. (p. 674) 


10.10 A quadrilateral can be inscribed in a circle if 


10.11 


and only if its opposite angles are 
supplementary. (p. 675) 


If a tangent and a chord intersect at a point 
on a circle, then the measure of each angle 
formed is one half the measure of its 
intercepted arc. (p. 680) 


10.12 Angles Inside the Circle If two chords 


intersect inside a circle, then the measure of 
each angle is one half the sum of the 
measures of the arcs intercepted by the angle 
and its vertical angle. (p. 681) 


10.13 Angles Outside the Circle If a tangent and a 


10.14 


10.15 


10.16 


secant, two tangents, or two secants intersect 
outside a circle, then the measure of the 
angle formed is one half the difference of the 
measures of the intercepted arcs. (p. 681) 


Segments of Chords Theorem If two chords 
intersect in the interior of a circle, then the 
product of the lengths of the segments of one 
chord is equal to the product of the lengths 
of the segments of the other chord. (p. 689) 


Segments of Secants Theorem If two secant 
segments share the same endpoint outside a 
circle, then the product of the lengths of one 
secant segment and its external segment 
equals the product of the lengths of the other 
secant segment and its external segment. 

(p. 690) 


Segments of Secants and Tangents 
Theorem If a secant segment and a tangent 
segment share an endpoint outside a circle, 
then the product of the lengths of the secant 
segment and its external segment equals the 
square of the length of the tangent segment. 


(p. 691) 


11.1 Area of a Rectangle The area of a rectangle 


is the product of its base and height. A — bh 
(p. 720) 


11.2 Area ofa Parallelogram The area ofa 
parallelogram is the product of a base and its 
corresponding height. A = bh (p. 721) 


11.3 Area ofa Triangle The area of a triangle is 
one half the product of a base and its 


corresponding height. A — ¿bh (p. 721) 


11.4 Area ofa Trapezoid The area of a trapezoid 
is one half the product of the height and the 
sum of the lengths of the bases. 


A=>h(b, + b,) (p.730) 


11.5 Area of a Rhombus The area of a rhombus is 
one half the product of the lengths of its 


diagonals. A = 514, (р. 731) 


11.6 Areaofa Kite The area of a kite is one half 
the product of the lengths of its diagonals. 


A = 2d d, (p.731) 


11.7 Areas of Similar Polygons If two polygons 
are similar with the lengths of corresponding 
sides in the ratio of a : b, then the ratio of 
their areas is a? : D^. (p. 737) 


Circumference of a Circle The 
circumference C of a circle is C = zd or 

C = 2пт, where d is the diameter of the circle 
and ris the radius of the circle. (p. 746) 


11.8 


Arc Length Corollary In a circle, the ratio of the 
length of a given arc to the circumference is equal 
to the ratio of the measure of the arc to 360°. 


Arc length of AB | mAB 


Dar 360°" 97 
Arc length of AB= me e 2тт (p. 747) 


11.9 Area of a Circle The area of a circle is 7 times 
the square of the radius. А = ar^ (p. 755) 


11.10 Area ofa Sector The ratio of the area A of a 
sector of a circle to the area of the whole 
circle (zr?) is equal to the ratio of the 
measure of the intercepted arc to 360°. 


A _ mAB mAB 


qr? 360° 360? 


11.11 Area of a Regular Polygon The area of a 
regular n-gon with side length s is half the 
product of the apothem a and the perimeter 


P, so A = Зар, огА = ja • ns. (p. 763) 


,orA = • пт? (p. 756) 


12.1 Euler’s Theorem The number of faces (F), 
vertices (V), and edges (E) of a polyhedron 
are related by the formula F+ V= E+ 2. 


(p. 795) 


12.2 


12.3 


12.4 


125 


12.6 


12.7 


12.8 


12.9 


12.10 


12.11 


12.12 


12.13 


Surface Area of a Right Prism The surface 
area S of a right prism is the sum of the base 
areas and the lateral area, S = 2B + Ph, where 
Bis the area of a base, Pis the perimeter ofa 
base, and h is the height. (р. 804) 


Surface Area of a Right Cylinder The 
surface area S of a right cylinder is the sum of 
the base areas and the lateral area, S = 2B + 
Ch = 2mr? + 2arh, where Bis the area of a 
base, Cis the circumference of a base, ris the 
radius of a base, and h is the height. (p. 805) 


Surface Area of a Regular Pyramid The 
surface area S of a regular pyramid is 


S=B+ ips, where B is the area of the base, 


Pis the perimeter of the base, and / is the 
slant height. (p. 811) 


Surface Area of a Right Cone The surface 
area S of a right cone is S = B + 107 = тү? + 


пті, where B is the area of the base, C is the 
circumference of the base, ris the radius of 
the base, and / is the slant height. (p. 812) 


Volume of a Prism The volume V of a prism 
is V = Bh, where B is the area of a base and 
h is the height. (p. 820) 


Volume of a Cylinder The volume Vofa 
cylinder is V = Bh = тт^һ, where B is the area 
of a base, h is the height, and r is the radius of 
a base. (p. 820) 


Cavalieri's Principle If two solids have the 
same height and the same cross-sectional 
area at every level, then they have the same 
volume. (p. 821) 


Volume of a Pyramid The volume Vofa 
pyramid is V — ¿Bh, where Bis the area of 
the base and h is the height. (р. 829) 

Volume of a Cone The volume Vof a cone is 
V= 3Bh = aah, where B is the area of the 


base, h is the height, and ris the radius of the 
base. (p. 829) 
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Surface Area of a Sphere The surface area S 
of a sphere with radius ris S = 4711“. (р. 838) 


Volume of a Sphere The volume Vofa 
sphere with radius ris V = Sar, (p. 840) 
Similar Solids Theorem If two similar solids 
have a scale factor of a: b, then corresponding 


areas have a ratio of a° : b^, and corresponding 
volumes have a ratio of a”: b’. (p. 848) 
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Postulates and Theorems 


Additional Proofs | 


Proof of Theorem 4.5 
Hypotenuse-Leg (HL) Congruence Theorem 


: THEOREM 4.5 GIVEN > In AABC, ZCis a right angle. B 
;PAGE241 — In ADEF, Z Fis a right angle. 

: If the hypotenuse AB = DE, AC = DF P е 
тава PROVE > AABC= ADEF 

: right triangle are BEEN 

: congruent to the Plan for Proof Construct ADGF with GF = BC, as E 


; hypotenuse anda shown. Prove that AABC = ADGF. Then use the 
: leg of a second right fact that corresponding parts of congruent triangles 


: triangle, ы the are congruent to show that ADGF = ADEF. By the " i 
eee Transitive Property of Congruence, you can show that 
: congruent. A ABC = ADEF G 


STATEMENTS REASONS 
1. Z Cis aright angle. 1. Given 
Z DFE is a right angle. 
2. DF LEG 2. Definition of perpendicular lines 
3. ZDFGis a right angle. 3. If 2 lines are 1, then they form 4 rt. A. 
4, LC = Z DFG 4. Right Angles Congruence Theorem 
5. AC = DF 5. Given 
Е 6. ВС = GF 6. Given by construction 
z 7. AABC = ADGF 7. SAS Congruence Postulate 
= 8. DG = AB 8. Corresp. parts of = A are =. 
5 9. АВ = DE 9. Сіуеп 
= 10. DG = DE 10. Transitive Property of Congruence 
= 11. ZE=ZG 11. If 2 sides of a A are =, then the 4 
opposite them are =. 
12. Z DFG = Z DFE 12. Right Angles Congruence Theorem 
13. ADGF = A DEF 13. AAS Congruence Theorem 
14. ЛАВС = A DEF 14. Transitive Property of = A 
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: ТНЕОВЕМ 5.4 
: РАСЕ 305 


: The perpendicular 

: bisectors of a triangle 
: intersect at a point 

: that is equidistant 

: from the vertices of 

: the triangle. 


Proof of Theorem 5.4 
Concurrency of Perpendicular Bisectors of a Triangle 


GIVEN > A ABC; the L bisectors of AB, BC, and AC B 


PROVE > The L bisectors intersect іп a point; 
that point is equidistant from A, B, and C. 


Plan for Proof Show that P, the point of 

intersection of the perpendicular bisectors 

of AB and BC, also lies on the perpendicular 

bisector of AC. Then show that P is equidistant A C 
from the vertices of the triangle, A, B, and C. B 


A C 
STATEMENTS | REASONS 
1. AABC; the | bisectors of AB, 1. Given 
BC, and AC 
2. The perpendicular bisectors 2. ABCis a triangle, so its sides 
of AB and BC intersect at AB and BC cannot be 
some point P. parallel; therefore, segments 


perpendicular to those sides 
cannot be parallel. So, the 
perpendicular bisectors must 
intersect in some point. Call it P. 


3. Draw PA, PB, and PC. 3. Through any two points there is 
exactly one line. 


4. PA — PB, PB = PC 4. In a plane, if a point is on the 
perpendicular bisector of a 
segment, then it is equidistant 
from the endpoints of the 
segment. (Theorem 5.2) 


5. РА = PC 5. Substitution Property of 
Equality 


6. Pison the perpendicular 6. In a plane, if a point is 

bisector of AC. equidistant from the endpoints 
of a segment, then it is on the 
perpendicular bisector of the 
segment. (Theorem 5.3) 


7. PA = PB = PC, so Pis 7. From the results of Steps 4 and 5 
equidistant from the vertices and the definition of equidistant 
of the triangle. 
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: fraction 


: THEOREM 5.8 
: PAGE 319 


: The medians of a 

: triangle intersect at 

: a point that is two 

: thirds of the distance 
: from each vertex to 
: the midpoint of the 

: Opposite side. 


: WRITE PROOFS 


: Because you want 
: to prove something 
: involving the 


À 
3 it 


: is convenient to 

: position the vertices 
: at points whose 

: coordinates аге 

: multiples of both 2 

: and 3. 


Student Resources 


Proof of Theorem 5.8 
Concurrency of Medians of a Triangle 


GIVEN > A OBC; medians OM, BN, and CQ 

PROVE > The medians intersect in a point P; 
that point is two thirds of the distance 
from vertices O, B, and C to midpoints 
M, N, and Q. 

Plan for Proof The medians OM and BN intersect 

< 
at some point Р. Show that point Р lies оп СО. 


Then show that OP = ZOM, BP = “BN, and CP = =CQ. 


STEP? Find the equations of the lines containing the medians OM, BN, and CQ. 
By the Midpoint Formula, 


the coordinates of M are (e 5 6a ect o) = (3b + 3a, 30); 


the coordinates of N are 086 2:0) = (3a, 0); 


the coordinates of Q are eee MEI — (3b, 3c). 


By the slope formula, 


т — 3c — 0 == E . C, 
slope of OM = «3 3a - 0 3b-3a b+a 


mu. 6-0. бс _ 2c. 
slope ot BN = 5 — 6b—3a 2b-a’ 


Th — 0—36 _ -3c _ -C _ € 
slope oL CQ 6a-3b 6a-3b 2a-b b-2a 


Using the point-slope form of an equation ofa line, 


the equation of OM is y — 0 = —— (x — 0), or y = —— x; 
y b+a b+a” 


2C 
2b= a 


C 
b — 2a 


(x — За), or y = 26 (x — За); 


th tion of BN i 0 = 
е equa 10П O 15у = 2b— a 


the equation of CQ isy-0- (x — 6a), or y = Gs — 6a). 


b -- 
STEP 2 Find the coordinates of the point P where two medians (say, OM and 
BN) intersect. Using the substitution method, set the values 


А . + > 
of y in the equations of OM and BN equal to each other: 


с _ 2C E 
Бах ора 99 


cx(2b — a) = 2с(х — 3a)(b + a) 
2cxb — сха = 2cxb + 2сха – 6саЬ — бса? 
—3cxa = —6cab — 6ca* 
x= 2b + 2a 


Substituting to find y, y = р n ip n ¿eb + 2а) = 2с. 


So, the coordinates of P are (2b + 2a, 2c). 


< 
STEP 3 Show that P is on CQ. 


< 
Substituting the x-coordinate for P into the equation of CQ, 


= _ EM. _ _ 
у = 57, (12b + 2a] — ба) = 452b — 4а) = 2c. 


So, P(2b + 2a, 2c) is on СО and the three medians intersect at the 
same point. 


STEP 4 Find the distances OM, OP, BN, BP, СО, and CP. 
Use the Distance Formula. 


OM = V((3b + За) — 0)? + (3c — 0)? = V(3(b + a? + (30? = 
Ve(tb + a)? + с?) = 3V(b + a) + с? 

OP = \((2b + 2a) — 0)? + (2с — 0)? = 1020 + à»? + (20)? = 
Val + а)? + с?) = 2ү + а)? + c? 

BN = VBa — 6b)? + (0 — 6c)? = VBa — 6b)? + (60)? = 
VG(a – 2b)? + (820)? = V9(a — 2b)? + 9(4c?) = 
Volta — 2b)? + 4?) = 3V(a — 2b)? + 4c? 

ВР = V(2b + 2а) — 6b)? + (2с — 6c)? = V 2a — 4b) + (—40)? = 
Vera – 2b)? + (2-20)? = V4(a — 2b)? + 4(4с2) = 
Valta — 2b)? + 4?) = 2V(a — 2b)? + 4c? 

CQ = V(6a — 3b)? + (0 — 30)? = V(32a – D? + (30? = 
Vol(2a — b)? + с?) = 3V 2a - b? + c 

CP = V(6a — (2b + 2а))? + (0 — 20? = V (4a — 2b)? + (220)? = 
VQa — by)? + 4c? = Val(2a — by? + с?) = 
2VQa — b)? + с? 


STEP 5 Multiply OM, BN, and CQ by 5 
20M = 213ү + а)? + e?) 
3 3 
= N (b + а)? + с? 
BN = 2(3V (a — 2b) + 4c?) 
= N (a — 2b)? + 4с? 
2co = AN (2а — Б)? + с? 
ЗСО 2 (2a — В) + с | 
= N (2a — Б)? + с^ 


Thus, ОР = 50M, BP = “BN, and CP = =CQ. 
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: THEOREM 5.9 
: PAGE 320 


: The lines containing 
: the altitudes of 

: a triangle are 

: concurrent. 


: WRITE PROOFS 


: Choose a general 

: triangle, with one 

: vertex at the origin 

: and one side along 

: an axis. In the proof 
: shown, the triangle is 
: obtuse. 


Student Resources 


Proof of Theorem 5.9 
Concurrency of Altitudes of a Triangle 


GIVEN > A OGH 


PROVE > The altitudes to the sides of AOGH all 
intersect at J. 


Plan for Proof Find the equations of the lines 
containing the altitudes of AOGH. Find the 
intersection point of two of these lines. Show 
that the intersection point is also on the line 
containing the third altitude. 


STEP7 Find the slopes of the lines containing the 
sides OH, GH, and OG. 


——% C ——> C +—>› 
Slope of ОН = b Slope of GH — ae Slope of OG = 0 


STEP 2 Use the Slopes of Perpendicular Lines Postulate to find the slopes of the 
lines containing the altitudes. 


Slope of line containing altitude to OH = 2 
Slope of line containing altitude to GH = EUM EMT = p 


The line containing the altitude to OG has an undefined slope. 


STEP 3 Use the point-slope form of an equation of a line to write equations for 
the lines containing the altitudes. 


An equation of the line containing the altitude to OH is 
ab 
~ 
An equation of the line containing the altitude to GH is 
a - b a Bo 
An equation of the vertical line containing the altitude to OGis x = b. 


O E _—b 
y -=0=-—_Ax— а), ory=—x + 


у-0= (x — 0), огу = 


STEP 4 Find the coordinates of the point J where the lines containing two of 
the altitudes intersect. Using substitution, set the values of y in two of 
the above equations equal to each other, then solve for x: 


etree * 
ab a-b b 
ab a 
€ c* 
x-b 


Next, substitute to find y: y — Lx + ар = 20) + ар = өр 
_ 12 
So, the coordinates of J are , = 


STEP 5 Show that Jis on the line that contains the altitude to side ОС. J is 
on the vertical line with equation x = b because its x-coordinate is b. 
Thus, the lines containing the altitudes of A OGH are concurrent. 


: ТНЕОВЕМ 8.17 
: РАСЕ 544 


: The midsegment of a 
: trapezoid is parallel 

: to each base and its 

: length is one half the 
: sum of the lengths of 
: the bases. 


Proof of Theorem 8.17 


Midsegment Theorem for Trapezoids 


GIVEN > Trapezoid ABCD with midsegment MN 


PROVE > MN || AB, MN || DC, 


Plan for Proof Draw AN, then extend AN and DC so 


MN = 5(AB + DC) 


that they intersect at point С. Then prove that 
AANB = AGNC, and use the fact that MN is a 
midsegment of AADG to prove that 


MN = (AB + DC). 


STATEMENTS i REASONS 
1. ABCD is a trapezoid with 1. Given 
midsegment MN. 
2. Draw AN, then extend ANand DC | 2. Through any two points there is 
so that they intersect at point G. exactly one line. 
3. Nis the midpoint of BC. 3. Definition of midsegment of 
a trapezoid 
4. BN=NC 4. Definition of midpoint 
5. AB || DC 5. Definition of trapezoid 
6. ZABN = Z GCN 6. Alternate Interior 4 Theorem 
7. ZANB= Z GNC 7. Vertical angles are congruent. 
8. AANB = А СМС 8. ASA Congruence Postulate 
9. AN=GN 9. Corresp. parts of = Aare =. 
10. Nis the midpoint of AG. 10. Definition of midpoint 
11. MN is a midsegment of A АСР. 11. Definition of midsegment of a A 
12. MN || DG (so MN || DC) 12. Midsegment of a ^ Theorem 
13. MN || AB 13. Two lines || to the same line are ||. 
14. MN = ¿DG 14. Midsegment of a ^ Theorem 
15. DG = DC + CG 15. Segment Addition Postulate 
16. CG=AB 16. Corresp. parts of = A are =. 
17. CG= AB 17. Definition of congruent segments 
18. DG = DC + AB 18. Substitution Property of Equality 
19. MN = ¿(DC + AB) 19. Substitution Property of Equality 


Additional Proofs 
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: THEOREM 10.10 
: PAGE 675 


: A quadrilateral can 

: be inscribed in a 

: circle if and only if its 
: opposite angles are 

: supplementary. 


Student Resources 


Proof of Theorem 10.10 
A Theorem about Inscribed Quadrilaterals 


STEP? Prove that if a quadrilateral is inscribed in a circle, 


then its opposite angles are supplementary. 


GIVEN > DEFG is inscribed in OC. 


PROVE > 7 D and ZF are supplementary, 
Z E and ZG are supplementary. 


Paragraph Proof Arcs EFG and GDE together make a circle, so 
mEFG + mGDE = 360° by the Arc Addition Postulate. Z D is 


тч ны, 
inscribed in EFG and Z Fis inscribed in GDE, so the angle measures are half the 
arc measures. Using the Substitution and Distributive Properties, the sum of the 


measures of the opposite angles is 


mZD+mzF= +mEFG + +m GDE = 5(mEFG + mGDÉ) = (360°) = 180°. 


So, Z D and Z Fare supplementary by definition. Similarly, Z E and Z G are 
inscribed in FGD and DEF and mZ E + mZ С = 180°. Then Z E and ZG are 


supplementary by definition. 


STEP 2 Prove that if the opposite angles of a quadrilateral are supplementary, 


then the quadrilateral can be inscribed in a circle. 


GIVEN > Z E and ZG are supplementary (or 4D and ZF are supplementary). 


PROVE > DEFG is inscribed in OC. 


Plan for Proof Draw the circle that passes through D, E, and F. Use an 
indirect proof to show that the circle also passes through G. Begin by assuming 


that G does not lie on CC. 


Case 1 С lies inside OC. Let Н be the intersection of 


DG and OC. Then DEFH is inscribed in OC and Z E is 
supplementary to Z DHF (by proof above). 

Then Z DGF = Z DHF by the given information and 
the Congruent Supplements Theorem. This implies 


that FG || FH, which is a contradiction. 


Case 2 С lies outside OC. Let Н be the intersection of 
DG and OC. Then DEFH is inscribed in OC and Z Eis 
supplementary to Z DHF (by proof above). 

Then Z DGF = Z DHF by the given information and 
the Congruent Supplements Theorem. This implies 
that FG || FH, which is a contradiction. 


Because the original assumption leads to a 
contradiction in both cases, G lies on OC and DEFG is 
inscribed in CC. 


E 


X 


English=Spanish Glossary 


acute angle (p.25) An angle with measure between 0° and 
90°. 


ángulo agudo (pág. 25) Ángulo que mide más de 0? y menos 
de 90°. 


A 
acute triangle (p.217) A triangle with three acute angles. 
triángulo acutángulo (pág. 217) Triángulo que tiene los tres 
ángulos agudos. 
adjacent angles (p. 35) Two angles that share a common 
vertex and side, but have no common interior points. 

1 2 


ángulos adyacentes (pág. 35) Dos ángulos que comparten 
un vértice y un lado comunes, pero que no tienen puntos 


| / Z1 and Z2 are adjacent angles. 
interiores comunes. 


Z1 y Z2 son ángulos adyacentes. 


alternate exterior angles (p.149) Two angles that are t 
formed by two lines and a transversal and lie outside the two 1 
lines and on opposite sides of the transversal. 


ángulos externos alternos (pág. 149) Dos ángulos E 
formados por dos rectas y una transversal y que se 
encuentran en el exterior de las dos rectas en lados opuestos Z1 and Z8 are alternate exterior angles. 


de la transversal. Z1 y Z8 son ángulos externos alternos. 


alternate interior angles (p.149) Two angles that are t 
formed by two lines and a transversal and lie between the 
two lines and on opposite sides of the transversal. 4 


ángulos internos alternos (pág. 149) Dos ángulos formados 
por dos rectas y una transversal y que se encuentran entre 
las dos rectas en lados opuestos de la transversal. ZA and Z5 are alternate interior angles. 


Z4 y Z5 son ángulos internos alternos. 


altitude of a triangle (p.320) The perpendicular segment 


from one vertex of the triangle to the opposite side or to the 
5 PP Q altitude from Q 


line that contains the opposite side. <> 
Qto PR 
altura de un triángulo (pág. 320) El segmento altura de 
perpendicular que va desde uno de los vértices del triángulo Qa PR 
hasta el lado opuesto o hasta la recta que contiene el lado Р В Р В 


opuesto. 
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angle (p.24) Consists of two different rays with the same 
endpoint. The rays are the sides of the angle, and the 
endpoint is the vertex of the angle. 


ángulo (pág.24) Formado por dos rayos diferentes con 
el mismo extremo. Los rayos son los lados del ángulo, y el 
extremo es el vértice del ángulo. 


angle bisector (p.28) A ray that divides an angle into two 
angles that are congruent. 


bisectriz de un ángulo (pág. 28) Rayo que divide a un 
ángulo en dos ángulos congruentes. 


angle of depression (p.475) When you look down at an 
object, the angle that your line of sight makes with a line 
drawn horizontally. 


ángulo de depresión (pág.475) Cuando observas un objeto 
que está situado abajo, es el ángulo que forman tu línea de 
visión y una línea horizontal. 


angle of elevation (p.475) When you look up at an object, 
the angle that your line of sight makes with a line drawn 
horizontally. 


ángulo de elevación (pág. 475) Cuando observas un objeto 
que está situado arriba, es el ángulo que forman tu línea de 
visión y una línea horizontal. 


angle of rotation (p.598) The angle formed by rays drawn 
from the center of rotation to a point and its image. See also 
rotation. 


ángulo de rotación (pág.598) El ángulo formado por los 
rayos trazados desde el centro de rotación hasta un punto y 
su imagen. Ver también rotación. 


apothem of a polygon (p.762) The distance from the center 
to any side of the polygon. 


apotema de un polígono (pág. 762) La distancia del centro 
a cualquier lado del polígono. 


arclength (p.747) A portion of the circumference of a circle. 


longitud de arco (pág. 747) Porción de la circunferencia de 
un círculo. 


Student Resources 


vertex 
vértice 


ZA, ZBAC, or ZCAB 


ZA, ZBACo ZCAB А B 
X 
. W 
YW bisects /XYZ. 
—> 
YW biseca a /XYZ. Z 


angle of depression 
ángulo de depresión 


angle of elevation = 
ángulo de elevación — 


See angle of depression. 


Ver ángulo de depresión. 


See rotation. 


Ver rotación. 


apothem 
apotema 


A 


4 


В 


тАВ 


Arc length of АВ = 360° 


«27r 


mAB 
360? 


Longitud de arco de AB = 27T 


axiom (p.9) See postulate. 


axioma (pág. 9) Ver postulado. 


See postulate. 


Ver postulado. 


base angles of a trapezoid (p.542) Either pair of angles 
whose common side is a base of a trapezoid. 


ángulos básicos de un trapecio (pág. 542) Cualquier par de 
ángulos cuyo lado común es una base del trapecio. 


base angles of an isosceles triangle (p. 264) The two 
angles that are adjacent to the base of an isosceles triangle. 


ángulos básicos de un triángulo isósceles (pág. 264) Los 
dos ángulos adyacentes a la base de un triángulo isósceles. 


base of a parallelogram (p.720) Either pair of parallel sides 
of a parallelogram. 


base de un paralelogramo (pág.720) Uno de los pares de 
lados paralelos de un paralelogramo. 


base ofa prism (p.794) See prism. 


base de un prisma (pág. 794) Ver prisma. 


base of a pyramid (p.794) See pyramid. 


base de una pirámide (pág.794) Ver pirámide. 


base of an isosceles triangle (p.264) The noncongruent 
side of an isosceles triangle that has only two congruent 
sides. 


base de un triángulo isósceles (pág.264) Ellado no 
congruente de un triángulo isósceles que tiene sólo dos lados 
congruentes. 


bases of a trapezoid (p.542) The parallel sides of a 
trapezoid. 


bases de un trapecio (pág. 542) Los lados paralelos de un 
trapecio. 


A D 


ZA and ZD are a pair of base angles. 
ZB and ZC are another pair. 


ZA y ZD son un par de ángulos básicos. 
ZB y ZC son otro par. 


See vertex angle of an isosceles triangle. 


Ver ángulo del vértice de un triángulo 


isósceles. 
base 
base 
base 
base 
See prism. 
Ver prisma. 
See pyramid. 
Ver pirámide. 


See isosceles triangle. 


Ver triángulo isósceles. 


See trapezoid. 


Ver trapecio. 
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between (р. 10) When three points lie on a line, you can say 
that one point is between the other two. 


entre (pág. 10) Cuando tres puntos están en una recta, se 
puede decir que un punto está entre los otros dos. 


biconditional statement (p.82) A statement that contains 
the phrase "if and only if." 


enunciado bicondicional (pág.82) Enunciado que contiene 


la frase "si y sólo si". 


center of a circle (p.651) See circle. 


centro de un círculo (pág.651) Ver círculo. 


center of a polygon (p.762) The center of a polygon's 
circumscribed circle. 


centro de un polígono (pág. 762) El centro del círculo 
circunscrito de un polígono. 


center of a sphere (p.838) See sphere. 


centro de una esfera (pág.838) Ver esfera. 


center of dilation (p.409) In a dilation, the fixed point 
about which the figure is enlarged or reduced. 


centro de dilatación (pág.409) En una dilatación, el punto 
fijo en torno al cualla figura se amplía o se reduce. 


center of rotation (p.598) See rotation. 


centro de rotación (pág.598) Ver rotación. 


center of symmetry (p.620) See rotational symmetry. 


centro de simetría (pág. 620) Ver simetría rotacional. 


central angle of a circle (р. 659) An angle whose vertex is 
the center of the circle. 


ángulo central de un círculo (pág.659) Ángulo cuyo vértice 


es el centro del círculo. 


Student Resources 


A 
CL 


Point Bis between points A and С. 
El punto B está entre los puntos A y C. 


Two lines are perpendicular if and only if 
they intersect to form a right angle. 


Dos rectas son perpendiculares si y sólo si se 
cortan para formar un ángulo recto. 


See circle. 


Ver círculo. 
d 


See sphere. 


ax center 


\\ centro 


/ 


——— № 


Ver esfera. 


See dilation. 


Ver dilatación. 


See rotation. 


Ver rotación. 


See rotational symmetry. 


Ver simetría rotacional. 


Q 


ZPCQ is a central angle of ОС. 
ZPC@ es un ángulo central de C C. 


central angle of a regular polygon (p.762) An angle 
formed by two radii drawn to consecutive vertices ofthe 


polygon. 


ángulo central de un polígono regular (pág. 762) Ángulo 
formado por dos radios trazados hasta los vértices 
consecutivos del polígono. 


centroid of a triangle (p.319) The point of concurrency of 
the three medians of the triangle. 


baricentro de un triángulo (pág. 319) El punto de 
concurrencia de las tres medianas del triángulo. 


chord of a circle (p.651) A segment whose endpoints are on 
a circle. 


cuerda de un círculo (pág. 651) Segmento cuyos extremos 
están en un círculo. 


chord of a sphere (p. 838) A segment whose endpoints are 
on a sphere. 


cuerda de una esfera (pág. 838) Segmento cuyos extremos 
están en una esfera. 


circle (p.651) The set of all points in a plane that are 
equidistant from a given point called the center of the circle. 


círculo (pág. 651) El conjunto de todos los puntos de un 
plano que son equidistantes de un punto dado, llamado 
centro del círculo. 


circumcenter of a triangle (p. 306) The point of 
concurrency of the three perpendicular bisectors of the 
triangle. 


circuncentro de un triángulo (pág. 306) El punto de 
concurrencia de las tres mediatrices del triángulo. 


(5 ome 


A C 


Pis the centroid of AABC. 
Pes el baricentro de AABC. 


S A T chords 


Iu 
chord 
cuerda 


Circle with center Р, or OP 
Círculo con centro Р о ОР 


LA 


Pis the circumcenter of AABC. 
Pes el circuncentro de AABC. 
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circumference (pp. 49, 746) The distance around a circle. 


circunferencia (págs. 49, 746) La distancia por el contorno 
de un círculo. 


circumscribed circle (p.674) The circle that contains the 
vertices of an inscribed polygon. 


círculo circunscrito (pág.674) El círculo que contiene los 
vértices de un polígono inscrito. 


collinear points (p.2) Points that lie on the same line. 


puntos colineales (pág.2) Puntos situados sobre la misma 
recta. 


complementary angles (p.35) Two angles whose measures 
have the sum 90*. The sum of the measures of an angle and 
its complement is 90°. 


ángulos complementarios (pág.35) Dos ángulos cuyas 
medidas suman 90*. La suma de las medidas de un ángulo y 
de su complemento es 90°. 


component form of a vector (р. 574) The form of a vector 
that combines the horizontal and vertical components of the 
vector. 


forma de componentes de un vector (pág.574) La forma 
de un vector que combina los componentes horizontal y 
vertical del vector. 


composition of transformations (p.609) The result when 
two or more transformations are combined to produce a 
single transformation. 


composición de transformaciones (pág. 609) El resultado 
de combinar dos o más transformaciones para producir una 
sola transformación. 


concave polygon (p. 42) A polygon that is not convex. See 
also convex polygon. 


polígono cóncavo (pág.42) Polígono que no es convexo. Ver 
también polígono convexo. 


Student Resources 


TA 
NS 


circumscribed circles 
círculos circunscritos 


A B C 


A, B, and Care collinear. 
A, By Cson colineales. 


58° 
32° 


vertical 

2 unidades component 
hacia arriba — componente 
2 2 — vertical 


4 units right 
a 4 unidades hacia la derecha 


horizontal component 
componente horizontal 


The component form of Püis (4, 2). 
La forma de componentes de PQ es (4, 2). 


A glide reflection is an example of a 
composition of transformations. 


La reflexión con desplazamiento y 
traslación es un ejemplo de composición de 
transformaciones. 


interior 
interior 


conclusion (p.79) The “then” part of а conditional 
statement. 


conclusión (pág. 79) La parte de “entonces” de un 
enunciado condicional. 


concurrent (p.305) Three or more lines, rays, or segments 
that intersect in the same point. 


concurrentes (pág. 305) Tres o más rectas, rayos O 
segmentos que se cortan en el mismo punto. 


conditional statement (p.79) A type of logical statement 
that has two parts, a hypothesis and a conclusion. 


enunciado condicional (pág. 79) Tipo de enunciado lógico 
que tiene dos partes, una hipótesis y una conclusión. 


cone (p.812) A solid that has one circular base and a vertex 
that is not in the same plane as the base. 


cono (pág. 812) Sólido que tiene una base circular y cuyo 
vértice no está en el mismo plano que la base. 


congruence transformation (p.272) A transformation that 


preserves length and angle measure. Also called isometry. 


transformación de congruencia (pág. 272) Transformación 
que conserva la longitud y la medida de los ángulos. También 


se llama isometria. 


congruent angles (p.26) Angles that have the same 
measure. 


ángulos congruentes (pág. 26) Ángulos que tienen la 
misma medida. 


congruent arcs (p.660) Two arcs that have the same 
measure and are arcs of the same circle or of congruent 
circles. 


arcos congruentes (pág. 660) Dos arcos que tienen la 
misma medida y son arcos del mismo círculo o de círculos 
congruentes. 


See conditional statement. 


Ver enunciado condicional. 


See point of concurrency. 


Ver punto de concurrencia. 


conditional statement 


SS SS 
If mZA = 90°, then ZA is a right angle. 


Hypothesis Conclusion 


enunciado condicional 


Si mZA = 90°, entonces ZA es un ángulo recto. 


Hipótesis Conclusión 
vertex 
vértice 
height 
altura 
base 
base 


Translations, reflections, and rotations are 
three types of congruence transformations. 


Las traslaciones, las reflexiones y las 
rotaciones son tres tipos de 
transformaciones de congruencia. 


«С. „С. 


ZA=ZB 
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congruent circles (p.660) Two circles that have the same 
radius. 


círculos congruentes (pág. 660) Dos círculos que tienen el 
mismo radio. 


congruent figures (p.225) Two geometric figures that 
have exactly the same size and shape. When two figures 
are congruent, all pairs of corresponding sides and 
corresponding angles are congruent. 


figuras congruentes (pág. 225) Dos figuras geométricas de 
igual tamafio y forma. Cuando dos figuras son congruentes, 
todos los pares de lados correspondientes y de ángulos 
correspondientes son congruentes. 


congruent segments (p. 11) Line segments that have the 
same length. 


segmentos congruentes (pág. 11) Segmentos de recta que 
tienen la misma longitud. 


conjecture (p.73) An unproven statement that is based on 
observations. 


conjetura (pág.73) Enunciado sin demostrar que se basa en 
observaciones. 


consecutive interior angles (p. 149) Two angles that are 
formed by two lines and a transversal and lie between the two 
lines and on the same side of the transversal. Also called 
same-side interior angles. 


ángulos internos consecutivos (pág. 149) Dos ángulos 
formados por dos rectas y una transversal y que se encuentran 
entre las dos rectas en el mismo lado de la transversal. 
También se llaman ángulos internos colaterales. 


construction (p.33) A geometric drawing that uses a limited 
set of tools, usually a compass and straightedge. 


construcción (pág.33) Dibujo geométrico que requiere una 
serie limitada de instrumentos, que por lo general son un 
compás y una regla. 


Student Resources 


OP= 00 
B 
A C 
AABC = AFED 
ZA=ZEZB=ZE Е 
ZC=ZD 
AB = FE, BC = ED, 
AC = FD F D 
вфе 0—6 
A B С D 
AB= CD 


Conjecture: All prime numbers are odd. 


Conjetura: Todos los números primos son 
impares. 


Cu 


Z3 and Z5 are consecutive interior angles. 
Z3 y Z5 son ángulos internos consecutivos. 


contrapositive (p.80) The equivalent statement formed by 
negating the hypothesis and conclusion of the converse of a 
conditional statement. 


contrapositivo (pág. 80) El enunciado equivalente formado 
al negar la hipótesis y la conclusión del recíproco de un 
enunciado condicional. 


converse (p.80) The statement formed by exchanging the 
hypothesis and conclusion of a conditional statement. 


recíproco (pág. 80) El enunciado formado al intercambiar la 
hipótesis y la conclusión de un enunciado condicional. 


convex polygon (p. 42) A polygon such that no line 
containing a side of the polygon contains a point in the 
interior of the polygon. A polygon that is not convex is 
nonconvex or concave. 


polígono convexo (pág. 42) Polígono tal que ninguna recta 
que contiene un lado del polígono contiene un punto del 
interior del polígono. Un polígono que no es convexo se 
conoce como no convexo o cóncavo. 


convex polyhedron (p.796) A polyhedron is convex if any 
two points on its surface can be connected by a segment that 
lies entirely inside or on the polyhedron. If this segment goes 
outside the polyhedron, then the polyhedron is nonconvex or 
concave. 


poliedro convexo (рар. 796) Un poliedro es convexo si 

dos puntos cualesquiera de su superficie pueden unirse 
mediante un segmento situado totalmente sobre el poliedro 
о en su interior. Si el segmento se extiende al exterior del 
poliedro, entonces es un poliedro cóncavo о no convexo. 


coordinate (p. 9) The real number that corresponds to a 
point on a line. 


coordenada (pág. 9) El número real que corresponde a un 
punto de una recta. 


coordinate proof (p.296) A type of proof that involves 
placing geometric figures in a coordinate plane. 


prueba de coordenadas (pág. 296) Tipo de prueba en la que 
se colocan figuras geométricas en un plano de coordenadas. 


Statement: If m/A = 90°, then ZA is right. 
Contrapositive: If ZA is not right, then 
mZA # 90°. 


Enunciado: Si mZA = 90°, entonces ZA 
es recto. 

Contrapositivo: Si ZA no es recto, entonces 
mZA # 90°. 


Statement: If m/A = 90°, then ZA is right. 
Converse: If ZA is right, then mZA = 90°. 


Enunciado: Si mZA = 90°, entonces ZA 
es recto. 

Recíproco: Si 2A es recto, entonces 
mZA = 90°. 


interior 
interior 


convex concave 
convexo concavo 
A B 


coordinates of points 
coordenadas de puntos 


See Example 5 on page 297. 


Ver el ejemplo 5 de la pagina 297. 
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coplanar points (р.2) Points that lie in the same plane. 


puntos coplanarios (pág. 2) Puntos situados sobre el mismo 


plano. 
A, B, and Care coplanar. 
A, By Cson coplanarios. 
corollary to a theorem (p.220) A statement that can be The Corollary to the Triangle Sum Theorem 
proved easily using the theorem. states that the acute angles of a right triangle 
are complementary. 

corolario de un teorema (pág. 220) Enunciado que puede El corolario del teorema de la suma de los 

demostrarse fácilmente usando el teorema. ángulos del triángulo establece que los 
ángulos agudos de un triángulo rectángulo 
son complementarios. 

corresponding angles (p. 149) Two angles that are formed t 

by two lines and a transversal and occupy corresponding 2 

positions. 


ángulos correspondientes (pág. 149) Dos ángulos 
formados por dos rectas y una transversal y que ocupan 


posiciones correspondientes. Z2 and Z6 are corresponding angles. 
Z2 y 46 son ángulos correspondientes. 


corresponding parts (p. 225) A pair of sides or angles that J 

have the same relative position in two congruent or similar A 

figures. AS 

partes correspondientes (pág. 225) Un par de lados o Р C K : 
ángulos que tienen la misma posición relativa en dos figuras {А апа Z Jare corresponding angles. 


congruentes o semejantes. AB and JK are corresponding sides. 


ZA y ZJson ángulos correspondientes. 
AB y JK son lados correspondientes. 


cosine (p.473) A trigonometric ratio, abbreviated as cos. For 
aright triangle ABC, the cosine of the acute angle A is 
а= length of leg adjacent to ZA дс B 
алй length of hypotenuse АВ' 5 
coseno (pág. 473) Razón trigonométrica, abreviada cos. Para 
un triángulo rectángulo ABC, el coseno del ángulo agudo A C él A едед АС 4 
longitud del cateto adyacentea ZA дс AB 5 


A = A A AAA 
ae longitud de la hipotenusa AB 
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948 Student Resources 


counterexample (p.74) A specific case that shows а 
conjecture is false. 


contraejemplo (pág. 74) Caso específico que muestra la 
falsedad de una conjetura. 


cross section (p.797) The intersection of a plane and a solid. 


sección transversal (pág. 797) La intersección de un plano 
y un sólido. 


cube (p.796) A polyhedron with six congruent square faces. 


cubo (pág.796) Poliedro con seis caras cuadradas 
congruentes. 


cylinder (p.805) A solid with congruent circular bases that 
lie in parallel planes. 


cilindro (pág. 805) Sólido con bases circulares congruentes 
que se encuentran en planos paralelos. 


Conjecture: All prime numbers are odd. 
Counterexample: 2, a prime number that is 
not odd 


Conjetura: Todos los números primos son 
impares. 

Contraejemplo: 2, un námero primo que no 
esimpar 


cross section 422 
sección transversal 


decagon (p.43) A polygon with ten sides. 


decágono (pág.43) Polígono con diez lados. 


deductive reasoning (p.87) A process that uses facts, 
definitions, accepted properties, and the laws of logic to 
form a logical argument. 


razonamiento deductivo (pág.87) Proceso que usa datos, 
definiciones, propiedades aceptadas y las leyes de la lógica 
para formar un argumento lógico. 


defined terms (p.3) Terms that can be described using 
known words. 


términos definidos (pág.3) Términos que pueden 
describirse con palabras conocidas. 


You use deductive reasoning in writing 
geometric proofs. 


Puedes usar el razonamiento deductivo para 
escribir pruebas geométricas. 


Line segment and ray are two defined terms. 


Segmento de recta y rayo son dos términos 
definidos. 
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diagonal of a polygon (p.507) A segment that joins two 
nonconsecutive vertices of a polygon. 


diagonal de un polígono (pág. 507) Segmento que une dos 
vértices no consecutivos de un polígono. 


diameter of a circle (pp. 49, 651) A chord that passes 
through the center of a circle. The distance across a circle 
through its center. 


diámetro de un círculo (págs. 49, 651) Cuerda que pasa por 
el centro de un círculo. La distancia de un punto a otro de un 
círculo pasando por el centro. 


diameter of a sphere (p. 838) A chord that contains the 
center of a sphere. The distance across a sphere through its 
center. 


diámetro de una esfera (pág. 838) Cuerda que contiene el 
centro de una esfera. La distancia de un punto a otro de una 
esfera pasando por el centro. 


dilation (рр. 409, 626) A transformation that stretches or 
shrinks a figure to create a similar figure. 


dilatación (págs. 409, 626) Transformación que expande o 
contrae una figura para crear una figura semejante. 


dimensions of a matrix (р. 580) The numbers of rows 
and columns in the matrix. If a matrix has m rows and 
n columns, the dimensions of the matrix are m X n. 


dimensiones de una matriz (pág. 580) El número de filas 
y columnas que hay en una matriz. Si la matriz tiene 7n filas 
у п columnas, sus dimensiones son m X n. 


distance between two points on a line (p.9) The absolute 
value of the difference of the coordinates of the points. The 
distance between points A and B, written as AB, is also called 
the length of AB. 


distancia entre dos puntos de una recta (pág.9) El valor 
absoluto de la diferencia entre las coordenadas de los puntos. 
La distancia entre los puntos A y B, escrita AB, también se 
llama longitud de AB. 


Student Resources 


diagonals 
diagonales 
B D 
A E 
Q diameter 
diámetro 
Н 


diameter 
diámetro 


Scale factor of 
х. dilation is 77. 


"e" El factor de escala de 
i А = ХҮ 
la dilatación es 45. 


A м “ч 
‘he 
ү 2 
В C 


ОХ, center of dilation 
centro de dilatacion 


The dimensions of a matrix with 3 rows and 
4 columns is 3 x 4 (“З by 4”). 


Las dimensiones de una matriz con 3 filas y 
4 columnas son 3 x 4 (“3 por 4”). 


A AB B 
—a2O—X—_———_—_—— @——<Ш= 
x X5 


distance from a point to a line (р. 192) The length of the 
perpendicular segment from the point to the line. 


distancia de un punto a una recta (pág. 192) La longitud 
del segmento perpendicular del punto a la recta. 


dodecagon (p.43) A polygon with twelve sides. 


dodecágono (pág.43) Polígono con doce lados. 


dodecahedron (p.796) A polyhedron with twelve faces. 


dodecaedro (pág.796) Poliedro con doce caras. 


edge of a polyhedron (p.794) Aline segment formed by the 


intersection of two faces of a polyhedron. 


arista de un poliedro (pág.794) Segmento de recta formado 


por la intersección de dos caras de un poliedro. 


element of a matrix (p. 580) A number in a matrix. Also 
called entry. 


elemento de una matriz (pág. 580) Número de una matriz. 
También se llama entrada. 


endpoints (p.3) Seeline segment. 


extremos (pág.3) Ver segmento de recta. 


enlargement (p.409) A dilation with a scale factor greater 
than 1. 


ampliación (pág.409) Dilatación con un factor de escala 
mayor que 1. 


equiangular polygon (р. 43) A polygon with all of its 
interior angles congruent. 


polígono equiángulo (pág. 43) Polígono que tiene todos los 
ángulos interiores congruentes. 


P m 


The distance from Qto mis OP. 
La distancia de Qa mes OP. 


See matrix. 


Ver matriz. 


See line segment. 


Ver segmento de recta. 


A dilation with a scale factor of 2 is an 
enlargement. 


Una dilatación con un factor de escala de 2 es 
una ampliación. 
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equiangular triangle (p.217) A triangle with three 
congruent angles. 


triángulo equiángulo (pág.217) Triángulo que tiene los tres 
ángulos congruentes. 


equidistant (p.303) The same distance from one figure as 
from another figure. 


equidistante (pág. 303) Situado a igual distancia de dos 
figuras. 


equilateral polygon (p.43) A polygon with all of its sides 
congruent. 


polígono equilátero (pág.43) Polígono que tiene todos los 
lados congruentes. 


equilateral triangle (p.217) A triangle with three congruent 
sides. 


triángulo equilátero (pág.217) Triángulo que tiene los tres 
lados congruentes. 


equivalent statements (p.80) Two statements that are both 
true or both false. 


enunciados equivalentes (pág.80) Dos enunciados que son 
ambos verdaderos o ambos falsos. 


exterior angles of a triangle (p.218) When the sides of a 
triangle are extended, the angles that are adjacent to the 
interior angles. 


ángulos exteriores de un triángulo (pág. 218) Los ángulos 
adyacentes a los ángulos interiores al prolongar los lados del 
triángulo. 


external segment (p.690) The part of a secant segment that 
is outside the circle. 


segmento externo (pág. 690) La parte de un segmento 
secante que está en el exterior del círculo. 


extremes of a proportion (p.358) The first and last terms 
of a proportion. See also proportion. 


extremos de una proporción (pág. 358) Los términos 
primero y ültimo de una proporción. Ver también 
proporción. 


Student Resources 


X 
UAM en. 
Y 


Xis equidistant from Y and Z. 
Хез equidistante de Y y Z 


A conditional statement and its 
contrapositive are equivalent statements. 


Un enunciado condicional y su 
contrapositivo son enunciados equivalentes. 


external segment 
segmento externo 


are a and d. 


The extremes of 5 = 


Los extremos de = = — son a y d. 


face of a polyhedron (p.794) See polyhedron. 


cara de un poliedro (pag. 794) Ver poliedro. 


flow proof (р. 250) A type of proof that uses arrows to show 
the flow of a logical argument. 


prueba de flujo (pág. 250) Tipo de prueba que usa flechas 
para indicar el flujo de un argumento lógico. 
fractal (p. 406) An object that is self-similar. See self-similar. 


fractal (pág. 406) Objeto autosemejante. Ver autosemejante. 


face 


See Example 2 on page 250. 


Ver el ejemplo 2 de la página 250. 


geometric mean (p. 359) For two positive numbers a and b, 


the positive number x that satisfies : = x So, x* = ab and 
x = Vab. 


media geométrica (pág.359) Para dos nümeros positivos 
X 


p Así pues, 


ay b, el número positivo x que satisface E = 
х? = aby x = Vab. 


geometric probability (p.771) A probability that involves a 
geometric measure such as length or area. 


probabilidad geométrica (pág. 771) Probabilidad 
relacionada con una medida geométrica, como la longitud o 
el área. 


glide reflection (p.608) A transformation in which every 
point P is mapped to a point P" by the following steps. (1) A 
translation maps P to Р'. (2) A reflection in a line k parallel to 
the direction of the translation maps P'to P". 


reflexión con desplazamiento y traslación (pág. 608) 
Transformación en la que cada punto P se hace corresponder 
con un punto P" siguiendo estos pasos. (1) Al realizar una 
traslación, se hace corresponder P con P”. (2) Al realizar 

una reflexión sobre una recta k paralela a la dirección de la 
traslación, se hace corresponder P' con P". 


The geometric mean of 4 and 16 is V4 - 16, 


or 8. 


La media geométrica de 4 y 16 es V4 - 16,68. 


A (С 
P(Kis on CD) = 


P(K está en CD) — 
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Longitud de CD 


D B 


Length of CD 


Length of AB 


Longitud de AB 
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great circle (pp.753,839) The intersection of a sphere and a 
plane that contains the center of the sphere. 


círculo máximo (págs. 753, 839) La intersección de una Vus 
esfera y un plano que contiene el centro de la esfera. UY 
great circle 


círculo máximo 


greatest possible error (p.727) The maximum amountthat | Iftheunit of measure is i inch, the greatest 


a measured length can differ from an actual length. possible error is 1. inch. 


maximo error posible (pág. 727) La cantidad máxima que Si la unidad de medida es i pulgada, 


una longitud medida puede diferir de una longitud real. el máximo error posible es E pulgada. 


height of a parallelogram (p.720) The perpendicular 
distance between the bases of a parallelogram. 


height 


It 
altura de un paralelogramo (pág.720) La distancia m 


perpendicular entre las bases de un paralelogramo. 


height of a trapezoid (p.730) The perpendicular distance 
between the bases of a trapezoid. 


altura de un trapecio (pág.730) La distancia perpendicular 
entre las bases de un trapecio. 


hemisphere (p.839) Half of a sphere, formed when a great 


circle separates a sphere into two congruent halves. A VA 


hemisferio (pág.839) Media esfera, formada cuando Nun ish 
un círculo máximo divide a una esfera en dos mitades M d ний 
congruentes. "M 


heptagon (p.43) Polygon with seven sides. 


heptágono (pág.43) Polígono con siete lados. 


hexagon (p.43) Polygon with six sides. 
hexágono (pág.43) Polígono con seis lados. 
horizontal component of a vector (p.574) The horizontal See component form of a vector. 


change from the initial point to the terminal point of a 
vector. 


componente horizontal de un vector (pág. 574) El cambio | Verforma de componentes de un vector. 
horizontal desde el punto inicial al punto final del vector. 


Student Resources 


hypotenuse (p.241) In a right triangle, the side opposite the 
right angle. 


hypotenuse 
hipotenusa 


hipotenusa (pág. 241) En un triángulo rectángulo, el lado 
opuesto al ángulo recto. 


hypothesis (p.79) The “if” part of a conditional statement. See conditional statement. 
hipótesis (pág. 79) La parte de “si” de un enunciado Ver enunciado condicional. 
condicional. 


icosahedron (p.796) A polyhedron with twenty faces. 


icosaedro (pág.796) Poliedro con veinte caras. 


if-then form (p.79) The form of a conditional statement See conditional statement. 
that uses the words “if” and “then.” The “if” part contains 
the hypothesis and the “then” part contains the conclusion. 


forma de “si..., entonces...” (pág. 79) La forma de un Ver enunciado condicional. 
enunciado condicional que usa las palabras “si” y “entonces”. 
La parte de “si” contiene la hipótesis, y la parte de “entonces” 


contiene la conclusión. 


image (рр. 272,572) The new figure that is produced in a Q-----.R 
transformation. See also preimage. Q R | a” 

^ 
imagen (págs. 272, 572) La nueva figura que resulta tras una V4 p" 
transformación. Ver también preimagen. P 


AVP'Q'R'is the image of APOR after a translation. 
ANP'Q'R'es la imagen de ЛРОВ tras una traslación. 


incenter of a triangle (p. 312) The point of concurrency of 
the three angle bisectors of the triangle. 


incentro de un triangulo (pag. 312) El punto de 
concurrencia de las tres bisectrices de los ángulos del 
triángulo. 


Pis the incenter of AABC. 
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indirect proof (p.337) A proof in which you prove that a 
statement is true by first assuming that its opposite is true. 
If this assumption leads to an impossibility, then you have 
proved that the original statement is true. 


prueba indirecta (pág. 337) Prueba en la que, para 
demostrar que un enunciado es verdadero, primero se 
supone que su opuesto es verdadero. Si esta suposición lleva 
a una imposibilidad, entonces se habrá demostrado que el 
enunciado original es verdadero. 


inductive reasoning (p.73) A process that includes looking 
for patterns and making conjectures. 


razonamiento inductivo (pág. 73) Proceso en el que se 
buscan patrones y se hacen conjeturas. 


initial point of a vector (p.574) The starting point ofa 
vector. 


punto inicial de un vector (pág. 574) El punto de partida 
del vector. 


inscribed angle (p.672) An angle whose vertex is on a circle 
and whose sides contain chords of the circle. 


ángulo inscrito (pág. 672) Ángulo cuyo vértice está en un 
círculo y cuyos lados contienen cuerdas del círculo. 


inscribed polygon (p.674) A polygon whose vertices all lie 
on a circle. 


polígono inscrito (pág. 674) Polígono que tiene todos los 
vértices en un círculo. 


See Example 4 on page 338. 


Ver el ejemplo 4 de la página 338. 


Given the number pattern 1, 5, 9, 13, ..., you 
can use inductive reasoning to determine 
that the next number in the pattern is 17. 


Dado el patrón numérico 1, 5, 9, 13, ..., 
puedes utilizar el razonamiento inductivo 
para determinar que el número siguiente del 
patrón es 17. 


See vector. 
Ver vector. 
inscribed intercepted 
angle ии 
А агсо 
ángulo : 
inserita interceptado 


inscribed inscribed 
triangle quadrilateral 
triángulo cuadrilátero 
inscrito inscrito 


intercepted arc (p.672) The arc that lies in the interior ofan | See inscribed angle. 


inscribed angle and has endpoints on the angle. 


arco interceptado (рар. 672) El arco situado en el interior 
de un ángulo inscrito y que tiene los extremos en el ángulo. 


Student Resources 


Ver ángulo inscrito. 


interior angles of a triangle (р. 218) When the sides of 
a triangle are extended, the three original angles ofthe 
triangle. 


ángulos interiores de un triángulo (pág. 218) Los tres 
ángulos originales de un triángulo al prolongar los lados del 
triángulo. 


intersection (p. 4) The set of points that two or more 
geometric figures have in common. 


intersección (pág. 4) El conjunto de puntos que dos o más 
figuras geométricas tienen en común. 


inverse (p.80) The statement formed by negating the 
hypothesis and conclusion of a conditional statement. 


inverso (pág. 80) El enunciado formado al negar la hipótesis 
y la conclusión de un enunciado condicional. 


inverse cosine (p.483) An inverse trigonometric ratio, 
abbreviated as cos !. For acute angle A, if cos A = z, then 
cos 12 = mZA. 


coseno inverso (pág.483) Razón trigonométrica inversa, 
abreviada cos 1. Para el ángulo agudo A, si cos A = z, 
entonces cos ! z = mZA. 


inverse sine (p.483) An inverse trigonometric ratio, 
abbreviated as sin 1. For acute angle A, if sin A = y, then 
sin | y = mZA. 


seno inverso (pág.483) Razón trigonométrica inversa, 
abreviada sen !. Para el ángulo agudo A, si sen A = y, 
entonces sen”! y = mZA. 


inverse tangent (р. 483) An inverse trigonometric ratio, 
abbreviated as tan !. For acute angle A, if tan A = x, then 
tan іх = mZA. 


tangente inversa (pág. 483) Razón trigonométrica inversa, 
abreviada tan |. Para el ángulo agudo A, si tan A = x, 
entonces tan ! x = mZA. 


The intersection of lines m and nis point A. 
La intersección de las rectas m y n es el punto A. 


Statement: If m/A = 90°, then ZA is right. 
Inverse: If mZA + 90°, then ZA is not right. 


Enunciado: Si m/A = 90°, entonces ZA 


es recto. 
Inverso: Si m/A # 90", entonces /А no 
es recto. 
pt | 
А C cos ! АС = m/A 
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isometric drawing (p.550) A technical drawing that looks 


three-dimensional and can be created on a grid of dots using 


three axes that intersect to form 120? angles. 


dibujo isométrico (pág. 550) Dibujo técnico de aspecto 
tridimensional; puede crearse en una cuadrícula de puntos 
usando tres ejes que al cortarse forman ángulos de 120*. 


isometry (p.573) A transformation that preserves length 
and angle measure. Also called congruence transformation. 


isometría (pág.573) Transformación que conserva la 
longitud y la medida de los ángulos. También se llama 
transformación de congruencia. 


isosceles trapezoid (p.543) A trapezoid with congruent legs. 


trapecio isósceles (pág.543) Trapecio que tiene los catetos 
congruentes. 


isosceles triangle (p.217) A triangle with at least two 
congruent sides. 


triángulo isósceles (pág.217) Triángulo que tiene al menos 
dos lados congruentes. 


iteration (p.406) A repetition of a sequence of steps. 


iteración (pág. 406) Repetición de una secuencia de pasos. 


kite (p.545) A quadrilateral that has two pairs of 
consecutive congruent sides, but in which opposite sides are 
not congruent. 


cometa (pág.545) Cuadrilátero que tiene dos pares de lados 
congruentes consecutivos pero cuyos lados opuestos no son 
congruentes. 


lateral area (p. 803) The sum of the areas of the lateral faces 
of a polyhedron or other solid with one or two bases. 


área lateral (pág. 803) La suma de las áreas de las caras 
laterales de un poliedro o de otro sólido con una o dos bases. 


Student Resources 


Translations, reflections, and rotations are 
three types of isometries. 


Las traslaciones, las reflexiones y las 
rotaciones son tres tipos de isometrías. 


leg leg 
cateto cateto 
leg leg 
cateto cateto 
base 
base 


Fractals are created using iterations. 


Los fractales se crean usando iteraciones. 


5 in. 
5 pulg 


Lateral area = 5(6) + 4(6) + 3(6) = 72 in.” 
Área lateral = 5(6) + 4(6) + 3(6) = 72 pulg? 


lateral edges of a prism (р. 803) The segments connecting base 
the corresponding vertices of the bases of a prism. base 


aristas laterales de un prisma (pág. 803) Los segmentos 
que unen los vértices correspondientes de las bases de un 
prisma. 


lateral faces 
/ caras laterales 


д lateral edges 


base aristas laterales 
base 
lateral faces of a prism (p.803) The faces of a prism that Seelateral edges of a prism. 
are parallelograms formed by connecting the corresponding 
vertices of the bases of the prism. 
caras laterales de un prisma (pág. 803) Las caras de un Ver aristas laterales de un prisma. 


prisma que son paralelogramos formados al unir los vértices 
correspondientes de las bases del prisma. 


lateral surface of a cone (p.812) Consists of all segments 


that connect the vertex with points on the edge of the base. lateral surface 


"т \ superficie lateral 
superficie lateral de un cono (pág. 812) Todos los 


segmentos que unen el vértice con los puntos de la arista de 
la base. 


base 
base 


legs of a right triangle (p. 241) In a right triangle, the sides 


adjacent to the right angle. leg 

catetos de un triángulo rectángulo (pág. 241) En un нас 

triángulo rectángulo, los lados adyacentes al ángulo recto. m 
cateto 

legs of a trapezoid (p.542) The nonparallel sides of a See trapezoid. 


trapezoid. 


catetos de un trapecio (pág. 542) Los lados no paralelos de Ver trapecio. 
un trapecio. 


legs of an isosceles triangle (p.264) The two congruent Seeisosceles triangle. 
sides of an isosceles triangle that has only two congruent 
sides. 


catetos de un triángulo isósceles (pág.264) Los dos lados Ver triángulo isósceles. 
congruentes de un triángulo isósceles que tiene sólo dos 
lados congruentes. 
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line (p.2) Aline has one dimension. It is usually represented 
by a straight line with two arrowheads to indicate that the 
line extends without end in two directions. In this book, 
lines are always straight lines. See also undefined term. 


recta (pág. 2) Una recta tiene una dimensión. Normalmente 
se representa por una línea recta con dos puntas de flecha 
para así indicar que la recta se prolonga sin fin en dos 
direcciones. En este texto las líneas son siempre líneas 
rectas. Ver también término indefinido. 


line of reflection (p.589) See reflection. 


eje de reflexión (pág.589) Ver reflexión. 


line of symmetry (p.619) Seeline symmetry. 


eje de simetría (pág.619) Ver simetría lineal. 


line perpendicular to a plane (p.98) A line that intersects 
the plane in a point and is perpendicular to every line in the 
plane that intersects it at that point. 


recta perpendicular a un plano (pág.98) Recta que corta al 
plano en un punto y es perpendicular a cada recta del plano 
que la corta en ese punto. 


line segment (p.3) Part ofaline that consists of two points, 
called endpoints, and all points on the line that are between 
the endpoints. Also called segment. 


segmento de recta (pág.3) Parte de una recta que consta 
de dos puntos, llamados extremos, y de todos los puntos 
de la recta situados entre los extremos. También se llama 
segmento. 


line symmetry (p.619) A figure in the plane has line 
symmetry if the figure can be mapped onto itself by 
a reflection in a line. This line of reflection is a line of 
symmetry. 


simetría lineal (pág. 619) Una figura del plano tiene 
simetría lineal si se corresponde a sí misma al realizar una 
reflexión sobre una recta. Este eje de reflexión es un eje de 
simetría. 


Student Resources 


L 
A 
B 
1> e> 
line /, AB, or ВА 
<— €—» 
recta /, AB o BA 


See reflection. 


Ver reflexión. 


See line symmetry. 


Ver simetría lineal. 


Line nis perpendicular to plane Р. 


La recta nes perpendicular al plano P 


Oe 
A B 
AB with endpoints A and B 
AB con extremos A yB 


Two lines of symmetry 
Dos ejes de simetría 


linear pair (p. 37) Two adjacent angles whose noncommon 
sides are opposite rays. 


par lineal (pág. 37) Dos ángulos adyacentes cuyos lados no 


comunes son rayos opuestos. 


locus in a plane (p.697) The set of all points in a plane that 


satisfy a given condition or set of given conditions. Plural is 
loci. 


lugar geométrico de un plano (pág. 697) El conjunto de 
todos los puntos de un plano que satisfacen una condición 
dada o un conjunto de condiciones dadas. 


" 


Z3 and Z4 are a linear pair. 
Z3 y ZA son un par lineal. 


5 


OC is the locus of points that are 1 centimeter 


from point C. 


OC es el lugar geométrico de los puntos situados 


a 1 centímetro del punto C. 


major arc (р. 659) Part of a circle that measures between 
180° and 360". 


arco mayor (pág. 659) Parte de un círculo que mide entre 
180° y 360". 


matrix (p.580) A rectangular arrangement of numbers in 
rows and columns. Plural is matrices. 


matriz (pág. 580) Disposición rectangular de números 
colocados en filas y columnas. El plural es matrices. 


means of a proportion (p.358) The middle terms of a 
proportion. See also proportion. 


medios de una proporción (pág. 358) Los términos 
centrales de una proporción. Ver también proporción. 


measure of a major arc (p.659) The difference between 
360° and the measure of the related minor arc. 


medida de un arco mayor (pág. 659) La diferencia entre 
360° y la medida del arco menor relacionado. 


А minor arc AB_ 
arco menor AB 
B 
D 


major arc ADB_ 
arco mayor ADB 


column 
columna 
5 4 4 9 

row 
fila —3 5 6 
3 —7 mM 7 


The element in the second 
row and third column is 2. 


El elemento situado en la segunda 
fila y la tercera columna es 2. 


The means of ^ = Я are band с. 
Los medios de © = son byc 
b a 
A 
Lan, mADB = 360° — mAB 
= 360° — 50° 
D = 310° 
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measure of a minor arc (p. 659) The measure of the arc's 
central angle. 


medida de un arco menor (pág. 659) La medida del ángulo 
central del arco. 


measure of an angle (p.24) Consider | OB anda point A on 
one side of OB. The rays of the form OA can be matched one 
to one with the real numbers from 0 to 180. The measure 

of ZAOB is equal to the absolute value of the difference 
between the real numbers for OA and OB. 


medida de un ángulo (pág.24) Considera OB y un 

punto A situado sobre un lado de OB. Los rayos de la 

forma OA pueden hacerse corresponder de uno en uno con 
los números reales de 0 a 180. La medida de ZAOB es igual 
al valor absoluto de la diferencia entre los números reales 
correspondientes a OA y a OB. 


median of a triangle (p.319) A segment from one vertex of 
the triangle to the midpoint of the opposite side. 


mediana de un triángulo (pág.319) Segmento que va desde 
uno de los vértices del triángulo hasta el punto medio del 


lado opuesto. 


midpoint (p. 15) A point that divides, or bisects, a segment 
into two congruent segments. 


punto medio (pág. 15) Punto que divide, o biseca, aun 
segmento separándolo en dos segmentos congruentes. 


midsegment of a trapezoid (p.544) A segment that 
connects the midpoints of the legs of a trapezoid. 


paralela media de un trapecio (pág. 544) Segmento que 
une los puntos medios de los catetos del trapecio. 


midsegment of a triangle (p.295) A segment that connects 
the midpoints of two sides of the triangle. 


paralela media de un triángulo (pág. 295) Segmento que 
une los puntos medios de dos lados del triángulo. 


minor arc (p.659) Part of a circle that measures less than 180°. 


arco menor (pág. 659) Parte de un círculo que mide menos 
de 180". 


Student Resources 


See measure of a major arc. 


Ver medida de un arco mayor. 


MS | | Ку Е "n, 
79 0 710 hy 
<0 


Y "Ж, 
50 “if, 
7. 
NS 
NN 
AN М 
Б em. 


081 O 


mZ АОВ = 140° 


А р C 


BDis a median of AABC. 
BDes una mediana de AABC. 


ее 


А М В 


Mis the midpoint of AB. 
Mes el punto medio de AB. 


paralela media 


B 
AUN, 
A N C 


The midsegments of AABC are МР, MN, and NP. 
Las paralelas medias de AABCson МР, ММ y NP. 


See major arc. 


Ver arco mayor. 


negation (р.79) The opposite of a statement. The symbol for | Statement: The ball is red. 
negation is —. Negation: The ball is not red. 
negación (pág.79) El opuesto de un enunciado. El símbolo Enunciado: La pelota es roja. 
de la negación es —. Negación: La pelota no es roja. 
net (p.803) The two-dimensional representation ofthe 2cm 
faces of a polyhedron. 47 
patrón (рар. 803) La representación bidimensional de las 
caras de un poliedro. бст 

bcm 2ст A 

5 cm 2 cm 

n-gon (p.43) A polygon with п sides. A polygon with 14 sides is a 14-gon. 
n-gono (pág. 43) Polígono con n lados. Un polígono con 14 lados es un 14-gono. 


nonagon (p. 43) A polygon with nine sides. 
nonágono (pág. 43) Polígono con nueve lados. 


oblique prism (p.804) A prism with lateral edges that are 
not perpendicular to the bases. 


prisma oblicuo (pág. 804) Prisma con aristas laterales que 
no son perpendiculares a las bases. 


obtuse angle (p.25) An angle with measure between 90° 
and 180°. 


ángulo obtuso (pág. 25) Angulo que mide más de 90° y 
menos de 180°. 


obtuse triangle (p. 217) A triangle with one obtuse angle. 


triángulo obtusángulo (pág. 217) Triángulo que tiene un 
ángulo obtuso. 


octagon (p. 43) A polygon with eight sides. 


octagono (pág. 43) Polígono con ocho lados. 
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octahedron (p.796) A polyhedron with eight faces. 


octaedro (pág.796) Poliedro con ocho caras. 


opposite rays (p. 3) If point Clies оп АВ between A and B, 
then CA and CB are opposite rays. 


rayos opuestos (pag. 3) Si el punto С se encuentra sobre АВ 
entre A y B, entonces CA y CB son rayos opuestos. 


orthocenter of a triangle (р. 321) The point at which the 
lines containing the three altitudes of the triangle intersect. 


ortocentro de un triángulo (pág.321) El punto donde se 
cortan las rectas que contienen las tres alturas del triángulo. 


orthographic projection (p.551) A technical drawing that 
is a two-dimensional drawing of the front, top, and side 


views of an object. 


proyección ortográfica (pág.551) Dibujo técnico 
bidimensional de las vistas delantera, superior y lateral de 
un objeto. 


paragraph proof (p. 163) A type of proof written in 
paragraph form. 


prueba en forma de párrafo (pág. 163) Tipo de prueba 
escrita en forma de párrafo. 


parallel lines (p. 147) Two lines that do not intersect and are 
coplanar. 


rectas paralelas (pág. 147) Dos rectas que no se cortan y 
que son coplanarias. 


parallel planes (p. 147) Two planes that do not intersect. 


planos paralelos (pág. 147) Dos planos que no se cortan. 


Student Resources 


А C B 


CA and CB are opposite rays. 
— > 
CA y CB son rayos opuestos. 


Pis the orthocenter of AABC. 
Pes el ortocentro de AABC. 


delantera superior lateral 


See Example 4 on page 163. 


Ver el ejemplo 4 de la página 163. 


4 || m 


$|| T 


parallelogram (р.515) A quadrilateral with both pairs of 
opposite sides parallel. 


paralelogramo (pág. 515) Cuadrilátero que tiene ambos 
pares de lados opuestos paralelos. 


pentagon (p. 43) A polygon with five sides. 


pentágono (pág. 43) Polígono con cinco lados. 


perpendicular bisector (p. 303) A segment, ray, line, or 
plane that is perpendicular to a segment at its midpoint. 


mediatriz (pág. 303) Segmento, rayo, recta o plano que es 
perpendicular a un segmento en su punto medio. 


perpendicular lines (p. 81) Two lines that intersect to form 1 
а right angle. 


rectas perpendiculares (pág. 81) Dos rectas que se cortan 
para formar un ángulo recto. m 


plane (p.2) A plane has two dimensions. It is usually 
represented by a shape that looks like a floor or a wall. You 


must imagine that the plane extends without end, even 
though the drawing of a plane appears to have edges. 
See also undefined term. 


plano (pág.2) Un plano tiene dos dimensiones. 
Normalmente se representa por una figura que parece 
un suelo o una pared. Hay que imaginar que el plano se plano M o plano ABC 
prolonga sin fin, aunque dibujado parezca tener bordes. 

Ver también término indefinido. 


plane M or plane ABC 


Platonic solids (p.796) Five regular polyhedra, named after | The Platonic solids include a regular 

the Greek mathematician and philosopher Plato. tetrahedron, a cube, a regular octahedron, 
aregular dodecahedron, and a regular 
icosahedron. 


sólidos platónicos (pág.796) Cinco poliedros regulares, que | Los sólidos platónicos son el tetraedro 
llevan el nombre del matemático y filósofo griego Platón. regular, el cubo, el octaedro regular, el 
dodecaedro regular y el icosaedro regular. 


point (p.2) A point has no dimension. It is usually 


represented by a dot. See also undefined term. 2 


punto (pág. 2) Un punto no tiene dimensiones. point A 
Normalmente se representa por un pequeño punto. Ver 
también término indefinido. 
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point of concurrency (p.305) The point of intersection of 
concurrent lines, rays, or segments. 


punto de concurrencia (pág. 305) El punto de intersección 
de rectas, rayos o segmentos concurrentes. 


Pis the point of concurrency for lines j, К, and £ 
Pes el punto de concurrencia de las rectas j, ky £ 


polygon (p. 42) A closed plane figure with the following 


properties. (1) Itis formed by three or more line segments C <——— vertex 
called sides. (2) Each side intersects exactly two sides, one at vértice 
each endpoint, so that no two sides with a common endpoint 
are collinear. B = side 

" lado 
polígono (pág. 42) Figura plana cerrada que tiene las A 
siguientes propiedades. (1) Está formada por tres o más 

Polygon ABCDE 


segmentos de recta, llamados lados. (2) Cada lado corta a 
sólo dos lados, uno en cada extremo, de modo que en ningún Polígono ABCDE 
caso son colineales dos lados que tienen un extremo común. 


polyhedron (р. 794) A solid that is bounded by polygons, 
called faces, that enclose a single region of space. Plural is 
polyhedra or polyhedrons. 


poliedro (pág. 794) Sólido limitado por polígonos, llamados 
caras, que rodean una sola región del espacio. 


postulate (р. 9) A rule that is accepted without proof. Also The Segment Addition Postulate states that 

called axiom. if Bis between A and C, then AB + BC= AC. 

postulado (pág. 9) Regla aceptada sin necesidad de pruebas. | El postulado de la suma de segmentos 

También se llama axioma. establece que si B está entre A y C, entonces 
AB + ВС = АС. 

preimage (p.572) The original figure in a transformation. See image. 

See also image. 

preimagen (pág.572) La figura original en una Ver imagen. 


transformación. Ver también imagen. 


prism (p.803) A polyhedron with two congruent faces, 
called bases, that lie in parallel planes. 


prisma (pág.803) Poliedro con dos caras congruentes, 
llamadas bases, que se encuentran en planos paralelos. 
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966 Student Resources 


probability (p.771) A number from 0 to 1 that measures the 
likelihood that an event will occur. It can be expressed as a 
fraction, decimal, or percent. 


probabilidad (pág.771) Número comprendido entre 0 y 

1 que mide la posibilidad de que ocurra un suceso. Este 
número puede expresarse en forma de fracción, decimal o 
porcentaje. 


proof (p. 112) A logical argument that shows a statement is 
true. 


prueba (pág. 112) Argumento lógico que muestra que un 
enunciado es verdadero. 


proportion (p.358) An equation that states that two ratios 
are equal. 


proporción (pág. 358) Ecuación que establece la igualdad 
entre dos razones. 


pyramid (p.810) A polyhedron in which the base is a 
polygon and the lateral faces are triangles with a common 
vertex, called the vertex ofthe pyramid. 


pirámide (pág. 810) Poliedro que tiene por base un polígono 


y cuyas caras laterales son triángulos que tienen un vértice 
común, llamado vértice de la pirámide. 


Pythagorean triple (р. 435) A set of three positive integers 
a, b, and c that satisfy the equation c^ = а? + b*. 


terna pitagórica (pág. 435) Conjunto de tres números 
enteros positivos a, b y c que satisfacen la ecuación 
с? = а? cb. 


quadrilateral (р. 43) A polygon with four sides. 


cuadrilátero (pág. 43) Polígono con cuatro lados. 


See geometric probability. 


Ver probabilidad geométrica. 


See two-column proof, paragraph proof, and 
flow proof. 


Ver prueba de dos columnas, prueba en 
forma de párrafo y prueba de flujo. 


2_4 5 _ 15 А 
= = = апа ~ = — аге proportions. 
S8 а ЖЕ а ы 
2. 4. 5. 15 A 
F UE = son proporciones 
vertex 
vértice ~ lateral edge 


arista lateral 


) | V ~\ base edge 
base lateral faces arista base 
base caras laterales 


Common Pythagorean triples: 
3,4,5 
5, 12, 13 
8, 15, 17 
7, 24, 25 


Algunas ternas pitagóricas comunes son: 
3,4,5 
5, 12, 13 
8, 15, 17 
4, 24, 25 
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radius of a circle (рр. 49, 651) A segment whose endpoints 
are the center of the circle and a point on the circle. The 

distance from the center of a circle to any point on the circle. 
Plural is radii. 


radio de un círculo (págs. 49, 651) Un segmento cuyos 
extremos son el centro del círculo y un punto del círculo. La 


distancia desde el centro de un círculo a cualquier punto del 


círculo. 


radius of a polygon (p.762) The radius of a polygon's 
circumscribed circle. 


radio de un polígono (pág.762) El radio del círculo 
circunscrito de un polígono. 


radius of a sphere (p. 838) A segment from the center of a 
sphere to a point on the sphere. The distance from the center 
of a sphere to any point on the sphere. 


radio de una esfera (pág. 838) Segmento que va desde el 
centro de una esfera hasta un punto de la esfera. La distancia 
desde el centro de una esfera a cualquier punto de la esfera. 


ratio of ato b (p.356) A comparison of two numbers using 
division. The ratio of a to b, where b + 0, can be written as 
ato b,asa:b, or as >. 


razon de aa b (pág. 356) Comparación entre dos números 
usando la división. La razón de a a b, donde Р + 0, puede 


escribirseaab,a:bo P 


ray (p.3) Partofaline that consists of a point called an 
endpoint and all points on the line that extend in one 
direction. 


rayo (pág.3) Parte deuna recta que consta de un punto, 
llamado extremo, y de todos los puntos de la recta que se 
prolongan en una dirección. 


rectangle (p.533) A parallelogram with four right angles. 


rectángulo (pág. 533) Paralelogramo que tiene los cuatro 
ángulos rectos. 


reduction (p.409) A dilation with a scale factor between 
0 and 1. 


reducción (pág. 409) Dilatación con un factor de escala 
entre 0 y 1. 


Student Resources 


radius 
radio 


aS 


\ adio 
/ 


N 


radius 
radio 


center 
centro 


The ratio of 3 feet to 7 feet can be written as 
307,2, or3:7. 


La razón de 3 pies a 7 pies puede escribirse 
3a7,3 63:7. 


. — — — pr 


A B 


$ 
AB with endpoint A 


—> 
AB con extremo A 


D C 


A dilation with a scale factor of 5 isa 
reduction. 


Una dilatación con un factor de escala de 5 
es una reducción. 


reflection (pp. 272, 589) A transformation that uses a line of 
reflection to create a mirror image of the original figure. 


reflexión (págs.272,589) Transformación que usa un eje 
de reflexión para crear una imagen especular de la figura 
original. 


X 


line of reflection 
eje de reflexión 


regular polygon (p.43) A polygon that has all sides and all 
angles congruent. 


polígono regular (pág. 43) Polígono que tiene todos los 
lados y todos los ángulos congruentes. 


regular polyhedron (p.796) A convex polyhedron in which 
all of the faces are congruent regular polygons. 


poliedro regular (pág. 796) Poliedro convexo en el que 
todas las caras son polígonos regulares congruentes. 


regular pyramid (p.810) A pyramid that has a regular 
polygon for a base and in which the segment joining the 
vertex and the center ofthe base is perpendicular to the base. 


slant height 
height Д. apotema lateral 
altura / 

pirámide regular (pág.810) Pirámide que tiene por base un | 
polígono regular y en la que el segmento que une el vértice y 


el centro de la base es perpendicular a la base. 


rhombus (p.533) A parallelogram with four congruent A B 
sides. 


rombo (pág. 533) Paralelogramo que tiene los cuatro lados 
congruentes. 

right angle (p.25) An angle with measure equal to 90°. 
ángulo recto (pág. 25) Ángulo que mide 90°. 
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right cone (p.812) A cone in which the segment joining 

the vertex and the center of the base is perpendicular to the 
base. The slant height is the distance between the vertex and 
a point on the base edge. 


cono recto (pág.812) Cono en el que el segmento que une 
el vértice y el centro de la base es perpendicular a la base. El 
apotema lateral es la distancia entre el vértice y un punto de 
la arista de la base. 


right cylinder (p.805) A cylinder in which the segment 
joining the centers of the bases is perpendicular to the bases. 


cilindro recto (pág.805) Cilindro en el que el segmento que 
une los centros de las bases es perpendicular a las bases. 


right prism (p. 804) A prism in which each lateral edge is 
perpendicular to both bases. 


prisma recto (pág.804) Prisma en el que cada arista lateral 
es perpendicular a ambas bases. 


right triangle (pp. 217, 241) A triangle with one right angle. 


triángulo rectángulo (págs. 217, 241) Triángulo que tiene un 
ángulo recto. 


rotation (pp. 272, 598) A transformation in which a figure is 
turned about a fixed point called the center of rotation. 


rotación (págs. 272, 598) Transformación en la que una 
figura gira en torno a un punto fijo, llamado centro de 
rotación. 


Student Resources 


height 

altura 

lateral surface 
superficie lateral 


hypotenuse 


leg hipotenusa 
cateto 
leg 
cateto 


angle of rotation 
ángulo de rotación 


~ 
\ 4 
/ 4 
4 1 


й X. center of rotation 
centro de rotación 


rotational symmetry (р. 620) A figure in the plane has 
rotational symmetry ifthe figure can be mapped onto itself 
by a rotation of 180° or less about the center of the figure. 
This point is the center of symmetry. 


center of symmetry 


ү centro de simetría 


simetría rotacional (pág. 620) Una figura del plano tiene 
simetría rotacional si se corresponde a sí misma al realizar 


una rotación de 180° 6 menos en torno al centro de la figura. 
Este punto es el centro de simetría. 


Rotations of 90° and 180° map the figure onto itself. 


Al realizar rotaciones de 90° y 180", la figura se 
corresponde. 


scalar multiplication (p.627) The process of multiplying 
each element of a matrix by a real number, or scalar. 


multiplicación escalar (pág. 627) El proceso de multiplicar 
cada elemento de una matriz por un número real, o escalar. 


scale (p. 365) A ratio that describes how the dimensions in The scale 1 in. : 12 ft on a floor plan means 

a scale drawing are related to the actual dimensions of the that 1 inch in the floor plan represents an 
object. actual distance of 12 feet. 

escala (pág. 365) Razón que describe qué relación hay entre | La escala 1 pulg : 12 pies de un plano 

las dimensiones de un dibujo a escala y las dimensiones significa que 1 pulgada del plano representa 
reales del objeto. una distancia real de 12 pies. 


scale drawing (p. 365) A drawing that is the same shape as A floor plan of a house is a scale drawing. 
the object it represents. 


dibujo a escala (pág. 365) Dibujo que tiene la misma forma | El plano de una casa es un dibujo a escala. 
que el objeto que representa. 


scale factor of a dilation (p. 409) In a dilation, the ratio ofa | See dilation. 
side length ofthe image to the corresponding side length of 
the original figure. 


factor de escala de una dilatación (pág. 409) En una Ver dilatación. 
dilatación, la razón entre una longitud de lado de la imagen y 
la longitud de lado correspondiente de la figura original. 


scale factor of two similar polygons (p. 373) The ratio Е 16 J Z 2 

of the lengths of two corresponding sides of two similar 

polygons. 20 12 25 15 
H 

factor de escala entre dos polígonos semejantes G 24 X 

(pág. 373) La razón entre las longitudes de dos lados Y 30 


correspondientes de dos polígonos semejantes. 
The scale factor of ZYXWto FGHJ is T 


El factor de escala entre ZYXW y FGHJ es T 
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scalene triangle (p.217) A triangle with no congruent sides. 


triángulo escaleno (pág.217) Triángulo que no tiene lados 


congruentes. 


secantline (p.651) Aline that intersects a circle in two 
points. 


recta secante (pág.651) Recta que corta a un círculo en dos 


puntos. 


secant segment (р. 690) A segment that contains a chord of 


a circle and has exactly one endpoint outside the circle. 


segmento secante (pág. 690) Segmento que contiene una 
cuerda de un círculo y tiene sólo un extremo en el exterior 
del círculo. 


sector of a circle (p.756) The region bounded by two radii 
of the circle and their intercepted arc. 


sector de un círculo (pág.756) La región limitada por dos 
radios del círculo y su arco interceptado. 


segment (p.3) Seeline segment. 


segmento (pág.3) Ver segmento de recta. 


segment bisector (p. 15) A point, ray, line, segment, or 
plane that intersects a segment at its midpoint. 


bisectriz de un segmento (pág. 15) Punto, rayo, recta, 
segmento o plano que corta a un segmento en su punto 
medio. 


segments of a chord (p.689) When two chords intersect 
in the interior of a circle, each chord is divided into two 
segments called segments of the chord. 


segmentos de una cuerda (pág. 689) Cuando dos cuerdas 
se cortan en el interior de un círculo, cada cuerda se divide 
en dos segmentos, llamados segmentos de la cuerda. 


Student Resources 


AN 


Line mis a secant. 
La recta m es una secante. 


secant segment 


sector APB 


> 


See line segment. 


Ver segmento de recta. 


CD is a segment bisector of AB. 


CD es una bisectriz del segmento AB. 


A 


B 
D 


EA and EB are segments of chord AB. DE and EC are 
segments of chord DC. 


EA y EB son segmentos de la cuerda AB. DE y EC 
son segmentos de la cuerda DC. 


self-similar (р. 406) An object such that one part of the 
object can be enlarged to look like the whole object. 


autosemejante (pág. 406) Objeto tal que una parte de él 
puede ampliarse de modo que parece el objeto entero. 


semicircle (p.659) An arc with endpoints that are the 
endpoints of a diameter of a circle. The measure of a 
semicircle is 180°. 


semicírculo (pág.659) Arco cuyos extremos son los 
extremos de un diámetro de un círculo. Un semicírculo 
mide 180". 


side of a polygon (p. 42) Each line segment that forms a 
polygon. See also polygon. 


lado de un polígono (pág. 42) Cada segmento de recta que 
forma un polígono. Ver también polígono. 


sides of an angle (p.24) See angle. 


lados de un ángulo (pág. 24) Ver ángulo. 


similar polygons (p. 372) Two polygons such that their 
corresponding angles are congruent and the lengths of 
corresponding sides are proportional. 


polígonos semejantes (pág. 372) Dos polígonos tales 
que los ángulos correspondientes son congruentes y las 
longitudes de los lados correspondientes son proporcionales. 


similar solids (p.847) Two solids of the same type with 
equal ratios of corresponding linear measures, such as 
heights or radii. 


sólidos semejantes (pág. 847) Dos sólidos del mismo tipo y 
con razones iguales de medidas lineales correspondientes, 
como las alturas o los radios. 


sine (p. 473) A trigonometric ratio, abbreviated as sin. For a 
right triangle ABC, the sine of the acute angle A is 
length of leg opposite ZA BC 


ae length of hypotenuse AB 


seno (pag. 473) Razón trigonométrica, abreviada sen. Para 
un triángulo rectángulo АВС, el seno del ángulo agudo A es 
longitud del cateto opuesto a ZA — BC 


BAS longitud de la hipotenusa AB' 


See fractal. 


Ver fractal. 


088 is a semicircle. 
QSR es un semicirculo. 


See polygon. 
Ver poligono. 
See angle. 
Ver ángulo. 
B 
A D E H 
ABCD ~ EFGH 

B 

3 -— _3 
3 sin A= AB 5 
C 4 A - BC _3 

senA АВ 5 
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skew lines (р. 147) Lines that do not intersect and are not 
coplanar. 


rectas alabeadas (pág. 147) Rectas que no se cortan y que 
no son coplanarias. 


slant height of a regular pyramid (p.810) The height of a 
lateral face of the regular pyramid. 


apotema lateral de una pirámide regular (pág.810) La 
altura de una cara lateral de la pirámide regular. 


slope of a line (р. 171) The slope m of a nonvertical line 
is the ratio of the vertical change (the rise) to horizontal 
change (the гип) between any two points on the line: 
Emo 


m= ==, 
X, — Xy 


pendiente de una recta (pág. 171) La pendiente m de 

una recta no vertical es la razón entre el cambio vertical 

(la distancia vertical) y el cambio horizontal (la distancia 

horizontal) entre dos puntos cualesquiera de la recta: 
Jh 


Me" ==" 
X, х 


slope-intercept form (p. 180) Alinear equation written in 
the form y = mx + b where m is the slope and bis the 
y-intercept of the equation's graph. 


forma pendiente-intercepto (pág. 180) Ecuación lineal 
escrita en la forma у = mx + b, donde m es la pendiente y b es 
el intercepto en y de la gráfica de la ecuación. 


solve a right triangle (p.483) To find the measures of all of 
the sides and angles of a right triangle. 


resolver un triángulo rectángulo (pág.483) Hallar 
las medidas de todos los lados y todos los ángulos de un 
triángulo rectángulo. 


Student Resources 


Ky 


Lines лапа pare skew lines. 


Las rectas ny pson rectas alabeadas. 


See regular pyramid. 


Ver pirámide regular. 


y run 
rise distancia 
distancia тии! 
vertical 2 1 


The equation y = Зх + 4 is in slope-intercept 
form. The slope of the line is 3, and the 
y-interceptis 4. 


La ecuación y = 3x + 4 está en la forma 
pendiente-intercepto. La pendiente de la 
recta es 3, y el intercepto en yes 4. 


You can solve a right triangle ifyou know 

either of the following: 

e Two side lengths 

e One side length and the measure of one 
acute angle 


Puedes resolver un triángulo rectángulo 

conociendo uno de estos grupos: 

e Las longitudes de dos lados 

e La longitud de un lado y la medida de un 
ángulo agudo 


sphere (p.838) The set of all points in space equidistant 
from a given point called the center of the sphere. 


esfera (pág. 838) El conjunto de todos los puntos del espacio 
que son equidistantes de un punto dado, llamado centro de 
la esfera. 


square (p.533) A parallelogram with four congruent sides 
and four right angles. 


cuadrado (pág. 533) Paralelogramo que tiene los cuatro 
lados congruentes y los cuatro ángulos rectos. 


standard equation of a circle (p. 699) The standard 
equation of a circle with center (h, k) and radius ris 
(x— h)? + (y- k? = г. 


ecuación general de un círculo (pág. 699) La ecuación 
general de un círculo con centro (h, k) y radio res 
(x— h? + (у – Ю? =r. 


standard form of a linear equation (p. 182) A linear 
equation written in the form Ax + By = C, where A, B, and C 
are real numbers and A and B are not both zero. 


forma general de una ecuación lineal (pág. 182) Ecuación 
lineal escrita en la forma Ax + By = C, donde A, By Cson 
números reales y A y Bno son ambos cero. 


straight angle (p.25) An angle with measure equal to 180°. 
ángulo llano (pág. 25) Ángulo que mide 180°. 


supplementary angles (p. 35) Two angles whose measures 
have the sum 180°. The sum of the measures of an angle and 
its supplementis 180". 


ángulos suplementarios (pág. 35) Dos ángulos cuyas 
medidas suman 180°. La suma de las medidas de un ángulo y 
de su suplemento es 180°. 


surface area (p.803) The sum of the areas of the faces of a 
polyhedron or other solid. 


área superficial (pág. 803) La suma de las áreas de las caras 
de un poliedro o de otro sólido. 


center eS 
centro 


The standard equation of a circle with center 
(2, 3) and radius 4 is 
(x — 2)? + (y - 3)? = 16. 


La ecuación general de un círculo con centro 
(2, 3) y radio 4 es 
(x — 2)? + (y - 3)? = 16. 


The equation 2x + Зу = 12is in standard 
form. 


La ecuación 2x + Зу = 12 está en la forma 
general. 


75° \105° 


S = 2(3)(4) + 2(4)(6) + 2(3)(6) = 108 ft? 
$ = 2(3)(4) + 2(4)(6) + 2(3)(6) = 108 pies? 
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tangent (p.466) A trigonometric ratio, abbreviated as fan. 
For a right triangle ABC, the tangent of the acute angle A is 
length of leg opposite ZA ВС 


length of leg adjacent to ZA  AC' 


tan A = 


tangente (pág. 466) Razón trigonométrica, abreviada tan. 
Para un triángulo rectángulo ABC, la tangente del ángulo 
longitud del cateto opuesto a ZA вс 


A A, = ——. 
agudo Aes tan longitud del cateto adyacente a ZA АС 


tangent line (p.651) A line in the plane of a circle that 
intersects the circle in exactly one point, the point of 
tangency. 


recta tangente (pág. 651) Recta del plano de un círculo que 
corta al círculo en sólo un punto, el punto de tangencia. 


taxicab geometry (р. А1) A non-Euclidean geometry in 
which all lines are horizontal or vertical. 


geometría de taxis (pág. A1) Geometría no euclidiana en la 
que todas las rectas son horizontales o verticales. 


terminal point of a vector (p.574) The ending point ofa 
vector. 


punto final de un vector (pág. 574) El punto donde termina 
el vector. 


tessellation (p.616) A collection of figures that cover a plane 
with no gaps or overlaps. 


teselación (pág. 616) Colección de figuras que recubren un 
plano sin sobreponerse y sin huecos. 


tetrahedron (p.796) A polyhedron with four faces. 


tetraedro (pág. 796) Poliedro con cuatro caras. 


Student Resources 


B 
5 _BC_3 
3 tan A= 5-1 
C 4 A 
R n 


Line n is a tangent. Ris the point of tangency. 


La recta n es una tangente. Res el punto de 
tangencia. 


In taxicab geometry, the distance between A and 
B is 7 units. 


En la geometría de taxis, la distancia entre A y B 
es de 7 unidades. 


See vector. 


Ver vector. 


theorem (р. 113) A true statement that follows as a result of 
other true statements. 


teorema (pág. 113) Enunciado verdadero que surge como 
resultado de otros enunciados verdaderos. 


transformation (p.272) An operation that moves or 
changes a geometric figure in some way to produce a new 
figure. 


transformación (pág. 272) Operación que desplaza o 
cambia de alguna manera una figura geométrica para crear 
una nueva figura. 


translation (pp.272,572) A transformation that moves 
every point of a figure the same distance in the same 
direction. 


traslación (págs. 272,572) Transformación que desplaza 
cada punto de una figura la misma distancia en la misma 
dirección. 


transversal (p. 149) A line that intersects two or more 
coplanar lines at different points. 


transversal (pág. 149) Recta que corta a dos o más rectas 
coplanarias en distintos puntos. 


trapezoid (p.542) A quadrilateral with exactly one pair of 
parallel sides, called bases. The nonparallel sides are legs. 


trapecio (pág. 542) Cuadrilátero que tiene sólo un par de 
lados paralelos, llamados bases. Los lados no paralelos son 
catetos. 


triangle (рр. 43, 217) A polygon with three sides. 


triángulo (págs. 43, 217) Polígono con tres lados. 


Vertical angles are congruent. 


Los ángulos opuestos por el vértice son 
congruentes. 


Four basic transformations are translations, 
reflections, rotations, and dilations. 


Cuatro transformaciones básicas son las 
traslaciones, las reflexiones, las rotaciones y 
las dilataciones. 


transversal t 


base 
B base С 
leg leg 
cateto cateto 
A base D 
base 
B 
A C 
AABC 
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trigonometric ratio (р. 466) A ratio ofthe lengths of two 
sides in a right triangle. See also sine, cosine, and tangent. 


razón trigonométrica (pág. 466) Razón entre las longitudes 
de dos lados de un triángulo rectángulo. Ver también seno, 
coseno y tangente. 


truth table (p.95) A table that shows the truth values for a 
hypothesis, a conclusion, and a conditional statement using 
the hypothesis and conclusion. 


tabla de verdad (pág.95) Tabla que muestra los valores 
de verdad de una hipótesis, de una conclusión y de un 
enunciado condicional usando la hipótesis y la conclusión. 


truth value of a statement (p.95) The truth or falsity of the 
statement. 


valor de verdad de un enunciado (pág. 95) La verdad o 
falsedad de un enunciado. 


two-column proof (p. 112) Atype of proof written as 
numbered statements and corresponding reasons that show 
an argument in a logical order. 


prueba de dos columnas (pág. 112) Tipo de prueba 

en la que se escriben enunciados numerados y razones 
correspondientes que muestran un argumento siguiendo un 
orden lógico. 


undefined term (p.2) A word that does not have a formal 
definition, but there is agreement about what the word 
means. 


término indefinido (pág. 2) Palabra que no tiene una 
definición establecida, pero cuyo significado se acepta 
comúnmente. 


Student Resources 


Three common trigonometric ratios are sine, 
cosine, and tangent. 


Tres razones trigonométricas comunes son el seno, 


el coseno y la tangente. 


tan A= BC 


Gi| aa Alw 


sin А = 


cos А = 


о © 
| 
SIS aS A| 
| 


С 4 А — BC _ 
tanA AC 

_ ВС _ 
sen Å = -75 

_ AC _ 
cos А = 7B 


See truth table. 


Ver tabla de verdad. 


See Example 1 on page 112. 


Ver el ejemplo 1 de la página 112. 


Point, line, and plane are undefined terms. 


Punto, recía y plano son términos 
indefinidos. 


рз —— — — — — — —— — — — — — 


unit of measure (p.727) The increment to which something 
is measured. 


unidad de medida (pág. 727) El incremento con que algo se 
mide. 


If a segment is measured using a ruler 


marked in eighths 
measure is 8 inch. 


ofan inch, the unit of 


Si un segmento se mide con una regla que 
lleva sefíalados los octavos de pulgada, la 
unidad de medida es i pulgada. 


vector (p.574) Aquantity that has both direction and 


magnitude, and is represented in the coordinate plane by an 


arrow drawn from one point to another. 


vector (pág.574) Cantidad que tiene tanto dirección como 
magnitud y es representada en el plano de coordenadas por 
una flecha dibujada de un punto a otro. 


vertex angle of an isosceles triangle (p.264) The angle 
formed by the legs of an isosceles triangle. 


ángulo del vértice de un triángulo isósceles (pág. 264) El 
ángulo formado por los catetos de un triángulo isósceles. 


vertex of a cone (р. 812) See cone. 


vértice de un cono (pág. 812) Ver cono. 


vertex of a polygon (p.42) Each endpoint of a side of a 
polygon. Plural is vertices. See also polygon. 


vértice de un polígono (pág. 42) Cada extremo de un lado 
de un polígono. Ver también polígono. 


vertex of a polyhedron (p.794) A point where three or 


more edges of a polyhedron meet. 


vértice de un poliedro (pág.794) Punto donde confluyen 
tres o más aristas de un poliedro. 


vertex of a pyramid (p.810) See pyramid. 
vértice de una pirámide (pág.810) Ver pirámide. 


vertex of an angle (p.24) Seeangle. 


vértice de un ángulo (pág. 24) Ver ángulo. 


FG with initial point Fand terminal point G. 


FG con punto inicial Ру punto final б. 


vertex angle 
ángulo del vértice 


base angles 
ángulos básicos 


See cone. 


Ver cono. 


See polygon. 


Ver polígono. 


vertex Via | 


vértice 


See pyramid. 


Ver pirámide. 


See angle. 


Ver ángulo. 
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vertical angles (p.37) Two angles whose sides form two 
pairs of opposite rays. 


ángulos opuestos por el vértice (pág. 37) Dos ángulos 
cuyos lados forman dos pares de rayos opuestos. 


vertical component of a vector (р. 574) The vertical change 
from the initial point to the terminal point of a vector. 


componente vertical de un vector (pág.574) El cambio 
vertical entre el punto inicial y el punto final del vector. 


volume of a solid (p.819) The number of cubic units 
contained in the interior of a solid. 


volumen de un sólido (pág.819) El número de unidades 
cübicas contenidas en el interior de un sólido. 


Student Resources 


ZA and Z4 are vertical angles. 
Z2 and Z3 are vertical angles. 


ZA y Z4 son ángulos opuestos por el vértice. 
Z2 y Z3 son ángulos opuestos por el vértice. 


See component form of a vector. 


Ver forma de componentes de un vector. 


3 ft 
3 pies 
4 ft 
6 ft 4 pies 
6 pies 


Volume = 3(4)(6) = 72 ft? 
Volumen = 3(4)(6) = 72 pies? 


Absolute value, 287, 870, Al 
ACT, See Standardized Test 
Preparation 
Activities 
angle sums 
in polygons, 506 
in triangles, 216 
angles 
inscribed, 671 
intersecting lines and, 122-123, 
153, 154 
similar triangles and, 381 
area 
perimeter and, 48 
of trapezoids and kites, 729 
congruent figures, 233 
constructions 
bisect an angle, 34 
bisect a segment, 33 
copy an angle, 34 
copy a segment, 33 
copy a triangle, 235 
dilations, 408, 625 
drawing and interpreting lines, 146 
folding 
an angle bisector, 27 
perpendicular bisectors of a 
triangle, 304 
perpendicular lines, 190 
a segment bisector, 15 
solids, 792-793 
geometric probability, 770 
intersecting medians, 318 
parallel lines and angles, 153, 154 
parallelograms, 514 
proportionality, 396 
puzzles 
logic, 86 
number, 104 
Pythagorean Theorem, 432 
converse of, 440 
right triangle ratio, 466 
segments 
length of, 688 
midsegment of a trapezoid, 541 
tangent, 650 
in triangles, 294 
similar polygons, 371 
similar right triangles, 448 
similar solids, 846 
slopes, 179 


spreadsheet 
minimize surface area, 837 
perimeter and area of polygons, 
769 
surface area, 802 
transformations, 154, 271, 408, 588, 
607, 625, 633 
volume of a pyramid, 828 
Acute angle, 25 
Acute triangle, 217 
Addition 
matrix, 581, 584, 637 
order of operations and, 870 
rational number, 869 
real number, 105 
Addition Property, 105 
Adjacent angles, 35 
Adjacent arcs, 660 
Adjacent sides, 241, 466, 467 
Algebra, See also Algebra Review; 
Skills Review Handbook 
examples, Throughout. See for 
example 16, 26, 37, 44, 89, 155, 
161, 266, 303, 311, 330, 357, 
358 
exercises, Throughout. See for 
example 29, 54, 84, 91, 158, 
186, 229, 268, 323, 339, 363, 
385 
properties from, 105-111, 136 
skills check, xxii, 70, 144, 214, 292, 
354, 430, 504, 570, 648, 718, 
790 
Algebra Review, See also Skills Review 
Handbook 
algebraic models, 65, 207, 785 
equations 
absolute value, 287 
linear, 65 
quadratic, 423, 499, 641 
expressions 
radical, 139 
rational, 139 
factor binomials and trinomials, 
713 
graphing 
exponential functions, 565 
inequalities, 207, 287 
nonlinear functions, 565 
quadratic functions, 499, 565 
inequalities, 207, 287 
multiply binomials, 641 
the quadratic formula, 641 


radicals, 139, 423 
properties of, 457 
ratios and percent of change, 349 
Algorithm 
for bisecting an angle, 34, 261 
for bisecting a segment, 33 
for constructing inscribed angles 
of a circle, 671 
for constructing a parallel to a line, 
152 
for constructing a parallelogram, 
514 
for constructing a perpendicular to 
a line, 195 
for creating a tessellation, 617 
for dividing a segment into equal 
parts, 401 
for drawing a dilation, 408, 625, 627 
for finding a locus, 697 
for rotating a figure, 598 
for solving a problem, 894 
Alternate exterior angles, 149-152, 
155, 157-160 
Alternate Exterior Angles Theorem, 
155 
converse, 162 
Alternate interior angles, 149-152, 
153, 155-160 
Alternate Interior Angles Theorem, 
155 
converse, 162, 163 
Alternative method, See Another 
Way; Problem Solving 
Workshop 
Altitude 
of a cone, 812 
of a cylinder, 805 
of a prism, 804 
of a pyramid, 810 
of a triangle, 320 
right, 448-456 
Angle(s), 24, 59 
acute, 25 
adjacent, 35 
alternate exterior, 149-152, 155, 
157-160 
alternate interior, 149-152, 153, 
155-160 
bisector, 28 
construction, 27, 34 
central, 659, 762 
classifying, 25, 29, 62 
classifying triangles by, 217-218, 
221, 281 
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Index 


measurement, 261, 262, 333, 342, 
386, 452, 455, 463, 471, 474, 
475, 479, 482, 487, 492, 496, 
498, 502, 503, 647, 657, 685, 
686, 706, 751, 777 

models, 13, 380, 422, 427, 853 

music, 731, 800, 808, 885, 890 

navigation, 575 

photography, 148, 379, 386, 429, 
471, 487, 631, 663, 674, 685 

physics, 68, 110, 156, 386, 596, 686, 
867 

physiology, 84, 106 

recreation, 178, 200, 510, 578, 613 

robots, 159 

rumning, 187, 465 

safety, 177 

school, 142, 143, 207, 427, 776, 778, 
786, 885, 892 

science, 84, 359, 579, 631, 682, 692, 
752, 760, 776, 777, 824 

sculpture, 31, 119, 193, 223, 822, 
826 

skateboarding, 15, 58, 476, 481, 
482, 864, 890 

skating, 51, 57, 189, 711, 890 

skiing, 475 

skydiving, 173 

snowboarding, 261 

snowshoeing, 578 

soccer, 36, 143, 311, 487, 889, 890 

social studies, 32, 164, 170, 203 

softball, 583 

structures, 21, 27, 39, 55, 57, 118, 
164, 170, 251, 266, 308, 352, 
380, 390, 393, 398, 420, 463, 
472, 479, 488, 512, 528, 532, 
543, 548, 556, 595, 604, 647, 
663, 687, 694, 704, 706, 739, 
825, 826, 827, 830, 844, 867 

surveying, 7 

surveys, 142, 660, 885, 890 

swimming, 374, 450, 482, 586, 644, 
895 

telephone, 207, 776, 785 

tennis, 170, 378, 429, 785 

toys, 324, 623 

track and field, 597, 687, 749 

travel, 103, 186, 776 

vehicles, 91, 177, 245, 254, 443, 446, 
460, 492, 520, 528, 604, 669, 
670, 679, 685, 703, 706, 735, 
747,752, 772, 785 

volleyball, 446 

walking, 57, 405, 502, 760 

water polo, 21 

weather, 103, 887 


Approximation, See also Estimation 
measurement as, 727 
using measuring tools, 9, 24 
of pi, 50, 746 
rounding error, 482, 763 
of square root, 434 
and trigonometry, 467, 484 
Arc(s), 659 
adjacent, 660 
bisecting, 665 
congruent, 660—663 
intercepted, 672 
length, 746-752, 779, 782 
major, 659, 664 
measures of, 659-663, 664, 666, 
667, 709 
minor, 659, 664 
semicircle, 659, 664, 749 
theorems about, 664, 665 
Arc Addition Postulate, 660 
Arc Length Corollary, 747 
Area, See also Formula(s); Lateral 
area; Surface area, 49 
of a circle, 49-50, 53-56, 63, 755, 
758, 779, 782 
on the coordinate plane, 732, 734, 
735 
geometric probability and, 772-777 
of irregular figures, 773, 775, 776 
of a kite, 729-736, 779, 781 
of a parallelogram, 720-726, 779, 
780 
of a rectangle, 48, 49, 51-57, 
720-728 
of a regular polygon, 763-769, 779, 
783 
of a rhombus, 731—736, 779, 781 
of a sector, 756-761, 779, 782 
of similar figures, 737—743 
of a square, 49, 50, 52, 54, 55, 434, 
720-726 
of a trapezoid, 729—736, 779, 781 
of a triangle, 49, 51-56, 434, 479, 
721-726, 779, 780 
Area Addition Postulate, 720 
Area of a Circle Theorem, 755 
Area Congruence Postulate, 720 
Area of a Kite Theorem, 731 
Area of a Parallelogram Theorem, 
721 
Area of a Rectangle Theorem, 720 
Area of a Regular Polygon Theorem, 
763 
Area of a Rhombus Theorem, 731 
Area of a Sector Theorem, 756 
Area of a Square Postulate, 720 
Area of a Trapezoid Theorem, 730 


Area of a Triangle Theorem, 721 
Areas of Similar Polygons Theorem, 
737 
Argument, logical, 87-95 
Assessment, See also Online Quiz; 
State Test Practice 
Chapter Test, 64, 138, 206, 286, 348, 
422, 498, 564, 640, 712, 784, 
861 
Quiz, Throughout. See for example 
22, 41, 56, 93, 111, 131, 160, 
178, 197, 239, 263, 279 
Standardized Test Practice, See 
also Eliminate choices; 
Standardized Test 
Preparation, 68—69, 142-143, 
210-211, 290-291, 352-353, 
426-427, 502-503, 568—569, 
644-645, 716-717, 788-789, 
864—865 
€ Home Tutor, Throughout. See for 
example xxii, 7, 13, 21, 31, 40, 
46, 48, 54, 60, 70, 77 
Auxiliary lines, 219, 389 
Avoid Errors, 4, 35, 37, 50, 88, 98, 124, 
163, 250, 266, 328, 450, 553, 
580, 581, 600, 608, 616, 682, 
747, 757, 839 
Axiom, 9 
Axis of symmetry 
of the graph of a quadratic 
function, 882 
of solids, А10-А11 


Balancing point, 318, 319 
Bar graph, 14, 888—889 
Base(s) 
of a cone, 812 
of a cylinder, 805 
of an exponential expression, 871 
of a prism, 794, 803 
of a pyramid, 794, 810 
of a solid, 794 
of a trapezoid, 542 
of a triangle, 49, 264 
Base angle(s) 
of an isosceles triangle, 264 
of a trapezoid, 542 
Base Angles Theorem, 264 
converse of, 264 
corollary to, 265 
Base edge, of a pyramid, 810 
Between, 10 
Biased question, 890 
Biased sample, 890 


Index 
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Biconditional statement, 82, 94, 536 
Big Ideas 
introducing, 1, 71, 145, 215, 293, 
355, 431, 505, 571, 649, 719, 
791 
summarizing, 59, 133, 201, 281, 
343, 417, 493, 559, 635, 707, 
779, 856 
Binomial(s) 
factoring, 713 
multiplying, 641, 873 
Bisector 
angle, 27-28, 30-32, 34, 310-316 
arc, 665 
perpendicular, 185, 303-309, 
665-670 
segment, 15 
Box-and-whisker plot, 888—889 
Break-even point, 183 
Break a problem into parts, See 
Problem solving strategies 


Calculator, See Graphing calculator 
Cantor set, 407 
Cavalieri’s Principle, 821, 824 
Center 
of a circle, 651, 699 
locating, 665, 669, 717 
of dilation, 409, 626 
of a regular polygon, 762 
of rotation, 272, 598 
of a sphere, 753, 838 
of symmetry, 620 
Central angle, 659 
inscribed angle and, 671 
of a regular polygon, 762 
Central tendency, measures of, 887 
Centroid, of a triangle, 319 
Ceva’s Theorem, 403 
Chain rule, 87 
Challenge, exercises, Throughout. See 
for example 93, 117, 152, 159, 
195, 314, 323, 370, 395, 403 
Changing dimensions 
dilation, 408-415, 421, 625-633, 
635, 639 
effect on perimeter and area, 48, 
374, 734, 737-743, 779, 781 
effect on volume and surface area, 
833, 837, 846, 848, 849, 860 
Chapter Review, 60-63, 134—137, 
202-205, 282-285, 344-347, 
418-421, 494-497, 560-563, 
636-639, 708-711, 780-783, 
857—860 


Student Resources 


Chapter Summary, 59, 133, 201, 281, 
343, 417, 493, 559, 635, 707, 
779,856 

Chapter Test, 64, 138, 206, 286, 348, 
422, 498, 564, 640, 712, 784, 
861 

Checking solutions 

using an alternative method, 320 

using a drawing, 411 

by graphing, 181, 881 

problem solving plan and, 894, 895 

using substitution, 16, 389, 500, 
773,875, 880 

Choosing a method, 182, 188-189, 
302, 315, 389, 404-405, 
481—482, 530-531, 766 

Chord(s), 651, 664 

angle relationships and, 680—686 

properties of, 664—670, 709 

segments, 689 

length of, 688-695 

of a sphere, 838 

theorems about, 664, 665, 666, 680, 
681, 689, 690, 691 

Circle(s), 651 

adjacent arcs and, 660 

angle relationships and, 672-686, 
707, 710 

arc length of, 747—752, 779, 782 

arc measure of, 659—663, 709 

area of, 49—50, 53—56, 755, 758, 782 

center of, 651 

central angle of, 659 

chord of, 651 

circumference of, 49—56, 746—752 

circumscribed, 306, 665, 674 

common tangent to, 652-653, 655, 
656, 657 

concentric, 652 

congruent, 660 

in the coordinate plane, 652, 655, 
699-705, 707, 711 

coplanar, 652 

diameter of, 49, 651-652, 655 

equations of, 699—705, 711 

graphing, 699—705 

great, 753-754, 839 

inscribed, 312 

inscribed angle of, 671—679 

locus and, 697—698 

major arc of, 659 

minor arc of, 659 

radius of, 49, 651—652, 654, 656-658 

relationship of arcs and chords, 
664—670, 709 

secant of, 651 


sector of, 756 
area, 756-761 
segment lengths in, 688-696, 707, 
711 
semicircle, 659 
standard equation of, 699 
tangent, 651, 652 
tangents to, 650-658, 708—709 
taxicab, A2 
Circle graph, 32, 660, 760, 888—889 
Circular cone, See Cone 
Circumcenter, of a triangle, 306, 665 
Circumference, 49, 746 
Circumference of a Circle Theorem, 
746 
Circumscribed circle, 306, 674 
Classifying 
angles, 25, 29, 62 
polygons, 42-47, 63, 508, 510 
pyramids, 810 
quadrilaterals, 552-557, 559, 563 
solids, 794-796, 798-801 
special quadrilaterals, 533—540 
triangles, 217-218, 221, 281, 
442—447, 493, 495 
Collinear points, 2 
Collinear rays, 3 
Collinear segments, 3 
Common external tangent, 656 
Common internal tangent, 656 
Common tangent, 652—653, 655, 656, 
657 
Communication 
describing in words, Throughout. 
See for example 6, 8, 12, 20, 30, 
39, 41, 52, 72, 75, 76, 77, 78 
reading math, 11, 16, 17, 25, 26, 
36, 42, 43, 44, 80, 87, 149, 172, 
183, 217, 228, 241, 273, 321, 
372, 485, 510, 796, 848 
writing in math, Throughout. See 
for example 5, 12, 19, 38, 44, 
52, 75, 82, 90, 95, 99, 108, 116 
Compare, exercises, 5, 20, 121, 134, 
176, 177, 211, 282, 298, 322, 
351, 353, 380, 400, 432, 480, 
541, 577, 578, 586, 597, 723, 
735, 770, 802, 824, 852, 857 
Comparing 
line segment lengths, 20 
line segments in the coordinate 
plane, 11 
ratios, 846, 847 
similar solids, 846, 849, 852 
slopes, 172-179 
the volumes of a prism and a 
pyramid, 828 


Compass, using, 33-34, 198-199, 235, 
258, 261, 267, 305, 307, 314, 
323, 401, 408, 527, 594, 603, 
625, 629, 650, 665, 671, 697, 
698, 704, 760 
Complementary angles, 35-36, 
38-41, 59, 62, 123, 125 
in a right triangle, 467 
Component form, of a vector, 574, A5 
Composite solids, 815, 823 
surface area of, 843, 845, 851 
volume of, 831, 833—835, 841, 843, 
844, 845, 851 
Composition Theorem, 609 
Composition of transformations, 
608-615, 628, 630—632, 633, 
638 
Compound events, 893 
Computer 
geometry drawing software 
angles and intersecting lines, 
122-123 
compositions with dilations, 633 
converse of the Pythagorean 
Theorem, 440 
double reflections, 607 
exercises, 169, 308, 324, 387, 479, 
555, 724 
midsegment of a trapezoid, 541 
parallel lines and angles, 153 
parallelograms, 514 
points of concurrency, 326-327 
proportionality, 396 
segment lengths, 688 
slope, 179 
triangles and congruence, 247 
spreadsheet 
minimize perimeter, 48 
minimize surface area, 837 
perimeter and area of polygons, 
769 
Concave polygon, 42, 513 
Concave polyhedron, 796 
Concentric circles, 652 
Concept Summary, 38, 97, 114, 252, 
390, 443, 525, 764 
Concepts, See Big Ideas; Chapter 
summary; Concept Summary; 
Key Concept 
Conclusion, 79 
Concurrency, point of, 305 
centroid, 319-325, 326-327 
circumcenter, 305-309, 326-327 
incenter, 312, 314-316, 326-327 
orthocenter, 320-325, 326-327 
Concurrency of Altitudes of a 
Triangle Theorem, 320 


Concurrency of Angle Bisectors of a 
Triangle Theorem, 312 
Concurrency of Medians of a 
Triangle Theorem, 319 
Concurrency of Perpendicular 
Bisectors of a Triangle 
Theorem, 305 
Concurrent lines, 305 
Conditional statements, 79-85, 94, 
135, 536 
biconditional, 82 
contrapositive of, 80, 94, 135 
converse of, 80, 94, 135 
equivalent, 80 
if-and-only-if form, 82 
if-then form, 79-85, 133, 135 
inverse of, 80, 94, 135 
verifying, 80-85 
Cone, 794, 812 
frustum of, 835 
lateral area of, 812 
oblique, 829 
right, 812 
surface area of, 812-817, 856, 858 
volume of, 829-836, 856, 859 
Congruence of Angles Theorem, 113 
Congruence, notation, 11, 26 
Congruence of Segments Theorem, 
113 
Congruence statements, 225-231 
Congruence transformation, See also 
Glide reflection; Reflection; 
Rotation; Translation, 
272-279, 285 
Congruent angles, 26-27, 30, 59, 113, 
124-126 
Congruent arcs, 660-663 
Congruent circles, 660 
Congruent Complements Theorem, 
125 
Congruent figures, 225-231, 233 
Congruent segments, 11, 12, 59, 61, 
113 
Congruent Supplements Theorem, 
125 
Congruent triangles, 225-231, 281, 
283 
measurement and, 257, 261, 262 
proofs using, 256-263 
properties of, 228 
proving 
by AAS, 249-255, 284 
by ASA, 249-255, 284 
by HL, 241-246, 252, 284 
by SAS, 240-246, 252, 284 
by SSS, 234-239, 252, 283 


Conjecture, See also Activities, 73-78 
exercises, 216, 269, 294, 371, 396, 
432, 440, 480, 488, 541, 615 
Conjunction, 95 
Consecutive interior angles, 
149-152, 153, 155, 157-160 
of a parallelogram, 516 
Consecutive Interior Angles 
Theorem, 155 
converse, 162 
Consecutive numbers, 73 
Consecutive vertices, 507 
Construction, See also Drawing; 
Geometry drawing 
software, 33 
altitudes of a triangle, 323 
bisect an angle, 34, 169, 261, 314 
bisect a segment, 33 
circumcenter, 306, 307 
circumscribed circle, 306, 307 
copy an angle, 34, 258 
copy a segment, 33 
copy a triangle, 235 
dilate a figure, 408, 625, 629 
divide a line into congruent 
segments, 401 
equilateral triangle, 767 
incenter of a triangle, 312, 314 
hexagon, 767 
inscribed angles, 671 
inscribed circle, 312, 314 
orthocenter, 323 
parallel line, 198 
parallelogram, 527 
perpendicular bisector, 305, 307, 
665 
perpendicular line, 199, 262, 323 
Reuleaux polygon, 704 
reflection, 594 
rotation, 603 
similar figures, 408 
Context-based multiple choice 
questions, test preparation 
for, 288-290, 566-568, 862-864 
Contradiction, proof by, 337, 338 
Contrapositive, of a conditional 
statement, 80, 94, 135, 341, 
398 
Converse, of a conditional statement, 
80, 94, 135, 536 
Converse of the Angle Bisector 
Theorem, 310 
Converse of Base Angles Theorem, 
264 
corollary to, 265 
Converse of the Hinge Theorem, 335 


Index 


985 


986 


Converse of the Perpendicular 
Bisector Theorem, 303 
Converse of the Pythagorean 
Theorem, 440, 441 
Converse of the Triangle 
Proportionality Theorem, 
397 
Conversion factors, 886 
Convex polygon, 42 
Convex polyhedron, 796 
Coordinate, of a point, 9 
Coordinate geometry, See also 
Coordinate graphing; 
Coordinate proof 
angles, 30 
area, 724, 732, 734, 735 
circles, 652, 655, 699-705, 707, 711 
congruent figures, 
segments, 11, 12 
triangles, 235, 237, 246, 248, 253, 
299 
Distance Formula, 17-18, 20-22, 
50, 51, 53, 59, 61, 297, 699, 700 
lines, 171-178, 180-187 
Midpoint Formula, 16-17, 19-22, 
297, 517 
quadrilaterals, 517, 518, 527 
classifying, 525, 526, 530-531, 
555 
slope, 171-179 
similar figures, 408, 409-415 
transformations, 271, 273-279, 
408-415, 572-579, 588-596, 
598-606, 608-615, 628, 
630-631 
matrix representations and, 
580-581, 584-585, 592-593, 
600, 603, 613, 628-629, 631 
triangles 
centroid of, 320, 322, 324 
classifying, 218, 221, 296-298, 
542, 546, 555 
midsegments of, 294, 297, 
299-300 
variable coordinates, 296-301, 321 
Coordinate graphing, See also 
Coordinate geometry; 
Multiple representations 
of circles, 699—705 
of exponential functions, 565, 884 
of linear equations, 180-187, 205, 
207, 878, 879 
of linear inequalities, 207, 287, 876, 
881 
of quadratic functions, 499, 565, 
882-883 


Student Resources 


systems 
of equations, 183, 186-187, 880 
of linear inequalities, 881 
in three dimensions, 585, 615 
Coordinate notation 
for dilation, 409 
for reflection, 273 
for translation, 273 
Coordinate plane, 16, 878 
quadrants of, 878 
polar coordinates, 32, 605 
stereographic projections, 695 
Coordinate proof, 296—301, 302, 309, 
343, 344 
Coordinate rule(s) 
for reflection, 590 
for rotation about the origin, 599 
Coplanar circles, 652 
Coplanar lines, 3, 146-147 
Coplanar points, 2 
Coplanar rays, 3 
Coplanar segments, 3 
Corollary 
arc length, 747 
to base angles theorem, 265 
to converse of base angles 
theorem, 265 
to the polygon interior angle 
theorem, 507 
rectangle, 533 
rhombus, 533 
square, 533 
to the triangle sum theorem, 220 
Corollary to Base Angles Theorem, 
265 
Corollary to Converse of Base Angles 
Theorem, 265 
Corollary to the Triangle Sum 
Theorem, 220 
Corresponding angles, 149-152, 153, 
154-160 
Corresponding Angles Postulate, 154 
converse, 161 
Corresponding lengths, of similar 
polygons, 375 
Corresponding parts, 225 
Cosecant ratio, A3-A4 
Cosine ratio, 473—482, 493, 497 
inverse, 483—489, 493 
Cosines 
Law of, 491 
table of, 925 
Cotangent ratio, A3-A4 
Counterexample, 74, 76 
Counting methods, 891—892 
Counting principle, See Problem 
solving strategies 


Cross Products Property, 358 
Cross section, 797, 799-801 
Cube, 796 
volume of, 819 
Cubic unit, 819 
Cumulative Review, 212-213, 
428-429, 646-647, 866-867 
Cylinder, 805 
lateral area of, 805 
oblique, 821 
right, 805 
surface area of, 805-809, 856, 858 
volume of, 820-825, 837, 856, 859 


Data, See also Graphs; Modeling 
analyzing 
geometric mean, 359, 361, 362, 
363, 418, 448 
measures of central tendency, 
84, 887 
predicting from sample, 359, 
362, 369 
collecting 
experimental, 770 
outlier, 887 
sampling, 890 
surveys, 369, 890 
organizing 
in a box-and-whisker plot, 
888-889 
choosing a graph, 888-889 
using matrices, 580-587, 
628-631 
in a stem-and-leaf plot, 888-889 
in a tree diagram, 891-892 
in a Venn diagram, 84, 534, 559 
Decagon, 43 
Deductive reasoning, See also 
Reasoning, 87-93, 112-121, 
133, 135 
Law of Detachment, 87 
Law of Syllogism, 87-88 
logic puzzles, 86 
Defined terms, 3 
Degree(s), angle measures, 24 
Dependent events, 893 
Depression, angle of, 475-480 
Detachment, Law of, 87 
Diagonal(s) 
of a cube, 808 
Of a kite, 545 
of a parallelogram, 517 
of a polygon, 506, 507 
of a rectangle, 535 
of a rhombus, 535 


Diagram(s), See also Drawing; 
Problem solving strategies 
concept summary, 38, 97, 133 
interpreting, Throughout. See for 
example 2-8, 25, 36, 38, 
97-102, 133, 146-147, 
150-152, 218, 225, 232, 242, 
256, 270, 273, 321, 409, 411, 
550-551, 573, 720, 731, 748, 
754, 762, 763, 794-801, 805, 
819 
postulates and, 96—102, 136, 148, 
150 
symbols on, 11, 17, 25, 26, 43, 81, 
147 
tree, 891-892 
Venn, 84, 534, 559 
visual organizers, 120-121, 
250-251, 254, 405, 528, 552 
Diameter 
of a circle, 49, 651-652, 655, 
664-670 
of a sphere, 754, 838 
Dilation, 408-415, 421, 625-633, 635, 
639 
center of, 409 
compositions with, 633 
construction, 408, 625, 627, 629 
coordinate notation for, 409 
in the coordinate plane, 408, 
409-415 
using matrices, 628-631, 639 
scale factor and, 409-415, 626, 
628-633 
Dimension(s), of a matrix, 580 
Dimensions 
effect of changing on perimeter 
and area, 48, 374, 734, 
737-743, 779, 781 
effect of changing on volume and 
surface area, 833, 837, 846, 
848, 849, 860 
Direct argument, 87 
Discrete mathematics 
counting methods, 891-892 
Fibonacci sequence, 78 
greatest common factor (GCF), 713 
matrices, 580—587, 628—631, 635, 
637 
number patterns, 72-78 
tree diagram, 891—892 
visual patterns, 72—78 
Disjunction, 95 
Distance, 9 
finding 
using trigonometric ratios, 
466-480 


using the Law of Cosines, 491 
using the Law of Sines, 490-491 
map, 10, 13, 366, 368, 369 
from a point to a line, 192, 340 
on a sphere, 754 
in taxicab geometry, Al 
between two parallel lines, 192-193 
between two points, 9-14, 15-22, 
61,310 
Distance Formula, 17-18, 20-22, 50, 
51, 53, 59, 61, 297, 699, 700 
Distributive Property, 106, 872 
FOIL pattern and, 873 
Division 
order of operations and, 870 
rational number, 869 
real number, 105 
Division Property, 105 
Dodecagon, 43 
Dodecahedron, 796 
Double reflection, 607, 609-615 
Draw a diagram, See Problem solving 
strategies 
Draw a graph, See Problem solving 
strategies 
Drawing, See also Construction; 
Diagrams; Geometry drawing 
software 
diagrams for proof, 114-115, 156, 
219, 242, 256, 297, 389 
examples, 4-5, 37, 98, 220, 232, 257, 
266, 305, 328-329, 336, 357, 
382, 383, 406, 409, 435, 449, 
451, 459, 534-535, 627, 665, 
701, 722, 732, 738, 753, 772, 
803, 813, 830 
exercises, Throughout. See for 
example 6, 45, 53, 99, 101, 102, 
117, 158, 246, 267, 331, 393, 
439, 480, 518, 547, 551, 555, 
622, 655, 734, 759, 798, 799, 
804, 809, 815, 854 
fractals, 301, 406 
loci, 697-698 
nets, 792-793, 802, 828 
patterns, 72—78 
point, line, plane relationships, 
4—7, 146 
scale, 365-370 
technical, 550-551 
tessellations, 230, 617—618 
three-dimensional figures, 4-8, 
146, 403, 415, 550-551 
transformations, 273-279, 407-413, 
598-600, 602—603, 606, 608, 
611-613, 615, 625, 627-631 


Drawing software, See Geometry 
drawing software 


Edge 
Euler’s Theorem and, 795-801, 856, 
857 
lateral, 803, 810 
of a polyhedron, 794 
of a prism, 803 
of a pyramid, 810 
Element, of a matrix, 580 
Elevation, angle of, 475-482 
Eliminate choices, 18, 74, 127, 173, 
208, 209, 235, 329, 383, 411, 
458, 500-501, 509, 621, 673, 
714, 715, 732 
Endpoint(s) 
of a line segment, 3 
of a ray, 3 
Enlargement, See Dilation 
Enrichment, See Extensions 
Entry, matrix, 580 
Equality, properties of, 107 
Equation(s), See also Algebra; 
Formula(s); Linear 
equation(s); Quadratic 
equation 
absolute value, 287 
of circles, 699-705, 711 
justify solution steps, 105—106, 
108—109 
function form of, 877 
of lines, 180-187, 205, 878 
of lines of reflection, 594 
for parallel lines, 180-187 
percent, 885 
of perpendicular bisector, 185 
for perpendicular lines, 181-187 
writing to solve problems, 65, 183, 
186, 187, 189, 785, 894-895 
Equiangular polygon, 43 
Equiangular triangle, 217 
Equidistant, 303 
Equilateral polygon, 43 
Equilateral triangle, 217 
corollaries about, 265 
Equivalent statements, 80, 95 
Eratosthenes, 752 
Error analysis 
Avoid Errors, 4, 35, 37, 50, 88, 98, 
124, 163, 250, 266, 328, 450, 
953, 580, 581, 600, 608, 616, 
682, 747, 757, 839 


Index 


987 


988 


exercises, Throughout. See for 
example 30, 39, 90, 157, 166, 
175, 252, 277, 314, 332, 385, 
392 
Estimation, See also 
Approximation; Indirect 
measurement; Sampling; 
Survey 
angle measure, 32, 682 
area, 760, 776, 816, 844 
area on a grid, 773, 774, 776 
length, 13, 315, 333, 378, 394, 468, 
471, 472, 692, 751, 752 
using a map or graph, 178, 308, 
366, 369 
other measures, 54, 722, 742 
with percent, 885 
rate, 13, 178, 669 
volume, 824, 867 
Euclid, 753 
Euclidean geometry, 148, 753-754 
Euler, Leonhard, 327, 795 
Euler line, 327 
Euler's Theorem, 795 
using, 796-801, 856, 857 
Event, probability, 893 
Experimental probability, 770 
Exponent(s), 871 
order of operations and, 870 
properties of, 871 
Exponential function, 884 
graphing, 884 
Expression(s) 
radical, 139, 874 
rational, 139 
simplifying, 139, 870, 872 
Extended ratio, 357, 360, 457, 459 
Extended response questions 
practice, Throughout. See for 
example 78, 92, 159, 178, 187, 
333, 379, 394, 414, 446 
test preparation for, 140-142, 
424-426, 786-788 
Extensions 
draw a locus, 697-698 
draw three-dimensional figures, 
550-551 
error in linear and area 
measurements, 727—728 
fractals, 406-407 
geometry on a sphere, 753-754 
law of sines and law of cosines, 
490—491 
symbolic notation and truth tables, 
94—95 
tessellations, 616—617 


Student Resources 


Exterior angle(s) 

alternate, 149 

of a polygon, 218, 509-513 

sum of, 509 

of a triangle, 216 
Exterior Angle Inequality 

Theorem, 219, 332 

Exterior Angle Theorem, 219 
External secant segment, 690 
External tangent, 656 
Extra Practice, 896-919 
Extremes, of a proportion, 358 


Face 
of a polyhedron, 794 
of a solid, 792, 794 
Factor, conversion, 886 
Factoring 
binomials, 713 
trinomials, 713 
Fibonacci sequence, 78 
Find the error, See Error analysis 
Flow proof, 250-255 
FOIL pattern, 641, 873 
Folding activities, See Activities 
Formula(s), 877 
arc length, 747 
of a semicircle, 749 
area 
of a circle, 49, 755 
of an equilateral triangle, 503, 
726, 766 
of a kite, 731 
list of, 923 
of a parallelogram, 721 
of a rectangle, 48, 49, 720 
of a regular polygon, 763 
of a rhombus, 731 
of a square, 49, 434, 720 
of a trapezoid, 730 
of a triangle, 49, 110, 320, 434, 
721 
circumference of a circle, 49, 746 
distance, 17-18, 20-22 
Euler's, 795 
Heron's, 503 
midpoint, 16-17, 19-22 
perimeter 
of a rectangle, 48, 49, 110 
of a square, 49 
of a triangle, 49 
probability, 893 
dependent events, 893 
experimental, 770 
geometric, 771, 772 


independent events, 893 
theoretical, 770 
quadratic, 641, 883 
slope, 171 
using to solve problems, 669, 827, 
894-895 
solving, 106, 109-111, 877 
surface area 
of a regular pyramid, 811 
of a right cone, 812 
of a right cylinder, 805 
of a right prism, 804 
of a sphere, 838 
table of, 922-923 
temperature conversion, 111 
volume 
of a cone, 829 
ofa cube, 819 
of a cylinder, 820 
of a prism, 820 
of a pyramid, 829 
of a sphere, 840 
45°-45°-90° right triangle, 457-458, 
461-464, 493, 496 
45°-45°-90° Triangle Theorem, 457 
Fractal(s), 406-407 
Cantor set, 407 
Koch snowflake, 406 
Mandelbrot, 406, 407 
Sierpinski carpet, 407 
Frustum, of a cone, 835 
Function(s), See also Linear 
equations 
graphing, 41, 77, 111, 499, 513, 565, 
835, 853, 878, 882—883, 884 
identifying linear, 111, 363, 378, 
835, 853 
linear, 41, 77, 111, 174, 378, 878, 
884 
nonlinear, 363, 565, 768, 835, 853, 
884 
exponential, 565, 884 
quadratic, 499, 565, 882—883, 884 
writing, 41, 57, 76, 77, 111, 378, 
513, 853 
Function form, of a formula, 877 


Garfield, James A., 736 

Geometric mean, 359, 361, 362, 363, 
418, 448 

right triangles and, 451-456 

Geometric Mean (Altitude) 
Theorem, 452 

Geometric Mean (Leg) Theorem, 452 

Geometric probability, 770—777, 783 


Geometry drawing software 
angles and intersecting lines, 
122-123 
compositions with dilations, 633 
converse of the Pythagorean 
Theorem, 440 
double reflections, 607 
exercises, 169, 308, 324, 387, 479, 
555, 724 
midsegment of a trapezoid, 541 
parallel lines and angles, 153 
parallelograms, 514 
points of concurrency, 326-327 
proportionality, 396 
segment lengths, 688 
slopes, 179 
triangles and congruence, 247 
Glide reflection, 608, 611, 613, 614 
Golden ratio, 379 
Graphic organizer, 120-121, 250-251, 
254, 405, 528, 552 
Graphing, See Coordinate geometry; 
Coordinate graphing; Graphs 
Graphing calculator 
activities 
angles and intersecting lines, 
122-123 
compositions with dilations, 633 
converse of the Pythagorean 
Theorem, 440 
double reflections, 607 
midsegment of a trapezoid, 541 
parallel lines and angles, 153 
parallelograms, 514 
perimeter and area, 48 
points of concurrency, 326-327 
proportionality, 396 
segment lengths, 688 
slope, 179 
triangles and congruence, 247 
exercises, 387, 579, 845 
Graphs 
bar, 14, 888-889 
box-and-whisker plot, 888-889 
choosing, 888-889 
circle, 32, 660, 760, 888-889 
histogram, 888—889 
line, 176, 178, 888—889 
misleading, 742 
reasoning from, 74, 77, 89, 178 
scatterplot 
examples, 48, 74, 89 
exercises, 77, 363, 488 
stem-and-leaf plot, 888-889 
Great circle, 753-754, 839, 842 
Greatest common factor (GCF), 713 
Greatest possible error, 727-728 


Gridded answer questions, 
Throughout. See for example 
23, 58, 69, 103, 132, 143, 170, 
200, 211, 248, 280, 291 

Guess, check, and revise, See 
Problem solving strategies 


Harmonic mean, 456 
Height 
of a cone, 812 
of a cylinder, 805 
of a prism, 804 
of a pyramid, 810 
of a triangle, 320, 448-456 
Hemisphere, 839 
Heptagon, 43 
Heron's Formula, 503 
Hexagon, 43 
angle sum, 506 
Hinge Theorem, 335 
converse of, 335 
Histogram, 888—889 
History, See Applications 
Horizontal component, of a vector, 
574, A5 
Hypotenuse, of a right triangle, 241 
Hypotenuse-Leg (HL) congruence, 
241-246, 284 
Hypotenuse-Leg (HL) Congruence 
Theorem, 241 
Hypothesis, 79 


Icosahedron, 796 
If-and-only-if statement, 82 
If-then statement, 79—85, 133, 135 
Image, transformation, 272, 572 
Incenter, of a triangle, 312 
Included angle, 240 
Included side, 249 
Independent events, 893 
Indirect measurement, 383 
of Earth's circumference, 752 
using congruent triangles, 257, 
261, 262 
using similar triangles, 383, 386, 
394, 417, 424—425, 452, 455 
using triangle inequalities, 333 
using trigonometric ratios, 468, 
471, 472, 475, 479, 480 
Indirect proof, 337—341, 343, 347 
Indirect reasoning, 337—341 
Inductive reasoning, to describe 
patterns, 72-78, 133, 134 


Inequalities 
linear 


graphing, 207, 287, 727-728, 876, 


881 
solving, 207, 287, 876, 881 

triangle, 219, 328—334, 335-341 
Initial point 

of a ray, 3 

of a vector, 574 
Inscribed angle, 671, 672 

measure of, 671-679, 707, 710 


theorems about, 672, 673, 674, 675 


Inscribed circle, 312 
Inscribed polygon, 674-679, 710 
theorems about, 674, 675 
Intercepted arc, 672 
measure of, 672-679 


Intercepts, of a linear graph, 180, 182, 


879 
Interior 
of an angle, 25 
of a polygon, 42 
Interior angle(s) 
alternate, 149-152, 153, 155-160 
consecutive, 149-152, 153, 155, 
157-160 
of a polygon, 218, 506-513 
of a quadrilateral, 506, 507 
of a triangle, 216 
Interior Angles of a Quadrilateral 
Corollary, 507 
Internal tangent, common, 656 
Intersecting lines, 126 
circles and, 680-686 
Intersection, 4—8 
Inverse, of a conditional statement, 
80, 94, 135 
Inverse trigonometric ratios, 
483—489 
Investigating Geometry, See 
Activities 
Isometric drawing, 550—551 
Isometry, See also Congruence 
transformation, 573 
translation and, 573-579 
Isosceles trapezoid, 543 
properties of, 543-549, 563 
theorems about, 543 
Isosceles triangle, 217 
area of, 435 
base angles of, 264 
45°-45°-90°, 457-458, 461-464 
legs of, 264 
special segments in, 321 
using theorems for, 264-270, 285, 
321 
vertex angle of, 264 


Index 


989 


Iteration, 406 


Justify 

answers, 104, 110, 140, 166, 175, 
200, 211, 233, 262, 291, 307, 
308, 316, 317, 350, 352, 426, 
432, 472, 503, 519, 526, 531, 
569, 579, 634, 745 

arguments, 170, 203 

conjectures, 393, 615, 844 

formulas, 439, 761, 769 

reasoning, 68, 119, 195, 379 

statements, 194 

theorems, 725, 726, 735, 736, 742, 
761 


Key Concept, 2, 3, 16, 17, 42, 49, 81, 
87,94, 105-107, 149, 171, 217, 
273, 337, 358, 359, 364, 375, 
409, 466, 473, 483, 490, 491, 
574, 590, 599, 600, 659, 697, 
699, 771, 772, 794 
Kite, 545 
area of, 729—736, 779, 781 
properties of, 545—549, 563 
theorems about, 545 
Koch snowflake, 406 


Lateral area 
of a cone, 812 
of a cylinder, 805, 807 
of a polyhedron, 803, 807 
of a pyramid, 810, 811, 814 
Lateral edge 
of a prism, 803 
of a pyramid, 810 
Lateral face 
of a prism, 803 
of a pyramid, 810 
Lateral surface, 803 
Law of Cosines, 491 
Law of Detachment, 87 
Law of Reflection, 596 
Law of Sines, 490-491 
Law of Syllogism, 87—88 
Leg(s) 
of an isosceles trapezoid, 542 
of an isosceles triangle, 264 
of a right triangle, 241 


Length 
adding, 10-14 


Student Resources 


arc, 746-752, 779, 782 
geometric probability and, 
771-772, 774-777 
of a line segment, 15-22, 107 
measuring, 9-13 
of a semicircle, 749 
Like terms, 872 
Likelihood, 771 
Line(s), See also Parallel lines; 
Perpendicular lines, 2 
auxiliary, 219, 389 
concurrent, 305 
coplanar, 3, 146, 147 
drawing in space, 146 
equations of, 180-187, 205, 878 
graphing on the coordinate plane, 
878 
horizontal, 879 
intersecting, 126 
intersection of planes and, 4—8 
parallel, 147, 148 
perpendicular, 81, 148 
to a plane, 98 
postulates about, 96 
of reflection, 272 
secant, 651, 690 
skew, 147 
slope of, 171-179, 201, 204, 879 
of symmetry, 47, 619, А10 
tangent, 651-658 
transversal, 149 
vertical, 879 
Line graph, 176, 178, 888—889 
Line of reflection, 272, 589 
writing an equation for, 594 
Line segment, See Segment(s) 
Line symmetry, 47, 619, 621-624, 
635, 639, А10 
Linear equation(s), See also Algebra; 
Function(s), 878 
graphs of, 180-187, 205, 878, 879 
slope-intercept form of, 180 
solving, 65, 105-106, 875 
standard form of, 182 
system of, 183-187, 189, 880 
graphing, 183-187, 880 
writing, 65, 180-187, 205, 785 
Linear inequalities 
graphing, 207, 287, 881 
solving, 207, 881 
system of, 881 
Linear pair, of angles, 37, 126 
Linear Pair Postulate, 126 
Linear system, 183-187, 189, 880 
Lines Perpendicular to a Transversal 
Theorem, 192 
using, 192, 194-196 


Locus (Loci), 697-698 

Logic, See Reasoning 

Logic puzzles, 86 

Logically equivalent, 95 

Logical reasoning, See Reasoning 

Look for a pattern, See Problem 
solving strategies 


Magnitude, of a vector, 574, A8 
Major arc, 659, 664 
measure of, 659—663 
Make an organized list, See Problem 
solving strategies 
Make a table, See Problem solving 
strategies 
Mandelbrot fractal, 406, 407 
Manipulatives, See also Graphing 
calculator 
compass, 33-34, 198-199, 235, 258, 
261, 267, 305, 307, 314, 323, 
401, 408, 527, 594, 603, 625, 
629, 650, 665, 671, 697, 698, 
704, 760 
paper, 216, 448 
cardboard, 318, 792, 828 
folding, 15, 27, 190, 304 
graph, 48, 432, 588, 729, 770, 802 
tracing, 154, 271, 606 
objects, 233, 770, 828 
protractor, 24—25, 190, 233, 371, 
381, 466, 671, 760 
ruler, 9, 216, 233, 294, 304, 318, 371, 
381, 408, 432, 466, 506, 625, 
650, 760, 767 
straightedge, 27, 33-34, 146, 154, 
198-199, 235, 258, 261, 267, 
305, 307, 314, 318, 323, 401, 
408, 448, 506, 527, 588, 594, 
603, 625, 629, 665, 671, 704, 
729, 792 
Map, finding distance on, 10, 13, 366, 
368, 369 
Mapping 
glide reflection and, 608 
rotational symmetry and, 620-624 
translation and, 572 
Matrix (Matrices), 580-587, 635, 637 
adding and subtracting, 581, 584, 
637 
dilation and, 628-631, 639 
dimensions of, 580 
element of, 580 
multiplying, 582-587, 592, 593, 
594, 638 
point, 580 


polygon, 580 
using properties of, 580-587, 637 
reflection, 592, 593, 594 
rotation, 600, 603 
scalar multiplication and, 627-631, 
639 
translations and, 581, 584, 585 
Mean 
of a data set, 84, 887 
geometric, 359, 361, 362, 363 
harmonic, 456 
Means, of a proportion, 358 
Measure, unit of, 727 
Measure of an Inscribed Angle 
Theorem, 672 
Measurement, See also Indirect 
measurement 
angle, 25-32, 59, 62 
convert units of, 51, 53-54, 356, 
460, 722, 739, 886 
greatest possible error and, 
727-728 
indirect 
using congruent triangles, 257, 
261, 262 
using similar triangles, 383, 386, 
394, 417, 424-425, 452, 455 
ruler postulate and, 9-14 
Measures, See also Area; Perimeter; 
Surface area; Volume 
angle 
of an arc, 659-663, 664, 666, 667 
complementary, 35-36, 38-41, 
59, 62 
formed by intersecting lines, 
122-123, 126-129, 149, 
153-160 
inscribed, 671-679 
inside a circle, 680—686 
outside a circle, 680—686 
of a polygon, 506-513, 560-561 
of a quadrilateral, 506, 507 
of a regular polygon, 762-769 
of rotation, 598 
supplementary, 35-36, 38-41, 
59, 62 
of a triangle, 218-224 
arc length, 747-752 
equivalent, 886 
intercepted arcs, 672-679 
segment length, 9-14, 15-22 
in circles, 688-695, 707, 710 
table of, 921 
Median 
of a data set, 84, 887 
of a triangle, 318—325, 343, 346, 459 


Midpoint 
of a line segment, 15—22 
property, 114 
Midpoint Formula, 16-17, 19-22, 59, 
61, 297, 517 
Midsegment 
of a trapezoid, 541, 544 
of a triangle, 294-302, 343, 344 
Midsegment Theorem for Triangles, 
295-301 
Midsegment Theorem for 
Trapezoids, 544 
using, 546-549 
Minimize surface area, 837 
Minor arc, 659, 664 
measure of, 659-663 
Misleading graph, 742 
Mixed Review, Throughout. See for 
example 8, 14, 22, 32, 41, 47, 
56, 78, 85, 93, 102, 111 
Mixed Review of Problem Solving, 
23, 58, 103, 132, 170, 200, 248, 
280, 317, 342, 380, 416, 465, 
492, 532, 558, 597, 634, 687, 
706, 745, 778, 818, 855 
Mode, 84, 887 
Modeling, See also Geometry drawing 
software 
algebraic 
equations, 51, 54, 55, 57, 65, 106, 
109-111, 173, 174, 177, 182, 
183, 186, 187, 189, 404, 434, 
481-482, 513, 586, 587, 669, 
701, 703, 704, 719, 744, 747, 
749, 785, 827, 837, 877, 884, 
885, 891-892, 895 
inequalities, 207, 895 
proportions, 359, 362, 364-366, 
370, 405, 417, 738, 739, 742 
verbal model, 51, 65, 359, 362, 
417, 434, 583, 747, 749, 785, 
895 
graphs, 78, 173, 174, 182, 183, 
186-187, 193, 296, 297, 298, 
480, 488, 701, 703, 704 
to measure indirectly, 251, 254, 
257, 261, 262, 333, 383, 386, 
394, 417, 424-425, 452, 455, 
468, 471, 472, 475, 479, 480, 
752 
physical 
objects, 233, 240, 249, 335, 704, 
720, 770, 828, 838 
paper, 15, 27, 216, 271, 318, 432, 
448, 606, 729, 761, 793, 802 
tables, 57, 174, 188, 405, 439, 480, 
488, 837, 884, 891-892 


visual 
diagrams, 41, 84, 101, 120, 305, 
308, 316, 336, 434, 439, 509, 
550-551, 591, 596, 665, 701, 
805, 812, 821, 891-892 
segments, 14, 21, 115, 117, 119, 
772, 776 
Multi-step problems 
examples, 51, 115, 266, 336, 366, 
575, 722, 739, 831 
exercises, 8, 14, 23, 46, 54, 55, 58, 
85, 102, 103, 110, 119, 130, 
132, 166, 168, 170, 177, 186, 
200, 223, 231, 248, 269, 280, 
301, 317, 342, 362, 378, 380, 
385, 394, 402, 414, 416, 438, 
445, 456, 463, 465, 471, 479, 
488, 492, 512, 532, 539, 556, 
558, 577, 579, 586, 597, 605, 
615, 618, 631, 634, 669, 687, 
696, 706, 726, 735, 745, 778, 
809, 816, 818, 824, 844, 852 
Multiple choice questions 
practice, Throughout. See for 
example 6, 13, 20, 29, 44, 46, 
53, 69, 75, 76, 83 
test preparation for, 208-210, 
500-502, 714-716 
context-based, 288-290, 
566-568, 862-864 
Multiple representations, 41, 55, 57, 
77,111, 120, 174, 177, 188, 
232, 302, 363, 378, 404, 439, 
480, 488, 513, 530, 606, 696, 
744, 835, 853 
Multiplication 
binomial, 873 
distributive property, 872 
matrix, 582-587, 592, 593, 594, 638 
order of operations and, 870 
rational number, 869 
real number, 105 
scalar, 627—631, 639 
Multiplication Property, 105 


n-gon, 43 
angle sum, 506-513 
regular 
area of, 763—769 
perimeter of, 769 
Negation, of a statement, 79, 80 
Negative Exponent Property, 871 
Negative slope, 171, 879 
Net(s), 792—793, 802, 803, 805, 806, 
808, 816, 828, 834, 838 
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Non-Euclidean geometry, 148, 605, 
695, 753-754, A1-A2 

Nonadjacent angles, 35, 219 
Nonagon, 43 
Nonconsecutive vertices, 507 
Nonconvex polygon, 42 
Number(s) 

consecutive, 73 

negative, 869 

positive, 869 
Number line 


box-and-whisker plot and, 888-889 


to graph inequalities, 727, 876 
length on, 12, 20 
Number patterns, 72—78 


Oblique prism, 804 
Oblique solids, 821, 822, 829, 830 
Obtuse angle, 25 
Obtuse triangle, 217 
Octagon, 43 
Octahedron, 796 
Online Quiz, Throughout. See for 
example 8, 14, 22, 32, 41, 47, 
56, 78, 85, 93, 102, 111 
Open-ended problems, 23, 58, 84, 
100, 109, 129, 132, 151, 165, 
170, 200, 229, 230, 248, 278, 
280, 317, 322, 342, 368, 380, 
385, 394, 416, 445, 488, 520, 
558, 585, 597, 613, 617, 618, 
623, 631, 634, 669, 687, 724, 
743, 745, 778, 818 
Opposite 
of a rational number, 869 
of a vector, A6 
Opposite angles, 241 
Opposite rays, 3 
Opposite sides, 241 
of a parallelogram, 516 
Order of operations, 870 
Ordered pair, 878 
as solution to a linear system, 880 
Organized list, making to solve 
problems, 891-892, 894-895 
Origin, coordinate plane, 878 
Orthocenter, of a triangle, 321 
Orthographic projection, 551 
Outlier, 887 


Paper folding, See Activities 
Parabola, quadratic function and, 
499, 565, 579, 882-883 


Student Resources 


Paragraph proof, 163-164 
Parallel lines, 147, 148 
construction, 198 
distance between, 192-193 
identifying by slope, 172-179 
proofs for, 161-169, 204 
proportionality and, 396-403, 421 
slope and, 172-179 
transversals and, 153-160, 161-169, 
201, 203 
writing equations of, 180-187 
Parallel planes, 147 
Parallel Postulate, 148 
spherical geometry and, 753 
Parallelogram(s), 514-540 
area of, 720-726, 779, 780 
consecutive angles of, 516 
on the coordinate plane, 517, 518, 
525, 526, 527 
diagonals of, 517, 535 
distance between sides of, 195 
identifying, 552-557 
opposite sides of, 516 
properties of, 514-521, 559, 561 
special, 533-540 
proving quadrilaterals are, 
522-531, 562 
relationships among, 534 
special, 533—540 
theorems about, 515, 516, 517, 522, 
523, 535 
Pattern(s) 
fractal, 406-407 
using inductive reasoning to find, 
72—18, 134 
iteration and, 406 
using to solve problems, 57, 
894-895 
tessellation, 616-618 
visual, 72-78 
Pentagon, 43 
angle sum, 506 
Percent, 885 
of change, 349 
equations, 885 
Perfect square, 874 
Perimeter, 49 
of a rectangle, 48, 49, 51—57, 110 
of a regular polygon, 764, 766-769 
of similar figures, 374, 376, 
737—743, 779, 781 
of a square, 49, 50, 52, 54, 55 
of a triangle, 49—56 
Perimeters of Similar Polygons 
Theorem, 374 
Perpendicular bisector(s), 303, 
665-670 


of a chord, 665 
concurrency of, 305-309 
construction, 307 
equation of, 185 
line of reflection, 589 
of a triangle, 303-309, 343, 345 
Perpendicular Bisector Theorem, 
303 
converse of, 303 
Perpendicular lines, 81, 148 
construction, 190, 199, 262, 307 
folding activity, 190 
identifying by slope, 172-179 
theorems, 190, 191, 192 
writing equations of, 181-187 
Perpendicular Postulate, 148 
Perpendicular Transversal Theorem, 
192 
using, 194-196 
Perspective drawing, 8, 403, 415 
Pi, 49, 746 
approximating, 50 
Pie chart, See Circle graph 
Plane(s), 2, 59, 753 
intersection of lines and, 4-8 
intersection of, 5-8 
line perpendicular to, 98 
parallel, 147 
postulates about, 96 
of symmetry, A10 
Plane figure, 42 
Plato, 792, 796 
Platonic solid(s), 792, 796—801 
Euler's Theorem and, 795—801, 856, 
857 
Point(s), 2, 59, 60 
collinear, 2 
coordinates of, 878 
of concurrency, 305, 306, 312, 319, 
321, 326-327 
coplanar, 2 
distance between two, 9-14, 310 
graphing on the coordinate plane, 
878 
postulates for, 96 
rotation about, 272-279 
of tangency, 651 
terminal, of a vector, 574 
vanishing, 8, 403 
Point, line, and plane postulates, 96 
Point matrix, 580 
Point symmetry, 620, 623 
Polar coordinates, 32, 605 
Polygon(s), See also Area; Perimeter; 
Quadrilateral(s); Regular 
polygon; 42, 59 
angle measures, 506-513, 560—561 


classifying, 42-47, 63, 508, 510 
concave, 42 
congruent, 225 
convex, 42 
diagonal, 506, 507 
equiangular, 43 
equilateral, 43 
exterior angles of, 218, 509-513, 
559, 561 
inscribed, 674-679, 710 
interior angles of, 218, 506-513, 
559, 560-561 
interior of, 42 
n-gon, 43, 506 
naming, 42-43 
regular, 43, 762 
area of, 763-769 
perimeter of, 769 
Reuleaux, 704 
similar, 371-379, 419 
perimeters of, 374, 419 
Polygon Exterior Angles Theorem, 
509, 559 
Polygon Interior Angles Theorem, 
507, 559 
corollary to, 507 
Polygon matrix, 580 
Polyhedron (Polyhedra), 794—801, 
856, 857 
concave, 796 
convex, 796 
cross section, 797, 799-801 
Euler's Theorem and, 796-801, 856, 
857 
lateral area of, 803 
Platonic solid, 792, 796—801 
regular, 796 
surface area of, 802—817 
volume of, 819-825 
Positive slope, 171, 879 
Postulate(s), 9, 926 
Angle Addition, 25 
Angle-Angle (AA) Similarity, 381, 
417 
Angle-Side-Angle (ASA) 
Congruence, 249 
Arc Addition, 660 
Area Addition, 720 
Area Congruence, 720 
Area of a Square, 720 
Corresponding Angles, 154 
Corresponding Angles Converse, 
161 
diagrams and, 96-102 
Linear Pair, 126 
list of, 926 
Parallel, 148 


Perpendicular, 148 
point, line, and plane, 96 
Protractor, 24 
Ruler, 9 
Segment Addition, 10 
Side-Angle-Side (SAS) Congruence, 
240 
Side-Side-Side (SSS) Congruence, 
234 
Slopes of Parallel Lines, 172 
Slopes of Perpendicular Lines, 172 
Volume Addition, 819 
Volume Congruence, 819 
Volume of a Cube, 819 
Powers, See also Exponent(s), 871 
Power of a Power Property, 871 
Power of a Product Property, 871 
Power of a Quotient Property, 871 
Practice, Extra Practice, 896—919 
Precision, of measurements, 727—728 
Preimage, 572 
Prerequisite skills, See Readiness 
Preview exercises, See Readiness 
Prime notation, 572 
Prism, 794-801, 803 
lateral edges of, 803 
lateral faces of, 803 
oblique, 804 
right, 804 
surface area of, 802-809, 856, 858 
volume of, 819-825, 856, 859 
Probability, 771, 893 
compound events, 893 
counting methods, 891-892 
dependent events, 893 
experimental, 770 
geometric, 770-777, 783 
independent events, 893 
likelihood, 771, 893 
theoretical, 770 
Problem solving, mixed review of, 
23, 58, 103, 132, 170, 200, 248, 
280, 317, 342, 380, 416, 465, 
492, 532, 558, 597, 634, 687, 
706, 745, 778, 818, 855 
Problem solving plan, 894—895 
Problem solving strategies 
break a problem into parts, 51, 722, 
747, 803, 826-827 
use the counting principle, 
891-892 
draw a diagram, 232, 336, 772, 
894-895 
draw a graph, 48, 183, 894-895 
draw a tree diagram, 891-892 
use a formula, 481-482, 744, 
894-895 


guess, check, and revise, 894-895 
look for a pattern, 72-78, 506, 
894-895 
make an organized list, 891-892, 
894-895 
make a table, 86, 188, 506, 837, 
891-892, 894-895 
use a proportion, 359, 405, 696, 
894-895 
solve a simpler or related problem, 
506, 729, 769, 894-895 
work backward, 894-895 
write an equation, 51, 65, 189, 434, 
785, 894-895 
Problem Solving Workshop, 57, 
120-121, 188-189, 232, 302, 
404-405, 481-482, 530-531, 
606, 696, 744, 826-827 
Product of Powers Property, 871 
Proof, 112 
by contradiction, 337, 338 
coordinate, 296-301, 309, 343, 344 
developing, 116, 117, 118, 129, 167, 
196, 230, 245, 253, 254, 321, 
324, 446, 455, 555, 604, 678 
examples, Throughout. See for 
example 112, 114, 115, 120, 
124, 125, 126, 156, 163, 191, 
219, 227, 234 
exercises, Throughout. See for 
example 116, 117, 118, 121, 
129, 130, 131, 159, 160, 166, 
167, 168, 177 
flow, 250-255 
indirect, 337-341, 343, 347 
paragraph, 163-164 
plan for proof, 166, 219, 227, 258, 
259, 260, 300, 434, 516, 549, 
595, 614, 658, 670, 678, 694 
two-column, 112-121, 124-131, 
133 
Property (Properties) 
from algebra, 105-111, 136 
of angle measures, 107 
of congruence, 113 
of congruent triangles, 228 
Cross Products, 358 
Distributive, 106, 872 
of equality, 105, 107 
of exponents, 871 
of an isosceles trapezoid, 543-549, 
563 
of kites, 545-549, 563 
of matrices, 580-587 
Negative Exponent, 871 
of parallelograms, 514-521, 559, 
561 
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Power of a Power, 871 
Power of a Product, 871 
Power of a Quotient, 871 
Product of Powers, 871 
of proportions, 358, 364 
Quotient of Powers, 871 
of radicals, 874 
Reciprocal, 364 
of rectangles, 533-540, 562 
of rhombuses, 533-540, 562 
of similar solids, 846-854 
of special segments in triangles, 
295-301, 303-309, 310-316, 
319-325, 343-346 
of squares, 533-540, 562 
Transitive of Parallel Lines, 164 
of trapezoids, 542-549, 563 
triangle sum, 217-224, 282 
Zero Exponent, 871 
Proportion, 358-363, 417, 418 
dilation and, 409—415, 626, 
628-633 
extremes of, 358 
and indirect measurement, 383, 
386-387, 417 
involving geometric mean, 
451-456 
means of, 358 
properties of, 358, 364 
similar polygons and, 372-379, 
417, 419-421, 696 
to solve problems, 364-370, 405, 
417, 419, 894-895 
Proportionality, 396—403, 421 
statement of, 372 
theorems, 397, 398 
Protractor 
activities with, 24—26, 190, 233, 371, 
381, 466, 671 
measuring angles with, 24—25 
Protractor Postulate, 24 
Puzzle(s) 
logic, 86 
number, 104 
tangram, 432 
Pyramid, 794—800, 810 
lateral area of, 810 
oblique, 830 
surface area of, 810-817, 856, 858 
volume of, 828-836, 856, 859 
Pythagoras, 433, 456 
Pythagorean Theorem, 432, 433, 493, 
494 
converse of, 440-447, 493, 495 
Distance Formula and, 18 
proof of, 434, 455, 736 
Pythagorean triple, 435, 437 


Student Resources 


Quadrants, of a coordinate plane, 
878 
Quadratic equation 
solving, 423, 882-883 
by graphing, 499, 882-883 
using the quadratic formula, 
641, 883 
standard form of, 882 
vertex form of, 579 
Quadratic formula, 641, 883 
Quadratic function 
graphing, 499, 565, 882-883 
vertex form of, 565 
Quadrilateral(s), 43 
angle sums, 506-513 
classifying, 552-557, 559, 563 
inscribed, 675, 676, 678, 938 
kite, 545-549, 563, 729—736, 779, 
781 
parallelogram, 514-531, 533-540, 
552-557, 720-726, 779, 780 
rectangle, 48, 49, 51-55, 110, 
514-531, 533-540, 550-557, 
562, 720-726 
relationships among, 552, 559 
rhombus, 533-540, 562, 731-736, 
779, 781 


square, 49, 50, 52, 54, 55, 533-540, 


562, 720-726 
trapezoid, 542-549, 563, 729-736, 
730, 779, 781 
Quotient of Powers Property, 871 


Radical expression, simplifying, 139, 


874 
Radical(s) 
properties of, 457, 874 
simplifying, 139, 423, 874 
Radicand, 874 
Radius 
of a circle, 49, 651-652, 654—658 
of a cylinder, 805 
of a regular polygon, 762 
of a sphere, 838 
Random sample, 890 
Rate, 886 
rate of change, 177-178 
Ratio(s), 356 
arc length, 747 
area of a sector to area of a circle, 
796 
areas of similar figures, 737-743 
cosine, 473—482, 493, 497 


inverse, 483—489, 497 
equivalent, 356-363 
extended, 357, 360, 362—363 
golden, 379 
indirect measurement and, 383, 
386-387, 417 
of perimeters of similar figures, 
374, 737-743 
pi, 746 
probability, 771, 893 
proportions and, 358-363, 404, 
417, 419 
scale drawing and, 365-370, 404 
simplest form, 349, 356, 418 
sine, 473-480, 493, 497 
inverse, 483-489, 493 
slope, 171-178 
special right triangle, 457, 459 
tangent, 466—472, 493, 496 
inverse, 483-489, 493 
writing, 349 
Rational expression, simplifying, 139 
Rational number(s) 
operations with, 869 
opposite of, 869 
Ray(s), 3, 59 
opposite, 3 
as sides of angles, 24 
Readiness 
Prerequisite Skills, xxii, 70, 144, 
214, 292, 354, 430, 504, 570, 
648, 718, 790 
Preview exercises, Throughout. See 
for example 8, 14, 22, 32, 41, 
47, 56, 78, 85, 93, 102, 111 
Skills Review Handbook, 869-895 
Reading 
diagrams, Throughout. See for 
example 11, 17, 25, 26, 36, 43, 
218, 273, 321 
in math, 16, 82, 305, 306, 312, 483, 
544, 580, 720, 762 
symbols, 18, 72, 451 
vocabulary, 42, 44, 80, 87, 149, 172, 
183, 217, 241, 372, 485, 510, 
617, 652, 796, 848 
Real number(s), properties for, 
105-107 
Real-world, See Applications 
Reasoning, See also Proof; 
Theorem (5); Visual reasoning 
using algebraic properties, 105—111 
biconditional statements, 82, 536 
chain rule, 87 
conclusion, 79 
conditional statements, 79-85, 94, 
135, 536 


contrapositive of, 80, 94, 135, 
341 
converse of, 80, 94, 135, 536 
inverse of, 80, 94, 135 
conjecture, 73-78 
contradiction, 337, 338 
counterexample, 74, 76 
deductive reasoning, 87-93, 
112-121, 133, 135 
direct argument, 87 
equivalent statements, 80 
exercises, 40, 76, 85, 90, 92, 100, 
104, 121, 132, 153, 166, 167, 
169, 175, 176, 231, 243, 244, 
266-270, 306, 313, 339, 367, 
370, 377, 382, 384, 400, 405, 
514, 519, 527, 528, 529, 546, 
547, 549, 556, 606, 630, 656, 
662, 667, 677, 704, 741, 744, 
766, 770, 801, 827, 845 
flow proof, 250-255 
hypothesis, 79 
if-then statement, 79-85 
indirect proof, 337-341 
inductive reasoning, 72-78, 133, 
134 
Law of Detachment, 87 
Law of Syllogism, 87-88 
logic, 94-95 
negation of a statement, 79 
paragraph proof, 163-164 
problem solving plan, 894-895 
puzzles, 86 
symbolic notation, 94-95 
truth tables, 94-95 
two-column proofs, 112-121, 
124-131, 133, 137 
Venn diagrams, 84, 534, 559 
verifying statements, 80-85 
Reciprocal 
multiplying by to divide, 869 
proportion and, 364-370 
slope and, 172 
Reciprocal Property, 364 
Rectangle, 533 
area of, 48, 49, 51-57, 720—726 
diagonals of, 535 
identifying, 533-540, 552-557 
perimeter of, 48, 49, 51-57, 110 
properties of, 533-540, 562 
theorems about, 535 
Rectangle Corollary, 533 
Reduction, See Dilation 
Reflection, 271-279, 285, 588-596, 
635, 637 
construction, 594 


coordinate notation for, 273 
in the coordinate plane, 271, 
273-279, 588-596, 637 
coordinate rules for, 590 
double, 607 
glide, 608, 611, 613, 614 
in intersecting lines, 607, 610-615 
line of, 273, 589 
line symmetry and, 619, 621 
matrix, 592, 593, 594 
in parallel lines, 607, 609-610, 612, 
614 
in a plane, A10 
in a point, 596 
theorems about, 591, 609, 610 
Reflection matrix, 592, 593, 594 
Reflection Theorem, 591 
Reflections in Intersecting Lines 
Theorem, 610 
Reflections in Parallel Lines 
Theorem, 609 
Reflexive Property of Congruence, 
113 
Reflexive Property of Congruent 
Triangles, 228 
Reflexive Property of Equality, 107 
Regular polygon, See also Polygon(s), 
43, 739 
angle measures of, 762—769 
apothem of, 762, 804 
area of, 763—769, 779, 783 
center of, 762 
central angle of, 762 
as face of a Platonic solid, 792—793 
perimeter of, 764, 766—769 
radius of, 762 
Regular polyhedron, 796 
Regular pyramid, 810 
surface area of, 810-817, 856, 858 
volume of, 828-836, 856, 859 
Resultant, A5 
Reuleaux polygon, 704 
Reviews, See Algebra Review; Chapter 
Review; Chapter Summary; 
Cumulative Review; Mixed 
Review; Mixed Review of 
Problem Solving; Skills Review 
Handbook 
Rhombus, 533 
area of, 731—736, 779, 781 
diagonals of, 535 
identifying, 533-540, 552-557 
properties of, 533-540, 562 
theorems about, 535 
Rhombus Corollary, 533 
Riemann, Bernhard, 753 
Right angle, 25 


Right Angles Congruence Theorem, 
124 
Right cone, 812 
surface area of, 812-817 
volume of, 829-836, 856, 859 
Right cylinder, 805 
surface area of, 805—809, 856, 858 
volume of, 820-825, 837, 856, 859 
Right prism, 804 
surface area of, 804-809, 856, 858 
volume of, 819-825, 856, 859 
Right triangle(s), 217 
altitude of, 448-456 
complementary angles in, 467 
congruence theorems, 241, 254 
converse of the Pythagorean 
Theorem and, 441—447 
45°-45°-90°, 457-458, 461—464 
geometric mean and, 451-456 
hypotenuse of, 241, 433 
inscribed, 674 
legs of, 241, 433 
Pythagorean Theorem and, 
432-439 
similar, 448—456, 495 
solving, 483-489, 493, 497 
theorems about, 433, 441, 442, 449, 
452, 457, 459 
30°-60°-90°, 459-464 
trigonometric ratios and, 466-491 
verifying, 441-447 
Rigid transformation, See 
Congruence transformation 
Rotation, 272-297, 598-606, 635, 638 
angle of, 598, 620 
center of, 272, 598 
construction, 603 
coordinate rules for, 599 
direction of, 274, 598 
drawing, 598 
matrices, 600, 603 
Rotation tessellation, 618 
Rotation Theorem, 601 
Rotational symmetry, 620-624, 635, 
639, A10-A11 
Rounding error, 482, 763 
Rubric 
for scoring extended response 
questions, 140, 424, 786 
for scoring short response 
questions, 66, 350, 642 
Ruler Postulate, 9 


Same-side interior angles, 149 
Sampling, 359, 362, 770, 890 
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SAT, See Standardized Test 
Preparation 
Scalar, 627, A7 
and matrices, 627—631 
and vectors, A7 
Scalar multiplication, 627-631 
Scale, 365 
proportion and, 365-370 
Scale drawing, 365-370 
Scale factor, 373 
of dilation, 409-415, 626, 628-633 
of similar figures, 373-379 
of similar solids, 846-854 
Scale model, 366, 368 
Scalene triangle, 217 
Scatterplot, 48, 74, 77, 363, 488 
Science, See Applications 
Secant, 651 
Secant ratio, A3-A4 
Secant segment, 690 
Sector, of a circle, 756 
area of, 756-761, 779, 782 
Segment(s), 3, 59 
bisecting, 15 
construction, 33 
of a chord, 688-695 
collinear, 3 
concurrent, 305 
congruent, 11, 12, 59, 61, 113 
construction, 33 
coplanar, 3 
external, 690 
length, 9-14, 15-22 
in circles, 688—695, 707 
properties for, 107 
midpoint of, 15-22, 59, 61 
midsegment, 294—302, 343, 344, 
541, 544 
secant, 690 
tangent, 690 
Segment Addition Postulate, 10 
using, 10-14 
Segment bisector, 15 
Segments of Chords Theorem, 689 
Segments of Secants Theorem, 690 
Segments of Secants and Tangents 
Theorem, 691 
Self-similar figures, 406 
fractals, 406—407 
Semi-regular tessellation, 617 
Semicircle, 659, 664 
arc length of, 749 
Sequence, Fibonacci, 78 
Short response questions 
practice, Throughout. See for 
example 30, 92, 102, 152, 176, 
231, 254, 268, 334, 339, 377 


Student Resources 


test preparation for, 66—68, 
350-352, 642-644 
Side(s) 
adjacent, 35, 241 
of an angle, 24 
classifying triangles by, 217-218, 
221, 281 
corresponding, 225 
included, 249 
opposite, 241 
of a polygon, 42 
Side-Angle-Side (SAS) congruence, 
240-246, 284 
Side-Angle-Side (SAS) Congruence 
Postulate, 240 
Side-Angle-Side (SAS) Similarity 
Theorem, 390, 417 
Side-Side-Side (SSS) congruence, 
234-239, 283 
Side-Side-Side (SSS) Congruence 
Postulate, 234 
Side-Side-Side (SSS) Similarity 
Theorem, 388, 417 
Sierpinski carpet, 407 
Similar figures, See also Similar 
triangles 
area of, 737-743, 779, 781 
corresponding lengths of, 375 
constructing, 408 
dilations, 408-415 
fractals, 406-407 
perimeter of, 374, 737-743, 779, 
781 
polygons, 371-379, 419 
self, 406 
Similar solids, 846-854, 856, 860 
Similar Solids Theorem, 848 
Similar triangles 
indirect measurement and, 383, 
386-387, 417, 424, 425 
proof of 
by AA, 381-387, 417, 420 
by SAS, 390-395, 417, 420 
by SSS, 388-395, 417, 420 
proportionality and, 396-403, 696 
right, 449-456, 495 
Similarity statements, 372 
Similarity transformation, 408-415, 
421 
Sine ratio, 473-482, 493, 497 
inverse, 483-489, 493 
Sines 
Law of, 490-491 
table of, 925 
Skew lines, 147 
Skills Review Handbook, 869-895 
binomial products, 873 


converting measurements and 
rates, 886 
equations 
linear, 875 
quadratic, 882-883 
systems of, 880 
expressions 
radical, 874 
simplifying and evaluating, 
870-874 
formulas, 877 
functions 
exponential, 884 
linear, 877 
quadratic, 882-883 
graphing 
exponential functions, 884 
linear inequalities, 881 
points and lines, 878 
quadratic functions, 882-883 
systems of linear inequalities, 
881 
inequalities, linear, 881 
operations with rational numbers, 
869 
order of operations, 870 
percent problems, 885 
probability, 893 
problem solving plan, 894-895 
problem solving strategies, 
894-895 
properties 
distributive, 872 
of exponents, 871 
slope and intercepts of a line, 879 
statistics 
counting methods, 891-892 
displaying data, 888-889 
mean, median, and mode, 887 
sampling and surveys, 890 
Slant height 
of a cone, 812 
of a pyramid, 810 
Slope, 171-179, 201, 204, 590 
of parallel lines, 172-179 
of perpendicular lines, 172-179 
Slope-intercept form, 180 
Slopes of Parallel Lines Postulate, 
172 
Slopes of Perpendicular Lines 
Postulate, 172 
Solid(s), See also specific solids 
classifying, 794—796, 798-801 
composite, 815, 823 
cross sections of, 797, 799-801 
drawing, 146, 550-551 
Euler's Theorem and, 795-801, 857 


nets for, 792—793, 802, 803, 805, 
808, 809, 811, 812, 816, 828 
oblique, 804 
Platonic, 792, 796 
polyhedra, 794-801 
of rotation, 836 
similar, 846-854 
surface area of, 802-817, 837, 
847-845 
symmetry of, A10-A11 
types of, 794 
volume of, 819-827, 828-836, 
840-845, 847-854 
Solution 
of an equation, 878 
of an inequality, 287, 876 
of a system of equations, 880 
Solve a simpler or related problem, 
See Problem solving strategies 
Space, relationships in, 3-8, 96-102, 
146, 147, 150-152, 164-167 
Space figure, See Solid(s) 
Special right triangles, 457-464 
Sphere, 794, 838 
geometry on, 753-754 
hemisphere of, 839 
surface area of, 838—840, 842-845, 
856, 860 
volume of, 840—845, 856, 860 
Spherical geometry, 753-754 
Spreadsheet, See Computer 
Square, 533 
area of, 49, 50, 52, 54, 55, 720—726 
identifying, 533—540, 552-557 
perimeter of, 49, 50, 52, 54, 55 
properties of, 533—540, 562 
Square Corollary, 533 
Square root(s), See also Radical(s), 
874 
approximating, 18, 434 
table of, 924 
Squares and square roots, table of, 
924 
Standard equation of a circle, 699 
Standard form 
of a linear equation, 182 
of a quadratic equation, 882 
Standardized Test Practice, 68—69, 
142-143, 210-211, 290-291, 
352-353, 426-427, 502-503, 
068—569, 644—645, 716-717, 
788-789, 864-865 
examples, 18, 50, 74, 127, 173, 235, 
251, 320, 329, 383, 411, 434, 
458, 509, 517, 553, 601, 621, 
673, 690, 732, 738, 757, 813, 
839 


exercises, Throughout. See for 
example 5, 6, 7, 12, 14, 19, 20, 
22, 28, 29, 30, 32 
Standardized Test Preparation, 
See also Gridded answer 
questions; Multi-step 
problems; Open-ended 
problems 
context-based multiple choice 
questions, 288-290, 566—568, 
862-864 
extended response questions, 
140-142, 424-426, 786—788 
multiple choice questions, 
208-210, 500-502, 714—716 
short response questions, 66-68, 
350-352, 642-644 
State Test Practice, Throughout. See 
for example 23, 58, 69, 103, 
132, 143, 170, 200, 211, 248, 
280, 291 
Statement of proportionality, 372 
Statistics, See also Data; Graphs; 
Probability 
counting methods, 891-892 
geometric mean, 359, 361, 362, 
363, 418, 448 
measures of central tendency, 84, 
887 
outlier, 887 
sampling, 359, 369, 770, 890 
surveys, 369, 890 
Stem-and-leaf plot, 888-889 
Straight angle, 25 
Straightedge, using, 27, 33-34, 146, 
154, 198-199, 235, 258, 261, 
267, 305, 307, 314, 318, 323, 
401, 408, 448, 506, 527, 588, 
594, 603, 625, 629, 665, 671, 
704, 729, 792 
Subscript, 9, 164 
Substitution Property, 105 
Subtraction 
matrix, 581, 584 
order of operations and, 870 
rational number, 869 
real number, 105 
Subtraction Property, 105 
Supplementary angles, 35-36, 38-41, 
59, 62 
Surface area, 802, 803 
of a composite solid, 843, 845, 851 
ofa cone, 812-817, 856, 858 
of a cylinder, 805-809, 856, 858 
minimum, 837 
of a prism, 802-809, 856, 858 
of a pyramid, 810-817, 856, 858 


of a sphere, 838-840, 842-845, 856, 
860 
Surface Area of a Regular Pyramid 
Theorem, 811 
Surface Area of a Right Cone 
Theorem, 812 
Surface Area of a Right Cylinder 
Theorem, 805 
Surface Area of a Right Prism 
Theorem, 804 
Surface Area of a Sphere Theorem, 
838 
Survey, 369, 890 
Syllogism, Law of, 87-88 
Symbolic notation, 94-95 
Symbol(s) 
absolute value, 9 
angle, 328 
approximately equal to, 18, 682 
arc, 659 
circle, 651 
congruent angles, 26 
congruent segments, 11, 43 
grouping, 870 
implies, 94 
inequality, 328, 330, 876 
is congruent to, 11, 660 
is equal to, 11 
is parallel to, 147 
line, 3 
line segment, 3 
negation, 94 
parallel, 147 
pattern continuation, 72 
perpendicular, 81 
radical, 874 
ray, 3 
right angle, 25 
table of, 920 
triangle, 217 
vector, 974 
Symmetric Property of Congruence, 
113 
Symmetric Property of Congruent 
Triangles, 228 
Symmetric Property of Equality, 107 
Symmetry 
center of, 620 
line, 47, 619, 621-624, 635, 639 
plane of, A10-A11 
point, 620, 623 
rotational, 620-624, 635, 639 
of solids, A10-A11 
System of linear equations, 183, 
186-187, 189, 880 
System of linear inequalities, 881 
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Table, See also Activities 
to display data, 14, 74, 77, 363, 369, 
760, 770, 888-889 
and functions, 55, 57,76, 77,111, 
174, 363, 378, 488, 513, 565, 
835, 853, 878, 882-883, 884 
to find a pattern, 47, 55, 57, 73, 75, 
77—78, 188, 294, 371, 439, 440, 
480, 506, 671, 846 
using technology, 48, 769, 837 
truth tables, 95 
Tables of reference 
Formulas, 922-923 
Measures, 921 
Squares and Square Roots, 924 
Symbols, 920 
Trigonometric Ratios, 925 
Tangent(s), 650-658, 708—709 
to a circle, 650-658, 708—709 
common, 652-653, 655, 656, 657 
common external, 656 
common internal, 656 
point of tangency, 651 
theorems about, 653, 654 
Tangent circles, 652 
Tangent ratio, 466, 493 
applying, 466-472, 496 
inverse, 483-489, 493 
table of, 925 
Tangent ray, 651 
Tangent segment, 650, 651, 690 
Tangram set, 432 
Taxicab geometry, A1-A2 
Technical drawing, 550-551 
Technology, See Computer; 
Geometry drawing software; 
Graphing calculator 
Technology activities, See also 
Geometry drawing software 
investigating points of 
concurrency, 326-327 
investigating slopes, 179 
investigating triangles and 
congruence, 247 
minimize perimeter, 48 
minimize surface area, 837 
perimeter and area of polygons, 
769 
Technology support, See Animated 
Algebra; Animated Geometry; 
@Home Tutor; Online Quiz; 
State Test Practice 
Term(s) 
of a binomial expression, 641 
FOIL, 873 
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like, 872 
undefined, 2 
Terminal point, of a vector, 574 
Tessellation, 616-618 
Test practice, See Standardized Test 
Practice; State Test Practice 
Test preparation, See Standardized 
Test Preparation 
Test-taking strategies, eliminate 
choices, 18, 74, 127, 173, 208, 
209, 235, 329, 383, 411, 458, 
500-501, 509, 621, 673, 714, 
715, 732 
Tetrahedron, 796 
Theorem(s), 113 
about angles, 113, 124, 125, 126, 
155, 162, 310 
about arcs, 664, 665, 756 
about area, 720, 721, 730, 731, 737, 
755, 756, 763 
about chords, 664, 665, 666, 680, 
681, 689 
about circles, 653, 654, 672, 681, 
689, 690, 691, 746, 755, 756, 
938 
about congruence, 113, 228, 241, 
249, 254, 932 
converse of a theorem, 161 
corollary to a theorem, 220 
about equilateral triangles, 265 
about inequalities in triangles, 328, 
330, 332, 335 
about inscribed angles, 672, 673 
about inscribed polygons, 674, 675, 
938 
about isosceles trapezoids, 543 
about isosceles triangles, 264 
list of, 927-931 
about parallel lines, 155, 162, 164, 
398 
about parallelograms, 515, 516, 
517, 522, 523, 535 
about perpendicular lines, 190, 
191, 192, 303 
about polygons, 374, 507, 509, 559, 
737, 763 
about proportionality, 397, 398 
Ceva's Theorem, 403 
about quadrilaterals, 507, 535, 543, 
544, 720, 721, 730, 731, 937 
about right triangles, 241, 254, 433, 
441, 449, 452, 457, 459, 932 
about similarity, 374, 388, 390, 737, 
848 
about solids, 804, 805, 811, 812, 
820, 829, 838, 840, 848 
Cavalieri's Principle, 821 


Euler's Theorem, 795 
about surface area, 804, 805, 811, 
812, 838 
about transformations, 573, 591, 
601, 609, 610 
about triangles, 218, 219, 227, 241, 
249, 254, 264, 265, 295, 305, 
312, 319, 320, 330, 332, 335, 
397, 433, 441, 442, 459, 721, 
933, 934, 936 
about volume, 820, 821, 829, 840 
Theoretical probability, 770 
Third Angles Theorem, 227 
30°-60°-90° right triangle, 459-464, 
493, 496 
tangent ratio for, 468 
30°-60°-90° Triangle Theorem, 459 
Three-dimensional figure, See 
Solid(s) 
Transformation(s) 
composition, 608—615, 628, 
630—631, 633, 638 
dilation, 408—415, 421 
double reflection, 607 
glide reflection, 608, 611, 613, 614 
isometry, 573—579 
matrices and, 581, 584, 585 
reflection, 271—279, 285, 588—596 
rotation, 272-279, 598—606, 635, 
638 
tessellations, 616-618 
translation, 271-279, 572—579, 635 
Transitional words, in paragraph 
proofs, 163 
Transitive Property of Congruence, 
113 
Transitive Property of Congruent 
Triangles, 228 
Transitive Property of Equality, 107 
Transitive Property of Parallel Lines, 
164 
Translation, 271—279, 572—579, 635 
coordinate notation for, 273 
matrices and, 581, 584, 585 
using vectors, 574-579, 636 
Translation Theorem, 573 
Transversal(s), 149 
angles formed by, 149-152 
parallel lines and, 153-160, 
161-169, 201, 203 
perpendicular, 192 
proportionality and, 397-403 
theorems about, 155, 162, 192 
Trapezoid, 542 
area of, 729—736, 779, 781 
base angles of, 542 
bases of, 542, 730 


on the coordinate plane, 542, 546 
height of, 730 
isosceles, 543-549, 563 
legs of, 542 
midsegment of, 541, 544 
properties of, 542-549, 563 
theorems about, 543, 544 
Tree diagram, 891-892 
Triangle(s), See also Right triangle(s), 
43,217 
acute, 217 
altitude of, 320, 343, 346 
angle bisector of, 312, 343, 345 
angle sum, 216, 506 
properties, 217-224, 282 
area of, 49, 51-56, 110, 320, 479, 
721-726, 779, 780 
balancing point, 319 
centroid of, 319 
circumcenter of, 306 
classifying, 217-218, 221, 281, 
442-447, 493, 495 
congruent, 225-231, 281 
measurement and, 257, 261, 262 
proofs using, 256-263, 284-285 
properties of, 228 
copying, 235 
equiangular, 217 
equilateral, 217 
using theorems for, 265-270 
Euler Line of, 327 
exterior angles of, 216 
incenter of, 312 
inequalities in, 219, 328-334, 
335-341, 343, 346-347 
interior angles of, 216 
isosceles, 217 
using theorems for, 264—270 
Law of Cosines and, 491 
Law of Sines and, 490-491 
medians of, 318-325, 343, 346 
midsegment of, 294-302, 343, 344 
obtuse, 217 
orthocenter of, 321 
perimeter of, 49—56 
perpendicular bisector of, 303-309, 
343, 345 
proving congruence 
by AAS, 249-255, 284 
by ASA, 249-255, 284 
by HL, 241-246, 252, 284 
by SAS, 240-246, 252, 284 
by SSS, 234-239, 252, 283 
proving similarity 
by AA, 381-387, 417, 420 
by SAS, 390-395, 417, 420 
by SSS, 388-395, 417, 420 


relating side length and angle 
measure, 328-329, 331-334 
right, 217, 241, 254 
similar, 381-387, 388-395, 408 
Triangle Inequality Theorem, 330 
Triangle Proportionality Theorem, 
397 
converse of, 397 
Triangle Sum Theorem, 218-219 
corollary to, 220 
Trigonometric ratio(s), 466, 493 
for a 30°-60°-90° right triangle, 
457-464, 468, 476 
for a 45°-45°-90° right triangle, 
457-464 
angle of depression and, 475-482 
angle of elevation and, 475-482 
area of triangle and, 479 
cosecant ratio, A3-A4 
cosine ratio, 473-482, 493, 497 
cotangent ratio, A3-A4 
inverse, 483-489 
secant ratio, A3-A4 
sine ratio, 473—482, 493, 497 
table of, 925 
tangent ratio, 466—472, 493, 496 
Trinomial, factoring, 713 
Truth tables, 94-95 
Two-column proof, 112-121, 133, 137 


Undefined slope, 171, 879 
Undefined terms, 2 
Unit analysis, 51, 356, 722, 739, 886 
Unit of measure, 727 
Units 
converting, 51, 53-54, 356, 722, 
739, 886 
for measuring area, 49 
for measuring circumference, 49 
for measuring perimeter, 49 
for measuring volume, 819 
Use an equation, See Problem solving 
strategies 
Use a formula, See Problem solving 
strategies 
Use a proportion, See Problem 
solving strategies 


Vanishing point, in perspective 
drawing, 8, 403 
Vector(s), 574, A5-A9 
addition, A5-A6 
component form, 574, A5 


direction, A8 
horizontal component, 574, A5 
initial point of, 574 
magnitude of, 574, A8 
multiplication by a scalar, A7 
operations with, A5-A9 
opposite, A6 
resultant, A5 
subtraction, A7 
terminal point of, 574 
translation using, 574-579, 635, 
636 
vertical component, 574, A5 
Venn diagram, 84 
relationships among 
parallelograms, 534 
relationships among 
quadrilaterals, 559 
Verbal model, 51, 65, 359, 362, 417, 
434, 747, 749, 785, 895 
Vertex (Vertices) 
of an angle, 24 
of acone, 812 
consecutive, 507 
Euler’s Theorem and, 795-801, 856, 
857 
of the graph of a quadratic 
function, 882 
nonconsecutive, 507 
of a polygon, 42, 507 
of a polyhedron, 794 
of a pyramid, 810 
of a solid, 792, 794 
of a triangle, 217 
Vertex angle, of an isosceles triangle, 
264 
Vertex form, of a quadratic function, 
565 
Vertical angles, 37, 123, 126 
Vertical Angles Congruence 
Theorem, 126 
Vertical component, of a vector, 574, 
A5 
Visual patterns, 72-78 
Visual reasoning, See also 
Diagram(s); Drawing; Graphs; 
Manipulatives; Multiple 
representations; Reasoning, 3, 
225, 509 
cross sections, 797, 799-801 
drawing three-dimensional figures, 
550-551 
exercises, 77, 120-121, 167, 222, 
269, 603, 614, 623, 734, 735, 
815 
identifying corresponding parts, 
391 
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using inductive reasoning to find 
patterns, 72-78, 134 
isometric drawing, 550-551 
nets, 792—793, 802, 803, 805, 806, 
808 
orthographic projection, 551 
relationships in space, 3-8, 96-102, 
146, 147, 150-152, 164-167 
surface area, 802-817 
Vocabulary 
overview, 1, 71, 145, 215, 293, 355, 
431,505, 571, 649, 719, 791 
prerequisite, xxii, 70, 144, 214, 292, 
354, 430, 504, 570, 648, 718, 
790 
reading, 42, 44, 80, 87, 149, 172, 
183, 217, 241, 372, 485, 510, 
617, 652, 796, 848 
review, 60, 134, 202, 282, 344, 418, 
494, 560, 636, 708, 780, 857 
Volume, See also Formula(s), 819 
Cavalieri's Principle and, 821, 824 
of a composite solid, 831, 833-835 
of a cone, 829-836, 856, 859 
of a cube, 819 
of a cylinder, 820-825, 837, 856, 859 
oblique, 821, 824 
of a prism, 819-825, 856, 859 
oblique, 821, 822, 824 
of a pyramid, 828-836, 856, 859 
of similar solids, 848 
of a sphere, 840-845, 856, 860 
theorems about, 819, 820, 829, 840 
Volume Addition Postulate, 819 
Volume of a Cone Theorem, 829 
Volume Congruence Postulate, 819 
Volume of a Cube Postulate, 819 
Volume of a Cylinder Theorem, 820 
Volume of a Prism Theorem, 820 
Volume of a Pyramid Theorem, 829 
Volume of a Sphere Theorem, 840 


C 
What If? questions, 51, 114, 156, 159, 
174, 183, 189, 251, 270, 305, 
312, 321, 336, 359, 365, 366, 
383, 394, 405, 411, 443, 460, 
475, 482, 485, 542, 575, 583, 
674, 696, 722, 732, 772, 831, 
837, 849 
Work backward, See Problem solving 
strategies 
Writing, See also Communication; 
Verbal model 
algebraic models, 785 
coordinate proofs, 296-301 
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equations 
of circles, 699-705 
of lines, 180-187, 205 
flow proofs, 251-255 
indirect proofs, 337-341 
paragraph proofs, 163-164 
proportions, 405 
ratios, 349 
using subscripts, 164 
taking notes, 2, 113 
two-column proofs, 112-121, 
124-131, 156, 240 
Writing in math, 265 
exercises, Throughout. See for 
example 5, 12, 19, 28, 38, 44, 
52, 75, 82, 90, 95, 99, 108, 116 


x-axis, 878 
x-coordinate, 878 
x-intercept, 182, 879 


y-axis, 878 
y-coordinate, 878 
y-intercept, 180, 182, 879 


Zero Exponent Property, 871 
Zero slope, 171, 879 
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Worked-Out Solutions 


This section of the book provides step-by-step solutions to exercises with 
circled exercise numbers. These solutions provide models that can help 


guide your work with the homework exercises. 


The separate Selected Answers section follows this section. It provides 
numerous answers that you can use to check your own answers. 


Chapter 1 


Lesson 1.1 (pp. 5-8) 
15. а 


” dl 


D 


19. Plane PQS and plane HGS intersect at RS. 


43. A 4-legged table may rock from side to side 
because four points are not necessarily 
coplanar. A 3-legged table would not rock 
because three points determine a unique 
plane. 


Lesson 1.2 (pp. 12-14) 
| АВ = |4-0| =4 

CD = |6-2| =4 

So, AB = CD. 


13. | | у [D(1,6) | | 


17. JL = |1 - (9| = |1+6| =7 
33. а. AC = AB + BC = 1282 + 601 = 1883 mi 
b. d = rt 2000 = r(40) 5 r = 50 mi/h 


Lesson 1.3 (pp. 19-22) 
15. SM = MU 

x + 15 = 4х —45 x = 20 

SU = SM + МО = х + 15 + 4х — 45 = 70 
35. Length: 13 — (-4)| = 7 units 


i va oe. "p 4 
Coordinate of midpoint: = 


5.7 + 2 = 2.85 km 


Library 


Goa 5.7 km ———— 
2.85 km — 


Lesson 1.4 (pp. 28-32) 


15. Another name for ZACB is Z BCA. The angle 
is a right angle because it is labeled with a 
red square. 


23. mZ АРС = mZ АРВ + mZ CDB 
= 21° + 44° = 65° 
53. а. MZ DEF = mz ABC = 112° 


b. mZABG — i - mZABC = 31129) = 56° 


с. mZ CBG = 5 - mZABC = 501129) = 56° 


d. mZ DEG = > - mZ DEF = 5(112°) = 56° 


Lesson 1.5 (pp. 38-41) 


9. mZ1 + mZ2 = 90° 5 21° + mZ2 = 90° > 
mZ2 = 69° 
21. Zl and Z2 are a linear pair. 


47. Neither, because the sum of their measures is 
greater than 180°. 


Lesson 1.6 (pp. 44-47) 


13. The polygon is a quadrilateral because it has 
4 sides. It is equiangular but not equilateral, 
so it is not regular. 


19. A decagon is sometimes regular, because 
all of its sides and all of its angles can be 
congruent, but they don’t have to be. 


33. The polygon has 3 sides, so it is a triangle. It 
appears to be regular. 
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WORKED-OUT SOLUTIONS 


Lesson 1.7 (pp. 52-56) 
7. P=a+b+c=30 + 72 + 78 = 180 yd 
A = bh = $ (72)(30) = 1080 yd? 


1 уа? 
21. 13 ft" + 
91% 


41. А = lw = 45(30) = 1350 
Р = 24 + 2w = 2(45) + 2(30) = 150 


~ 1.44 yd” 


You need to cover 1350 square yards with 
grass seed, and you need 


150 yA + LE” 450 feet of fencing. 


Chapter 2 


Lesson 2.1 (pp. 75-78) 
7. 3, 12, 48, 192,... 
A A LAN A 
X4 X4 X4 X4 
Each number in the pattern is four times the 
previous number. The next number is 768. 


15. Counterexample: 
(2 + 5)* = 7^ = 49 € 22 + 5^ = 4 + 25 = 29 
33. Sample answer: Conjecture: In 2004, more 
than 7 trillion e-mail messages will be 
sent. The number of e-mail messages has 
increased each year for 7 years prior to 2004. 
If this pattern continues, the total will exceed 
7 trillion in 2004. 


Lesson 2.2 (pp. 82-85) 


11. False; a polygon could have 5 sides without 
being a regular pentagon. 


Counterexample: <> 


17. False; it is not marked that PO and ST 
intersect at a right angle, so you do not know 
that they are perpendicular. 


33. You can show that the statement is false 
by finding a counterexample: swimming 
is a sport, but the participants do not wear 
helmets. 


Lesson 2.3 (pp. 90-93) 


7. Ifa rectangle has four equal side lengths, 
then it is a regular polygon. 


WS2 Worked-Out Solutions 


17. If the bakery’s revenue is greater than its 
costs, you will get a raise. 


21. Deductive reasoning; the conclusion is 
reached by using laws of logic and the facts 
about school rules and what you did that day. 


Lesson 2.4 (pp. 99-102) 
7. Line p intersects line q at point H. 


13. False. Sample answer: Consider any pair 
of opposite sides of a prism, which do not 
intersect. 


31. Postulate 7: If two lines intersect, then their 
intersection is exactly one point. 


Lesson 2.5 (pp. 108-111) 
9. 32x - 1 =9 
6x + 33 = 9 
6x = —24 


Given 
Distributive Property 


Subtraction Property 
of Equality 


x= —4 Division Property of 


Equality 
21. If AB = 20, then AB + CD = 20 + CD. 
31. Р = 21 + 2w 
P — 2ш = 2} 


Given 


Subtraction Property of 
Equality 


—w-l Division Property of 


Equality 
When P = 55 and v = 11: 


L= > — 11 = 16.5 meters 


Lesson 2.6 (pp. 116-119) 
7 ЕХЕ = ZJand ZJ= ZL, then ZF= ZL. 


OR 90) 
15. Cottage Snack Bike Arcade Kite 


shop rentals shop 


21. Statements Reasons 


— 
І. TV bisects ZUTW. | 1. Given 


2 Ll = 22 2. Definition of angle 
bisector 

d. Z2 к= „8 3. Given 

4./1=3 4. Transitive Property 


of Angle Congruence 


Lesson 2.7 (pp. 127-131) 
5. Z FGH = ZWXZ; ZWXZis a right angle 


13. 


39. 


because 58° + 32° = 90°, so they are 
congruent by the Right Angles Congruence 
Theorem. 


Using the Vertical Angles Congruence 
Theorem: 


4x = 6х — 26 э х = 13 
6y + 8 = ту – 125 y = 20 


Statements Reasons 


1.JK LJM, KL L ML, 1. Given 
ZIJ=ZM, ZK= ZL 


2.ZJand ZL are 2. Definition of 
right angles. perpendicular 
lines 
3.mZJ = 90° and 3. Definition of 
mz L = 90° right angles 
4.mZJ =mZM and 4. Definition of 
mz L- mzK congruent angles 
5.т M = 90? and 5. Transitive 
mz K = 90° Property 
of Equality 
6.2M and Z Kare 6. Definition of 
right angles. right angles 
7.ЈМ L ML, JK. KL 7. Definition of 
perpendicular 
lines 


Chapter 3 


Lesson 3.1 (pp. 150-152) 


11. 


29. 


35. 


The pairs of corresponding angles are Z1 and 
Z5, Z2 and 46, Z3 and Z7, and Z4 and Z8. 


If two lines are not coplanar, then they never 
intersect. 


intersect: SS 


Intersect: 


The arm is skew to a telephone pole. 


Lesson 3.2 (pp. 157-160) 


5. 


If mZ7 = 110°, then mZ2 = 110°, by the 
Alternate Exterior Angles Theorem. 


9. Corresponding Angles Postulate 


39. a. yes; Z1 and Z5, Z2 and Z6; yes; Z1 and 
Z2, l and 46, Z2 and Z5, Z5 and Z6 


b. Because the bars are parallel, 
corresponding angles between the bars 
and the foot are congruent. Because the 
body and the foot are parallel, the bars 
act as transversals, and so the alternate 
interior angles are congruent. (See 
diagram.) This forces the foot to stay 
parallel with the floor. 


Lesson 3.3 (pp. 165-169) 
11. Yes; Alternate Exterior Angles Converse 


29. Because the alternate interior angles are 
congruent, you know that the top of the 
picnic table is parallel to the ground. 


37. Itis given that Z3 and Z5 are supplementary. 
Z3 is supplementary to Z4 because they form 
a straight angle. 24 = 25 by the Congruent 
Supplements Theorem. Therefore, m || n by 
the Alternate Interior Angles Converse. 
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Lesson 3.4 (pp. 175-178) 


У, = y 
7. т = 2— 


_6—5_1 
„= 3-3 2 

J2 X91 A 
Xy X 
У Jy 
= 3- 


— 0 
fol 


13. Line 1: m, = = 


0__3 


Line 2: m, = 


1 
B =2.|—3\— -1, the li 
ecause m, • m, = 3°|—5) = ‚ the lines 
are perpendicular. 


Line b is the most steep 
because the absolute value 
of its slope is the greatest. 
Linecis the least steep 
because the absolute value 
of its slope is the least. 
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WORKED-OUT SOLUTIONS 


Lesson 3.5 (pp. 184-187) 
17. P(5,4),m= 4 


23. 


61. 


y=mx+b74=4() + bb = -16 
An equation of the line is y = 4x — 16. 


The slope of a line parallel to y = —2x + 3 is 
т = —2. 


у= mx+b>-1=-2(0)+b>b=-1 
An equation of the line is y = —2x — 1. 
x = days since age 14; y = weight (in kg) 
y = 2.1x + 2000 


The slope, 2.1, represents the rate of weight 
gain, in kilograms per day. The y-intercept, 
2000, represents the weight, in kilograms, at 
age 14. 


Lesson 3.6 (pp. 194-197) 


19. 


23. 


29. 


Line fis parallel to line g because they are 
both perpendicular to line d. 

Slope of parallel lines: m = = — 

A perpendicular segment joining the two 
lines has endpoints (0, 0) and (4, —1), since 


its slope is -i 


Distance from (4, —1) to (0, 0): 
а =V (4 – 0)? + (-1 – 0)? = 4.1 


Jump to point С, because the shortest 
distance is the length ofthe perpendicular 
segment. 


Chapter 4 


Lesson 4.1 (pp. 221-224) 


9. 


15. 


The triangle has 3 congruent sides and 3 
congruent angles, so itis an equiangular 
equilateral triangle. 


х + 3x° + 60° = 180° > x = 30 
3x° = 3(30)° = 90° 


Because the triangle has a right angle, it is a 
right triangle. 


WS4  Worked-Out Solutions 


41. 


xtx+t+x 
6 in. 
3X 62x72 
Each side of the triangle is 2 inches. 


The measure of each angle is 180° + 3 = 60°. 


Lesson 4.2 (pp. 228-231) 


9. 
15. 


25. 


ALNM = AZYX 


By the Triangle Sum Theorem, 
mZM = 180° — 90° — 70° = 20°. 
By the Third Angles Theorem, 
х = mZM = 20°, so x = 20. 


The length, height, and depth have to be the 
same. 


Lesson 4.3 (pp. 236-239) 
7. True; DE = DG, EF = СЕ, and FD = FD by the 


Reflexive Property. 


So, ADEF = ADGF by the SSS Congruence 
Postulate. 


9. AB = 6, BC = 8, 


25. 


CA =V(-2 — 4)? + (-2 — 6)? = 10 
DE = 6, EF = 8, 
FD =\(5 — 13)? + (7 — 1)? = 10 


By the SSS Congruence Postulate, 
AABC = ADEF. 


Because WY = VY and YZ = YX, then 
WZ = VX. By the Reflexive Property, 
WV = VW. It is given that WX = VZ. So, 
by the SSS Congruence Postulate, 
AVWX = AWVZ. 


Lesson 4.4 (pp. 243-246) 


13. 


There is enough information given, since 
GH = EF, 7GHF = ZEFH, and HF = FH. 


19. F B 
ы ы 

С В А 8 F E 

Because FH = HA = BD = DE, then FA = BE. 

Because CB = ВА = GF = FE, then CA = GE. 

Also, AACF and AEGB are right triangles. 


So, AACF = AEGB by the Hypotenuse-Leg 
Congruence Theorem. 


31. SAS Congruence Postulate 


Lesson 4.5 (pp. 252-255) 
5. Yes; ASA Congruence Postulate 
9. 2 Ге ZI, 

27. AAS Congruence Theorem 


Lesson 4.6 (pp. 259-263) 


19. Show AKNP = A MNP by SSS. Now 
Z KPL = Z MPL and PL = PL leads to 
ALKP = ALMP by SAS, which gives you 
412 22. 


Reasons 


23. Statements 


1. ZX = ZZ, ZU = ZT, 1. Given 
ZY = XY 
2. ATYZ = AUYX 2. AAS 
Congruence 
Postulate 


ЗУУХ S ZZ zl, 
ZWYZ = ZX + ZU 


4. LVYX = ZZ + L1, 
ZWYZ= ZA +4 ZT 


5. ZVYX = ZWYZ 


3. Exterior Angle 
Theorem 


4. Substitution 


5. Transitive 
Property of 
Congruence 


31. A; Once you show that ZXWZ = ZYZW by 
the Alternate Interior Angles Theorem, 
WZ = ZW by the Reflexive Property, and 
ZY = ZX by the Right Angles Congruence 
Theorem, you can show that AWYZ = AZXW 
by the AAS Congruence Theorem. This 
means that WY = ZX. 


Lesson 4.7 (pp. 267-270) 


5. 


17. 


41. 


Lesson 4.8 (pp. 276-279) 
11. 


39. 


If ZD = ZCED, then CE = CD by the Converse 
of Base Angles Theorem. 


9y” = x° by the Base Angles Theorem and 
9y” + x° = 90° by the Corollary to the 
Triangle Sum Theorem. So, 9? + x° = 90° > 
9у° + 9y” = 90 > 18y° = 90 > y= 5 and 

х = 9y? > x = 9(5) = 45. 


a. 

Statements Reasons 

1. ZBAC = ZBCA 1. Given 
= “DCE = ZDEC 


2. ВА = ВС = DC = DE |2. Converse of Base 
Angles Theorem 


3. ZCBD = ZCDB 3. Base Angles 


Theorem 


4. Alternate Interior 
Angles Theorem 


4. ZBCA = ZCBD 


5. ZCDB = ZBAC 5. Substitution 


6. AABC = ABCD 6. AAS Congruence 


Postulate 
b. AABC, ACDE, AEFG, ABCD, ADEF 
c. Z CDE, Z ЕЕС, Z BCD, Z DEF 


= 
© 
-- 
с 
m 
jx 
© 
E 
Е 
Лл 
© 
г 
= 
= 
© 
2 
л 


(х,у) > (х+4,у-+ 1) 
A(-3, 1) > (1, 2) 

B(2, 3) > (6, 4) 

C(3, 0) > (7, 1) 

D(-1, —1) > (3, 0) 


mZAOC > mzBOD 
This is not a rotation. 


From A to В, use a 90° clockwise rotation. From 
Ато С, use a 90° counterclockwise rotation. 
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WORKED-OUT SOLUTIONS 


Chapter 5 


Lesson 5.1 (pp. 298-301) 


9. 
21. 


37. 


17. 


Y] = JX = LK 


A(0, 0) p 
AB = \/(p — 0)? + (q — 0)? = үр? + q? 
BC =\/(2p — p? + 0 – q? = үү? + q? 


C(2p, 0) * 


AC = 2p 
98-0 4 
"авт p-0 P 
_ 0-4__4 
"вс р-р P 
0—0 
Mac = эр 0 0 
ааа 
Mj 2* 2] \22 
p ^ 2р 4+0) _ [3р 4 
Mac 2° 234 \2'2 
0+ 2p 0+0)\_ 
Mad 2 0 = (y 0) 


AABC is not a right triangle because no two 
sides are perpendicular since their slopes are 
not negative reciprocals. AABC is isosceles 
because AB = BC. 


m2, 223) = W(3, 3) 


2 2 
6+8 6+0\_ 
Y 2 2S) = vc 3) 
3-3 0-0 
m 


w=7=3"%= бон 7g-g-Uo 
WV|OH 
WV = |7 - 3| =4, ОН = |8-0| 85 


WV = 50H 


Lesson 5.2 (pp. 306-309) 
15. 


Because LK = LM, L lies on the 
perpendicular bisector of KM by the 
Converse of the Perpendicular Bisector 
Theorem. 


By Theorem 5.4, GA = GB = GC = 11. 


WS6  Worked-Out Solutions 


25. Connect the three houses with line 


segments. Fold your house to Mike's house, 
Mike's house to Ken's house, and Ken's 
house to your house. The folded lines are the 
perpendicular bisectors. You should meet 
where they intersect. 


Lesson 5.3 (pp. 313-316) 


7. Not enough information is given. 


15. 


29. 


No, because you do not know that the blue 
line segments are perpendicular to the sides 
of the angle. 


Build the fountain where A 
the angle bisectors meet 

at the incenter, which is 
equidistant from the 

3 sides. 


Lesson 5.4 (pp. 322-325) 


9. 
21. 


39. 


AG = AE AG = 515) > AG = 10 
Because AXYW= AZYW, YWis a 
perpendicular bisector, an angle bisector, 
a median, and an altitude. 

Base of red triangle = 5 (9) = 4.5 

Height of red triangle = 3 

Area of red triangle = 504.5) (3) = 6.75 in.” 


The altitude was used. 


Lesson 5.5 (pp. 331-334) 


9. 
17. 
39. 


KL, JL, JK, and ZJ, ZK, ZL by Theorem 5.10. 
No, because 3 + 6 #9. 
a. Using the Triangle Inequality Theorem: 
x + 489 > 565 x « 565 + 489 
х > 76 х < 1054 


A value of х = 1080 does not satisfy 
76 « x « 1054. 


b. No, x = 40 does not satisfy x > 76. 
c. x» 76; x « 1054 


d. Because mZ2 « mz 1, x « 489. Because 
mz2 < mZ23, x < 565. Since x < 489 
and x « 565, the distance is less than 
489 kilometers 


Lesson 5.6 (pp. 338-341) 


5. TR< UR by the Hinge Theorem, because 
Z TQR < Z USR. 


7. mZ1 = mZ2 because both triangles аге 
congruent using the SSS Congruence 


Postulate. 
23. E, A, р, B, C 
Chapter 6 
Lesson 6.1 (pp. 360-363) 
6L _ 6¥ 1000 mť _ 6000 600 
" 10mL 10р И | 10 1 
1 _3 _ _ 


59. Total amount of trail mix = 36|3) = 18 cups. 
ox + lx + 4x = 18 >x = ? cups 


Peanuts: 5(2) = 9 cups 


Chocolate chips: 18 = 2 = E cups 
„a 19136 _ ,1 
Raisins: 4(2) = = = 15 cups 


Lesson 6.2 (pp. 367-370) 
CB. DE .6_4 


So, ВА = 10.5. 
linch _ 2 inches 


* BOyards ^ xyards > x = 2(50) = 100 yards 


linch ,, 2.5 inches 


25. - : 
3.2 miles x miles 


> x == 3.2(2.5) = 8 miles 


Lesson 6.3 (pp. 376-379) 
3. ZAzZL,ZBzzM,andZCzezN 
AB _ BC _ CA 


LM MN NL 


S 64 _ ST 48 — 


^wx 32 *  Xxy a * 
TU. 84.5  — UR. 48., 
ҮЛ 32 ZW 24 


The ratios are equal, so the corresponding 
side lengths are proportional, and the 
corresponding angles are congruent (they 
are all right angles), so the polygons are 
similar. So, RSTU — WXYZ, and the scale 


factor is 2. 
aj, Fong 3 5ftwide _ 5 
' 78ftlong 26 36ftwide 36 


The ratios are not equal, so the 
corresponding side lengths are not 
proportional, and the surfaces are not 
similar. 


Lesson 6.4 (pp. 384-387) 


9. Yes; ZH = ZJ, and mZF = 42° by the Triangle 
Sum Theorem, so ZF = ZK. So, АСЕН ~ ALK] 
by the AA Similarity Postulate. 


13. By the Triangular Sum Theorem, mZYZX = 
50° and mZU = 45°. So, AXYZ ~ AUYW by 
the AA Similarity Postulate. 


33. All angles of any two 
equilateral triangles are / В: 
congruent, so the triangles : 
are similar by the AA Similarity 
Postulate 
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Lesson 6.5 (pp. 391-395) 


AB_15_3 BC 18 3 AC_12 


‘DE 10 2 EF 12 2 DF 


AB | BC _ АС НЕ 
Because DE” EF” DF’ AABC ~ ADEF. 


3 


The scale factor of AABC to ADEF is >. 


DE_9_3_fFD_15_3 
7. Yes, because тот = 6-2-7 УХ 107 2 and 


ZD = ZW. ADEF ~ AWYX, and the scale 
factor of AWYX to ADEF is Z, 


31. To use the SAS Similarity Theorem, you need 
ZCBD = ZCAE. 
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WORKED-OUT SOLUTIONS 


Lesson 6.6 (pp. 400-403) 


5. Yes, by Theorem 6.5 because 


21. 


IK 8 LM 12 8 


K 5 MN 75 5° 


«Ar те 210 > x = 10 
X 14 


Let x = the distance along University Avenue 
from 12th Street to Washington Street. 


200 х 


400 "^ 700 > 400x = 140,000 > x = 350 yards 


Lesson 6.7 (pp. 412-415) 


5. 


11. 


(x, y) > (1.5х, 1.5y) 
A(1, 1) >L(.5, 1.5) 
B(6, 1) > М(9, 1.5) 
C(6, 3) > N(9, 4.5) 
The dilation is an enlargement. 
A: (2, 0), (1, 2), and (3, 2) 

B: (6, 0), (3, 6), and (9, 6) 


For each vertex (x, y) of Figure A, the 
corresponding vertex of Figure Bis (3x, 3y). 
The scale factor is 3. 


15ft _ 5 


27. The scale factor is ——- = =, ог 2.5. 
6ft 2 


Chapter 7 


Lesson 7.1 (pp. 436-439) 


9. 


11. 


33. 


13.4? = 9.82 + x? 
179.56 = 96.04 + x? 
83.52 = x^ 5 9.139 = x 


x is about 9.1 inches. 


8^ + h^ = 17° 
17m 17m 2 
h^ = 225 
F8 m48 m4 һ = 15 


Area = 5 bh = 5(16)(15) = 120 m? 


Sample answer: The longest side of the 
triangle is opposite the largest angle, which 
in a right triangle is the right angle. 


WSS8  Worked-Out Solutions 


Lesson 7.2 (pp. 444-447) 
7. (V26)? 2 52 + 17526 2 25 +1526 = 26V 


The triangle is a right triangle. 


17. 24 + 30 = 54 30 + 6V43 ~ 69.3 
54 > 6V43 69.3 > 24 
6V43 + 24 = 63.3 
63.3 > 30 


The segment lengths form a triangle. 


Because (6V43 )? > 24? + 302, the segment 
lengths form an obtuse triangle. 


37. a. Letx = BC. 
122 + х2 = 132 > x? = 25 >x = 5 = BC 


b. Because 5? = 32 + 4%, AABCis a right 
triangle. 


c. Sample answer: 


Lesson 7.3 (pp. 453-456) 


p, 2948 06 L; 107.5h = 5776 > h = 53.7 ft 


76 h 
15. 2 = £4 5162 = 729 > z ~ 45.6 
At 16 | 
29. Let c represent the hypotenuse of the large 
triangle. 
1.5% + 1.52 = с^—›4.5 = c^ 2 V4.5 = с 
E. 1.5 


= — > V4.5x% = 2.25 > x = 1.1 ft 
1.5 V4.5 


Lesson 7.4 (рр. 461-464) 
5. hypotenuse = ев + V2 2 3V2 =x+V2>3 = х 
9. 3/3 = xV3 >x = 3 
y = 2x = 2(3) = 6 
27. 11 = 2* h— h = 5.5 feet 


Lesson 7.5 (pp. 469-472) 


opp. ZA 48 12 _ 
5. tanA = adj. to ZA ria E. 2.4000 
_ opp. 4B 20 5. 
ane лн а 12° br 
о рр. x >. 
7. tan 27 adi 15 ^X 7.6 
o hA. 
31 tan 78 118 
118(4.7046) = h 
i h ~ 555 feet 
78° 
118 ft 


Lesson 7.6 (pp. 477-480) 


. _ орр 0 28 
5. RET ш = 53 ~ 0.5283 
| |. opp.ZE 45 © 
sin E = hyp. = 53 ^ 0.8491 
_adj.toZX 13 1 | 
9. спа Же A am o» 08 
_ ad.toZY 13/3 v3 
cost in a ^ Bed 
33. 
| 
о 19 _ 19 _ 
sin 31° = y ЭУ sinar ?? 36.9 ft 


Lesson 7.7 (pp. 485-489) 


—-14 7. 
5. tan A = 4 = 5 = 3.9 


mZA = tan 1 3.5 = 74.1° 
13. 9% + 122 = (АС)? > 225 = (АС)? 15 = AC 


_ 9 . 
tanA = 12 = 0.75 


mZA = tan ! 0.75 == 36.9? 
180° = 90? + 36.9? + mZ C mZ C = 53.1? 


The side lengths are 9 units, 12 units, and 
15 units. The angle measures are 90°, about 
36.9*, and about 53.1*. 


35. The angle of depression is 90? minus the 
measure of the angle you can find: 
90 — tan” (7| = 90 — tan 0.5833 = 
90 — 30.3? = 59.7*. 


Chapter 8 


Lesson 8.1 (pp. 510-513) 
9. (п — 2) • 180° = 1980 ^n – 2 = 11 5 n = 13 
The polygon is а 13-gon. 
11. Pentagon; (5 — 2) * 180° = 540° 
x? + 86° + 140° + 138° + 59° = 540° 5 x = 117 
29. Hexagon; (6 — 2) • 180° = 720° 


Lesson 8.2 (pp. 518-521) 
9. mZ A + mz B = 180? 
51° + mz B = 180? 
mz В = 129° 
13. b-1=9>b=1l0and5a=1l5>a=3 
39. a. PQRS is a parallelogram, so PQ= RS. 
RS = PQ = 3 inches 
b. PQRS is a parallelogram, so Z Q = ZS. 
mz S = mz Q = 70° 


c. The sum of the measures of the interior 
angles always is 360*. As mZ Q increases 
so does mZ S, therefore mZ P must 
decrease to maintain the sum of 360°. 
As mZ О decreases mZ P increases, 
moving Q farther away from $. 
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Lesson 8.3 (pp. 526-529) 


5. Theorem 8.7, because both pairs of opposite 
sides are congruent. 


11. ВС = 12 - 4 = 8; 
Ар = 8-0 = 8 


So, ВС = AD. 

ae 427-4 _ 
Slope of BC = 354 = 
Slope of AD = += = 0 
ope о = 50 = 


Slopes are equal, so BC || AD. 


BC = AD and ВС | AD, so ABCD isa 
parallelogram. 
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WORKED-OUT SOLUTIONS 


31. a. Quadrilateral EFJK: 


Because EG = КН, and Fand Jare __ 
midpoints of EG and KH, then EF = FG = 
KJ = JH. Because EF = KJ and ЕК = FJ, 
EFJK is a parallelogram. 


Quadrilateral FGHJ: 


Because FG = JH and FJ = GH, FGH] is a 
parallelogram. 


Quadrilateral EGHK: 


Because EG = KH and EK = СН, EGHK is a 
parallelogram. 


b. Although the angles may change, EG is 
always congruent to KH and EK is always 
congruent to GH. So, EGHK is always a 
parallelogram. Therefore EG is always 
parallel to KH. 


Lesson 8.4 (pp. 537-540) 


4. J 5 


Jw] 


к The diagonals are congruent 
if the rhombus is a square. 
Or, you can sketch a rhombus 
that has the diagonals 
shown. So, the statement is 
sometimes true. 


15. The quadrilateral is a square because it is a 
parallelogram with four congruent sides and 
four congruent angles, which must be right 
angles. 


55. Use the tape measure to measure the 
diagonals. If they are congruent, the region 
is a square. 


Lesson 8.5 (pp. 546-549) 
11. Because Z E and Z H are right angles, 


EF || HG. EH is not parallel to FG, so EFGH 
is a trapezoid. 


19. By Theorem 8.19, because EF = EH, then 
LF= ZH. 


т/с + т/ Е + т/Е + mz H = 360° 
mZ С + 60? + 110? + 110° = 360° 
mz G = 80? 


35. 420 
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Lesson 8.6 (pp. 554-557) 


3. 
Property [= [Rectangle | Rhombus | Saro | Kite | Taper 


are =. 


15. Trapezoid; it has exactly one pair of parallel 
sides (PS and QR). 


33. A trapezoid is outlined. The figure has 
only one pair of parallel sides. Since the 
non-parallel sides are not congruent, the 
figure is not an isosceles trapezoid. 


Chapter 9 


Lesson 9.1 (pp. 576-579) 
7. (x, y) > (x + 4, y + 6) 
P(-2, 3) > P'(2, 9) 

ОП, 2)  Q'(5, 8) 
R(3, —1) > R'(7, 5) 


ЕЛ? 
ПЕШ” 
| ү 


| [et | Tt Tet I 


11. Arule is (x, y) > (x — 5, y + 2). 
AC = А'С' = 4 
АВ =ү(4 – D?+ (1 + 1)? = V13 
A'B' -N(-1- 4)2 + (3 – 1)2 = 13 
ВС = ү(5 – 4)? + (1 – 1)? = V5 
В'С' = (0 + 1? + (1 – 3)? = V5 


Ву the 555 Congruence Postulate, ЛАВС = 
AA'B'C', so the translation is an isometry. 


35. From cabin to ski lodge: 
(1 — 0,2 — 0) = (1,2) 


Lesson 9.2 (pp. 584-587) A В С АВ C 
000 —22 1| [-2 21 "a <1 ||, 8 -@ 8 -b 8 —B 
13. 4 4 4 > 41-3]. 8 5 1 Reflection Polygon Image 
Translation Polygon Image па matrix matrix 
matrix matrix matrix 
$ 33. Case 1 
19. [1.2 3] 15 = [1.2(-2) + 3(-1.5) | 
= [-6.9] Lesson 9.4 (pp. 602-605) 
31. Equipment matrix: Cost matrix: 13. (a, b) > (~a, —b) 
Mice CDs Keyboards Dollars J1,4 >T 1, -4) 
Lab 1 E 10 A Mice | 10 K(5, 5) 2 К'(—5, —5) 
Keyboards | 15 
M(2, 2) >M'(-2, -2) 
Total cost: 
F 10 E " - [57o | 
15 20 12 | 970 
15 
Lab 1: $840; Lab 2: $970 
Lesson 9.3 (pp. 593-596) 
CIA LEA] 
LB М |у=? | BC 
15 —6 —3 
| 5 4 
Rotation Polygon Image 
matrix matrix matrix 


Тр ¡B| 
| jet | | | | TdT | | era 
| | МУ е | lar [A || 

F Y 


AAN a 

|| М үү Сү 
LLLI LL Bb LLL LLL. 
ti iat tT tT te ee tt tT tT 


PTET tT tty eet tT tT Tt | Te 
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29. Rotation of 270°, because it would take three 


of the four 90° rotations for the blade to reach 


its original starting point. 


Lesson 9.5 (pp. 611-615) 


ГОША ШЕ: 
itta Eu e 
peT A NT PCE RCE RY] 
‚М Р(-2- ||| N Il 
СЛ ТГ ТЕТ 
QUe -5)| | | $ | | | Q6 -5| | 


Translate 9 inches to the right, reflect in the 
x-axis. 
Lesson 9.6 (pp. 621-624) 


7. Yes; a rotation of 72° or 144° about the center 
maps the figure onto itself. 


13. C; there are no lines of symmetry, but a 
rotation of 90° maps the figure onto itself. 


WORKED-OUT SOLUTIONS 


31. There are 8 lines of symmetry, so n = 8. 
n(mZ1) = 180° 
8(mZ1) = 180° 
mZ1 = 22.5° 


The angle between the mirrors is 22.5°. 


Lesson 9.7 (pp. 629-632) 


WS12 Worked-Out Solutions 


G H J G H J 
il-2 0 6] [-10 3 
2|-4 2 -23| |-2 1 -1 
Scale Polygon Image 
factor matrix matrix 


35. k = 20; 20 = 77 әх = 940 


The length of the dragonfly seen through the 
magnifying glass is 940 mm, or 94 cm. 


Chapter 10 


Lesson 10.1 (pp. 655-658) 


т. ÁFisa tangent line because it intersects the 
circle in exactly one point. 


19. No; because 9^ + 15% # 18%, AABCis nota 
right triangle and AB is not perpendicular to 
BC. 


= (3959 + 11,000)? 


39592 + х? 
х? = 208,098,000 


х == 14,426 


The length of BA and of BCis about 
14,426 miles. 


Lesson 10.2 (pp. 661-663) 
5. DB 15 a minor arc. 
mDB = 180° — mDE = 180° — 45° = 135° 


13. No; LP and MN have the same measure, but 
are arcs of circles that are not congruent. 


23. The measure of each arc is 360° + 20 = 18°. 


Lesson 10.3 (pp. 667-670) 


7. Because LN is a diameter and LN L PM, LN 
bisects PM. 


So, 2x + 9 = 5x — 6 >x =5. 


9. Because AB and CD are equidistant from the 
center, AB = CD. 


So, 18 = 5x - 7X = 5. 


25. AB and BC must be congruent in order for AB 
and BC to be congruent. 


Lesson 10.4 (pp. 676-679) 


11. ZJMK and ZJLK intercept the same arc, 
so ZJMK = ZJLK. Also, ZMKL and МЛ, 
intercept the same arc, so ZMKL = ZMJL. 


13. x? + 80° = 180° > x = 100 
y + 95° = 180° > y = 85 


29. Ifa right triangle is inscribed in a circle, ¡ts 
hypotenuse is a diameter of the circle, so the 
length of the hypotenuse is twice the radius. 


Lesson 10.5 (pp. 683-686) 
3. mAB = 2(65°) = 130° 


9. 180° — x° = (30° + (2х — 30)°) 


180° — x° = 5(2x°) 


180° = 2x° 
90 = х 
23. Let D апа Erepresent 
the points shown in the 


diagram. Because CE 
is a diameter, 
ATAR 


mCDE = 180°. 
> mc 
X — 9m 


X 5(mCDE — mDE) 


х° = ¿(180 — 80°) 


х = 50 


Lesson 10.6 (pp. 692-695) 


3. 


21. 


Lesson 10.7 (pp. 702—705) 
7. 


17. 


37. 


12x = 10(6) 9. x? = 9(9 + 7) 
x=5 x^ = 144 
x= 12 


Given: Chords AB and CD C 
intersect in the interior of 
the circle. A 


Prove: EA • EB = EC • ED B 
D 


Statements Reasons 


1. mZAEC = mZDEB 1. Vertical Angles 
Theorem 


2. mZCAB = mZCDB 2. Theorem 10.8 


3. AAEC ~ ADEB 3. AA Similarity 
Postulate 


4. — == 4. Definition of 
similarity 


5. EA * EB = ED * EC 5. Cross Products 
Property 


Center (50, 50); radius 10 
(х – №)? + (у – k? = г? 
(х — 50)? + (у — 50)? = 107 
(x — 50) + (y — 50)? = 100 
г=\(0— 0)? + (6 – 0)? = 6 
(А, k) = (0, 0) 
(х – h? + (у – Ю? = г? 
(x – 0)? + (у – 0)? = 6° 
х? + у? = 36 
Outside edge: (Л, К) = (0, 0); г = 2.4 
(x — 0) + (у – 0) = 24° 
х? + у? = 5.76 
Edge of hole: (Л, К) = (0, 0); r = 0.3 
(x — 0)? + (у — 0)? = 0.32 
х? + у? = 0.09 
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Chapter 11 


Lesson 11.1 (pp. 723-726) 
7. 30% = р? + 18° > b° = 576 > b = 24 


A= bh = 5(24)(18) = 216 square units 


23. Area = Area of Parallelogram 
+ Area of left triangle 
+ Area of right triangle 
= (18)(13) + 1(9)03) 20003) 
= 234 + 58.5 + 71.5 
= 364 cm” 


37. Triangular plot: A= tbh = 5(24) (25) = 300 уа? 


300 yd - Ta 30 min 


It takes you 30 minutes to mow the 
triangular plot. 


Rectangular plot: A = bh = 24(36) = 864 yd? 


864 yd? . 1011 — 86.4 min 


10 ya i 
It takes you 86.4 minutes to mow the 
rectangular plot. 


Lesson 11.2 (pp. 733-736) 


WORKED-OUT SOLUTIONS 


9. A— 5d,d, = 5(18)(21) = 189 square units 


1 
17 A= 5h(b, T b.) 


300 = 2(20)[x + 10] 


300 = 10x + 100 


200 = 10x 
20=х 
x=20m 


35. A= 5d,d, = 5516) = 20 square millimeters 


Sample answer: 
| | 
5 mm 5 mm 
| | 
— 8 mm — —8 mm — —4 
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Lesson 11.3 (pp. 740-743) 
7. The ratio of the lengths of corresponding 


sides is 5 or 7:9. 


The ratio of perimeters is 7 : 9. 


. . 72 49 
The ratio of areas is — = gp or 49 : 81. 
9 
Red area _ 49 
Blue area 81 
Red area _ 49 
210 81 
10,290 ; 
Red area = 81 ^ 127 square inches 
17. R T 
| Фф: Ї 
Т 
N 25 ft 
° Ha,- 
P 
14 


Area of MNPQ = 1(14)25) = 175 ft? 


Area of RSTU = 28 ft? 
imi 2 5 


Ratio of areas = ——; = = 
28 ft? 3 


Ratio of corresponding lengths = > 


14 _ 5 _ , 25_5 _ 
A 7 d, = 5.6 ft; a 2 d, = 10ft 
The lengths of the diagonals of RSTU are 
5.6 feet and 10 feet. 


27. New patio Existing patio 


о $: 


360 ft? 36 6 


250f? 25 52 


Ratio of areas = 


Ratio of corresponding lengths — 5 


Геї х represent the distance between the long 
parallel sides of the new patio. 


x 6 


Тә Б gx = 15 feet 


Lesson 11.4 (pp. 749—752) 


Arc length of LM _т LM 


24 zT = 360° 


38.95 _ 260° 
2TT 360° 


_ 38.95(360°) 
7 2т(260°) 


|. 7011 _ 
r= 2604 ^ 8.58 


Length of Length of 
25. | Perimeter | — 2 o each straight +2e each quarter 
section circle 


=2(6)+2-+ E , 2m(3)| 


=12 + 37 
= 21.42 units 


35. The length 21 feet 8 inches represents the 
circumference of the trunk. They can 


substitute 21-5; — 52 for Cin the equation 


С = md and solve for d. 


= qd 2 d ~ 7 feet 


Lesson 11.5 (pp. 758-761) 


7. А = mr? 
154 = пг? 
154 _ 2 
ТГ 

77r 


The radius is about 7 meters. 


17. 
Shaded | . Area of Area of 
area ш rectangle ед" semicircle 


—— 


— 36 — 9T 
== 7.13 


The shaded area is about 7.73 square meters. 


39. a. A circle graph is appropriate because the 
data values add up to 100%. 


b. Bus: central angle = 0.65(360%) = 234° 
Walk: central angle = 0.25(360°) = 90° 
Other: central angle = 0.10(360°) = 36° 


с. Sample answer: Use т = 2 in. 


« ” __ 234° . ” 2 
Area of “bus” sector = 360° (т 2 ) 
~ 8.2 in.” 
“ » 90? 2 
Area of “walk” sector = 360° * (т ‚2 ) 
3.1 in.? = 
= 3.1 in. z 
“« » == 36° ë e 2 m 
Area of "other" sector — 360° (т 2 ) © 
= 1.31п.^ = 
=j 
= 
Lesson 11.6 (pp. 765-768) Р 
360° _ ape =j 
Ta Е x 20 3 
2 
21. P = 7s = 7(9) = 63 units М 
mZDEF = 899 
— 1/360Y _ 180 
mZDEG = 1| б | | à 


4.5 


——31(63) = 294.3 square units. 
tan 180. 
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37. Apothem = а = 0.2 + 1 = 1.2 centimeters 


Chapter 12 


= 1 360° = o 0.2 cm HxH 
Ө À à | 22.5 ies Lesson 12.1 (pp. 798-801) 
" 11. F4V=E+2 
2 = tan 0 
a п + 12= 18 + 2 
X 2. о _ 
КЕ їап 22.5 п=8 

25. The cross section is a circle. 


x = 1.2 tan 22.5” 
5 = 2x = 2.4 tan 22.5° 


1 
ya * NS 


Area of octagon = 5 


= 5(1.2)(8)(2.4 tan 22.5°) 


= 4.8 square centimeters 


Area of silver border 


1 2 
—@* п5— TT 


9. P(Point lies in shading) = 


— as — 4› 
1214) 


33. P(You miss call) = 


_ 10 min 
60 min 


The probability that you missed your friend’s 


call is about 16.7%. 
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= Area of octagon — Area of circle 


Time from 7:00-7:10 
Time from 7:00-8:00 


Section 


There are 6 vertices around 
each hexagonal face, and 
there are no other vertices. 
Each hexagonal face has 


35. 


Area of shaded region 
Area of large triangle 


s => 6 edges, and there are 
e " 6 additional edges between 
E ы 4,77 — atl") the square faces. So, there are 
z = 1.6 square centimeters 2(6) = 12 vertices and 2(6) + 6 = 18 edges. 
s E те Check: 
esson 11. ‚ 774—777 
© (рр 3 (-13)| F+V=E+2 
i з. P(Kison AD т ee 2 
a | ) = 55 erg a 8+122 18+2 
Е 0.625, ог 62.5% 20 = 20 
= 


Lesson 12.2 (pp. 806-809) 
7. Base of prism: 
х? + 1.5% = 82 


x = V61.75 meters 


Area of base = B = 5(3)(v 61.75) ~ 11.787 m? 


1 
3000 | 


8m 
mp 


8m 


0.25, or 25% 


Lateral area = Ph = (19)(9.1) = 172.9 m? 


L 0.167 
6 ^" S = 2B + Ph == 211.787) + 172.9 ~ 196.47 m? 


9. Lateral area = 2arh = 27(0.8)(2) == 10.05 in." 
S = 211? + 2arh 
= 2т(0.8)^ + 22(0.8)(2) 
=~ 14.07 in.” 


23. a. 5 — 2(6* 6) + 2(6* 12) + 2(6 + 12) = 360 


The minimum amount of wrapping paper 
needed is 360 square inches. 


b. The area of the net of the box is larger 
because there are flaps that fold over and 
overlap. 


с. You would want more than 360 square 
inches of wrapping paper so that you 
could wrap the paper around the box and 
fold it down to fit; this causes sections of 
paper to overlap. 


Lesson 12.3 (pp. 814-817) 


7. Area of base = зар 


1 
= 9 (6.9)(5 • 10) 


= 172.5 тт? 
Lateral area = 5р? = 5(50)(20) = 500 mm? 


S=B+ 5р? = 172.5 + 500 = 672.5 mm? 


11. 4? = 4? + 12 5 7 = V17 inches 1 in. 
Lateral area = rr! 
= т(1)(М17) 4in.| /£ 
= 12.95 in.” 


29. The net represents a regular square pyramid. 
Area of one triangle = 5 bh = 5(6) (3V3) 
= 9V3 


Surface area = area of square + 
4(area of triangle) 


= 62 + 4 • 9V3 
= 36 + 36V3 = 98.35 cm? 


Lesson 12.4 (pp. 822-825) 
7. Area of base = 5(7) (10) = 35 in." 
Volume = Bh = 35(5) = 175 in.’ 
11. Volume = zr^h 


= 71153) (16) ~ 1256.64 in? 


29. a. Visualize the concrete block broken into 


five parts: 
25 2 [fe Е E. Е 
к 8 in. 15.75 in. 21M 1575 in. 2 in. 
4 in. 4 in. 4 in. 
- 8 in. А . І 
15.75 in. 8 in. 8 in. [| їп. 


2.2b in. 2.25 іп. 2.25 in. 
Total volume = 2(15.75 • 2 • 8) 


+ 3(2.25 + 4+ 8) = 720 in? 
b. Volume of block = Volume of large prism 
— Volume of holes 
= (15.75 • 8)(8) — 2(4 * 4.5)(8) = 720 in.” 


c. The volumes found in parts (a) and (b) are 
equal. 


Lesson 12.5 (pp. 832-836) 


3. Area of base = 5? = 25 cm? 


“1 = 
У = 3Bh = 
= 1025)(6) = 
= = = 
© 
= 50 cm z 
m=] 
h л 
17. r sin 54° = 15 © 
E - 
Е 
һ = 15 sin 54° =. 
h 15cm S 
o. P 
cos 54” = 15 e 
г = 15 cos 54° 
_ NX 
Y= ¿TT h 


= ¿(15 cos 54°)? (15 sin 54°) 


== 987.86 cm? 
h? + 22 = 6° 
h = AV2 in. 
Ye amrh 
= 14029002) 
= 23.70 in.? 
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WORKED-OUT SOLUTIONS 


Lesson 12.6 (pp. 842-845) 
3. $ = Amr? = Am(4?) = 201.06 ft? 


13. V= Sar Aq (40?) ~ = 268,082.57 mm? 
31. C = Элїї 
24,855 = 2тг 
_ 24,855 
2T 


Surface area of Western Hemisphere 


= Ҹит?) = 54 me 855) ~ 98,321,312 mi? 


Lesson 12.7 (pp. 850-854) 


3. Radii: Йй Heights: 1 — = 6-5 

The cylinders аге not similar because the 
ratios of corresponding linear measures are 
not equal. 


g, Surface area of A _ T 
“ SurfaceareaofB 12 


1500 _9 
Surface areaofB 1 


Surface area of В = 166.67 m? 


Volume ofA _ си 
Volume ofB 1° 


3434.6 _ 27 


Volume ofB 1 
Volume of B ~ 127.21 m? 


27. Let x represent the amount to be added to 
the smaller bowl and y represent the amount 
to be added to the larger bowl. 


x_ 3 
y а 
x _ 20 
64 64 
x=27 


The smaller bowl needs 27 fluid ounces to be 
added. 
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Selected ¡AnNSWEers 


Chapter 1 


1.1 Skill Practice (pp.5-7) 1.a. point Q b. line segment 


MN c. ray ST d. line FG 3. QW, line g 5. Sample 
answer: points R, Q, S; point T 7. Yes; through any 
three points not on the same line, there is exactly 


Z > — > —> 
one plane. 9. VY, VX, VZ, VW 11. WX 


15. Sample: 4 17. point R 
19. RS 
23. Sample: 25. Sample: 


db 


27. on theline 29. not on theline 31. on the line 
33. +0 ray 
—1 0 1 2 3 


35. -1-6————————-————-9- segment 


-8 -6 -4 -2 0 2 4 


1.1 Problem Solving (pp.7-8) 41. intersection of a 

line and a plane 43. Four points are not necessarily 
coplanar; no; three points determine a unique plane. 
45. a-c. 


1.2 Skill Practice (pp. 12-13) 1. MN means segment 


MN while MN is the length of MN. 3.2.1 cm 

5. 3.5 cm 7.44 9.23 11.13 13. congruent 

15. not congruent 17.7 19.9 21.10 23.20 25.30 
29. (3x — 16) + (4x — 8) = 60; 12; 20, 40 


1.2 Problem Solving (pp. 13-14) 
33. a. 1883 mi b. about 50 mi/h 
35. a. Sample: 1^ b. 21 ft 


B 


C 


1.3 Skill Practice (pp.19-20) 1. Distance Formula 
3. 101 in. 5.26 cm 7.47 in. 9.22 in. 11.10 13.1 


15.70 17. 6,5) 19. (1,4) 21.12, -1) 23.(2, 2) 
when x, and y, are replaced by zero in the Midpoint 
Formula and x, and y, are replaced by m and n the 


result is Uo» 2l 25. (—3, 10) 27. (4, 8) 29. (—18, 22) 
31.4.5 33.5.7 35. 7; -i 37.40; 5 39. 9; -8i 


43. AB = 3V5, CD = 2V10; not congruent 
45. JK = 8V2, LM = V130; not congruent 


1.3 Problem Solving (pp. 21-22) 


49. House Library School 2.85 km 


[— — — 5.7 km —— 


51. objects B and D; objects A and C 53.a. 191 yd 
b. 40 yd c. About 1.5 min; find the total distance, 
about 230 yards, and divide by 150 yards per minute. 


D 
Obtuse 
E F 
—.———————— 9———— ————$9—- 


L M N 
Straight 


1.4 Skill Practice (pp. 28-31) 


1. Sample: 7 
B C 


Acute 


Right 
J K 
— ә 
3. ZABC, ZB, ZCBA; B, BA, BC 5.Z MTP, ZT, 
— > 
Z PTM; T, TM, TP 7. straight 9. right 11. 90°; right 
13. 1355; obtuse 15-19. Sample answers are given. 


15. Z BCA; right 17. ZDFB; straight 19. Z CDB; acute 
23. 65° 25.55? 29. m Z XWY = 104°, mz ZWY = 52? 


SA1 


Selected Answers 


31. m Z XWZ = 35.5°, mz YWZ = 35.5? 33. 38° 
35. 142? 37.53? 

39. If a ray bisects Z AGC, then its A 
endpoint must be point G. Sample: 


D 


G E 
41. 80? 43. 75°; both angle measures are 5? less. 


45. -4--- A Acute. 


Sample answer: (—2, 0) 


1.4 Problem Solving (pp. 31-32) 51. 32? 53.a. 112° 

b. 56° c. 56° а. 56° 55. Sample answer: acute: Z АВС, 
obtuse: Z ABC, right: Z DGE, straight: Z DGF 

57. about 140? 59. about 62? 61. about 107? 


1.5 Skill Practice (pp. 38-40) 
1. No. Sample answer: Any 
А two angles whose angle 
measures add up to 90° 
2 are complementary, but 
they do not have to have a 


B D common vertex and side. 


3. adjacent 5. adjacent 7. Z GLH and Z HIJ, Z GIJ 
and ZJLK 9. 69° 11. 85° 13. 25° 15. 153° 17. 135°, 45° 
19. 54°, 36° 21. linear pair 23. vertical angles 

25. linear pair 27. neither 29. The angles are 
complementary so they should be equal to 90°; 

x + 3x = 90°, Ax = 90, x = 22.5. 31.10,35 33. 55, 30 
35. Never; a straight angle is 180°, and it is not possible 
to have a complement of an angle that is 180°. 

37. Always; the sum of complementary angles is 90°, 
so each angle must be less than 90°, making them 
acute. 39. 71°, 19° 41. 68°, 22° 43. 58°, 122° 


1.5 Problem Solving (рр. 40-41) 47. neither 

49-51. Sample answers are given. 49. Z FGB, Z BGC 
51. ZAGE, Z EGD 53. Sample answer: Subtract 90° 
from m Z FGB. 55.a. y; = 90 — x, 0 < x < 90; 

y, = 180 — x, 0 < x < 180; the measure of a 
complement must be less than 90° and the measure 
of a supplement must be less than 180°. 


SA2 


Selected Answers 


(90, 0) х 
0 «y, « 90 


(180, 0) х 
0 < y, « 180 


1.6 Skill Practice (pp. 44-46) 1. An n-gon is a polygon 
with лп sides. 3. polygon; concave 5. polygon; 

convex 9. Pentagon; regular; it has 5 congruent sides 
and angles. 11. Triangle; none of these; the sides and/ 
or the angles are not all congruent. 13. Quadrilateral; 
equiangular; it has 4 congruent angles. 


15.8 in. 17.3 ft 19. sometimes 21. never 23. never 
25. Sample: 27. Sample: 
29. 1 


1.6 Problem Solving (pp. 46-47) 33. triangle; regular 
35. octagon; regular 39. 105 mm; each side of the 
button is 15 millimeters long, so the perimeter of 
the button is 15(7) = 105 millimeters. 41.a.3 b.5 
c.6 4.8 


1.7 Skill Practice (pp.52-54) 1. Sample answer: The 
diameter is twice the radius. 3. (52)(9) must be 


divided by 2; = 234 ft^. 5. 22.4 т, 29.4 т? 


7.180 yd, 1080 yd? 9. 36 cm, 36 ст? 11. 84.8 cm, 
572.3 cm” 13. 76.0 mm, 459.7 mm* 


15. ЖАК 59.3 cm, 280.4 cm? 


17. 12.4 21. 1.44 23. 8,000,000 25. 3,456 27. 14.5 m 
29. 4.5 in. 31.6in., 3 in. 33. Octagon; dodecagon; the 
square has 4 sides, so a polygon with the same side 
length and twice the perimeter would have to have 
2(4) = 8sides, an octagon; a polygon with the same 
side length and three times the perimeter would have 
to have 4(3) = 12 sides, a dodecagon. 35. V346 in 


37. 5V42 km 


1.7 Problem Solving (рр. 54-56) 41. 1350 yd^; 450 ft 
43. a. 15 in. b. 6 in.; the spoke is 21 inches long 
from the center to the tip, and it is 15 inches from 
the center to the outer edge, so 21 — 15 = 6 inches 
is the length of the handle. 


45. a. 106.4 m” b. 380 rows, 175 columns. Sample 
answer: The panel is 1520 centimeters high and 
each module is 4 centimeters so there are 

1520 = 4 = 380 rows; the panel is 700 centimeters 
wide and each module is 4 centimeters therefore 
there are 700 = 4 = 175 columns. 


1.7 Problem Solving Workshop (p. 57) 
1.2.4h 3. $26,730 


Chapter Review (pp.60-63) 1. endpoints 3. midpoint 


5. Sample answer: points P, Y, Z 7. YZ, YX 9.1.2 
11.7 13.16 15. 8.6; (3.5, 3.5) 17. 16.4; (5, —0.5) 

19. 5 21. 162°; obtuse 23. 7? 25.88” 27. 124? 29. 168° 
31. 92°, 88°; obtuse 33. Quadrilateral; equiangular; it 
has four congruent angles but its four sides are not 
all congruent. 35.21 37.14 in., 11.3 іп. 39.5 m 


Algebra Review (p.65) 1. 6 3. —2 5. 15 7.4 9. - 11 
11. 17 people 


Chapter 2 


2.1 Skill Practice (pp.75-76) 1. Sample answer: А guess 
based on observation 

3. 7. The numbers are 4 times the 
previous number; 768. 9. The 
rate of decrease is increasing 
by 1; —6. 11. The numbers 

are increasing by successive 
multiples of 3; 25. 13. even 


green 


blue 


15. Sample answer: (3 + 4)? = 7° = 49 3* + 4° = 

9 + 16 = 25 17. Sample answer: З • 6 = 18 19. То be 
true, a conjecture must be true for all cases. 21. у = 2х 
23. Previous numerator 8 
becomes the next 
denominator while the 
numerator is one more 


than the denominator; s. 
25. 0.25 is being added to 


each number; 1.45. 0 1 2 


0 1 2 


0.45,0.7, 0.95 1.21.45 


29.г>1;0< г< 1; raising numbers greater than 

one by successive natural numbers increases the 
result while raising a number between 0 and 1 by 
successive natural numbers decreases the result. 


2.1 Problem Solving (pp.77-78) 33. Sample answer: 
The number of e-mail messages will increase in 
2004; the number of e-mail messages has increased 
for the past 7 years. 


P| Pll ЕЛЕШЕ 
EOS 


A 
СЗ, -5) | | | 


с. Double the value of x and add 1 to the result, y = 
2x + 1. 37.a. sum, two b. 144, 233, 377 c. Sample 
answer: spiral patterns on the head of a sunflower 


22 Skill Practice (pp.82-84) 1. converse 3. If x — 6, 
then x^ — 36. 5. If a person is allowed to vote, then 
the person is registered to vote. 7. If two angles are 
complementary, then they add to 90°; if two angles 
add to 90°, then they are complementary; if two 
angles are not complementary, then they do not add 
to 905; if two angles do not add to 90*, then they are 
not complementary. 9. If x = 2, then 3x + 10 = 16; 
if 3x + 10 = 16, then x = 2; if x # 2, then Зх + 10 = 
16; if 3x + 104 16, then x ¥ 2. 


11. False. Sample: > 


13. False. Sample answer: m Z ABC = 60°, 

m Z GEF — 120? 15. False. Sample answer: 2 

17. False; there is no indication of a right angle in 
the diagram. 19. An angle is obtuse if and only if 
its measure is between 90? and 180°. 21. Points are 
coplanar if and only if they lie in the same plane. 
23. good definition 27. If —x> —6, then x « 6; true. 
29. Sample answer: If the dog sits, she gets a treat. 


22 Problem Solving (pp.84-85) 31. true 33. Find a 
counterexample. Sample answer: Tennis is a sport, 
but the participants do not wear helmets. 35. Sample 
answer: If a student is a member of the jazz band, 
then the student is a member of the band but not the 
chorus. 37. no 


2.3 Skill Practice (pp.90-91) 1. Detachment 

5. —15« —12 7. Ifa rectangle has four equal side 
lengths, then it is a regular polygon. 9. If you play 
the clarinet, then you are a musician. 11. The sum 
is even; the sum of two even integers is even; 2n and 
2m are even, 2n + 2m = 2(n + m), 2(n + m) is even. 


Selected Answers 
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13. Linear pairs are not the only pairs of angles 
that are supplementary; angles Cand D are 
supplementary, so the sum of their measures is 180°. 


2.3 Problem Solving (pp. 91-93) 17. You will get a 
raise if the revenue is greater than its costs. 19. is 

21. Deductive; laws of logic were used to reach the 
conclusion. 23. Conjecture: The sum of an even 
integer and an odd integer is odd. Reasoning: 

2m + (2n + 1) = (2т + 2п) +1 = 2(т+п) +1, 
which is оаа. 25. True; since the game is not sold 
out, Arlo goes and buys a hot dog. 27. False; Mia will 
buy popcorn. 


Extension (p.95) 1. ~q  ~р 3. Polygon ABCDE is 
not both equiangular and equilateral. 5. Polygon 
ABCDE is equiangular and equilateral if and only if it 
is a regular polygon. 


2.4 Skill Practice (pp.99-100) 1. line perpendicular 
to a plane 3. Postulate 5 5.a. If three points are not 
collinear, then there exists exactly one plane that 
contains all three points. b. If there exists exactly 
one plane that contains three points, then the three 
points are noncollinear; if three points are collinear, 
then there does not exist exactly one plane that 
contains all three; if there is not exactly one plane 
containing three points, then the three points are 
collinear. c. all of them 7. Sample answer: Lines p 
and q intersecting in point H 

9. Sample: no; XY does not m 
necessarily bisect WV. 


11. False. Sample answer: Consider a highway with 
two houses on the right side and one house on 
the left. 13. False. Sample answer: Consider any 
pair of opposite sides of a rectangular prism. 

15. false 17. false 19. true 21.true 23. false 
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25. Sample: | m  Postulate 5 
ие NA 
City A 
Sample: n Postulate 7 


Sample: Postulate 8 


<=> 
IA 


27. Sample answer: Postulate 9 guarantees three 
noncollinear points in a plane while Postulate 5 
guarantees that through any two there exists exactly 
one line, therefore there exists at least one line in 
the plane. 


2.4 Problem Solving (pp. 101-102) 31. Postulate 7 
33. Sample answer: A stoplight with a red, yellow, 
and green light. 35. Sample answer: Through point 
Z and point U there exists ZU. 37. Sample answer: 
The floor is a plane containing points W, X, and Y. 
39. a. Sample: 


Street 2 
Street 1 


b. Building A c. right angle d. No; since 4 CAE 
is obtuse, Building E must be on the east side of 
Building A. e. Street 1 

41. They must be 

collinear. Sample: 


They must be 
noncollinear. Sample: 


43. Sample: 


J4 
ИШЕ 


2.5 Skill Practice (рр. 108-109) 1. Reflexive Property of 
Equality for Angle Measure 3. Subtraction Property 


of Equality, Addition Property of Equality, Division 


Property of Equality 
7.4х+9 = 16 – Зх Given 
тх+9 = 16 Addition Property of Equality 
7X — 7 Subtraction Property of 
Equality 
х= 1 Division Property of Equality 
9. 3(2x + 11) =9 Given 
бх + 33 = 9 Distributive Property 
бх = —24 Subtraction Property of 
Equality 
х= -4 Division Property of Equality 
11. 44 — 2(3x + 4)  -18x Given 
44 — 6x — 8 = —18x Distributive Property 
36 — бх = —18x Simplify. 
36 = —12x Addition Property of 
Equality 
-3 =x Division Property of 
Equality 
13.2x - 15 - х= 21 + 10х Given 
х— 15 = 21 + 10x Simplify. 
—15 =21 + 9х Subtraction Property 
of Equality 
—36 = 9x Subtraction Property 
of Equality 
=4=x Division Property of 
Equality 


15.5x+y=18 Given 
у= 18 – 5х Subtraction Property of Equality 


17.12 — 3y = 30x 
—3y = 30x — 12 


ч x 
| 
w 


19. 2y + 0.5x = 16 
2y = —0.5х + 16 


—0.5x + 16 
y^ —0.25x + 8 


21.20 + CD 23. AB, CD 25. mZ1 = mZ3 27. Sample 


Given 


Subtraction Property of 
Equality 


Division Property of Equality 
Simplity. 


Given 


Subtraction Property of 
Equality 


Division Property of Equality 


Simplity. 


answer: Look in the mirror and see your reflection; 
12 in. = 1 ft, so 1 ft = 12 in.; 10 pennies = 1 dime and 
1 dime = 2 nickels, so 10 pennies = 2 nickels. 


29. AD = CB 
DC = BA 
AC = AC 


AD + DC = CB + DC 


AD + DC = CB + BA 


Given 

Given 

Reflexive Property of 
Equality 

Addition Property of 
Equality 
Substitution 


AD + DC + AC = 
CB + BA + AC 


Addition Property of 
Equality 


2.5 Problem Solving (pp. 110-111) 


31. P=2/+2w Given 
Р – 20 = 21 
Р – 2w _ 
5 = | 


Subtraction Property of Equality 
Division Property of Equality 


length: 16.5 m 
33. Row 1: Marked in diagram; Row 2: Substitute 


m Z GHF for 90°; Row 3: Angle Addition Postulate; 


Row 4: Substitution Property of Equality; Row 5: 
mZ1+mZ2=m2Z3+ mZ1; Substitution 
Property of Equality; Row 6: Subtract m Z 1 from 


both sides. 35. 116° 


2.6 Skill Practice (pp. 116-117) 1. А theorem is a 


statement that can be proven; a postulate is a rule 
that is accepted without proof. 3.3. Substitution; 4. 


AC = 11 5. SE 7. ZJ, ZL 9. Reflexive Property of 
Congruence 11. Reflexive Property of Equality 
13. The reason is the Transitive Property of 
Congruence, not the Reflexive Property of 


Congruence. 


15. Cottage Snack Bike Arcade 


Shop Rentals 


17. Because QR and RS are both congruent to PQ, 
QR = RS by the Transitive Property. Using the given 
segment lengths, 2x + 5 = 10 — 3x. Using properties 


Kite 
Shop 


of algebra, this is equivalent to 5x + 5 = 10, 


5x = 5, and x = 1. 19. A proof is deductive reasoning 


because it uses facts, definitions, accepted 
properties, and laws of logic. 


2.6 Problem Solving (pp. 118-119) 21. 2. Definition of 
angle bisector; 4. Transitive Property of Congruence 


23. Statements Reasons 
1. 2АВ = AC 1. Given 
2. AC = AB + BC 2. Segment Addition 
Postulate 
3.2AB = AB+ BC 3. Transitive Property of 
Segment Equality 
4. AB = BC 4. Subtraction Property 
of Equality 
25. Statements Reasons 
1. Ais an angle. 1. Given 
2.mZA=mZA 2. Reflexive Property of 
Equality 


LAS А 


3. Definition of congruent 


angles 


27. Equiangular; the Transitive Property of 
Congruent Angles implies Z 1 = 43, so all angle 


measures are the same. 
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29. a. R S M C F D 


Cafe Florist Dry 
cleaners 


Movie 
theater 


Restaurant Shoe 
store 


b. Given: RS = CF, SM = MC = FD, Prove: RM = CD 
Reasons 


c. Statements 


1. RS = CF, 1. Given 
SM = MC = FD 

2. RS + SM = RM 2. Segment Addition 
Postulate 

3. CF - FD = CD 3. Segment Addition 
Postulate 

4. CF + FD = RM 4. Substitution Property 
of Equality 

5. RM = CD 5. Transitive Property of 
Equality 


2.6 Problem Solving Workshop (p. 121) 1. a. Sample 
answer: The logic used is similar; one uses segment 
length and the other uses segment congruence. 

b. Sample answer: Both the same; the logic is similar. 


3.F M S B T 
M is midpoint Sis midpoint Bis midpoint 
of FS of MB of ST 
NM MS = SB SB — BT 
FM = SB 
FM = BT 
Statements Reasons 
1. Mis halfway between 1. Given 
Fand S; 
Sis halfway between 
M and B; 
Bis halfway between 
Sand T. 
2. Mis the midpoint of ES; 2. Definition of 
Sis the midpoint of MB; midpoint 
Bis the midpoint of ST. 
3. FM = MS, MS = SB, 3. Definition of 
SB = BT midpoint 
4. FM = SB 4. Transitive 
Property of 
Equality 

5. FM = BT 5. Transitive 
Property of 
Equality 


Selected Answers 


5.a. Sample answer: The proof on page 114 involves 
angle congruence, while this one involves segment 
congruence. b. Sample answer: If FG = DE is the 
second statement, the reason would have to be 
Symmetric Property of Segment Congruence and 
you cannot use a property that you are proving as 

a reason in the proof. 


2.7 Skill Practice (рр. 127-129) 1. vertical 3. Z MSN 
and Z PSQ, 7 NSP and Z QSR, Z MSP and Z PSR; 
indicated in diagram, Congruent Complements 
Theorem, Right Angles Congruence Theorem 

5. Z FGH and Z WXZ; Right Angles Congruence 
Theorem 7. Yes; perpendicular lines form right 
angles, and all right angles are congruent. 

9. 168°, 12°, 12° 11. 118°, 118°, 62° 13. x = 13, y = 20 
15. Sample answer: It was assumed that Z 1 and Z3, 
and Z2 and Z4 are linear pairs, but they are not; Z1 
апа 44, and Z2 and Z3 are not vertical angles and 
are not congruent. 17. 30° 19. 27° 21. 58? 

23. true 25. false 27. true 29. 140°, 40°, 140°, 40° 
31. Z FGH and Z EGH; Definition of angle bisector 
33. Sample answer: Z CEB and Z DEB; Right Angles 
Congruence Theorem 


2.7 Problem Solving (pp. 129-131) 

37. 1. Given; 2. Definition of complementary angles; 
3.mz1-o- mz2—^«mz1-4 mz3;4.mZ2—mz3; 
5. Definition of congruent angles 

Reasons 


41. Statements 


1. Z1 and /2 аге 
complementary; 
438 and Z4 are 
complementary; 
Z1= 24. 

2.mZ1+mZ2= 90°, 2. 
mZ3+mZA4 = 90° 


1. Given 


Definition of 
complementary 
angles 

Definition of 
congruent angles 
4. Transitive Property 


3mZ1=mZ4 3. 


4. т2/1 + т22 = 


mZ3+mZ4 of Equality 
5.mZ1+mZ2= 5. Substitution 
mZ3+mZ1 
6.mz2- mz3 6. Subtraction 
Property of 
Equality 
7.12 = 23 7. Definition of 


congruent angles 


43. Statements Reasons 
1. ZQRS and Z PSR are 1. Given 
supplementary. 


2. Z QRS and Z QRL are 2. Definition of 
a linear pair. linear pair 


3. Z QRS and Z QRL are 3. Linear Pair 
supplementary. Postulate 


4. Z QRL and Z PSR are 4. Congruent 
supplementary. Supplements 
Theorem 


b. Given: Z STV is bisected 
— — 

by TW, and TX and 

— 

TW are opposite rays 

Prove: Z STX = Z VIX 


45.a. 


Reasons 


. ZSTVis bisected by TW ; | 1. Given 


— — 
TX and TW are 
opposite rays. 


2. LSTW = Z VIW 2. Definition of 


angle bisector 
3. Z VIW and Z VTX are a 3. Definition of 
linear pair; linear pair 
Z STW and Z STX are a 
linear pair. 
4. Z VIW and Z VTX are 4. Linear Pair 
supplementary; Postulate 
Z STW and Z STX are 
supplementary. 
5. LSTX= Z VIX 5. Congruent 
Supplements 
Theorem 


Chapter Review (pp. 134-137) 1. theorem 
3.mZA=mZC 5. Sample answer: — =й 


7. Yes. Sample answer: This is the definition for 
complementary angles. 9. / B measures 90°. 

11. The sum of two odd integers is even. Sample 
answer: 7 + 1 = 8; 2п + 1 and 2m + 1 are odd, but 
their sum (2n + 1) + (2m + 1) = 2m + 2n + 2 = 
2(m + n + 1) is even. 


15.15x + 22 = 7x + 62 Given 


8x + 22 = 62 Subtraction Property of 
Equality 
8x = 40 Subtraction Property of 
Equality 
x=5 Division Property of 
Equality 


17.5x + 2(2x — 23) = —154 Given 
5x + 4х— 46 = —154 Distributive Property 

9x — 46 = —154 Simplify. 

9x = —108 Addition Property of 


Equality 
x=-12 Division Property of 
Equality 
19. Reflexive Property of Congruence 
21. Statements Reasons 
1.ZA=2ZB,ZB=ZC 1. Given 
2.mMZA=mZB, 2. Definition of 
mZB=mZC congruent angles 
3.mZA- mzC 3. Transitive Property 
of Equality 
4. ZA=ZC 4. Definition of 
congruent angles 


28.123,57 ,123 


k+3 
—2k +3 


2 
Algebra Review (p. 139) 1. T 3m +7 5 


7.2 9. 
17. 100V2 19.25 21.а 23. V13 


Chapter 3 


3.1 Skill Practice (pp. 150-151) 1. transversal 3. AB 
< <*— <> . 
5. BF 7. MK, LS 9. No. Sample answer: The lines 


intersect. 11. / 1 апа 25, 43 and 17, 72 and 46, 
Z4and 78 13. Z1 апа Z8,Z72and 77 15. 71 and 
48 are not in corresponding positions. 41 and 48 


are alternate exterior angles. 


17. 1 line m 19. consecutive 
A interior 
21. alternate 
exterior 
C B 23. corresponding 
25. never 
m 


27. sometimes 


29. Z CH, Z HJG 31. Z DFC, Z CJH 


Selected Answers 


22 11. -6V5 13. -2V2 + 2V6 15, 20V2 
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3.1 Problem Solving (pp. 151-152) 35. skew 39. The 
adjacent interior angles are supplementary thus the 
measure of the other two angles must be 90°. 41. false 


3.2 Skill Practice (pp. 157-158) 

1. Sample: 5. 110°; Alternate 

Exterior Angles 

Theorem 

2 7. 63°; Consecutive 
Interior Angles 


Theorem 


9. Corresponding Angles Postulate 11. Alternate 
Interior Angles Theorem 13. Alternate Exterior Angles 
Theorem 15. Alternate Exterior Angles Theorem 

17. m 1 = 150°, Corresponding Angles Postulate; 
m Z 2 = 150°, Vertical Angles Congruence Theorem 
19. m Z1 = 122, mZ2 = 585; Alternate Interior Angles 
Theorem, Consecutive Interior Angles Theorem 

21. Sample answer: Z1 = Z4 by the Alternate Exterior 
Angles Theorem; 71 = Z2 = 23 = Z4 by Vertical 
Angles Congruence Theorem, Alternate Interior 
Angles Theorem, and the Transitive Property of Angle 
Congruence. 23. т Z1 = 90°, supplementary to 

the right angle by the Consecutive Interior Angles 
Theorem; m Z3 = 65°, it forms a linear pair with the 
angle measuring 115°; m 42 = 115°, supplementary 
to Z3 by the Consecutive Interior Angles Theorem 

25. Sample answer: Z BAC and Z DCA, Z ABD and 
ZCDB 27.45,85 29.65, 60 31. 13, 12 


3.2 Problem Solving (pp. 159-160) 
Reasons 


37. Statements 


l. plg 1. Given 

2.212 £3 2. Corresponding Angles 
Postulate 

3.25222 3. Vertical Angles Congruence 
Theorem 

4.71= 272 4. Transitive Property of Angle 
Congruence 


39. а. yes; Z 1 and Z5, 42 and Z6; yes; Z1 and Z2, 
Zl and 46, 72 and 25, Z5and Z6. b. Sample 
answer: The transversal stays parallel to the floor. 
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41. Statements Reasons 

1.nllp 1. Given 

22123 2. Alternate Interior 
Angles Postulate 

3.m%1=m2Z3 3. Definition of 
congruent angles 

4. Z2 апа Z3 are 4. Linear Pair 

supplementary. Postulate 

5.mZ2+mZ3 = 180° | 5. Definition of 
supplementary 
angles 


6. т22 + mZ1-180? | 6.Substitution 
7. l and Z2 аге 7. Definition of 
supplementary. supplementary 
angles 


3.3 Skill Practice (pp. 165-167) 


1. Sample: n 3.40 5.15 7.60 
Z 1 and 48, 12 9. The student 
Z2 and Z7 3|4 believes that x = y 


6 - but there is no 

7[8 indication that 
they are equal. 

11. yes; Alternate Exterior Angles Converse 
13. yes; Corresponding Angles Converse 15. yes; 
Alternate Exterior Angles Converse 
17.a. mZ DCG = 115°, m Z CGH = 65° b. They 
are consecutive interior angles and they are 
supplementary. c. yes; Consecutive Interior Angles 
Converse 19. yes; Consecutive Interior Angles 
Converse 21. по 25. Sample answer: Z1 = Z4 
therefore 74 and 77 are supplementary. Lines j 
and k are parallel by the Consecutive Interior Angles 
Converse. 27.a. 1 line b. an infinite number of 
lines c. 1 plane 


3.3 Problem Solving (pp. 167-169) 29. Alternate 
Interior Angles Converse 31. Substitution, 
Definition of supplementary angles, Consecutive 
Interior Angles Converse 33. Yes. Sample answer: 

E 20th is parallel to E 19th by the Corresponding 
Angles Converse. E 19th is parallel to E 18th by the 
Alternate Exterior Angles Converse. E 18th is parallel 
to E 17th by the Alternate Interior Angles Converse. 
They are all parallel by the Transitive Property of 
Parallel Lines. 
35. Statements 


Reasons 


l.allb, 42 = 3 1. Given 

2.22 апа 24 are 2. Consecutive Interior 
supplementary. Angles Theorem 

3. Z3 and Z4 are 3. Substitution 
supplementary. 

4.clld 4. Consecutive Interior 


Angles Converse 


37. You are given that 73 and Z5 аге 
supplementary. By the Linear Pair Postulate, 45 


and Z 6 are also supplementary. So Z3 = 26 by the 


Congruent Supplements Theorem. By the converse 
of the Alternate Interior Angles Theorem, т || n. 


39. a. Sample answer: Corresponding Angles 
Converse b. Slide the triangle along a fixed 
horizontal line and use the edge that forms the 90? 
angle to draw verticallines. 41, 43. Sample answers 
are given. 41. Corresponding Angles Converse 

43. Vertical Angles Congruence Theorem followed 
by the Corresponding Angles Converse 


3.4 Skill Practice (рр. 175-176) 1. The slope of a 
nonvertical line is the ratio of vertical change (rise) 
to horizontal change (run) between any two points 


on the line. 7. > 9.0 11. Fa was computed using 


a it should ы пзе, т = 


product of their slopasi is — " 15. Perpendicular; the 
product of their slopes is —1. 


17.| | | | | [f b | | | 19.line2 21. line 1 
Ri) | | | | | 


T 13. Perpendicular; the 


25, ( 


|| ү ү 
MET EA 
LLLLELLLLL 
А fe 
үү 


et} И | | | 
(MA 2, 74) 
ЦЕСТ 
Pt tg] | tT tt 
_ | 1-4% 6б eT | [|] 


РЦ 
ЧЕН ШИШ 
ЕЕЕ 

MAY E 

EN - 

ЕКЕЖ Г 


3.4 Problem Solving (pp. 176-178) 33. £ 
35. line b; line c. Sample: ‚ы a 


INNT 
SENN YTT 
IA 


37.a. Horizontal 
Distance (ft) 


 Heighe(f) | 29 | 58 | 87 | 116 | 145 | 174 | 203 


Horizontal 
700 


 Heighe(fe)_| 232 | 261 | 290 | 319 | зав | 377 | 406 


29 144, 
bon sm | | | | | |_| e555; Duquesne 
| tt | ttt | 


406 ft 


50 271" 


ao Too, a | 
COC aT 
“ЕЕЕ 
ИТКЕ 
РТО 


ш 200 400 600 800 
Horizontal dist. (ft) 

39. $1150 per year 41.a. 1985 to 1990. Sample 
answer: about 2 million people per year b. 1995 to 
2000. Sample answer: about 3 million people per 
year c. Sample answer: There was moderate but 
steady increase in attendance for the NFL over the 
time period of 1985-2000. 


Height (ft) 


3.5 Skill Practice (pp. 184-186) 1. The point of 
intersection on the y-axis when graphing a line. 


3. y =x — eg Бе Tae da з, 
11. y =3x +2 13.y=-3x 15. y =-Ex-12 
17. y = Ax — 16 19. y= -$x x- 2 21.y=7 
23.y = -2x - 1 on y- laa ии 4 
31.y=-31+3 33. y = 1+2 my д" 


ЕГА ӨГ 


NEBNEWBSENE 
ptt tte | NT 


45. To find the x-intercept, let у = 0; 5x — 3(0) = —15, 
x = —3, (—3, 0). To find the y-intercept, let x = 0, 

5(0) – Зу = —15,у = 5, (0, 5). 47. (—1, —1); 
y=-x- 2 49. 4, 4; у= —x +4 51. —20, 10; 


zd 
y-3x* 10 
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53. | | | |»t7| | / | | none 
| |l | /| | | 


infinitely many 


3.5 Problem Solving (pp. 186-187) 61. y = 2.1x + 2000; 


slope: gain in weight per day, y-intercept: starting 
weight before the growth spurt 63. 2x + Зу = 24; 
A: cost of a small slice, B: cost of a large slice, 


C: amount of money you can spend 65.a. 2b + c — 13, 


5b + 2c = 27.50 
b. 


c. The intersection 
represents the price 
of one bag of beads 
and the price of one 
package of clasps. 


Price of a 
package of clasps 


0 
0 1 2 345 6 7 8 9b 
Price of a bag of beads 


3.5 Problem Solving Workshop (p.189) 1.27 h 
3. 115 buttons 5. Sample answer: In each case an 
equation modeling the situation was solved. 


3.6 Skill Practice (pp. 194-195) 1. АВ; it's L to the 
parallellines. 3. If two sides of two adjacent 

acute angles are perpendicular, then the angles 

are complementary. 5. 25° 7. 52? 9. Since the two 
angles labeled x? form a linear pair of congruent 
angles, t L n; since the two lines are perpendicular 
to the same line, they are parallel to each other. 

11. Sample answer: Draw a line. Construct a second 
line perpendicular to the first line. Construct a third 
line perpendicular to the second line. 13. There is 
no information to indicate that y|| z or y Lx. 15. 13 
17.33 19. Lines f and g; they are perpendicular to 


line d. 23. 4.1 25. V13 = 3.6; V26 = 5.1 27.2.5 
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3.6 Problem Solving (pp. 196-197) 29. Point С; the 
shortest distance is the length of the perpendicular 
segment. 31. Linear Pair Postulate; m Z1 + mz2 
= 180°; Definition of congruent angles; Division 
Property of Equality; Z 1 is a right angle.; Definition 
of perpendicular lines 


33. Given A || k, j. Lh 


Prove j Lk 


Statements Reasons 
1. h || k,jLh 1. Given 
2,4215 #2 2. Corresponding Angles 
Postulate 
3.Z1lisa 3. 1 lines intersect to form 
right angle. 4 right angles 
4. т21 = 90° 4. Definition of right angle 


5.т/1= т22 | 5. Definition of congruent 


angles 


6.mZ2 = 90° 6. Substitution 

7.Z2isa 7. Definition of right angle 
right angle. 

8.j1k 8. Definition of perpendicular 


lines 


Chapter Review (pp.202-205) 1. skew lines 3. 75 


5. /6 7.standard form 9. NR 11. JN 13. m21 = 54°, 
vertical angles; m 4/2 = 54°, alternate interior angles 
15. m Z1 = 135°, corresponding angles; m Z2 = 45°, 
supplementary angles 17. 13, 132 19. 35°. Sample 
answer: Z 2 and Z3 are complementary, so mZ2 = 
90° — 55° = 35°. mZ 1 = m £2 because Z 1 and Z2 
are corresponding angles for two parallel lines cut 
by a transversal. 21. 133 23. perpendicular 


25.a. y — 6x — 19 b.y==¿x=> ZT, а.2 


Algebra Review (р. 207) 
1. HE d y 


9. 6 mo 11. after 100 min 


Cumulative Review (pp.212-213) 1.28, 56 3. acute 
5. acute 7. 40 in., 84 in.^ 9. 15.2 yd, 14. d ad 


11. Each number is being multiplied byl $5 =. 13.x<7 
15. The musician is playing a stringed а 


17. Equation Кеаѕоп 
—4(x + 3) = —28 Given 
x+3=7 Division Property of Equality 
x=4 Subtraction Property of 
Equality 


19. 29 21. x = 9, y = 31 23. х = 101,у= 79 25.0 
27.2 29.а. у= —x + 10 Ъ. у= х + 14 31. Yes; if two 
lines intersect to form а linear pair of congruent 
angles, then the lines are perpendicular. 

33. Sample answer: perpendicular lines 35. 89 mi 
37. If you want the lowest television prices, then 
come see Matt's TV Warehouse; you want the 
lowest television prices; come see Matt's TV 
Warehouse. 39. Yes. Sample answer: Transitive 
Property of Congruence of Segments 


Chapter 4 

4.1 Skill Practice (рр. 221-222) 1. С 3.F 5. B 

7. No; in a right triangle, the other two angles are 
complementary so they are both less than 90*. 

9. equilateral, equiangular 


11.| | p| ¡ce 2,7 | | | | isosceles; right triangle 
BREESE 


|| М 
| М 
LT Tye tN LI 
| | |А23) | 1866,3) 

| | 


TILLLLLL 
EERSHENNNERE: 


13.| |> 401,9) | | | | | | scalene; not a right triangle 
МОЕМУ 
|| AI Baga] | 
|[\|/ || И 
rT TYE TT {i tl 
|| [ass | |] ||| 


15. 30; right 17. 92° 19. 158° 21. 50° 23. 50° 

25. 40° 27. m ZP = 45°, mZQ = 90°, m Z R = 45° 
29. Isosceles does пої guarantee the third side is 
congruent to the two congruent sides; so if AABCis 
equilateral, then it is isosceles as well. 33. 118, 96 
35. 26, 64 37. 35, 37 


4.1 Problem Solving (рр. 223-224) 41. 2 in.; 605; in 
an equilateral triangle all sides have the same 


length $). In an equiangular triangle the angles 


always measure 60°. 45. 115° 47. 65° 


49.a. 2V2x + 5V2x + 2V2x = 180 b. 40°, 100°, 40° 
c. obtuse 51. Sample answer: They both reasoned 
correctly but their initial plan was incorrect. The 
measure of the exterior angle should be 150°. 


4.2 Skill Practice (pp. 228-229) 


l. K S ЈК = RS, KL = ST, 
JL= ВТ, Је ZR, 
LK=ZS,ZL=ZT 
E T R 


3. ZA and Z D, Z Сапа ZF, ZB and ZE, AB and DE, 
AC and DF, BC and EF. Sample answer: A CAB = 

A FDE. 5.124? 7.8 9. A ZYX 11. A XYZ = AZWX; 
all corresponding sides and angles are congruent. 
13. A BAG = A CDF, all corresponding sides and 
angles are congruent. 15.20 17. Student still needs 
to show that corresponding sides are congruent. 

19, 3, 1 


4.2 Problem Solving (pp. 230-231) 23. Transitive 
Property of Congruent Triangles 25. length, width, 


and depth 
27. B D Yes; alternate interior 
angles are congruent. 
A C 
29. no E 
D 
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31.а. Corresponding parts of congruent figures 
are congruent. b. They are supplementary to two 
congruent angles and therefore are congruent. 

c. Sample answer: All right angles are congruent. 

d. Yes; all corresponding parts of both triangles are 
congruent. 


4.2 Problem Solving Workshop (p. 232) 


1.a. G 
H 
| 
| bi 
M 
M 


b. H 
/, És 

M L M G 
4.3 Skill Practice (рр. 236-237) 1. corresponding angles 
3. corresponding sides 5. not true; ARST= A PQT 
7. true; SSS 9. congruent 11. congruent 13. Stable; 
the figure has diagonal support with fixed side 
lengths. 15. Stable; the figure has diagonal support 


with fixed side lengths. 19. Not congruent; the 
congruence statement should read A АВС = A FED. 


4.3 Problem Solving (рр. 238-239) 23. Gate 1. Sample 
answer: Gate 1 has a diagonal support that forms 
two triangles with fixed side lengths, and these 
triangles cannot change shape. Gate 2 is not stable 
because that gate is a quadrilateral which can take 
many different shapes. 
25. Statements 


Reasons 


1. WX = VZ, WY « VY, 1. Given 
YZ = YX 

2. WV = VW 2. Reflexive Property 
of Congruence 

3. WY = VY, YZ = YX 3. Definition of 
congruent segments 

4. WY + YZ = VY + YZ | 4. Addition Property 
of Equality 

5. WY + YZ = VY + YX | 5. Substitution 
Property of Equality 

6. WZ = VX 6. Segment Addition 
Postulate 

7. WZ = VX 7. Definition of 
congruent segments 

8. A VWX = A WVZ 8. SSS 
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27. Statements Reasons 


1. FM = FN, DM = HN, 1. Given 
EF = GF, DE = HG 
2. MN = NM 2. Reflexive Property 
of Equality 
3. FM = FN, DM = HN, 3. Definition of 
EF = GF congruent 
segments 
4. EF + FN = GF + FN, 4. Addition Property 
DM + MN = HN + MN of Equality 


5. EF + FN = GF + FM, 5. Substitution 


DM + MN = HN + NM Property of 

Equality 

6. EN = GM, DN = HM 6. Segment Addition 

Postulate 

7. ЕМ = GM, DN = НМ 7. Definition of 
congruent 
segments 

8. A DEN = AHGM 8. SSS 


29. Only one triangle can be created from three 
fixed sides. 


4.4 Skill Practice (pp. 243-244) 1. included 3. Z XYW 
5. МҮ 7. Z XYZ 9.not enough 11. not enough 
13. enough 17. Sample answer: A STU, A RVU; they 
are congruent by SAS. 


21. SAS 23. Yes; they are congruent by the SAS 
Congruence Postulate. 25. AC = DF 27. ВС = EF 
29. Because RM L PQ, Z ЕМО and Z RMP are right 
angles and thus are congruent. QM = MP and 
MR = MR. It follows that A RMP = A RMQ by SAS. 


4.4 Problem Solving (pp.245-246) 31. SAS 33. Two 
sides and the included angle of one sail need to 

be congruent to two sides and the included angle 
of the second sail; the two sails need to be right 
triangles with congruent hypotenuses and one pair 
of congruent legs. 
35. Statements 


1. PQ bisects Z SPT, 


SP = TP 
2. ZSPQ = Z ТРО 


Reasons 


1. Given 


2. Definition of angle 


0 LLL bisector 
3. PQ = PQ 3. Reflexive Property of 
Congruence 
4. ASPQ = АТРО 4. SAS 


37. Statements Reasons 


1. Given 
2. Given 


1.]M& LM 

2. 2 KIM and Z KLM 
are right angles. 

3. AJKM and ALKM 


3. Definition of right 


are right triangles. triangle 
4. КМ = KM 4. Reflexive Property of 
Congruence 
5. AJKM = ALKM 5. HL 


4.5 Skill Practice (pp.252-253) 1. Sample answer: 

A flow proof shows the flow of a logical argument. 

3. yes; AAS 5. yes; ASA 9. ZF, ZL 11. ZAFE = 2 ПЕВ 
by the Vertical Angles Congruence Theorem. 13. 

Z EDA = Z DCB by the Corresponding Angles 
Postulate. 15. No; there is no AAA postulate or 
theorem. 17. No; the segments that are congruent 
are not corresponding sides. 


19. yes; the SAS Congruence Postulate 21.a. BC and 


AD are parallel, because their slopes are equal, with 
AC being a transversal. The Alternate Interior Angles 
Theorem applies. b. AB and CD are parallel, because 
their slopes are equal, with AC being a transversal. 
The Alternate Interior Angles Theorem applies. _ 
c. Using parts 21a, 21b, and the fact that AC « CA, 
they are congruent by ASA. 

4.5 Problem Solving (рр. 254-255) 23. Two pairs of 
angles and an included pair of sides are congruent. 
The triangles are congruent by ASA. 

27. AAS 

29. Since all 

right angles are 
congruent, the 


25. AD| CE 
Given BD = BC 

Given 

ZA= ZE 2С= р А 

two triangles аге 

Alt. Int. Angles Alt. Int. Angles а 

Thm. Thm. congruent by either 

/ / AAS, if the side is not 

included, or ASA, if it 


AABD = AEBC is the included side. 


AAS 
31. Statements 
1. АК = С], Z BJK = ZBRL ZA=ZC 
2. AABK = A СВ] 


33. ZNKM= ZLMK 
ZL= ZN 


Given 


Reasons 


1. Given 
2. ASA 
— ANMK = ALKM 

AAS 


KM = MK 
Reflexive Prop. 
of Congruence 


4.6 Skill Practice (рр. 259-260) 1. congruent 3. A СВА, 
A CBD; SSS 5. AJKM, A LKM, HL 7. AJNH, A KLG; 
AAS 9. The angle is not the included angle; the 
triangles cannot be said to be congruent. 11. Show 
A NML = APQL by AAS since Z NLM = Z PLQ by 
the Vertical Angles Congruence Theorem. Then LM 
= LQ because corresponding parts of congruent 
triangles are congruent. 13. 20, 120, +6 15. Show 

А КЕС = ^ HGF by AAS, which gives you HG = 

KF. This along with Z FJK = Z GJH by vertical angles 
gives you A FJK = А GJH by AAS, therefore Z1 = Z2. 
17. Show A STR = A ОТР by ASA using the givens 
and vertical angles STR and ОТР. Since PT = RT and 
using vertical angles PTS апа АТО, A PTS = A ЕТО by 
SAS, which gives you Z1 = Z2. 19. Show A KNP 

= AMNP by SSS. Now Z KPL = Z MPL and PL = PL 
leads to А LKP = A LMP by SAS, which gives you 
Z1= Z2. 21. The triangles are congruent by SSS. 


23. Statements Reasons 
l.ZTzZU,zZzzx, l. Given 
YZ = YX 
2. A TYZ = A UYX 2. AAS 
3. ZTYZ = Z UYX 3. Corr. parts of 
= Aare =. 
4. m L TYZ =m Z UYX 4. Definition of 
congruent angles 
5.mZTYW+ mZWYZ = | 5. Angle Addition 
m £ TYZ, m Z ТҮМ + Postulate 


m L VYX = mz UYX 
6. m L TYW + m Z WYZ = 6. Substitution 


mZTYW + m z ҮҮХ Property of 
Equality 
т. m L WYZ = mz VYX 7. Subtraction 
Property of 
Equality 
8. ZWYZ = 2 VYX 8. Definition of 
congruent angles 
4.6 Problem Solving (pp. 261-263) 
29. Statements Reasons 


1. PQ || VS, QU || ST, | 1. Given 
РО = VS 
2. 2 ОРО = ZSVI, 2. Corresponding 
Z ООР = Z STV Angles Postulate 
3. A PQU = A VST 3. AAS 
4. LQZ= ZS 4. Corr. parts of = А are =. 


33. No; the given angle is not an included angle. 
35. Yes; Z BDA = Z BDC, AD = CD and BD = BD. By 
SAS, AABD = A CBD. Corr. parts of = А are =, so 
AB = BC. 
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37. Statements Reasons 


1. MN = KN, 
/ РММ = ZNKL 
2. ZMNP = ZKNL 


1. Given 


2. Vertical Angles 


Congruence Theorem 
3. APMN = ALKN 3. ASA 
4. MP = KL, 4. Corr. parts of = A 
Z MPJ = ZKLQ are =. 


5. MJ L PN, KQ LLN 

6. ZKQL and 4 MJP 
are right angles. 

7. Z KQL = Z MJP 


5. Given in diagram 
6. Theorem 3.9 


7. Right Angles 
Congruence Theorem 
8. AAS 
9. Corr. parts of = A 
are =. 


8. A MJP = A KQL 
9.Z1= 22 


4.7 Skill Practice (рр. 267-268) 1. The angle formed 
by the legs is the vertex angle. 3. A, D; Base Angles 
Theorem 5. CD, CE; Converse of Base Angles 
Theorem 7.12 9.60? 11.20 13.8 15. 39, 39 

17. 45, 5 21. There is not enough information to 
find x or y. We need to know the measure of one of 
the vertex angles. 23. 16 ft 25. 39 in. 27. possible 
29. possible 31. A ABD = A CBD by SAS making 
BA = BC because corresponding parts of congruent 
triangles are congruent. 33. 60, 120; solve the 
system x + у = 180 and 180 + 2x — y= 180. 

35. 50°, 50°, 80°; 65°, 65°, 50°; there are two distinct 
exterior angles. If the angle is supplementary to the 
base angle, the base angle measures 50°. If the angle 
is supplementary to the vertex angle, then the base 
angles measure 65°. 


4.7 Problem Solving (pp. 269-270) 
39. 41.a. ZA, ZACB, Z CBD, and 
us _, СРВ ате congruent and 

^ BCe CB making A АВС = A BCD 
by AAS. b. А АВС, ABCD, A CDE, 
A DEF, A ЕЕС c. Z BCD, 2 CDE, 
Z DEF, 2 ЕЕС 


60° 60° 
5cm 


43. 90°, 45°, 45° 
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47. Мо; m Z 1 = 50°,somZ2 = 50° and 72 

corresponds to the angle measuring 45°; therefore, p 
is not parallel to g. 49. Sample answer: Choose point 
P(x, y) = (2, 2) and set PT = PU. Solve the equation 


Vx? + (y— 4) = V(x — 4)? + у? and get y = x. The 


point (2, 2) is excluded because it is a point on TU. 


4.8 Skill Practice (рр. 276—277) 1. Subtract one from 
each x-coordinate and add 4 to each y-coordinate. 
3. translation 5. reflection 7. no 


киш 


21. not a rotation 


23. not a rotation 


e 
1 м 


25. Yes; take any point 
or any line segment and 
rotate 360". 


ais 
ТӨ 
УМ 
ТАГ 
СЫА 


A 
^ 
4 
» 

EN 


МММ 


Fak 
“| [| 
[Үү 
27. (3,4) 29. (2, 3) 31. (13, —5) 33. UV 35. ADST 


4.8 Problem Solving (рр. 278-279) 39. 90? clockwise, 
90° counterclockwise 41.a. (x, y) > (x – 1, y + 2) 
b. (x, y) > (x + 2, y - 1) c. No; the translation 
needed does not match a knight's move. 


Chapter Review (pp.282-285) 1. equiangular 3. An 
isosceles triangle has at least two congruent sides, 
while a scalene triangle has no congruent sides. 


5.ZPand ZL, Z Q and ZM, Z R and ZN; PQ and LM, 


QR and MN, RP and NL 7.120? 9. 60° 11.60? 
13. 18 15. true; SSS 17. true; SAS 19. ZF, ZJ 
21. Show A ACD and A BED are congruent by AAS, 


which makes AD congruent to BD. A ABD is then 
an isosceles triangle, which makes / 1 and Z2 
congruent. 23. Show A QVS congruent to A QVT by 
SSS, which gives Z QSV congruent to Z QTV. Using 
vertical angles and the Transitive Property 

you get Z 1 congruent to Z2. 25. 20 


Algebra Review (p. 287) 
<2. х 
= 0 1 2 


3.x<-9 "=> x 
-12 -8 -4 0 


1 > 
уел -4 -2 0 2 , 


aki = 
э + ke 
-4 —2 0 2 
5 5 
9.X«—-— 2 
2 а О + += x 
—4 —2 0 2 


11.52 -3 —— > n 
-4 -2 0 2 


13.2,8 15.0,8 17. 5,3 19. —0.8, 3.4 21. -11 
23. —5, 14 25. -$,2 27. £5 


Chapter 5 


5.1 Skill Practice (pp. 298-299) 1. midsegment 3. 13 
5.6 7. XZ 9.JX, KL 11. YL, LZ 13-19. Sample 
answers are given. 13. (0, 0), (7, 0), (0, 7) 15. (0, 0), 
(2m, 0), (a, D) 17. (0, 0), (s, 0), (s, s), (0, s) 19. (0, 0), 
(7, 0), (0, s) 


(D, 0); no; yes; it's not a right triangle because 
none of the slopes are negative reciprocals, and 
it is isosceles because two of the sides have the 


same length. 
23. Wy AB = m, 0, (5 n), 
ALO, п) B(m, n) 2 
ВС = n, undefined, 
(m, 3) CA = Мт? + n?, 


Cim,0) x -2 iio q 3) yes, по; 
one eae is vertical and 
one side is horizontal thus the triangle is a right 
triangle. It is not isosceles since none of the sides 
have the same length. 


25.13 27. You don't know that DE and BC are parallel. 
29. (0, k). Sample answer: Since A OPQ and A RSQ 


are right triangles with OP = RS and PQ = SQ, the 

triangles are congruent by SAS. 33. GE = + DB, 
EN! _1|1 1 _ 

EF = 1ВС, area of A EFG = 3 ¿DB(38C) = 

5 (DB) (BC), area of ABCD = > (DB)(BC). 


5.1 Problem Solving (pp. 300-301) 35. 10 ft 37. The 
coordinates of W are (3, 3) and the coordinates of 


Vare (7, 3). The slope of WV is 0 and the slope of OH 


is 0 making WV || OH. WV = 4 and OH = 8 thus 

WV = 5 OH. 39. 16. Sample answer: DE is half the 

length of FG which makes FG = 8. FG is half the 

length of AC which makes AC = 16. 41. Sample 

answer: You already know the coordinates of D are 

(q, r) and can show the coordinates of F are (p, 0) 
2p+0 == 

since [2 P 929) = (p, 0). The е of ОЕ is 

rcu _ — 0 Г 

and the slope of BCis = 
q-P q- F Н E- 2р 4-р 


making them parallel. DF = ү (q — р)? + r^ and 
(29 – 2р)? + 2r)? = 2 (q — р)? + г? making 

DF = 5 BC. 43. a. 5 b. 2 с. 2 45. Sample answer: 

A ABD and A CBD are congruent right isosceles 


triangles with A(0, p), B(0, 0), C(p, 0) and D(5, р 5) 


AB = p, BC = p, and AB i is a vertical line and BCisa 
horizontal line, so AB 1 BC. By definition, A ABC is 
a right isosceles triangle. 
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5.1 Problem Solving Workshop (p.302) 1. The slopes 
of AC and BC are negative reciprocals of each other, 
so АС L BC making Z Ca right angle; AC = hV2 and 
BC = hV2 making ^ ABC isosceles. 

3. a. JL = ІК = hand JLis 
a horizontal line and 
LKis a vertical line, 


so JL L LK: hV2, (2 h), 


L(h, 0) x 


JL = LK = 2hV2 and the 
slope of JL = 1 and the 
slope of LK = —1, so 

JL L LK; 4h, (0, 0). 


K(2h, 0) x 


5. Sample answer: PQRS with P(0, 0), Q(0, т), R(n, m), 
and S(n, 0). PR = QS = Vm? + п? making PR = QS. 


5.2 Skill Practice (pp.306-307) 1. circumcenter 3. 15 
5.55 7. yes 11.35 13. 50 15. Yes; the Converse of 
the Perpendicular Bisector Theorem guarantees L 
is on JP. 17. 11 

19. Sample: y 


21. Always; congruent sides are created. 


5.2 Problem Solving (pp. 308-309) 25. Theorem 5.4 
shows you that you can find a point equidistant from 
three points by using the perpendicular bisectors of 
the sides of the triangle formed by the three points. 
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27. Statements Reasons 
1. CA = CB 1. Given 
2. Draw PC L AB 2. Perpendicular 
through point C. Postulate 

3. CA= CB 3. Definition of 
congruent segments 

4. CP = CP 4. Reflexive Property of 
Segment Congruence 


5. Z CPA and Z СРВ 5. Definition of 1 lines 
are right angles. 
6. ACPA and A CPB 6. Definition of right 


are right triangles. triangle 

T. ACPA = A СРВ 7. HL 

8. РА = РВ 8. Corr. parts of = A 

аге =. 

9. Pis the midpoint 9. Definition of 

of AB. midpoint 
10. Cis on the 10. Definition of 

perpendicular perpendicular bisector 
bisector of AB. 


5.3 Skill Practice (рр. 313-314) 1. bisector 3. 20° 5.9 
7. No; you don't know that Z BAD = Z CAD. 9. No; 
you don't know that HG = HF, HF L EF, or HG L EG. 
11. No; you don't know that HF L EF, or HG L EG. 
13. 4 15. No; the segments with length x and 3 are 
not perpendicular to their respective rays. 17. Yes; 

x = 7 using the Angle Bisector Theorem. 19. 9 

21. GD is not the perpendicular distance from G to 
CE. The same is true about GF; the distance from G 
to each side of the triangle is the same. 25. 0.5 


5.3 Problem Solving (рр. 315-316) 
29. at the incenter of the pond A 


B C 


31. a. Equilateral; 3; the angle bisector would also be 
the perpendicular bisector. b. Scalene; 6; each angle 
bisector would be different than the corresponding 
perpendicular bisector. 33. perpendicular bisectors; 
(10, 10); 100 yd; about 628 yd 


35. Statements Reasons 


1. Z BAC with D interior, 1. Given 
— ——— > 
DB L AB, DC L AC, 


DB = DC 
2. ZABD and Z ACD are 2. Definition of 
right angles. perpendicular 
3. AABD and AACD are 3. Definition of 
right triangles. right triangle 
4. РВ = РС 4. Definition of 
congruent 
segments 
5.AD = AD 5. Reflexive Property 
of Segment 
Congruence 
6. AABD = AACD 6. HL 
т. Z BAD = 2 CAD 7. Corr. parts of = A 
= are =. 
8. AD bisects Z BAC. 8. Definition of 
angle bisector 


37. a. Use the Concurrency of Angle Bisectors of 
a Triangle Theorem; if you move the circle to any 
other spot it will extend into the walkway. 

Q R 


P P 
b. Yes; the incenter will allow the largest tent possible. 


5.4 Skill Practice (pp.322-323) 1. circumcenter: when 
it is an acute triangle, when it is a right triangle, when 
it is an obtuse triangle; incenter: always, never, never; 
centroid: always, never, never; orthocenter: when it is 
an acute triangle, when it is a right triangle, when it is 
an obtuse triangle 3. 12 5.10 9. (3, 2) 
11.2 13. по; no; yes 15. no; yes; no 
17. altitude 19. median 
21. perpendicular bisector, angle 
bisector, median, altitude 
23. 6, 22% AABD = ACBD by HL, 
use Corr. parts of = A аге =. 


3 
25.3 27. 2 


A ж 


5 
33. 2 35.4 


5.4 Problem Solving (pp.324-325) 37. B; itis the 
centroid of the triangle. 39. 6.75 in.^; altitude 


y,=3x-4 


1 
h А IN y. 3 = 2 
EBENEN 


43. b. Their areas are the same. c. They weigh 
the same; it means the weight of AABC is evenly 


distributed around its centroid. 


5.5 Skill Practice (pp.331-332) 1. ZA, ВС; ZB, СА; 

Z C, AB 3. Sample answer: The longest side is 
opposite the largest angle. The shortest side is 
opposite the smallest angle. 5. Sample answer: The 


longest side is opposite the obtuse angle, and the two 
angles with the same measure are opposite the sides 


with the same length. 7. XY, YZ, ZX; ZZ ZX, ZY 
9. KL, JL, JK; ZJ, ZK, ZL 11. DF, FG, GD; ZG, ZD, ZF 


13. 123° 


9m 


17. No; 3 + 615 not greater than 9. 19. yes 
21.7in.<x<17in. 23.6ft<x<30 ft 

25. 16in.<x<64 in. 27. ZA and ZB are the 
nonadjacent interior angles to Z 1 thus by the 
Exterior Angle Theorem mZ1 = т/А + mz B, 
which guarantees m Z1» mz Aand т/1> 


13 in. 


m “В. 29. The longest side is not opposite the 
largest angle. 31. yes; Z Q, ZP, ZR 33.2 <х < 15 

35. Z WXY, ZZ, Z ZXY, ZWYX and Z ZYX, ZW; 

Z ZYX is the largest angle in A ZYX and Z WYX is 

the middle sized angle in ^ WXY making Z Wthe 
largest angle. m WXY + mzW = mZZ + mZZXY 


making Z WXY the smallest. 
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5.5 Problem Solving (рр. 333-334) 37.mZP<mZQ, 
mzP«mzR;mzQ-mzR 39.a. The sum of the 
other two side lengths is less than 1080. b. No; the 
sum of the distance from Granite Peak to Fort Peck 
Lake and Granite Peak to Glacier National Park must 
be more than 565. c.d>76 km, d < 1054 km 

d. The distance is less than 489 kilometers. 

41. Sample: 


8 cm 6 cm 4 cm 


m 
10 cm 
acute acute obtuse acute 


43. Sample answer: 3, 4, 17; 2, 5, 17; 4, 4, 16 
45.1 - mi<d< 23 mi; if the locations are соШпеаг 


then the distance could be 1 i miles or 23 miles. 

If the locations are not collinear then the distance 
must be between 1 1 miles and 23 miles because of 
the Triangle Inequality Theorem. 


5.6 Skill Practice (pp. 338-339) 1. You temporarily 
assume that the desired conclusion is false and this 
leads to a logical contradiction. 3.> 5. < 7. = 

11. Suppose xy is even. 13. ZA could be a right angle 
or a straight angle. 15. The Hinge Theorem is about 
triangles not quadrilaterals. 17. x > 5 19. Using the 


Converse of the Hinge Theorem, Z МКО > Z NRP. 
Since Z NRQ and Z NRP are a linear pair, Z NRQ 
must be obtuse and Z NRP must be acute. 


5.6 Problem Solving (pp. 340-341) 23. E, A, D, B, C 

25. a. It gets larger; it gets smaller. b. KM c. Sample 
answer: Since NL = NK = NM and as т LNK 
increases KL increases and m Z KNM decreases as 
KM decreases, you have two pairs of congruent sides 
with m Z LNK eventually greater than m Z КММ. 

The Hinge Theorem guarantees KL will eventually 
be greater than KM. 27. Prove: If x is divisible by 4, 
then x is even. Proof: Since x is divisible by 4, x — 4a. 
When you factor out a 2, you get x — 2(2a) which is 
in the form 2n, which implies x is an even number; 
your temporary assumption in the indirect proof is 
the same as the hypothesis in the direct proof. 


Chapter Review (pp.344-347) 1. perpendicular 
bisector 3. B 5. C 7.45 9. BA and BC, DA 
and DC 11.25 13.15 15.(—2,4) 17.3.5 
19.4іп. </ «12 in. 21.8 ft< £ «32 ft 

23. LM, MN, LN; ZN, ZL, ZM 25. > 

27. G B, A, D 
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3 
1 
5. 9% decrease 7. 12.5% increase 9. 0.25% 

decrease 11.84%; 37.8 h 13. 107.5%; 86 people 


Algebra Review (p.349) 1.a. Ь.2 8.2 


Chapter 6 


6.1 Skill Practice (pp.360-361) 1. means: л and p, 


extremes: тапа q 3. 4:1 5.600:1 7.1 9, = 


Sin.. 1 320cm. 8 a 4 
"15in'3  '1000cm'25 нь 2 hr 3 Ее 


21. 20°, 70°, 90° 23.4 25. 42 27.3 29.3 31. 6 33. 16 


35. 5V2 37. The unit conversion should be 1%; 


12 in.’ 
Bin. 1 _8 2 49 12 41 449 7 45 + 
3t Win. 38 9g 5 3-5 9-5 


47. Obtuse; since the angles are supplementary, 
x t 4x = 180. Find x = 36, so the measure of the 
interior angle is 144°. 49. 9 51.5 53. 72 in., 60 in. 
55. 45, 30 


11 


6.1 Problem Solving (pp. 362-363) 57. 18 ft, 15 ft, 
270 ft^; 270 tiles; $534.60 59. 9 cups, 1.8 cups, 
7.2 cups 61. about 189 hits 63. All three ratios reduce 


to 4:3. 65.600 Canadian dollars 67.7 = 5, b 0, 
d%0;7*bd=%+ bd; ad = cb; ad = bc 


6.2 Skill Practice (pp. 367-368) 1. scale drawing 
+15 
8,2 5,2 jg 7. пие 9. true 11.10.5 13. about 100 yd 
15. 4 should have been added to numerator of the 
a+3_c+4 17 
3 4 * “З 


the second fraction instead of 3; 


6.2 Problem Solving (pp. 368-370) 23. 1 in.: = mi 


25. about 8 mi 27. about 0.022 mm 29. 48 ft 


31. a.c 33. a.c 
b d b d 
а C a E 
с а — — «6 — + = ~ + 
ризм prin 
ad= c a ET. 
41-2255." 
ds Lol b b а а 
“ae ee a+b_c+d 
d_b b d 
C а 
at+c_a-c 
um b+d b-d 


(a + с)(Б— d) = (a — ob + d) 
ab — ad + bc — cd = ab + ad — bc — cd 
—ad + bc = ad — bc 


—2ad = —2bc 
ad — bc 
a.c 
b d 


6.3 Skill Practice (pp. 376-377) 1. congruent, 
proportional 3. ZLA = ZL, ZB=ZM,ZC=ZN; 
AB | BC _ CA 


IM^ uw xr ZW J= ZK LES LY, 


= , HJ _JK_KL_ LH 1 1 e 
4L= 22; Wy TARA ‚ Similar; 


RSTU ~ WXYZ, £ 9.2 11. 85, 34 13. The larger 


triangles perimeter was doubled but should have 
been halved; perimeter of B — 14. 15. always 


17. never 19. altitude, 24 21. 102 in., 13 in. 23.2 


25. 173 27. No; in similar triangles corresponding 


angles are congruent. 


6.3 Problem Solving (pp. 378-379) 31. No; the lengths 
are not proportional. 33.a. 2.8, 4.2, 5.6, 2.1 
b| | ft} ТТТ | | yes е.у = PET > they are 


the same. 


35. Yes; if / = w then the larger and smaller image 
would be similar. Sample answer: Let £ = 8, w = 8, 


— * Ш = ——  _ —__  __ »--_. — m AA — 
апаа = 4; a ате 37.а. They 


have the same slope. b. Z BOA = Z DOC by the 
Vertical Angles Theorem. 7 OBA = Z ODC by the 
Alternate Interior Angles Theorem. 7 BAO = Z DCO 
by the Alternate Interior Angles Theorem. c. (—3, 0), 
(0, 4), (6, 0), (0, —8); AO = 3, OB = 4, ВА = 5, 

СО = 6, OD = 8, DC = 10 а. Since corresponding 
angles are congruent and the ratios of corresponding 
sides are all the same the triangles are similar. 


6.4 Skill Practice (pp. 384-385) 1. similar 3. A FED 
5. 15, y 7.20 9. similar; A FGH ~ A KL] 

11. not similar 13. similar; A YZX ~ A YWU 

15. The AA Similarity Postulate is for triangles, 
not quadrilaterals. 17.5 should be replaced by 9, 
which is the length of the corresponding side of 


the larger triangle. Sample answer: = = z, 


19. Sample: 
9 cm 
\ ` 4cm 4cm 
2 cm 
3 cm 6 cm 


21. (10, 0) 23. (24, 0) 


25,4. A 8, B b. Sample answer: 
E Z ABE and Z CDE, 
Z BAE and Z DCE 
c. AABE and ^ CDE, 
" “> ЛАВЕ ~ ACDE 
d. 4, 20 


27. Yes; either m Z X or m Z Y could be 90°, and the 
other angles could be the same. 29. No; since 
mZJ+m2ZK= 85° еп mZ L = 95°. Since mZ Y + 
m Z Z = 80? then m ZX = 100? and thus neither Z Y 
nor Z Z can measure 95°. 


6.4 Problem Solving (рр. 386-387) 31. about 30.8 in. 


33. The measure of all 
angles in an equilateral 


triangle is 60°. Sample: g 


35. R 
U 
A i 
V 
S T P Q 


Since A STU ~ A PQR you know that Z T= Z Q and 


Z UST = Z ВРО. Since SV bisects Z TSU and PN 
bisects 4 QPR you know that Z USV = Z VST and 
Z RPN = Z NPQ by definition of angle bisector. 
You know that m Z USV + m Z VST = mz UST 
and m Z RPN + m Z NPQ = т Z RPQ, therefore, 
2m 2 VST = 2m Z NPQ using the Substitution 
Property of Equality. You now have Z VST = Z NPQ, 
which makes A VST ~ A NPQ using the АА 
Similarity Postulate. From this you know that 

SV _ ST 

РМ РО 

37.а. Sample: А 


С В 
b. m Z ADE = m Z АСВ апа m Z AED = m ABC 


-< ‚АР _ AE _ 
с. AADE ~ AACB d. Sample answer: AC AB 
DE _ 1 


СВ 2 © The measures of the angles change, but 


the equalities remain the same. The lengths of the 
sides change, but they remain proportional; yes; 
the triangles remain similar by the AA Similarity 


Postulate. 
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РХ ХО РО 
18 15 
3 n= > > 5. ARST 7. similar; 
A ЕРЕ ~ AXWY; 2:3 
9.3 X 
4(n + 1) 
Р 
4 
R 5 о Z 7n- 1 Y 
11. AABC — A DEG; Z ACB = Z DCE by the Vertical 


AC_BC_3 


Angles Congruence Theorem and 


The triangles are similar using the SAS Similarity 
Theorem. 13. Sample answer: The triangle 
correspondence is not listed in the correct order; 


A ABC ~ A RQP. 
15. N 
Z 80? 
foe INM IN M 


They are similar by the AA Similarity Postulate. 
17. B 


24 8x 
D 25 F А 54 


They are not similar since the ratio of 
corresponding sides is not constant. 


19. 45? 21. 24 23.16V2 


6.5 Problem Solving (pp.393-395) 29. The triangle 
whose sides measure 4 inches, 4 inches, and 7 inches 


is similar to the triangle whose sides measure 3 inches, 


З inches, and 5.25 inches. 31. Z CBD = Z CAE 

33. a. AA Similarity Postulate b. 80 ft c. 70.8 ft 

35. Sample answer: Given that D and E are midpoints 
of AB and BC respectively the Midsegment Theorem 
guarantees that AC || DE. By the Corresponding 
Angles Postulate 7A = Z ВРЕ and so Z BDEisa 
right angle. Reasoning similarly AB || EF. 

By the Alternate Interior Angles Congruence 
Theorem Z BDE = Z DEF. This makes Z DEFa 

right angle that measures 90*. 


6.6 Skill Practice (pp. 400-401) 
l.Ifaline parallel to oneside 8 


E 
of a triangle intersects the 
other two sides then it divides P 
the two sides proportionally. 
D CE CD 
A EB DA 
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3. 9 5. Parallel; 9 2 = 


=>. E ? so the Converse of the ед 
25 


Proportionality So applies. 7. Parallel; 2 18 225 


so the Converse of the Triangle гени А 
Theorem applies. 9. 10 11.1 15.9 17. а = 9, р = 4, 
с= 3,4 = 2 

19. a-b. See figure in part (с). 

c. 


A J K L B 
Theorem 6.6 guarantees that parallel lines divide 
AD _ DE. EF . 
"am proportionally; = DE EF EG l; 
— d^. KL. 
IK KL LB 1; AJ = JK = KL = LB. 


6.6 Problem Solving (pp.402-403) 21.350yd __ 
23. Let G be the point of intersection of AD and BE. 
Since К, || k, and k, || k,, by the Triangle 


Proportionality Theorem CB _ DG апа 


BA GA 
сыер Using the Transitive Property of 


BA EF 
25. In an isosceles triangle, the legs 


are congruent, so the ratio of 
their lengths is 1: 1. By Theorem 
6.7, this ratio is equal to the ratio 
of the lengths of the segments 
created by the ray, so it is also 1: 1. 


27. Since XW || AZ, С ХУА = Z WXZ using the 
Alternate Interior Angles Congruence Theorem. 
This makes A AXZ isosceles because it is shown that 


ZA = 2 WXZ and by the Converse of the Base Angles 
Theorem, AX = XZ. Since XW || AZ using the Triangle 
Proportionality Theorem you get 


YW _ XY YW _ ХҮ 
WZ ax’ Substituting you get = WX ЖУ 
6.6 Problem Solving Workshop (р. 405) 


1.а. 270 yd b.67.5 yd 3.4.5 mi/h 5. 5.25, 7.5 


Extension (p.407) 1. 3:1. Sample answer: It’s one 
unit longer; each of the three edges went from 
measuring one unit to four edges each measuring 


1 , 
3 of a unit. 


b. Sample answer: 
The upper left square 
is simply a smaller 
version of the whole 

1 unit square. 


3. AA 
Ft tT TIA tt 
PTT tft tt tt 
Soe | | | 


e y 
III я 
ЕЕ 


— = ES 
ЕЕЕ 
ASP tT] ttt ia 


11. enlargement; 3 15. The figures 


9. reduction; 5 


are not similar 17. reflection 19. 2; m=4,n=5 


6.7 Problem Solving (pp. 414-415) 
25. 24 ft by 12 ft 27.2 


29. a. SOC b. £; they are the 
PT eT TTT ttt Ty E 4 
| Т И | | same. c. a it's the 
| y | square of the scale 


factor. 


а 2068 
ППИ 
RE SESE 


31. Perspective drawings use 
converging lines to give the 
illusion that an object is three 
dimensional. Since the back 
of the drawing is similar to the 
front, a dilation can be used 
to create this illusion with the 
vanishing point as the center 
of dilation. 


33. The slope of PQ i is 4 = 


kd — kb _ Ка b) _ dzo, Since the slopes are the 
kc — ka 


k(c—a) c- 
same, the lines are parallel, 


> and the slope of XYis 


Chapter Review (pp. 418-421) 1. dilation 3.Ina 
ratio two numbers are compared. In a proportion 


two ratios are Es equal to one dii Sample 


answer: 2 6-3 2 5. 45°, 45°, 90? 7.20 


410. 3 
ABCD ~ mci 3 11. 68 in. 13. By the Triangle Sum 
Theorem m Z D = 60° so ZA = ZD.ZCzzFby 


the Right Angles Congruence Theorem. So, A ABC ~ 
A DEF by the AA Similarity Postulate. 


15. Since 2 = 22 and the included angle, Z C, is 
congruent to itself, A BCD ~ A ACE by the SAS 
Similarity Theorem. 17. not parallel 


eee | 11111]. 
A NI 


0 9, similar; 


Algebra Review (p.423) 1. +10 3. +Ү17 5. +V10 
7. +2У5 9,+3V2 11.05 1g, V2 15, L 17,2 


Cumulative Review (рр. 428-429) 1. a. 33° b. 123° 
3.a. 2° b. 92? 


5. 3x-19=47 Given 
Зх = 66 Addition Property of Equality 
x = 22 Division Property of Equality 


7. —5(х+ 2) 225 Given 


x + 2 = —5 Division Property of Equality 
x = —7 Subtraction Property of Equality 


9. Alternate Interior Angles Theorem 

11. Corresponding Angles Postulate 13. Linear Pair 
Postulate 15. 78°, 78°, 24°; acute 17. congruent; 

A ABC = ACDA, SSS Congruence Postulate 19. not 
congruent 21.8 23. similar; A FCD ~ А FHG, SAS 
Similarity Theorem 25. not similar 

27. a. y = 59x + 250 b. The slope is the monthly 
membership and the y-intercept is the initial cost to 
join the club. c. $958 29. Sample answer: Since 


ВС | AD, you know that Z CBD = Z ADB by the 
Alternate Interior Angles Theorem. BD = BD by the 
Reflexive Property of Segment Congruence and with 
BC = AD given, then ABCD = ADAB by the SAS 
Congruence Theorem. 31. 43 mi « d « 397 mi 


Chapter 7 


7.1 Skill Practice (pp.436-438) 1. Pythagorean triple 
3. 130 5.58 7. In Step 2, the Distributive Property 
was used incorrectly; x^ = 49 + 576, x^ = 625, x = 25. 
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9. about 9.1 іп. 11. 120 m^ 13. 48 cm” 15. 40 
19. 15,leg 21.52, hypotenuse 23. 21,leg 25. 11V2 


7.1 Problem Solving (pp.438-439) 31. about 127.3 ft 
33. Sample answer: The longest side of the triangle is 
opposite the largest angle, which in a right triangle 
is the right angle. 

150 ft 


C A 
100 ft E 
60 ft 50 ft “к 
С 
В 120 ft D 


7.2 Skill Practice (pp. 444-445) 1. hypotenuse 3. right 
triangle 5. nota right triangle 7. right triangle 

9. right triangle 11. right triangle 13. right triangle 
15. yes; acute 17. yes; obtuse 19. yes; right 21. по 
23. yes; obtuse 


27. | | la | b | | | | | | | right 
Pt ET TASS TT TT TT 
P| | Yt | FANE 11] 
|= 


29. right 31. < 33. 12 <х< 16 


7.2 Problem Solving (рр. 445-447) 35. Measure 
diagonally across the painting and it should be about 
12.8 inches. 37.a.5 b.3% + 4^ = 5? therefore A ABC is 
a right triangle. 

c. Sample: 
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39. a. yes; 12^ + 16^ = 20^ b. no; 9^ + 122 18° 
c. No; if the car was not in an accident, the angles 
should form a right triangle. 


41. Given: In AABC, P 
ÓN № 
E b 
g Í т R b 


c? > a? + b^, where cis the 
length of the longest side. 
Prove: A ABC is obtuse. 
Reasons 


Q 
Statements 


1. In AABC, c? > a? + р? 
where cis the length 


1. Given 


of the longest side. 
In APQR, ZRisa 
right angle. 
2.07 + b? =x? 2. Pythagorean 
Theorem 
З. съд 3. Substitution 
4.с>х 4. A property of 
square roots 
5.mZR= 90° 5. Definition ofa 
right angle 
6.mZC>mZR 6. Converse of the 
Hinge Theorem 
7.mZC>90° 7. Substitution 
Property 


8. ZCis an obtuse angle. | 8. Definition of an 
obtuse angle 
9. AABCis an obtuse 9. Definition of an 
triangle. obtuse triangle 
43. ЛАВС ~ A DEC, Z BAC is 90°, so Z EDC must also 
be 90°. 


7.3 Skill Practice (pp. 453-454) 1. similar 3. A FHG ~ 
A НЕС ~ А ЕЕН 5. about 53.7 ft 7. about 6.7 ft 

9. AQSR ~ ASTR ~ AQTS; RQ 11. Sample answer: 
The proportion must compare corresponding parts, 


Y—_* _ 13, about 6.7 15. about 45.6 17. about 
Z wtuv 


6.3 21.3 23.x=9,y=15,z= 20 25. right triangle; 
about 6.7 27.25,12 


7.3 Problem Solving (pp. 455-456) 29. about 1.1 ft 
31. 15 ft; no; the values are slightly off because the 
measurements are not exact. 33. a. FH, GF, EF; 
each segment has a vertex as an endpoint and is 
perpendicular to the opposite side. b. V35 

c. about 35.5 


37. Statements Reasons 


1. Given 


1. AABCis a right 
triangle; CDis the 


altitude to AB. 

2. AABC ~ ACBD 2. Theorem 7.5 

3. AB _ CB 3. Definition of similar 
CB DB 

figures 

4. AABC ~ A ACD 4. Theorem 7.5 

5. АВ _ АС 5. Definition of similar 
AC AD 


figures 


7.4 Skill Practice (pp. 461-462) 1. an isosceles right 
triangle 3.7V2 5.3 7.2;4in. 9.x=3,y=6 


ш FIRS IEME S 
2 


7 5 
„Гы Пу w [Гы [Гуш 
13. x = УЗ, у = 2 15. p = 12, q = 12V3 


17. t= 2» и = 7 21. The hypotenuse of a 
45°-45°-90° triangle should be x V2; if x = V5, then 


the hypotenuse is V10. 23. f= m g= 


25. х = 4 y - 28 


1013 


7.4 Problem Solving (рр. 463-464) 27. 5.5 ft 29. Sample 
answer: Method 1. Use the Angle-Angle Similarity 
Postulate, because by definition of an isosceles 
triangle, the base angles must be the same and in a 
right isosceles triangle, the angles are 45”. Method 2. 
Use the Side-Angle-Side Similarity Theorem, because 
a right angle is always congruent to another right 
angle and the ratio of the lengths of the 
corresponding sides of two isosceles right 


triangles will always be the same. 31. 10V3 in. 


33. a. 45°-45°-90° for all triangles b. v2; in. X sve in. 


c. 1.5in. X 1.5 in. 


7.5 Skill Practice (pp. — 1. the opposite "in the 
— leg 3. = or 3. 4286, 7 эд ОТ 0.2917 5.44 or 


2.4000, 35 > or 0.4167 7.7.6 9. 6; 6; they are м same. 


11. 6202; 4V3; they are the same. 13. Tangent is 
the ratio of the opposite and the adjacent side, not 
80 
18 
that the triangle is a right triangle, which angle you 
will be applying the ratio to, and the lengths of the 
opposite side and the adjacent side to the angle. 
19. 15.5 21. 77.4 23. 60.6 25. 27.6 27. 60; 54.0 

29. 82; 154.2 


adjacent to hypotenuse; =. 15. You need to know: 


7.5 Problem Solving (pp. 471-472) 31. 555 ft 
33. about 33.4 ft 35. tan A — D tan B — b, the 


tangent of one acute angle is the reciprocal of the 
tangent of the other acute angle; complementary. 
37.a. 29 ft b. 3 ramps and 2 landings; 


in. 775 ft = 90 in. 


7.6 Skill Practice (pp. 477-478) 1. the opposite leg, 
the hypotenuse 3. = or 0.8, Н ог 0.6 5. = or 0.5283, 


45 3 4 1 V3 
53 or 0.8491 7. 5 or 0.6, 5 or 0.8 9. 2 or 0.5, en or 


0.8660 11.a= 14.9, b = 11.1 13.s = 17.7, г = 19.0 
15. m = 6.7, п = 10.4 17. The triangle must be a 
right triangle, and you need either an acute angle 
measure and the length of one side or the lengths 
of two sides of the е 19.3.0 21.20.2 

23. 12; 22 or 0.9428, 2 or 0.3333 25.3; vs or 0.4472, 
215 or 0.8944 27. 33; 22 or 0.8615, 22 or 0.5077 

ai. about 13 cm 


7.6 Problem Solving (pp. 479-480) 33. about 36.9 ft 


35.a. 47 Б. About 18.1 ft; the height 
that the spool is off the 
ш ground has to be added. 
E 
5 ft 
37. sin C= a so h = asin C, and Area = ¿bh = 
5b(a sin С) = = 5 ab sin C; about 9 square units. 


angle of 
depression 
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“ey | | ¢ [| | | | [| d. Sample answer: 60 ft 
| O O O 
|| Гү 
PTT TT Treg 
|| ү 
паща 


Feet 


0 
0 20 40 60 80 n 


Degrees 


7.6 Problem Solving шар (р. -— L about 8.8 ft, 


about 18 ft 3. cos 34° = T tan 34° =%2 x? + 9.57 = 


17? 5. The cosine ratio is the adjacent aide over the 
hypotenuse, not opposite over adjacent; 


T 
cos А = 25" 


7.7 Skill Practice (pp. 485-487) 1. angles, sides 
3.33.7? 5.74.1? 7.53.1? 11. № = 25°, NP = 21.4, 
NQ = 23.7 13.A = 36.9°, B == 53.1°, AC = 15 

15. С = 29°, J= 61°, HJ = 7.7 17. D ~ 29.7°, 

Е = 60.3°, ЕР = 5.4 19. WX should have been used 
instead of WY; sin”? x = 36°. 21.30? 23. 70.7? 
25.45? 27. 11.0? 31. 45°; 60? 
7.7 Problem Solving (рр. 487-489) 35. about 59.7°; 
tan ! E = 59.7? 37.tan ! e Sample answer: The 


information needed to determine the measure of А 
is given. If you use the tangent ratio, this will make 
the answer more accurate since no rounding has 
occurred. 


аа) | 20 | zt | 2 | 28 


y (9) 28.8" 


c. Sample answer: 
u The longer the rack, 


EN 
eus the closer to 20? the 


Inches 


41.a. 38.4 ft b. about 71.2 ft c. about 48.7 ft 

d. About 57.4^, about 38.0°; neither; the sides are 
not the same, so the triangles are not congruent, 
and the angles are not the same, so the triangles are 
not similar. e. I used tangent because the height 
and the distance along the ground form a tangent 
relationship for the angle of elevation. 
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Extension (p.491) 1. С = 66°, a = 4.4, с = 8.3 
3. В ~ 81.8, С = 47.22, b= 22.9 5.A = 58.1", 
В = 85.6”, С = 36.2? 7. about 10 blocks 


Chapter Review (pp. 494-497) 1. a° + b° = с? 

3. Sample answer: The difference is your perspective 
on the situation. The angle of depression is the 
measure from your line of sight down, and the angle 
of elevation is the measure from your line of sight 
up, but if you construct the parallel lines in any 
situation, the angles are alternate interior angles 
and are congruent by Theorem 3.1. 5.2V34 

7. acute 9. right 11.right 13.13.5 15.2V10 17.9 


19. 6V2 21.16V3 23. about 5.7 ft 25. 9.3 
"C BB a 48 
= 0.6, _ 0.8 29. = 0.7534, = 0.6575 
31. L = 53°, ML = 4.5, NL = 7.5 33. 50°, 40°, 505; 
about 6.4, about 13.1, about 8.4 


Algebra Review (p. 499) 


1. |{; ee 
PT AT TTT Ty Ty 
PT AT | TT tT 

|| ДД |] 


E 
Е 
[El 
EN 
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Chapter 8 
8.1 Skill Practice (pp. 510-511) 
1. Sample: 3. 1260? 5.2520" 


7. quadrilateral 
9. 13-gon 11. 117 


13. 882 15. 66 


17. The student thinks that because an octagon has 
8 exterior angles while a hexagon has only 6 exterior 
angles, the sum of the measures of the 8 angles 
must be greater than the sum of the measures of the 
6 angles. The sum of the measures of the exterior 
angles of any convex n-gon is always 360°. 19. 108°, 
72° 21.176°, 4° 23. The interior angle measures 

are the same in both pentagons and the ratios of 
corresponding sides would be the same. 25. 40 


8.1 Problem Solving (рр. 512-513) 29. 720° 31. 144°; 36° 
33. In a pentagon, draw all the diagonals from one 
vertex. Observe that the polygon is divided up into 
three triangles. Since the sum of the measures of the 
interior angles of each triangle is 180°, the sum of 
the measures of the interior angles of the pentagon 
is (5 — 2) • 180° = 3 • 180° = 540°. 

35. Sample answer: In a convex n-gon, the sum of 
the measures of the n interior angles is (n — 2) * 180° 
by the Polygon Interior Angles Theorem. Since each 
of the 7 interior angles forms a linear pair with its 
corresponding exterior angle, you know that the 
sum of the measures of the interior and exterior 
angles is 180°n. Subtracting the sum of the interior 
angle measures from the sum of the measures of the 
linear pairs (180?n — (n — 2) • 180°), you get 360°. 


37. а. 
Number 
Polygon of sides 


Quadrilateral 


Sum of 
measures of 
interior angles 


2 • 180° = 360° 
3 • 180° = 540° 
4 • 180° = 720° 
5 • 180° = 900° 


Number of 
triangles 


b. s(n) = (n — 2) * 180°; the table shows that the 
number of triangles is two less than the number 
of sides. 


CT | 5 | 3 — 


8.2 Skill Practice (pp.518-519) 1. A parallelogram is 
a quadrilateral with both pairs of opposite sides 
parallel; opposite sides are congruent, opposite 
angles are congruent, consecutive angles are 
supplementary, and the diagonals bisect each other. 
3.x = 9,у= 15 5.а = 55 7.d = 126,z = 28 9. 129? 
11.61? 13.a = 3,р = 10 15.x 2 4, y 4 17. BC; 
Opposite sides of a parallelogram are congruent. 
19. Z DAC; alternate interior angles are congruent. 
21. 475; consecutive angles of a parallelogram are 
supplementary and alternate interior angles are 
congruent. 23. 1205; Z EJF and Z FJG are a linear 
pair. 25. 355; Triangle Sum Theorem 27. 130°; sum 
of the measures of Z HGE and Z EGF. 31. 26?, 154? 
33. 20, 60% UV = TS = QR using the fact that 
Opposite sides are congruent and the Transitive 
Property of Equality. Z TUS = Z VSU by the 
Alternate Interior Angles Congruence Theorem and 
m Z TSU = 60° by the Triangle Sum Theorem. 

35. Sample answer: In a parallelogram, opposite 
angles are congruent. 7A and Z Care opposite 
angles but not congruent. 


8.2 Problem Solving (рр. 520-521) 39.а. З in. b. 70° 

c. It decreases; it gets longer; the sum of the measures 
of the interior angles always is 360°. As mz Q 
increases so does m ZS therefore m Z P must 
decrease to maintain the sum of 360°. As mz Q 
decreases 7m Z P increases moving Q farther away 
from $. 


41. Sample 
D 
LP B C 
А А 


Since A ABC = A DCB you know Z ACB = Z DBC 
and “АВС = Z DCB. By the Alternate Interior 


Angles Converse, BD || AC and AB || CD thus making 
ABDC a parallelogram. If 6 more triangles are 
positioned as shown, the sides of the resulting figure 
are all twice the length of corresponding sides of 
ABDC and the measures of corresponding angles are 
equal. So the parallelograms are similar. 43. Sample 
answer: Given that PQRS is a parallelogram you 


know that QR || PS with QP a transversal. By 
definition and the fact that Z Q and Z P are 
consecutive interior angles, they are supplementary 
by the Consecutive Interior Angles Theorem. 

х° + y? = 180° by definition of supplementary 
angles. 


8.3 Skill Practice (рр. 526-527) 1. The definition of a 
parallelogram is that it is a quadrilateral with opposite 


pairs of parallel sides. Since AB, CD and AD, BC are 
opposite pairs of parallel sides the quadrilateral 
ABCD is a parallelogram. 3. The congruent sides 
must be opposite one another. 5. Theorem 8.7 

7. Since both pairs of opposite sides of JKLM always 
remain congruent, /KLM is always a parallelogram 


and JK remains parallel to ML. 9.8 


Sample answer: 
| AB = CD = 5 and 
BC = DA = V65 


имиш жишш 
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15. Sample answer: Show A ADB = A CBD by the 
SAS Congruence Postulate. This makes AD = CB and 
BA = CD because corresponding parts of congruent 
triangles are congruent. 17. Sample answer: Show 
AB || DC by the Alternate Interior Angles Converse, 
and show AD || BC by the Corresponding Angles 
Converse. 19. 114 21.50 23. A quadrilateral is a 
parallelogram if and only if both pairs of opposite 
angles are congruent. 25. (—3, 2); since DA must 
be parallel and congruent to BC, use the slope and 
length of BC to find point D by starting at point A. 
27. (—5, —3); since DA must be parallel and 
congruent to BC, use the slope and length of BC to 
find point D by starting at point A. 
29. Sample answer: Draw a 
line passing through points 
A and B. At points A and B 

— — 
construct AP and ВО such 
that the angle each ray A B 
makes with the line is the 
same. Mark off congruent segments starting at 
A and B along AP and BO respectively. Draw the 
line segment joining these two endpoints. 


8.3 Problem Solving (рр. 528-529) 31.a. EFJK, FGHJ, 
EGHK; in each case opposite pairs of sides are 
congruent. b. Since EGHK is a parallelogram, 
opposite sides are parallel. 33. Alternate Interior 
Angles Congruence Theorem, Reflexive Property 
of Segment Congruence, Given, SAS, Corr. Parts of 
= A are =, Theorem 8.7 
35. The opposite sides that are 
not marked in the given 
diagram are not necessarily 
the same length. 


37. In a quadrilateral, if B C 
consecutive angles are 

supplementary, then 

the quadrilateral is a A D 
parallelogram; in ABCD you are given Z A and Z B, 

Z Cand Z B are supplementary which gives you 
mZA=mZC.Also ZB and ZC, Z Сапа Z Dare 
supplementary, which gives you m Z B = m Z D. So 
ABCD is a parallelogram by Theorem 8.8. 

39. It is given that KP = MP and JP = LP by 
definition of segment bisector. Z KPL = 4 МР] 

and Z KPJ « Z MPL since they are vertical angles. 

A KPL = A MPJ and ^ KPJ = A MPL by the SAS 
Congruence Postulate. Because corresponding parts 


of congruent triangles are congruent, К] = ML 
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and JM = LK. By Theorem 8.7, JKLMis a 
parallelogram. 
41. Sample answer: Consider the diagram. 


F C FGis the midsegment of A CBD 
and therefore is parallel to BD 
F c and half of its length. EH is 
the midsegment of A ABD and 
H therefore is parallel to BD and 
half of its length. This makes 
EH and FG both parallel and congruent. By Theorem 
8.9, EFGH is a parallelogram. 


B 


8.3 Problem Solving Workshop (p.531) 1. The slope 
of AB and CD is = and the slope of BC and DA is —1. 


ABCD is a parallelogram by definition. 3. No; the 

slope of the line segment joining Newton to Packard 
1 
3 
Riverdale to Quarry is 2. 5. PQ апа QR аге not 


is — while the slope of the line segment joining 


opposite sides. PQ and RS are opposite sides. 
The slope of PQ = 2—2 = 2. The slope of 


RS = 32 = Í. РО = (3 — 2? + (4 — 2)? = у5; 
RS = V(6 — 5)? + (5 — 3? = V5; PQ and RS аге 


parallel and congruent, so by Theorem 8.9 PQRS 
is a parallelogram. 


8.4 Skill Practice (рр. 537-539) 1. square 

3. Sometimes; JKLM would need to be a square. 

5. Always; in a rhombus all four sides are congruent. 
7. Sometimes; diagonals are congruent if the 
rhombus is a square. 9. Always; in a rectangle all 
interior angles measure 90°. 11. Sometimes; 
adjacent sides are congruent if the rectangle is a 
square. 13. Sometimes; diagonals are perpendicular 
if the rectangle is a square. 15. Square; the 
quadrilateral has four congruent sides and 

angles. 17. Rhombus. Sample answer: The fourth 
angle measure is 40”, meaning that both pairs of 
opposite sides are parallel. So the figure is a 
parallelogram with two consecutive sides congruent. 
But this is only possible ifthe remaining two sides are 
also congruent, so the quadrilateral is a rhombus. 
19. rectangle, square 21. rhombus, square 

23. parallelogram, rectangle, rhombus, square 

25. 7x — 4 is not necessarily equal to Зх + 14; 

(7x — 4) + (3x + 4) = 90, x = 9. 27. Rectangle; JKLM is 
a quadrilateral with four right angles; x = 10, y = 15. 
29. Parallelogram; EFGH is a quadrilateral with 
opposite pairs of sides congruent; x = 13, y = 2. 

33. 90° 35.16 37. about 12 39. 112° 41.5 

43. about 5.6 45. 45° 47.1 49. V2 


51.| | | | [Y pI | | | Rhombus; four congruent 
UNE j i 


TENIA 


| 
ММ TT 
A eT tT 


8.4 Problem Solving (рр. 539-540) 55. Measure the 
diagonals. If they are congruent, it is a square. 

57. If a quadrilateral is a rhombus, then it has 

four congruent sides; if a quadrilateral has 

four congruent sides, then it is a rhombus. The 
conditional statement is true because by the 
definition of rhombus, if a quadrilateral is a 
rhombus, then it is a parallelogram with four 
congruent sides. The converse is true because if a 
quadrilateral has four congruent sides, then both 
pairs of opposite sides are congruent, so it is а 
parallelogram, and by the definition of rhombus, 

a parallelogram with four congruent sides is a 
rhombus. 59. If a quadrilateral is a square, then 

it is a rhombus and a rectangle; if a quadrilateral 

is a rhombus and a rectangle, then it is a square. 
The conditional statement is true because by the 
definition of square, if a quadrilateral is a square, 
then it is a parallelogram with four congruent sides 
(so it is a rhombus) and it is a parallelogram with 
four right angles (so it is a rectangle). The converse 
is true because if a quadrilateral is a rhombus and 
a rectangle, then it is a parallelogram with four 
congruent sides and it is a parallelogram with four 
right angles, so by the definition of square, itis а 
square. 61. Since WXYZ is a rhombus 

WX = XY = YZ = ZW. By Theorem 8.6 WV = YV and 
ZV = XV. By the SSS Congruence Postulate, ^ WVX 
= A WVZ = Д УУХ = AYVZ.Since corresponding 
parts of congruent triangles are congruent, Z ZWV = 
Z XWV and Z ZYV = Z XYV ,which means 

WY bisects ZZWX and Z XYZ. Similarly Z VZW = 

Z VZY and Z VXW = Z VXY. This means ZX bisects 
Z WZY and Z YXW. 63. Sample answer: Let 
rectangle ABCD have vertices (0, 0), (a, 0), (a, b), and 
(0, b) respectively. The diagonal AC has a length of 


Va? + b° and diagonal BD has a length of Va? + b*. 
AC = BD = а? + b°. 


8.5 Skill Practice (pp. 546-547) 
1. P base Q 3. trapezoid 
5. not a trapezoid 
eg e9 7, 130°, 50°, 150° 


9. 118°, 62°, 62° 
S base R 


11. Trapezoid; EF || HG since they are both 
perpendicular to EH and EH is not parallel to 

FG since consecutive interior angles are not 
supplementary. 13. 14 15. 66.5 17. Only 

one pair of opposite angles in a kite is congruent. 
In this case mz B = т/р = 120°; mzZA-- mz B- 
mZC+ mzD = 360°, mZA + 120° + 50? + 120° = 
360°, so т ZA = 70°. 19.80? 21. WX = XY = 3V2, 
YZ = ZW = V34 23. ХҮ = YZ = 5V5, 

WX = WZ = V461 25.2 27.2.3 

29. J 17K 57 


M L 


8.5 Problem Solving (pp. 548-549) 
35. Sample: 


37. Since BC || AE and AB || EC, ABCE is a 
parallelogram, which makes AB = EC. By the 
Transitive Property of Segment Congruence, 

CE = CD making A ECD isosceles. Since A ECD 

is isosceles Z D = Z CED. ZA = Z CED by the 
Corresponding Angles Congruence Postulate, 
therefore ZA = Z D by the Transitive Property 

of Angle Congruence. ZA and Z ABC are 
supplementary, and Z D and Z BCD are 
supplementary, because they are consecutive 
interior angles formed by transversals and parallel 
sides. Using the Congruent Supplements Theorem 
and the fact that ZA = Z D, you can conclude that 
Z B = Z BCD. 39. Given JKLM is an isosceles 
trapezoid with KL || M and JK = LM. Since pairs of 
base angles are congruent in an isosceles trapezoid, 
Z JKL = Z МІК. By the Reflexive Property of 
Segment Congruence KL = KL. AJKL = ^ МІК 

by the SAS Congruence Postulate. Because 
corresponding parts of congruent triangles are 
congruent, JL = KM. 
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41. Given ABCD is a kite with AB = CB and АР = CD. 
By the Reflexive Property of Segment Congruence, 
BD = BD and ED = ED. By the SSS Congruence 
Postulate, A BAD = A BCD. Since corresponding parts 


of congruent triangles are congruent, 7 CDE = ZADE. 


By the SAS Congruence Postulate, A CDE = A ADE. 
Since corresponding parts of congruent triangles 
are congruent, / CED = Z AED. Since Z CED and 

Z AED are congruent and form a linear pair, they 

are right angles. This makes АС 1 BD. 


Extension (p.551) 


front top side 
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8.6 Skill Practice (рр. 554-555) 1. isosceles trapezoid 


i ШШ 


s. mue | Tee 

"Mew xx хх | 
sides are al 

nae | [|x| |x| | | 

9. | Diagonalsarel. | | |X|x|X| || 


11. | Diagonals bisect 
each other. 


15. Trapezoid; there is one pair of parallel sides. 
17. A B isosceles trapezoid 


Property 


Parallelogram 
Rectangle 
Trapezoid 


D C 
AC = BD 
19. No; m Z F = 109° which is not equal to m Z E. 
21. Kite; it has two pairs of consecutive congruent 
sides. 23. Rectangle; opposite sides are parallel 
with four right angles. 25. a. rhombus, square, 
kite b. Parallelogram, rectangle, trapezoid; two 
consecutive pairs of sides are always congruent 
and one pair of opposite angles remain congruent. 
27. Sample answer: m Z B = 60° or m Z C = 120°; 
then AB || DC and the base angles would be 
congruent. 29. No; if m ZJKL = m Z KJM = 90°, 
JKLM would be a rectangle. 31. Yes; JKLM has 
one pair of non-congruent parallel sides with 
congruent diagonals. 


8.6 Problem Solving (рр. 556-557) 33. trapezoid 

35. parallelogram 37. Consecutive interior angles 
are supplementary making each interior angle 90°. 
39. a. Using the definition of a regular hexagon, 
UV = VQ = RS = STand Z V= ZS. So, A QVU and 
A RST are isosceles. Using the SAS Congruence 
Postulate, A ОУС = A RST. b. By the definition 

of a regular hexagon, QR = UT. Since corresponding 
parts of congruent triangles are congruent, 

QU = ВТ. c. Ѕіпсе Z2Q=ZR=ZT= ZUand 

Z VUQ = Z VQU = Z STR = Z SRT, you know that 
Z UQR = ZQRT= Z RTU = Z TUQ by the Angle 
Addition Postulate; 90°. d. Rectangle; there are 

4 right angles and opposite sides are congruent. 


Chapter Review (рр. 560-563) 1. midsegment 

3. Prove the trapezoid has a pair of congruent base 
angles or the diagonals are congruent. 5.A 

7. 24-gon; 165° 9.82 11. 405; the sum of the 
measures of the exterior angles is always 360°, 

and there are nine congruent exterior angles in a 
nonagon. 13.c = 6,d = 10 


15. P 10 cm 6 
5 ст 144° 36° 
36° 1447 Э 6 
О 10 cm R 


17. 100°, 80°; solve 5x + 4x = 180 for х. 19.3 

21. rectangle; 9, 5 23. 79°, 101°, 101° 25. Rhombus; 
since all four sides are congruent, it is a rhombus. 
There are no known right angles. 27. Parallelogram; 
since opposite pairs of sides are congruent, it is a 
parallelogram. There are no known right angles. 


Algebra Review (р. 565) 
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Chapter 9 


9.1 Skill Practice (рр. 576-577) 1. vector, direction 
3. A'(—6, 10) 5. C(5, —14) 


11. (x, y) > (x 5, y + 2); АВ = A'B' = V13, AC = 
A'C' = 4, and BC = B'C' = V5. AABC = A A'B'C' 
using the SSS Congruence Postulate. 

13. The image should be 
1 unit to the left instead 
of right and 2 units down 
instead of up. 


15. CD, (7, —3) 17. JP, (0, 4) 19. (—1, 2) 21.(0, —11) 
23. The vertical component is the distance from the 
ground up to the plane entrance. 


gr 
ls [5 

| [AL AEN Ш 

CA pe 

PIV IAL LL 

|| | IVI | [|= 

LIE i LIED | | | 

27. D'(0, 1), E' (4, =L F'(2, —4) _| lol | MEN 
ФЕМ 

Hs | AL JE] | 

CPCCA 

| jot | | | ABE 

A RALLYE 

| ANF | 

"ГГ 

рү: 

ША ЛИШИ ИШ 


EN 

LI EL FSI 
29. a= 35, b= 14, с = 5 31.a. Q'(-1, —5), R'(-1, 2), 
9'(2, 2), T'(2, —5); 21, 21 b. The areas аге the same; 
the area of an image and its preimage under a 
translation are the same. 


9.1 Problem Solving (pp.578-579) 33. (x, y) > (x + 6, y), 
(x, y) > (x, y — 4), (x, y) > (x + 3, y — 4), (x, y) > 
(x+ Б,у— 4) 35. (1, 2) 37.(—4, —2) 39. (3, 1) 

41. (22, 5); about 22.6 km 43.a. 5 squares to the right 
followed by 4 squares down. b. about 12.8 mm 

c. about 0.523 mm/sec 45.a. The graph is 4 units 
lower. b. The graph is 4 units to the right. 
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9.2 Skill Practice (рр.584—585) 1. elements 
—1 2 6 2 B B -1 
JE 2 ] 3E 2 a 7.[12 7] 


16 9 
9.| 0 0 ы ЕІ 


е: 12 16 
13. A’ В 

-2 2 

8 5 
15. L' M' 


МА 
im | IN A 
PT ALA TE ANTAL 

А PSA | 

PA 


19. | —6.9 | 21. Е a 


15.2 38 
323 i x H 


ЗН 


| 29. a = 8, b= —20, с = 20, 


25. Sample answer: | 
А В С D 
-7 0 0 -7 


en | 33-1-1 
т = 21,п = —1,у= —7, ш = 12; the numbers across 
each row of the transition matrix must be equal and 
the sum of the corresponding elements on the left 
equals the corresponding elements on the right; 

(21, —1J, (20, —9), (—8, L3). 


9.2 Problem Solving (pp.586-587) 31. Lab 1: $840, 

—3 15 25 —1 
—14 30110 2р 
АВ # ВА с. Matrix multiplication is not commutative. 
35. | А A | > | the Distributive Property 


16 68 16 68 
holds for matrices. 


Lab 2: $970 33.a. AB = BA b. | 


9.3 Skill Practice (pp. 593-594) 1. а line which acts like 
a mirror to reflect an image across the line 
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B' C' 


-4 -3 
2 -2 


Вв C 
—3 —2 
1 —3 


25. The order is reversed. 
27. y = —3x — 4 


9.3 Problem Solving (pp.595-596) 31. Case 4 33. Case 1 


35.a. Given: a reflection in m 
maps P to P’ and Qto Q’. 
Using the definition of a 
line of reflection QS = Q'S 
and Z QSR = Z Q'SR. By the 

, Reflexive Property 
of Segment Congruence, 
RS = RS. By the SAS 
Congruence Postulate, 

A RSQ = ARSQ'. 


b. Because corresponding parts of congruent 
triangles are congruent, RQ = RQ’. By the definition 
of a line of reflection PR = Р'В. Since PP’ and QQ’ 
are both perpendicular to m, they are parallel. By the 
Alternate Interior Angles Theorem, Z SQ'R « Z P'RQ' 
and Z SQR = Z PRQ. Because corresponding parts of 
congruent triangles are congruent, Z SQ'R = Z SQR. 
By the Transitive Property of Angle Congruence, 

Z P' RQ' = Z PRQ. A PRQ = A P'RQ' by the SAS 
Congruence Postulate. Because corresponding parts 
of congruent triangles are congruent, PQ = P’Q’ 
which implies PQ = P'Q'. 37. Given: a reflection 

in m maps Pto P' and Q to Q’. Also, Plies on m, and 
РО is not perpendicular to m. Draw Q'Q intersecting 
m at point R. Using the definition of a line of 
reflection, mis the perpendicular bisector of 

Q'Q, which implies Q'R = QR, Z Q'RP' = Z ОВР, 
and P and P' are the same point. By the Reflexive 
Property of Segment Congruence, RP = RP. By 

the SAS Congruence Postulate, ^ Q'RP' = ^ QRP. 
Because corresponding parts of congruent triangles 
are congruent, Q'P' = QP which implies Q'P' = ОР. 
39. а. (3, 5) b. (0, 6); (—1, 4) c. In each case point C 
bisects each line segment. 


9.4 Skill Practice (рр. 602—603) 1. a point which 

a figure is turned about during a rotation 
transformation 3. Reflection; the horses are 
reflected across the edge of the stream which acts 
like a line of symmetry. 5. Translation; the train 
moves horizontally from right to left. 7. A 


BEBNBNEBEJZJEREN 
C MENA 


[AR| | | 


ME 
|| | set [|] 
ae 


19. The rotation matrix should be first; 


0 1]) -1 2 
от ZLoscazo 


9.4 Problem Solving (pp.604-605) 29. 2705; the line 
segment joining A' to the center of rotation is 
perpendicular to the line segment joining A to the 
center of rotation. 31. 1205; the line segment joining 


A' to the center of rotation is rotated 5 of a circle from 


the line segment joining A to the center of rotation. 
33. a rotation about a point, Angle Addition Postulate, 
Transitive, Subtraction, А ВРО = A R'PQ', 

Corr. Parts of = A аге =, definition of segment 
congruence 35. Given: a rotation about P maps Q to 
Q' and R to R'. Pand Rare the same point. Using the 
definition of rotation about a point Р, PQ = PQ’ and 
P, R, and R’ are the same point. Substituting R for P 
on the left and R’ for P on the right side, you get 


RQ = R'Q'. 


b. 270° 

c. No; the image does 
not pass the vertical 
line test. 


B 
[E 
E 
E 
~ 
E 


PIIN 
[||| A 
LA ley ИШИ 


|||] 


3. Since they are rotating 
| in opposite directions 
they will each place 

you at 90° below your 
reference line. 

5. The x-coordinate is 
now —4; the y-coordinate 
is now 3. 


05 
шшш 
шишиши 
шишиши 
шишиши 
ТТ 
АС 
[Ҹа] 
ERRATE 
PNT 
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aht ИН ИГ: 
ТЕЕ 
ЕМҸ 
ТЕА 
HAHAHA ЛЕШ 
11911 


yes 

ae 13. (х,у) > (х+5,у +1) 
[| Ne followed by a rotation 

———F-H-- of 180? about the origin. 


EN 1 5. A А"В de bd 
eE RAE 


STS 17. Sample answer: AA’, AA" 


19. yes; definition of reflection of a point over a line 
21. 30? 
23, P 


9.5 Problem Solving (рр. 613-615) 27. Sample answer: 
(x, y) > (x + 9, y), reflected over a horizontal line 
that separates the left and right prints 31. reflection 
and translation 33. reflection and translation 

35. Use the Rotation Theorem followed by the 
Reflection Theorem. 37.a. Given a reflection in £ 
maps JK to J’K’, a reflection in m maps J'K' to J"K", 
1 || m and the distance between £ and m is d. Using 
the definition of reflection £ is the perpendicular 
bisector of KK' and m is perpendicular bisector 

of K'K". Using the Segment Addition Postulate, 

KK" + К'К" = KK". It follows that KK’ is 
perpendicular to / and т. b. Using the definition of 
reflection the distance from Кто £ is the same as 
the distance from / to K' and the distance from 

K' to mis the same as the distance from m to К”. 
Since the distance from / to K' plus the distance 
from K' to mis d, it follows that K'K" = 2d. 

39. a. translation and a rotation b. One 
transformation is not followed by the second. 

They are done simultaneously. 

Extension (pp.617—618) 1. yes; regular 3. yes; not 
regular 5.a. 360°; the sum of the angle measures at 
any vertex is 360°. b. The sum of the measures of 
the interior angles is 360°. 

7. Sample: 
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A c. Е А 


9.а. E A b. Е 
р E D C 
d. E 


13. Sample answer: floor or ceiling tiles, mosaics, 
wallpaper, quilts, stenciling, Escher art 
15. translation 17. rotations 


11. Sample: 


9.6 Skill Practice (pp. 621-623) 1. If a figure has 
rotational symmetry it is the point about which the 
figure is rotated. 3.1 5.1 7. yes; 72? or 144? about 
the center 9. no 11. Line symmetry, rotational 
symmetry; there are four lines of symmetry, two 
passing through the outer opposite pairs of leaves 
and two passing through the inner opposite pairs 
of leaves; 90? or 180? about the center. 15. There 

is no rotational symmetry; the figure has 1 line of 
symmetry but no rotational symmetry. 


17. Sample: 19. Sample: 
A A 
D F 
B 
C E 

C 

D 

B 
21. Sample: \ 
3 D A T 
= ^С HX. 


\ 


23. No; what's on the left and right of the first line 
would have to be the same as what's on the left and 
right of the second line which is not possible. 25. 9 


9.6 Problem Solving (pp.623-624) 27. no line 
symmetry, rotational symmetry of 180° about the 
center of the letter O. 29. It has a line of symmetry 
passing horizontally through the center of each O, 
no rotational symmetry. 31. 22.5? 33. 15? 35.a. line 
symmetry and rotational symmetry b. planes, z-axis 


9.7 Skill Practice (pp.629-630) 1. a real number 


5 enlargement; 8 5. 


3, 


3. > ; enlargement; 10 


12 28 16 
s[22 af 


LLLI 
EO 


J' 


yT P 
NEN 


ТЕ N| "T 
|||! М 
|| М 
diyil] | 


27. Sample: AL 


fet} No; the result 


ТЕН 
ЧЕТТ 


31. Sample answer: Dilation with its center at 
the origin and a scale factor of 2 followed by a 
translation (x, y) > (x, y + 1). 

9.7 Problem Solving (рр. 631-632) 33. 300 mm 
35. 940 mm 37.a. : b. 8.75 in. 

H' 


| 


иш 
p< 
SRR АЛИШ 
| 
CECA 


LLLA LE Ye | 
tet Ек 


d. A reflection in both the x-axis and y-axis occurs 
as well as dilation. 41. It’s the center point of the 
dilation. 


Chapter Review (pp. 636-639) 1. isometry 
3. Count the number of rows, n, and the number 
of columns, m. The dimensions are n X m. 


Sample answer: > 241 is 2X3. 5.A 


4 7 


—3 


El 
il 
El 
В 
El 
m 
N 
El 
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| | | ett | 
Pt tt tt АШ 


17. line symmetry, no 
rotational symmetry; one 
19. line symmetry, 
rotational symmetry; two, 
180° about the center 


ТТ 
HI 
MAA 
LY VLLL. 
MZZ ILI 
ADN] 
ATT 
AT 
AAA 
AHHH 
HA 


Algebra Review (p.641) 1. x^ + x — 6 3. x^ — 16 
5. 49x + 84x + 36 7. 4х? — 1 9. 2x^ + 3xy + у? 
11.3,4 13. -2, -1 жес 17, 222 ¿180 


Cumulative Review (рр. 646-647) 1. neither 3. х = 4 
5. y = 5x — 2 7. QP = SR 9. altitude 11. median 


13. triangle; right 15. not a triangle 17. triangle; right 
19. Rectangle; the diagonals are congruent and they 
bisect each other; 5, 3. 
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HHHP 28.44 25, 48 
„| | || | L 25.132 
ТЕТ = re 
ГТ A AT E 27. about 135 mi 
||| ||] | | 29. about $7.69 
HH 31. translation and 
LELELLBAA TL EL I rotation 
ПШР ИШ YI | Yt 

| PS TA T | 
MONADA 

M0 0 0 ee 


Chapter 10 


10.1 Skill Practice (pp.655-657) 1. diameter 3.G 5.C 
7.F 9. B 11. ABis not a secant it is a chord; the 
length of chord AB is 6. 13. 6, 12 

15.4 17.1 


19. not tangent; 9^ + 15? # 18^ 21. 10 23. 10.5 

25. +2 27.external 31. They will be parallel if they 
are tangent to opposite endpoints of the same 
diameter; lines perpendicular to the same line are 
parallel. 33. No; no; no matter what the distance the 
external point is from the circle there will always be 
two tangents. 


10.1 Problem Solving (pp.657-658) 35. radial spokes 
37. 14,426 mi 39.a. Since R is exterior to OQ, QR » QP. 
b. Since QR is perpendicular to line m it must be the 
shortest distance from Q to line m, thus QR < ОР. 

c. It was assumed QP was not perpendicular to line 
m but QR was perpendicular to line т. Since R is 
outside of OQ you know that QR » QP, but Exercise 
39b tells you that QR « QP which is a contradiction. 
Therefore, line m is perpendicular to QP. 

41. Given SR and ST are tangent to OP. Construct 
PR, PT, and PS. Since PR and PT are radii of ОР, 
PR = PT . With PS = PS, using the HL Congruence 
Theorem A RSP = A TSP. Because corresponding 
parts of congruent triangles are congruent, SR = ST. 


10.2 Skill Practice (pp. 661-662) 1. congruent 

3. minor arc; 70° 5. minor arc; 135° 7. minor arc; 115° 
9. major arc; 245” 13. Not congruent; they are arcs 
of circles that are not congruent. 15. You can tell 
that the circles are congruent since they have the 
same radius CD. 19. Sample answer: 175°, 15° 


10.2 Problem Solving (p.663) 23. 18° 


10.3 Skill Practice (pp. 667-668) 1. Sample answer: 


Point Y bisects XZ if XY = YZ. 3.75? 5.8 7.5; use 
Theorem 10.5 and solve 5x — 6 = 2x + 9. ч 5; use 


Theorem 10.6 and solve 18 = 5x — 7. 11. 5 ‚ use 


Theorem 10.6 and solve 4х 1 = x + 8. 

13. JH bisects FG and FG; Theorem 10.5. 17. You 
don't know that AC | DB therefore you can't show 
ВС = СР. 

19. Diameter; the two triangles are congruent by 
the SAS Congruence Postulate, which makes AB the 
perpendicular bisector of CD. Use Theorem 10.4. 
21. Using the facts that A APB is equilateral, which 


makes it equiangular, and that тАС = 30°, you can 
conclude that m Z APD = m Z BPD = 30°. You now 
know that mBC = 30°, which makes AC = BC. AAPD 
= A BPD by the SAS Congruence Postulate since 
BP = AP and PD = PD. Because corresponding 
parts of congruent triangles are congruent, AD = BD. 
Along with DC = DC you have AADC = A BDC 

by the SSS Congruence Postulate. 23. From the 
diagram, тАС = mCB and тАВ = x°, so you know 
that mAC + mCB + x° = 360°. Replacing mCB 

by mAC and solving for mAC you get 

mAC = 380 — Y" mE —X” This along with the fact that all 


arcs have integer measures implies that x is even. 


10.3 Problem Solving (рр. 669-670) 25. AB should be 
congruent to BC. 27. Given AB = CD. Since PA, PB, 
PC, and PD are radii of OP, they are congruent. By 


the SSS Congruence Postulate, ^ PCD z ^ PAB. 
Because corresponding parts of congruent triangles 
are congruent, Z CPD = Z APB. With m Z CPD = 
m Z APB and the fact they are both central angles, 
you now have mCD — mAB ‚ Which leads to CD = AB. 
29. a. B longer chord 
b. The length of a chord in a circle 
increases as the distance from the 
p center of the circle to the chord 
decreases. 
c. Given radius r and real numbers a and b such 
that r>a>b> 0. Let abe the distance from one 
chord to the center of the circle and b be the 
distance from a second chord to the center of the 
circle. By the Pythagorean Theorem, the length 
of the chord a units away from the center is 


2Vr^ — а? and the length of the chord b units away 
from the center is 2V r^ — b^. Using properties of 


real numbers, Vr? — b? > Vr? — a?. 31. Given: QS is 


perpendicular bisector of RTin OL. Suppose center 
Lis not on QS. Since LT and LR are radii of the circle 


they are congruent. With PL = PL, ^ RLP = A TLP by 
the SSS Congruence Postulate. Z RPL and Z TPL are 
congruent and they form a linear pair. This 

makes them right angles and leads to PL being 
perpendicular to RT. By the Perpendicular Postulate, 
L must be on QS (which is a contradiction). Thus QS 
must be a diameter. 


10.4 Skill Practice (pp.676-677) 1. іпѕсгіреа 3. 42° 

5. 10° 7. 120? 9. The measure of the arcs add up to 
370°; change the measure of Z Ото 40° or change the 
measure of QS to 90°. 11. ZJMK, ZJLK and Z LKM, 
ZLJM 13. x = 100, у = 85 15.а = 20, р = 22 

17.а. 36°; 180° b. about 25.7”; 180° с. 20°; 180° 

19. 90° 21. Үеѕ; opposite angles are 90° and thus 

аге supplementary. 23. No; opposite angles are 

not supplementary. 25. Yes; opposite angles are 
supplementary. 


10.4 Problem Solving (pp. 677-679) 
220,000 km 


100,000 km 


29. Double the length of the radius. 31. Given Z B 
inscribed in OQ. Let m Z B = x°. Point Q lies on BC. 


Since all radii of a circle are congruent, AQ = BQ. 
Using the Base Angles Theorem, ZB = ZA, which 
implies m ZA = x°. Using the Exterior Angles 


Theorem, m Z AQC = 2x^, which implies mAC = 2х°. 
Solving for x, you get 5 MAC = x°. Substituting you 
get MAC = mZ B. 33. Given: Z ABC is inscribed 

in OQ. Point О is in the exterior of Z ABC; Prove: 

m ABC = 5 MAC ; construct the diameter BD of OQ 


and show m Z ABD = ¿MAD and m Z CBD = +mCD. 


Use the Arc Addition йр and the Ange. 
Addition Postulate to show m Z ABD — m Z CBD = 
m Z ABC. Then use substitution to show 2m Z ABC = 


тАС. 
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35. Case 1: Given: ©D with inscribed A ABC where 
AC is a diameter of OD; Prove: A ABCis а 


right triangle; let E be a point on AC. Show that 


mAEC = 180° and then that m Z B = 90°. Case 2: 
Given: OD with inscribed A ABC with Z Ba right 


angle; Prove: AC is a diameter of OD; using the 
Measure of an Inscribed Angle Theorem, show that 


mAC = 180°. 39. yes 


10.5 Skill Practice (рр. 683-684) 1. outside 3. 130° 
—> 
5. 130° 7.115 9.90 11.56 15. m Z LPJ x 90"; if PL 


is perpendicular to KJ at К, then m Z LPJ = 90°, 
otherwise it would measure less than 90°. 
17. 120°, 100°, 140° 


19. a. t t 
C 
A A 
C 
B B 


b. mAB = 2m Z BAC, тАВ = 2(180 — m Z ВАС) 
c. when AB is perpendicular to line t at point A 


10.5 Problem Solving (рр. 685-686) 23. 50° 25. about 
2.8° 27. Given СА tangent to OQ at A and diameter 
AB. Using Theorem 10.1, AB is perpendicular to CA. 
It follows that m САВ = 90°. This is half of 180°, 
which is mAB ; Case 1: the center of the circle is 
interior to Z CAB, Case 2: the center of the circle 


is exterior to Z CAB. 
D D Construct diameter 
B B AD. Case 1: Let B 
be a point on the 
right semicircle. 
С А С Use Theorem 10.1 


to show m / CAD = 
90°. Use the Angle 
Addition Postulate and the Arc Addition Postulate 


to show that m Z САВ = 5 MADB. Case 2: Let В Бе a 


point on the left semicircle. Prove similarly to Case 1. 


Case 1 Case 2 


10.6 Skill Practice (pp. 692-693) 1. external segment 
3.5 5.4 7.6 9.12 11.4 13.5 15.1 17. 18 
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10.6 Problem Solving (pp. 694-695) 
Reasons 


21. Statements 


1. Two intersecting 1. Given 
chords in the 


same circle. 


2. Draw ACand BD. | 2. Two points determine 
a line. 


3. ZACD = Z ABD, 3. Theorem 10.8 


Z CAB = ZCDB 

4. AAEC ~ A DEB 4, AA Similarity Postulate 

5. = = = 5. If two triangles are 
similar, then the ratios 
of corresponding sides 
are equal. 

6. EA • EB = EC* ED | 6. Cross Products 
Property 


23. Given: EA is a tangent segment to circle P, ED is 
a secant segment of circle P, and CD is a diameter of 
circle P. Prove: EA? = EC • ED 


By Theorem 10.1, EAL AP, so A EAP is a right 
triangle. By the Pythagorean Theorem, (y + ? = 
х? + r^. So, y? + 2yr + r? = x? + r°. By the 
Subtraction Property of Equality, y^ + 2yr = x^. 
Factoring, this is y(y + 2r) = x^, or ЕС, ED = EA’. 


25, Given EB and ED are secant segments. Draw 
AD and BC. Using the Measure of an Inscribed 


Angle Theorem, m Z B = 5 MAC and mz D = 
MAC , which implies Z B = Z D. Using the Reflexive 


Property of Angle Congruence, Z E = ZE. Using the 
AA Similarity Postulate, A BCE ~ A DAE. Because 
corresponding sides of similar triangles are 
proportional, = = = Cross multiplying you 

get EA • EB = EC * ED. 27.a.60° b. Using the 
Vertical Angles Theorem, Z ACB = Z FCE. Since 

т Z CAB = 60° and m Z EFD = 60°, Z CAB = Z EFD. 
Using the AA Similarity Postulate, A ABC ~ 


A FEC. c = x+y- ELT d. y^ = x(x + 16) 


e. 2, 6 f. Since = = $, let CE = 2x and CB = x. Using 


Theorem 10.14, 2x? = 60, which implies x = V30, 
which implies CE = 2\30. 


10.6 Problem Solving Workshop (р. 696) 1. 2V13 3. 2 


Extension (p. 698) 
1. 3. 


5. The locus of points 3 cm 3 cm 
consists of two points on Р 4 
line £ each 3 centimeters 

away from P. 


7. The locus of points 
consists of a semicircle 
centered at R with a 
radius of 10 centimeters. S 7 

The diameter bordering 

the semicircle is 10 centimeters from line k and 
parallel to line k. 


10.7 Skill Practice (pp.702-703) 1. center, radius 

3. x^ + y*=4 5. x^ + у? = 400 

7. (x — 50)? + (y — 50)? = 100 9. х? + y? = 49 

11. (x — 7)* + (y + 6 = 64 13. (x — 3) + (y + 5) = 49 
15. If (h, k) is the center of a circle with a 

radius r, the equation of the circle should be 

(х — №)? + y- Ю? = г; (х + 3) + (y + 5)? = 

17. x^ + y? = 36 19. (х + 3)? + (y – 5) = 25 


ЕЕЕ 
Pia 
AO 


HHHH 
891 
ЕР 


HINITL 


02 
NIILLLZ| 
[|ы ARN 
PT eT TTT yy 
27. circle; x^ + (y — 3)* = 4 29. circle; 
х? + (y + 2)? = 17 31. secant 33. secant 


10.7 Problem Solving (pp.703-705) 37. x^ + y^ = 5.76, 
х? + у? = 0.09 39. (x — 3)* + у? = 49 41. The height 
(or width) always remains the same as the figure is 


rolled on its edge. 43.a. (1, 9), 5 


b. (х= 1)? + (у – 9)? = 169 [TTT PTL 

AAA TEN 
ЕО 
{| fea] | 


Chapter Review (рр. 708-711) 1. diameter 3. The 
measure of the central angle and the corresponding 
minor arc are the same. The measure of the major 
arc is 360° minus the measure of the minor arc. 

5. C 7.2 9.12 11.60° 13. 80° 15. 65° 17.c = 28 


19. g = 100, r= 20 21.16 23. 102 ft 


25. (x — 8)? + (y — 6)? = 36 - + y? =81 
29. (x — 6)? + (у— 21)? = 16 
31. (x — 10)* + (y - 7? = 12.25 


Algebra Review (p.713) 1. 6x^(3x^ + 1) 3.3r(3r — 5s) 
5. 2t(4t? + 3t 5) 7. y? (by? — Ay* + 2) 

9. 3x^y (2x + 5y%) 11. (y - 3)(у +2) 13. (z — 4)? 

15. (5b — 1)(b — 3) 17. (br — 9) (5r + 9) 

18, £ + ix 7) 2L (7+ I- 2) 28. 0e A +7) 


Chapter 11 


11.1 Skill Practice (pp.723-724) 1. bases, height 

3.28 units? 5.225 units? 7. 216 units? 

9. A = 10(16) = 160 units? or A = 8(20) = 160 units”; 
the results are the same. 11. 7 is not the base of the 
parallelogram; A = bh = 3(4) = 12 units”. 13. 80 ft, 
240 ft^ 15. 70 cm, 210 cm” 17. 23 ft 19. 4 ft, 2 ft 

21. 


16m 


8m 8m 8m 


23. 364 cm? 25. 625 in.^ 27.52 in." 


29.[[ | | PL TL LLL] 7.5units* 
===! 
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11.1 Problem Solving (рр. 725-726) 37. 30 min; 

86.4 min 39. No; 2 inch square; the area ofa 

square is side length squared, so 2° = 4. 

41.23 cm X 34 cm; 611 cm”; 171 cm” 43. Opposite 
pairs of sides are congruent making XYZWa 
parallelogram. The area of the parallelogram is 

bh, and since the parallelogram is made of two 
congruent triangles, the area of one triangle, A XYW, 


is 5 bh. 45. The height is not necessarily a side 


length of the parallelogram; yes; no; if the base and 
height represent a rectangle, then the perimeter 

is 20 ft, the greatest possible perimeter cannot be 
determined from the given data. 


Extension (p.728) 1. 0.5 іп. 3. 0.05 cm 5. 0.05 mm 


7.0.0005 km 
8.5 9.5 
9.8.5in. € x«9.5 in. O_O 
8 9 10 
4.15 4.25 
11.4.15 cm <x < 4.25 cm —— =O +> 
4.1 4.2 4.3 
10.25 10.35 
13. 10.25 mi € x « 10.35 mi 
10.2 10.3 10.4 


3.0555 3.0565 


15. 3.0555 km € x « 3.0565 km 


3.055 3.056 3.057 


17. 5124 in.^; 5276 in.” 


11.2 Skill Practice (рр. 733-734) 1. height 3.95 units" 
5.31 units? 7. 1500 units? 9. 189 units? 

11. 360 units” 13. 13 is not the height of the trapezoid; 
A- 5 (12)(14 + 19), A = 198 cmĉ. 17. 20 m 

19. 10.5 units? 21. 10 units? 23. 5 cm and 13 cm 

25. 168 units? 27. 67 units? 29. 42 units? 

31. 7 38 units, 66 units” 


15 


11.2 Problem Solving (pp. 735-736) 


35. 20 mm”; | | V 


37.a. right triangle and trapezoid b. 103,968 ft^; 
11,552 yd” 39. If the kite in the activity were a 
rhombus, the results would be the same. 


_ 1/1 _ 1/1 
41. An psp = 11d, Jd, and A, por = 5124), so 
_1 _ 1 І 
An psr = 40,05» and A, por = 204 
Арорѕ = Ад POR Y Ay PSR 
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Ar o=1q 4d +14а =2lad 


PQR 412 A4 1 2 12 


11.3 Skill Practice (pp. 740-741) 


1. A А ABC ~ A DEF tells 
D you that the sides in 
the same position are 
proportional. AB and 
C В F E DE are corresponding 


side lengths because the sides are both the 
hypotenuse of their respective triangle and are listed 
in the same order in the similarity statement. 
3.6:11,36:121 5.1:3,1:9;18 té 7. 7:9, 49:81; 
about 127 іп? 9.7:4 11.11:12 13.8cm 15. The 
ratio of areas is 1: 4, so the ratio of side lengths is 1:2; 
ZY = 2(12) = 24. 17. 175 ft^; 10 ft, 5.6 ft 

19. Never; doubling the side length of a square 
always quadruples the area. 21. The triangles are 
similar since the ratio of sides is 3:4. So, the ratio of 
areas must be 9: 16. Use this ratio with the area of 
AABC to find the area of ADEF. 23. AA Similarity 


Postulate; 55 = = is the ratio of side lengths, so the 
ratio of areas is 4:49. 


11.3 Problem Solving (рр. 742-743) 27. 15 ft 

31. There were twice as many Books Read Recently 
mysteries read, but the area of the © 

mystery bar is 4 times the area of 4 

the science fiction bar, giving the 30 


impression that 4 times as many ^ 
mysteries were read. 0 = 
"a eg 
33. a. A ACD ~ A AEB, А ВСЕ ~ A DEF, AA Similarity 


; ; 10. . 20 
Postulate b. Sample answer: 100:81 c. jg wi? 


180 = 100 + 10x, x = 8 OR 20(9) = (10 + x)(10), 
180 = 100 + 10x, x= 8 


11.3 Problem Solving Workshop (p.744) 1. 18 in. 3.sV2 


11.4 Skill Practice (рр. 749-751) 1. arc length ofAB ‚ 360° 
3. about 37.70 in. 5. about 10.03 ft 7. 14 m 9. about 
31.42 units 11. about 4.19 m 13. about 3.14 ft 

15. 300? 17. 150? 19. about 20.94 ft 21. about 50? 
23. about 8.58 units 25. about 21.42 units 27. бт 


29.r — = d= c r= 13, d = 26 31.a. twice as large 
b. twice as large 

11.4 Problem Solving (pp.751-752) 35. 21 feet 8 
inches represents the circumference of the tree, so if 


you divide by 7, you will get the diameter; about 7 ft. 
37. about 2187 in. 39. 7.27; 28,750 mi 


Extension (p.754) 1. Equator and longitude lines; 
latitude lines; the equator and lines of longitude 


have the center of Earth as the center. Lines 
of latitude do not have the center of Earth as 
the center. 3. If two lines intersect then their 
intersection is exactly 2 points. 5. 47, 127 


11.5 Skill Practice (pp.758-759) 1. sector 3.257 in.^ 
78.54 in.^ 5. 132.254 cm”; 415.48 cm” 7. about 7 m 
9. 52 cm 11. about 52.36 in.^, about 261.80 in.* 

13. about 937.31 mĉ, about 1525.70 m^ 15. about 
66.04 cm? 17. about 7.73 m? 21. about 57.23 in. 

23. about 66.24 in. 25. about 27.44 in. 27. about 
33.51 ft^ 29. about 1361.88 cm” 31. about 7.63 m? 
33. For any two circles the ratio of their 
circumferences is equal to the ratio of their radii; for 
any two circles, if the length of their radii is in the 
ratio of a: b, then the ratio of their areas is a^: b^; 
all circles are similar, so you do not need to include 
similarity in the hypothesis. 


35. Sample: 


11.5 Problem Solving (pp. 760—761) 
37. about 314.16 mi^ 39.a. The data is in percentages. 
b. bus: 234°, walk: 90°, other: 36? 


c. bus: 8.2 in.?, walk: 3.1 in.”, other: 1.3 in.” 

41. a. old: about 399 mm’, new: 733 mm’; about 84% 
b. Sample answer: No, the increase in overall area 

of the "a" is about 3096, which is much less than the 
percent increase in the interior area. 


11.6 Skill Practice (pp.765-766) 1. F 3.6.8 5. Divide 
360° by the number of sides n of the polygon. 7. 20* 
9. 51.4? 11. 22.5? 13. 135° 15. about 289.2 units” 

17. 7.5 is not the measure of a side length, it is the 
measure of the base of the triangle; it needs to be 
doubled to become the measure of the side length; 


А= jd “ns, А = 5 (13) (6)(15) = 585 units?. 19. about 


122.5 units, about 1131.4 units? 21. 63 units, about 
294.3 units? 23. apothem, side length; special 

right triangles or trigonometry; 392 units? 

25. side length; Pythagorean Theorem or 
trigonometry; about 204.9 units? 27. about 79.6 

units” 29. about 1.4 units” 31. True; since the radius 
is the same, the circle around the n-gons is the same 


but more and more of the circle is covered as the 
value of n increases. 33. False; the radius can be 
equal to the side length as it is in a hexagon. 


11.6 Problem Solving (рр. 767-768) 37. 1.2 cm, 
about 4.8 cm?; about 1.6 cm? 39. 15.5 1п.2; 43.0 in.” 


41. 2s = 60, so the central angle is 60°. АП of the 


triangles are of the same side length, r, and therefore 
all six triangles have a vertex on the center with 
central angle 60° and side lengths г. 

43. Because P is both the incenter and circumcenter 
of A ABC and letting E be the midpoint of AB, you 


can show that BD and CE are both medians of 
А ABC and they intersect at P. By the Concurrency 


of Medians of a Triangle Theorem, BP — BD and CP 
= ECE. Using algebra, show that 2DP = CP. 


45. a. About 173.2 cm”: square: about 225 cm’, 
pentagon: about 247.7 cm’, hexagon: about 259.9 
cm”, decagon: about 277 cm’; the area is getting 
larger with each larger polygon. b. about 286.2 cm’, 


about 286.4 cm? 
circle; 


about 286.5 cm? 


Number of sides of polygon 


11.7 Skill Practice (pp.774-775) 1.0, 1 3. 2, 0.625, 62.5% 


5. =, 0.375, 37.5% 7. АР + DE = АБ, so> + 3-1 

9. i or 2596 11. There is more than a semicircle 

in the rectangle, so you need to take the area of 

the rectangle minus the sum of the area of the 

semicircle and the area of a small rectangle located 

under the semicircle that has dimensions of 10 X 2; 
— (lay? 

1007) — [1я(5) 102) _ 70 (12.57 20) o isa 

7 (10) 70 | 

about 15.3%. 13. m or about 47.7% 15. The two 

triangles are similar by the AA Similarity Postulate 

and the ratio of sides is the same; 7:14 0r 1:2, so the 


ratio of the areas is 1:4. 17.5 19.1 21. © ог 88.8%; 


the unshaded triangle and the larger triangle are 


similar with a ratio of lengths 1 : 3, so the ratio of 
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their areas is 1 : 9, and the ratio of the shaded area to 
area of the larger triangle is 8: 9 25. about 82.7% 
27. 10096, 5096 


11.7 Problem LN (pp. 776-777) 31.a. = ог 40% 
b. = = or 60% 33. = - OF about 16.7% 


35. p miii stays the same; the sector takes up 
the same percent of the area of the circle regardless 
of the length of the radius. Sample answer: Let the 
central angle be 90° and the radius be 2 units. The 


4т 

probability for that sector is = = =, Let the radius be 
167 

doubled. The probability is += 2, 37.а. ar Or 


about 1.296 b. about 2.4% c. about 45.4% 


Chapter Review (pp. 780-783) 1. two radii of a circle 
and their intercepted arc 3. XZ 5. 60 units? 

7. 448 units? 

9. Ht 


8 units” 


П. JD p| | | | JEL | 24 units? 
PE ATT TE LIA: 1 
E ип 
у 
A O A 


CANTIA T 
PT TTY YT TT 
ERROR 


13. 10:13, 100:169, 152.1 cm? 15. about 30 ft 
17. about 26.09 in. 19. "i 17.72 in^ 21. about 


39.8 in., about 119.3 in.^ 23. 2 + or about 57.196 
25. about 76.196 


Algebra Review (р. 785) 1. d = (42) (2); 19 mi 
3. 29.50 + 0.25m = 32.75; 13 min 

5. 18,000(1 — 0.1)? = A; $10,628.82 

7.0 = —16t* + 47t + 6; about 3.06 sec 


Chapter 12 


12.1 Skill Practice (pp. 798-799) 1. tetrahedron, 4 faces; 
hexahedron or cube, 6 faces; octahedron, 8 faces; 
dodecahedron, 12 faces; icosahedron, 20 faces 

3. Polyhedron; pentagonal pyramid; the solid is 
formed by polygons and the base is a pentagon. 

5. Not a polyhedron; the solid is not formed by 
polygons. 
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11.8 13.24 15.4,4,6 17.5,6,9 19. 8, 12, 18 
21. A cube has six faces, and “hexa” means six. 
23. concave 


25. circle 27. N triangle 


29. The concepts of edge and vertex are confused; the 
number of vertices is 4, and the number of edges is 6. 


12.1 Problem Solving (pp. 800-801) 35. 18, 12 

37. square 39. Tetrahedron; no; you cannot have 
a different number of faces because of Euler’s 
Theorem. 41.a. triangle 


b. Yes. Sample: с. square 


d. Yes. Sample: A 


DA 


43. no 45. Yes. Sample answer: The plane intersects 
the cube parallel to a base so it forms a square, 
which is a rhombus. 


47. Yes. Sample: 


49. а. It will increase the number of faces by 1, the 
number of vertices by 2, and the number of edges 
by 3. b. It will increase the number of faces by 1, 
the number of vertices by 2, and the number of 


edges by 3. c. It will not change the number of faces, 


vertices, or edges. d. It will increase the number 
of faces by 3, the number of vertices by 6, and the 
number of edges by 9. 


12.2 Skill Practice (pp. 806-808) 


1. lateral face 
lateral edge 


ba D> 


lateral face 


3. 150.80 in.” 5. 27,513.6 ft^ 7. 172.9 m^; 196.47 m? 
9. 10.05 in.^; 14.07 in.^ 11. 402.12 in.^; 804.25 іп? 
13. 9 yd 15. 10.96 in. 19. 1119.62 in.” 


lateral edge 
base 


lateral edge 
lateral face 


12.2 Problem Solving (pp. 808-809) 23. a. 360 in.” 

b. There is overlap in some of the sides of the box. 

c. Sample answer: It is easier to wrap a present if 
you have some overlap of wrapping paper. 

27.a. 54 units” b. 52 units? c. When the red cubes 
are removed, inner faces of the cubes remaining 
replace the area of the red cubes that are lost. When 
the blue cubes are removed, there are still 2 faces of 
the blue cubes whose area is not replaced by inner 
faces of the remaining cubes. Therefore, the area of 
the solid after removing blue cubes is 2 units? less 
than the solid after removing red cubes. 

29. 4 in. 989.66 in.” 


12.3 Skill Practice (pp. 814-815) 

slant height 3. 40 cm? 

5. 580 ft? 

7. 500 mmĉ; 672.5 mm? 


base 


9. The height of the pyramid is used rather than the 


slant height; S = 62 + 5 (24) (5) = 96 ft”. 11. 12.95 in? 


13. 238.76 in.” 
15. 226.73 ft? 


19. 981.39 m? 


255.53 cm? 


23. 164.05 in.” 
25. about 27.71 cm? 


12.3 Problem Solving (pp. 816-817) 27. 96 in.” 
29. square pyramid; 98.35 cm? 
31. a. Given: AB L AC; DE L DC 

Prove: AABC — ^ DEC 


Statements Reasons 

1.AB.LAG DEL DC | 1.Given 

2. Z BAC and Z EDC 2. Definition of 

are right angles. perpendicular 

3. Z BAC = Z EDC 3. Right angles are 
congruent. 

4. Z АСВ = Z DCE 4.Reflexive Property 

5. AABC ~ A DEC 5. AA Similarity 
Postulate 


b. 5, > > c. larger cone: 247 units”, smaller cone: 


бт units”; the small cone has 25% of the surface 
area of the large cone. 33. about 28.44 ті? 


12.4 Skill Practice (pp. 822-824) 1. cubic units 

5.18 units? 7. 175 in. 9. 2630.55 cm? 

11. 1256.64 in.? 13. The area of a circle (the base) is 
ar’, not 2тт; V = ar*h = 1(43) (3) = 4877 ft”. 

15. 10 in. 17.8 in. 19. 821.88 f? 23. about 12.65 cm 
25. 2814.87 ft? 


12.4 Problem Solving (pp. 824-825) 29.a. 720 in.’ 
b. 720 in? c. They are the same. 31. 159.15 ft? 
33.a. 4500 in.? b. 75 in.? c. 20 rocks 


12.4 Problem Solving Workshop (p. 827) 
1.а. about 63.45 in.? b. about 63.45 in.’ 


З.г= вуг 5. about 7.33 in.? 


12.5 Skill Practice (pp.832-833) 1. A triangular prism 
is a solid with two bases that are triangles and 
parallelograms for the lateral faces, while a triangular 
pyramid is a solid with a triangle for a base and 
triangles for lateral faces. 
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DA 


prism 


3.50 cm? 5.13.33 in? 7. 6 in.? 9. The slant height 


pyramid 


is used in the volume formula instead of the height; 


y- т т(9°)(12) = 324т = 1018 ЁЗ. 13. 6 in. 


15. 3716.85 f 17. 987.86 cm? 19. 8.57 cm 
21. 833.33 in. 23. 16.70 cm? 25. 26.39 yd? 


27. 5m about 91.63 m? 


| 


7m 


| 


12.5 Problem Solving (pp. 834-836) 29.a. 201 in. 
b. 13.4 in? 31. 3; since the cone and cylinder have 
the same radius and height, the volume of the cone 


will be 5 the volume of the cylinder. 
33. 23.70 in.’ 


6 in. 


35. a. The volume doubles. b. The volume is 
multiplied by 4. c. If you replace the height h by 2h 
in the volume formula, it will multiply the volume 
by 2. If you replace the side length s by 2s in the 
volume formula, it will multiply the volume by 4 
because (2s)? = 45“. 37. about 78 in.? 
ШЕ п} oh . 
27] °? тз 


39. a. V 5 Bh = zmr? e h= 


cone — 3 12’ 
where B is P area E the base of the cone, r is the 


radius, and Л is the height 


b- Time (min) | Weight bim 
[or pow 
[3 | 26 


з | em 
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c * | | | | | | | No; the points of the graph 
|| | | | | | | donot lie in a straight line. 


Height (meters) 


Time (minutes) 


mh) any 
P 3 3 


| nh, 
41. a. h, TEE 


12.6 Skill Practice (pp.842-843) 1. S = Agr^, V = Sar), 


where ris the radius of the sphere 3. 201.06 ft? 
5. 1052.09 m? 7. 4.8 in. 9. about 144.76 in. 
11. about 7359.37 cm? 13. 268,082. T mm? 


15. The radius should be cubed; V = Agr? = = 318 = 


682.677 == 2144.66 ft”. 17. 2.80 cm lo 6 ft 
21. 247.78 in^, 164.22 in.’ 23. ча 97 cm’, 563.21 cm? 


25. 13 in.; 6767 in.2: aoe 
17647 m? 


rin. 27. 21m; 427 m; 


12.6 Problem Solving (pp. 844-845) 31. about 
98,321,312 mi? 33. a. 8.65 in.? b. 29.47 in? 

35. a. about 80,925,856 mi^, about 197,359,488 mi? 
b. about 41% 37. 3247 in.?, 9727 in? 


12.7 Skill Practice (pp.850-852) 1. They are the same 

type of solid and corresponding linear measures have 

the same ratio. 3. Not similar; the corresponding 

dimensions are not in the same ratio. 5. Similar; 

each corresponding ratio is 3:4. 9. about 166.67 m", 

about 127.21 m? 11. The кола are related by the 
5007 

third power; тз ET Р 13. 1:3 15.4:3 

17. 1:4 19. about 341.94 ft^, about 502.65 ft 

21. about 272.97 in.^, about 73.61 in.? 23. r — 3 ft, 

h = 6ft; r= 8ft, h = 16 ft 


12.7 Problem Solving (pp. 852-853) 25. about 8.04 fl oz 
27. 27 floz 29.a. large orange: about 33.51 in.?, 
small orange: about 17.16 in.? b. The ratio of the 
volumes is the cube of the ratio of diameters. 

с. large orange: 3.75 in., small orange: 2.95 in. 

d. The ratio of surface area multiplied by the ratio 

of the corresponding diameters equals the ratio of 
the volumes. 31.a. 144 in. b. 3920.4 in.^ c. 1.5 in? 
33. About 11.5 kg; the ratio of the diameters of the 


small and medium snowballs is 5: 7, so the ratio of 
3 
their volumes is 5°:7°. Solve = = нё to find the 


weight of the middle ball. Similarly, find the weight 
of the large ball. 


Chapter Review (рр. 857-860) 1. sphere 3.12 5. 36 
7.2035.75 ft? 9.9m 11.14.29 cm 13. 11.34 m? 

15. 27.53 yd? 17. 12in.* 19. 272.55 m? 21. 10087 mí; 
43207 m? 


Cumulative Review (pp.866-867) 1. 75 3.16 5.4 

7. Both pairs of opposite angles are congruent. 

9. The diagonals bisect each other. 11. 45 13. about 
36.35 in.^ 15. about 2.28 m^ 17. 131.05 in.^, 80.67 in.’ 
19. (4, 2) 21.a. (x + 2)? + (y — 4)* < 36 b. (2, 0): yes, 
because it is a solution of the inequality; (3, 9): no, 
because it is not a solution of the inequality; (—6, —1): 
no, because it is not a solution of the inequality; 
(—6, 8): yes, because it is a solution of the inequality; 
(—7, 5): yes, because it is a solution of the inequality. 
23. a. 40.84 in.*, 17.28 in.? b. about 6.91 іп. 


Skills Review Handbook 


Operations with Rational Numbers (p.869) 1.11 
3. —15 5. —24 7.0.3 9.11.6 11. —4.9 13. —13.02 


ad a LL oe 17 
15. 29.2 17. 12 19. 7 21. 12 23. 18 


Simplifying and Evaluating Expressions (p.870) 1. 33 
3. —1 5.36 7.2.8 9. —6 11.25x 13. —36 15. —15 


— 6 93 3 
17.15 19.1 21. –= 23.5 


Properties of Exponents (p.871) 1.25 3. c 5. 78,125 


5 
т.732 9. a^ E 13. 81 15. m? 17. 16x%y? 
п“ 
р? ‚За! 
19. —— 21. 8х 
5a?c ` 5p?c8 


Using the Distributive Property (p.872) 1.3x + 21 


3.40n — 16 5. —x 6 7. 12x^ — 8x + 16 9. —5x* 
11.2n +5 13. 5h? + 5h? 15.10 17. Ta 19. 3n +4 
21. 2a* + ба — 76 23.3x* — 10x + 5 25. 4a? + 2ab — 1 


Binomial Products (р. 873) 1. а? — 11a + 18 

3. t^ + 3t — 40 5. 25а? + 20a + 4 7. 4с? + 13c — 12 
9.z^ — 162 + 64 11.2x^ + 3x + 1 13.4x^— 9 
15.642 + d — 2 17. k? — 2.4k + 1.44 19. —z* + 36 
21. 5y* + 9y — 32 23. 3x^ — 17 


Radical Expressions (p.874) 1. +10 3. +2 


5. no square roots 7. +0.9 9. 11 11. —3V11 
13. 2/5 15.3V7 17.4V5 19. 210Ү2 21.137 
23.30 25.8 27.2V6 


Solving Linear Equations (р. 875) 1. 31 3. —6 5. 39 
7. 3.2 9.18 11.1 13.7 15. —1 17.20 19.16 


21. —1 23.7 25.6.75 27. —0.82 29. —4 31.2 


Solving and Graphing Linear Inequalities (p. 876) 
l.x«7 r ee OA 


З.п<4 "+50 


mt (p.877) 1. з= 3. 1 =- 5. р= 22 
7.w- 5-41 9.C- 2(F- 32) 11.һ= кл 
A 15. y = 3x + 2 17.у= 2х 

19. у = 62 — 15 


Graphing Points and Lines (р. 878) 
1. (3, 1) 3. (0, 2) 5. (3, —3) 


7-12. e 


lla 


Slope and Intercepts of a Line (p. 879) 
1. 5, x-intercept —2, y-intercept 3 3. 0, по x-intercept, 


y-intercept —2 5. x-intercept 3, y-intercept — 15 
7. x-intercept З, y-intercept 3 9. x-intercept 2, 
y-intercept —6 11. x-intercept 0, y-intercept 0 


Systems of Linear Equations (p.880) 1. (2, 1) 3. (4, —1) 
5. (6, —3) 7„(—1,—4) 9. (3,2) 11.(—1,—5) 13. (—5, 1) 
15, (0.5, —2) 


Linear аза es (p. 881) 


|. i WM 
eee 
ишин ии 


Selected Answers SA43 


Quadratic Equations and Functions (p.883) 1. +12 


3. 3 5.0 7. -1 9. no real solutions 11. + v5 


25. —5,—1 27. —3 29, — 133 
V61 


35. no real solutions 37. 12291 


Functions (р. 884) 


1} у |} | 
MEN MON 
EA Ши 
ШЕН ||] 
иш ||] 
Шт HEINE UNI 
EHE 

Е ПИШ 


9.у= х? 11.у= 12x; $72; 35h 


Problem Solving with Percents (p.885) 1.24 questions 
3. yes 5.20% 7.500 residents 9. about 50% 


Converting Measurements and Rates (p.886) 1.5 3.3 
5.3.2 7.160 9.63,360 11.576 13.3,000,000 15. 6.5 
17. 1020 19.5104 21.5280 23. 90,000,000 


Mean, Median, and Mode (p.887) 1. The mean or the 
median best represent the given data because all 

of the values are close to these measures. 3. The 
median or the mode best represent the data because 
all of the values are close to these measures. 

5. Median; the mean is too high and the mode is too 
low. 7. Mean; there is no mode and the median is 
too high. 


Displaying Data (p.889) 1. Line graph; this type of 
graph shows change over time and this is what the 
storeowner wants to evaluate. 3. Histogram; this 
displays data in intervals. 
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5. Money Spent by Students 
on Saturday at the Mall 


The intervals 0—9 
and 10-19 include 
more students than 
any others. 


Number of 
students 
о — NO n» Ol 


D о (0 & DMM DO OD 
FIN © А” E 
ҚУ «У У ҚУ «У AS У 


Money spent (dollars) 


Ta Geometry Class Sizes The box-and-whisker 


e————4 $ p > plot shows how the class 


14 155 165 17.518 sizes relate to each other. 
Geometry Class Sizes The circle graph 
shows how 


17 students 26% each class size 


contributes to the 
total number of 
students enrolled 
in Geometry. 


16 students 24.4% 
18 students 27.4% 
14 students 10.7% 


15 students 11.5% 


9. Stem | Leaves 12, 72, 25.5, 18, 33 
11235556 
214556 
3002235567 
4 
5 
6 
7 |2 
Key: 1 |2 = 12 
11. “> The data is more 
12 18 24 30 
closely related 
— s+ $$ $—+# tothe mean and 
ee | e median in the 
new box-and-whisker plot than before dropping 
the two highest ages. 


Sampling and Surveys (p.890) 1. Biased sample; the 
sample is unlikely to represent the entire population 
of students because only students at a soccer game 
are asked which day they prefer. 3. Biased sample; 
the sample is biased because only people with e-mail 
can respond. 5. The sample and the question are 
random. 


Counting Methods (p.892) 1. 15 outfits 3. 1,679,616 
passwords 5. 125,000 combinations 7. 756 pairs 
9. 24 ways 


Probability (p.893) 1. dependent; = = 0.347 or 
about 34.7% 3. dependent; i — 0.05 or 596 
5. independent; 5 = 0.125 or 12.5% 


Problem Solving Plan and Strategies (р. 895) 
1. $205 3.4 5. 14 aspen and 7 birch, 16 aspen and 
8 birch, or 18 aspen and 9 birch 7. 24 pieces 


Extra Practice 
< 
Chapter 1 (рр. 896-897) 1. Sample answer: А, Е, В; AB 
—> 


3. Sample answer: FA, ЕВ 5. Sample answer: AB 
7.43 9.26 11.28 13. (3x — 7) + (3х— 1) = 16; 
x = 4; AB = 5, BC = 11; not congruent 


15. (4x — 5) + (2x 7) = 54; x = 11; AB = 39, BC = 15; 


not congruent 17. (3x — 7) + (2x + 5) = 108; x = 22; 
AB = 59, BC = 49; not congruent 19. [-51, 1) 


21. (1, 1) 23. (5.1, —8.05) 25.10 27.34 29. 20 

31. 104? 33. 88? 35. adjacent angles 37. vertical 
angles, supplementary 39. Sample answer: Z ACE, 
Z BCF 41. polygon; concave 43. Not a polygon; 
part of the figure is not a line segment. 45. DFHKB, 
pentagon; ABCDEFGHJK, decagon 47. 13 cm 

49. 11 m 51. about 13.4 units, 4 units” 


Chapter 2 (pp.898-899) 1. Add 6 for the next number, 
then subtract 8 for the next number; 11. 3. primes; 17 
5. Each number is 5 of the previous number; an 
7. Sample answer: —8 — (—5) = —3 9. Sample 
answer: m LA = 90° 11. If-then form: if a figure 
is a square, then it is a four-sided regular polygon; 
Converse: if a figure is a four-sided regular polygon, 
then it is a square; Inverse: if a figure is not a 
square, then it is not a four-sided regular polygon; 
Contrapositive: if a figure is not a four-sided 
regular polygon, then itis not a square. 13. true 
15. If two coplanar lines are not parallel, then they 
form congruent vertical angles. 17. might 19. true 
21.false 23. true 
25.4x + 15 = 39 Write original equation. 

4x —24  Subtraction Property of Equality 


x=6 Division Property of Equality 
27.2(—-7x + 3)  —50 Write original equation. 
—14х + 6= —50 Distributive Property 
—14х = —56 Subtraction Property of 
Equality 
x=4 Division Property of 
Equality 
29. 13(2x—3)-20x=3 Write original equation. 
26x – 39 – 20x =3 Distributive Property 
6x-39=3 Simplify. 
бх = 42 Addition Property of 
Equality 
x=7 Division Property of 
Equality 


31. m 2 JKL, m Z ABC; Transitive Property of Equality 
33. т Z XYZ; Reflexive Property of Equality 


Reasons 


21. Statements 


1. ХҮ = YZ = ZX 1. Given 
2. XY = YZ = ZX 2. Definition of 
congruence for 
segments 
3. Perimeter of A XYZ = 3. Perimeter formula 
XY + YZ + ZX 
4. Perimeter of A XYZ = 4. Substitution 
XY + XY + XY 
5. Perimeter of A XYZ = | 5. Simplify. 
3 XY 


37. 23° 39. 90° 


41. Statements Reasons 


1. Z UKV and Z VKW 1. Given 
are complements. 
2. mZ UKV + mz VKW 2. Definition of 


= 90° complementary 
angles 
3. Z UKV = ZXKY, 3. Vertical angles are 
Z VKW = Z YKZ congruent. 


4. m Z UKV = m ZXKY, 4. Definition of angle 
mz МКУ = mz YKZ congruence 
5. т2 ҮКА + mz XKY 5. Substitution 


= 90? 
6. Z YKZ and Z ХКҮ 6. Definition of 
are complements. complementary 
angles 


Chapter 3 (рр. 900-901) 1. corresponding 
3. consecutive interior 5. corresponding 
7. Z HLM and Z MJC 9. Z FKL and Z AML 


11. ВС and СЁ 13. 68°, 112% mZ 1 = 68° because if 
two parallel lines are cut by a transversal, then the 
alternate interior angles are congruent, m 2 = 112° 
because it is a linear pair with Z1. 15.9, 1 

17. 25, 19 19. Yes; if two lines are cut by a transversal 
so that a pair of consecutive interior angles are 
supplementary, then the lines are parallel. 

21. Yes; if two lines are cut by a transversal so that 
alternate interior angles are congruent, then the 
lines are parallel. 23. Yes; if two lines are cut by a 
transversal so that a pair of consecutive interior 
angles are supplementary, then the lines are parallel. 
25. Neither; the slopes are not equal and they are not 
opposite reciprocals. 27. Line 2 29. Line 1 


31.у= 2х+2 33.y = —2x 35.y = x + 10 


37. y = x + ŠË 39,69" 41.73" 43. 38° 
45. 1. Given; 2. 4ABCis a right angle.; 3. Definition 


of right angle; 4. BD bisects Z ABC.; 5. Definition of 
angle bisector; 6. m Z ABD, m Z DBC; 7. Substitution 
Property of Equality; 8. т ABD; 9. Simplify; 10. 
Division Property of Equality 
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Chapter 4 (pp. 902-903) 
1. ЫР 


scalene; right triangle 


scalene; not a right triangle 


EN 


5.58; acute 7. ADFG = AFDE; ZE= 2G, ZEDF= 


Z СЕР, Z FDG = 2 DFE by the Third Angles Theorem, 


DG = FE, DE = FG, DF = DF by the Refl. Prop. of =, 
A DFG = A FDE by the def. of congruence. 

9. STWX = ОТУУ; all pairs of corresponding angles 
and sides are congruent, STWX = UTWV by the def. 
of congruence. 11.7 13. No; a true congruence 
statement would be А /KM = A LKM. 


15. congruent 17. AXUV= ^ VWX; since XV = XV, 
with the givens you can use the HL Congruence 
Theorem. 19. ^ НЛ, = A KIJ; use alternate interior 
angles to get Z НЛ, = Z JLK. Since JL = JL, with the 
given you can use the SAS Congruence Postulate. 
21. yes; AAS Congruence Theorem 23. Yes; use the 
ASA Congruence Postulate. 25. State the givens 


from the diagram, and state that AC = AC by the 
Reflexive Property of Congruence. Then use the 

SAS Congruence Postulate to prove A ABC = A CDA, 
and state Z1 = Z2 because corresponding parts 

of congruent triangles are congruent. 

27. State the givens from the diagram and state that 


SR « SR by the Reflexive Property of Congruence. 
Then use the Segment Addition Postulate to show 


that PR = US. Use the SAS Congruence Postulate to 
prove A QPR = A TUS, and state Z1 = Z2 because 
corresponding parts of congruent triangles are 
congruent. 29. AB — DE — V26; AC = DF = Ү41; 
ВС = ЕЕ = У17; ЛАВС = A DEF by ће SSS 
Congruence Postulate, апа ZA = Z D because 
corresponding parts of congruent triangles аге 
congruent. 31. x = 6, y = 48 33.x= 2 

35. x = 28, y = 29 
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yes; 180° 


Chapter 5 (pp. 904-905) 1. AB 3. AC 5. LC, AL 


7. Sample answer: | | | | | | | | [ | | A(1,0), 
в ГЕТЦЕ B(0, 4), 
||! ү C(7, 0) 
AAN ү TT , 


ALT TNE TT 


MIENTO 
тА [сіх 
ERS 


A(0, 0), B(O, s), C(t, 0) 


11.14 13. 12 15.24 17. yes 19.15 21. No; there is 
not enough information. 23. Yes; x — 17 by the Angle 
Bisector Theorem. 25.17 27.8 29.angle bisector 
31. perpendicular bisector 33. perpendicular bisector 
and angle bisector 35. JK, LK, JL, ZL, ZJ, ZK 
37.1in.«/Z« 17 in. 39.6in. « / < 12 in. 

41.21ft« £ « 10 ft 43. » 45.» 47. = 49.» 51. < 


Chapter 6 (рр. 906-907) 1. 20°, 60°, 100° 3. 36°, 54°, 90° 


5.4 7.10 9. —10 11. 10 13. 6 15. 12 17.5 19.4 


21. similar; RQPN ~ STUV, 11:20 23.3:1 

25. APQR: 90, ALMN: 30 27. angle bisector, 7 

29. not similar 31. Similar; AJKL ~ A NPM; since 
JK | NP and KL || PM, ZJ = Z PNM and ZL = Z PMN 
by the Corresponding Angles Postulate. Then the 
triangles are similar by me AA Similarity Postulate. 


33. Since == TS = RTRT А КНЈ ~ ATSR by the 


SSS Similarity Theorem. 35. х = 3, y = 8.4 


41. enlargement; 1:3 

Chapter 7 (pp.908-909) 1.50 3.60 5. 240 ft? 7. right 
triangle 9. not aright triangle 11. right triangle 

13. triangle; acute 15.notatriangle 17. triangle; 
acute 19. AADB ~ ABDC ~ Л ABC; DB 

21. A PSQ ~ AQSR ~ A PQR; RP 23.2 25. 4.8 
27.9.7 29. g = 9, h = 9V3 31. m = 5V3, n = 10 

33. v = 20, w = 10 35.5, 0.6; 2, 1.6667 37. 6.1 


39. 16.5 41.x = 12.8, y= 15.1 43. x = 7.5, y= 7.7 
45. x = 16.0, y = 16.5 47. GH = 9.2, m С = 49.4", 
m ZH = 40.6? 


Chapter 8 (pp.910-911) 1.112 3. 117 5.68 7. 120°, 60° 
9. about 158.8°, about 21.22 11l.a=5,b=5 

13.a = 117°, b= 63° 15.a=7,b=3 17. / ХҮҮ 

19. YV 21. ZX 


23. | | | | LT LL P] AB || DG AD || BC 


EN 
EH 
AQ 


EN 
ШР; 


27. Show Z QPR = Z SRP making Z SPQ = Z QRS. 
You now have opposite pairs of angles congruent 
which makes the quadrilateral a parallelogram. 

29. Square; since the quadrilateral has opposite 
angles congruent, it is a parallelogram; since it is a 
parallelogram with both diagonals that bisect a 

pair of opposite angles, it is a rhombus; since it is 

a parallelogram with congruent diagonals, it is a 
rectangle; since it is both a rhombus and a rectangle, 
itis a square. 31. Rectangle; since the quadrilateral 
is a parallelogram with congruent diagonals, it is 

a rectangle. 33. 90° 35.25 37.0.4 39. 98° 

41. Parallelogram; the diagonals bisect one 

another. 43. Rhombus; it is a parallelogram with 
perpendicular diagonals. 45. Isosceles trapezoid; it 
has one pair of parallel opposite sides and congruent 
base angles. 47. Kite; it has consecutive pairs of 
congruent sides and perpendicular diagonals. 


49. Trapezoid; it has one pair of parallel sides. 


Chapter 9 (pp.912-913) 1. (x, y) > (x + 4, y — 2); 
AB = A'B', ВС = B'C', AC = A'C' 3. (—10, 7) 


5.(—4,5) 7. Ң 9. r wi 
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17. A'(1, 2), В'(2, —4), 

C" (0, —1) 

19,4 (—1,2), 8 (—1, 5), 

C" (2, 6), D'(3, 3), E'(1, — 1) 
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27. 88° 29. Line symmetry, rotational symmetry; 
the flag has two lines of symmetry, one line passing 
horizontally through the center of the circle and 
the other passing vertically through the center of 
the circle; it has rotational symmetry of 180°. 

31. Line symmetry, no rotational symmetry; the flag 
has one line of symmetry passing vertically through 
the center of the rectangle; it does not 

have rotational symmetry. 
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Chapter 10 (pp.914-915) 1. Sample answer: KF 
<— === 
3. Sample answer: CD 5. Sample answer: K 7. GH 


9.5 11.12 13.4 15. minor arc; 30° 17. minor arc; 


105° 19. minor arc; 105° 21.310° 23. 130? 25. 115? 
27.45? 29. AB = DE using Theorem 10.3. 31. x = 90° 
у= 50° 33.x = 25, у = 22 35. x = 7, y = 14 37.45 
39.55 41.3 43.2 45.2 47.3 49. x^ + (у + 2)? = 16 
51. (х – т)? + (у – п)? = h? + k? 


SA48 Selected Answers 


) 


Chapter 11 (pp.916-917) 1. 143 units? 3.56.25 units? 
5. 60 cm, 150 cm? 7.5 9.0.8 11. 22 units” 
13. 70 units? 15.72 units? 17. 13.5 units? 19. 10:9 


21.2V2:1 23. 14 m 25. about 15.71 units 27. about 
28.27 units 29. about 4.71 m 31. about 2.09 in. 

33. 97 in.^; 28.27 іп. 35. 1007 ft^; 314.16 ft? 

37. about 9.82 in.^; about 68.72 in.^ 39. about 

42.76 ft^; about 111.18 ft^ 41. 45? 43. 18° 

45. 54 units, 81V3 units? 47. 27 units, about 

52.61 units? 49. about 58.7% 51.30% 

53. 3.7596 

Chapter 12 (pp.918-919) 1. Polyhedron; pentagonal 
prism; it is a solid bounded by polygons. 

3. Polyhedron; triangular pyramid; it is a solid 
bounded by polygons. 5.6 faces 7. 156.65 cm” 

9. 163.36 cm” 11. 4285.13 іп. 13. 10 in. 15. 14.00 ft 
17. 16.73 cm? 19. 103.67 in. 21. 678.58 yd? 

23. 1960 cm? 25.2 cm 27.5.00 in. 29. 173.21 ft” 

31. 6107.26 in. 33. 12.66 ft? 35. 40.72 іп.?, 24.43 in.? 
37. 589.65 cm”, 1346.36 cm? 39. 3848.45 т“, 
22,449.30 mm? 41. 1661.90 ft”, 6370.63 ft? 

43. 216 ft^, 216 f 45.1:3 


